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❩✉s❛♠♠❡♥❢❛ss✉♥❣

❉✐❡ ✈♦r❧✐❡❣❡♥❞❡ ❆r❜❡✐t ❜❡✇❡✐st ♥❡✉❡ ❋ä❧❧❡ ❞❡s ❆r✐t❤♠❡t✐s❝❤❡♥ ❋✉♥❞❛♠❡♥t❛❧❡♥ ▲❡♠♠❛s

✭❆❋▲✮ ✈♦♥ ❲❡✐ ❩❤❛♥❣ ❬✺❪✳ ❉✐❡s ✐st ❡✐♥❡ ✈❡r♠✉t❡t❡ ●❧❡✐❝❤❤❡✐t ✈♦♥ ❣❡✇✐ss❡♥ ❙❝❤♥✐tt♣r♦✲
❞✉❦t❡♥ ✐♥ ✉♥✐tär❡♥ ❘❛♣♦♣♦rt✲❩✐♥❦✲❘ä✉♠❡♥ ✉♥❞ ❣❡✇✐ss❡♥ ❛♥❛❧②t✐s❝❤❡♥ ❆✉s❞rü❝❦❡♥✳ ■♥
❞✐❡s❡r ❩✉s❛♠♠❡♥❢❛ss✉♥❣ ♠ö❝❤t❡♥ ✇✐r ❞✐❡ ❆❋▲✲❱❡r♠✉t✉♥❣ ✉♥❞ ✉♥s❡r ❍❛✉♣tr❡s✉❧t❛t
❦✉r③ s❦✐③③✐❡r❡♥✳

❙❡✐ n ≥ 1 ✉♥❞ s❡✐ E/E0 ❡✐♥❡ ✉♥✈❡r③✇❡✐❣t❡ q✉❛❞r❛t✐s❝❤❡ ❊r✇❡✐t❡r✉♥❣ ❧♦❦❛❧❡r p✲❛❞✐s❝❤❡r
❑ör♣❡r✶✳ ❙❡✐ (V, J) ❡✐♥ n✲❞✐♠❡♥s✐♦♥❛❧❡r ❤❡r♠✐ts❝❤❡r E✲❱❡❦t♦rr❛✉♠ s♦❞❛ss det J ∈ E×

0

❦❡✐♥❡ ◆♦r♠ ✐st✳ ❩✉ ❞✐❡s❡♥ ❉❛t❡♥ ❦♦♥str✉✐❡r❡♥ ✇✐r ❡✐♥ ❢♦r♠❛❧❡s ❙❝❤❡♠❛ NE0,n ❛❧s ▼♦✲
❞✉❧r❛✉♠ ✈♦♥ p✲❞✐✈✐s✐❜❧❡♥ ●r✉♣♣❡♥ ③✉s❛♠♠❡♥ ♠✐t P❊▲✲❩✉s❛t③❞❛t❡♥ ❜❡③ü❣❧✐❝❤ ❞❡r ❊r✲
✇❡✐t❡r✉♥❣ E/E0✳ ❉✐❡s ✐st ❡✐♥ ❇❡✐s♣✐❡❧ ❢ür ❡✐♥❡♥ s♦❣❡♥❛♥♥t❡♥ ❘❛♣♦♣♦rt✲❩✐♥❦✲❘❛✉♠ ❬✸❪✳
❉✐❡ ✉♥✐tär❡ ●r✉♣♣❡ UE0,n := U(V, J) ♦♣❡r✐❡rt ❞❛♥♥ ✐♥ ♥❛tür❧✐❝❤❡r ❲❡✐s❡ ❛✉❢ NE0,n✳
❆✉ÿ❡r❞❡♠ ❣✐❜t ❡s ❢ür n ≥ 2 ❡✐♥❡ ♥❛tür❧✐❝❤❡ ❊✐♥❜❡tt✉♥❣

δ : NE0,n−1 →֒ NE0,n,

❞❡r❡♥ ●r❛♣❤ ✇✐r ♠✐t ∆ ❜❡③❡✐❝❤♥❡♥✳

❋ür s♦❣❡♥❛♥♥t❡s r❡❣✉❧är ❤❛❧❜✲❡✐♥❢❛❝❤❡s g ∈ UE0,n ❞❡✜♥✐❡r❡♥ ✇✐r ❞❛s ❙❝❤♥✐tt♣r♦❞✉❦t

Int(g) := 〈∆, (1, g) ·∆〉

✐♠ ❘❛✉♠ NE0,n−1 ×NE0,n✳ ❆✉ÿ❡r❞❡♠ ❞❡✜♥✐❡r❡♥ ✇✐r ❡✐♥❡♥ ❣❡✇✐ss❡♥ ❛♥❛❧②t✐s❝❤❡♥ ❆✉s✲
❞r✉❝❦ ∂O(g) ❛❧s ❇❛❤♥✐♥t❡❣r❛❧ ❛✉❢ ❡✐♥❡r p✲❛❞✐s❝❤❡♥ ▲✐❡✲●r✉♣♣❡✳ ❋ür ❞✐❡ ❣❡♥❛✉❡ ❉❡✜♥✐t✐♦♥
✈❡r✇❡✐s❡♥ ✇✐r ❛✉❢ ❞❡♥ ❍❛✉♣tt❡①t✳

❱❡r♠✉t✉♥❣ ✶ ✭❆❋▲✮✳ ❋ür ❥❡❞❡s r❡❣✉❧är ❤❛❧❜✲❡✐♥❢❛❝❤❡ g ∈ UE0,n ❣✐❧t✱ ❜✐s ❛✉❢ ❡✐♥ ❱♦r✲
③❡✐❝❤❡♥✱ ❞✐❡ ●❧❡✐❝❤❤❡✐t

∂O(g) = Int(g) log(q). ✭✶✮

❍✐❡r❜❡✐ ❜❡③❡✐❝❤♥❡ q ❞✐❡ ❆♥③❛❤❧ ❞❡r ❊❧❡♠❡♥t❡ ✐♠ ❘❡st❦❧❛ss❡♥❦ör♣❡r ✈♦♥ E0✳

❲❡✐ ❩❤❛♥❣ ❤❛t ❞✐❡ ❆❋▲✲❱❡r♠✉t✉♥❣ ✐♠ ❋❛❧❧ n ≤ 3 ✈❡r✐✜③✐❡rt✳ ■♥ ❞❡r ❆r❜❡✐t ❬✷❪ ✇✐r❞ ❞❛s
❆❋▲ ❢ür ❜❡❧✐❡❜✐❣❡s n✱ ❛❜❡r ♠✐♥✉s❝✉❧❡s g ❜❡✇✐❡s❡♥✳ ✭❉✐❡s ✐st ❡✐♥❡ st❛r❦❡ ❊✐♥s❝❤rä♥❦✉♥❣
❛♥ g✳✮ ❉❛s ❍❛✉♣tr❡s✉❧t❛t ❞❡r ✈♦r❧✐❡❣❡♥❞❡♥ ❆r❜❡✐t ❧ässt s✐❝❤ ♥✉♥ ✇✐❡ ❢♦❧❣t ❢♦r♠✉❧✐❡r❡♥✳

❙❡✐ σ ❞✐❡ ●❛❧♦✐s✲❑♦♥❥✉❣❛t✐♦♥ ✈♦♥ E/E0✳ ❲✐r ♥❡❤♠❡♥ ❛♥✱ ❞❛ss σ|Q
p2

6= id ✉♥❞ ✇ä❤❧❡♥
❡✐♥❡♥ ❊r③❡✉❣❡r ϑE ❞❡r ✐♥✈❡rs❡♥ ❉✐✛❡r❡♥t❡ ✈♦♥ E0/Qp ♠✐t trE0/Qp

(ϑE) = 1✳ ❉❛♥♥ ❜✐❧❞❡♥
✇✐r ❞✐❡ Qp2/Qp✲❤❡r♠✐ts❝❤❡ ❋♦r♠

JQ
p2

:= trE/Q
p2
(ϑEJ).

▼✐t ❞❡♠ ❱❡❦t♦rr❛✉♠ V ❜❡✜♥❞❡♥ ✇✐r ✉♥s ❥❡t③t ❣❧❡✐❝❤③❡✐t✐❣ ✐♠ ❑♦♥t❡①t ❞❡r ❆❋▲✲❱❡r♠✉t✉♥❣
❢ür ❞✐❡ ❊r✇❡✐t❡r✉♥❣ E/E0 ✉♥❞ ❢ür ❞✐❡ ❊r✇❡✐t❡r✉♥❣ Qp2/Qp✳
❋ür ❥❡❞❡s g ∈ UE0,n ❜❡③❡✐❝❤♥❡♥ ✇✐r ♠✐t Zp2 [g] ⊂ End(V ) ❞✐❡ ✈♦♥ g ❡r③❡✉❣t❡ Zp2 ✲❆❧❣❡❜r❛✳
❆✉ÿ❡r❞❡♠ ❜❡③❡✐❝❤♥❡♥ ✇✐r ♠✐t d ❞❡♥ ●r❛❞ [E0 : Qp] ✉♥❞ ♠✐t i ❞✐❡ ■♥❦❧✉s✐♦♥ ❞❡r ✉♥✐tär❡♥
●r✉♣♣❡♥✱ UE0,n ⊂ U(JQ

p2
)✳

✶❲✐r ♥❡❤♠❡♥ ✐♠♠❡r p 6= 2 ❛♥✳



❚❤❡♦r❡♠ ✷✳ ❙❡✐ g ∈ UE0,n r❡❣✉❧är ❤❛❧❜✲❡✐♥❢❛❝❤ ♠✐t ❞❡r ❊✐❣❡♥s❝❤❛❢t✱ ❞❛ss OE ⊂ Zp2 [g]
❣✐❧t✳ ❉❛♥♥ ✐st ❞❛s ❆❋▲ ❢ür g ✉♥❞ ●r✉♥❞❦ör♣❡r E0✱ ❛❧s♦ ●❧❡✐❝❤✉♥❣ ✭✶✮✱ äq✉✐✈❛❧❡♥t ③✉♠
❆❋▲ ❢ür i(g) ✉♥❞ ●r✉♥❞❦ör♣❡r Qp✳

■♥s❜❡s♦♥❞❡r❡ ❣✐❧t ❞❛s ❆❋▲ ❢ür i(g) ❢❛❧❧s n ≤ 3✳

❉❡r ✇❡s❡♥t❧✐❝❤❡ P✉♥❦t ✐♠ ❇❡✇❡✐s ❞❡s ❚❤❡♦r❡♠s ✐st ❞✐❡ ❑♦♥str✉❦t✐♦♥ ❡✐♥❡r ❊✐♥❜❡tt✉♥❣

NE0,n →֒ NQp,nd.

❉✐❡s❡ ❑♦♥str✉❦t✐♦♥ ✇✐r❞ ♠✐t❤✐❧❢❡ ❞❡r ✭r❡❧❛t✐✈❡♥✮ ❉✐s♣❧❛②s ✈♦♥ ❩✐♥❦✱ ▲❛✉ ✉♥❞ ❆❤s❡♥❞♦r❢
❬✶❪ ❞✉r❝❤❣❡❢ü❤rt ✉♥❞ ❤❛t ❣❡✇✐ss❡ ➘❤♥❧✐❝❤❦❡✐t❡♥ ♠✐t ❞❡r ❑♦♥str✉❦t✐♦♥ ✐♥ ❬✹❪✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❤s❡♥❞♦r❢✱ ❚✳✱ ❈❤❡♥❣✱ ❈❤✳✱ ❩✐♥❦✱ ❚✳✿ O✲❞✐s♣❧❛②s ❛♥❞ π✲❞✐✈✐s✐❜❧❡ ❢♦r♠❛❧ O✲♠♦❞✉❧❡s✱
❏♦✉r♥❛❧ ♦❢ ❆❧❣❡❜r❛ ✹✺✼✱ ✶✷✾✕✶✾✸ ✭✷✵✶✻✮✳

❬✷❪ ❘❛♣♦♣♦rt✱ ▼✳✱ ❚❡rst✐❡❣❡✱ ❯✳✱ ❩❤❛♥❣✱ ❲✳✿ ❖♥ t❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

✐♥ t❤❡ ♠✐♥✉s❝✉❧❡ ❝❛s❡✱ ❈♦♠♣♦s✳ ▼❛t❤✳ ✶✹✾✱ ✶✻✸✶✲✶✻✻✻ ✭✷✵✶✸✮✳

❬✸❪ ❘❛♣♦♣♦rt✱ ▼✳✱ ❩✐♥❦✱ ❚✳✿ P❡r✐♦❞ s♣❛❝❡s ❢♦r ♣✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✱ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s
❙t✉❞✐❡s ✶✹✶✱ Pr✐♥❝❡t♦♥ ✭✶✾✾✻✮✳

❬✹❪ ❘❛♣♦♣♦rt✱ ▼✳✱ ❩✐♥❦✱ ❚✳✿ ❖♥ t❤❡ ❉r✐♥❢❡❧❞ ♠♦❞✉❧✐ ♣r♦❜❧❡♠ ♦❢ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✱
♣r❡♣r✐♥t✱ ❛r❳✐✈✿✶✹✵✽✳✹✵✼✶✳

❬✺❪ ❩❤❛♥❣✱ ❲✳✿ ❖♥ ❛r✐t❤♠❡t✐❝ ❢✉♥❞❛♠❡♥t❛❧ ❧❡♠♠❛s✱ ■♥✈❡♥t✳ ▼❛t❤✳ ✶✽✽✱ ✶✾✼✕✷✺✷
✭✷✵✶✷✮✳



❘❡❧❛t✐✈❡ ✉♥✐t❛r② ❘❩✲s♣❛❝❡s ❛♥❞ t❤❡ ❆r✐t❤♠❡t✐❝

❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

❆♥❞r❡❛s ▼✐❤❛ts❝❤

❙❡♣t❡♠❜❡r ✷✶✱ ✷✵✶✻
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✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❱♦❧❧❛❛r❞✲❲❡❞❤♦r♥ ♣r♦❜❧❡♠ ✶✻

✺ ❈②❝❧❡s ✐♥ ✉♥✐t❛r② ❘❩✲s♣❛❝❡s ✷✹

■■ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ✸✵

✻ ❆♥❛❧②t✐❝ s❡t✲✉♣ ✸✵

✼ ❚❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ✸✸

✽ ❆♥❛❧②t✐❝ s✐❞❡ ♦❢ t❤❡ ❆❋▲ ✸✼

✾ ❘❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❋▲ ❛♥❞ t❤❡ ❆❋▲ ✸✾
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■■■ ❆♣♣❡♥❞✐① ♦♥ str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡s ✺✵

✶✶ ❉✉❛❧s ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥s ♦❢ ✇✐♥❞♦✇s ✺✵

✶



✶✷ ▲✉❜✐♥✲❚❛t❡ ❢r❛♠❡s ✺✸

✶✸ ❚❤❡ ✉♥r❛♠✐✜❡❞ ❝❛s❡ ✺✾

✷



✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❬✷✵❪✱ ❲❡✐ ❩❤❛♥❣ ✐♥tr♦❞✉❝❡s ❤✐s s♦✲❝❛❧❧❡❞ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ❝♦♥❥❡❝t✉r❡
✭❆❋▲✮✳ ❚❤✐s ✐s ❛ ❝♦♥❥❡❝t✉r❛❧ ✐❞❡♥t✐t② ❜❡t✇❡❡♥ ❝❡rt❛✐♥ ❞❡r✐✈❛t✐✈❡s ♦❢ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧s ♦♥
p✲❛❞✐❝✶ s②♠♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ❝❡rt❛✐♥ ✐♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝ts ✐♥ ✉♥✐t❛r② ❘❛♣♦♣♦rt✲❩✐♥❦
s♣❛❝❡s✳ ❚❤❡ ❆❋▲ ✐s ♣r♦✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ n ≤ 3✱ s❡❡ ❬✷✵❪✳ ■♥ t❤❡ s✉❜s❡q✉❡♥t
✇♦r❦ ❬✶✺❪✱ ❘❛♣♦♣♦rt✱ ❚❡rst✐❡❣❡ ❛♥❞ ❩❤❛♥❣ ✈❡r✐❢② t❤❡ ❆❋▲ ❢♦r ❛r❜✐tr❛r② n ❛♥❞ s♦✲❝❛❧❧❡❞
♠✐♥✉s❝✉❧❡ ❣r♦✉♣ ❡❧❡♠❡♥ts g✳

■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ ✈❡r✐❢② ♠♦r❡ ❝❛s❡s ♦❢ t❤❡ ❆❋▲ ❢♦r ❛r❜✐tr❛r② n ❜✉t ✉♥❞❡r r❡str✐❝t✐✈❡
❝♦♥❞✐t✐♦♥s ♦♥ g✳ ❚❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s r❡❧② ♦♥ ❛ ❝❡rt❛✐♥ r❡❝✉rs✐♦♥ ❢♦r♠❛❧✐s♠ ✇❤✐❝❤ ✐♥✈♦❧✈❡s
❝♦♠♣❛r✐s♦♥ ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❘❛♣♦♣♦rt✲❩✐♥❦ s♣❛❝❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡
✇✐❧❧ ❝♦♠♣❛r❡ t✇♦ P❊▲ ♠♦❞✉❧✐ ♣r♦❜❧❡♠s✱ ♦♥❡ ❢♦r p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s ❛♥❞ ♦♥❡ ❢♦r str✐❝t
❢♦r♠❛❧ O✲♠♦❞✉❧❡s✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ r❡❧✐❡s ♦♥ t❤❡ t❤❡♦r② ♦❢ ❞✐s♣❧❛② ❛s ❞❡✈❡❧♦♣❡❞ ❜② ❩✐♥❦
❬✷✶❪✱ ▲❛✉ ❬✼❪ ❛♥❞ ❆❤s❡♥❞♦r❢ ❬✷❪✳

❚❤❡r❡ ✐s s♦♠❡ r❡s❡♠❜❧❛♥❝❡ ♦❢ ♦✉r ❝♦♠♣❛r✐s♦♥ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ t❤❡ ♦♥❡ ❢r♦♠ ❘❛♣♦♣♦rt
❛♥❞ ❩✐♥❦ ✐♥ t❤❡ ❉r✐♥❢❡❧❞ ❝❛s❡✱ s❡❡ ❬✶✼❪✳ ❍♦✇❡✈❡r✱ ♦✉r ♠♦❞✉❧✐ ♣r♦❜❧❡♠s ✐♥✈♦❧✈❡ ❛ ♣♦✲
❧❛r✐③❛t✐♦♥ ✇❤✐❝❤ ❛❞❞s ❛♥ ❛❞❞✐t✐♦♥❛❧ t✇✐st✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❛ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ ❛ str✐❝t
❢♦r♠❛❧ O✲♠♦❞✉❧❡ ✐s ♥♦t t❤❡ s❛♠❡ ❛s ❛ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣✳
❲❡ tr❡❛t t❤✐s ♣r♦❜❧❡♠ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

▲❡t ✉s ❜r✐❡✢② ♠❡♥t✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛♣❡rs ❛r♦✉♥❞ t❤❡ ❆❋▲✳ ❋✐rst✱ t❤❡ ❆❋▲ ✐s r❡❧❛t❡❞ t♦
❛♥ ❛r✐t❤♠❡t✐❝ ●❛♥✲●r♦ss✲Pr❛s❛❞ ❝♦♥❥❡❝t✉r❡ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ●r♦ss✲❩❛❣✐❡r ❢♦r♠✉❧❛✱ s❡❡ ❬✹❪✳ ❲❡ r❡❢❡r t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❬✷✵❪
❢♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡s❡ ❣❧♦❜❛❧ ❛s♣❡❝ts✳

❙❡❝♦♥❞✱ t❤❡ ❆❋▲ ❢r♦♠ ❬✷✵❪ ✐s ❢♦r♠✉❧❛t❡❞ ❢♦r ❛♥ ✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥✳ ❙❡❡ ❬✶✸❪
❛♥❞ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s②st❡♠❛t✐❝ tr❡❛t♠❡♥t ❬✶✹❪ ❢♦r ✈❛r✐❛♥ts ✐♥ t❤❡ r❛♠✐✜❡❞ s✐t✉❛t✐♦♥✳

❲❡ ✇✐❧❧ ♥♦✇ ❞❡s❝r✐❜❡ ♦✉r ♠❛✐♥ r❡s✉❧ts ✐♥ ♠♦r❡ ❞❡t❛✐❧✳

P❛rt ■✿ ❘❡❧❛t✐✈❡ ✉♥✐t❛r② ❘❩✲s♣❛❝❡s

❲❡ ❜❡❣✐♥ ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❱♦❧❧❛❛r❞✲❲❡❞❤♦r♥ ♠♦❞✉❧✐ ♣r♦❜❧❡♠✱ s❡❡ ❬✶✽❪✳ ❚❤✐s ♠♦❞✉❧✐
♣r♦❜❧❡♠ ♦❝❝✉rs ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❆❋▲✱ s❡❡ ❬✷✵✱ ❙❡❝t✐♦♥ ✷✳✷❪✳ ▲❡t E/E0 ❜❡ ❛♥
✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ ♦❢ p✲❛❞✐❝ ❧♦❝❛❧ ✜❡❧❞s ✇✐t❤ r✐♥❣s ♦❢ ✐♥t❡❣❡rs OE0

⊂ OE

❛♥❞ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ σ✳ ❲❡ ❞❡♥♦t❡ ❜② Ĕ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❛ ♠❛①✐♠❛❧ ✉♥r❛♠✐✜❡❞
❡①t❡♥s✐♦♥ ♦❢ E ✇✐t❤ r✐♥❣ ♦❢ ✐♥t❡❣❡rs OĔ ❛♥❞ r❡s✐❞✉❡ ✜❡❧❞ F✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ▲❡t S ❜❡ ❛ s❝❤❡♠❡ ♦✈❡r Spf OĔ ✳
✷ ❆ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ ♦✈❡r S ✐s

❛ tr✐♣❧❡ (X, ι, λ) ✇❤❡r❡ X/S ✐s ❛ s✉♣❡rs✐♥❣✉❧❛r str✐❝t OE0
✲♠♦❞✉❧❡✱ ι : OE −→ End(X)

❛♥ ❛❝t✐♦♥ ❛♥❞ λ : X
∼

−→ X∨ ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ t❤❛t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❘♦s❛t✐
✐♥✈♦❧✉t✐♦♥✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✸✳✶✳
❚❤❡ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ (X, ι, λ) ♦✈❡r S ✐s ♦❢ s✐❣♥❛t✉r❡ (r, s) ✐❢✱ ❢♦r ❛❧❧ a ∈ OE ✱

charpol(ι(a) | Lie(X))(T ) = (T − a)r(T − σ(a))s ∈ OS [T ].

❯♣ t♦ q✉❛s✐✲✐s♦❣❡♥②✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ (XE0,(r,s), ι, λ) ♦❢ s✐❣♥❛t✉r❡
(r, s) ♦✈❡r F✳

✶❚❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✱ ✇❡ ❛ss✉♠❡ p 6= 2✳
✷❚❤❛t ✐s✱ ❛♥ O

Ĕ
✲s❝❤❡♠❡ s✉❝❤ t❤❛t p ✐s ❧♦❝❛❧❧② ♥✐❧♣♦t❡♥t ✐♥ OS ✳

✸



❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❋♦r ❛♥ OĔ✲s❝❤❡♠❡ S✱ ✇❡ ❞❡♥♦t❡ ❜② S := S ⊗ F ✐ts s♣❡❝✐❛❧ ✜❜❡r✳ ▲❡t
NE0,(r,s) ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t✲✈❛❧✉❡❞ ❢✉♥❝t♦r ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s❝❤❡♠❡s ♦✈❡r Spf OĔ ✳
❚♦ ❛♥② S✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ q✉❛❞r✉♣❧❡s (X, ι, λ, ρ)✱ ✇❤❡r❡
(X, ι, λ) ✐s ❛ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (r, s) ❛♥❞ ✇❤❡r❡

ρ : X ×S S −→ XE0,(r,s) ×F S

✐s ❛♥ E✲❧✐♥❡❛r q✉❛s✐✲✐s♦❣❡♥② s✉❝❤ t❤❛t ρ∗λ = λ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ❚❤❡ ❢✉♥❝t♦r NE0,(r,s) ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② ❛ ❢♦r♠❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ✐s
❧♦❝❛❧❧② ❢♦r♠❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡ ❛♥❞ ❢♦r♠❛❧❧② s♠♦♦t❤ ♦❢ ❞✐♠❡♥s✐♦♥ rs ♦✈❡r Spf OĔ✳

❚✇♦ r❡♠❛r❦s ❛r❡ ✐♥ ♦r❞❡r✳ ❋✐rst✱ ✐❢ E0 = Qp✱ t❤❡♥ t❤✐s ♠♦❞✉❧✐ ♣r♦❜❧❡♠ ✐s ♦❢ P❊▲✲t②♣❡
✐♥ t❤❡ s❡♥s❡ ♦❢ ❘❛♣♦♣♦rt ❛♥❞ ❩✐♥❦✱ s❡❡ ❬✶✻❪✳ ❇② ❝♦♥tr❛st✱ ✐❢ E0 6= Qp✱ t❤❡♥ t❤✐s ♠♦❞✉❧✐
♣r♦❜❧❡♠ ✐s ♥♦t ❝♦✈❡r❡❞ ❜② t❤❡✐r ❜♦♦❦✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ λ✱ ✇❤✐❝❤ ✐s ❛
♣♦❧❛r✐③❛t✐♦♥ ❛s ❛ str✐❝t OE0 ✲♠♦❞✉❧❡✳ ❲❡ ❝❛❧❧ NE0,(r,s) ❛ r❡❧❛t✐✈❡ ❘❛♣♦♣♦rt✲❩✐♥❦ s♣❛❝❡
s✐♥❝❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠♦❞✉❧✐ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ str✐❝t OE0

✲♠♦❞✉❧❡s ❛s ♦♣♣♦s❡❞ t♦
p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✳

❙❡❝♦♥❞✱ t❤❡ ❢♦r♠❛❧ s❝❤❡♠❡ NQp,(1,n−1) ✉♥✐❢♦r♠✐③❡s t❤❡ s✉♣❡rs✐♥❣✉❧❛r ❧♦❝✉s ✐♥ ❛ ❝❡rt❛✐♥
✉♥✐t❛r② ❙❤✐♠✉r❛ ✈❛r✐❡t②✱ s❡❡ ❬✶✽✱ ❙❡❝t✐♦♥ ✺❪✳ ❊ss❡♥t✐❛❧❧②✱ t❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡
♠♦❞✉❧✐ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙❤✐♠✉r❛ ✈❛r✐❡t② ✐♥ t❡r♠s ♦❢ ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s✳ ❆♥ ❛♥❛❧♦❣♦✉s
r❡s✉❧t ✐s ♥♦t ❦♥♦✇♥ ❢♦r t❤❡ ❢♦r♠❛❧ s❝❤❡♠❡s NE0,(1,n−1) ❛ ♣r✐♦r✐✳

❚❤❡s❡ t✇♦ r❡♠❛r❦s ♠♦t✐✈❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t ❢r♦♠ P❛rt ■✱ ✇❤✐❝❤ ✇❡ ♥♦✇ st❛t❡ ✐♥ ❛ r❛t❤❡r
✐♥❢♦r♠❛❧ ✇❛②✳ ❙❡❡ ❚❤❡♦r❡♠ ✹✳✶ ❢♦r t❤❡ ♣r❡❝✐s❡ st❛t❡♠❡♥t✳

❚❤❡♦r❡♠ ✶✳✹✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❘❩✲s♣❛❝❡ NE0/Qp,(r,s) ♦❢ P❊▲✲t②♣❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❬✶✻❪
t♦❣❡t❤❡r ✇✐t❤ ❛♥ ✐s♦♠♦r♣❤✐s♠

NE0/Qp,(r,s)
∼= NE0,(r,s).

❚❤✐s ✐s♦♠♦r♣❤✐s♠ ✐s ❡q✉✐✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✉♥✐t❛r② ❣r♦✉♣ ❛❝t✐♥❣ ♦♥ ❜♦t❤ s✐❞❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❘❩✲s♣❛❝❡ NE0/Qp,(r,s) ✐s s♠♦♦t❤ ♦✈❡r Spf OĔ ✳ ❚❤✐s ✐s r❡♠❛r❦❛❜❧❡ s✐♥❝❡
✇❡ ❞♦ ♥♦t ✐♠♣♦s❡ ❛♥② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ r❛♠✐✜❝❛t✐♦♥ ❜❡❤❛✈✐♦r ♦❢ E0/Qp✳ ■♥st❡❛❞✱ ✇❡
✐♠♣♦s❡ ❛ ✈❡r② s♣❡❝✐✜❝ ❑♦tt✇✐t③ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♠♦❞✉❧✐ ♣r♦❜❧❡♠ NE0/Qp,(r,s)✳ ◆❛♠❡❧②✱
t❤❡ ❑♦tt✇✐t③ ❝♦♥❞✐t✐♦♥ ❤❛s t♦ ❜❡ ✐♥❞✉❝❡❞ ❢r♦♠ t❤❡ ♠❛①✐♠❛❧ ✉♥r❛♠✐✜❡❞ ✐♥t❡r♠❡❞✐❛t❡
✜❡❧❞ Qp ⊂ Eu0 ⊂ E0 ❛t ❛❧❧ ❜✉t ♣♦ss✐❜❧② ♦♥❡ ♣❧❛❝❡ ψ0 : Eu0 →֒ Ĕ✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✽✳ ❖✉r
❞❡✜♥✐t✐♦♥ ❜❡❛rs s♦♠❡ s✐♠✐❧❛r✐t② ✇✐t❤ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ❬✶✼✱ ❊q✉❛t✐♦♥ ✭✷✳✶✮❪✳ ❇✉t ♥♦t❡ t❤❛t
t❤❡ ✉♥r❛♠✐✜❡❞ ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ ❞♦❡s ♥♦t ♣❧❛② ❛ r♦❧❡ ✐♥ ❧♦❝✳ ❝✐t✳ ■♥st❡❛❞✱ t❤❡ ❛✉t❤♦rs
✐♠♣♦s❡ t❤❡ ❊✐s❡♥st❡✐♥ ❝♦♥❞✐t✐♦♥ t♦ ❣❡t ❛ r❡❣✉❧❛r ♠♦❞✉❧✐ ♣r♦❜❧❡♠✳ ❆ s✐♠✐❧❛r ❞❡✜♥✐t✐♦♥
✐s ♠❛❞❡ ✐♥ ❬✶✶❪✳

❚❤❡♦r❡♠ ✶✳✹ ✐s ❧✐♥❦❡❞ t♦ t❤❡ ❆❋▲ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t E = E0⊗Qp2
❛♥❞ ❧❡t d := [E0 : Qp]✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r❣❡tt✐♥❣ t❤❡ OE0 ✲❛❝t✐♦♥ ✐♥❞✉❝❡s ❛♥ ❡♠❜❡❞❞✐♥❣

NE0/Qp,(r,n−r) →֒ NQp,(r,nd−r).

■❢ r = 1✱ t❤❡♥ ✐ts ✐♠❛❣❡ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ❝❡rt❛✐♥ ❝②❝❧❡
✇❤✐❝❤ ♣❧❛②s ❛ r♦❧❡ ✐♥ t❤❡ ❆❋▲ ❝♦♥❥❡❝t✉r❡✳ ❚❤✐s ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✱ s❡❡ ❚❤❡♦r❡♠
✶✳✶✵✳

✹



P❛rt ■■✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

❲❡ ✇✐❧❧ ✜rst ❣✐✈❡ ❛ ❜r✐❡❢ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❆❋▲ ❝♦♥❥❡❝t✉r❡ ✐♥ t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❣r♦✉♣
✈❡rs✐♦♥✳ ■♥ t❤❡ ♠❛✐♥ t❡①t✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❆❋▲ ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ❢♦r♠✉❧❛t✐♦♥✳
❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✸❪ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥✳

▲❡t ✉s ✜① ❛♥ ✐♥t❡❣❡r n ≥ 2 ❛♥❞ ❧❡t W0 ❜❡ ❛♥ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧ E0✲✈❡❝t♦r s♣❛❝❡✳ ❙❡t
W := E ⊗W0 ❛♥❞ V := W ⊕ Eu✳ ❲❡ ❡♠❜❡❞ GL(W ) ✐♥t♦ GL(V ) ❛s h 7→ diag(h, 1)✳
■♥ t❤✐s ✇❛②✱ GL(W ) ❛❝ts ❜② ❝♦♥❥✉❣❛t✐♦♥ ♦♥ End(V )✳ ❆♥ ❡❧❡♠❡♥t γ ∈ End(V ) ✐s s❛✐❞
t♦ ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ ✐❢ ✐ts st❛❜✐❧✐③❡r ❢♦r t❤✐s ❛❝t✐♦♥ ✐s tr✐✈✐❛❧ ❛♥❞ ✐❢ ✐ts ♦r❜✐t ✐s
❩❛r✐s❦✐✲❝❧♦s❡❞✳

▲❡t S(E0) ❞❡♥♦t❡ t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡

S(E0) := {γ ∈ End(V ) | γγ = 1}.

■t ✐s st❛❜❧❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ GL(W0)✳ ❲❡ ❞❡♥♦t❡ ✐ts r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❡❧❡♠❡♥ts ❜②
S(E0)rs ❛♥❞ ❢♦r♠ t❤❡ s❡t✲t❤❡♦r❡t✐❝ q✉♦t✐❡♥t [S(E0)rs] := GL(W0)\S(E0)rs.

❋♦r ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❡❧❡♠❡♥t γ ∈ S(E0)rs✱ ❢♦r ❛ t❡st ❢✉♥❝t✐♦♥ f ∈ C∞

c (S(E0)) ❛♥❞
❢♦r ❛ ❝♦♠♣❧❡① ♣❛r❛♠❡t❡r s ∈ C✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧

Oγ(f, s) :=

∫

GL(W0)

f(h−1γh)η(deth)| deth|sdh,

✇❤❡r❡ η : E×

0 → {±1} ✐s t❤❡ q✉❛❞r❛t✐❝ ❝❤❛r❛❝t❡r ❛ss♦❝✐❛t❡❞ t♦ E/E0 ❜② ❧♦❝❛❧ ❝❧❛ss ✜❡❧❞
t❤❡♦r② ❛♥❞ ✇❤❡r❡ | · | := q−v(·) ✐s t❤❡ ♥♦r♠❛❧✐③❡❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s♣❡❝✐❛❧
✈❛❧✉❡ Oγ(f) := Oγ(f, 0) ❛♥❞ t❤❡ ❞❡r✐✈❡❞ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧

∂Oγ(f) :=
d

ds

∣

∣

∣

∣

s=0

Oγ(f, s).

◆♦t❡ t❤❛t Oγ(f) tr❛♥s❢♦r♠s ✇✐t❤ η◦det ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ GL(W0) ♦♥ γ✳ ❲❡ ✇✐❧❧ ❞❡✜♥❡
❛ tr❛♥s❢❡r ❢❛❝t♦r Ω(γ) ∈ {±1} ✇❤✐❝❤ ✐s ❛❧s♦ η✲✐♥✈❛r✐❛♥t✳ ❚❤❡♥ t❤❡ ♣r♦❞✉❝t Ω(γ)Oγ(f)
❞❡s❝❡♥❞s t♦ t❤❡ q✉♦t✐❡♥t [S(E0)rs]✳

◆♦✇ ❧❡t J♭0 ✭r❡s♣✳ J♭1✮ ❜❡ ❛ ❤❡r♠✐t✐❛♥ ❢♦r♠ ✇✐t❤ ❡✈❡♥ ❞✐s❝r✐♠✐♥❛♥t ✭r❡s♣✳ ♦❞❞ ❞✐s❝r✐♠✲
✐♥❛♥t✮ ♦♥ W ✳ ❋♦r i = 0, 1✱ ✇❡ ❡①t❡♥❞ J♭i t♦ ❛ ❢♦r♠ Ji ♦♥ V ❜② ❞❡✜♥✐♥❣ Ji(u, u) = 1

❛♥❞ u ⊥ W ✳ ❚❤❡ ✉♥✐t❛r② ❣r♦✉♣ U(J♭i ) ❛❝ts ❜② ❝♦♥❥✉❣❛t✐♦♥ ♦♥ t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡
❡❧❡♠❡♥ts U(Ji)rs ❛♥❞ ✇❡ ❢♦r♠ t❤❡ q✉♦t✐❡♥t

[U(Ji)rs] := U(J♭i )\U(Ji)rs.

❉❡✜♥✐t✐♦♥ ✶✳✺✳ ❚✇♦ ❡❧❡♠❡♥ts δ ∈ U(Ji)rs ❛♥❞ γ ∈ S(E0)rs ❛r❡ s❛✐❞ t♦ ♠❛t❝❤✱ ✐❢ t❤❡②
❛r❡ ❝♦♥❥✉❣❛t❡ ✉♥❞❡r GL(W ) ✇✐t❤✐♥ End(V )✳

▲❡♠♠❛ ✶✳✻ ✭❬✷✵✱ ▲❡♠♠❛ ✷✳✸❪✮✳ ❚❤❡ ♠❛t❝❤✐♥❣ r❡❧❛t✐♦♥ ✐♥❞✉❝❡s ❛ ❜✐❥❡❝t✐♦♥

α : [S(E0)rs] ∼= [U(J0)rs] ⊔ [U(J1)rs].

◆♦✇ ❧❡t YE0
✭r❡s♣✳ XE0(1,n−2)✮ ❜❡ ❛ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ ♦✈❡r F ♦❢ s✐❣♥❛t✉r❡ (0, 1)

✭r❡s♣✳ ♦❢ s✐❣♥❛t✉r❡ (1, n − 2)✮✳ ❲❡ ❢♦r♠ XE0,(1,n−1) := XE0,(1,n−2) × YE0
✱ ✇❤✐❝❤ ❤❛s

s✐❣♥❛t✉r❡ (1, n− 1)✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❛ss♦❝✐❛t❡❞ ❘❩✲s♣❛❝❡s NE0,(1,n−2) ❛♥❞ NE0,(1,n−1)✳

◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❞❡❢♦r♠❛t✐♦♥ YE0
♦❢ YE0

t♦ Spf OĔ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ❚❤✐s
❞❡✜♥❡s ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥

δ : NE0,(1,n−2) −→ NE0,(1,n−1)

X 7−→ X × YE0 .

✺



■ts ✐♠❛❣❡ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❑✉❞❧❛✲❘❛♣♦♣♦rt ❞✐✈✐s♦r Z(u) ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❤♦♠♦♠♦r♣❤✐s♠ u := 0× id : YE0

−→ XE0,(1,n−2) × YE0
✱ s❡❡ ❬✾❪✳

❲❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❣r♦✉♣ Aut(XE0,(1,n−2), λ, ι) ✇✐t❤ U(J♭1)✳ ❚❤❡♥ U(J♭1) ❛❝ts ♦♥
NE0,(1,n−2) ❜② ❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢r❛♠✐♥❣✱ g.(X,λ, ι, ρ) = (X,λ, ι, gρ)✳ ❙✐♠✐❧❛r❧②✱ ✇❡
♠❛② ✐❞❡♥t✐❢② Aut(XE0,(1,n−1), λ, ι) ✇✐t❤ U(J1) ❛♥❞ ✇❡ ❝❛♥ ❡✈❡♥ ❝❤♦♦s❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥

✐♥ s✉❝❤ ❛ ✇❛② t❤❛t δ ❜❡❝♦♠❡s ❡q✉✐✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡♠❜❡❞❞✐♥❣ U(J♭1) ⊂ U(J1)✳

❉❡✜♥✐t✐♦♥ ✶✳✼✳ ✭✶✮ ❋♦r ❛♥ ❡❧❡♠❡♥t g ∈ U(J1)✱ ✇❡ ❞❡♥♦t❡ ❜② Z(g) ⊂ NE0,(1,n−1) t❤❡
❧♦❝✉s ♦❢ (X, ρ) ✇❤❡r❡ ρ−1gρ ∈ End(X)✱ s❡❡ ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✾❪✳
✭✷✮ ❆♥ ❡❧❡♠❡♥t g ∈ U(J1) ✐s ❝❛❧❧❡❞ ❛rt✐♥✐❛♥ ✐❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ Im(δ)∩Z(g) ✐s ❛♥ ❛rt✐♥✐❛♥
s❝❤❡♠❡✳
✭✸✮ ❋♦r ❛rt✐♥✐❛♥ g✱ ✇❡ ❞❡✜♥❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r

Int(g) := lenOĔOIm(δ)∩Z(g).

❆❝t✉❛❧❧②✱ ❲❡✐ ❩❤❛♥❣ ❞❡✜♥❡s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝t ❢♦r ❛❧❧ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❡❧❡♠❡♥ts
g ∈ U(J1)rs✳ ❚❤❡♥ t❤❡ s❝❤❡♠❛t✐❝ ✐♥t❡rs❡❝t✐♦♥ Im(δ) ∩ Z(g) ♠❛② ❜❡ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧
❛♥❞ ❤✐❣❤❡r ❚♦r✲t❡r♠s ❛♣♣❡❛r✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✼✳✷✳ ❇✉t ♥♦t❡ t❤❛t t❤❡ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r
♦♥❧② ❛♣♣❧② t♦ t❤❡ ❛rt✐♥✐❛♥ ❝❛s❡✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ st❛t❡ t❤❡ ❆❋▲ ❝♦♥❥❡❝t✉r❡ ❢♦r ❛rt✐♥✐❛♥ ❡❧❡♠❡♥ts✳ ▲❡t Λ0 ⊂ W0 ❜❡
s♦♠❡ ❧❛tt✐❝❡ ❛♥❞ s❡t Λ := (Λ0 ⊗OE)⊕OEu✳ ❲❡ ❞❡✜♥❡ S(OE0

) := S(E0)∩End(Λ) ❛♥❞
❞❡♥♦t❡ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ❜② 1S(OE0

)✳

❈♦♥❥❡❝t✉r❡ ✶✳✽ ✭❆❋▲✱ ❬✷✵✱ ❈♦♥❥❡❝t✉r❡ ✷✳✾❪✮✳ ❋♦r ❡✈❡r② ❡❧❡♠❡♥t γ ∈ S(E0)rs t❤❛t
♠❛t❝❤❡s ❛♥ ❛rt✐♥✐❛♥ ❡❧❡♠❡♥t g ∈ U(J1)rs✱ t❤❡r❡ ✐s ❛♥ ❡q✉❛❧✐t②

Ω(γ)∂Oγ(1S(OE0
)) = −Int(g) log(q). ✭AFLE0,(V,J1),u,g✮

❍❡r❡✱ t❤❡ ✐♥❞❡①✐♥❣ q✉❛❞r✉♣❧❡ (E0, (V, J1), u, g) ✐s ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ❛❧❧♦✇s ❛♥
✉♥❛♠❜✐❣✉♦✉s r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t❡r♠s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥ (AFLE0,(V,J1),u,g)✳

❍❛✈✐♥❣ st❛t❡❞ t❤❡ ❆❋▲✱ ✇❡ ♥♦✇ ❢♦r♠✉❧❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧ts ❢♦r t❤✐s ❝♦♥❥❡❝t✉r❡✳ ❚♦ ❞♦
t❤✐s✱ ✇❡ ❛ss✉♠❡ t❤❛t σ|Qp2 6= id✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❛ss✉♠❡ t❤❛t E ∼= E0 ⊗ Qp2 ✳ ▲❡t

d := [E0 : Qp] ❜❡ t❤❡ ❞❡❣r❡❡ ❛♥❞ ❧❡t f := [E0 : Qp]inert ❜❡ t❤❡ ✐♥❡rt✐❛ ❞❡❣r❡❡ ♦❢ t❤❡ ✜❡❧❞
❡①t❡♥s✐♦♥ E0/Qp✳

▲❡t ✉s ✇r✐t❡ VQp2 ❢♦r t❤❡ ✈❡❝t♦r s♣❛❝❡ V ✱ ❜✉t r❡❣❛r❞❡❞ ❛s Qp2 ✲✈❡❝t♦r s♣❛❝❡✳ ▲❡t ϑE ❜❡

❛ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ✐♥✈❡rs❡ ❞✐✛❡r❡♥t ♦❢ E0/Qp s✉❝❤ t❤❛t trE/Qp(ϑE) = 1 ❛♥❞ ❧❡t J1,Qp2
❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❡r♠✐t✐❛♥ ❢♦r♠ ♦♥ VQp2 ✱

J1,Qp2 := trE/Qp2 (ϑEJ1).

