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CHAPTER 1

Introduction and Overview

In the thesis we primarily concern the study of modern mathematical physics research, especially
motivated by (topological) string theory and mirror symmetry. The thesis is divided into two parts. In the
first part, we introduce a notion of numerical vectors (Chapter 3), which are sort of group homomorphisms
preserving Grothendieck-Riemann-Roch (GRR) formula from the Grothendieck group to the cohomology
group of some smooth varieties over C, such as Chern character and Mukai vector, and them apply those
properties to relevant subjects. Using stability data and t-stability, we introduce notions of numerical
t-stabilities and numerical slope functions on triangulated categories. The study of the derived categories
of surfaces and Calabi-Yau threefolds leads us to a conjecture which gives a relation between numerical
t-stability and Bridgelands stability on smooth varieties. And when there exists generalized twisted
Mukai vectors, we also obtain the results regarding the cohomological Fourier-Mukai (FM) transforms
associated to the FM ones on the level of derived categories. In some cases, these cohomological FM
transforms agree with the ones on the derived categories of twisted sheaves.

In the second part, we discuss geometric and topological properties of G, manifolds, which is a
special kind of seven-dimensional space constructed by Dominic Joyce, and these G, manifolds are
still poorly understood mathematically. In recent years, the situation has improved due to the Kovalev’s
twisted connected sum constrction, which has been generalized. In the Kovalev limit the Ricci-flat
metrics on X, g approximate the Ricci-flat G,-metrics and we identify the universal modulus, called
the Kovalevton, that parametrizes this limit. Moreover, the low energy effective theory exhibits gauge
theory sectors with extended supersymmetry in this limit . The universal (semi-classical) Kéhler potential
of the effective N' = 1 supergravity action is a function of the Kovalevton and the volume modulus
of the G,-manifold. We describe geometric degenerations in X; /g, which lead to non-Abelian gauge
symmetries enhancements with various matter content. Studying the resulting gauge theory branches, we
argue that they lead to transitions compatible with the gluing construction and provide many new explicit
examples of G,-manifolds.

Physics, knowledge of nature, is the scientific study of matter and energy, the effect that they have on
each other, and their motion through space and time. Mathematical physics is the field of the application
of mathematics to problems in physics and the development of mathematical methods suitable for such
applications and for the formulation of physical theories!. In the following, We start with giving a brief
overview of the principles of fundamental physics which provide a clever and beautiful picture of universe
within a mathematically rigorous framework. Indeed, we still need new physics and mathematical
framework which are able to explain open and conceptual questions arising from the unification of
quantum theory and general relativity.

! Definition in The Journal of Mathematical Physics.



Chapter 1 Introduction and Overview

1.1 Principles of fundamental physics

1.1.1 Classical mechanics

Newtonian mechanics, and its abstract, rigorous reformulations: Lagrangian mechanics and Hamiltonian
mechanics form foundations of classical physics. Many mathematical concepts and methods are used in
classical mechanics, and many modern mathematical theories arose from physical problems in mechanics
and later acquired the abstract axiomatic formalization. These ideas and approaches have been extended
to other area of physics as relativity, classical and quantum field theory, etc. Furthermore, they also
provided basic ideas and examples in differential geometry (Lagrangian mechanics, see § 1.1.3 and
symplectic geometry (Hamiltonian mechanics).

Let’s imagine we’re creating a world. If there is no object, morphisms (principle, rule and law) in
it, then nothing would evolve and nothing would be terminated. What do we have is a trivial, boring
and stable universe, which is obviously not the universe we’re living in. Essence precedes existence for
our universe. In the following? we list a series of experimental facts (postulates), the basic principle
of relativity, and Newton’s principle of determinacy which form the basics of mechanics. All these
experimental facts are only approximately true and can be refuted by more accurate experiments.

Space and Time: Our space is euclidean, three-dimensional, and time is one-dimensional;

Galileo’s Principle of Relativity: there exist coordinate systems, called inertial systems, having proper-
ties that all the laws of nature at all moments of times are the same in all inertial systems, and all
coordinate systems uniform rectilinear motion with respect to an inertial system are themselves
inertial;

Newton’s Principle of Determinacy: The initial state of a mechanic system (positions and velocities of
its points at some moment of time) uniquely determine all its motions.

Let A" be an affine n-dimensional space, i.e. just R" without the fixed origin 0. Indeed, there exist a
group action R" acting on A" as the group of parallel transport: for all x, y € A", there exists a unique
Vey € R" such that Vyy = ¥ — X, and a distance function (metric) defined as p(x,y) = ||x — y||l. The
postulate of geometric structure of space-time is described as Galilean space-time structure.

The Universe: The universe is a four dimensional affine space A* and the points in A* are called world
events;

Time: Let? : R* 5 R be a linear mapping. The time interval between events a € A*and b € A* is the
number (b — a). If t(b — a) = 0, then events a and b are called simultaneous;

Metric: The space of simultaneous events with a given event, i.e. the kernel of ¢, form a three dimensional
affine subspace A’in A4, and the distance function between simultaneous events is p(a, b) = ||la—b||
forall a,b € A°.

An affine space At equipped with a Galilean space-time structure is called a Galilean space. The
Galilean group is the group of all transformations of a Galilean space which preserve its structure.
Galilean transformations are affine transformations of A* which preserving time intervals and distance
between simultaneous events. The Galilean group of a Galilean coordinate space R x R? is generated by
a uniform motion, a translation and a rotation, and thus its dimension is 10.

Since all motions of a n-points mechanical system are uniquely determined by their initial states at the
moment ¢, € R (positions x(¢,) € R and velocities X(ty) € R3”). In particular, a motion is defined by a

2 We follow the argument in the excellent book [Arn89].
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smooth mapping from a interval / C R to R?, and there exists a function F : R*" x R x R - R*" such
that
x=Fxx1), (1.1)

called Newton’s equation. It is the Newton’s second law. By existence and uniqueness of solutions to
ordinary differential equations, the function F and the initial states x(¢,) and X(#,) uniquely determine a
motion. By the Galileo’s principle of relativity, Newton’s equation (1.1) must be invariant with respect to
the Galilean group.

Under the assumption without any previous knowledge of physics, we can deduce the Newron’s first
law: given a mechanical system consists of only one point, its acceleration in an inertial system is equal to
zero. Moreover, for a system consists of two points with zero initial velocities in some inertial coordinate
systems, the points will stay on the line which connected them at the initial moment (weak version of
law of conservation of momentum). In the case of a three points system with their initial velocities are
equal to zero in some inertial system, we also can show that the points always remain in the plane which
contained them at the initial moment (weak version of law of conservation of angular momentum).

In terms of category theories, the theory of classical mechanics could be considered as a functor (CM
functor) from the category of universe to the category of classical mechanics, see Fig. 1.1. Here, the
category of universe consists of a set of spacetime as of objects and a set of principles as of morphisms,
and the category of classical mechanics consists of a Galilean spacetime and Galilean group.

Category of Universe Classical Mechanics

Galilean

Space and Time ~  }------- > Space-time

Galileo’s Principle
of Relativity and
Newton’s Principle
of Determinacy

Galiean Transfor-
mation Group and
Newton’s Second Law

Figure 1.1: CM functor from the category of universe to of classical mechanics.

1.1.2 General relativity

Euclidean geometry had its origins as the description of space-time in physical world, and these physical
postulates could be alternatively viewed as mathematical axioms. Indeed, Euclidean geometry gives
the local structure of space and time, see § 1.1.1. The mathematical deductions made from the global
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properties of Euclidean geometry seems to be not validated by any experiments and are not general true.
The description should be considered infinitesimally rather then globally. In this subsection?, we briefly
give basic experiment fact and analysis of space-time which lead almost to Lorentzian geometry and
(pseudo-)Riemannian geometry.

The fundamental Michelson-Morley experiment (1887) indicates that the velocity of light has an
absolute value ¢, and the findings imply that the set of all possible light rays forms a further invariant of
nature. More precisely, given a event o at the moment that the flash of light is emitted and the space
of simultaneous events with respectto o, E, = {x € At | #(x — 0) = 0}. In the corresponding Galilean
coordinate space R x R?, each vector v can be uniquely decomposed as v = #(v)7 + v, where ¢(7) = 1
and 7(x) = 0. A light ray sent out at any point x in E, with the spatial velocity c is the curve x + R(7 + ¢)
in A*. The corresponding future light cone at o is given as

C; = {yea el —0)® = lly —oll>,t(y - 0) > 0}, (1.2)

and C; = C, + (x — 0). The future light cones at all events are not invariant with respect to Galilean
transformations, i.e. uniform motions with some velocities v’s. Thus the experiment is in contradiction to
Galileo’s principle of relativity which leads to Einstein’s special theory of relativity. In the following, we
choose units such that ¢ = 1 and obtain a new principle.

Invariance of Future Light Cones: For a (local) spacetime identified with A%, the future light cones C;
at all events x € A* are invariant.

To fulfill the postulate, we have to determine all transformations which leave future light cones structure
invariant. In the coordinate system R X R3, we define the metric n(u, v) = —t(u)t(v) + |ju — v|| for all
u,v € Rx R3, and the light cone at a event x € Atis C.=1{ye At | n(y — x,y — x) = 0} such that

Ci={yeC,|t(y—-x)20}, C, ={yeC,|t(y—x) <0} (1.3)

e —

Figure 1.2: C} is the future light cone and Cj the past light cone.

Here the metric 7 is called a Minkowski metric with signature (—, +, +, +), and the space (A4, n)
is called Minkowski spacetime. The group of transformations leaving light cone structures invariant
consisting of linear maps L : R* — R* such that n(u,v) = n(Lu, Lv), for all u,v € R4, is called Lorentz
group denoted by O(3,1). The isometric group of Minkowski spacetime is called Poincaré group
consisting of transformations ¢ such that ¢(x) = L(x — o) + v for some v € R4, 0 € A4, L € 0O(@3,1).

3 We mainly follow the book [Kri99].
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Then we can find the invariance group P’ of the light cone structure as P’ = {x = aL(x —0) +v | a €
R\ {0},v € R4, o€ A4, L € O(3,1)}. Note that transformations which leave the future light cones C;
invariant must also leave.the light cones C, = C; U C; invariant. Therefore, we obtain the functor of
Einstein’s special relativity (SR) as the following figure 1.3.

Category of Universe Special Relativity

Minkowski
Spacetime

Space and Time ~  f------- N

Galileo’s Principle
of Relativity and
Newton’s Principle
of Determinacy

Invariance Transfor-
mation Group P’ and
Newton’s Second Law

Figure 1.3: SR functor from the category of universe to of special relativity.

