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Abstract

In this thesis stochastic individual-based models describing Darwinian evolution of asexual,
competitive populations are studied. A specialization of these models is developed to de-
scribe tumor development under immunotherapy and an arising extended model is analyzed
mathematically. In the first part (Chapter [lI) we consider a population with a large but non-
constant population size characterized by a natural birth rate, a logistic death rate modeling
competition, and a probability of mutation at each birth event. In this individual-based model
the population state at a fixed time is given as a measure on the space of phenotypes and
the evolution of the population is described by a continuous time, measure-valued Markov
process. We investigate the long-term behavior of the system in the limits of large population
size (K — o0), rare mutations (v — 0), and small mutational effects (o — 0), proving conver-
gence to the canonical equation of adaptive dynamics. This limit equation is an ODE that
describes the evolution in time of the phenotypic value in a population consisting essentially
of one single phenotype. The main difficulty is that we take the three limits simultaneously,
i.e. u=ug and o = ok, tend to zero with K, subject to conditions that ensure that the time
scale of birth and death events remains separated from that of successful mutational events.
This slows down the dynamics of the microscopic system and leads to serious technical diffi-
culties that require the use of completely different methods than in comparable works where
the limits are taken separately. More precisely, the time until a mutant phenotype fixates is
diverging (in K') and thus, we cannot use the law of large numbers to approximate the stochas-
tic system. In the second part (Chapter we propose an extension of the individual-based
model, which broadens the range of biological applications. The primary motivation was to
model cancer immunotherapy in order to simulate and describe qualitative the experiments
reported in Landsberg et al. [92], where tumors resist immunotherapy through inflammation-
induced reversible dedifferentiation. The main expansions are that we have three different
actors in this context (T-cells, cytokines, and cancer cells), that we distinguish cancer cells
by phenotype and genotype, that we include environment-dependent phenotypic plasticity,
and that we take into account the therapy effects. With this new setup we are able to model
various phenomena arising in immunotherapy. We argue why stochastic models may help
to understand the resistance of tumors to therapeutic approaches and may have non-trivial
consequences on tumor treatment protocols. Furthermore, we show that the interplay of ge-
netic mutations and phenotypic switches on different time scales as well as the occurrence of
metastability phenomena raise new mathematical challenges. The present thesis focuses more
on these aspects. More precisely, we study the behavior of the individual-based model which
includes phenotypic plasticity on a large (evolutionary) time scale and in the simultaneous
limits of large populations (K — oo) and rare mutations (ux — 0), proving convergence to a
Markov jump process, which is a generalization of the usual polymorphic evolution sequence.
This can be seen as an extension of the results by Champagnat and Méléard (cf. |25, B0]).
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Chapter 1

Introduction

In this thesis we study stochastic-individual based models for Darwinian evolution of asexual
reproducing, competitive populations. Furthermore, we specialize these models to be able to
describe tumor development under treatment with immunotherapy and investigate the ex-
tended individual-based models which arise from this applications mathematically. Biological
evolution, explaining the origin and the variation of species, is very complex and a result of
various underlying processes such as reproduction, variation by mutation and recombination of
genetic material, competition between individuals and species, and selection of the most adap-
tive traits. Cancer immunotherapy harnesses and enhances a patient’s own immune system
to treat cancer and is one of the most promising new cancer treatment approaches [34]. Also
the mechanisms behind cancer immunotherapy are driven by various underlying processes,
such as interaction between immune cells, cancer cells, and cytokines or the phenotypic and
genotypic heterogeneity of cancer cells. Much of the mathematical work in evolution theory
as well as in cancer immunology has taken place on a deterministic level, using dynamical
systems and differential equations [7]. Our aim is to study stochastic models which describe
the system on the level of individuals and use them to make predictions about the macroscopic
long-term behavior of the system, which incorporate the random effects of the microscopic
level. An evolutionary example for this is that a mutant, which appears in a large population
and is fitter than the other individuals, can die out accidentally with a certain probability and
therefore does not invade the population. With respect to cancer immunotherapy a further
example is that there can be randomness concerning whether a therapy destroys all cancer
cells or some remain, which might then lead to a relapse. Studying these models is challenging
from the mathematical point of view and requires to establish new methods, which may also
be useful to solve problems in other models as we will see e.g. in Chapter [}

The introduction is organized as follows. In the first section we give a short introduction
and historical overview of the biological theory of evolution and describe some of the main
mathematical formalizations and modeling approaches of evolution theory which were estab-
lished in the last century: population genetics (including quantitative genetics), evolutionary
game theory, and adaptive dynamics. We explain why stochastic individual-based models of
adaptive dynamics are a convenient tool to study mathematically certain aspects of the biolog-
ical theory of evolution and give some background information about these density-dependent
Markov processes. Then, we give a rough overview of the different therapeutic approaches of
cancer immunotherapy and argue why an expansion of the stochastic individual-based models
of adaptive dynamics is a good choice for modeling cancer immunotherapy.

In the second section we begin with studying a simple individual-based model describing
evolution of a population only as a result of interaction between individuals but ignoring
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variation, i.e. describing development due to ecological effects only, not long-term evolution.
We give three examples with concrete parameters and explain why the stochastic process
can be approximated for large populations by a deterministic function. After this we define
the stochastic individual-based model, which is the foundation of the models we study in
this thesis and describes the Darwinian evolution of a population including the effects of
interaction and variation. Variation is modeled by the possibility that a mutation can occur
at each birth event with a certain probability. In this type of models the evolution of the
population is described by a continuous time, measure-valued Markov process. Examples and
simulations are provided at the end of the section.

In the third section we give an overview of the thesis and present the main results. The-
orem [[T.-4.1] a convergence result for the stochastic individual-based model, will appear soon
in Annals of Applied Probability as a joint work with A. Bovier and N. Champagnat. In
this publication, which is the content of Chapter [[I we investigate the long-term evolution
of the system in the limit of large population size combined with rare mutations and small
mutational effects, proving the convergence to the canonical equation of adaptive dynamics
— in one step. In Chapter [[I]] we propose a model for cancer immunotherapy and present
an example which qualitatively models the experiment of Landsberg et al. [92], where tu-
mors escape cancer immunotherapy by phenotypic plasticity in presence of certain cytokines.
Furthermore, we study the influence of phenotypic plasticity on the long-term evolution of
asexually reproducing populations in the limits of a large population size combined with rare
mutations, proving the convergence to the extended version of the polymorphic evolution se-
quence. Parts of this chapter are already published in Scientific Reports as a joint work with
L. Coquille, H. Mayer, M. Holzel, M. Rogava, T. Titing, and A. Bovier.

Note that this introductory chapter gives the historical context and a more extensive
overview about different model approaches. The most relevant parts, directly related to the
mathematical work presented in this thesis, are also given in the introductions of Chapters [[]
and [[T]]in a condensed way. The two main chapters are related to each other but can be read
independently.

I.1 Modeling Darwinian evolution and cancer immunotherapy

The modern theory of biological evolution has its source in Charles Darwin’s book On the
Origin of Species [36], published in 1859, where he outlined the famous basic principles of
evolution which were later summarized by the phrase survival of the fittest. The scientific
theory of evolution is based on the principle of natural selection, which was independently
also conceived and described by Wallace [37]. It can be described by the following three basic
mechanisms:

Heredity: individuals can reproduce and pass their traits from generation to generation
Variation: traits vary among individuals with respect to morphology, physiology, etc.

Natural Selection: different traits have different rates of survival and reproduction (fitness)

Individuals which are better adapted to the environment survive and reproduce more likely
and thus transmit their traits to more descendants than less adapted individuals. This pro-
duces the process of natural selection and has the consequence that disadvantaged traits
disappear over time. These central ideas of Darwin and Wallace have remained largely un-
changed. What was missing in Darwin’s theory of natural selection was a proper scientific
theory of inheritance which explains the variation among individuals on which natural selec-
tion can act. To obtain that selection modifies populations gradually over a long period of
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time, as suggested by Darwin, a continuous supply of variation is necessary. During the 19th
century the idea of blending inheritance, which is based on the hypothesis that offsprings have
characteristics that are intermediate between their parents, was quite common, but Darwin
had reservations regarding this idea. Moreover, as was pointed out by Jenkin [82], variation
decays rapidly over time under blending inheritance. A proper mechanism of inheritance,
which is essentially still accepted today even if our modern understanding of heredity is much
more complex, was provided in 1866 by Gregor Mendel [I00], who studied the reproduction
of peas. His predictions about how traits are inherited from one generation to the next led
to the formalism of Mendel’s law of inheritance. In other words, Mendel devised the mech-
anism of heredity for sexual reproduction that was missing in the theory by Darwin. The
Mendelian inheritance is based on phenotypic traits, which are determined by genes. Each
gene of a diploid organism consists of two alleles, one from each parent. Furthermore, it is
based on three laws: segregation, alleles segregate from each other and each gamete (sexual
reproductive cell, e.g. egg or sperm cell) carries only one allele for each gene; independent
assortment, genes segregate independently during the formation of gametes; and dominance,
one allele dominates the other in inheritance unless both are recessive. (Note that until the
1920’s it was not clear how Darwin’s and Mendel’s theory could be combined, see Subsection

for more details.)

Darwin’s and Mendel’s works are the foundation of the evolutionary theory we still use
today. Each organism on earth is characterized by a genotype, which contains the full hered-
ity information and is encoded in the DNA, and a phenotype, which describes an organism’s
actual properties, such as morphological or physiological properties. The distinction between
genotype and phenotype is fundamental in the study of inheritance of traits and their evo-
lution. In a population consisting of individuals with different phenotypes, the individuals
interact with each other, they compete e.g. for resources (area, nutrients, water, food, etc.),
or with other species (host, parasite, predator, prey, etc.). This has of course an effect on the
reproduction and survival ability for each individual. In other words, the selection process
acts on the phenotypes and is a consequence of the competition between the different actors.
Thus, adaptation of phenotypes depends on the outer environment and on the composition of
the rest of the population. The mechanism of heredity is given in two forms, either by asexual
reproduction, i.e. an organism just copies its genome, which results in two genotypic identical
organisms as long as there was no error in the process of replication, or by sexual reproduc-
tion, i.e. the genomes of two gametes recombine and form an organism which includes genetic
material from both gametes. Asexual reproduction is the primary form of reproduction for
single-celled organisms (e.g. bacteria), but also many plants and fungi reproduce asexually.
More complex organisms usually reproduce sexually. Variation in sexually reproducing species
is generated by the recombination of two different genotypes and by mutations in the genome
of the offsprings. In species reproducing asexually, variation is generated by mutations only.
A mutation is a permanent alteration of the genome of an organism and results for example
from errors in the process of replication. Note that there is general agreement that mutations
are the ultimate source of variation [40]. Without mutations the genotype frequencies in sex-
ually reproducing population would remain constant after a relatively short time such that
the population would not evolve anymore (cf. Hardy-Weinberg principle).

Until today there are still lots of open problems in the theory of evolution. Some examples
are how the adaptation of an individual to the environment should be quantified, how the
environment influences the phenotype giving rise to phenotypic plasticity, and how the com-
plex map between genotype and phenotype, linking heredity and ecological influences, works.
More general problems concern the mechanisms behind natural selection, which results in the
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survival of the fittest on long time scales, and separation, which gives rise to new species.
Hence, simplifications and approximations are necessary to understand the complex mecha-
nism of biological evolution. In the following, we describe some of the main mathematical
formalizations and modeling approaches of evolution theory which were established in the last
century and have different simplifications in order to focus on different aspects of evolution.

I.1.1 Population genetics

The theory of population genetics focuses on the genetic differences within a population and
studies changes in the allele frequencies, but usually ignores that individuals interact with
each other or, more general, are influenced by their environment. This simplification makes
it possible to model a realistic inheritance law in order to understand the complex patterns
of genetic variation. Population genetics has its origin in the fundamental work of Fisher,
Haldane, and Wright, developed already about one hundred years ago. However, the current
research in this field is still based and strongly influenced by their work. This pioneering work
also laid the foundation of the modern evolutionary synthesis, in which the disagreements
between Darwin’s and Mendel’s theories were overcome.

Among the scientists at the end of the 19th century there was already a disagreement
whether the process of evolutionarily changes is gradual, as Darwin argued, or occurs in
jumps, as e.g. Huxley believed. However, with the rediscovery of Mendel’s work in 1900 many
scientists rather believed in a non-Darwinian evolution process through jumps and some even
thought that Mendel’s work refuted Darwin’s idea of natural selection. This lead to a discord
between Darwinism and Mendelism. The problem was that Darwin focused on the evolution
of complex organisms, where the selection process acts on a large number of slight variants,
and Mendel focused in his studies on the inheritance of discrete phenotypic traits determined
by a single gene. In the early years of the twentieth century, eventually, Fisher, Haldane,
and Wright solved this problem by establishing a theoretical framework which integrates
the inheritance principles of Mendel in the Darwinian theory of the natural selection. More
precisely, Fisher showed in [58] that the correlation between relatives, measured by biometric
properties, can be explained by multiple Mendelian factors and random non-genetic influences
and that thus Mendel’s inheritance theory agrees with the theory of natural selection: The
discontinuous jump character of Mendelian genetics disappears if traits depend on many genes,
where each has only small contributions, and results in almost continuous variation and thus
gradual evolution. Haldane developed a mathematical theory of natural and artificial selection
in Mendelian populations, providing expressions for the evolutionary changes caused by slow
and rapid selection, in which traits depend on a single or on several genes and generations do or
do not overlap [70,[7T]. In these models selection is acting on the differences in survival ability,
reproduction or mortality due to Mendelian genes. Furthermore, the interaction of natural
selection with mutation as well as with migration is mathematically analyzed and metastable
phenomena caused by genes which are disadvantageous alone but advantageous together are
mentioned. In [I17] Wright described mathematically how the random process of reproduction
changes the gene frequency in finite populations, analyzed the interplay between this random
genetic drift and mutation, migration, and selection of various sorts, and synthesized these
processes into a single formula for the stationary distribution (cf. [1I]). (Note that this
stationary distribution can be seen as an expansion of the Hardy- Weinberg principle, developed
in 1908 by Hardy and Weinberg, independently from each other, and stating that the genetic
variation within populations remains constant from one generation to the next in the absence
of other disruption processes such as mutation.) Furthermore, in 1932 Wright introduced the
concept of an evolutionary or adaptive landscape, where selection drives populations upwards
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on this fitness landscape towards a local peak while the genetic drift can push the population
away from such a local maximum and could potentially cause a peak shift [118§].

The historical part about population genetics above is mainly taken from the introductory
books [52] and [56]. Note that both books focus on the purely mathematical theory and less
on population genetics itself. (See [47, [35] for alternative introductions.)

In general, population genetics incorporates experimental, observational and theoretical
aspects and is largely quantitative. Unfortunately, the complexity of nature often has the con-
sequence that the mathematical models of populations genetics, which are necessarily based
on simplifications, are eventuality obsolete because of new findings from experiments or ob-
servations [56]. However, the purely mathematical theory of population genetics is a very
large area of applied mathematical research, provides detailed models of the genome struc-
ture and the mechanisms of inheritance, and may help to make quantitative statements of
new findings qualitative. Apart from studying the forward going evolutionary process, as the
classical theory surrounding the Wright-Fisher model does, since the 1980’s it is also common
to focus on the retrospective analysis, i.e. to look backwards in time e.g. to the most recent
common ancestor [52, [56]. In particular, the retrospective models surrounding the Kingman
coalescent process have on the one hand rich mathematical structure and provide on the other
hand the necessary tools for the interpretation of genetic data and thus became a significant
part of the current research [52, 56]. The inheritance relationships between the individuals
are typically represented as a genealogical, coalescent or gene tree in this retrospective theory
[52]. However, also the classical prospective theory is still highly relevant and its tools can
be applied in the coalescent theory [56]. Most of the mathematical models used in popu-
lation genetics, including the Wright-Fisher and the Kingman coalescent mentioned above,
are simplified by a constant or effectively infinite population size but include mechanisms
that can be used to describe sexual reproduction [56]. Further common models in the field
are the Cannings model, the Moran model, the Wright-Fisher diffusion, Kimura’s stepping
stone model, and the Fleming-Viot process (cf. [52, 56]). Besides short-term dynamics of the
gene frequencies, also long-term evolution including mutation and selection can be studied by
population genetic models [40]. The selective advantage of an organism is often an a priori
given quantity in these models called fitness, which depends directly on the genome but ig-
nores the outer environment and the composition of the rest of the population [56]. Thus, by
natural selection the population tries to reach the maximum of a fixed adaptive landscape.
One of the problems about ignoring interaction is that it is hard to model the phenomenon
of a population splitting into two lines going their separate ways. Therefore, the origin of the
species is a barely understood problem of population genetics [104]. Furthermore, since selec-
tion acts on phenotypes, a knowledge of the genotype-phenotype map is required to be able
to study evolution. This map is affected i.a. by the dominance between alleles and epistatic
genes (which act as inhibitors of other genes) and thus, in general, extremely complicated.
As a consequence, a quantitatively description of long-term evolution on the DNA-level is
impractical [40]. Besides this, population genetic models of evolution usually assume that
phenotypic traits are controlled by genes at a single locus (position on a chromosome), but
most traits which are important for the evolutionary process are determined by several or
many genes at different loci [23].

Quantitative genetics is a branch of population genetics founded by Fisher [58], which
deals with evolution of phenotypic traits that vary (almost) continuously and are measured
on a metric scale. (See e.g. [57] or [22] for an introduction.) These traits are usually influenced
by genes at many different loci in the genome, rather than just one or two. In other words,
quantitative genetics studies the inheritance of quantitative rather than qualitative traits
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[57]. Examples for quantitative traits are weight and hight or, more specific, wing span in
birds and milk yield in cows. In general, many morphological, physiological, or economically
important traits are quantitative |22 23]. Thus, understanding the inheritance mechanisms
of these quantitative differences is important for studying evolution by natural selection or
breeding. Though the Mendelian laws cannot be applied directly to quantitative traits, a
basic premise of quantitative genetics inheritance is that qualitative traits depend on genes
which are subject to these laws. Hence, this theory can be seen as an expansion of Mendelian
genetics. The main methodical differences are that quantitative genetics studies evolution
on the level of populations, not of individuals as population genetics does, and that for
this study the metric measurement not only the classification of the individuals is necessary,
i.e. quantitative genetics had to develop concepts for genetic properties of populations and
for inheritance of metric traits [57]. Therefore, it simplifies both the parents-offspring and
genotype-phenotype relation, but makes it possible to study natural selection of phenotypes
independently of genetic details [40]. An important feature of most metric traits is that, on
an appropriate scale, their frequency distribution is close to a normal curve [57, 23]. This can
be justified by considering that quantitative traits are usually controlled by a large number
of loci, whose alleles have only small contributions, and the central limit theorem [23, 22].
Thus, properties of the normal distribution and statistical techniques can be used to study
the evolution of quantitative traits. Furthermore, observed metric traits can be characterized
in terms of mean, variance, and covariance [57]. Of course quantitative traits are affected by
the environment. Quantitative genetics incorporates besides genetic also this environmental
dependence and describes the change in the distributions of the quantitative traits over time
(i.e. from generation to generation) [40].

In [90], Lande introduced a simple quantitative genetic discrete time model, where phe-
notypic traits depend on a genetic and an environmental component and which provides a
recursive equation for the evolution of the mean phenotypic trait. Selection acts in this model
on the phenotypic trait, favoring the fittest. Besides the case of constant phenotypic fitnesses,
also the case of frequency-dependent selection, where a phenotype’s fitness depends on the fre-
quencies of the different phenotypes present in the population modeling interaction between
the individuals, is considered in this paper [90]. Once the fitness function is determined,
the evolution of the main phenotypic trait value can be described in terms of the frequency
distribution and this fitness function. Moreover, if the variance of the trait distribution is
small, the change in the main trait value can be approximated by a deterministic recurrence
independent of the frequency distribution (cf. [40]). This was done for constant fitness by
Lande [91] and further developed for non-constant fitness in [80, [I, 114]. Lande’s theory had
a large impact on evolutionary biology because it integrates methods of quantitative genet-
ics into evolutionary genetics, it has a simple and intuitive character, where detailed genetic
information is not required, and thus it has received heuristic and predictive importance in
many applications. A further reason for the success of Lande’s theory was the introduction
of a powerful adaptive landscape concept for phenotypic traits, which is related to Wright’s
concept of an evolutionary landscape for genotypes mentioned above [23]. Note that there
is a close relationship between the deterministic recurrences obtained out of Lande’s theory
and the canonical equation of adaptive dynamics, which is a central object of this thesis (see
paragraph about adaptive dynamics).

1.1.2 Evolutionary game theory

An alternative framework which ignores genes and sexual reproduction and focuses on study-
ing phenotypic evolution in some interacting environment is evolutionary game theory. This
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concept was introduced around 1970 by Maynard Smith and Price [99]. The simplification of
asexuality allows to concentrate on the selection process as a result of interaction. While pop-
ulation genetics models are a good tool for studying the genetic variability of a population,
game theory models are convenient for studying phenotypic evolution in a more ecological
realistic manner. In Maynard Smith’s words, evolutionary game theory is a way of thinking
about evolution at the phenotypic level when the fitness or evolutionary advantage of an in-
dividual organism depends on its phenotype and on the frequencies of the other phenotypes
currently present in the population [98], i.e. the fitness is not a given (constant) quantity, but
depends on the population the individual lives in. This framework considers the individuals
of a population as playing games against each other and studies the resulting population
dynamics and equilibria, which may be attained by the population [98]. (Actually, this way
of considering evolution was already present in a paper published in 1930 by Fisher.) The
population state changes according to the rules of a game here. In this game of life, the
players are individuals of a population, the strategies are their heritable phenotypes, and
the payoff is their fitness in this environment. In other words, evolutionarily game theory
is an expansion of the classical game theory, which was established by von Neumann, Mor-
genstern, and Nash [115, 107, [106] to analyze economical and social behavior. In fact, the
concept of game theory turned out to be even more suitable to describe biological behavior
[98]. One reason for this is that the main assumptions of the classical theory are that players
behave rational and according to self-interest but it is not really reasonable to believe that
humans behave rationality. In the evolutionary context, the rational behavior is replaced by
the dynamics and stability of the population and self-interest by Darwinian fitness [98]. It is
more reasonable to expect a population to evolve to stable states, i.e. to assume evolutionary
stability, than to believe in a rational human behavior [98]. Similar as in the classical game
theory, the dynamics and equilibrium states of the system resulting from playing the game
are in the focus of interest here. Especially from the evolutionary point of view, the study of
successive invasion strategies is very common, i.e. analyzing whether an alternative mutant
strategy or rather phenotype that is initially rare can invade the current population state. Of
particular importance in this context is the so-called evolutionary stable strategy (ESS), an
extension of the usual Nash equilibrium. Once such a strategy is adopted by all individuals
in the population, no initially rare mutant strategy has a higher fitness (payoff) and can thus
invade the population [98]. In other word natural selection alone is sufficient to prevent that
mutant strategies successfully invade such a strategy, i.e. it is stable in the evolutionary sense.
In the simple model introduced in [99], the assumptions that the population is infinite and
reproduces asexually and that only pairwise symmetric contests take place lead e.g. to ESS
[98]. However, evolution is a process of steady change, so one can criticize that the evolution-
ary game theoretical approach focuses on equilibrium states [98]. Nevertheless, the idea of
ESS has caused huge success in the field and evolutionary game theory has been very helpful
to explain many complex and challenging aspects of biology, e.g. altruistic behaviors in the
context of Darwinian evolution. Furthermore, it gains increasing importance in other fields
like economics, sociology, anthropology, and philosophy.

1.1.3 Adaptive dynamics

Since the 1990s a new branch of phenotypical evolution theory, known as adaptive dynamics,
is developing, which has its origin in the works of Hofbauer and Sigmund [74], Metz et al.
[103], and Marrow et al. [95]. Though the term adaptive dynamics sometimes refers to general
long-term evolutionary dynamics of quantitative traits, driven by mutations and selection, we
use it for the particular theoretical framework developed in the second half of the 1990’s by
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Metz et al. [I04], Dieckmann and Law [42], and Geritz at al. [63] [62] which integrates and
expands the methods of evolutionary game theory (cf. [40]). Note that the introduction to
adaptive dynamics given in [26] served as basis for parts of this paragraph.

Adaptive dynamics is a theoretical approach for modeling phenotypical evolution in various
complex ecological systems and provides the basis for the work presented in this thesis. Similar
to evolutionary game theory, genetic details and sexual reproduction are usually ignored to
simplify the study and the fitness of an individual depends on its own phenotype and on the
environment, more precisely on the composition of the population it lives in and interacts
with. One advantage of the theory of adaptive dynamics is that it integrates ecological
dynamics in the evolutionary process, which play an important role in natural selection, and
provides powerful tools, which can be applied to many different ecological situations, e.g.
to describe competitive or cooperative interactions between different individuals or species,
or to describe predator-prey, immune-pathogen, host-parasite or plant-insect relationships.
Moreover, standard models of adaptive dynamics can be expanded e.g. in order to study the
evolution of cancer under treatment (cf. Chapter . The ideas and the concepts of adaptive
dynamics have undergone many developments and extensions over the last decades. Besides
the papers we mention below, there exist many more in the context of adaptive dynamics,
which focus on different biological aspects, but all of them have in common that they analyze
the ecological effect on evolution. On the webpage www.mv.helsinki.fi/home/kisdi/addyn.htm
Kisdi provides a huge list of adaptive dynamics references ordered according to their aim.
(Apart from the probabilistic approach we consider here, Diekmann et al. proposed in [44] a
corresponding deterministic approach based on partial differential equations.)

A fundamental idea of adaptive dynamics is that the current population can be assumed
to be close to an equilibrium, determined by the ecological system, when a new mutant ap-
pears. This allows to introduce the notion of invasion fitness, which measures the selective
advantage of a mutant that occurs in this environment. In the individual-based model we
study in Chapter [[I] the selective advantage of an individual can be measured in terms of the
growth rate of this individual, which depends on its phenotype and the environment it lives
in (cf. [59, 25, [30]). Of course this growth rate changes if the environment changes, however,
if the population forms the environment and is close to an equilibrium generated by ecological
dynamics, the initial growth rate of a mutant individual appearing in this population deter-
mines the possibility whether the mutant’s phenotypic trait can stabilize in the population
or not. In other words, it determines if a mutant’s phenotype can invade the population
and thus it is called invasion fitness. Moreover, using this notion an environment-depending
invasion fitness landscape can be constructed, which allows to describe the successive mutant
invasions and stationary population states determined by the underlying ecological dynam-
ics. The main biological assumptions justifying this approach are that the size of the studied
population is large and that mutations during the asexual reproduction process occur only
rarely. Note that this invasion fitness landscapes, despite sounding similar to the traditional
fitness landscapes introduced by Wright, is conceptually different [116].

Historically, successive invasions of ecological stable strategies were first studied in the
context of game theory by Hofbauer and Sigmund in [74]. In this work a dynamics to model
the effect of adaptation when selection is frequency dependent is proposed and related with
the stability of equilibria. The proposed ordinary differential equation (ODE) describes the
evolution of dominant strategies (phenotypes) in an essentially monomorphic population. (We
say that a population is monomorphic if all individuals have the same phenotypic trait.) To
justify this continuous change in dominant strategies, the additional assumption that occur-
ring mutants have only slightly different strategies than their predecessors, i.e. the mutational
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effects are small, is necessary. The idea to deduce the evolutionary behavior of a global ecolog-
ical system from the possibilities of mutant invasions and to analyze this dynamics further as
the phenotypic difference between mutant and predecessor tends to zero were also exploited
in a context of predator-prey interaction by Marrow et al. [95]. Further, the concept of a
fitness landscape coevolving with the population was already present in this article, which
was later improved in [I04] and [I0T]. In [1I03], Metz et al. deal with the question how fitness
should be defined for general ecological scenarios. One of the first really fundamental papers
of adaptive dynamics is the paper [104] by Metz et al., which combines the approaches of [74]
and [103] and, together with the papers by Dieckmann and Law [42] and Geritz at al. [63] 62],
forms the foundation of this framework. In this paper the authors use more complex models,
add a dynamical aspect to the approach of game theory, and specify the necessary biological
assumptions. Moreover, these four papers together introduce the basic elements, methods,
and graphical tools used in adaptive dynamics.

As pointed out in [104], the main assumption, large population size and rare mutations,
implies that the ecological and evolutionary time scale are separated in the sense that whether
a mutant’s trait is selected is entirely settled before a new mutation occurs. There is enough
time such that the mutant’s trait either vanishes or fixates in the population before a new
mutation occurs. Another common assumption in the context of studying a competitive pop-
ulation is called invasion implies fixation principle and means that if a mutant’s trait fixates
in the population, it replaces the previous (resident) type completely, i.e. long-term coexis-
tence is excluded. This allows to define an evolutionary time scale where the population is
monomorphic at any time . Hence, the evolution proceeds can be modeled as a continu-
ous time Markov process which jumps from one phenotypic trait to another fitter one. This
stochastic process is usually called trait substitution sequence (TSS) and has been introduced
by Metz et al. [103] (see also [104] and [42]) and mathematically studied in [27, 25, [30]. The
TSS model is a fundamental element of adaptive dynamics and the approach leading to this
model as well as this model itself provide powerful tools for understanding various evolution-
ary phenomena, such as polymorphism or evolutionary branching, and are the foundation for
other biological concepts as the canonical equation of adaptive dynamics [25]. By polymor-
phism we mean the stable coexistence of different phenotypes, which arises if the invasion
implies fixation principle is not assumed (cf. [I04] and [30]). The phenomenon of evolutionary
branching, meaning that a population initially concentrated around a single dominant phe-
notype (evolving over time) splits into two sub-populations of different dominant types going
their separate ways, was vaguely already mentioned in [74] and in detail first studied by Metz
et al. in [104] (see also [63] 62]). Moreover, Metz et al. identify the points in the phenotype
trait space, where such a phenomenon is likely to happen, the so-called evolutionary singular
strategies, and give a criterion for evolutionary branching depending on the derivatives of the
fitness function at these points. Note that the concept of evolutionary singular strategies
can be seen as a generalization of the evolutionary stable strategy concept introduced in the
context of evolutionary game theory [62].

Another important concept in the theory of adaptive dynamics is the canonical equa-
tion of adaptive dynamics (CEAD), which was introduced by Dieckmann and Law in [42] and
describes the evolution in time of the expected phenotypic trait value in a monomorphic, com-
petitive population before an evolutionary branching. In the adaptive dynamics approach the
evolutionary process of various ecological systems proceeds as a sequence of mutant invasions,
where only mutants with positive invasion fitness can invade. Thus, under the additional
assumption that the difference between mutant and resident trait is very small, Darwinian
evolution of quantitative traits in several coevolutionary scenarios can be modeled as a grad-
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ual process given by the solution of a differential equation, which has in the one dimensional

case the form
diL‘t

ﬁ :k(l‘t)alf(.fl?t,l‘t), (111)

where x; denotes the trait value of the population, k(z;) is a non-negative coefficient and
f(y,z¢) is the invasion fitness, i.e. the selective advantage of individuals with trait value y
occurring in an environment determined in terms of the resident trait value z; [42]. More-
over, 01 f denotes the partial derivative with respect to the first variable, i.e. 91 f (¢, x¢) =
%f(y, %t)|y=a,, and is usually called selection gradient in the literature. In this deterministic
model, selection pushes the population to increase its fitness locally. Dynamics of this kind
have been proposed and studied by many authors e.g. as a hill-climbing process on an adaptive
landscape (cf. [42] and references therein). As mentioned in the paragraph about quantitative
genetics, there also exists a structurally similar equation for sexually reproducing populations,
which was introduced by Lande in [91] and later extended to frequency-dependent selection
[80, 114, 1]. This has motivated Dieckmann and Law to consider the equation as a
sort of canonical equation of evolutionary models [42, 40]. Moreover, in [42] they proposed an
ordinary differential equation of this kind describing long-term phenotypic evolution of quanti-
tative traits in an asexual reproducing, competitive population, where the coefficient k(x) and
the invasion fitness f(y,x) are given as explicit expressions taking into account the ecological
processes at the level of the individuals. Dieckmann and Law called their ODE canonical
equation of adaptive dynamics and showed that the coefficient k() equals the product of the
population size, mutation rate, mutation variance, and a factor 1/2. (The distribution of the
mutant trait value is assumed to be symmetric, i.e. on average half of the occurring mutants
have a negative invasion fitness. See Equation for the explicit equation.) Dieckmann
and Law’s derivation has the conceptual background of modeling the dynamics of a population
as a Markov process which incorporates reproduction, mutation, and selection [27]. Further-
more, the heuristics leading to the CEAD are based on the following biological assumptions:
the population size is large, mutations are rare, and mutations have a small (phenotypic) ef-
fect. In addition, an invasion implies fixation principle is assumed. One possibility to recover
the CEAD, which Dieckmann and Law used in [42], is to look at small mutational effects in
the TSS model. (Recall that the T'SS model describes the evolution of the phenotypic trait in
a monomorphic population and is already a macroscopic approximation for large populations
with rare mutations.) A mathematically rigorous proof of this derivation was given later in
[27] (see also [24, 130]). One problem about this approach is that it gives no clue about how
the biological parameters, population size, probability of mutations, and size of mutational
effects should be compared to ensure that the CEAD approximation of the microscopic model
is correct. In Chapter [[]] we show that it is also possible to apply the three limits directly
to the microscopic (individual-based) model by taking them simultaneously with an explicit
relation between the parameters and to recover the CEAD (see below).

The mathematical background of adaptive dynamics

While the biological theory of adaptive dynamics is based on partly heuristic derivations,
various aspects of the theory have been derived rigorously over the last years in the context of
stochastic individual-based models. Most of the models used in probability theory to describe
biological evolution can be traced back either to the Galton-Watson branching process or to
the Wright-Fisher model. The classical Galton-Watson process can be used e.g. to model the
total population size, when individual evolve independently, and can be extended to branch-
ing random walks or branching Brownian motion if the individuals move during their lifetime
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according to random walks or Brownian motion [54]. In this finite-dimensional branching
models the population either goes extinct or grows without any bound. No non-trivial equi-
librium can be predicted, which makes it hard to model long-term evolution [54]. On the
other hand, most of the models surrounding the Wright-Fisher model, frequently used in pop-
ulation genetics, are simplified by a fixed constant population size (e.g. the Moran model or
the Fleming-Viot process). However, in a biological reasonable model a population should be
able to regulate the population size itself adapted to the environment the individuals live in.
The individual-based model we study in this thesis attains this feature.

More precisely, we study a system of interacting particles modeling Darwinian evolution of
an asexual population (with a large but non-constant populations size) at the individual level.
Each individual in the population is characterized by its phenotype and has a natural birth
rate, a density-dependent logistic death rate modeling competition, and a probability of mu-
tation at each birth event. Thus, the three basic mechanisms of evolution, heredity, mutation,
and selection, are included. This model has the conceptual background of a continuous time,
branching random walk, in which the death rate of an individual with trait x depends in addi-
tion on the population density and is defined as a weighted sum of the entire population, with
weights depending on the trait the individuals carry [54]. This density-dependent component
can on the one hand prevent that the population grows without bound and thus give rise to
non-trivial stable population size, but destroys on the other hand the convenient branching
property since individuals do not evolve independent from each other anymore. This makes
the study of the model more difficult because most of the beautiful mathematics in the fields
of branching processes rely on the branching property [54]. The model has originally been
proposed to understand stochastically driven spatial pattern formations in ecological systems
by Bolker and Pacala [I5], in which the dispersion of the population (plants) is described by
a measure-valued Markov process. This locally regulated model has been studied in parallel
by Dieckmann and Law [43] and is sometimes called BPDL model in the literature. Since the
1970s, studying measure-valued stochastic processes has become very popular in the math-
ematical community [38, 53l ©4]. For modeling Darwinian evolution of quantitative traits,
these processes have the advantage that the real metric traits, not only classifications, can
be studied, i.e. the space of possible phenotypic traits in the population does not have to be
finite. This allows to define mutational events where each new mutant has a new randomly
chosen phenotypic trait and guarantees a steady supply of variation. In the last decades,
locally regulated models have been extensively studied in many works by various authors, e.g.
[54, 59, 89, 25|, 13| [78] 30, 39, 67], either as a model of Darwinian evolution or as a model
of dispersal in a spatially structured population. In [59], Fournier and Méléard formulate a
pathwise construction of the locally regulated process in terms of a Poisson point process.
The model we define in Subsection [[2.2]is based on the formalization of this work.

As mentioned before, there are mathematically rigorous papers which show that this
model converges in the simultaneous limits of large population and rare mutations to the
trait substitution sequence [25, [30]. Furthermore, this jump process converges, in the limit of
small mutation steps, to the canonical equation of adaptive dynamics |27, 30]. In Chapter
we analyze the situation when the limits of large population size, rare mutations, and small
mutation steps, are taken simultaneously and prove that this process, which models evolution
at the individual level, convergences to the CEAD — in one step. The fact that the mutants
only have an infinitesimal small evolutionary advantage in this approach slows down the
dynamics of the microscopic system and leads to serious technical difficulties. However, the
simultaneous limit has the advantage (amongst other things) that population size, probability
of mutations, and size of mutational effects can be compared on the individual level and thus
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our results can be better applied to concrete biological examples to predict their long-term
behavior. (See Sections and for further details about the relation to the other works
and the technical difficulties.)

1.1.4 Cancer immunotherapy

In Chapter [[T]] we propose an extension of the above mentioned individual-based process,
which broadens the range of biological applications. The primary motivation is modeling
cancer immunotherapy, i.e. we want to study the evolution of a cancer population under spe-
cial treatment. During the last decades, treatment of various cancers with immunotherapies
received a lot of attention in the medical as well as the mathematical modeling communities
[108] [88] [50L [72] 65 [76]. The editors of Science even chose cancer immunotherapy as the
breakthrough of the year 2013. Immunotherapy does not attack the cancer cells, as chemo-
and radiotherapy do, but targets the immune system [34]. Abnormal cells, which may lead
to cancer, can usually be detected and destroyed by the immune system. However, some of
these cells have the ability to avoid this, e.g. by reducing the expression of tumor antigens on
their surface such that they can not be recognized by the immune cells, or by suppressing the
immune system’s activity in their microenvironment. As a result, these cells can proliferate
and generate a cancerous tumor. There are various cancer immunotherapies which help to
circumvent these cancer cell’s escape mechanisms such that the immune system can detect
and destroy the tumor again. Current therapies can be divided into three major classes:
non-specific therapies, monoclonal antibodies, and vaccines [5I]. Non-specific therapies use
cytokines or other chemicals, e.g. IL-2 and IFN-q, to stimulate the general immune response.
The strength and duration of an immune response is usually limited by special checkpoint
proteins to prevent overreaction and damage of normal cells. Some monoclonal antibodies,
like anti-CTLA-4 and anti-PD-1, can be used as immune checkpoint inhibitors and thus in-
crease the immune systems ability to destroy cancer cells. Another approach is the so-called
chimeric antigen receptor therapy, an adoptive cell transfer (ACT), where T-cells are taken
from a patient, genetically modified to present cancer specific antigen receptors, and then
infused back into the patient to target these cancer cells [I1I]. Also vaccines, made from
patient’s own tumor cells, are used to strengthen the immune response to specific cancer.
Similar as for chemo- and radiotherapy, resistance is an important issue for cancer immuno-
therapy. Recently, several theoretical concepts have been proposed to explain why a cancerous
tumor develops resistance during an initially successful therapy, leading to a relapse. A widely
accepted idea to explain relapses is that pre-existing mutants (tumor cell variants with ge-
netic aberrations) which exhibit therapy resistance are selected in a Darwinian evolutionary
process (cf. [76] and references therein). Moreover, genotypic and phenotypic heterogeneity
is a general feature of advanced tumors, which is considered to be the main driving force
for resistance and may be enhanced during therapy [76, 96l 65]. In contrast to genotypic
heterogeneity, phenotypic plasticity is a source of tumor heterogeneity caused by, in principle
reversible, phenotypic switches, i.e. the phenotypic trait of a cancer cell can change over time.
Furthermore, the phenotype can depend on the microenvironment, which changes during
therapy. Landsberg et al. report in [92] their experimental finding that reversible phenotypic
switches due to side effects of the immunotherapy cause resistance of the tumor. Chapter
11| is motivated by these experiments, where melanoma (skin cancer) under ACT therapy
are investigated. In [76], Holzel et al. emphasize the importance of developing a theoretical
framework that incorporates the different aspects of therapy resistance, more precisely that
integrates phenotypic plasticity, clonal selection, and reciprocal interactions between tumor
cells and the microenvironment. Phenotypic plasticity can be described for example by the
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systems biology concept of the epigenetic landscape and gene regulatory networks, see [76]
and references therein. Simple Markov models, which describe the tumor on the cell level,
have been used to study the dynamics of phenotypic proportions in human breast cancer cell
lines [69]. Also models based on (multi-type) branching processes have been used to describe
cancer on the cellular level, e.g. to study the evolutionary dynamics of cancer in response to
targeted combination therapy or the accumulation of driver and passenger mutations during
tumor progression [41} 2], 3, 20} 83]. A semi-deterministic model has been used to study the
influence of driver mutations on the spatial evolutionary dynamics of solid tumors, where the
spatial growth of cancer clones is deterministic, while mutants arise stochastically [4]. Simple
deterministic models have been successfully used to address phenotypic plasticity of the can-
cer stem cell and its therapeutic implications [93]. However, non of these models incorporate
all the effects of cancer immunotherapy described above.

There are serval reasons why an expansion of the stochastic individual-based model of
adaptive dynamics is a reasonable choice for modeling cancer immunotherapy. For example,
cancer cells reproduce asexually, tumors grow from a microscopic to a macroscopic level,
tumor development is microenvironment depending, tumor cells compete for resources, and
they interact with immune cells during treatment. The model expansions we use in Chapter
take into account that there are different types of actors in this context (T-cells, cytokines,
and cancer cells) and that each cancer cell is characterized by its genotype and its associated
phenotypes. Furthermore, we include microenvironment-dependent phenotypic plasticity and
the therapy effects. Apart from studying the effects on cancer immunotherapy, this model
allows to study the interplay of genetic mutations and phenotypic switches on different time
scales and thus can describe phenotypic and genotypic evolution of a population.