◆♦t❡ t❤❛t J1,Qp2 (u, u) = 1 ✇❤✐❝❤ ♣✉ts ✉s ✐♥t♦ t❤❡ s✐t✉❛t✐♦♥ ♦❢ t❤❡ ❆❋▲ ❢♦r t❤❡ ✜❡❧❞

❡①t❡♥s✐♦♥ Qp2/Qp ❛♥❞ t❤❡ ✈❡❝t♦r s♣❛❝❡ VQp2 ✳ ▲❡t YQp ✭r❡s♣✳ XQp,(1,nd−1)✮ ❜❡ ❛ ❤❡r♠✐t✐❛♥

Zp2 ✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (0, 1) ✭r❡s♣✳ ♦❢ s✐❣♥❛t✉r❡ (1, nd− 1)✮ ♦✈❡r F✳ ❲❡ ❝❛♥ ❝❤♦♦s❡ ❛♥
✐❞❡♥t✐✜❝❛t✐♦♥

End(VQp2 ) = End(XQp,(1,nd−1)) ✭✶✳✶✮

t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦❢ J1,Qp2 ♦♥ t❤❡ ❧❡❢t ❛♥❞ t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉✲

t✐♦♥ ♦♥ t❤❡ r✐❣❤t✳ ❚❤✐s ✐♥❞✉❝❡s ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥ U(J1,Qp2 )
∼= Aut(XQp,(1,nd−1))✳

❆ss♦❝✐❛t❡❞ t♦ XQp,(1,nd−1) ✇❡ ❤❛✈❡ t❤❡ ❘❩✲s♣❛❝❡ NQp,(1,nd−1) ♦❢ ❤❡r♠✐t✐❛♥ Zp2 ✲♠♦❞✉❧❡s
♦❢ s✐❣♥❛t✉r❡ (1, nd−1)✳ ❱✐❛ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✭✶✳✶✮✱ ✇❡ ❣❡t ❛♥ ❛❝t✐♦♥ ♦❢OE ♦♥ XQp,(1,nd−1)

✻



❜② q✉❛s✐✲❡♥❞♦♠♦r♣❤✐s♠s✳ ❲❡ ❞❡♥♦t❡ ❜② Z(OE) ⊂ NQp,(1,nd−1) t❤❡ ❧♦❝✉s ♦❢ ♣❛✐rs (X, ρ)
s✉❝❤ t❤❛t ρ−1OEρ ⊂ End(X)✳ ❘❡❝❛❧❧ t❤❛t t♦ ❛♥② g ∈ U(J1,Qp2 )✱ ✇❡ ❤❛✈❡ ❛♥ ❛ss♦❝✐❛t❡❞

❝②❝❧❡ Z(g) ⊂ NQp,(1,nd−1) ❜② ❉❡✜♥✐t✐♦♥ ✶✳✼✳ ❚❤✐s ❝②❝❧❡ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ Zp2 ✲❛❧❣❡❜r❛
s♣❛♥♥❡❞ ❜② g ✐♥ End(V )✳

❉❡✜♥✐t✐♦♥ ✶✳✾✳ ❆♥ ❡❧❡♠❡♥t g ∈ U(J1)rs ✐s ♦❢ ✐♥❞✉❝t✐✈❡ t②♣❡ ✐❢ t❤❡r❡ ✐s ❛♥ ✐♥❝❧✉s✐♦♥

OE ⊂ Zp2 [g]

✇❤❡r❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❞❡♥♦t❡s t❤❡ Zp2 ✲❛❧❣❡❜r❛ s♣❛♥♥❡❞ ❜② g ✐♥ End(V )✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✐♥❝❧✉s✐♦♥ i : U(J1) →֒ U(J1,Qp2 )✳ ■❢ g ∈ U(J1)rs ✐s ♦❢ ✐♥❞✉❝t✐✈❡ t②♣❡✱
t❤❡♥ ✇❡ ❣❡t t❤❡ r❡❧❛t✐♦♥

Z(i(g)) ⊂ Z(OE).

❚❤❡♦r❡♠ ✶✳✶✵✳ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s

Z(OE) ∼=

f
∐

i=1

NE0,(1,n−1).

❚❤✐s ✐s♦♠♦r♣❤✐s♠ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ Z(g) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳ ■❢
g ∈ U(J1)rs ✐s ♦❢ ✐♥❞✉❝t✐✈❡ t②♣❡✱ t❤❡♥

Z(i(g)) ∼=

f
∐

i=1

Z(g) ⊂ Z(OE).

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ r❡❧✐❡s ♦♥ ❚❤❡♦r❡♠ ✶✳✹✳ ▲❡t ✉s ♥♦✇ st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t ♦♥
t❤❡ ❆❋▲ ✐♥ t❤❡ ♣r❡s❡♥t s❡tt✐♥❣✳

❚❤❡♦r❡♠ ✶✳✶✶✳ ▲❡t g ∈ U(J1)rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ ❛rt✐♥✐❛♥ ❛♥❞ ♦❢ ✐♥❞✉❝t✐✈❡ t②♣❡✳
❚❤❡♥ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡

(AFLE0,V,u,g) ⇔ (AFLQp,VQ
p2
,u,i(g)).

❙✐♥❝❡ t❤❡ ❆❋▲ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ❢♦r n ≤ 3✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✶✳✶✷✳ ▲❡t g ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ ❛rt✐♥✐❛♥ ❛♥❞ ♦❢ ✐♥❞✉❝t✐✈❡ t②♣❡ ❛♥❞ ❧❡t
n ≤ 3✳ ❚❤❡♥ t❤❡ ❆❋▲ ❢♦r g ♦✈❡r Qp✱

(AFLQp,VQ
p2
,u,i(g))

❤♦❧❞s✳

■♥ t❤❡ ♠❛✐♥ t❡①t✱ ✇❡ ♣r♦✈❡ ♠❛♥② ✈❛r✐❛♥ts ♦❢ t❤✐s r❡s✉❧t✱ s❡❡ t❤❡ ❝♦r♦❧❧❛r✐❡s ✐♥ ❙❡❝t✐♦♥
✶✵✳ ❚❤❡s❡ ✈❛r✐❛♥ts ❛❧s♦ ❝♦✈❡r t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❆❋▲✳ ■♥ t❤❡ ❣r♦✉♣ ✈❡rs✐♦♥✱
t❤❡② ❝♦✈❡r ❝❛s❡s ❜❡②♦♥❞ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ❤❡r❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛❧s♦ ❝♦✈❡r t❤❡ ❝❛s❡
♦❢ ❛♥ ét❛❧❡ ❛❧❣❡❜r❛ E0/Qp✳ ■t ✐s ✇♦rt❤ ♣♦✐♥t✐♥❣ ♦✉t✱ t❤❛t ❛❧❧ t❤❡s❡ ❝❛s❡s ❛r❡ ❝♦r♦❧❧❛r✐❡s
♦❢ t❤❡ ❚❤❡♦r❡♠s ✶✵✳✶ ❛♥❞ ✶✵✳✺✳ ❚❤❡s❡ t❤❡♦r❡♠s ❛r❡ ❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ❢♦r♠❛❧✐s♠ ✇❤✐❝❤
❡♥❝♦♠♣❛ss❡s ❜♦t❤ t❤❡ ❆❋▲ ✐♥ t❤❡ ❣r♦✉♣ ❛♥❞ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥ ❢♦r ❛rt✐♥✐❛♥ ❡❧❡♠❡♥ts✱
s❡❡ ❙❡❝t✐♦♥ ✾✳

✼



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇❛♥t t♦ ❤❡❛rt✐❧② t❤❛♥❦ ♠② ❛❞✈✐s♦r ▼✳ ❘❛♣♦♣♦rt ❢♦r s✉❣❣❡st✐♥❣ t♦ t❤✐♥❦ ❛❜♦✉t t❤❡
❆❋▲✱ ❢♦r ♠❛♥② ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❢♦r t❤❡ ♠❛♥② r❡♠❛r❦s ♦♥ ❡❛r❧✐❡r ❞r❛❢ts ♦❢ t❤✐s
♣❛♣❡r✳ ■ ❛❧s♦ ✇❛♥t t♦ t❤❛♥❦ ❚✳ ❩✐♥❦ ❢♦r s♦♠❡ ♥♦t❡s ♦♥ O✲❞✐s♣❧❛②s ❛♥❞ ❢♦r ❤✐s r❡♠❛r❦s
♦♥ ❛♥ ❡❛r❧✐❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ❛♣♣❡♥❞✐①✳ ❆❧s♦✱ ■ ✇❛♥t t♦ t❤❛♥❦ ❉✳ ❑✐r❝❤✱ ▼✳ ▼♦rr♦✇ ❛♥❞
P✳ ❙❝❤♦❧③❡ ❢♦r s♦♠❡ ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s✳ ❚❤✐s ♣❛♣❡r ✐s t❤❡ ❛✉t❤♦r✬s P❤❉ t❤❡s✐s ❛t t❤❡
✉♥✐✈❡rs✐t② ♦❢ ❇♦♥♥✳ ■ t❤❛♥❦ t❤❡ ❇♦♥♥ ■♥t❡r♥❛t✐♦♥❛❧ ●r❛❞✉❛t❡ ❙❝❤♦♦❧ ❢♦r ✐ts ✜♥❛♥❝✐❛❧
s✉♣♣♦rt ❞✉r✐♥❣ t❤❡ ❧❛st t✇♦ ②❡❛rs✳

✽



P❛rt ■

❘❡❧❛t✐✈❡ ❯♥✐t❛r② ❘❩✲s♣❛❝❡s

✷ ❇❛s✐❝ ❉❡✜♥✐t✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦r♠✉❧❛t❡ ❛ ♠♦❞✉❧✐ ♣r♦❜❧❡♠ ♦❢ P❊▲✲t②♣❡ ❛s ❞❡✜♥❡❞ ❜② ❘❛♣♦♣♦rt
❛♥❞ ❩✐♥❦ ❬✶✻❪✳ ■t ❣❡♥❡r❛❧✐③❡s t❤❡ ♠♦❞✉❧✐ ♣r♦❜❧❡♠ ♦❢ ❱♦❧❧❛❛r❞ ❛♥❞ ❲❡❞❤♦r♥ ❬✶✽❪✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✐t ✐s ❛❧s♦ ❛ss♦❝✐❛t❡❞ t♦ ❛ ✉♥✐t❛r② ❣r♦✉♣ ❢♦r ❛♥ ✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥
♦❢ p✲❛❞✐❝ ❧♦❝❛❧ ✜❡❧❞s✳

✷✳✶ ❙❡t✲✉♣

▲❡t p > 2 ❜❡ ❛ ♣r✐♠❡ ❛♥❞ ❧❡t E/E0 ❜❡ ❛♥ ✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ ♦❢ p✲❛❞✐❝ ❧♦❝❛❧
✜❡❧❞s✳ ▲❡t d := [E0 : Qp] ✇✐t❤ d = ef ✇❤❡r❡ e ❞❡♥♦t❡s t❤❡ r❛♠✐✜❝❛t✐♦♥ ✐♥❞❡① ❛♥❞ f t❤❡
✐♥❡rt✐❛ ❞❡❣r❡❡✳ ❲❡ ❞❡♥♦t❡ t❤❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ ♦❢ E/E0 ❜② σ ❛♥❞ t❤❡ r✐♥❣s ♦❢ ✐♥t❡❣❡rs
❜② OE0 ⊂ OE ✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ (V, 〈 , 〉) ✐s ❛♥ E✲✈❡❝t♦r s♣❛❝❡ t♦❣❡t❤❡r ✇✐t❤
❛ ♣❡r❢❡❝t ❛❧t❡r♥❛t✐♥❣ Qp✲❜✐❧✐♥❡❛r ♣❛✐r✐♥❣ 〈 , 〉 : V × V −→ Qp s✉❝❤ t❤❛t 〈a , 〉 = 〈 , aσ 〉
❢♦r ❛❧❧ a ∈ E✳

❆♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡s (V, 〈 , 〉) ❛♥❞ (V ′, 〈 , 〉) ✐s ❛♥ E✲❧✐♥❡❛r
✐s♦♠❡tr② V ∼= V ′✳ ❲❡ ❞❡♥♦t❡ ❜② U(V ) t❤❡ ❣r♦✉♣ ♦❢ ❛✉t♦♠♦r♣❤✐s♠s ♦❢ (V, 〈 , 〉)✳

❋♦r ❡✈❡r② n✱ t❤❡r❡ ❡①✐st t✇♦ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡s (V, 〈 , 〉)
♦❢ ❞✐♠❡♥s✐♦♥ n✳ ❲❡ s❛② t❤❛t V ✐s ❡✈❡♥ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡❧❢✲❞✉❛❧ OE✲❧❛tt✐❝❡ ✐♥ V ✳
❖t❤❡r✇✐s❡ ✇❡ ❝❛❧❧ V ♦❞❞✳ ❚❤✐s ❞✐st✐♥❣✉✐s❤❡s t❤❡ t✇♦ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s✳ ◆♦t❡ t❤❛t
(V, 〈 , 〉) ✐s ❡✈❡♥ ✭r❡s♣✳ ♦❞❞✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✐♥❞❡① [M∨ : M ] ✐s ❡✈❡♥ ✭r❡s♣✳ ♦❞❞✮ ❢♦r
❡✈❡r② Zp✲❧❛tt✐❝❡ M ⊂ V ✳

❚❤❡ ❝❛t❡❣♦r② ♦❢ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡s ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ∗✳ ■❢
V1 ❛♥❞ V2 ❛r❡ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡s✱ t❤❡♥ t❤✐s ✐s t❤❡ ✐s♦♠♦r♣❤✐s♠

∗ : HomE(V1, V2)
∼=
−→ HomE(V2, V1)

f 7−→ f∗ : V2 ∼= V ∨

2
f∨

−→ V ∨

1
∼= V1

✇❤❡r❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s V1 ∼= V ∨

1 ❛♥❞ V2 ∼= V ∨

2 ❛r❡ ✐♥❞✉❝❡❞ ❜② t❤❡ s❦❡✇✲❤❡r♠✐t✐❛♥
❢♦r♠s✳

✷✳✷ ❋♦r♠❛❧ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡s ✉♣ t♦ q✉❛s✐✲✐s♦❣❡♥②

❆s ✉s✉❛❧✱ Q̆p ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❛ ♠❛①✐♠❛❧ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ Qp✳ ❲❡
❞❡♥♦t❡ ❜② Eu ⊂ E t❤❡ ♠❛①✐♠❛❧ s✉❜✜❡❧❞ ✇❤✐❝❤ ✐s ✉♥r❛♠✐✜❡❞ ♦✈❡r Qp ❛♥❞ ❞❡✜♥❡ Ψ :=

HomQp(E
u, Q̆p)✳ ❲❡ ❝❤♦♦s❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ Ψ = Ψ0 ⊔ Ψ1 s✉❝❤ t❤❛t σ(Ψ0) = Ψ1 ❛♥❞

✇❡ ✜① ❛♥ ❡❧❡♠❡♥t ψ0 ∈ Ψ0✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ Ĕ := E⊗Eu,ψ0
Q̆p ✇❤✐❝❤ ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥

♦❢ ❛ ♠❛①✐♠❛❧ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ E✳

❲❡ ❞❡♥♦t❡ t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ✐♥ Q̆p ✭r❡s♣✳ ✐♥ Ĕ✮ ❜② Z̆p ✭r❡s♣✳ OĔ✮✳ ▲❡t F ❜❡ t❤❡✐r

r❡s✐❞✉❡ ✜❡❧❞ ❛♥❞ ❧❡t x 7→ Fx ❞❡♥♦t❡ t❤❡ ❋r♦❜❡♥✐✉s ♦♥ Q̆p✳

✾



❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥

OE ⊗Zp Z̆p =
∏

ψ∈Ψ

OĔ ✭✷✳✶✮

s✉❝❤ t❤❛t t❤❡ ❋r♦❜❡♥✐✉s 1⊗F ✐s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❛❝ts s✐♠♣❧② tr❛♥s✐t✐✈❡ ♦♥ t❤❡ ✐♥❞❡①✐♥❣
s❡t✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ▲❡t S ❜❡ ❛ s❝❤❡♠❡ ♦✈❡r Spf Z̆p✳ ❆ ✭s✉♣❡rs✐♥❣✉❧❛r✮ ❤❡r♠✐t✐❛♥ OE✲Zp✲
♠♦❞✉❧❡ ♦✈❡r S ✐s ❛ tr✐♣❧❡ (X, ι, λ) ✇❤❡r❡X/S ✐s ❛ s✉♣❡rs✐♥❣✉❧❛r p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ t♦❣❡t❤❡r
✇✐t❤ ❛♥ ❛❝t✐♦♥ ι : OE −→ End(X) ❛♥❞ ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ λ : X

∼

−→ X∨ s✉❝❤ t❤❛t

λ−1ι(a∨)λ = ι(aσ).

❆♥ ✐s♦♠♦r♣❤✐s♠ ✭r❡s♣✳ q✉❛s✐✲✐s♦❣❡♥②✮ ♦❢ t✇♦ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s (X, ι, λ) ❛♥❞
(X ′, ι′, λ′) ✐s ❛♥ OE✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ ✭r❡s♣✳ q✉❛s✐✲✐s♦❣❡♥②✮ µ : X −→ X ′ ♦❢ t❤❡
✉♥❞❡r❧②✐♥❣ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s s✉❝❤ t❤❛t µ∗λ′ = λ✳

❲❡ s❛② t❤❛t t❤❡ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ (X, ι, λ) ✐s ♦❢ r❛♥❦ n ✐❢ t❤❡ ❤❡✐❣❤t ♦❢ X ❛s
p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ ✐s 2nd✳ ❚❤✐s ✐♠♣❧✐❡s dimX = nd✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s ♦✈❡r ❛ s❝❤❡♠❡ S ✐s ❡♥❞♦✇❡❞
✇✐t❤ t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥ ∗✳ ■❢ (X1, ι1, λ1) ❛♥❞ (X2, ι2, λ2) ❛r❡ t✇♦ s✉❝❤ ♠♦❞✉❧❡s✱ t❤❡♥
t❤✐s ✐s t❤❡ ✐s♦♠♦r♣❤✐s♠

∗ : HomOE
(X1, X2)

∼=
−→ HomOE

(X2, X1)

f 7−→ f∗ := λ−1
1 ◦ f∨ ◦ λ2.

❇② ❉✐❡✉❞♦♥♥é✲t❤❡♦r②✱ t❤❡ ❝❛t❡❣♦r② ♦❢ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s ✉♣ t♦ q✉❛s✐✲✐s♦❣❡♥②
♦✈❡r SpecF ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲✐s♦❝r②st❛❧s ❛s ✇❡ ❞❡✜♥❡ ✐t
♥♦✇✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❆ ✭s✉♣❡rs✐♥❣✉❧❛r✮ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲✐s♦❝r②st❛❧ ✐s ❛ t✉♣❧❡ (N, 〈 , 〉, F, ι)

✇❤❡r❡N ✐s ❛ ✜♥✐t❡ Q̆p✲✈❡❝t♦r s♣❛❝❡✱ 〈 , 〉 : N×N −→ Q̆p ✐s ❛♥ ❛❧t❡r♥❛t✐♥❣ ♣❡r❢❡❝t ♣❛✐r✐♥❣✱
F : N −→ N ✐s ❛♥ F ✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ ❛❧❧ s❧♦♣❡s 1/2 s✉❝❤ t❤❛t 〈F , F 〉 = pF 〈 , 〉
❛♥❞ ι : E −→ End(N,F ) ✐s ❛♥ ❛❝t✐♦♥ ♦❢ E s✉❝❤ t❤❛t 〈a , 〉 = 〈 , aσ 〉 ❢♦r ❛❧❧ a ∈ E✳

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❚❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

{s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡s (V, 〈 , 〉)}
∼= {s❦❡✇✲❤❡r♠✐t✐❛♥ E✲✐s♦❝r②st❛❧s (N, 〈 , 〉, F, ι)}.

t❤❛t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥s ♦♥ ❜♦t❤ s✐❞❡s✳✸

■♥ ♣❛rt✐❝✉❧❛r ❢♦r ❛ ❣✐✈❡♥ r❛♥❦ n✱ t❤❡r❡ ❛r❡ ♣r❡❝✐s❡❧② t✇♦ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s ♦✈❡r
F ✉♣ t♦ q✉❛s✐✲✐s♦❣❡♥②✳

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ❆ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲✐s♦❝r②st❛❧ ✐s ❝❛❧❧❡❞ ❡✈❡♥ ✭r❡s♣✳ ♦❞❞✮ ✐❢ ✐t ❝♦rr❡✲
s♣♦♥❞s t♦ ❛♥ ❡✈❡♥ ✭r❡s♣✳ ♦❞❞✮ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ ✉♥❞❡r t❤❡ ❛❜♦✈❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢
❝❛t❡❣♦r✐❡s✳

Pr♦♦❢✳ ●✐✈❡♥ ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ (V, 〈 , 〉)✱ ✇❡ ❞❡✜♥❡ ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲

✐s♦❝r②st❛❧ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❡ ❡①t❡♥❞ s❝❛❧❛rs ❢r♦♠ Qp t♦ Q̆p✱

N := V ⊗Qp Q̆p.

✸❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦♥ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲✐s♦❝r②st❛❧s ✐s ❥✉st ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢
s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡s✳

✶✵



❲❡ ❡①t❡♥❞ t❤❡ ♣❛✐r✐♥❣ 〈 , 〉 ✐♥ t❤❡ Q̆p✲❜✐❧✐♥❡❛r ✇❛② t♦ N ✳ ◆♦t❡ t❤❛t N ✐s ❛ ♠♦❞✉❧❡ ♦✈❡r

E ⊗ Q̆p ❛♥❞ ❤❡♥❝❡ ❣r❛❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✶✮✱

N =
∏

ψ∈Ψ

Nψ.

❚❤❡ F ✲❧✐♥❡❛r ♦♣❡r❛t♦r α := idV ⊗
F ♦♥N ✐s ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤❡ s❡♥s❡ t❤❛t α(Nψ) = NFψ✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣❛✐r✐♥❣ s❛t✐s✜❡s

〈 , 〉|Nψ×Nψ′
≡ 0 ✐❢ ψ′ 6= σψ.

❲❡ ❞❡✜♥❡ ❛ s✉♣❡rs✐♥❣✉❧❛r ❋r♦❜❡♥✐✉s F =
∏

Fψ ♦♥ N ✈✐❛

[Fψ : Nψ −→ NFψ] :=

{

pαψ ✐❢ ψ ∈ Ψ0

αψ ✐❢ ψ ∈ Ψ1.

❍❡r❡✱ αψ : Nψ −→ NFψ ✐s t❤❡ ψ✲❝♦♠♣♦♥❡♥t ♦❢ α✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t (N,F ) ✐s s✉♣❡rs✐♥✲

❣✉❧❛r s✐♥❝❡ F 2f = pf ♦♥ V ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts ❛ Z̆p✲❧❛tt✐❝❡ M ⊂ N s✉❝❤ t❤❛t
F 2fM = pfM ✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ♣❛✐r✐♥❣ 〈 , 〉 ❜❡❝♦♠❡s ❛ ♣♦❧❛r✐③❛t✐♦♥ ♦♥ (N,F )✳ ❚♦
s❡❡ t❤✐s✱ ✇❡ ❝♦♠♣✉t❡ ❢♦r ❛❧❧ (x, y) ∈ Nψ ×Nσψ t❤❛t

〈Fx, Fy〉 = p〈αx, αy〉 = pF (〈x, y〉).

✭❋♦r t❤❡ ✜rst ❡q✉❛❧✐t②✱ ✇❡ ✉s❡❞ t❤❛t ♣r❡❝✐s❡❧② ♦♥❡ ♦✉t ♦❢ {ψ, σψ} ❧✐❡s ✐♥ Ψ0✳✮

❋✐♥❛❧❧②✱ ✇❡ ❡♥❞♦✇ N ✇✐t❤ t❤❡ E✲❛❝t✐♦♥ ♦♥ t❤❡ ✜rst ❢❛❝t♦r ♦❢ N = V ⊗ Q̆p✳ ❚❤✐s ❛❝t✐♦♥
✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ 〈 , 〉 ❛♥❞ ❝♦♠♠✉t❡s ✇✐t❤ F ✳

▲❡t ✉s ❣✐✈❡ t❤❡ ✐♥✈❡rs❡ ❝♦♥str✉❝t✐♦♥✳ ●✐✈❡♥ ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲✐s♦❝r②st❛❧ (N, 〈 , 〉, F, ι)✱
✇❡ ❞❡✜♥❡ t❤❡ F ✲❧✐♥❡❛r ♦♣❡r❛t♦r α =

∏

αψ ❛s

[αψ : Nψ −→ NFψ] :=

{

p−1Fψ ✐❢ ψ ∈ Ψ0

Fψ ✐❢ ψ ∈ Ψ1.
✭✷✳✷✮

❲❡ ❞❡✜♥❡ V := Nα=1 ❛♥❞ r❡str✐❝t t❤❡ ❢♦r♠ 〈 , 〉 t♦ V ✳ ◆♦t❡ t❤❛t α ✐s ✐s♦❝❧✐♥✐❝ ♦❢ s❧♦♣❡
0 s✐♥❝❡ N ✐s s✉♣❡rs✐♥❣✉❧❛r✳ ❋✉rt❤❡r♠♦r❡✱

〈α , α 〉 = p−1〈F , F 〉 = F 〈 , 〉.

❙♦ ♦♥ V ✱ t❤❡ ❢♦r♠ 〈 , 〉 t❛❦❡s ✈❛❧✉❡s ✐♥ t❤❡ F ✲✐♥✈❛r✐❛♥ts ♦❢ Q̆p ✇❤✐❝❤ ❛❣r❡❡ ✇✐t❤ Qp✳
❋✐♥❛❧❧②✱ t❤❡ E✲❛❝t✐♦♥ ❝♦♠♠✉t❡s ✇✐t❤ α ❛♥❞ t❤✉s E ❛❝ts ♦♥ V ✳ ❚❤✐s s❤♦✇s t❤❛t (V, 〈 , 〉)

❞❡✜♥❡s ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ s✉❝❤ t❤❛t V ⊗ Q̆p ∼= N ✳

■t ✐s ❝❧❡❛r t❤❛t ❜♦t❤ ♦✉r ❝♦♥str✉❝t✐♦♥s ❛r❡ ❢✉♥❝t♦r✐❛❧ ❛♥❞ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛❞❥♦✐♥t
✐♥✈♦❧✉t✐♦♥s✳

✷✳✸ ❘❛♣♦♣♦rt✲❩✐♥❦ s♣❛❝❡s

▲❡t r, s ∈ Z≥0 ❛♥❞ s❡t n := r + s✳

✶✶



❉❡✜♥✐t✐♦♥ ✷✳✼✳ ❋♦r a ∈ E✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②♥♦♠✐❛❧s✳

P(0,1)(a; t) :=
∏

ψ∈Ψ1

ψ(charpolE/Eu(a; t)) ∈ Eu[t].

P(1,0)(a; t) := P(0,1)(a; t)(t− a)(t− aσ)−1 ∈ E[t].

P(r,s)(a; t) := P(1,0)(a; t)
rP(0,1)(a; t)

s ∈ E[t].

■❢ X ✐s ❛ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ ♦✈❡r ❛ Spf Z̆p✲s❝❤❡♠❡ S✱ t❤❡♥ ✐ts ▲✐❡ ❛❧❣❡❜r❛ ✐s Ψ✲
❣r❛❞❡❞✱

Lie(X) =
⊕

ψ∈Ψ

Lieψ(X). ✭✷✳✸✮

❍❡r❡ Lieψ(X) ✐s t❤❡ ❞✐r❡❝t s✉♠♠❛♥❞ ♦♥ ✇❤✐❝❤ OEu ❛❝ts ✈✐❛ t❤❡ ❡♠❜❡❞❞✐♥❣ ψ : OEu −→

Z̆p✳ ❘❡❝❛❧❧ t❤❛t ❜② ❞❡✜♥✐t✐♦♥

OĔ = OE ⊗OEu ,ψ0 Z̆p.

❲❡ ❝♦♥s✐❞❡r ❛♥② Spf OĔ✲s❝❤❡♠❡ ❛s ❛♥ OE✲s❝❤❡♠❡ ✈✐❛ t❤❡ ✜rst ❛♥❞ ❛s ❛ Z̆p✲s❝❤❡♠❡ ✈✐❛
t❤❡ s❡❝♦♥❞ ♣r♦❥❡❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✽✳ ▲❡t S ❜❡ ❛ s❝❤❡♠❡ ♦✈❡r Spf OĔ ✳ ❆ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ ♦❢ r❛♥❦
n ♦✈❡r S ✐s ♦❢ s✐❣♥❛t✉r❡ (r, s) ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✳

✭✐✮ charpol(ι(a) | Lie(X); t) = P(r,s)(a; t) ∀ a ∈ OE .

✭✐✐✮ (ι(a)− a)) |Lieψ0
(X)= 0 ∀ a ∈ OE .

❍❡r❡ ✐♥ ✭✐✮✱ ✇❡ ✈✐❡✇ P(r,s)(a; t) ❛s ❡❧❡♠❡♥t ♦❢OS [t] ✈✐❛ t❤❡ str✉❝t✉r❡ ♠♦r♣❤✐s♠✳ ❈♦♥❞✐t✐♦♥
✭✐✐✮ ♠❡❛♥s t❤❛t OE ❛❝ts ♦♥ Lieψ0

(X) ✈✐❛ t❤❡ str✉❝t✉r❡ ♠♦r♣❤✐s♠✳

❘❡♠❛r❦ ✷✳✾✳ ✭✶✮ ■♥ t❤❡ ❝❛s❡ E0 = Qp✱ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ s✐❣♥❛t✉r❡ ❛❣r❡❡s ✇✐t❤ t❤❡ ♦♥❡
❢r♦♠ ❬✶✽❪✳ ▼♦r❡ ❣❡♥❡r❛❧❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ E/Qp✱ t❤❡ ❝♦♥❞✐t✐♦♥
✭✐✐✮ ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞✳

✭✷✮ ■♥ ❉❡✜♥✐t✐♦♥ ✷✳✽✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❞❡♠❛♥❞ ✭✐✮ ♦♥❧② ❢♦r a ∈ OEu ✳ ❊q✉✐✈❛❧❡♥t❧②✱ ♦♥❡
❝♦✉❧❞ r❡♣❧❛❝❡ ✭✐✮ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❛♥❦ ❝♦♥❞✐t✐♦♥✳

✭✐✬✮ ❚❤❡ r❛♥❦s ♦❢ t❤❡ s✉♠♠❛♥❞s ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✸✮ ❛r❡ ❛s ❢♦❧❧♦✇s✿

rkOS Lieψ(X) =



















0 ✐❢ ψ ∈ Ψ0 \ {ψ0}

r ✐❢ ψ = ψ0

ne ✐❢ ψ ∈ Ψ1 \ {σψ0}

ne− r ✐❢ ψ = σψ0.

✭✸✮ ❚❤❡ ♣♦❧②♥♦♠✐❛❧s P(0,n)(a; t) ❤❛✈❡ ❝♦❡✣❝✐❡♥ts ✐♥ Eu ⊂ Q̆p✳ ❍❡♥❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢

s✐❣♥❛t✉r❡ (0, n)✱ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❝♦✉❧❞ ❜❡ ❢♦r♠✉❧❛t❡❞ ❢♦r s❝❤❡♠❡s ♦✈❡r Z̆p✳ ❲❡ ✇✐❧❧ ♥♦t
♥❡❡❞ t❤✐s✳

▲❡♠♠❛ ✷✳✶✵✳ ❈♦♥s✐❞❡r t❤❡ q✉❛s✐✲✐s♦❣❡♥② ❝❧❛ss ♦❢ ❛ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ ♦✈❡r F
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ (V, 〈 , 〉) ♦❢ r❛♥❦ n✳
❚❤❡r❡ ❡①✐sts ❛ ❢♦r♠❛❧ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ (X, ι, λ) ♦❢ s✐❣♥❛t✉r❡ (r, s) ✐♥ t❤✐s ❝❧❛ss
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❛r✐t② ♦❢ V ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♣❛r✐t② ♦❢ r✳

❲❡ ♣r❡♣❛r❡ t❤❡ ♣r♦♦❢ ✇✐t❤ ❛ s✐♠♣❧❡ ❧❡♠♠❛✳ ❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r α ❢r♦♠
❡q✉❛t✐♦♥ ✭✷✳✷✮✳

✶✷



▲❡♠♠❛ ✷✳✶✶✳ ▲❡t V ❜❡ ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ ❛♥❞ ❧❡t N := V ⊗Qp Q̆p ❜❡ t❤❡
✐♥❞✉❝❡❞ s✉♣❡rs✐♥❣✉❧❛r ✐s♦❝r②st❛❧✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥

{

s❡❧❢✲❞✉❛❧ OE✲❧❛tt✐❝❡s Λ ⊂ V
}

∼=

{

s❡❧❢✲❞✉❛❧ OE✲st❛❜❧❡ ❉✐❡✉❞♦♥♥é✲❧❛tt✐❝❡s

M ✐♥ N ♦❢ s✐❣♥❛t✉r❡ (0, n)

}

.

❚❤✐s ❜✐❥❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② Λ 7→ Λ⊗Zp Z̆p ❛♥❞ M 7→Mα=id✳

Pr♦♦❢✳ ❚❤✐s ✐s ❡ss❡♥t✐❛❧❧② tr✐✈✐❛❧✳ ◆♦t❡ t❤❛t Λ ❤❛s t❤❡ ❝♦rr❡❝t s✐❣♥❛t✉r❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢
F ✳ ❆❧s♦ ♥♦t❡ t❤❛t M ✐s st❛❜❧❡ ✉♥❞❡r α s✐♥❝❡ ✐t ❤❛s s✐❣♥❛t✉r❡ (0, n)✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✶✵✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s ❢♦r ❛❧❧
s✐❣♥❛t✉r❡s✳ ■t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ♦❢ s✐❣♥❛t✉r❡ (0, 1) ❛♥❞ (1, 0)✳ ❚❛❦✐♥❣ ❞✐r❡❝t
♣r♦❞✉❝ts ✇✐❧❧ t❤❡♥ s❡tt❧❡ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❚❤❡ ❝❛s❡ ♦❢ s✐❣♥❛t✉r❡ (0, 1) ✐s t❛❦❡♥ ❝❛r❡ ♦❢
❜② ▲❡♠♠❛ ✷✳✶✶ s♦ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❝❛s❡ (1, 0)✳

▲❡t (V, 〈 , 〉) ❜❡ ❛♥② ♦❞❞ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ ♦❢ r❛♥❦ 1✳ ▲❡t (N,F, ι, 〈 , 〉) ❜❡ t❤❡
❛ss♦❝✐❛t❡❞ ✐s♦❝r②st❛❧✳ ❋✐① ❛ ✉♥✐❢♦r♠✐③❡r πE ∈ E ❛♥❞ ❛♥ OE✲❧❛tt✐❝❡ Λ ⊂ V s✉❝❤ t❤❛t
πEΛ

∨ = Λ✳

▲❡t M := Λ⊗ Z̆p ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ OE✲st❛❜❧❡ Z̆✲❧❛tt✐❝❡✳ ■t ❞❡❝♦♠♣♦s❡s ❛s

M =
⊕

ψ∈Ψ

Mψ.

❉❡✜♥❡ M ′ :=
⊕

ψ∈ΨM
′

ψ ❛s

M ′

ψ :=

{

Mψ ✐❢ ψ ∈ {Fψ0,
F 2

ψ0, . . . ,
F fψ0}

π−1
E Mψ ♦t❤❡r✇✐s❡ .

❚❤✐s ❧❛tt✐❝❡ ✐s st❛❜❧❡ ✉♥❞❡r OE ✱ st❛❜❧❡ ✉♥❞❡r F ❛♥❞ st❛❜❧❡ ✉♥❞❡r pF−1✳ ❋✉rt❤❡r♠♦r❡✱
✐t ✐s s❡❧❢✲❞✉❛❧ ♦❢ s✐❣♥❛t✉r❡ (1, 0)✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ ❡①✐st❡♥❝❡✳

◆♦✇ ❧❡t (X, ι, λ)/F ♦❢ s✐❣♥❛t✉r❡ (r, s) ❜❡ ❣✐✈❡♥✳ ▲❡t N =
∏

ψ∈ΨNψ ❜❡ t❤❡ ✐s♦❝r②st❛❧ ♦❢ X
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♣❛✐r✐♥❣ 〈 , 〉 ✐♥❞✉❝❡❞ ❜② λ✳ ❋♦r ❛♥② OĔ✲❧❛tt✐❝❡ Lψ0 ⊂ Nψ0 ✱
✇❡ ❞❡♥♦t❡ ❜② L∨

ψ0
⊂ Nσψ0 ✐ts ❞✉❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r♠ 〈 , 〉✳

▲❡t X ❝♦rr❡s♣♦♥❞ t♦ t❤❡ OĔ✲❧❛tt✐❝❡ M ⊂ N ✳ ■t ✐s s❡❧❢✲❞✉❛❧ ❛♥❞ t❤✉s M∨

ψ0
=Mσψ0 ✳ ❚❤❡

s✐❣♥❛t✉r❡ ❝♦♥❞✐t✐♦♥ ❢♦r M ✐♠♣❧✐❡s t❤❛t

[αfMψ0 :M∨

ψ0
] = r.

❚❤✉s ❢♦r ❡✈❡r② OĔ✲❧❛tt✐❝❡ Lψ0 ⊂ Nψ0 ✱ [α
fLψ0 : L∨

ψ0
] ≡ r ♠♦❞ 2✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✺✱

t❤❡r❡ ❛r❡ ♣r❡❝✐s❡❧② t✇♦ q✉❛s✐✲✐s♦❣❡♥② ❝❧❛ss❡s ♦❢ ❢♦r♠❛❧ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s ♦✈❡r
F✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r♠❛❧ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s X ❛♥❞ X ′ ♦✈❡r F ♦❢ s✐❣♥❛t✉r❡s (r, s)
❛♥❞ (r′, s′) r❡s♣❡❝t✐✈❡❧② ❛r❡ q✉❛s✐✲✐s♦❣❡♥❡♦✉s ✐❢ ❛♥❞ ♦♥❧② r ≡ r′ ♠♦❞ 2✳ ❙♦ ❜② ▲❡♠♠❛
✷✳✶✶✱ r ❛♥❞ V ❤❛✈❡ t❤❡ s❛♠❡ ♣❛r✐t②✳

❋♦r ❛♥② s✐❣♥❛t✉r❡ (r, s)✱ ✇❡ ✜① ❛ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ XE0/Qp,(r,s) ♦✈❡r F ♦❢ t❤❛t
s✐❣♥❛t✉r❡✳✹

✹■t ✇♦✉❧❞ ❜❡ ❡♥♦✉❣❤ t♦ ✜① ❛♥② tr✐♣❧❡ (X, ι, λ) q✉❛s✐✲✐s♦❣❡♥❡♦✉s t♦ ❛ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ ♦❢
s✐❣♥❛t✉r❡ (r, s)✳

✶✸



❉❡✜♥✐t✐♦♥ ✷✳✶✷✳ ❋♦r ❛ ❣✐✈❡♥ s✐❣♥❛t✉r❡ (r, s)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t✲✈❛❧✉❡❞ ❢✉♥❝✲
t♦r NE0/Qp,(r,s) ♦♥ s❝❤❡♠❡s ♦✈❡r Spf OĔ ✳ ■t ❛ss♦❝✐❛t❡s t♦ S t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s
♦❢ q✉❛❞r✉♣❧❡s (X, ι, λ, ρ) ✇❤❡r❡ (X, ι, λ) ✐s ❛ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (r, s)
♦✈❡r S ❛♥❞ ✇❤❡r❡

ρ : X ×S S −→ XE0/Qp,(r,s) ×F S

✐s ❛ q✉❛s✐✲✐s♦❣❡♥② ♦❢ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s✳ ❍❡r❡✱ S ❞❡♥♦t❡s t❤❡ s♣❡❝✐❛❧ ✜❜❡r S =

S ×Spf OĔ
SpecF✳ ❚❤❡ q✉❛s✐✲✐s♦❣❡♥② ρ ✐s ❝❛❧❧❡❞ ❛ ❢r❛♠✐♥❣ ❛♥❞ XE0/Qp,(r,s) ✐s ❝❛❧❧❡❞ t❤❡

❢r❛♠✐♥❣ ♦❜❥❡❝t✳

▲❡♠♠❛ ✷✳✶✸✳ ❚❤❡ ❢✉♥❝t♦r NE0/Qp,(r,s) ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② ❛ ❢♦r♠❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ✐s
❧♦❝❛❧❧② ❢♦r♠❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡ ♦✈❡r Spf OĔ✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❬✶✻❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✹✳ ❚❤❡ ❢♦r♠❛❧ s❝❤❡♠❡ NE0/Qp,(r,s) ✐s ❢♦r♠❛❧❧② s♠♦♦t❤ ♦✈❡r Spf OĔ ♦❢
r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ rs✳

❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ●r♦t❤❡♥❞✐❡❝❦✲▼❡ss✐♥❣ ❚❤❡♦r❡♠✳ ❋♦r ❛ ♣♦✐♥t X ∈
NE0/Qp,(r,s)(S)✱ ✇❡ ❞❡♥♦t❡ ❜② DX ✐ts ❝♦✈❛r✐❛♥t ❝r②st❛❧ ♦♥ t❤❡ ❝r②st❛❧❧✐♥❡ s✐t❡ ♦❢ S✳ ■❢
S →֒ S′ ✐s ❛ ♣❞✲t❤✐❝❦❡♥✐♥❣✱ t❤❡♥ DX(S′) ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OS′ ✲♠♦❞✉❧❡ ♦❢ r❛♥❦ 2nd✳ ❲❡
❞❡✜♥❡ ✐ts ❝♦♥tr❛❝t✐♦♥

DX(S′) := DX(S′)⊗OE⊗ZpOS′
OS′ . ✭✷✳✹✮

Pr♦♣♦s✐t✐♦♥ ✷✳✶✺✳ ✭❬✷✱ ✷✳✷✷❪✮ ▲❡t X/S ❜❡ ❛ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❛❝t✐♦♥
❜② OE✱ t❤❡ ♠❛①✐♠❛❧ ♦r❞❡r ✐♥ s♦♠❡ ét❛❧❡ ❛❧❣❡❜r❛ E/Qp✳ ❚❤❡♥ ❢♦r ❛❧❧ ♣❞✲t❤✐❝❦❡♥✐♥❣s
S →֒ S′✱ DX(S′) ✐s ❧♦❝❛❧❧② ❢r❡❡ ♦✈❡r OE ⊗Zp OS′ ✳

❈♦r♦❧❧❛r② ✷✳✶✻✳ ❋♦r ❛♥② ♣❞✲t❤✐❝❦❡♥✐♥❣ S ⊂ S′✱ t❤❡ OS′✲♠♦❞✉❧❡ DX(S′) ✐s ❧♦❝❛❧❧② ❢r❡❡
♦❢ r❛♥❦ n ♦✈❡r OS′ ✳

Pr♦♦❢✳ ❚❤❡ ❧♦❝❛❧ ❢r❡❡♥❡ss ♦❢ DX(S′) ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✳ ❚❤❡ r❛♥❦
❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛t ❣❡♦♠❡tr✐❝ ♣♦✐♥ts ♦❢ S′ ✇❤✐❝❤ ✐s ❛ ♣r♦❜❧❡♠ ✐♥ ❉✐❡✉❞♦♥♥é✲t❤❡♦r②✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✹✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ F ⊂ DX(S) ♦❢ ❛ ♣♦✐♥t X ∈
NE0/Qp,(r,s)(S)✳ ❚❤❡s❡ ❛r❡ OE ⊗ OS✲♠♦❞✉❧❡s✱ s♦ t❤❡r❡ ❛r❡ ❞❡❝♦♠♣♦s✐t✐♦♥s F =

∏

Fψ
❛♥❞ DX(S) =

∏

DX(S)ψ✳ ❋r♦♠ t❤❡ s✐❣♥❛t✉r❡ ❝♦♥❞✐t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t



















DX(S)ψ0/Fψ0 ✐s ♣r♦❥❡❝t✐✈❡ ♦❢ r❛♥❦ r ♦✈❡r OS

Fσψ0 ⊂ DX(S)σψ0 ❡q✉❛❧s F⊥

ψ0

Fψ = DX(S)ψ ✐❢ ψ ∈ Ψ0 \ {ψ0}

Fψ = 0 ✐❢ ψ ∈ Ψ1 \ {σψ0}.

❋✉rt❤❡r♠♦r❡✱ OE ❛❝ts ♦♥ t❤❡ q✉♦t✐❡♥t Lieψ0(X) = DX(S)ψ0/Fψ0 ✈✐❛ t❤❡ str✉❝t✉r❡
♠♦r♣❤✐s♠ OE −→ OĔ −→ OS ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Lieψ0

(X) ✐s ❛ q✉♦t✐❡♥t ♦❢ DX(S)✳

◆♦✇ ❝♦♥s✐❞❡r ❛ ♣❞✲t❤✐❝❦❡♥✐♥❣ S →֒ S′✳ ❚❤❡♥ ❧✐❢t✐♥❣ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ F t♦ F ′ ⊂
DX(S′) s✉❝❤ t❤❛t F ′ ✐s OE✲st❛❜❧❡✱ ✐s♦tr♦♣✐❝ ❛♥❞ s✉❝❤ t❤❛t OE ❛❝ts ♦♥ F ′

ψ0
♥❛t✉r❛❧❧② ✐s

❡q✉✐✈❛❧❡♥t t♦ ❧✐❢t✐♥❣ t❤❡ q✉♦t✐❡♥t DX(S) ։ Lieψ0
(X)✳

❚❤✐s ❞❡❢♦r♠❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❢♦r♠❛❧❧② s♠♦♦t❤ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ rs✳

✶✹



✸ ❘❡❧❛t✐✈❡ ✈❛r✐❛♥t

▲❡t K/Qp ❜❡ ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ ✇✐t❤ r✐♥❣ ♦❢ ✐♥t❡❣❡rs OK ✳ ❲❡ ✇✐❧❧ ♥♦✇ ❜r✐❡✢② ✐♥❞✐❝❛t❡
❤♦✇ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♥♦t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢r♦♠ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s t♦ str✐❝t
❢♦r♠❛❧ OK✲♠♦❞✉❧❡s✳ ❲❡ r❡❢❡r t♦ t❤❡ ❆♣♣❡♥❞✐① ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ str✐❝t ❢♦r♠❛❧ OK✲
♠♦❞✉❧❡s✱ t❤❡✐r ♣♦❧❛r✐③❛t✐♦♥s ❛♥❞ t♦ t❤❡ t❤❡♦r② ♦❢ t❤❡✐r ❞✐s♣❧❛②s✳

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜① ❛ ✉♥✐❢♦r♠✐③❡r πK ∈ OK ❛♥❞ ❛❧❧ ♣♦❧❛r✐③❛t✐♦♥s ♦❢ str✐❝t
❢♦r♠❛❧ OK✲♠♦❞✉❧❡s ❛r❡ t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ✉♥✐❢♦r♠✐③❡r✱ s❡❡ ❘❡♠❛r❦ ✶✶✳✶✶✳ ❇②
❤❡✐❣❤t ✭r❡s♣✳ s❧♦♣❡✮ ♦❢ ❛ r❡❧❛t✐✈❡ OK✲♠♦❞✉❧❡ (X, ι)✱ ✇❡ ❛❧✇❛②s ♠❡❛♥ t❤❡ r❡❧❛t✐✈❡ ❤❡✐❣❤t
✭r❡s♣✳ r❡❧❛t✐✈❡ s❧♦♣❡✮✳

✸✳✶ ❘❡❧❛t✐✈❡ ✉♥✐t❛r② ❘❩✲s♣❛❝❡s

▲❡t Qp ⊂ K ⊂ E0 ❜❡ ✜♥✐t❡ ❡①t❡♥s✐♦♥s ❛♥❞ ❧❡t E/E0 ❜❡ ❛♥ ✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①✲
t❡♥s✐♦♥ ✇✐t❤ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ σ✳ ▲❡t Eu0 ⊂ Eu ❞❡♥♦t❡ t❤❡ ♠❛①✐♠❛❧ s✉❜✜❡❧❞s ✇❤✐❝❤
❛r❡ ✉♥r❛♠✐✜❡❞ ♦✈❡r K✳ ❆s ✉s✉❛❧✱ K̆ ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❛ ♠❛①✐♠❛❧ ✉♥r❛♠✐✜❡❞
❡①t❡♥s✐♦♥ ♦❢ K✳ ❲❡ ❝❤♦♦s❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥

Ψ := HomK(Eu, K̆) = Ψ0 ⊔Ψ1

s✉❝❤ t❤❛t σ(Ψ0) = Ψ1✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ▲❡t S ❜❡ ❛ s❝❤❡♠❡ ♦✈❡r Spf OK̆ ✳ ❆ ✭s✉♣❡rs✐♥❣✉❧❛r✮ ❤❡r♠✐t✐❛♥ OE✲
OK✲♠♦❞✉❧❡ ♦✈❡r S ✐s ❛ tr✐♣❧❡ (X, ι, λ) ✇❤❡r❡ X/S ✐s ❛ s✉♣❡rs✐♥❣✉❧❛r✺ str✐❝t OK✲♠♦❞✉❧❡
t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❛❝t✐♦♥ ι : OE −→ End(X) ❛♥❞ ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ λ : X

∼

−→ X∨

s✉❝❤ t❤❛t
λ−1ι(a∨)λ = ι(aσ).

