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Summary

We expand the Peierls-Nabarro phase-field model of dislocations on one active
slip plane introduced by Koslowski, Cuitinio, and Ortiz to the case of multi-
ple parallel slip planes embedded into a homogeneous anisotropic crystal. We
deduce the leading-order behavior of the energy as lattice size and slip plane
spacing tend to zero. Under a logarithmic rescaling, the limit energy in the
sense of I'-convergence takes the form of a line-tension functional supported on
dislocation lines featuring interactions between parallel dislocation lines in dif-
ferent slip planes. An optimal dislocation configuration is shown to contain a
two-scale microstructure.

This is an extension of a result by Conti, Garroni, and Miiller. We are able
to treat anisotropic materials with possibly nonpositive interaction kernels, and
obtain the leading order energy for non-dilute dislocations in a special geometry.
We use the theory of functions of bounded variation, the fractional Sobolev space
H'/2, and linear elasticity theory. We show some new results using iterated
mollification and multiscale analysis, and use a modified ball construction for
an extension result in BV
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Nomenclature

N

R™

™ =R"/Z"

a Vb= max(a,b)
a A'b=min(a,b)
o

gn—1

-y

T Xy

TRy

[z, 9]

14

Sy fdo= [, fdcCm
D(U)

S

Natural numbers including O.
Euclidean space of dimension n € N.
Flat torus of dimension n € N.
Maximum of a,b € R.

Minimum of a,b € R.

Euclidean norm of x € R”™.

Unit sphere in R™.

Euclidean scalar product of x,y € R™.
Cross product of =,y € R3.

For z € R",y € R™, the matrix A €
R™ ™ with entries A;; = z;y;.

The vector z € R? rotated by 90° de-
grees counterclockwise.

x is parallel to y, i.e. x,y € R” are
linearly dependent.

z,y € R™ are orthogonal, i.e. -y = 0.
The vector (cosf,sinf) € R2.
Lebesgue measure of A.

k-dimensional Hausdorff measure.
Closure of A.

Interior of A.

Topological boundary of A.

Convex hull of A C R™. If A C T", de-
notes the smallest set B C T™ contain-
ing A and all shortest paths between
two points z,y € B.

For z,y € R™ the closed line segment
conv({a,b}).

Characteristic function of A.
Lebesgue integral of f.
Space of test functions on U.

Space of Schwartz functions on R”.



D'(U) Space of distributions on U.

S’ Space of tempered distributions on R"™.
M(U) Class of positive measures on U.

I fllp = [1fllze LP-norm of f.

I fllkp = I fllwer Sobolev norm of f.

Ffk) = fk) = ﬁ Jgn f(x)e” ™ dz Fourier transform of f.

Ff(x) = [gu f(k)e™* dk Inverse Fourier transform of f.
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Figure 1:

Left: Purely elastic deformation of a square lattice.

Middle: Purely plastic deformation trough crystallographic slip along parallel
slip planes.

Right: Superposition of elastic and plastic deformations.

1 Introduction

1.1 Crystal plasticity

Plasticity describes the effect of permanent deformation of solids under load.
Typically, once a certain yield stress is applied, the material starts to deform
plastically, accompanied by dissipation of energy into heat. We study in partic-
ular plastic deformations of crystalline materials such as metals or minerals. At
a microscopic level, the permanent deformation of a single crystal is achieved by
plastic slip, the gliding of atoms along a plane to different neighbors. The active
slip planes are determined by the crystal structure. In practice, the preferred
slip directions are the shortest translation vectors of the crystal’s symmetry
group, e.g. the unit directions in a simple cubic crystal.

The microscopic kinematics of plastic slip are described by pairs (w, B) of slip
planes w C R? and discrete Burgers lattices B C R3, where B is perpendicular
to the slip plane normal v,,. We then consider a reference configuration ) C R?
intersecting M € N slip planes w', ..., w™, each equipped with a Burgers lattice
B,...,BM. The small deformation is described by the displacement field u :
Q) — R3, which is allowed to jump along each w™ by [u] = b™ : W™ — R3, the
jump taking values in or near the Burgers lattice B™. We naturally decompose
the distributional differential Du = Vul3+3M_| b @™ H2 w™ into an elastic
distortion f¢ = VuL? and a plastic distortion pP = 2%21 ™ @ v HALW™.
Note that a fitting function space is either a subspace of SBV?(Q,R?) with
prescribed jump set J, C U%Zl w™, or alternatively H'(£\ Uﬁle w™, R3) as
long as Vu € L?, where the jumps appear as differences of the traces of u on
w™.

1.2 Dislocations

While uniform plastic slip across an entire slip plane leaves the crystal structure
intact, in reality, particularly in polycrystals, which are made up of differently
aligned crystalline grains, we observe that under increasing load, slip occurs
first over a small section of the slip plane, then gradually the slipped region
expands. At the boundary line between the slipped and unslipped regions there
must necessarily be a crystallographic defect, called a dislocation, see Figure 2.
This motion of dislocations governs the propagation of plastic slip.

10



Wherever dislocations are impeded from moving forward by certain obstruc-
tions such as grain boundaries, they tend to pile up, and the repellent interaction
between dislocations makes further plastic distortion more difficult. This effect
is referred to as strain hardening, or work hardening.

In our model, with Du = 3¢ + P, in general we cannot decompose u into
a purely elastic displacement u® with Du® = ¢ and a purely plastic one u?
with DuP = SP. In this linearized setting, this is possible only if 0 = curl P =
—curl B¢, where for 8 = (B1, B2, B3) € R**3 row-wise, (curl8); = curl3;. In
our case A7 = M ™ @ v H? W™, and

M
curl P = Z Db™ x ™. (1)

m=1

where Db™ € D' (w, R?@w) denotes the in-plane distributional derivative, which
is embedded by extension into D’(Q2, R3*3), and the cross product Db x v™ €
R3*3 is taken row-wise.

This means that away from intersections of the slip planes, any nonconstant
slip field necessarily induces elastic distortion.

The tensor curl 87 € R3*3 is usually referred to as Nye’s dislocation density.
For a comprehensive study of dislocations, see e.g. [22], [23]. The meaning
of the tensor is made clear by Stokes’ theorem, in that a closed loop ~ in the
reference configuration transported elastically to the deformed configuration,
i.e. following the crystal structure, ends up as a non-closed loop at an offset

/58-161%1 :—/ curl AP - v dH?, (2)
v A

~

where A, C Q is a surface bounded by v and v its normal. The meaning of
curl 5P - v is the aggregate offset in a loop normal to v.

For a single slip plane w = R? x {0} with normal e3 in a simple cubic crystal,
we have after normalization that the Burgers lattice is B = Z2 x {0}. A typical
nonconstant slip field with values in B is

er ifx; >0
b(xq, = 3
(w1, 22) {0 , otherwise. 3)

We get curl B = e; ® e H!LReq, a single straight dislocation line. Since e; || ey,
this is called an edge dislocation.
On the other hand, if

ey ifx1 >0
b(x1, = 4
(w1, 2) {O , otherwise, )

we get curl P = ea ®e1 H'LRe;. Since ey L ey, this is called a screw dislocation.
These two types of dislocation were the two first identified by Volterra (see [35]),
although more complicated dislocations do exist. The jump in the slip field is
called the dislocation’s Burgers vector, and it measures the offset of a loop
around the dislocation. See Figure 2.

In general, if b € BV (w, B), by the structure theorem for BV functions (see
[5]), its jump set forms a rectifiable network of curves J, C w, with piecewise

11



Figure 2:

Left: A point dislocation in a 2D square lattice (red). Atoms may change their
bonds along the slip line (blue). The dislocation marks the jump in the slip
field.

Middle: An edge dislocation (3) in a simple cubic lattice (red). Note that the
2D picture is simply extruded in the third dimension. Slip plane in blue.
Right: A screw dislocation (4) in a simple cubic lattice. In this case, the Burgers
vector is parallel to the dislocation line.

constant jumps [b] € B, so that Db = [b|®@v;, H L Jp, and the dislocation density
is likewise concentrated on a network of curves

curl B = [b] @ (v, X v, )H L. (5)

The general setting of rectifiable dislocation line networks in 3-dimensional
space was recently studied in [10] and [12]. The case of parallel straight dislo-
cation lines was treated in the nonlinear setting in [32], [28], and more recently
in [19].

1.3 Energy considerations

We shall consider the setting of dislocation networks supported on M € N
parallel planes via the phase-field approach, where the phase-field consists of the
M slip fields b™ : w™ — R3, and u : Q — R3 shall be assumed optimal under
the jump condition [u] = ™ on w™. Since this jump condition automatically
determines the gradient decomposition Du = 3¢+ P, we consider the linearized
elastic energy

Cpe¢ : p¢dx, (6)
Q
where C € R3*3X3X3 denotes the symmetric stiffness tensor, which is not fully
coercive but in fact only penalizes the symmetric part Agym = (A 4+ AT)/2
of a given distortion tensor A € R™*™. Given jumps b',...,b™ . an optimal
displacement field then solves 0 = div C3¢ = div CVu outside of U%Zl w™. The
apparent problem of noncoercivity was famously solved by Korn’s inequality

min /|Du—A|2dm§C(Q)/ |Dusym‘2a (7)
Q Q

AERM X"

skew
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which holds for all open bounded connected Lipschitz domains. Introducing
jumps generally makes the situation more complicated, resulting in the space of
function of bounded deformation BD (see e.g [34]), but in our case, since the
jump planes are fixed, the elastic problem will be shown to be strongly elliptic.

For a slip field containing a single straight dislocation line as in (3) and (4)
with Burgers vector d € B,

d ,ifxy >0
b(x1, = 8
(w1, 2) {0 , otherwise, ®)

we try to find the minimal elastic energy per unit length around the dislocation,

which we can replace by the squared L? norm using Korn’s inequality, although

some work needs to be done since 3¢ is not a gradient field, see [32], [28],[19].
We use Stokes’ theorem to see that

/ﬂeddﬂl — (9)
;

for every clockwise closed curve v around Re;. In a hollow cylinder Cj, r =
{(z1,29,23) : 0 < z1 < I,7? < 2% + 2% < R?} around Re;, we get by Holder’s
inequality and use of cylindrical coordinates the lower bound for the energy

/ 18°2 da
CirR
/// ¢ 2 dH dt day

{a}l}XtSl
ld?/
2/, t
l\ \2

log(R/7), (10)

where v = 7, is the clockwise unit speed curve parameterizing the circle
{1‘1} x tS1 C R3.

The total elastic energy thus diverges logarithmically around the dislocation
line as 7 — 0. In order to arrive at a finite energy model, different modifications
can be made, such as cutting out a small cylinder around the dislocation, mol-
lifying the dislocation density using a smooth kernel, or using a mixed growth
model replacing |3, |* in the energy with mln(|ﬁbym|2 |BS,m|P) for some p < 2.

In case of the phase-field model, we allow for smooth transitions in the
slip field instead of sharp dislocation lines. Deviations of ™ from B™, which
signify a mismatch in the crystal lattice, are penalized by a Peierls potential
W™ (™) ~ dist?(b™, B™). We introduce a length scale ¢ > 0 denoting the
width of the transition, called the core size of the dislocation. The energy we
consider for a family of slip fields b',...,bM is then

E.(b',...,bM)

1M

== Z/ dist?(b™, B™) dH?
m=1

min / CDu : Dudzx. (11)
ANUM_, wm

w: [u]=b™ on w™

13



A competitor near (8) for a single plane is given by

d yif x> A
b)\<.’1?1,$2) = Ild/>\ 3 if 0 S T S A (12)
0 ,if 21 <0,

and its energy in the unit square is given by E.(by) = A/e + |log A|, so that the
optimal transition width is indeed A = ¢, yielding energy on the scale |loge|.
Note also that the contribution from the Peierls potential remains bounded.

We aim to extract the asymptotic behavior of E./|loge|, in the sense of
I'-convergence, which was introduced in the 1970s by De Giorgi. See [6],[15] for
an introduction to the topic.

In general, a family of functionals F. : X — [—00,00] on a metric space X
is said to I'-converge to a functional F': X — [—o0, o] if

i) Whenever z. — = as € — 0, then F(z) <liminf._,o F.(z¢).

ii) For every x € X there is a family z. such that z. — x as ¢ — 0 and
lim. o Fe(z.) = F(x).

The first inequality is generally referred to as the lower bound and the second

as the upper bound. The family or sequence in (ii) is called a recovery sequence.
A family of energy functionals similar to (11) arises in the theory of phase

transitions, where u : Q — [0, 1] describes a mixture of phases, with energy

F.(u) :/QEW(U) + | Dul? dz, (13)

where W : R — R vanishes precisely at 0 and 1. Modica and Mortola showed
in [27] that F. T-converges in the L!-topology to F(u) = c|Du| = cPer({u =
1}) for u € BV(Q,{0,1}). The constant in this case arises from an optimal
transition profile and depends explicitly on W.

The singular perturbation arising from the elastic energy in (11) resembles
more closely the squared H'/2-seminorm than the Dirichlet integral. For a
detailed treatment of fractional Sobolev spaces, see e.g. [1]. The model one-
dimensional problem

L wnaes L[ [ @ e
GE(“)‘euoge\/RW“d+|loge|/R/R wgp v (9

with W as before, was treated in [2], where the authors showed I'-convergence
to 2|Du| = 2Per({u = 1}), independently of W, because the main contribution
comes from the long-range interaction of the level sets {u. ~ 1} and {u. =~ 0}.

The problem of minimizing the linear elastic energy around a single slip plane
w C R? was studied in [25], [26], and [17], where it was shown that for isotropic
C, there is a positive definite —3-homogeneous kernel .J : R? \ {0} — R2*2 such
that

min CDu : Dudx

w: [u]=b on w QN\w

- / / (b(z) — b(y)) T (z — y)(b(x) — bly)) dH2(2) dH2(y).  (15)

14
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Figure 3: The BV -elliptic envelope is realized by minimizing the original line-
tension energy in the square @), with given jump boundary condition. Compare
to the definition of quasiconvexity in [14]. Possible microstructures include zig-
zag, intermediate phases, or combinations thereof. Since @;illgle is necessarily
subadditive, the quadratic growth of @gingle is relaxed to linear growth.

This explicit representation allowed Garroni and Miiller to show in [18] for
a single slip system and with Conti in [11] for multiple slip systems that the
I-limit in the L'-topology of E./|loge| in the single plane case is finite on
BV (w, B), where the limit energy Igingle is of line-tension type

Tange®) = [ bW " (16)
b
where %) 1.« B x S — [0,00) is the BV-elliptic envelope (see [3],[4]) of the
function
Sosingle(da V) = d- J(.’E)C”JI : V|d7‘[1(.’1,‘), (17)
S1

which is the energy density of a straight dislocation line in w perpendicular to
v with Burgers vector d.
The BV-elliptic envelope is defined as

ap;illgle(& v) = inf { /J 0 Psingle([0], V) dH' b= d1{4.,>0) outside of QV}.
pNQ
(18)

Here @, is the unit square in w centered at 0 with one side parallel to v.

The BV-elliptic envelope in the limit energy reflects the formation of dislo-
cation microstructure (see Figure 3), which needs to be appropriately treated
in proving the I'-limit.

1.4 Content of the thesis

In this thesis, we generalize the Peierls-Nabarro model to the case of M € N
parallel planes. In this case, the bulk elastic energy features interaction between
different planes.

In Section 2, we find the minimal Dirichlet energy in R™\ Un]‘le w™ with
given jumps on the w™. This result is classical, see e.g. [33], from where we
adapted the proof. We show that the space of jumps with finite energy is
precisely H/2.

In Section 3, we move from the Dirichlet energy to the vector-valued linear
elastic problem. We follow the work in [17] but take some extra steps to show

15



existence, uniqueness, and linearity of the minimizer to the jump problem. We
find that, given jumps b € H'Y/2(R"~*x{h™},R"), the minimum elastic energy
is given by the bilinear form

By (b, b)
M

(" () = " ()T (@ =y = (B = h™)en) (0™ () = 6™ (y) dudy,  (19)

where b = (b, ...,bM) € HY?(R"' RM™) denotes the total slip field. The ker-
nel J : R™\ {0} — R is —n-homogeneous and smooth, but not necessarily
positive everywhere. In fact, for more than one plane, the interaction is neces-
sarily negative somewhere, and even for one plane in an anisotropic material, we
were unable to prove positivity of the kernel. While in [17] it was shown that the
kernel is positive for isotropic materials, the use of Fourier transforms of singular
functions to define the kernel makes positivity in the anisotropic case difficult
to show analytically, even though the problem is finite-dimensional. We were
able to find many non-positive kernels yielding an elliptic bilinear form on H'/2
in Example 3.21, although those are not necessarily induced by a homogeneous
stiffness tensor C.

We go on to show that all the important properties of the kernel still apply
if the Euclidean slip plane R*~! is replaced by the torus T"~!, and provide a
decomposition of the interaction kernel into integrable kernels with an inherent
length scale. In the rest of the thesis, we mostly restrict ourselves to the torus
T? for technical reasons.

In Section 4, we proceed to make a few simplifications. Namely, we assume
that the slips 0™ are indeed tangential, i.e. that b - e, = 0, and that the
Burgers lattices are all equal to Z2? = Z2 x {0}. We also assume that the slip
planes are evenly stacked, i.e. that h™ = mh(e) for some h(e), which may vary.
Results for more general configurations can be inferred by a change of variables
at the cost of more complicated notation.

we show that for evenly stacked slip planes, i.e. h™ = h(e)m, the energy
E. j(=)/|log g| provides compactness in L*(T? R™), provided that

lim sup % <
cs0 loge
to a limit function b € BV (T2, Z2M).

In this topology, dislocations are free to move within their plane but unable
to move between the planes. The jump set J, C T? is the union of the jump
sets Jym C T2. Whenever only one of the M slip fields jumps, we expect the
same limit energy as for a single plane, namely ¢((d,0,...,0),v) = (p;illgle(d’ V).
However, whenever multiple of the b jump simultaneously, we expect interac-
tion between these dislocations, see Figure 4. We are able to show the following
theorem:

Theorem 1.1. Let M > 0. Let h : (0,00) — [0,00). Consider the family of
energies defined for b € H'/?(T? R?M),

L, (20)

1 .
E. h)(b) = - /1r2 dist*(b, Z*M) + Byo).... mne) (b, b). (21)

16
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Figure 4: The limit energy is concentrated on the jump set of b, which is the
union of jump sets of the slip fields. When dislocations in different planes run
in parallel, they interact, which may be energetically favorable.

Then if

log h
B = lim 0 v 1287
e—0 loge

Al (22)

exists, we have

i) If B < 1, then the energies E. j,(-)/|log €| are equicompact in the LY(T?,R2M)
topology, up to constants, with limit functions as € — 0 in BV (T? Z*M).
The T-limit of E. p(c)/|loge| is the line-tension energy

1(b) = /J (L= B)e™ + Bio]"™ (8], v) dH™. (23)

Here poo(d,v) = an\le Psingle (A, V) is the self-energy of a dislocation
ensemble at distance oo, i.e. with no interaction between dislocations,
and po(d,v) = gpsingle(znﬂil dm,V) is the self-energy of a dislocation
ensemble at distance 0, i.e. a single dislocation.

i) If =1, and

lim sup E. ;o) (be)/|loge| < oo, (24)
e—0

then the sums b> = Z%:l b™ are compact up to constants in the L' (T?,R?)
topology for finite energy sequences b, with limit functions b™ € BV (T?, Z?)
and the T-limit of E. j,(<)/|log €| in this topology is given for b € BV (T2, Z*M)

by

1(b) = /J i [b], v) a2 (25)

This result was announced in [13], and its physical implications were dis-
cussed in [20] and [21].

The compactness statements plus some additional properties are proved in
Section 4. The compactness result from Theorem 1.1 is proved in Propositions
4.5 and 4.7. Unlike in [18], [11], we cannot use the kernel representation of
By,.... . mn for compactness, because we the kernel is not necessarily positive. In-
stead we analyze the displacement field w : Q\ngl — R3 to show compactness
of the jumps of u.

The upper bound for the limit energies is proved in Proposition 5.4 in Section
5, where we also calculate some microstructures, following [13], to show that the
double relaxation in the limit is nontrivial.

17



The rest of this thesis is devoted to the lower bound, which is proved by
applying Proposition 8.2 to the results of Proposition 8.1.

In Section 6, we use a modified ball construction, the original having been
used in [24],[30], [31] for Ginzburg-Landau theory, to show an extension result
for SBV(R?,Z) functions defined up to a small error set. This result is used
multiple times throughout the thesis to deal with error terms which may be
large but localized, by simply covering the regions containing large error terms.

In Section 7, we show some estimates for the family of one-dimensional step
functions w = a + bA(z - v) with a,b € Z?>M, X\ : R — Z monotone, and v € S,
which were shown to well-approximate functions in BV (R2,R?M) in [11], to
replace the action of the kernel with the line-tension energy.

In Section 8, we employ the results from the previous two sections in order
to show the lower bound. The proof is based on the one in [11], but special care
has to be taken due to the non-positivity of the kernel.