1.2 Stochastic individual-based models

In this thesis we study the evolution of an asexual reproducing population that is composed of
a finite number of individuals, each of them characterized by a one-dimensional (phenotypic)
trait, taking into account the interaction between the individuals. As mentioned above, this
can be done with stochastic individual-based models, which we introduce in this section.
These models build the foundation for the work presented in Chapters [[I] and [[II] and are
based on the pathwise construction of the locally regulated process by Fournier and Méléard
[59].

In the first subsection we give a simple model only describing the evolution as a result
of interaction between individuals but ignoring variation. Thus, this is a model describing
ecology only. In the second subsection we define the actual model describing Darwinian
evolution, including the effects of interaction and variation. Variation is modeled by the
possibility that at each birth event a mutation may occur with a certain probability. If this
probability equals zero, one is again back in the case of the simple model.

1.2.1 Stochastic multi-type models for describing ecological dynamics

We start with a simple model which focuses on the ecological dynamics of the population (cf.
[10]). To this aim let us study the behavior of a population with two different phenotypic
traits in some common environment. In this example we call the phenotypic traits 1 and 2, i.e.
all individuals carry either the trait 1 or 2. Thus, a population consists of two subpopulations.
Let K € N describe the capacity of the environment. This can be interpreted as the size of
the area or the amount of available resources. We are interested in the development of the
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densities of the two subpopulations, i.e. the number of individuals with trait 1 respectively
trait 2 per capacity of the environment K. The dynamics of the whole population is a result
of the dynamics of each individual in this population. In this simple individual-based model,
all individuals with trait ¢ € {1,2} reproduce with rate b; € (0,00) and die due to age with
rate d; € [0,00), where b; — d; > 0. Furthermore, they compete for limited area or resources:
For i,7 € {1,2}, the competitive pressure an individual with trait i feels from an individual
with trait j is given by ¢;;/K, where ¢;; > 0 and ¢11¢22 > c12¢21. So, if we assume that the
population at time ¢ consists of N1 (¢) individuals with trait 1 and N2 (¢) individuals with trait
2, then the current total death rate of an individual with trait i € {1,2} equals

Ci1 Ci2
d; + —N1(t) + —Na(t). [.2.1
+ SN + TN (t) (12.1)

Note that the capacity of the environment K gives the magnitude of the population size, but
depending on the phenotypes more or less individuals can survive in the same environment
(i.e. the population size does not stay constant over time but can also not increase to any
size).

In [55] (Chapter 11) Ethier and Kurtz showed that for each K € N the evolution of a popu-
lation with the dynamics described above can be modeled by an (No/K )?-valued Markov pure
jump process =¥ with the following infinitesimal generator: For all functions f : (No/K)? - R
with compact support and 2 € (No/K)?,

LEfry = Z'E{leg} (f (xK + %) - f(IL‘K))bil'ZKK (1.2.2)
+ (f (acK - %) - f (xK)) (di + ezt + et K, (1.2.3)

where e = (1,0) and eg = (0,1). The first term describes birth and the second death. Note
that the second term, which models the competition in the population, is non-linear in
and that z describes the development of the population densities, i.e. at time ¢ there are
X (t)K = Ny(t) individuals of type 1 and 2X (¢)K = Ny(t) individuals of type 2 present in
the population. Figure [I.1| provides simulations of the Markov process z with three different
sets of parameters.

15¢

X4(0)
X“a(t)

X4(t)
X5(t)

212t 8o12r 212t
> » >
c c c
] 2 o
& 091 5 09r 509
S > 3
2 Q Q
o ] o
Q Q Q
0,6 - 0,6 0,6
T " M i
0 0 L Il L L L 0 I 1 L L Il L I
0 6 12 18 24 30 36 0 2 4 6 8 10 12 14
A time B time C time

Figure I.1: Simulation of the stochastic process 2 with K = 500 and three different sets of parameters
(cf. Table[[T)). In A trait 2 (red curve) goes extinct, in B trait 1 (blue curve) goes extinct and in C
both traits coexist.

The law of large numbers (cf. [55], Thm. 11.2.1) justifies that we can approximate the
Markov process 2 for large K and on a finite time interval by the solution of the two-
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dimensional competitive Lotka-Volterra system

fll(t) = N (t)(bl - d1 - cnnl(t) - Clznz(t)), (1.2.4)
hg(t) n2(t)(b2 - d2 - Cglnl(t) - ngng(t)).

In other words, the behavior of large populations can be approximated by the behavior of the
deterministic system Figure [[.2] shows the unique solutions of the deterministic systems
approximating the stochastic processes simulated in Figure
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Figure 1.2: Solution of the system with three different sets of parameters (cf. Table .

Fortunately, the behavior of the two-dimensional competitive Lotka-Volterra system is
well know. The fixed points of the system are: (0,0), ((by —d1)/c11,0), (0, (be — d2)/ce2) and

((b1 —di)cae — (ba —d2)ciz (b2 —d2)cin — (b1 —di)en )
C11C22 — €12021 ’ 11622 — C12621 '

(1.2.5)

where the latter is possible if both coordinates are positive. (Observe that if by = be, d; = da,
and c11 = ¢12 = €12 = ¢92, then each point on the line, which connects ((by —dy)/c11,0) and
(0, (by — d2)/c22), is a fixed point. We use this fact in Chapter [[l) Whether a fixed point is
stable, depends on the parameters of the system. Figure shows the vector fields of the
deterministic systems corresponding to Figure [[.2]
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Figure 1.3: Vector fields of the system with three different sets of parameters (cf. Table .
The fixed points are shown as red dots. In A, the system is attracted to the strictly stable fixed
point (1,0). In B, the system is attracted to the strictly stable fixed point (0,1). In C, the system is
attracted to the strictly stable fixed point (0.8,0.4). Thus, only in C both traits coexist.

Given any positive initial condition, the solution of ([.2.4)) converges to a unique fixed
point, describing either the fixation of a single trait or the coexistent of both. (Note that
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by assuming ciicoe > c12c21 we have excluded that the fixed point is a saddle point.)
This means that a sufficiently large population evolves until it reaches its unique ecological
equilibrium, which corresponds to the strictly stable fixed point of the deterministic system.
After that time it only fluctuates around this value and no real evolution takes place (cf.
Figure . Note that for finite K the population will go extinct if one waits long enough.

|A[bi=5]di=1]by=4]dy=1]cnu=4]cia=4]co1=4]cn=4]
’B‘61:5‘d1:1‘b2=5‘d2=1‘611=4‘812:4‘821:3‘622=4‘
|C bi=5]di=1]by=5]de=1]cnu=4]ci2=2]co1=3]cn=4]|

Table I.1: Parameters of the Figures and

It is, of course, possible to study the corresponding multi-dimensional model. In this case,
the large population approximation leads to the multi-dimensional competitive Lotka-Volterra
system. In general, the long-term behavior of this system is very complex for higher dimen-
sions. (Zeeman proved in [I120] that three-dimensional competitive Lotka-Volterra systems
admit Hopf bifurcations, which give rise to isolated periodic orbits. In [75] and [119], Hof-
bauer and So, and Xiao and Li give examples for systems with isolated periodic orbits. Smale
showed that if n > 5, the n dimensional system can exhibit any asymptotic behavior [113].
In [73], Hirsch studied general n-dimensional competitive Lotka-Volterra systems and proved
that there exists an n — 1 dimensional manifold which attracts all non-convergent persistent
trajectories, i.e. the system is essentially n — 1 dimensional.)

However, if we assume that the competition matrix is symmetric and positive definit, the
multi-dimensional competitive Lotka-Volterra system has a unique, global, asymptotically
stable fixed point, i.e. if all components of n(0) are positive, n(t) converges as t - oo to
this fixed point (cf. e.g. Proposition 1.4 of [26] and references therein). Thus, the stochastic
process is attracted to this fixed point if the population size is large.

Since we want to study the Darwinian evolution of a single species and not only the
ecological interaction between different phenotypic traits, we are more interested in the case
where the traits of the individuals belong to a continuum. This allows to add mutational
events where each mutant has a new randomly chosen phenotypic trait, i.e. creates a new

type (cf. [10]).

1.2.2 Measure-valued models for describing Darwinian evolution

In this subsection, we define the stochastic individual-based model which is the foundation
of the models we study in this thesis (cf. [59] 25| B30, 10]). Note that although we study in
Chapters [[T] and [IT]] the case of one-dimensional phenotypic traits only, we give the definition
of the more general model here.

The evolutionary process changes populations on a macroscopic level, but the basic mech-
anisms of evolution, heredity, mutation, and selection, act on the microscopic level of the
individuals. Hence, we describe the evolving population by a stochastic system of interacting
individuals, where each individual is characterized by a vector of phenotypic trait values.

Let [ > 1 and X a closed subset of R\, Then, we call X the trait space of the population.
Furthermore, let M(X) be the set of finite non-negative measures on X, equipped with the
topology of weak convergence, and Mp(X) c M(X) be the set of finite point measures on
X, ie.

Mp(X)E{Zé{xi} :n >0, xl,...xneX}, (I.2.6)
i=1
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where 0, denotes the Dirac mass at z € X. Our aim is to study the evolution of a population
as an M p(X)-valued, stochastic process (v¢)s0 providing for each time ¢ the population size
as well as the phenotypic trait distribution in the population. This process should take
into account the three basic mechanisms of evolution. Therefore, we introduce the following
biological parameters. For any x,y € X,

b(x) e Ry is the rate of birth of an individual with trait z € X.
d(z) e R, is the rate of natural death of an individual with trait z € X.

c(x,y) e Ry is the competition kernel which models the competitive pressure an individual
with trait x € X’ feels from an individual with trait y € X

m(x) is the probability that a mutation occurs at birth from an individual with trait x € X.

M(xz,dh) is the mutation law of the mutational jump h. If a mutant is born from an
individual with trait z, then the mutant trait is given by x + h, where h is a random
variable with law M (x,dh). The support of this mutation law is a subset of X - x =
{heR':z+heX}.

At any time ¢ > 0, we consider a finite population which consist of NV; individuals and each
individual is characterized by an element of X', its trait. Let us denote these traits by
z1(t),...,zn,(t). (Note that we allow that different individuals carry the same trait, i.e.
we allow that x;(t) = z;(¢) for some i # j.) Then, we define the population state at time ¢ as
the measure

Ny
vy = dez(t) (127)
i=1

In the following, we roughly summarize the population dynamics (cf. [59]). At time t = 0,
we have a (possibly random) initial point measure vy € Mp(X). Each individual with trait
x € X, alive at time ¢, has three independent exponentially distributed "clocks":

(i) a birth without mutation clock with parameter b(z)(1 -m(x)),
(ii) a birth with mutation clock with parameter b(z)m(z) and

(iii) a death clock due to natural death or competition with parameter d(x)+ Zf\zftl c(x,xi(t)).

If the birth without mutation clock of an individual rings, then the individual produces a new
individual and this individual carries the same trait as it parent. If the birth with mutation
clock of an individual (with trait x) rings, then the individual produces a new individual and
the trait of this individual is given by y = x + h, where h is randomly chosen according to the
mutation law M (xz,dh). Finally, if the death clock of an individual rings, then this individual
disappears. Note that the parameter of this clock depends on the current population state.
Whenever one of these events occurs, all clocks are reset.

In other words, we are looking for a homogenous measure-valued Markov process ()0
with infinitesimal generator, ., defined for any bounded measurable function f from Mp(X)
to R and for all pe Mp(X) by

25w = [ (G 60) = 1) (L= m(@)) b(a)u(da) (1.2.8)
o [ J 0 (a 8an) = £) m(@)b() M (e, dh) p(de)
o [ =8 = 1) (@) + [ o)) atda).
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The first and the second (linear) terms describe birth with and without mutations, whereas
the third (non-linear) term describes death due to age or competition. The selection process
is driven by the density-dependent non-linearity of the third term modeling the competition
in the population.

The following assumption allows to deduce the existence and uniqueness in law of a process
on D(R,, Mp(&X)) with infinitesimal generator .Z, see [59], where D(R;, Mp(X)) denotes
the space of cadlag functions from R, to Mp(X'), endowed with the Skorokhod topology.

Assumption 1. _(i) b, d, and c are measurable functions, and there exist b, d, ¢ < oo such
that  b(.)<b, d(.)<d, and c¢(.,.)<ec
(ii) Either: There exists a constant C' > 0 and a probability density M on R! such that for
allze X, M(xz,dh)=M(xz,h)dh  with M(x,h) <CM(h).

Or: The support of the probability measure M (x,dh) is finite for all z € X.

In fact, in [59] Méléard and Fournier give an explicit pathwise description of the population
process, (4)ts0, in terms of Poisson measures. We recall this pathwise description in Sections
L5 and [[TT.4.1] of this thesis adapted to the models we are studying there. Though we
introduced this process to be able to study the case where the traits of the individuals belong
to a continuum, this definition is also valid if X is a discrete set.

1.2.3 Examples and Simulations

We start with a simple example, where X is finite. So, let X = {x1, 22, z3}. Then, we consider
an example with the following parameters

b(ljl) = 8’ b(x2) = 9, b(iEg) = 107 (129)
d(z;) =1, c(zj,z;)=1, and m(z;)=0.15 forall 1<i,j<3. (1.2.10)

Furthermore, we have a next neighbor mutation law i.e.
M(z1,x9-21) =1, M(z2,x1-22) = 0.5, M(z2,x3—-22) = 0.5, and M (x3,x9—2x3) =1. (1.2.11)

Figure [[.4] shows three realizations of the process. We use in the following the shorthand
notation v(x) instead of v({z}), for z e X.

All simulations shown in this thesis are performed with a Gillespie algorithm implemented
by Boris Prochnau. Let us first explain in words how this particular example can be simu-
lated. Afterwards we give a more general pseudocode of the algorithm. It is mainly based on
elementary properties of Poisson point processes.

At time ¢ = 0, we have a given initial population: vy = 6, + 0z, € Mp(X). Let 71 be
the first jump time of the process. Since the minimum of finitely many exponential random
variables is exponential distributed with the sum of the single parameters, 71 is exponential
distributed with parameter

TotalRate= > wvo(x) (b(x) +d(z)+ Y. w(y)e(z, y)) (I1.2.12)
zeSupp(vo) yeSupp(vo)
Thus, 71 is sampled according to £xp(138) in Figure Let 2* € Supp(vy) be the trait
of the individual which causes the jump, then we can sample z* according to the following
probability measure
Vo(l') [b(l‘) + d(fL‘) + ZyESupp(uo) C(l‘,y)l/o(y)]

Plz* =z] = f S 1.2.13
[z = =] TotalRate ’ or @ € Supp(vo) ( )
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Figure 1.4: Simulations of the process v with vy = 60, + 2d,,. The biological parameters are given
above. In A and C the mutant trait x3 dies directly after it has appeared, whereas it starts growing
in B. Furthermore, in C the whole population is extinct after a relatively short time.

Hence, P[z* = z1] = 102/138 and P[z* = 23] = 36/138 in the example. Let E be the event
that the individual with trait z* causes at time 71, then we can sample E according to

b(z*)(1 -~ m(z"))

P[E = Birth without mutation] = ,  (1.2.14)
b(.fl?*) + d(x*) + Zyésupp(l/o) c(x*, y)VO(y)
P[E = Birth with mutation] - - bla”)m(a") - , (1.2.15)
b(SL‘ ) + d(x ) + ZyeSupp(uo) C(l’ ’y)VO(y)
d(x™) + X esupp(vn) (T y)u
P[E = Death] = (27) *+ 2 yesupniun) 427 y)00ly) (1.2.16)

b(.%’*) + d(.%’*) + ZyeSupp(uo) C(x*7 y)VO(y) ‘

If £ = Birth without mutation, then v, = vy + d;+. If E = Birth with mutation, then
Uy, = 1y + Ogr+h, Where h is sampled according to M(z*,.), and finally if £ = Death, then
vy, =1y — 0,+. Now we can iterate, using v,, instead of vyg.

In Algorithm [T} we give the pseudocode that is the basis for all simulations we have shown
in this introduction. (The algorithm for the stochastic model of cancer immunotherapy is
an extension of this one and given in the appendix of Chapter m) Below, we use the fol-
lowing notation: let D be some discrete set and X a D-valued random variable, then X is
sampled according to the weights {w(%),7 € D}, which means that P(X =4) = w(i)/ X;ep w(7).
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Algorithm 1: Pseudo-code of the Gillespie algorithm used for generating the figures.

Data: Initial conditions: vg € Mp(X), Iterations: Nrierations, Biological Parameters
T0<—O, vr, < o, k<0
while k& < NIterations do

for x € Supp(vr,) do
L B(x) « vr, (2)b(x),
D(z) < d(@) + X yesupp(vr, ) (@, y)vr. (v)
TotalEventRate < 3 csupp(ur, ) B(z) + D(z),
Sample ¢ ~ Exp(TotalEventRate),
Thp1 < T + t,
Sample z* € X according to the weights {B(x) + D(x), « € Supp(vr, )},
Sample E € {Birth, Mutation, Death} according to {B(«*)(1-m(z*)),B(z*)m(z*),D(z*)}
case E = Birth
L VT, < VT, + Og+
case E = Mutation
L Sample h according to M (z*,dh),
UTypy < VTy, + Ozxih
case F = Death
L Uy, < VT, — Og»

| k< k+1,

Note that this algorithm is only reasonable if the population consists of many individuals
of the same type. In this thesis we are only interested in this case since we study the limit of
rare mutational events. To describe the dispersion of a plant population or, more general, to
describe spatial patterns in biological populations, which was the intention in [I5] and [43], it
is maybe more convenient to use the algorithm provided in [59].

In [30], Champagnat and Méléard give an example with simulations where X is not dis-
crete. The parameters of their example are adapted from a classical model of competition for
resources (cf. references of [30]):

2 ~(z-y)*\ 1
X =[-2,2], d(x)=0, m(z)=0.1, b(z) =exp (2—2), c(z,y) = exp(—2) K™,
o 20

and M (x,dh) is the law of a normal distributed random variable Y with mean 0 and variance
o conditioned on x +Y € X. Numerical simulations are provided for K = 1000, ¢ = 0.01,
op=0.9, 0. =1 and K =1000, o =0.01, 03, = 0.9, 0. = 0.7. In both simulations the following
is observed: In a first phase, the population trait support, Supp(v;), is concentrated around
a single trait value that converges to zero. (The reason for this is that the growth rate is
maximal at x = 0.) In a second phase, there are two contrary selective pressures: mutant
traits close to zero have high birth rates but mutant traits far from the rest of the population
compete less. If o, is small enough, the decrease in competitive pressure compensates the
loss of reproductive efficiency and allows the appearance of new branches. Therefore, in the
simulation with o, = 0.7 < 03 = 0.9, see Figure B, an evolutionary branching is observed
(the population splits into two subpopulations of different dominant types going their separate
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ways), but in the simulation with o, =1 > 03 = 0.9 not, see Figure A. Figure is taken
from [30] (cf. [30] Fig. 1).

A 0 5000 10000 0 5000 10000

B

Figure 1.5: Numerical simulations taken from Champagnat and Méléard, Fig. 1 of [30]. In A, where
K =1000, ¢ =0.01, 0 = 0.9, and o. = 1, there is no evolutionary branching. In B, where K = 1000,
o =0.01, o, = 0.9, and o, = 0.7, there is an evolutionary branching: the population splits into two
subpopulations of different dominant types going their separate ways.

1.3 The main results and outline of this thesis

This thesis is divided into two parts, which are the content of Chapters [T and [[TI] The topics
are related, however, the chapters can be read independent from each other. In the first part,
we study the long-term behavior of the stochastic individual-based model, defined in Section
[:2.2] in the limit of large population size combined with rare mutations and small mutational
effects, proving convergence to the canonical equation of adaptive dynamics (CEAD). This
part will appear in Annals of Applied Probability as joint work with Anton Bovier and Nicolas
Champagnat [8]. At the moment, it is available on www.imstat.org/aap/future papers.html

M. Baar, A Bovier, and N. Champagnat. From stochastic, individual-
based models to the canonical equation of adaptive dynamics - In one
step. Preprint (arXiv:1505.02421, 2015), to appear in Ann. Appl.
Probab., 2016.

Chapter [[]] contains this preprint, only some minor changes have been made and the layout
has been adapted to the layout of this thesis.
For studying the three limits, large population size, rare mutations, and small mutational

effects, we have to include the following scaling parameters in the individual-based model
defined in Section [2.2

K is the carry capacity of the system meaning that the competition kernel and the point
measure describing the population state are rescaled by K, i.e. we use K~ 'c(x, ) instead

of ¢(z,y) and V¥ = %V instead of v.

ug is the scaling parameter for the mutation probability, i.e. we use ugm(z) instead of
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ok isthe scaling parameter for the mutation size, i.e. a mutant’s trait y is given by z+oxh
instead of x + h, where x is the parent’s trait and h ~ M (xz,dh).

Note that the carrying capacity K only gives the magnitude of the population size, i.e. the
actual population size changes over time, but stays of order K (cf. Section [[.2.1)).

In the main result of Chapter [[I, Theorem we identify a time scale on which the
sequence of measure-valued Markov processes v, describing the evolution of the population,
converges in law to the CEAD if the three limits are taken simultaneously, i.e. ux and o will
tend to zero as K — oo. On this time scale, the evolution of populations with monomorphic
initial condition (meaning that all individuals have identically phenotypic traits) can be de-
scribed as a succession of mutant invasions. More precisely, we use conditions on the scaling
parameters that imply a separation of ecological and evolutionary time in the sense that if a
mutation occurs, either the individuals with this mutant trait die out or the mutant popula-
tion invades the resident population and converges to its ecological equilibrium, replacing the
resident population entirely, before a new invading (successful) mutant appears. However, we
allow non-invading (unsuccessful) mutation events during this time to avoid too restrictive
assumptions. On a longer time scale, the single invasion steps accumulate and give rise to a
macroscopic evolution of the population state, which can be described in terms of the CEAD.
In other words, the population stays essentially monomorphic with a trait evolving in time
according to this ordinary differential equation. The combination of the three simultaneous
limits entails some considerable technical difficulties. The fact that the mutants only have a
K-dependent small evolutionary advantage implies that the time of any macroscopic change
in population diverges with K and makes it impossible to use a law of large numbers as in
[25] to approximate the stochastic system with the corresponding deterministic system dur-
ing the time of invasion. Showing that the stochastic system still follows the corresponding
competition Lotka-Volterra system (with K-dependent coefficients) in an appropriate sense,
requires a completely new approach. Developing this approach is the main novelty of the
present thesis. The proof requires methods based on couplings with discrete time Markov
chains, combined with some standard potential theoretic arguments for the exit from a do-
main problem in a moderate deviations regime, as well as comparison and convergence results
of branching processes.

To be a bit more precise, we use the following conditions on the scaling parameters. There
exists a small a > 0 such that

K P« oy « 1 and (I.3.1)
1+
exp(-K%) < ug < IK ,  as K — oo, (1.3.2)
KInK

where f(K) < g(K) means that f(K)/g(K) converges to zero as K — oco. The time scale,
on which we control the population process, is t/(Ku KO’%() and can be explained as follows.
The expected time for a mutation event to happen is of order (Kug)™!, the probability that
a mutant invades is of order o, and an order of 0;(1 mutant invasions is necessary to observe
a macroscopic change in the trait value of the essentially monomorphic population in the
limit. Furthermore, the conditions on the scaling parameters can be explained as follows.
First, we can prove that the duration of one invasion phase is of order af(l In(K'). Therefore,
the condition uyx « oi*/(KInK) allows mutation events during some invasion phases but
ensures that there are never two invading (successful) mutational events during such a phase
and thus guarantees the separation of the ecological and evolutionary time scale. Second,

the random fluctuations of the population process are of order K2, therefore the condition
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K" « oy ensures that the sign of a mutant’s fitness (evolutionary advantage) is not
influenced by the fluctuations of the population size. Finally, we prove that exp(K®) is the
time the population stays within an O(eog )-neighborhood of an attractive domain with high
probability. This is a moderate deviation result. Therefore, the condition exp(—K®) < ug
ensures that the population is still in this neighborhood when a mutation occurs.

In the third chapter of the thesis we expand the stochastic individual-based models used
in adaptive dynamics in order to describe cancer immunotherapy and to study the interplay
between phenotypic plasticity modeled by fast phenotypic switches and rare genotypic muta-
tions on a long evolutionary time scale. Some parts of this chapter have been published in
Scientific Reports as the following joint work with Loren Coquille, Hannah Mayer, Michael
Holzel, Meri Rogava, Thomas Tiiting, and Anton Bovier.

M. Baar, L. Coquille, H. Mayer, M. Hoélzel, M. Rogava, T. Tiiting, and
A. Bovier. A stochastic model for immunotherapy of cancer. Scientific
Reports, 6: 24169, 2016.

On the arXiv webpage, there is also a more detailed preprint of this publication available
(cf. arXiv:1505.00452, 2015). This arXiv version provides a basis for the third chapter of this
thesis. Sections [[T1.1], [[T1.3] [[T1.4.3], and [[TL.5] are taken from this preprint, only some minor
changes have been done. Section [[II.2 is rewritten such that the notations fit better to the
rest of this thesis and to be able to focus on more theoretical aspects in Section Section
[IT.4] contains the main mathematical work. In the publication as well as in the preprint,
we give some heuristic arguments why we should obtain a generalization of the polymorphic
evolution sequence in the new setup, whereas in Section [[TI.4] of this thesis we give the proper
convergence result (cf. Thm. ) and a rigorous proof. Sections 3.2 and 3.3 of the preprint
are not used in this thesis. All figures and simulations in Chapter [[I]] are either new or redone
with new sets of parameters, except for the figures in Section [[I[.4.3] All simulations are
based on a Gillespie algorithm implemented by Boris Prochnau.

The publication was initiated by a request from the medical scientists Holzel and Tiiting,
asking whether it might be possible to describe cancer immunotherapy with mathematical
models. They emphasized the importance of developing a theoretical framework that incor-
porates and thus may explain the different aspects of therapy resistance [76]. The primary
motivation was that such a model should be able to reproduce the key phenomena of the
experiments reported in Landsberg et al. [92]. In these experiments tumors (melanoma) re-
sist immunotherapy through an inflammation-induced reversible dedifferentiation, i.e. through
phenotypic plasticity. The identification of the most relevant underlying mechanisms lead-
ing to resistance of immunotherapy and the incorporation of them in a mathematical model,
which on the one hand is able to describe the experiments but stays on the other hand simple
enough to make numerical computations and theoretical understanding of the key phenomena
feasible, was the starting point and an important part of this work. As already mentioned in
Section there are several reasons for using an expansion of the stochastic individual-based
model defined in Section [.2.2] to model cancer immunotherapy. For example, these type of
models allow to describe several ecological situations and do not have a fixed population size
as for example Wright-Fisher models. This is important since tumor development is environ-
ment depending and the size of the tumor varies over time, especially during therapy. The
model we study in Chapter [[TI] is defined in Section [[IT.2] The main expansions are:

(i) Three different classes of actors are included: T-cells, cytokines, and cancer cells.

(ii) For cancer cells, two types of transitions are allowed: genotypic mutations and pheno-
typic switches.
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(iii) Phenotypic changes can be affected by the microenvironment which is not modeled
deterministically but as particles undergoing the random dynamics as well.

(iv) For modeling the therapy effect, a predator-prey mechanism (between cancer cells and
immune cells) is included.

To our knowledge it is a novel feature of our models to describe the coevolution of immune
and tumor cells taking into account both, interactions and phenotypic plasticity. It is well
known that in the limit of large cell populations, these models are approximated by deter-
ministic kinetic rate models (cf. Theorem , which are widely used in the modeling of
cell populations. However, these approximations are inaccurate if the numbers of individuals
in some sub-populations become small. In Section we give an example describing the
experiments of [92] qualitatively. We explain why random fluctuation might be the reason
for the different outcomes in the experiments. Note that it can be shown that the models are
capable to reproduce the experimental data quantitatively, with biological reasonable param-
eters. Furthermore, the model can be used as a tool to assist the development of improved
treatment protocols, for example to study the scenario with two types of T-cells. However,
this is not part of this thesis, for details see either the publication or [97]. This thesis fo-
cuses more on the new theoretical aspects which arise by incorporating phenotypic plasticity
in the standard model. More precisely, in Section [[IT.4] we analyze the interplay between
the fast phenotypical changes by switching and the slow genotypical changes by mutation.
Without phenotypic plasticity and under conditions which separate the ecological and the
evolutionary effects, the evolution of the system can be described by a succession of mutant
invasions. This was studied mathematically rigorous by Champagnat and Méléard in [25] [30].
The main assumptions leading to this separation are that the population size is large and
that mutational events are rare. Thus, a natural question is whether this is still true if we
incorporate phenotypic plasticity in the model. Conditions such that this approximation is
correct are given in Section [[T[4] in the sense that the individual-based process, which in-
cludes phenotypic plasticity, converges in the simultaneous limits of a large population size
(K — o0) and rare mutational events (ux — 0) to a Markov jump process. More precisely, we
prove by expanding the techniques of [25] that the microscopic process converges in this limit
on the evolutionary time scale to a generalization of the polymorphic evolution sequences (cf.
Theorem . The main difference in the proof is that we have to couple the process with
multi-type branching processes instead of normal branching processes, which also leads to a
different definition of invasion fitness in this setting. Furthermore, we discuss the interplay of
mutation and therapy.



25

Chapter 11

From stochastic, individual-based
models to the canonical equation of
adaptive dynamics - In one step.

The following chapter is already published online on the webpage of Annals of Applied Proba-
bility (www.imstat.org/aap/future papers.html) and will appear in this journal as joint work
with Anton Bovier and Nicolas Champagnat [§].

We consider a model for Darwinian evolution in an asexual population with a large but
non-constant populations size characterized by a natural birth rate, a logistic death rate
modeling competition and a probability of mutation at each birth event. In the present paper,
we study the long-term behavior of the system in the limit of large population (K — oo)
size, rare mutations (u — 0), and small mutational effects (¢ — 0), proving convergence
to the canonical equation of adaptive dynamics (CEAD). In contrast to earlier works, e.g.
by Champagnat and Méléard, we take the three limits simultaneously, i.e., u = ux and
0 =0k, tend to zero with K, subject to conditions that ensure that the time scale of birth
and death events remains separated from that of successful mutational events. This slows
down the dynamics of the microscopic system and leads to serious technical difficulties that
require the use of completely different methods. In particular, we cannot use the law of
large numbers on the diverging time needed for fixation to approximate the stochastic system
with the corresponding deterministic one. To solve this problem we develop a "stochastic
Euler scheme" based on coupling arguments that allows to control the time evolution of the
stochastic system over time scales that diverge with K.

I1.1 Introduction

In this paper we study a microscopic model for evolution in a population characterized by a
birth rate with a probability of mutation at each event and a logistic death rate, which has
been studied in many works before [25] 27, 28] 30, 59]. More precisely, it is a model for an
asexual population in which each individual’s ability to survive and to reproduce is a function
of a one-dimensional phenotypic trait, such as body size, the age at maturity, or the rate of
food intake. The evolution acts on the trait distribution and is the consequence of three basic
mechanisms: heredity, mutation and selection. Heredity passes the traits trough generations,
mutation drives the variation of the trait values in the population, and selection acts on
individuals with different traits and is a consequence of competition between the individuals
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for limited resources or area.

The model is a generic stochastic individual-based model and belongs to the models of
adaptive dynamics. In general, adaptive dynamics models aim to study the interplay between
ecology (viewed as driving selection) and evolution, more precisely, the interplay between the
three basic mechanisms mentioned above. It tries to develop general tools to study the long
time evolution of a wide variety of ecological scenarios [42, 40, [104]. These tools are based
on the assumption of separation of ecological and evolutionary time scales and on the notion
of invasion fitness [102, [103]. While the biological theory of adaptive dynamics is based on
partly heuristic derivations, various aspects of the theory have been derived rigorously over
the last years in the context of stochastic individual-based models [25], 27, 28] [30] [64], [74]. All
of them concern the limit when the population size, K, tends to infinity. They either study the
separation of ecological and evolutionary time scales based on a limit of rare mutations, u — 0,
combined with a limit of large population [25, [30], the limit of small mutation effects, o — 0,
[27, 130, [64], the stationary behavior of the system [74], or the links between individual-based
and infinite-population models [28]. An important concept in the theory of adaptive dynamics
is the canonical equation of adaptive dynamics (CEAD), introduced by U. Dieckmann and R.
Law [42]. This is an ODE that describes the evolution in time of the expected trait value in
a monomorphic population. The heuristics leading to the CEAD are based on the biological
assumptions of large population and rare mutations with small effects and the assumption that
no two different traits can coexist. (Note that we write sometimes mutation steps instead of
effects.) There are mathematically rigorous papers that show that the limit of large population
combined with rare mutations leads to a jump process, the Trait Substitution Sequence, [25],
and that this jump process converges, in the limit of small mutation steps, to the CEAD,
[30]. Since these two limits are applied separately and on different time scales, they give no
clue about how the biological parameters (population size K, probability of mutations v and
size of mutation steps o) should compare to ensure that the CEAD approximation of the
individual-based model is correct.

The purpose of the present paper is to analyze the situation when the limits of large
population size, K — oo, rare mutations, ux — 0, and small mutation steps, ox — 0, are
taken simultaneously. We consider populations with monomorphic initial condition, meaning
that at time zero the population consists only of individuals with the same trait. Then we
identify a time scale where evolution can be described as a succession of mutant invasions.
To prove convergence to the CEAD, we show that, if a mutation occurs, then the individuals
with this mutant trait can either die out or invade the resident population on this time scale.
Here invasion means that the mutant trait supersedes the resident trait, i.e., the individuals
with the resident trait become extinct after some time. This implies that the population
stays essentially monomorphic with a trait that evolves in time. We will impose conditions
on the mutation rates that imply a separation of ecological and evolutionary time scales, in
the sense that an invading mutant population converges to its ecological equilibrium before
a new invading (successful) mutant appears. In order to avoid too restrictive hypothesis on
the mutation rates, we do, however, allow non-invading (unsuccessful) mutation events during
this time, in contrast to all earlier works.

We will see that the combination of the three limits simultaneously, entails some con-
siderable technical difficulties. The fact that the mutants have only a K-dependent small
evolutionary advantage decelerates the dynamics of the microscopic process such that the
time of any macroscopic change between resident and mutant diverges with K. This makes it
impossible to use a law of large numbers as in [25] to approximate the stochastic system with
the corresponding deterministic system during the time of invasion. Showing that the stochas-
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tic system still follows in an appropriate sense the corresponding competition Lotka-Volterra
system (with K-dependent coefficients) requires a completely new approach. Developing this
approach, which can be seen as a rigorous "stochastic Euler-scheme", is the main novelty of
the present paper. The proof requires methods, based on couplings with discrete time Markov
chains combined with some standard potential theory arguments for the "exit from a domain
problem" in a moderate deviations regime, as well as comparison and convergence results of
branching processes. Note that since the result of [25] is already different from classical time
scales separations results (cf. [61]), our result differs from them a fortiori. Thus, our result can
be seen as a rigorous justification of the biologically motivated, heuristic assumptions which
lead to CEAD.

The remainder of this paper is organized as follows. In Section [[I.2] and [[I.3] we introduce
the model and give an overview on previous related results. In Section we state our results
and give a detailed outline of the proof. Full details of the proof are presented in the Section
[[T.6] [IT.7] and [IT.8] In the appendix we state and prove several elementary facts that are used
throughout the proof.

I1.2 The individual-based model

In this section we introduce the model we analyze. We consider a population of a single asexual
species that is composed of a finite number of individuals, each of them characterized by a
one-dimensional phenotypic trait. The microscopic model is an individual-based model with
non-linear density-dependence, which has already been studied in ecological or evolutionary
contexts by many authors |28 25, 30, 59]. The trait space X is assumed to be a compact
interval of R. We introduce the following biological parameters:

(i) b(x) € Ry is the rate of birth of an individual with trait = € X.

(i1) d(z) € Ry is the rate of natural death of an individual with trait x € X.
(iii) K €N is a parameter which scales the population size.
)

(iv) c(z,y)K ! e R, is the competition kernel which models the competitive pressure felt by
an individual with trait x € X from an individual with trait y € X

(v) ugm(x) with ug, m(z) € [0,1] is the probability that a mutation occurs at birth from
an individual with trait = € X', where ug € [0, 1] is a scaling parameter.

(vi) M (z,dh) is the mutation law of the mutational jump h. If the mutant is born from an
individual with trait =, then the mutant trait is given by x+oxh € X, where o € [0,1] is
a parameter scaling the size of mutation and & is a random variable with law M (z, dh).
We restrict for simplicity the setting to mutation measures with support included in Z.

The three scaling parameters of the model are the population size, controlled by the scaling
parameter K, the mutation probability, controlled by the scaling parameter ug, the mutation
size, controlled by the scaling parameter o . The novelty of our approach is that we consider
the case where all these parameters tend to their limit jointly, more precisely that both ux and
ox are functions of K and tend to zero as K tends to infinity (subject to certain constraints).

At any time t we consider a finite number, Ny, of individuals, each of them having a trait
value x;(t) € X. It is convenient to represent the population state at time ¢ by the rescaled
point measure, v, which depends on K, ux and og

k_ 1&
Vt = E Z 51,1(15) (1121)
=1
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Let (u, f) denote the integral of a measurable function f with respect to the measure p. Then
(v, 1) = N;K~! and for any = € X, the positive number (v, 1;,y) is called the density of
trait x at time t. With this notation, an individual with trait x in the population z/tK dies due
to age or competition with rate

d(x)+/;( o(z,y)vE (dy). (I1.2.2)

Let M(X) denote the set of finite nonnegative measures on X, equipped with the weak
topology, and define

MK(X) = {%;5% :n20, 21,...,2p GX}. (1I1.2.3)

Similar as in [59], we obtain that the population process, (v )0, is a M (X)-valued Markov
process with infinitesimal generator, 2%, defined for any bounded measurable function f from
ME(X) to R and for all u € ME(X) by

255y - [ (f(uK ) f(uK))(l e () )o() K () (112.4)
+L/Z(f(uf<+%T”W)—f(uK))uKm(x)b(x) M (x,dh) K X (dz)
; /X(f(/ﬂf ) f(uK))(d(ﬂf) o [ el () Kp"(d).

The first and second terms are linear (in p) and describe the births (without and with
mutation), but the third term is non-linear and describes the deaths due to age or competi-
tion. The density-dependent non-linearity of the third term models the competition in the
population, and hence drives the selection process.

Assumption 2. We will use the following assumptions on the parameters of the model:

(i) b, d and ¢ are measurable functions, and there exist b, d,¢ < oo such that
b(.\)<b, d(.)<d and ¢(.,.)<c

(ii) For all z € X, b(x) —d(z) >0, and there exists ¢ > 0 such that ¢ < ¢(z, z).

(iii) The support of M (z, .) is a subset of Zn X -z and uniformly bounded for all z € X.
This means that there exists A € N such that

M(z,dh) = Z‘,?}Apk(x)ék(dh), where Zﬁz_Apk(x) =1 for any z € X.
(iv) b,d,m e C*(X,R) and ce C*(X% R) .

Assumptions (i) and (iii) allow to deduce the existence and uniqueness in law of a process
on D(R,, M&(X)) with infinitesimal generator £ (cf. [59]). Note that Assumption (iii)
differs from the assumptions in [59] because we restrict the setting to mutation measures with
support included in Z and that it ensures that a mutant trait remains in X'. Assumption (ii)
prevents the population from exploding or becoming extinct too fast. Since X is compact,
Assumption (iv) ensures that the derivatives of the functions b,c¢,d and m are uniformly
Lipschitz-continuous.

Before we state the main result of the paper, Theorem in Section [[T.4] it will be
helpful to recall some earlier results for this class of models and to fix some more notation.
These results serve as a guideline to what behavior one should expect, even though on a
technical level proofs have to be changed completely.
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II.3 Some notation and previous results

We start with a theorem due to N. Fournier and S. Méléard [59] which describes the behavior
of the population process, for fixed v and o, when K — oo.

Theorem II.3.1 (Theorem 5.3 in [59]). Fiz u and o. Let Assumption[d hold and assume in
addition that the initial conditions l/é( converge for K — oo in law and for the weak topology
on M(X) to some deterministic finite measure & € M(X) and that sup E[{(85,1)3] < co.

Then for all T > 0, the sequence v, generated by L%, converges for K — oo in law, in
D([0,T], M(X)), to a deterministic continuous function £€C([0,T], M(X)). This measure-
valued function & is the unique solution, satisfying Supte[gyT](ft, 1)< oo, of the integro-differ-
ential equation written in its weak form: for all bounded and measurable functions, f: X - R,

/th(d:z)f(a:):/;(&)(dx)f(x)+/(;tds/;(§s(dx)um(x)b(x)fZM(x,dh)f(:chah) (I1.3.1)
« [Mas [ etdn) @) (-um(@) o) -d@)- [ &lae.y)

Without mutation one obtains convergence to the competitive system of Lotka-Volterra
equations defined below (see [59]).

Corollary I1.3.2 (The special case u = 0 and & is n-morphic). If the same assumptions as
in the theorem above with w =0 hold and if in addition & = Y11 2;(0)d,, then & is given by
& =20 zi(t)dg,, where z; is the solution of the competitive system of Lotka-Volterra equations
defined below.

Definition I1.3.3. For any (z1,...,2,) € X", we denote by LV (n, (x1,...,x,)) the competitive
system of Lotka-Volterra equations defined by

dzt) _ Zi(bm) (@) - Y c(xz-,xjm), L<i<n. (11.3.2)
dt j=1

Next, we introduce the notation of coexisting traits and of invasion fitness (see [30]).

Definition I1.3.4. We say that the distinct traits x and y coexist if the system LV (2, (x,y))
admits a unique non-trivial equilibrium, named z(z,y) € (0,00)?, which is locally strictly
stable in the sense that the eigenvalues of the Jacobian matrix of the system LV (2, (z,y)) at
Z(z,y) are all strictly negative.