❆♥ ✐s♦♠♦r♣❤✐s♠ ✭r❡s♣✳ q✉❛s✐✲✐s♦❣❡♥②✮ ♦❢ t✇♦ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡s (X, ι, λ) ❛♥❞
(X ′, ι′, λ′) ✐s ❛♥ OE✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ ✭r❡s♣✳ q✉❛s✐✲✐s♦❣❡♥②✮ µ : X −→ X ′ ♦❢ t❤❡
✉♥❞❡r❧②✐♥❣ str✐❝t OK✲♠♦❞✉❧❡s s✉❝❤ t❤❛t µ∗λ′ = λ✳

❲❡ s❛② t❤❛t t❤❡ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ (X, ι, λ) ✐s ♦❢ r❛♥❦ n ✐❢ t❤❡ ❤❡✐❣❤t ♦❢ X ❛s
str✐❝t OK✲♠♦❞✉❧❡ ✐s 2n[E0 : K]✳ ❚❤✐s ✐♠♣❧✐❡s dimX = n[E0 : K]✳

❋♦r ❛ Spf OĔ✲s❝❤❡♠❡ S✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s✐❣♥❛t✉r❡ ♦❢ ❛ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ ♦✈❡r S
✐s ❝♦♠♣❧❡t❡❧② ❛♥❛❧♦❣♦✉s t♦ ❉❡✜♥✐t✐♦♥ ✷✳✽ ✐♥ t❤❡ ❝❛s❡ ♦❢ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✳ ❆❣❛✐♥✱ t❤❡r❡
✐s ❛ ✉♥✐q✉❡ ❢r❛♠✐♥❣ ♦❜❥❡❝t (XE0/K,(r,s), ι, λ)/F ♦❢ s✐❣♥❛t✉r❡ (r, s) ✉♣ t♦ q✉❛s✐✲✐s♦❣❡♥②✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳ ▲❡t NE0/K,(r,s) ❞❡♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t♦r ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ s❝❤❡♠❡s
♦✈❡r Spf OĔ ✳ ■t ❛ss♦❝✐❛t❡s t♦ S t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ q✉❛❞r✉♣❧❡s (X, ι, λ, ρ)
✇❤❡r❡ (X, ι, λ)/S ✐s ❛ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (r, s) ❛♥❞ ✇❤❡r❡ ρ ✐s ❛♥
OE✲❧✐♥❡❛r q✉❛s✐✲✐s♦❣❡♥②

ρ : X ×S S −→ XE0/K,(r,s) ×F S

t❤❛t ♣r❡s❡r✈❡s t❤❡ ♣♦❧❛r✐③❛t✐♦♥✳

❆❣❛✐♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❬✶✻❪ t❤❛t NE0/K,(r,s) ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② ❛ ❢♦r♠❛❧ s❝❤❡♠❡✱ ❧♦❝❛❧❧②
❢♦r♠❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡ ♦✈❡r Spf OĔ ✳

✻

✺❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ s❧♦♣❡s ♦❢ X ✭❛s str✐❝t OK ✲♠♦❞✉❧❡✮ ❛r❡ ❡q✉❛❧ t♦ 1/2✳
✻❚❤❡ r❡♣r❡s❡♥t❛❜✐❧✐t② r❡s✉❧t ♦❢ ❬✶✻❪ ✐s ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡❞ ❢r♦♠ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s t♦ OK ✲♠♦❞✉❧❡s✳

◆❛♠❡❧② ❜♦t❤ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ OK ✲❛❝t✐♦♥ ❧✐❢ts ❢r♦♠ t❤❡ ❢r❛♠✐♥❣ ♦❜❥❡❝t ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡
❧✐❢t❡❞ ❛❝t✐♦♥ ✐s str✐❝t ❛r❡ ❝❧♦s❡❞ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✶✻❪✳

✶✺



▲❡♠♠❛ ✸✳✸✳ ❚❤❡ ❢♦r♠❛❧ s❝❤❡♠❡ NE0/K,(r,s) ✐s ❢♦r♠❛❧❧② s♠♦♦t❤ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥
rs ♦✈❡r Spf OĔ✳

Pr♦♦❢✳ ❚❤❡ ❢♦r♠❛❧ s♠♦♦t❤♥❡ss ✐s ♣r♦✈❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢
p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✹✳

◆♦t❛t✐♦♥ ✸✳✹✳ ❆♥ ✐♠♣♦rt❛♥t s♣❡❝✐❛❧ ❝❛s❡ ✐s t❤❛t ♦❢ K = E0✳ ❲❡ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥
t♦

NE0,(r,s) := NE0/E0,(r,s)

❛♥❞ ✇❡ s✐♠♣❧② s❛② ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ ✐♥st❡❛❞ ♦❢ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡✳ ◆♦t❡ t❤❛t
NE0,(r,s) ✐s ♣r❡❝✐s❡❧② t❤❡ ♣r♦❜❧❡♠ ♦❢ ❱♦❧❧❛❛r❞✲❲❡❞❤♦r♥ ❬✶✽❪ ❜✉t ✐♥ t❤❡ r❡❧❛t✐✈❡ s❡tt✐♥❣
♦❢ str✐❝t OE0

✲♠♦❞✉❧❡s✳ ■t ❛♣♣❡❛rs ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧
▲❡♠♠❛ ✐♥ ❲❡✐ ❩❤❛♥❣ ❬✷✵✱ ❙❡❝t✐♦♥ ✷❪✳

✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❱♦❧❧❛❛r❞✲❲❡❞❤♦r♥ ♣r♦❜❧❡♠

▲❡t (V, 〈 , 〉) ❜❡ ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳ ▲❡t K ❜❡ ❛♥ ✐♥t❡r♠❡✲
❞✐❛t❡ ✜❡❧❞ Qp ⊂ K ⊂ E0 ❛♥❞ ❝❤♦♦s❡ ❛ ❣❡♥❡r❛t♦r ϑK ♦❢ t❤❡ ✐♥✈❡rs❡ ❞✐✛❡r❡♥t ♦❢ K/Qp✳
❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ K✲❜✐❧✐♥❡❛r ❛❧t❡r♥❛t✐♥❣ ❢♦r♠

〈 , 〉K : V × V −→ K

s✉❝❤ t❤❛t trK/Qp(ϑK〈 , 〉K) = 〈 , 〉✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ❢♦r♠ ✐s E✲❤❡r♠✐t✐❛♥ ✐♥ t❤❡ s❡♥s❡
t❤❛t

〈a , 〉K = 〈 , aσ 〉K , a ∈ E.

❚❤❡ ❣r♦✉♣s ♦❢ E✲❧✐♥❡❛r ✐s♦♠❡tr✐❡s ♦❢ 〈 , 〉 ❛♥❞ 〈 , 〉K ❛r❡ t❤❡♥ ✐❞❡♥t✐❝❛❧✳ ❆❧s♦ ♥♦t❡ t❤❛t
❛ ❧❛tt✐❝❡ Λ ⊂ V ✐s s❡❧❢✲❞✉❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐❢t❡❞ ❢♦r♠ 〈 , 〉K ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s
s❡❧❢✲❞✉❛❧ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠ 〈 , 〉✳

❋♦r ❛♥② s✉❝❤ ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ K✱ ✇❡ ✜① ❛ ✉♥✐❢♦r♠✐③❡r πK ∈ OK ✐♥ ♦r❞❡r t♦ t❛❧❦
❛❜♦✉t ♣♦❧❛r✐③❛t✐♦♥s ♦❢ str✐❝t ❢♦r♠❛❧ OK✲♠♦❞✉❧❡s✱ s❡❡ ❘❡♠❛r❦ ✶✶✳✶✶✳ ❲❡ ♠❛❦❡ N :=

(V, 〈 , 〉K) ⊗K K̆ ✐♥t♦ ❛ ♣♦❧❛r✐③❡❞ K✲✐s♦❝r②st❛❧ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ q✉❛s✐✲✐s♦❣❡♥② ❝❧❛ss ♦❢ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡s ♦✈❡r F ❝♦♥t❛✐♥s ❛ ♠♦❞✲
✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (r, s) ✐❢ ❛♥❞ ♦♥❧② ✐❢ r ❛♥❞ V ❤❛✈❡ t❤❡ s❛♠❡ ♣❛r✐t②✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞
❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✵✳

❙♦ ✐❢ r ❛♥❞ V ❤❛✈❡ t❤❡ s❛♠❡ ♣❛r✐t②✱ t❤❡♥ V ❣✐✈❡s r✐s❡ t♦ ❛ ✇❤♦❧❡ ❢❛♠✐❧② ♦❢ ❢r❛♠✐♥❣ ♦❜❥❡❝ts

{XE0/K,(r,s)}Qp⊂K⊂E0

✇❤✐❝❤ ❛❧❧ ❝♦♠❡ ✇✐t❤ ❛♥ ❛❝t✐♦♥ ✭❜② q✉❛s✐✲✐s♦❣❡♥✐❡s✮ ♦❢ t❤❡ ✉♥✐t❛r② ❣r♦✉♣ U(V )✳ ❖✉r ♠❛✐♥
r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘❩✲s♣❛❝❡s ❛r❡ ❛❧❧ ✐s♦♠♦r♣❤✐❝✳

❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t (V, 〈 , 〉) ❜❡ ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ ❛♥❞ ❧❡t r ❤❛✈❡ t❤❡ s❛♠❡
♣❛r✐t② ❛s V ✳ ❋♦r ❛♥② ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ Qp ⊂ K ⊂ E0✱ t❤❡r❡ ✐s ❛ U(V )✲❡q✉✐✈❛r✐❛♥t
✐s♦♠♦r♣❤✐s♠

c : NE0/K,(r,s)
∼= NE0,(r,s).

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢♦r♠❛❧ s❝❤❡♠❡ NE0/K,(r,s) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ Ψ = Ψ0 ⊔Ψ1✳

❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛t❡❣♦r②
❙❝❤/ Spf OĔ ♦❢ ❧♦❝❛❧❧② ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s ♦✈❡r Spf OĔ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❩❛r✐s❦✐ t♦♣♦❧✲
♦❣②✳

✶✻



❉❡✜♥✐t✐♦♥ ✹✳✷✳ ❲❡ ❞❡♥♦t❡ ❜② OE✲OK✲❍❡r♠ t❤❡ st❛❝❦ ♦❢ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡s
(X, ι, λ) t❤❛t ❤❛✈❡ ❛ s✐❣♥❛t✉r❡ ♦✈❡r ❙❝❤/ Spf OĔ ✳ ❇② t❤❡ ❝♦♥❞✐t✐♦♥✱ ✇❡ ♠❡❛♥ t❤❛t ❧♦❝❛❧❧②
❢♦r t❤❡ ❩❛r✐s❦✐ t♦♣♦❧♦❣②✱ t❤❡ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ ✐s ♦❢ s✐❣♥❛t✉r❡ (r, s) ❢♦r s♦♠❡
✐♥t❡❣❡rs r, s ∈ Z≥0✳ ❚❤❡ ♠♦r♣❤✐s♠s ✐♥ t❤✐s ❝❛t❡❣♦r② ❛r❡ t❤❡ OE✲❧✐♥❡❛r ♠♦r♣❤✐s♠s ♦❢
p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✳ ■♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ◆♦t❛t✐♦♥ ✸✳✹✱ ✇❡ ✇r✐t❡ OE✲❍❡r♠ ❢♦r t❤❡ st❛❝❦ ♦❢
❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡s✳

❚❤❡♦r❡♠ ✹✳✸✳ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ st❛❝❦s ♦♥ ❙❝❤/ Spf OĔ

C : OE✲OK✲❍❡r♠
∼=
−→ OE✲❍❡r♠

t❤❛t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳ ■t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥ ❛♥❞ ✐t
s❡♥❞s ♦❜❥❡❝ts ♦❢ s✐❣♥❛t✉r❡ (r, s) t♦ ♦❜❥❡❝ts ♦❢ s✐❣♥❛t✉r❡ (r, s)✳

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡s❡ t✇♦ t❤❡♦r❡♠s✳

✹✳✶ ❚❤❡ ✉♥r❛♠✐✜❡❞ ❝❛s❡

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ❈♦♥s✐❞❡r ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ Qp ⊂ K ⊂ E0 ❛♥❞ ❧❡t Eu0 ⊂ E0 ❜❡ t❤❡
♠❛①✐♠❛❧ s✉❜✜❡❧❞ ✇❤✐❝❤ ✐s ✉♥r❛♠✐✜❡❞ ♦✈❡r K✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ st❛❝❦s

C : OE✲OK✲❍❡r♠
∼=
−→ OE✲OEu0

✲❍❡r♠

t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥s ❛♥❞ s❡♥❞s ♦❜❥❡❝ts ♦❢ s✐❣♥❛t✉r❡ (r, s) t♦
♦❜❥❡❝ts ♦❢ s✐❣♥❛t✉r❡ (r, s)✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ❝♦♥str✉❝t t❤❡ ❢✉♥❝t♦r C ❛♥❞ ✐ts q✉❛s✐✲✐♥✈❡rs❡✳ ▲❡t S = SpecR ❜❡ ❛♥ ❛✣♥❡
s❝❤❡♠❡ ♦✈❡r Spf OĔ ❛♥❞ ❧❡t (X, ι, λ) ❜❡ ❛ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (r, s)

♦✈❡r R✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✶✳✼✳ ▲❡t (P,Q, F, Ḟ ) ❜❡ t❤❡ OK✲❞✐s♣❧❛②
♦❢ (X, ι, λ)✳ ❲❡ ❞❡♥♦t❡ ❜② 〈 , 〉 : P × P −→ WOK

(R) t❤❡ ❛❧t❡r♥❛t✐♥❣ ❢♦r♠ ✐♥❞✉❝❡❞ ❜②
t❤❡ ♣♦❧❛r✐③❛t✐♦♥ λ✳

❘❡❝❛❧❧ t❤❛t Ψ = HomK(Eu, K̆) ❛♥❞ ♥♦t❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠ OEu −→
WOK

(R) ♦❢ OK✲❛❧❣❡❜r❛s t❤❛t ❧✐❢ts t❤❡ ♠♦r♣❤✐s♠ OEu −→ R✱ s❡❡ ❬✸✱ ▲❡♠♠❡ ✶✳✷✳✸❪✳ ❚❤✐s
♠♦r♣❤✐s♠ ✐♥❞✉❝❡s ❣r❛❞✐♥❣s

P =
∏

ψ∈Ψ

Pψ, Q =
∏

ψ∈Ψ

Qψ with Qψ = Q ∩ Pψ.

❋♦r ψ /∈ {ψ0, σψ0}✱ ✇❡ ❞❡✜♥❡ t❤❡ ❋r♦❜❡♥✐✉s✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠

[Fψ : Pψ −→ PFψ] :=

{

Ḟψ ✐❢ ψ ∈ Ψ0 \ {ψ0}

Fψ ✐❢ ψ ∈ Ψ1 \ {σψ0}.

❍❡r❡ ✇❡ ✉s❡❞ t❤❛t (X, ι, λ) ❤❛s ❛ s✐❣♥❛t✉r❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s Qψ = Pψ ✇❤❡♥❡✈❡r ψ ∈
Ψ0 \ {ψ0}✳

❲❡ s❡t P ′ := Pψ0
⊕ Pσψ0

✇✐t❤ s✉❜♠♦❞✉❧❡ Q′ := Qψ0
⊕ Qσψ0

❛♥❞ ❞❡✜♥❡ t❤❡ F f ✲❧✐♥❡❛r

♦♣❡r❛t♦rs F ′, Ḟ ′ ♦♥ P ′ ❛♥❞ Q′ ❛s

F ′ := F
f−1 ◦ F, Ḟ ′ := F

f−1 ◦ Ḟ .
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❚❤❡♥ P ′ := (P ′, Q′, F ′, Ḟ ′) ❞❡✜♥❡s ❛♥ f ✲OK✲❞✐s♣❧❛② ✐♥ t❤❡ s❡♥s❡ ♦❢ ❆❤s❡♥❞♦r❢ ❬✷❪✳ ❚❤❡r❡
✐s ❛♥ ✐♥❞✉❝❡❞ OE✲❛❝t✐♦♥ ❛♥❞ ❛ WOK

(R)✲✈❛❧✉❡❞ ❛❧t❡r♥❛t✐♥❣ ♣❛✐r✐♥❣ 〈 , 〉′ := 〈 , 〉|P ′ ♦♥
P ′✳

◆♦t❡ t❤❛t f ✲OK✲❞✐s♣❧❛②s ❛r❡ t❤❡ s❛♠❡ ❛s ✇✐♥❞♦✇s ♦✈❡r t❤❡ OEu0
✲❢r❛♠❡

AOEu0
/OK (R) := (WOK

(R), IOK (R),
F f , F

f−1V −1

).

■♥ ♦✉r ❝❛s❡✱ t❤❡ ♣❛✐r✐♥❣ 〈 , 〉′ t❛❦❡s ✈❛❧✉❡s ✐♥ AOEu0
/OK (R) ✐♥ t❤❡ s❡♥s❡ t❤❛t

〈Ḟ ′ , Ḟ ′ 〉′ = F f−1V −1

〈 , 〉′

✇❤✐❝❤ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ✐❞❡♥t✐t✐❡s 〈F , Ḟ 〉 = 〈Ḟ , F 〉 = F 〈 , 〉 ❢♦r t❤❡
♣❛✐r✐♥❣ 〈 , 〉 ♦♥ P✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣❛✐r✐♥❣ ❞❡✜♥❡s ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡
f ✲OK✲❞✐s♣❧❛② P ′✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✶✳✺✳

❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✭✶✶✳✷✮✱ ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ t❤❡ ♥❛t✉r❛❧ str✐❝t ♠♦r♣❤✐s♠ ♦❢
❢r❛♠❡s

AOEu0
/OK (R) −→ (WOEu0

(R), IOEu0
(R), F

′

, V
′−1

)

❞❡✜♥❡s ❛ ♣r✐♥❝✐♣❛❧❧② ♣♦❧❛r✐③❡❞ str✐❝t ❢♦r♠❛❧ OEu0
✲♠♦❞✉❧❡ C(X) t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦♠♣❛t✲

✐❜❧❡ OE✲❛❝t✐♦♥✳ ❚❤✐s ♠♦❞✉❧❡ ✐s ♦❢ s✐❣♥❛t✉r❡ (r, s) ❛♥❞ ❤❡♥❝❡ ❛♥ ❡❧❡♠❡♥t ♦❢ OE✲OEu0
✲

❍❡r♠(S)✳

❈♦♥str✉❝t✐♦♥ ♦❢ ❛ q✉❛s✐✲✐♥✈❡rs❡ ♦❢ C✿ ▲❡t P ′ := (P ′, Q′, F ′, Ḟ ′) ❜❡ t❤❡ f ✲OK✲❞✐s♣❧❛②
❛ss♦❝✐❛t❡❞ t♦ ❛ ❤❡r♠✐t✐❛♥ OE✲OEu0

✲♠♦❞✉❧❡ (X, ι, λ) ♦✈❡r S✳ ❇② ❢✉♥❝t♦r✐❛❧✐t②✱ ✐t ❝♦♠❡s
✇✐t❤ ❛♥ OE✲❛❝t✐♦♥ ❛♥❞ ❛ ❝♦♠♣❛t✐❜❧❡ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥✳ ❚♦ ❝♦♥str✉❝t t❤❡ ❛ss♦❝✐❛t❡❞
❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡✱ ✇❡ ❛♣♣❧② ❛ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ❢r♦♠
t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✸✳✷✳

◆♦t❡ t❤❛t t❤❡ OE✲❛❝t✐♦♥ ✐♥❞✉❝❡s ❛ ❜✐❣r❛❞✐♥❣✱ P ′ = P ′

0 ⊕ P ′

1✱ Q
′ = Q′

0 ⊕Q′

1✳ ❲❡ s❡t

Pψ0
:= P ′

0 Pσψ0
:= P ′

1,

Qψ0
:= Q′

0 Qσψ0
:= Q′

1.

❋♦r i = 1, . . . , f − 1✱ ✇❡ ❞❡✜♥❡

PFi+1ψ0
:= P

(F )
Fiψ0

, PFi+1σψ0
:= P

(F )
Fiσψ0

.

❚❤❡ s✐❣♥❛t✉r❡ ❝♦♥❞✐t✐♦♥ ❢♦r❝❡s ✉s t♦ s❡t✱ ❢♦r ψ /∈ {ψ0, σψ0}✱

Qψ =

{

Pψ ✐❢ ψ ∈ Ψ0 \ {ψ0}

IOK (R)Pψ ✐❢ ψ ∈ Ψ1 \ {σψ0}.

❚❤❡ ❞✐s♣❧❛② str✉❝t✉r❡ ✐s ❞❡✜♥❡❞ ❜② ❣✐✈✐♥❣ ❛ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ▲❡t (P ′ = L′⊕T ′, φ)
❜❡ ❛ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ P ′✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ ❛ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ (P = L⊕T,Φ)
❛s

L = Lψ0 ⊕ Lσψ0 ⊕
⊕

ψ∈Ψ0\{ψ0}

Pψ,

T = Tψ0
⊕ Tσψ0

⊕
⊕

ψ∈Ψ1\{σψ0}

Pψ

❛♥❞ t❤❡ F ✲❧✐♥❡❛r ♦♣❡r❛t♦r

Φ =















φ
1

1

✳ ✳ ✳

1















◦ F
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✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ P = (Pψ0
⊕ Pσψ0

)⊕ (Pψ0
⊕ Pσψ0

)(F ) ⊕ . . .⊕ (Pψ0
⊕

Pσψ0)
(F f−1)✳ ❚❤✐s ❛❧r❡❛❞② ❞❡✜♥❡s ❛♥ f ✲OK✲❞✐s♣❧❛② P := (P,Q, F, Ḟ ) ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥

OE✲❛❝t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❝t s✐❣♥❛t✉r❡✳

❲❡ ♥♦✇ ❝♦♥str✉❝t t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✭❛s OK✲❞✐s♣❧❛②✮ ♦♥ P✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡ ❛ ♣❡r❢❡❝t
♣❛✐r✐♥❣

〈 , 〉ψ0 : Pψ0 × Pσψ0 −→WOK
(R).

❚❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ✇❛② t♦ ❡①t❡♥❞ t❤✐s ♣❛✐r✐♥❣ t♦ ❛ ♣❛✐r✐♥❣ 〈 , 〉 ♦♥ ❛❧❧ ♦❢ P s✉❝❤ t❤❛t
t❤❡ r❡❧❛t✐♦♥s ♦❢ ❛ ♣♦❧❛r✐③❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ▲❡t ✉s ❡①♣❧❛✐♥ t❤✐s ❢♦r t❤❡ ❞✐r❡❝t s✉♠♠❛♥❞
PFψ0

⊕ PFσψ0
✳ ■❢ l + t ∈ Lψ0

⊕ Tψ0
❛♥❞ l′ + t′ ∈ Lσψ0

⊕ Tσψ0
✱ t❤❡♥ ✇❡ ❤❛✈❡ t♦ s❡t

〈Φ(l + t),Φ(l′ + t′)〉 := 〈Ḟ (l) + F (t), Ḟ (l′) + F (t′)〉

= V −1

〈l, l′〉ψ0
+ F 〈l, t′〉ψ0

+ F 〈t, l′〉ψ0
+ πF 〈t, t′〉ψ0

.

❙✐♥❝❡ Φ ✐s ❛ ❋r♦❜❡♥✐✉s✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠✱ t❤✐s ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ❡①t❡♥❞s ✐♥ ❛ ✉♥✐q✉❡
✇❛② t♦ ❛❧❧ ♦❢ PFψ0

⊕ PFσψ0
✳ ❲❡ ❛♣♣❧② t❤❡ s❛♠❡ ❢♦r♠✉❧❛s t♦ ❞❡✜♥❡ 〈 , 〉 ♦♥ PFi+1ψ0

⊕
PFi+1σψ0

❢♦r i = 1, . . . , f − 2✳ ◆♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ s♣❡❝✐❛❧ ❢♦r♠ ♦❢ t❤❡ ♥♦r♠❛❧ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ❛t t❤❡s❡ ✐♥❞✐❝❡s✱ ✇❡ ❣❡t

〈 , 〉|P
Fi+1

ψ0
⊕P

Fi+1
σψ0

= 〈 , 〉|
(F )
P
Fiψ0

⊕P
Fiσψ0

.

❲❡ ❧❡❛✈❡ ✐t t♦ t❤❡ r❡❛❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤✐s ❞❡✜♥❡s ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♦♥ P ✇❤✐❝❤
✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✹✳✺✳ ◆♦t❡ t❤❛t ✇❡ ❞✐❞ ♥♦t ✉s❡ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ R ❜❡✐♥❣ ♥♦❡t❤❡r✐❛♥✳ ❲❡ ✇✐❧❧
♦♥❧② ♥❡❡❞ t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ r❛♠✐✜❡❞ s✐t✉❛t✐♦♥✳

✹✳✷ ❚❤❡ t♦t❛❧❧② r❛♠✐✜❡❞ ❝❛s❡

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳ ▲❡t Qp ⊂ K ⊂ E0 ❜❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ s✉❝❤ t❤❛t E0/K ✐s t♦t❛❧❧②
r❛♠✐✜❡❞✳ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ st❛❝❦s ♦✈❡r ❙❝❤/ Spf OĔ

C : OE✲OK✲❍❡r♠
∼=
−→ OE✲❍❡r♠

t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥ ❛♥❞ t❤❛t s❡♥❞s ♦❜❥❡❝ts ♦❢ s✐❣♥❛t✉r❡ (r, s) t♦
♦❜❥❡❝ts ♦❢ s✐❣♥❛t✉r❡ (r, s)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ t❤r❡❡ ♠❛✐♥ st❡♣s✳ ❋✐rst✱ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t t❤❡ ❢✉♥❝t♦r C✳
❙❡❝♦♥❞✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t C ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ r❡❞✉❝❡❞ OĔ✲s❝❤❡♠❡s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝
p✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t C ✐❞❡♥t✐✜❡s t❤❡ ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r✐❡s ♦❢ X ❛♥❞ C(X)✳
❚♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ t♦ ♥♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ t❤✐s ✇✐❧❧ ✐♠♣❧② t❤❡ st❛t❡♠❡♥t✳

❋✐rst st❡♣✿ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r C✳

▲❡t S = SpecR ❜❡ ❛ s❝❤❡♠❡ ♦✈❡r Spf OĔ ✳ ❇❡❢♦r❡ ✇❡ ❜❡❣✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ C✱
✇❡ s♣❡❧❧ ♦✉t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ OK✲❞✐s♣❧❛② ♦❢ ❛ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ (X, ι, λ) ♦❢
s✐❣♥❛t✉r❡ (r, s) ♦✈❡r S✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✶✳✼ ❛♥❞ ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ ❙❡❝t✐♦♥ ✶✷✳ ❲❡ ❛❧s♦ ✐❞❡♥t✐❢② Ψ ✇✐t❤ {0, 1} s✉❝❤ t❤❛t ψ0 ❝♦rr❡s♣♦♥❞s t♦ 0✳

▲❡t P := (P,Q, F, Ḟ ) ❜❡ t❤❡ OK✲❞✐s♣❧❛② ♦❢ X✳ ❚❤❡ ❛❝t✐♦♥ ι ♦❢ OE ♦♥ X ✐♥❞✉❝❡s ❛♥
❛❝t✐♦♥ ♦❢ OE ♦♥ t❤❡ ❞✐s♣❧❛②✳ ❚❤✐s ♠❛❦❡s P ❛♥❞ Q ✐♥t♦ OE ⊗WOK

(R)✲♠♦❞✉❧❡s✳ ❇♦t❤ F
❛♥❞ Ḟ ❛r❡ OE✲❧✐♥❡❛r✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✉♥r❛♠✐✜❡❞ ♣❛rt ✐♥❞✉❝❡s ❜✐❣r❛❞✐♥❣s P = P0⊕P1

❛♥❞ Q = Q0 ⊕Q1 s✉❝❤ t❤❛t ❜♦t❤ F ❛♥❞ Ḟ ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ 1✳

✶✾



❚❤❡ s✐❣♥❛t✉r❡ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t P0/Q0 ✐s ♣r♦❥❡❝t✐✈❡ ♦❢ r❛♥❦ r ♦✈❡r R ❛♥❞ t❤❛t
P1/Q1 ✐s ♣r♦❥❡❝t✐✈❡ ♦❢ r❛♥❦ ne − r ♦✈❡r R✳ ❋✉rt❤❡r♠♦r❡✱ OE ❛❝ts ♦♥ P0/Q0 ✈✐❛ t❤❡
str✉❝t✉r❡ ♠♦r♣❤✐s♠✳ ■♥ ♦t❤❡r ✇♦r❞s✱

JOE0
(R)P0 ⊂ Q0.

❘❡❝❛❧❧ t❤❛t ❜② ❬✷✱ Pr♦♣✳ ✷✳✷✷❪✱ t❤❡ ♠♦❞✉❧❡ P ✐s ♣r♦❥❡❝t✐✈❡ ♦❢ r❛♥❦ 2n ♦✈❡r OE0
⊗OK

WOK
(R)✳

❚❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✐♥❞✉❝❡s ❛ ♣❡r❢❡❝t ❛❧t❡r♥❛t✐♥❣ ❢♦r♠ 〈 , 〉 : P × P −→ WOK
(R) ✇❤✐❝❤

s❛t✐s✜❡s 〈a , 〉 = 〈 , aσ 〉 ❢♦r ❛❧❧ a ∈ OE ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ P0 ❛♥❞ P1 ❛r❡ ♠❛①✐♠❛❧ ✐s♦tr♦♣✐❝
s✉❜s♣❛❝❡s ♦❢ P ✇❤✐❝❤ ❛r❡ ♣✉t ✐♥t♦ ❞✉❛❧✐t② ❜② 〈 , 〉✳

❋✉rt❤❡r♠♦r❡✱ 〈Q,Q〉 ⊂ IOK (R) ❛♥❞ t❤❡ ♣❛✐r✐♥❣ s❛t✐s✜❡s 〈Ḟ , Ḟ 〉 = V −1

〈 , 〉✳ ■♥ ♦t❤❡r
✇♦r❞s✱ t❤❡ ♣❛✐r✐♥❣ t❛❦❡s ✈❛❧✉❡s ✐♥ t❤❡ ❲✐tt OK✲❢r❛♠❡ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✶✳✼✱

WOK
(R) = (WOK

(R), IOK (R), R,
F , V

−1

).

❈♦♥str✉❝t✐♦♥ ♦❢ C(X)✿ ▲❡t (X, ι, λ)/S ❛♥❞ P ❜❡ ❛s ❛❜♦✈❡✳ ❆s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ st❡♣✱ ✇❡
❝♦♥str✉❝t ❛ ♣♦❧❛r✐③❡❞ ✇✐♥❞♦✇ P ′ = (P ′, Q′, F ′, Ḟ ′) ♦✈❡r ❛ ▲✉❜✐♥✲❚❛t❡ ❢r❛♠❡ LOE0

/OK (R)
t♦❣❡t❤❡r ✇✐t❤ ❛♥ OE✲❛❝t✐♦♥✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✷✳✼✳

❲❡ s❡t P ′ := P ✇✐t❤ ✐ts ❣✐✈❡♥ OE✲❛❝t✐♦♥✳ ▲❡t ϑK ❜❡ ❛ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ✐♥✈❡rs❡ ❞✐✛❡r❡♥t
♦❢ E0/K✳ ❈♦♥s✐❞❡r t❤❡ WOK

(R)✲❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ tr❛❝❡

tr : OE0
⊗OK

WOK
(R) −→WOK

(R)

a⊗ w 7−→ trE0/K(ϑKa)w.

❙✐♥❝❡ 〈 , 〉 ✐s OE0
✲❡q✉✐✈❛r✐❛♥t✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❧✐❢t✐♥❣ ♦❢ t❤✐s ❢♦r♠ t♦ ❛ ♣❡r❢❡❝t

OE0 ⊗WOK
(R)✲❜✐❧✐♥❡❛r ❛❧t❡r♥❛t✐♥❣ ❢♦r♠ ( , ) : P × P −→ OE0 ⊗WOK

(R) s✉❝❤ t❤❛t

〈 , 〉 = tr ◦ ( , ).

❆❣❛✐♥✱ P ′ ✐s ❜✐❣r❛❞❡❞ ❛♥❞ ✇❡ s❡t Q′

0 := Q0✳ ❚❤❡ ❢♦r♠ ( , ) ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡s
(a , ) = ( , aσ ) ❛♥❞ ❤❡♥❝❡ Q0 ✐s t♦t❛❧❧② ✐s♦tr♦♣✐❝✳ ❲❡ ❞❡✜♥❡

Q′

1 := {p1 ∈ P1 | (p1, Q0) ⊂ JOE0
(R)}.

◆♦t❡ t❤❛t ( , ) ✐♥❞✉❝❡s ❛ ♣❡r❢❡❝t ♣❛✐r✐♥❣ (P/JOE0
(R)P ) × (P/JOE0

(R)P ) −→ R ❜②

❜❛s❡ ❝❤❛♥❣❡✳ ❚❤❡♥ Q′

1 ✐s t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ (Q0/JOE0
(R)P0)

⊥ ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥
P1 −→ P1/JOE0

(R)P1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t P1/Q
′

1 ✐s ❛ ♣r♦❥❡❝t✐✈❡ R✲♠♦❞✉❧❡
♦❢ r❛♥❦ s = n− r✳

▲❡t θ ∈ OE0
⊗OK

WOK
(OE0

) ❜❡ ❛♥ ❡❧❡♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✶✷✳✺✳

▲❡♠♠❛ ✹✳✼✳ ❚❤❡r❡ ✐s t❤❡ r❡❧❛t✐♦♥

θQ′

1 ⊂ Q1.

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ Q1 = {p1 ∈ P1 | 〈p1, Q0〉 ⊂ IOK (R)}. ❙♦ ❣✐✈❡♥ q′1 ∈ Q′

1✱ ✇❡ ♥❡❡❞
t♦ ✈❡r✐❢② t❤❛t

〈θq′1, Q0〉 = tr ((θq′1, Q0))

= tr (θ(q′1, Q0)) ⊂ IOK (R).

✷✵



❋♦r t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②✱ ✇❡ ✉s❡❞ t❤❛t ( , ) ✐s OE0
⊗WOK

(R)✲❜✐❧✐♥❡❛r✳ ■t ✐s ❡♥♦✉❣❤ t♦
s❤♦✇

tr(θJOE0
(R)) ⊂ IOK (R)

✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t

θJOE0
(R) ⊂ IOK (R).

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❞❡✜♥❡ Ḟ ′

1 : Q′

1 −→ P0 ❛s Ḟ
′

1(q1) := Ḟ1(θq1). ❚❤❡♥ Ḟ
′

1 ✐s ❛ ❋r♦❜❡♥✐✉s✲
❧✐♥❡❛r ❡♣✐♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❛t ❝❧♦s❡❞ ♣♦✐♥ts ♦❢ S✳

▲❡t LOE0
/OK ,κ(R) ❜❡ t❤❡ ▲✉❜✐♥✲❚❛t❡ OE0

✲❢r❛♠❡ ❢r♦♠ ❊①❛♠♣❧❡ ✶✷✳✾ ✭✷✮✳ ❚❤❛t ✐s✱

LOE0
/OK ,κ(R) = (OE0

⊗OK
WOK

(R), JOE0
(R), R, σ, σ̇)

✇❤❡r❡ σ̇(ξ) = V −1

(θξ). ❚❤❡ ✉♥✐t κ ∈ OE0⊗OK
WOK

(R) ✐s t❤❡ ❡❧❡♠❡♥t σ̇(πE⊗1−1⊗[πE ])
✇❤❡r❡ πE ∈ OE0

✐s ♦✉r ✜①❡❞ ✉♥✐❢♦r♠✐③❡r✳

❲❡ ❞❡✜♥❡ t❤❡ ❋r♦❜❡♥✐✉s F ′ : P −→ P t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥

F ′(x) = κ−1Ḟ ′((πE ⊗ 1− 1⊗ [πE ])x).

❚❤❡ r❡❛❞❡r ♠❛② ❝❤❡❝❦ t❤❛t t❤✐s ❞❡✜♥❡s t❤❡ str✉❝t✉r❡ ♦❢ ❛ LOE0
/OK ,κ(R)✲✇✐♥❞♦✇ P ′ =

(P ′, Q′, F ′, Ḟ ′)✳

▲❡♠♠❛ ✹✳✽✳ ❚❤❡ ♣❛✐r✐♥❣ ( , ) ✐s ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ LOE0
/OK ,κ(R)✲✇✐♥❞♦✇

P ′✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Q′✱ t❤❡ ♣❛✐r✐♥❣ s❛t✐s✜❡s (Q′, Q′) ⊂ JOE0
(R)✳ ❲❡ ✈❡r✐❢② ❢♦r

q0 ∈ Q′

0, q1 ∈ Q′

1 t❤❛t

(Ḟ ′q0, Ḟ
′q1) = (Ḟ q0, Ḟ (θq1))

= V −1

(q0, θq1)

= V −1

(θ(q0, q1)) = σ̇(q0, q1).

✭✹✳✶✮

❍❡r❡✱ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❤♦❧❞s s✐♥❝❡ ✐t ❞♦❡s ❢♦r t❤❡ ♣❛✐r✐♥❣ 〈 , 〉✳ ❚❤❡ ❧❛st ❡q✉❛❧✐t② ✉s❡❞
t❤❡ OE0 ✲❜✐❧✐♥❡❛r✐t② ♦❢ t❤❡ ♣❛✐r✐♥❣ ( , )✳

❇② Pr♦♣♦s✐t✐♦♥ ✶✷✳✶✵✱ t❤❡r❡ ✐s ❛ str✐❝t ♠♦r♣❤✐s♠ ♦❢ OE0 ✲❢r❛♠❡s✱

LOE0
/OK ,κ(R) −→ LOE0

/OE0
,κ(R).

❇❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ t❤✐s ♠♦r♣❤✐s♠ ❞❡✜♥❡s ❛ s✉♣❡rs✐♥❣✉❧❛r str✐❝t OE0
✲♠♦❞✉❧❡ ✇✐t❤ OE✲

❛❝t✐♦♥ ❛♥❞ ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ ✇✐t❤ ✈❛❧✉❡s ✐♥ t❤❡ OE0
✲❢r❛♠❡ LOE0

/OE0
,κ(R)✳

❚❤❡ ✐❞❡♥t✐t② ♦♥ WOE0
(R) ❞❡✜♥❡s ❛ κ/u✲✐s♦♠♦r♣❤✐s♠ t♦ t❤❡ ❲✐tt OE0

✲❢r❛♠❡

LOE0
/OE0

,κ(R) −→ WOE0
(R)

✇❤❡r❡ u ✐s t❤❡ ✉♥✐t u = V −1
πE (πE − [πE ])✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐t ε ∈WOE0

(OĔ) s✉❝❤ t❤❛t

σ(ε)ε−1 = κ/u.

✷✶



❲❡ ♥♦✇ ❛♣♣❧② ▲❡♠♠❛ ✶✶✳✷✱ t♦ ❣❡t t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐♥❝✐♣❛❧❧② ♣♦❧❛r✐③❡❞ OE0
✲❞✐s♣❧❛②

P ′′ = (P ′′, Q′′, F ′′, Ḟ ′′) ✇✐t❤ OE✲❛❝t✐♦♥✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ str✐❝t ❢♦r♠❛❧ OE0
✲♠♦❞✉❧❡ ✐s

t❤❡♥ t❤❡ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ C(X) ✇❡ ✇❛♥t❡❞ t♦ ❝♦♥str✉❝t✳

■t ✐s ♦❜✈✐♦✉s t❤❛t C ✐s ❢✉♥❝t♦r✐❛❧ ✐♥ ❛ ✇❛② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥s✳

❙❡❝♦♥❞ st❡♣✿ C ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦✈❡r r❡❞✉❝❡❞ s❝❤❡♠❡s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ p✳

❲❡ ✇✐❧❧ ❝♦♥str✉❝t ❛ q✉❛s✐✲✐♥✈❡rs❡✳ ▲❡t R ❜❡ ❛ r❡❞✉❝❡❞ Spf OĔ✲s❝❤❡♠❡ ❛♥❞ ❧❡t P ′ =

(P ′, Q′, F ′, Ḟ ′) ❜❡ t❤❡ LOE0
/OK ,κ(R)✲❢r❛♠❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥OE✲❛❝t✐♦♥ ι ❛♥❞ ❛ ♣r✐♥❝✐♣❛❧

♣♦❧❛r✐③❛t✐♦♥ λ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ ♦✈❡r R✳ ❲❡ ❛ss✉♠❡ t❤❛t P ′ ✐s ♦❢
s✐❣♥❛t✉r❡ (r, s)✳ ❍❡r❡✱ κ ✐s t❤❡ ✉♥✐t V

−1

(θ(πE⊗1−1⊗[πE ])) ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✳

❚❤❡ OE✲❛❝t✐♦♥ ✐♥❞✉❝❡s ❣r❛❞✐♥❣s P ′ = P ′

0 ⊕ P ′

1 ❛♥❞ Q′ = Q′

0 ⊕ Q′

1✳ ❲❡ s❡t P := P ′

t♦❣❡t❤❡r ✇✐t❤ ✐ts OE✲❛❝t✐♦♥✳

❚❤❡ ♣♦❧❛r✐③❛t✐♦♥ λ ✐♥❞✉❝❡s ❛ ♣❡r❢❡❝t ♣❛✐r✐♥❣

( , ) : P0 × P1 −→ OE0 ⊗OK
WOK

(R)

s✉❝❤ t❤❛t
Q′

1 = {p1 ∈ P1 | (p1, Q
′

0) ⊂ JOE0
(R)}.

❲❡ s❡t Q0 := Q′

0 ❛♥❞

Q1 := {p1 ∈ P1 | (p1, Q0) ⊂ OE0
⊗OK

IOK (R)}.

❈❧❛✐♠✿ Q1 = θQ′

1 + IOK (R)P1✳
❚❤❡ r❡❧❛t✐♦♥ ⊇ ✐s ❝❧❡❛r✱ s♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t Q1 ⊆ θQ′

1 ♠♦❞ IOK (R)P1✳ ▲❡t
✉s ❞❡♥♦t❡ ❜② P 0✱ Q0✱ ❡t❝✳ t❤❡ q✉♦t✐❡♥ts ♦❢ t❤❡ ✈❛r✐♦✉s ♠♦❞✉❧❡s ❜② IOK (R)P ✳ ❚❤❡♥ t❤❡
♣❛✐r✐♥❣ ( , ) ✐♥❞✉❝❡s ❛ ♣❡r❢❡❝t ♣❛✐r✐♥❣

P 0 × P 1 −→ OE0
⊗OK

R ∼= OE0
/πk ⊗OK/πk R.

❍❡r❡✱ ✇❡ ✉s❡❞ t❤❛t πK = 0 ✐♥ R✳ ❲❡ ❤❛✈❡

πEP 0 ⊂ Q0 ⊂ P 0 ❛♥❞

πEP 1 ⊂ Q′

1 ⊂ P 1.

❚❤❡♥ ❜② ❞❡✜♥✐t✐♦♥✱ Q1 ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ♦❢ Q0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♣r♦❥❡❝t✐✈❡
♦❢ r❛♥❦ r ♦✈❡r R ❛♥❞ ❧♦❝❛❧❧② ❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ P 1✳ ▲❡t θ ❜❡ t❤❡ ✐♠❛❣❡ ♦❢ θ ✐♥
OE0 ⊗OK

OK/πK ∼= OE0/πK ✳ ❚❤❡♥ θ 6= 0✱ πEθ = 0 ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② θ ✐♥❞✉❝❡s ❛♥
✐s♦♠♦r♣❤✐s♠

OE0
/πE ⊗R ∼= (πe−1

E )/πK ⊗R.

❚❤✉s θQ′

1 ✐s ❛❧s♦ ♦❢ r❛♥❦ r ♦✈❡r R ❛♥❞ ❧♦❝❛❧❧② ❛ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ P 1✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s
❢r♦♠ t❤❡ r❡❧❛t✐♦♥ θQ′

1 ⊂ Q1✳

❙✐♥❝❡ R ✐s r❡❞✉❝❡❞✱ WOK
(R) ✐s πK✲t♦rs✐♦♥ ❢r❡❡✳ ❆❧s♦✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝❧✉s✐♦♥ R →֒

∏

i∈I ki ✐♥t♦ ❛ ♣r♦❞✉❝t ♦❢ ♣❡r❢❡❝t ✜❡❧❞s ❛♥❞ ❤❡♥❝❡ σ(θ) ✐s ♥♦t ❛ ③❡r♦✲❞✐✈✐s♦r ✐♥ OE0 ⊗

WOK
(R). ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❧❛✐♠ t❤❛t Ḟ ′|Q1 ✐s ❞✐✈✐s✐❜❧❡ ❜② σ(θ)✳ ❚❤✉s ✇❡ ❝❛♥ ❞❡✜♥❡

❛ σ✲❧✐♥❡❛r ❡♣✐♠♦r♣❤✐s♠ Ḟ : Q0 ⊕Q1 −→ P0 ⊕ P1 ❛s

Ḟ = Ḟ ′|Q0
⊕ σ(θ)−1Ḟ ′|Q1

.