The standard decomposition of a kernel into its actions on annuli, as used in
[11] for a single slip plane in an isotropic material, in general does not preserve
positivity. Instead we use iterated mollification to decompose any convex pos-
itive translation-invariant functional into countably many positive functionals
which each have an inherent length scale. We use iterated mollification on the
total variation, following [11], as well as on the energy Bj(e),... mh(e)-

5o

2 The minimal Dirichlet energy for the jump
problem

2.1 The space H'/?(R"!)

We start with the following model problem:
Given Q C R™ open with piecewise C'' boundary and boundary values f €
C1(99), find the minimizer u € C%(Q) of the Dirichlet energy

inf{/Q |Vu(z)|?de : w = f on 89}. (26)

Assuming a minimizer u € H'(Q) exists, it must be harmonic.

In case of the half-space @ = R% := R"~! x (0,00), where we write z =
(Z,2y), with boundary R} = R"~! x {0} =: R"~!. We want to find the min-
imizer v € H*(R") of the Dirichlet energy whenever one exists and determine
its closed form.

Defining the n — 1-dimensional Fourier transform of u for a fixed z,, € [0, c0)
as

w(k, ) = / uw(Z, z,)e” F T aH 1 (F), (27)
Rn—1
we calculate the Dirichlet energy

/Rn Vau(@)|® + |0yu() | dr
+

1 o0 ) )
:W/o /Rn_l |6k, zn)|? + |Onti(k, 2)|* dk d,. (28)

18



By the Euler-Lagrange equation, Fourier transform of the minimizer solves al-
most everywhere the ODE 024(k, x,,) = |k|?a(k, x,) with initial value a(k,0) =
f(k) The only solution with finite energy is given by 4(k,z,) = e |k‘1"f( ),
and (26) reads

1
2|k[>e 2| £ (k) | dk day,
Gt L[ AR R dk s

= Gyt [ AP d (29)

This is also called the squared H'/?-seminorm of f, denoted [f]%,,,, and
2 = 1+ |k|)| £ (k)|* dk 30
£l 72 = @t RTH( + [k))]f ()| (30)

defines the norm of the Hilbert space H'/?(R"~1) c L*(R"1).
In real space the minimizer u of (26) is then given by the inverse Fourier
transform

u@ ) =F (T f) = [ e @i @Y
Rn—1
where ® : R — R is the Poisson kernel for the half-space and satisfies b, (k)=

e~ ¥1#n  We can determine ® explicitly:

Lemma 2.1. The Poisson kernel for R} is given by

(bx (:i) = F (7?) n n o 2 T n o (32)
' T (@f 4 [2P)r mam (af 4+ [27)2

denoting by oy, = |B(0,1)| the volume of the n-unit ball.

Proof. This proof is adapted from [33]. We use the Fourier inversion formula
for @,

d, (7) = @m% /R - e* 2o, (k)dk. (33)

From now on we can assume by the scaling property of the Fourier transform
that x,, = 1. In the case n = 2 integrating by parts twice yields

B, (z) = % /O cos(ka)e~*dk = % (1 g /0 cos(kx)ekdk), (34)

and thus

1 1

nlo) = T

(35)

which is the desired formula.
In higher dimensions we decompose the one-dimensional kernel into Gaus-

sians
! :/ e*(1+w2)“du:/ e e du. (36)
0 0

1+ 22
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Taking the one-dimensional Fourier transform on either side and evaluating
at |k| for k € R"! yields
o LT L

= —e YeT M du, 37)
Vil |

since the Fourier transform of a Gaussian is again a Gaussian. Now we apply
the n — 1-dimensional inverse Fourier transform on both sides to obtain

1 >~ 1
®(3) = 7/ e ¢h% o5 gl du
2n—1ﬂ_n—l+§ Rr—1

e U 7u|x|2 du

i |

1 n—

- uT —(+zHu gy,
™2 Jo
rE 1

=2 - (38)
(14 [EP)?

where we again used the fact that the Fourier transform of a Gaussian is a
Gaussian and switched the order of integration. O

Now that we have an explicit formula for the minimizer of (26), we can find
an intrinsic form for its minimum.

Lemma 2.2. Let f € HY/2(R"™1). Then

e IO

Proof. Assume without loss of generality that f € C°(R"~1).
By the monotone convergence theorem we can cut off the left-hand side by

multiplying the integrand by e */*I, where ¢ is a small positive number. Then
for all f € H'/2(R"1)

@) = F@)P dzdyg. (39)

Rn—1 JRn—1 |"E*y‘n

Gt [ IR P

1 . _ A
gt [ ke )
_ 1 : —tlk|| ¢ 2
- Gyl /R o M)

= —lim B f(2)(0p @ x £)(Z) di

10
=1 §)0,®, (7 — §) djj d
tlir(r)l/]gn 1 /]R" 1 t t(l‘ ) yax
=—1 & _ o 4
2 tngl/Rn I/Rn L (DI?0:®4 (& — ) djj dz, (40)

where the last equality is due to the fact that [ 9,®,(Z)dz = 9, [ ®4(Z)dz =0
and <I>t,8t<1>t S Ll(Rn_l) for all t > 0.
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Note that by Lemma 2.1

2 1 2t2

Oy (T ~§) = ~ o
o E+1E-92)F (2 1)z g2)

(41)

n+2

We show that the second term vanishes in the limit of the double integral and
only the limit of the first part remains. To see this, take R > 0 such that
f € C=(B(0,R)), where B(0, R) C R"!. Then the domain of integration is
B(0, R) x B(0, R), and | f(Z) — f(§)| < Lip(f)|Z — g|- Thus

2
[ i@ iop——— aya
(© +1z - )2

t2|h|?
/ / Lip*( il N dh di
B(0,R) JR?—1

t2 + |2 )
t4tn 1 ) h 2 -
= 1B, R)Lin(f) / I
N (1 + |h|2)
—B(0, B)|Lip*(f)Co-1. (12)

since the last integral is finite and depends only on n. We conclude that for any
feCE®)

1 i 2
e | R

2
hm/ / @)l —— " dyd¥
nan tl0 Jpn—-1 JRrn-1 t2+\x g?)=

:7/ / Mdﬂdi (43)
noy, Jrrn-1 Jre-1 ‘x_y|n

by the monotone convergence theorem. O

2.2 The Dirichlet energy in terms of parallel jumps

We now consider the case of finitely many parallel interfaces wym = R~ 1 x{h™},
where h' < ... < hM. We prescribe jumps b € H'/?(wym) at each interface
and minimize the Dirichlet energy

Eing[bt, ..., 0M B RM]

=inf {/ |Vu(z)|?dz : [u] = b™ on whm} . (44)
RAU,, wim

The minimizer wy: w1, par is harmonic away from J,, wpm, with its
jumps [u] = ut —u~ € HY?(wpm) prescribed on the interfaces wym. In the
case of one interface, i.e. M = 1, h! = 0, the minimizer u is optimal in
both the upper and lower half-space, and the energy depends on its two traces
ut,u™ € HY/2(R"™1). Since their difference has to be u™ —u~ = b, we pick as
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the free parameter the lower trace w = u~, so that 4t = w + b. The energy
associated with w is by (29)

(gﬂ% /Rf |k (Iw(k)\2 + (k) + Za(k)F) dk. (45)

Optimizing this energy yields w(k) = % (k) for all k # 0, i.e. w = %b—&— c for
some ¢ € R, and thus

Bl = ﬁ RO

/ / 1b@) = b(H)I* x) b(@)I* dj d. (46)
2nan Rn—1 JRn—1 _y|n

If there are multiple interfaces, by Lax-Milgram w,  ,m p1 v depends
linearly on the b™, so up: _pnr 1 par = u'+...+u™, with u™(z) the solution
for a single jump of b™ at height Ah™. More precisely,

gy = L e #U(@) iy > AT
YT —Bpmy, xb™(E) i 2, < AT

Then the Dirichlet energy for multiple interfaces is given by
Eing[bY, ..., 0M B WM

M
=> B +2 > / Vo (z) - Vu™ (z)dz.  (47)
m=1 R"\(whm Uwhm/)

m<m’

We determine the interaction terms by cutting out the two jump planes of u™
and v and integrating by parts. Since both functions are harmonic, this leaves
only boundary terms.

To this end fix m < m’ and define

Qs = R x [(—oo, K™~ §) U (h™ + 6, ™ — §) U (k™ + 4, oo)} )
Then

2 Vo (z) - Vu™ (z)dx
Qs

=— 0, /395 u™ (z)u™ (2)dH" " (2)

- 785/1& . /R . (2) [2(I>hm —hmg26(F = Z) = 28y _g5(§ — 5)}

Taking the limit as 6 — 0, the left-hand side converges to the integral over
R™\ (wpm Uwy,ms) by monotone convergence, and the right-hand side converges
to

—2 /R B /R B V™ ()™ (2) 0, @ s gy (§ — 2) dH"H(G) dH" ()

/Rn 1 /]R @)~ @)™ ) = b (2D, B (5~ 2)
A1 () dH T (2). (50)
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Here we used again the fact that [ 9,®.(x)dz = 0.

In summary, for h' < ... < h™ and b!,...,0M ¢ Hl/Q(R”_l), we can write
the minimum of the Dirichlet energy with prescribed jumps b on R*~! x {h™}
explicitly as

M ’ ’
S 0 )0 B = D07 @) 7 () 3)

m,m’=1

dH" 1 (2). (51)

We shall show in the next section that a similar formula can be found for
the linear elastic energy.

3 The minimal linear elastic energy for the jump
problem

We now investigate the elastic displacement in the whole space around a single
slip plane. We shall consider the plane w = R"~! x {0} = R"~L. The slip will
be a function b € C°(w,R™). We want to minimize

CDu : Dudzx (52)
R3\w

among all locally integrable displacement fields u : R™ \ w — R™ with Dugyy, €
L?(R™\ w) and [u] = b on w.

From here on out C € R"*™*™*" ghall be a fixed fourth-order stiffness tensor
with the symmetries ¢;jn = crii; = Cjiki- (C is a symmetric tensor acting on
the space of symmetric matrices R7X".) We will assume that C is positive

sym
definite on RYXY, ie. A-CA > c|A + AT|? for all A € R™*", where ¢ > 0 is
a constant. Note that for n = 2, there are 6 degrees of freedom in choosing C,

2
for n = 3 there are 21, and in general there are w. If we assume

additionally that C be isotropic, then there are only two degrees of freedom,
and CA = £(A+ AT) + A tr Ald.

Alternatively, u can be considered as an SBVj,.(R™, R™) function with pre-
scribed gradient decomposition Du = Vu + b ® e, H" 'Lw. Denoting Fu =
Dugym, CDu : Du = CEu : Eu due to the symmetry of C.

We start with some basic facts about this minimization problem:

Lemma 3.1. Letu : R} — R™ be locally integrable with Dugyy, € LA(R7, R

sym /°
Then there is exactly one A € RIX" with [g, |Du—A|? dz < C [gn [Dusym|? dz,
¥ ¥

skew
where C' depends only on the dimension.

Remark 3.2. This result is called Korn’s inequality. While every connected
open bounded set with Lipschitz boundary and R™ permit Korn’s inequality, for
unbounded sets this is generally untrue, as in e.g. & =R x (0,1). The reason it
works for the half-space is its self-similarity. For more information on Korn’s
inequality see e.g. [9].

Proof. Let C be the Korn’s constant for the half-ball B, . Then for every k > 0
there is some Ay, € REXE such that [ |[Du— Ag[*dz < C [, [Dusym|* dz.
2k 4 +

skew
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By the triangle inequality |4, — Ay ;|> < C27kn I N |Ax — Dul® + |Agtj —
2k 4
Dul?dz < C27F" [,
T
A — AP < C27"F [L, [Dugym|? da.
+
Then for any k > 0 we have [, |[A—Dul?dx <2 [, |Ap—Du*+|Ax—
2k + PLES
AP dx < C [g, |Dugym|? d. Since the right-hand side is independent of k, we
¥
obtain the result for A.

Due to the infinite measure of R’} , there is at most one A € RIX" such that

fRi |Du — A|? dx < oo, which proves uniqueness. O

Dugym|?dz. As a Cauchy sequence in R2X3 | the limit

matrix A exists and

Next we show that if the jump is square-integrable, the two rotations in
the upper and lower half-plane coincide. While this does not hold in the gen-
eral SBD setting, the simple geometry of the single jump plane simplifies the
problem.

Lemma 3.3. Let u € SBVie(R",R") with Du = Vu + [u] ® e, H" L w, with
Visym € L2(R™,R™ ") and [u] € L*(w,R"), then there is a unique matriz
A e RIXM such that ||Vu — ALz < C||Vusyml|L2-

skew

Proof. By Lemma 3.1 there are two matrices A, B € RJX" in the lower and

upper half-space respectively. Consider the blow-down ug(z) = u(Rz)/R for
large R. Then

lim |Vug — A]* dx +/ |Vug — B|? dz = 0. (53)

R— o0 Bi_ Bl+

By Poincaré’s inequality in both half-balls, there exist cg,dr € R™ such that

lim lup — Az — cpl? d:r—i—/ lup — Bx — dg|* dz = 0. (54)
R—o0 Bi_ By
By the trace theorem we obtain that
lim lup_ — A% — cg|* + lupy — BZ —dg|*dH"*(2) =0.  (55)
R—o0 BiNw
However the difference of the two traces is the rescaled jump [ug(Z)] = [u(RZ)]/R,
so by the triangle inequality
lim |AZ + cg — Bi — dg|* dH" 1 (%)
R—o0 Binw
<6 lim lur— — A% — cg|® + |[ur]® + |ugy — BE — dg|*dH" (%)
R—o0 BiNw
=0. (56)

It follows that limp_oo(cr — dr) = 0 and that B — A = 0 on w. However,
since B — A is skew-symmetric, it must be identically 0. Uniqueness of A is
obvious. O

With this we can establish the existence of a unique minimizer to the jump
problem, up to a constant and a linearized rotation.
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Lemma 3.4. Let 8 € D'(R™,R™*™) be a distribution. Consider the minimiza-
tion problem
min [ C(Du— ) : (Du— B)dx (57)
R’!L
among all u € L2 _(R™,R™). Then

loc

loc
there is a unique minimizer up to an additive constant and a linearized

rotation.

i) if some u € L} (R™,R™) with [5,|(Du — B)sym|*dz < oo emists, then

i) if u € LY (R™,R™) has [5. |(Du— B)sym|* dz < 00, it solves divC(Du —

loc
B) =0 in D" if and only if it is a minimizer.

Proof. Assume some u € L (R™,R") with [p, [(Du — 8)sym|* dz < 0o exists.

Let u; € L (R™,R™) be a minimizing sequence. Let v; = u; — u;. Then

/ CDw; : Dv; dx

<2 [ C(Du; —pB): (Du; — )+ C(Duy — B) : (Duy — p) dz
R’Vl

<C. (58)

By Korn’s inequality there are A; € R%*" such that Dv; — A; is bounded

skew
in L?(R",R™*") and converges weakly in L? (up to a subsequence) to some

Dv € L*(R",R"*"). Take u = v +u; € L2 (R",R"). Then (Du; — B)sym =

loc
(Dv; + Dug — B)sym — (Du — B)sym in L?, and due to lower semicontinuity we

get

C(Du— B) : (Du — ) dx < liminf C(Du; — B) : (Du; — B8)dx.  (59)
R 11— 00 Rn

This shows that u is in fact a minimizer. Taking the difference between two
minimizers gives a function w € L? _ with fR" CDw: Dwdr =0,s0w = Ax+c

loc
nxn
for some c € R™ and A € R .

If w € L3 (R",R") is a minimizer, then u + ¢ is a competitor for all

¢ € CER™,R"), and [p, C(Du — ) : Dpdx = 0, i.e. u solves the equation
divC(Du— ) =0in D"
Now let u € L (R, R™) be a function with [;, C(Du—f) : (Du—p) dx < co

loc

and divC(Du — 8) =0 in D’. We show that

C(Du— B): Dpda =0 (60)
Rn

for all ¢ € L2 _(R",R") with D¢gym € L?(R™, R"*™). By density we only need

loc
to show this for smooth functions.

Let ¢ € L (R™.R")NC*> with D¢gym € L*(R",R"*™). By Korn’s inequal-

loc

ity there is A € RX" such that D¢ — A € L*(R",R™*"). Let R > 0. By

skew
Poincaré’s inequality there is cg € R™ such that

/ |p — Az — cg|* dx < CRQ/ |D¢p — A|? da. (61)
Bar\Br B2r\Br
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Let ng € C°(Bag,[0,1]) be a cutoff function with ng = 1 in Bg and |Dng| <
2/R. Define Y = (¢ — Az — cg)nr. Note that g € C°(R"™,R™) is a valid test
function, so that

0= C(Du—B): Dyrdx
Rn

:/n C(Du — B) : Dénpr dx

Jr/n(C(DufB) 1 (¢ — Az — cg) ® Dnr dx.
(62)

By dominated convergence, the first integral converges to the left-hand side of
(60), while the absolute value of the second is bounded by

/n |C(Du— ) : (p — Az — cr) ® Dng|dx

<[|(Du ~ B)symll ozl Dl 16 — Az — crll2(mam8m)
<Co(R)/R, (63)

due to (61). Letting R — oo, (60) follows.
To show that w is indeed the minimizer, simply test with ¢ = v — u, where
v is any other competitor with finite energy. O

Remark 3.5. For f =b® e, H" ' w, with b € H'/?(w,R"™), the lemma shows
existence of a unique minimizer to (52).

Lemma 3.6. Let u € S'(R",R") be a tempered distribution with Dugsym € L?.
Then v € L2 and there is A € R**™ such that Du — A € L?. Furthermore

loc skew

there is some ¢ € C™ such that u — Az —cdy € LE (R™\ {0},C") and Du—A=

loc

i — Az ® k almost everywhere.

Remark 3.7. This lemma justifies the use of standard Fourier arithmetic for
the wide class of tempered distributions with square integrable symmetrized dif-
ferential.

Proof. First we show that v is indeed in L (R",R™). For ¢ > 0, consider
the mollification u. = u * ¢. € C°(R",R™). Then u, — u in &', but also
(Due)sym — Dusym in L2(R™, R"¥™).

By Korn’s inequality on R"™, there are A, € R"*" such that

skew
/ Du. — A2 dz < c/ | Dty 2 da. (64)
n R7l

By Poincaré’s inequality on every ball B(0, N), N € N, there are ¢ € R"
such that

/ lue — Aex — NP da < CNQ/ | Dugym |* da. (65)
B(0,N) R"

We can then extract a subsequence ¢; — 0 such that u., — A;,z — cg —
o™ in HY(B(0,N),R") for every N € N. On the other hand u., — u in
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D'(B(0,N),R"), and A,z + ¢ — u— oY in D'(B(0,N),R™). However, the
distributional limit of an affine sequence must be affine, so there are A € RI<"
not depending on N and ¢V € R” such that 4., — A and cé\i’ — ¢ for every
N € N, with u = vV + Az + ¢ in D'(B(0, N),R"). It follows that there is
v € L (R™ R™) such that

loc

[ vedn=tue) (66)

for every ¢ € C°(R™,R™). By (65), equality also holds for all Schwartz func-
tions ¢ € 8, so indeed with some abuse of notation u € L _(R",R™). Since
Du,, — A.; = Dv = Du+ A in L*(B(0, N),R") for every N € N, we also get

/ |Du — A|? dx §1iminf/ |Du., — A, |? dx
B(0,N) 100 JRn

<C | Dtgym | dz. (67)
Rn
Now we assume without loss of generality that A = 0,1i.e. Du € L*(R",R"*"),
and by Plancherel’s theorem, Due L?(R™,C"*™). Because Du=iu®kin S,
we get that there is K € N such that U =}, < g @a60(9%) + v, with aq € C"
and v(k) = —iDu(k)k/|k|> € L2 (R™\ {0},C"). Now since

loc

DF (Y aado(d)

la|<K
—Fli(@—v)®k)
—FY(Du - Du) =0, (68)

f_l(Z\aKK a000(0%) = ¢ € C", so that u — v = F(c) = ¢/(2m)"Jp for some
ceCm. O

Now we want to determine the pointwise values of a minimizer to the jump
problem. We do this by mollifying the jump measure.

Let 8 = b® e, H" 'Lw be the R™"*"-valued finite measure associated to a
fixed jump function b € C2°(w, R™).

Define 5. = B % ¢ the convolution of § with a standard mollifier ¢. €
C=(B.).

Lemma 3.8. Let f € C(R™,R™). Then there is exactly one solution u €
H'(R™ ,R™) to —divCDu = f, given by u = G x f, where G € L{, (R",R"*")
is —(n — 2)-homogeneous, smooth away from 0, and even.

For the proof, see Theorem 4.1 in [12].

Lemma 3.9. Let B =b®e,H" tiw, withb € C(w,R™). Then the minimizer
of [gn C(Du — B) : (Du — B)dx is gien, up to a rotation and an additive
constant, by

u(z) = — / CDG(x — y)enbly) dH" (4). (69)

Here CDGe,, is the n x n matrix with coefficients (CDGey,);j = CinkiGij,i-
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Proof. Define u as above. Let v : R” — R™ be the unique minimizer to (52)
with Dv— 3 € L?(R", R"*") and fB(O,l) vdr = 0. Let u, = u*x¢. = G+divCp.
and ve = v * ¢.. Then Du., Dv. € L*(R",R"*"), and div CDu, = divCDwv, =
div CB;. Due to Lemma 3.4 it follows that u. — v, is constant. Letting £ go to
zero, it follows that u — v is also constant. O

Definition 3.10. Define the Poisson kernel P : R™ \ {0} — R™*"™ as P =
—CDGe,,, or componentwise Py, = —cjppnGijp 50 that the minimizer u to
the jump problem (52) with b € C°(w,R"™) is given by u(x) = [ Pz —
y)b(y) dH" " (y) whenever z,, # 0.