Remark 1.1. Until now, we only discuss the local theory of space-time. From global point of view, we
have to replace Minkowski spacetime (A%, n) by a general Lorentzian manifold (M, g). Moreover, we
also can infer the existence of a conformal structure C,] on A4, where C,] = {9277 |QeC” (A4, R*\ {O})}.
For further discussion, we refer to [Kri99].

In Einstein’s general relativity, one of the most important insights is that gravity and the geometry of
spacetime are closed related by the following principle.

Principle of Equivalence: A coordinate system at rest in a gravitational field can be locally identical to
a linearly accelerated system relative to an inertial system in special relativity.

Equivalence principle implies that gravitation is an acceleration, rather than a force, and therefore
a geometric object. In other word, we should have a equation of the form Dg = T, where (M, g) is
a Lorentzian manifold, 9 is an operator acting on the metric g, and 7T is a tensor field containing the
information of the matter distribution. Indeed, gravity is governed by Einstein’s equation as defined
below.

Definition 1.2. Einstein’s equation is given by

8nG

4
C

1
Ric - ERg +Ag = T, (1.4)
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where A is the cosmological constant, Ric is the Ricci curvature tensor, R is the scalar curvature, G is the
gravitational constant, and 7 is the energy momentum tensor.

If A is not zero, then |A| is very small by astronomical observation. The Newton theory of gravitation
arises as a limit ¢ — oo if and only if A = 0. Then the functor of general relativity (GR) can be considered
as below.

Category of Universe General Relativity

Lorentzian
Manifold

Space, Time
and Matter

Galileo’s Principle
of Relativity, New-
ton’s Principle of
Determinacy and

Equivalence Principle

Diffeomorphism
Group and Ein-
stein’s Equation

Figure 1.4: GR functor from the category of universe to of general relativity.

Remark 1.3. One way which leads to Einstein’s equation (1.4) applies the Lagrangian formulation or
classical field theory, which is sketched in § 1.1.3.

1.1.3 Classical field theory

There are two particularly important principles of the classical field theory.

Action Principle: We can associate a action function on the manifold of space of physical states to
systems in physics, such that these states are the critical points of the action.

Covariance Principle: The groups considered to represent the fundamental symmetries of a physical
theory act on the manifold or space of states in a compatible way. For instance, the Galilean group
(§ 1.1.1), the Poincaré group (§ 1.1.2), the diffeomorphism group (§ 1.1.2), etc.

Here a state is a complete description of a physical system.

In the classical field theory, spacetime is given by a manifold M, and the configuration bundle is a
smooth fiber bundle F — M which contains the possible physical states of the system. A section of F is
called a field, and the topological space of fields,

F =T"(M, F), (1.5)
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has the structure of a Fréchet manifold. Recall that a Fréchet space is a topological vector space whose
topology is defined by a translation invariant metric and complete.

The fields are usually subject to some field equations f (¥, m) = 0, where f : % — V is smooth map
to a vector space V and (¢, m) € (%, M) The set of solutions to the field equation %, := f 0)isa

subvariety of .#. Note that in general .%,, is not smooth, and not algebraic. Fields in .%, are called

on-shell, and others in .7 \ F g, off-shell.

Given a smooth action S : .# — R, a field theory satisfies the action principle if the condition that
¥ € Z is a solution of the field equation is equivalent to that ¢ is a critical point of the action S. More
precisely, we have a map called the Lagrangian

L:.Z — QP°(M), (1.6)

such that the action becomes
sw)= [ Lw. (1.7
M
However, the action principle is practically never rigorously true.

In the case of classical mechanics, M = R is time and F is a trivial bundle Q X R — R, where Q is the
configuration space (In § 1.1.1, Q = R*" for a n-point system). So each field can be identified with a
curve g : R — Q. The Lagrangian is given by

L(q) := Z(q(1), (1), 1)dl, (1.8)
where . is the Lagrangian function on the tangent bundle of the configuration space,
ZL:TOXR —R. (1.9)

In general relativity, M is a Lorentzian manifold, and F is the bundle of Minkowski metrics over M.
Given a metric g € .%, the Hilbert Lagrangian is given by

L(g) := R(g)volg, (1.10)

where R(g) is the scalar curvature and vol, = 1 € QP (M) the volume form of (M, g).

Let’s consider the simple example of one point mechanical system in a potential V : Q — R that does
not depend on time, F = R’ xR and T 0= R® X R®. Then the Lagrangian function of one point particle
system of mass m is given by

i .0 1 Ny i
S AU IR >maq -Vig), (1.11)

where (qi, q") € TQ. Fix atime interval I = [a, b], we get the action
Si(q") = fi”(q"(t), g' (1), 1ydt. (1.12)
I

Note that the action SR(qi) generally diverge, thus we have to restrict time to an interval /. Consider a
variation of the curve ¢' + &' : R — Q, to first order in & the action is expanded as

b b
S(q +¢€) :S(q)+fa (‘Z"j—%i"j)s"(z)dmﬁ %(i;jai(t))dt+ﬁ(sz). (1.13)
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The vanishing first integral implies the Euler-Lagrangian equation:

02 4oz

(1.14)

By requiring &'(a) = €' (b) = 0, the second integral would vanish. Hence we almost obtain the action
principle. But the solutions to the Euler-Lagrangian equation are not really the critical point of the action
S, but points where the derivative of S in the direction &' vanish. If M is compact without boundary, then
all these problems can be solved as assumed in the calculus of variations. However, it is not a natural
requirement from the viewpoint of physics. Interested readers could refer to [Del+99] as an introduction,
or [Gia09] as a textbook for further discussion. To sum up, we obtain the functor of classical field theory
(CF) as the figure 1.5.

Category of Universe Classical Field Theory

Fiber Bundles
over Space-
time Manifold

Space, Time
and Matter

Endomorphism
of Fiber bun-
dles and Euler-
Lagrangian equation

Fundamental Sym-
meties of Physics

Figure 1.5: CF functor from the category of universe to of classical field theory.

1.1.4 Quantum mechanics

In Hamiltonian mechanics, a classical mechanical problem is characterized by by a Hamiltonian function
H (qi, pi, t), where qi is a curve in the configuration space, and pi =02/ aqi with respect to the
Lagrangian function .2 (q, ¢, t) (see § 1.1.3) is called the conjugate momentum. Note that (qi, pi) form a
system of local coordinates on the cotangent bundle 7" M, which has a canonical symplectic structure
described locally by the form w = }; dpi A dqi. In a mechanical system, the Hamiltonian function
usually defines the total energy E of the system. The quantum theory developed from 1900 to 1925 by
the names of Planck, Einstein, Bohr, etc., yielded that all elementary processes obey the discontinuous
laws of quanta. Therefore, we must learn as much as possible from the Hamiltonian function H about the
quantum mechanical behavior of the system. It turns out that we must determine the possible energy
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levels, and find out the corresponding stationary states. In the following, we would list some important
postulates in the quantum mechanics.

Category of Universe Quantum Mechanics

Hilbert Space over
One-dimensional
Manifold

Space, Time
and State

Unitary Group U,

and Schrodinger
equation

Evolution of Time

Figure 1.6: QM functor from the category of universe to of quantum mechanics..

Recall that a state is a complete description of a physical system, and an observable is a property of the
system that can be measured in principle.

Postulate 1: In a quantum mechanical system, there is a Hilbert space V such that a state is a line in V.
In other word, the set of states is given by P(V), the projective space of V.

In Dirac notation, |/) denotes a vector and ({|¢) denotes the inner product in V. A state is represented
by a unit-length vector |¢) € L, i.e. (¢|¢) =1, where L C V is a line containing the origin.

Postulate 2: An observable of a quantum mechanical system is a self-adjoint operator in the Hilbert
space V. Hence the spectrum of an observable A is real;

Postulate 3: A measurement of an observable A picks an eigenstate |a) of A and the observer obtains
the corresponding eigenvalue o € R.

Indeed, given a state |¢/) prior to a measurement, the observer obtains the outcome a with a priori
probability Problw(a/) = |(a|g.//)|2. After the measurement, the system is in the state |@). If the
measurement is repeated, the observer obtains a with probability 1. Moreover, if we make many times of
the measurement A for the system in initial state |i), the expected value of A would approach

(A= (WIAly)= > aProby,(a). (1.15)

@ €SpecA

Postulate 4: The time evolution of an isolated quantum mechanical system is given by a one-parameter
subgroup {U, }, g of the unitary group U (V) of the Hilbert space V.



Chapter 1 Introduction and Overview

If the initial state at time # = O is [¢), then the time evolved state at time ¢ is | (¢)) := U, |y). In particular,
the generator of the subgroup {U,} is the self-adjoint operator .7, called Hamiltonian, the associated
operator with the Hamiltonian function, such that

d 1

—w)) = — t 1.16

dtl¢’( ) l.hJ“fW( ), (1.16)
which is called Schrodinger equation.

Postulate 5: Given two isolated quantum systems with state space V| and V,. We could combine and
allow them to interact, and it turns out that the combined system has the product state space V; ® V,.

There are two types of fundamental particles: bonsons and fermions. Given a system with N identical
bosons with state space V, the composite space is the state space SymNV. For fermions, the state
space is /\N V. We summarize the quantum mechanics functor as figure 1.6 which can be considered
as composition of CM functor and quantization functor. Here, a common quantization procedure is
canonical quantization. The relevant classical observables have to be replaced by operators such that the
Poisson bracket is preserved in the sense that it is replaced by the commutator of operators in V, i.e.

{A, B} —> _% [A, é]. (1.17)

In classical phase space (qi, pi ) € R>", it is natural to require the Dirac conditions:

- [4.7] = §oy. 4.4 = [6.F] =0

1.2 Principles of contemporary physics

Mathematical methods and structures of fundamental physics are very well developed (see § 1.1), and we
have a very profound understanding of fundamental physics, which have been enormously successful
theories of physics in describing known phenomena of our universe on large scales and the sub-atomic
world of particles. However, various modern physical theories require rather sophisticated mathematics
for their formulation. One of the most difficult problems is to quantize general relativity which one has
to generalize quantum field theory in curved spacetime. Indeed, in relativistic quantum field theory,
the Standard Model has successfully unify three of the four fundamental interactions, but it is still an
open problem in physics and mathematics to develop an mathematical rigorously theory which can
unify all four fundamental interactions. Up to now, String theory has been a promising candidate for
the unifying theory in physics which provides a framework for incorporating quantum field theory and
general relativity Note that even in quantum field theory, the mathematical rigorously structure is still not
well known. In this section, we would discuss some basic concepts and axioms in quantum field theory
and string theory.