❲❡ ❧❡❛✈❡ ✐t t♦ t❤❡ r❡❛❞❡r t♦ ❝❤❡❝❦ t❤❛t (P,Q, F, Ḟ ) ✐s ❛♥ OK✲❞✐s♣❧❛② ✇✐t❤ OE✲❛❝t✐♦♥ ♦❢
s✐❣♥❛t✉r❡ (r, s) ❛♥❞ t❤❛t 〈 , 〉 := tr ◦ ( , ) ❞❡✜♥❡s ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥✱ ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ OE✲❛❝t✐♦♥✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ q✉❛s✐✲✐♥✈❡rs❡✳

✷✷



❚❤✐r❞ st❡♣✿ ■❞❡♥t✐❢②✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r✐❡s ♦❢ X ❛♥❞ C(X)✳

▲❡t X ❜❡ ❛ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ ♦✈❡r S✳ ❉❡♥♦t❡ ❜② D ✭r❡s♣✳ ❜② D′′✮ t❤❡ OK✲
❝r②st❛❧ ♦❢ X ✭r❡s♣✳ t❤❡ OE0

✲❝r②st❛❧ ♦❢ C(X)✮ ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ OK✲♣❞✲t❤✐❝❦❡♥✐♥❣s ♦❢ S
✭r❡s♣✳ ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ OE0

✲♣❞✲t❤✐❝❦❡♥✐♥❣s ♦❢ S✮✳ ◆♦t❡ t❤❛t ❜♦t❤ ❝r②st❛❧s ❛r❡ ❜✐❣r❛❞❡❞
❜② t❤❡ OE✲❛❝t✐♦♥ ❛♥❞ t❤❛t ✐♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❙t❡♣ ✶ ❛❜♦✈❡✱ D(S) = P/IOK (R)P ❛♥❞
D′′(S) = P ′′/IOE0

(R)P ′′✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ F ⊂ D(S) ✐s ❣✐✈❡♥ ❜②
Q/IOK (R)P ✳

❲❡ ❞❡♥♦t❡ ❜② D t❤❡ ❝♦♥tr❛❝t✐♦♥s ♦❢ t❤❡ ❝r②st❛❧ D✱

D(S̃) := D(S̃)⊗OE0
⊗OK

OS̃
OS̃ ,

❢♦r ❛♥② OK✲♣❞✲t❤✐❝❦❡♥✐♥❣ S −→ S̃✳ ▲❡t J ❜❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ OE0
⊗OK

OS −→ OS ✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ✐♥❝❧✉s✐♦♥s JD(S) ⊂ F ⊂ D(S) ❛♥❞ ✇❡ ❤❛✈❡ D(S) =

D(S)/JD(S)✳ ❍❡♥❝❡ ✇❡ ❣❡t ❛ ✜❧tr❛t✐♦♥ F/JD(S) ⊂ D(S) ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ❍♦❞❣❡
✜❧tr❛t✐♦♥ ♦♥ D(S)✳

▲❡♠♠❛ ✹✳✾✳ ▲❡t S −→ S̃ ❜❡ ❛ sq✉❛r❡✲③❡r♦ t❤✐❝❦❡♥✐♥❣✳ ❚❤❡r❡ ✐s ❛♥ OE✲❧✐♥❡❛r ✐❞❡♥t✐✲
✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t✐♦♥ D ♦❢ t❤❡ ❝r②st❛❧ ♦❢ X ❛♥❞ t❤❡ 0✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝r②st❛❧ ♦❢
C(X) ❡✈❛❧✉❛t❡❞ ❛t S̃✱

D(S̃) ∼= D′′

0 (S̃).

❚❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❢✉♥❝t♦r✐❛❧ ✐♥ X✳ ■♥ t❤❡ ❝❛s❡ S = S̃✱ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥s ♦♥ ❜♦t❤
s✐❞❡s ❛❣r❡❡✳

❈♦r♦❧❧❛r② ✹✳✶✵✳ ▲❡t S −→ S̃ ❜❡ ❛ sq✉❛r❡✲③❡r♦ t❤✐❝❦❡♥✐♥❣ ❛♥❞ ❧❡t X ❜❡ ❛ ❤❡r♠✐t✐❛♥
OE✲OK✲♠♦❞✉❧❡ ♦✈❡r S✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❞❡❢♦r♠❛t✐♦♥s ♦❢ X t♦
S̃ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ C(X) t♦ S̃✳

❋✉rt❤❡r♠♦r❡ ✐❢ Y ✐s ❛♥♦t❤❡r OE✲OK✲♠♦❞✉❧❡ ♦✈❡r S ❛♥❞ ✐❢ X̃, Ỹ ❛r❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡
t✇♦ ♠♦❞✉❧❡s t♦ S̃✱ t❤❡♥ ❛♥ OE✲❧✐♥❡❛r ❤♦♠♦♠♦r♣❤✐s♠ f : X −→ Y ❧✐❢ts t♦ X̃ −→ Ỹ ✐❢
❛♥❞ ♦♥❧② ✐❢ C(f) ❧✐❢ts t♦ C(X̃) −→ C(Ỹ )✳

Pr♦♦❢✳ ❚❤❡ ▲❡♠♠❛ ✐s ❝❧❡❛r ❢♦r S = S̃✳ ◆❛♠❡❧② ❧❡t (P,Q, F, Ḟ ) ❜❡ t❤❡ OK✲❞✐s♣❧❛② ♦❢ X
❛♥❞ ❧❡t (P ′′, Q′′, F ′′, Ḟ ′′) ❜❡ t❤❡ OE0

✲❞✐s♣❧❛② ♦❢ C(X)✳ ❇② ❝♦♥str✉❝t✐♦♥✱

D(S) = (P0/JOE0
(R)P0) = (P ′

0/JOE0
(R)P ′

0) = P ′′

0 /IOE0
(R)P ′′

0 = D′′

0(S).

❚❤❡ s✉❜♠♦❞✉❧❡ Q′′

0 ⊂ P ′′

0 ✐s t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥

(Q0 + JOE0
(R)P0)/IOK (R)P0 ⊂ P0/IOK (R)P0

❛♥❞ ❤❡♥❝❡ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥s ♦♥ ❜♦t❤ s✐❞❡s ❛❣r❡❡✳

❋♦r ❛ ♥♦♥✲tr✐✈✐❛❧ sq✉❛r❡✲③❡r♦ t❤✐❝❦❡♥✐♥❣ S −→ S̃✱ ✇❡ ❛r❣✉❡ ❛s ❢♦❧❧♦✇s✳ ▲♦❝❛❧❧② ♦♥ S✱ ✇❡
❝❛♥ ❞❡❢♦r♠ X t♦ ❛ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ X̃ ♦❢ s✐❣♥❛t✉r❡ (r, s) ♦♥ S̃✳ ❚❤❡♥ C(X̃)

✐s ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ C(X)✳ ❚❤❡ ✈❛❧✉❡s D(S̃) ❛♥❞ D′′(S̃) ❝❛♥ t❤❡♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡
❞✐s♣❧❛②s ♦❢ X̃ ❛♥❞ C(X̃) ❛♥❞ t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥ts ❛♣♣❧②✳

❚❤❡ ❝♦r♦❧❧❛r② ✐s ♥♦✇ ❛♥ ✐♠♠❡❞✐❛t❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ●r♦t❤❡♥❞✐❡❝❦✲▼❡ss✐♥❣ ❞❡❢♦r♠❛t✐♦♥
t❤❡♦r②✳ ◆❛♠❡❧② ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✹✱ ❞❡❢♦r♠❛t✐♦♥s ♦❢ X ✭r❡s♣✳
♦❢ C(X)✮ ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ ❧✐❢t✐♥❣s ♦❢ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ✐♥ D(S) ✭r❡s♣✳ ♦❢ t❤❡ ❍♦❞❣❡
✜❧tr❛t✐♦♥ ✐♥ D′′

0(S)✮✳ ❆ s✐♠✐❧❛r r❡s✉❧t ❤♦❧❞s ❢♦r ❤♦♠♦♠♦r♣❤✐s♠s✳

❊♥❞ ♦❢ Pr♦♦❢✿ ◆♦✇ ❧❡t R ❜❡ ♥♦❡t❤❡r✐❛♥ ❛♥❞ ❧❡t n := ker(R −→ (R/p)red)✳ ❚❤❡♥ R ✐s n✲
❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳ ❆♣♣❧②✐♥❣ ❈♦r♦❧❧❛r② ✹✳✶✵ t♦ t❤❡ s✉❝❝❡ss✐✈❡ q✉♦t✐❡♥ts R/ni+1 −→ R/ni✱
✇❡ ❣❡t ❜♦t❤ t❤❡ ❡ss❡♥t✐❛❧ s✉r❥❡❝t✐✈✐t② ❛♥❞ ❢✉❧❧② ❢❛✐t❤❢✉❧♥❡ss ♦❢ C ♦♥ R✲✈❛❧✉❡❞ ♣♦✐♥ts✳ ❚❤✐s
✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ❤❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳
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✹✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶

❲❡ ♥♦✇ ✜① ❛ q✉❛s✐✲✐s♦❣❡♥② ♦♥ ❢r❛♠✐♥❣ ♦❜❥❡❝ts✱

α : C(XE0/K,(r,s))
∼= XE0,(r,s). ✭✹✳✷✮

❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❤♦♦s❡ C(XE0/K,(r,s)) ❛s t❤❡ ❢r❛♠✐♥❣ ♦❜❥❡❝t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢NE0,(r,s)✳
❚♦❣❡t❤❡r ✇✐t❤ C✱ t❤✐s ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠

c : NE0/K,(r,s) −→ NE0,(r,s)

✇❤✐❝❤ ✐s ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② ❚❤❡♦r❡♠ ✹✳✸✳ ❋✉rt❤❡r♠♦r❡✱ c ✐s ❡q✉✐✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠

C : U(XE0/K,(r,s)) −→ U(C(XE0/K,(r,s)))

g 7−→ αgα−1.

✺ ❈②❝❧❡s ✐♥ ✉♥✐t❛r② ❘❩✲s♣❛❝❡s

▲❡t Qp ⊂ K ⊂ E0 ❜❡ ✜♥✐t❡ ❡①t❡♥s✐♦♥s ❛♥❞ ❧❡t E/E0 ❜❡ ❛♥ ✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①✲
t❡♥s✐♦♥✳ ❲❡ ❝❤♦♦s❡ ✉♥✐❢♦r♠✐③❡rs πK ∈ OK ❛♥❞ πE ∈ OE0

✐♥ ♦r❞❡r t♦ ♠❛❦❡ s❡♥s❡ ♦❢
♣♦❧❛r✐③❛t✐♦♥s ♦❢ str✐❝t OK✲♠♦❞✉❧❡s ✭r❡s♣✳ str✐❝t OE0

✲♠♦❞✉❧❡s✮✳

▲❡t XE0/K,(r,s) ♦✈❡r F ❜❡ t❤❡ ❢r❛♠✐♥❣ ♦❜❥❡❝t ❢♦rNE0/K,(r,s)✳ ❘❡❝❛❧❧ t❤❛t End
0
E(XE0/K,(r,s))

∼=Mn(E) ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ♠❛tr✐① r✐♥❣ ♦✈❡r E✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳ ✭✶✮ ❋♦r ❛ q✉❛s✐✲❡♥❞♦♠♦r♣❤✐s♠ x ∈ End0E(XE0/K,(r,s))✱ ✇❡ ❞❡♥♦t❡ ❜②
Z(x) ⊂ NE0/K,(r,s) t❤❡ ❝❧♦s❡❞ ❢♦r♠❛❧ s✉❜s❝❤❡♠❡ ♦❢ ♦❜❥❡❝ts (X, ρ) s✉❝❤ t❤❛t t❤❡ q✉❛s✐✲
❡♥❞♦♠♦r♣❤✐s♠ ρ−1xρ ✐s ❛♥ ❛❝t✉❛❧ ❡♥❞♦♠♦r♣❤✐s♠✱ s❡❡ ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✾❪✳
✭✷✮ ❋♦r ❛ s✉❜r✐♥❣ R ⊂ End0E(XE0/K,(r,s))✱ ✇❡ ❞❡♥♦t❡ ❜② Z(R) ⊂ NE0/K,(1,n−1) t❤❡ ❝❧♦s❡❞
❢♦r♠❛❧ s✉❜s❝❤❡♠❡ ♦❢ ♦❜❥❡❝ts (X, ρ) s✉❝❤ t❤❛t ρ−1Rρ ⊂ End(X)✳ ■♥ ♦t❤❡r ✇♦r❞s✱

Z(R) =
⋂

x∈R

Z(x).

❘❡♠❛r❦ ✺✳✷✳ ◆♦t❡ t❤❛t Z(x) = Z(x∗) ✇❤❡r❡ ∗ ❞❡♥♦t❡s t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥✱ s❡❡
❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❆❧s♦✱ Z(x) ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ OE✲❛❧❣❡❜r❛ OE [x] s♣❛♥♥❡❞ ❜② x✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❛r❡ ❡q✉❛❧✐t✐❡s Z(x) = Z(OE [x, x

∗]) ❛♥❞

Z(R) = Z(OE [R,R
∗]).

❚❤❡ s❡❝♦♥❞ ❦✐♥❞ ♦❢ ❝②❝❧❡ ✇❡ ✇❛♥t t♦ ❝♦♥s✐❞❡r ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t YE0/K,(0,1) ❜❡
❛ ❤❡r♠✐t✐❛♥ OE✲OK✲♠♦❞✉❧❡ ♦✈❡r F ♦❢ s✐❣♥❛t✉r❡ (0, 1)✳ ❙✉❝❤ ❛♥ ♦❜❥❡❝t ✐s ✉♥✐q✉❡ ✉♣ t♦
✐s♦♠♦r♣❤✐s♠✳✼ ▲❡t YE0/K,(0,1) ❜❡ ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ✐t t♦ Spf OĔ ✳ ❙✉❝❤ ❛ ❞❡❢♦r♠❛t✐♦♥ ✐s
✉♥✐q✉❡ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✶✹✳ ❱✐❛ ❜❛s❡ ❝❤❛♥❣❡✱ YE0/K,(0,1)

✐s ❞❡✜♥❡❞ ♦♥ ❛♥② Spf OĔ✲s❝❤❡♠❡✳

❉❡✜♥✐t✐♦♥ ✺✳✸✳ ❋♦r ❛♥② q✉❛s✐✲❤♦♠♦♠♦r♣❤✐s♠ j ∈ Hom0
E(YE0/K,(0,1),XE0/K,(r,s))✱ ✇❡

❞❡♥♦t❡ ❜② Z(j) ⊂ NE0/K,(r,s) t❤❡ ❝❧♦s❡❞ ❢♦r♠❛❧ s✉❜s❝❤❡♠❡ ♦❢ ♣❛✐rs (X, ρ) s✉❝❤ t❤❛t t❤❡
q✉❛s✐✲❤♦♠♦♠♦r♣❤✐s♠

ρ−1j : YE0/K,(0,1) −→ X

✐s ❛♥ ❛❝t✉❛❧ ❤♦♠♦♠♦r♣❤✐s♠✳

✼❚❤✐s ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✇✐t❤ ❉✐❡✉❞♦♥♥é t❤❡♦r②✳
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❆❣❛✐♥✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ❝❧♦s❡❞ ❢♦r♠❛❧ s✉❜s❝❤❡♠❡ ❢♦❧❧♦✇s ❢r♦♠ ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✾❪✳
❆s ❛❜♦✈❡✱ Z(j) = Z(j∗) ✇❤❡r❡ j∗ : XE0/K,(r,s) −→ YE0/K,(0,1) ✐s t❤❡ ❘♦s❛t✐ ❛❞❥♦✐♥t ♦❢
j ❛♥❞ ✇❤❡r❡ Z(j∗) ❞❡♥♦t❡s t❤❡ ❧♦❝✉s ♦❢ (X, ρ) s✉❝❤ t❤❛t j∗ρ : X −→ YE0/K,(r,s) ✐s ❛
❤♦♠♦♠♦r♣❤✐s♠✳ ❆❧s♦✱ Z(j) ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❛♥ OEj✳

❚❤❡ ❝❛s❡ ♦❢ ✐♥t❡r❡st ❢♦r t❤❡ ❝②❝❧❡s Z(j) ✐s t❤❛t ♦❢ s✐❣♥❛t✉r❡ (1, n − 1)✳ ■♥ t❤✐s ❝❛s❡✱
Z(j) ⊂ NE0/K,(1,n−1) ✐s ❛ ❞✐✈✐s♦r ✇❤❡♥❡✈❡r j 6= 0✳ ❚❤❡s❡ ❞✐✈✐s♦rs ✇❡r❡ ✜rst ❝♦♥s✐❞❡r❡❞
❜② ❑✉❞❧❛ ❛♥❞ ❘❛♣♦♣♦rt✱ s❡❡ ❬✾❪✳

❘❡♠❛r❦ ✺✳✹✳ ▲❡t C ❜❡ t❤❡ ❢✉♥❝t♦r ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✸ ❛♥❞ ❧❡t ✉s ❝❤♦♦s❡ ❛ q✉❛s✐✲✐s♦❣❡♥②
✭E✲❧✐♥❡❛r✱ ♣r❡s❡r✈✐♥❣ t❤❡ ♣♦❧❛r✐③❛t✐♦♥✮

α : C(XE0/K,(r,s))
∼=
−→ XE0,(r,s)

❛♥❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ ✭E✲❧✐♥❡❛r✱ ♣r❡s❡r✈✐♥❣ t❤❡ ♣♦❧❛r✐③❛t✐♦♥✮

β : C(YE0/K,(0,1))
∼=
−→ YE0,(0,1).

■t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✸ ❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ c ✐♥ ❚❤❡♦r❡♠ ✹✳✶ t❤❛t

c : Z(x) ∼= Z(αc(x)α−1)

❛♥❞
c : Z(j) ∼= Z(αc(j)β−1).

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ r❡str✐❝t t♦ t❤❡ ❝❛s❡ ♦❢ s✐❣♥❛t✉r❡ (1, n− 1)✳ ▼♦r❡♦✈❡r✱ t♦ s✐♠♣❧✐❢②
t❤❡ ❡①♣♦s✐t✐♦♥✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❛ss✉♠❡ K = Qp✳ ❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ str✐❝t ❢♦r♠❛❧
OK✲♠♦❞✉❧❡s ✐s ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳

✺✳✶ ❚❤❡ ❝②❝❧❡ Z(OE)

❲❡ ❛ss✉♠❡ t❤❛t d ❞✐✈✐❞❡s n✱ s❛② n = dn′✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t σ ✐s ♥♦♥✲tr✐✈✐❛❧ ♦♥
Qp2 ⊂ E✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✐♥❡rt✐❛ ❞❡❣r❡❡ f ♦❢ E0 ♦✈❡r Qp ✐s ♦❞❞✳ ▲❡t XQp,(1,n−1) ❜❡
t❤❡ ❢r❛♠✐♥❣ ♦❜❥❡❝t ❢♦r NQp,(1,n−1)✱ s❡❡ ◆♦t❛t✐♦♥ ✸✳✹✳ ❲❡ ✜① ❛♥ ❡♠❜❡❞❞✐♥❣

E →֒ End0Qp2
(XQp,(1,n−1))

s✉❝❤ t❤❛t t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥ ♣r❡s❡r✈❡s E ❛♥❞ ❛❣r❡❡s ✇✐t❤ σ✳ ❙✉❝❤ ❛♥ ❡♠❜❡❞❞✐♥❣
❡①✐sts s✐♥❝❡ d | n✳ ❆ss♦❝✐❛t❡❞ t♦ t❤❡ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ❤❛✈❡ ❛ ❝②❝❧❡ Z(OE) ⊂ NQp,(1,n−1)✳

❲❡ ❧❡t Ψ = HomQp(E
u, Q̆p) = Ψ0 ⊔ Ψ1 ❜❡ t❤❡ ✉♥✐q✉❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

{0, 1} = {0} ⊔ {1} ❢♦r Qp2 ✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❢ OE ✱ XQp,(1,n−1) ❜❡❝♦♠❡s ❛
❢r❛♠✐♥❣ ♦❜❥❡❝t ❢♦rNE0/Qp,(1,n′

−1)✳ ❘❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s✐❣♥❛t✉r❡ ❝♦♥❞✐t✐♦♥
✷✳✽✱ ✇❡ ❛❧s♦ ❤❛❞ t♦ ❝❤♦♦s❡ ❛♥ ❡❧❡♠❡♥t ψ0 ∈ Ψ0✳ ▲❡t ✉s ❞❡♥♦t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❘❩✲s♣❛❝❡
❜② Nψ0

E0/Qp,(1,n′
−1)✳ ❚❤❡♥ ❢♦r❣❡tt✐♥❣ t❤❡ E✲❛❝t✐♦♥ ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠

Nψ0

E0/Qp,(1,n′
−1) −→ NQp,(1,n−1) ✭✺✳✶✮

✇❤✐❝❤ ✐s ❛ ❝❧♦s❡❞ ✐♠♠❡rs✐♦♥✳

❚❤❡♦r❡♠ ✺✳✺✳ ❚❤❡ ❛❜♦✈❡ ❢♦r❣❡t❢✉❧ ♠❛♣ ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

∐

ψ0∈Ψ0

Nψ0

E0/Qp,(1,n′
−1)

∼=
−→ Z(OE).

✷✺



Pr♦♦❢✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ❛rr♦✇ ✐s ❛ ♠♦♥♦♠♦r♣❤✐s♠ ✇✐t❤ ✐♠❛❣❡ ❝♦♥t❛✐♥❡❞ ✐♥ Z(OE)✳

❙♦ ✇❡ ♦♥❧② ❤❛✈❡ t♦ s❤♦✇ Z(OE) ⊂
∐

Nψ0

E0/Qp,(1,n′
−1)✳ ❲❡ ❞♦ t❤✐s ♦♥ S✲✈❛❧✉❡❞ ♣♦✐♥ts

✇✐t❤ S ❝♦♥♥❡❝t❡❞✳

▲❡t (X, ι, λ, ρ) ∈ Z(OE)(S)✳ ❚❤❡♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ❞❡❝♦♠♣♦s❡s ❛s

Lie(X) =
∏

ψ∈Ψ

Lie(X)ψ

❛♥❞ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ❡①t❡♥❞s t❤❡ ❜✐❣r❛❞✐♥❣ ❢r♦♠ t❤❡ Zp2 ✲❛❝t✐♦♥✳ ▲❡t ψ0 ∈ Ψ0 ❜❡ t❤❡
✉♥✐q✉❡ ✐♥❞❡① ✭❛♠♦♥❣st t❤❡ ✐♥❞✐❝❡s ✐♥ Ψ0✮ s✉❝❤ t❤❛t Lie(X)ψ0

6= 0✳ ❚❤✐s s✉♠♠❛♥❞ ✐s
t❤❡♥ ❛ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ S✳ ❚❤❡ OE✲❛❝t✐♦♥ ♦♥ Lie(X)ψ0 ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠

S −→ Spf OE ⊗OEu ,ψ0
O

Z̆p2
= Spf OĔ .

✭❚❤✐s ❡①♣❧❛✐♥s ✇❤② ✇❡ r❡str✐❝t❡❞ ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ ♦❢ s✐❣♥❛t✉r❡ (1, n− 1)✳✮ ❚❤❡♥ ❜②

❞❡✜♥✐t✐♦♥✱ X ✐s ❛♥ S✲✈❛❧✉❡❞ ♣♦✐♥t ♦❢ Nψ0

E0/Qp,(1,n′
−1)✳

❘❡♠❛r❦ ✺✳✻✳ ◆♦t❡ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝②❝❧❡
Z(R) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳ ❆ss✉♠❡ t❤❛t R ⊂ End0Qp2

(XQp,(1,n−1)) ✐s s✉❝❤ t❤❛tOE ⊂ R✳

❚❤❡♥
Z(R) ⊂ Z(OE)

❛♥❞
c :

∐

ψ0∈Ψ0

Z(R)ψ0 ∼= Z(R).

❍❡r❡✱ t❤❡ s♦✉r❝❡ ❛r❡ t❤❡ ❝②❝❧❡s ✐♥ t❤❡ ❘❩✲s♣❛❝❡s Nψ0

E0/Qp,(1,n′
−1)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡

Z(R)ψ0 ❛r❡ ❛❧❧ ✐s♦♠♦r♣❤✐❝✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡ Nψ0

E0/Qp,(1,n′
−1) ✇✐t❤

NE0,(1,n′
−1) ❛♥❞ ✉s✐♥❣ ❘❡♠❛r❦ ✺✳✹✳

❲❡ ✜① ❛ ❣❡♥❡r❛t♦r ϑE ♦❢ t❤❡ ✐♥✈❡rs❡ ❞✐✛❡r❡♥t ♦❢ E0/Qp ✇❤✐❝❤ ✐♥❞✉❝❡s ❛♥ OE0
✲❧✐♥❡❛r

✐s♦♠♦r♣❤✐s♠

φ : OE0
−→ HomZp(OE0

,Zp), a 7→ φ(a)(−) := trE0/Qp
(ϑEa−).

❉❡✜♥✐t✐♦♥ ✺✳✼✳ ❚♦ ❛♥② ❤❡r♠✐t✐❛♥ Zp2 ✲♠♦❞✉❧❡ (Y, ι, λ)✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ❤❡r♠✐t✐❛♥ OE✲
Zp✲♠♦❞✉❧❡ (OE0

⊗ Y, ι′, λ′) ❛s ❢♦❧❧♦✇s✳ ❚❤❡ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ OE0
⊗ Y ✐s ❣✐✈❡♥ ❜② t❤❡

❙❡rr❡ t❡♥s♦r ❝♦♥str✉❝t✐♦♥✳ ❚❤❡ OE = OE0
⊗Zp2 ✲❛❝t✐♦♥ ι

′ ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② t❤❡ ♥❛t✉r❛❧
OE0

✲❛❝t✐♦♥ ♦♥ t❤❡ ✜rst ❢❛❝t♦r ❛♥❞ λ′ ✐s ❞❡✜♥❡❞ ❛s✱

λ′(a⊗ y) := φ(a)⊗ λ(y).

▲❡t j ∈ Hom0
Qp2

(YQp,(0,1),XQp,(1,n−1)) ❜❡ ❛ q✉❛s✐✲❤♦♠♦♠♦r♣❤✐s♠ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❞✐✈✐s♦r

Z(j) ⊂ NQp,(1,n−1)✳

▲❡♠♠❛ ✺✳✽✳ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s ♦✈❡r F✱

OE0
⊗ YQp,(0,1)

∼= YE0/Qp,(0,1).

❙✐♠✐❧❛r❧② ❢♦r t❤❡✐r ❞❡❢♦r♠❛t✐♦♥s t♦ Spf OĔ✱

OE0 ⊗ YQp,(0,1)
∼= YE0/Qp,(0,1).

✷✻



Pr♦♦❢✳ ❯♣ t♦ ✐s♦♠♦r♣❤✐s♠✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ OE✲Zp✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (0, 1) ♦✈❡r F✳
❙♦ t❤❡ st❛t❡♠❡♥t r❡❞✉❝❡s t♦ t❤❡ ❢❛❝t t❤❛t OE0

⊗ YQp,(0,1) ❤❛s s✐❣♥❛t✉r❡ (0, 1) ✇❤✐❝❤ ✐s
❝❧❡❛r✳

▲❡♠♠❛ ✺✳✾✳ ▲❡t Nψ0

E0/Qp,(1,n′
−1) −→ NQp,(1,n−1) ❜❡ t❤❡ ❡♠❜❡❞❞✐♥❣ ❢r♦♠ ✭✺✳✶✮✳ ❚❤❡♥

Z(j) ∩Nψ0

E0/Qp,(1,n′
−1) = Z(idOE0

⊗ j)

✇❤❡r❡ idOE0
⊗ j ✐s t❤❡ ❤♦♠♦♠♦r♣❤✐s♠

YE0/Qp,(0,1)
∼= OE0

⊗ YQp,(0,1)
id⊗j
−→ XQp,(1,n−1).

Pr♦♦❢✳ ❚❤❡ ✉♥✐✈❡rs❛❧ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ ♦✈❡r Nψ0

E0/Qp,(1,n′
−1) ❤❛s ❛♥ OE0

✲❛❝t✐♦♥✱ ✇❤✐❝❤

✐♠♣❧✐❡s t❤❡ r❡❧❛t✐♦♥ ⊆✳ ❈♦♥✈❡rs❡❧② ✐❢ id ⊗ j : OE0
⊗ YQp,(0,1) −→ XQp,(1,n−1) ❧✐❢ts✱ t❤❡♥

s♦ ❞♦❡s ✐ts ❝♦♠♣♦s✐t✐♦♥ ✇✐t❤

YQp,(0,1)
1⊗id
−→ OE0

⊗ YQp,(0,1).

✺✳✷ ❱❛r✐❛♥t ❢♦r ét❛❧❡ ❛❧❣❡❜r❛s

❲❡ ✜rst ❞❡✜♥❡ ❛ ✈❛r✐❛♥t ♦❢ NE0/Qp,(0,n) ❢♦r ❛ s♣❧✐t q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ E = E0×E0✳ ❲❡

s❡t Ĕ := Ĕ0✳ ❆s ✐♥ t❤❡ ♥♦♥✲s♣❧✐t ❝❛s❡✱ ✇❡ ❝❤♦♦s❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ Ψ := Hom(Eu, Ĕ) =

Ψ0 ⊔ Ψ1 s✉❝❤ t❤❛t σ(Ψ0) = Ψ1✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ✭s✉♣❡rs✐♥❣✉❧❛r✮ ❤❡r♠✐t✐❛♥ OE✲
Zp✲♠♦❞✉❧❡ (X, ι, λ) ♦❢ s✐❣♥❛t✉r❡ (0, n) ♦✈❡r ❛♥ Spf OĔ✲s❝❤❡♠❡ S ✐s t❤❡♥ ❝♦♠♣❧❡t❡❧②
❛♥❛❧♦❣♦✉s t♦ t❤❡ ❉❡✜♥✐t✐♦♥ ✷✳✷ ✐♥ t❤❡ ♥♦♥✲s♣❧✐t ❝❛s❡✳

◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢X ❜❡✐♥❣ s✉♣❡rs✐♥❣✉❧❛r ♣♦s❡s s♦♠❡ r❡str✐❝t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
s✉❝❤ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡s ❡①✐st ✐❢ ❛♥❞ ♦♥❧② ✐❢ f ✐s ❡✈❡♥ ❛♥❞ ❡①❛❝t❧② ❤❛❧❢ ♦❢ t❤❡
❡❧❡♠❡♥ts ♦❢ Ψ0 ❢❛❝t♦r ♦✈❡r t❤❡ ✜rst ❝♦♠♣♦♥❡♥t E −→ E0 × 0✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡
t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳

❆❣❛✐♥✱ ✇❡ ✜① ❛ ❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ (XE/E0/Qp , ι, λ) ♦❢ s✐❣♥❛t✉r❡ (0, n) ♦✈❡r F ❛♥❞
❛❣❛✐♥✱ s✉❝❤ ❛ ❝❤♦✐❝❡ ✐s ✉♥✐q✉❡ ✉♣ t♦ q✉❛s✐✲✐s♦❣❡♥②✳

❉❡✜♥✐t✐♦♥ ✺✳✶✵✳ ❚❤❡ ❢✉♥❝t♦r NE/E0/Qp,(0,n) ♦♥ s❝❤❡♠❡s ♦✈❡r Spf OĔ ❛ss♦❝✐❛t❡s t♦ S
t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ q✉❛❞r✉♣❧❡s (X, ι, λ, ρ) ✇❤❡r❡ (X, ι, λ) ✐s ❛ s✉♣❡rs✐♥❣✉❧❛r
❤❡r♠✐t✐❛♥ OE✲Zp✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (0, n) ❛♥❞ ✇❤❡r❡

ρ : X ×S S −→ XE/E0/Qp,(0,n) ×F S

✐s ❛♥ OE✲❧✐♥❡❛r q✉❛s✐✲✐s♦❣❡♥② ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ♣♦❧❛r✐③❛t✐♦♥s✳

❆s ✐♥ t❤❡ ♥♦♥✲s♣❧✐t ❝❛s❡✱ ✇❡ s❡❡ t❤❛t NE/E0/Qp,(0,n) ✐s ❛ ❢♦r♠❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ✐s ét❛❧❡
♦✈❡r Spf OĔ ✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✶✳ ▲❡t E/E0 ❜❡ ❛ q✉❛❞r❛t✐❝ ét❛❧❡ ❛❧❣❡❜r❛ ❛♥❞ ❧❡t U := U(XE/E0/Qp,(0,n))

✭r❡s♣✳ K✮ ❞❡♥♦t❡ t❤❡ ❣r♦✉♣ ♦❢ E✲❧✐♥❡❛r q✉❛s✐✲✐s♦❣❡♥✐❡s ✭r❡s♣✳ ❛✉t♦♠♦r♣❤✐s♠s✮ ♦❢ t❤❡
❢r❛♠✐♥❣ ♦❜❥❡❝t t❤❛t ♣r❡s❡r✈❡ t❤❡ ♣♦❧❛r✐③❛t✐♦♥✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ U ✲❡q✉✐✈❛r✐❛♥t ✐s♦♠♦r✲
♣❤✐s♠ ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s

NE/E0/Qp,(0,n)
∼=
∐

U/K

Spf OĔ .

✷✼



Pr♦♦❢✳ ❚❤❡ ❣r♦✉♣ U ❛❝ts ♦♥ NE/E0/Qp,(0,n) ❜② ❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢r❛♠✐♥❣✱

g.(X, ρ) = (X, gρ).

❚❤❡ st❛❜✐❧✐③❡r ♦❢ (XE/E0/Qp,(0,n), id) ✐s t❤❡ s✉❜❣r♦✉♣K ⊂ U ✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ U ✐s tr❛♥s✐t✐✈❡
♦♥ F✲♣♦✐♥ts✱ s❡❡ ▲❡♠♠❛ ✷✳✶✶✳ ✭❚❤✐s ❧❡♠♠❛ ❤❛s ❛♥ ❛♥❛❧♦❣✉❡ ❢♦r t❤❡ s♣❧✐t q✉❛❞r❛t✐❝
❡①t❡♥s✐♦♥ E = E0×E0✳✮ ❙✐♥❝❡NE/E0/Qp,(0,n) ✐s ét❛❧❡ ♦✈❡r Spf OĔ ✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

◆♦✇ ❧❡t E0/Qp ❜❡ ❛♥② ✜♥✐t❡ ét❛❧❡ ❛❧❣❡❜r❛ ❛♥❞ s❡t E := E0⊗Qp2 ✇✐t❤ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥
σ = σ ⊗ id✳ ▲❡t

E0 :=
∏

i∈I

E0,i

❜❡ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ✜❡❧❞s ❛♥❞ s❡t Ei := E0,i ⊗Qp2 ✳ ❲❡ ✜① ❛♥ ❡♠❜❡❞❞✐♥❣

E →֒ End0Qp2
(XQp,(1,n−1))

t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r σ ❛♥❞ t❤❡ ❘♦s❛t✐✲✐♥✈♦❧✉t✐♦♥✳ ❚❤✐s ❛❝t✐♦♥ ♠❛❦❡s t❤❡ ✐s♦❝r②st❛❧
N := N(XQp,(1,n−1)) ♦❢ XQp,(1,n−1) ✐♥t♦ ❛♥ E ⊗ Q̆p✲♠♦❞✉❧❡✳ ▲❡t

N =
∏

i∈I

Ni

❜❡ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ Ei ⊗ Q̆p✲♠♦❞✉❧❡s✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡

❋r♦❜❡♥✐✉s ❛♥❞ ✐s ♦rt❤♦❣♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❦❡✇✲❤❡r♠✐t✐❛♥ Q̆p✲✈❛❧✉❡❞ ❢♦r♠ ♦♥
N ✳ ❍❡♥❝❡ ❡❛❝❤ ❢❛❝t♦r Ni ✐s ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ Ei/E0,i✲✐s♦❝r②st❛❧ ❛♥❞ ✇❡ s❡t ni :=

rkEi⊗Q̆p
(Ni)✳

❉❡✜♥✐t✐♦♥ ✺✳✶✷✳ ❆♥ ✐♥❞❡① i ∈ I ✐s ❝❛❧❧❡❞ ♦❞❞ ✐❢ Ei/E0,i ✐s ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ ❛♥❞ ✐❢
Ni ✐s ❛♥ ♦❞❞ s❦❡✇✲❤❡r♠✐t✐❛♥ Ei✲♠♦❞✉❧❡✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ❖t❤❡r✇✐s❡✱ t❤❡r❡ ❡①✐sts ❛
s❡❧❢✲❞✉❛❧ ❛♥❞ ❋r♦❜❡♥✐✉s✲st❛❜❧❡ OEi ⊗ Z̆p✲❧❛tt✐❝❡ ♦❢ s✐❣♥❛t✉r❡ (0, ni) ✐♥ Ni ❛♥❞ ✇❡ ❝❛❧❧ i
❡✈❡♥✳

❆♥ ❡q✉✐✈❛❧❡♥t ✇❛② t♦ ❞❡✜♥❡ t❤❡ ♣❛r✐t② ♦❢ ❛♥ ✐♥❞❡① ✐s ❛s ❢♦❧❧♦✇s✳ ▲❡t α ❜❡ t❤❡ ♦♣❡r❛t♦r
❢r♦♠ ✭✷✳✷✮ ❛♥❞ ❧❡t V := Nα=1✳ ❚❤❡♥ V ✐s ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ E✲♠♦❞✉❧❡ ❛♥❞ t❤❡r❡ ✐s ❛
❞❡❝♦♠♣♦s✐t✐♦♥ V =

∏

i∈I Vi s✉❝❤ t❤❛t ❡❛❝❤ Vi ✐s ❛ s❦❡✇✲❤❡r♠✐t✐❛♥ Ei✲♠♦❞✉❧❡✳ ❚❤❡♥
❛♥ ✐♥❞❡① i ✐s ❝❛❧❧❡❞ ❡✈❡♥ ✭r❡s♣✳ ♦❞❞✮ ✐❢ t❤❡r❡ ❡①✐sts ✭r❡s♣✳ ❞♦❡s ♥♦t ❡①✐st✮ ❛ s❡❧❢✲❞✉❛❧
OEi ✲❧❛tt✐❝❡ ✐♥ Vi✳

❙✐♥❝❡ N ✐ts❡❧❢ ✐s ♦❞❞✱ t❤❡r❡ ✐s ❛♥ ♦❞❞ ♥✉♠❜❡r ♦❢ ♦❞❞ ✐♥❞✐❝❡s✳ ❘❡❝❛❧❧ t❤❛t Z(OE) ⊂
NQp,(1,n−1) ❞❡♥♦t❡s t❤❡ ❧♦❝✉s t♦ ✇❤✐❝❤ t❤❡ OE✲❛❝t✐♦♥ ❧✐❢ts✳

▲❡♠♠❛ ✺✳✶✸✳ ■❢ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ ♦❞❞ ✐♥❞❡①✱ t❤❡♥ Z(OE) = ∅✳

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ✐❞❡♠♣♦t❡♥ts ✐♥ OE =
∏

i∈I OEi ✱ ❛♥② ♣♦✐♥t (X, ι, λ) ∈ Z(OE)(S) ❤❛s
❛♥ ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

(X, ι, λ) =
∏

i∈I

(Xi, ι, λ)

✇❤❡r❡ ❡❛❝❤ ❢❛❝t♦r (Xi, ι, λ) ✐s ❛ s✉♣❡rs✐♥❣✉❧❛r ❤❡r♠✐t✐❛♥ OEi ✲Zp✲♠♦❞✉❧❡✳ ❆❧s♦✱ ❛ss✉♠✐♥❣
t❤❛t S ✐s ❝♦♥♥❡❝t❡❞✱ ❡❛❝❤ ❢❛❝t♦r ❤❛s ❛ ✇❡❧❧✲❞❡✜♥❡❞ s✐❣♥❛t✉r❡ (ri, si) ❛♥❞ t❤❡s❡ s✐❣♥❛t✉r❡s
❛❞❞ ✉♣ t♦ (1, n − 1)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ✐♥❞❡① i0 ∈ I ✇✐t❤ ri0 = 1 ❛♥❞
ri = 0 ❢♦r ❛❧❧ i 6= i0✳ ❍❡♥❝❡ Ni0 ✐s ♦❞❞ ❛♥❞ ❛❧❧ ♦t❤❡r ✐♥❞✐❝❡s ❛r❡ ❡✈❡♥ ❜② ▲❡♠♠❛ ✷✳✶✵✳
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❙♦ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♦❞❞ ✐♥❞❡① i0✳ ❲❡ ❞❡♥♦t❡ ❜② UEi(Ni)
t❤❡ ❣r♦✉♣ ♦❢ Ei✲❧✐♥❡❛r ❛✉t♦♠♦r♣❤✐s♠s ♦❢ Ni ✇❤✐❝❤ ♣r❡s❡r✈❡ t❤❡ ♣♦❧❛r✐③❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱
UE(N) =

∏

i∈I UEi(Ni) ❞❡♥♦t❡s t❤❡ ❣r♦✉♣ ♦❢ E✲❧✐♥❡❛r ❛✉t♦♠♦r♣❤✐s♠s ♦❢ N ✇❤✐❝❤ ♣r❡✲
s❡r✈❡ t❤❡ ♣♦❧❛r✐③❛t✐♦♥✳ ❋♦r ❡✈❡♥ i✱ ✇❡ ❛❧s♦ ✜① s♦♠❡ s❡❧❢✲❞✉❛❧ OEi ✲st❛❜❧❡ ❉✐❡✉❞♦♥♥é
❧❛tt✐❝❡ Mi ⊂ Ni ♦❢ s✐❣♥❛t✉r❡ (0, ni) ❛♥❞ ❞❡♥♦t❡ ❜② Ki ⊂ UEi(Ni) ✐ts st❛❜✐❧✐③❡r✳

❆t t❤❡ ✐♥❞❡① i0✱ ✇❡ ❝❤♦♦s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

Ψ := Hom(Eui0 , Ĕi0) = Ψ0 ⊔Ψ1

✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r♦♠ Qp2 ✳ ❚❤❡♥ ✐t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✹✳ ❚❤❡r❡ ✐s ❛♥ UE(N)✲❡q✉✐✈❛r✐❛♥t ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s ♦✈❡r
Spf OĔ✱

Z(OE) ∼=
∐

ψ0∈Ψ0

(

Nψ0

E0,i0
/Qp,(1,ni0−1)

)

×
∏

i 6=i0

UEi(Ni)/Ki.

❖❢ ❝♦✉rs❡✱ ✇❡ ❝❛♥ ❢✉rt❤❡r♠♦r❡ ✐❞❡♥t✐❢② ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ✇✐t❤ NE0,i0
,(1,ni0−1)✳
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P❛rt ■■

❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❆r✐t❤♠❡t✐❝

❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s❡❝t✐♦♥s✱ ✇❡ r❡❝❛❧❧ t❤❡ ❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ✭❋▲✮
❛♥❞ t❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ✭❆❋▲✮ ✐♥ ❜♦t❤ t❤❡ ❣r♦✉♣ ❛♥❞ t❤❡ ▲✐❡ ❛❧❣❡❜r❛
✈❡rs✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✽✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✈❛r✐♦✉s ♦r❜✐t❛❧ ✐♥t❡❣r❛❧s ✐♥ t❡r♠s ♦❢
❧❛tt✐❝❡s ❢r♦♠ ❬✶✺❪✳ ❲❡ ✉s❡ t❤❡s❡ r❡s✉❧ts t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❋▲ ❛♥❞ t❤❡ ❆❋▲✳ ❋✐♥❛❧❧②✱ ✇❡
✇✐❧❧ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧t✱ s❡❡ ❚❤❡♦r❡♠s ✶✵✳✶ ❛♥❞ ✶✵✳✺✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ❝♦r♦❧❧❛r✐❡s✳

✻ ❆♥❛❧②t✐❝ s❡t✲✉♣

✻✳✶ ❙②♠♠❡tr✐❝ s♣❛❝❡ s✐❞❡

▲❡t p > 2 ❜❡ ❛ ♣r✐♠❡ ❛♥❞ ❧❡t E/E0 ❜❡ ❛♥ ✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ ♦❢ p✲❛❞✐❝ ❧♦❝❛❧
✜❡❧❞s✳ ❲❡ ❞❡♥♦t❡ t❤❡✐r r✐♥❣s ♦❢ ✐♥t❡❣❡rs ❜② OE0

⊂ OE ✳ ▲❡t q ❜❡ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡
r❡s✐❞✉❡ ✜❡❧❞ ♦❢ OE0 ❛♥❞ ❧❡t σ ♦r a 7→ a ❞❡♥♦t❡ t❤❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ ♦♥ E✳ ▲❡t v ❜❡
t❤❡ ♥♦r♠❛❧✐③❡❞ ✈❛❧✉❛t✐♦♥ ♦♥ E0 ❛♥❞ ❧❡t | · | = q−v(·) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳
▲❡t η : E×

0 −→ {±1}, a 7→ (−1)v(a) ❜❡ t❤❡ q✉❛❞r❛t✐❝ ❝❤❛r❛❝t❡r ❛ss♦❝✐❛t❡❞ t♦ E/E0 ❜②
❧♦❝❛❧ ❝❧❛ss ✜❡❧❞ t❤❡♦r②✳

❲❡ ✜① ❛♥ E0✲✈❡❝t♦r s♣❛❝❡ W0 ♦❢ ❞✐♠❡♥s✐♦♥ n− 1 ✇✐t❤ n ≥ 2 ❛♥❞ s❡t W := E⊗W0✳ ❲❡
❛❧s♦ ❢♦r♠ V0 :=W0 ⊕E0u ❛♥❞ V := E ⊗ V0✱ ✇❤❡r❡ u ✐s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✈❡❝t♦r✳ ❱✐❛ t❤❡
❡♠❜❡❞❞✐♥❣

GL(W ) →֒ GL(V ), g 7→ (
g
1 ) ,

GL(W ) ❛❝ts ❜② ❝♦♥❥✉❣❛t✐♦♥ ♦♥ End(V )✳

❉❡✜♥✐t✐♦♥ ✻✳✶✳ ❆♥ ❡❧❡♠❡♥t γ ∈ End(V ) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ V = W ⊕ Eu✮ ✐❢ ✐ts st❛❜✐❧✐③❡r ✐♥ GL(W ) ✐s tr✐✈✐❛❧ ❛♥❞ ✐❢ ✐ts ♦r❜✐t ✐s
❩❛r✐s❦✐ ❝❧♦s❡❞✳

❋♦r ❛♥② s✉❜s❡t X ⊂ End(V )✱ ✇❡ ❞❡♥♦t❡ ❜② Xrs t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❡❧❡♠❡♥ts ✐♥ X✳

▲❡♠♠❛ ✻✳✷ ✭❬✷✵✱ ▲❡♠♠❛ ✷✳✶❪✮✳ ❚❤❡ ❡❧❡♠❡♥t γ ∈ End(V ) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✐❢ ❛♥❞
♦♥❧② ✐❢

{γiu}i≥0 ❛♥❞ {u∨γi}i≥0

❣❡♥❡r❛t❡ V ✭r❡s♣✳ V ∨✮✳ ❍❡r❡✱ u∨ :W ⊕ Eu −→ E ✐s t❤❡ ❧✐♥❡❛r ❢♦r♠ (w, λu) 7→ λ✳

▲❡t S(E0) ❜❡ t❤❡ s②♠♠❡tr✐❝ s♣❛❝❡

S(E0) := {γ ∈ GL(V ) | γγ = 1}.