Note that P is odd, smooth away from 0 and —(n — 1)-homogeneous.

Now we define the interaction kernel that appears in the closed form for the
elastic energy.

Definition 3.11. Define the interaction kernel J : R™ \ {0} — R™*™ qs J =
CDPe,, or componentwise Jrq = CijkinPiqj = —CijknCmpanGim,pj -

Note that J is even, smooth away from 0 and —n-homogeneous.

Also define for h € R the bilinear form defined on functions u,v € L?(w,R")

Ap(u,v)
- / / (u() — u(®))J (& — y — hea) (v(z) — v(y)) dH*(z) dH""1(y).  (70)

Lemma 3.12. The bilinear form Ay as the following properties:
i) Ay, is symmetric, and A_j, = Ap.

ii) For h # 0 and u,v € L*(w,R") we have |Ap(u,v)| < C|lu||gz||v| L2/l
Also [ J(x + hen)dH" ' (x) =0 for all h # 0.

i) For all h € R and u,v € HY?(w,R™) we have

[An(u, v)| < Cllullgrsellvll g/ (71)

Proof. Ay is symmetric because J is a symmetric tensor by definition. Because
J is even, A_, = Aj by a change of variables (z,y) — (y,z) and Fubini’s
theorem.

The estimate (ii) holds since |J(z + he,)| < C/(|x|> +h?)™/?, whose integral
is C'/|h|, by the fact that fw J(x+hey,) d’Hn—l(m) = 0, shown below, and Young’s
convolution inequality.

To show that [ J(x+he,)dH" ! (x) =0, we want to show that [ DP(z+
hen) dH"1(x) = 0. Clearly all partial derivatives are integrable.

Let ¢ =1,...,n — 1 be a tangential direction. Then
lim sup / OiP(x + he,) dH" !
R—o0 BrNw
<lim sup/ |P(2 + hey)|dH" 2
R—oo JOBrNw
<limsup CR"?/R""* = 0. (72)
R—o0
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ol < h o] = h o > h
X

Figure 5: For n = 3, the —3-homogeneous kernel J(z) and the translated kernel
J(x — heg), where x3 = 0. The translated kernel is almost equal to the homo-
geneous one for |z| > h and at most Ch~—3, so that for |x| < h it is dwarfed by
the homogeneous one.
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For the normal derivative 0, P, note that since P is —(n — 1)-homogeneous,
the integral

/ P(x + hen) dH™ (2) (73)
wNBrr
is independent of h. Taking the derivative in h, we see that
/ OnP(z + he,)dH" H(z) = —R P(x + hep) dH"2(z).  (74)
wNBrRr wNOBLRr

Since P is odd, smooth, and —n — 1-homogeneous, we can rewrite the surface
integral

R / P+ hey) dH" ()
wNOBLR

_B P(z + he,) — P(x — hey,) dH"2(x). (75)
2 wNOBLR

We estimate the integrand using the mean value theorem

n—2
R |P(x + hey,) — P(x — hey,)|dH" % (z) < ChR%. (76)
2 wNOBLR (hR)TL

Letting R — oo, it follows that [ 8,P(x 4 he,)dH™ ' =0 for all h > 0. For
h < 0 the same argument applies.

The estimate (iii) holds for C° functions because |J(x + he,)| < C/|z|"/?,
which gives the H'/2-bilinear form, and the Cauchy-Schwarz inequality. Also Aj,
has a unique extension to H'/?(w,R™), for which the same estimate holds. [J

We show that the energy (52) is represented by Ap.

Lemma 3.13. Let b € C°(w,R™). Then the minimum energy in (52) is given
by 2 Ao(b,b).

Proof. By Lemma 3.9, the minimizer to (52) is given by

w(@, z0) = / Pl — y)b(y) dH™ (). (77)
Let M > 0 be such that b = 0 outside of By Nw. We define the domains
Qer={z=(Z,z,) € R" : |z,] > ¢,|x|] < R} and Q. = Q¢ 0. As thisis a

Lipschitz bounded domain, through integration by parts and the fact that the
minimizer u solves div CDu = 0 in Q. r we obtain

/ CDu : Dudx = / CDu:u®vdH" ! (78)
Qe R aQs,R

When |z| = R we can estimate |u(z)| < CfBan b(y)|/|z — y|""tdH L (y) <
C/(R— M) and |Du(z)| < C/|R — M|*. As R — oo, the equation above
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converges to

/ CDu : Dud:vf/ CDu:u@udH" !
O
/ / (CDP ,I — ) U(I) ® I/d%nil(y) danl(’r)
0N
/ / CDP(z —y +een)b(y) : u(x + ceq) ® en dH" ™ (y) dH" ™~ (2)
/ / CDP(z —y — cen)b(y) : u(x —gen) @ en dH" ' (y) dH" ™ (x)
- / J(x —y+cen)b(y) - u(z + cen) dH™ 1 (y) dH " (z)
" / / (@ —y — cen)bly) - ulx — ce,) A (y) dH" " (x). (79)
Now we use that DP(-zey) € L (w, R™™*), with [, DP(y+een) dH" " (y) =

0 for all € > 0.
We can then rewrite (79) as

_//J( Y+ een)b(y) - ulz + eep) dH"Hy) dH™ " (x)

/ / =y~ een)bly) - ule — een) AU () AHT (2)

/ / J(x—y+een)(b(y) —b(x)) - (u(y + cen) — u(x + cey))

an 1 y) Hn 1(33)
_ % / / J(x—y —een)(b(y) — b(x)) - (uly — cen) — u(z — cey))
dH" " (y) dH" " (2), )

where we used that [ J(z +ee,)dH"(z) =0.

/ CDu : Dudzx = lim CDu : Dudzx
R \w =0 Ja,

— lim — // (@ — g + ) (b(y) — b@)) - (uly + cen) — u(w + zen))

e—0 2
—J(@ —y —cen)(b(y) — b(x)) - (uly — een) — u(z — cen))
dH™(y )d7—[” Yz). (81)

Note that |J(y + ce,| < Cly|™™. Since b € H'/?(w,R™), the u(- + ee,)
are bounded in H'/?(w,R") by Korn’s inequality, and converge strongly in
HY?(w,R™) to the traces ut and u~ respectively, we can replace u(- + ee,)
in the limit with u™, since
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/ / (b(y) — b)) Tz — y + cen)
[y + cen) —ut () — (u(z + cen) — ut(@))]

aH" () dH" ()

//'b |\x CyI"

|(u(y +een) —u™(y)) — (u(z + cen) — u™(2))]
" () dH T (2)
SC[b]H]/Z [u( + Een) — U+]H1/2
—>6¢0 0, (82)

and similarly we can replace u(- — ee,,) with u ™.
Now that we deal only with the double integrals

—g% [// V(Y — o + cen)

u'(y) —u'(x)) dH"" 1( )dH" " ()

// VI (y —x —eey)

(u(y) —u” (2)) dH T (y) dH" () |
(83)
we can use dominated convergence on both double integrals, since |J(z — y &+

gen)| < Cflx—y|", J(x —y+ee,) = J(x —y) pointwise, and b, u™, and v~ are
all in H'/2(w,R™), the above limit equals

; {/W /w(b(y) ~b(a))J(y — )

u' () dH"" 1( )dH" " ()

iy

() —u”(2)) dH" " (y) dH" " ()

(u
%// 2)J(y — )

(b(y) — b(x)) dH"™ 1( )dH" ™ (x). (84)
O

Example 3.14. i) For ciji = 0ix0;1, i.e. CDu = Du, we know that up to
constants Gij(x) = 0;5|x|~ "2, Py(z) = —0,Gir(z) = dixwn /||, and
Jg(x) = 0n Prg(x) = Spqlz|™™ — naZ /|z|" 2, which for x, = 0 coincides
with the kernel (46) in the HY/?-seminorm.
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it) For cijp = 601 + 0104 and n = 3, i.e. CDu = 2Dugym, the isotropic
case with Poisson ratio o = 0, the Green’s function is up to a constant
Gij(x) = 38;j/|x| + zix;/|x|®. The kernel J is then given by

2

Okq Tqx3 TRI3 Tk Tq
Jrg(z) = W + 353kW + 3034 oF —15 i (85)
or in matriz form
Id r®e3t+esRx 2T QX
J@)= 1 g, TEGBTGBET g 10T (86)
|| [ ? 2l

which for x3 = 0 yields Jyq(x) = 0kq/|7|>, as expected.

1) For the isotropic case with Poisson ratio o € (—1/2,1), the kernel J is
given, in matriz form, by

1d e3 ® es TR
J(x)=(1—-20)—% +2 3
() =0 =20 2 L T
r®e3+e3Rx 5 Id 2T
+(3—3U)$3T+30’$3W—15$3W7 (87)
which evaluated at xs = 0 gives
Id e3 ® es TR
Jx)=01-20)—+ 20 +3c———, (88)
|| |z |z[>

the same kernel as in [11].

3.1 Interaction between parallel planes

For multiple parallel planes, the energy is given by a combination of the Ay.
Let M € N be the number of jump planes and ' < ... < hM. We consider
the problem of minimizing the elastic elastic energy among deformations with
prescribed jumps on the planes wpm = R*~1 x {h™} C R™:

/ CDu : Dudx (89)
RMU

M
m=1Wh™

among all locally integrable functions u : R™ \ U%Zl wpm — R™ with Dugyy, €
L2(R™\ UY_, wym,R™) and [u] = b™ on wym.

By Lemma 3.4 we know that (89) has a unique minimizer for every b =
(b, ..., bM) € C (R 1, R™™) up to a single linearized rotation and a constant,
given by u =Y Ppm xb™, where Pj,m is the Poisson kernel for the single jump
problem on wpm. A double-integral form of the elastic energy in (89) follows
through integration by parts as in Lemma 3.13.

Lemma 3.15. Let h >0, M € N, b™ € C®(wpm,R™) form =1,...,M. Then
the minimum of the energy (89) is given by

M
1 mopm m pm’

§§:A0(b D)+ Y A (07 0™), (90)
m=1

m<m/

where we identify the wpm with w by orthogonal projection.
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Proof. By Lemma 3.4 the minimizer to (89) is u = 2%21 u'™, with

W (@, ) = / P(E —§— (W™ — 2)e)b™(y) A" (). (91)

Then

/ CDu : Dudzx
M\UNM_, wpm

M

Z (", 5™

+2 ) / CDu™ : Du™ da. (92)
e SR\ (Wrm Uw, 1)

We now fix m < m’ and consider only the interaction term between u™ and
u™ . We proceed as in the proof of Lemma 3.13, this time splitting the domain
into three parts, letting ¢, R > 0 and setting

Q_p={(@2,) €R" : 2, <h™ —¢,[Z| < R},

Q0 g ={(&2,) €R" : z, € (W +,h™ —¢),|7| < R},

O g ={(@2.) €ER" : @, > h™ +¢,]@| < R}, (93)
we can use the Gauss divergence theorem in each domain, since divCDu™ =
divCDu™ = 0 away from wpm U wj,.m, giving

CDu™ : Du™ dx = / CDu™ : u™ @ vdH, (94)
Qg o0z

and likewise for QS,R and Q;R. Next we let R — oo on both sides of the
equation, leaving

’
/ CDu™ : Du™ dx
Q- UQoUQT

CDu™ : u™ @ vdH"

pm’ +e

CDu™ : u™ @ vdH"

—€

CDu™ : u™ QudH !

_|_

E— £ i

R

h™M 4

+ CDu™ : u™ @ vdH" . (95)

M g

We insert the definition of P and J into the first surface integral, yielding

/ / ™ (x —z+ (hm/ —h"+ E)en)um/ (y+ (hm/ +e)en)
dH"™™ 1 dan 1( )

= / (7 ) — ™) Iy — =+ (B — K"+ <)ey)
(W™ (y + (B™ + €)en) —u™ (z + (B™ + €)ep)) dH" ' (y) dH* H(z), (96)
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where we used that [ J(y+ he,)dH" ' (y) = 0 for every h # 0.

In the limit as e | 0, we can replace u™ (- + (h™ + ¢£)e,,) by the upper trace
uT (-+h™ ey), since the traces converge strongly in H'/2(w, R"™) and the kernels

J(-+ (k™ — h™ + ¢€)e,,) are uniformly bounded by C/|- |, allowing to bound
the difference using Hélder’s inequality by

/ / (B (y) — 5™ (@) T (y —z+ (™ — B+ £)en)

(™ (y+ (W™ +)en) —ul (y + D™ en))
— (W™ (x4 (A 4 e)en) —ul (x+h™ ey,))]

aH" (y) A (@)

SC[bm]Hl/z [Uml( + hmlen) — UT,( + hm,)]H1/2
—¢10 0. (97)

Now that we deal only with the double integral

e—0

= lim / / (B (y) — b™ (@) (y — 2z + (B — B+ £)ey)
(W (y + h™ en) —u™ (x + W™ e,)) dH" " (y) dH" " (2), (98)

the kernels J(- 4+ (h™ — h™ + ¢)e,,) converge pointwise to J(- + (h™ — h™)e,,)
and are uniformly bounded by C/| - |", since both b™ and w7} (- + h™ ) are
in H'/2, by the dominated converge theorem the double integral converges to

LA _pym (bm7u’_f'(~ + h™'e,)). This works also for the other three surface
integrals in (95), so that in the limit as £ | 0 we get

/ CDu™ : Du™ dx
R7\ (wpm Uw

;ﬂn’)

_ %Ahmuhm O™ u™ (- + W™ ey))
+ %Ao(bm,uf( +h™en))
- %Ao(bm, u™ (-4 h"ey))
:% Ay (5757, (99)

since Ap, is bilinear and the difference of upper and lower trace is the jump of
u™ , which is b and 0 respectively. O

Definition 3.16. We define for b= (b',...,0M) € C(R"1,R") the bilinear

form

M
B (b,0) = Y Ag(0™,0™) 42 Y Ay (07 6™).(100)
m=1

m<m/
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We also define for h > 0 the shorthand notation By, = Bp ap,... M-

Note that By, can be represented by a kernel Jj, : R~ — ng]‘an"M, where
Jhmm (2) = %(J(z +(m' —m)he,) + J(z — (m' —m)hey,)) € RELT for m,m’ =
1 M.

yoeeey

Remark 3.17. Note that By(b,b) = Ao(XM_, o, M vm). Also if b
HY2(R" Y R™™) then h +— By,(b,b) is continuous.

The kernel Jj, : R*™1 — RPMXnM s smooth away from 0 with Jx,(A\x) =
Ainﬂh(fﬂ).

3.2 Positivity of the kernel and iterative mollification

It is unknown in the anisotropic case whether the single-plane kernel J is positive
definite. However, through Korn’s inequality, we obtain at least

Lo L @) = b = ele) b)) dedy = b (101

This is a strictly weaker condition than a pointwise bound from below, which
does however hold for all isotropic C (see example 3.14).

The multi-plane kernel J, in general is not positive semidefinite, as can be
seen for M = 2 planes wg, wp, b > 0, in n = 2 with CDu = Dugyy,. Consider
the deformation

(g, 12) = (—2x122,27 — )T in (=1,1) x (0,h) (102)
b (0,0) elsewhere.

Then the jumps b = (b',b%) € H/2(R? R?) certainly satisfy
[ )~ bt~ )b) ~ b)) dedy = ¥, (103)
lo—yl<h?/2
since Jp(z) ~ 1d/|z|? for |x| < h, but
/ | Dugym|? dz = h?, (104)
R2

thus the kernel J; must have a significant negative part for |z| > h3/2. For this
reason, a simple dyadic decomposition of the kernel Jj into its actions on the
annuli |z| € (277,279%1) does not yield a pointwise positive kernel. However,
we can decompose the kernel positively into length scales in other ways.

Let from now on ¢;(z) = I~ Ye¢(x/l) be an even standard mollifier on
R", ie. ¢ € C(B(0,1)), ¢ >0, [z._1 ¢dx = 1. Then define a new mollifier
as ¢ = ®521¢9-31, the infinitely iterated convolution of ¢, with its rescaled

versions. Note that the iterated convolutions ®§Vi1¢>27” form a Cauchy sequence

in any Sobolev space WP (R"~!), making b € C&(B(0,1) again a standard
mollifier with the additional property that ¢;*¢;(z) = ¢oy(z) = 27"V (x/2).
Then the following lemma allows for a positive decomposition of B} into dyadic
length scales.

Lemma 3.18. Let b€ H'/?2(R*~ R*"™) 1 > 0. Then
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i) Bp(bx ¢, bxdp) < Bp(bx ¢y, bx¢) < Bi(b,b).

ii) The bilinear form b — Bp(b * ¢, b * ¢;) is positive semidefinite, bounded
from above by C||b||2,/l, and represented by a double integral with kernel
2+ =3By, ¢u(- — 2)), which is a RZAM matriz.,

Proof. For the inequality By (bx ¢y, bx¢;) < By(b, b), note that By, is a positive
semidefinite bilinear form on H/?(R™~!,R") and thus convex. Note that ¢;
defines a Borel probability measure p on H1/2(R"’17R”) supported on the
translations b(-—z). Since By, is translation invariant and by Jensen’s inequality,

By (b* ¢, b+ ¢y)

By 2du(a), [ )
H1/2(R1L—17Rn) H1/2(R’L—17Rn)
§/ By (x, x) du(z)
H1/2(Rn—1 Rn)

- / Bu(b,b) du(x)
H1/2(Rn—1 Rm)

=By (b, b). (105)

The inequality By (b b1, b x ¢~>l) < By(b* ¢1, b ¢) is the previous inequality
applied to the test function b * ¢/ and the mollifier ¢; /5.
To show the kernel representation, use Fubini’s theorem to obtain

Bh b*(blab*(bl)
//b VBu(6n, du(- — (5 — ))b(=') dz d=. (106)

Note that |Bp (¢, ¢i(- — 2))| < Cmin(I™",|z|~™) by the bounds on J. Thus
Jgn—1 |Br(¢1, d1(- — 2))| dz < C/l and

Bulon (-~ ) dz = Bu(on, [ (= 2)d)=0. (100)

Rn—1 Rn—1
With this we see that
By, (b* ¢, bx ¢p)
=5 [ [0 b BGn - - )b - b dzds (108)

The L?-bound follows from Young’s convolution inequality and the L'-bound
on the kernel. ]

Now both By, (- * ¢Zl,- * (;Nbl) and Bj, — Bp(- * q@l,- * él) are positive definite
bilinear forms. We can iterate this decomposition as follows:

Definition 3.19. Define for b € H'/2(R"~1 R*"™) h € [0,00], and j € Z the
quadratic form
By j(b,b) = Bi(b* ¢o—s,bx ¢a—s) — Bp(b* do-i-1),b% o)) (109)

Rnl\/[ng

Sym as

and the corresponding kernel Jy, j : R" 1
1 - - - ~
Ini(z) = —3 (Bh(¢2*ia¢2*j(' —2)) = Ba(a-G-1, da-G-v (- — Z))) - (110)
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Lemma 3.20. i) For every h > 0,5 € Z By ; is a positive semidefinite
bilinear form on L*(R"~1 R"M) represented by the integrable kernel Jn,j
with By j(b,b) < C27||b||%. for all b € L*(R"~!,R"M).

i) The kernels Jp, ; : R"™1 — R;’y]‘an”M obey the following estimates

2mi , for |z| <277
Jn.i <C ) ) 111
= {223/|z|”+2 for |2 2 279, )
i) Whenever 279 < h,
2727 |pnt2 for|z| <h
Jn,j(2) =Js,j(2)] £ C ‘ ’ - 112
| Jn,;(2) g2 < {223/|z"+2 , for |2| > h. (112)

Note that J ; is the kernel defined without interactions between the planes.