The invasion of a single mutant trait in a monomorphic population which is close to its
equilibrium is governed by its initial growth rate. Therefore, it is convenient to define the
fitness of a mutant trait by its initial growth rate.

Definition II.3.5. If the resident population has the trait € X', then we call the following
function invasion fitness of the mutant trait y

f(y,x) =b(y) - d(y) - c(y, v)z(x). (I1.3.3)

b(z)-d(x)

c(z,x)

Remark 1. The unique strictly stable equilibrium of LV (1,x) is z(z) =
flz,x) =0 for all z € X.

, and hence

Coexistence and invasion fitness are closely related (cf. [79]).
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Proposition 11.3.6. There is coexistence in the system LV (2,(x,y)) if and only if

flz,y) =b(x) —d(x) —c(z,y)Z(y) >0 and f(y,x)=b(y) —d(y) —c(y,z)z(z) > 0. (11.3.4)

The following convergence result from [25] describes the limit behavior of the popula-
tions process, for fixed o, when K — oo and ux — 0. More precisely, it says that the rescaled
individual-based process converges in the sense of finite dimensional distributions to the "trait
substitution sequence" (TSS), if one assumes in addition to Assumption [2| the following "In-
vasion implies fixation" condition.

Assumption 3. Given any x € X, Lebesgue almost any y € X satisfies one of the following
conditions: (i) f(y,z)<0 or (ii) f(y,x)>0 and f(z,y)<0.

Note that by Proposition this means that either a mutant cannot invade, or it
cannot coexist with the resident.

Theorem I1.3.7 (Corollary 1 in [25]). Let Assumption[d and[5 hold. Fiz o and assume that

YV >0, exp(-VK) Kug < as K — oo. (I1.3.5)

1
KIn(K)
Fiz also x € X and let (NE) g1 be a sequence of N-valued random variables such that (NI /K)

converges for K — oo in law to zZ(x) and is bounded in L" for some p > 1. Consider the
processes v generated by LK with monomorphic initial state (N({{/K)é{x}.

Then the sequence of the rescaled processes v

{ Kug COUETges in the sense of finite dimensional
distributions to the measure-valued process

Z(X1)dx,, (I1.3.6)
where the X -valued Markov jump process X has initial state Xo = x and infinitesimal generator

[f(x+oh,z)]:
WM(m,dh). (I1.3.7)

Ag(x) = fZ (¢(z +oh) - d(z)) m(x)b(z)z(z)
Here we write f(K) « g(K) if f(K)/g(K) - 0 when K — co. Note that, for any s < t,
the convergence does not hold in law for the Skorokhod topology on D([s,t], M(X)), for
any topology M(X) such that the total mass function v — (v, 1) is continuous, because the
total mass of the limit process is a discontinuous function. The main part of the proof of
this theorem is the study of the invasion of a mutant trait y that has just appeared in a
monomorphic population with trait x. The invasion can be divided into three steps. Firstly,
as long as the mutant population size <I/tK , ]l{y}) is smaller than some € > 0 (independent of
K), the resident population size (v, 1;,y) stays close to Z(z). Therefore, (v, 1;,y) can be
approximated by a branching process with birth rate b(y) and death rate d(y) + ¢(y, z)z(x)
until it goes extinct or reaches e. Secondly, once (vf ,]l{y}) has reached ¢, for large K,
vE is close to the solution of LV (2,(z,y)) with initial state (Z(x),¢), which reaches the e-
neighborhood of (0,Z(y)) in finite time. This is a consequence of Corollary Finally,
once (/< 1y,y) is close to z(y) and (v, 1,y) is small, (v, 1(,) can be approximated by
a subcritical process, which becomes extinct a.s. . The time of the first and third step are
proportional to In(K), whereas the time of the second step is bounded. Thus, the second
inequality in (II.3.5) guarantees that, with high probability, the three steps of invasion are
completed before a new mutation occurs.
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Without Assumption it is possible to construct the "polymorphic evolution sequence" (PES)
under additional assumptions on the n-morphic logistic system. This is done in [30]. Finally,
in [30], the convergence of the TSS with small mutation steps scaled by o to the "canonical
equation of adaptive dynamics" (CEAD) is proved. We indicate the dependence of the TSS
of the previous Theorem on ¢ with the notation (X )so.

Theorem I1.3.8 (Remark 4.2 in [30]). If Assumption[d is satisfied and the family of initial
states of the rescaled T'SS, X, is bounded in L2 and converges to a random variable Xo, as
o — 0, then, for each T > 0, the rescaled TSS Xt”/(72 converges, as o — 0, in the Skorokhod
topology on D([0,T],X) to the process (x¢)ir with initial state Xo and with deterministic
sample path, which is the unique solution of an ordinary differential equation, known as CEAD:

dx

=t fzh[h m(0) 2(x) O f (e, 20)]s M (0, dB), (I1.3.8)
where 01 f denotes the partial derivative of the function f(x,y) with respect to the first variable
x.

Remark 2. If M(x,-) is a symmetric measure on Z for all x € X', then the equation (II.3.8))
has the classical form, c.f. [42],

da

it % fz h? (o) () O1f (i, ) M (21, dh), (IL.3.9)

Note that this result does not imply that, applying to the individual-based model first the
limits (K, ug) = (00,0) and afterwards the limit o — 0 yields its convergence to the CEAD.
One problem of theses two successive limits is, for example, that the first convergence holds on
a finite time interval, the second requires to look at the Trait Substitution Sequence on a time
interval which diverges. Moreover, as already mentioned these two limits give no clue about
how K, u and ¢ should be compared to ensure that the CEAD approximation is correct.

I1.4 The main result

In this section, we present the main result of this paper, namely the convergence to the
canonical equation of adaptive dynamics in one step. The time scale on which we control the
population process is t/ (a%(uKK ) and corresponds to the combination of the two time scales
of Theorems[[T.3.7]and [[T.3.8] Since we combine the limits we have to modify the assumptions
to obtain the convergence. We use in this section the notations and definitions introduced in

Section [L3l
Assumption 4. For all ze X, 01f(x,z) 0.

Assumption[d]implies that either Vo € X: 9y f(z,2) > 0 or Vo € X:0; f(x, z) < 0. Therefore,
coexistence of two traits is not possible. Without loss of generality we can assume that, Vo € X,
O f(x,x) > 0. In fact, a weaker assumption is sufficient, see Remark [3] (iii).

Theorem I1.4.1. Assume that Assumptions[3 and[]] hold and that there exists a small o> 0
such that

K« oy« 1 and (I1.4.1)

l+a

K
KhnK’

exp(-K%) K ug < K — oo. (I1.4.2)
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Fiz xg € X and let (N()K)Kzo be a sequence of N-valued random wvariables such that N({{K_1
converges in law, as K — oo, to the positive constant Z(xg) and is bounded in 1P, for some
p> 1.

For each K > 0, let I/t be the process generated by LXK with monomorphic initial state
Ng{K_lé{wo}. Then, for all T > 0, the sequence of rescaled processes, ( 1:I/<(KuKaK2))0<t<T’
converges in probability, as K — oo, with respect to the Skorokhod topology on D([0,T], M(X))

to the measure-valued process Z(xt)dz,, where (x¢)o<t<T S given as a solution of the CEAD,
d
xt fh [hm(z) Z(20) O f (2, )]s M (21, dh), (11.4.3)

with initial condition xg.

Remark 3. (i) If 2y € X for t > 0, then 1D is d“ =0, i.e., the process stops.

(ii) We can prove convergence in a stronger topology. Namely, let us equip Mg (X), the vector
space of signed finite Borel-measures on X', with the following Kantorovich-Rubinstein
norm:

I |lo = sup{[v fdpy : f € Lip; (X) with sup|f(z)] < 1}, (I1.4.4)
reX

where Lip; (X) is the space of Lipschitz continuous functions from X to R with Lipschitz
norm one (cf. [I4] p. 191). Then, for all § > 0, we will prove that

hm P [ 0sup “Vt/(KuKaK2) Z(21)0z, [ o > 5] (I1.4.5)
—)00 <

By Proposition [[I.9:] this implies convergence in probability with respect to the Sko-
rokhod topology.

(iii) The main result of the paper actually holds under weaker assumptions. More precisely,
Assumption [4] can be replaced by

ASSUMPTION 4°. The initial state v&* has a.s. (deterministic) support {xg} with zg e X
satisfying 01 f (o, o) # 0.

The reason is that, since x — 0 f(z,x) is continuous, the Assumption 4| is satisfied
locally and since x — 0y f(x,z) is Lipschitz-continuous, the CEAD never reaches an
evolutionary singularity (i.e., a value y € X such that 9, f(y,y) = 0) in finite time. In
particular, for a fixed T' > 0, the CEAD only visits traits in some interval I of X where
o1 f(x,x) # 0. By modifying the parameters of the model out of I in such a way that
O1f(z,x) # 0 everywhere in X', we can apply Thm. to this modified process v and
deduce that vy /x, o2 has support included in I for ¢ € [0, 7] with high probability, and
hence coincides vy, 02, O this time interval.

1+a

(iv) The condition ug << 744 allows mutation events during an invasion phase of a mutant
trait, see below, but ensures that there is no "successful" mutational event during this
phase.

(v) The fluctuations of the resident population are of order K~/?, thus K~'/*® « o ensures
that the sign of the initial growth rate is not influenced by the fluctuations of the popula-
tion size. We will see later that if a mutant trait y appears in a monomorphic population
with trait z, then its initial growth rate is b(y) — d(y) - c(y, ) (v, 1) = f(y,z) +o(oK) =
(y—x)01f(x,2) +0(0ok) since y —x = O(ok).
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(vi) exp(K®) is the time the resident population stays with high probability in an O(eok)-
neighborhood of an attractive domain. This is a moderate deviation result. Thus the
condition exp(—K®) < ug ensures that the resident population is still in this neighbor-
hood when a mutant occurs.

(vii) The time scale is (Kugox?)™! since the expected time for a mutation event is (Kug )™,

the probability that a mutant invades is of order ok and one needs O(oz') mutant
invasions to see an O(1) change of the resident trait value. This is consistent with the
combination of Theorems [L.3.7] and IL.3.8

(viii) Note that the e that we use in the proof of the theorem and in the main idea below
will not depend on K, but it will converge to zero in the end of the proof of Theorem
The constant M introduced below will be fixed all the time. It depends only the
parameters of the model, but not on K and e.

(ix) The conditions on the initial states N& K1 imply that E[(v/,1)P] < oo, uniformly in
K and t, and therefore, since p > 1, the family of random variables {(vX,1)} K3>1,£20 1S
uniformly integrable (cf. [25] Lem. 1).

I1.4.1 The main idea and the structure of the proof of Theorem [I.4.7]

Under the conditions of the theorem, the evolution of the population will be described as a
succession of mutant invasions.

We first control a single invasion step. Namely, we show that there is a time scale that is
long enough for exactly one mutant population to fixate and for the resident trait to die out,
but sufficiently short, such that no two successful mutant populations can exist during this
time. We say the mutant trait fixates in the population. Note that this does not prevent the
appearance of other mutant traits that do not invade. Second, we consider a much longer time
scale on which the single invasion steps aggregate and give rise to a macroscopic evolution
that converges to the CEAD.

Study of a single invasion step: In order to analyze the invasion of a mutant, we divide
the time until a mutant trait has fixated in the population into two phases (compare with

Figure |II.1)).

Phase 1 (Section Here we fix a small € > 0 and prove the existence of a constant,
M < oo, independent of €, such that, as long as all mutant densities are smaller than eog, the
resident density stays in an Meog-neighborhood of Z(z). Note that, because mutations are
rare and the population size is large, the monomorphic initial population has time to stabilize
in an Meog-neighborhood of this equilibrium Z(x) before the first mutation occurs. (The
time of stabilization is of order In(K )0z and the time where the first mutant occurs is of
order 1/Kug).

This allows us to approximate the density of one mutant trait y; by a branching process
with birth rate b(y;) and death rate d(y;) — ¢(y1,2)zZ(z) such that we can compute the
probability that the density of the mutant trait y; reaches eog, which is of order o, as well
as the time it takes to reach this level or to die out. Therefore, the process needs O(oz})
mutation events until there appears a mutant subpopulation which reaches a size eog. Such
a mutant is called successful mutant and its trait will be the next resident trait. (In fact, we
can calculate the distribution of the successful mutant trait only on an event with probability
1 —¢, but we show that on an event of probability 1 —o(ok), this distribution has support
in {z+0ogh:1<h< A}. Therefore, the exact value of the mutant trait is unknown with
probability €, but the difference of the possible values is only of order o)
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We prove in this step also that there are never too many different mutants alive at the
same time. From all this we deduce that the subpopulation of the successful mutant reaches
the density eok, before a different successful mutant appears. Note that we cannot use large
deviation results on our time scale as used in [30] to prove this step. Instead, we use some
standard potential theory and coupling arguments to obtain estimates of moderate deviations
needed to prove that a successful mutant will appear before the resident density exists an
M eo g-neighborhood of its equilibrium.

Phase 2 (Section We prove that if a mutant population with trait ys reaches
the size eog, it will increase to an M eog-neighborhood of its equilibrium density Z(ys).
Simultaneously, the density of the resident trait decreases to eox and finally dies out. Since
the fitness advantage of the mutant trait is only of order ok, the dynamics of the population
process and the corresponding deterministic system are very slow. Even if we would start
at a macroscopic density €, the deterministic system needs a time of order al}l to reach an
e-neighborhood of its equilibrium density.

The law of large numbers, see Theorem or Chap. 11 of [55], allows to control the dis-
tance between the stochastic process and its deterministic limit only on finite, K-independent
time intervals. In the regime considered in [25] and [30], namely o > 0 independent of K,
this suffices to control the stochastic process during this transition phase, since the mutant
population of trait ys; only needs a finite, K-independent time, to grow from size € to the
e-neighborhood of Z(ys). In the regime we consider here, this is no longer possible and a new
technique is needed. The method we develop to handle this situation can be seen as a rigorous
stochastic "Fuler-Scheme" and will be explained in detail in Section Nevertheless, the
proof contains an idea which is strongly connected with the properties of the deterministic
dynamical system. Namely, the deterministic system of equations for the case ox =0 has an
invariant manifold of fixed points with a vector field independent of o pointing towards this
manifold. Turning on a small o, we therefore expect the stochastic system to stay close to
this invariant manyfold and to move along it with speed of order o .

With this method we are able to prove that, in fact, the mutant density reaches the
M eo g-neighborhood of Z(ys) and the resident trait dies out. Note that it is possible that an
unsuccessful mutant is alive at this time. Therefore, we prove that after the resident trait has
died out, there is a time when the population consists only of one trait, namely the one that
had fixed, before the next successful mutant occurs.

Note that Figure is only an artist’s sketch and not a "real" simulation.

Convergence to the CEAD: (Section The proof of convergence to the CEAD uses
comparison of the measure valued process IJtK with two families of control processes, p!¥
and p2¢, which will converge to the CEAD as K — oo and then € - 0. To make more precise
statements, we need the following order relation < for random variables. Roughly speaking,

X <Y will mean that Y is larger than X in law.

Notation. (a) Let X and Y be R-valued random variables on a probability space (€2, F,P).
We write X <Y, if there is a random variable, Y on ), such that Y and Y have the
same distribution, and that for all w e Q, X (w) <Y (w).

(b) For u,ve M(X), we write v < p, if:
0 (n1)<(u1) and
(ii)) sup{zreX:zeSupp(v)}<inf{xreX:xzeSupp(u)}

Note that (i) and (ii) imply that, for all monotone increasing functions f € Lip; (X, [-1,1])
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Figure I1.1: Typical evolution of the population during a mutant invasion.

and for all 0 <t < T,
/;( f(x)dy < fX f(x)dp. (I1.4.6)

This notion of order between measures is not very informative, except for measures which are
close to Dirac masses, where it means that the masses and the supports of the measures are
ordered. This is in particular the case for the measures p'%¢ and p?%€ defined below.

Given T > 0, with the results of the two invasion phases, we will define for all € > 0 two
measure-valued processes, in D([0, 00), M(X)), such that, for all € > 0,

. 1,K,e K 2,K e
I@;P[v t< %wi cop syl < ] =1, (11.4.7)
and, for all € >0 and i € {1,2},
lim P sup H ui’/ﬁ’;u oxc?) = Z(¢)0x, ‘ >d(e) | =0, (I1.4.8)
K=o | 0<t<T/(Kugo) KoK 0

for some function 0 such that 6(e) - 0 when € - 0. This implies and therefore the
theorem.

The control processes, u and p , are constructed as follows. Let HZ»K be the random
time of the i-th invasion phase, i.e., the first time after 9{5 1 such that a mutant density is
larger than eog, and let RZK be the trait of the i-th successful mutant. Knowing the random

variables 9{5 ; and Rilf 1, we are able to approximate GiK and RZ-K . After the (i-1)th invasion
K ) Q.K )1 H-K )2
1 (2

1,Ke 2,K e

phase (of the process v"), we define two random times, and , and two random

variables RZK’l and RiK’2 in X, such that

Koo J - K’LLKO'%(

lim IF’[WSSup {jeN: . } : R < RE < RF? and 07%<0K < 9{“] =1. (11.4.9)

Thus we define p** and ¥ through

p™ = 2loka,  forte[00N, 0000, (I1.4.10)
pp™ = 2l ke, forte[0/7007). (I1.4.11)
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for some appropriate masses ztl and th In fact, ztl will be approximately Z(RZ.K’I) for t €

[Hl.K’l, Hfi’ll), and z? approximately E(RiK’z) for t e [9{(’2, 0;512
QiK’l and 95(,2 are (approximately) exponentially distributed with parameters of order Kuxog,
and that the difference of RX — RE is of order ox. The processes pul%¢ and p>%¢ will be
constructed by slightly modifying the two processes > and pf? in order to make them

Markovian. This will imply by standard arguments from [55] that the processes M;/’iuxaz
K

). We will prove that the times

2K - . . .
and ut/’ Kugco? converge to zZ(x;)d,, when ox — 0, where z; is the solution of the canonical

equation of adaptive dynamics.

We have now prepared the setting to be able to perform the steps of the proof of Theorem
as indicated in the outline given in Section in Sections [[T.6], [[T.7] and [IT.8] Before
this, we need a few more notations and preparatory results that we collect in Section [[T.5
Four technical propositions are delegated to an appendix.

All the remaining sections are devoted to the proof of the Theorem [[T.4.1]

II.5 An augmented process and some elementary properties

In the proof of Theorem we need to construct an augmented process (ﬁK LK ) that
keeps track of part of the history of the population, namely L{( is the number of mutations
that occurred before t. We first describe this process, then define it by a stochastic equation
from which one finds that it is a Markov process with an explicitly given generator.

Let ME(Ngx X) = {% Yt 0eiy 20, 8(1),...,8(n) e Ng x X} denote the set of finite
non-negative point measures on Ny x X rescaled by K. We write £(i) = (£1(),&2(7)), where
¢1(i) € Ng and & (i) € X. The augmented process, (7%, L¥), is a continuous time stochastic
process with state space M (Ng x X) x Ng. The label k of an individual with trait (k, =)
denotes that there were k — 1 mutational events in the population before the trait (k,x)

appeared for the first time in the population. As in [59], we give a pathwise description of
(v¥, LK),

Notation. Let /= £ 37 6 ;) € ME(No x X) and

M ()= K f e, oy (d€) (IL5.1)
N0><X
be the number of individuals holding a mutation of label k. Then we rewrite u as follows,
1 & mk(#K) )
W= =SS gany, where YO (uF) =, (I15.2)
Kig =2 7 i

In fact, the xlf, 7x§nk (uK) will be equal in our situation, because the only variation in the

trait value is driven by mutational events. We need to define three functions. First, H :
2
ME(Ng x X) = (Ng x X)No is defined as

(O,w(})) (0,:1:%) oo (0,2900(,) (01,0) (0,0)
1 Mxy) (1,23) : (1, zpp1,,4) (1,0) ...
H(u™) = (2,2%) (2,:;;%) o (22500,) (251)?03“) (2,0) ...|’ (IL53)

Second, h: ME(Nx X) (X)Ng us given in terms of H by

hij(uK) = the second component of Hz-j(,uK), (I1.5.4)
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ie., if Hy;j(u) = (i,2), then hy; = . Third, H : ME(N x &) = &AN0 is defined as follows: if
n= % i 55(2‘); then
H(p) = (&(0(1)), &(0(2)), ..., &(a(n)), 0, ...), (IL5.5)

where (0 (1)) <...<&(a(n)).

Definition I1.5.1. Let (2, F,P) be an abstract probability space. On this space, we define
the following independent random elements:

(i) an X-valued random variable X (the random initial trait),

ii) a sequence of independent Poisson point measures, (N3 (ds, di, d0))is0, on R, xNxR,
k
with intensity measure ds Y,,500n(di)dz,

iii) a sequence of independent Poisson point measures, (NPT (ds, di, df))is0, on Ry x NxR,
k
with intensity measure ds ¥,,500n(di)dz,

(vi) a Poisson point measures, N™uaton(ds di df, dh), on R, x N x R, x {-A4,..., A} with
intensity measure ds ¥.,,5q 0n(di)dz 23-4:_14 9;(dh).

Moreover, we define the augmented process (0¥, L) by setting Lé{ =0, 17({{ = 11<NK5X0, and,
for t >0,

(7 L) = (7, L) (1L.5.6)

t
X ( b fN fé s @20), 0501 22)) (1-sem( s 72))

X (%5%(55),0) NP (ds, di, d6)

t
_[0 fNO /R+]l{igzmk(f/g),esd(hk,i(asfi))qwxc(hk,i(psfi),&)ﬁsfi(dg)}

x (%5& Mg),o) N,g‘eath(ds,dz‘,de))

f fNO /R+/A A} {i<k (B 0), 0<b( i (7)) Jurem((Hi () ) M (75),h) }

mutation
X( 6(L(5 )+1, ch,z(uf)+ah) )N (ds,di,df,dh).

Note that the process (7, L).o is a Markov process with generator

ZEHE. ) (I1.5.7)
= k;)([ ( (l/+ 5(1;;)7[/) f(ﬁ,L)) (1 —uKm(z))b(x) Ki((k,dz))

+fx(f(a_5<;w>,L)—f(a,L))(d(x)+fNOch(x,gz)a(dg))Kﬁ((k,dx)))
fof( ( S L+1) f(ﬁ7L))UKm($)b(fU)M(:E,dh)Kﬁ(d(k,:c)).

Naturally, the process generated by .Z% defined in Section is a projection of the process
with generator .ZK

The first elementary property we give is that we there exists a rough upper bound for the
total mass of the population.
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Lemma I1.5.2. Under the same assumptions as in Theorem there exists a constant,
V >0, such that

lim Plinf{t>0: (7, 1) > 4b/c} < exp(VK)| = 0. (IL5.8)
Proof. Apply Theorem 2 (a) and then Theorem 3 (c) of [25]. O

I1.6 The first phase of an invasion

Our first task is to control the trait value (other than the resident trait) where the population
first attains a density eox, as well as the time when this happens. Since we need to do this for
O(o7}) steps, we need to control this with probability at least 1 -o(o) . Before stating the
main result of this section as Theorem [[I.6.2] below, we need to introduce some notation. We
want to analyze such a step from a monomorphic initial condition that satisfies the following
assumption that is stronger than what is assumed in Theorem [[T.4.1]

Assumption 5. Fix € > 0. Let (RK )Kk>0 be a sequence random variables with values in X.
Then, there exists a constant M > 0 (independent of € and K') such that for all K large enough

Ly =0 and ' = NpeK 60 pry (I1.6.1)

where NgK € N is a sequence of random variable with ‘E(RK) - ]\TII%(KK’1 < Meog as.. We
call RX the resident trait.

The following proposition asserts that if we start with an initial condition as in Theo-
rem [[I.4.1] after a short time the state of the population satisfies the stronger conditions of
Assumption [5

Proposition I1.6.1. Fiz e > 0. Suppose that the assumptions of Theorem[IT.{.1 hold. Then,
there exists a constant M >0 (independent from e and K ), such that

dim P[inf{t>0: (7, 1)-2(z)|<Meok } <In(K)og! ainf {t>0:L(t)>1}]=1. (IL6.2)

Since we can assume for the moment that Assumption [5] hold, we do not state the proof
here. In fact, it can be proven in similar way as Lemma [[I.7.4] (a). We begin with several
notations, which we use in the lemmata below.

Notation. Fix € > 0. Suppose that Assumption , and [5| hold. Let T,f( be the k-th mutant
time and let YkK e X be the trait of the k-th mutant, i.e.,

X zinf{t>0: LK =k} and Y= hk71(17f_2<). (I1.6.3)

We denote by 6K . the first time such that a mutant density is larger than eo, i.e.,
O vasion = Inf {t > 0: 3k € {1,..., L;*} such that M* (i) > o K}, (I1.6.4)
and let R{( be the trait value of the mutant which is larger than eox K at time Hﬁfvasion, ie.,
R =l (g5 ) with by = inf {k>1: M (g5 ) > eoxk}. (11.6.5)
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Note that kp is the label of the first surviving mutant, i.e., k1 — 1 mutations happened before
the first surviving mutant appeared. Furthermore, let 6% be the first time such that

diversity
[3/c] different traits are present in the population, i.e.,
LX(t)
eriigversity = inf{t 20: Z ]l{imk(ﬁg{)zl} = [3/&]}, (1166)
k=0

and similarly let ngt‘ of mut. the first time such that a "2nd generation mutant" occurs, i.e.,

a mutant which was born from a mutant that in turn was born from the resident trait R¥.
Note that

o5 <inf{t>0:3ke{1,...,L} such that |R¥ - V;X|> Aok }. (11.6.7)

mut. of mut.

Then, we define

éK = eilrfvasion A e(ligversity A erlgut. of mut. exp(KO‘). (1168)

The following theorem collects the main results of this section.

Theorem I1.6.2. Fiz € > 0. Under the Assumptions[3, [4, and[3, there exists a constant
M >0 (independent of € and K ) such that for all K large enough

(i) ol = NgKK_l(S(O,RK), where ‘Z(RK) —NgKK_l‘ <(M/3)eok a.s..

(ii) We can construct on (2, F,P) two random variables, Rf’l and R{(’Q, such that

PRI < RE <RI and R - R < Ao ] =1-0(0k), and  (116.9)
]p[Rf’l - RK - Rf’Q] =1-0(e). (11.6.10)

The distributions of R{(’l and Rf’2 are given in Corollary|I1.6.10,

(iii) We can construct on (2, F,P) two exponential random variables, E*' and E™? with
parameters of order oxur K, such that

mvasion =

P [EK2 <K < ERL 4 ln(K)J;_a/Q] =1-o0(ok). (IL.6.11)

The distributions of EX' and EX? are given in Lemma|I1.6.7,

Moreover, until the first time of invasion, ngsion, the resident density stays in an eMo-
neighborhood of Z(RX), the number of different living mutant traits is bounded by [a/3], and
there is no mutant of a mutant, with probability 1 —o(ok). i.e.,

P (008 sasion < inf {20 [ MO/ ) - [KZ(R™)] | > eMow K } A0 rginy 7 O | (612

invasion mut. of mut.

= 1—0(0'[().

Remark 4. The constant M > 0 depends only on « and on the functions b(.),d(.),c(.,.), and
m(.), but not on K, RX, and e.
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I1.6.1 Exit time from an attractive domain

Lemma I1.6.3. Fiz e >0. Suppose that the assumptions of Theorem[II.6.9 hold. Then, there
exists a constant M >0 (independent of € and K ) such that
lim o7 Plinf {t > 0:[M(5) - [KZ(R™)]| > eMox K } < 05| =0, (I1.6.13)
The statement is stronger than the corresponding one in [25], Thm. 3(c), since the diameter
of the domain converges to zero, when K tends to infinity and since it gives control of the
speed of convergence to 0 of the probabilities. Therefore, it does not follow from the classical
results about the time of exit from an attractive domain (cf. [61]). Our proof is based on a
coupling with a discrete Markov chain and some standard potential theoretical argument.

Proof. Define
X, = |m) - [Kz(RY))]| (I1.6.14)

and, for all M >0,
To=inf{t>0: Xy =0} and Ty, x =inf{t>0:X; > MeogK}. (I1.6.15)

Note that 7 and 7, x are stopping times with respect to the natural filtration of X;, which
isequal to o (fmg; §< t), and that the process (im‘;)tzo is not Markovian. We can associate with
the continuous time process X; a discrete time (non-Markovian) process Y, which records the
sequence of values that X; takes. (This can be formally defined by introducing the sequences
T}, of the stopping times which record the instances when X; # X;_ and setting Y, = Xr,,.)
Now, we can compute

K K K
P [TMEO'KK <Tp A einvasion A gdiversity A Hmut. of mut.] (11'6'16)

with respect to the stopping times defined for the discrete time process Y,, and exploit the
natural renewal structure on Y,,. Therefore, we prove the following claim.

CLAIM. Forl<i< K, and K large enough,

. . K K K
P [Yn+1 =1+ 1Yy =4, Th41 < Hinvasion A Hdiversity A amut. of mut.] (11617)

: % — (c/4b)K i + (¢fb)eoy = pi (3),

where ¢,b,¢, and b are the lower, respectively upper bounds for birth and competition rates.

b(R™)-d(R™)

Recall from Remark 1 that the equilibrium Z(R¥) is equal to and observe that

o(RK RK)
there are at most [3/a]eo K mutant individuals alive at any time ¢ < 05 . A Hgversity A
QTIEM' of mut.- LTherefore, for 1 <4« K and K large enough,

P| Vit =+ 1Yo =4, Tt < Offvasion A Olfversioy 1 01 | (I1.6.18)

invasion mut. of mut.
< (1=m(R5 yus )b(RE)
= (1-m(RE)ug )b(RE)+d(RE)+c(RE ,REYK-1([KZ(RK)]+i)
d(R¥)+c(RE REYK 1 (|KZ(RF)]-i)+E[3/aleax K
(1-m(RE)ug )b(RE)+d(RE ) +c(RE ,RE)K-1([KZ(RK)]-i)
< b(RE)-m(RF )urb(RK) b(RE)—c(RE REYK 1 (i-1)+¢[3/aleox K
= 20(RE)-m(RE ) ugb(RE ) +c(RE ,RE)K-14 v 2b(RE)-m(RE)urb(RE)-c(REK ,RE)K-1i

< % (/MDY K i + (@/)[3)aeo.

\Y

This proves the claim. Next we introduce a coupling, i.e., we define a discrete time process
Zy, with the following properties
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(1) Zp = Yo,
(il) P[Zns1=i+1, Vo1 =i+1|Yy=Zy =i, Ty < O3,
=P [V =i+1|Y, =4, Ther < 05

NS
invasion dlver51ty mut of mut.

invasion Hdlverslty Inut of mut. ]’
(iii) P[Zn+1_z+1 Yi1=i-1|Yn=Zp=1,Tps1 < 05 N ]

invasion dlver51ty mut of mut.
— K
=P+ ( ) PlY, [ n+l = i+ 1|Y =1 Tn"'l < 01nva510n N edlvermty A emut of mut. |’

(iv) P[Zn+1—z+1\Y < Zn=1,Ths1< 0K N N

invasion diversity mut. of mut. ] y 2o (2)7

(V) P [ZVHl =1- 1|Y < Z _Z Tn+1 < emvasmn A eéfversmy A erlgut. of mut. ] 1= py (Z)

Note that by construction Z,, > Y, a.s. for all n such that T}, < 8, 6%

A ANOE
invasion diversity mut. of mut.
and the marginal distribution of Z,, is a Markov chain with transition probabilities

1 fori=0and j=1
(i) fori>1and j=i+1

Pl Zni1 =720 =1| =
(Zn1 = 3170 =] 1-pK@G) fori>landj=i-1

(I1.6.19)
0 else.

Now we define a continuous time process, Z, assqcia‘ged to Z,. To do this, let (Tj)jeN be the
sequence of jump times of Z, i.e., Zy = Z,, if t € [T},, Tp4+1), defined for all j € N as follows

A 0K

T —T: 4 = {TJ - Tj*1 if T <O N mut. of mut. (11.6.20)

invasion diversity
W; else,

where W; are 1ndependent exponential random variables with mean (Ciotal rateX) ", Where
Ciotal rate = 4bc(b + d +E(4bc)). By Lemma m Ciotal rate S is an upper bound for the total
event rate of <I/t ,1), and therefore also for 907.

Define TMGU x=inf{n>0:7, > MeogK} and 7 = inf{n > 0: Z, = 0}. Then, since
Zy> X, as. for all ¢ < 0K A9k NS

invasion diversity mut. of mut.’

Z Z
P[TMGUKK <Tp A emvaswn A 9d1vers1ty A emut of mut. ] < IP[TMEO'KK <Ty ] (11621)

Applying Proposition [1.9.2|yields that, for all M > 32[3/a](¢b)/(bc) such that Zg < %MGO’KK
and large K large enough,

]P[TMGO'KK <7 ] <exp (- KQO‘) . (I1.6.22)

Next we prove that the process X; returns many times to zero before it reaches for the first
time the value Meo g K. More precisely, we first prove a lower bound on the number of returns
to zero of the discrete time process Z,. Then we calculate the time for a return to zero. From
now on we assume that M > 32[3/a](¢b)/(bc). We define the following stopping times with
respect to the natural filtration of Z which records the number of jumps the process Z needs
for m zero-returns:

n
T,,% returns = inf {TL >1: Z ]lZi:O = m} . (11623)

Let Q™ = [P[ T ceturns < T]\Z/IGUKK < T(m+ 1) retums] be the probability that the Markov chain Z,
returns exactly m times to zero before it reaches the value Meox K. We have

Q% =P[1f)er,. ik <TE] < exp (-K>*), (11.6.24)
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and, due to the Markov property, for m > 1 ,
zZ . _Z Z AN Z Z
where the last term in the product is smaller than exp (—K 2a). Thus,
Q" <exp (-K**)  for all m>0. (I1.6.26)

Let B be the random variable which records the number of zero returns of Z,, before Z,

reaches Meox K. In other words, B = n if and only if 77 iums < Tire or kK < 72, | eturmss and
we obtain that
n .
P[B<n]=> Q" <(n+1)exp(-K>*). (11.6.27)
i=0
Set I = T‘HZ . and I; = TT_Z ) —TT(Z ) for j > 2. For any j, I; is the random time
return J returns j—1) returns

between the (j — 1)th and the j-th zero return of the associated continuous time process Z

and
B 5 B+1
Y Li<inf{t>0:Z,>MeogK} < Y. I;. (I1.6.28)
i=1 i=1

We get an upper bound for the probability which we want to compute
Plinf {¢>0:[M°(7) - [KZ(R™)]| > Mok K | < 0] (I1.6.29)

P[inf{t>0:Z; > Meog K} <exp(K®), B=1]+P[B <n].

M8

<
l

According to (IL.6.28), if B =1 and if in addition more than [/2 of the | random times I; in
the sum are larger than 27! exp(K®), then inf{t > 0: Z; > M eox K} is larger than exp(K?).
Therefore, for all [ > n,

Il
3

P[inf{t>0:Z; > Meog K} <exp(K®), B =] (I1.6.30)
<SPS (<ot exp(rcyy > Y2, B=1].
As mentioned before, Ciotal rate S is an upper bound for the total event rate of (7€, 1). Thus

we can bound the jump times by a sequence of independent, exponential random variables
(‘/})jEN with mean (Ctotal rateK)_l- Namely,

(11.6.31)

invasion mut. of mut."

Tj-Tja =Ty - Tj1 =V if 15 < Oinasion A Bliversity A O

Otherwise the random times Tj - Tj_l are by definition independent and exponentially dis-
tributed with mean (Ciotal rate K )’1. The process Z has to make at least two jumps to return
to zero. Hence,

Ii>W;, forallieN, (I1.6.32)

where (Wi)ieN is a sequence of i.i.d. exponential random variables with mean (Ciotal rate S ) "
Thus,

P[Sio L<art exp(reyy > 5: B =1] < P[Z§:1 Loyt exp(ice)y > %] : (11.6.33)
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Since P[W; < 207 exp(K®)] = 1 - exp(~Ciotal rate K17 exp(K®)) and (W;);s1 are indepen-
dent, we obtain that Zi 1 1 (Wi<20-1 exp(K)} is binomially distributed with n =1 and p = 1-
exp(~Ciotal rate & 171 exp(K®)). Therefore, the right hand side of (I1.6.33)) is equal to

l

3 (l, ) (1= exp (~Crotal rate KI5™))' (exp (~Crogal rate K175 )) ™" (11.6.34)
i=lf2 \!

For the following two computations we use the elementary facts that ( ) <2V and 1 < 2!, for all
l e N and i <l. We obtain that, for large K enough, the left hand side of ([1.6.29)) is bounded

from above by

Z Z ( ) ( - eXp (_Ctotal rateKl_leKa))i (eXp (_Ctotal rateI(l_leKo< ))l_i +P [B < n]

l=ni=l/2

< i 3 2! (1 - exp (_Ctotal mteKlfleKa))l/2 +P[B<n].

By (I1.6.27) we see that P[B < n] =o(ok) if the variable n fulfills the following condition
n < exp (KQQ)(TK. (11.6.35)

Therefore, we choose n = [exp (2K%)| and get, for large K enough,

Plinf {t > 0: [ (7) - [KZ(R)]|> eMoxK | < 0" | (11.6.36)
< Z 4l (1 — exXp (_Ctotal rateKl_leKa ))l/2 + O(UK)
I=[exp(2K®)]
00 a1 l
< Z (4 (1 —exp (_Ctotal rateKe_K )) /2) + O(UK)
I=[exp(2K®)]
Lrex o
<2 (42 (1 — exp (_Ctotal rateKe_K ))) 2[ —— + O(JK)
<2 (4 Ctotal rateKe KO‘) [exp@Ka)] + O(UK)
<o(Ke 5" +o(ok),
where we used that exp(-z) >1 - for >0 and K exp(K ™) < ok. O

I1.6.2 Controlling the number LX of mutations by Poisson processes

Lemma I1.6.4. Fiz e > 0. Suppose that the assumptions of Theorem hold and let M
be the constant of Lemma[[I.6.5 Then,

Lim ot (1-P[vo<t<d® . AMK@)<LF < A>K(@1)]) =0, (I1.6.37)
where AYE and A% are Poisson counting processes with parameter afug K and affux K
with
(Z(R®) - eMok ) b(R® )ym(RY), (I1.6.38)
(Z(R™) + ¢ (M +[3/a]) ok) (b(RK)m(RK) + C%m’MAaK) , (11.6.39)

Q
=
I

ay

and C’Z’m’M is a constant depending only on the functions b(.),m(.) and M(.,h) for h €
{-A,... A}
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Proof. We obtain from the last lemma that
P[v0<t<f": Z(RX) - eMoy < (0, 1) <Z(R*) +e(M +[3]) o] =1 - 0(ok).

Therefore, define

t
LE [
A (t)—fo fNO /R+ _[{_A,”.’A}]l{isK(z(RK)eMaK),esb(RK)uKm(RK)M(RK,h)} (11.6.40)
x N™mutation(gg i df, dh)

and similarly

CRCR A B A R T er e s (IL6.41)

x ]1{GSuK(b(RK)m(RK)M(RK,h)ﬁ—CZ’m’MAaK)}
x N™mutationqg i df, dh),

Since % < Ggut. of mut.» Ay mutant trait differs at most Aok from the resident trait, RK.

Thus, we have thatu (b(R®)m(R¥)M(R®,h) + C%m’MAUK) is a rough upper bound for
the mutation rate per individual for an appropriate choice of C’Z’m’M. Note that A"X are
Poisson counting process with parameter aZK ug K. By construction, we obtain ([1.6.37)). [

I1.6.3 Controlling the number 2*(7;) of offspring of the k-th mutant by
birth-death processes

Lemma I1.6.5. Fiz e > 0. Suppose that the assumptions of Theorem [II.6-3 hold and let M
be the constant in Lemma[II.6.3 Then,

lim a}é(l—P[VlskngK, vt < 6% :Zfl(t)sm’“(ﬁt)sz,fv?(t)]):o, (11.6.42)

K—oo

where Z]f’l(t) resp. 25’2(25) are No-valued processes, which are zero until time Ti*, the first
time s.t. fmk(ﬁt) + 0, and afterwards linear, continuous time birth-death processes with initial
state 1 at time T,f{ , birth rates per individual

bt =01 = b(VE) (1 - urem(VE)) (11.6.43)

and death rate per individual
4 = dVE) + e(VE RR) (Z(RF) + Meoy) +e[3/aleo (11.6.44)
AV ) + c(VE, RF) (Z(RY) - Meok) . (I1.6.45)

K2
resp. d’

Furthermore, define Z,f’l(t) = Z]ﬁ(’l(v'k +t) and 25’2(15) = Z,f’z(rk +t), then the processes
{(Z,f’l, 25’2)}@1 are independent and identically distributed.