1.2.1 Quantum field theory

Contemporary quantum field theory is mainly developed as quantization of classical field theory (§ 1.1.3).
(Although the standard quantization procedure in physics is to use the canonical quantization (eq. 1.17),
there still are two important mathematical quantizations: Geometric quantization (see [Wo097]) and
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1.2 Principles of contemporary physics

Deformation quantization (see [Kon03]).) Indeed, a generating functional of Green functions in
perturbative quantum field theory depends on an action functional of classical fields. Let M be a
spacetime manifold with a Lorentzian metric, and ¢ € C* (M, R) a scalar field which can describe one
possible history of the universe. A typical Lagrangian of interest is

1 |
L(¢) = —§¢(D+m2)¢+ 4—!¢4, (1.18)

where D is the Lorentzian operator analog of the Laplacian, such that the action functional S(¢) (1.7)
would be of the form

S(¢) =f Z($)(x). (1.19)
xXeM

Feynman’s Sum over Histories: The physical world is in a quantum superposition of all states ¢ €
C*™(M,R) weighted by ¢"5@/",

An observable is a function O : C(M,R) — C. Then the correlation function of a set of n observables
is defined by the formula

0,,...,0,) = f SN0 () -0, ()P (1.20)
$eC™(M)

Here 2 ¢ is the Lebesque measure on the space C™(M). Note that in general the measure Z¢ does not
exist, as a Lebesque measure (non-trivial translation invariant) on an infinite dimensional vector space is
still unknown. Hence the existence of the measure Z¢ is one of the fundamental problems in quantum
field theory.

A more systematic approach to quantum field theory may use axioms. We would follow the argument
in the book [Sch08] to present the system of axioms formulated by Arthur Wightman in the early 1950s.
Assume that (M, g) is the Minkowski space (R(1’3 ), n). The space of states is the projective space P(V)
of a separable Hilbert space V, and there exists a vacuum vector ) € V of norm 1. We have an unitary
representation of the Poincaré group P as U : P — U(V), and a collection of field operators {®,},a € I,
with a dense subspace D € V as their common domain such that Q is in the domain D. Here a field
operators is an operator-valued distribution on M, thatis @ : .(M) — €' (V), where . is the Schwartz
space of rapidly decreasing smooth function, and 0 (V) is the set of all densely defined operators in V.
Wightman’s three axioms are described as below.

Covariance: Q and D are P-invariant, that is U(p)Q = Q and U(p)D cC D, for all p € P. Furthermore,
D is also invariant in the sense that ®,(f)D c D, forall a € I, f € ., and the actions on V and
& are equivalent, i.e. on D, we have

Up)@(HUPp)" = (pf) (1.21)

forall f €., and p € P;

Locality: @ ,(f) and @}, (g) commute on D, i.e. [P, (f), Py(g)] = P, (f)D,(g) — P,(e)D,(f) =0, if
the supports of f, g € are space-like separated, that is n(x,y) < 0;

Spectrum Condition: The joint spectrum of {P;};_, 3, where P, is the Hamiltonian operator .7 and
P; the component of the momentum, is contained in the forward cone C, := {x € M | n(x,x) >

0,x' > 0).

To require the vacuum € to be unique, we need an additional axiom,

11



Chapter 1 Introduction and Overview

Uniqueness of the Vacuum: The only vectors in V left invariant by the translation are the scalar
multiples of the vacuum Q.

Note that although these axioms seem to be natural, it is always not so easy to find some examples of
Wightman quantum field theories, even in the case of free particles theory.

Although Feynman path integral is not rigorously defined, we still can think of quantum field theory as
a functor (QFT) from a geometric category, that is a category of manifolds with boundary, to a category of
complex vector space. Here objects in the geometric category are closed (d — 1)-manifolds with metric,
and morphsims are d-manifolds with metric providing cobordisms between (d — 1)-manifolds. In the
case of d = 1 manifolds, we have the well-known quantum mechanics functor discussed in § 1.1.4. An
objects is a finite set of points, zero-dimensional manifold. The complex vector space corresponding to
a point is the Hilbert space V, and the simplest morphsim is the interval [0, ] which corresponds the
self-adjoint operator U, on V. We will give a brief review in § 2.1.3.

1.2.2 String theory

In general, a string theory describes the motion of one-dimensional strings, loops (closed string) or
segments (open strings), in a Riemannian manifold M, the target space. Precisely, one uses a map from a
two-dimensional Riemannian manifold X, the world sheet which swept by a string through time, into the
target space-time. In case of closed strings, the space of all such configurations is given by the loop space
of M which we denote by .Z M. The Hilbert space of bosonic strings corresponds to the function space
on .Z M, denoted by .7 nic = P(Z M) with norm inherited from the metric on M. The Hilbert space
of fermionic strings is the space of (semi-infinite) forms on ZM : . ionic = A~ (L M).

On the large scale, at least larger than the string scale, a string looks like a ordinary particle and the
vibrational states of the string determine the mass, charge, and other physical properties. Especially, the
graviton, the quantum of gravitation, corresponds to one of vibrational state of a bosonic string, and thus
string theory is considered as a theory of quantum gravity and a candidate of the unification theory in
physics.

In classical bosonic sting theory considered as a classical field theory (§ 1.1.3), a natural action uses
the area of the world sheet swept out by the string called Nambu-Goto action, that is

1 1
Sng(X) == —— f dA = —— f d*o+[—detg, (1.22)
a Js a Jy

where @', related to the string tension, has the dimension of [mass] > such that the action SnG 18
dimensionless, and g is the Lorentzian metric (detg < 0) on X induced by a embedding x : ¥ — (M, ),
such that g := x"7, i.e. o

8 = 10,0, X (1.23)

By the action principle with respect to the embedding x, one can derive the equation of motion (eq. 1.14).
However, it is quite difficult to do calculations in terms of the action Sy, thus one introduces another
action which also give the same equation of motion called Polyakov action, that is

8- (1.24)

1
Sp(x.h) 1= =5 f d*ocN=deth W

z

Here, & is another Lorentzian metric on the world sheet X, and the additional variation of Sp(x, #) with
respect to 2 would lead to the former action Syg.
From the covariance principle in the classical field theory, the fundamental symmetries of the bosonic

12



1.2 Principles of contemporary physics

string theory depend on the invariance of group actions on the action function. In the case of the Polyakov
action, one can find the invariance action as below.

* Poincafe transformation group,
* Reparameterizations of the world sheet X,
* Weyl rescalings : h — Q*h, Q € R\ {0}.

Obviously, the Nambu-Goto action Sy is only invariant with respect to Poincafe transformation group
and reparameterizations. Using the action principle and symmetric groups, we obtain the Possion
brackets of the classical system, called 2-dimensional Conformal field theory (CFT), which are necessary
ingredient for the canonical quantization (eq. 1.17). Through the quantization procedure, the algebra of
the quantum system would lead to the Virasoro algebra as a central extension of the Witt algebra, the
algebra of the classical system. For good introduction to CFT, one refers to the detailed physics-oriented
book [FMS97] and mathematical one [Sch08], in which we can study 2d CFT by some basic concepts and
a system of axioms. More advanced mathematical text related to CFT on complex plane called Vertex
algebra is like [Kac96], and to Vertex algebra on algebraic curves called Chiral algebra like [BDO4].

In terms of the functorial approach, the string theory is a functor (ST) as (1+1)-dimensional quantum
field theory functor, i.e. from a (1+1)d geometric category to a linear category. Since any smooth,
connected 1-dimensional manifold is diffeomorphic either to the circle S ! or to some interval of real
numbers, the objects of the (1+1)d geometric category are disjoint unions of circles and oriented intervals
with labeled ends. The linear category here is the category of Hilbert spaces and operators. The functor
takes disjoint unions to tensor products. In geometry, any oriented surface can be decomposed into a
composition of basic surfaces which define the Frobenius structure, and a given surface has many different
compositions. If the linear category is simply restricted to the category of complex vector spaces and
linear maps, there are no further relations on the algebraic structure imposed by consistency of the sewing
property. This simple theory is called 2d Topological field theory (TFT) and a fundamental algebraic
structure of topological string theories, which providing surprising connections to many branches of
theoretical physics and mathematics, such as the well-known Mirror symmetry, Gromov-Witten invariance,
Bridgeland’s stability condition, etc. In the chapter 2, we will give a review of topological string theories
and relevant mathematical subjects for further studies in the chapter 3.
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CHAPTER 2

Topological Strings and D-Branes

In this chapter we would discuss the physics and mathematics background of the chapter 3. In § 2.1 we
start with a review of the 2-dimensional supersymmetry quantum field theory in differential approaches,
and give a axiomatic functorial definition of the topological field theory and the Frobenius algebra, which
is the basic algebraic structure appearing in any 2-dimensional topological field theories. Afterwards,
we explain the relations between these approaches, and provide exact constructions of topological field
theories from the N = (2,2) supersymmetry conformal algebra, and the associated topological sigma
models in § 2.2. In particular, we discuss the A-and B-models and the isomorphism between their relevant
moduli spaces of the target spaces, which is the origin statement of mirror symmetry.

In § 2.3, we discuss the boundary conditions in the conformal field theory, called a boundary conformal
field theory, corresponding to the Dirichlet and Neumann boundary conditions, and then introduce
the notion of D-branes. In topological string theories, the topological D-branes in the A-model are
Lagrangian submanifolds with flat bundles, while in the B-model they are holomorphic submanifolds
with holomorphic vector bundles. Homological mirror symmetry conjecture applies to the categories
of these topological D-branes. However, there are far too many topological D-branes for all of them
to correspond to physical D-branes. We thus study additional stability properties needed for physical
D-branes, and Bridgeland’s stability condition on triangulated categories discussed in § 2.4.

2.1 2d Supersymmetry quantum field theory

In the section we briefly discuss the basic properties of supersymmetry quantum field theory in 2-
dimensional case from three different points of view: the geometric picture (nonlinear sigma model),
the algebraic picture (supersymmetry conformal field theory), and the axiomatic approach (topological
field theory). However, these three approaches are not equivalent to each other, in other word, given a
nonlinear sigma model, it is rather difficult to write down the relevant super conformal algebra, and vice
versa. Therefore a trivial property in one picture could become a highly non-trivial problem in physics
and mathematics. The most surprising problem is the Mirror symmetry which we will give a description
from the supersymmetry conformal field theory (trivial) point of view .

2.1.1 Nonlinear sigma model

The nonlinear sigma model is one of the most important geometric realization of the supersymmetric
quantum field theory. In the following we would restrict to N = (2, 2) nonlinear sigma model (For further
discussion, see [Wit92], [HKKO03], [Asp09]). Let the target space (X, g, B) be a Calabi-Yau manifold, or
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Chapter 2 Topological Strings and D-Branes

more general, a Kédhler manifold with ¢; = 0. Here, g is a metric and B a closed 2-form, called B-field.
A sigma model is an embedding @ : £ — X from a Riemann surface to the target space as describing
the propagation of a string into X. We choose the local coordinate systems (z, Z) on the world sheet
> and (gbi, ¢i) on X. The Riemann surface X is arbitrary which leads to various complicated ways of
embedding, allowing a string can be split up into several strings, or to combine several strings to one, i.e.
the seesaw property which is the important feature of all string theories.