Proof. (i) follows from Lemma 3.18. Define the notation J,(x) = J(z + zey).
To prove (ii), the estimate |Jp, ;(2)| < 2™ also follows from Lemma 3.18. For
the other estimate, assume that |z| > 6 x 277. Then

Bh(éfgzﬂ’g’z*j (-—2)
- /R /R s (@I — )aily — 2) durdy, (113)

so that by a Taylor expansion on J; we get since QNSZ is even,
| Bi(fa-35 G2 (- — 2)) + 20 (2)|
<C27¥||D?Ip | Lo (B(=.2-9)
<C27 ||~ (n42) (114)
and likewise
| Bu(¢a-s+1, Ga-s41(- — 2)) + 20n(2)]
<O~ Um0t (115)

so that |Jj, ; < C27%7|2|~("*+2) whenever |z| > 6 x 277.
For (iii), note that (Bj, — Bso)(b,b) = 23 Apr—myn (6™, 5™). Also,
by a Taylor expansion on Jp,

m<m/

1 _o
‘7§A(m’—7n)h(¢laQsl('fz))*‘](m’—nz)h(z)' < CHDQ‘](WL’—W)}L||L°°(B(z,l)l2' (116)

The same holds for ¢o;. Since (h, z) — Jj,(z) is smooth and —n-homogeneous,
its Hessian is smooth and —n — 2-homogeneous, so for |z| < 2h we get

C
1D T i —yn | Lo (Bt < e (117)
and for z > 2h
9 C
D% (s —mynll Lo (B(21) < Pk (118)
O
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Note that the kernels J,; : R*™1 — ng]\r{lX”M are integrable and have
integral 0, since

- Bu(o-s,bo-i (- — x)) da

¢2 i( ¢2 1( ))(¢2 i(y _39)—QBij(Z—x))Jh(y—Z)dZdydiU

/"1/]Rn1¢2] — 23 (2)In(y — 2)

/H¥n71(¢2*1’ (y — ) — ¢pgs(z — x)) da dz dy

:/]R 71/]1@710dydz:0' (119)

It follows that J, ; does not have a positive sign. In fact, even in the isotropic
case with M = 2, the kernel J, is not positive definite everywhere on R*~! for
h # 0. For anisotropic C, it is not even known whether the single-plane kernel
J:R*T — REXI s positive definite almost everywhere.

However, the quadratic forms associated with these kernels are necessarily
nonnegative. This nonnegativity is equivalent for L' kernels to nonnegativity
of J(0) — J(k) almost everywhere in Fourier space.

We now show that for n = 3 there exist smooth —3-homogeneous scalar-
valued kernels on R?\ {0} which are not positive but produce a positive definite,
even elliptic, bilinear form on H'/2.

Example 3.21. Let ,§ > 0. Define the kernel J, s : R*\ {0} = R as

—8lz|73 ;
Ja,&(«z) _ { |Z| ’ Zf‘22| < O“Zl| (120)

|2|=3 , otherwise.

Then Jq s is —3-homogeneous and not positive, but for a,§ small enough we
have

/ / (u(e) — u()* T s( — y) dyde > clo, &)[ulZs  (121)
R2 R2

for all u € HY2(R?).

Proof. For z € R? with |22| < alz], we define 2/ = 2/2 + azies = (1d/2 +
2ae0 ® e — 1)z and 2’ = z — 2/ = (Id/2 — 2ae3 ® e — 1)z, and note that
zh € (azy,3az)), 24 € (=3az{, (—azl), so that ||, |z”| < c¢(a)|z|]. Then we
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Figure 6: If the difference z = y — « is in the region where J, s < 0, z is split
up into 2’ + 2z, which are both in the region where J, 5 > 0.

estimate for u € H'/?(R?)

_ 2
[/ (a+2) —u@)?
R2 J{z€R? : |z2|<az1|} 2]

< / /
R2 J{2€R2: |23|<a|21]|}

(ulw + 2/ + ") —u(z + 2))* + (wlw+ ) —u(@)?®
|2

c()? (u(y + 2z) — u(y))? X
=) /R /{zew:lnzauu} ER dz dy. (122)

It follows that for § < 1/(16¢(c)?),

/]Rz /RQ (u(y) — u(2))*Jas(y — x) dy dz

_ 2
> // ((I+2)3U($)) ds da
=3 B2 J{2€R? |z > a2 |} 2]

—2+16c( )3 32

(123)
O

Remark 3.22. While J,s is not smooth, any smooth (away from 0) —3-
homogeneous kernel between Jn s and |- |~2 has at least the same ellipticity
without necessarily being positive.

After periodification of the kernel (see Section 3.3 below), the above examples
will still have a negative part near 0, where the effect of the periodification is
negligible.

3.3 Fourier methods

We now change the domain of integration from the Euclidean space R™ to the

partially periodic setting T"~! x R, so that the jumps are (0,1)"~!-periodic.
Consider the jump problem for M jumps (b*,...,6M) = b € C°(T"~ R"M)

on M planes wym = T" 1 x {h™}, where h! < ... < h™ and T"~! is the torus
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Rnfl/anlz

inf { / CDu : Dudx
Tn—1x (R\{AL,...,.hM1})

cu€ HYT U x R\ {A',...,hM}),R™), [u] = b™ on whm}. (124)

If we can solve the jump problem in R™ \ Un]\le wpm, it turns out there is an
easy solution for the periodic problem:

Lemma 3.23. The periodic jump problem (124) has a unique (up to constants)
minimizer u € HY(T" ! x (R\ {h},...,A”M} R") given by

M
)=y / PP (2 — )b™ () dH" (1) (125)

m=1

with energy

1 & )
22 / /m (0™ () = 0" ()T (& — y) (" (2) = V" () A" ()
aH" " (y)

> / (0 () = b™ () 7 (& = ) (0™ (2) = b™ ()

m<m’ Y @nm Jw,

dH" ™ (@) dH" T (y), (126)
where PP : R™\ {0} — R™ ™ is given by
er 1
PP () = o > (Px—2)+Pla+2)). (127)
z€Z"r—1x{0}
JPer iR\ {0} — R ds given by

@)= Y J(x—a). (128)

z€Zn=1x {0}

Remark 3.24. Note that in the definition of PP, the symmetrization does not
formally change the sum, but since in general |P(x)| only decays as |z|~("=1),
the symmetrization ensures the series’ convergence. In the harmonic case of
course P(x) = Cxyp/]z|™, which is summable without symmetrization.

Proof. Uniqueness of the minimizer can be shown as in Lemma 3.4. Also u €
HY (T 1 x (R\ {h',...,AM} R") is a minimizer to (124) if and only if it solves
[u] = b™ on T"" 1 x {h™} and divCDu = 0. We now assume that M = 1,
h = 0, since otherwise we are only dealing with a finite sum of translations
of such solutions. Note that there exists R > 0, by € C°(Bp~ ', R"™) with
> .eznbo(r — 2z) = b(z). Then the jump problem (52) for by is solved by
ug = P % bo.

We show that u = £ 3, ;.1 (uo(- — 2) + uo(- + 2)) is in HY(T" ! x (R
{0},R™) and solves [u] = b on T"~! x {0}, divCDu = 0.
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To this end note that for z € (0,1)""! x R and z € Z"~! with |z| > /n, we
have

P(x+z)+P(xz)||P(z+x)P(z$)|§C:|L (129)
since P is odd. It follows that the series in the definition of PP°" converges
absolutely. Also u(z) =13 ;.1 uo(z — 2) + uo(x + z)) converges absolutely
locally uniformly in T"~* x (R \ {0}), and u is smooth away from its jump
plane. By the locally uniform convergence we obtain divCDu = 0 away from
the jump. We have yet to show that u € HY(T"~! x (R \ {0}),R"). To this

end, we write u = u1 +ug, with ui(z) = ZzeZ"*lmBRJrf ug(z — z) and us(x) =
n

1 Zzeznfl\Bmﬁ(uO(x —2) +ug(x + z)). Note that while u is periodic, u; and
ug are not. We see that uy € H*((0,1)"~1 x (R\ {0}),R"), since it is a finite
sum of H!-functions. To show that us € H'((0,1)"~! x R,R"), remember

C
|DP(z)| < Ea (130)
Then for z € (0,1)""! x R we have
|Dus(z)| <C > [bol| L [ DP| Loe v\ B, . )
2€Z""\Bgy /m
<Cllbol| 1 > min((|z[ = B = v/n)™", 2,")
2€Z"""\Bgi
<O+ |za]) (131)

This implies that Duy € L2((0,1)"~! x R,R™*". All in all, u € H' and has
jump [u] = b on T"~1 x {0} by the continuity of the trace operator.

Finally to show the representation of the energy with help of the periodic
kernel integrate by parts. O

Since the minimal energy for T"~! behaves the same way as on R"~!, we
introduce a shorthand notation for the case h™ = mh with h € [0, co].

Definition 3.25. For b€ C®(T" !},R"™) and h > 0 define for x € T"! the

n— 1 nM xnM
kernelJy, : T — Rym as

hmm/’

B (@) = o (TP @+ (mh — ' )ey) + P (2 — (mh — m'B)e,) . (132)

Also define the quadratic form

B (b, b)
= [ [ ) = b)) (bla) - ()
Tn-1 JTn— 1
dH" Y (z) dH™ 1( ). (133)
Since the torus T"~! is a group under addition, the convolution of two peri—
odic functions f, g € L*(Tn — 1) is the periodic function fxg(x) = [1._, f(y)g(z—
y) dH" " (y).
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Figure 7: Illustration of Lemma 4.1. The classical one-dimensional Sobolev
inequality can be improved upon by a logarithmic prefactor if we are given a

choice of dyadic length scales, since the square root function is logarithmically
not in H'(0,1).

Also since T"~! is locally Euclidean, and ¢ € C°(B"~1(0,1/2)) is a stan-
dard mollifier on R*~!, its periodic extension is a standard mollifier on T"!.
Defining again ¢; = ®721 ¢9—j; the infinite convolution, for I < i we get again
b = oy x P = 2”_1é(2-). The decomposition of By from Definition 3.19
can be defined in the same way, and the results from Lemmas 3.18,3.20 hold
as well, where in the latter |z| is shorthand notation for the periodic function
dist(z,Z" 1) for 2 € T" 1, since there are multiple straight lines from z to 0 in
the torus.

4 The phase-field energy and compactness

We consider the following energy functional defined for b € H'/?(T? R*M),
where €,h > 0.

1
Bon(b) = - /T dist?(b,72) + B (b,b), (134)

4.1 Preliminaries

We show the following variant of a Poincaré/Sobolev inequality.

Lemma 4.1. Let v € L (R"™! x [0,00)). Let N € N, ji,...,ijn € Z, 0 €
(0,1). Then for at least |(1 — O)N | many j;,

; 16277
w(x,2779) —u(z,0) ]2 dH" H(z) < / Opu(x)|? de.
[ 2w o e @ < g =g [ )
(135)

Remark 4.2. For N =1, 0 = 0, this is the classic one-dimensional Sobolev
inequality. We will take N = |logel, this will allow us to cancel the factor
1/|loge| in the energy, in turn discarding some length scales where the inequality
may not be satisfied.
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Proof. We prove this by contradiction. Assume by rescaling that there exists
uw€ L (R"! x [0,00)) with fRn,IX(O o0) |8 u(x)|? dz = 1 and

) -J

for at least [AN] + 1 many points z,, = 277.

Fix ¥ € L%R"!) with ||¥]/z;2= = 1 and consider instead the function
v(Z, ) = w(Z,0) + |u(Z, x,) — w(,0)| 2P (Z). Then (136) is satisfied for
v as well, and fRn,lx(Om)an(x)de < 1. Also v(Z,zy,) = w(z,)¥Y(Z),
with w(0) = 0, |w(279)]* > }9615\/2; for at least [AN] + 1 many j € Z, and
IS ' ()2 dt < 1.

We show that such a w cannot exist. We replace w by the piecewise affine

interpolation between (0, 0), all the points (Q_j, })?VZ;{) where j is as in (136),

and continued constantly after the largest such 277. We shall call this function
w.

Since w is concave, increasing, and linear between interpolation points, its
energy is minimal for the obstacle problem (136), in particular lower than that of
w. However, we can estimate its energy in each of the at least [dN]+1 intervals

I=(279",279) or I = (0,277) where % is affine. On each such interval we have

|w'|? > 9‘}\,—%11, whereas the length of I is at least 277 /2, giving a contribution
J; ' (t)* dt > QNLH. This contradicts the assumption that there are at least

[ON] + 1 such intervals. O

We now show that a series of stacked plates is rigid as long as there is no
normal jump between them and at least one of them is thick.

Lemma 4.3. Let w C R"! be open, or w =T 1. Let Q = w x (—1,1). Let
M € N and 0 € w open, bounded, connected with Lipschitz boundary. Then
there is a constant Chy, > 0 such that the following holds: For all —1 < h' <
coo <M <1 let wpm = w x {h™}. Also define hg = —1 and hpryq = 1. Let
ue€ HYQ\ U%zlwhm,R") with [u-ep] =0 on wpm. Then form =0,...,M
there are A™ € R™X" with A™e, = A™ e, for allm,m’ =1,...,M and

skew
M
3 / |Du— A™[2 d < oM,w/ Bulfds.  (137)
=0’ @X(h™ hm+1) Q\UM_, wpm

In the case w = T" ™1 we can choose A™ = (.

Remark 4.4. Note that the constant does not depend on the width of the
plates, only on their number. This is due to the lack of jump in the normal
direction. If normal jumps are allowed, a thin bent plate between two unde-
formed blocks violates the inequality. The only lack of rigidity is the rotation
of plates against each other. As M — oo, we proved exponential growth of the
Korn’s constant. We can show a lower bound of the order M? by considering
M plates of width 2/M and deforming each plate identically by the displacement
w(Z,y) = cos(x1)e, + ysin(zi)er, with y = x, — h™ in w x (K™, h™T1). Note
that u only jumps in ej-direction, and that

2/M
/ |Bul? dv =~ M/ v dy ~ 1/M?, (138)
ANU,, wrm 0
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Figure 8: Illustration of Lemma 4.3. Stacked thin plates with no normal dis-
placement jump can rotate against each other but are otherwise rigid.

whereas for any family (A™ € REX"),, and any @ with H"~1(©) > H"H(w)/2
we get

M
Z/ |Du — A™ | dx ~ 1. (139)
m=0 Qx(hﬂl’h’nl+l)

Proof. Since there are M + 1 regions without jumps, at least one of them has
thickness ™+ — h™ > 2/(M + 1). Assume without loss of generality that
this holds for m = 0. Otherwise show the statement for  x (h™,1) and for
Q x (=1, hm*1), since we no longer need h™+1 — h0 = 2.

Let [ = dist(w, 0w)/+v/n — 1). We cover & with dyadic n— 1-cubes g ; of side
1ength [ that lie in w. We let o’ = Uz g, and note that & C w’ C w, and that
w' is connected with Lipschitz boundary.

We obtain A° € RI\X" by applying Korn’s inequality in w’ x (h°, '), which is
connected with Lipschitz boundary. Note that the Korn’s constant only depends
on w’ and M. Assume without loss of generality that Ay = 0.

Now assume that m = 1,..., M+1 and we have found 4°,..., A™~! € RX"
such that A'e, =0 foralli=0,...,m—1 and

m—1
3 / \Du — A2 dz < C(Q, M, m)/ \Bu2dz.  (140)
i—0 X (ht,hi+1) Q\U%I:1 wpm

We now take h = min(l, A/™*1 — h™) and cover w’ with cubes g, of side
length h with finite overlap. This is possible since h < [, by possibly subdi-
viding each cube making up w’ separately. Now for each cube g, ) there are
n-dimensional cubes Q:h = qo.p X (K™, K™+ h) and Q. = qzh X (h™ —h, h™).
We now apply Korn’s inequality in all the Q: ,, to obtain a family (4, € R<").
such that l

Z/ |Du — A,|?dz < c/ |Eul? dx. (141)

154 (hnl, h'nL_j’_h
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By the Poincaré-trace inequality there are ¢} € R" with

Z/ lut — A,z —cf|PdH" < Ch |Bul|® de.  (142)
(Iz,hx{hnl}

> wx (h™ h™+h)

For the lower trace, we note that u- e, € H'(w x (—1,1)), and by (140)

/ |D(u-e,)|*de < C(W', M, m)/ |Eul? da. (143)
w’x(ho,h”l)

Q\ %:1 wpm

We now apply the Poincaré-trace inequality in all the @), to obtain d; € R
with ’

Z/ lu™-e,—d; [2dH"t < CW', M, m)/ |Bul? dr. (144)
QZ,hX{hm}

z Q\Uj\/il Whm

Note that u - e,, does not jump on wpm.
Taking the difference between the e,-component of (142) and (144) yields

/
Z/ Auen 2yt < CWLM mHC/ |Eu?dz.  (145)
~ Jazn h QUM_, wym

We now replace A, with A, € Réﬁ;)x(n_l) by discarding A,’s nth row and
column. Then A, can also be considered a skew-symmetric n X n matrix by

filling it with zeros. Then

Z/ |A, — A.|?dx < (C+C(w', M, m))/ |Eu|?>dz  (146)
= JQln QUM wrm
and

Z/ Du— AP de < (C+ Cu, M, m))/ \Buldz.  (147)

z th UM, wam

Now define v € H(w/,R"™1) by v(z) = ZZL+h7T o u(Z,t)dt, where m =
Id — e, ® e,,. Then by Jensen’s inequality

/ B2 dHr!

<> |Dv — A, |2 dH"t

4z ,h

C+C(w,M
Sw/ |Eul? da. (148)
h ANUM_, wpm
We can now use Korn’s inequality in w’ to obtain A € Réﬁ‘;)x(nfl) with
M
/ Do — A2 apn—t < CHCWLMm) / \Eul*dz.  (149)
w’ h Q\UN17 wpm
m=1 v
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By a triangle inequality, identifying A with an n x n matrix A™ as before,
/ |Du — A™*dx < C’/ |Eul|? dx. (150)
X (hm hm +h) Q\U%:l wpm

If h = h™*+1—h™ this shows the induction step with a new constant C(w’, M, m+
1) = C. If h = I, we can extend the above inequality to w’ x (™, min(h™ +
21, h™*1)) by choosing a larger constant. Repeating this step at most 2/ times,
we can extend it up to w’ x (h™, h™F1).

This proves the statement by restricting from «’ to @. Note that for w =
T"~! we can choose w’ = w, allowing us to choose A™ = 0 for each m. O

4.2 Compactness results

We now focus only on the case where n = 3, h™ = mh for some h > 0.
In this situation we show compactness for the energy

1
E. (b)) = g/ dist®(b, Z*M) + BP*' (b, b), (151)
T2
where b = (b',...,b6M) € HY?(T?,R?*M) is a slip field, i.e. a jump field b €
HY2(T?, R*M) with b™ - e3 = 0 for every m = 1,..., M.

Proposition 4.5 (Compactness I). Let M >0, ¢; | 0, h; = h(e;) | 0, with
7() > 1. (152)
Then for every sequence b; € H'Y/?(T2,R*M) with

limsup ——E, 5, (b;) <T < o0, (153)

there are numbers ng € (0,1), C > 0 such that for all n € (0,m9) there are
sequences k; — oo, v € BV (T?%,Z?) with

i) Timy o0 2 0F = 3000 b2 = 0.
ii) sup; |DvF|(T2) < €L
iii) Himsup; 4o00 1= Ao (V7 * Py

07 % Pooii ) < (141)(log2)T

iv) For every i, there are at least | (1 —n)k;| many j € {1,...,k;} with

|07 (z) — v (y)? T
dody < 2= 154
-//|w <z 279 n (154)

Remark 4.6. This gives us compactness for the sum of slips Z%ﬂ o™ for
bounded energy sequences, which (modulo constants and subsequences) will con-
verge in L' to a BV (T?,Z?) function.

Stronger compactness can not be expected, as the I'-limit depends only on
M bm and not the individual slips.

m=1
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Proposition 4.7 (Compactness II). Let M >0, ¢; [ 0, h; = h(e;) | 0, with

lim log h(e;)
i»oo  loge;

=pel0,1). (155)
Then for every sequence b; € H'/?(T? R2M) with

li B, (b)<T , 156
s eihi (b)) T < o0 (156)

there are numbers no € (0,1), C > 0 such that for all n € (0,10) there are
sequences k; — oo, v; € BV (T2, Z*) with

i) lim; o0 2% ||v; — by]|z2 = 0.

i) sup,_, . |Dv;|(T?) < %
iii) limsup;_, %Bﬁfr(vi * By iy, 0; % Pyk; ) < (14 1)(log2)T
iv)

1 ki L(B—m)k: ]
h?iitolp B Z BE (v, vi) + Z B (i, v;)
J:’V(ﬂ"l'n)kz-l J—l
<(1+n)(log2)T. (157)

v) For every i, there are at least | (1 — 8 — n)k;| many j € {[Bki],..., ki}

with CT
// [vi(@) = vily) P ()l de dy < 2= (158)
|lz—y|<2—7 2 n

vi) For every i, there are at least | (8 —n)k;| many j € {1,...,|Bki]} with

M m _ M m 2
// | et Vi () Zm:l v (y)] d dy < g (159)
oyl <27 7

237

Remark 4.8. Note that the sum Z Lo is still bounded in BV (T?,Z?), but

now the full slip vector b converges (modulo constants and subsequences) to a

BV (T?,Z*M) function in L*. In fact we get this for bounded energy sequences
log h(es)
loge;
and some B € [0,1) where the limit is attained.

as long as liminf;_, < 1, as in that case we can extract a subsequence

Proof of Compactness I. Fix i € N. Let u: T? x R\ U%Zl Wmh; — R3 be the
minimizer of (52). Then it follows from Lemma 4.3 that

/ \Dul2 dz < CT|log ], (160)
T2xR\UM_, wimn

Consider all N = [(1 — n/2)|logy¢|| length scales 277 € (63_7’/2,1). By
Lemma 4.1 applied to u™ (z1, %2, 23) = u(w1, 22, by — x3) and u™(z1,22,23) =
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u(wy, 22, w3 — Mh;) with 0 = 1/128, to obtain (1 — 1/64)N length scales 277
with

) . Clog2
+ —j + 2 19,2 —j
u>(r1, 9,2 —u(x,29,0) | dH" (21, 20) <27/ —————
TZ| ( ) ( )l ( ) T = n/2)

for both u™ and ™. Additionally, for at least (1 —7/32)N of these length scales
277 additionally

T. (161)

g—it1
/ |Du* |2 dz < 64CT /. (162)
2-7 T2
Now fix one such j and consider the lattice Z; = 279Z?NT? and for each z € Z;
the squares (), 5—5+1 and @, -5, where Q. ; C T2 denotes the square with center
z and side length [. Note that the larger squares have finite overlap and the
smaller squares cover T?. Let

w, = ][ u (21, 20,277) —u” (21,22, 277) dH? (21, 22). (163)
Q. 2—jt1

Then by (162) and a Poincaré and trace inequality

Z |u(z1,22,277) —u™ (21, 22,277) — w, |* dH* (21, z2)
zez; Y @z 0-i+1
<C279T/n. (164)

Also by (161) and a triangle inequality

Z |ut (21, 22,0) — u™ (21, 22,0) — w,|? dH? (21, 22) < C279T/n,
z€2; 7 Q=i+t
(165)
where the u® are understood as traces. Now the difference of the uppermost
trace u™ (21, x2,0) and the lowermost trace u™ (21, z2,0) at slip planes is similar
to the sum of all jumps.