■t ✐s st❛❜❧❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ GL(W0)✳ ❲❡ ❢♦r♠ t❤❡ s❡t✲t❤❡♦r❡t✐❝ q✉♦t✐❡♥t ❢♦r t❤❡
❝♦♥❥✉❣❛t✐♦♥ ❛❝t✐♦♥✱

[S(E0)rs] := GL(W0)\S(E0)rs.

▲❡t ✉s ✜① s♦♠❡ OE0
✲❧❛tt✐❝❡ Λ0 ⊂W0 ❛♥❞ s❡t Λ := (OE ⊗Λ0)⊕OEu✳ ❲❡ ♥♦r♠❛❧✐③❡ t❤❡

❍❛❛r ♠❡❛s✉r❡ ♦♥ GL(W0) s✉❝❤ t❤❛t t❤❡ ✈♦❧✉♠❡ ♦❢ GL(Λ0) ✐s 1✳

✸✵



❋♦r ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❡❧❡♠❡♥t γ ∈ S(E0)rs✱ ❢♦r ❛ t❡st ❢✉♥❝t✐♦♥ f ∈ C∞

c (S(E0)) ❛♥❞
❢♦r ❛ ❝♦♠♣❧❡① ♣❛r❛♠❡t❡r s ∈ C✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧

Oγ(f, s) :=

∫

GL(W0)

f(h−1γh)η(deth)| deth|sdh,

✇✐t❤ s♣❡❝✐❛❧ ✈❛❧✉❡ Oγ(f) := Oγ(f, 0) ❛♥❞ ❞❡r✐✈❛t✐✈❡

∂Oγ(f) :=
d

ds

∣

∣

∣

∣

s=0

Oγ(f, s).

❚❤❡s❡ ✐♥t❡❣r❛❧s ❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❡❧②✳ ◆♦t❡ t❤❛t Oγ(f) tr❛♥s❢♦r♠s ✇✐t❤ η ◦ det ✉♥❞❡r t❤❡
❛❝t✐♦♥ ♦❢ GL(W0) ♦♥ γ✳

❉❡✜♥✐t✐♦♥ ✻✳✸✳ ❋♦r γ ∈ End(V )rs✱ ✇❡ ❞❡✜♥❡ l(γ) := [span{γiu}n−1
i=0 : Λ] ∈ Z t♦ ❜❡ t❤❡

r❡❧❛t✐✈❡ ✐♥❞❡① ♦❢ t❤❡ t✇♦ OE✲❧❛tt✐❝❡s span{γ
iu} ❛♥❞ Λ✳

❚❤❡ tr❛♥s❢❡r ❢❛❝t♦r ✭✇✐t❤ r❡s♣❡❝t t♦ Λ0✮ Ω : End(V )rs −→ {±1} ✐s t❤❡ ❢✉♥❝t✐♦♥

Ω(γ) := (−1)l(γ).

◆♦t❡ t❤❛t Ω ✐s ❛❧s♦ η ◦ det✲✐♥✈❛r✐❛♥t ❛♥❞ ❤❡♥❝❡ t❤❡ ♣r♦❞✉❝t Ω(γ)Oγ(f) ❞❡s❝❡♥❞s t♦ t❤❡
q✉♦t✐❡♥t [S(E0)rs]✳

❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ t❛♥❣❡♥t s♣❛❝❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥s ❞❡✜♥❡❞ s♦ ❢❛r✳ ▲❡t

s(E0) := {y ∈ End(V ) | y + y = 0}

❜❡ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t 1 ♦❢ S(E0)✳ ❆❣❛✐♥ ✇❡ ❢♦r♠ t❤❡ q✉♦t✐❡♥t ❜② t❤❡ GL(W0)✲❛❝t✐♦♥✱

[s(E0)rs] := GL(W0)\s(E0)rs.

❋♦r y ∈ s(E0)rs✱ ❢♦r ❛ t❡st ❢✉♥❝t✐♦♥ f ∈ C∞

c (s(E0)) ❛♥❞ ❢♦r ❛ ❝♦♠♣❧❡① ♣❛r❛♠❡t❡r s ∈ C✱
✇❡ ❞❡✜♥❡ t❤❡ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧s Oy(f, s), Oy(f) ❛♥❞ ∂Oy(f) ❜② t❤❡ s❛♠❡ ❢♦r♠✉❧❛s ❛s
❛❜♦✈❡✳ ❆❣❛✐♥✱ y 7→ Ω(y)Oy(f) ❞❡s❝❡♥❞s t♦ t❤❡ q✉♦t✐❡♥t [s(E0)rs]✳

✻✳✷ ❯♥✐t❛r② ❙✐❞❡ ❛♥❞ ♦r❜✐t ♠❛t❝❤✐♥❣

▲❡t J♭0 ❛♥❞ J♭1 ❜❡ t✇♦ ❤❡r♠✐t✐❛♥ ❢♦r♠s ♦♥ W s✉❝❤ t❤❛t J♭0 ✐s ❡✈❡♥ ❛♥❞ s✉❝❤ t❤❛t J♭1 ✐s
♦❞❞✳ ❇② t❤✐s ✇❡ ♠❡❛♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡❧❢✲❞✉❛❧ ❧❛tt✐❝❡ ❢♦r J♭0✱ r❡s♣✳ ♥♦ s❡❧❢✲❞✉❛❧ ❧❛tt✐❝❡
❢♦r J♭1✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t η(det(J♭0)) = 1 ❛♥❞ η(det(J♭1)) = −1✳ ❋♦r i = 0, 1✱
✇❡ ❡①t❡♥❞ t❤❡ ❢♦r♠ J♭i t♦ ❛ ❢♦r♠ Ji ♦♥ V ❜② s❡tt✐♥❣ Ji(u, u) = 1 ❛♥❞ u ⊥W ✳ ▲❡t U(J♭i )
✭r❡s♣✳ U(Ji)✮ ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ✉♥✐t❛r② ❣r♦✉♣s✳ ❚❤❡ U(Ji) ❛r❡ s✉❜s❡ts ♦❢ End(V ) ❛♥❞
❤❡♥❝❡ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♣♣❧✐❡s t♦ t❤❡♠✳

❲❡ ❞❡♥♦t❡ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ U(Ji) ❜② u(Ji)✳ ❚❤❡ ❣r♦✉♣ U(J♭i ) ❛❝ts ❜② ❝♦♥❥✉❣❛t✐♦♥ ♦♥
❜♦t❤ U(Ji) ❛♥❞ u(Ji) ❛♥❞ ✇❡ ❢♦r♠ t❤❡ q✉♦t✐❡♥ts

[U(Ji)rs] := U(J♭i )\U(Ji)rs

[u(Ji)rs] := U(J♭i )\u(Ji)rs.

❉❡✜♥✐t✐♦♥ ✻✳✹✳ ❚✇♦ ❡❧❡♠❡♥ts γ ∈ S(E0)rs ❛♥❞ g ∈ U(Ji)rs ❛r❡ s❛✐❞ t♦ ♠❛t❝❤ ✐❢ t❤❡②
❛r❡ ❝♦♥❥✉❣❛t❡ ✉♥❞❡r GL(W ) ✇✐t❤✐♥ End(V )✳

❙✐♠✐❧❛r❧② t✇♦ ❡❧❡♠❡♥ts y ∈ s(E0)rs ❛♥❞ x ∈ u(Ji)rs ❛r❡ s❛✐❞ t♦ ♠❛t❝❤ ✐❢ t❤❡② ❛r❡ ❝♦♥❥✉❣❛t❡
✉♥❞❡r GL(W )✳
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▲❡♠♠❛ ✻✳✺ ✭❬✷✵✱ ▲❡♠♠❛ ✷✳✸❪✮✳ ❚❤❡ ♠❛t❝❤✐♥❣ r❡❧❛t✐♦♥ ✐♥❞✉❝❡s ❜✐❥❡❝t✐♦♥s

α : [S(E0)rs] ∼= [U(J0)rs] ⊔ [U(J1)rs]

❛♥❞
α : [s(E0)rs] ∼= [u(J0)rs] ⊔ [u(J1)rs].

❚♦ ♥♦r♠❛❧✐③❡ t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥ U(J♭0)✱ ✇❡ ✜① ❛ s❡❧❢✲❞✉❛❧ ❧❛tt✐❝❡ L ⊂ (W,J♭0) ❛♥❞ ❣✐✈❡
✈♦❧✉♠❡ 1 t♦ ✐ts st❛❜✐❧✐③❡r K♭

0 ⊂ U(J♭0)✳ ❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❍❛❛r ♠❡❛s✉r❡ ♦♥ U(J♭1)
✐s ♥♦t ✐♠♣♦rt❛♥t ❢♦r ✉s✳

❋♦r ❛ t❡st ❢✉♥❝t✐♦♥ f ′ ∈ C∞

c (U(Ji)) ✭r❡s♣✳ f
′ ∈ C∞

c (u(Ji))✮ ❛♥❞ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡
❡❧❡♠❡♥t g ∈ U(Ji)rs ✭r❡s♣✳ x ∈ u(Ji)rs✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧

Og(f
′) :=

∫

U(J♭i )

f ′(h−1gh)dh,

(

r❡s♣✳ Ox(f
′) :=

∫

U(J♭i )

f ′(h−1xh)dh

)

.

❋♦r ✜①❡❞ f ′ t❤✐s ❢✉♥❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❝♦♥❥✉❣❛t✐♦♥ ❛❝t✐♦♥ ♦❢ U(J♭i ) ♦♥ g ✭r❡s♣✳
♦♥ x✮ ❛♥❞ ❤❡♥❝❡ ❞❡s❝❡♥❞s t♦ t❤❡ q✉♦t✐❡♥t [U(Ji)rs] ✭r❡s♣✳ [u(Ji)rs]✮✳

❉❡✜♥✐t✐♦♥ ✻✳✻✳ ❆ ❢✉♥❝t✐♦♥ f ∈ C∞

c (S(E0)) ❛♥❞ ❛ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s (f
′

0, f
′

1) ✐♥ C
∞

c (U(J0))×
C∞

c (U(J1)) ❛r❡ s❛✐❞ t♦ ❜❡ tr❛♥s❢❡rs ♦❢ ❡❛❝❤ ♦t❤❡r ✐❢✱ ❢♦r ❛❧❧ γ ∈ S(E0)rs✱ t❤❡r❡ ✐s ❛♥ ❡q✉❛❧✲
✐t②

Ω(γ)Oγ(f) =

{

Og(f
′

0) ✐❢ γ ♠❛t❝❤❡s g ∈ U(J0)rs

Og(f
′

1) ✐❢ γ ♠❛t❝❤❡s g ∈ U(J1)rs.

❙✐♠✐❧❛r❧②✱ ❛ ❢✉♥❝t✐♦♥ f ∈ C∞

c (s(E0)) ❛♥❞ ❛ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s (f ′0, f
′

1) ∈ C∞

c (u(J0)) ×
C∞

c (u(J1)) ❛r❡ s❛✐❞ t♦ ❜❡ tr❛♥s❢❡rs ♦❢ ❡❛❝❤ ♦t❤❡r ✐❢✱ ❢♦r ❛❧❧ y ∈ s(E0)rs✱ t❤❡r❡ ✐s ❛♥
❡q✉❛❧✐t②

Ω(y)Oy(f) =

{

Ox(f
′

0) ✐❢ y ♠❛t❝❤❡s x ∈ u(J0)rs

Ox(f
′

1) ✐❢ y ♠❛t❝❤❡s x ∈ u(J1)rs.

✻✳✸ ❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

❘❡❝❛❧❧ t❤❛t ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ tr❛♥s❢❡r ❢❛❝t♦r✱ ❉❡✜♥✐t✐♦♥ ✻✳✸✱ ✇❡ ✜①❡❞ s♦♠❡ OE0
✲

❧❛tt✐❝❡ Λ0 ⊂ W0 ❛♥❞ ❢♦r♠❡❞ t❤❡ ❧❛tt✐❝❡ Λ ⊂ V ✳ ❲❡ ❞❡✜♥❡ S(OE0
) := S(E0) ∩ End(Λ)

❛♥❞ s(OE0) := s(E0) ∩ End(Λ)✳ ❆❧s♦✱ ❧❡t K0 ⊂ U(J0) ❞❡♥♦t❡ t❤❡ st❛❜✐❧✐③❡r ♦❢ L⊕OEu
✇❤❡r❡ L ✐s s♦♠❡ s❡❧❢✲❞✉❛❧ ❧❛tt✐❝❡ ✐♥ (W,J♭0)✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡ u(J0)(OE0) := u(J0) ∩
End(L⊕OEu)✳

❈♦♥❥❡❝t✉r❡ ✻✳✼ ✭❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ 1S(OE0
) ❛♥❞ t❤❡

♣❛✐r (1K0 , 0) ❛r❡ tr❛♥s❢❡rs ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❊q✉✐✈❛❧❡♥t❧②✱ ❢♦r ❛❧❧ γ ∈ S(E0)rs✱

Ω(γ)Oγ(1S(OE0
)) =

{

Og(1K0)) ✐❢ γ ♠❛t❝❤❡s g ∈ U(J0)

0 ✐❢ γ ♠❛t❝❤❡s g ∈ U(J1).
✭❏❘E0,(V,J0),u,g✮

❘❡♠❛r❦ ✻✳✽✳ ✭✶✮ ◆♦t❡ t❤❛t t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
❧❛tt✐❝❡ Λ0✳ ◆❛♠❡❧② ✐❢ ✇❡ r❡♣❧❛❝❡ ✐t ❜② hΛ0✱ h ∈ GL(W0)✱ t❤❡♥ Ω ✐s ❝❤❛♥❣❡❞ ❜② t❤❡ s✐❣♥
(−1)v(deth)✳ ❇✉t ❛❧s♦

Oγ(1hS(OE0
)h−1) = Oh−1γh(1S(OE0

)) = (−1)v(deth)Oγ(1S(OE0
)).

✸✷



✭✷✮ ❚❤❡ q✉❛❞r✉♣❧❡ (E0, (V, J0), u, g) ✐s s✉✣❝✐❡♥t t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛
❡q✉❛t✐♦♥✳ ◆❛♠❡❧② ✇❡ ❝❛♥ ❞❡✜♥❡ W := u⊥ ✇✐t❤ ❢♦r♠ J♭0 := J0|W ✳ ❚❤❡ ❢♦r♠ J♭1 ❝❛♥ ❜❡
❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② s✐♥❝❡ ✐t ❞♦❡s ♥♦t ♣❧❛② ❛ r♦❧❡ ✐♥ t❤❡ ❝♦♥❥❡❝t✉r❡✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❡❢t ❤❛♥❞
s✐❞❡ ♦❢ (JRE0,(V,J0),u,g) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦s❡♥ E0✲str✉❝t✉r❡ W0 ⊂ W ✱ ✇❤✐❝❤
✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ ❈♦r♦❧❧❛r② ✽✳✸ ❜❡❧♦✇✳

❚❤❡ ❡q✉❛❧ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❛❧♦❣✉❡ ♦❢ t❤✐s ❝♦♥❥❡❝t✉r❡ ✇❛s ♣r♦✈❡♥ ❜② ❩❤✐✇❡✐ ❨✉♥ ✐♥ ❬✶✾❪
✐♥ t❤❡ ❝❛s❡ p > n✳ ❏✉❧✐❛ ●♦r❞♦♥ ❬✺❪ ❞❡❞✉❝❡❞ t❤❡ p✲❛❞✐❝ ❝❛s❡ ❢♦r p s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ■♥
❣❡♥❡r❛❧✱ t❤❡ ✈❛♥✐s❤✐♥❣ ♣❛rt ✭✐✳❡✳ t❤❡ ❝❛s❡ g ∈ U(J1)✮ ♦❢ t❤❡ ❝♦♥❥❡❝t✉r❡ ✐s ❦♥♦✇♥ ❜② ❬✶✺✱
❈♦r♦❧❧❛r② ✼✳✸❪✳

❈♦♥❥❡❝t✉r❡ ✻✳✾ ✭❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✱ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥✮✳ ❚❤❡ ❢✉♥❝✲
t✐♦♥ 1

s(OE0
) ❛♥❞ t❤❡ ♣❛✐r (1

u(J0)(OE0
), 0) ❛r❡ tr❛♥s❢❡rs ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❊q✉✐✈❛❧❡♥t❧②✱ ❢♦r

❛❧❧ y ∈ s(E0)rs✱

Ω(y)Oy(1s(OE0
)) =

{

Ox(1u(J0)(OE0
)) ✐❢ y ♠❛t❝❤❡s x ∈ u(J0)

0 ✐❢ y ♠❛t❝❤❡s x ∈ u(J1).
✭jrE0,(V,J0),u,x✮

❆s ✐♥ t❤❡ ❣r♦✉♣ ✈❡rs✐♦♥✱ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ Λ0✱ s❡❡
❘❡♠❛r❦ ✻✳✽✳ ❙✐♠✐❧❛r❧②✱ t❤❡ q✉❛❞r✉♣❧❡ (E0, (V, J0), u, x) ✐s ❡♥♦✉❣❤ t♦ ❢♦r♠✉❧❛t❡ ❡q✉❛t✐♦♥
(jrE0,(V,J0),u,x)✳ ■♥ t❤❡ ❢✉♥❝t✐♦♥ ✜❡❧❞ s❡tt✐♥❣ ❢♦r p > n✱ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥ ✇❛s ❛❧s♦
♣r♦✈❡❞ ❜② ❨✉♥✳ ●♦r❞♦♥ ❞❡❞✉❝❡❞ t❤❡ ❝♦♥❥❡❝t✉r❡ ❢♦r p ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥ t❤❡ p✲❛❞✐❝ ❝❛s❡✳

❇♦t❤ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ❝❛♥ ❜❡ ❡①✲
♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❧❛tt✐❝❡s✳ ❲❡ ❢♦r♠✉❧❛t❡ t❤✐s ♥♦✇ ❢♦r t❤❡ ✉♥✐t❛r② s✐❞❡✳ ❋♦r t❤❡ s②♠✲
♠❡tr✐❝ s♣❛❝❡ s✐❞❡✱ s❡❡ ❈♦r♦❧❧❛r✐❡s ✽✳✸ ❛♥❞ ✽✳✺✳ ❲❡ ❞❡♥♦t❡ ❜② Λ∨ t❤❡ J0✲❞✉❛❧ ♦❢ ❛ ❧❛tt✐❝❡
Λ ⊂ V ✳

▲❡♠♠❛ ✻✳✶✵ ✭❬✶✺✱ ▲❡♠♠❛ ✼✳✶❪✮✳ ✭✶✮ ▲❡t g ∈ U(J0)rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❧❡t
L = OE [g]u ⊂ V ❜❡ t❤❡ g✲st❛❜❧❡ ❧❛tt✐❝❡ s♣❛♥♥❡❞ ❜② u✳ ❚❤❡♥

Og(1K0
) = |{Λ ⊂ V | L ⊂ Λ ⊂ L∨, gΛ = Λ,Λ∨ = Λ}| .

✭✷✮ ▲❡t x ∈ u(J0)rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❧❡t L = OE [x]u ⊂ V ❜❡ t❤❡ x✲st❛❜❧❡ ❧❛tt✐❝❡
s♣❛♥♥❡❞ ❜② u✳ ❚❤❡♥

Ox(1u(J0)(OE0
)) = |{Λ ⊂ V | L ⊂ Λ ⊂ L∨, xΛ ⊆ Λ,Λ∨ = Λ}| .

Pr♦♦❢✳ P❛rt ✭✶✮ ✐s ♣r❡❝✐s❡❧② ❬✶✺✱ ▲❡♠♠❛ ✼✳✶❪ ❛♥❞ ♣❛rt ✭✷✮ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳

✼ ❚❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

✼✳✶ ■♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡rs

▲❡t n ≥ 2 ❛♥❞ ❧❡t NE0,(1,n−2) ❜❡ t❤❡ ❘❩✲s♣❛❝❡ ❢r♦♠ ◆♦t❛t✐♦♥ ✸✳✹ ✇✐t❤ ❢r❛♠✐♥❣ ♦❜❥❡❝t

XE0,(1,n−2)✳ ▲❡t YE0
= YE0,(0,1) ❜❡ t❤❡ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (0, 1) ♦✈❡r F✱

✇❤✐❝❤ ✐s ✉♥✐q✉❡ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✳ ❲❡ ❝❤♦♦s❡ XE0,(1,n−1) := XE0,(1,n−2) × YE0
❛s t❤❡

❢r❛♠✐♥❣ ♦❜❥❡❝t ❢♦r NE0,(1,n−1)✳

▲❡t ✉s ♠❛❦❡ Hom0(YE0 ,XE0,(1,n−2)) ✐♥t♦ ❛ ❤❡r♠✐t✐❛♥ E✲✈❡❝t♦r s♣❛❝❡ ✇✐t❤ ❢♦r♠ h ❞❡✜♥❡❞
❜②

h(x, y)idYE0
= λ−1

YE0

◦ x∨ ◦ λXE0,(1,n−2)
◦ y,
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s❡❡ ❬✾✱ ❉❡✜♥✐t✐♦♥ ✸✳✶❪✳ ❚❤✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❢♦r♠ ✐s ♦❞❞ ❜② ▲❡♠♠❛ ✷✳✶✵✱ ❛♥❞ ✇❡ ✜① ❛♥
✐s♦♠❡tr②

(Hom0(YE0
,XE0,(1,n−2)), h) ∼= (W,J♭1).

❲❡ ❡①t❡♥❞ t❤✐s t♦ ❛♥ ✐s♦♠❡tr②

Hom0(YE0
,XE0,(1,n−1)) = Hom0(YE0

,XE0,(1,n−2))× E · idYE0

∼=W ⊕ Eu = V

❜② s❡♥❞✐♥❣ 0 × idYE0
t♦ u✳ ❱✐❛ t❤✐s ✐s♦♠♦r♣❤✐s♠✱ End0(XE0,(1,n−1)) ❛❝ts ♦♥ V ✇❤✐❝❤

✐♥❞✉❝❡s ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥
End0(XE0,(1,n−1)) ∼= End(V ) ✭✼✳✶✮

t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ❘♦s❛t✐ ✐♥✈♦❧✉t✐♦♥ ♦♥ t❤❡ ❧❡❢t ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦❢
J1 ♦♥ t❤❡ r✐❣❤t✳ ❚❤❡ ♣r♦❞✉❝t ❞❡❝♦♠♣♦s✐t✐♦♥s XE0,(1,n−1) = XE0,(1,n−2) × YE0 ❛♥❞
V =W ×Eu ❣✐✈❡ r✐s❡ t♦ ♣r♦❥❡❝t✐♦♥ ✭r❡s♣✳ ✐♥❝❧✉s✐♦♥✮ ♦♣❡r❛t♦rs t♦ ✭r❡s♣✳ ❢r♦♠✮ t❤❡ ✈❡❝t♦r
s♣❛❝❡s End0(XE0,(1,n−2))✱ Hom(YE0

,XE0,(1,n−2))✱ ❡t❝✳ ❛♥❞ End(W ),Hom(Eu,W )✱ ❡t❝✳
❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ ✭✼✳✶✮ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛❧❧ t❤❡s❡ ❤♦♠♦♠♦r♣❤✐s♠s✳ ❋✐♥❛❧❧②✱ t❤❡
✐s♦♠♦r♣❤✐s♠ ✭✼✳✶✮ ✐❞❡♥t✐✜❡s t❤❡ ✉♥✐t❛r② ❣r♦✉♣ U(J♭1) ✭r❡s♣✳ U(J1)✮ ✇✐t❤ t❤❡ ❣r♦✉♣
♦❢ q✉❛s✐✲✐s♦❣❡♥✐❡s ♦❢ XE0,(1,n−2) ✭r❡s♣✳ XE0,(1,n−1)✮✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ t❛❦❡ t❤❡
✐❞❡♥t✐✜❝❛t✐♦♥ ❢r♦♠ ✭✼✳✶✮ ❛s s❡❧❢✲❡✈✐❞❡♥t✳

❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✹✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❞❡❢♦r♠❛t✐♦♥ YE0
♦❢ t❤❡ ❤❡r♠✐t✐❛♥ OE✲♠♦❞✉❧❡

YE0 t♦ Spf OĔ ✳ ❲❡ ❞❡✜♥❡ YE0 ♦♥ ❡✈❡r② Spf OĔ✲s❝❤❡♠❡ ❜② ❜❛s❡ ❝❤❛♥❣❡✳ ❚❤✐s ✐♥❞✉❝❡s ❛
❝❧♦s❡❞ ✐♠♠❡rs✐♦♥

δ : NE0,(1,n−2) →֒ NE0,(1,n−1), X 7→ X × YE0 ✭✼✳✷✮

✇❤✐❝❤ ✐s ❡q✉✐✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥❝❧✉s✐♦♥ U(J♭1) →֒ U(J1)✳ ❍❡r❡✱ t❤❡ ❣r♦✉♣s ❛❝t
♦♥ t❤❡ ❘❩✲s♣❛❝❡s ❜② ❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ ❢r❛♠✐♥❣✱

g.(X, ρ) := (X, gρ).

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣r❛♣❤ ♦❢ δ✱

∆ : NE0,(1,n−2) −→ NE0,(1,n−2) ×Spf OĔ
NE0,(1,n−1).

❇② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ✐ts ✐♠❛❣❡ ❛❧s♦ ❜② ∆✳ ◆♦t❡ t❤❛t t❤❡ s♦✉r❝❡ ✐s r❡❣✉❧❛r ♦❢
❞✐♠❡♥s✐♦♥ n − 1 ✇❤✐❧❡ t❤❡ t❛r❣❡t ✐s r❡❣✉❧❛r ♦❢ ❞✐♠❡♥s✐♦♥ 2(n − 1)✳ ❍❡♥❝❡ ∆ ❞❡✜♥❡s ❛
❝②❝❧❡ ✐♥ ♠✐❞❞❧❡ ❞✐♠❡♥s✐♦♥✳ ❋♦r g ∈ U(J1)✱ ✇❡ ❞❡♥♦t❡ ❜②

∆g := (1, g)∆

✐ts tr❛♥s❧❛t❡ ✉♥❞❡r g✳

▲❡♠♠❛ ✼✳✶ ✭❬✷✵✱ ▲❡♠♠❛ ✷✳✽❪✮✳ ❲❡ ❛ss✉♠❡ t❤❛t E0 = Qp✳ ❚❤❡♥ ❢♦r r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡
g ∈ U(J1)rs✱ t❤❡ s❝❤❡♠❛t✐❝ ✐♥t❡rs❡❝t✐♦♥ ∆∩∆g ✐s ❛ ♣r♦❥❡❝t✐✈❡ s❝❤❡♠❡ ♦✈❡r Spf OĔ✳

❉❡✜♥✐t✐♦♥ ✼✳✷✳ ▲❡t E0 = Qp ❛♥❞ ❧❡t g ∈ U(J1) ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡

Int(g) := χ(O∆ ⊗L O∆g ).

❚❤✐s ♥✉♠❜❡r ✐s ✜♥✐t❡ ❜② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥ U(J1)rs ∋ g 7→
Int(g) ❞❡s❝❡♥❞s t♦ t❤❡ q✉♦t✐❡♥t [U(J1)rs]✳

✸✹



❘❡♠❛r❦ ✼✳✸✳ ▲❡♠♠❛ ✼✳✶ ✐s ❡①♣❡❝t❡❞ t♦ ❤♦❧❞ ❢♦r ❛❧❧ ❜❛s❡ ✜❡❧❞s E0✳ ■♥ ❢❛❝t✱ ❲❡✐ ❩❤❛♥❣
❬✷✵❪ ❡✈❡♥ st❛t❡s ✐t ✐♥ t❤✐s ❣❡♥❡r❛❧✐t②✳ ❇✉t ♥♦t❡ t❤❛t ❤✐s ♣r♦♦❢ ✉s❡s p✲❛❞✐❝ ✉♥✐❢♦r♠✐③❛t✐♦♥
t♦ r❡❞✉❝❡ t❤❡ st❛t❡♠❡♥t t♦ ❛ ❣❧♦❜❛❧ r❡s✉❧ts ♦❢ ❑✉❞❧❛ ❛♥❞ ❘❛♣♦♣♦rt✱ s❡❡ ❬✶✽❪ ❛♥❞ ❬✶✵✱
▲❡♠♠❛ ✷✳✷✶❪✳ ❇♦t❤ t❤❡ ✉♥✐❢♦r♠✐③❛t✐♦♥ ❛♥❞ t❤❡ ❣❧♦❜❛❧ r❡s✉❧t ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ❢♦r ❣❡♥❡r❛❧
❜❛s❡ ✜❡❧❞s E0✳

❘❡♠❛r❦ ✼✳✹✳ ❆❧❧ s♣❛❝❡s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Int(g) ❛r❡ r❡❣✉❧❛r✳ ❙♦ ✐❢ t❤❡
s❝❤❡♠❛t✐❝ ✐♥t❡rs❡❝t✐♦♥ ∆ ∩∆g ✐s 0✲❞✐♠❡♥s✐♦♥❛❧✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ❡q✉❛❧✐t②

Int(g) = lenOĔO∆∩∆g ,

s❡❡ ❬✶✺✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷❪✳ ▼♦r❡♦✈❡r✱ t❤❡ s❝❤❡♠❛t✐❝ ✐♥t❡rs❡❝t✐♦♥ ∆∩∆g ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
♠♦❞✉❧✐✲t❤❡♦r❡t✐❝ ✐♥t❡r♣r❡t❛t✐♦♥✿ ❚❤❡ ✐♠❛❣❡ δ(NE0,(1,n−2)) ⊂ NE0,(1,n−1) ❝❛♥ ❜❡ ✐❞❡♥t✐✲
✜❡❞ ✇✐t❤ t❤❡ ❑❘✲❞✐✈✐s♦r Z(u) ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✺✳✸✳ ❱✐❛ t❤❡ s❡❝♦♥❞ ♣r♦❥❡❝t✐♦♥✱ ∆ ∩∆g

❝❛♥ t❤❡♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❢♦r♠❛❧ s❝❤❡♠❡ Z(u) ∩ Z(g)✱ ✇❤❡r❡ Z(g) ✐s ❞❡✜♥❡❞ ✐♥
❉❡✜♥✐t✐♦♥ ✺✳✶✳

❚❤✐s r❡♠❛r❦ ❛❧❧♦✇s ✉s t♦ ❞❡✜♥❡ Int(g) ❛❧s♦ ✐♥ t❤❡ ❝❛s❡ E0 6= Qp✱ ❛t ❧❡❛st ❢♦r ❛rt✐♥✐❛♥ g✳

❉❡✜♥✐t✐♦♥ ✼✳✺✳ ❆ q✉❛s✐✲❡♥❞♦♠♦r♣❤✐s♠ x ∈ End0E(XE0,(1,n−1)) ✐s ❝❛❧❧❡❞ ❛rt✐♥✐❛♥ ✭✇✐t❤

r❡s♣❡❝t t♦ t❤❡ q✉❛s✐✲❤♦♠♦♠♦r♣❤✐s♠ u ∈ Hom0(YE0
,XE0,(1,n−1))✮✱ ✐❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥

Z(x) ∩ Z(u) ✐s ❛♥ ❛rt✐♥✐❛♥ s❝❤❡♠❡✳ ❋♦r ❛rt✐♥✐❛♥ x✱ ✇❡ ❞❡✜♥❡

Int(x) := lenOĔOZ(x)∩Z(u).

❘❡♠❛r❦ ✼✳✻✳ ❚❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ ❣r♦✉♣✲t❤❡♦r❡t✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❛rt✐♥✐❛♥ ❡❧❡✲
♠❡♥ts ✐♥ U(J1)rs✳

■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❣✐✈❡ ❛ ♠♦❞✉❧✐ ❞❡s❝r✐♣t✐♦♥ ♦❢ Z(x) ∩ Z(u) ✐♥ t❤❡ s♠❛❧❧❡r s♣❛❝❡
Z(u) = δ(NE0,(1,n−2))✳ ■❢ x ❤❛s t❤❡ ❢♦r♠

x =
(

x♭ v
w d

)

∈ End0E(XE0,(1,n−2) × YE0
),

t❤❡♥

Z(x) ∩ Z(u) =

{

∅ ✐❢ d /∈ OE

Z(x♭) ∩ Z(v) ∩ Z(w∗) ♦t❤❡r✇✐s❡
✭✼✳✸✮

✇❤❡r❡ w∗ : YE0
−→ XE0,(1,n−2) ✐s t❤❡ ❘♦s❛t✐ ❛❞❥♦✐♥t ♦❢ w✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✸✳

❘❡♠❛r❦ ✼✳✼✳ ■❢ x ∈ u(J1) ⊂ End0E(X(1,n−1))✱ t❤❡♥ x ❤❛s t❤❡ ❢♦r♠

x =
(

x♭ j
−j∗ d

)

✇✐t❤ x♭ ∈ u(J♭1) ❛♥❞ d = −d✳ ❙♦ ✐♥ t❤✐s ❝❛s❡✱

∆ ∩∆x
∼=

{

∅ ✐❢ d /∈ OE

Z(x♭) ∩ Z(j) ♦t❤❡r✇✐s❡✳

✼✳✷ ❚❤❡ ❝♦♥❥❡❝t✉r❡s

❚❤❡ ❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛ ✻✳✼ ❣✐✈❡s ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧
❢✉♥❝t✐♦♥ Oγ(1S(OE0

)) ♦♥ t❤❡ ✉♥✐t❛r② s✐❞❡✳ ❇② ❝♦♥tr❛st✱ t❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧
▲❡♠♠❛ ♦❢ ❲❡✐ ❩❤❛♥❣ ❝♦♥❥❡❝t✉r❛❧❧② ❡①♣r❡ss❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ∂Oγ(1S(OE0

)) ♦♥ t❤❡ ✉♥✐t❛r②
s✐❞❡ ✇❤❡♥❡✈❡r γ ♠❛t❝❤❡s ❛♥ ❡❧❡♠❡♥t g ∈ U(J1)rs✳ ◆♦t❡ t❤❛t ❢♦r s✉❝❤ γ✱ t❤❡ ♦r❜✐t❛❧
✐♥t❡❣r❛❧ Oγ(1S(OE0

)) ✈❛♥✐s❤❡s ❛♥❞ t❤✉s ∂Oγ(1S(OE0
)) ✐s η ◦ det✲✐♥✈❛r✐❛♥t✳
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❈♦♥❥❡❝t✉r❡ ✼✳✽ ✭❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✱ ●r♦✉♣ ✈❡rs✐♦♥✱ ❬✷✵❪✮✳ ▲❡t γ ∈
S(E0)rs ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❡❧❡♠❡♥t t❤❛t ♠❛t❝❤❡s ❛♥ ❡❧❡♠❡♥t g ∈ U(J1)✳ ❆ss✉♠❡
t❤❛t ❡✐t❤❡r E0 = Qp ♦r t❤❛t g ✐s ❛rt✐♥✐❛♥✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ❡q✉❛❧✐t②

Ω(γ)∂Oγ(1S(OE0
)) = −Int(g) log(q). ✭AFLE0,(V,J1),u,g✮

❋♦r t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥✱ ✇❡ ❤❛✈❡ t♦ r❡str✐❝t t♦ ❛rt✐♥✐❛♥ ❡❧❡♠❡♥ts s✐♥❝❡ ✇❡ ❞❡✜♥❡❞ t❤❡
✐♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝t ♦♥❧② ✐♥ t❤✐s ❝❛s❡✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✼✳✺✳

❈♦♥❥❡❝t✉r❡ ✼✳✾ ✭❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✱ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥✮✳ ❋♦r ❛♥② y ∈
s(E0)rs ♠❛t❝❤✐♥❣ ❛♥ ❛rt✐♥✐❛♥ ❡❧❡♠❡♥t x ∈ u(J1)✱ t❤❡r❡ ✐s ❛♥ ❡q✉❛❧✐t②

Ω(y)∂Oy(1s(OE0
)) = −Int(x) log(q). ✭aflE0,(V,J1),u,x✮

❘❡♠❛r❦ ✼✳✶✵✳ ❏✉st ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✱ s❡❡
❘❡♠❛r❦ ✻✳✽✱ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❆❋▲ ✐❞❡♥t✐t✐❡s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦s❡♥ ❧❛tt✐❝❡
Λ0✳ ❆❧s♦✱ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦s❡♥ E0✲str✉❝t✉r❡ W0 ⊂ W ✱ ✇❤✐❝❤ ✇✐❧❧ ❢♦❧❧♦✇
❢r♦♠ t❤❡ ❈♦r♦❧❧❛r✐❡s ✽✳✸ ❛♥❞ ✽✳✺ ❜❡❧♦✇✳ ❍❡♥❝❡ t❤❡ q✉❛❞r✉♣❧❡ (E0, (V, J1), u, g) ✭r❡s♣✳
(E0, (V, J1), u, x)✮ ✐s ❡♥♦✉❣❤ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ✐❞❡♥t✐t② (AFLE0,V,u,g) ✭r❡s♣✳ (aflE0,V,u,x)✮✱
✇❤✐❝❤ ❥✉st✐✜❡s ♦✉r ♥♦t❛t✐♦♥✳

❚❤❡ ❣r♦✉♣ ❛♥❞ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❆❋▲ ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✶ ✭❬✶✷❪✮✳ ❆ss✉♠❡ t❤❛t q ≥ n + 2✳ ❚❤❡♥ t❤❡ ❆❋▲ ❢♦r ❛❧❧ ❛rt✐♥✐❛♥
❡❧❡♠❡♥ts g ∈ U(J1)rs ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❆❋▲ ✐♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❛❧❧
❛rt✐♥✐❛♥ x ∈ u(J1)rs✳

✽

❚❤❡ ❆❋▲ ❝♦♥❥❡❝t✉r❡ ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ ❢♦r n ≤ 3 ✐♥ ❬✷✵❪✳ ◆♦t❡ t❤❛t ✐❢ n ≤ 3✱ t❤❡♥ ❛♥②
r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❡❧❡♠❡♥t g ∈ U(J1)rs ✐s ❛rt✐♥✐❛♥✳ ❚❤❡r❡ ❡①✐sts ❛ s❧✐❣❤t s✐♠♣❧✐✜❝❛t✐♦♥
♦❢ t❤✐s ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❬✶✷❪ ✇❤✐❝❤ r❡❧✐❡s ♦♥ Pr♦♣♦s✐t✐♦♥ ✼✳✶✶✳

▼♦r❡ ❝❛s❡s ♦❢ t❤❡ ❆❋▲ ❢♦r ❛♥② n✱ ❜✉t ✉♥❞❡r r❡str✐❝t✐✈❡ ❝♦♥❞✐t✐♦♥s ♦♥ g✱ ❤❛✈❡ ❜❡❡♥ ✈❡r✐✜❡❞
❜② ❘❛♣♦♣♦rt✱ ❚❡rst✐❡❣❡ ❛♥❞ ❩❤❛♥❣ ✐♥ ❬✶✺❪✳ ◆♦t❡ t❤❛t ✐♥ t❤❡s❡ ❝❛s❡s✱ g ✐s ❛❧s♦ ❛rt✐♥✐❛♥✳
❯♣ t♦ ♥♦✇✱ t❤❡r❡ ❛r❡ ♥♦ ❦♥♦✇♥ r❡s✉❧ts ❢♦r ❞❡❣❡♥❡r❛t❡ ✐♥t❡rs❡❝t✐♦♥s✱ ✐✳❡✳ ❢♦r t❤❡ ❝❛s❡
dim∆ ∩∆g ≥ 1✳

❲❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❆❋▲ ❝♦♥❥❡❝t✉r❡ ✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ✐♥❤♦♠♦❣❡♥❡♦✉s ❢♦r♠✉❧❛t✐♦♥✳
❚❤❡r❡ ✐s ❛❧s♦ t❤❡ ❡q✉✐✈❛❧❡♥t ❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ✇❤✐❝❤ ✐s ♠♦r❡ s②st❡♠❛t✐❝ ❢r♦♠ ❛ ❣r♦✉♣✲
t❤❡♦r❡t✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ❛rt✐❝❧❡ ❬✶✸❪ ♦❢ ❘❛♣♦♣♦rt✱ ❙♠✐t❤❧✐♥❣ ❛♥❞
❩❤❛♥❣✳ ❚❤❡ t❤r❡❡ ❛✉t❤♦rs ❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❆❋▲ ❢♦r ❛ r❛♠✐✜❡❞ q✉❛❞r❛t✐❝
❡①t❡♥s✐♦♥ E/E0 ❛♥❞ ✈❡r✐❢② ✐t ❢♦r n ≤ 3✳

❇❡❢♦r❡ ✇❡ ❝♦♥t✐♥✉❡✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠♦❞✐❢② t❤❡ ❆❋▲ ❢♦r ▲✐❡ ❛❧❣❡❜r❛s s❧✐❣❤t❧②✳ ◆❛♠❡❧②
❧❡t y ∈ s(E0)rs ♠❛t❝❤ x ∈ u(J1) ♦❢ t❤❡ ❢♦r♠

x =
(

x♭ j
−j∗ d

)

.

❚❤❡♥ d ✐s ❛❧s♦ t❤❡ ❧♦✇❡r r✐❣❤t ❡♥tr② ♦❢ t❤❡ ♠❛tr✐① y✳ ■❢ d /∈ OE ✱ t❤❡♥ ✐t ✐s ❡❛s② t♦ s❡❡
t❤❛t ❜♦t❤ s✐❞❡s ♦❢ ✭aflE0,V,u,x✮ ✈❛♥✐s❤✳

✾ ■❢ ✐♥st❡❛❞ d ∈ OE ✱ t❤❡♥ ✇❡ ❝❛♥ r❡♣❧❛❝❡ y ❜②
y−d · idV ❛♥❞ x ❜② x−d · idV ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ❡✐t❤❡r s✐❞❡ ♦❢ ✭aflE0,V,u,x✮✳ ❋✉rt❤❡r♠♦r❡✱
y − d · idV ❧✐❡s ✐♥ s(E0)rs ❛♥❞ ♠❛t❝❤❡s x− d · idV ∈ u(J1)rs✳

✽■♥ ❬✶✷❪✱ ✐t ✐s s♣❡❝✐✜❡❞ ❢♦r ✇❤✐❝❤ x ♦♥❡ ♥❡❡❞s (AFlE0,V,u,x) t♦ ♦❜t❛✐♥ (AFLE0,V,u,g) ❛♥❞ ❝♦♥✈❡rs❡❧②✳
✾■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❆❋▲ ❤♦❧❞s ✐♥ t❤✐s ❝❛s❡✳
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❉❡✜♥✐t✐♦♥ ✼✳✶✷✳ ❲❡ ❞❡✜♥❡

s(E0)
0 :=

{(

y♭ w
v d

)

∈ s(E0) | d = 0
}

❛♥❞

u(J)0 :=
{(

x♭ j
−j∗ d

)

∈ u(J) | d = 0
}

.

❚❤❡♥ t❤❡ ♠❛t❝❤✐♥❣ r❡❧❛t✐♦♥ ✐♥❞✉❝❡s ❛ ❜✐❥❡❝t✐♦♥

[s(E0)
0
rs]

∼= [u(J0)
0
rs] ⊔ [u(J1)

0
rs]

❛♥❞ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❆❋▲ ❢♦r x ∈ u(J1)
0✳

✽ ❆♥❛❧②t✐❝ s✐❞❡ ♦❢ t❤❡ ❆❋▲

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧s Oγ(1K) ❛♥❞ ∂Oγ(1K) ✐♥
t❡r♠s ♦❢ ❧❛tt✐❝❡s ❢r♦♠ ❬✶✺✱ ❙❡❝t✐♦♥ ✼❪✳ ❲❡ ❞❡❞✉❝❡ ❛♥❛❧♦❣♦✉s r❡s✉❧ts ❢♦r t❤❡ ▲✐❡ ❛❧❣❡❜r❛
❢♦r♠✉❧❛t✐♦♥✳

✽✳✶ ❖r❜✐t❛❧ ✐♥t❡❣r❛❧s✿ ●r♦✉♣ ✈❡rs✐♦♥

▲❡t γ ∈ S(E0)rs ♠❛t❝❤ t❤❡ ❡❧❡♠❡♥t g ∈ U(J0)rs ⊔U(J1)rs✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥s✐❞❡r V
✇✐t❤ t❤❡ ❤❡r♠✐t✐❛♥ ❢♦r♠ J ∈ {J0, J1} ❞❡t❡r♠✐♥❡❞ ❜② g✳

❘❡❝❛❧❧ t❤❛t V = W
⊥

⊕ Eu ✇✐t❤ (u, u) = 1 ❛♥❞ ♥♦t❡ t❤❛t u, gu, . . . , gn−1u ✐s ❛ ❜❛s✐s
♦❢ V s✐♥❝❡ g ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✳ ❲❡ ❞❡✜♥❡ ❛ σ✲❧✐♥❡❛r ✐♥✈♦❧✉t✐♦♥ τ : V −→ V ❜②
τ(giu) = g−iu ❢♦r i = 0, . . . , n− 1✳

❘❡♠❛r❦ ✽✳✶✳ ❚❤❡ ✐♥✈♦❧✉t✐♦♥ τ ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ✈❡❝t♦r u ❞❡✜♥❡s
❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ E[g]✲♠♦❞✉❧❡s✱ E[g] ∼= E[g]u = V ✳ ❯♥❞❡r t❤✐s ✐s♦♠♦r♣❤✐s♠✱ τ ❝♦rr❡✲
s♣♦♥❞s t♦ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❤❡r♠✐t✐❛♥ ❢♦r♠ J ♦♥ E[g] ⊂ End(V )✳

▲❡t L := OE [g]u ❜❡ t❤❡ g✲st❛❜❧❡ ❧❛tt✐❝❡ s♣❛♥♥❡❞ ❜② u ❛♥❞ ❞❡♥♦t❡ ❜② L∨ ✐ts ❞✉❛❧ ✇✐t❤
r❡s♣❡❝t t♦ J ✳ ▲❡t

M := {Λ ⊂ V | L ⊂ Λ ⊂ L∨, gΛ ⊂ Λ, Λτ = Λ}

❛♥❞✱ ❢♦r i ∈ Z✱
Mi := {Λ ∈M | len(Λ/L) = i}.