Proof. For any t < oK , any individual of 9t*(;) gives birth to a new individual with the same
trait with rate b(Y,”) (1 -uxm (VX)) and dies with rate d(Y}/*) + [y x (Y™, &) (d€),
which belongs to the following interval

(V) + eV RF) (2(RF) - Meox), (11.6.46)

(V) + (G BRIV (E(RS) + Meo) + e[3/aleox |
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Thus, let us define, for k < Ly,

SK1,,y _ [TEY Pt
Z; () _/m fNO fR+ K157, 0<b(Yy) (1- uKm(Yk))} (ds,di,df) (11.6.47)

T+t
_ka fNO /I;Jr]l{igzlf’l(s*),esd(YkK)+c(YkK,RK)(E(RK)+M60K)+E[3/a]EJK}
x Neath (s di, de)

and similarly

K2 Tkt birth ,
(t) = / f fR iz o, ocbrip i) NP (s di ) (I1.6.48)

3 T+t death(d di d9)
e Ino IR, z<ZK1(s ), 6<d(VE)+e(YE R ) (Z(RK)- MeaK)} $,at

and a similar construction for k > Ljx, where the random variables YkK are replaced by i.i.d.
ones with distribution fx * M(RX,.), independent of all the previously introduced random
variables, where fg is the homothety of ratio ox. Note that, the Poisson point measures IV ,Elrth

and NV, ,‘jeath are independent of YkK and 75, and that the processes Z lﬁ( 1 and Z,f 2 only depend
on N}jirth, N geath, YkK and 7. By construction, conditionally on YkK =y and 7 = s, the
process Z,ﬁ(’l is distributed as a linear birth-death processes with birth rate b(y)(1-ugm(y))
and death rate d(y) + c(y, R®)(Z2(RX) + Meoy) + €[3/aleok, and similarly for Z]f’z. In

particular, the law of (Z]f’l, Z,f’z) does not depend on 7. Therefore, defining Gy = o(7,t <

Th, YkK ,Nl}’irth,Nfeath,l < ¢ < k-1), for all bounded measurable functions Fi,..., Fx on
D(R.HZE),
E[F(Z, 2. (2 2 “)] (I1.6.49)
=E[F1<ZK1 22 BB ZEDEIF(ZE, Z2) 16|

“E[F(Z 27 B2 ll,ZKf)E[Fk(ZK’l 2 v
~E[A(Z 27 B (), 25 [BIE( 2, 2],

where the last equality follows from the fact that the random variable YkK is independent of
(ZK’l ~K’Q) for 1 <£<k-1. Actually, (YK)1<k<L . are i.i.d. random variables, with law
fx * M(RX,.). This implies by induction that the processes {(ZK ! 5’2)};@1 are i.i.d.. O

11.6.4 Controlling survival of the k-th mutant population
Notation. Let us define B,ﬁ( = Linpfrory : 0% (i) 2eox K }<inf{t>75 : MK (5)=0} -

This random variable indicates whether or not the k-th mutant population, which appeared
at time 7, invades, i.e., reaches eox K individuals before dying out. The following lemma
introduces a sequence of i.i.d. random variables (B;’K, B,z’K) which are 2-tuples of Bernoulli
random variables constructed from the processes Z ,f 1(t) and Z ,f 2(t) defined in Lemma

such that (B,f )k>0 i stochastically dominated by the sequences (B,i’K) k>0
Lemma I1.6.6. Fiz € > 0. Suppose that the assumptions of Theorem [II1.6.9 hold and let M
be the constant of Lemma[II.6.5 Then,

LK 2,K
Jim o (1-P[vi<k<Lf : BY < B < BYN]) =0, (I1.6.50)
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where ((B;’K,BZ’K))kzl is a sequence of i.i.d. 2-tuples of Bernoulli random variables such
that Bli’K < Bz’K a.s. Its distribution is characterized by

oxqr (h) = P[B =1V = R + hok] (IL6.51)
0 K RK .
= 9K (h 1fl§(h;:%KJ)% L 6C]%?ernoulli) lf 1<h< A?
0 otherwise
and
okgs (h) = P[BY" =1|V =R" + hok] (11.6.52)
K pK
ok (h—alflf(f;[;f ) 4 ecgemoum) fl1<h<A,
0 otherwise,
where leBemoulh' and C%ernoulli depend only on o, M, and Cy, (the Lipschitz constant of our

parameters). Then, fori=1,2 and k > 1, BZK 1s a Bernoulli random variable of parameter
O'KpZK, where

i = iqff (h)M (R, h). (IL.6.53)
h=1

. LE _ o\ p2K _q1-1_ P8 -
Remark 5. (i) For all k> 1, P[B,’" =0|B" =1]=1- oK and is thereby of order e.
2

(ii) We use in here the assumption that 0y f(x,2) > 0 for all x € X.

Proof. Let Z]f’l(t) resp. Z]f(’Q(t) as defined in Lemma [[1.6.5| and define

S K _ _ .
By" = ]linf{tzrk:Z?"(t)zeaKK}dnf{tZTk:Z,ﬁ{’l(t)zo} fori=1,2. (11.6.54)

Then, due to the last lemma
Plvi<k< Ll : BN < Bf < BYN]=1-o(ox). (I1.6.55)

For all 1 <k < Lng, we obtain with Proposition [I1.9.3] that
bi,K_di,K]+

’P[inf{tsz 250 (1) 20k K | <inf {1271 20 (1) =0} Vi) - L S
k

- o (exp(~-K™)),

(11.6.56)

where, using that f(x,z) =0 for all x, we have

b —d " = FVE RE) - (e(VE RFYM + ¢[3]al)eok —urb(VE)Ym(VE)  (116.57)
=01 f(RY, R) (V! = RF) = (e(W, RF)M + ¢[3/a])eor + O(0%),

and similarly

b —d " = 01 f(RF, RE)(VE - RE) + c(VE, R¥ ) Meok + O(o%). (11.6.58)
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Recall that the sequence (YkK )k>1 used to construct the processes Z]f(’l and Z]f’2 is a sequence
of i.i.d. random variables with distribution M (R¥,-). Since sz - de <0if V¥ - RE <0,
we obtain

P[By" =1]=E[P[ByR|v] = 1] (I1.6.59)

4 K RK —(e(V;EX ,RK c|3/a|)ec o

>3 (alf(R R arch—( (Yb(}i())m [3/aD)eor+O( ?{))M(RK’h).
h=1

Therefore, there exists a constant Céemoum >0 (which depends only on a, M, and C},) such

that the sum in the right hand side of ([1.6.59) is, term by term, bounded from below by

A K pK
0K hzl (h% - 6C%ernoulli) M(RK7 h) (11660)

and similarly there exists a constant 0123 > 0 such that

ernoulli

B A
LB = 1] <ox Y (WL 4 €)Y ). (1L.6.61)
h=1

Next, we introduces two couplings, i.e.i.e., we define a sequences of i.i.d. 2-tuples of Bernoulli
random variables ((B;’K, B,z’K)) k>1 with the following properties

(i) P[B,*=0,B,%=0|VK=RN+ hog ] =P[B*=0| VK =RN+hog]  and
P[B."=1,B" =1|VE=RK+ hog] = ¢ (h)ox

(i) P[BY*=1,B7" =1V E=RE+ hox| =P[B}" =1| VK =RK+ hox|  and
P[B; " =1,B" =0 VE=RN+ hog]=1- ¢ (h)ox.

By construction, Bi’K < Bé’K, a.s., and Bz’K < BE’K a.s. for all £ > 1 and these random
variables satisfy (11.6.51)) and (I1.6.52)). O

11.6.5 Controlling the time of the arrival of the first successful mutant

Notation. (a) For i e {1,2}, define
T =inf {t20: 2 (e +4) =0 or 2 (rg +4) > coxcK | (I1.6.62)

Obverse that (TkK ’i) r>1 are i.i.d. random variables that are independent of AX+,

(b) Define I = ky = inf{k > 1: Bf =1} and I = inf{k > 1 : B,ﬁ(’i = 1}. Then, I are
independent of A% and we have

P{1%? < 1% < 1" n{rx <05} =P[rx <05 ] - o(ok). (I1.6.63)

K _vK
(c) Define Ry = Yinf{kzl:B,fﬂ}'

In fact, we prove at the end of this section that ]P’[TIK < éK] =1-o(og), i.e., RE is with
high probability the random variable which gives the value of the next resident trait and 7;x,
the first time where a successful mutant appears, is approximately exponential distributed as
stated in lemma below. Note that this time is a random time, but not a stopping time.
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Lemma I1.6.7. Fiz € > 0. Suppose that the assumptions of Theorem hold and let M
be the constant of Lemma[Il.6.5. Then,

Tim o (Brpe < 0%]-B[{E? < mp < By 0 {7 <65 ]) =0, (11.6.64)

where EX1 and EX2 are exponential random variables with mean a{{p{(JKuKK respectively
K, K
ay py orur K.

In other words, we have IP’[EK’2 < T < EK’I‘TIK < éK] = 1-o0(og), provided that
lim inf g 0o ]P’[TIK < HK] > 0.

Proof. Let A{( " be defined as in Lemma [[1.6.4] and observe that
T, = inf {t >0: L{( = IK}. Then, we obtain by construction,

IP’[{ inf {t > 0: {2 =1} < 7y <imf {£20: A = 1M} o {mpc géK}] (I1.6.65)

=P[rx < éK] -o(ok).

IK’I IK’2

By definition, and are geometrically distributed with parameter pf 0K, resp. pé( OK.
A1 and A2 are Poisson counting processes with parameter a{(uKK, resp. (Lé{uKK. There-
fore, the times between each pair of successive events is exponential distributed with param-
eter afup K resp. akuxK. Since the random variables 1'% are independent of A% and
the sum of a geometrically distributed number of independent exponentially distributed ran-
dom variables is again exponentially distributed, we get that inf{t>0: AtK o K1y and
inf{t>0: Af(’Q = 152} are exponentially distributed with parameter af*ux KpI< respectively

afug Kpk. O

11.6.6 No surprises happen before the successful mutant invades

In the next lemma we prove that a mutant invades with high probability before the resident
population exits the neighborhood of this equilibrium, before too many different mutant traits
are present and before a mutant of a mutant appears.

Lemma I1.6.8. Fiz e > 0. Suppose that the assumptions of Theorem hold and let M
be the constant of Lemma[Il.6.3. Then,

lim o P05 > O persity A eXp(K®) A Oh ]=o0. (11.6.66)

K invasion = mut. of mut.
—> 00

Proof. We start with proving the following

P [Hgversity < (KUKU};QY1 N Hilgvasion A gﬁq(ut. of mut‘] =o(ok). (I1.6.67)
Define
25,2(5)5{01(2 . - fors<?nf{t20:A£’z:k}
Z. (Tk+s—1nf{t20:At ’ :k}) for s>inf{t>0: A4, = k}.

By construction of A%? and 752 the left hand side of (11.6.67) does not exceed

e
P[inf{tz(): i L2 (<eore ) 2 [31—1}< (KuKJ};a)‘llJro(aK). (11.6.68)
k=1
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Next, we compute an upper bound for the mutation events that happen before (Ku KU};“ -1,

Since A%? is a Poisson counting process with parameter aé( ur K, Chebyshev’s inequality
implies that

Var(AK’2 ) _1)
u O_+a 1
plase o] — WO Do e
(Kukopd®) (2&5{01}1_0‘) Ay O

Next we need an upper bound for the lifetimes of the mutant’s traits, 7, kK 2, First, observe

that the probability that Z,f 2 goes extinct after it has reached the value [eox K| converges
to zero very fast. More precisely, Proposition [I1.9.3 and [I1.9.4] (a) imply that

Plinf {t>0: 2% = [eoxc K} <inf {t > 74 : 2% = 0} < o0] (I1.6.70)
:P[inf{tsz.:Z,f’Z:O} < oo]—IP’[inf{tzo:Zlfzz [(—:UKK]} >inf{t277€:Z,§’2 =0}]
= o(exp(-K%)).

Note that, for each k, Z,f ’2, conditioned on extinction, is a subcritical linear birth-death
process (cf. [81]). Let 25’2 denote the conditioned process. If Z,f’Q is subcritical, then
conditioning has no effect, otherwise the birth-death rates are exchanged. Denote by BkK’Q the
birth rate and dkK’2 the death rate of 25’2. Then there exist uniform constants, C; > 0 and
Cs > 0, such that Ciox < JII:’Q - 6?’2 < Cohop, for all k < T2, Thus, [6] p. 109 entails, for all
k< 152,

<K .2 K2 _FK,2\, <[ 9
A SN (IL6.71)

K2
P <t]>
k > A K2 7K,2\, «
pEZ _ o(dy " =by )t g2
k k
T2 is conditioned on extinction

The error term o(exp(—K~%)) appears since 25’2, for k <
before reaching the value [eo i K| and not only on extinction. Choose ¢ = (dkK’2—E£{’2 n(K),

Then,

K2 5K2 7K2\-1 dkK’Q(l—K) o
P[Tk 2 < (2 - Bk ln(K)] = K K ) o(exp(-K™®)) (IL6.72)
K2 7K2
T ;k) -;(b(kd,f’z “gray ~ oK)
=1-0(oxK™)
and hence
P[V1<k <52 1092 < (Crok) ™ In(K) | = 1 - o(o). (11.6.73)

Therefore, we can bound the first summand of (I1.6.68]) by 2a§( ofg’a times the probability that
more than [3/a]-1 mutation events of A%+ take place in an interval of length (Cyo )™ In(K).

More precisely, (I1.6.68]) is smaller than

20K o7l op [Af(c’foK)fl ooy 2 13101~ 1] +o(ox). (I1.6.74)
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Thus, for « small enough, the proof of ([1.6.67)) is concluded by the observation that

K2
P [A(CMK)l In(K) > [3/a] - 1] (I1.6.75)
- ¢~ uk K (Crox) ™! In(K) i (aé(uf(K(élUKy1 In(K))
i=[3/a]-1 il
X _ 3/a]-1
< (afux K (Crog) n(x)) ]

= o(og ™),

where the last equality holds since ux Ko In(K) « (ox)°.
Next, we want to prove that
P[of,

mut. of mut. < (KuKO—};a)_l A HK A G(Iigversity] = O(JK)' (11676)

invasion

Set, for all A >0,
G(A)=E [exp (—A fow Zy dt) ‘ Zy = 1] : (I1.6.77)

where (Z,t > 0) is a linear birth-death process with individual birth rate b and individual

death rate d. Applying the strong Markov property and the branching property at the first

jump time of Z and using the facts that

G(N)? =E[exp (-A [y~ Zedt)| Zo = 2] and E [ exp (~AMgug jump) | Z0 = 1] = 5242, we obtain
bG(N)2 = (b+d+N)G(\) +d=0. (I1.6.78)

Thus, since

limy o G(A) = limy o E [ exp (=X [y Zydt) 1,

extinction

coo} | Zo=1] (116.79)

+ limy,o E [exp (A s Zedt) 1, oo} ‘ Zo = 1]

extinction

= lP>[7—extinction < OO] + O’

which is 0 in the subcritical case and 1 —d/b in the supercritical case, it follows that

b+d+A—+/(b+d+)\)?-4bd

G(\) = 5

(11.6.80)

Let Z]f’?(t) = Zf’Q(Tk +1), i.e., a linear birth-death process with birth rate ka’2 and death
rate df’% Observe that f0°° Zf’Q(t) dt gives an upper bound for the sum of the lifetimes of
all individuals with label k. Since the mutation rate of any individual in the population is
smaller than bug, the probability that a mutant appears, which was born from an unsuccessful
mutant with label k, is bounded from above by

Textinction

1-E [eXp (—uKl_)fooo 25’2(75) dt)
<1 —E[exp(—uKEfooo 25’2@) dt)

<inf{t>0: 2 (1) > oK} (I1.6.81)

Textinction < OO] + O(QXP(—KQ)).
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Since 25’2@), conditioned on extinction, is a sub-critical linear birth-death process, the right
hand side of (I1.6.81)) is equal to 1 -G B2 ](uKb) +o(exp(-K?%)) and

ext1nct10n<

b2 a2 pu g b (O 2l 2 hugc )20 27 ko ko
o Fd52sp
k
df‘2+b£{’2+uK57\/(d£{’2+ka’2+uKE)274dkK‘2bi{’2 o K2 K2
o F525 ¢
k

G

]E[ZK 2‘ <OO](UKZ_)) =

extlnctlon

2b§’2+uKB—O(uKU;(1) i dK’2 S bK’2
272 g k

— k
e K2 K2
if b, >d,

2d£(’2+uKE—O(uKa;<1)
K2
2d]

1-O(ugor) =1-o(os " *K™2%).

Note that we used for the second equality that |bk,K’2 —dkK’2| = §UK for some & > 0. By (I1.6.69)),

the total number of unsuccessful mutations until (K uKJ}g’O‘) NS NS is with

invasion diversity

probability 1 —o(og) smaller or equal 2a§ Uf(l_a. Therefore, we finally obtain that the prob-
ability to have one mutant of an unsuccessful mutant during that time is o(ox). On the
other hand, let PtK be a Poisson counting process with parameter buxeo g K and (Z~tK ’1, t>0)
a linear birth-death process with initial state 1 and birth rate bK’l(Ylﬁ ) and death rate

dK’l(YK ), then the probability to have one mutant of the successful mutant until the time

(Ku K01+O‘ LAOE  ion A ngersity is bounded from above by
5K, 1 SK,1
P_P’[P;KZK,1 +0|72 <10 ] +o(ok) (11.6.82)
eog K

ZK 1 ZK,I
Teox K < T0 ] + O(UK)

_E[ {P ~K1¢0}( (2 st +]1{T€Z;f;}<>t })

EUKK

SK,1 SK,1 K,1
< (1-exp(~bugeorKtg)) +P[T£KK >tK Tf,KK <1¢ ] +o(ok),

for each tg, because the mutation rate per individual is bounded by buy and there are at most
eox K successful mutant individuals alive until 6% . . If we choose tx = In(K )0;(1_&/ 2, then

by Proposition [[1.9.4] all terms in the last line of (II.6.82) are o(og ). This implies (I1.6.76]).

Note that we have 6%, = T, + inf {t >0:ml (DTIK+t) > eaKK}. Let EX! be an

invasion

exponential distributed random variable with mean afpfogux K. Then,
Plrc+inf{t20: 0" (5, ) > oK b2 08 ey A € A0S ot mut ] (I1.6.83)
>P [EK’1 + TIKK’l > (KuKU};a)fl] -o(ok).
Let Z51 as defined before, then again by Proposition
P[T > In(K)oy =P [rZ > n(K)oy 2

ZKl ZKI

Teor K <70 ] = O(JK)- (11684)

ecoxg K

Since In(K)o 1mof2 (Kugolr®)™, the Markov inequality for the function f(z) = 2", where
n is smallest even number which is larger than 2/« yields

]P[EK,l + T > (KUKO,};a)—l] P[EK’l S (QKUKO—}{W)—l] +o(ok) (11.6.85)

(2Kugor®)n!
—=0(0%)-
(a1 P FuxKok)

IN
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The following lemma shows that there are no two successful mutants during the first phase
of an invasion.

Lemma I1.6.9. Fiz € > 0. Suppose that the assumptions of Theorem hold and let M
be the constant of Lemma[Il.6.5 Then,

lim o IP’[ There is a successful mutation in time interval [TIK,Oﬁmsion]] =0. (I1.6.86)

K—oo

Proof. Let PX_ . (t) the process which recodes the number of successful mutants born after

7,k until 7, +t. Then,

1

P[for all £ >0 such that 7, +1 < 6K . pK

succ. mut.

(t) < PX]=1-0(ok), (I1.6.87)

. . . K2 .
where PtK is Poisson process with parameter aé( pg( ogurg K. Define Z 5 (t) as in Lemma

11.6.5, Then P[Vt < 6% : m " () < Zﬁf(t)] > 1-o0(og). Note that PX and Z%? are
independent by construction. Therefore, as in the last lemma, or each ¢,

(11.6.88)

P[ There is a successful mutation in [7,x, 0 - ion] ]

< }P’[ Kia 20
TGUKK

ZK,2 ZK,2
Teor K < T0 +o(ok)

K,2
< (1-exp(-aX pSoguKtg)) + P[Te%KK >tk

ZK’2 ZK’2
Teor K <T0 +o(ok).

With tx = ln(K)a;_a/Q, by Proposition [[1.9.4] all terms in the last line of ([1.6.88)) are

O(UK). ]

I1.6.7 Finishing up: control of the distribution of the next resident trait

Corollary I1.6.10. Fiz € > 0. _Suppose that the assumptions of Theorem [II.6.9 hold and let
M be the constant of Lemma|l1.6.5 Then, there exist two X-valued random variables R{(’l

and R{(’z with distribution

MEEDG D) g P =

K
P[RI = RE + oxh] = P2 P2 (11.6.89)
M(RE b)Yl (h .
% ifhel2, .., A},
and
M(RE )i (h) ifhe{l,.,A-1}
P[RI? = R + oxch] = P2 (11.6.90)
M(RE A)gK (A K .
ME"A)g (4) p§>q1<>+1_% ifh=A4,
such that
. - K1 K2 a
Iy_r)rioo—Kl (1_]P> [Rl < R{{$ Rl efgvasion<0§{iversity/\egut, of mut./\eK ]) =0. (11691)
Proof. Define
YK if IK,I — IK,Q YK if IK’l _ IK’2
Rf’l = [II(<7 1 . ) and R{{QE I[I({’ 1 ' )
R®™ + o0k, otherwise, R™ + Aok, otherwise.
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By construction of B,f’i and YkK’i, we have that ([1.6.91)) holds. Next, we compute

PY/o=R  vorch, 1 =1%2] =PV = RN +orch, B[*'=1|B[**-1] (11.6.92)
P[Y{ =RK+oxh, B{'=1]
P[BX?=1]
_ M(R",h)qf* (h)
- K
y25)

and P{I01 4 152] = 1ot MO g pKypK  Since P[RS = RN +oych] = [V, =
2

RE +ogh, T = 152] + ]l{hzl}IP’[IK’l # I'2] and similarly for R{(’2, we deduce (I1.6.89)

and ([[1.6.90)). O

I1.7 The second phase of an invasion

Theorem [[I.7.1] below describes precisely how the invading mutant replaces the resident pop-
ulation. This section is the central piece of the entire paper.

Notation. Let us denote
~KN\| ~ = K
eﬁxatlon = inf {t 2 01nvasmn |Supp(yt )| =1 and |<1/t7 1) - Z(R1 )| < (M/3)EUK}

i.e., the first time after 6% such that the population is monomorphic and in the (M /3)eo k-

invasion
nelghborhood of the corresponding equilibrium.

Theorem I1.7.1. Fiz ¢ > 0. Under the Assumptions [3, [{, and[3, there exists a constant,
M >0, such that, for all K large enough,

(i) 7 = Nox K160 iy, where [Z(RX) - NE K™Y < (M/3)eok a.s..

(ii) At the first time of invasion, 0K . the resident density is in an eMox-neighborhood
of Z(RX), the number of different living mutant traits is bounded by [a/3] and there is
no mutant of a mutant, with probability 1 —o(ok). (cf. Theorem

(1i1) The time between X “lmaf2

- O(UK).

, with probability

nvasion

and Hﬁwtwn is smaller than 5In(K)o .

(iv) The trait of the population at time iniatwn is the trait of the mutant whose density

was larger than eok at time Ommswn, i.e., Supp(yeK ) = (IK,R{{), with probability
fization

1-0(ok). The distribution of Rf can be approximated as in Corollary|l1.6.10.

Moreover, until time %{mtion, the total mass of the population stays in the O(ok )-neighborhood

of Z(RX), the number of different living mutant traits is bounded by [a/3], and there is no
second successful mutant, with probability 1 - o(ok).

To prove this theorem, we divide this phase into five steps, as illustrated in Figure [[T1.2]

Step 1 From Hmvasmn to Hfgut size ¢» the first time when a mutant’s density reaches the value e.
During this period we approximate the mutant density by a continuous time branching

process, which is supercritical (of order og). Thus we obtain that Hmut size € Hfgvasmn
is of order (In(K)og!
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Step 2 From qut. size ¢ 1O errfut_ size Cc_» the first time when the mutant density reaches a
value Cf . (defined in Eq. | below). This step can be seen as the "stochastic
Euler scheme". The idea is that the total mass of the population stays close to a function
which depends only on the density of the successful mutant. This allows to approximate
the number of mutants by a discrete time Markov chain until the mutant density has
increased by e. Furthermore we control the number of jumps needed to increase by €
and use upper and lower bounds for one jump time of the associated continuous time

process to control the time of this step. Then we recompute the parameters and start

again. Iterating, we obtain that 6% . . 6K . = isalso of order In(K)og .
Step 3 From Gﬁut. sige Ce until Hfgs_ size ¢» the first time when the density of the resident

cross

trait R® decreases to the value e. The proof is very similar to the proof of Step 2, the
only difference is that we approximate the number of resident individuals by a discrete
Markov chain, which decreases slowly.

Step 4 From 91{; size ¢ until Hfgs' size 0> the first time when the resident trait RX goes extinct.
We approximate the dynamics of the resident trait by a continuous time branching
process which is subcritical (of order o) and therefore goes extinct, a.s., after a time

of order In(K)ozl.

Step 5 From Hrlgs. size 0 until chation' Even if it is unlikely that this time period is larger than
0, we have to obtain an upper bound for this time.

population size

b~ 2Meok

€O [ Lo T LI D SN A o g S ARFCA e

Omvasion OB sizee OB s 0% o Ors. size 00
invasion mut. size € mut. size C§& res. size € res. size 0V fixation

Figure I1.2: Evolution of the population after the destiny of the successful mutant has reached the
value ex.

Notation. Fix € > 0. Suppose that the assumptions of Theorem [[I.7.1] hold. Set

¢ g M@)=d@) ) -1 €
Cross [(;g{ REED) )e ]2, (IL.7.1)

and 03 e mue. = 10 {t 20 520 Dope (55005 2 3} - (I1.7.2)
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Moreover, for any & > 0,

Omut. sizee = f{t20:3k21:0M" (&) = [¢KT}, (IL7.3)
efgs. size & = inf {t >20: f')ﬁo(ﬂt) = [SK]} ) (1174)

and let Sk be a sequence in K such that 1 « Sig « 60;(1.

Remark 6. Using similar arguments as in the proofs of Lemma [[1.6.3] [I.6.8] and [1.6.9} we
obtain

im0 P[0 asion + 507 2 I(K) > O ersity A 05 suce. mur. A€ =0, (11.7.5)

invasion
K—oo

K
diversity

stays with high probability in the O(o k) neighborhood of Z(R). This can be proved similarly
as Lemmaor Since we have only an approximation of order o (not eog ), we have
less precise bounds for the rates of the mutants and for their success probability. Nevertheless,
we can bound the mutant subpopulations from above by linear branching processes which are
slightly supercritical of order ok .

More precisely, until the time 6 A@fsucc. mut. AeXp(K @) the total mass of the population

I1.7.1 Step 1: a mutant’s density reaches the value ¢

The following lemma shows that the total mass stays from the beginning (including the first
phase) until % in the Meo g neighborhood of Z(z).

mut. size e

Lemma I1.7.2. Fiz e > 0. Suppose that the assumptions of Theorem [IL.7.1] hold. Then, there
exists a constant M >0 (independent of € and K ) such that

lim o7 P inf {t > 0: (7, 1) - Z(R)| > Meo) (I1.7.6)

K K K ay | _
< Hmut. size € N 02 suce. mut. N ediversity A eXp(K )] =0.

Proof. The proof of this lemma is very similar to the one of Lemma [[T.6.3] therefore we omit
some details. Define
X, = (i, 1)K - [KZ(R™)]]. (IL.7.7)

We associate with the continuous time process X; a discrete time (non-Markov) process Y,
which records the sequence of values that X; takes on.

CLAIM. For1<i<eK and K large enough,

P [Yn+1 =i+1|Yy=1,Ths1 < erflgut. size e N eg(succ. mut. Q(Iigversity] (1178)

< % ~(/4B)K i + (2040 Afb)eoe = pX (i),

where C’Z’d’c 1s the sum of the Lipschitz constants for the birth, death and competition rate.

This can be proven exactly as in Lemma , using the facts that b(RX) = d(RK) +
c(R¥,Rf)z(RX) and that all mutant traits are at a distance of at most 2Aog from RY,
and hence, |b(x) - b(RE)| < Cbo2A, |d(z) - d(RE)| < Clox2A, and |c(x,y) - c(RE, RE)| <
Cfok2A for all traits x and y alive in the population. By continuing as in Lemma [I1.6.3| we

obtain ([1.7.6)). ]
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_pK 1- a/2

invasion mut. size €

Next we prove that 0% is smaller than In(K)o We use the following

notation.

Notation. 6% = inf {t>0: (7, 1) —2(RF)| > Meog } A OF co ot A O%

diversity*

Lemma I1.7.3. Fiz € > 0. Suppose that the assumptions of Theorem [II.7.1] hold. Let M be
the constant from Lemma[II.7.2. Then,

K K
emut size € (emvaswn

lim oy ]P’[

lim +In(K)og ") A8 = 0. (11.7.9)

Proof. To prove this lemma we use a coupling with a linear continuous time birth-death
process. From the results on Phase 1 and Lemma we know that erfvaswn is, with
probability 1 - o(ok), smaller than 6K . Recall I¥ kl, the label of the first successful
mutation (see (I1.6.5)). For any t € (X . 6K] any individual of 9% () gives birth to a

new individual with the same trait, R, with rate
(1-ug m(R{))b(RL) € [b(RY) - uk b,b(R)], (I1.7.10)
and dies with rate

d(R! )+f c(RE,€)din (€), (IL7.11)

which is smaller than dz = d( RE)+c(RE, RE)(Z(RE )+ Meok ) +e(e+[3/a]or ) Aok . Similarly
as in Lemma we construct, by using a standard coupling argument, a processes Z; such
that

Z <M (D L) (I1.7.12)

invasion

for all ¢ such that 6% +t <K Ainf{t > 0: 9% () > eK}. The processes Z; is a branching

invasion —
process starting at [eoc K], with birth rate per individual by = b(RI) - buy and with death

rate per individual dz. For all € < inf .y %, we have

bz —dz > f(R{, R") ~eox(Me+ A+ [3/alox)) 2 ok inf tilwz) (11.7.13)
xe

Thus Z; is super-critical of order ox. Let TiZ be the first hitting time of level ¢ by Z;, then

by Proposition [[1.9.4]
Prlxy > 75 ] < exp(-K*®). (I1.7.14)

Furthermore, we have the following exponential tail bound, see [2] page 41,

-1-a/2
IP’[ Tl 2 (K)o g - a/Q‘TfK] <TOZ] <exp (—{ (K)o Z]‘), (I1.7.15)

emax, x| EnlT [5K]|T|€K1 <T7o

and max, [k En[Té K]’Ti K] <70 21 < O(In(K)og) (compare with Proposition | There-

fore,

P[ i < In(K)og” 0‘/2] > (1—6—%&/ )(1-e—K°‘) =1-0(ok), (11.7.16)

which implies the claim. ]
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I1.7.2 Step 2: the mutant density reaches a value C¢, .. (Stochastic Euler
scheme)

Recall that the trait of the successful mutant is R + o h where h e {1,..., A}. Due to the
regularity assumptions (iv) in Assumption 2| we have the following estimates:

WRE +oxh) = b(RE)+V (RE)oxh+O((oxh)?) (I1.7.17)
d(RE +oxh) = d(R®)+d (R®)oxh+O0((oxh)?)
r(RE +oxh) = r(RE)++"(RE)ogh+O((oxh)?)
o(RE +oxh, RE) = ¢(RE,RE) +0,¢(RE, R®)oxh+O((oxh)?)
o(RE RE +oxh) = c(RE,RE) +00e(RE, R¥)oxh+O((oxh)?)
(R +oxh, RN +arch) = c(R¥ R¥)+(01c(RY, R%)+0:c(R™,R¥)) oxch + O((oxch)?).

The deterministic system: Although we cannot use a law of large numbers, to understand
the behavior of the stochastic system it is useful to look at the properties of the corresponding
deterministic Lotka-Volterra system. The limiting system when K — oo, with ox = 0, takes
the simple form

0
d% = my (r(R") = (RS, RE) (mi +mi?)) (I1.7.18)
dmk R P
g = i (r(RE) = e(BERE)(mi +mit)). (I1.7.19)

The corresponding vector field is depicted in Figure This system has an invariant mani-
fold made of fixed points given by the roots of the equation

m® +mF = r(RE) Je(RE, RE) = 2(RY), (I1.7.20)

with m® m* > 0. This manifold connects the fixed points of the monomorphic equations,
(2(R¥),0) and (0,2(RX)). Note that z2(RX) has the interpretation of the total mass of
the population in equilibrium. A simple computation shows that the Hessian matrix on the
invariant manifold is given by

0 0
H(m®,m*) = —c(R¥, RF) (g‘k mk) : (IL.7.21)

m

The corresponding eigenvectors are (1,-1) with eigenvalue 0, and (m°,zZ(R¥X) - m%) with
eigenvalue —c(RX, R¥)z(RK).
It follows that the perturbed system

0
dmy

= m{ (r(R™) - (R, R®)Ym{ - c(R*, R* + orch)ym{"), (I1.7.22)
dm;*
TZZZ = mfl(r(RK+0Kh)—c(RK+aKh, REYM?—c(R¥+oich, RK+0Kh)mfl) ,  (IL.7.23)

has an invariant manifold connecting its fixed points (2(R*),0) and (0, 2( RX +oxh)), where
Z(RE +ogh) = r(RE +oxh)/c(RE +oxh, RE +0h) in a 0 g-neighborhood of the unperturbed
invariant manifold (see Figure . Thus the perturbed deterministic system will move
quickly towards a small neighborhood of this invariant manifold and then move slowly with
speed O(og) along it. Since the invariant manifold is close to the curve m® + m* = z(RK),
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‘ unperturped system ‘UK:O‘ ‘ per‘turbed‘ system 05:0.01‘
S A S | L)
7
f o V) v
o8 [/t ////'?’//;7/ ] o8 f #fr\/// //// ' ]
1 N /770
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Figure I1.3: Right: Vector field of the unperturbed system (ox = 0), Left: Vector field of the
perturbed system (o = 0.01). Parameters are given in Table

Table II.1: Parameters of the Figures [[1.3

b(R¥)=2 d(R¥)=1 c(R¥,R¥)=1 c(R¥, R +oxh)=1-20k
b(R¥+0xh)=2+0k|d(R¥+0oxh)=1-0k| c(R¥+oxh, R%)=1-20k | c(R¥+0xh, R +oxh)=1-0k

it is reasonable to choose as variables M; = m? + mfl. The motion of the system will then

be close to the curve ds(mfl) defined by the condition that the derivative of M; vanishes for
M; = G(my").
Since

My (r(RX) - o(RX, R¥) M) (11.7.24)

dt
—[(81c(R¥, R™) + 92c(R¥, R™)) My - v (R®) [ oichm)* + O(0% ).

Setting the right hand side to zero yields the leading orders in ox

g = r'(RK BcK,KacK,K
S(mf") = Z(RS) + orchmft (L) - QBT ) 4 O(o%). (I1.7.25)

We expect that the stochastic system also evolves along this curve. l.e., we will show that
mF! increases while the total mass stays close to the curve defined in (I1.7.25).
Define the function

_ ! K ) K’ K p) K7 K
() = Z(RX) + oxchy (S - 2L o)), (IL.7.26)

and the stopping time

9r[1(ear P(ig) = inf {t 2 HrIxiut. size i(€/2) : |<l~/t7 ]l> - ¢(Z(6/2))| < (M/S)GO-K} : (11727)

2

The dependence of ¢ with respect to the mutant density allows us to decompose the increase
of the mutant density into successive steps during which the total mass does not move more
than Meog.

Lemma I1.7.4. Fiz € >0. Suppose that the assumptions of Theorem[II.7.1] hold. Then, there
exists a constant M >0 (independent of e, K, and i) such that and for all 2 <i < 2¢ 1C<, s,

(a) Soon after Giut. size i(cj2) the total population size is close to P(i5):
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K K K K
IP—I&O UK P[Qnear #(i5) > (gmut. size 1(€/2) . SK) A 92 suce. mut. HdiUETSity
{2 0, e sy 3R 2 12 (3) = [+ 5)(¢/2) KT} ] =0.
(b) A change of order € for the mutant density takes more than o(o') time:
lim o3¢ Plinf {¢2 0%, iy 3k 2 120 (50) = [(i+ 3)(/2) K]}
K K K K
< (emut size i(e/2) + SK) A enear #(i5) A 02 suce. mut. /N edz’versity] =0.

(c) At the time when the mutant density has changed of order e the total population size is
still close to ¢(is5)

I%I_I)Iio 0—;{1 P[lnf {t 2 HnKear #(i5) : |<17t7 ]l> - ¢(Z§)| > MEUK} < eg(succ. mut. N Hflgversity
{2 08, gy 3R 2 1 () =[ (i £ 1) (e/2)K ]} ] =0,

(d) A change of order € for the mutant density takes no more than (iog )™ "2 time:

—1—a/2)

K K . K
I%’llgo UK PI: emut. size (i+1)(e/2) > (enear ¢(Z§) + (lo-K) A 02 suce. mut.
/\edwemlty/\lnf {t> enear ¢(z ) |<I;t7]l> _¢(Z(6/2))| > MEUK}] =0.

Remark 7. For each € > 0, Lemma implies that the mutant density reaches the value

C¢ oss With high probability, since € is independent of K. Moreover, for all € > 0,
K In(K K K
P I:gmut size Cgmss (emut sizee T ariga/)2 ) A 02 succ. mut. adiversity:I = O(UK) (11728)
K
and IP’[ \(ﬁem IR R Céross)| > MeaK] =o(og). (I1.7.29)

Proof. We will prove the lemma by induction over i. Base clause: Compare with Lemma
|II 7. 2| and |II 7. 3| that there exists a constant M > 0 such that [(7yx , 1) — ¢(0)] is smaller

mut. size €
than Meoy and that 05 . <60F A Q(fﬁversity both with probability 1 - o(ok).
Induction step from 7 —1 to i: Assume that the lemma holds true for ¢ — 1, then be prove

separately that (a)-(d) are true for 4, as long as i < 2e 1O, o

Proof. of (a) fori by assuming that the lemma holds for i—1. In the proof we use the following
notation

0K 02 succ. mut. adlversmy A inf {t>9 ) r3k>1: S):nk(ﬂt) = [(Z + %)%K]} . (II?BO)

mut. size i(e/2

Note that 9K differs from % defined in Lemmam We will prove (a) provided it happens
before GK and we use the estimates of step (b) for i to prove that it indeed happens before
HlK with high probability.

If the Lemma is true for i — 1, we know that (with (d))

P[\%K 1) - ((i-1)%)| <M60K] —1-o(ox). (I1.7.31)

mut. size 1(6/2)

Since ¢(z) — ¢(y) = O(h(z — y)ok ), we have with probability 1 —o(ox) either

inf {t 2 emut size i(e/2) - |<Dt’ ]1) - ¢(Z§)| < (M/3)60K} = Hrlrfut. size i(e/2)> (11732)
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which implies (a) for 4, or at least

1) - (;5(1%)‘ < (M N ‘h(r'(RK) _ (81c(RK,RK)+02c(RK,RK)))|) cox. (IL7.33)

|<50K r(RK) c(RE RK)

mut. size 1'(6/2)7
Similarly as in many previous lemmata we want to couple K (7, 1) with a discrete time Markov

chain. Therefore, let '

and Tj = 05 . i(e/2) and (T})ks1 be the sequences of the jump times of (i, 1) after

gut. size i(e/2)" Then let ka be the associated discrete time process which records the val-

ues that X! takes after time Ggut_ size i(/2)"

CLAIM. There exists a constant, C’Z’e’i’;ame>0, such that for all [Cg’ecfj;ativeeaKK] <7<
[eK] and K large enough,

PV, =5+ 1Y, =, Tha <0 ] < 3 —eox = p. (11.7.35)

n+l —

Moreover, we can choose

Obde 1 (4b(:1:) + A‘M - O1c(x,x) = Oac(x, 90)‘) . (I1.7.36)

C o =sup
d t
erivative — 5 c(z,x) r(zx)

If (74, 1)K > [¢(i(€/2)) K] at time ¢ = Ty, then (77:, 1)K = [¢(i(e/2))K]+Y, and, condition-
ally on Fr:, the left hand side of (II.7.35) is equal to the probability that the next event is a
birth. Namely,

Y 1s0 b1 (D73 ) )M (2 )
Y120 (01 (7)) + d(hie 1 (073)) + fgere €1 (i ), €) divgi (€)) ME (i )

< (b(RK ) S ka0 (i) + o hb! (RF)IMF (071 ) + C2A0 k[ 2logeK + 0(03(1())

(11.7.37)

(Bt () Y + B L)) )

#orch (5 ) (o (R (R)  CEIE R (00 ) 4 0 ()
-1
- (C’%d’c)QAUKB/a]UKGK - 0(0%K) ) ,

For the inequality we have used the fact that, conditioned on T, < 6, there at most o xe[3/a]
many unsuccessful mutant individuals which differ at most 240k from the resident trait R
Since Zkzoimk(ﬁm) = (Ur;, 1)K which equals [¢(i(€¢/2))K ] + j conditioned on j = Y the
right hand side of the last inequality is smaller or equals

MFL (D, )
ie ; hOMML (i)
x (b(RK) +d(R®) + o( RN, R CCLDELS o o o i

-1
% (bl(RK)+dl(RK) " 816(RK7RK)I-;8QC(RK7RK)(m0(ﬁT£)+mk1(ﬁTﬁ))) _ O(O’%{))
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and by definition of ¢ the denominator equals

mk1 ( 1)
20(R™ Yok +20chb (RK)W))TKH

+aKh[z'£( ng) + (R, REY) + 85c(RE, R ))

+ (R, RM)L - O(o%) (I1.7.39)
m 1(VT'L)
ToG(e/2)KT5

x (d/ (RI) =/ (RI) + LU I (o0 () 4+ W () ) ) .

Thus, we obtain that the right hand side of (I1.7.37]) is bounded from above by

R I
L gt s (ot ) i
93?1(1/T1)

c K pK c K pK - ~
+ ratgair (- () + BB (90 (i ) +9n’fl<m>))] +0(0%)-

In the case where (7, 1)K < [¢(i(¢/2)) K] at time ¢ = T, we obtain the same inequality but
with an opposite sign in front of the third term. Since

ier'(RX) M) (rE)K K pK K pE\Y [ 2 0)
22((RK)) o [(b((e(/Z)))K']ij_(alc(R ,R™) + 0pc(RY R | 5 - —57— ‘ (I1.7.41)

<(¢/2) |2 ”R - 01e(R", R¥) - dpe(RS, RY),
we deduce the claim. Since we choose M such that M > 3Cgedrlf/atlve7 we can construct a

Markov chain Z! such that Z° > Y, a.s., for all n such that T? < 9K Ainf{t > Omut size i(e/2) °

(7, 1) = ¢(i(e/2))] < %M eor } and the marginal distribution of Z,, is a Markov chain with
Zy =Y, and transition probabilities

pff for j1 > 1 and js = j1 + 1,
P[Z)1=delZy = 1] = {1-pK  for ji>Land jo=ji+1, (I1.7.42)
0 else.
_ (O1c(z,x)+02c(z,2))

Let Cexit = SUD ey 2A| r'(z)

r(x) c(z,z)

obtain, for all a < (M + Ceit )eox K and K large enough,

‘. Then,by applying Proposition [[1.9.5( (b), we

Po[inf{n>0: Z, > 2(M + Cext)eox K} < inf{n>0: 2} < (M)eox K} | (11.7.43)
<exp(-K%).