J.

<Mh; |Dul? dz, (166)
T2x(0,Mhi) \UpiZy wmn,

m

M 2
ut(21,22,0) — u” (21, 22,0) — Z b (21, 22)| dH? (21, 72)
m=1

by the one-dimensional Sobolev inequality. Note that h;|loge;| < 53 /2 <277
for €; small enough. Combining all these estimates and Lemma 4.3 yields

M
Z \ Z V™ (21, 22) — w, |2 dHA (w1, 22) < C27IT /. (167)

z€EZ; Qz,Q*J'Jrl m=1

Now note that dist>(M_ o™, 2%) < M dist?(b, Z2M), and also &|loge;| <
277, Thus

> dist?(w,, Z%) dH?(x1, x0) < C279T /1. (168)

2€Z; Q212*j+1
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We can find functions w; : T? — Z? piecewise constant in all Q,2-5 such that

Z/ |wj (w1, 29) — w,|* dH?(x1,20) < C27IT /. (169)

Z€EL

Then by a triangle inequality,

M
/ jw; (w1, w2) = Y 0™ (w1, 32)[* dH? (w1, 22) < C279T /1, (170)
T2

m=1

Also, because the squares @, o-;+1 and @,/ 5-j+1 have significant overlap for
z,%z' € Z; nearest neighbors, we also get

> lw;(2) — w; (2')|* dH?(x1,22) < C27/T/n,  (171)

z,z" n.n. Qz,2—.7+1 sz’,2—.7‘+1

and consequently

/ ]2 ar* < CT/n. (172)
0Q, ,—j+1N0Q s 5—j+1

z,2’ n.n.

Since in Z?%, |z — y|? > |z — y|, this gives us in particular |Dw;|(T?) < CT/n,
but also

//T . Jw; (x )2 . w; (y)? dz dy < CT/1. (173)

Define k; = | (1 — n)|logy &;]]. Note that since there are (1 —7/32)N length
scales 277 there has to be at least one with (1 —n/4)N < j < N, i.e. 5;777/2 <

277 < El 7"/8 for n small enough. Define v = w for one such J. Then we

have already shown that (i) and (ii) hold. (iv) holds for the at least (1 —n/32—
n/2)N > (1 — n)k; length scales j < k; because |[vF — w;||2, < C279T/n, and
the double integral (173) is a positive semidefinite bilinear form on L?(T?), with

//z yl<2-i )27313)2( s dx dy

<2// Loy () = s () G 4y + 02 [0F — w2 (174)
le—y|<277 2

Finally, to show (iii), consider the deformation

u($1,$2,$3+Mhi) ,ifl’3>0

175
U($1,$2,(E3+hi) s if z3 < 0. ( )

a($17x2,x3) = {

Note that @ € H'(T? x R\ wp, R?), with jump [@](x1,22) = ut (21, 72,0) —
u” (21, x2,0), and

/ CDu: Dudx < By (b,b). (176)
T2 xR\wo ‘

50



This implies that Ag([@] % ¢o—r, , [@] * po—r;) < Ao([a], [@]) < By (b,b). Also,

the bilinear form Ag( % Gy—r;, - % dy—+, ) is positive semidefinite and L2-regular,
meaning that

Ag(VF * Pgni U * Py,
<(1 4 m)Ao([a] * (132*’%" [a] * ngf’%)

1
+C(1+ 5)2’%

(@] —v7|172, (177)

where the L2-norm was estimated in (166). Since 277 < 27%i for i large, the
error term tends to 0. This completes the proof. O

To show compactness in the separated regime 5 € [0, 1), we proceed similarly
as before, only making sure to retain information about each of the jumps
instead of only their sum.

Proof of compactness II. Fix i € N. Let u : T2 x R\ U%:l Wmh, — R? be the
minimizer of (52). Then it follows from Lemma 4.3 that

/ \Dul dz < CT|log ). (178)
T2XR\UY_ | winn,
Consider all N = [ (1 — 1/2)|log, ;]| length scales 279 € (e~ "2, 1).

For m = 1,..., M define ul (v1, 22, 73) = u(x1, 2, mh; £ x3).

By Lemma 4.1 applied to each of the uf with § = Taea7> to obtain (1 — 43—
7/64)N length scales 277 < h; with

, . Clog2
/ lu (z1, 20,277) — u (21, 22,0)||? dH? (x1, 20) < 277 bl (179)
T2 n

(1=n/2)

for each of the uf. Additionally, for at least (1 — 3 —1/32)N of these length
scales 277, additionally

9—J+1
/ D 2 da < 64CT /. (180)

2-i  J12
Now fix one such j and consider the lattice Z; = 277Z?NT? and for each z € Z;
the squares (), o—5+1 and @, -5, where ). ; C T2 denotes the square with center

z and side length [. Note that the larger squares have finite overlap and the
smaller squares cover T?. Let

wlt = ][ ul (21, 29, 2*j) —u, (z1, 22, 27j) d?-lz(xl, xa). (181)
Q. 2—i+1

Then by (180) and a Poincaré and trace inequality

S [ o) - e 27wl P )
2627 Qz2—it1
<C279T/n. (182)
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Also by (179) and a triangle inequality

Z 6™ (21, 22) — w2 dH* (w1, 22) < C27IT /n, (183)
2€2; Y @ra—it

since b™ is the difference of the traces u;t .

Now note that ¢;|loge;| < 277. By the Pythagorean identity and the trian-
gle inequality the vector w, = (bl,... bM) satisfies

2y

> dist® (w., Z2M) dH?(x1, x2) < C279T/n. (184)
2€2; 7 Qz2—it1

We can now find functions w; : T? — Z2M piecewise constant in all Q.,2-i such
that

Z/ |w; (1, 2) — w, > dH? (z1,22) < C27IT/n. (185)

ZEL

Then by a triangle 1nequadity7
/ (21, 22) — blar, x2)|? dH2 (21, 22) < C29T . (186)
T2

Because the squares @, 5—i+1 and @),/ o—;+1 have significant overlap for z, 2’ € Z;
nearest neighbors, we also get

> / lw;(z) —w;(2')|? dH* (21, 22) < C27T )y, (187)

_j N i
z,2" n.n. z2 Jj+1 Qz’,2 Jj+1

and consequently

> I[w;]|2 dH* < CT/n. (188)

z,z' n.n. 3Q2727j+1 maQZ’,Q’jJrl

Since in Z*M | |z — y|> > |z — y|, this gives us in particular |Dw,|(T?) < CT/n,
but also

jo—yl<2-3

Now define k; = [(1 —n)|log, €;||. Note that since there are (1 — § —n/32)N
length scales 277 < h;, for n small enough there has to be at least one with
(1—77/4)]\/ <j <N,ie 51 M2 < 9mi < 51 ™/8  Define v; = w; for one
such j. Then we have already shown that (i) and (i) hold. (v) holds for the
at least (1 — 8 —n/32 —n/2)N > (1 — 8 — n)k; length scales j < k; because
[vi—w;||3. < C277T/n, and the double integral (189) is a positive semidefinite
bilinear form on L?(T?), with

[, e

<2// i) - wj(y)' dz dy + C27 ||v; — w; |32 (190)
|z—y|<2— J 2
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To show (iii), use that the bilinear form By™(- * Bo—ti - * gi;) i positive
semidefinite and L2-regular, meaning that
By (v * Bo—tei, Vs * Doy

<(L+n)BE (b dyry, bk dyi;)

1
+C(1+ 5)2’“ b—v|2,. (191)

Since 277 < 2% for i large, the error term tends to 0. This leaves us to prove
(iv) and (vi).
We first estimate

B}szr(vi * ¢2_ki , Ui % ¢2—ki)
>Bp (v + Go—ri, Vi * Py
— BR (i % o r(a4mpri1+1, Vi ¥ Gy (s 4mi1+1)

+ B}Sfr(vi * Do [(8+mk;1, Vi * Do [(Btmk;1)
ki ] )
= Z Bf(;; (vi,v;) + Bgfr(m * Do [(8+mk;1, Vi * Og r(armr;1).  (192)
J=[(B+mn)ki]

Note that 2= [B+Mkil « h;,. We now wish to replace h; by oo in the first term
and by 0 in the second. By Lemma 3.20,

ki
Y. B (vi,vi) — BYo(vi,v)
J=1(B+n)ki]

(
—2[(B4+n)ki] |4y.
<C / 2 v;
le—yl<hi hi

9—2[(B+m)ki] ; —v; 2
+C// [v ($5) VW 4y gy, (193)
lz—y|>h; |z -yl

@ - vl 4, 4

Now we note that for z,y € T2 and [ € (0, 1/4), the ball B(x, 2l) is Euclidean,

and
/ / () — vi(y) P de dy
le—y| <21

T+y z+y
<[ [ o) - oG E + i) - v dedy
|z—y|<21

:4// ws() — v (22 )2 dr iy
lz—y|<2L 2

= v;\T) — v; 2 T .
=6 [ [ o) wf ey (194
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Note that this inequality also holds for [ > 1/4. Thus,

0-20(B+mki T, (1) — (1) 2
[/ DX ET
|z—y|>h; |$—y|

2 k; lvi(@) —vily )‘
<2 2[(B+n) WZ//I — T2 dz dy

<2~ 2“3*77)“22 J// wdwdy

lz—y|<h,; %
—9—2[(B+n)k:] // ‘vl —vi(y)l? dx dy. (195)
lz—y|<h; 1'
Now note that there is a j1 € [(8+n/2)ki],..., [(8 +n)k;] with
M dx dy < CT/n. (196)
lz—y|<2791 2790

Using (194), we get that

2rﬁ+nkw// |vi(z) —vi(y)[* d dy
|z—y[<h; i
_ 2((6+n)k1// )—5 v;(y )dxdy
|lz—y|<2-71 o
§2*”ki/22*2j1// Ldedy
lo—yl<a—i 270

<C2 k2T /. (197)

This tends to 0 as k; — 00, so we can replace ZJ [(Bm)ki] szr (v;,v;) with
Zj:((mn)m By (vi,vi).
We have yet to replace h; by 0 in Z]L(:ﬂf")k"i By (vi,v). Tf B =0 we are

already done because the sum is empty. Otherwise note that

By, (Vi % or(sami)

1
:|10ghi| Eer("’z*% r<ﬂ+n>khvz*¢2 [Bmkil)
1 -
—_ dist? (v; * o 1, Z2My d
+hi|loghi\ - 1S ( i % Qo 1(B+mk;] ) X
1

< | log hz| Bﬁjr(vi * ¢2*f(5+")kﬂ , U * ¢2*f(6+n)kﬂ )

| i # Gyt — il d
+hi|10ghi‘ T2 [vi % da-raennn — vildo

< Tog Iy By (0 % Gy 1(s+mki1, Vi ¥ o (54mki1)
3
9—(B+mki

—. 108
Tl log | 7 (198)
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|loge;]

Letting ¢ — oo, we use that — 3, so that

lim sup ———Ep, n, (Vi * Pg—r(s4mki1, Vi * P r(stmini1)

1+ - -
< og 25k 2)210 lim sup By ™ (v; * G r(s+nyk,1 5 Vi ¥ Po—r(s+mi;1)- (199)
1 'L*}OO

_ We can apply Proposition 4.5 to the sequence v; * q@zfrwﬁ)m, giving us
ki € (B —n)k:, Bk;) and a function v € BV (T?,Z?) with

L(B—m)k:]
lim sup — Z Ajo(vF,vF)
1—00 3 j=1
. 1+ 2 er 7 e
< lim sup (777)35 (Vi * Qg—r(s+mk1, Vi * Pg—(5+mi;1)- (200)
1—00 ﬂkz ¢

Using the L2-estimate (i) from Proposition 4.5 and the fact that By (b,b) =
AO(Z Lo 2%21 b™), it follows that

L(B=n)ki]
limsupk— Z BYY (vi, vi)

1—> 00 7 ]:1

1+C
<limsup +On

By (0 % Gy 15 4mi1, Vi ¥ Qo—(5mimil )y (201)

Proposition 4.5 also gives us the (8 — n)k; length scales j € (1, |, 8k]) with
>
// (z) R e W 4y a4y < cT/n. (202)
|o—y| <23 2=

Again by (i) from Proposition 4.5 we obtain the same bound for Zm 1 v¢". This

ends the proof. O

5 The limit energy and upper bound

By the compactness result, the limit energy, in the sense of I'-convergence,
is finite only for functions w € BV(T?2,7Z*M), if 8 < 1, or for Z%Zl u™ €
BV (T?2,Z?), if > 1. We shall show that the limit energy is of line-tension
type, i.e. there is ¢ : Z2M x S1 — [0, 00) such that the I-limit of E; h(e)/|loge]
in the L'-topology is given by I(u, T?), where for any Borel set A C T?

I(u, A) = /J el vyan, (203)

where J,, C T? is the jump set of u, [u] € Z* the jump, and v € S! the normal
to the jump set, which exist H'-almost everywhere.

We can obtain an upper bound on ¢ by considering for a function u €
BV(T?,Z*M) with a jump set consisting of finitely many line segments the
competitor u. = u * ¢..
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log h(e)
loge

Then whenever 8 = lim,_,q € [0,1] exists, we can calculate
lim Es,h(s) (us)

_ 2 2
>0 |loge| (1 = B)1oo(u, T) + Blo(u, T7), (204)

where I is the line-tension energy with energy density

M
‘Poo(bv V) = Z @single(bmv I/), (205)
m=1

Iy is the line-tension energy with energy density

M
@O(b7 V) = @Single( Z bm7 V)a (206)
m=1
and @gingle : Z* x S* — [0,00) is given by

Psingle (b, V) = 2 / bJ (z)bdH (). (207)
{z€R?:z-v=1}

The energy density @gingle is so named because it appears naturally for
dislocations in a single plane. I, and Iy are so called because they arise

naturally for distance between planes of co or 0 respectively. Note that for
log h(e)
loge

sponding to = 0 and if liminf._,q
corresponding to 5 = 1.

One could now assume that (1 — )l + 81 is the I'-limit. However, neither
I, nor I are lower semicontinuous. In fact, lower semicontinuity of line-tension
functionals is equivalent to the following condition, see [3], [4].

lim sup,_, < 0 we also get that the limit energy of u. is I, corre-
log h(e)

loge

> 1 the limit energy of u. is I,

Definition 5.1. A function ¢ : Z*™ x S* — [0,00) is called BV-elliptic if for
any b € Z*M and any v € S, defining up,, (x) = bl ;.. >0y, we have

(b, v) < inf {/ _ p(u,v)dH' : u=up, outside of QV} ) (208)
J’U/mQV

where Q,, C R? is a unit square with one side parallel to v.
Given a function ¢ : Z*M x S' — [0,00), define the BV-elliptic envelope of
Y as
©*l(b,v) = inf {/ _ p(u,v)dH' : u=up, outside of QV} . (209)
J’leQl/

Note that the BV-elliptic envelope is indeed BV-elliptic, and the relaxation
of I in (203) is given by

I'Y(u, A) = / o™ ([u],v) dH . (210)
JunA
We deduce that the I-limit of E, j(.)/|loge] is at most

(1= B)I + BI)"™, (211)
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and we will later find matching lower bounds for the cases f = 0, 1, but not for
B € (0,1). Note that

‘prd Z (péfrllglc (212)

and

rel(b V @;?rllgle (Z bm ) (213)

by taking as competitor an almost optimal competitor to the cell problem for
b™ in each component m in the first case, whereas in the second case we take
u™ =uym , for m=1,...,M — 1, and for m = M we take an almost optimal
competitor for 2%21 b™ minus Zi\,{;ll Upm .

We now define polyhedral functions.

Definition 5.2. A function w € BV(T?,Z*M) is called polyhedral if u =
Zilil bila, for some N € N, some by,...,by € Z** and some polyhedra
Ai,...,Ay C T2, A set A C T? is called a polyhedron if its boundary con-
sists of finitely many line segments.

It turns out that polyhedral functions are energy dense for all line-tension
energies.

Lemma 5.3. Let ¢ : Z?M x 81 — [0,00) be Borel with ¢(z,v) < Cyp(b,v)
whenever v € S*, b € Z*M | and z € Z*M with z; < b; fori=1,...,2M. Let
u € GSBV(T?,Z*M) N LY(T?,Z*M). Then there are polyhedral functions wy
converging to w in L' such that for all A C T? open

limsup/J el g/J el vyt (214)

k—o0

The growth condition is satisfied in particular by @single,¥oc, o, their re-
laxations, and all their convex combinations. To prove this lemma, we use
Corollary 1.2 from [7].

Proof. First take M € N, define uy; componentwise as (up); = —M Vu; AM.
Then up — win L as M — oo, Ju,, C Ju, and [u,,] — [u] pointwise almost
everywhere on J,. By the growth condition on ¢ we can use the dominated
convergence theorem,

lim o(fun],v)dH' = / o([u],v)dH". (215)
M=00 ) g,,,nA JuNA
This shows that we need only consider u € (BV N L>)(T2,Z?M). Let
0™ Z2M x R? — [0, 00) denote the lower semicontinuous convex envelope in v
of the 1-homogeneous-in-v extension of ¢ to Z?M x R2. Then we use Corollary
1.2 from [7] to obtain a sequence vy — u in L' of polyhedral functions with

limsup/J nAgo**(['vk],V) dH* S/J i, o([u],v) dH . (216)

k—o0
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Finally, by Carathéodory’s theorem for convex functions, see [29], for each
b € Z?M and each v € R? and each § > 0 there are vy, 5, v3 € ST and t1, to, t5 >
0 with t11q + tovs + t3rv3 = v and

3
@™ (b,v) <Y tip(b, i) + 6. (217)

i=1

To obtain wj, simply replace all maximal line segments in J,, with normal
v and jump [b] with nonintersecting pairwise disjoint polygonal curves with the
same endpoints and normals vy, 15, 3 as above. O

5.1 The upper bound

We now show that in the intermediate case 8 € (0, 1), we can improve on (211).

Proposition 5.4. Assume that § = limsﬂo% € [0,1] exists. Let u €
BV (T2,Z?M). Then for every ¢ there is u. € H/?(T? R?M) such that u. — u
in L' and
re E€ 3
(1= B + BIo]"™ (u, T?) < lim inf Beno(ue)

218
e—0 |loge| (218)

For B = 1, if instead of u € BV (T2%,Z*) we only assume E%:l u™ €
BV (T2,Z2) then we can find u. € HY?(T2,Z?M) such that 2%21 ul' —
Zn]\le u™ in LY(T? R?) and

E u
119w, T?) < lim inf 220 (%),
e—0 |10g€|

(219)
Proof. Assume by energy density that w is polyhedral. Assume that 5 € (0, 1),
since otherwise there is nothing left to prove. Let 0 < 7 < min(3,1 — 3)/2. For
every line-segment v C T? making up Jy, with normal v and jump b € 7Z2M  find
a polyhedral competitor v € BV (Q,, Z*M) to the cell problem in Definition 5.1
with

Ins(v,Qy) < (1+ )@k (b,v). (220)

Then define for € > 0 a global function v.s by replacing u with a translation of
v(-/e#) in a family of dyadic squares = + £°Q,, centered on v, for each ~, such
that the squares are disjoint and

Io(ves, T?) < (14 20) % (w, T?). (221)

Then as a competitor to the energy E. ;(.)/|loge| take u. = v.s * ¢ /2. We
shall decompose T? into the following five disjoint sets depending on & and 7:

A ={zeT?: dist(z, Jy_,) < e}, (222)
Ay ={zeT?: dist(z, Ju_,) € (& eftm} (223)
Az ={z € T? : dist(z, Jo_y) = Pt dist(x, Ju) < 7}, (224)
Ay ={z e T?: dist(z, Ju) € ("""}, (225)
As ={z e T? : dist(z, J,) > &" (226)



T2

’
—

Figure 9: Construction of the recovery sequence for (1 — 3)I*¢' + BI5. The main
contribution to the energy comes from the rectangles around the jump lines at
scales ¢ to e/ and €877 to £".