▲❡♠♠❛ ✽✳✷ ✭❬✶✺✱ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✼✳✸❪✮✳

Ω(γ)Oγ(1S(OE0
), s) =

∑

i∈Z

(−1)i|Mi|q
−(i+l(γ))s.

✭❍❡r❡✱ l(γ) ✇❛s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✻✳✸✳✮ ❚❛❦✐♥❣ t❤❡ ✈❛❧✉❡ ❛t s = 0✱ r❡s♣✳✱ t❛❦✐♥❣ t❤❡
❞❡r✐✈❛t✐✈❡ ❛t s = 0 ②✐❡❧❞s

❈♦r♦❧❧❛r② ✽✳✸ ✭❬✶✺✱ ❈♦r♦❧❧❛r② ✼✳✸❪✮✳

Ω(γ)Oγ(1S(OE0
)) =

∑

i∈Z

(−1)i|Mi|

❛♥❞✱ ✐♥ t❤❡ ❝❛s❡ J = J1✱

Ω(γ)∂Oγ(1S(OE0
)) = − log(q)

∑

i∈Z

(−1)ii|Mi|. ✭✽✳✶✮
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✽✳✷ ❖r❜✐t❛❧ ✐♥t❡❣r❛❧s✿ ▲✐❡ ❛❧❣❡❜r❛ ✈❡rs✐♦♥

▲❡t y ∈ s(E0)
0
rs ♠❛t❝❤ t❤❡ ❡❧❡♠❡♥t

x =
(

x♭ j
−j∗

)

∈ u(J0)
0
rs ⊔ u(J1)

0
rs.

▲❡t J ∈ {J0, J1} ❜❡ t❤❡ ❤❡r♠✐t✐❛♥ ❢♦r♠ ❞❡t❡r♠✐♥❡❞ ❜② x✳ ❆❣❛✐♥✱ τ : V −→ V ✐s t❤❡
❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦♥ V = E[x]u ⊂ End(V )✱ ✐✳❡✳ τxiu = (−1)ixiu ❢♦r i = 0, . . . , n− 1✳

▲❡t L := OE [x]u ❜❡ t❤❡ x✲st❛❜❧❡ ❧❛tt✐❝❡ s♣❛♥♥❡❞ ❜② u ❛♥❞ ❞❡♥♦t❡ ❜② L∨ ✐ts ❞✉❛❧✳ ▲❡t

M := {Λ ⊂ V | L ⊂ Λ ⊂ L∨, xΛ ⊂ Λ, Λτ = Λ}

❛♥❞✱ ❢♦r i ∈ Z✱
Mi := {Λ ∈M | len(Λ/L) = i}.

❚❤❡♥ t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♦r❜✐t❛❧ ✐♥t❡❣r❛❧ ❛♣♣❧✐❡s✳ ■ts ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❧② ❛♥❛❧♦❣♦✉s
t♦ t❤❡ ♦♥❡ ❢♦r t❤❡ ❣r♦✉♣ ✈❡rs✐♦♥✳

▲❡♠♠❛ ✽✳✹✳ ❚❤❡r❡ ✐s ❛♥ ❡q✉❛❧✐t②

Ω(y)Oy(1s(OE0
), s) =

∑

i∈Z

(−1)i|Mi|q
−(i+l(y))s.

❈♦r♦❧❧❛r② ✽✳✺✳ ❚❛❦✐♥❣ t❤❡ ✈❛❧✉❡ ✭r❡s♣✳ t❤❡ ❞❡r✐✈❛t✐✈❡✮ ❛t s = 0 ②✐❡❧❞s t❤❡ ❢♦r♠✉❧❛s

Ω(y)Oy(1S(OE0
)) =

∑

i∈Z

(−1)i|Mi|

❛♥❞✱ ✐♥ t❤❡ ❝❛s❡ J = J1✱

Ω(y)∂Oy(1S(OE0
)) = − log(q)

∑

i∈Z

(−1)ii|Mi|. ✭✽✳✷✮

▲❡t ✉s ❞❡✜♥❡ L♭ := OE [x
♭]j ⊂W ✳ ❲❡ ❞❡♥♦t❡ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ V −→W ❜② pr

❛♥❞ ❞❡♥♦t❡ ❜② pru t❤❡ ♣r♦❥❡❝t✐♦♥ t♦ Eu✳

Pr♦♣♦s✐t✐♦♥ ✽✳✻✳ ❚❤❡r❡ ✐s ❛♥ ❡q✉❛❧✐t② ♦❢ ❧❛tt✐❝❡s ✐♥ V =W ⊕ Eu✱

M = {Λ♭ ⊕OEu | L♭ ⊂ Λ♭ ⊂ L♭,∨, x♭Λ♭ ⊂ Λ♭, (Λ♭)τ = Λ♭}. ✭✽✳✸✮

❲❡ ✜rst ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❢♦r v ∈ V ✱

xv = x♭v + (v, u)j − (j, v)u. ✭✽✳✹✮

▲❡♠♠❛ ✽✳✼✳ ▲❡t Λ ⊂ V ❜❡ ❛♥② ❧❛tt✐❝❡ s✉❝❤ t❤❛t u ∈ Λ ❛♥❞ pru(Λ) = OEu✳ ❚❤❡♥
Λ = (Λ ∩W )⊕OEu ❛♥❞ Λ ∩W = pr(Λ)✳ ▼♦r❡♦✈❡r✱ pr(Λ∨) = pr(Λ)∨✳

Pr♦♦❢✳ ❚❤✐s ✐s ✐♠♠❡❞✐❛t❡✳

▲❡♠♠❛ ✽✳✽✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ L ⊂ L∨ ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ L♭ ⊂ L♭,∨✳ ■♥ t❤✐s ❝❛s❡✱
L♭ = pr(L) ❛♥❞ L♭,∨ = pr(L∨)✳

✸✽



Pr♦♦❢✳ ❲❡ ✜rst ❛ss✉♠❡ t❤❛t L ⊂ L∨✳ ❚❤❡♥ L = pr(L)⊕OEu ❛♥❞ pr(L)∨ = pr(L∨) ❜②
t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳ ❍❡♥❝❡ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t L♭ = pr(L)✳

❋✐rst ♥♦t❡ t❤❛t pr(L) ✐s st❛❜❧❡ ✉♥❞❡r pr ◦ x ◦ pr = x♭✳ ❙✐♥❝❡ ❛❧s♦ j ∈ pr(L)✱ ✇❡ ❣❡t
L♭ ⊂ pr(L)✳ ❚♦ ♣r♦✈❡ t❤❡ ♦♣♣♦s✐t❡ ✐♥❝❧✉s✐♦♥✱ ✇❡ ♣r♦✈❡ pr(xiu) ⊂ L♭ ❜② ✐♥❞✉❝t✐♦♥✳

❚❤❡ ❝❛s❡ i = 0 ✐s ❝❧❡❛r✳ ❚❤❡♥ ✇❡ ✉s❡ ❢♦r♠✉❧❛ ✭✽✳✹✮✱

pr(xi+1u) = x♭xiu+ j(xiu, u).

❚❤❡ ✜rst s✉♠♠❛♥❞ ❧✐❡s ✐♥ L♭ ❜② ✐♥❞✉❝t✐♦♥ ❛♥❞ ❜② t❤❡ ❢❛❝t t❤❛t L♭ ✐s x♭✲st❛❜❧❡✳ ❚❤❡
s❡❝♦♥❞ s✉♠♠❛♥❞ ❧✐❡s ✐♥ L♭ s✐♥❝❡ j ∈ L♭ ❛♥❞ (xiu, u) ∈ OE ❜② t❤❡ ❛ss✉♠♣t✐♦♥ L ⊂ L∨✳

❈♦♥✈❡rs❡❧②✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t L♭ ⊂ L♭,∨✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t (xiu, xju) ∈ OE ❢♦r ❛❧❧
i, j✳ ❙✐♥❝❡ x ✐s ❢r♦♠ t❤❡ ✉♥✐t❛r② ▲✐❡ ❛❧❣❡❜r❛✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ (xiu, u) ∈ OE ❢♦r ❛❧❧
i✳ ❆❣❛✐♥ ✇❡ ♣r♦✈❡ t❤✐s ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡ ❝❛s❡s i = 0 ❛♥❞ 1 ❜❡✐♥❣ ❝❧❡❛r✳ ❲❡ ❝♦♠♣✉t❡

−(xi+1u, u) = (xiu, j) = (x♭xi−1u, j) + ((xi−1u, u)j, j)− ((j, xi−1u)u, j).

❚❤❡ ✜rst s✉♠♠❛♥❞ ✐s ✐♥t❡❣r❛❧ ❜② ❛ss✉♠♣t✐♦♥ ♦♥ L♭✳ ■♥ t❤❡ s❡❝♦♥❞ s✉♠♠❛♥❞✱ t❤❡ ♣❛✐r✐♥❣
(xi−1u, u) ✐s ✐♥t❡❣r❛❧ ❜② ✐♥❞✉❝t✐♦♥✳ ❍❡♥❝❡ t❤❡ s❡❝♦♥❞ s✉♠♠❛♥❞ ✐s ✐♥t❡❣r❛❧ ❜② ❛ss✉♠♣t✐♦♥
♦♥ L♭✳ ❚❤❡ t❤✐r❞ s✉♠♠❛♥❞ ✈❛♥✐s❤❡s✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✻✳ ▲❡t Λ ∈M ✳ ❇② ▲❡♠♠❛ ✽✳✼✱ ✐t ✐s ❛ ❞✐r❡❝t s✉♠✱ Λ = Λ♭ ⊕OEu
✇❤❡r❡ Λ♭ = pr(Λ)✳ ■❢ λ♭ ∈ Λ♭✱ t❤❡♥

x♭λ♭ = xλ♭ + (j, λ♭)u ∈ Λ

❛♥❞ ❤❡♥❝❡ Λ♭ ✐s x♭✲st❛❜❧❡✳ ❋✉rt❤❡r♠♦r❡✱ L♭ ⊂ Λ♭ ⊂ L♭,∨✱ s✐♥❝❡ t❤✐s ✐s ❥✉st t❤❡ ♣r♦❥❡❝t✐♦♥
♦❢ t❤❡ r❡❧❛t✐♦♥ L ⊂ Λ ⊂ L∨✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t τ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥ pr✳
❍❡♥❝❡ Λ♭ ❤❛s ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ❢r♦♠ ✭✽✳✸✮✳

❈♦♥✈❡rs❡❧②✱ ❧❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t Λ♭ s❛t✐s✜❡s ❛❧❧ ♣r♦♣❡rt✐❡s ❢r♦♠ ✭✽✳✸✮✳ ❲❡ ✇❛♥t t♦
s❤♦✇ t❤❛t Λ := Λ♭ ⊕ OEu ∈ M ✳ ❇② ▲❡♠♠❛ ✽✳✼✱ L ⊂ Λ ⊂ L∨✳ ❋✉rt❤❡r♠♦r❡✱ Λ ✐s
τ ✲st❛❜❧❡✱ s✐♥❝❡ ❜♦t❤ s✉♠♠❛♥❞s ❛r❡✳ ■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t Λ ✐s ❛❧s♦ st❛❜❧❡ ✉♥❞❡r x
✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✾ ❘❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❋▲ ❛♥❞ t❤❡ ❆❋▲

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛❧❧♦✇ ✉s t♦ tr❡❛t t❤❡ ❆❋▲ ✭r❡s♣✳ t❤❡ ❋▲✮ ❢♦r ❣r♦✉♣s
❛♥❞ ❢♦r ▲✐❡ ❛❧❣❡❜r❛s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ V ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❡✐t❤❡r ♦❢ t❤❡
t✇♦ ❤❡r♠✐t✐❛♥ ❢♦r♠s✱ s❛② J ∈ {J0, J1}✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ End(V ) ∋
x 7→ x∗ ❛♥❞ t❤❡ ❞✉❛❧ ❧❛tt✐❝❡ Λ 7→ Λ∨ ❛r❡ t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❢♦r♠✳

❉❡✜♥✐t✐♦♥ ✾✳✶✳ ✭✶✮ ❆ ♣❛✐r (x, j) ∈ EndE(V )×V ✐s ❝❛❧❧❡❞ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✐❢ E[x]j =
V ✳
✭✷✮ ❚❤❡ ♣❛✐r ✭r❡s♣✳ t❤❡ ❡❧❡♠❡♥t x✮ ✐s ❝❛❧❧❡❞ ❛❞❥♦✐♥t✲st❛❜❧❡ ✐❢ OE [x] = OE [x

∗]✳

❘❡♠❛r❦ ✾✳✷✳ ✭✶✮ ◆♦t❡ t❤❛t ❛♥② ❡❧❡♠❡♥t x ∈ u(J) ✐s ❛❞❥♦✐♥t✲st❛❜❧❡✳ ❆♥ ❡❧❡♠❡♥t g ∈
U(J1) ✐s ❛❞❥♦✐♥t✲st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g∗ = g−1 ∈ OE [g]✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ g ❤❛✈✐♥❣
✐♥t❡❣r❛❧ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧✳
✭✷✮ ▲❡t x ∈ EndE(V ) ❜❡ s✉❝❤ t❤❛t E[x] = E[x∗] ❛♥❞ ❧❡t (x, j) ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✳
❚❤❡♥ ❛❧s♦ E[x] · ( , j) = V ∨✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ x ∈ u(J) ♦r x ∈ U(J)✱ t❤❡♥ x ✐s r❡❣✉❧❛r
s❡♠✐✲s✐♠♣❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❡♠♠❛ ✻✳✷ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (x, u) ✐s ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ♣❛✐r✳

✸✾



❉❡✜♥✐t✐♦♥ ✾✳✸✳ ▲❡t (x, j) ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛❞❥♦✐♥t✲st❛❜❧❡ ♣❛✐r✳ ❚❤❡♥ ✇❡
❞❡♥♦t❡ ❜② L(x, j) := OE [x]j t❤❡ x✲st❛❜❧❡ ❧❛tt✐❝❡ ❣❡♥❡r❛t❡❞ ❜② j✳

✭✶✮ ❲❡ ❞❡✜♥❡ t❤❡ σ✲❧✐♥❡❛r ✐♥✈♦❧✉t✐♦♥ τ(x, j) : V −→ V ❛s ❢♦❧❧♦✇s✿ ❚❤❡ ❡❧❡♠❡♥t j
✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ φ : E[x] ∼= E[x]j = V ❛♥❞ ✇❡ s❡t τ(x, j)(v) = φ(φ−1(v)∗)✳ ❚❤✐s
✐s ♣♦ss✐❜❧❡ s✐♥❝❡ E[x] = E[x]∗ ❜② ❛ss✉♠♣t✐♦♥✳

✭✷✮ ❲❡ ❞❡✜♥❡ t❤❡ s❡ts

M(x, j) := {Λ ⊂ V | L(x, j) ⊂ Λ ⊂ L(x, j)∨, xΛ ⊂ Λ, τ(x, j)Λ = Λ},

M(x, j)i := {Λ ∈M | lenOE (Λ/L(x, j)) = i}, i ∈ Z.

✭✸✮ ❋♦r s ∈ C✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡rs✳

O(x, j; s) :=
∑

i∈Z

(−1)i|M(x, j)i|q
−is

O(x, j) := O(x, j; 0) =
∑

i∈Z

(−1)i|M(x, j)i|

∂O(x, j) := log(q)−1 d

ds

∣

∣

∣

∣

s=0

O(x, j; s) = −
∑

i∈Z

(−1)ii|M(x, j)i|.

❲❡ ✇✐❧❧ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r J s❡♣❛r❛t❡❧②✳

✾✳✶ ❚❤❡ ❏❛❝q✉❡t✲❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

■♥ t❤✐s s❡❝t✐♦♥✱ J = J0 ✐s t❤❡ ❡✈❡♥ ❢♦r♠✳

❉❡✜♥✐t✐♦♥ ✾✳✹✳ ▲❡t (x, j) ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛❞❥♦✐♥t✲st❛❜❧❡ ♣❛✐r✳ ❲❡ ❞❡✜♥❡

I(x, j) := |{Λ ⊂ V | L(x, j) ⊂ Λ ⊂ L(x, j)∨, xΛ ⊂ Λ,Λ∨ = Λ}|

❘❡♠❛r❦ ✾✳✺✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ s❡t✲✉♣ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ❜♦t❤ t❤✐s ❞❡✜♥✐t✐♦♥
❛♥❞ ❉❡✜♥✐t✐♦♥ ✾✳✸ ♠❛❦❡ ♥♦ r❡❢❡r❡♥❝❡ t♦ ❛ ❝♦❞✐♠❡♥s✐♦♥ 1 s✉❜s♣❛❝❡ W ⊂ V ✳

❈♦♥❥❡❝t✉r❡ ✾✳✻ ✭❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✮✳ ▲❡t (x, j) ∈ EndE(V ) ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡
❛♥❞ ❛❞❥♦✐♥t✲st❛❜❧❡ ♣❛✐r✳ ❚❤❡♥

I(x, j) = O(x, j). ✭❋▲✭x, j✮✮

■♥ t❤❡ r❡st ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❡①♣❧❛✐♥ t❤❡ r❡❧❛t✐♦♥ ♦❢ t❤✐s ❝♦♥❥❡❝t✉r❡ ✇✐t❤ t❤❡ ❏❛❝q✉❡t✲
❘❛❧❧✐s ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✱ ❈♦♥❥❡❝t✉r❡ ✻✳✼✳

▲❡♠♠❛ ✾✳✼✳ ▲❡t (x, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ x ∈ u(J0)✳ ❲❡ s❡t V ′ := V ⊕ Eu′

✇✐t❤ ❢♦r♠ J0 ⊕ 1 ❛♥❞ ✇❡ ❞❡✜♥❡

x′ :=
(

x j
−j∗

)

∈ u(J0 ⊕ 1)0.

❚❤❡♥ (x, j) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x′ ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦
V ′ = V ⊕Eu′ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶✳ ■♥ t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❝❛s❡✱ (FL(x, j))
✐s ❡q✉✐✈❛❧❡♥t t♦ (jrE0,V ′,u′,x′)✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✳✷✱ ▲❡♠♠❛ ✻✳✶✵ ❛♥❞ ❈♦r♦❧❧❛r② ✽✳✺✳

✹✵



▲❡♠♠❛ ✾✳✽✳ ▲❡t (g, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ g ∈ U(J0) ❛♥❞ J0(j, j) ∈ O×

E0
✳ ❚❤❡♥

(g, j) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ V =

j⊥ ⊕ Ej ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶✳ ■♥ t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❝❛s❡✱ (FL(g, j)) ✐s
❡q✉✐✈❛❧❡♥t t♦ (JRE0,V,j,g)✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✳✷✱ ▲❡♠♠❛ ✻✳✶✵ ❛♥❞ ❈♦r♦❧❧❛r② ✽✳✸✳

▲❡♠♠❛ ✾✳✾✳ ▲❡t (g, j) ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r s✉❝❤ t❤❛t J0(j, j) /∈
OE0 ✳ ❚❤❡♥ ❜♦t❤ s✐❞❡s ♦❢ (FL(g, j)) ✈❛♥✐s❤✳

Pr♦♦❢✳ ■❢ J0(j, j) /∈ OE0 ✱ t❤❡♥ L(x, j) 6⊂ L(x, j)∨✳

❈♦♥str✉❝t✐♦♥ ✾✳✶✵✳ ▲❡t (g, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ g ∈ U(J0) ❛♥❞ v(J0(j, j)) ≥ 1✳
❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t✶✵ q + 1 > n✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ V ′ := V ⊕ Eũ ❛♥❞ u′ := ũ + j✳ ❲❡
❡①t❡♥❞ J0 t♦ J ′

0 ♦♥ V ′ ❜② s❡tt✐♥❣ ũ ⊥ V ❛♥❞ J ′

0(u
′, u′) = 1✳ ❲❡ ❞❡✜♥❡ W ′ := (u′)⊥✱

✇❤✐❝❤ ✐s ❛♥ ❡✈❡♥ ❤❡r♠✐t✐❛♥ s♣❛❝❡✳

▲❡t P (t) ∈ OE [t] ❜❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ g✳ ◆♦t❡ t❤❛t q + 1 ✐s t❤❡ ♥✉♠❜❡r
♦❢ r❡s✐❞✉❡ ❝❧❛ss❡s ♠♦❞ πE ♦❢ E1 := {a ∈ E | NmE/E0

(a) = 1}✳ ❇② ❛ss✉♠♣t✐♦♥ t❤✐s
♥✉♠❜❡r ✐s ❧❛❣❡r t❤❛♥ deg(P ) ❛♥❞ ❤❡♥❝❡ t❤❡r❡ ❡①✐sts a ∈ E1 s✉❝❤ t❤❛t P (a) 6≡ 0 ♠♦❞ πE ✳
❲❡ ❞❡✜♥❡

g′ := ( g a ) ∈ U(J ′

0)

✇❤❡r❡ t❤❡ ❜❧♦❝❦ ♠❛tr✐① ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✇✐t❤ r❡s♣❡❝t t♦ V ′ =W ⊕ Eũ✳

▲❡♠♠❛ ✾✳✶✶✳ ▲❡t (g, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ g ∈ U(J0) ❛♥❞ v(J0(j, j)) ≥ 1✳
❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t q + 1 > n✳ ▲❡t V ′, u′ ❛♥❞ g′ ❜❡ ❛s ❛❜♦✈❡✳ ❚❤❡♥ (g, j) ✐s r❡❣✉❧❛r
s❡♠✐✲s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g′ ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ V ′ = W ′ ⊕ Eu′ ✐♥
t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶✳ ■♥ t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❝❛s❡✱ (FL(g, j)) ✐s ❡q✉✐✈❛❧❡♥t t♦
(JRE0,V ′,u′,g′)✳

Pr♦♦❢✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✾✳✽✱ (g′, u′) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g′ ✐s
r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ V ′ = W ′ ⊕ Eu′ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶✳ ■♥
t❤✐s ❝❛s❡✱ (JRE0,V ′,u′,g′) ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭❋▲(g′, u′)✮✳ ❙♦ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t (g′, u′) ✐s
r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (g, j) ✐s ❛♥❞ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ ✭❋▲(g′, u′)✮ ✐s ❡q✉✐✈❛❧❡♥t
t♦ ✭❋▲(g, j)✮✳

❉✉❡ t♦ ♦✉r s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ a✱ t❤❡r❡ ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ OE [g
′] = OE [g]×OE ✳ ■ts ❛❝t✐♦♥

♦♥ V ′ = V ⊕ Eũ ✐s t❤❡♥ ❛ ❢❛❝t♦r✲✇✐s❡ ❛❝t✐♦♥✳ ❚❤✐s ❛❧r❡❛❞② ♣r♦✈❡s t❤❡ ❝❧❛✐♠ ❛❜♦✉t t❤❡
r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡♥❡ss✳

❲❡ ❧❡❛✈❡ ✐t t♦ t❤❡ r❡❛❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥

M(g, j) ∼=M(g′, u′), Λ 7→ Λ⊕OE ũ.

❖❢ ❝♦✉rs❡✱ len(Λ/L(g, j)) = len((Λ ⊕ OE ũ)/L(g
′, u′)) ❛♥❞ ❤❡♥❝❡ O(g′, u′) = O(g, j)✳

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❣❡ts t❤❛t I(g′, u′) = I(g, j)✳

✶✵❘❡❝❛❧❧ t❤❛t n = dimE(V )✳

✹✶



✾✳✷ ❚❤❡ ❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t J = J1 ✐s t❤❡ ♦❞❞ ❤❡r♠✐t✐❛♥ ❢♦r♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ x 7→ x∗✱ t❤❡ ❞✉❛❧
❧❛tt✐❝❡ Λ 7→ Λ∨ ❛♥❞ M ❛r❡ ♥♦✇ ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❢♦r♠✳

▲❡♠♠❛ ✾✳✶✷✳ ❋♦r ❛❧❧ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐rs (x, j)✱ t❤❡r❡ ✐s ❛♥ ❡q✉❛❧✲
✐t②

O(x, j) = 0.

Pr♦♦❢✳ ❚❤❡ ❛r❣✉♠❡♥t ✐s t❛❦❡♥ ❢r♦♠ ❬✶✺✱ ❈♦r♦❧❧❛r② ✼✳✸❪✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t L(x, j) ⊂
L(x, j)∨ s✐♥❝❡ ♦t❤❡r✇✐s❡ M(x, j) = ∅ ❛♥❞ ❤❡♥❝❡ O(x, j) = 0✳ ▲❡t ✉s ❛❧s♦ ❞❡✜♥❡ l :=
[L(x, j)∨ : L(x, j)] ✇❤✐❝❤ ✐s ♦❞❞ s✐♥❝❡ J1 ✐s t❤❡ ♦❞❞ ❢♦r♠✳ ❚❤❡♥ Λ 7→ Λ∨ ✐♥❞✉❝❡s ❛♥
✐♥✈♦❧✉t✐♦♥ ♦♥ t❤❡ s❡t M(x, j) ✇❤✐❝❤ ✐s ✜①❡❞ ♣♦✐♥t ❢r❡❡ s✐♥❝❡ ✐t ✐♥t❡r❝❤❛♥❣❡s M(x, j)i ❛♥❞
M(x, j)l−i✳ ❚❤✉s |M(x, j)i| = |M(x, j)l−i| ❛♥❞ t❤❡ t✇♦ s✉♠♠❛♥❞s (−1)i|M(x, j)i| ❛♥❞
(−1)l−i|M(x, j)l−i| ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ O(x, j) ❝❛♥❝❡❧✳

❉❡✜♥✐t✐♦♥ ✾✳✶✸✳ ❚❤❡ ♣❛✐r (x, j) ✐s ❝❛❧❧❡❞ ❛rt✐♥✐❛♥✱ ✐❢ t❤❡ s❝❤❡♠❛t✐❝ ✐♥t❡rs❡❝t✐♦♥ Z(x)∩
Z(j) ⊂ NE0,(1,n−1) ✐s ❛♥ ❛rt✐♥✐❛♥ s❝❤❡♠❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❞❡✜♥❡

Int(x, j) := lenOĔ (OZ(x)∩Z(j)).

❈♦♥❥❡❝t✉r❡ ✾✳✶✹ ✭❆r✐t❤♠❡t✐❝ ❋✉♥❞❛♠❡♥t❛❧ ▲❡♠♠❛✮✳ ▲❡t (x, j) ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲
s✐♠♣❧❡✱ s❡❧❢✲❛❞❥♦✐♥t ❛♥❞ ❛rt✐♥✐❛♥ ♣❛✐r✳ ❚❤❡♥

∂O(x, j) = −Int(x, j). ✭❆❋▲(x, j)✮

❆❣❛✐♥✱ ✇❡ ❡①♣❧❛✐♥ t❤❡ r❡❧❛t✐♦♥ ♦❢ t❤✐s ❝♦♥❥❡❝t✉r❡ ✇✐t❤ t❤❡ ❆❋▲ ❢r♦♠ ❙❡❝t✐♦♥ ✼✳ ❚❤✐s ✇✐❧❧
❜❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❡①♣❧❛♥❛t✐♦♥s ❢♦r t❤❡ ❝❛s❡ J = J0✳

▲❡♠♠❛ ✾✳✶✺✳ ▲❡t (x, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ x ∈ u(J1)✳ ❲❡ s❡t V ′ := V ⊕ Eu′

✇✐t❤ ❢♦r♠ J1 ⊕ 1 ❛♥❞ ✇❡ ❞❡✜♥❡

x′ :=
(

x j
−j∗

)

∈ u(J1 ⊕ 1)0.

❚❤❡♥ (x, j) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x′ ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡
✇✐t❤ r❡s♣❡❝t t♦ V ′ = V ⊕Eu′ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶ ❛♥❞ ❛rt✐♥✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ u′

✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✼✳✺✳ ■♥ t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ❝❛s❡✱ (AFL(x, j))
✐s ❡q✉✐✈❛❧❡♥t t♦ (aflE0,V ′,u′,x′)✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✳✷✱ ❘❡♠❛r❦ ✼✳✼ ❛♥❞ ❈♦r♦❧❧❛r② ✽✳✺✳

▲❡♠♠❛ ✾✳✶✻✳ ▲❡t (g, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ g ∈ U(J1) ❛♥❞ J1(j, j) ∈ O×

E0
✳ ❚❤❡♥

(g, j) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤
r❡s♣❡❝t t♦ V = j⊥ ⊕ Ej ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶ ❛♥❞ ❛rt✐♥✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ j ✐♥
t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✼✳✺✳ ■♥ t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ❝❛s❡✱ (AFL(g, j)) ✐s
❡q✉✐✈❛❧❡♥t t♦ (AFLE0,V,j,g)✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✳✷✱ ❘❡♠❛r❦ ✼✳✹ ❛♥❞ ❈♦r♦❧❧❛r② ✽✳✸✳

▲❡♠♠❛ ✾✳✶✼✳ ▲❡t (g, j) ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ s❡❧❢✲❛❞❥♦✐♥t ❛♥❞ ❛rt✐♥✐❛♥ ♣❛✐r s✉❝❤
t❤❛t J1(j, j) /∈ OE0 ✳ ❚❤❡♥ ❜♦t❤ s✐❞❡s ♦❢ ✭❆❋▲(x, j)✮ ✈❛♥✐s❤✳

✹✷



Pr♦♦❢✳ ■❢ J1(j, j) /∈ OE0
✱ t❤❡♥ Z(u) = ∅✳ ◆❛♠❡❧② ✐❢ X ∈ NE0,(1,n−1) ✐s s✉❝❤ t❤❛t

j : YE0
−→ XE0,(1,n−1) ❧✐❢ts t♦ ❛ ❤♦♠♦♠♦r♣❤✐s♠ YE0

−→ X✱ t❤❡♥ ❛❧s♦ t❤❡ ❝♦♠♣♦s✐t✐♦♥

j∗j ∈ End0E(YE0
) ❧✐❢ts t♦ YE0

✳ ❇✉t ♥♦t❡ t❤❛t End(YE0
) = E ❛♥❞ t❤❛t j∗j = J1(j, j)✳

❆❧s♦✱ ✐❢ J1(j, j) /∈ OE0 ✱ t❤❡♥ L(g, j) 6⊂ L(g, j)∨ ❛♥❞ t❤✉s M = ∅✳

❈♦♥str✉❝t✐♦♥ ✾✳✶✽✳ ▲❡t (g, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ g ∈ U(J1) ❛♥❞ v(J1(j, j)) ≥ 1✳
❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t q + 1 > n✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ V ′ := V ⊕ Eũ ❛♥❞ u′ := ũ + j✳ ❲❡
❡①t❡♥❞ J1 t♦ J ′

1 ♦♥ V ′ ❜② s❡tt✐♥❣ ũ ⊥ V ❛♥❞ J ′

1(u
′, u′) = 1✳ ❲❡ ❞❡✜♥❡ W ′ := (u′)⊥✱

✇❤✐❝❤ ✐s ❛♥ ♦❞❞ ❤❡r♠✐t✐❛♥ s♣❛❝❡✳

❆s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t❤❡r❡ ❡①✐sts a ∈ E1 s✉❝❤ t❤❛t P (a) 6≡ 0 ♠♦❞ πE ✳ ❲❡ ❞❡✜♥❡

g′ := ( g a ) ∈ U(J ′

1)

✇❤❡r❡ t❤❡ ❜❧♦❝❦ ♠❛tr✐① ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✇✐t❤ r❡s♣❡❝t t♦ V ′ =W ⊕ Eũ✳

▲❡♠♠❛ ✾✳✶✾✳ ▲❡t (g, j) ❜❡ ❛ s❡❧❢✲❛❞❥♦✐♥t ♣❛✐r ✇✐t❤ g ∈ U(J1) ❛♥❞ v(J1(j, j)) ≥ 1✳ ❲❡
❛❧s♦ ❛ss✉♠❡ t❤❛t q + 1 > n✳ ▲❡t V ′, u′ ❛♥❞ g′ ❜❡ ❛s ❛❜♦✈❡✳ ❚❤❡♥ (g, j) ✐s r❡❣✉❧❛r s❡♠✐✲
s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g′ ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ V ′ =W ′⊕Eu′

✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✶ ❛♥❞ ❛rt✐♥✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ u′ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥
✼✳✺✳ ■♥ t❤❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ❝❛s❡✱ t❤❡ ✐❞❡♥t✐t② (AFL(g, j)) ✐s ❡q✉✐✈❛❧❡♥t
t♦ (AFLE0,V ′,u′,g′)✳

Pr♦♦❢✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✾✳✶✻✱ (g′, u′) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ✐❢ ❛♥❞
♦♥❧② ✐❢ g′ ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ V ′ =W ′⊕Eu′ ❛♥❞ ❛rt✐♥✐❛♥ ✇✐t❤ r❡s♣❡❝t
t♦ u′✳ ■♥ t❤✐s ❝❛s❡✱ (AFLE0,V ′,u′,g′) ✐s ❡q✉✐✈❛❧❡♥t t♦ (AFL(g′, u′))✳ ❙♦ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡
t❤❛t (g′, u′) ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (g, j) ✐s✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡
t✇♦ ✐❞❡♥t✐t✐❡s (AFL(g′, u′)) ❛♥❞ (AFL(g, j)) ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❉✉❡ t♦ ♦✉r s♣❡❝✐❛❧ ❝❤♦✐❝❡ ♦❢ a✱ t❤❡r❡ ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ OE [g
′] = OE [g]×OE ✳ ■ts ❛❝t✐♦♥

♦♥ V ′ = V ⊕ Eũ ✐s t❤❡♥ ❛ ❢❛❝t♦r✲✇✐s❡ ❛❝t✐♦♥✳ ❚❤✐s ❛❧r❡❛❞② ♣r♦✈❡s t❤❡ ❝❧❛✐♠ ❛❜♦✉t t❤❡
r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡♥❡ss✳

◆♦t❡ t❤❛t J ′

1(ũ, ũ) ∈ O×

E0
✳ ❲❡ ❧❡❛✈❡ ✐t t♦ t❤❡ r❡❛❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥

M(g, j) ∼=M(g′, u′), Λ 7→ Λ⊕OE ũ.

❖❢ ❝♦✉rs❡✱ len(Λ/L(g, j)) = len((Λ⊕OE ũ)/L(g
′, u′)) ❛♥❞ ❤❡♥❝❡ ∂O(g′, u′) = ∂O(g, j)✳

❲❡ st✐❧❧ ❤❛✈❡ t♦ s❤♦✇ Int(g′, u′) = Int(g, j)✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❢♦r♠❛❧
s❝❤❡♠❡s✱ Z(g) ∩ Z(u) = Z(g′) ∩ Z(u′)✳

❋✐rst ♥♦t❡ t❤❛t ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ OE [g
′] = OE [g]×OE ✱ t❤❡r❡ ✐s ❛♥ ✐♥❝❧✉s✐♦♥

Z(g′) ⊂ Z(ũ).

❊✈❡♥ ❜❡tt❡r✱ t❤❡ ❝②❝❧❡ Z(g′) ⊂ Z(ũ) ∼= NE0,(1,n−1) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ Z(g)✳ ▼♦r❡✲
♦✈❡r✱

Z(ũ) ∩ Z(u′) = Z(ũ) ∩ Z(j)

s✐♥❝❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❛♥♥❡❞ ♠♦❞✉❧❡

OE ũ+OEu
′ ⊂ Hom0(YE0

,XE0,(1,n−1) × YE0
).

❚❤✉s
Z(g′) ∩ Z(u′) = Z(g′) ∩ Z(ũ) ∩ Z(u′) ∼= Z(g) ∩ Z(j).

✹✸



✶✵ ▼❛✐♥ ❘❡s✉❧ts ♦♥ t❤❡ ❆❋▲

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s♣❡❝✐❛❧✐③❡ t♦ t❤❡ ❝❛s❡ E0 = Qp✳ ❚❤✐s ✐s ♦♥❧② t♦ s✐♠♣❧✐❢② t❤❡ ❡①♣♦s✐t✐♦♥✳
❆❧❧ ❛r❣✉♠❡♥ts ✇♦r❦ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❙♦ V ✐s ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ Qp2 ✲✈❡❝t♦r s♣❛❝❡ ✇✐t❤
♦❞❞ ❤❡r♠✐t✐❛♥ ❢♦r♠ J1✳

▲❡t A0/Qp ❜❡ ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ ♦❢ ❞❡❣r❡❡ d s✉❝❤ t❤❛t A := A0⊗Qp2 ✐s ❛❧s♦ ❛ ✜❡❧❞✳ ❚❤❡♥
A/A0 ✐s ❛♥ ✉♥r❛♠✐✜❡❞ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐ts ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ ❛❧s♦ ❜②
σ✳ ▲❡t A →֒ EndQp2 (V ) ❜❡ ❛♥ ❡♠❜❡❞❞✐♥❣ t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥

σ ♦♥ A ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦❢ J1 ♦♥ End(V )✳ ■♥ ♦t❤❡r ✇♦r❞s✱

J1(a , ) = J1( , σ(a) ), a ∈ A.

▲❡t ϑA ❜❡ ❛ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ✐♥✈❡rs❡ ❞✐✛❡r❡♥t ♦❢ A0 ❛♥❞ ❧❡t JA1 : V × V −→ A ❜❡ t❤❡
A/A0✲❤❡r♠✐t✐❛♥ ❢♦r♠ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣r♦♣❡rt② t❤❛t

trA/Qp2 ◦ ϑAJ
A
1 = J1.

◆♦t❡ t❤❛t ❢♦r ❛♥② OA✲❧❛tt✐❝❡ Λ ⊂ V ✱ t❤❡ ❞✉❛❧ ❧❛tt✐❝❡ Λ∨ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r♠ J1 ✐s
❛❧s♦ t❤❡ ❞✉❛❧ ♦❢ Λ ✇✐t❤ r❡s♣❡❝t t♦ JA1 ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ (V, JA1 ) ✐s ❛♥ ♦❞❞ ❤❡r♠✐t✐❛♥ s♣❛❝❡✳✶✶

▲❡t XQp,(1,n−1) ❜❡ t❤❡ ❢r❛♠✐♥❣ ♦❜❥❡❝t ❢♦r NQp,(1,n−1) ❛♥❞ s❡t n′ := n/d✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ A
❜② q✉❛s✐✲❡♥❞♦♠♦r♣❤✐s♠s ♦♥ XQp,(1,n−1) ♠❛❦❡s ✐t ✐♥t♦ ❛ ❢r❛♠✐♥❣ ♦❜❥❡❝t XA0/Qp,(1,n′

−1)

❢♦r NA0/Qp,(1,n′
−1)✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ XA0,(1,n′

−1) := C(XA0/Qp,(1,n′
−1)) ✇❤❡r❡ C ✐s t❤❡

❢✉♥❝t♦r ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✸✳

❙✐♠✐❧❛r❧②✱ ❧❡t YQp,(0,1) ❜❡ t❤❡ ❤❡r♠✐t✐❛♥ Zp2 ✲♠♦❞✉❧❡ ♦❢ s✐❣♥❛t✉r❡ (0, 1) ♦✈❡r F✱ ✇❤✐❝❤ ✐s
✉♥✐q✉❡ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✳ ❲❡ ❞❡✜♥❡ YA0/Qp,(0,1) := OA0

⊗YQp,(0,1) ✇✐t❤ r❡s♣❡❝t t♦ ϑA
❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✺✳✼ ❛♥❞ s❡t YA0,(0,1) := C(YA0/Qp,(0,1))✳ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠

Hom0
Qp2

(YQp,(0,1),XQp,(1,n−1)) ∼= Hom0
A(YA0/Qp,(0,1),XQp,(1,n′

−1)), j 7→ idA0
⊗Qp j

✇❤✐❝❤ ✐s ❛♥ ✐s♦♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ JA1 ♦♥ t❤❡ ❧❡❢t ❛♥❞ t❤❡ ♥❛t✉r❛❧ ❢♦r♠ ♦♥ t❤❡ r✐❣❤t✳✶✷

❱✐❛ C✱ t❤❡s❡ ✈❡❝t♦r s♣❛❝❡s ❛r❡ ❛❧s♦ ✐s♦♠❡tr✐❝ t♦ Hom0
A(YA0,(0,1),XA0,(1,n′

−1))✳

❚❤❡ ♣♦✐♥t ✐s ♥♦✇ t❤❛t ❛♥② r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ s❡❧❢✲❛❞❥♦✐♥t ❛♥❞ ❛rt✐♥✐❛♥ ♣❛✐r (x, j) ∈
EndQp2 (V )×V s✉❝❤ t❤❛t x ✐s A✲❧✐♥❡❛r ❣✐✈❡s r✐s❡ t♦ t✇♦ ❆❋▲ ✐❞❡♥t✐t✐❡s✱ ♦♥❡ ❢♦r t❤❡ ❜❛s❡

✜❡❧❞ Qp ❛♥❞ ♦♥❡ ❢♦r A0✳ ❲❡ ❞❡♥♦t❡ ❜② ✭❆❋▲(x, j)Qp✮ t❤❡ ♦♥❡ ❢♦r NQp,(1,n−1) ✇❤❡r❡ t❤❡
A✲❛❝t✐♦♥ ❞♦❡s ♥♦t ♣❧❛② ❛ r♦❧❡✳ ❲❡ ❞❡♥♦t❡ ❜② (AFL(x, j)A0

) := (AFL(C(x), C(idA0
⊗ j)))

t❤❡ ♦♥❡ ❢♦r NA0,(1,n′
−1)✳ ❖✉r ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❛♥❞ ✐ts ❝♦r♦❧❧❛r✐❡s✳

❚❤❡♦r❡♠ ✶✵✳✶✳ ▲❡t (x, j) ∈ EndQp2 (V )× V ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ s❡❧❢✲❛❞❥♦✐♥t ❛♥❞

❛rt✐♥✐❛♥ ♣❛✐r s✉❝❤ t❤❛t OA ⊂ Zp2 [x]✳ ❚❤❡♥ (x, j) ✐s ❛❧s♦ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ s❡❧❢✲
❛❞❥♦✐♥t ❛♥❞ ❛rt✐♥✐❛♥ ✇❤❡♥ ✈✐❡✇❡❞ ♦✈❡r A0 ❛♥❞ t❤❡ t✇♦ ✐❞❡♥t✐t✐❡s (AFL(x, j)Qp) ❛♥❞
(AFL(x, j)A0

) ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✳ ▲❡t ✉s ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥ L(x, j)✱ τ(x, j)✱ M(x, j)✱ ∂O(x, j), Int(x, j) ❡t❝✳ ❢♦r t❤❡
s❡tt✐♥❣ ♦✈❡r Qp✳ ❲❡ ❞❡♥♦t❡ ❜② L(x, j)A✱ τ(x, j)A✱ M(x, j)A✱ ∂O(x, j)A, Int(x, j)A ❡t❝✳
t❤❡ r❡s♣❡❝t✐✈❡ ♥♦t✐♦♥s ❢♦r t❤❡ s❡tt✐♥❣ ♦✈❡r A0✳ ■t ✐s ❝❧❡❛r t❤❛t (x, j) ✐s ❛❧s♦ r❡❣✉❧❛r s❡♠✐✲
s✐♠♣❧❡ ❛♥❞ s❡❧❢✲❛❞❥♦✐♥t ✇❤❡♥ ✈✐❡✇❡❞ ♦✈❡r A0✱ s✐♥❝❡ OA[x]j = Zp2 [x]j ❜② ❛ss✉♠♣t✐♦♥✳

❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❛♥❛❧②t✐❝ s✐❞❡s ♦❢ (AFL(x, j)Qp) ❛♥❞ (AFL(x, j)A0)✿

✶✶❘❡❝❛❧❧ t❤❛t t❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ s❡❧❢✲❞✉❛❧ OA✲❧❛tt✐❝❡ ✐♥ V ✳
✶✷❲❡ ❛r❡ ✉s✐♥❣ ❤❡r❡ ♦✉r ✜①❡❞ ✐s♦♠❡tr② V ∼= Hom0

Q
p2

(YQp,(0,1),XQp,(1,n−1))✳

✹✹



❋✐rst ♥♦t❡ t❤❛t ❛♥ x✲st❛❜❧❡ Zp2 ✲❧❛tt✐❝❡ Λ ⊂ V ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❛♥ OA[x]✲❧❛tt✐❝❡ s✐♥❝❡
Zp2 [x] = OA[x]✳ ■♥ ♣❛rt✐❝✉❧❛r✱ L(x, j) = L(x, j)A✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ✐♥✈♦❧✉t✐♦♥s τ(x, j) ❛♥❞
τ(x, j)A ❛❣r❡❡ s✐♥❝❡ t❤❡② ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ✭∗✲st❛❜❧❡✮ r✐♥❣ Qp2 [x] = A[x] ❛♥❞ j✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t

M(x, j) =M(x, j)A.