Recall that a spin® structure is a pair of holomorphic line bundles (L, L,) such that L; ® L, = K, the
anti-canonical bundle K = T"X on . Inthe case of L; = L, = K 2 it corresponds to the untwisted
sigma model with N' = (2,2) supersymmetry. Let choose two spin® structures (L, L,) and (Ls, L,).
Then the fermionic fields i are sections of certain bundles on X as the following table 2.1.

Fermions Sections
v, T, edTy)
vl T(L,®d'Ty)
yL T @®'Ty)
u! I'(L, ® ®Ty)

Table 2.1: Fermionic fields in the nonlinear sigma model.

Here Ty is the holomorphic tangent bundle on X and Ty the antiholomorphic tangent bundle on X.
Then the action is the form

Lo [ (0608 o4 0¢/ 00’ 99/ 3¢’ 3¢
§=— Az 8\t o |t B\l =
4n I\ dz 9z 9z Iz T\ oz 0z 9z 0z 2.1
+igyl DY+ g DU, + Rl |
where R is the curvature tensor of the metric g on X, and D is the covariant derivative deduced from the
connection of the metric ®*(g) on X as below:

Dyl = oyt +o¢'T], uk, (2.2)

where d is the usual holomorphic differential.

The supersymmetries are quite complicated and written as the following transformations:

6¢i = ia/_;bi + iagﬁi
56 =ia_yl +iayl
Sy = —a_0¢" —ia w Tyl
o0} = —a_0¢' —ia,y! Tyt
Syl = —a, ¢’ —ia_ylThut

syl = ~a,d¢ —ia_yiTiyt

(2.3)

with infinitesimal fermionic parameters @_, @_, @, and @, which are sections of Ll_l, Ly L L3 !and Z,Zl,
respectively. The four conserved supercurrents G, generators of the supersymmetry transformations
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2.1 2d Supersymmetry quantum field theory

(eq. 2.3) are defined in terms of BRST operator Q as below.

O(a) = fdo-zGa/
oW = —i{Q(a), W},

(2.4)

for any operator W. We thus denote the four currents by G, G,, G_, G_. Note that a BRST operator Q
we are looking for must satisfy the conditions: Q2 = 0, which can be used to define the cohomology, and

the stress tensor 7' can be expressed as T = {Q, b} for some local operator b. Here the stress tensor is
An_ Sp
— o . :  V=h ShP
and the insertion of the stress tensor at some point x in a correlation function generates an infinitesimal
metric deformation at the point. There is also an additional U (1) current with holomorphic part J and

anti-holomorphic part J. In the classical theory, these operators can be written as

defined as a variation of the Polyakov action (1.24) with respect to the metric £, i.e. T(,ﬁ =

d¢' 8¢’ GW (9¢f+
T(Z) l] 6 a 1](//+ 8 2 l](//
1 L o¢

G
A0 = g e 2.5)

3 1 ;04
G.(2) = sail G-

J(2) = Zgi_;wiwi

and the left-handed supercurrents (7(z), G, (z), G, (z), J(z)) are holomorphic. Thus left-handed and
right-handed supercurrents form N = (2,2) superconformal algebra we will discuss in the following
section.

2.1.2 Supersymmetry conformal field theory and mirror symmetry

The N = 2 superconformal algebra (SCA), or super Virasoro algebra, plays an important role in string
theory due to its relation to minimal space-time supersymmetry in the compactified theory, although
supersymmetry has not been experimentally verified to date (see [BLT12; BP09]). A state in string
theory is represented by the superconformal algebra generated by the transformation (2.3). In N = (2,2)
supersymmetry, i.e. L; = K'"? for Jj =1,2,3,4, the parameters a_ and @_ are belong to holomorphic
sections of K~/2, and @, and @, are belong to anti-holomorphic sections of K~ 172 The Hilbert space
in N =2 superconformal field theory corresponds to the parameter ¢’ q € R, which labels the
isomorphism class of the line bundle L; = K 172 The mode expansions of currents thus are

T(z) = Z "L,

nez
—n+a-3/2
G(x) = Zz waslkg (2.6)
nez
Jxy =Y 7",
nez

Here we drop the subscript on G, and G, . There are two important sectors: Ramond sector (R) as a = 0
and Neveu-Schwarz sector (NS) as a = 1/2.
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Chapter 2 Topological Strings and D-Branes

Under the mode expansions, the operator algebra is then equivalent to the N' = 2 super Virasora algebra

A

(L,.L,]=(m-n)L,., +-m —ms

min + 5 i
[V, J,] = Emé,,,,
(L,.J,]=-nJ,.,
(L Gproal = (5 =14 @) G @7
Vs Gora) = Grpena
Vs Grical = =Grin-a

= 2Ly + (M =m+2a)J,,,, + ¢ ((n +a)’ - %) Spmin-
Here J denotes the generator of U(1) Kac-Moody algebra, L of the Virasoro algebra, and G the anti-
commuting generator. m, n are integers. Note that the Cartan subalgebra of the SCA is generated by
three generators L, ¢ and J,,, and the eigenvalue of L, is denoted by the weight & called the Conformal
dimension, and the one of J; is denoted by ¢ called the U(1) charge. To be precise, a highest weight state
is given by

L,l$) =0, G,y gl®) = 0. G, ol8) = 0. J,I¢) = O, 2.8)

and labeled by the eigenvalues

Lole) = hyld), Jol9) = 4419). (2.9)

A primary field induces a highest weight sate |¢) = ¢|0). In the sigma model, ¢ = ¢/3, where c is the
central of the SCA, will equal to the complex dimension of the target space X. A closed string state
have both left-handed and right-handed weight and charge denoted by (%, ¢; ) and (hg, gg), respectively.
Since a; and aj are independent, there exist four differential sectors of NS-NS, NS-R, R-NS and R-R.

In an unitary theory, every state in the NS sector has a unique orthogonal decomposition [LVW89] of
the form
1#) = 1¢g) + G_12ld1) + G121 02), (2.10)

where |@,) is chiral primary, i.e., Ly|¢y) = hldg), Jyldg) = qldy) and £ > h = %. This is the analog of
the Hodge decomposition for differential forms. Here we have the correspondence of nilpotent operators

i L 5 1
(G_1:G1pp) © (3.9, {G 2. Gy o} =2 (LO - EJO) o A @2.11)

and similar relations for complex conjugation, such that

chiral fields &< closed forms (2.12)
chiral primary fields &< harmonic forms. '

One important feature of chiral primary fields is that there exists a well-defined product such that chiral
primary fields have a ring structure called Chiral ring, that is

69, = Clity (2.13)
k

Since U(1) charge is conserved, only fileds with (&; = %, qx = g; + q;) appear as chiral primary fields.
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2.1 2d Supersymmetry quantum field theory

Furthermore, in N = 2 super Virasoro algebra there exists a continuous class of automorphisms, or a
continuous deformation of generators, called the Spectral flow. To be precise, it is defined by

2
’ n .
L,=L,+nJ,+ ?cdn,

Iy = Iy + Ny, (2.14)
G:“ = Gr+77’
G; = Gr—)]’

where 17 € R, such that (L), J,, G,, G,) still satisfy the algebra (2.7). In particular, for y € Z + % the flow
interpolate between the Ramond sector (a = 0) and the Neveu-Schwarz sector (a = %), i.e. a one-to-one
mapping between both sectors. In N = (2, 2) superconformal field theory with (¢;, cg) = (9,9), the chiral
primary fields have (h; < %, lg;| = 2h;) and (hyp < %, |gr| = 2hg), such that ¢;,qgr € [-3,3] C Z.
Denote the (c, c) ring for g;, g > 0 and the (a, ¢) ring for —g;, gr > 0. Then the (c, c¢) ring is associated
with the Dolbeault cohomology group H”? (M) of a Calabi-Yau 3-fold M and the (a, ¢) ring with the
cohomology group H>*9(M*) of a Calabi-Yau 3-fold M*. Then under the action of the flow with
(n.,mr) = (=1,0), the automorphism of the SCA therefore interchange the (c, ¢) ring and (a, ¢) ring,
which induce the relation between the Hodge numbers of M and M" as

RPA(M*Y = WP (M). (2.15)

M is called the mirror manifold of M and this relation leads to the well-known Mirror symmetry between
the mirror pair (M, M™). Hence the existence of mirror pairs of Calabi-Yau manifolds is trivial from the
the N' = (2,2) SCFT point of view, as an automorphism of the super Virasoro algebra, i.e.

SCFT(M, g) = SCFT(M"*, g") (2.16)

for the mirror pair of (M, M™).

2.1.3 2d Topological field theory and Frobenius structure

As the discussion in § 1.2.1, in the functorial approach a topological quantum field theory is a functor
from the category of cobordism classes to the category of complex vector space subjects to a collection
of axioms due to Atiyah [Ati88]. We now give the axiomatic definition of the topological field theory and
follow the book [CK99] (see also [Koc04]).

Definition 2.1. A d-dimensional topological field theory (TFT) is a functor which to each closed oriented
(d — 1)-dimensional manifold Y associates a finite dimensional complex vector space V(Y), and to
each oriented d-dimensional manifold X whose boundary dX is (d — 1)-dimensional closed manifolds
associates an element Zy € V(9X), such that V(Y) and Zy are invariant functorially under isomorphisms
of Y and of X, respectively.

A TFT functor satisfies the following axioms:

Al: V(Y| 11) = V(1Y) ® V(¥y).

A2: The empty manifold considered as a closed (d — 1)-dimensional oriented manifold must be sent to
the ground field C, i.e. V(0) = C.

A3: The empty manifold considered as a closed d-dimensional oriented manifold with empty boundary
mustbe sentto 1 € C,ie. Zy=1€V(0) =C.
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Chapter 2 Topological Strings and D-Branes

Ad: V(Y) = V(Y)", where Y is the orientation inversed manifold of ¥ and Zy is the adjoint to Zy.

Moreover, If 0X = (Hf: 1171) I (I_Ij-: 1Yj'), then we obtain

Zy € Hom (@, V(¥;), 8, V(Y))), (2.17)

by this axiom and Al.
A5: Let X =Y x I with X = Y 11 Y, where [ is an interval in R. We require

Zy = lyy) € Home(V(Y), V(Y)). (2.18)

A6: Given dX =Y, 1Y, and 0X’ = ¥, 1Y;, we can form a new manifold X Uy, X’ with boundary ¥, 11 Y3,
by gluing X and X’ together along Y,. By previous axioms, we have V(0X) = Homq(V(¥}),V(¥5)),
V(0X') = Hom(V(Y,), V(¥3)), and V(3(X Uy, X)) = Home(V(Y)), V(¥3)), then we assume
quyzx’) = Zy o Zy.