Next define B? = inf{n >0:Z) < 1Meox K}. This is the random variable, which counts the
number of jumps Z° makes until it is smaller than eox K. Note that (77,4 ~T?), the times
between two jumps of X}, are exponential distributed with a parameter (b(RX) + d(RX) +
¢(R¥, RF)Z(R®))Z(R¥)K + O(0k K) if T!,, is smaller than 6. Thus,

(Ti - T) < B, (11.7.44)

where (Ef)lzo is a sequence of independent exponential random variables with parameter
inf,ex b(z)z(z)K. Therefore,

P[Grﬁar o(ig) > 0% v iej2) T SK A §-K] (I1.7.45)
< IP’[ Zl OE > SK] +IP’[6 < Hmut size i(e/2) + Sk A Hnear B(is )] .
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Our next goal is to find a number, n;, such that P[B® > n;] is o(of). Since the transition
probabilities of Z* do not depend on the present state, we have that Z} — Zj has the same
law as Y.7'_; V), where (V}!)ren is a sequence of i.i.d. random variables with

PVi=1]=pX and P[Vi=-1]=1-pf (11.7.46)
and E[Vkl] = —2eok and |V}/| = 1. Furthermore, we get

P[B' <] >P[inf {j>0: 2 - Zo < ~[(GM + Cox)eox K1} < i (IL.7.47)
2 P[Z’Zil sz < —[(%M +Cexit)€UKK]]

and by applying the

HOEFFDING’S INEQUALITY. (Appendix 2 in [I10]) Let Yi,...,Y, be independent random
variables such that, for all j €N, a; <Y; -E[Y;] <b; for some Teal constants aj,bj. Then, for
x>0,

P[5, Y -E[Y;] 2 2] <exp (—2332 (Zh1(ay - bj)2)‘1) . (I1.7.48)
we obtain ‘
P¥p, Vi > =2e0kn; + (n:) 727?] < 2exp(=(ns)®). (I1.7.49)
With n; = [K(%M + Cexit) |, we get —2eoxn; + (ng)?+el? < —[(%M + Cexit )eo g K|, since
K3+ « ok . Applying the exponential Chebyshev’s inequality (with A = K¢)

K( M+Clexit)|

[zl o E} >SK]<eXp( /\SK)IE[eXp()\ZlK( 5 M+Clexit)] l)] (I1.7.50)

K(EM+Coxit)]+1
lnfzeg\gb(ﬂj) (x)K )[ (2 + )|+

infrex b(x)z(z)K — A

< exp(—/\SK)(

< exp( ASK + ([K( M + Cexlt)] + 1)111(1 + 1nfzexb(w>5z(w)K )\))

. VR SM + Cexig + 1
P K it ex b(2)2()

O()\2K_1)) <exp (-K%).

Hence, the left hand side of is bounded from above by
exp (~K ™) +2exp(~(K (3M+Cexit)*)+P [0 < (0, e sgejz) + 1) A Ol piisy |- (1L7.51)
This proves the lemma if we can show that
P[0} < (Oipus. size ice/2) + SK) AMiear a(i)] = 0(0x). (11.7.52)
According to Remark [ and Lemma we have that
P[eé{succ. mut. eclﬁversity <Opat. sive i(e/2) T S| = o(ok). (IL.7.53)
Therefore, the following proof of (b) for ¢ implies (a) for . O

Proof. of (b) for i by assuming that the lemma holds for i—1. Note that the random elements
B, T, Vi, Wi X' Y* and Z° are not the ones of the last proof. They will be defined
during this proof. In fact, the structure of the proof is similar to the one of (a), except that



I1.7. THE SECOND PHASE OF AN INVASION 63

we prove a lower bound for the time of a change of order € for the mutant density instead
of upper bound for the time of a change of order ecx of the total mass. We couple Smfl

for t> Gmut size i(e/2)’ with a discrete time Markov chain (depending on i). Therefore, let
k
ngt size i(/2) and (T )i>1 be the sequences of jump times of M after Hmut size i(e/2)"

Furthermore, let (Y;!),,50 be the discrete time process which records the values that sm’“ takes
ie., Yy = MM (07:) = [Ki(e/2)] and Y, = M* (i ). Observe that if

05 > 00 gy AOE{E2 08,0 e siegm 17 1) = 6(35)] 2 2(M + Cosi)eocK ), (117.54)

we know from the inequality ([1.7.43)) that the probability that Hnear 6(i) is larger than inf{t >

Hﬁfut size i(¢/2) ° (7, 1) — (i(e/2))]| 2 2(M + Cexit )eox K } is smaller than exp(-K®). Define

05 = {t2 08, G i 17 1) = 6(1§)] 2 2(M + Co)eo K} (IL7.55)

K
A enear d)(z%) N 02 suce. mut. " ediversity

and ) ~
Chitness = in{,f‘; 81f(:z:, 573)/ b. (11.7.56)
xe

Note that §% # 5. Then, for all —[{K] < j < [{K], for K large enough and for ¢ small
enough, we have that

P[Y,, =[i$K]+j+1|Y, =[i$K] +‘7,T’+1 < 0] (I1.7.57)
€ [% + %éﬁtness 0K, § + 2A0ﬁtness UK]a

since the left hand side of ([1.7.57)) is equal to the expectation of the probability that the next

event is a birth without mutation conditioned on Fr:. Namely,

b(RE +oih)(1-ugm(RE -oxh))
(b(RE +05ch) +d(RE +01ch) + [y, (RE +o1ch, €)dir, (€))

(11.7.58)

:b(RK+0Kh)[b(RK+aKh)+d(RK+aKh)+c( Kioxh, RE) (s eyt H)

Fe(R srich, RS +horo) (2909 ) 6y (e O ([2142(M +Coi)))]| +0(urc)

= b(RK+aKh)[2b(RK+aKh)—f(RK+aKh, REY+e(R+arch, R)(6(i5) - 58 )

-1
+orchdac(RE, RK)( )+£1(EJKCL([%]+2(M+Cexit)))] +O(ug).
for some &; € (-1,1). By definition of ¢ of (II.7.58)) is equal to
b(RE + aKh)[Qb(RK +owch) -0 F(RE, REYoxch + c(RE + oxch, R )oxch (I1.7.59)

r(RE o(RX RK 1
x (15)( Sy - 2oty ) + &1 (coxC (T3] + 2(M + Cexi))) |
+O("KJ + 0% +ug)
= b(R™ + och)[26( RS + oxch) - oxch (1 - 15%) o1f(RX, R™)
+& (o CE([2]+ 2(M + Ce)))] L O0( 4 02+ ug)

1 €cC K RK K RK (&5 2(M Cexi oKj
=§+0Kh( -5 (f(R}?) ))&fé(};}gf )+eaK£1( Al ];(R(K; t))+O(%j+o'%<+u;<).
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. ¢ ¢(R¥,RK)

implies that 1 ~ iRy > 0, we obtain ([1.7.57). Thus we can

construct a Markov chain Z! such that Z > Y, a.s., for all n such that T? < 0% and such
that the marginal distribution of Z} is a Markov chain with transition probabilities

. —1ve
Then, because i < 267 Cf, g5

1+ 2AC messor for jo = j1 + 1,
P(ZL., = j2lZ} = 1] = {1 - 24Ckmessorc  for jo = j1 - 1, (11.7.60)
0 else.

We define a continuous time process, Zi, associate to Z,i. To do this, we define first (T;) jeNs
the sequence of jump times, by Té =0 and

. Tt _ T f T < 6K
7i- i —{J 1 B (IL7.61)

. .= ‘
b W; else,

where W; are exponential random variables with mean ([K(i-ﬁ-%)(6/2)](5+E+E(45/Q>))_1. We
set 70 = ZUift € [T}, T, ). Obverse that we obtain by construction Zj > M* (¥x )

mut. size i(e/2)

for all ¢ such that 6%

mut. size i(e/2) +t< éZK Next we want to show that

Plinf{t>0:Z; > [K(i+3)(¢/2)]} > Sk] = 1-o(ok). (I1.7.62)

Therefore, let BZ =inf{n>0: Z! = [K(i+ %)(6/2)]} We can construct (X]i-)jzl a sequence of
independent, exponential random variables with parameter =€ = [ K (z+%)(e/ 2)1(b+d+c(4b/c))
such that

(T}, -T)) > X, forall1<j<Bf. (I1.7.63)

Our next goal is to find a barrier, n;, such that BiZ is smaller than n; only with very small
probability. Since the transition probabilities of Z* do not depend on the present state,

ZEZ — Zy is stochastically equivalent to Zi:l Vki , where (V,j)keN are 1.i.d. random variables

taking values +1 with probabilities
P[Vi=1] =1 +2ACktmessoxc  and  P[V{ = -1] = & - 2ACktnessO k- (I1.7.64)
Note that E[Vk’] = 4 ACktnesso k. and |Vk’ | = 1. Furthermore, we get
P[BZ <ni] =P[3[(e/)K] < j<ni:Thy Vi > [(¢/HK]]. (IL.7.65)
Hoeffding’s inequality implies that, for j > [(e/4) K],
]P’[ I Vi > 4ACkimesOK + j1/2+a/2] < 2exp(—j%). (I1.7.66)
We take n; = €K (8ACHmesso i) and get for all [(e/4)K] < j < ny,
4ACkmess i j + § 12 < [(e/4) K], (IL.7.67)

since K2%% « ok. Then, the probability that BiZ <eK (SAC’ﬁtneSSJK)’l is bounded from
above by 2exp(—K®). Therefore, the left hand side of equation (I1.7.62)) is larger than

P[Z;ﬁ(mcﬁmmox)-l Xi> SK] —2exp(-K®), (11.7.68)
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By applying the exponential Chebyshev’s inequality we get, similarly as in (a),

P[Z;;(l(SAoﬁmesSaK) Xi< SK] (I1.7.69)

IP)I: Z;I{l(SACﬁtnessaK) )(Z > _SK]

]eK(SAéﬁtnessUK )_1

IN

exp(K“Sk)E [exp(—Ko‘X;)
exp(K*Sk) exp (GK(SAéﬁtneSSO'K) In ( Kfoa ))

exp(K°®Sk — €K (8 ACHnesso i) "CK ™)),  for some small C' > 0,
< exp(-K%).

IN

AN

This proves that P[inf{t > 0 : Zl > [K(i+ %)(6/2)]} > Sk|>1-3exp(-K?*), and therefore
(b) and (a) for i, provided that the lemma holds for i — 1. O

Proof. of (c) for i by assuming that the lemma holds for i—1. Note that the random elements
T?, X?, and Y'are not the ones of the last proof. As in (a) we couple K (i, 1) with a discrete
time Markov chain. Therefore, let

Xi = [K (0, 1) = [¢(i(e/2)) K| (IL.7.70)
and T¢ = GIfut size i(c/2) and (T} )k>1 be the sequences of the jump times of (7, 1) after
oK ¢/2)" Then, let Yi be the associated discrete time process which records the values

mut. size i(

that X/} i takes after time 65X

mut. size i(e/2)"

~b,d,c
demvative

CrLAIM. There exists a constant C; such that for all j < [eK] and K large enough,

1
PV}, =j+1|Yi =], Tyt <0! ]<§—3;ng[( + e Clde K(4), (IL7.71)

derivative ~ =D+

~b,d,c A rl(z)
Moreover, we can choose CJ7 . = sup,ey ) ]Z(m) ove(z,z) = Oac(z, x)|.

From (a) we know that the left hand side of (II.7.71) is smaller or equals

1 «BRKRK) .. .1, eogxh
5 " T3(RE) IE + grmy

D 91e(RN R¥) - 2e(R R¥)|+ 0(0%).  (IL7.72)

This proves the Claim. Note that pZ ( j) depends on j. Since we can choose M > SCS e‘iliatlve ?’Cb,

continuing as in Lemma [[1.6.3] implies that (c) is true for ¢, provided that the lemma holds
for i —1. O

Proof. of (d) for i by assuming that the lemma holds for i —1. Again we couple Dﬁfl, for
t >0k with a discrete time Markov chain. Let T¢ = 0% and (1}),.; be the

= “near ¢(i5)’ near ¢(is5)

sequences of the jump times of E)ﬁfl after Gféar 6(i%)" Then, let (Y;}),.o be the discrete time
£ >

process which records the values that Dﬁfl, ie.,
:smkl(ﬁTg)e[K(%-g)-1,K(%+g)+1], (IL.7.73)
and Y;i = 9k (7). Define

ézK = inf {t>9near o(i5) - |<17t7 ]l> - ¢(Z§)| > MEUK} A Hg(succ. mut. A Hfigversity' (11774)
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Note that this §% differs only a bit from the one defined in (b). From the proof of (b), we
know that the density of the mutant trait has the tendency to increase. More precisely, since
i < Cgross(2/€), we have, for all -[{ K] < j <[SK], for K large enough and € small enough,

IP’[ ma =[I5K]+5+ 1|YZ = [i5 K]+ Ty < 9K] >3+ 0 Dheex 0L (2:2) (IL.7.75)

z
3 2b

By Continuing in a similar way as in (b) with bounding the random variables in the in the
other direction (as in (a)), implies that (d) is true for ¢, provided that the lemma holds for
1—1. O
I1.7.3 Step 3: the density of the resident trait RX decreases to ¢

Similarly as in Step 2 we define a function which allows us to approximate the total mass of
the population for a given density of the resident trait.

Notation. Let us define

K c K pK c K pK
() =Z(RE) + oxch(2(RY) - z) (S + AUl et (11.7.76)
Note that ¢(y) =¥ (¢(y) - y) + O(0%). Therefore, since {7y« 1) - ¢(Coss)| <

mut. size c(e:ross
mut size C&oss the denSIty of the resident
with diameter 2(M+[3/al)eok

Meo g with probability 1-o(ok ), we get that at time 8%
population belongs to an interval centered at ¢(C¢ oss) = Céross
with probability 1 - o(ok), and hence

(7 )i
w( erin(ut size Céoss

™) = (B Clross) = Clross) + Ole0) (IL7.77)
= ¢( CI‘OSS) + 0(0-%()

with probability 1 -o(og). Thus, the total mass of the population also belongs to an interval
centered at Y(P(Closs) = Cross) With diameter 2(Meok + O(0%)) < 2(M +1)eok.

Notation. Let us define
OC[I("OSS |—(¢(C§I’OSS) CrOSS 6)2/6] (6/2) and (11'7'78)

inf {t > 05, (D, 1) = P(Clross — 5) < (M[3)eoic ). (IL7.79)

0

mut. size C&. ¢ °

near ¢(C~’Ceross - % )

Note that the term —e in the definition of CX_ . ensures that resident population is larger
than CX__ at time 0%

cross mut. size C¢

crobs

First, we need a lemma to connect Step 2 and Step 3.

Lemma I1.7.5. Fiz e > 0. Suppose that the assumptions of Theorem[II.7.1 hold. Then, there
exists a constant M >0 (independent of € and K ) such that,

(a) Soon after 6% , the total population size is close to ¥(CS

mut. size CSp g6 cross 5)

K K K
I}lilio UK P[enear w(ésts_é) > Hmut. size C¢ppss + SK A 92 suce. mut. ediversity

Ainf {t 2 emut size C¢rpgs

$ O (71) = [(Clyos  3/)K ]} | =0,

(b) A change of order € for the resident density takes more than o(oz}) time:
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mut. size C&ppgq gﬁo( ) [(Ccmss + 36/4)K]}

I%l_rgo o [1nf{t> 05

< emut size C% s + SK A ene(w w(cpmgg 5 A ‘92 succ. mut. A edwerszty] 0.

(c) At the time when the resident density has changed of order € the total population size is
still close to h(C, s — <)

cross 2

. K
lim UK ]P)I:lnf {t>0near¢(0mmg 2) |<Vt7 > w(ccmss 2)|>M60K} <92 succ. mut.

K—oo
flno(ﬂt) [(Ccrossie)K]}] = 0.

/\edwerszty A inf {t 2 emut size C¢

CToss

(d) A change of order € for the resident density takes no more than (iog )™ "? time:

[}11}}30 U;(l P[ Hgs stze Cﬁmgg > emut size CSross + (iUK)iliap) A eg(succ, mut. N egversity
Ainf {t 2 anKear (O, uam b < ‘(Vb ) (Ccmss 2)| > MEUK}:I =0.
Proof. Apply the methods of (a) to (d) from Lemma [[1.7.4 O

Next, we have the following similar lemmata as in Step 2, for them let us define
erll(ear P(ig) = 1nf{t 2 Qres size i(e/2) - |<Dta 1) - ¢(Z(6/2))| < (M/B)EJK} (11780)

Lemma I1.7.6. Suppose that the assumptions of Theorem [IL7.1] hold. Then, there exists a
constant M > 0 (independent of €, K, and i) such that, for all € > 0 and for all (C%, e —
€)(2/e) >2i>2,

(a) Soon after 6F ¢/2)’ the total population size is close to ¥ (i5):

res. size i(
1%1_{20 Uf(l ]P)I:HnKear ¥(ig) > 97{;. size i(e/2) T Sk A efsucc. maut. N Qgiversity

Ainf {t 2 Ores size i(ef2) * mo(ﬂt) = [(Z + %)(G/Q)K]}] =0.
(b) A change of order € for the resident density takes more than o(az}) time:

lim O—;(l P[lnf {t 2 egs. size i(€/2) : i)ﬁo(l}t) = [(Z + %)(G/Q)K]}

K—oo

< eres size i(€/2) + Sk A Hnear ¥(is) A 92 suce. mut. N gdwerszty] 0.

(c) At the time when the resident density has changed of order e the total population size is
still close to ¥(ig):

lim O—;(l ]P)I: inf {t 2 enear PEs) |<Dt7 1)- ¢(Z(6/2))| > MEUK} < Hg{succ. mut.

K—oo
A egiversity Ainf {t 2 egs. size i(€/2) : mo(ﬁt) = |'(Z + 1)(6/2)K]}] = 0.

(d) A change of order € for the resident density takes no more than (iog) "2 time:

lim G;(l ]P)I: Hgs. size (i—1)(e/2) > (HHKEW” (i) * (ng)

-1-a/2
K—oo )
ninf {t2 08, ey s (5, 1) = (i(e/2))| > Meoxc } ] = 0.

K K
A 02 suce. mut. N gdiversity



68 I1.7. THE SECOND PHASE OF AN INVASION

Proof. Apply the methods of (a) to (d) from Lemma [[1.7.4 O

Remark 8. Lemma [[1.7.5] and [[T.7.6] imply that the density of the resident trait decreases to
the value €. Moreover,

In(K
I:erlgs size € > emut size C&ogs + 0_11(+a/)2 A ag(succ. mut. /A egversityjl = O(UK) (11781>
K
and  P[[(7gx 1) =€) > Meok| = o(oK)- (11.7.82)

I1.7.4 Step 4: the resident trait RX goes extinct

1+a/2

After the time 0% we have to wait less than In(K)o "' time to know that the resident

res. size €

trait is extinct with high probability.
Notation. Define 6% ar $(0) = =inf{t> 05 . _:|(5, 1) —(0)| < (M/3)eok}.

Lemma I1.7.7. Suppose that the assumptions of Theorem hold. Then, there ewists a
constant M >0 (independent of € and K ) such that, for all € >0

(a) Soon after 6K the total population size is close to 1(0):

res. stze €’

: -1 K K K K
I%I—I}lo 0K P[enear ¥(0) > eres. sizee T Sk A 02 suce. mut. " Hdiversity

/\1nf{t>9K )0 () = [(114)61(]}]:0

res. Size €

(b) A change of order € for the resident density takes more than o(oz}) time:
I%l_r)r;o % P[inf {t >08 om0 (y) = [(1 + Z—ll)eK]}
K K K
< eres sizee T Sk A enem‘ $(0) N 92 suce. mut. ediversity] =0.

Proof. See proof of Lemma O

Lemma I1.7.8. Suppose that the assumptions of Theorem hold. Then, there exists a
constant M >0 (independent of € and K ) such that, for all € >0

I}I_I}[l)o UK P[ eres size 0 > (enear ¥(0) + IH(K)O' = 01/2) gg(succ. mut. ggversity (11783>
Ainf {t >0k w0y 17 1) =1p(0))] > MfO'K}] =0.

Proof. To prove this lemma we use a coupling with a continuous time branching process as

in the proof of lemma [[I.7.3] For any 0near w(o) ST 0% . s, A levemty inf{t > Gnear 5(0) °
(74, 1) = 1$(0))| > Meo }, any individual of 9M°(7;) gives birth to a new individual with trait
RE with rate

(1= ur m(R))b(RY) e [b(R™) —ug b,b(R™)], (I1.7.84)
and dies with rate

d(R®) + (R, R )Ym (i) + L (B, (©). (I.7.85)
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which is larger than dz = d(RX) + ¢(R¥, R + oh)z(RE + oxh) = CM | (o€ Where
CM | teain = M +7T[3/a] - 2hdac(RE, RE). Therefore, we construct, by using a standard

coupling argument, a process Z; such that
Z > M0 (i) (I1.7.86)

for all 6% w(o) STE 0K e mut. A Gclgversity Ainf{t > 6% 5(0) (¢, 1) —=1(0))| > Meok}. The
process Z; is a linear birth-death process starting at [geK ], with birth rate per individual

bz = b(RX) and with death rate per individual dz. Since

by—dz = f(RE, R + oxh) + CM | eain€0 K (I1.7.87)
= —oxhd f(RE +oich, RE +oich) + CY | qeaneo i + O((oxh)?)
= -0K&K

is negative and of order ok, the process Z; is sub-critical.
Note that {x > infg ey M > 0. Let TiZ be the first hitting time of level ¢ by Z;, then

we have
P[75es) <76 ] < exp(-K*) (11.7.88)

compare with the proof of Proposition [[1.9.5] Since Z; > 9M°(#), we obtain also that, with
high probability, 9°(7;) stays smaller than [2¢K ] before it dies out. For any ¢ >0 and n € N,
the distribution of the extinction time of Z; for by # dz is given by:

dZ — dZ exp((dz — bz)t) )n
bZ — dZ exp((dz — bz)t)

P,(rf <t) = ( (I1.7.89)

(cf. [6] p. 109 and [25]). Therefore, we can compute in our case where dz — bz = ok with
&k uniformly positive

vapr [ 47— dzexp((dz - bz) (K)o ™) iele
Plrf <In(K)oy ] = (11.7.90)

bZ - dZ exp ((dZ - bz)ln(K)J;{l_am)

SeK
dy - dy K< )46

dZ _ UK&K _ dZKﬁKo;(ah

%eK
EKOK )

dz(KgKU‘;fa/2 -1)+okéx

1

5 11y SeK
>(1-ox(5eK) ' K)4
>1

~O(oxg K1) >1-0(0g),
which proves the lemma. ]
11.7.5 Step 5: the population becomes monomorphic and stays close to its
equilibrium

After the extinction time of the resident trait, we have to wait at most In(K )a;(l_a/ ? time
until the population is monomorphic with trait R + oxh.
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Lemma I1.7.9. Suppose that the assumptions of Theorem hold. Then, there exists a
constant M >0 (independent of € and K ) such that, for all € >0

[%I_I}.io O-E(l P[ej[ifmtion > (07{25 size 0 T IH(K)O' = 04/2) N eé(succ. mut. N eé(iversity (11791)
Ainf {t > 0K 50 * (7, 1) =(0)] > MGO’K}] =0.

Proof. By the last lemmata, we have 0% . —=inf{t > 0K . |Supp(1/t ) =1, (7, 1) -
¥(0)| < (M/3)eor} with probability 1 —o(ox). Set D = {k e N:1<M*(7yx ) <eoxK}.

res. size

Then |D| < [3/a], and none of these traits are successful since we have seen that 0K o
is smaller than 6X = and Hdwersny with probability of order 1 - o(ok). By applying
Proposition [1.9.3] and using the Markov inequality, we obtain that the life time of each of
these subpopulations is with probability 1 —o(of) smaller than In(K)o . 1-a/4 . Therefore, if
no new mutant is born between £ . 0 and 05 o o +In(K)o, e , we obtain the claim.
On the other hand, as in Lemma the number of mutants born in the time interval
[Gr]gs sie 00 OB size 0+ IN(K )0y 1-a/2 ] is stochastically dominated by a Poisson point process,
AK(t), with parameter a ux K, where a = sup,.y Z(z)b(z)m(z) + 1. Hence, the probability

to have no new mutant in this interval is

P[AK (In(K)ol ™) =0] = exp(-In(K)oy “PaugK) (I1.7.92)

exp(—a?(/Q) > 1-o0(1).

v

Because the probability that a mutant is successful is of order og, the probability that a
successful mutant is born between times 05X . o and X . o+ In(K )0 el2 o(ok).

Since
P[AK (In(K)o %) < [3/a]] (11.7.93)
[3/a] In( K)o to/? K
:exp( In (K)o 1702 uKK) 5 n(K)o “aug
i=0 ¢
>1-(In(K)oy “l-a/2, uKK)[?’/O‘]+1

>1-0" =1-0(0k),

there are maximal [3/a| unsuccessful mutations in this interval. With the same argument as
before the life time of each of these subpopulations is with probability 1 -o(ok) smaller than

In(K)o et herefore, with probability 1-o(ok) the maximal possible time interval where
at least one mutant individual is alive is smaller or equal In(K)o - ety +[3/a]In(K)o mafd

« (K)ol ™" Recall from Lemma that if |(7,1) - 1/1(0)| > (M/3)eox at the first
time When the population is again monomorphic, then the time the process needs to enter
the (M /3)eok-neighborhood of ¥(0) is smaller than Sk, which can be chosen smaller than

037%/(Kug). This proves the lemma. O

This ends Step 5 and the second invasion phase. Note that the estimates of the two phases
do not depend on the exact trait value of the resident trait, especially the a priori different
constants M. In fact, we can use in all lemmata the same constant M, namely the largest.
Therefore, we can apply our results for the successful mutant trait R{{ = R¥ + oxh, which is

the next resident trait by using the strong Markov property for (7, L) at the stopping time

K
fixation*
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I1.8 Convergence to the CEAD

Our goal is to find Ty > 0 and to construct, for all € > 0, two measure valued processes,
(ur™ 2 0) and (u2™¢, ¢ 2 0), in D([0, 00), M(X)) such that

3 Tt . 17K7 K 27K7
I}I_I)EOPI:V t< Ku;?c;f{ T 7 T ] =1, (I1.8.1)
and for j € {1,2}
lim P| sup | upee, o o= Z(@)d, | >d(e) [=0, (11.8.2)
K—oo 0<t<Th t/( UKOK ) t 0

for some function § independent of z, K such that §(¢) — 0 when ¢ - 0. This easily im-

plies (I1.4.5)) for all T < Tj.

The result for all 7" > 0 then follows from the strong Markov property. Indeed, the
construction below implies that there exists a stopping time

T e [To/2Kugos, To/ Kugos] (I1.8.3)

(a fixation time) such that, with probability converging to 1, #X has a unique (random) point
Y as support and a total mass belonging to [Z(Y) - Mog,z2(Y) + Mok]. Hence (I1.8.1)

and (I1.8.2)) also hold for the process (vX,,t > 0), and ([T.4.5) is thus true for all T < 37p/2.
We obtain ([1.4.5)) for any fixed T > 0 by induction.

I1.8.1 Construction of two processes ;%1 and X2 such that p, "™ < vf < 2™

the
time of i-th fixation and RiK the trait of the i-th successful mutant. Let us fix the following
initial conditions Réﬂ = Ré( - Aok, Régz = Ré( + Aok and 95’1 = GIK’2 = (0. Assume that
we have constructed GZ.K’l and 91.[{’2, and RZ.K’l and RiK’Z. By Theorem [[1.6.2] and the Markov

property, we can construct two random variables Rfi’ll and Rfi’f such that

Fix T'> 0. Let 6 denote the random time of i-th invasion (i.e., X =0F . ) 95K .

RS - R < RE, - RE < REZ - RI? (11.8.4)

i+1 i+1 7

with probability 1-o(ok). Moreover, Rﬁ’ll - R,L.K’1 =RE -REK = Rﬁ’f - RZ.K’2 with probability

1-0(e) and RE? - RE! < Aoy, The distributions of RE:' — R and RE? - R®? are (cf.

i+1 7+1 i+1 7 i+1 1
Corollary [I1.6.10))
ri(Rfh) = PR = R +o4h] (I1.8.5)
M(RE 1)¢$(RE 1) p§ (RE) . _
pg(Rgf) +1_p—é(Rf{) ifth=1
M(RYX h)qs (RE h .
s ithe2,. A}
and
rs(RE,h) = P[R{] = RIS +oyh] (IL.8.6)
M(Ri;;z)gi(ff{’h) ifhell,.,A-1)

M(RE,A)¢¢(RE,A)
ps(RE)

P1-BG ith- 4,
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where

qi (JI, h) = hM - C]%ernoulliea q;(x7 h) = hM + C%ernoullie (1187)
b(x) b(x)

and p§(z) = S q5(z, h)M(z,h) for j = 1,2. (Note that we changed a bit the notations
of Corollary [[1.6.10| to make explicit the dependence on € and Rz-K .) Since we assumed that
the fitness gradient 0y f(x,z) is positive and uniformly lower bounded on X, the transition

probabilities rj(:n,h), j = 1,2 are uniformly Lipschitz-continuous functions of x with some
Lipschitz constant C’Eip. By Theorem and Lemmata [[1.6.7] and [[T.6.4] we can construct

two exponential random variables, Eﬁ’l and Ef’f ,with parameters af’e(RZK )pi(RZK Yogur K

and af’e(RiK)pE(RiK)aKuKK given by

al“(z) = (2(x) - eare M)b(z)m(x) (11.8.8)
ay “(x) = (2(z) + eax (M +[3/a])) (b(z)m(z) + C2™M Aog), (11.8.9)
such that
P (BT <051 - 0ation < B + (K)ol ™) = 1= o(0x). (11.8.10)
K

Note that this inequality involves 6% .. instead of OZK since we apply the Markov property at
the fixation time of Lemma [[I.7.9|before we can apply Theorem [[1.6.2] However, Lemma [[I.7.9]

entails that we also have

P(BST <0 -0 < B +6Im(K)oy %) =1-0(0k). (IL.8.11)
We then define
oKl 9 = XD L 6In(K)ol ™ and 052052 = EX2. (11.8.12)

In addition, by their construction in Section m it is clear that the random vectors {(E.K’1

i+1 0
K2 pK1 pKl pK2 HK2\1 . o Ky
E ., R -R, R.T - R.7)}iso are independent conditionally on (Rj )j>0-

Lemma I1.8.1. With the previous notations, the processes p! and p? in D([0, 00), M(X))
defined for allt >0 by

i+1

p™ = (Z(RE) = (Me+C)og)d e, for te[0/°1, 050 n[0K,05,),  (118.13)
pp™ = (Z(RE) + (Me+[2]e+C) ok ) dpra, forte[0]0%,057) n[0F,0K,),  (11.8.14)

i+ J

for some constant C independent of K, x, €, satisfy for all T >0

I@;P[Vt < FunaT <l < uf’K] = 1. (11.8.15)

Note that the support of p#%, j = 1,2, is defined from the sequences (RiK’j )iso and
(QiK’J )i>1 but the mass of /"' is defined from the sequences (RX);5o and (65);51.

Proof. Let us fix T'> 0 and I" > 0. Since each of the steps previously described holds with
probability 1 —o(ok ), we deduce that the above construction can be done on a good event of
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probability 1 —o(1), for all integers ¢ < I'/ok. Since in addition, on X, a2 (ZL')pQ(:L') is uni-
formly bounded from below by a positive constant a, the random variables FE;™ K2 can be cou-
pled with i.i.d. exponential ones of parameter aKug ok, and hence P[Q{;’/QUKJ < T/(KUKU%()]
is smaller than the probability that a Poisson process with parameter a K ug o is larger that
|T/ok] at time T/(Kuko%). By the law of large numbers for Poisson processes, we deduce

that if I' > T'a (which we assume true in the sequel),

dim P[Gﬁfa}( < #KU%{] = 0. (11.8.16)

Let us recall that, on the previous good event of probability 1 — o(1), the number, the
trait, and the size of the living mutant populations and the size of the resident population are
controlled at any time in the i-th first phase (Lemmata [[1.6.3[and [I1.6.9). In addition, during
the i-th second phase, the number, trait, and size of living mutant populations are controlled
(see all the Lemmas of Section, the total mass of the population stays within the Meo k-
neighborhood of ¢(y) or ¢(y) for some y € [0,2(RX)] (Lemmata [[1.7.4] and [[1.7.6). Since
l(y) - 2(RE)| < Cog and [ (y) - 2(RE)| < Cog for some constant C, as seen in

and (IL.7.76)), and since the sequences (R’ Y50 for j=1,2 and (RE)50 are all increasing on
LK K

the good event, we deduce the required comparison between the supports of p,”", v;*, and
K for t < KLQ, on the good event. Since we used z(RK ) to define the masses of 1’ LK
and ,ut’ , the required comparison between the masses is also clear. ]

Note that, since the function Z may not be non-decreasing, replacing Z(RJK) by E(R]K’l)
in the definition of ,u% K may not imply the required comparison between the masses of ui ’K,

v, and uf K

The next goal is now to prove the convergence of both processes ug}iuKUQ for j=1,2 to
K

Z(xt)d,, in probability in L= (M(X),|-|o). For this, we will use standard convergence results
of Markov jump processes. However, the two processes 7, j = 1,2 are not Markov because
the i-th jump rates and transition probabilities defined above depend on Rl-K which is close,
but different from RiK’j . Therefore, we introduce a small parameter, n > 0, and we construct
two Markov processes 59" j=1,2 in D([0, 00), M(X)) such that

. K,l,em 1,K 2, K K2 E,n T K
Klirf-loopliﬂ(t (Ko )V S R, K< [Ty TP Vit < Kuxol, A S ] 1, (I1.8.17)
where Sf]( is the first time where the distance between the support of uf( 9T and ,uKze’"

is larger than 7. The last equation will be proved below in Section The time-shift of
~1/(Kugog) in pf147 is due to the terms 61D(K)O'_1 /2 iy (I1.8.12). We will next study
the convergence of these two Markov processes when K — oo and prove in Section that,
for a convenient choice of 7, there exists some T > 0 independent of K, x, e, n such that

lim ]P[SK To ]:o. (I1.8.18)

K—+o0 Kupog

11.8.2 Proof of ([I1.8.17)
For all z € X, we define (77"(z,h),1 <h < A), and (75" (x,h),1 <h < A) by, forall 1 <0< A,

Zh 1 7“1’77(95 h) = [Zszl(ri(% h) + Cfipn)] A1 2 SUP el 2] Zﬁﬂ ri(y, h) (I1.8.19)
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and

Sher 75" (@, 1) = [y (r5 (2, h) = CFyum) ] v 0 < inf ey o) Thoy 75 (0, h).- (I1.8.20)

Note that 7)"(z,-) and 75" (z,-) are probability distributions on {1,..., A} for all z € X and
that, by standard coupling arguments, for all x < y such that y — x < 5, the distribution
7" (x,-) is stochastically dominated by the distribution 7{(y,-) and the distribution r§(z,-)
is stochastically dominated by the distribution 75"(y,-). We define similarly

_K K € . K, €
ay M(x) = ap (2)pi(z) - Crypn < inf a7 (y)pi(y), (11.8.21)
ye[z,xz+n]nX
and
ay “"(z) = ay “(a)py(2) + Ciipn > sup_az “(y)p2(y), (11.8.22)
ye[z-n,x]nX
where Cﬁlp is a uniform Lipschitz constant for the functions a pJ, j = 1,2. Note that

al*"(z) > 0 for all z € X if 7 is small enough.
It is then clear that there exist two Markov chains (RK’]’")->O, J =1,2, with initial con-

dition RK’j = Ré(’] and with transition probabilities FK “(x,h) from x to x + h, such that,

for all i > 0 satisfying R - RN <,

R R < RIS RIS and RE? - RS2 < RE2M - RS2 < RISI_ RIS (11.8.23)

i+1 i+1 7 i+1 +1 7

Similarly, there are random variables Eﬁf" j =12 independent and exponentially dis-

tributed with parameters dK E’77(R 7Y conditionally on (R, K3 150, such that EK 21 < pi2

7+1
K,1 K.1n aK.im _ pK.gm _ pK.53,0 K,gm _
and E. ;" < EHl We then define 02+1 01‘ =FE.7" with 00 =0.

Since the function Z is CLip—LlpSChltZ it is clear that ([1.8.17]) is satisfied for the processes

fiy ot = (2(X SN — (Me+ C)oge — CEyn)d g ren (11.8.24)
t
and Mf’Q’e’" = (Z(XtK’Z”) +(Me+[3/ale+C)og + Cfipn)éxx,z,n, (11.8.25)
t

where

1+1

X0 = RIS for ¢ e [0 4 65 In(K oy~ 05017+ 6(i + 1) In(K)opd /%), (11.8.26)

and

X202 RE20 for ¢ e [K20 pK2my (I1.8.27)
By construction, the processes X7 and pf?" are Markov jump processes, but the process
XH1n i not because of the terms 61n(K )0;(1_0‘/ % involved in its definition. However, the

process uK’1’€" (’(XtK’l’") —eoxM - Cﬁipn)(thK,l,n is Markov, where

th(7]-777 — Rf717n7 for t € [0K71,777 95_{711777) (11828)

The proof of m above also applies to the processes p<1¢" and a7 Since in
addition the support of ,u Len g non-decreasing, it follows that

phoben < h forall t < T/(Kugok) (11.8.29)

(t-6T In(K)o 2~ *"*)v0

with probability 1+ o(1). Our assumption (II.4.2)) entails ([1.8.17)).
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I1.8.3 Convergence of X%77 when K — +oco and proof of (II.8.18)

The two Markov processes th/{(’}{’" ,and X 52m fit exactly to the framework and
UKOF) t/(Kugog)

assumptions of Theorem 2.1 of Chapter 11 of [55]: their state spaces are (up to a translation)

a subset of ok Z, and their transition rates from 2 to z+ho have the form o3} [81,(2) +O(ok)]

for some Lipschitz functions 8. For such a process X, provided Xy converges a.s. to xg, the

process (Xy/q,,t > 0) converges when ok — 0 almost surely in L*([0,7]) for all T > 0 to

the unique deterministic solution of the ODE dx(t)/dt = ¥ ;, hfp(x) with 2(0) = z¢. In our

situation, we obtain, for j = 1,2, that

K.jm e -
KliTootf’[EI}] Xt/(KuKU%() x](t)’ 0 as., (I1.8.30)

where z; and zy are the unique solutions such that x1(0) = 22(0) = z of the ODEs

)~ (= ()b ra () (D)0 (1)) ~ Clyn) iy W57 (aa(1), 1) (1183)
and
20 _ (=) s () s 1)) + Clyn) Sy 5" (1), 1) (118.32)
Lemma I1.8.2. For all T >0, and for j =1,2,
sup |z;(t) — x| < CTeT (n+e), (11.8.33)
#€[0,T]

for a constant C' independent of x, T, €, and n, where z; is the solution of the CEAD ([1.4.3)
with initial condition xg = x

Proof. We only write the proof for j = 1, the case j = 2 being similar. Since the functions
79" j=1,2, Z, b, m and p; are bounded by constants independent of K, ¢,n, we have for all
t €[0,T'] and for a constant C' > 0 that may change from line to line,

A
(Gbmpt) (1 () 32 A5 1 (5),0) (IL8.34)

¢
|zt — 21 ()| < CCLipnT + /0

hZM(fUm h)alf(xs> $s)
b($3)p1 (zs)

< C(CR, + ACT; )T+ C fo s — 1 (s)|ds
_ hM(xS, h)alf(x87x5)

t A
- A fLZ::l b($8)pi(x5)

where the last inequality follows from the uniform Lipschitz-continuity of all functions involved
in the computation. Now, [p5(z)-pi(z)| < Ce and p§(z) 2 ¢ > 0 for j = 1,2, for some constants
C,c> 0 independent of € and . Hence, there exists a constant C' such that

— (zbmp])(xs) Z ds

Ti(.ﬁs,h dS,

fre =21 (D < CT(+ ) +C [ 2 - 21(5)|ds (11.8.35)
O1f(xs,s)
+cf hzl G5 (0, ) = W5 B M G, ) s,

In view of (II.8.7)), we obtain |z; —z1(t)| < CT'(n+¢€) + Cfo |zs — z1(s)|ds. Gronwall’s lemma
ends the proof of Lemma [[T.8.2] O
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In view of Lemma there exists Ty > 0 independent of z, €, 1 such that, for all n > €,
SUPte[o,1,1 175 (t) — ¢l < m/4. Let us fix n = e. Combining (1.8.30) with the last inequality
(I1.8.18))

entails (I

11.8.4 End of the proof

Proof of Theorem[IT.7.1. Defining g*b¢ = pfh6¢ and pf62€ = 1 #24€ and combining (T1.8:17)
and ([1.8.18]), we see that we have defined a constant, Ty > 0, such that

. K,1,e LK K K,2,e
Klgiloop[u(t L (Kugor)vo S e S < ut K< frg 7 VS g K] =1, (11.8.36)

This is (I.8.1)) with ,uf(’l’e = ﬂg’lij(mm,{))vo It only remains to check ([1.8.2)).
Using that 1 = ¢, we get

K1, -
itz s = 2@ @) 0 (1.8.37)
~ > K717
<C (e +0K + |z(xt) - Z(X(tfaZ)\/O/KuKU%()‘ + ‘xt - xl((t —OK)V 0)‘
K1,
+ ’X(tfch)\/O/KuKai - ﬂ:l((t -OK)V 0)|)
<C' (e +0K + sup (|x(t_UK)v0 — x| + |xp — 21 (B)| + ‘th/z; o ml(t)|))
te[0,T']
for some finite constants C, C’ > 0. The analogous estimate holds for for t/’ K,n . Setting for
example d(€) = /e, m follows from m, Lemma |I1.8.2| and the umform continuity
of x;. This ends the proof of Theorem O

I1.9 Appendix

In this section, we state and prove several elementary results, which we used in the proof of
our main theorem. Recall that | . |, is the Kantorovich-Rubinstein norm on the vector space
of finite, signed measures on X, i.e.,

o = sup{ [ fdp: £ € Lip, (X) with supf(2)] < 1}, (119.1)
X reX
where Lip; (X) is the space of Lipschitz continuous functions from X to R. Let Mp(X) be

the set of non-negative finite Borel-measures on X.