▲❡t f ❜❡ t❤❡ ✐♥❡rt✐❛ ❞❡❣r❡❡ ♦❢ A0/Qp✳ ❚❤❡♥ M(x, j)i = ∅ ✐❢ f ∤ i ❛♥❞ M(x, j)fi =

M(x, j)Ai ✳ ◆♦t❡ t❤❛t f ✐s ♦❞❞ s✐♥❝❡ ✇❡ ❛ss✉♠❡❞ t❤❛t A0 ⊗ Qp2 ✐s ❛ ✜❡❧❞✳ ■♥ ♣❛rt✐❝✉❧❛r
(−1)i = (−1)fi ❛♥❞ ❤❡♥❝❡

∂O(x, j) =
∑

i∈Z

(−1)ii|M(x, j)i| = f
∑

i∈Z

(−1)ii|M(x, j)Ai | = f · ∂O(x, j)A.

❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ s✐❞❡s ♦❢ (AFL(x, j)Qp) ❛♥❞ (AFL(x, j)A0)✿

❇② ❘❡♠❛r❦ ✺✳✻✱ t❤❡ ❝②❝❧❡ Z(x) ⊂ NQp,(1,n−1) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ f ❝♦♣✐❡s ♦❢ Z(x)A✱

✇❤❡r❡ Z(x)A := Z(C(x)) ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝②❝❧❡ ✐♥ NA0,(1,n′
−1)✳ ❇② ❘❡♠❛r❦ ✺✳✹✱ t❤✐s

✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❑❘✲❞✐✈✐s♦rs ❛♥❞ ❤❡♥❝❡

Z(x) ∩ Z(j) =

f
∐

i=1

Z(x)A ∩ Z(j)A

✇❤❡r❡ ❛❣❛✐♥ Z(j)A = Z(C(idA0
⊗ j)) ✐s t❤❡ r❡s♣❡❝t✐✈❡ ❝②❝❧❡ ✐♥ NA0,(1,n′

−1)✳ ■t ❢♦❧❧♦✇s
t❤❛t (x, j) ✐s ❛❧s♦ ❛rt✐♥✐❛♥ ✇❤❡♥ ✈✐❡✇❡❞ ♦✈❡r A0 ❛♥❞

Int(x, j) = fInt(x, j)A.

❚❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s✳

▲❡t ✉s tr❛♥s❧❛t❡ t❤✐s ❜❛❝❦ ✐♥t♦ st❛t❡♠❡♥ts ❛❜♦✉t t❤❡ ❆❋▲ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥
❢r♦♠ ❙❡❝t✐♦♥s ✻ ❛♥❞ ✼✳

❈♦r♦❧❧❛r② ✶✵✳✷✳ ▲❡t x ∈ u(J1)
0
rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥✱ ♦❢ t❤❡ ❢♦r♠

x =
(

x♭ j
−j∗

)

.

▲❡t A0/Qp ❜❡ ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ s✉❝❤ t❤❛t A := A0 ⊗ Qp2 ✐s ❛❣❛✐♥ ❛ ✜❡❧❞✱ t♦❣❡t❤❡r ✇✐t❤

❛♥ ❡♠❜❡❞❞✐♥❣ OA →֒ Zp2 [x
♭] t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ σ ♦♥ OA ❛♥❞

t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ∗ ♦♥ Zp[x
♭]✳ ▲❡t V A :=W ⊕AuA ❜❡ t❤❡ ❤❡r♠✐t✐❛♥ A✲✈❡❝t♦r s♣❛❝❡

✇✐t❤ ❢♦r♠ J♭,A1 ⊕ 1✳

✭✶✮ ❚❤❡♥ x ❝❛♥ ❛❧s♦ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ u(J♭,A1 ⊕1)0rs ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡

(aflQp,V,u,x) ⇔ (aflA0,V A,uA,x).

✭✷✮ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ dimA(W ) ≤ 2✱ t❤❡♥ (aflQp,V,u,x)✱ ❤♦❧❞s✳

Pr♦♦❢✳ P❛rt ✭✶✮ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✾✳✶✺ ❛♥❞ ❚❤❡♦r❡♠ ✶✵✳✶✳ P❛rt ✭✷✮ ❢♦❧❧♦✇s
s✐♥❝❡ t❤❡ ❆❋▲ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ❢♦r n ≤ 3✳

❙✐♠✐❧❛r❧② ✐♥ t❤❡ ❣r♦✉♣✲t❤❡♦r❡t✐❝ s❡t✲✉♣✳

✹✺



❈♦r♦❧❧❛r② ✶✵✳✸✳ ▲❡t g ∈ U(J1)rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥ ✇✐t❤ ✐♥t❡❣r❛❧
❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧✳✶✸ ▲❡t A0/Qp ❜❡ ❛ ✜❡❧❞ ❡①t❡♥s✐♦♥ s✉❝❤ t❤❛t A := A0 ⊗Qp2 ✐s
❛❣❛✐♥ ❛ ✜❡❧❞✱ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❡♠❜❡❞❞✐♥❣ OA →֒ Zp2 [g] t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ●❛❧♦✐s
❝♦♥❥✉❣❛t✐♦♥ ♦♥ A ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦♥ Zp2 [g]✳ ❲❡ ❛ss✉♠❡ t❤❛t JA1 (u, u) ∈ O×

A0
✱

✇❤❡r❡ JA1 ✐s t❤❡ ❧✐❢t❡❞ ❤❡r♠✐t✐❛♥ ❢♦r♠✳

✭✶✮ ❚❤❡♥ g ✐s ❛❧s♦ ❛♥ ❡❧❡♠❡♥t ♦❢ U(JA1 )rs ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡

(❆❋▲Qp,V,u,g) ⇔ (❆❋▲A0,V,u,g).

✭✷✮ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ dimA(V ) ≤ 3✱ t❤❡♥ t❤❡ ❆❋▲ ❢♦r g✱ (❆❋▲Qp,V,u,g)✱ ❤♦❧❞s✳

▲❡t ✉s ♥♦✇ ❢♦r♠✉❧❛t❡ t❤❡ ✈❛r✐❛♥t ❢♦r v(JA1 (u, u)) ≥ 1✳

❈♦r♦❧❧❛r② ✶✵✳✹✳ ❆ss✉♠❡ t❤❛t pf+1 > n✳ ▲❡t g✱ A0✱ A ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ OA →֒ Zp2 [g]
❜❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝♦r♦❧❧❛r②✱ ❜✉t ❧❡t v(JA1 (u, u)) ≥ 1✳ ▲❡t V A := V ⊕Aũ✱ uA := u+ ũ

❛♥❞ ❡①t❡♥❞ JA1 t♦ ❛ ❤❡r♠✐t✐❛♥ ❢♦r♠ JA,♯1 ♦♥ V A ❜② ❞❡✜♥✐♥❣ ũ ⊥ V ❛♥❞ JA,♯1 (uA, uA) = 1✳

▲❡t P ∈ A[t] ❜❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ g ❛s A✲❧✐♥❡❛r ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ V ❛♥❞
❧❡t a ∈ A1 ❜❡ s✉❝❤ t❤❛t P (a) 6≡ 0 ♠♦❞✉❧♦ πA ✇❤❡r❡ πA ✐s ❛ ✉♥✐❢♦r♠✐③❡r ♦❢ A✳ ❉❡✜♥❡

gA ∈ U(JA,♯1 ) ❛s
gA := ( g a ) ∈ End(V A) = End(V ⊕Aũ).

✭✶✮ ❚❤❡♥ gA ∈ U(JA,♯1 )rs ✐s r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ V A = (uA)⊥ ⊕ AuA✱
❛rt✐♥✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ uA ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡

(AFLQp,V,u,g) ⇔ (AFLA0,V A,uA,gA).

✭✷✮ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ dimA(V ) ≤ 2✱ t❤❡♥ t❤❡ ❆❋▲ ❢♦r g✱ (AFLQp,V,u,g)✱ ❤♦❧❞s✳

Pr♦♦❢✳ P❛rt ✭✶✮ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✾✳✶✾ ❛♥❞ ❚❤❡♦r❡♠ ✶✵✳✶✳ P❛rt ✭✷✮ ❢♦❧❧♦✇s
s✐♥❝❡ t❤❡ ❆❋▲ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ❢♦r n ≤ 3✳

✶✵✳✶ ❱❛r✐❛♥t ❢♦r ét❛❧❡ ❛❧❣❡❜r❛s

❚❤❡♦r❡♠ ✶✵✳✺✳ ▲❡t (x, j) ∈ EndQp2 (V )× V ❜❡ ❛ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡✱ s❡❧❢✲❛❞❥♦✐♥t ❛♥❞

❛rt✐♥✐❛♥ ♣❛✐r✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣r♦❞✉❝t ❞❡❝♦♠♣♦s✐t✐♦♥ Zp2 [x] = R0 × R1 t❤❛t
✐s st❛❜❧❡ ✉♥❞❡r ∗✳ ▲❡t V = V0 × V1 ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ V ❛♥❞ ❧❡t
(x0, j0) r❡s♣✳ (x1, j1) ❞❡♥♦t❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ (x, j) ✐♥ V0 r❡s♣✳ V1✳ ❲❡ ❛ss✉♠❡ t❤❛t
J1|V0 ✐s ❡✈❡♥✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t J1|V1 ✐s ♦❞❞✳

❚❤❡♥ t❤❡ t✇♦ ✐❞❡♥t✐t✐❡s (FL(x0, j0)) ❛♥❞ (AFL(x1, j1)) ✐♠♣❧② t❤❡ ✐❞❡♥t✐t② (AFL(x, j))✳

Pr♦♦❢✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②t✐❝ s✐❞❡ ♦❢ (AFL(x, j))✿

❋✐rst ♥♦t❡ t❤❛t ❛♥② x✲st❛❜❧❡ ❧❛tt✐❝❡ Λ ⊂ V ✐s ❛ ♣r♦❞✉❝t Λ = Λ0×Λ1 ✇❤❡r❡ Λi ⊂ Vi ✐s ❛♥
xi✲st❛❜❧❡ ❧❛tt✐❝❡✳ ■t ✐s ♥♦✇ ❡❛s② t♦ s❡❡ t❤❛t L(x, j) = L(x0, j0)×L(x1, j1)✳ ❋✉rt❤❡r♠♦r❡✱
τ(x, j) = τ(x0, j0)× τ(x1, j1) ❛♥❞ ❤❡♥❝❡ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥

M(x0, j0)×M(x1, j1)
∼=
−→M(x, j)

(Λ0,Λ1) 7−→ Λ0 × Λ1

✶✸❚❤✐s ❡♥s✉r❡s t❤❛t Zp2 [g] ✐s st❛❜❧❡ ✉♥❞❡r t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥✳ ◆♦t❡ t❤❛t ❜♦t❤ s✐❞❡s ♦❢
✭❆❋▲Qp,V,u,g✮ ✈❛♥✐s❤ ✐❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ g ✐s ♥♦t ✐♥t❡❣r❛❧✳ ❙♦ t❤✐s ✐s ♥♦t ❛ s❡r✐♦✉s
r❡str✐❝t✐♦♥✳

✹✻



✇❤✐❝❤ ✐♥❞✉❝❡s ❛ ❜✐❥❡❝t✐♦♥

∐

k+l=m

M(x0, j0)k ×M(x1, j1)l ∼=M(x, j)m.

❚❤✐s ✐♠♣❧✐❡s t❤❡ r❡❧❛t✐♦♥

O(x, j; s) = O(x0, j0; s) ·O(x1, j1; s). ✭✶✵✳✶✮

❚❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ ✉s✐♥❣ t❤❡ ✈❛♥✐s❤✐♥❣ ♣❛rt ♦❢ t❤❡ ❋▲✱ ▲❡♠♠❛ ✾✳✶✷✱ ✇❡ ❣❡t

∂O(x, j) = O(x0, j0) · ∂O(x1, j1).

❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ s✐❞❡ ♦❢ (AFL(x, j))✿ ▲❡t Zp × Zp ⊂ R0 × R1 ❜❡ t❤❡
Zp✲❛❧❣❡❜r❛ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♥♦♥✲tr✐✈✐❛❧ ✐❞❡♠♣♦t❡♥ts✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✶✹✱ ✇❡ ❣❡t

Z(Zp2 × Zp2) ∼=





∐

{Λ0⊂V0 | Λ∗

0=Λ0}

Spf Z̆p



×NQp,(1,n1−1)

✇❤❡r❡ n1 = dimQp2
(V1)✳ ❇② t❤❡ r❡♠❛r❦s ✺✳✹ ❛♥❞ ✺✳✻✱ t❤✐s ❞❡s❝r✐♣t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤

t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ Z(x) ❛♥❞ Z(j) ❛♥❞ ✇❡ ❣❡t

Z(x) ∩ Z(j) =





∐

{Λ0 | Λ∗

0=Λ0,x0Λ0⊂Λ0,j0∈Λ0}

Spf Z̆p



×
(

Z(x1) ∩ Z(j1)
)

.

❚❤✐s ✐♠♣❧✐❡s
Int(x, j) = I(x0, j0) · Int(x1, j1)

✇❤✐❝❤ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

❘❡♠❛r❦ ✶✵✳✻✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ x ✐s ✐♥t❡❣r❛❧✳ ❚❤❡♥
❛♥ ✐♥❝❧✉s✐♦♥ Zp2 × Zp2 →֒ Zp2 [x] ❡①✐sts ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤✐s ♣♦❧②♥♦♠✐❛❧ ❤❛s t✇♦ ❞✐✛❡r❡♥t
♣r✐♠❡ ❢❛❝t♦rs ♠♦❞✉❧♦ p✳ ■♠♣❧✐❝✐t❧②✱ t❤✐s ✇❛s ❛❧r❡❛❞② ✉s❡❞ ✐♥ ❬✶✺✱ ❙❡❝t✐♦♥ ✽❪✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ♣❛♣❡r ✇✐t❤ t❤r❡❡ ❝♦r♦❧❧❛r✐❡s✳ ❋♦r t❤✐s✱ ✇❡ t❛❦❡ ✉♣ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠
❙❡❝t✐♦♥s ✻ ❛♥❞ ✼✳

❈♦r♦❧❧❛r② ✶✵✳✼✳ ▲❡t x ∈ u(J1)
0
rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥✱ ♦❢ t❤❡ ❢♦r♠

x =
(

x♭ j
−j∗

)

.

❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣ Zp2 × Zp2 →֒ Zp2 [x
♭] t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡

❢❛❝t♦r✲✇✐s❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ ♦♥ Zp2 × Zp2 ❛♥❞ ❢♦r t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦❢ J♭1 ♦♥

Zp2 [x
♭]✳ ▲❡t W = W0 ×W1 ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ W ❛♥❞ ❛ss✉♠❡ t❤❛t

J1|W0 ✐s ❡✈❡♥✳ ▲❡t x♭0, x
♭
1, j0 ❛♥❞ j1 ❜❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ x♭ ❛♥❞ j✳ ❋♦r i = 0, 1✱ ❢♦r♠

t❤❡ ✈❡❝t♦r s♣❛❝❡ Vi := Wi ⊕ Qp2ui ✇❤❡r❡ ui ✐s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✈❡❝t♦r✳ ❲❡ ❡①t❡♥❞ t❤❡

❢♦r♠ J♭1|Wi
t♦ Vi ❜② ❞❡✜♥✐♥❣ (ui, ui) = 1 ❛♥❞ ui ⊥Wi✳

❚❤❡♥ t❤❡ ❡❧❡♠❡♥t
xi =

(

x♭i ji
−j∗i

)

❧✐❡s ✐♥ u(J♭1|Wi
⊕ 1)0rs ❛♥❞ t❤❡ t✇♦ ✐❞❡♥t✐t✐❡s (JRQp,V0,u0,x0) ❛♥❞ (AFLQp,V1,u1,x1) ✐♠♣❧②

t❤❡ ✐❞❡♥t✐t② (AFLQp,V,u,x)✳

✹✼



Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✵✳✺✱ t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛s ✾✳✼ ❛♥❞ ✾✳✶✺✳

❈♦r♦❧❧❛r② ✶✵✳✽✳ ▲❡t g ∈ U(J1)rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥✳ ❆ss✉♠❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣ Zp2 × Zp2 →֒ Zp2 [g] t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ●❛❧♦✐s ❝♦♥❥✉✲
❣❛t✐♦♥ ♦♥ Zp2 × Zp2 ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦❢ J1 ♦♥ Zp2 [g]✳ ▲❡t V = V0 × V1 ❜❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ V ❛♥❞ ❛ss✉♠❡ t❤❛t J1|V0

✐s ❡✈❡♥✳ ▲❡t g0 ❛♥❞ g1 ❜❡ t❤❡
❝♦♠♣♦♥❡♥ts ♦❢ g ❛♥❞ ❧❡t u0 ❛♥❞ u1 ❜❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ u✳ ❆ss✉♠❡ t❤❛t t❤❡ ✐❞❡♥t✐t②
(FL(g0, j0)) ❤♦❧❞s✳

✭✶✮ ■❢ J1(u1, u1) ∈ Z×

p ✱ t❤❡♥ t❤❡ ✐❞❡♥t✐t② (AFLQp,V1,u1,g1)✱ ✐♠♣❧✐❡s t❤❡ ❆❋▲ ❢♦r g✱
(AFLQp,V,u,g)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ (AFLQp,V,u,g) ❤♦❧❞s ✐❢ dimV1 ≤ 3 ♦r ✐❢ g1 ✐s ♠✐♥✉s❝✉❧❡
✐♥ t❤❡ s❡♥s❡ ♦❢ ❬✶✺❪✳

✭✷✮ ❆ss✉♠❡ t❤❛t p+ 1 > n ❛♥❞ t❤❛t v(J1(u1, u1)) ≥ 1✳ ❲❡ ❞❡✜♥❡ V ′

1 := V1 ⊕Qp2 ũ1 ❛♥❞
u′1 := u1 + ũ1✳ ❲❡ ❡①t❡♥❞ J1|V1

t♦ ❛ ❤❡r♠✐t✐❛♥ ❢♦r♠ J ′

1 ♦♥ V ′

1 ❜② ❞❡✜♥✐♥❣ ũ1 ⊥ V1 ❛♥❞
(u′1, u

′

1) = 1✳ ❲❡ ❝❤♦♦s❡ ❛♥ ❡❧❡♠❡♥t a ∈ Q1
p2 s✉❝❤ t❤❛t P (a) 6≡ 0 ♠♦❞✉❧♦ p✱ ✇❤❡r❡ P

❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ g1 ♦♥ V1✳ ❲❡ s❡t

g′1 := ( g1 a ) ∈ U(J ′

1)

✇❤❡r❡ t❤❡ ❜❧♦❝❦ ♠❛tr✐① ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✇✐t❤ r❡s♣❡❝t t♦ V ′

1 = V ⊕Qp2 ũ1✳

❚❤❡♥ (AFLQp,V ′

1 ,u
′

1,g
′

1
) ✐♠♣❧✐❡s (AFLQp,V,u,g)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ (AFLQp,g) ❤♦❧❞s ✐❢ dimV1 ≤

2✳

Pr♦♦❢✳ P❛rt ✭✶✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✵✳✺ ❛♥❞ ▲❡♠♠❛ ✾✳✶✻ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❆❋▲
❤❛s ❜❡❡♥ ♣r♦✈❡♥ ✐♥ t❤❡ ♠✐♥✉s❝✉❧❡ ❝❛s❡ ❛♥❞ ✐♥ t❤❡ ❝❛s❡ n ≤ 3✳

P❛rt ✭✷✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✵✳✺ ❛♥❞ ▲❡♠♠❛ ✾✳✶✾✳

❲✐t❤ ❛♥ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t✱ ✇❡ ❝❛♥ ❡①♣❧✐❝✐t❧② ❢♦r♠✉❧❛t❡ t❤❡ ❝❛s❡ ♦❢ ♠♦r❡ ✐❞❡♠♣♦t❡♥ts✳
▲❡t A0/Qp ❜❡ ❛ ✜♥✐t❡ ét❛❧❡ ❛❧❣❡❜r❛ ✇✐t❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ✜❡❧❞s

A0 :=
∏

i∈I

A0,i.

❲❡ s❡t A := A0 ⊗ Qp2 ❛♥❞ Ai := A0,i ⊗ Qp2 ✱ ❛❧❧ ✇✐t❤ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ σ := id ⊗ σ✳
▲❡t OA ❜❡ t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣r❛❧ ❡❧❡♠❡♥ts ✐♥ A✳

❆♥② ❡♠❜❡❞❞✐♥❣ A →֒ End(V ) t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥ ♦❢ A ❛♥❞
t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦❢ J1 ♦♥ V ✐♥❞✉❝❡s ❛♥ ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ V =

∏

i∈I Vi✳
❏✉st ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✺✳✶✷✱ ✇❡ ❝❛❧❧ ❛♥ ✐♥❞❡① i ❡✈❡♥ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡❧❢✲❞✉❛❧ OAi ✲❧❛tt✐❝❡
✐♥ Vi✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❝❛❧❧ i ♦❞❞✳ ◆♦t❡ t❤❛t s✐♥❝❡ V ✐ts❡❧❢ ✐s ♦❞❞✱ t❤❡r❡ ✐s ❛♥ ♦❞❞ ♥✉♠❜❡r
♦❢ ♦❞❞ ✐♥❞✐❝❡s✳ ❆❧s♦ ♥♦t❡ t❤❛t ✐❢ i ✐s ♦❞❞✱ t❤❡♥ Ai ✐s ♥❡❝❡ss❛r✐❧② ❛ ✜❡❧❞✳

❈♦r♦❧❧❛r② ✶✵✳✾✳ ▲❡t g ∈ U(J1)rs ❜❡ r❡❣✉❧❛r s❡♠✐✲s✐♠♣❧❡ ❛♥❞ ❛rt✐♥✐❛♥✳ ❆ss✉♠❡ t❤❛t
t❤❡r❡ ❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣ OA →֒ Zp2 [g] t❤❛t ✐s ❡q✉✐✈❛r✐❛♥t ❢♦r t❤❡ ●❛❧♦✐s ❝♦♥❥✉❣❛t✐♦♥
♦♥ A ❛♥❞ t❤❡ ❛❞❥♦✐♥t ✐♥✈♦❧✉t✐♦♥ ♦❢ J1 ♦♥ Zp2 [g]✳ ▲❡t V =

∏

i∈I Vi ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ V ❛♥❞ ❧❡t (gi)i∈I ❛♥❞ (ui)i∈I ❜❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ g ❛♥❞ u✳

✭✶✮ ■❢ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ ♦❞❞ ✐♥❞❡①✱ t❤❡♥ ❜♦t❤ s✐❞❡s ♦❢ (AFLQp,V,u,g) ✈❛♥✐s❤✳

✭✷✮ ❖t❤❡r✇✐s❡✱ ❧❡t i0 ∈ I ❜❡ t❤❡ ✉♥✐q✉❡ ♦❞❞ ✐♥❞❡① ❛♥❞ ❧❡t ✉s ❛ss✉♠❡ t❤❛t (FL(gi, ui))
❤♦❧❞s ❢♦r i 6= i0✳ ▲❡t ✉s t❛❦❡ ✉♣ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ❚❤❡♦r❡♠ ✶✵✳✶ ❢♦r t❤❡ ❢❛❝t♦r Vi0 ✳ ❚❤❡♥

(AFL(gi0 , ui0))Ai0 ⇒ (AFLQp,V,u,g).

✭✸✮ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ J
Ai0
1 (ui0 , ui0) ∈ O×

A0,i0
✱ ✇❡ ❣❡t

(AFLA0,i0
,Vi0 ,ui0 ,gi0

) ⇒ (AFLQp,V,u,g).

✹✽



Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t (AFLQp,V,u,g) ✐s ❡q✉✐✈❛❧❡♥t t♦ (AFL(g, u)) ❜② ▲❡♠♠❛ ✾✳✶✻ ❛♥❞
✇❡ ✇♦r❦ ✇✐t❤ t❤✐s s✐♠♣❧❡r ✈❡rs✐♦♥✳

❲❡ ✜rst ♣r♦✈❡ P❛rt ✭✶✮✳ ❋♦r t❤❡ ❣❡♦♠❡tr✐❝ s✐❞❡✱ ♥♦t❡ t❤❛t Z(g) ⊂ Z(OA)✳ ❙♦ ✐❢ t❤❡r❡ ✐s
♠♦r❡ t❤❛♥ ♦♥❡ ♦❞❞ ✐♥❞❡①✱ t❤❡♥ Z(g) ⊂ NQp,(1,n−1) ✐s ❡♠♣t② ❜② ▲❡♠♠❛ ✺✳✶✸✳

❖♥ t❤❡ ❛♥❛❧②t✐❝ s✐❞❡✱ ✇❡ ✉s❡ t❤❡ ✐❞❡♠♣♦t❡♥ts
∏

i∈I Zp2 ⊂ OA ⊂ Zp2 [g] t♦ ❣❡t ❛ ♣r♦❞✉❝t
❞❡❝♦♠♣♦s✐t✐♦♥ ❥✉st ❛s ✐♥ ❢♦r♠✉❧❛ ✭✶✵✳✶✮✱

O(g, u; s) =
∏

i∈I

O(gi, ui; s).

❚❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞ ✉s✐♥❣ t❤❡ ✈❛♥✐s❤✐♥❣ ♣❛rt ♦❢ t❤❡ ❋▲✱ ▲❡♠♠❛ ✾✳✶✷✱ ✇❡ ❣❡t t❤❛t
∂O(g, u) = 0 ✐❢ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ ♦❞❞ ✐♥❞❡①✳

P❛rt ✭✷✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✵✳✺ ❜② ❛♥ ✐♥❞✉❝t✐♦♥ ❛r❣✉♠❡♥t ❛♥❞ ❢r♦♠ ❚❤❡♦r❡♠ ✶✵✳✶✳

P❛rt ✭✸✮ ✐s t❤❡♥ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✾✳✶✻✳

✹✾



P❛rt ■■■

❆♣♣❡♥❞✐① ♦♥ str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡s

▲❡t O ❜❡ t❤❡ r✐♥❣ ♦❢ ✐♥t❡❣❡rs ✐♥ ❛ p✲❛❞✐❝ ❧♦❝❛❧ ✜❡❧❞ ✇✐t❤ ✉♥✐❢♦r♠✐③❡r π✳ ▲❡t R ❜❡ ❛ π✲❛❞✐❝
O✲❛❧❣❡❜r❛✳ ■♥ ❬✶❪✱ ❆❤s❡♥❞♦r❢ ❝♦♥str✉❝ts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

{str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡s ♦✈❡r R} ∼= {♥✐❧♣♦t❡♥t O✲❞✐s♣❧❛②s ♦✈❡r R} . ✭✶✵✳✷✮

❲❡ r❡❢❡r t♦ ❬✷❪ ❢♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✳ ❇② ▲❛✉ ❬✽❪✱ t❤❡r❡ ✐s ❛ ❣♦♦❞ ♥♦t✐♦♥ ♦❢ ❞✉❛❧✐t② ♦♥
t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✳ ❚❤✐s ❞❡✜♥❡s ❣♦♦❞ ♥♦t✐♦♥s ♦❢ ❞✉❛❧✐t② ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ♦♥ t❤❡ ❧❡❢t
❤❛♥❞ s✐❞❡✳

❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ✐s ❛❧s♦ ❛♥ ❡q✉✐✈❛❧❡♥❝❡

{str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡s ♦✈❡r R} ∼= {♥✐❧♣♦t❡♥t ❞✐s♣❧❛②s ♦✈❡r R ✇✐t❤ str✐❝t O✲❛❝t✐♦♥}.
✭✶✵✳✸✮

❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t ♦♥❡ ❝❛♥ ❢♦r❣❡t t❤❡ O✲❛❝t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡s t♦
r❡❛❞ ♦✛ t❤❡ ✉♥❞❡r❧②✐♥❣ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ ❛♥❞ ✐ts ❞✐s♣❧❛②✳ ❚❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ ✭✶✵✳✷✮✳
❚❤❡ ❛✐♠ ♦❢ t❤✐s ❛♣♣❡♥❞✐① ✐s t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦rr❡❝t ♥♦t✐♦♥ ♦❢ ❞✉❛❧✐t② ♦♥ t❤❡ r✐❣❤t ❤❛♥❞
s✐❞❡ ♦❢ ✭✶✵✳✸✮✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦✉r r❡s✉❧ts ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋♦r ❡❛❝❤ ✜♥✐t❡ ❛♥❞ t♦t❛❧❧② r❛♠✐✜❡❞ ❡①t❡♥✲
s✐♦♥ O ⊂ O′ ♦❢ r✐♥❣s ♦❢ ✐♥t❡❣❡rs ✐♥ p✲❛❞✐❝ ❧♦❝❛❧ ✜❡❧❞s✱ ✇❡ ❞❡✜♥❡ t❤❡ ▲✉❜✐♥✲❚❛t❡ O′✲❢r❛♠❡
LO

′/O(R) ❛♥❞ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

{str✐❝t ❢♦r♠❛❧ O′✲♠♦❞✉❧❡s ♦✈❡r R} ∼= {♥✐❧♣♦t❡♥t LO
′/O(R)✲✇✐♥❞♦✇s}.

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝❡rt❛✐♥ ✉♥✐ts✱ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞✉❛❧✲
✐t②✱ s❡❡ ▲❡♠♠❛ ✶✶✳✷✳ ❚♦ ♣r♦✈❡ t❤✐s ❝♦♠♣❛t✐❜✐❧✐t②✱ ✇❡ r❡✐♥t❡r♣r❡t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
❆❤s❡♥❞♦r❢ ✐♥ ❬✷✱ ❉❡✜♥✐t✐♦♥ ✷✳✷✹❪ ❛s ❛ ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ ❛ ♠♦r♣❤✐s♠ ♦❢ ❢r❛♠❡s

LO
′/O(R) −→ LO

′/O′(R).

✶✶ ❉✉❛❧s ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥s ♦❢ ✇✐♥❞♦✇s

❲❡ ✇♦r❦ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ O✲❢r❛♠❡s ❛♥❞ O✲✇✐♥❞♦✇s ❢r♦♠ ❬✷✱ ❙❡❝t✐♦♥ ✸❪✱ ❜✉t ❦❡❡♣
t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ▲❛✉ ❬✽❪ ❝♦♥❝❡r♥✐♥❣ str✐❝t ❛♥❞ ♥♦t ♥❡❝❡ss❛r✐❧② str✐❝t ♠♦r♣❤✐s♠s ♦❢
❢r❛♠❡s✳ ❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ O✲✇✐♥❞♦✇✳

▲❡t A = (S, I, R, σ, σ̇) ❜❡ ❛♥ O✲❢r❛♠❡ ❛♥❞ ❧❡t P = (P,Q, F, Ḟ ) ❜❡ ❛♥ A✲✇✐♥❞♦✇✳ ❈❤♦♦s❡
❛ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ P = L⊕ T, Q = L⊕ IT ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥

F := (Ḟ ⊕ F )♯ : S ⊗σ,S (L⊕ T ) −→ P. ✭✶✶✳✶✮

▲❡t P∨ := HomS(P, S) ❛♥❞ Q
∨ := {φ ∈ P∨ | φ(Q) ⊂ I}✳ ❲❡ ❞❡✜♥❡ t❤❡ A✲✇✐♥❞♦✇

P∨ = (P∨, Q∨, F∨, Ḟ∨)

t❤r♦✉❣❤ t❤❡ ♦♣❡r❛t♦r (F∨)−1 ❛♥❞ t❤❡ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ P∨ = L∨ ⊕ T∨, Q∨ =

IL∨ ⊕ T∨✱ s❡❡ ❬✷✱ ▲❡♠♠❛ ✸✳✻❪✳

❉❡✜♥✐t✐♦♥ ✶✶✳✶✳ ❚❤❡ A✲✇✐♥❞♦✇ P∨ ✐s t❤❡ ❞✉❛❧ A✲✇✐♥❞♦✇ ♦❢ P✳

✺✵



■t ✐s ❝❧❡❛r t❤❛t ❞✉❛❧✐③✐♥❣ ✐s ❛♥ ❛♥t✐✲❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ A✲✇✐♥❞♦✇s ❛♥❞ t❤❛t
t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ (P∨)∨ ∼= P ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝❛♥♦♥✐❝❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥
(P∨)∨ ∼= P ✳

▲❡t
α : A −→ A′ := (S′, I ′, R′, σ′, σ̇′)

❜❡ ❛ u✲♠♦r♣❤✐s♠ ♦❢ ❢r❛♠❡s ❢♦r s♦♠❡ ✉♥✐t u ∈ S′✱ ✐✳❡✳ uα ◦ σ̇ = σ̇′ ◦ α✳ ■❢ u = 1✱ ✐✳❡✳ ✐❢ α
✐s ❛ str✐❝t ♠♦r♣❤✐s♠✱ ❛♥❞ ✐❢ P = (P,Q, F, Ḟ ) ✐s ❛♥ A✲✇✐♥❞♦✇✱ t❤❡♥

α∗(P
∨) ∼= (α∗P

∨), ✭✶✶✳✷✮

✉♣ t♦ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ P∨ ⊗ S′ ∼= (P ⊗ S′)∨✳ ❚♦ tr❡❛t t❤❡ ❝❛s❡ ♦❢ ❣❡♥❡r❛❧ u✱ ✜rst r❡❝❛❧❧
t❤❛t t❤❡ ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ t❤❡ u✲♠♦r♣❤✐s♠

(S, I, R, σ, σ̇) −→ (S, I, R, σ, uσ̇)

✐s ❣✐✈❡♥ ❜②
(P,Q, F, Ḟ ) 7→ (P,Q, uF, Ḟ ).

▲❡♠♠❛ ✶✶✳✷✳ ▲❡t α : A = (S, I, R, σ, σ̇) −→ (S′, I ′, R′, σ′, σ̇′) ❜❡ ❛ u✲✐s♦♠♦r♣❤✐s♠ ❛♥❞
❧❡t ε ∈ S× ❜❡ ❛ ✉♥✐t s✉❝❤ t❤❛t σ(ε)ε−1 = u✳ ▲❡t P = (P,Q, F, Ḟ ) ❜❡ ❛♥ A✲✇✐♥❞♦✇✳ ❚❤❡♥
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ε ❞❡✜♥❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

α∗(P
∨) ∼= (α∗P)∨.

Pr♦♦❢✳ ❈❤♦♦s❡ ❛ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ P = L ⊕ T, Q = L ⊕ IT ❛♥❞ ❝♦♥s✐❞❡r t❤❡
❧✐♥❡❛r✐③❛t✐♦♥ F ❛s ✐♥ ✭✶✶✳✶✮✳ ❚❤❡♥ t❤❡ ✇✐♥❞♦✇ α∗(P

∨) ✭r❡s♣✳ (α∗P)∨✮ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ P∨ = L∨ ⊕ T∨, Q∨ = IL∨ ⊕ T∨ ❛♥❞ t❤❡ ♦♣❡r❛t♦r

(

1
u−1

)

α(F∨)−1
(

r❡s♣✳ ( u 1 )α(F
∨)−1

)

.

■t ✐s ❝❧❡❛r t❤❛t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ε ❞❡✜♥❡s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✶✶✳✸✳ ▲❡t Pi = (Pi, Qi, Fi, Ḟi)✱ ❢♦r i = 1, 2, 3✱ ❜❡ t❤r❡❡ A✲✇✐♥❞♦✇s✳ ❲❡
❞❡✜♥❡

BiHom(P1 × P2,P3)

t♦ ❜❡ t❤❡ s❡t ♦❢ S✲❜✐❧✐♥❡❛r ❢♦r♠s ( , ) : P1 × P2 −→ P3 s✉❝❤ t❤❛t (Q1, Q2) ⊂ Q3 ❛♥❞
s✉❝❤ t❤❛t

(Ḟ1q1, Ḟ2q2) = Ḟ3(q1, q2), q1 ∈ Q1, q2 ∈ Q2.

◆♦t❡ t❤❛t A ✭♦r r❛t❤❡r ❥✉st t❤❡ q✉❛❞r✉♣❧❡ (S, I, σ, σ̇)✮ ✐s ❛♥ A✲✇✐♥❞♦✇ ♦✈❡r ✐ts❡❧❢✳

▲❡♠♠❛ ✶✶✳✹✳ ▲❡t P = (P,Q, F, Ḟ ) ❜❡ ❛♥ A✲✇✐♥❞♦✇✳ ❚❤❡♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣❛✐r✐♥❣ 〈 , 〉 :
P × P∨ −→ S ❞❡✜♥❡s ❛♥ ❡❧❡♠❡♥t ✐♥ BiHom(P × P∨,A)✳

Pr♦♦❢✳ ❚❤✐s ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❡❛s✐❧② ❛❢t❡r ❝❤♦♦s✐♥❣ ❛ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ P = L ⊕ T ✱
Q = L⊕ IT ✳ ▲❡t F ❜❡ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ Ḟ ⊕F ❛s ✐♥ ✭✶✶✳✶✮✳ ❚❤❡ r❡❧❛t✐♦♥ 〈Q,Q∨〉 ⊂ I
✐s ❝❧❡❛r✳ ◆♦✇ ❢♦r ❡①❛♠♣❧❡ ✐❢ q ∈ L ❛♥❞ ξq∨ ∈ IL∨✱ t❤❡♥

〈Ḟ (q), Ḟ∨(ξq∨)〉 = 〈F(q), σ̇(ξ)(F−1)∨(q∨)〉

= σ̇(ξ)σ(〈q, q∨〉)

= σ̇(〈q, ξq∨〉).

✭✶✶✳✸✮

❚❤❡ ❝❛s❡ q ∈ IT ❛♥❞ q∨ ∈ T∨ ✐s ❝❤❡❝❦❡❞ ❛♥❛❧♦❣♦✉s❧②✳

✺✶



Pr♦♣♦s✐t✐♦♥ ✶✶✳✺✳ ▲❡t Pi = (Pi, Qi, Fi, Ḟi)✱ ❢♦r i = 1, 2✱ ❜❡ t✇♦ A✲✇✐♥❞♦✇s✳ ❚❤❡♥
♣✉❧❧❜❛❝❦ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣❛✐r✐♥❣ ❞❡✜♥❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

Hom(P1,P
∨

2 ) = BiHom(P1 × P2,A).

❚❤✐s ✐s♦♠♦r♣❤✐s♠ ✐s ❢✉♥❝t♦r✐❛❧ ✐♥ ❜♦t❤ P1 ❛♥❞ P2 ❛♥❞ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣
♠♦r♣❤✐s♠s ♦❢ O✲❢r❛♠❡s A −→ A′✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♠❛♣ ✐s ✐♥❥❡❝t✐✈❡ s✐♥❝❡ ✐t ✐s ✐♥❞✉❝❡❞ ❢r♦♠ t❤❡ ❛♥❛❧♦❣♦✉s ✐s♦✲
♠♦r♣❤✐s♠ ♦♥ ✉♥❞❡r❧②✐♥❣ S✲♠♦❞✉❧❡s✱

HomS(P1, P
∨

2 ) ∼= BiHomS(P1 × P2, S).

❚♦ ♣r♦✈❡ s✉r❥❡❝t✐✈✐t②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❤♦♠♦♠♦r♣❤✐s♠ f : P1 −→ P∨

2 s✉❝❤ t❤❛t t❤❡ ✐♥❞✉❝❡❞
❜✐❧✐♥❡❛r ❢♦r♠ ( , ) : P1 × P2 −→ S ❧✐❡s ✐♥ BiHom(P1 × P2,A)✳ ❲❡ ❝❧❛✐♠ t❤❛t f ✐s ❛
❤♦♠♦♠♦r♣❤✐s♠ ♦❢ A✲✇✐♥❞♦✇s✳

❚❤❡ r❡❧❛t✐♦♥ f(Q1) ⊂ Q∨

2 ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ r❡❧❛t✐♦♥ (Q1, Q2) ⊂ I✳ ❲❡ st✐❧❧
❤❛✈❡ t♦ s❤♦✇ f(Ḟ1q1) = Ḟ∨

2 (f(q1)) ❢♦r ❛❧❧ q1 ∈ Q1✳ ❋♦r t❤✐s ✇❡ ❝♦♠♣✉t❡ ❢♦r ❛❧❧ q2 ∈ Q2✱

〈f(Ḟ1q1), Ḟ2q2〉 = (Ḟ1q1, Ḟ2q2)

= σ̇(q1, q2)

= σ̇〈f(q1), q2〉

= 〈Ḟ∨

2 f(q1), Ḟ2f(q2)〉.

✭✶✶✳✹✮

◆♦✇ Ḟ2 : Q2 −→ P2 ✐s ❛ σ✲❧✐♥❡❛r ❡♣✐♠♦r♣❤✐s♠ ❛♥❞ 〈 , 〉 ✐s S✲❜✐❧✐♥❡❛r✳ ❚❤✐s ✐♠♣❧✐❡s

〈f(Ḟ1q1), p2〉 = 〈Ḟ∨

2 (f(q1)), p2〉, p2 ∈ P2,

✇❤✐❝❤ ♣r♦✈❡s Ḟ∨

2 f(q1) = f(Ḟ1q1)✳

■♥ t❡r♠s ♦❢ t❤❡ ♣❛✐r✐♥❣s✱ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ ▲❡♠♠❛ ✶✶✳✷ ❝♦rr❡s♣♦♥❞s t♦ s❝❛❧✐♥❣ t❤❡
❢♦r♠ α∗( , ) ❜② ε

−1✳

❉❡✜♥✐t✐♦♥ ✶✶✳✻✳ ▲❡t P ❜❡ ❛♥ A✲✇✐♥❞♦✇✳ ❆ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠
λ : P −→ P∨ s✉❝❤ t❤❛t λ∨ : X = (X∨)∨ −→ X∨ ❡q✉❛❧s −λ✳ ❊q✉✐✈❛❧❡♥t❧②✱ ❛ ♣♦❧❛r✐③❛t✐♦♥
✐s ❛♥ ❛❧t❡r♥❛t✐♥❣ ♣❡r❢❡❝t ♣❛✐r✐♥❣ λ( , ) ∈ BiHom(P × P,A).

✶✶✳✶ ❆♣♣❧✐❝❛t✐♦♥ t♦ str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡s

▲❡t ✉s ✜① ❛ ✉♥✐❢♦r♠✐③❡r π ∈ O✳ ❲❡ r❡❢❡r t♦ ❬✸✱ ❙❡❝t✐♦♥ ✶✳✷❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞
♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❧❛t✐✈❡ ❲✐tt ✈❡❝t♦rs✳

❉❡✜♥✐t✐♦♥ ✶✶✳✼✳ ❋♦r ❛♥② O✲❛❧❣❡❜r❛ R✱ ✇❡ ❞❡✜♥❡ t❤❡ ❲✐tt O✲❢r❛♠❡✶✹

WO(R) = (WO(R), IO(R),
F , V )

♦✈❡r R ❛s ❢♦❧❧♦✇s✳ ❚❤❡ r✐♥❣ WO(R) ✐s t❤❡ r✐♥❣ ♦❢ r❡❧❛t✐✈❡ O✲❲✐tt ✈❡❝t♦rs ♦❢ R ✇✐t❤
r❡s♣❡❝t t♦ π✳ ❚❤❡ ✐❞❡❛❧ IO(R) ✐s t❤❡ ❛✉❣♠❡♥t❛t✐♦♥ ✐❞❡❛❧

IO(R) := ker(WO(R) −→ R)

❛♥❞ F ✭r❡s♣✳ V ✮ ❞❡♥♦t❡s t❤❡ ❋r♦❜❡♥✐✉s ✭r❡s♣✳ t❤❡ ❱❡rs❝❤✐❡❜✉♥❣✮✳ ❲✐♥❞♦✇s ♦✈❡r WO(R)
❛r❡ ❛❧s♦ ❝❛❧❧❡❞ O✲❞✐s♣❧❛②s ♦✈❡r R✱ s❡❡ ❬✷❪✳

✶✹❚❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ✇r✐t❡ t❤❡ ❱❡rs❝❤✐❡❜✉♥❣ ❛s ❛ s✉♣❡rs❝r✐♣t ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✺✷



❉❡✜♥✐t✐♦♥ ✶✶✳✽✳ ▲❡t R ❜❡ ❛♥ O✲❛❧❣❡❜r❛✳ ❆ str✐❝t O✲♠♦❞✉❧❡ ♦✈❡r S = SpecR ✐s ❛ ♣❛✐r
(X, ι) ✇❤❡r❡ X/S ✐s ❛ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ ❛♥❞ ι : O −→ End(X) ❛♥ ❛❝t✐♦♥ s✉❝❤ t❤❛t O ❛❝ts
♦♥ Lie(X) ✈✐❛ t❤❡ str✉❝t✉r❡ ♠♦r♣❤✐s♠ O −→ OS ✳ ❆ str✐❝t O✲♠♦❞✉❧❡ ✐s ❝❛❧❧❡❞ ❢♦r♠❛❧✱ ✐❢
t❤❡ ✉♥❞❡r❧②✐♥❣ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ ✐s ❢♦r♠❛❧✳

❘❡❝❛❧❧ t❤❛t ❜② ❩✐♥❦ ❬✷✶❪ ❛♥❞ ❬✼❪ ✭✐♥ t❤❡ ❛❜s♦❧✉t❡ ❝❛s❡ O = Zp✮ ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ ❜②
❆❤s❡♥❞♦r❢ ❬✷❪ ✭✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✮ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

{str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡s /S} ∼= {♥✐❧♣♦t❡♥t O✲❞✐s♣❧❛②s/S}

✇❤❡♥❡✈❡r π ✐s ♥✐❧♣♦t❡♥t ✐♥ R✳

❉❡✜♥✐t✐♦♥ ✶✶✳✾✳ ▲❡t X = (X, ι) ❜❡ ❛ str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡ ♦✈❡r S ✇✐t❤ ❛ss♦❝✐❛t❡❞
O✲❞✐s♣❧❛② P✳
✐✮ X ✐s ❝❛❧❧❡❞ ❜✐❢♦r♠❛❧ ✐❢ t❤❡ ❞✉❛❧ O✲❞✐s♣❧❛② P∨ ✐s ❛❧s♦ ♥✐❧♣♦t❡♥t✳ ✶✺

✐✐✮ ❚❤❡ ❞✉❛❧ ♦❢ ❛ ❜✐❢♦r♠❛❧ str✐❝t O✲♠♦❞✉❧❡ X ✐s t❤❡ str✐❝t O✲♠♦❞✉❧❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡
❞✉❛❧ ♦❢ ✐ts O✲❞✐s♣❧❛② P∨✳
✐✐✐✮ ❆ ♣♦❧❛r✐③❛t✐♦♥ ✭r❡s♣✳ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥✮ ♦❢ t❤❡ ❜✐❢♦r♠❛❧ str✐❝t O✲♠♦❞✉❧❡ X ✐s ❛♥
✐s♦❣❡♥② ✭r❡s♣✳ ❛♥ ✐s♦♠♦r♣❤✐s♠✮ λ : X −→ X∨ s✉❝❤ t❤❛t λ∨ = −λ✳

❘❡♠❛r❦ ✶✶✳✶✵✳ ❚❤❡ r❡str✐❝t✐♦♥ t♦ ❜✐❢♦r♠❛❧ str✐❝t O✲♠♦❞✉❧❡s ✐s ♥❡❝❡ss❛r② s✐♥❝❡ ✇❡
♦♥❧② ✇♦r❦ ✇✐t❤ O✲❞✐s♣❧❛②s ✐♥st❡❛❞ ♦❢ ❉✐❡✉❞♦♥♥é O✲❞✐s♣❧❛②s✳ ❙❡❡ ❬✷✱ ❙❡❝t✐♦♥ ✹❪ ❢♦r t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ ❣r♦✉♣ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳

❘❡♠❛r❦ ✶✶✳✶✶✳ ◆♦t❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❱❡rs❝❤✐❡❜✉♥❣ V ♦♥ WO(R) ❛♥❞ ❤❡♥❝❡
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ O✲❞✐s♣❧❛② ✭r❡s♣✳ t❤❡ ❞✉❛❧ str✐❝t O✲♠♦❞✉❧❡✮ ❞❡♣❡♥❞s ♦♥ t❤❡
❝❤♦✐❝❡ ♦❢ t❤❡ ✉♥✐❢♦r♠✐③❡r π✳

❘❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❢r♦♠ ❬✷✱ ❙❡❝t✐♦♥ ✸❪✳ ❚♦ ❛♥② str✐❝t ❢♦r♠❛❧ O✲♠♦❞✉❧❡✱ t❤❡r❡
✐s ❛ss♦❝✐❛t❡❞ ❛ ❝r②st❛❧ DX ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ O✲♣❞✲t❤✐❝❦❡♥✐♥❣s✳ ❲❡ ❞❡♥♦t❡ ❜② DX(S′)

✐ts ✈❛❧✉❡ ❛t ❛♥ O✲♣❞✲t❤✐❝❦❡♥✐♥❣ S −→ S′✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s✱ t❤❡r❡
✐s ❛ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ F ⊂ DX(S) ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s ♦❢ X ❛❧♦♥❣ O✲♣❞✲t❤✐❝❦❡♥✐♥❣s ❛r❡ ✐♥
❜✐❥❡❝t✐♦♥ ✇✐t❤ ❧✐❢t✐♥❣s ♦❢ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥✳

◆♦✇ ❛ss✉♠❡ t❤❛t X ✐s ❜✐❢♦r♠❛❧✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s t❤❛t t❤❡r❡ ✐s ❛ ♣❡r❢❡❝t
♣❛✐r✐♥❣

DX(S′)× DX∨(S′) −→ OS′ .