Note that A1 reflects the the postulate 5 of quantum mechanics in § 1.1.4: the state space of two isolated
systems is the tensor product of the two state space. These axioms express that the theory is topological,
i.e. only depends on the diffeomorphism class of manifolds, not on any geometric data.

‘We now restrict to the case when d = 2 and first define the Frobenius algebra.

Definition 2.2. A commutative Frobenius algebra is a commutative, associative algebra (A, *) with a
unit 1 and a non-degenerate inner product (, ) such that

{axb,cy={a,bx*c), (2.19)
forall a, b, c € A.

With the Frobenius algebra (A, *), we can define a three-point correlation function ¢, , ) : A S C
by
{a,b,c) ={a = b,c). (2.20)

Similarly the n-point correlation function is defined as
(A, ....a,) ={ay *---*a,_;,a,), (2.21)

which is totally symmetric in each arguments.

Figure 2.1: The pair of pants.
Let A be the standard closed disk and dA = S' be its boundary. Then we denote H = V(S 1) and

ly = Z, € V(S') = H. Since §' = S' by complex conjugation, it leads to H = H* due to the
axiom 4. Let (, ) be the natural inner product of the complex vector space H. To construct a product
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%1 H @ H — H, we would use the pair of pants X, see fig. 2.1. The boundary components of X are
S'u 3 s, the two copies of § ! correspond to the lower boundary circles and the § ! corresponds to
the upper boundary circle. Let * denote the product on H defined by Zs € Homq(H ® H, H ). Thus we
have the following proposition.

Proposition 2.3. The product * is commutative and associative. The element 1 is an identity element
for =, and we have the identification
{axb,c)y={a,b=c), (2.22)

forall a,b,c € H. Hence (‘H, +) is a Frobenius algebra.

Proof. Commutativity follows by the twist cobordism corresponding to the twist diffeomorphism which
interchanges two components of S "1 §". Now we glue A to one of the boundary § "in X, and the glued
space X is isomorphic to the cylinder S I'x1, inducing that Zy = 14 by the axiom AS. On the other hand,
the axiom A6 implies that Zy is the endomorphism 1,* on /. Thus we see that 1, is the identity for .

To proof the identification, we use the pair of pants ¥ with boundary 4% = §' 11 §' 11 §', thus
Zs € Homg(H ® H ® H,C). Using the isomorphism S '~ §! on the third boundary component, we
obtain Zs(a, b, c) = {a * b, c), and on the first component we obtain Zs(a, b, c) = {a, b * c), Hence the
identity follows.

Finally, for the associativity, we consider a 2-sphere ¥’ whose boundary components are 9%’ =
S'uS' s us', such that Zs» € Home(H @ H ® H,H). By the decomposition of cobordism, we
can decompose X’ into two pair of pants £, and ¥, suchas £’ = X, U 5! X, along with the first boundary

component S U of Y,. Thus it turns out that Zé(a, b,c¢) = (a = b) = ¢ due to the axiom A6. However,
we also have another decomposition as ¥’ = ¥, U 5! 2, together along the second boundary component

ste 0%’, which induces that Zé (a,b,c) = a = (b= c). Therefore the associativity has been proofed. O

From the above proposition, we see that the finite dimensional Frobenius algebra will uniquely
determine a 2d topological field theory. Given the Frobenius algebra of a 2d topological field theory, we
can interpret the n-point correlation function in terms of 2d TFT. In the next section, we will give two
explicit physical theory known as the Topological sigma models.

Remark 2.4. Here we only discuss the cobordisms of closed 1-dimensional manifolds and relevant
topological field theory, sometimes called the Closed topological field theory. For more general theory
including open and closed 1-dimensional manifolds, called the Open and closed topological field theory,
one can refer to [Asp09; MS06].

2.2 Topological twist and sigma models for closed strings

In order to transform the N = 2 SCA into a topological filed theory, we would impose the algebraic
process of Topological twist [Wit88] on the SCA. The topological twisted stress tensor is defined by

1
TP =T + 5(91, (2.23)

which is obtained from the original stress tensor by twisting the U(1) current. It induces that the twisted

Virasoro generators become

+1
Ty

ne

L®?=p1, -~ (2.24)
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Chapter 2 Topological Strings and D-Branes

In addition we define

1 1 -
0(z) = —=G(), G(2) := —2G(z), (2.25)

¥ a

one can derive the twisted super Virasora algebra

(L, L] = (m—n) L%

m+n
[Jm’ Jn] = 6m6m+n

é
[LYP, J,]=-nJ,,, + 5m(m + 1)1
[LY¥P,G,] = (m-n)G
[L;?tp’ Qn] = _an+n
[‘]m’ Gn] = _Gm+

[Jm’ Qn] = Qm+n

(G, 0} =L +nJ, .  + %m(m + 1)

m+n

men (2.26)

n

m+n*

It turns out that the conformal dimension of any fields is shifted by minus half its U(1) charge as

LE)OP = Ly — 3Jy, and T* becomes a primary field and J is no longer primary due to the term %.

Furthermore, the U(1) charge of Q(z) becomes one, which can be used to define a BRST operator
(eq.2.4) as

0= 95 420(2)a(2), (2.27)
Tl

where a(z) is a section of Lfl since Q(z) is a holomorphic 1-form taking value in L;. In the Ramond
sector, L is trivial which leads to a globally defined BRST operator Q = Q, used to define the BRST
cohomology. In this case, T'"(z) and Q(z) are both Q-exact from (eq. 2.26) implying

{0.G(2)} =T""(2), {Q, J(2)} = —0(2). (2.28)

By the Q-exactness of T'°P(z), the correlation functions do not depend on the metric of the world sheet,
and hence the twisted theory is a topological theory. Note that there is another topological twist by the
spectral flow which replace J(z) — —J(z) and interchange G(z) and Q(z).

Ina N = (2,2) SCA with left and right sectors, since the left and right SCA’s commute with each
other, we could define the (twisted) BRST charge using any set of (twisted) BRST operators

Opa=G o+ G—,07 QA = G+,0 +G_)

3 e (2.29)
Op=G,0+G_p Qg =G, +G_),

called the A- and B- topological models respectively. In each case, we define the U (1) charge ¢ to be the
eigenvalue with respect to

Ja = ‘]L,O - JR,O (2.30)
Jg = _‘]L,O - JR,O’

such that
[]i’ Ql] = Qi (2-31)
fori € {A, B}.
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2.2 Topological twist and sigma models for closed strings

To define the Frobenius structure in the A- or B-topological field theory (TFT), we need a linear
functional used to construct a non-degenerate inner product. Let Q; be a local operator with ¢g; = ¢ and
qr = 0, which can be identified with the holomorphic (d, 0)-form as

Q) =Q; ;WU (2.32)

oy

and Qg with g; = 0 and g, = ¢ identified with the holomorphic (0, d)-form. Now, given Q = Q; ® Qp,
the linear functional is defined by
(O)rpr = (QIO0)scFr (2.33)

where |7) is the vacuum and O is a operator. Thus we obtain a pairing
(01071 = (QlO10,10)5¢Fr- (2.34)

which gives us the Frobenius structure.

Now we consider N' = 2 supersymmetry deformation induced by a local operator O of charge 2. Then
the insertion of the operator dO with respect to the world sheet de Rham operator into a correlation would
contribute a trivial correlation function, since the location of the operator is unimportant in a topological
field theory. It turns out that

do = {0,0""), (2.35)

for some operator 1-form o with charge 2 — 1 = 1, and repeating the process we have
doV = {0,0?%} (2.36)

for some operator 2-form 0? with charge 0. Therefore we find a deformation of the action given by
S =S+t f o0Pd*z. (2.37)
pa

Rather than discuss the topological twist in SCFT, the subject of the following sections would be
devoted to writing down twisted sigma model action explicitly (see [Wit92] for further discussion).

2.2.1 The A-model

In the A-model, we modify the bundles L; which the fermionic fields take values in (see table 2.1) as

Fermions Sections
)(::: lﬁi__r F(CD*TX)

)(i = ’_ [(® Ty)
v, =y, [(K®0Ty)
Y=yl T(KRDTy)

Table 2.2: Fermionic fields in the A-model.

By setting o, = @_ =0 and @ = _ = &, in eq. (2.3), the symmetry generated by the operator Q
fulfill the conditions for the BRST symmetry and satisfies Q2 = 0. The A-twisted action of the sigma
model can be written as

SA=if{Q,@}—27rifd)*(B+iw), (2.38)
b b
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Chapter 2 Topological Strings and D-Branes

where o .
9 =2nmg;;(Wloe") + a4y, (2.39)

B +iw € H*(X,C) is the complexified Kihler form, and w = ig;zdz" A dZ’ is the Kahler form. Since the
first is Q-exact and Z contains the complex structure, deforming it leads to a Q-exact variation of the
action, i.e. trivial in the topological theory. Hence the correlation functions in A-model depend only on
the complexified Kdhler form B + iw, and then the moduli space of A-models is the complexified Kihler
moduli space of X, the cone in HZ(X, C)/HZ(X, Z) in which w is a big divisor.

The Q-cohomology of the A-model can be represented by local operators that are functions of ¢ and y
only, independent of the derivatives of these fields. Let W = Wir,... I, (¢)d¢11 d¢12 .-+ dg¢" be an n-form
on X, we can define a corresponding local operator

Ow(P) =Wy X" x™ x™, (2.40)

and one can then compute

{0,0w} = -0,y . (2.41)
This gives a natural map from de Rham cohomology of X to the Q-cohomology in the A-model and the
space of operators is in H*(X, C).

To evaluate the correlation functions, we have to compute the path integral
0,0,0,. )= fdgbd)(d:,be_SA 0,0,0, -, (2.42)

by integrating over all embeddings ¢ : ¥ — X. Note that the second term f ®*(B + iw) in the
action (eq. 2.38) depends on the complexified Kéhler form and the homotopy class of the map @,
®,.(X) € H,(X,Z) giving the instanton number. Thus we can rewrite the correlation functions as

() = Z e—27rifZ ¢ (B+iw) f d(bd)(dl,//e_if 0.2} . ) (2.43)

.2 ¢, fixed

The bosonic part in & of the action S, is minimized for the holomorphic maps ¢, i.e. 5¢i = 3¢i =0,
called the world-sheet instantons. Thus the infinite-dimensional space of all maps of £ — X is replaced
by the finite-dimensional space of holomorphic maps. The 3-point function then is given (see [HKKO03]
for the details) by

(0,0,0.) = f anbAc+ NG, ¥ s 9" (Briw) (2.44)
X

acl

where [ is the set of instantons and N, . are the intersection numbers on the moduli space of rational
curves in X, called the Gromov-Witten invariants. Note that if the sum of the degree of forms a, b, ¢ is
not d = dim(X), then the 3-point function vanishes. And we have the 1-point function given by

(Oa)=fa, (2.45)
X

which is not trivial only if a is the top form on X. Thus these correlation functions induce the Frobenius
structure on H* (X, C).