Proposition I1.9.1. Let {v% K >0} and p be random elements in D([0,T], Mp(X)). If, for
all >0,

lim IP’[ sup X = g > 5] =0, (1I1.9.2)
K—co | 0<t<T
then ™ converges in probability, as K — oo, with respect to the Skorokhod topology on

D([0,T], M(X)) to p.

Proof. Let us equip Mp(X) with the topology of weak convergence. Obverse that this topol-
ogy is metrizable with the Kantorovich-Rubinstein norm, see [14] Vol. II, p. 193. Let A be
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the class of strictly increasing, continuous mapping of [0, 7] onto itself. If A € A, then A(0) =0
and A(T") = T. The Skorokhod topology on D ([0,T],(Mp(X),|.|y)) is generated by the
distance

d(uw)jg{{maX{ sup |A(t) - [, sup ||Mt—1/>\t||o}}a (1.9.3)

te[0,T] te[0,T]

on D ([0, T], ( Mp(X),| -ly)), see e.g. [12], Chap. 3. Since the identity lies in A it is clear that
d(p,v) < supyepor [t = vil - Therefore, if a sequence of random elements with state space
D([0,T], Mp(&X)) equipped with the metric induced by the norm supy[o 17 |1t convergences
in probability to u, it also convergences in probability to u if D([0,T], Mp(X)) is equipped
with the metric d. O

Proposition I1.9.2. Fiz ¢ >0 and let o a sequence in K with K~*** « o «< 1. Let Zy,
be a Markov chain with state space Ng and with the following transition probabilities

fori=0and j=1,
~C1iK ™'+ Cocoge, fori>1andj=i+1, (11.9.4)
+C1iK ™' = Coeore, fori>1andj=i-1,

P[Zys1 = jlZyn =] = p(i, j) =

NI N[—=

for some constants C1 >0 and Cy > 0. Let ; be the first hitting time of level i by Z and let P,
denote the law of Z conditioned on Zy =a. Then, for all M > % and for all a < %MGO’KK

I%l_r)rio I P, [T[MeaKK] < 7'0] =0. (11.9.5)

Remark 9. The proposition can be seen as a moderate deviation result for this particular
Markov chain. More precisely, we can prove that there exist two constants M >0 and C3 >0
which depend only on C; and C5 such that for a < %M eog K

Pa [TiMeorcx] < 0] S exp (-CsK ™ (3 Meok K)? - a?)), (11.9.6)
for all K large enough.

Proof. We calculate this probability with some standard potential theory arguments (cf. [17]).
Let hypresy k1,0(@) be the solution of the Dirichlet problem with A =0, i.e.,

LN Meork)0(T) =0, for 0 <z < [Meog K] (IL.9.7)
h[MeaKK],0($) =1, for x > [Meog K|
Mteo e i1,0(2) =0, for x = 0.

Therefore, we obtain for 0 < a < [Meog K|

a 1 1
=1 7(3) p(i,i—1
Pa[T[MeUKK] < TO] = h[MeUKK],O((I) = [MeUKK(] ) ]i( )1 s (1198)
i=1 7@ pGi1)

where 7 = (7(0),7(1),7(2),...) is an invariant measure of the one-dimensional Markov chain
Zp. In our case any invariant measure 7 has to satisfy, for all ¢ > 1,

7(0)=p(1,0)m(1) and 7(i)=p(i-1,i)m(i-1)+p(i+1,i)m(i+1). (11.9.9)
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Therefore, 7 with 7(0) = 1,7(1) = m and (1) = H; ! Z(; ;+3 p(ﬁ 1y is the unique invariant

measure for the Markov chain Z,,. Thus we get from ([I1.9.8) that

Hz 1 p(4,y-1)

i=1 PG+ 1) (11.9.10)
[Meog K| i-1 p(],] 1) U
Z " HJ— 1 p(5,5+1)
a 1+2C1 K~1j-2Cse0
Xio1 €Xp (Zj=1 In ( 1J:201K-1§'+2C§ea§ ))

Z[MeoKK] ox p(Z ln( 1+201K*1]:—20260K))'

A Meor K1,0(@)

i=1 1-2C1 K-1j+2Cs¢eo i
=£(4)
For all j < Meox K we can approximate f(j) as follows
N 4C1 K1 j-4Cse0
F() = In (1+ PoLiAceo (119.11)
_ 401K_1j—40260'K _ ( 4ClK j—4Coeo i )2
T 1- QClK 1j+202€0'[( 1- QClK ]+202€0'K

= 4le - 4Cheo + O (( )2 4 eaKIj( + 620'%()

= 4le —40260’1{ +O((M€UK) )
Therefore,

W Meorek10(0) € Zfares ? 1P (25 A0 & + O (Meok)?)
’ Y exp(zjzl 4CIE—4CQEUK—O((MEUK)2)
. aexp(2C1a*K™ + O (a(Meok)?)
~ sMeor KT oxp (201 K-1(i2-i) - 4Cheo i — O ((i-1) (Meok)?))
aexp(2C1a* K™ + O (a(Meok)?)

<
S K] exp(2C1 K12 (201 K1 +4Cheo i )i=O (i( Meok)?))
2

(11.9.12)

Choosing M > %, if a < W, then

aexp(2C1a*K™ + O (a(Meok)?)
MEUKK]eXp(( C1 M- 202)M620'§<K O ((ecM)3K +eai M))
S2a([MeaKK]) exp(ClK ( 4([M60KK]) ))

Pipreork0(@) < 7

<exp(-C3K ' ((3[Meog K1) - a?)). (11.9.13)
Since K" « g when K tends to infinity, (IL.9.5) follows. O

Proposition I1.9.3. Let (Z;)is0 be a branching process with birth rate per individual b and
death rate per individual d. Let T; be the first hitting time of level i by Z and let P; denote
the law of Z conditioned on Zy = j, and E; the corresponding expectation. Then

(d/b)y’ -1 .
P; [Tk <T0] = (d/b)—k—l forall1<j<k-1, (11.9.14)
P17 < 70] - L _bd]+ < k! and (11.9.15)
1+In(k)

El[Tk /\7'0] < (11.9.16)

b )
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where [b—d],; = max{b—d ,0}. Moreover, if Zy is slightly super-critical, i.e., b=d + €, then

max En[7k A 70] < L+ In(k) (I1.9.17)
n<k ]P’n[Tk<T0] €

Proof. Let p;j =P;[7; <79]. Then pg =0, py, =1, and p; = ﬁpﬁl + %pj_l forall1<j<k-1
by the Markov property. From this recursion, we obtain the characteristic polynomial

P(z) =bx* = (b+d)x +d. (11.9.18)

With its roots 1 and d/b, we obtain the following general solution for the recursion
d\n
= L1 -
P =g - 1 +m(b) , (11.9.19)

where kg and k1 are constants. From the initial condition pg = 0 and p, = 1, we obtain
Ko = —((%)k -1)7t and k; = ((%l)k - 1)1, Therefore,

d\n d

dyn _q d_q 1

Pn= Z)— and  p; = — = (11.9.20)
b

k-1 (k-1 1+%+ .+ (1

If d > b, this computation implies that p; =Py[7p < 79] < 1/k and [b-d], =0. If d <D,

b-d__4-1 (-1 _@-nEr o
Pi[7 <70] - — =(%b)k_1—(1-%)(§)k_1= ”(%)k_bl =1f(g)k (I1.9.21)

0 1 1

1-(5)F  2(a+2e )Ry by (D)
1

< -
k

Similarly, if e,, = E,, [Tk AT0], then e, is the solution of the following non-homogeneous Dirichlet
problem:
L e, =-1, forne{l,..,k-1} (I1.9.22)
en =0, for ne Ng~{1,..,k -1},

where (Zf)(z) = z(b[f(z+1) - f(z)] +d[f(z 1) - f(z)]) is the generator of the branching
process Z. Therefore, we have to solve the following non-homogeneous recurrence

€n+2 — blbden+1 + %en = ﬁ and eg=e,=0 (I1.9.23)

We solve this by variation of parameters. Thus, we first solve the associated linear homoge-

neous recurrence relation:
Az = BNy + $hy, = 0 (11.9.24)

As we have seen before h,, = k9 1+ Kg(%l)j for any ko, k3 € R solves the equation. Obverse that
this functions are the harmonic functions of .. Second, we have to find a particular solution.
Let (21, 22;) the solution of the system of linear equations

zy+ (4) 2y =0 (11.9.25)

21y + (420 =~ (11.9.26)
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then
N N n _ 7 n
eh = S a1+ i wo(4) = b T 2(4) (9) (11.9.27)

-3 ()

is a particular solution. Now, we obtain we obtain the following general solution for the
recurrence:

en = hn+eh = kot ra(D) 4 2 T %((g)n_j -1). (11.9.28)

We have the boundary condition ey = e; = 0, therefore ko and k3 are given by the solution of
the following system of linear equations

0-j
ro+ra()0+ 7 0. 3 ((4) " -1) =0, (11.9.29)
k-
ko +ra(F 4 gL TR H((4) T -1) =0, (11.9.30)
and we obtain that
dyk-j_q ko (4Yk=i_1, \n n n—j
_ 1 1 (3) 1 1 (3) d 1 1((a\""
=g X i Ay ey 1) reax((5) -1) areay
=1 (b) j=1 (b) j=1
(P -DE-H"

. y ,
j=1 (5)F-1 j=1
With this formula we can easily prove the second inequality of the proposition,

< 1+1n(k:)'

A 11.9.32

Finally, we obtain for slightly super-critical Z;, i.e., with b =d + ¢,

En[7e AT0] _en _ 1 i rayii 1\ qya w1 (&)= DA - ()"
Pl 5" ;j((b) 1)( D7 23 > (11.9.33)

<0

which proves ([1.9.17]). O

Proposition I1.9.4. Let (ZX)s0 be a sequence branching process with birth rate per individ-
ual b >0 and death rate per indiidual d > 0 and |b-d| = O(ck), where K2 « o « 1.
Let ; be the first hitting time of level © by Z and let P; denote the law of Z conditioned on
Zo=17.

(a) The invasion probability can be approximated up to an error of order exp(—K®):

[b-dl. | _

1}1—{20 exp(K*) | Py [T[WKK] < 7'0] - 0. (I1.9.34)
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(b) If b> d (super-critical case), we have exponential tails, i.e.,

lim exp(07/)P, [T[WK x> ()0 1 < m] =0 (11.9.35)
and
Aim exp(K)P o i1 [ Texc) > T0] = 0 (11.9.36)
Proof. (a) Compare with (I1.9.14) that
dfb) -1
Py [Tjeoge ] < T0] o (d/b) (11.9.37)

d/b)leox K] - 1"

If b > d (sub-critical case), there exist two constants C5®® > 0 and C*"P > 0 such that 1 +
%oy < d/b <1+ C*"Pog. Therefore, the left hand side of (I1.9.37) does not exceed

CfsubO.K CfsubaK

< =
(1+CPo g )leoxK1-1 7 exp(C*Pok[ea K]-O(0%eK)) -1

o(e” 5%, (I1.9.38)

The last equality holds, since K2 <« O'%(K . If b> d (super-critical case), we obtain similarly

b-d| | §-
Py[75 < 70] - ; ‘ = || = olexp(=K9)). (11.9.39)
1-(3)
(b) Compare with [2] page 41, that
Py [T[EUKK] > IH(K)U;(]'_OC/Z Tleor K] < Tg] (11.9.40)

-1-a/2
<exp| - (K)o <exp (—U;(a/g) ,
eMaAXnleoi K| E, [T[EUKK]‘T[EUKK] < TO]

where the last inequality holds, because we can apply Proposition [[T.9.3]

En [T[EGKK] N TO]lTU>T[5chK‘\ ]

max E, |7 Tleo <Tp|= max 11.9.41
’I’LS[EO‘KK] [ [ KK]| [ KK] 0] HS[EO'KK] Pn[’]'o > T[EU'KK]] ( )
<O(In(K)og).
On the other hand, we have
_ . Gpylrnti-q 20
Pleorcic] [Tler > 0] = 1 ()T 1 < exp(-K?%) (11.9.42)
since d/b=1-0(ok) and K?* < oxeK. O

Proposition I1.9.5. Let (fo)nzo a sequence of discrete time Markov chain with state space
Z. and with transition probabilities

s+Cok, ifj=i+l,
P(ZE, = j|ZK =] =p(i,j) =\ - Cox, ifj=i-1, (11.9.43)
0, else,

for some constant C 0. Let 7; be the first hitting time of level i by Z® and let P; denote the
law of ZX conditioned on Zg( =7 and let ox a zero sequence such that K 3% « o < 1.
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(a) If ZX is slightly supercritical, i.c., C' >0, then, for all i > 1

Aim exp(K®) Py i1 [T-1) (200 K1 < TaD (/2001 51] = 0- (I1.9.44)

(b) If ZK is slightly subcritical, i.e., C <0, then, for all constants Cy,Cy,C3 >0

Aim exp(K) Pcy.cp)feorc k] [7(C1+CorC)eorc K] < TCu[eorc K] = O- (11.9.45)

Proof. Since the transition probabilities of ZX do not depend on the state of Z%, we have
that

Pite/2)0w K1 [TG-D1(/2)0 K1 T @20 k1] =Pr(e)on k1 0> (1] (11.9.46)

By (I1.9.14)) the left side of ([1.9.46) is equal

1-(1-2Cok + O(c%))(/DoxK]

1 - exp(-K> 11.9.47
1-(1-2Cok + O(J%{))2[(e/2)0KK’| 2 exp( @), ( )

since a%(K > K?* With the same arguments, we obtain also (I1.9.45)). O
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Chapter 111

A stochastic model for
immunotherapy of cancer and the
polymorphic evolution sequence for
populations with phenotypic plasticity

In this chapter we propose an extension of the individual-based model in population dynamics
introduced in Section which broadens the range of biological applications. The primary
motivation is modeling of immunotherapy of malignant tumors. The main expansions are that
we have three different actors in this context (T-cells, cytokines, and cancer cells), that we
distinguish cancer cells by phenotype and genotype, that we include environment-dependent
phenotypic plasticity, and that we take into account the therapy effects. We illustrate the new
setup by using it to model various phenomena arising in immunotherapy and we argue why
stochastic models may help to understand the resistance of tumors to therapeutic approaches
and thus may have non-trivial consequences on tumor treatment protocols. Furthermore, we
show that the interplay of genetic mutations and phenotypic switches on different time scales
as well as the occurrence of metastability phenomena raise new mathematical challenges. In
the present thesis we focuses more on these theoretical aspects which arise by including pheno-
typic plasticity in the standard individual-based model describing the evolution of an asexual
reproducing, competitive population. More precisely, we study the behavior of this process
on a large (evolutionary) time scale and in the simultaneous limits of large population size
(K — o0) and rare mutations (ux — 0), proving convergence to a Markov pure jump pro-
cess, which can be seen as a generalization of the polymorphic evolution sequence (cf. [25, 30]).

Parts of the presented results were previously published in Scientific Reports [9] as a joint
work with L. Coquille, H. Mayer, M. Holzel, M. Rogava, T. Tiiting, and A. Bovier (cf. Section

for details).

IT11.1 Introduction

The treatment of various cancers with immunotherapies received a lot of attention in the
medical as well as the mathematical modeling communities during the last decades [108, 88 50,
72, [65], [76]. Many different therapeutic approaches were developed and tested experimentally.
As for the classical therapies such as chemo- and radiotherapy, resistance is an important issue
also for immunotherapy: although a therapy leads to an initial phase of remission, very often
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a relapse occurs. The main driving forces for resistance are considered to be the genotypic and
phenotypic heterogeneity of tumors, which may be enhanced during therapy, see [76, 96} [65]
and references therein. A tumor is a complex tissue which evolves in mutual influence with its
environment [32]. In this chapter, we consider the example of melanoma (tumors associated to
skin cancer) under T-cell therapy. Our work is motivated by the experiments of Landsberg et
al. [92], which investigate melanoma in mice under adoptive cell transfer (ACT) therapy. This
therapeutic approach involves the injection of T-cells which recognize a melanocyte-specific
antigen and are able to kill differentiated types of melanoma cells. The therapy induces an
inflammation and the melanoma cells react to this environmental change by switching their
phenotype, i.e. by passing from a differentiated phenotype to a dedifferentiated one (special
markers on the cell surface disappear). The T-cells recognize the cancerous cells through the
markers which are down regulated in the dedifferentiated types. Thus, they are not capable
of killing the dedifferentiated cancer cells anymore and a relapse is often observed. The
phenotype switch is enhanced, if pro-inflammatory cytokines, called TNF-a (Tumor Necrosis
Factor), are present. A second reason for the appearance of a relapse is that the T-cells
become exhausted and are not working efficiently anymore. This problem was addressed by
re-stimulation of the T-cells, but this led only to a delay in the occurrence of the relapse.
Of course, other immune cells and cytokines are also present. However, according to the
careful control experiments, their influence can be neglected in the context of the phenomena
considered here. Cell division is not required for switching, and switching is reversible. This
means that the melanoma cells can recover their initial (differentiated) phenotype [92]. The
switch is thus a purely phenotypic change which is not induced by a mutation. Figure [[TT.]]
is a graphical representation of the relevant underlying mechanisms, reported in [92].

Relevant mechanisms 0 Differentiated melanoma cell
-~ = =

(j + 0 > ‘\)‘"’ (,) + . o Dedifferentiated melanoma cell

+ @ > Inflammation-induced © i To
. <T reversible dedifferentiation ©  Cytotoxic T-cell
@ TNF-alpha
O+ @
Before Therapy During Therapy Remission Relapse

Figure III.1: Dynamics of the experiments described in [92].

In this chapter, we propose a quantitative mathematical model that can reproduce the
phenomena observed in the experiments of [92], and which allows to simulate different therapy
protocols, including some where several types of T-cells are used. It is an extension of the
individual-based stochastic models of adaptive dynamics, introduced in Metz et al. [104] and
developed and analyzed by many authors in recent years (see e.g. [15] [16] 43, 27, 25| 28 [19]
29, 33]), to the setting of tumor growth under immunotherapy. More precisely, the main
expansions are:

(i) Three different classes of actors are included: T-cells, cytokines, and cancer cells.
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(ii) For cancer cells two types of transitions are allowed: genotypic mutations and phenotypic
switches.

(iii) Phenotypic changes can be affected by the environment which is not modeled determin-
istically as in [29] but as particles undergoing the random dynamics as well.

(iv) For modeling the therapy effect, a predator-prey mechanism (between cancer cells and
immune cells) is included.

(v) A birth-reducing competition term is included which takes into account that competition
may also affect the reproduction behavior.

In general, these class of stochastic models describe the evolution of interacting cell popula-
tions, in which the relevant events for each individual (e.g. birth and death) occur randomly.
It is well known that in the limit of large cell-populations, these models are approximated by
deterministic kinetic rate models (cf. Theorem , which are widely used in the modeling
of cell populations. However, these approximations are inaccurate and fail to account for
important phenomena if the numbers of individuals in some sub-populations become small.
In such situations, random fluctuation may become highly significant and completely alter the
long-term behavior of the system. For example, in a phase of remission during therapy, the
cancer and the T-cell populations drop to a low level and may die out due to fluctuations. A
number of (mostly deterministic) models have been proposed that describe the development
of a tumor under treatment, focusing on different aspects. For example, a deterministic model
for ACT therapy is presented in [50]. Stochastic approaches were used to understand certain
aspects of tumor development, for example rate models [69] or multi-type branching processes;
see the book by Durrett [49] or [20, 3, 48]. To our knowledge, however, it is a novel feature of
our models to describe the coevolution of immune- and tumor cells taking into account both
interactions and phenotypic plasticity. Our models can help to understanding the interplay
of therapy and resistance, in particular in the case of immunotherapy, and may be used to
predict successful therapy protocols.

Besides being able to describe the experiments and making predictions about therapy pro-
tocols, we are also interested in more theoretical aspects which arise by including switching
rates in the standard model, more precisely, in the interplay between the fast phenotypical
changes by switching and the slow genotypical changes by mutation. In this context, the
typical questions of adaptive dynamics arise again. E.g., can we describe the evolution of the
system by successive mutant invasions, or rather, under which conditions does the microscopic
process which incorporates fast phenotypical switches converge in the limit of a large popula-
tion size in combination with only rare mutational events to a Markov jump process and how
does this jump process look like. In fact, we prove by expanding the techniques of [30] that the
microscopic process converges in this limit on the evolutionary time scale to a generalization
of the Polymorphic Evolution Sequences (PES) introduced in [30] (cf. Theorem [[I1.4.3)). The
main difference in the proof is that we have to couple the process with multi-type branching
processes instead of normal branching processes, which leads also to a different definition of
invasion fitness in this setting.

The remainder of this chapter is structured as follows. In Section [[IT.2] we define the
model and state the convergence towards a quadratic system of ODEs in the large population
limit. In Section [[T[-3] we present an example which qualitatively models the therapy carried
out in Landsberg et al. [92]. We point out a phenomenon of relapse caused by random
fluctuations. In Section [[IT.4] we consider the case of rare mutations. We start with giving
a pathwise definition of the individual-based model which is only extended by phenotypic
plasticity (cf. Subsection . In Subsection we state and prove the convergence of
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this process to the Polymorphic Evolution Sequences with phenotypic Plasticity (PESP). In
Subsection [[TT.4:3] we study the interplay of mutation and therapy. We consider birth-reducing
competition between tumor cells and show that the appearance of a mutant genotype may be
enhanced under treatment.

III.2 The microscopic model

Let us introduce the model we analyze. Since we want to be able to model the evolution of
the tumor during immunotherapy, we consider a tumor system that is composed of a finite
number of cancer cells, T-cells, and cytokines, where each cancer cell is characterized by a
tuple consisting of genotype and phenotype and each T-cell is characterized by its specificity.
More precisely, we introduce a general model which contains three types of actors:

Cancer cells: each cell is characterized by a genotype and a phenotype. These cells can
divide (with or without mutation), die (due to age, competition or therapy), and switch
their phenotype. We assume that the switch is inherited by the descendants of the
switched cells.

T-cells: each cell can divide, die, and produce cytokines.

Cytokines: each messenger can vanish and influence the switching of cancer cells.

Thus, the trait space, X, of the population is in this chapter a finite set of the form

X=GxPuZuW-= {gl,...,g|g|}><{pl,...,pm}u{zl,...,z|z|}u{wl,...,w‘m} (111.2.1)

where G is the set of cancer genotypes, P is the set of cancer phenotypes, Z is the set of T-cell
types, and W the set cytokine types.

We write |- | for the number of elements of a set and v for disjoint unions of sets. The
relation between G and P is encoded in the switch kernels (see below). They specify which
phenotypes are expressed by a given genotype and influence the proportions of the different
phenotypes in a (dynamic) environment.

In the following, we introduce the biological parameters (separately for each type of actors,
i.e Gx P, Z, and W) which determine the dynamics of the population:

K €N is a parameter scaling the population size and the resources. It is usually called
carrying-capacity of the environment.

Cancer cells: For any (g,p) e G x P,
b(p) € R, is the rate of birth of a cancer cell with phenotype p.
d(p) € Ry is the rate of natural death of a cancer cell with phenotype p.

c(p,p)K 't eR, and ¢,(p,p)K ' e R, are the competition kernels which model the com-
petitive pressure felt by a cancer cell with phenotype p from one with phenotype p.

The first term results in a higher death rate and the second term, called birth-reducing
competition, in a lower birth rate (it inhibits cell division). If the total birth rate is
already at a level zero, then c,(p, p)K~! € R, acts as an additional death rate.

t(z,p) K1 e R, is the therapy kernel which models the effect of immunotherapy. It is a
death rate of a cancer cell of phenotype p due to the presence of a T-cell of type z.

In addition, £3"(z,p) € Ny cytokines of type w are deterministically produced at each
killing event (see also below).
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s9(p,p) e Ry and si(p,p)K ! € R, are the natural and cytokine-induced switch kernels
which model the switching from phenotype p to p of cancer cell with genotype g.

ugm(g) is the probability that a mutation occurs at birth from a cancer cell with genotype
g, where ug € [0, 1] is a scaling parameter.

M((g,p),(g,p)) is the mutation law, i.e. if a mutant is born from a cancer cell with trait
(g,p), then the mutant’s trait is (g,p) with probability M ((g,p), (g,p)). By definition

M((g,p),(g,p)) =0 and Y55 M((g,p),(3,p)) = 1.

T-cells: For any z € Z,
b(z) € R, is the rate of birth of a T-cell with type z.

d(z) e Ry is the rate of natural death of a T-cell with type z.

b(z,p)K~! eR, is the reproduction kernel. It models the rate of reproduction of a T-cell
with trait z in presence of a cancer cell of phenotype p. In addition, £2°!(z,p) € N
cytokines of type w are deterministically produced at each reproduction event.

Cytokines: For any w e W,
d(w) € R, is the natural death rate of a cytokines with type z.

0 (z,p) € Ny and ¢27°¢(z,p) € N are the amounts of cytokines of type w, which are deter-
ministically produced at each killing respectively reproduction event.

Note that the cytokines are produced when a cancer cell dies due to therapy or a T-cell
reproduces and have no own birth rate.

At any time t, we consider a finite number NV; of individuals, each of them having a trait
value x;(t) € X. As in the last chapter, we represent the population state at time ¢ by the
rescaled point measure on X', which depends on K

ko1&
vt = ?Z%w. (I11.2.2)
i=1

Let vX(z) = v ({z}) for € X and vX(p) = > geG vE(g,p) for p e P. (Note that we used
in the last chapter the notation (v, 1 (a}) for vE({x})). Furthermore, let |-|; denote the
positive /negative part of the argument. With this notation, a cancer cell with trait (g,p) in

the population /€ reproduces an offspring with rate

V@—;%mmf@ﬁ, (111.2.3)

which is with probability ugm(p) a mutant. It dies due to age or competition or therapy
with rate

d@+zdmwﬂm+hm—z%mmﬁ@ﬁ+zamwﬂ@ (111.2.4)

peP peP zeZ

(if the death is caused by a T-cell of type z, then £5"(z,p) cytokines of type w appear) and
it switches its phenotype with rate

> (sg(p,ﬁ)+ 2. sfiu(p,ﬁ)vf{(w)). (111.2.5)

peP wew
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A T-cell with trait z in the population I/tK reproduces an offspring with rate

b(2) + Zpb(z,p)vtK(p) (I11.2.6)

If the birth event is caused due to the presence of cancer cells, then Zg,md(z, p) cytokines of
type w appear. T-cells and cytokines die with their natural death rate independent of the
current population state. Note that all other rates depend on the current population state.

Thus, for each K > 1 the population process, (v )0, is a Markov process with state
space MK (X), the set of finite point measures on X rescaled by K as in the last chapter.
The infinitesimal generator of the process can be found in the appendix of this chapter. (For
the explicit construction of this Markov process in terms of independent Poisson processes or
Poisson point measures, see [55] Chap. 11 or [59].)

The figure below (Fig. provides a schematic representation of the transitions for a
population with trait space X = {(g,p), (¢9,p)} v {2} v {w}, which constitute our model for
the ACT therapy described in Landsberg et al. [92], see Subsection

O:
o

d(w)

Figure II1.2: Dynamics of the process (without mutations) modeling the experiments described in
[92]. Here, p denotes differentiated melanoma cells, p dedifferentiated melanoma cells, z T-cells, and
w TNF-a. At each arrow the rate for occurrence of the corresponding event is indicated (e.g. birth is
illustrated with two arrowheads and death with an arrow directed to ).

Remark 10. (i) Since X is finite in this chapter we could also represent the population
state as an |X|-dimensional vector. More precisely, let E be a subset of RI*l and EX =
Eu{n/K :neNp}, then for fixed K > 1, the population process can be constructed as
Markov process with state space EX by using independent standard Poisson processes
(cf. [65] Chap. 11).

(ii) For an extension to a non finite trait space, e.g. if G,P, Z, and W are compact subsets of
R* for some k > 1, the modeling of switching the phenotype and production of cytokines
have to be changed in the following way: Each cancer cell with trait (g,p) € G, P has
instead of the natural switch kernel s9(p,p) a natural switch rate §((g,p)) combined with
a probability measure S, ,)(dp) on P and instead of the cytokine-induced switch kernel
59, (p,p)K ™! a cytokine-induced switch kernel 3((g,p),w)K ™' combined with a family
probability measure {S(y, (4,))(dP) }wew on P. Furthermore, the numbers /" (2, p) have
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to be changed in a family {51;1(19 p)(dw)}zeg of finite point measures on Y. Similar,

for each T-cell of type z € Z, the numbers /2°(z,p) have to be changed in a family

{2758 (dw) }pep of finite point measures on W. The infinitesimal generator belonging to

this process is also given in the appendix.

111.2.1 The Law of Large Numbers

Suppose the mutation rate is fixed, i.e. ug = 1, and the initial conditions converge, then the
sequence of rescaled processes (I/K )k>1 converges almost surely as K — oo to the solution
of a quadratic system of ODEs, as stated below. In fact, it follows directly from the law of
large numbers for density depending processes of Ethier and Kurtz (cf. [55] Chap. 11). The
deterministic system, which provides (partial) information on the stochastic system, consists
of a logistic part, a predator-prey relation between T-cells and cancer cells, a mutation and a
switch part. Theorem [[T.3.1]is the corresponding result for the model of the last chapter.

Theorem II1.2.1. Fix ug = 1. Suppose that the initial conditions converge almost surely to
a deterministic limit, i.e. limg_, o ué{ = v, where v is a finite measure on X. Then, for every
T >0, exists a deterministic function § € C([0,T], Mp(X)) such that

I}ig;;{ggJHyf—@HTV:o a.s., (111.2.7)

where ||. ||y is the total variation norm. Moreover, let n be the unique solution to the follow-
ing quadratic dynamical system:

For all (g,p) € G x P,
i) (1) = e (D) (L= m(9)) [6() - Tz (0PI (1) | - dp)
= S0 D)5 1) = | b0) - T(a.5) (P (1) |
= T2tz p)n= (1) = 25 (59(p, B) + Tuwsts (b, DY (1)) )
+ 35 o) (1) (895, ) + st (B, P)n (1))
+ 259 M) (DM@ 6) = g0 (B P Iy (1) | M((G.5), (9.9)),
for all z € Z,
ia(8) = () (b(2) = d(2) + E(g) bz )0 (1) ), (111.2.8)
for allweWw,
() = = (B)d(w) + Xg) g ) () Z= (45 (2,p) (2, p) + 85 (2,0) bz, p) (1) ),
and with initial condition: 1n,(0) = vo(z) for all z € X.
Then, & is given as & = ¥ pex N (£) 0.

Proof. This result follows from Theorem 2.1 in Chapter 11 of [55], since we can construct the
process as described in Remark (10| (i). For more details see [97]. O

It is an important feature of stochastic models opposed to deterministic ones that popula-
tions can die out. There are two main reasons for the extinction of a population for finite K:
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first, the trajectory of the population size is transient and passes during therapy typically
through a low minimum. In this case, random fluctuations can lead to extinction before the
population reaches its equilibrium. Second, fluctuations around a finite equilibrium cause
extinction of a population after a long enough time. The second case happens at much longer
times scales than the first one. (We will see later that time of exit from an attractive domain
is of order exp(V K') for some constant V' > 0 as in the model before (cf. Thm[[L.3.7).) In both
cases, the value of K plays a crucial role, since it determines the amplitude of the fluctuations
and thus the probability of extinction. The relevant mutations in the setup of cancer therapy
are driver mutations and appear only rarely. In this case, more precisely, when the mutation
probabilities, ugm(g), tend to zero as K — oo, mutations are invisible in the deterministic
limit. Due to the presence of the switches the analysis of the system is difficult. Unlike in
the last chapter, it is not a generalized Lotka-Volterra system of the form n =nf(n), where f
is linear in n. In Section [[IT.4] we show how to deal mathematically with rare mutations and
their interactions with fast phenotypic switches or therapy.

II11.3 Immunotherapy: Relapse due to random fluctuations

In this section we present an example which qualitatively models the experiment of Landsberg
et al. [92], where melanoma escape ACT therapy by phenotypic plasticity in presence of TNF-
a. Mutations and birth-reduction competition are not considered (i.e. ¢, = 0 and ug = 0),
since this was not investigated in the experiments. Let us denote by p the differentiated cancer
cells, by p the dedifferentiated cancer cells, by z the T-cells of the experiments which can only
recognize (are specific for) the differentiated cancer cells p, and by w the TNF-« proteins. We
start with describing the deterministic system and denote by n the solution to the following
system of four differential equations:

1, = ny(b(p) - d(p) - e(p, p)ny— c(p, D)= 5(p, B) = s (P, P)w— (2, p)n2) + s(P, )0

15 = 1;3(0(5) — d(p) — c(B, p)ny — c(B, p)nyp — 5(B, 1)) + 5(p, D)0y + 50 (p, B) Mty

n, = n.(b(z,p)ny - d(2))

fy = —npd(w) + (1 (2, p) t(z,p) + £z, p) b(2,p) )npn,. (I11.3.1)

The solution to the deterministic system ([11.3.1)) with parameters Table ([II.1)) can be seen
on Figure [[TT.3]
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Figure I11.3: Solutions to the deterministic system with parameters ([IL1). In A, with
immunotherapy: With initial conditions (n,,n,n.,1,)(0) = (0.5,0,0.02,0) the system is attracted
to the fixed point Pps... In B, without immunotherapy: With initial conditions (np,ns,n.,1,)(0) =
(0.5,0,0,0) the system is attracted to the fixed point Ppz00.
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There are three fixed points in this example: Pygog where all populations sizes are zero,
Pps00 where the T-cells and TNF-a are absent and both melanoma populations are present,
and Ppp.,, where all populations are present. P, is the only stable fixed point. (The
deterministic system is attracted to this fixed point, see Figure A.) Pypop is stable in the
invariant subspace {n, = 0} (i.e. if the T-cell population is zero, see Figures B and
A) and Pyooo is stable in the invariant subspace {n, = 0,n; = 0} (i.e. if the tumor is eradicated,
see Figure B). To highlight the qualitative features of the system, we choose parameters
such that the minimum of the T-cell population during remission is low, and such that the
equilibrium value of melanoma of type p in presence of T-cells is low, whereas equilibrium
values of both melanoma types in absence of T-cells are high. For initial conditions such
that the number of differentiated melanoma cells, n,(0), is large, the number of injected T-
cells, n,(0), is small, and the numbers of dedifferentiated melanoma cells, n;(0), and TNF-«
molecules, n,,(0), are small or equal to zero, the deterministic system is attracted to Pppzu:
the T-cell population, n,, increases in presence of its target p, TNF-a is secreted, and the
population of differentiated melanoma cells, n,, shrinks due to killing and TNF-o induced
switching, whereas the population of dedifferentiated melanoma cells, nz, grows.
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Figure III.4: Vector fields of the deterministic system. The black dots show Pz, the blue dots
P00, and the red dots Pyooo. (A) For the invariant subspace {n, = 0}. (B) For the invariant subspace
{n, =0,n; =0}.

For the stochastic system, several types of behavior can occur with certain probabilities:
either the trajectory stays close to that of the deterministic system and the system reaches a
neighborhood of the fixed point Pps.,, (Fig. [II1.5|A) or the T-cell population, V5 (2), dies out
and the system reaches a neighborhood of P00 (Fig. [IIL.5[B) or the tumor is eradicated, i.e
v%(p) and v (p) die out, and the system reaches Pygoo (Fig. C). In the second case the
TNF-a population, v (w), becomes extinct shortly after the extinction of the T-cells, v (2),
and the population of differentiated melanoma cells, v (p), can grow again. Moreover, TNF-
« inducing the switch from p to p vanishes and we observe a relapse which consists mainly of
differentiated cells. This case was often observed in the experiments. Depending on the choice
of parameters (in particular switching, therapy or cross-competition), a variety of different
behavior is possible.

A therapy can only be called successful if the whole tumor is eradicated or kept small for
a long time. Thus, a natural idea to obtain this is to inject two types of T-cells in future
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Figure II1.5: Simulations of the evolution of melanoma under T-cell therapy for parameters ,
initial conditions v = 0.5, +0.026, and K =500. The graphs show the number of individuals divided
by K versus time. Three scenarios are possible for therapy with T-cells of one specificity: (A) T-cells
z survive and the system is attracted to Ppp., (B) T-cells z die out and the system is attracted to
P,500 (C) the tumor is eradicated and the system reaches Pyggo-

therapies as suggested in [92]. To model this scenario, one needs to add T-cells attacking
the dedifferentiated cells as new actors to the setting described above. The corresponding
deterministic system contains one extra predator-prey term. The introduction of a second
T-cell type which recognizes and kills only the dedifferentiated cancer cells (cells with trait
p) leads to a more complex system with two new fixed points. One of these, namely the
one where all populations are non-zero, is the new stable fixed point of the system. Starting
from our choice of initial conditions, the deterministic system converges to Ppﬁzpzﬁw, but the
stochastic system can hit one of the invariant hyperplanes due to fluctuations similar as in
the one T-cell case. The scenario with two type of T-cells is studied in detail in [9] and [97].

b(p)=0.5 | d(p)=0.3 |c(p,p)=0.175 | c¢(p,p) =0.1 s(p,p) =0.005 | sy (p,p) =0.4
b(5) =05 | d(p) =03 | c(p.p) =01 | c(p,p) =02 | s(p,p) = 0.05 .
b(z,p)=5 | d(2)=0.35 | t(z,p) =15 - - -

B d(w) =0.3 glfuln(zvp) =0 eg}rod(z,p) =1 B 3

Table III.1: Parameters of the Figures |III.3|, |III.4| and |III.5|

The parameters of this section are chosen ad hoc to highlight the influence of randomness
and the possible behavior of the system. However, it can be shown that our models are capable
to reproduce the experimental data of Landsberg et al. [92] quantitatively, with biological
reasonable parameters. For more details see either [9] or [97].
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Figure III.6: Solution of the deterministic system for two T-cell typewith initial conditions
(np,np,nz,,nz,1,)(0) = (0.5,0,0.02,0.02, 0). The system is attracted to the new fixed point (cf.
[9] and [97]).

II1.4 The interplay between rare mutations and fast switches

In this section we study more theoretical aspects which arise by including switching rates
in the standard model. More precisely, we are interested in the interplay between the fast
phenotypical changes by switching and the slow genotypical changes by mutation.

The model we defined in Section [[I[.2] can be seen as a generalization of one of the stan-
dard individual-based models of adaptive dynamics, usually called BPDL-Process, which was
introduced in publications of Bolker, Pacala, Dieckmann, and Law [I5], (16, [43]. (See Section
for more background information.) The simultaneous limits of large populations (K — o)
and rare mutations (ux — 0), under conditions which separate the ecological and the evolu-
tionary effects, were studied mathematically rigorous by Champagnat and Méléard |25, 30].
At this scale the system has time to equilibrate between two mutational events. On the mu-
tation time scale (evolutionary time scale) the population can be described as a Markov jump
process along a sequence of equilibria of, in general, polymorphic populations. An important
(and in some sense generic) special case occurs when the mutant population fixates while the
resident population dies out in each step. The corresponding jump process is called the Trait
Substitution Sequence (TSS) in adaptive dynamics. Champagnat [25] derived criteria in the
context of individual-based models under which convergence to the TSS can be proven (cf.
Thm. . The general process is called the Polymorphic Evolution Sequence (PES). It is
described partly implicitly in [30], as it involves the identification of attractive fixed points in
a sequence of Lotka-Volterra equations that are in general not tractable analytically. Costa
et al. study an extension of the model with a predator-prey relation [33]. The predator-prey
kernel is an explicit function of parameters describing defense strategies for preys, together
with the ability of predators to circumvent the defense mechanism. In the simultaneous limits
of large populations and rare mutations convergence to a Markov jump process that gener-
alizes the PES is derived. Furthermore, by taking the subsequent limit of small mutational
effects (o — 0), convergence to an extended version of the canonical equation of adaptive
dynamics (CEAD) is obtained in the case of monomorphic prey and predator populations. In
[29], Champagnat et al. construct a stochastic multi-resource chemostat model (based on the
standard one) which couples deterministic and stochastic dynamics. In the simultaneous lim-
its of large populations and rare mutations, convergence to an extended PES is observed for
this process, too. Collet et al. develop and analyze an individual-based model of the adaptive
dynamics for sexual reproducing populations, i.e. for Mendelian diploids [31]. By taking the
simultaneous limits of large populations and rare mutations convergence to a Markov jump
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process generalizing the TSS is derived (cf. also [I8]) and by the taking the subsequent limit
of small mutational effects a canonical equation for sexual reproducing population is obtain.

The goal of this section is to extend the techniques of adaptive dynamics used in the articles
mentioned above to prove that our process (ignoring therapy and birth-reducing competition)
converges, in the simultaneous limits of large populations and rare mutations, also to an
extended PES. Furthermore, we discuss in Subsection [[T[.4:3] the relation between therapy
and mutations.