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ F ⊂ DX(S) ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡
❍♦❞❣❡ ✜❧tr❛t✐♦♥ F∨ ⊂ DX∨(S) ♦❢ t❤❡ ❞✉❛❧ O✲♠♦❞✉❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ λ : X −→ X∨

✐s ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐③❛t✐♦♥✱ t❤❡♥ t❤❡ ✐♥❞✉❝❡❞ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ DX ✐s ❛❧t❡r♥❛t✐♥❣ ❛♥❞ t❤❡
❍♦❞❣❡ ✜❧tr❛t✐♦♥ F ⊂ DX(S) ✐s ❛ ▲❛❣r❛♥❣✐❛♥ s✉❜s♣❛❝❡✳ ❉❡❢♦r♠❛t✐♦♥s ♦❢ (X,λ) ❛❧♦♥❣ ❛♥
O✲♣❞✲t❤✐❝❦❡♥✐♥❣ ❛r❡ t❤❡♥ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ ❧✐❢t✐♥❣s ♦❢ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ❛s ❛ ▲❛❣r❛♥❣✐❛♥
s✉❜s♣❛❝❡✳

✶✷ ▲✉❜✐♥✲❚❛t❡ ❢r❛♠❡s

▲❡t O′/O ❜❡ ❛ ✜♥✐t❡✱ ✐♥t❡❣r❛❧❧② ❝❧♦s❡❞ ❛♥❞ t♦t❛❧❧② r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ ❞❡❣r❡❡ e ❛♥❞
❝❤♦♦s❡ ❛ ✉♥✐❢♦r♠✐③❡r π′ ∈ O′✳ ❋♦r ❛♥② O′✲❛❧❣❡❜r❛ R✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ r✐♥❣ O′⊗OWO(R)✳
❲❡ ❞❡♥♦t❡ t❤❡ O′✲❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ❜② σ := idO′ ⊗ F ✳ ❲❡ ❛❧s♦ ❞❡✜♥❡

JO′(R) := ker(O′ ⊗O WO(R) −→ R).

✶✺❇❡✐♥❣ ❜✐❢♦r♠❛❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❧♦♣❡s 0 ❛♥❞ 1 ♥♦t ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ s❧♦♣❡ ✜❧tr❛t✐♦♥ ♦❢ ✭t❤❡ r❡❧❛t✐✈❡
O✲✐s♦❝r②st❛❧ ♦❢✮ X ❛t ❡✈❡r② ❣❡♦♠❡tr✐❝ ♣♦✐♥t ♦❢ S✳

✺✸



❖✉r ❛✐♠ ✐s ♥♦✇ t♦ ❞❡✜♥❡ ❛ σ✲❧✐♥❡❛r ❡♣✐♠♦r♣❤✐s♠ σ̇ : JO′(R) −→ O′⊗WO(R) t❤❛t ♠❛❦❡s

(O′ ⊗O WO(R), JO(R), R, σ, σ̇)

✐♥t♦ ❛♥ O′✲❢r❛♠❡ s✉❝❤ t❤❛t str✐❝t ❢♦r♠❛❧ O′✲♠♦❞✉❧❡s ♦✈❡r R ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ✇✐♥❞♦✇s
♦✈❡r t❤❛t ❢r❛♠❡✳

❉❡✜♥✐t✐♦♥ ✶✷✳✶✳ ▲❡t R ❜❡ ❛ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛✳ ❆ ▲✉❜✐♥✲❚❛t❡ O✲❞✐s♣❧❛② ♦✈❡r R ✭❢♦r
t❤❡ ❡①t❡♥s✐♦♥ O′✮ ✐s ❛♥ O✲❞✐s♣❧❛② (P,Q, F, Ḟ ) ♦✈❡r R ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ str✐❝t O′✲❛❝t✐♦♥
s✉❝❤ t❤❛t P ✐s ❢r❡❡ ♦❢ r❛♥❦ 1 ♦✈❡r O′ ⊗O WO(R).

❚❤❡ str✐❝t♥❡ss ✐♠♣❧✐❡s t❤❛t Q = JO′(R)P ✳ ❲❡ ✇✐❧❧ ✉s✉❛❧❧② ❝❤♦♦s❡ ❛ ❣❡♥❡r❛t♦r ♦❢ P ❛♥❞
❤❡♥❝❡ ❝♦♥s✐❞❡r O✲❞✐s♣❧❛②s ♦❢ t❤❡ ❢♦r♠

(O′ ⊗WO(R), JO′(R), F, Ḟ ).

❍❡r❡✱ O′ ❛❝ts ♥❛t✉r❛❧❧② ♦♥ O′ ⊗WO(R) ❛♥❞ ❜♦t❤ F ❛♥❞ Ḟ ❛r❡ σ✲❧✐♥❡❛r✳

❘❡♠❛r❦ ✶✷✳✷✳ ✭✶✮ ❚❤❡ ❞❡✜♥✐t✐♦♥ ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ P ❜❡✐♥❣ ♦♥❧② ❧♦❝❛❧❧② ❢r❡❡ ♦❢ r❛♥❦
1 ♦✈❡r O′ ⊗WO(R)✳ ❇✉t ✇❡ ✇✐❧❧ ♥♦t ♥❡❡❞ t❤✐s✳

✭✷✮ ▲❡t u ∈ O′ ⊗OWO(R) ❜❡ ❛ ✉♥✐t ❛♥❞ ❧❡t (P,Q, F, Ḟ ) ❜❡ ❛ ▲✉❜✐♥✲❚❛t❡ O✲❞✐s♣❧❛② ♦✈❡r
R✳ ❚❤❡♥ ❛❧s♦ (P,Q, uF, uḞ ) ✐s ❛ ▲✉❜✐♥✲❚❛t❡ O✲❞✐s♣❧❛②✳

✭✸✮ ▲❡t Ḟ : JO′(R) −→ O′⊗WO(R) ❜❡ ❛♥② σ✲❧✐♥❡❛r ❡♣✐♠♦r♣❤✐s♠✳ ❚❤❡♥ t❤❡r❡ ✐s ❛t ♠♦st
♦♥❡ ✇❛② t♦ ❞❡✜♥❡ ❛ σ✲❧✐♥❡❛r ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ O′ ⊗WO(R) ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ✐❞❡♥t✐t②

Ḟ (ξx) = V −1(ξ)F (x), ξ ∈ O′ ⊗ IO(R), x ∈ O′ ⊗WO(R). ✭✶✷✳✶✮

❍❡r❡✱ V ❞❡♥♦t❡s t❤❡ O′✲❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ π✲❱❡rs❝❤✐❡❜✉♥❣ t♦ O′⊗IO(R)✳ ■t ✐s ❣✐✈❡♥
❜②

F (x) = Ḟ (V (1)x)

❛♥❞ ✐t ✐s ♥♦✇ ❛ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ s♦✲❞❡✜♥❡❞ F s❛t✐s✜❡s t❤❡ r❡❧❛t✐♦♥ ✭✶✷✳✶✮ ❢♦r ❛❧❧ ξ✳ ■t
✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦ t❤✐s ❢♦r x = 1 ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s

Ḟ (ξ) = V −1(ξ)F (1) = V −1(ξ)Ḟ (V (1)), ξ ∈ O′ ⊗ IO(R). ✭✶✷✳✷✮

Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✳ ▲❡t R ❜❡ ❛♥② π✲❛❞✐❝ O′✲❛❧❣❡❜r❛✳

✭✶✮ ❋♦r ❛♥② ▲✉❜✐♥✲❚❛t❡ O✲❞✐s♣❧❛②

(O′ ⊗WO(R), JO′(R), F, Ḟ ),

t❤❡ ❡❧❡♠❡♥t κ := Ḟ (π′ ⊗ 1− 1⊗ [π′]) ✐s ❛ ✉♥✐t✳

✭✷✮ ❋♦r ❡✈❡r② ✉♥✐t κ ∈ O′ ⊗WO(R)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ▲✉❜✐♥✲❚❛t❡ O✲❞✐s♣❧❛②

(O′ ⊗WO(R), JO′(R), F, Ḟ )

s✉❝❤ t❤❛t Ḟ (π′ ⊗ 1− 1⊗ [π′]) = κ✳

❩✐♥❦ ❬✷✶✱ Pr♦♣♦s✐t✐♦♥ ✷✻❪ ♣r♦✈❡s ♣❛rt ✭✷✮ ✐♥ t❤❡ ❝❛s❡ O = Zp ❛♥❞ π✲t♦rs✐♦♥ ❢r❡❡ R✳ ❚❤❡
♣r♦♦❢ ❝❛rr✐❡s ♦✈❡r t♦ t❤❡ ❝❛s❡ ♦❢ ❣❡♥❡r❛❧ O✳ ❆♣♣❧②✐♥❣ t❤✐s r❡s✉❧t ✇✐t❤ R = O′ ❛♥❞ ✉s✐♥❣
❜❛s❡ ❝❤❛♥❣❡✱ ✇❡ ❣❡t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ▲✉❜✐♥✲❚❛t❡ O✲❞✐s♣❧❛②s ❢♦r ❛❧❧ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛s R✳
❆♣♣❧②✐♥❣ ✭✷✮ ♦❢ ❘❡♠❛r❦ ✶✷✳✷✱ ✇❡ ❣❡t t❤❡ ❡①✐st❡♥❝❡ ❢♦r ❛❧❧ ✉♥✐ts κ✳ ❙♦ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤
♣r♦✈✐♥❣ ✭✶✮ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss ❛ss❡rt✐♦♥ ❢r♦♠ ✭✷✮✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✱ ♣❛rt ✭✶✮✳ ▲❡t ✉s s❤♦✇ t❤❛t κ ✐s ❛ ✉♥✐t✳ ❋♦r t❤✐s r❡❝❛❧❧
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❢r♦♠ ❬✷✶❪✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t WO(R) ✐s IO(R)✲❛❞✐❝❛❧❧②
❝♦♠♣❧❡t❡✳

✺✹



▲❡♠♠❛ ✶✷✳✹✳ ▲❡t R ❜❡ ❛ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛✳ ❚❤❡♥ ❛♥ ❡❧❡♠❡♥t u ∈ O′ ⊗O WO(R) ✐s ❛
✉♥✐t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ✐♠❛❣❡ ✐♥

(O′/π′)⊗O
′ (R/π′)

✐s✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t κ ✐s ❛ ✉♥✐t ❛t ❣❡♦♠❡tr✐❝ ♣♦✐♥ts R/π′ −→ k✳ ❇✉t t❤❡♥

O′ ⊗O WO(k) ∼=WO
′(k)

✐s ❛ ❝♦♠♣❧❡t❡ ❉❱❘ ✇✐t❤ ✉♥✐❢♦r♠✐③❡r π′ ❛♥❞ r❡s✐❞✉❡ ✜❡❧❞ k✳ ❚❤❡ ❡❧❡♠❡♥t π′⊗ 1− 1⊗ [π′]

♠❛♣s t♦ ❛ ❣❡♥❡r❛t♦r ♦❢ JO′(k) = π′WO
′(k)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s s❡♥t t♦ ❛ ✉♥✐t ❜② ✭t❤❡

❜❛s❡ ❝❤❛♥❣❡ t♦ k✮ ♦❢ Ḟ ✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ ♣❛rt ✭✶✮✳

▲❡♠♠❛ ✶✷✳✺✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t θ ∈ O′ ⊗O WO(O
′) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦

♣r♦♣❡rt✐❡s✳

✭✐✮ θJO′(O′) ⊂ O′ ⊗ IO(O
′)✳

✭✐✐✮ ❚❤❡ ✐♠❛❣❡ ♦❢ θ ✉♥❞❡r O′⊗WO(O
′) −→ O′⊗WO(O

′/π′) ∼= O′ ❤❛s ✈❛❧✉❛t✐♦♥ e−1✳

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t ❢♦r ❛♥② π✲❛❞✐❝ O′✲❛❧❣❡❜r❛ R✱ t❤❡ r✐♥❣ O′ ⊗O WO(R) ❤❛s t❤❡
WO(R)✲❜❛s✐s

1⊗ 1, (π′)i ⊗ 1− 1⊗ [π′]i, i = 1, . . . , e− 1.

■♥ ♣❛rt✐❝✉❧❛r✱

JO′(R) = O′ ⊗O IO(R) + (π′ ⊗ 1− 1⊗ [π′])O′ ⊗WO(R).

❚❤✉s t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ θ(π′ ⊗ 1− 1⊗ [π′]) ∈ O′ ⊗ IR. ■❢ θ ❞❡♥♦t❡s t❤❡
✐♠❛❣❡ ♦❢ θ ✐♥ O′ ⊗O′✱ t❤❡♥ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

θ(π′ ⊗ 1− 1⊗ π′) = 0.

■♥❢♦r♠❛❧❧②✱ ✇❡ ❞❡✜♥❡ θ ❛s t❤❡ ❢r❛❝t✐♦♥

Nπ′ ⊗ 1− 1⊗Nπ′

π′ ⊗ 1− 1⊗ π′
∈ O′ ⊗O O′

✇❤❡r❡ Nπ′ ❞❡♥♦t❡s t❤❡ ♥♦r♠ ♦❢ π′ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r✐♥❣ ❡①t❡♥s✐♦♥ O′/O✳ ❖❢ ❝♦✉rs❡✱
t❤✐s ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡ s✐♥❝❡ t❤❡ ♥✉♠❡r❛t♦r ✈❛♥✐s❤❡s ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❛ ③❡r♦
❞✐✈✐s♦r✳ ❚❤❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳ ▲❡t

(π′)e + ae−1(π
′)e−1 + . . .+ a1π

′ + (−1)eNπ′ = 0

❜❡ t❤❡ ❊✐s❡♥st❡✐♥ ❡q✉❛t✐♦♥ ♦❢ π′✳ ❚❤❡♥ ✇❡ s❡t

(−1)eθ := −
(π′)e ⊗ 1− 1⊗ (π′)e

π′ ⊗ 1− 1⊗ π′
−
e−1
∑

i=1

ai
(π′)i ⊗ 1− 1⊗ (π′)i

π′ ⊗ 1− 1⊗ π′

✇❤❡r❡ ❡❛❝❤ s✉♠♠❛♥❞ ✐s ✉♥❞❡rst♦♦❞ ❛s ❛ ❣❡♦♠❡tr✐❝ s❡r✐❡s✳ ▲❡t θ ∈ O′ ⊗O WO(O
′) ❜❡

❛♥② ❧✐❢t ♦❢ θ✳ ❚❤❡♥ θ s❛t✐s✜❡s ✭✐✮ ❜② ❝♦♥str✉❝t✐♦♥ ❛♥❞ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ✈❡r✐❢②✐♥❣ ✭✐✐✮✳

❈♦♥s✐❞❡r t❤❡ q✉♦t✐❡♥t

β : O′ ⊗WO(O
′) −→ O′ ⊗WO(O

′/π′) −→ O′ ⊗ (WO(O
′/π′)/π).

❚❤❡♥ θ s❛t✐s✜❡s ✭✐✐✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β(θ) 6= 0 ❛♥❞ π′β(θ) = 0✳ ◆♦✇ ♥♦t❡ t❤❛t β(O′ ⊗
IO(O

′)) = 0 ❛♥❞ ❤❡♥❝❡ β ❢❛❝t♦rs t❤r♦✉❣❤ O′ ⊗O′✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ θ
✐♥ O′ ⊗ (W (O′/π′)/π) s❛t✐s✜❡s t❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s✳

✺✺



▲❡♠♠❛ ✶✷✳✻✳ ▲❡t θ ❜❡ ❛♥ ❡❧❡♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✶✷✳✺ ❛♥❞ ❧❡t V ❞❡♥♦t❡ t❤❡ O′✲❧✐♥❡❛r
❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❱❡rs❝❤✐❡❜✉♥❣ t♦ O′ ⊗WO(R)✳ ❚❤❡♥

V −1(θ(π′ ⊗ 1− 1⊗ [π′]))

✐s ❛ ✉♥✐t ✐♥ O′ ⊗WO(O
′)✳

Pr♦♦❢✳ ❚❤✐s ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ O′ ⊗WO(O
′/π′) ∼= O′✳ ❇✉t ❤❡r❡✱ t❤❡ ❱❡rs❝❤✐❡❜✉♥❣ V ✐s

s✐♠♣❧② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② π✳ ❯s✐♥❣ ♣r♦♣❡rt② ✭✐✐✮ ❢r♦♠ ▲❡♠♠❛ ✶✷✳✺✱ ✇❡ ❣❡t t❤❡ r❡s✉❧t✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✱ ♣❛rt ✭✷✮✳ ▲❡t ✉s ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ▲✉❜✐♥✲❚❛t❡ O✲
❞✐s♣❧❛② str✉❝t✉r❡

(O′ ⊗WO(R), JO′(R), F, Ḟ )

✇✐t❤ Ḟ (π′ ⊗ 1− 1⊗ [π′]) = κ✳

◆♦t❡ t❤❛t Ḟ ✐s ❞❡t❡r♠✐♥❡❞ ♦♥ (π′ ⊗ 1− 1⊗ [π′])O′ ⊗O WO(R) ❜② σ✲❧✐♥❡❛r✐t② ❛♥❞ ❜② κ✳
❙✐♥❝❡

JO′(R) = O′ ⊗ IO(R) + (π′ ⊗ 1− 1⊗ [π′])O′ ⊗O WO(R),

✇❡ ❛r❡ ❧❡❢t ✇✐t❤ s❤♦✇✐♥❣ t❤❛t κ ❞❡t❡r♠✐♥❡s Ḟ ♦♥ O′ ⊗ IO(R)✳ ❇② t❤❡ r❡❧❛t✐♦♥ ✭✶✷✳✷✮✱ ✐t
✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t F (1) ✐s ❞❡t❡r♠✐♥❡❞ ❜② κ✳

◆♦✇ ✇❡ ✉s❡ t❤❡ ❡❧❡♠❡♥t θ ❢r♦♠ ▲❡♠♠❛ ✶✷✳✺✳ ❲❡ s❡t a := θ(π′⊗1−1⊗[π′]) ∈ O′⊗IO(R)✳
❚❤❡♥

Ḟ (a) = Ḟ (θ(π′ ⊗ 1− 1⊗ [π′])) = σ(θ)κ

❜✉t ❛❧s♦
Ḟ (a) = V −1(a)F (1).

❇② ▲❡♠♠❛ ✶✷✳✻✱ V −1(a) ✐s ❛ ✉♥✐t ❛♥❞ ❤❡♥❝❡ F (1) ✐s ❞❡t❡r♠✐♥❡❞ ❜② κ✳

❉❡✜♥✐t✐♦♥ ✶✷✳✼✳ ▲❡t R ❜❡ ❛ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛✳ ❆ ▲✉❜✐♥✲❚❛t❡ O′✲❢r❛♠❡ ♦✈❡r R ✐s ❛♥
O′✲❢r❛♠❡ ♦❢ t❤❡ ❢♦r♠

(O′ ⊗WO(R), JO(R), R, σ, σ̇)

✇❤❡r❡ σ̇ ✐s ❛ σ✲❧✐♥❡❛r ❡♣✐♠♦r♣❤✐s♠ s❛t✐s❢②✐♥❣ t❤❡ r❡❧❛t✐♦♥ ❛♥❛❧♦❣♦✉s t♦ ✭✶✷✳✷✮✱

σ̇(ξ) = V −1(ξ)σ̇(V (1)).

■♥ ♦t❤❡r ✇♦r❞s✱ σ̇ ✐s ❝♦♠✐♥❣ ❢r♦♠ ❛ ▲✉❜✐♥✲❚❛t❡ O✲❞✐s♣❧❛②✳ ❋♦r ❛ ✉♥✐t κ ∈ O′ ⊗WO(R)✱
✇❡ ❞❡♥♦t❡ ❜②

LO
′/O,κ(R)

t❤❡ ▲✉❜✐♥✲❚❛t❡ O′✲❢r❛♠❡ s✉❝❤ t❤❛t σ̇(π′ ⊗ 1− 1⊗ [π′]) = κ✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✷✳✸✱ s✉❝❤
❛ σ̇ ❡①✐sts ❛♥❞ ✐s ✉♥✐q✉❡✳

❘❡♠❛r❦ ✶✷✳✽✳ ❇② ❬✽✱ ▲❡♠♠❛ ✷✳✷❪✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡❧❡♠❡♥t s ∈ O′ ⊗WO(R) s✉❝❤
t❤❛t σ(ξ) = sσ̇(ξ) ❢♦r ❛❧❧ ξ ∈ JO′(R)✳ ❋♦r t❤❡ O′✲❢r❛♠❡ LO

′/O,κ(R)✱ t❤✐s ❡❧❡♠❡♥t ✐s
s = κ−1σ(π′ ⊗ 1− 1⊗ [π′])✳

❊①❛♠♣❧❡ ✶✷✳✾✳ ✭✶✮ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ O′ = O✳ ❋♦r ❛♥② π✲❛❞✐❝ O✲❛❧❣❡❜r❛ R✱ t❤❡
❲✐tt O✲❢r❛♠❡WO(R) ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ▲✉❜✐♥✲❚❛t❡ O✲❢r❛♠❡✳ ■t ❛❣r❡❡s ✇✐t❤ LO/O,ε(R)✱
✇❤❡r❡ ε ∈WO(R) ✐s t❤❡ ✉♥✐t

ε = V −1(π − [π]).

✭✷✮ ❲❡ r❡t✉r♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛r❜✐tr❛r② t♦t❛❧❧② r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ O′/O✳ ▲❡t θ ❜❡ ❛♥
❡❧❡♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✶✷✳✺✳ ❲❡ ❞❡✜♥❡ σ̇ : JO′(R) −→ O′ ⊗WO(R) ❛s

σ̇(x) = V −1(θx).

✺✻



❚❤❡♥ ❢♦r ξ ∈ O′ ⊗ IO(R)✱

σ̇(ξ) = V −1(θξ) = σ(θ)V −1(ξ) = V −1(ξ)σ̇ (V (1))

❜❡❝❛✉s❡ ♦❢ t❤❡ ✐❞❡♥t✐t② θV (1) = V (σ(θ)). ❚❤✉s σ̇ ❞❡✜♥❡s t❤❡ ▲✉❜✐♥✲❚❛t❡ O′✲❢r❛♠❡
LO

′/O,κ(R) ✇❤❡r❡ κ ✐s t❤❡ ✉♥✐t V −1(θ(π′ ⊗ 1− 1⊗ [π′])) ❢r♦♠ ▲❡♠♠❛ ✶✷✳✻✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ t♦✇❡r ♦❢ ❡①t❡♥s✐♦♥s O′′/O′/O✱ ❛❧❧ t♦t❛❧❧② r❛♠✐✜❡❞✳ ❲❡ ✜① ✉♥✐❢♦r♠✐③✲
❡rs π′′, π′ ❛♥❞ π ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ r✐♥❣s✳ ❘❡❝❛❧❧ ❢r♦♠ ❬✸❪ t❤❛t ❢♦r ❛♥② O′✲❛❧❣❡❜r❛ R✱ t❤❡r❡
✐s ❛ ♥❛t✉r❛❧ ♠❛♣ ♦❢ O✲❛❧❣❡❜r❛s

α :WO(R) −→WO
′(R).

❚❤✐s ♠❛♣ ✐s ❋r♦❜❡♥✐✉s ❡q✉✐✈❛r✐❛♥t ❛♥❞ s❛t✐s✜❡s α ◦ Vπ = π
π′Vπ′ ◦ α ✇❤❡r❡ Vπ ❛♥❞ Vπ′

❞❡♥♦t❡ t❤❡ r❡s♣❡❝t✐✈❡ ❱❡rs❝❤✐❡❜✉♥❣ ♠❛♣s✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳✶✵✳ ▲❡t R ❜❡ ❛ π✲❛❞✐❝ O′′✲❛❧❣❡❜r❛ ❛♥❞ ❧❡t κ ∈ O′′⊗OWO(R) ❜❡ ❛ ✉♥✐t✳
❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ O′′✲❛❧❣❡❜r❛s

α : O′′ ⊗O WO(R) −→ O′′ ⊗O
′ WO

′(R)

✐♥❞✉❝❡s ❛ str✐❝t ♠♦r♣❤✐s♠ ♦❢ O′′✲❢r❛♠❡s

LO
′′/O,κ(R) −→ LO

′′/O′,α(κ)(R).

■♥ ♦t❤❡r ✇♦r❞s✱ α ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ σ̇✲♦♣❡r❛t♦rs✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ▲✉❜✐♥✲❚❛t❡O✲❞✐s♣❧❛② (O′′⊗OWO(R), JO(R), F, σ̇) ✉♥❞❡r❧②✐♥❣
t❤❡ O′′✲❢r❛♠❡ LO

′′/O,κ(R)✳ ❇② ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷✸❪✱ t❤❡r❡ ❡①✐sts ❛ ▲✉❜✐♥✲❚❛t❡ O′✲❞✐s♣❧❛②
(O′′ ⊗O

′ WO
′(R), JO′(R), F ′, σ̇′) ♦✈❡r R s✉❝❤ t❤❛t α ◦ σ̇ = σ̇′ ◦ α✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

▲✉❜✐♥✲❚❛t❡ O′′✲❢r❛♠❡ t❤❡♥ ❡q✉❛❧s LO
′′/O′,α(κ)(R) ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✶✷✳✶ ❲✐♥❞♦✇s ♦✈❡r ▲✉❜✐♥✲❚❛t❡ ❢r❛♠❡s

Pr♦♣♦s✐t✐♦♥ ✶✷✳✶✶✳ ▲❡t O′/O ❜❡ ❛ t♦t❛❧❧② r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ r✐♥❣s ♦❢ ✐♥t❡❣❡rs ✐♥
p✲❛❞✐❝ ❧♦❝❛❧ ✜❡❧❞s✳ ▲❡t R ❜❡ ❛ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛ ❛♥❞ κ ∈ O′ ⊗O WO(R) ❛ ✉♥✐t✳ ❚❤❡♥
t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s

{str✐❝t ❢♦r♠❛❧ O′✲♠♦❞✉❧❡s ♦✈❡r R} ∼= {♥✐❧♣♦t❡♥t LO
′/O,κ(R)✲✇✐♥❞♦✇s}.

❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡ ✐♥ R ❛♥❞ ✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ t❤❡
♠♦r♣❤✐s♠s ♦❢ O′✲❢r❛♠❡s

LO
′/O,κ(R) −→ L

O
′/Õ,κ̃(R)

❢♦r ✐♥t❡r♠❡❞✐❛t❡ ❡①t❡♥s✐♦♥s O ⊂ Õ ⊂ O′✳

Pr♦♦❢✳ ▲❡t X/R ❜❡ ❛ ❢♦r♠❛❧ O✲♠♦❞✉❧❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ str✐❝t O′✲❛❝t✐♦♥ ι : O′ −→
End(X)✳ ▲❡t P := (P,Q, F, Ḟ ) ❜❡ ✐ts O✲❞✐s♣❧❛②✳ ❚❤❡♥ P ✐s ♥❛t✉r❛❧❧② ❛♥ O′ ⊗O WO(R)✲
♠♦❞✉❧❡ ❛♥❞ JO′(R)P ⊂ Q✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❛♣ Ḟ ✐s ❛ σ✲❧✐♥❡❛r ❡♣✐♠♦r♣❤✐s♠ Q −→ P ✳
❚❤❡♥ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ✇❛② t♦ ❞❡✜♥❡ ❛ σ✲❧✐♥❡❛r ♦♣❡r❛t♦r F ′ : P −→ P ✇❤✐❝❤ ♠❛❦❡s
(P,Q, F ′, Ḟ ) ✐♥t♦ ❛♥ LO

′/O,κ(R)✲✇✐♥❞♦✇✱ ♥❛♠❡❧②

F ′(x) := κ−1Ḟ ((π′ ⊗ 1− 1⊗ [π′])x).

✺✼



❲❡ ♥❡❡❞ t♦ ✈❡r✐❢② t❤❛t t❤✐s F ′ s❛t✐s✜❡s

Ḟ (ξx) = σ̇(ξ)F ′(x), ξ ∈ JO′(R), x ∈ P. ✭✶✷✳✸✮

■t ✐s ❡♥♦✉❣❤ t♦ ✈❡r✐❢② t❤✐s ❢♦r ♦♥❡ s✐♥❣❧❡ κ s✐♥❝❡ ❛❧❧ ♦t❤❡r ❝❤♦✐❝❡s ♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ♦❢
t❤❡ ❡q✉❛t✐♦♥ ❜② ❛ ✉♥✐t✳ ❙♦ ✇❡ ❝❤♦♦s❡

κ = V −1(θ(π′ ⊗ 1− 1⊗ [π′]))

✇❤❡r❡ θ ✐s ❛♥ ❡❧❡♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✶✷✳✺✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇♦r❦ ✇✐t❤ t❤❡ ▲✉❜✐♥✲❚❛t❡
O′✲❢r❛♠❡ ❢r♦♠ ❊①❛♠♣❧❡ ✶✷✳✾ ✭✷✮✳

❇♦t❤ s✐❞❡s ✐♥ ❡q✉❛t✐♦♥ ✭✶✷✳✸✮ ❛r❡ σ✲❧✐♥❡❛r✱ s♦ ✐t ✐s ❡♥♦✉❣❤ t♦ ✈❡r✐❢② t❤❡ r❡❧❛t✐♦♥ ❢♦r
ξ = (π′ ⊗ 1 − 1 ⊗ [π′]) ♦r ξ ∈ IO(R)✳ ✭❚❤❡s❡ ❡❧❡♠❡♥ts ❣❡♥❡r❛t❡ JO′(R) ❛s ✐❞❡❛❧✳✮ ❚❤❡
❝❛s❡ ξ = (π′ ⊗ 1− 1⊗ [π′]) ✐s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F ′✳ ■♥ t❤❡ ❝❛s❡ ξ ∈ IO(R)✱ ✇❡ ❝♦♠♣✉t❡

σ̇(ξ)F ′(x) = V −1
π (θξ)F ′(x)

= σ(θ)V −1(ξ)F ′(x)

= σ(θ)V −1(ξ)κ−1Ḟ ((π′ ⊗ 1− 1⊗ [π′])x)

= V −1(ξ)κ−1Ḟ (θ(π′ ⊗ 1− 1⊗ [π′])x)

= V −1(ξ)F (x) = Ḟ (ξx).

■♥ t❤❡ ❧❛st st❡♣✱ ✇❡ ✉s❡❞ t❤❛t P ✐s ❛♥ O✲❞✐s♣❧❛②✳

❚❤✉s ✇❡ ❣❡t ❛ ❢✉♥❝t♦r

{str✐❝t ❢♦r♠❛❧ O′✲♠♦❞✉❧❡s ♦✈❡r R} −→ {♥✐❧♣♦t❡♥t LO
′/O,κ(R)✲✇✐♥❞♦✇s}

✇❤✐❝❤ ❝♦♠♠✉t❡s ✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡ ✐♥ R ❛♥❞ ✐♥ t❤❡ ▲✉❜✐♥✲❚❛t❡ O′✲❢r❛♠❡✳

❚♦ ♣r♦✈❡ t❤❛t t❤✐s ❢✉♥❝t♦r ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ ✇❡ ❝♦♥str✉❝t ✐ts ✐♥✈❡rs❡✳ ❆❣❛✐♥ ✐t s✉✣❝❡s t♦
❞♦ t❤✐s ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ κ = V −1(θ(π′⊗1−1⊗[π′]))✳ ●✐✈❡♥ ❛♥② LO

′/O,κ(R)✲✇✐♥❞♦✇

(P,Q, F ′, Ḟ )✱ ✇❡ ❞❡✜♥❡ ❛ σ✲❧✐♥❡❛r ♦♣❡r❛t♦r F : P −→ P ❜② t❤❡ ❢♦r♠✉❧❛

F (x) = F ′(θx)

❲❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t t❤✐s ❞❡✜♥❡s ❛♥ O✲❞✐s♣❧❛②✱ ✐✳❡✳ t❤❛t Ḟ (ξx) = V −1(ξ)F (x) ❢♦r
❛❧❧ ξ ∈ IO(R)✳ ❇✉t

Ḟ (ξx) = V −1(θξ)F ′(x) = σ(θ)V −1(ξ)F ′(x) = V −1(ξ)F (x).

❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ t❤❡ ♠♦r♣❤✐s♠s ♦❢ ❢r❛♠❡s α : LO
′/O,κ(R) −→

L
O

′/Õ,κ̃(R) ✐s ❝❧❡❛r✳ ◆❛♠❡❧② ❧❡t α∗P = (P ′, Q′, F ′, Ḟ ′) ❜❡ t❤❡ ❜❛s❡ ❝❤❛♥❣❡ ♦❢ P ❛♥❞

❧❡t P ′′ = (P ′′, Q′′, F ′′, Ḟ ′) ❜❡ t❤❡ L
O

′/Õ,κ̃(R)✲✇✐♥❞♦✇ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ Õ✲❞✐s♣❧❛② ♦❢

(X, ι)✳ ❚❤❡♥
P ′ = (O′ ⊗

Õ
W

Õ
(R))⊗ P = P ′′

❜② ❬✷✱ ❉❡✜♥✐t✐♦♥ ✷✳✷✹❪ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ O✲❞✐s♣❧❛② ♦❢ X ❛♥❞ ✐ts Õ✲❞✐s♣❧❛②✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ s✉❜♠♦❞✉❧❡s Q′ ❛♥❞ Q′′ ❛❣r❡❡ ✉♥❞❡r t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥✳ ◆♦✇ ❜♦t❤ Ḟ ′ ❛♥❞ Ḟ ′′ ❛r❡
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡② ❛❣r❡❡ ✇✐t❤ Ḟ ♦♥ t❤❡ ✐♠❛❣❡ ♦❢ Q✳ ❙✐♥❝❡ F ′ ❛♥❞
F ′′ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② Ḟ ′ ❛♥❞ Ḟ ′′✱ t❤❡ ✇✐♥❞♦✇s P ′ ❛♥❞ P ′′ ❛❣r❡❡✳

❈♦r♦❧❧❛r② ✶✷✳✶✷✳ ❚❤❡ ♠♦r♣❤✐s♠s ♦❢ ❢r❛♠❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✷✳✶✵

LO
′′/O,κ(R) −→ LO

′′/O′,κ′(R)

❛r❡ ❛❧❧ ❝r②st❛❧❧✐♥❡✱ ✐✳❡✳ t❤❡② ✐♥❞✉❝❡ ❡q✉✐✈❛❧❡♥❝❡s ♦♥ t❤❡✐r ❝❛t❡❣♦r✐❡s ♦❢ ✇✐♥❞♦✇s✳

Pr♦♦❢✳ ❚❤✐s ✐s ❥✉st ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s
♣r♦♣♦s✐t✐♦♥ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❜❛s❡ ❝❤❛♥❣❡ ❛❧♦♥❣ s✉❝❤ ♠♦r♣❤✐s♠s ♦❢ O′′✲❢r❛♠❡s✳

✺✽



✶✸ ❚❤❡ ✉♥r❛♠✐✜❡❞ ❝❛s❡

❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ O′/O✳ ▲❡t f ❜❡
t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❡①t❡♥s✐♦♥✳ ❆❣❛✐♥ ✇❡ ✜① ❛ ✉♥✐❢♦r♠✐③❡r π ∈ O✳ ❋♦r ❛ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛
R✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠♦r♣❤✐s♠

O′ −→WO(R)

t❤❛t ❧✐❢ts t❤❡ ❣✐✈❡♥ ♠♦r♣❤✐s♠ O′ −→ R✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ❞✐r❡❝t ♣r♦❞✉❝t ❞❡❝♦♠✲
♣♦s✐t✐♦♥

O′ ⊗O WO(R) ∼=
∏

Z/f

WO(R).

❉❡✜♥✐t✐♦♥ ✶✸✳✶✳ ❋♦r ❛ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛ R✱ ✇❡ ❞❡✜♥❡ t❤❡ O′✲❢r❛♠❡

AO
′/O(R) := (WO(R), IO(R),

F f , F
f−1

V −1).

❲✐♥❞♦✇s ♦✈❡r AO
′/O(R) ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ f ✲O✲❞✐s♣❧❛②s✱ s❡❡ ❬✷❪✳

■♥ ❤✐s t❤❡s✐s ❬✶❪✱ ❆❤s❡♥❞♦r❢ ❝♦♥str✉❝ts ❛ ❢✉♥❝t♦r

γ : {str✐❝t ❢♦r♠❛❧ O′✲♠♦❞✉❧❡s ♦✈❡rR} −→ {♥✐❧♣♦t❡♥t f ✲O✲❞✐s♣❧❛②s ♦✈❡r R}.

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♥❛t✉r❛❧ ♠♦r♣❤✐s♠

WO(R) −→WO
′(R)

✐♥❞✉❝❡s ❛ str✐❝t ♠♦r♣❤✐s♠ ♦❢ ❢r❛♠❡s

AO
′/O(R) −→ WO

′(R)

❛♥❞ t❤✉s ❣✐✈❡s r✐s❡ t♦ ❛ ❢✉♥❝t♦r

δ : {f ✲O✲❞✐s♣❧❛②s ♦✈❡r R} −→ {O′✲❞✐s♣❧❛②s ♦✈❡rR}

t❤❛t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞✉❛❧✐t② ❜② ▲❡♠♠❛ ✶✶✳✷✳ ❆❤s❡♥❞♦r❢ ♣r♦✈❡s t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥
♦❢ t❤❡s❡ ❢✉♥❝t♦rs ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳ ❲❡ s❧✐❣❤t❧② str❡♥❣t❤❡♥ t❤✐s r❡s✉❧t ❛s
❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳✷✳ ▲❡t R ❜❡ ❛ ♥♦❡t❤❡r✐❛♥ π✲❛❞✐❝ O′✲❛❧❣❡❜r❛✳ ❚❤❡♥ t❤❡ ❛❜♦✈❡ ❢✉♥❝t♦rs
γ ❛♥❞ δ ❛r❡ ❜♦t❤ ❡q✉✐✈❛❧❡♥❝❡s ♦❢ ❝❛t❡❣♦r✐❡s ✭✇❤❡♥ r❡str✐❝t❡❞ t♦ t❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r✐❡s ♦❢
♥✐❧♣♦t❡♥t ✇✐♥❞♦✇s✮✳

Pr♦♦❢✳ ❇② ❆❤s❡♥❞♦r❢✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ δ◦γ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✱ ❛t ❧❡❛st ✇❤❡♥
r❡str✐❝t❡❞ t♦ t❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r✐❡s ♦❢ ♥✐❧♣♦t❡♥t ✇✐♥❞♦✇s✳ ■t ✐s ❤❡♥❝❡ ❡♥♦✉❣❤ t♦ ♣r♦✈❡
t❤❛t ❡✐t❤❡r ♦❢ t❤❡s❡ ❢✉♥❝t♦rs ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡✳ ■t ✇♦✉❧❞ ❡✈❡♥ ❜❡ ❡♥♦✉❣❤ t♦ ❥✉st ♣r♦✈❡
t❤❡ ❢❛✐t❤❢✉❧♥❡ss ♦❢ δ✳ ❇✉t ❢♦r ❧❛t❡r ✉s❡✱ ✇❡ ❝♦♥str✉❝t ❛ q✉❛s✐✲✐♥✈❡rs❡ ❢♦r γ✳ ❋♦r t❤✐s✱ ✇❡
✜rst r❡❝❛❧❧ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ❢✉♥❝t♦r✳

▲❡t P = (P,Q, F, Ḟ ) ❜❡ t❤❡ O✲❞✐s♣❧❛② ♦❢ ❛ str✐❝t ❢♦r♠❛❧ O′✲♠♦❞✉❧❡ ♦✈❡r R✳ ❚❤❡♥ t❤❡
♥❛t✉r❛❧ ♠❛♣ O′ −→WO(R) ✐♥❞✉❝❡s ❛ Z/f ✲❣r❛❞✐♥❣

P =
⊕

i∈Z/f

Pi

✺✾



s✉❝❤ t❤❛t ❜♦t❤ F ❛♥❞ Ḟ ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ♦❢ ❞❡❣r❡❡ 1✳ ❚❤❡ str✐❝t♥❡ss ✐♠♣❧✐❡s t❤❛t
Q = Q0 ⊕ P1 ⊕ . . . ⊕ Pf−1. ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❡str✐❝t✐♦♥ Ḟi := Ḟ |Qi ✐s ❛♥ F ✲❧✐♥❡❛r
✐s♦♠♦r♣❤✐s♠ Pi −→ Pi+1 ❢♦r i = 1, . . . , f − 1✳ ❚❤❡ f ✲O✲❞✐s♣❧❛② ✐s ♥♦✇ ❣✐✈❡♥ ❜②

(P0, Q0, Ḟ
f−1 ◦ F |P0

, Ḟ f |Q0
).

▲❡t ✉s ♣❤r❛s❡ t❤✐s ❝♦♥str✉❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛♥O′✲st❛❜❧❡ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ P = L⊕T ✳
❚❤❡ O′✲st❛❜✐❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t ❜♦t❤ L ❛♥❞ T ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡
❣r❛❞✐♥❣✱ ❤❡♥❝❡ ❤❛✈❡ t❤❡ ❢♦r♠

L = L0 ⊕ P1 ⊕ . . .⊕ Pf−1,

T = T0 ⊕ 0⊕ . . .⊕ 0.

▲❡t Φ := Ḟ |L ⊕ F |T = ⊕i∈Z/fΦi ❜❡ t❤❡ F ✲❧✐♥❡❛r ❛✉t♦♠♦r♣❤✐s♠ ♦❢ P ❛ss♦❝✐❛t❡❞ t♦ t❤❡

♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❲❡ ✉s❡ Φi t♦ ✐❞❡♥t✐❢② Pi+1 ✇✐t❤ P
(F )
i ✳ ❍❡♥❝❡ t❤❡ ❞✐s♣❧❛② P

t♦❣❡t❤❡r ✇✐t❤ ✐ts O′✲❛❝t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♠♦❞✉❧❡s ❛r❡ ♦❢ t❤❡ ❢♦r♠

P = P0 ⊕ P
(F )
0 ⊕ P

(F 2)
0 ⊕ . . .⊕ P

(F f−1)
0 ,

Q = Q0 ⊕ P
(F )
0 ⊕ P

(F 2)
0 ⊕ . . .⊕ P

(F f−1)
0

❛♥❞ t❤❡ ❞✐s♣❧❛② str✉❝t✉r❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ♥♦r♠❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

L = L0 ⊕ P
(F )
0 ⊕ P

(F 2)
0 ⊕ . . .⊕ P

(F f−1)
0 ,

T = T0 ⊕ 0⊕ . . .⊕ 0

❛♥❞ t❤❡ F ✲❧✐♥❡❛r ♦♣❡r❛t♦r

Φ =















φ
1

1

✳ ✳ ✳

1















✇❤❡r❡ φ = Φf−1.

■t ✐s ♥♦✇ ♦❜✈✐♦✉s✱ ❤♦✇ t♦ ✐♥✈❡rt t❤✐s ❝♦♥str✉❝t✐♦♥✳ ●✐✈❡♥ ❛♥O′✲❞✐s♣❧❛② P ′ = (P ′, Q′, F ′, Ḟ ′)✱
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