As discussed above, the algebraic structure of the A-model depends only on the cohomology class of the
complexified Kihler forms B + iw and not the complex structure of X, nor the Calabi-Yau condition. Thus

24



2.2 Topological twist and sigma models for closed strings

X can be any symplectic manifold with a almost complex structure. In this case instantons correspond to
pseudo-holomorphic curves. If we neglect the instanton corrections, the algebraic structure is simply given
by the wedge product of forms and the deformed ring is called quantum cohomology ring (see [CK99;
Man96] for a detail account). When X is a Calabi-Yau 3-fold, the deformation we obtain just change the
symplectic form w and the B-field.

2.2.2 The B-model

In the B-model, instead of the form in table 2.1 we replace them with

Fermions Sections

v (K ®®'Ty)
vl [(®"Ty)
v M@ Ty)
Yt (K ® ®'Ty)

Table 2.3: Fermionic fields in the B-model.

We define the world sheet scalars
VA
no=y Y
i A (2.46)
0; = g Wk —yb),
and a 1-form p’ = pé + p; such that the (1, 0)-form part is pé = w{; and (0,1)-form part is p]Z = W—.- For
the supersymmetry transformations with the setting ¢, = 0 and @, = «, this variation induces a BRST
charge Q obeying Q2 = 0 modulo the equations of motion.
We can rewrite the action in the form

Sp = if{Q, D+ W, (2.47)
where
P =gz (,g:éév'(;s’z + p;a¢’5)

L i (2.48)
W = j; (—GJ-Dp - Eijk,;p’ Apnog ) )

Here D is the exterior derivative on T acting on forms taking values in ¢*(Ty) by using the pullback of
the Levi-Civita connection of X. To secure the chiral anomaly in defining the phase of the Pfaffian in the
path integral, we require an additional condition ¢;(X) = 0, i.e. X is a Calabi-Yau manifold.

The B-model is also a topological field theory, i.e. independent of the complex structure of X and the
metric of X. One can see that the variation of the metric on £ deform the action only by Q-exact forms
{O, ...}, and it is less obvious but true that to change the Kéhler form w and the (1, 1) component of the
B-field also deforms the action by Q-exact forms. Hence the correlation functions of the B-model are all
independent of these parameters.

To define the local observables, we consider (0, ¢) forms on X with values in A” Ty, and an object can
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Chapter 2 Topological Strings and D-Branes

be written as

V= dZ’Tlesz---dZ{q ftjz_]ﬂii, (2.49)
1112“'111 aZJI asz
we can form a local operator
_ T i 2y
Oy —n‘nz---nq";l,fz...;q’ 00, (2.:50)
which is called a (—p, g)-form, and
{0,0y} = -0y . (2.51)

Similarly, this gives a natural map from the Dolbeault cohomolgy on forms with valued in exterior
powers of the holomorphic tangent bundle on X to the Q-cohomology of the B-model. Note that the
contraction with the holomorphic d-form € gives an isomorphism between the space of (—p, g)-forms
and (d — p, g)-forms.

In the B-model, there is no instanton term in the path integral. As 2 = 0, i.e. 5¢k = 6¢k =0, we
obtain a constant map ¢ of X to a point in the target space X. Moreover, there is no quantum correction
on the correlation functions, since the action is Q-exact. Under the rescaling of the action by an arbitrary
constant, the loop counting parameter 7, the correlation functions must be invariant, i.e. independent of 7,
and equal to the classical limit 7 — 0.

The correlation function on the sphere can be express as

(0,05 --) = f QAig O (2.52)
X

where AB ... is a (0, d))-form with values in /\dTX such thati,p , its contraction with the (d, 0)-form
Q, is a (0, d)-form. When X is a Calabi-Yau 3-fold, the 3-point function is

(0,050¢) = f QU A; AB; AC, A Q. (2.53)
X

Here A = Aia%i’B = Bfﬁ,c = Ckﬁ € Hé(X, Tx). The deformation theory corresponding to
such (-1, 1)-forms are the deformations of the complex structure of X, called the Kodaira-Spencer
theory (see [Ber+94] for the details). There exist other deformations of the B-model associated to
(=2, 0)-forms and (0, 2)-forms corresponding to the cohomology group H O(X , /\2TX) and H 2(X ,O0x),
respectively. Such deformations can be understood in terms of generalized complex structure introduced

by Hitchin [Hit03; Gua04].

2.2.3 Mirror symmetry for closed strings

To sum up, the A-and B-model actually depend only on half the moduli of the target space X, i.e.

A —model on X < Gap,qu(X, QP) < Kihler moduli of X,

2.54
B —modelon X & @,  H?(X, \"Ty) < complex moduli of X. (239

At the level of N = (2,2) SCA, given an A-model on a Kéhler manifold ¥ and a B-model on a Calabi-Yau
manifold X, we apply the spectral flow (eq. 2.14) on the N' = 2 SCA (eq. 2.7), which acts on the twisted
SCA as

J——J;, J—J. (2.55)
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2.2 Topological twist and sigma models for closed strings

The induced automorphism of the N' = 2 SCA gives
G, -G, (2.56)

and preserves the other generators. Hence the spectral flow interchange the A- and B-models from the
equations (2.29), and leads to /74 (Y) = h* P9(X) and y(Y) = —y(X). Thus for an A-model on the
target space Y, there is a SCFT isomorphic B-model, and vice versa. Note that it does not mean that there
exist a Calabi-Yau manifold X which induce the B-model. Conversely, a B-model on a rigid Calabi-Yau
3-fold, i.e. h*! (X) =0, gives a counterexample to the reverse claim.

In the geometric approach, given a mirror pair (X, Y), mirror symmetry must map the moduli space of
complexified Kéhler forms of Y to the moduli space of complex structures of X, and this map is called
the mirror map. The most-studied example of the mirror pair is to take the Calabi-Yau 3-fold Y to be
a quintic hypersurface in P4, see [Can+91; Mor91; CK99; Voi99] for more details. Thus the moduli
space of complexified Kihler forms is one dimenstional as nt! (Y) =1, and its mirror manifold X should
satisfy h>'(X) = 1. X is taken to be a resolution of singularities of a quintic hypersurface Y divided by a
(ZS)3 action, and defined by the equation

x(s) + x? + xg + xg + xi = SYrxpx 1 X,X3Xy4. (2.57)

Here the complex structure of X is determined by the single parameter . Therefore, the mirror map
should be a map between the complexified Kihler form B + iw of Y on the A-model to the complex
structure ¢ of X on the B-model. By the special geometry structure of moduli spaces ([Str90], [Fre99]),
there exists a flat coordinate system on the moduli space. On the A-model, the complexified Kéhler forms
B +iw are the special coordinates. Let e denote the positive generator of H 2(Y ,Z), and then we prefer
to the complexified Kihler class as (B + iw)e. However, the complex parameters ¢ do not form flat
coordinates on the B-model.

In the mirror quintic X, a complex structure of X is uniquely characterized by the class of holomorphic
3-form Q € P(H 3 (X, C)), but not all points in P(H 3 (X, C)). To construct flat coordinates for the complex
structure moduli space, we start with choosing a symplectic basis of H;(X,Z). That is a basis A;, B* for
k=0,... K" (X ) satisfying the intersection rules

A,NA =0 A,nB =6, BSnB =0 (2.58)

and a relevant Poincafe dual basis is denoted by «, ,Bk for all k. Then it turns out that the holomorphic
3-form Q(z) € H3’0(XZ, C) can be expanded in terms of a basis ay, ,Bk as

Q(2) = @ (2)ay + F.(2) B~ (2.59)

where z is the local complex moduli of X, wk(z) are the A-cycle periods and ¥ (z) are the B-cycle
periods defined by

wk(Z)=f Q(z), ﬂ(Z)=ka(Z), (2.60)
Ay B

respectively, and expressed as the period vector I1(z) = (wi (2), F;(2)). One can pick a primitive element
Ay € H;3(X,Z), such that fA Q # 0. Therefore wo(z) = fA Q(z) # 0 in the neighborhood of z = 0 and
0 0
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Chapter 2 Topological Strings and D-Branes

we can define the special A-cycle periods

*(z) = @' @) = fAk Q(Z).
@’ (z) fAO Q(z)

2.61)

Then one can proof that the special A-cycle periods form a set of homogeneous special coordinates, and
the Hodge-Riemann bilinear relation implies that

9 . 0 (F:(2)
—.(7_70(2))=—.( . ) (2.62)
o \w’(z) ot \w'(2)
It turns out that there exist a function T(tl, ..., "), called a prepotential, such that
. 0
CN (2.63)
w'(z) ot

In the A-model side, there is the same structure and the complexified Kahler moduli space H 2(Y ,C)is
embedded into P(Dy_ayen H k (Y, C)). The mirror map thus is a projective linear symplectic map between
the two ambient spaces. Under the analysis of the monodromy at the maximally unipotent point, it is
natural to expect that the mirror map is given by

G
t = —"—— and g = exp|2ni

(2.64)
on Q(2)

f, 80
fAO Q@ |

where g = & Jo ' Briw) asin eq. (2.44). A physical discussion for the assumption is given in [Ber+94].

For a more detailed mathematical argument, one can refer to [CK99; Voi99] for an more thorough
treatment.

2.3 Open strings and D-branes

In the previous section we have discussed supersymmetry conformal field theory defined on compact
Riemann surfaces X, the world sheet, swept out by the closed strings. On the other hand, strings theory
also contains open strings whose world sheet has no trivial boundaries. In the target space the ends of
open strings with Dirichlet boundary conditions can be embedded into submanifolds of the target space
and such objects are called D-branes [Pol96; HIVO0; HKKO03; Asp04]. Therefore, it is necessary to study
the conformal field theory associated to the sectors of open strings, called the boundary conformal field
theory (BCFT) [Car89; Car(04].

2.3.1 Boundary conformal field theory

The boundary conditions of conformal field theories are given by the variation of the Polyakov action
Sp (1.24) with respect to the world sheet metric /,,,. A natural requirement is that the off-diagonal

4n_ 6Sp

component of the stress tensor 7,,, = N

is

parallel/perpendicular to the boundary should vanish, that

1T g5 = O, (2.65)
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2.3 Open strings and D-branes

where ' and n” are tangent and normal vectors to the boundary, respectively. This is called the conformal
boundary condition, and one can refer to [Wes12] for detail computations. In the sigma model for B = 0
defined by a map ¢ : ¥ — M, there are two local boundary conditions

Dirichlet boundary condition: ¢|,s are fixed, or #*9,,¢| 55 = 0;
Neumann boundary condition: 79, ¢|55 = 0.