We note immediately that u. = v_s outside of A; and u. = w in A4 U As.
We start by estimating the nonconvex part of the energy,

dist?(u, Z2M) dx < |A;| < Ce, (227)
T2
showing that this quantity vanishes in the limit when rescaled by 1/¢|loge].

To estimate the nonlocal part, we first note that ||uc|/ L~ < C independently
of &, and that wu. is C'/e-Lipschitz, so that for all z € T? we get

lus () — us(y)|2
/T? |z —y|3 w

Clz —y|? C
f Gl
B(w,e) € |z —y T2\ B(z,¢) |z -y

<C/e, (228)
and if dist(z, J,_,) > €, we even get

/ |u5(x) - ua(y)|2 dy
’]1'2

lz —yl?
C
</ CE
T2\ Bz dist(z,Jy_g)/2) |z -y
<C/dist(z, Jy_j ), (229)

since u.(y) = uc(x) otherwise. The first estimate is enough to show that

2
Ay JT2 \l“ —y|

<C|A|/e < C, (230)
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which upon rescaling logarithmically tends to zero. Now since v.s is polyhedral,
we can use the coarea formula to bound the contributions to the double integral

from As by
Az JT? \37 - y\

<Onlloge], (231)

which upon rescaling is at most C7. Here we used the fact that to be e%~"-close
to J, means being at most distance 2”77 from Jv_s- The contribution from
As is estimated the same way as

As JT2 \UU y\

<C — _dx
~ Ja. dlst(ar7 ngﬁ)

1
<[ ¢
=
<Cn|loge|. (232)
This makes it clear that the main contribution to the energy comes from As
and A4.
We first focus on the contribution from As, where

2
Ay JT2\B(z,eh+n) \I - y| grT

Define for every maximal line segment v = [a,b] C J,_, with normal v =
(b—a)t/|b— a| and constant jump b € Z*M the set

By={z+sv:z€nls|€(ee"),B(x,2) N, , \vy=0}, (234)

which consists of two rectangles to either side of v, so that the different B, are
all contained in A, and at distance at least et from each other. Note that
due to the construction of v.s, we have

lim sup H'({zeT?: dist(x, ]y ,) =t} \|JB,) =0. (235)

€20 c(e,eh+m)

Thus by the coarea formula and since the above sup not only tends to 0 but
is also uniformly bounded,

1 _ 2
2 Tlogel Janu, 5, Jo@esin &=
P fr e T2 ¢ dist(z, Jy ,) =t B
. (o €T dist(e Ju,) =) \U, Bo)
e—0 J, t|loge|
=0. (236)
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The only contribution from As that is left in the limit is

@ Z /B /A (ves () — Vo5 (y))Jﬁcr(e)(vag () — vee(y))

]l|w—y|<aﬁ+" d’y dl‘ (237)

At this point we can replace JZZ.) with the —3-homogeneous kernel J, since

for |z — y| < #*" we have IV (e)(z — y) — Jo(z — y)| < C/B3 < |z —y|73,
since h(g) ~ &°.

We note that if € B,, y € A with |z — y| < £#77, then u.(y) — u.(z) is
either 0 or b, depending on whether x and y are on equal or opposite sides of ~.
This finally allows us to explicitly calculate, with L denoting the length of B,

/ / (020 (2) — 028 (1)) Too (& — ) (V28 (2) — 022 (1))
By J A,
]1|x—y|<aﬁ+" dy dx

—e
:2L/ / bloo(z — y)bdy dt
—ebtn J{yeT? :y-v>e,|ly—tv|<eftn}

ehtn

. / / / r0lee(@)b 1 gt
—ebtn J{zeS 1 xv>0} J £ "

:2L/ / bl (z)b <x v 5577)
—eftn J{zxeSt :z-v>0} e—t

SL/S1 bloo(z)bx - v ((1 — B —n)|loge| + C)
<((1 =B —mn)lloge| + C) H' (7) @ (b, v). (238)

Rescaling logarithmically and summing over all v yields

. 1 per
tmsup o | 2 L ele) = ()T 2 ) ) dy

e—0

S(l _5_77)[00(1]633’]1‘2) +077- (239)

We can do the same construction in A4, where we note for |z —y| € (¢%7,¢")
that |J£Z)(a: —y) —Jo(z —y)| < Ch(e)?/]x —y|® + C < |z — y| 73, that

. 1 T
s (o [ ) = w0357 () — ) dy
<(8 = n)lo(u, T?) + Cn. (240)
Combining all estimates and since n was arbitrary, we obtain that

. Es h(e) 1
I'-limsu . < (1-pB)IE + By, 241
6~>Op|10g5‘ —( /B) 0o ﬁO ( )

and by energy density of polyhedral functions and lower semicontinuity of the
I'-lim sup that

E
I limsup —25) < (1 = B)I* 4 BI)™! (242)
0 |loge]
for all u € BV (T?,Z*M). O
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5.2 Some properties of the double relaxation

In this section we calculate the limit energy in the case of two planes in a simple
cubic lattice, with distance h(e) = €'/2. In this case, the limit energy density
for a jump d = (d',d?) € Z* with normal v € S is given by

1 re. re.
5 (41 + 00)"(d, ). (243)
For ease of notation we shall ignore the factor i in this section. Then we

2
get ,since ! < ¢ for all line-tension energy densities, that

P+ e < (95 + 00)™ < (oo + p0)™. (244)

All three energy densities in this inequality are BV -elliptic. The left one
appears if a single microstructure minimizing both energies at once exists, the
middle one appears in our situation, where small-scale microstructure has to
follow large-scale microstructure, and the right one is the best energy achieved
by using a single microstructure.

We now show, following [13], that both inequalities in (244) can be strict.

To this end we use the explicit form of @gingle and (pgieégle for small Burgers
vectors found in [8]. There it was found that up to a constant

1%
Psingle(d, V) = |d|* - m(d V)2, (245)

where 7 € (—1,1/2) is the material’s Poisson ratio. It follows by a truncation
argument that for ¢ = 1,2

@;?rllgle(eiﬂ V) = (psingle(eh V)a (246)

with only straight dislocations realizing the relaxation. In fact, for every n > 0
there is § = §(n) > 0 such that whenever u € BVj,.(R?,Z?) is a competitor to
the cell problem for e;, v, i.e. u(x) = e;l{,.,~0} outside of Q,, with

/ o[l v,) A < (14 6) puingie(e1, ), (247)
JuNQy

then |D(u - €;)|(Q,) <1+nand [D(u-ej)|(Q,) <.
On the other hand, for d = e; + e; and v = ey, the authors found that

<P§frllg1e(€1 +eg,e1) < sﬁsmgle(el +eg,e1) = <Psingle(€1a e1) + ‘Psingle(e% e1),
(248)

with an almost optimal microstructure requiring deviations from the straight
line, i.e. there is §p > 0 such that whenever u € BVj.(R?,Z?) with u(z) =
(€1 + €2)1{z.¢, >0y outside of Q has

/ @single([u]y VJu) dHl < (1 + 60)902511@16(61 + ez, 61)7 (249)
JunQ

then (|D(u- e1)| + [ D(u - e2))(Q) = 2+ bo.
We can then show that this incompatability in microstructure can make both
the inequalities in (244) strict.
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First we show that for d = (e1,e2), v = e1, we have
(o +ep)(d,v) < (95 + 90)™ (d, v). (250)
The left-hand side evaluates by (246) to

(v +¢p)(d, er)
:(Psingle(eb 61) + @single(e% 61) + Spsingle(el + eo, 61). (251)

Now assume that inequality holds and consider a competitor u = (u!,u?) €
BVioe(R?,Z*) to the cell problem on the right with energy in the square Q =
[-1/2,1/2)?

/] mQ((prozl‘F@O)([u],yJu)dHl
<(148) (0™ + Y (d, e1), (252)

with & = min(&y, d(dp/5)), so that

[D(u' - e1)|(Q) <1+%°, (253)
DO - e2)](Q) <2, (254)
DG e)](Q) <, (255)
DG e)|(@) <1+, (256)
and
2+ dg

<(D((u! +22) - en)| + [D((u +u?) - e2))(Q)

<(ID(u - ex)| + [D(u - e2)| + D - e1)] + | D(u? - e)])(Q)

<2+ %7 (257)

a contradiction.
Similarly, we can show that for d = (e; + ea, —e3), v = €1, we have

(P2 + ¢0)(d,v) < (Yoo + ©0)™ (d, V), (258)

and the same inequality automatically holds for the BV -elliptic envelope of the
left-hand side.
Evaluating the left-hand side yields by (246)

(P52 + o) (d, e1) = Pinaie(e1 + €2, €1) + Pingie (€2, €1) + Phngi(er, e1). (259)

We again assume equality holds and consider a competitor u = (u!,u?) €

BVioc(R?,Z*) to the cell problem on the right with energy

/ (o0 + 00)([t], v7,) dH!
JunQ

<(1+6) (¢ + p0)™ (d, 1), (260)
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where again & = min(dy, §(dy/5)), so that

D! +47) €)@ <1+ 2. (261)
D! +) - e2)|(@) <, (262)
D e)](Q) <2, (263)
DG e)](@) <1+ 2. (264)
But now
2+ 6o
(D! -e)| + Dl - e2))(@)
<ID((u' +u?) - er)| + |D((u' +u?) - e2)]
D@ - e0)| + [D(u? - e2))(@)
<2+ %50, (265)

a contradiction.

6 Extension of BV functions in a perforated do-
main

In this section, we develop a type of ball construction as seen in [24],[30], [31].

6.1 The boundaries of bounded convex sets in the plane

Lemma 6.1. Let U C R? be open, bounded, and convex. Then the measure-
theoretic boundary of U is 0,U = OU, and there are Lipschitz closed curves
v:SY = U, 0:S' — S' such that both are surjective and "monotone” and
v(t) + s0(t) + 76+ (t) is not in U for allt € S*, s >0, and r € R.

Here a continuous map f : A — B between topological spaces is called "mono-
tone” if f~1(V) is connected for all V' C B connected. Note that for f : R — R
continuous, this coincides with the normal notion of monotonicity.

Proof. Clearly 0,.U C 0U. Conversely, let € 9U. Take some B(y,r) € U.

By convexity and openness, the interior of the cone conv({z} U B(y,r)) is
contained in U. For any p € (0, |z — y| — r) the limit cone takes up the same
volume fraction 6 € (0,1) of B(z, p). Thus |B(z, p)NU| > limsup,,_, . |B(z, p)N
conv({z, }UB(y,r))| = |B(x, p)Nconv({z}UB(y,r))| = 0|B(x, p)|. On the other
hand, there is a supporting hyperplane, and |B(z, p) NU| < |B(z, p)|/2. Thus
z € 0.U.

In order to parametrize OU, assume by a scaling and translation that B(0,1) C
U C B(0, R) for some R > 0. Consider the map 5(v) := sup{t : tv € U}v from
S to OU. 7 is well-defined since U is open and bounded. It is automatically
injective and its image is contained in OU.

Assume that there is z € OU\J. Then z lies in the interior of the line segment
(0,v(x/|z])). But then z lies in the interior of the cone conv(y(z/|z|)UB(0,1)),
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Figure 10:

Left: The boundary of a bounded convex set can be parametrized from the
circle. For every boundary point 7(s), there may be multiple normal vectors
0(s). The perimeter of the ball around the convex set grows linearly.

Middle: The map +y in the proof of Lemma 6.1 hits the entire boundary, because
any covered boundary point x lies in the blue cone, and thus in the interior of
the convex set.

Right: If two convex sets touch, the convex hull of their union has minimal
perimeter among all sets covering both. The blue lines are shorter than the red
lines they replace.

which is contained in U. Thus « is not in 9U, a contradiction (see Figure 10
middle).

#4 is Lipschitz because the gauge function v — inf{s > 0:v € sU} is convex
on R? and thus Lipschitz on all compact subsets, and in particular bounded
away from 0 on S, so that ¥(v) = v/inf{s > 0 : v € sU} is also Lipschitz.

We take 6 := —4't/|3'| wherever it exists. Due to the convexity of U,
6 :S' — S is "monotone” and thus rectifiable. By parameterizing both by
their combined arc length and interpolating the jumps of § we obtain Lipschitz
versions 7, 6 of both. O

Lemma 6.2. Let U C R™ be open and convex. Then U, = B(U,r) is open and
convez, and H'(0U,) = H*(dU) + 2xr.

Proof. Openness and convexity are clear. We shall use v and 6 from Lemma 6.1
to parametrize OU,.. If z € 9U,., there is v € S* with z = y(v) + rf(v). Thus

H(OU,)
:/ Iy + 70| dH"
Sl

= [ Wi+l
Sl

=H'(0U) + 27, (266)
since 6’ and ~' are parallel with equal signs almost everywhere. O

Lemma 6.3. Let Uy, Uy C R? be open, convex, and bounded, with dist(Uy, Uz) =
0. Then H'(0conv(U; UUsy)) < HY(OUy) + HL(9U,).

This is true in a much more general context. For a proof see e.g. [16]. For
a graphical argument, see Figure 10 right. The analogous statement in higher
dimensions is false.
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f= 0
! ¥

3 4

Figure 11: For a measure p concentrated on a curve v, we can bound () by
an integral over the level sets of a C! function f. Note that most level sets
{f =t} only intersect v countably often. The inequality in Lemma 6.4 is due
to an angular mismatch and can be made precise.

6.2 A ball construction using increasing convex sets

We show a coarea formula for measures concentrated on rectifiable curves.

Lemma 6.4. Let Q C R? be open. Let p € M(Q) be a Radon measure con-
centrated on a countable family of rectifiable C* curves, i.e. = D ien giH v,
with g; : vi — [0,00) Borel measurable. Let f € C1(Q). Then

/Z Z é}gg)dtéu(ﬁ). (267)

€N ze f=1(t)N;

In particular, the integrand is well-defined for almost every t € R.

Proof. Since both sides of the equation are additive with respect to curves, we
can assume without loss of generality that u = gH!Ly, with v € C1([0, L], )

parametrized by arc length. Then () = fOL (go)(s)ds.

Note that by Sard’s Lemma, L1({f o y(s) : (f o) (s) = 0}) = 0, and by
localization, we can assume that (f o)’ # 0. By the chain rule, |(f o 7) (s)] =
IV f(v(s))-5(s)| < |V f(7(s)], where we also used the Cauchy-Schwarz inequality
for the Riemannian metric.

Now locally (f ov)~! € C1(R) by the inverse function theorem, and

g(x)
/ e
:/ (gon(fon)'®)
(foyy((o,)) IVF((foy)1 ()]

< / (gon(F o) BI((f o)) (®)]
foy)([0,L]

L
:/0 (907)(s)ds = u(Q). (268)
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Using this formula, we show that, given a measure concentrated on a family
of rectifiable curves, such as |Du| for u € BV (T?,Z*), and a small set with
very small perimeter w, there is a set @ D w with small perimeter and a small
amount of measure on the boundary.

Lemma 6.5. For any § > 0 there exists n > 0 such that for any w C T?
with |w| < 1/2 and H'(dw) < n and any Radon measure concentrated on a
countable family of rectifiable C'-curves p = ZjEN giH' v, there is a finite
family w, . ..,wn C T? of pairwise disjoint convex closed sets, covering w, with
@il < 1/2, N HY(Owi) < 6, and

N
Do H @)Y D gi(@) ]| < 0T\ w). (269)

i=1 JEN x€Qw; Ny;
Also each w; Nw # B and max; sup{|x —y| : = € w;,y € w} < 4.

Note that here, dw denotes the topological boundary, which is generally
much larger than the reduced boundary 0*w and the measure-theoretic bound-
ary Oxw.

We shall prove this by applying Lemma 6.4 with a carefully chosen f. This
is essentially a ball construction as used in [24], [30], [31] for Ginzburg-Landau
energies, except we use general convex sets instead of just balls for the covering.

Proof. We start by covering Ow with finitely many balls B(xg, ), k=1,..., K,
with Ele rr < Cn. Now we define a family of at most K convex closed sets by
starting with {B(zg,7,) : k = 1,..., K} and iteratively replacing two nondis-
joint convex open sets with the convex hull of their union until all remaining
sets are pairwise disjoint.

We end up with the pairwise disjoint family w?, .. w%(o) of convex closed

sets covering dw, and because |w| < 1/2 also w, with ZK(O) H(Ow) < Cn due
to Lemma 6.3.

We then define functions 7 : [0700) [0, oo) k
r&(0) =, rl, = HY(0B(wk, k), and sets wi = B(w?, rx(

= ., K(0) through
t)). Then by Lemma 6.2

d
%Hl(&y}c) = 2rH! (Owl) (270)
and
K(0) K(0)
o ZH (Buwt) —27TZH : (271)
We keep enlarging the convex sets until the collision time ¢; = inf{t >
0 : the familyw?, .. Wﬁ((o) is not disjoint}, at which point we again iteratively

replace any nondisjoint pair wk , wk, with conv(w,i1 U w,tcl,) until the family is
disjoint. At this point we reduce K(¢) to the new number of disjoint closed
convex sets wil, - ,w;;(tl).

We then again let r : [t1,00) — [0,00), k = 1,..., K(t1) solve ry(t1) =
HL (0w}, r, = HYH(OB(w}}, rx) and set wi = B(wj!, 75, (t)) for t > .
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We grow the convex sets up to the next collision time, and then iterate again.
Since we started with finitely many sets, there are only finitely many collision
times, and the evolution of K (t) and the family w!, ... ,wﬁ{( ) is well-defined for
all t > 0, satisfying

d
%Hl(aw;) = 2rH! (Owl) (272)
for all non-collision times ¢ and all £k = 1,..., K(t), and by Gronwall’s Lemma
and Lemma 6.3
K(t)
Z H (Owl) < Cne®™. (273)
k=1

Now we define f(z) =inf{t >0 : z € UkK:(? w}}. Now whenever f(z) is not

a collision time, then = € &u,tc(x) for some k£ =1,...,K(t(x)), and
V(@) = —— s (274)
27r’H1(8wZ(z) 7
where v € S1 is the outer normal to w'™ at z.
Now if
<2 (275)
TS 9xCern s
we get for ¢ < 27/ that
K(t)
> H (Owp) <6, (276)
k=1
and by Lemma 6.4 that
27 /8 K(t)
/ > S 2nga)H Owl) | dt
0 k=1 \z€dw}NU;cx Vi
<p(T?\ w). (277)

The result then follows by choosing a non-collision time ¢ € (0,27/4) such
that

K(t)

> > gi@)H (9wh)

k=1 \z€dw;NU,cx Vi

<6p(T?\ w). (278)
O

Corollary 6.6. For any § > 0 there exists n > 0 such that for any open
Q C T2, for any Borel w € Q with H'(0w) < n and dist(w, Q) > 6, and any
u € BV (Q\w, Z*M) with a rectifiable, piecewise C* jump set, there is a function
w € BV (Q,Z*M) with w = u on Q\B(w, §) and | Dw|({w # u}) < §|Dul(Q\w).
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Figure 12: Sketch of Corollary 6.6. The missing set w is enlarged to @, where
u is extended from its boundary values. The extra total variation is small if
H'(w) is small.

Proof. Apply Lemma 6.5 to p = |Du|L2. Define

z; ,in w;
= 279
v {u , inQ\UzN:1 wi, (279)

where z; € Z?>M is one of the values taken by the trace of u on Ow;. Then

[Dw|({w # u})

N

:Z/B Ju— | !
z]_vl

<2(H1<awz-> > wm)
i=1

€ JNOw;

<3| Dul(2\ w), (280)

where we used the Poincaré inequality on each of the dw;. O

7 Slip fields with parallel straight dislocation
lines

In this section we introduce the subclasses S and S of BV (R2, Z2M) of functions
which jump on parallel straight lines, with jumps positive multiples of the same
Burgers vector.

Definition 7.1. Define the class of one-dimensional step functions as

S = {u € BVioc(R*, Z*M) : u(z) = a + bA(z - v)
for some a,b € Z*M v € S* X\ : R — Z monotone}. (281)

We also define the class of one-dimensional single-step functions as

Sy i={u(x)=a+b\z-v)eS:§Jy <1} (282)
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These functions were used in [11] to show the lower bound, since they allow
one to pass from the nonlocal energies Bp to the line-tension energy appearing
in the limit. Because the kernel we use is not positive, we have to take care that
the jump lines are far enough apart, see Lemma 7.6.

7.1 Energy estimates for positive kernels
Here we focus on estimates for kernels K, : T? — R, j € N, of the type
237 if |x] <277
Ki(x)=1{ -2 - 283
J( ) {2z|25] , if |.’1?| > 277, ( )

Note that by Lemma 3.20, we have [J;°/| < CKj for all j € N, h € [0, 00]. Here
|z| = dist(x, Z?).

The next lemma shows that long-range effects in the double integral with
kernel K; are much smaller than effects up to length 277.