111.4.1 Explicit construction of the population process with phenotypic
plasticity

To derive a generalization of the PES in the presence of fast switches in the phenotypic
space, space in the absence of therapy (i.e. no predator-prey term present), we start with the
definition and construction of the process we want to analyze. Since T-cells are not present,
the trait space X' always equals G x P in this section, except in Subsection [[II.4.3]

For each K > 1, the population process v is a MK (X)-valued Markov processes with
infinitesimal generator .Z% | defined, for any bounded measurable function ¢ : M¥(X) - R
and for all x% e ME(X) by

L") (IL.4.1)
- )zg (6 (n" +292) - o(u >)<1 urem(9))b(p)K " (9.p)

g,p)eGxP

oY (o 2) - o) ) urm(e) M ((9,0), (3.5))b(p) K 1 (9, p)

(9:)eGxP (§,9)eGxP

*( )Zg (o (n" - S ) = o(u")) (d(p) + Z;)C(paﬁ)MK(ﬁ))KMK(Q»p)

g,p)eGXP pe
8¢ 8¢

Y Y (e(n”

(9,p)eGxP peP

+

42 = 2D ) = (1)) 5 (p, 5) K i (9, p).

The biological parameters (m(.),b(.), etc.) are defined in Section The first and second
terms describe the births (without and with mutation), the third term describes the deaths
due to age or competition, and the last term describes the phenotypic plasticity. Note that
the first, second, and last terms are linear (in x€ ), but the third term is non-linear.The only
difference to the standard model is the presence of the fourth term that correspond to the
phenotypic switches. However, this term changes the dynamics sustainably. The system of
differential equations which arises in the large population limit without mutation (ugx =0) is
not a generalized Lotka-Volterra system anymore, i.e. has not the form n=nf(n), where f is
linear in n.

Since we want to approximate the process later by multi-type branching processes, it is
useful to give a pathwise description of ¥ in terms of Poisson point measures (cf. [59]). Let
us recall this construction. Let (2, F,P) be an abstract probability space. On this space, we
define the following independent random elements:

(i) a convergent sequence (") g»1 of M (X)-valued random measures (the random initial
population),

(ii) |X| independent Poisson point measures (N&if;?(ds,di,dﬁ) )(gp)ex on [0,00) x N xR,
with intensity measure ds Y,,5o 0, (di)d0,
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(iii) |X| independent Poisson point measures (Ng‘?)'(ds,di,de,dzn) )(gp)ex on [0,00) x N x
R, x X with intensity measure ds Y., 0n(di)d0 Y zcx 0z (dx).

(iv) |X| independent Poisson point measures (N(d;;t)h(ds,di,dﬁ) )(g.p)ex on [0,00) x Nx R,

with intensity measure ds Y, sq 0n (di)d0,
(v) |X| independent Poisson point measures (N(S;V;thh(ds,di, df,dp) )(gpyex on [0,00) x N x
R, x P with intensity measure ds¥,,500n(di)d0 ¥ sep 65(dp),

Then, v¥ is given by the following equation

t
K K 1 birth .
OREON §))Xf0 fNO fR+ﬂ{igmgi(g,m,esb@)(l_uw(g))}f5(g,p)N<g,p) (ds, di,d) (I11.4.2)
g:p)€

t
1 mut. -
" Z)x [0 fNO /R [X Lickv (g.), 6<b(pyurcm(o) M ((g.0).2)} K %N (g,p) (d5, di B, d)
g7p €

t
_ 1 death .
(g%;)(fo fNo fR Yickos (9.0, 05(p)+ Spep ctoiv€ (ﬁ)}K(S(g’p)N (9) (45 i, d0)

t
1 switch . ~
+ ( Z))( ]0‘ ~/I;Io f /7; ]l{iSKVS}E(g,p), GSsg(p,ﬁ)}? (5(97ﬁ) - 5(971’)) N(g,p) (dS, d’L, d@, dp)
g,p)€ *

Remark 11. This construction uses that X is a finite set and is in some sense closer to the
definition given in [55] (p. 455). For non finite trait spaces the process can be constructed as
in [59] or Section [[L.5]

111.4.2 The generalized Polymorphic Evolution Sequence.

In this subsection we consider the case of rare mutations in large populations on a time scale
such that a population reaches equilibrium before a new mutant appears:

vV >0, exp(-VK) < ug < as K — oo (I11.4.3)

KhnK’

and prove that the individual-based process with phenotypic plasticity convergences to a gen-
eralization of the PES. Let us start with describing the techniques of adaptive dynamics used
in [30] to prove that the standard individual-based process (without phenotypic plasticity)
convergences to the PES.

The key element in the proof of the convergence to the PES used in Champagnat and
Meéléard [30] is a precise analysis of how a mutant population fixates, which we now describe
(cf. also Thm. . Note that a crucial assumption in [30] is that the large population
limit is a competitive Lotka-Volterra system with a unique stable fixed point . Thus, the
main task is to study the invasion of a mutant that has just appeared in a population close
to equilibrium. The invasion can be divided into three steps:

First, as long as the mutant population size is smaller than Ke, for a fixed small € > 0, the
resident population stays close to its equilibrium. Therefore, the mutant population can be
approximated by a branching process. Second, once the mutant population reaches the level
Ke, the whole system is close to the solution of the corresponding deterministic system (this
is a consequence of Thm. and reaches an e-neighborhood of 1 in finite time. Third,
the subpopulations which have a zero coordinate in nn can be approximated by subcritical
branching processes.
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The durations of the first and third steps are proportional to In(K'), whereas that of the
second step is independent of K. Thus, the second inequality in guarantees that,
with high probability, the three steps of invasion are completed before a new mutation occurs.

In the first invasion step the invasion fitness of a mutant plays a crucial role. Given a
population in a stable equilibrium that populates a certain set of traits, say M c X, the
invasion fitness f(x, M) is the growth rate of a population consisting of a single individual
with trait ¢ M in the presence of the equilibrium population n on M. In the case of the
standard model, it is given by

flx, M) =b(x)-d(x) - %C($7y)ﬁy (I11.4.4)

(cf. Def. . Positive f(z, M) implies that a mutant appearing with trait = from the equi-
librium population on M has a positive probability (uniformly in K') to grow to a population
of size of order K; negative invasion fitness implies that such a mutant population will die
out with probability tending to one (as K — oo) before it can reach a size of order K. The
reason for this is that the branching process (birth-death process) which approximates the
mutant population in Champagnat and Méléard’s proof is supercritical if f(xz, M) is positive
and subcritical if f(xz, M) is negative.

In order to describe the dynamics of a phenotypic heterogeneous population on the evolu-
tionary time scale, we have to generalize (among other things) the notion of invasion fitness
to the case where fast phenotypic switches are present. The issue here is to analyze the prob-
ability that a mutant with a new genotype will fixate. Since switches between phenotypes
associated to the same genotype happen at times of order one, the growth rate of the initial
mutant phenotype does not determine the probability of fixation. See [31] for a similar issue
in a simple sexual reproducing model. In the proof of Theorem [[T1.4.3] we will see that we can
approximate the mutant’s dynamics by a multi-type branching process until it is macroscopic,
i.e. until the density reaches the level Ke. It is well known that a continuous time multi-type
branching process is supercritical if and only if the largest eigenvalue of the infinitesimal gen-
erator of its mean matrix is larger than zero (cf. [0, [[12]). Therefore, this eigenvalue will be
an appropriate generalization of the invasion fitness in our case.

The competitive Lotka-Volterra system with phenotypic plasticity.

Let us begin with a recurrence assumption about the phenotypic plasticity. For all g € G, let
X9 be the Markov chain, which describes the phenotypic plasticity, i.e. a stationary Markov
chain with state space P and with transition probability

P[XY = 5| XI, =p] = M, it 3 s9(p,p) >0 (IT1.4.5)
Ypep 89(p, D) pep
and
PX!=p| X!, =p]=1, if > s(p,p)=0. (I11.4.6)
peP

Then, we assume the following:
Assumption 6. For all g € G, all communication classes of X9 are recurrent.

In other words, XY can be decomposed in finitely many irreducible Markov chains, which
are recurrent. For every (g,p) € G x P, let us denote the communication class associated
with (g,p) by [plg. This is the communication class of X9 which contains p, i.e. p can be
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Figure II1.7: Example of a Markov chain X9. Here, P = {p1,...,p10} and X9 has four communi-

cation classes: {p1,pa,D3,04},{P5,P6,07},{Ps}, {Po,P10}- The class {ps} has only one element, i.e.
Z}Sl s9(psg,pi) = 0 in this example.

seen as a representative of the class, which has an equivalence relation depending on g. Since
we have seen in the experiments that the phenotypic change is reversible, this assumption
is reasonable. It ensures that if we start with a large enough population consisting only of
individuals carrying the same trait (g,p), then after a short time all phenotypes of [p], will
be present in the population, but non of the other classes.

Next, let us have a look at the large population limit of the individual-based process
without mutation (ux = 0). Fix d traits in the population: (g,p) = ((91,p1),---,(9d,Pd)) €
(G x P)d, suppose that the support of the initial conditions is given by these traits and that
the sequence of the initial conditions converges almost surely to a deterministic limit, i.e.

d
[%im vl = > 1i(0)d(g iy &S, where n;(0) >0 for all i e {1...d}. (I11.4.7)
—ee i=1

Then, compare with Theorem for every T > 0, the sequences of processes v e
D([0,T], ME (X)) generated by .ZK with initial state v* converges almost surely to a de-
terministic function £ € C([0,T], M(X')). Moreover, let X(g ) be the set of traits which can
be reached by switching, i.e.

d
Xgp) = L_Jl{gi} x [pilg:- (IT1.4.8)

With this notation, & is given by £(t) = Eme/y(g o n;(t)d,, where n is the solution of the
competitive Lotka-Volterra system with phenotypic plasticity defined below. (The initial
condition of n is given by n;(0) for all i € {1...d}.)

Definition I11.4.1. For any (g, p) € (G x P)%, we denote by LV S(d, (g,p)) the competitive
Lotka-Volterra system with phenotypic plasticity. This is an |X(g,p) |-dimensional system of
ODEs defined for all (g,p) € X(g p) by

ﬁ(g,p>=“(g,p>(b(P)—d(P)— > G- sg(p,ﬁ))+ S s9(5, (g (IT1.4.9)
(§,9)eX(g,p) pelplg pe[plg

We choose the name competitive Lotka-Volterra system with phenotypic plasticity to
emphasize that we add phenotypic plasticity (induced by switching rates) in the usual com-
petitive Lotka-Volterra system. However, the system LV'S is not a system of generalized
Lotka-Volterra equations, which could be misleading by using this name.

Next, we introduce the notation of coexisting traits in this context (cf. [30] and Definition

11.3.4] for the standard model).
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Definition I11.4.2. For any d > 2, we say that the distinct traits (g1,p1),. .., (94, Pq) coexist
if the system LV S(d,(g,p)) admits a unique non-trivial equilibrium fi(g, p) € (0, o)/ *@»)
which is locally strictly stable meaning that all eigenvalues of the Jacobian matrix of the
system LV S(d,(g,p)) at n(g,p) have strictly negative real parts.

Note that if (g1,p1),- .-, (g4, pa) coexist, then all traits of X4 ) coexist and the equilib-
rium n(g, p) is asymptotically stable. We will prove later that if the traits (g1,p1),- - -, (94, Pd)
coexist, then the invasion probability of a mutant trait (g,p) which appears in the resident
population &g ) close to n(g, p) is given by the function

1-q(gp)(9,D), (111.4.10)

where q(g 5)(9,P) is given as follows: Let us denote the elements of [p]; by p = p1, . .. D51
Then, q(g py(g,P) is the first component of the smallest root of

u(y) =0, (I11.4.11)
where u is a map from RIPlal to RIPlsl defined for all i € {1,...,|[5]5] by

[5]5]
ui(y) = b)) v+ Y $2(Bobi)y +d@)+ Y. c(Bip)igpy(gp)  (11412)
J=1 (9:p)eX(g.,p)

[[B]g
- (b(;ﬁi) + > (P, py) +d(pi) + ), C(ﬁi,p)ﬁ(g,p)(g,l))) Yi-
=1 (9:P)eX(g,p)

In fact, (1-q(gp)(g,P)) is the probability that a single mutant survives in a resident population
with traits X(g ). We obtain this by approximating the mutant population with multi-type
branching processes (cf. proof of Theorem . The function (1 - q(gp)(g,P)) plays the
same role as the function [ f(y;x)]+/b(y) in the standard case (cf. Theorem [I1.3.7)).

To obtain that the process jumps on the evolutionary time scale from one equilibrium to
the next, we need an assumption to prevent cycles, unstable equilibria or chaotic dynamics
in the deterministic system (cf. [30] Ass. B).

Assumption 7. For any given traits (g1,p1),.--,(g4,pq) € G x P that coexist and for any
mutant trait (§,p) € X \ X(gp) such that 1 - qg)(g,0) > 0, there exists a neighborhood

U c R¥em Pl of (a(g,p),0,...,0) such that all solutions of LV S(d + 1,((g,p),(9,P)))
with initial condition in U n (0, oo)'“"((ng'”[p]@| converge as t — oo to a unique locally strictly
stable equilibrium in R*¥em*Pll denoted by n“((g,p),(9,p))-

We write n* and not n to emphasize that some coordinates of n* can be zero. Furthermore,
we use the shorthand notation ((g,p), (g,p)) for ((g1,p1),---,(9a:pa), (g,P)). Assumption|7]
does not have to hold for all traits in X'\ X{4 ) only for those traits (g, p) which can appear in
the resident population by mutation, i.e. only if Z(g,p)eX(g,p) m(g)M((g,p),(g,p)) is positive.

Note that it is possible to extend the definitions and assumptions for the study of rare
mutations and fast switches in populations with non discrete trait space if one assumes that
an individual can change its phenotype only to finitely many other phenotypes. This must
be encoded in the switching kernels. More precisely, for all (g,p) € G x P the communication
class [p]y should contain finitely many elements.
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Convergence to the generalized Polymorphic Evolution Sequence.

In this subsection we state the main theorem of this chapter and give the general idea of the
proof illustrated by an example.

Theorem II1.4.3. Suppose that the Assumptions @ and @ hold. Fix (g1,p1),---,(9d,Pd) €
G xP coexisting traits and assume that the initial conditions have support X(g oy and converge
almost surely to n(g,p), i.e. limg o vf = er){(g o n,(g,p)d0x a.s.. Furthermore, assume
that

1

vV > 0, exp(—VK) Kug < m,

as K — oo. (II1.4.13)

Then, the sequence of the rescaled processes (I/g/{Ku
Vg( , converges in the sense of finite dimensional distributions to the measure-valued pure jump

process A defined as follows: Ao = ¥, y(8,P)d(gp) and the process A jumps for
all (g,p) € X(g,py from

Z ﬁ(g,p)(g,p)(s(g,p) to Z nz—g,p)((gap)v (.67]5))5(9717) (111414)
(9:0)eX (g, p) (9:P)€X((g,p),(3.5))

K)tZ(J: generated by L5 with initial state

D)eX(g.py Hg.p

with infinitesimal rate

m(9)b(P)i(5,5) (8, P)(1 — 4(g,p)(3:P))M((9,), (9, D)) (I1.4.15)

Remark 12. (i) The convergence cannot hold in law for the Skorokhod topology (cf. [25]).
It holds only in the sense of finite dimensional distributions on M p(X'), the set of finite
positive measures on X equipped with the topology of the total variation norm.

(ii) The process A is a generalized version of the usual PES. Therefore, we call A Polymorphic
Evolution Sequence with phenotypic Plasticity (PESP).

(iii) Assumption m is essential for this statement. In the case when the dynamical system
has multiple attractors and different points near the initial state lie in different basins
of attraction, it is not clear and may be random which attractor the system approaches.
The characterization of the asymptotic behavior of the dynamical system is needed
to describe the final state of the stochastic process. This is in general a difficult and
complex problem, which is not doable analytically and requires numerical analysis. Thus,
we restrict ourselves to the Assumption

We describe in the following the general idea of the proof, which is quite similar to the
one given in [30]. As in the last chapter the population is either in a stable phase or in
an invasion phase. Until the first mutant appears the population is in a stable phase, i.e.
the population stays close to a given equilibrium. From the first mutational event until the
population reaches again a stable state, the population is in an invasion phase. In fact, the
mutant either survives and the population reaches fast a new stable state (where the mutant
trait is present) or the mutant goes extinct and the population is again in the old stable state.
After this the populations is again in a stable phase until the next mutation, etc..

Note that we prove in the following that the invasion phases are relatively short (O(In(K)))
compared to the stable phase (O(1/uxK)). Since we study the process on the time scale
1/Kug, the limit process proceeds as a pure jump process which jumps from one stable state
to another.

The stable phase: Fix € > 0. Let X(g ) be the support of the initial conditions, For large
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K, the population process v is, with high probability, still in a small neighborhood of the

equilibrium n(g,p) when the first mutant appears. In fact, using large deviation results on
the problem of exit from a domain (cf. [61]), we obtain that there exists a constant M > 0
such that the first time v% leave the Me-neighborhood of (g, p) is bigger than exp(V K)
for some V > 0 with high probability. Thus, until this stopping time, mutations born from
individuals with trait « € X(g ) appear with a rate which is close to

ugm(z)b(z)Kn,(g,p).

The condition ([IL4.13), more precisely 1/(Kug) <« exp(VK) for all V > 0, ensures that
the first mutation appears before this exit time. Note that we expand here the arguments
of the corresponding results of Champagnat (cf. Thm. 3 of [25]) to the multi-type case with
phenotypic plasticity. We prove this in Theorem [[IT.4.4]

The invasion phase: We divide the invasion of a given mutant trait (g,p) into three steps, in
a similar way as done in [25] and [30] (cf. Figure [[ILg).

In the first step, from a mutational event until the mutant population goes extinct or the
mutant density reaches the value €, the number of mutant individuals is small (cf. Fig. [[11.8
[0,t1]). Thus, applying a perturbed version of the large deviation result we used in the first
phase, we obtain that the resident population stays close to its equilibrium density n(g, p)
during this step. Using similar arguments as Champagnat et al. [25, 30], we prove that the
mutant population is well approximated by a |[p]5|-type branching process Z, as long as the
mutant population has less than eK individuals. More precisely, let us denote the elements of
[5lg by P, Pi[p),)» then, for each 1 < <|[[plg], each individual in Z (carrying trait (g,5:))
undergoes

(i) birth (without mutation) with rate b(p;),
(ii) death with rate d(p;) + Z(g,p)EX(gYp) c(Pi, p)(g,p) (8, P) and
(iii) switching to phenotype p; with rate s9(j;, ;) for all 1 < j < |[5];].

This continuous time multi-type branching process is supercritical if and only if the largest
eigenvalue of the infinitesimal generator of its mean matrix, which we denote by Apax, IS
larger than zero. Hence, the mutant invades with positive probability if and only if Apax > 0.
Moreover, the probability that the density of the mutant’s genotype, v (@), reaches € at some
time ¢7 is close to the probability that the multi-type branching process reaches the total mass
€K, which converges as K — oo to (1 - q(gp)(G,7))-

In the second step, we obtain as a consequence of Theorem [[T[.2.T] that once the mutant
density has reached e, for large K, the stochastic process v can be approximated on any
finite time interval by the solution of LV.S(d+1,((g1,p1),---,(94,P4),(g,p))) with a given
initial state. By Assumption [7] this solution reaches the e-neighborhood of its new equilib-
rium n*((g,p), (§,p)) in finite time. Therefore, for large K, the stochastic process v* also
reaches with high probability the e-neighborhood of n*((g,p),(g,p)) at some bounded (K
independent) time ts.

In the third step, we can use similar arguments as in the first. Since n*((g,p), (§,p)) is
a strongly locally stable equilibrium (Assumption , the stochastic process VtK stays close
n*((g,p), (9,p)) and we can approximate the densities of the traits (g,p) € X((gp),(g,5)) With
nég,p)((g, P),(G,p)) =0 by |[p]g|-type branching processes which are subcritical and therefore
become extinct a.s..
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The time of the first and third step are proportional to In(K'), whereas the time of the sec-
ond step is bounded. Thus, the second inequality in guarantees that, with high
probability, the three steps of invasion are completed before a new mutation occurs. After
the last step the process comes back to a stable phase, but with a possible different resident
population, until the next mutation happens.

population size

V¥(g,p_1)
V(g,p_2)
V(g ,p_1)
V(g ,p_2)

MMW'_\M

24

0.8

o(In(K)) ty o(1) ty O(In(K)) ty time

Figure II1.8: The three steps of one invasion phase.

An example: Figure shows the invasion phase of a single mutant with trait (g,p1),
which appeared (at time 0) in a population close to n(g,p) (indicated by the dashed lines).
In this example the resident population consists of two coexisting traits (g,p1) and (g,p2)
and the mutant individuals can switch to one other the phenotype only, i.e. [p1]5 = {p1, P2}
The parameters of the simulation are given in Table The stable fixed point of

b(p1) =3 |d(p1) =1 |c(pr,p1) =1 |c(p1,p2) =0.7 |c(p1,p1) =0.7 |c(p1,p2) =0.7|s(p1,p2) =1
b(p2) =3 | d(p2) =1 |c(p2,p1) =0.7 |c(p2,p2) =1 c(p2,p1) =0.7 | c(p2,p2) =0.7|s9(p2,p1) =2
b(p1) =5 | d(P1) =1 |c(P1,p1) =0.7 |c(p1,p2) =0.7 |c(P1,p1) =1 c(p1,p2) =0.7|s?(p1,p2) = 1.5
b(ﬁz) =4 d(ﬁz) =1 C(ﬁz,p1) =0.7 C(ﬁz,pg) =0.7 C(ﬁz,ﬁl) =0.7 C(ﬁz,ﬁz) =1 Sg(ﬁz,ﬁ1) =2

| K =2000 | ux =0 | (g,p1) = 15| v (g,p2) =08 v (3. 1) = 1/K [ (3., 51) =0 | - |

Table III1.2: Parameters of Figure [[11.8

the system LV S(2,((g,p1),(g9,p2))) is n((g,p1), (g,p2)) ~ (1.507,0.809). The infinitesimal
generator of the mean matrix of the multi-type branching process that approximates the
mutant population in the first step is approximately

0.879 1.5
2 -0.621)°
Since the largest eigenvalue of this matrix is positive (~ 2.016), the mutant population
reaches with positive probability the second invasion step (cf. Figure . Furthermore,
n* ~ (0,0,2.608,1.608) is the unique locally strictly stable fixed point of the dynamical system
LVS4,((g,p1),(g9,p2),(G,p1),(g,p2))). The dynamical system and hence also the stochastic

process reach in finite time the e-neighborhood of this value. The infinitesimal generator of the
mean matrix of the multi-type branching process that approximates the resident population

(111.4.16)
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in the third step is approximately

-1.951 2
( | _2'951). (I11.4.17)

The largest eigenvalue of this matrix is negative (¥ —0.951) meaning that the process is
subcritical and goes extinct a.s.. Therefore, there exists a time t3 such that all individuals
which carry trait (g,p1) or (g,p2) are a.s. dead at time ¢3.

The proof of Theorem

In this paragraph we prove the convergence to the PESP. (The proof uses the same arguments
and techniques as [30], which were developed in [25]. However, some extension are necessary,
if fast phenotypic switches are included in the process, which we state and prove in this
subsection.) We start with an expansion of Theorem 3 of [25]. Part (i) of the following theorem
strengthens Theorem and part (ii) studies the problem of exit from an attractive
domain in the polymorphic case with phenotypic plasticity.

Theorem II1.4.4. (i) Assume that the initial conditions have support {(g1,p1), ... (ga,Pd)}
and are uniformly bounded, i.e. , for all 1 <i<d, Vg(gi,pi) € A, where A is a compact
subset of Rsg. Then, for all T >0

lim sup HVtK_ > 1, (t, ),
K=00 4e[0,1] veX g p) T

=0 a.s. I11.4.18
=0 as, (I11.4.18)

where n(t,vl") € RI*em| denotes the value of the solution of LVS(d,(g,p)) at time
t with initial condition n,(0,v) = v (x) for all x € Xgp)- Note that the measure

erx(g . n. (¢, Vg)éx depends on K, since the initial condition and hence the solution of
LVS(d,(g,p)) depend on K.

(ii) Let (g1,p1),---,(ga,pa) € X coewist. Assume that, for any K > 1, Supp(v{’) = Xg.p)-
Let 7,,,: be the first mutation time. Furthermore, let us define the first exit time from
the &-neighborhood of 0, (g,p) by

Hﬁiﬁ =inf{t>0:3ze X(g,p) such that ‘l/tK(.%') -n,(g.p)|> ¢} (I11.4.19)
Then, there exist ¢g >0 and M > 0 such that for all € < €g, there exists V > 0 such that
if the initial states of V™ belong to the e-neighborhood of t.(g,p), the probability that

Gﬁi’é\/le is larger than eV A Tt 15 CONVErging to one, i.e.
. K,Me . KV K _ K _
[PEEO sup P [emt <€ AT ‘ vy (x) =ny for all x e X(g’p)] =0,

nKe(N/K)¥&p) B, (i(g,p))
(I11.4.20)
where n = (nf)xex(g’p) and B.(n(g,p)) denotes the e-neighborhood of n(g, p).

Moreover, (II1.4.20) also holds if, for all (g,p) € X(g,p), the total death rate of an indi-
vidual with trait (g, p)

dp)+ > e, p)v(3.p) (IT1.4.21)
(9,9)eX(g,p)

is perturbed by an additional random process that is uniformly bounded by |X |cmqz€, where
Cmaz = MNaAXy ye X C(.CC, y)
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Remark 13. (i) One consequence of the second part of (ii) is that, with high probability, the
process stays in the Me-neighborhood of n,(g,p) until the first time that a mutant’s
density reaches the value e. In other words, let ellflvasion denote the first time that a
mutant’s density reaches the value ¢, i.e

Hﬁvasion = {t >20: El(gap) ¢ X(gp) : Z I/tK(g,ﬁ) 2 6} . (111422)
Pe[plg
Then, the probability that Hg(’i]tm is larger than eV A GIKnvaSion is converging to one. We

use this result also for the third invasion step.

(ii) Since n(g,p) is a locally strictly stable fixed point of the system LV S(d,(g,p)), there
exists a constant M > 0 such that for all € > 0 small enough

for all trajectories n(t) with |[n(0) - n(g,p)|| <e: sup |[n(t) - n(g, p)|| < Me.
t>0

Proof. The proof is an expansion of the arguments of the proof of Theorem 3 of [25]. The main
task of (i) is to show that a large deviation principle on [0,7"] holds if we modify the process
a bit. The main task of (ii) is to show that we can use the classical estimates for time of exit
from a domain (cf. [61]) for the jump process vX. Note that Freidlin and Wentzell study in
the book [6I] mainly small white noise perturbations of dynamical systems. However, there
also are some comments on the generalization to dynamical systems with small jump-like
perturbations (cf. [61], Sec. 5.4).

Proof of (i). In Chapter 10 of [45], Dupuis and Ellis prove the Laplace principle for
continuous time Markov Processes with continuous statistics including diffusions and jump
processes. Such a Laplace principle is equivalent to a large deviation principle with the same
rate function (cf. Section 1.2 of [45]). (The first general large deviation results for these
processes are due to Freidlin and Wentzell [61].) In fact, the process, we are studying, does
not full fill the conditions of the Laplace principle of Dupuis and Ellis, but we show that a
modification does. To this aim, observe that any solution of LV S(d, (g,p)) with uniformly
bounded initial condition is uniformly bounded, too. (This is true because we can bound the
total mass of the population from above by a one dimensional competitive Lotka-Volterra
system (cf. Def. [[1.3.3)).) More precisely, for all = € X4 1)

b
supng(f, 4" ) < max (2 (Np)A ) vmax(A)=C (I11.4.23)
£20 p.0p<P \ (P, )

. . . . X
We begin with some notation. First, fix § > 0, let x be a map from ]R‘Zo(g’p)l to [0,C + 5]‘X(g,p)|

defined by

Ygp) I Ygp) €10,C+0]

(I11.4.24)
C+45 else.

X(y) = (X(g,p) (y))(g,p)eé‘((g’p) with X(g,p) (y) = {

Let (YK )k>1 be a sequence of continuous time, RI%ep|-valued Markov processes with in-
finitesimal generator L, defined on continuous differential functions with compact support,
f e CL(R@n| R), by

L5f) = % agy) LW

(gvp)e‘)((g,p) ay(gvp)

K L (10 K108 5y 2D ) )

(gvp)e‘)((g,p) (97]7

(111.4.25)
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where

RO )] (R ORI Y N R R ) WURE

(g’ﬁ)ek‘(g,p) Pe[p]g

+ > 7B, 0)X (95 (W)
ﬁE[p]g

and p, is a finite point measure defined as follows. Let e(,,) denote the "(g,p)"-th unit
vector in R'X(g’m', then

Supp(py) € U {e(g,p)7 “€(9,p) ©(g.:p) ~ ©(9,P) fe R*ev)| (I11.4.27)
(gzp)ex(g,p)vﬁe[g]l’

and

b(P)X(g.p) (¥, (I11.4.28)

X(g,p>(y)(d(p)+ >, c(p7ﬁ)x<g,ﬁ)), (I11.4.29)
(gaﬁ)e‘){(gJ))

s7(p, D)X (9.5) (¥)- (111.4.30)

My({e(g,p) })

Ny({_e(g,p) })

ty({e(gp) — €(gp)})

Furthermore, define 7 = inf{t > 0: 37 € X4 ) s.t. vE(x) > C + 0} A Tiut,, then the processes
Y& (considered as measure-valued process) and v* have the same law on the time interval
[0,7]. In contrast to v YK satisfy the conditions assumed in Theorem 10.2.6 of [45]. Thus,
for each T > 0, the sequence of (Y¥)gso with Y5(0) = Yj satisfies the Laplace principle on
D([0,7], RI*em!) with rate function

fOTL(qS(t), G(t))dt if ¢ is absolute continuous on [0, 7]
o0

(I11.4.31)
else,

Ior(9) = {

where

. Xepl X(g,p)
L(¢(t),¢(t)) = sup ( Z Ozi(l%(t) - [];w(g,p)\(eZizl QiYi _ 1)u¢(t)(dy)) . (111.4.32)

acrl¥e.p)! =1

Note that L(4(t), ¢(t)) is zero if and only if ¢ is absolute continuous and q;(g,p) (1) = aggp (o(1))
for all (g,p) € X(gp). Moreover, the Laplace principle holds uniformly on compacts.

(Freidlin and Wentzell state in [61] a comparable result in terms of action functionals (cf.
Thm 5.2.1 of [61]). Namely, K Iyr(¢) is the action functional for the sequence (Y%, PyK ) in
the metric por (¢, 1) = supg<r |t — ¢ uniformly in the initial point as K — oo. PyK is used
to emphasize that the initial conditions depend on K.)

As already mentioned the Laplace principle is equivalent to the large derivation principle.
Thus, for each closed subset F of D([0,T], RI¥erl)

1
limsup — In| sup Pyx[Y™ € F]| < —inf Iz (o). (111.4.33)
K—oo K YOKEA 0 peF

If we choose

Fo= {¢> eD([0,T],R*em!): ¢(0) e A and sup |p(t) - n(t, ¢(0))| > 5}, (I11.4.34)

te[0,T']
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then inequality ([11.4.33) becomes
Koo YieA 0<t<T

lim — ln( sup Py [ sup [Y5 —n(t, V&) > 5]) <- inftS Iyr (). (I11.4.35)
¢eF

Thus, on the event {7yt < T}, we have

sup |1/tK— >
0<t<T X (g p)

]P—{rio 1 ln( S}?BLXPV({( 2 (5]) < —(z)ier};fd Ior(¢). (111.4.36)
Since any solution of LV S(d,(g,p)) that starts in A does not leave [O,C]P{(g’m', the set
F? does not contain such a solution. Therefore, inf gers IT(9) is non-zero. Using the Borel-
Cantelli Lemma, this implies provided that img_, co P[Tiut. < 7] = 0.

Proof of (i1). In Section 5.4 of [61], Freidlin and Wentzell explain how some of their
results on the problem of exit from a domain for diffusion processes can be generalized to
dynamical systems with small jump-like perturbations under some conditions. In fact, we
need a generalization of Theorem 4.4.2 of [61]. As in the proof of (i) the jump processes v
do not belong to the class of processes Freidlin and Wentzell consider in Section 5.4.. However,
we define similar as in (i) processes, Y which will belong to this class and have the same

X X
law until 6% A Tt Fix € > 0, let ¥ be a map from RLQ(g,p)' to ]R'zo(g’p)' defined by

exit

S = {y if yeBuy(n(g,p)) (111.4.37)

n(g,p) + Me 2 else.

1(g.p)
lly- n(g D))
Let (YK )k>1 be a sequence of continuous time, RI*ep|-valued Markov processes with in-
finitesimal generator L defined as above except that y is replaced by x. Let 9§(l]twe Y denote
the first exit time from the Me-neighborhood of #i(g, p) of the process Y i.e
oEMY = inf {t > 0: VX ¢ Bue(n(g,p))} - (I11.4.38)

exit

Then, by applying the generalized version of Theorem 4.4.2 of [61] (cf. [61], p.138) to Y& we
obtain that for all € > 0 small enough there exists V. such that for every a >0

lim sup P, [eg,ilt\/[e,Y > exp(K (Ve + 04))] =0. (I11.4.39)
K= yeB.(i(g,p))

Moreover, let V(n(g,p),y) denote the quasipotential of the dynamical system with respect
to n(g,p), i.e.

V(ﬁ(g, p)7y) = inf {IT1T2(¢) RS C([Tla T2:|’R‘X(g’p)|)v ¢T1 = ﬁ(g,p), ¢T2 =y, Th < T2} :
(I11.4.40)
The endpoints of the interval [17,T2] are not fixed and Iy, (¢) is defined as above. The
constant V¢ is given by Ve = minyep,, (gp)) V ((1(g,P)),y). Since n(g,p) is a locally strictly
stable fixed point there exists M > 0 such that for all € > 0 small enough all trajectories
of LV S(d,(g,p)) which start in Be(n(g,p)) stay in By 2(n(g,p)). On the other hand,
L(¢(t),¢(t)) = 0 if and only if ¢(t) is a solution of LVS(d,(g,p)). Thus V. > 0, which
implies .
If the total death rate of an individual is perturbed by an additional random process that
is uniformly bounded by |X|cmax€, We can construct (by using the pathwise construction via
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Poisson point measures) two sequences of continuous time, RI*ep|-valued Markov processes
YH:1e and Y52€ such that

v <l <y 2 forall te0,7], (111.4.41)
where Y;K’l’e and YtK’l’6 have the same generators as Y except that the death rate d(p) is
replaced by d(p)+|X |cmax€ respectively d(p)—|X|cmaxe. The corresponding dynamical systems
have unique locally strictly stable fixed point which lie in By, (n(g,p)) for some constant
M >0. (This can be obtained by applying the implicit function theorem. For the stability of
the fixed point see e.g. [68]. Moreover, see [31] for a similar consideration.) Using the same
arguments for Y1 ¢ and Y5:2¢ as above ends the proof. O

The following Lemma describes the asymptotic behavior of 7,,,, and can be seen as an
extension of Lemma 2 of [25] or Lemma A.3 of [30].

Lemma IT1.4.5. Let (g1,p1), .-, (9d,pa) € X coewist. Assume that, for any K > 1, Supp(vl) =
Xgp)- Let Ty denote the first mutation time. Then, there exists g > 0 such that if the

initial states of v belong to the eg-neighborhood of iy (g, p), then, for all € € (0,¢),

lim P|7,,,. >In(K), sup HVtK_ > ﬁx(g,p)émH <el=1, (I11.4.42)
K—oco te[In(K),7,,.:.] 2eX(g 1) TV

Furthermore, (T, vk K)Kgs1 converges in law to an exponential distributed random variable
with parameter Z(g,p)e;\f(g o m(g)b(p)iy ) (g, P) and the probability that the mutant, which

appears at time T,

mut.» 15 born from an individual with trait (g,p) € X(g ) converges to

m(g)b(p)ﬁ(g,p) (g, p)
X (5.5)eX g.0) ™(9)0(D)0(5,5) (8, P)

(111.4.43)

as K — oo.

Proof. There exist constants C' > 0 and V' > 0, such that on the time interval [0,exp(KV)]
the total mass of the population, v/ (X), is bounded from above by C (cf. proof of Thm.
[11.4.4] (i)). Therefore, we can construct an exponential random variable A with parameter
C'Kug, where C" = C'maxgeg pep m(g)b(p), such that

A< Tmut,.
Thus, P[r,, > In(K)] 2 P[4 > In(K)] = e ¢'mUOKux  Gince ([11.4.13)) implies that
In(K)Kug converges to zero as K — oo, we get limg o0 P[> In(K)] = 1.

The fixed point n(g, p) is asymptotic stable. Thus, 3y > 0: Ve € (0,¢eq) IT(€):

on the event {7+ <exp(KV)}. (I11.4.44)

whenever ”n(ga p)(O) - ﬁ(ga p)” < €p, then sup |I‘l(g, p)(t) - ﬁ(g7p)| < g/2 (111445>
t>T(€)

In words, there exists a finite time 7'(€) such that all trajectories, which start in the ¢
neighborhood of the fixed point, stay after T'(¢) in the €/2-neighborhood of the fixed point.

Next, we apply the last theorem: By (i), for all € € (0,€ey) 3T(€) such that, for K large
enough,

<E. (111.4.46)
TV

[vio- X f(ep)d

T€X(g,p)
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Then, by (ii), there exist ¢y >0 and M > 0: for all € € (0,¢p) there exists V > 0 such that

lim P sup ||l/tK— Y. 1.(g,p)de

K—oo tE[T(€)1 eKVATmut.) zeX(gvp)

<Mé|=1. (I11.4.47)
TV

Furthermore, for all € € (0,€p) there exists Ky € N such that T'(€) < In(K) for all K > K.
Thus, setting € = Mé, ends the proof of , provided that limg e [Ty < €] = 1.

Again, we can construct for all € >0 two exponential random variables A€ and A%
with parameters

augK = Y ugm(g)b(p)(iy (8, p) +€)K (IT1.4.48)
(9:P)¢X(gp)
and
augK= Y urgm(g)b(p)(i, (g p)-€)K (I11.4.49)
(9:0)eX(g,p)
such that
AV < g AR K on the event {T'(€) < 7, < €V 1, (I11.4.50)

where T'(€) is the time defined in equation ([11.4.46|) and € = ¢/M. Moreover, we have

1%1_1;1(1)0 Pl <In(K)] =0 and 1%1_120 P[A%E s KV =0, (I11.4.51)
because ugKeXV — oo as K — oo. Therefore, for all € > 0, the probability of the event
{T(&) < Ty, < €XV} converges to one as K goes to infinity. Furthermore, the random
variables AV K and A2 Ky K converge both in law to the same exponential distributed
random variable with parameter

> m(9)b(p)iy,)(e,p) (I11.4.52)
(9:P)eX(g,p)

as first K — oo and then € - 0. The random variables A, AV%¢ and A%%¢€ can easily be
constructed by using the pathwise description of v (cf. Lemma [[1.6.4| or [29]). O

Theorem IT1.4.6 (The three steps of invasion). Let (g1,p1),---,(gd,Pd) € X coexist. Assume
that, for any K > 1, Supp(v{S) = Xgp) V{(3:P)} Let 7, denote the next mutation time
(after time zero) and define

K, . . ~ _
9N0§Jump = inf {t >20: ’/tK(g) =0 and HVtK - Z:ce/"((g’p) nx(g, p)(sa: TV < f}
K, - ;e * -
eJufnp = inf {t 20: ||Vt - ZxEX((g’p)’(g’ﬁ)) nx((ga p)7 (gvp))(sz v < 5

and Vi ¢ {z e X :n}((g,p), (3,5)) > 0} : ¥/ (&) =0},

Assume that we have a single initial mutant, i.e. l/é((g,ﬁ) =1/K. Then, there exist eg > 0,C >
0, and M >0 such that for all € € (0,¢0) if ||vd< - Zme)((g o (g, p)dx||lTv <€,

. KM KM L~
lim PlON ey < O] 2 () (3:5) - Ce, (I11.4.53)
. K,Me K,Me ~ ~
lim Plosal <ot L] 2 1- 4@ (@5) - Ce, (I11.4.54)
where 1 - q(g p)(g,P) is the invasion probability defined in (I11.4.1(}) and
. KM K,M n
Vn >0, I%I—I}iop [Gjumpe Ay szp > ik A Tmut‘:l < Ce. (I11.4.55)
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The structure of the proof is similar to the one of Lemma 3 in [25]. However, we have to
extend the theory to multi-type branching processes. Thus, the proof is not a simple copy
the arguments in [25]. Before we prove the theorem, let us collect some properties about
multi-type continuous time branching processes. Most of the properties, can be found either
in [6] or [112]. The limit theorems, we need in the following, were first obtained by Kesten
and Stigum [85] [84] [86] in the discrete time case and by Athreya [5] in the continuous time
case.

Let Z(t) be a k-dimensional continuous time branching process. Assume that Z(t) is
nonsingular and that the first moments exist. (Note that a process is singular if and only
if each individual has exactly one offspring and that the existence of the first moments is
sufficient for the non-exposition hypothesis.) Then, the mean matrix of Z(t) is a k x k matrix
defined by

M(t) = {m;;(t), 3,5 =1,...,k}, where m;;(t) =E[Z;(t)|Z(0) = e;] (I11.4.56)

and e; is the i-th unit vector in R¥. Tt is well known (cf. [6] p. 202) that there exists a matrix
A called the infinitesimal generator of the semigroup {M(t),¢ > 0}, such that
M(t) = exp(At) = > ( ') . (I11.4.57)
n=0 n

Furthermore, let r = (r1,...,7r;) be the vector of the branching rates, meaning that every
individual of type ¢ has an exponentially distributed lifetime of parameter r; and let M be the
mean matrix of the corresponding discrete time process, i.e. M = {m;;, 4,5 =1,...,k}, where
m;; is the expected number of type j offsprings of a single type-i-particle in one generation.
Then, we can identify the infinitesimal generator A as

A=R(M-TI), (I11.4.58)

where R = diag(r1,...,7%), i.e. 5 = r;0;(j) and I is the identity matrix of size k.
Under the basic assumption of positive regularity, namely that there exists a time ty such

that M(to) is strictly positive, the Perron-Frobenius theory can be used to deduce that

(i) the largest eigenvalue of M(¢y) is real-valued and strictly positive,

(ii) the algebraic and geometric multiplicities of this eigenvalue are both unity and
(iii) there exists an eigenvector with this eigenvalue, which is strictly positive.
By (I11.4.57), all eigenvalues of M(t) are given by e**, where {\;;i =1,...,k} are the eigen-
values of the infinitesimal generator A and both matrixes have the same eigenvectors, which

implies that we can determine the left and right eigenvectors u and v of A\pax(A) with all
coordinates strictly positive, and such that

k k
Yviu;=1 and Y u;=1. (I11.4.59)
i=1 i=1

Thus, the behavior of a Z can be classified in terms of the largest eigenvalue of its infinitesimal
generator, Amax(A). More precisely, the process Z is called supercritical, critical, or subcritical
according as A\pmax(A) is larger, equal, or smaller than zero.