In terms of the left (holomorphic) and right (anti-holomorphic) movers, the U(1) currents become
J, ="+ n'”)aﬂ¢, Jg = (" - n“)aﬂqﬁ, (2.66)
such that

J; +Jg =0 (Dirichlet);

(2.67)
J; —Jgr =0 (Neumann).

If the stress tensors 7; = T'(z) and Tx = T(Z) are expanded in terms of the currents J, = J(z) and
Jg = J(2), the boundary conditions (2.67) imply

L,-L,=0, (2.68)

which can be expressed as the condition T'(z) = T(Z). It turns out that the central charges of left-handed
and right-handed conformal field theories have to be the same, that is ¢ = ¢. This fact immediately
leads the boundary conditions, or D-branes, to be defined only for the Type II string theories, not for
the heterotic string theories. However, in an arbitrary conformal field theory there is usually no relevant
Lagrangian formulation, and hence no boundary conditions would arise from a variation of the action as
above. Thus, we need more general formulations of boundary conditions.

We start with the observation that given a world sheet X as a cylinder R X § " by interchanging the
coordinates (7, o)

(O—’ T)open string — (T’ O—)closed string » (269)

the cylinder partition function of the boundary conformal field theory of open strings can be interpreted
as the one of the underlying conformal field theory of closed strings. It turns out that the tree-level
amplitude describes the process of the emission of a closed string at one end propagating to the other end
where it is absorbed. This duality in string theory is known as the world sheet duality between open and
closed strings.

We then can think of the boundary condition as a state | B) in the Hilbert space H ® 9, which carries
two (left and right) commuting Virasoro algebras, i.e.

BY=" D, aglij. (2.70)

ieH, jeH
The conditions (2.67) thus become

(Jr, = Jr)|Bp) = 0 (Dirichlet);

(2.71)
(Jp + JR)IBNy) =0 (Neumann),

so that the condition (2.68) would be

(L, —L,)|Byp)=0. (2.72)
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Chapter 2 Topological Strings and D-Branes

Such conditions relating to holomorphic and anti-holomorphic modes on the boundary states are called the
gluing conditions, and one can show that solutions to the gluing conditions are one-to-one corresponding
to primary fields. We thus can view the boundary state | B) as an operator Op satisfying the relation

L,0p = OgL,, (2.73)

and such operator Oy is a sum of projectors on irreducible representations of the Virasoro algebra. The
boundary sate related to the projector is called an Ishibashi state, and then the physical boundary states
are the linear combinations of Ishibashi states. For more details, we refer to the textbook [BP09].

2.3.2 Topological boundary conditions

Topological boundary conditions in topological string theory must be compatible with the topological
twist (2.29). For the N = (2, 2) superconformal field theories on a world sheet £ with the boundaries, it
is no longer to preserve the entire N = (2,2) SCA, since the left and right U (1) currents have to match
together at the boundaries. Hence the existence of the D-branes breaks supersymmetry completely. Thus
we require the topological boundary conditions must preserve half of the spacetime supersymmetry, in
particular to break N' = 2 supersymmetry down to N' = 1. There are two ways to define topological
boundary conditions which break half of the supersymmetry, corresponding to the two twistings. These
are called A-type and B-type boundary conditions [OOY96] defined by

Iy = Je, 2.75)

respectively. Note that compared with (2.67), these would correspond to Dirichlet and Neumann boundary
conditions respectively. Then the conserved charges in the A- and B-models (2.30) are, respectively,

(2.76)

JB=JL+JR=de'50_¢,

where the integrals are the realization of the U (1) currents as free bosons. Indeed, this implies that branes
in the A-model must preserve A-type N = 2 SCA and branes in the B-model must preserve B-type N = 2
SCA.

Let L be a submanifold of the target space X, ¢|5x C L and impose the Dirichlet boundary conditions
in the normal directions to L and Neumann conditions in the tangent directions to L. The boundary
conditions connect the left and the right moving sectors, and thus can be written [Asp04; Asp09] as

a¢’ a¢’

_ pl Y
PR AT

vl =R’

2.77)

where R is an orthogonal matrix with respect to the metric. The eigenvectors with eigenvalue (—1) give
Dirichlet boundary conditions and thus span the directions normal to L. The eigenvectors with eigenvalue
(+1) of R are associated to directions tangent to L. In the following, we would follow [Asp04; Asp09],
and discuss the A-type boundary conditions in the A-model and the B-type boundary conditions in the
B-model, called the A-branes and B-branes, respectively.
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2.3 Open strings and D-branes

2.3.3 The A-branes

In the A-model, the boundary conditions which are consistent with the A-twist are given by

R;i = R: =0, (2.78)

with non-zero off-diagonal terms R and R; Now we choose a vector with eigenvalue +1 with respect to
R, that is, a tangent vector to the D-brace L. Consider the almost complex structure J with

. om
=1io, ,

e

=il (2.79)

One can see that the vector Jv has eigenvalue —1 with respect to R, i.e. normal to L. Again the vector
J?v = —v is in the tangent direction. Thus J exchanges the directions tangent and normal to the D-brane
L, which implies L must be of middle dimension.

Now consider two tangent vectors v and w with eigenvalue +1 under R, then w is orthogonal to Jv with
respect to the metric g. By definition, the Kéhler form on X can be written as % 8rixJ Alf[dgbl d¢M. Then
the above arguments induce that L is a Lagrangian submanifold of X. On the other hand, the boundary
condition can involve a gauge field, which defines a 1-form A on X, and contribute an additional term
into the action, called the boundary action, which can be written as

Sp=-— P A. (2.80)
ox
A is a gauge connection and F' = dA. To preserve BRST symmetry we have to assume F = 0, thus A is a
flat connection. Moreover, quantum consideration impose additional constrains as the A-branes must
preserve the ghost number of the operator product algebra. Let’s choose a holomorphic 3-form Q on X,
then the volume form of L € X may be written as a restriction

dv, = ce”™Q)|,, (2.81)

where c is a positive real number and ¢ is a map from L to acircle, & : L — § ! Thus it induces a map on
the fundamental group, called the Maslov class of L,

& m(L) > (SH=Z. (2.82)

The condition of cancellations of the ghost number anomaly is related to the vanishing of the Maslov
class [HKKO3]. The Maslov class is always 0 if the fundamental group of L is trivial, i.e. m;(L) = 0. For
example, given an one-dimensional complex torus as the target space X, each line of X has the trivial
Maslov class, but a contractible loop does not and thus must been excluded from the A-branes.

Now we would study the open string spectrum between a pair of Lagrangian A-branes (L, E, V;)
and (L,, E,, V,) [Wit95a]. At first suppose we have a Lagrangian A-brane L with a U(N) vector bundle
E — L. LetL = L, = L,. Then the open string states are section of endomorphism of E, i.e. E*® E. As
the discussions in § 2.2.1, the Hilbert space of open string states is given by the total de Rham cohomology
group

H = (B H* (L Hom(E,, E,)c), (2.83)
k

where the ghost number is given by the degree k. The correlation function would be a sum over
holomorphic maps ¢ with compatible boundary conditions. Consider the case of the 3-point function of
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Chapter 2 Topological Strings and D-Branes

operators

A€ H'(L,Hom(E,, E,)),
B € H'(L,Hom(E,, E3)), (2.84)
C € H'(L,Hom(E;, E,)).

We obtain the classical term of the 3-point function which is
L

and the term of the instanton corrections is

Ziexp(if (B+ia))+i56 Ai)Nabc (2.86)
D; D; oD;

over all holomorphic disks D; with dD; C L. Here A, is the connection on the bundle E;, and we have
divide the boundary (9Dj into three arcs label by i € {1,2,3} and each A; is on the ith arc. Moreover,
those open string operators stay at the end of the arcs, i.e. O is between arc 1 and arc 2, etc. Note that
the ordering of the operators would imply that this open string operator algebra is thus associative but
not necessarily commutative. Thus open string chiral operators form a algebra which is not necessarily
commutative, but still is associative. On the other hand, elements in H' correspond to deformations of
Lagrangian L. For an operator O with U(1) charge 1, there is a unique operator o with U (1) charge 0
satisfying

do = {0,0"), (2.87)
and deforming the action by

ss,= | oW, (2.88)

Iz
Thus it preserve the U(1) charge, as its U(1) charge is 0, and conformal invariance linearly.
Furthermore, there is a main difference between the closed and open string deformations. To be

precise, the closed string deformation can never be obstructed in the N' = (2,2) SCFT, but the open string
deformation often can be. In order to secure the obstruction problems, the quantum corrections of the
open string correlation function as in (2.86) can modify the obstruction theory. The accurate A-branes
are those Lagrangian submanifolds satisfying the following quantum obstruction condition:

Ziexp(if (B+iw)+i56 Ai)[éDj]:O, (2.89)
D; D; oD,

where [(9Dj] is the homology class of (’)DJ- in H,(L).
To sum up, we conclude the following

Definition 2.5. A Lagrangian A-brane (L, E, V) is given by an equivalence class of Lagrangian sun-
manifolds L C X with a flat connection which has trivial Maslov class (2.82) and satisfies the quantum
obstruction condition (2.89), modulo Hamiltonian deformations.

Remark 2.6. We only discuss the Lagrangian A-branes with a flat connection. However, in the case of
F # 0, a Calabi-Yau n-fold may have A-branes of real dimension n + 2p for p > 0 € Z. see [O0Y96] for
more detail arguments.
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Let’s consider the case of open strings for many A-branes. For simplicity, given a set of A-branes L;
equipped with line bundles E;. For a pair of A-branes (L, L,), we have a graded Hilbert space of open
strings from L, to L,, which is

Hom"(Ly, L,) = @) Hom* (L, L,). (2.90)
keZ

As before, an open string chiral operator corresponds to a state in such a graded Hilbert space of open
strings, and the correlation functions of chiral operators form a category of A-branes, an A -category
called the Fukaya category. This category plays an important role in Kontsevich’s homological mirror
symmetry [Kon94]. Since the A-model depends on the complexified Kihler forms, the Fukaya category
depends on B + iw for its objects and composition of morphisms. For a fully comprehensive introduction
to the Fukaya category, one can refer to the books [Fuk+09; SS08].

2.3.4 The B-branes

Now we turn to the B-type boundary condition in the B-model. The boundary condition compatible with
the B-twist should be _
= R; =0, (2.91)

and the diagonal term Rj- and R; are not zero for the reflection matrix given in (2.77). It turns out that the
almost complex structure thus preserves the tangent and normal directions to the D-brane in the B-model.
It implies that the D-brane is a complex submanifold of the target space X, and then we conclude that
a B-type D-brane wraps holomorphic cycles with even real dimensions in X. Note that there is anther
B-brane corresponding to the anti-holomorphic submanifold since we have used the orientation of X.