Lemma 7.2. Let A C T? be convex, in the sense that for x,y € A, any shortest
path connecting x,y is also in A. Let u € L?(A), 1 < j,i € N. Then

/A /A(u(x) —u(y))?K;(x — Y {ja—ylee—i—i2-i—it1yy dr dy
<27 /A /A(u(x) —u(y))?K;(x — Y {g—y|<2-4} dz dy. (284)

Note that if A € T? has diam A < 7, it is Euclidean, and there is exactly
one shortest path. In practice we shall consider only A with small diameter or
A=T2

Proof. Note that due to the convexity of A, we can change variables and estimate

// ]1{\90 yle(2—i—i g-i—i+1)) dr dy
=2 / / (2(2,9))? + (uy) — u(z(z,7)))?]
]l{lw yle(2—i—i,2-i—i+1)} dx dy
= 16// ]1{‘1 yle(2—di—i=1,2—i—i }dl’dy7 (285)

where (z,y) — z is a measurable almost everywhere differentiable map assigning
to two points an intermediate point. Note that V,z =V 2z = %Id at all points
of differentiability. Iterating this inequality and multiplying by a constant yields

2-%
/ / (u(m) — u(y))2mﬂ{|x,y|€(27j—i’27j7i+l)} dz dy

<2 / / 2 jﬂ{|z yle(2-i-1,2-9)} dx dy. (286)
The result then follows because K;(z) < W for |z| in (2777%,2797"1) and
Kj(z) = 2% for |z| in (0,2779). O
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We can also control the double integral with kernel K; by the squared jump
length [, | Tu |2dH! for w € BV(T?,Z) provided the jump set is not too dense:

Lemma 7.3. Let 1 <i < j € N. Let A,B C T? be such that [z,y] C AU B
whenever © € A, y € B, with |x —y| <2797, Let w € BV(AU B,Z) have a
Jump set consisting of countably many line segments along which [w] is constant,

such that every line segment [x,y| as above only intersects J,, at most N times.
Then

/A /B(w(w) — w(Y)) K (x = Y)L{jamy|<a-s+:y dy da
<CN [w]? dH*, (287)
JuwN(AUB)
for some universal constant C'.

Remark 7.4. Note that if A = B is convez, or if A is convex and B = B(A, R)\

A, then any line segment [z,y] is indeed contained in AU B. If w € S has

lots of parallel jumps, then the statement is clearly false, as (w(x) — w(y))? =

(Zzerﬁ[x,y] [’UJ] (Z))2 > ZzéJywﬂ[x,y] [w]2(z)

Proof. If x € A,y € B, |z —y| <2777 then

(w(x) = w(y))®
<Ny w2

z€JywN[z,y]

N Yy (255)

[a,b]CJw:[z,y]N[a,b]#0

for £*-almost every (x,y), since two short line segments in the torus intersect
nowhere, once, or everywhere. Thus,

// ) Kj( = y)L{jay<o-s+1} dy da
< Y }[ab]/ / K, (e — ) dy da. (289)
B(la,b],2-3+1)

[a,b]CJw

Here U, = {y € B(z,2777%) : [z,y]N[a,b] # 0} is the shadow of [a, b] behind
x.

We now restrict ourselves to one segment [a,b] C J, and assume without
loss of generality that —a =b = 61, with L > 0.

We consider three cases:

Case 1: L > 277%% In this case , if |z3] < 277, then

/Kj(y—x)dyﬁ/ Ki(y—ax)dy < C2. (290)
U T2

If |xa] > 277 we get

272
/ K(y—x)dyg/ Ki(y —x)dy < C—, (291)
Us T2\ B(z,|2]) |2
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and integrating over B([a,b],277%%) yields

20T 92y
/ / Kj(y —z)dydx SCL/ <29A : > dt
B([a,b],2-i+1) JU, 0 t

<CL. (292)

Case 2: L < 277, In this case, if |z| < L, we estimate
[ K-y <2 (293)
Us

If L < |z| <277, then, since [a,b] C B(0, L), we see that U, is contained in
a cone around x with angle ﬁ, and

/U K;(y— dy<| ‘/ K;( dy<CW2J (294)

If |x] > 279, U, is still contained in the same cone, and
L
K x)dy <— Ki(y—x)dy
|| Jr2\B(a|2))
L27%
— . (295)
x| |f?

Integrating over B([a,b],2777*), which is contained in B(0,2777+1) we see

that
/ / Kj(y —x)dy
B(0,2-i+i+1) Ju,
27 9—i—itl

L J 2j
. L L2=4
S/ Cct27 dt+/ Ct 27 dt +/ Ct— dt
0 L 23 tot3

<CL?2 + CL + CL2—2-722J < CL. (296)

Case 3: 277 < L <277 If |15] <277 and |x1| < L, then
/ Ki(y —x)dy < C2. (297)
UI

If 277 < |z3] < L and |21| < L, we get

—2j

Kiy-o)dy < | Ky —a)dy < C (298)

T2\ B(z,|z2]|) |$2|3'

Uz

If |zo| > L or |x1| > L, then |z| > L, and we can again use the cone estimate

L 2~
Kj(y—z)dy < C-— 299
/ ] |x\3 (299)

Integrating over the first domain yields twice
/ / Ki(y —x)dy < CL. (300)
[-L,L]x[0,2-7] JU,
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Integrating over the second domain yields twice

L 2_2j
/ / Kj(y —x)dy < CL/ -—dt < CL. (301)
[—L,L]x[29,L] JU, o—j U

Integrating over the third domain, using the inclusion B([a,b],277/"") C
B(0,27971) we get that

/ o Kj(y —x)dy
B(0,2-i—+1)\ B(0, L) U

j—it1

2 L2
= I t 13

272
<CL;

< CL. (302)

All in all we always get that the total integral is bounded by a constant times
the length of the segment [a,b]. Summing up over all segments making up J,,
yields the result. O

7.2 Energy estimates for step functions

One-dimensional step functions allow for replacing the nonlocal energies Bﬁig
and BY " with a line-tension energy.

Lemma 7.5. Let u € §1. Let j € Z, s <t € N. Then for any square Q, -3,
defining the box A = B(Jy,27771*) N Q, 90—, we have

10g2 ’LL Qx 2~ J)
/ / )T, (@ — ) (u(z) — uly)) de dy
2 (| Dul(Qe aas)) (303)

The proof of this lemma involves a lengthy calculation.

Proof. We write u = a + bA\(z - v), with a,b € Z* )\ : R — {0, 1} monotone,
and assume by density that v € Q2. Consider the periodic function uy €
BV (T2, Z*M) defined by ug(x) = a + bA(z - Nv), where A : T! — {0, 1} is the
function jumping up at Z and down at Z + % and N € N is such that Nv € Z2.

If u is constant, all terms are 0. We can therefore assume that u has exactly
one jump line in @, making A either a triangle, if the jump happens in a corner
of @ 2-i, or a polygon with four to six corners.

Now we simplify the geometry of A. Assume by translation that Jy = {0}
and that Ju N Q.o = {z € R? : z v =0,z 1 € (0,H'(Ju))}. We now
replace

/ / (u(z) — w())IP, . (x — y)(u(z) - u(y)) dz dy (304)
AJA
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by

2H1(Ju N Qz,2*f) / / bJj+t,oo(x - y)b
(—273=t42,0) 1% J(0,00)v+ut
Lyymy)<o-i—tes du dH' (y).  (305)

Note that we have replaced the periodic kernel .,]]per by J;e and added or
removed some near the boundary of A. To see how much has changed, note

that
—2] 2t

I —Jjmel <C Y — < C27H, (306)
z€Z?\{0} | |

The corner terms due to the change in geometry we can bound by |b|?277~¢.

Now note that the double integral in (305) only depends on s and not on j
or t, since we replaced JUV, | with Jj 4 cc.

On the other hand, a term similar to (305) appears also in B.%_(uo, o).
Here we have ’

Bp (Umuo)
§2H1(Ju0)/ bIk oo (x — y)b
(—2—kts 0) 15 (0,00)v+v+
]l|x_y‘ggfk+s dz dHl(y)
+ C|b|2H1(JU0)(2_S + 2_k)’ (307)

where error terms arise again from long-range effects and from replacing the
periodic kernel with the Euclidean one.
Finally, we can easily find that

Bper ~ (10, 1)
=B (uo * ¢2—k,u0 * ¢~72—k) — BE (uo * ¢~52—k+17u0 * ¢~52—k+1)
=(log 2) I (ug) + O(275). (308)

Summing up all error terms, we find that

[ [ (wle) = w33, o - w)ute) - wl) dody
>SHY (T N Q) oo (b, v) — c|b|?277 (275 +271). (309)
This is the result of the lemma, since (|Du|(Q, 2x2-1))? < 4|b[*27%. O

We can generalize this estimate to step functions with multiple jumps if
these jumps are far enough apart.

Lemma 7.6. Let j € Z,t,s €N, Q, o-; C T? some square. Let w € S with no
two jumps within (0,2777t) of each other. Then

(log2) o (w,Q, 2-5)
</ / WP, oo = 9) w(a) — wly) drdy

z29 z27

+ 277 (| Dw(Qs 2x2-9))*. (310)
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Proof. Write w(z) = a + bA(z - v), with v € St.
By Fubini’s theorem

/ / —w(y) 2K 4o (@ = y) Lo yjer-s oy dudy
22 J 22 J

§C27j|b|2/ / 22j+2t|)\(t) - A(S)‘21{|t75‘<2—j—t} dtds
RJR
§C2*J’|b|2/ 29 N(s + 27971 — A(s)|? ds
R
<C27[b*(IDAI(R))* < C27(|Dw](Q: 2x2-5))* (311)

By Lemma 7. 2 we can neglect long-range effects for the kernel K;,; and by
extension, for Jb¢ j +t, more precisely,

‘ / / w(y ))J?irt(x —y)(w(z) — w(y))ﬂ{|m_y|>2—j—t+s} dx dy
<c2~ 9/ / w(y)|2K<x—y)]l{‘x_y|<2—j—t} dx dy
<02J ? |Dw|(Qz 2X2~ J)) . (312)

We can now apply Lemma 7.5 to boxes A; around each jump of w, where
w4, = w; € S and obtain the result since

> _(1Dwil(Qz2x2-3))* < (IDw](Q: 2x2-1))*. (313)

O

Lemma 7.7. Lett,s € N. Let § > 0. Then there isn > 0 such that the following

holds: Let j € N\ {0},, Q.2-5 C T? some square. Let w € S have no two

jumps within (0,2797%) of each other. Let B C Q, o-i be open with Lipschitz

boundary, |B| < |Q.2-i|/2, and H'(0B) < n279. Let v € BV(Q \ B,Z*M).
Then

I (w, Q) <(1+ 0I5 (v,Q\ B)
+ 02j+t_s||’w — 'U||L1(Q\B) + C2_t|DU}|(QZ,2X2—j). (314)

Here ¢ depends only on IS
Note that Q might as well be a subset of R?, since j > 1.

Proof. Assume without loss of generality that Qo C R2, j = 0. Also note
that the estimate depends only on ¢ — s, and we shall assume that s = 0. We
denote Q, = Q. , for r € (0,2).

If  is small enough, there is r € (1 —27%,1—27"1) such that 0Q,NB =0,
H(0Q, N Jy) =0, and

|w —vllL100,) < 211 Q.\B)- (315)
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Figure 13: Sketch of the proof of Lemma 7.7. In each of the convex dashed
regions, v is almost a competitor to w for the cell problem for I, for which
w is optimal. Jumps of w outside of the dashed square, as in the upper left,
produce a small error term.

Now define @ € BV (Q1 \ (BN Q,),Z*M) as

(316)

’ﬂ,— w ainQQ\Qr
v ,inQ.\B.

Write w(z) = a+b\(z-v) with v € S1. Let t; < ... < tx be the jump points
of A\. Note that by the assumption, #;;1 —t; > 27 If 5 is small enough, we
can now find s; € (t;,t;41) fori=1,..., N — 1 such that {z-v=s;}NIB =0,
Hi({z-v=s}NJz)=0,and

N-1
D lla = wlier=sinen) < 2o —wlLigm)- (317)
=1

See Figure 13 for a visualization.
Knowing this, we define the functions 1; € BV (Q1 \ (BN Q,.),Z*M) as

a+bAT(t;) ,ifz-v>s;
u;(z) =< Jif o v e (si—1,8:) (318)
a—|—b)\’(tl) ,ifI"l/SSi_h
with sg = —o0, sy = oco. Finally, if n is small enough, we can use Lemma 6.5

to extend each 1i; to a function u; € BV (Q1,Z*M) which outside of Q; has a
single jump line, making it a competitor to a cell problem. Then
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N
I w, Q1) < I (ui, Q1)
i=1

N
<(1+6)> I, Qu \ (BNQ,))

=1
<(1+68)I5 (v, Q, \ B)
+ C2t||’l) — ’wHL1(Q1\B)
+ 27 Dw|(Q2). (319)

Here we used the fact that I'¢' is BV-elliptic and in particular I3 (u, A) <
c|Dul|(A).

O

7.3 Approximation by step functions

Next we show that BV -functions can be well-approximated by one-dimensional
step functions assuming a low decay in total variation under mollification.

Proposition 7.8. Let | > 0, ¢, : R? — [0,00) a standard mollifier with
supp ¢; € B(0,1) and ¢y > 7% on B(0,1/2). Define the square Qr = (—L/2, L/2)?
for all L > 0. Let M > 0. Then there is a constant Cy; such that for all
w e W (Qo, RY), defining

1 .
mi=g o dist(u, Z") dz,
1

1
M2 527\DU|(Q91)7

73 :=% (/R2 | Dul(¢a *XQl)dfC—/Ql |D(“*¢4l)|dx)’

whenever ny < M, there is ug € S with

1 5/6 1/6
7lu = wollz2qy ) < Cu (771 +n5 *ny/ ) :

and |luo — allL(q,,,) < n2 for some a € N

The proof of this proposition can be found in [11].
Here a mollification radius of 4/ is needed so that for all x,y € @Q; we get

dau(r —y) > 7. Also xq@, * a1 < XQo; -

Remark 7.9. Note that since 1 < 1 and n3 < ne < M, we also have for such
u that

1 5/6_1/6
5l = wollfa(g,.) < Car (m +n5/*ni'°).

8 The lower bound

We now show the lower bound for the energy mEs,h(s).
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Proposition 8.1. Let M > 0, 8 € (0,1), n > 0, k; — oo, v; € BV(T?,Z>M)
be as in the results of Proposition 4.7. Let 6 > 0. Then there is a sequence of
open sets B; C T? with limsup,_,, H'(0B;) < 0, limsup,_, ., |B;| < &=, and a
sequence w; € BV (T?\ B;, Z*M) with

1@ynﬂmgm[m.-eﬂ;ﬁ+5hyﬂ(whr2\30

L(B—m)ki]
. . ]‘ er er
<(1+Cyn+9) hl_rgloglfk—i E Bp vl,vl)—&— E Bp (vi,v;) | (320)
J=[(B+n)ki]

and limsup;_, ., [|w; — vil[ 112\ B,) = 0.

We will follow the proof from [11], choosing two length scales joo,jo €
{1,...,k;} instead of one at which to modify the function v; according to Propo-
sition 7.8. This is made more difficult by the non-positivity of the kernels in
B, We finally compare the line-tension energy of the small-scale competitor
to that of the large-scale competitor using Lemma 7.7.

Proof. In the proof we will consider k fixed and suppress the index i. We also
write v = vi. We introduce the large cutoff parameters M, My > 0, the very
large iterative mollification step sizes Mo, mg € N, the minimum and maximum
length scale gaps between square size and kernel T > T € N, T0+ > Ty €N,
and the jump distance bandwidths s, so € N, all of which will be chosen later.

Step 1: Iterative mollification and choice of length scale.

We define the functions v; : T? — R?M for j € N as follows: For j > k take
v; = v. For j < k define iteratively v; = vjim, * ®o-j+4. We note first
of all that || diSt(Uj,Z2M||L1('ﬂ-2 < ||lv; = v|[z1r2y < €279 /n by the Poincaré
inequality. Also since BP® rj is convex and invariant under translations (see
Lemma 3.18) we observe that chr ('vj,v]) < chr (v,v) for all j,j € N. Finally
by a telescopic sum,

k
S Dy [(T2) — [ Doy |(T2) < mj;c, (321)

and each term in the sum is nonnegative.
Now we pick a length scale jo. € {[(B+n)k],...,k} such that the following
hold:

i)

A

Per % .y
T T}Z; odmt? )_L“_B_MJJ[%%HB e
(322)

ii) [Dvjme [(T?) = [Dvj . [(T?) < C\/"if.

iii) There are at least (1 —/n)(T5 —T5) many ¢ in {T,..., T} such that

/ |lv(z) — v(y)\ZKjWH(:L‘ —y)dxdy < g (323)
T2 JT2 n
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Since the first condition is not satisfied by at most (1 —2/n)[(1 — 8 — n)k]
many j € {[(8+n)k],...,k}. The second condition is not satisfied by at most
Vil(1 =B —n)k] many j. By Lemma 7.2 the third condition is not satisfied by
%\/ﬁ [(1 =8 —mn)k| many j, so that for k large enough there is at least one such
Joo-

Step 2: The first local modification and choice of ¢,

We now consider the following family of squares: Let Zo, = 27772 /7% C T?.
Then in each square @, gx2-i, 2 € Z, we consider the three quantities

m :22joo/ |’Ujoo+moo - U| dz,

Qz,sxzfj

75 :2J°C |D'Ujoo—‘,-mQC |(Qz,8><2*j )a

G =2 (/p |‘vaoo+moo|(]]'Qz’8><27joo * Do joota) d

1Dy # <I>M+4><Qz,8mw>). (324)

Now, asnoted, >._nf < C2Je=™== /p 3~ pz < C2= /p,and Y. nj < C:/"if oo,
We shall identify two families of bad squares B, B2 C Z., where we are
unable to produce good estimates, where we leave the function v;_ 4y, un-
touched. Later we will have to deal with these missing squares.
We define the set BL, = {2z € Z : 15 > M.} and note that 277=§Bl <
nM and apply Pr0p051t10n 7.8 to all squares @, gxo-jo With z ¢ BL, yleldmg

modifications u, € S so that by Remark 7.9

p —m Cmeo
S0l = vl < Cor2s (2 £ S0
2€Zs\BL,

and
- omy’
Z ||u2 _v]oo+moo|‘%2(Qz 4x2— J) < CM 2 Iee (2 e + kl/G : (326)
2€Z+0 \BL,

Additionally,

> IDu(Quaxzie) < (327)

2€Z00\Bl,

=1Q

and for all t € {T,...,T%} for which (323) holds, we get

S oL e - w P dedy

2€Z50\BL, Q. ax2—ico Y Q2 ax2—ico
c t Moo C’moo
SE (1 +2'Ch (2 + nkl/(")) (328)
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From this, we can infer that the squared jumps of w, in smaller squares are

integrable, i.e.
/ ORI
J .

2€ZNBL u:NQ ox2—ioo

c " —me , OMmeo
< (1 2L <2 + nk'l/6>) . (329)

Finally, note that in every square @, 4x2-is, 2 € Zoo \ BL,, there are at
most My, parallel jump lines, and the sum of lengths of the jumps is bounded
by C/n.

We are now ready to pick the length scale to € {T'%,..., T+ } such that

iv)
ngrg oo ('U v)
1+ 6[ or
_T+ Z p »] +t )
t T
1+Cyn
<V Z BES (v, v). (330)
(A=B=nk _ & om
v)
L, L@ = v@PK i@ = pdedy < Cpn. (331

vi) Letting B, = {z € Zo \ By, : u, has two jump lines with distance
between 277 ~tee=See gpd 27Jeo Tt tSo ) we have

2Jﬁ(32>ﬂ2TSi°M_) S Dul(Quire) (332)
2€Z\BL,

Such a t,, exists because the first inequality is not satisfied by at most
o
Tfiﬁ% < (1 =3n)(TE — Tx) for n small enough, the second by at most
VI(TE — T) due to (i), and the third by at most /f(T5 — T), since

T3
2 e Z #({z : u. has jumps within (27Je "t 5= 2 Je—lFsx)]
t=Tx
<2M Y [ Du|(Quaxz-iee)- (333)
2€Z\BL,

Step 3: The second local modification

Wen now modify all u, for z € Z, \ BL \ B2, such that all jumps are far apart.
If u,(z) = a+b\(x-v), with v € S, define w,(x) = a + bA(z - v), where
A : R — Z is a function obtained by modifying A between a maximal group of
jump points t; < ... <ty € Jy with [ty — t1| < 2~ Jee~teots<  Note that these
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maximal groups are unique and have distance at least 277 ~teF%= a5 long as
500 > 1, because otherwise z € B2 . For each such group, we set

{A+(tN) Lif t > ¢,

At) =
®) A(ty) L ift <ty

(334)

Now the jumps of w, are at least 277~ ~tectS~ apart, and we can easily see that
vii)
2
Z ||wz 7UZHLQ(Qz 3><27]‘(x>)
2€Z00\B1,\BZ, ’

SQ?t%ism Z (|Duz|(Qz,4><2*jOO))2
2€Z\BI\BZ,
M, .
< Moy jetoe s (335)
n
and
viii) |[Dw.|(Q.3x2-e ) < [Duz|(Q ax2-ie ) for all z € Zoo \ BL \ BZ,.