Observe that the following properties are equivalent (cf. [112] p. 95-99 and [109]):

Z is irreducible <> M is irreducible <> A is irreducible <> M(t) is irreducible for all
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t>0 < M(t)>0 forall £>0.

In particular, irreducible implies positive regular. Note that a matrix is irreducible if it is
not similar via a permutation to a block upper triangular matrix and that a Markov chain is
irreducible if and only if the transition matrix is irreducible.

The following lemma is an expansion of Theorem 4 of [25] for multi-type branching pro-
cesses.

Lemma I11.4.7. Let (Z(t))w0 be a non-singular and irreducible, k-dimensional continuous
time Markov branching process and q the extinction vector of Z, i.e.

¢ =P[Z(t) =0 for somet>0|Z(0)=e;] forl<i<k. (I11.4.60)
Furthermore, let (tx)gs>1 be a sequence of positive numbers such that In(K) < tg, define
T,=inf{t>0: 35, Zi(t) = p} and assume that for alli,j e {1,...,k} and t € [0, )
E[Z;(t)In(Z;(t))|Z(0) = e;] < oo. (II1.4.61)
(i) If Z is subcritical, i.e. A\poz(A) <0, then for any e >0
I@;P[TO <t AT | 2(0)=e] =1 forallic {1,....k) (I11.4.62)
and

I%im gg P[Ty<tx|Z(0)=x]=1, where dBy = {x e N§:¥¥ ;= [eK]}.
—>00 X€ eK
(I11.4.63)

maXj<i<k Ui
minjgj<k Uj

Moreover, for u = and for any € > 0,

lim sup IP[TRK] <T, | Z(0) = x] <€, where Bay = {xeNy: Y8 a2, <[K]}.

K—oo
XEBeQK

(I11.4.64)
(ii) If Z is supercritical, i.e. Apaz(A) >0, then for any e >0 (small enough)
lim P [Ty <t nTrq | 2(0) = ei] =a;  forallie {1,... .k} (111.4.65)
and
lim P (T <t | Z0)=es]=1-a  forallie{1,... k}. (IT1.4.66)

Moreover, conditionally on survival, the proportions of the different types present in the
population converge almost surely ast — oo to the corresponding ratios of the components
of the eigenvector: for alli=1,...,k,
Zi(t) _ V;
Ce T 20 Sy
7j=1%4) 7=1"%)

, a.s. on {Th=o00}. (I11.4.67)

Proof. We start with the proof of (i). Since Z(t) is in this case a subcritical irreducible con-
tinuous time branching process and E[Z;(t) In(Z;(t))|Z(0) = ;] < oo, we obtain by applying
Satz 6.2.7 of [I12] the existence of a constant C' > 0 such that

o l-q(t)
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where ¢;(t) = P[Z(t) = 0| Z(0) = €;]. Moreover, we have a non-explosion condition. Thus,
for all € > 0, either T[6 K] equals infinity or it converges to infinity as K — oco. Putting both
together, there exists a sequence sx with limg_, .. Sg = +o0 such that

I%i_r)riOP[To <t AT 2(0) = &) 2 lim P[T; <sx|Z(0) = e;] = lim gi(sx) = 1. (I11.4.69)

The branching property implies that for all x e N¥, P[Z(t) = 0| Z(0) = x] = [T%, (¢:i())* (cf.
[109] p. 25). So, we get

k
inf i(tr)) 0.
of g(q (tx))
(IIL.4.70)
For all i € {1,...,k}, 1> (¢:(tx))™ > (¢:(tx))I¥] and by (II1.4.68) we have 1 — q;(tx) =

O(eMmax(A)E ) - Furthermore,

inf PITy <t 2(0) =x] - [Z(tx) = 0] Z(0) =x] =

inf P
X X€0Bc i

K
I}im (1 + w%) =exp(0) =1 for any sequence (wg )g>1 with I%im wr =0 (II1.4.71)

implies that, for all tx with tx > In(K) and C > 0, since lim_, o, Cemax(A)[e K] = 0,
dim (1- Cermax(A)te)[ek] _ 1 (111.4.72)

Thus, taking the limit K — oo in ([11.4.70f), we archive the desired equation ([11.4.63)). To
prove inequality (I11.4.64) we use the fact that (X%, u;Zi(t))e *m=<! is a martingale (cf. |5,

Prop. 2). By applying Doob’s stopping theorem to the stopping time Tiex) A To we obtain for
all x € By that

k k
| (L wiCtia | P Wt |20 x| < S nam

i=1

Therefore, since A\pax(A) <0 in the subcritical case,

Z(0) = x] <maxu;[€°K|, for all x € Bay, (I11.4.74)

1<i<k

E [min ui[eK]ﬂ{T[EK]<TO}

1<i<k

which implies (TIT.4.64).

Let us continue with proving (ii). Since Z(t) is supercritical in this case, applying Theorem
5.7.2 of [6] yields that
Jim Z(t)(w)e MBIt () (I11.4.75)

exists a.s., where W is a nonnegative random variable. Furthermore, since we assumed that

E[Z;(t)In(Z;(t))|Z(0) = e;] < o0, for all i € {1,...,k},
P[W =0|Z(0) = e;] = q;,  E[W|Z(0) = ei] = us (I11.4.76)

and TV has an absolutely continuous distribution on (0, c0). All coordinates of v are strictly
positive and W > 0 a.s. on the event {w: Tp(w) = oo }. Hence, we have

Z(t)=0 (e”\ma"(A)t) a.s. on {Tp=o00}. (111.4.77)
This implies, for K large enough, P[Z(tx) < [eK],Tp = oo] = 0 and thus

Iym ]P’[T() = 00, T[eK] 2 tK] =0. (111.4.78)
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Note that we used that tx > In(K). Since P[T = 00|Z(0) = €;] =1 - ¢;, we deduce ([11.4.66]).
On the other hand, there exist two sequences s}( and s%, which converge to infinity as K — oo,
such that, for K large enough, s}( <t ATTer € s%( a.s.. This implies () because for all
ie{l,...k} and [ = 1,2, hold limg_,o, P[Tp < le|Zg =e;] = ¢;- Note that equation (II11.4.67)
is a simple consequence of . ]

Using these properties about multi-type branching processes we can now prove the theorem
about the three steps of invasion.

Proof of Theorem [[II.].6. The first invasion step. Let us introduce the following stopping
times

ot = inf {202 v/ - Toen, ) Ra(g,P)dullry > Me (IIL.4.79)
0r = inf{t>0: v (g) 2} (I11.4.80)
6 = inf{t20:f(g)=0] (IT1.4.81)

Until 56K the mutant population VtK (¢) influences only the death rate of the resident popu-
lation and this perturbation is uniformly bounded by cmaxe, where cmax = maxg sex c(, ).

Thus, by applying Theorem [II1.4.4] (ii), we obtain

lim P 05" < eV A T, A 0K ] = 0. (111.4.82)
On the time interval [0, 95{;?46 A Toput, A HNSK ], the resident population can be approximated by

> e Xgp) fiz(g,p)d, and no further mutant appears. This allows us to approximate v/<(§) by
multi-type branching processes.

Let k = |[p];]. Similar as in the controlling results of Section we construct two (Np)*-
valued processes X1€(t) and X%¢(t), using the pathwise definition in terms of Poisson point
measures of I/tK , which control the mutant population VtK (). To this aim let us denote the
elements of [p]; by p=pi,...,Pk. Then, we define X¢ by

Xbe(t) (111.4.83)

k t
= Xhe . \ybirth .
=X (0)+];f0 /NO/K]l{isx;,é(s_)’asb(ﬁi)_e}e]]\f(@pj)(ds,dz,d@)
k t
B I e, N9 (ds di df
J;fo /Nof+ {“X;’E(S‘)ﬂ(’Sd(ﬁj)@(g,p)e&g,p) C(ﬁj’P)%,p)(g,p)wmee} ’ (g’pj)( )

k t
switch . ~
’ ;1 /0 -[NO /R f[,s]g Liexte(on, oot (aymy ) (8~ ) Nigopyy (s, di B, dpy),
and similar X?¢ by

X24(t) (111.4.84)

k t
_ w2 _Arbirth .
=20+ 2 [ fo o, Hisxtetoossnnna V) (d5:disdt)
k t
- 1 e; N (gs di. d
j;‘/o /I;IO/+ {Z‘SXJ%E(S_)’QSd(ﬁj)"'Z(g,p)eX(g’p) C(ﬁj7p)ﬁ(g,P)(g,P)—CmaxM€} / (g,pj)( )

k t
switch . ~
* Jz::l A »/NO »/R+ ‘/[15]5 ]l{ist‘e(s—), 9535(;3]-,;31)} (el - ej) N(g,ﬁj) (dS, di,do, dpl)7
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birth death switch
Nbirth N

where e; is the j-th unit vector in R* and , and are the collections
of Poisson point measures defined in Subsection Note that X1€(¢) and X2<(t) are
k-type branching processes with the following dynamics: For each 1 <4 < k, each individual
in X1¢(t), respectively X2¢(t), with trait (g, ;) undergoes

(i) birth (without mutation) with rate b(p;) — €, respectively b(p;) + €

(ii) death with rate D(gp)(Pi) + cmaxMe, respectively D(g 5)(Pi) = CmaxMe,
where D(g,p) (ﬁz) = d(ﬁz) + Z(g,p)ek‘(g’p) C(ﬁiap)ﬁ(g,p) (g7 p)

(iii) switching to phenotype p; with rate s9(p;,p;) for all 1 < j <k (in both processes).

Furthermore, the processes X1(t) and X2¢(t) have the following property: There exists a
Ky > 1 such that for all p; € [p]; and for all K > K

VO <t <05 AT AKX < B (g, 5) K < XPU(t). (I11.4.85)
Hence, if 65 <65 A7, ., then
inf{t>0: X>(t) = [eK]} < 0F <inf{t >0: X (¢) = [eK]}. (I11.4.86)

On the other hand, if inf{t > 0: X2(¢) = 0} <inf{t > 0: X><(t) = [eK|} A 0255 AT, then

exit mut. >
05 <inf{t>0:X%(t) = 0}. (I11.4.87)

Next, let us identify the infinitesimal generator of the control processes X1¢ and X2€,
Therefore, define, for i =1,...,k,

k ~
f(g,p) (gvﬁz) = b(ﬁz) - D(g,p) (ﬁz) - Z Sg(ﬁiaﬁj)' (IH488)
j=1

(Note that f(g p)(g,p:) would be the invasion fitness of phenotype p; if there was no switch
back from the other phenotypes to p;.) Then, by Equation (I11.4.58]), the infinitesimal gener-
ators are given by the following matrixes

fiomy@pn)  s7(Brpe) oo s7(B, k)
Sg ~ ’ ~ le ~, ~
A(XY) = (p? ) Jgp(972) for = 1,2, (I11.4.89)
G(~ ~ le ~ ~
Sg(pkapl) f(g,p)(g7pk)

where f(léfp) (97152) = f(g,p) (gaﬁi)_ﬁ(l"'cmaxM) and f(ngp) (97152) = f(g,p) (gvﬁi)"‘ﬁ(l"'cmaxM)-

We prove in the following that the number of mutant individuals grow with positive

probability to e/ before dying out if and only if Apax of A(g5) = lime.o A(X L€) is strictly

positive. Thus, )\max(A(g,ﬁ)) is an appropriate generalization of the invasion fitness of the
class [p];:

Fi51,(8 P) = Amax (A 5,5))- (I11.4.90)

Since the birth and death rates of X ¢ and X*¢ are positive and since Assumption |§| implies
that M(X1€) and M(X?¢) are irreducible, we obtain that the processes X1 and X%€ are
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non-singular and irreducible. Thus, X ¢ and X2 full fill the conditions of Lemma [[11.4.7
Forl=1,2, let q(Xl’E) denote the extinction probability vector of X", i.e.

a(Xb) = (qr (X5, ..., g (X)),  where ¢;(X"€)) =P [Xl’e(t) =0 for some ¢ ‘Xl’e(O) = ei].

Note that q(X"€) = (1,...,1) if X"€ is not supercritical. To characterize q(X"¢) in the
supercritical case, let us introduce the following function

u:[0,1]¥ x (-n,7) = R¥,  where 1 is some small enough constant, (I11.4.91)

defined, for all 1 <i <k, by

!
ui(y,e) = (0)—€)yi+ Y. 7(BiB;) Yj + Dig.p)(Bi) + cmaxMe  (111.4.92)
j=1

k
- (b(ﬁz) —€+ Z Sg(ﬁivﬁj) + D(g,p) (}52) + CmaxME) Yi-
i=1

Observe that u(y,€) is the infinitesimal generating function of X'¢ and u(y, —¢) the one of
X2¢€. Furthermore, the extinction vector of a multi-type branching process is given as the
smallest solution such that the generating function is zero (cf. [6] p. 205 or [112] Chap. 5).
Thus, in the supercritical case q(X 1) is the unique solution of

u(y,e)=0  for ye[0,1)" (111.4.93)
and q(X %) is the unique solution of
u(y,—-€)=0  forye[0,1)~ (111.4.94)

These solutions are in general not analytic. Applying Lemma [[11.4.7 to X'¢ and X%¢ we
obtain that there exists C7 > 0 such that for all n > 0, € > 0 sufficiently small and K large
enough

K,M K,M 0 : . ,€ _
P08 ey < e AR A e, A0 ] 2 Pimf{e 2 0: X7(t) = 0} < 7|
> q(X*) - Che (111.4.95)
and
]P’[éeK <R A 05 M T, A 9~£<] > IP’[inf{t >0: X1(t) =0} < KZK]
> 1-q(X") - Cre (111.4.96)

If X2€ is sub- or critical for ¢ small enough, then lim.jg g1 (X*<) = limo g1 (X €) = 1. In the
supercritical case, let q € [0,1)* be the solution of u(y,0) = 0. Then, by applying the implicit
function theorem there exists an open set U ¢ R containing 0, an open set V c R¥ containing
q, and a unique continuously differentiable function g: U — V such that

{(e,9(e)|ec U} ={(e,y) e U x V|u(y,e€) =0}. (I11.4.97)

By definition, g(0) = q and ¢1 = (g p)(J,5). We can linearize and obtain that there exists a
constant C5 > 0 such that

q1 (XLE) < d(g,p) (gyﬁ) + CQE and q1 (XQ’G) 2 d(g,p) (§7ﬁ) - 026 (IH498)
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Therefore,

K,Me nK K,Me
0 nNOC < —’7—KUK At A T,

lim P

Tim P6g"e, ]2 1-2(C1 + Ca)e. (I11.4.99)

Conditionally on survival, the proportions of the different phenotypes in X ¢ converge almost
surely as t — oo to the corresponding ratios of the components of the eigenvector, which are
all strictly positive (cf. Lemma [II11.4.7] Eq. (I1I.4.67))). Furthermore, there exists a constant
C5 > 0 such that for all € small enough

. K n K,Me
I%EI;OP[{He < Fur AO e A T,

ba{inf{t>0: X () =0} < oo} < Cye  (111.4.100)

and 05 converges to infinity as K — co. Thus, conditionally on {§% < KLuK A ch’ijt\/[e A Toput. s

there exists a (small) constant C4 > 0 such that the probability that the densities of the
phenotypes {p1,...,Dr}, are all larger than Cye at time 0~€K convergences to one as first K — oo
and then € — 0. More precisely, there exists constants Cy > 0 and C5 > 0 such that for all €
small enough,

lim P[éf < A A T Fi e {1, kY v () < 046] < Cse. (I11.4.101)

K 00 Kug exit

The second invasion step. By Assumption (7| any solution of LVS(d+1,((g,p),(g,p)))
with initial state in the compact set

A={zeR¥erl: |z —fi(g, p)| < Me} x [Cye, €] (I11.4.102)

converge as t — oo to the unique locally strictly stable equilibrium n*((g,p)), (g,p)). There-
fore, for all € > 0 there exists T'(¢) € R such that any of these trajectories do not leave the set

{z e R¥e» ™ |z —n*((g,p)), (3.5))] < €/2} (IT1.4.103)

after time T'(¢). Back to the stochastic system, let us introduce on the event {#5 < 21— A

Kug
9K,M€

it A Tmut.) the following stopping time

K,e . SK . " - -~
O e = {t2 08 2 |l = T, ) o ma((20P), (g,p))émHTV <) (I114104)

Then, we conclude by using the strong Markov property at éEK and Theorem [[11.4.4] (i) on
[0,7'(€)] that there exists a constant Cg > 0 such that, for all € small enough,

: FK K K 2
I%I—I&P[QE < Tout. A ﬁ and ~KS~l}1(p Hus - Z ng (s, v )5xHTV <e ] (II1.4.105)
se[0X,05+T(¢)] 2€X(g p)
21— d(g,p) (gaﬁ) - Cse,
which implies
. ~ K,e ~ ~
Jim P [0 <00t o < T A =] 21 = 4G (3 5) - Cse. (IL.4.106)

We used that, at time égK, the stochastic process v (considered as element of R‘X(gvp)Hk) lies

in the compact set A, where A is defined in ([11.4.102)).
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The third invasion step. After time er:r .+ We use again comparisons with multi-type

branching processes to show that all individuals carrying a trait which is not present in the
new equilibrium n* die out. To this aim let us define

*

Xextinct = {(9:P) € X(gp).(3:5)) : Vg (& P). (3,P)) =0} (111.4.107)

* Ke

For proving that the populations with traits in &X(;, ., stay small after 6_ " . and that

the populations with traits not in X«:‘*tinct stay close to its equilibrium value after Grﬁ’; oo let

X
us define

fr < = inf {t > 08¢ :3(g,p) € X such that vX(g,p) > 6} (I11.4.108)

not small near n*

and

prMe - inf{t > 05 e |7 = e oy 12 (& P), (3:5))00 - Me}. (I11.4.109)

By using first the strong Markov property at e we can apply Theorem [[11.4.4 (ii) and

near n*?’
obtain that there exist constants M > 0 and C7 > 0 such that for all ¢ small enough

. nK Ke n K,Me KV Ke
Ip_rgoIP’ [95 <O penr v+ < Tmut, A e and 6550 <em T AT AT Can ] < Cre (I11.4.110)

This is obtained in a similar way as Equation ([I1.4.82)) in the first step. Note that (g,p) €

X "*tinct implies that (g,p;) € X% . for all p; € [p] g, which is a consequence of Assumption

ex extinct

Using the same arguments as in the first step, we can construct, for all (g, p) € Xe‘;:tinct, a
|[p]g|-type continuous time branching process Y (9P)(s) with initial condition
Yie,(gm)(o) - V&%; N (9,p)K for all p; € [p], (II1.4.111)
such that for all K large enough and for all ¢ € [Qi’; . i{(’i]t\/[:* Grﬁf amal] A Trnut.]
K(g,pi) K < YOO (1 - ke for all p; I1.4.112
Vy (gapz) = 44 ( near n*) or all p; € [p]g' ( cE )

Furthermore, Y<(P)(t) is characterized as follows: For each p; € [ply, each individual in
Y<(9P) (¢) with trait (g, p;) undergoes

(i) birth (without mutation) with rate b(p;)
(11) death Wlth ra‘te d(p'b) + Z(g,ﬁ)e)((gyp)’(gyﬁ) C(pi7 ﬁ)nz‘q’p) ((g7 p)? (§7 ﬁ)) _CmaX(M+ |Xg;tinct|) €
(ili) for all 1 <j <|[p]q| switch from phenotype p; to p; with rate s9(p;, p;).

Let A(YE’(Q P)) denote the infinitesimal generator of the process y<(9P)  Since the equilibrium
n*((g,p),(g,p)) is locally strictly stable (cf. Assumption , the eigenvalues of the Jacobian
matrix of the dynamical system at n*((g,p),(g,p)) are all strictly negative. If € is small
enough, this implies that all eigenvalues of {A(Y(@P)) (g,p) € X;:tinct} are strictly negative.
(There exists an order of the elements of X(g 1) (55) such that the Jacobian matrix is an

upper-block-triangular matrix and {A(Y%(9P)) (g.p) € X:):tinct} are on the diagonal.) Thus,

for all e small enough, the branching processes {Y(9P) (g,p) € XM} are all subcritical.
Moreover, we can apply Lemma [[I1.4.7] and get, for all € small enough and (g,p) € Xe“*

xtinct

lim P[inf{tzo:Ye’(g”’)(t) =0} < — ]: 1, (I11.4.113)
K—oo KuK
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and there exists a constant Cs such that for all € small enough and (g,p) € Xe‘;:tinct

dim P [inf{t >0:Y5W@P) (1) = [eK]} <inf{t>0:Y@P) (1) = 0}] < Cge. (II1.4.114)

Hence, there exists a constant M >0 and Cy > 0 such that, for all n > 0 and € small enough,

IP_I)I;OP I:éEK < Qﬁé\ﬁj < Tmut. A KLUK A erlli)f small ] >1- 9(g.p) (g’ﬁ) B Cge, (1114115)
which finishes the proof of the theorem. O

Combining all the previous results, we can prove similar as in [25] that for all € > 0,¢>0
and I'c X,

I%l_I}I[lx) IP’[Supp(VtIfKUK) =T, all traits of I" coexist in LV S(|T'|,T"), (II1.4.116)

and (1), = 2 Ra(D)dllry < €] = P[Supp(A;) = T
zel

where A is the PES with phenotypic plasticity defined in Theorem[[I[.4.3] Finally, generalizing
this to any sequence of times 0 < t; < ... < t,, implies that (VtI/(KuK)tZO converges in the sense
of finite dimensional distributions to (A¢)sso (cf. [25] Corollary 1 and Lemma 1), which ends

the proof of Theorem [[11.4.3]

Examples.

Figure |I11.9 shows examples, where in a population consisting only of type (g,p) and being
close to n(g,p) a mutation to genotype ¢ occurs. In this example, g is associated with two
possible phenotypes p; and po.

4 4
v(g,p) v(g,p)
9 3.2 V(g ,p_1) g 32 V(g ,p_1)
K V(g ,p_2) @ V4§ ,B_2)
< c
2 S
B 24¢F B 24
> >
Q Q
2 2
1,6 - 1,6 -
0,8 - 0,8
0 . . . 0 ! ;
0 4 8 12 16 20 24 0 4 8 12 16 20 24
A time B time

Figure II1.9: Simulations of the invasion phase with K =1000. (A) The mutant phenotype p; has a
negative initial growth rate but can switch to po which has a positive one. The fitness of the genotype
g is positive. (B) The fitness of the mutant genotype g is positive, although each phenotype has
a negative initial growth rate. This is possible because an outgoing switch is a loss of a cell for a
phenotype, but not for the whole genotype.

In example (A), we start with a single mutant carrying trait (g, p1) and which can switch
to pg but the back-switch is relative weak (cf. Table [[T1.3)). According to definition (III.4.88|)
we have f,.,)(g,P1) <0 and f,,(g,P2) > 0. However, the global fitness of the genotype §
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is positive. More precisely, it is given by the largest eigenvalue of (3% %), which equals ap-
proximatively 1.280. Therefore, the multi-type branching process approximating the mutant
population in the first step is supercritical. This does not depend on the ion the phenotypic
trait of the first mutant, i.e. we would have the same if we would have started with a single
mutant carrying trait (g,p2)). However, the probability of invasion depends this. In this
example, the invasion probability is given by the solution of

0,
0.

(I11.4.117)
(I11.4.118)

203 + 20 + 3 - T1n
4y2 +0.6y1 + 2.4 - Ty

Thus, if we start with the trait (g,p1), the invasion probability is approximately 0.199.
Whereas it is 0.338 if the first one has trait (g,p2). In Figure (A), the mutant popula-
tion with genotype g survives and the stochastic process is attracted to the new equilibrium
n((g9,p),(g,p1),(g,p2)) ~ (0,0.543,2.554), which is a strictly stable.

b(p)=3 [d(p)=1 [c(p,p)=1 J[ec(p,pr)=1 [c(p,p2)=0.7 - v (9.p) =2
b(p1) =2 d(p1) =1 [c(Pr,p) =1 [c(p1,p1) =1 |c(pr,P2) =05]s9(pr,p2) =2 |[v§(9,p1) = 1/K
b(P2) =4 | d(p2) =1 | c(P2,p) = 0.7 c(P2,p1) = 0.5 | c(Pa,P2) =1 | s9(P2,p1) = 0.6 |[ v (G, p2) =0

Table III.3: Parameters of Figure (A)

In example (B), f(,,)(3,P1) and f(,,)(g,P2) are both negative. Nevertheless, the fitness
of the genotype is positive and thus the mutant invades with positive probability. (It is given
by the largest eigenvalue of (3 _2,), which equals approximatively 0.685.) However, the
invasion probability is smaller in this example. It is approximately 0.127 if we start with
the trait (g,p1) and 0.207 else. In Figure (B), the mutant population survives and
the process is attracted to the stable fixed point n*((g,p), (g,91),(g,02)) ~ (0,1.153,1.745).
Hence, this examples illustrate that the usual definition of invasion fitness fails for populations
with phenotypic plasticity.

b(p)=3 [d(p)=1 [clp,p)=1 [c(p,pr)=1 [c(p,p2)=0.7 - vl (g,p) =2
b(p1)=2|d(p1) =1 |c(p1,p) =1 |c(P1,p1) =1 |c(P1,DP2)=0.5 S’f(ﬁlvﬁz)ZQ vl (g,p1) = 1/K
b(P2) =4 | d(p2) =1 | c(P2,p) = 0.7|c(P2,p1) = 0.5 | c(p2, P2) =1 | s7(Pa, 1) = 2|| v (§,52) = 0

Table 1I1.4: Parameters of Figure (B)

111.4.3 Interplay of mutation and therapy

In the previous subsection we considered the probability of invasion of a mutant when the
resident population is at an equilibrium given by a stable fixed point. In the context of
therapy, there are phases when populations shrink and regrow due to treatment and relapse
phenomena. In the medical literature, there are frequent allusions to the possibility that such
growth cycles may induce fixation of a “super-resistant mutant", see e.g. [60} [65, [66]. It is
important to understand whether and under what circumstances such effects may happen.
In this subsection we show an example where the appearance of a mutant genotype may
indeed be enhanced under treatment. We consider birth-reducing competition (BRC) between
tumor cells. In such a case, a large population at equilibrium may encounter fewer births
and hence mutations, than a smaller population growing towards its equilibrium size. Let
us discuss in more detail how the birth-reducing competition can have a crucial effect on



118 III.4. THE INTERPLAY BETWEEN RARE MUTATIONS AND FAST SWITCHES

the mutation time scale. For the sake of simplicity we ignore in this subsection the effect of
switching the phenotype and the usual competition, i.e. we consider an example where all
switching rates and the usual competition kernel are set to zero. Since the presence of TNF-«
only influences the switch between phenotypes, it does not play any role. So, let us consider
a melanoma population of type (g,p) which can be attacked by T-cells but cannot change its
phenotype, i.e. it cannot escape therapy by switching. However, on a longer time scale it is
able to mutate to a fitter type of melanoma (g,p), which cannot be attacked by the T-cells.
Now we are interested whether therapy can lead to earlier mutations. This is the simplest
scenario where the effect of therapy in this context can be explained.

As in the last subsection we are interested in the case of a large population size (K — oo)
in combination with rare mutations (ux — 0). The interesting scaling of the mutation rate
is K ,uf - a >0 as K - co. Thus, mutational events happen slightly faster than in the last
subsection. In [97], Mayer gives a more detailed analysis of the same scenario when mutational
events happen as fast as in the last subsection, i.e. K,ué{ -0 as K — oo.

Observe that the total mutation rate of the population of type (g,p) at time ¢ is

uxm(g) |b(p) - co(p, p)v{ (9,p) |, vi* (9.p) K. (I11.4.119)

This is a positive and concave function of v/ (g, p) on the interval [0,b(p)/cy(p, p)], see Figure
[[IT.10, Without therapy and before the first mutant appears, the melanoma population can

mutation rate

e )’
UK K4Co(p-,v) 77777777

f
b(p) population size

Figure II1.10: Initial total mutation rate of the population (g,p).

be approximated by the solution of

) = Mg ([0(D) = (D)o py ]+ — d(p)) (I11.4.120)

Thus, if the melanoma population is close to its equilibrium 0, ) = (b(p) - d(p))/cy(p, p) at
the beginning, we can approximate the first mutation time by an exponential random variable
with parameter

urg Km(g)d(p)n(g p)- (III.4.121)
Since the mutation rate is maximal at vX (g, p) = %, we conclude that if n, ) > %,

then smaller populations (more precisely populations which stay a long enough time between
d(p)/cy(p,p) and 0, 1)) have a higher total mutation rates. This effect is illustrated in Figure
[11.11] If the population starts below its equilibrium (cf. Figure [III.11] (A) ), the mutant

occurs in the simulations in average earlier than when the population starts at equilibrium

(cf. Figure [lII.11] (B)).
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5S¢ — v¥g,p) 5 — V¥g,p)
V(§,p) V(P

population size
w
T
population size
w

0 15 3 4,5 6 7,5 9 10,5 12 0 1,5 3 4,5 6 7,5 9 10,5 12

A time B time

Figure II1.11: Simulations of mutation events in a population, where competition is acting via birth
reduction (K =103 and ux = 1/K). The number of individuals divided by 1000 is plotted versus time.
Effect for an initial population which is small (A), or at equilibrium (B).

b(p)=4 [ d(p)=0.1 [ cp(p,p) =3 | co(p,p) =08 m(g)=1][ v&(g,p)=0.1resp. 1.3
b(P)=6 [ d@)=1 [co(p.p)=08]c(p,p) =1 v (§,9) =0

Table II1.5: Parameters of Figure |[IT.11

During therapy, a tumor which is close to equilibrium can shrink to a small size: the
injection of T-cells in the system lowers the population size of melanoma, and thus the total
mutation rate in the tumor population of type (g,p) can be larger during treatment. This
means that treatment could lead to earlier mutations and thereby accelerate the evolution
towards more aggressive tumor variants.

The following example provides an interesting situation of interplay between therapy and
mutation. By lowering the melanoma population, the T-cell therapy actually increases the
probability for it to mutate to a potentially fitter and pathogenic genotype, which is not
affected by the T-cells. Under treatment (Figure , the fitter mutant occurs on average
much earlier than without therapy (Figure (B)).

Vi(2) Vi(2)
St — Vg.p) St — V(g,p)
v¥@,p) v¥(@,p)

population size
w

population size
w

A A \

T
0 1,5 3 4,5 6 75 9 10,5 12 0 15 3 4,5 6 75 9 10,5 12
time time

Figure II1.12: Simulations of mutation events in a melanoma population under therapy, where com-
petition is acting via birth reduction (K =10% and u = 1/K). The mutant occurs earlier than in the

simulation without therapy (cf. Figure [[IL.11| (B)).

Another effect of therapy, which we don’t discuss in detail, is that a mutant has a higher
invasion probability if it appears in a smaller melanoma population, since the mutant competes
for resources with less other melanoma cells. Furthermore, the proliferation of the mutant
population is may be faster under therapy, too.
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b(p) =4 d(p) =0.1 [ e(p,p) =3 | cu(p,p) =0.8 [ m(g) =1 v (9,p) =1.3
b(p) =6 d() =1 |c(p,p)=08]c(5p)=1 5 (3,9) =0
b(z,p)=20 | d(z)=6 |t(z,p)=10 vE(2)=0.1

Table II1.6: Parameters of Figure [[T1.12

IT1.5 Discussion and clinical relevance

Therapy resistance is a major issue in the treatment of advanced stages of cancer. We have
proposed a stochastic mathematical model that allows to simulate treatment scenarios and
applied it to the specific case of immunotherapy of melanomas. Comparison to experimental
data is so far promising (cf. [9] and [97]). The models pose challenging new mathematical
questions, in particular due to the interplay of fast phenotypic switches and rare driver muta-
tions as we have seen e.g. in Section [[IT.4] First numerical results point to a significant effect
of stochastic fluctuations in the success of therapies. More precise experimental data will be
needed in the future to fit crucial model parameters. While our models describe the actions of
individual cells and cytokines, they do not by far resolve the full complexity of the biological
system. In particular, they do not reflect the spatial structure of the tumor and its microen-
vironment. Also, the distinction of only two phenotypes of the tumor cells is a simplification.
The same is true for the interaction with other immune cells and cytokines. This reflects on
the one hand the limitation due to available experimental data, on the other hand the use
of a model of reduced complexity also makes numerical computations and theoretical under-
standing of the key phenomena feasible. The rates entering as model parameters therefore
have to be understood as effective parameters, e.g. the death rate of T-cells accounts for their
natural death as well as the exhaustion phenomenon. In principle it is possible to increase
the resolution of the model; this, however, increases the number of parameters that need to
be determined experimentally which would pose a major challenge. Already at the present
stage, the model parameters are not known well enough and are adjusted to reproduce the
experimental findings. Some parameters that would be very useful to see measured precisely
are:

(i) birth and death rates of tumor cells, both in differentiated and dedifferentiated types.
Currently these are estimated from the growth rate of the tumor, but this yields only
the difference of these rates;

(i) killing rates of T-cells, both of the differentiated and the dedifferentiated tumor cells;
(iii) rates of phenotypic switches, both in the absence and the presence of TNF-«;

(iv) death rates of T-cells and their expansion rates when interacting with tumor cells.

Nevertheless, we see the proposed model as a promising tool to assist the development of
improved treatment protocols. Simulations may guide the choice of experiments such that the
number of necessary experiments can be reduced. The obvious strength of our approach is to
model reciprocal interactions and phenotypic state transitions of tumor and immune cells in
a heterogeneous and dynamic microenvironment in the context of therapeutic perturbations.

The clinical importance of phenotypic coevolution in response to therapy has been recently
documented in patients’ samples from melanomas acquiring resistance to MAPK inhibitors
[77]. Of note and similar to our previous study, dedifferentiation of melanoma cells was iden-
tified as a major mechanism of escape from MAPK inhibitors [105] [87]. Hence, malignant
melanoma is a paradigm for a phenotypic heterogeneous tumor and a future goal is to in-
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corporate this increasing knowledge of melanoma cell plasticity into our method to refine its
capability to model complex interactions with immune cells.

Importantly, phenotypic plasticity in response to therapy is a widespread phenomenon
and non-small cell lung cancer represents a prominent example. Our mathematical approach
could represent a valuable tool to support this research, too. Finally, our results suggest that
stochastic events play an unanticipated critical role in the dynamic evolution of tumors and the
emergence of therapy resistance that requires further experimental and clinical investigation.
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II1.6 Appendix

II1.6.1 Infinitesimal generator

The measure-valued process (v )0 described in section [[11.2]is a Markov process whose law
is characterized by its infinitesimal generator L (cf. [55] Chapter 11 and [59]). The generator
acts on bounded measurable functions ¢ from M (X) into R, for all u* e MK (X) by

(L"¢) (") (IIL6.1)
-z (0 (4" *52) ~0(u")) (1~ wrem ()| 60) - T (o 2)0" ()] K 0.9)
£ Y (e(w2e2) - o(u") ) urm(a) M((9,p), (3,5))| b(r)- % enlp " (0 )| K" (9.p)
(9,p)eGxP (§,p)eGxP p'eP
3 (00 - 52) -0 (00) + 3 e )+ [20) - 3 oo D)) ) (o)

b Y (o1 - 2 S O (2, p) 5 ) - 0(1") ) 1z ) ()K" (9,)

(g,p)eGxP ze2Z

Y Y (o 22 - 2 )~ (1)) (5 (0, 5) + Sty (0 D)™ (w)) K™ (9,1)

(9,p)eGxP peP

+ 2 (@ (" + %) - (")) () Ku™ (2)

zeZ

+ (e (" - 5) - o)) d() K" ()

zeZ

5 (6 (4" % + Zuanl™ (2,0) ) = 6(u™)) bz )™ (D) K™ (2)

zeZ peP

+ 3 (o (b - %) - o(u™)) d(w) K p™ (w)

wew
and for the extension to a non-finite trait space the infinitesimal generator is given by

(L 9) (1) (I1L.6.2)
- [ (¢(uK+“<g P>) o(1)) x (L= uxm(g))| bw)~ [ eo(p. P (a5)] Ku"(d(g,p))

S fg (0 (W 292 ) - 00" urem(9)M ((9.9). 4@ 5D)|b()= [ en(pp )" (@) | K" (a(9.9))
L (6 (1= 2%2) = 6(u)) (@) + [ elo )" (@p) + [60)~ [ e 5" (a5)| )Ku"(a(g.p))

¢>
gGxP

Nt ( Kot [ e 0 (dw) ) - 6(a™) )z " (d2) K (d(g,p)

o L (6 (5 22 - 2 ) - 64 80 (09) (0, P) K (A, p))

fg L (0 (5 22 = 292 )~ (")) S 00 (05) $((9:2), )" (dw) K" (A, )

o (n"+ %) - ¢(u"™)) b(z) K™ (d2)

(0" - %) - 0(u™)) d(2) K" ()

+ fzfp(cﬁ(u’&%+fw B2 (@) ) = 6(") )z )™ () K (dz)

@0 = %) - ou™)) dw) K i (dw).
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I11.6.2 Pseudo-code

Algorithm 2: Pseudo-code of the Gillespie algorithm used for generating the figures.

Data: Initial conditions: uaK € MK(X), Iterations: Niterations, Parameters of Section III.1.
K K

T0<—0, VT, < Vo 7k<—0

While k < Nlterations dO

for z € Supp(l/ﬁ) do

if x = (g,p) € G x P then

B(x) < Kvz, (9,0) [b(p) = £ p7esuppvis ) 00 D)VE (3:P)]
D() « Kvii (9.p) (d(p) + [6(P) = £ (g pyesuppiv ) (P PIVE, (3,5) |
+ Z(g,ﬁ)esllpp(ugfk) c(p,p)vr, (§:P))

T(2) « KV (0,9) Secsupmioft ) 12 (2),
S(x) <« Kvg, (9,9) Tpep (s7(p,5) + Zwesupp(vE ) s% (0, D)ve, (w)),
L P(x) <0,
if x =z ¢ Z then
B(x) « Kl/ffk (2)b(2), D(x) < Kl/%(k (2)d(z), T(x)<«<0, S(xz)<0
P(z) « Kvr, (2) Z(g,p)ESupp(u;(k) b(z,p)vr, (9,p),
if z =w e W then

L B(z) <0, D(z) <« Kl/ﬁ (w)d(w), T(z)<« 0, S(z)<«<0, P(z)<0,
| TotalTraitRate(z) <« B(z) + D(z) + T (z) + P(z) + S(z)
TotalEventRate < 3 gr(k)TotalTraitRate(x),

Sample ¢ ~ Exp(TotalEventRate), ki1 <« Tk +1

Sample Tcnosen € X according to {TotalTraitRate(x), T € Supp(yﬁ )}7
Sample E € {Birth, Death, Therapy, Production, Switch} according to

{B(-Tchoscn)7 D(xchoscn)y T(xchoscn)7 P(mchoscn)7 S(xchoscn)}7
case I = Birth

if ZLchosen = (gvp) € g x P then
Sample B € {No Mutation, Mutation} according to {1 - urxm(g),uxm(g)}
case B = No Mutation
L V7}i+1 <« y{—'{k + %6wchosen
case B = Mutation
L Sample (g, p) according to M((g,p), (g,P))

zeSupp (v,

K K 1
UTypr < VT, T f(s(éﬁ)

else

K K 1
L VTk+1 < I/Tlc + K(SIChosen

case F = Death
L VTI‘(kH A VI}"Z - %6mchosen
case FE = Therapy (Note that Zchosen = (g,p) for some (g,p) € G x P in this case.)
Sample z € Z according to {t(z,p)yﬁ (2),z¢€ Supp(yﬁ) nZ}
L VTI"(ku < Vj}fk' - %6(9,10) + Dwew Zﬁ“(z:p)%(sw
case E = Production
Sample (g,p) € Supp(l/ﬁ) according to {b(xchosen,p)uﬁ (9,p),(g,p) € Supp(zzﬁ)}
| Vﬁﬂ - fok + %&cwosen + Y wew firOd(xchosen,p)%(sw
case E = Switch (Note that Zchosen = (g,p) for some (g,p) € G x P in this case.)
Sample p € P according to {39 (p,p) + ngsupp(,,ﬁ) s9 (p,ﬁ)uﬁ (w),pe 73}

K K 1 1
L VT < VT~ ®0a0) T % 0(a.5)
L k=k+1

We use the following notations: let D be some discrete set and X a D-valued random variable, then X
sampled according to the weights {w(7), € D} means that P(X =14) = w(i)/ ¥ ,ep w(i).
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The depth diagram of the algorithm we used to generate the simulations in this thesis is given

in Figure [[TL.T3]
make one
evolution step

eventrates sample eventtime hange atrait
calculate trait calculate trait calculate trait calculate trait calculate trait calculate total choose a trait choose an execute an event
death rates birth rates production rate switchrate killing rates event rate to change eventtype type on trait

I | I | | LT 1T

add natural add competition add natural subtract add natural add switchrate
death rate death rate to birth rate birthreduction switchrate due to TMF-alpha Q;EC;‘:Q efz:ta EXQCt“;Q
to each trait each trait LE| ir switc

execute execute
kil production

Figure II1.13: Depth diagram of the program.
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