Finally, for z € BL, U BZ, set w, = vj_ tm..-

Step 4: The first global competitor w.,

We now eliminate the overlap of the squares @, 3x2-j to construct a global
function ws for which we control the energy I, in most of T2.
We pick an a € Qg 2-i such that

ix) The squared difference along the edges is integrable, i.e.

lw, —w./|* dH*
2,2 €2 8Qz+a,2*jooma@z+a,2fyoo

ml/6 1
—Moo 0 9~ lteo—Sco
<Ch. (2 + p ) (336)

and

x) The double integral with the positive kernel restricted to a small strip near
the boundary of the squares is small, i.e.
.

>,
W (2) = Vo pme WP K 4t (2 — y) dy da

2€70 00
I e oML
<2 foetsee <n+CMw2t°° (2 x+7nk1/6 ++%2 feomsoo | |1 (337)

z4a,27Joo \Qz+u,2—.7'oe (1—2—too+s00)

Such an a exists due to estimates (326) and (335), where we used the in-
equality |p — 7|? < 2|p — ¢|* + 2|¢ — 7|? on both integrands. More precisely, for
the double integral near the boundary of the squares
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Ny

0,27 Joo 2€Z4 z+a,2—Joo \Qz+a,2*joo(1—2*toc+soo)

/.
lw.(z) — Vjjoo+moo (y>|2Kjoo+too (x —y) dydxda

“f, . 2 /.

0,27Joo 2E€7 Qz+a,2—joo \Qz+a.2_j0<> (1—2—too+sco )

lw. (%) — v tme (@) P K)o (v — y) dy dx da

vz f /
Qo,2-doo 2€Z50\BL, Q

|”joo+moo (z) — Vjoo+moo (y)\2Kjoo+too (x —y) dy dx da

J:

z+a,2—Joo \Qera,Q*joo (1—2—too+soo

- cmd® 1 c
<2_2]oo_too+soo C 2too 2_moo 72_too_soo , 338
N < e nkl/6 ] (338)

whereas for the edges

J

§C2ijm Z / |uz_vjoc+moo|2d'r

2€Z o Qz,2><2*joo

/ lu, —u > dH da
o

0,27 Jo0 2,2/ €7 Qz+a,2—joo man+a.2‘joo

, C'm(lx/)6
SQ—QJOOCMOO 9~ Moo + W . (339)

Here a can be any point where no integrand is larger two times its mean.
Now we can define the global function wee : T2 — R?M as

Woo = W, in Qz+a,2*joo- (340)
Then by the previous estimates,

mééG 1

1Woe = V) tmecll72rey < Crr, 270 <2_m°° + /6 + n2_t°°_s°°> . (341)

so that
B et (Woo, Woo)
Cu méé6 1,
<(1+n)B2". L)+ ——=2 2l [ 97Mee = —97Teom S0 | (342
_( T’) 00,Jo0 +too (’U 'U) n ( nkl/G n ( )
Additionally we get the finer estimates
zezz:oo /Qz+a,2joc \Qz+a,27joo (1—27toc+500) /11-2
(Weo () — Woo () Kjo . (x — y) dy da
C mi® 1
—tootSoo too —Moo 0 —too—Soo
<2 (77 +Cur 2 (2 + W + 52 , (343)
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and

/ fwac]
Jwoo \UzeBéouBgo Qz+a,2*joo
c Ve
SE + Chr 28 (2 Moo 4 ”21/6 + 72400“00 . (344)

from (viii) and (vii) respectively.

Step 5: Localization
We wish to replace B

>

2€Z00\BL\BZ,

t/ !/ (oo (&) = Wao )T s (& — 1) (w0 (&) — woo (y)) dr dy
Q Q

z+a,2—Joo
in order to apply Lemma 7.6. However, to do so we would have to discard
all interactions among the bad squares and interactions between bad and good
squares. All short-range (shorter than 27Je ~tec %) interactions between squares
are small by (343), while all long-range (longer than 27Je~feF$x) interactions
are small by (341). This leaves interactions among the bad squares. We now
show that these terms can be made mostly positive even if the kernel is not
positive by enlarging the bad squares.
To this end, we define the measure u € M(T?) defined by

it (Woo, Weo) With the sum

z+a,2—Joo

(345)

1 =[woo] *H' o,
+ Z QJOC/ [[woo]|? dH'"H' LOQ. 3x2-ic - (346)

2€EZ Wachz 3x2~J
Then defining @ = J,cp1 g2 Q- 8x2-7, We see that

M (05) <C279=4(BL, U B
C C Mo S0

S R - 1) 0
that || < 1/2, and that
w(T*\ @)
<o [ lhwalan
s% + Oy 20 (2—7"00 + ";11//2 + 27t 'oc) . (348)
Then by Lemma 6.5 there are pairwise dibjoint convex open sets wi,...,wy C

pR— N 1 Moo Moo Soo :
T2 with .0, H'(0w;) < 0 (CM (27me 4+ & kl/G )+ \/ﬁ(T;S—T;o)> covering all
bad squares (4, 2-i, 2 € Bl U B2, such that
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DM W) D wee(@)]?

mGawq‘,ﬁJ’ww
C CMys C miL8
<4 00700 —_ C Qtoc 9~ Moo o 2715007500 ’
< (UMOOJFW(TOJS—TO_O)) <n+ M., ( +nk1/6+
(349)
and

> ox el

i=1 2€2°:Q MBw;#£0 7 TwoeNQ e

2,3x2 " Joo

C CMys C ml/6
<4 00700 _ C Qtoo 9" Moo s 2715007500 7
< (nMooJr\m(T;gToz)) <n+ Moo ( R T

(350)

because H! (Ow;) > 277,

Here § : [0,00) — [0,00) is a continuous function with §(0) = 0, by Lemma
6.5.

Now define for every i = 1,..., N a function w; : dw; — Z*M , by partitioning
Ow; into finitely many connected curve segments of intrinsic length between
2 JeoTleoF S0 gnd 27 Jee Tleotsetl and setting w; = woo () for some x within
that segment. Then the jumps of w; are at least 2 7o ~tect5c apart.

In each such segment wsLOw; jumps at most 16 times (at most twice in each
of the four squares @,4,2-i~ the segment touches and at most once for each
time it crosses an edge, which will happen at most eight times). This implies
that

Do lw@)F <16 Y |lwe(@)]f (351)

QJEJﬁ,i xeJ Now;

Woo

and

/a Wi — woo|*dH' <16 x 277 TteFoe N [ (2)][2. (352)

TE Jap oo NOW;

Since the jumps of w; are at least 277~ ~tectS~ apart, there are at most
S = |H(Jw;)27=Fte =5 | of them, and w; takes at most S different values in
zZ*M,

We now define a function w; : T? — R?*M | with w; = ws in w;, and
extending each of its 2M components as follows:

Let w; : Ow; — Z denote one of the 2M components of the function w;. Then
its range can be written {y1,...,ys}, with ys < ygq1 forall s =1,...,5 — 1.
We then define w? = w;, wf = B(w;, s2 7 Je"tetsx) for s =1,...,5.

Note that all the wi with s < S are convex open sets, with H!(w$) <
(14 2m)H (w;).
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Figure 14: Construction of the function w; : T? — R?M outside of w;. The
number of phases is reduced going outward until only one is left. The absolute
value of the nonlocal energy outside of w; is bounded by ¢H!(dw;)|Dw|(dw;).

Let p : T? \ w; : Ow; be the orthogonal projection onto the boundary. We
define w;(z) = w;(p(z)) V ys in wf \wi™ ", for s = 1,...,5, and w; = yg in
T? \ w?. See Figure 14.

We see that

i | lwpan

Juw, \w;

N
<O H @w) Y we@)] (353)

i=1 €AW Ny

There are two types of jumps of w;: Jumps along rays outward from w;,
and jumps along the dw?. The length of the rays is at most S27Jec~leeTso0 <
H*(Ow;). To see the bound for jumps along the dws, note that

M) 3 @V gl P+ [ 1V ) = (v )P

r€Jw, Owi

<H'(Owi) Y @Vl (354)

z€Jy,

and by induction over s

S—1
Do 1@ Vysrn) = (@ Vy) PR < H (Owi) Y [ (355)
5=0

aw,‘ IGJ@.

We can now apply Lemma 7.3 to each w; and the pairs of domains A =
Wit \wi, B=wf and A = w} \w;, B = UZGZooIstxrjoo
with j from the lemma replaced by joo + too and ¢ from the lemma replaced by
Seo- Note that each line segment from A to B does indeed remain in AU B and
only intersects J,,, at most 20 times, due to the geometry of the construction.
Adding up all contributions, we realize that

Nw; #0 Qz,3><2*joo ;
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N
D [ f )~ P i Doy
i=1 wi

C CM..s C mL
§ e — + Cp 20 [ 27 P 2o ) )
< (UMDO—’_\/E(T;S—TOO)) <n+ Moo ( + k1/6+
(356)

Since each w; is in L? and a competitor for the positive semidefinite bilinear

form BY" Coottas 1t follows that

O <ZB§<?rJoo+t wi,wi)

N
Z |:/ / woo(y)) ?::+too,oo(x - y)(woo(x) - woo(y)) dx dy
+ C/ wi(2) = wi(Y) K)oyt (2 = 9) Loy <-doo oo to0c} dy d
T2 \w,; /T2

+O [ lwi(z) - Wi (Y) P Ko 100 (& = )Ly 52500 —tootooe ) dY dfﬂ} :
T2 JT
(357)

allowing us to bound from below

N
Z/ /(woo(x) ooy ))Jpcr+tm7oo(x — Y (Weo (T) — Woo(y)) dx dy

C CM..s C miL
>—90 == — 4 O 20 [ 270 e B I
= (7]M00+\/77(T£_Too)> <77 + Capg < + k1/6+

(358)

This allows us to discard the self-actions of each w; from the double integral
ot (Woo, Woo ). We can also bound the short-range interaction between
w; and T? \ w; by applying Lemma 7.3 to Wweo, A = B(Ow;, 27 ~tects00) Ny,
and B = B(Ow;,2 Jec~tets) \ w; which again satisfy the conditions with
at most eight intersections of the jump set of w,, (once in the interior of
A, once on Ow;, at most once in each of the three squares touched in w;,

and at most three times for the edges of the squares), and since AU B C
Uzezoo;Qz,gw_joo 0w 20 @z,3x2-7e We have

N
3 / / 0o (2) — Woo(W)PK gt (7 — 9) o yicamimmin ey dy d
w; JT?\w;

i=1

<c 3 / ol |2 dH!

2€2°°:Q_ 5, 9 joo NOwi#0 7 e MR 2o

C CM..s C mi/6
<5 00200 ~ 2too 2—moo 2—too Soo .
B (nMoo i V(T T;)) (77 O ( TRV
(359)
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Combining (358), (359), and Lemma 7.2 we obtain

/ / (oo () — Wao(U)ITET s, (2 — ) (oo () — woo(y)) dar dy
TA\UN wi JT2AUN; wi

<B4 (Woo, woo)

_ Z/ /(’woo(x) oo UNIET i o (@ = Y)(Woo (7)) — wao(y)) da dy

+c§;/

Wi

Lo 1) = s K1 = DLtz

N
PO [ 0le) 0 Kot (& )L ey dy
i=1"Y Wi Wi

<BY i (Weo, woo)

C CMys c m/
0 — — O 20 (27 =25 2t
+ (nMoo+\/ﬁ(Tot—Too)> <n+ Mo < + i T

o ml/6
+ 0275 g+cMW2tw 2Tt T 2 e ) ) (360)

Finally we define wo, = UzeZoo-Q tamios UN | wi0 Q2+4q,2-i0, Which con-

sists of squares, has measure |weo| < 1/2, and perimeter

HOweo) <Zc +277%)
C CMys
<Cé + == . 361

Each of the w; contains at least one square of side length 277~ and has at
least that diameter, and the total length of all exposed lower edges of squares
touching w; is at most its diameter plus 277>, and likewise for all upper, left,
and right edges.

Again using Lemma 7.2 and estimate (350), we see that

/ " . [Woo (%) — Woo (Y) P K, 41 (x — ) dy da
woo \Ujmq wi

C CMuos C maL®
<5 00900 ~ C 2too 9= Moo 2*7500*500
< (nMooJr\/’ﬁ(Tot—T;;)) <77+ Moo < + k1/6

c /6
+ 0275 (n + Cpy 2t (2 s kl/ﬁ - 2%5%)) : (362)
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so that

/ / (o () = oo (W) 4y (& — ) (oo () — woo(y)) d y
T2 \woo /T2 \woo

<B§§rj 1 (Woo, Woo)

C CMeoos c miL°
K} 00 - C 9~ Moo oo 2715007500
+ <an+\/ﬁ(T;_T;})> <n+ Ma ( R T

C m.°
+ 027 ot Crr 2t | 27m= + YRV 27t | ) (363)

Finally, using Lemma 7.2 and the estimate (343), we can reduce the double
integral to the sum of double integrals over the good squares making up T2\ wx,

X s

2€Z00:Q | 4 2—joo CT?\weo Q.ta,2—dco

(Woo(2) = Woo ()T 11 (& — ) (Woo (7) — Woo (y)) da dy

c CMaos c mil®
<6 —— — 4 Cpp 20 [ 277 S 4 27T
< <77Moo+\/77(To+o—Too)> <7I + Cap, ( + k1/6+

C 1/6
—Soo too Moo —too—Soo
+ 02 (77+CM°°2 (2 + k1/6+2 ))

C FA |
A <77 + Cp, 2 (2—% + Doy fz—fw—%o . (364)

z+a,2—Joo

k1/6

We then use Lemma 7.6 in each of the squares applied to the function
Wool Q4 a2-ic €S, which since z ¢ BL have

| DWool Q. 4 a2-i00 | (Qzyazxa—o ) < C277% My, (365)

yielding

(log 2) Z Ioo(woo»QeraQ*jw)

2€700iQ 40 2—joo CT?\Woo

< >
zEZoo:QZJrQ 2—doo CT?\woo Qz+a,2*joo Qz+a,27joc

per

(Woo (7) = Woo (Y)T5 11, (& = Y) (Woo (7) — weo (y)) d dy

2 se Moo%. (366)

For the jumps on edges between squares, we now only have to use estimate
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(336), so that
(10g 2) Ino (Woo, T? \ woo)

CM . m1/6 1 .
< per. 0o Ytoo — Moo > T 9—loo—Soco
,(1 + ”7)BO<>7]oo+toc (va) + n 2 2 + Uk1/6 + 772

P C n CMo 550
Moo \/ﬁ(ToJS—ToE)

¢ t —m mééﬁ —toc—S
X<77+OM°°2 <2 +W+2

_ C " _ m/° P
2T O 2 (27 2

C mis 1
4 9~ teotsee [ Z 4 Itoo | 9=Meo 0 Z9~too—800
(77+ M IR

+ 275 M ¢
n
1/6
—Moo Moo 1 —loo— 8500
+ Car <2 bty ) (367)
where we also replaced BY; ., (Weo,Woo) with B, 1, (v, v) using (342).

We finish this part by fixing 1 < My < So0 < Ty < T, < Mmoo < k, such
that for a given d, > 0 we have

xi)
(108 2) Ine (Woo, T? \ Woo) < (1 + Juo + By i (v,v), (368)
xii)
[Woo = V|| L1 12\ 23y < G027l < 270K (369)
and

xiii) The set wo, C T2 is closed, with |weo| < 1/2 and H!(Ows) < oo-

Step 6: The competitor wy.

We now repeat the previous five steps to find jo € {[nk],..., (8 —n)k]} and
to € {Ty ..., Ty} along with a function wg : T? — R?M that is locally in S
in all squares @, 240, With z € Zg \ B}, and a € Qo,2-40, with jumps within
each square Q.. ,9i0 for z € Zy \ Bj \ B3 at least 2770~f0+50 apart. In the
localization step, when defining @, we add the squares Q, gy 2-jo for which z is
in

By ={zinZy\ By : H' (0weo N Q4 q0i0) > p277°}, (370)
where p > 0 is some small parameter. We see that
. O
2oy < O (371)
pn
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which is small for do, small. After growing the set
wo = U Q8240 (372)
z€BJUB2UBS
into a set wy C T? with |we| < 1/2 and H'(Gwg) < §(H'(0ap)), we get in the
remaining squares if 1 < My < so < T < TOJr < mgy < k that
xiv)
(log 2)In(Wee, T? \ weo) < (14 6o + n)BngO_HO (v,v), (373)
XV)
[wo = vl L1 (r2\wo m28ry < G027, (374)
and
xvi) The set wg C T? is closed, with |wg| < 1/2 and H!(Awp) < &o.

Now we can use Lemma 7.7 in each of the squares Q.. ,2-jo making up
T? \ wp so that

I;gl(wm Qz+a,2*j0 )

< (1 + 5/(P)) Iégl(wooa Qz+a,2*j0 \ woo)
+ 270070l — | L1 o \woe) T €270 [ Dwo|(Qz 2x2-5).  (375)

Qz+a,2*J

The last error term can be estimated as before, leaving us after summation over
all squares with

Z Iégl(wOa Qz+a,2’j0)

2€250:Q Nwo=0

z+4a,2790

(140" ()15 (woe, T \ wec) + do. (376)

Here ¢’ : [0,00) — [0, 00) is the modulus of continuity in Lemma 7.7, and since
for every p > 0 we only had to choose o, small enough, this error term can be
made arbitrarily small.

The jumps across the edges of squares are small for wy as well, as in (336),
so that

(log 2) [(1 — B)Ire1 + BIO] (wo, T? \ wo)
<(1+80) [(1 = BB 1. (v,0) + BBYG 1y (v, 0)] + do. (377)

Now we turn to the characterizations of j, too, jo, and tg, such that

(log2) [(1 - B)I% + ﬂlo] (wo, T? \ wo)

1 T r
<1+ +Cvn) Z B (v, Z Bgi v,v)| +3d. (378)
=[(B+mk] j=1

We see that this is the statement of the lemma if §j is small enough, with
w = wy and w = wy, if k is large enough. O
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We now apply Lemma 6.5 one final time to pass to the lower bound for
ug € BV(Q,Z"Y), using the lower semicontinuity of I™*! = [(1 — B)I*¢! + BIy]™".
Proposition 8.2. Let I'*'(u,Q) = [ e o*N([u],v)dH' on BV (Q,Z*M) for
Q C T? open be a lower semicontinuous energy of line-tension type. Let ug €
BV (T?,72M).

Let 6 > 0. Then there is 1 > 0 such that the following holds:

Let wy, € T2 be a sequence of open bounded sets with H'(Owy) < 1, |wi| <
1/2, up € BV(T?\ wy, Z*M) a sequence with supy, |Du|(Q \ wi) < oo and

lwr — wollL1(r2\wp) = 0-
Then
(1+0)lim inf 'Yy, T2\ wy) > I (ug, T?).
—00

We shall construct from uj, a new sequence wy, € BV (T2, Z*M) using only
slightly more energy and ending up in a small L'-ball around ug.

Proof. Let ¢ = 277 > 0 be some small parameter. We shall consider the grid
Lep,={x€T?: 21 —p1 €€cZ/Zor xo —py € eZ/Z} centered at p € T? and
its neighborhood U, , = B(L.,,c%). We want to find for every k& € N some
pr, € [0,6)% C Z? such that

i) [Duo|(Uep,) < ce[ Duo|(T?),
il) wi NOU: p, =0,
iif) [lur —wollzrov. ,,) < £llue — wollLr(@\wi)-
Once we have found such a py, we define @, = wy, \ Ue p, and vy, € BV (T?\

On, Z2M) as

—
o — {uk ;in T2\ wi \ Ue py. ), (379)

uy ,inT2NU.,,.
Note that
- c
| Dvg|(T? \ @) < |Dug|(T? \ wy) + ce| Dug|(T?) + g||u;€ —ugl|p1(12\wy) < C
(380)

for k large enough.

We then apply Lemma 6.5 to vy, in every square Q = py, + 2z + (0,¢)% C T?
with z € eZ%/Z?, with parameter § = £2.Then for n small enough with respect
to &, we obtain a function wy, € BV(JQ,Z*) with wy, = ug on L., NJQ.
Then by Poincaré inequality in each square we get that

lwi — w0l z1(q) < ce(|Dwy|(T?) + [Dug|(T?) < Ce (381)

for k large enough.
The energy of w;, can then be bounded by

Irel(’wk,TQ) SIrel(’Uk,TZ \(:Jk) + c\Dwk\({wk #* ’Uk})
<IN, T2\ wi) + ¢| Duo|(Us p,. ) + cllur — wol L1 (ov,,, ) + Ce

C
ST g, T\ wie) + Ce o+ — g = wo| o 2\ (382)
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Now we only need to pick € small enough. In fact, by the lower semicontinuity
of I'*! there exists ¢ > 0 such that

(1+6/2) inf{I"!(w, T?) : |w — wo| L1 (12) < Ce} > I (o, T?). (383)

Inserting wy, for k large enough into the left hand side yields, for e small
enough,

"N, T?) <(1+6/2) lim inf I (wy,, T?)
—00
<(1 + 9) lim inf I (ug, T2\ wy,). (384)
bde el
O

Combining the previous two propositions, as well as the fact that k; >
(1 —n)loge;/log2, we arrive at the lower bound for Theorem 1.1 whenever
w; — ug in L'(T?), since then ||w; — wol|p1(12\0,) — 0.
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