Similar to the A-model case, the existence of the B-field allows us to introduce a bundle E — X over
the B-brane. By the setting of B = 0, the condition of the invariance of the Q-variation of the action
from the boundary term would imply that the curvature F of the bundle is a 2-form of type (1, 1) taking
values in End(E) [HIVO0O0; Wit95a]. Thus £ — X is a holomorphic vector bundle, or a locally free
coherent sheaf & on X in algebraic geometry. In general, the (0,2) part of F is equal to the negative
(0,2) part of B. In a Calabi-Yau 3-fold the (0, 2) part of B is homological trivial and can be zero by a
BRST transformation. It means that the B-field makes no contribution to the category of B-branes in a
Calabi-Yau 3-fold, but not in a K3 surface or a complex torus.

In the B-model, a local operator given by (2.50) depends on the scalar operators nj and 6 (2.46). Then
the boundary condition above implies that the fermion 6; on the boundary can be written as

k k k
0, =girWy —¥2) =Fyn". (2.92)
It turns out that a local operator only depends on ¢ and nE , and a local boundary operator corresponds to
a (0, g)-form with values in End(E). Asin § 2.2.2, the BRST operator Q is sent to the Dolbeault operator
0 in the large volume limit. thus an open string vertex operator related to a string stretching from E,; to

E, is given by an element of the Dolbeault cohomology group

P 13 (X, Hom(E,, E,)), (2.93)
q

where the degree ¢ is equal to the ghost number of the operators without ambiguity.
The correction function has no instanton correction in the B-model as before. Then the 3-point function
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of operators

Ae Hg”’(x, Hom(E,, E,)),
Be Hg’q(X, Hom(E,, E3)), (2.94)
Ce Hg”(x, Hom(E;, E,)),

such that p + g + r = dim(X), is given by the classical term
(0,050 = f Tr(AANBAC) AQ. (2.95)
X

Then the operator product is the ordinary wedge product of Hom-valued forms. The deformation of the
Dolbeault operator by A% e H! (X,End(E)) is

d+6A%", (2.96)

i.e. infinitesimal deformation with values in the global Ext group Ext' (&, &), which corresponds to the
modification to the boundary action.

2.3.5 The category of B-branes

Now we can define a category of B-branes in the topological string theory following the book [Asp09].
As the discussion above, the category of B-branes includes the holomorphic vector bundles E, or locally
free coherent sheaves & on X as objects, with the morphisms beings the classes of Dolbeault cohomolgy
group Hg’q(X, Hom(E, F)) = Ext?(E, F), and the grading of the cohomology group is given by the
U(1)-charge g, or ghost number given by (2.76). Moreover, Using the free boson realization of the U (1)
algebra, the U(1)-charge of an open string from a brane E to a brane F is the expectation value of the
U (1) current

Jo = fo O0y¢ = q+ ¢(m) — ¢(0), (2.97)

integrated over the open string, where the boundary terms ¢(xr) and ¢(0) are determined by the boundary
conditions E and F, respectively. It means that a boundary condition in the B-model was completely
specifies by a holomorphic bundle E with additional quantum number n, which contributes to the U(1)
charge. E" thus is a different boundary condition, so that the U (1) charge of an open string in the Ext
group Ext'(E™, F") is given by

J=i+n—-m. (2.98)

Therefore, boundary conditions in the B-model are graded sums as

E:= @ E", (2.99)

nez

where the E" are different B-type boundary conditions, and the full spectrum of topological open strings
then consists of the O-cohomology classes of maps between pairs of those boundary conditions. Now
consider the original B-branes as objects in an additive category <7, or Coh(X), then we have the
following proposition

Proposition 2.7. The full set of B-branes in the B-model corresponds to the homotopy category K(7).
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2.3 Open strings and D-branes

Proof. To define the structure of complexes, we first vary the differential by

d= Z d,, d, € Ext’(E",E") = Hom®(E", E"*"), (2.100)
n

and the corresponding operator Og) obeys
(0,0} = dyd, (2.101)

where ds is the de Rham differential on the world sheet. Then the deformation of the action leads to a
change in the BRST charge
Q' =0+d. (2.102)

To preserve the condition Q/2 = 0, we require that
{0.d}+d* =0. (2.103)
Since d,, € Ext’(E", E™"), we have that {Q, d} = 0 implying the condition d* = 0, i.e.
d,,d, =0 (2.104)

for all n. Hence the condition of nilpotence of the BRST charge is equivalent to the condition the E is a

complex
dnfl n dn
— E—

dn+l n+2 dn+2

En+1 E

(2.105)

It means that the maps in the complex represent a deformation from original objects. Note that the
position of the object in the complex is associated to the U (1) charge of the B-brane.

We now study the spectrum of open strings between the B-branes. Consider open strings from a
B-brane (E°, dk ) to another B-brane (F°, dr ), then the total BRST charge becomes

Q=Q,+d"-d", (2.106)

acting on a direct sum of morphisms
e E™ > F (2.107)

from the complex E* to the complex F*, and thus the topological open strings correspond to the cohomology
classes of the operator. Since the individual morphisms ™" € Hom(E™, F") = Ext*(E™, F"), thus
Qof™" = 0. With a suitable choice of sign, the condition of exactness of morphisms f* with respect
to Q is exactly the condition that f* is a morphism of complexes. Note that the morphism f’* differed
by a Q-exact morphism, i.e. f’* = f* + Qh°, is homotopic to the morphism f°. Furthermore, we can
introduce the shift functor [n] which changes the U (1)-charge of complexes. ]

From the proposition, we see that the category of B-branes contains all of objects and morphisms of
the homotopy category K(CohX). On the other hand, the observables in the topological field theory are
determined by the spectrum of open strings and their correlation functions, and it implies that a notion of
a physically equivalence, i.e. the branes with the same behavior in all correlation functions.

Definition 2.8. Two objects E*, E”® € K(&) are called physically equivalent if and only if

Ext”(E*, F*) = Ext’(E"*, F*)

2.108
Ext”(F*,E*) = Ext’(F*,E’) (2.108)
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for all F* € K(&), and preserve the 3-point correlation function (0,00 ) in (2.95).
To be precise, setting E, = E* in (2.94), E; = E"* and

A’ € H'(L,Hom(E,, E5)),
B’ € H'(L,Hom(E}, E)), (2.109)
C € H'(L,Hom(E, E))),

then we obtain
<OAOBOC> = <OA'OB'OC>’ (2110)

for all E|, E; € K(&). By the equivalently associativity this condition would imply that all n-point
functions are the same, hence all observables do. Thus we can define a quotient category of K(.27) as

Definition 2.9. The category 7 (/) is the quotient category of K(7) by the physical equivalence.
Furthermore, the inclusion of K(.27) has the following proposition

Proposition 2.10. The natural inclusion of K(27) into T (/) maps quasi-isomorphisms into isomorph-
isms.

Proof. We consider the cone C(f*) of a quasi-isomorphism f°. It turns out that Hom"(C(f*), F*) =
Hom"(F°®,C(f*)) = 0 forall F*, as C(f°) is acyclic. m]

On the other hand, we know the derived category D(./) is the universal category sending quasi-
isomorphisms of K(.) to isomorphisms (see the excellent book [GMO02]). Thus the inclusion functor
F : K(&) — T (&) factors uniquely through D(/), i.e.

K(/) —2— D(o)

F
G

T ()
where Q is the localization functor. Then we have the main theorem of the subsection
Theorem 2.11 ([ALO1]). The quotient category T (&) is equivalent to the derived category D(<7).

Proof. Suppose there exists a pair E, E" € D(«/) of inequivalent objects which were physical equivalent.
Then we obtain a pair of morphisms a € Hom(E, E") and 8 € Hom(E’, E), such that the morphism
Ba —idg € Hom(E, E) is zero in all correlation functions. However, from Serre duality [Har77] we have

Homy, x, (&, %) ® Homp, x, (F, & ® wx[n]) - H" (X, wy) = C, (2.111)

for all &, .# € D(X), and wy is the dualizing sheaf for X. As X is a Calabi-Yau manifold, wy is trivial,
thus we get a trace map
Tr : Ext"(E,E) — C, (2.112)

which implies that Sa — id is identically zero, a contradiction. O
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2.4 Stability conditions on D-branes

2.4 Stability conditions on D-branes

In previous section, we have discussed topological D-branes, i.e. boundary conditions in the A- and
B-models, and the spectrum of open strings and the correlation functions in the topological string theories.
It turns out that D-branes can naturally be considered as objects in a category, and the morphisms are
Z-graded Q-cohomology class. Precisely, the category of A-branes looks like the Fukaya category, and
the category of B-branes looks like the derived category of coherent sheaves. Kontsevich’s homological
mirror symmetry conjecture [Kon94] applies to these categories. However, there are too many objects
in the categories for all of them to be associated to physical D-branes. In the case of B-branes, only
those sheaves allowing the solutions of the Hermitian Yang-Mill equations are physical D-branes, which
corresponds to the u-stable sheaves. In the A-model, physical A-branes have a relation to special
Lagrangian submanifolds and a notion of stability [Joy03]. In other words, the physical D-branes depend
on more structures, so that their boundary conditions are different, and it may be possible to identify
physical D-branes with stable objects in the Fukaya or derived categories in a suitable sense of stability
conditions. Hence the mirror symmetry conjecture would lead to

Conjecture 1: The moduli space of stability conditions of a mirror pair are isomorphic.

Conjecture 2: Given a mirror pair X and Y, the category of stable objects in the Fukaya category Fuk(X)
is equivalent to the category of stable objects in D(Coh Y).

To sum up, we make the table below

A-branes B-branes
Geometry structure Symplectic Algebraic (Holomorphic)
Category Fukaya category Derived category
Topological D-branes Lagrangian Complexes of coherent sheaves
Spectrum of open strings  Floer cohomology Ext’s group
Moduli Complexified Kdhler form Complex structure
Physical D-branes Special Lagrangians [I-stable complexes

Table 2.4: A- and B-branes.

In the particle physic theory, the concept of the stability is associated to the formation or decay
processes of particles, that is, the particles combine or split to form other particles. Thus for the D-branes,
considerd as particles, we need some suitable definition of the binding process. In the remaining section,
we would briefly review the geometric stability for A- and B-branes based on the book [Asp09], and
make a precise definition of stability conditions on triangulated categories [Bri0O7].

2.4.1 Stability conditions on A-branes

We start with the definition of special Lagrangian submanifolds given below

Definition 2.12. Given a Calabi-Yau manifold X with a Kéhler form w and a holomorphic volume form
Q, a special Lagrangian submanifold (SLAGs) (L, E, V) satisfies the following

i) L is a Lagrangian submanifold of X with respect to the Kéhler form w.
ii) The vector bundle FE is flat,i.e. F = 0.

iii) Ime‘iﬂf(L)Q|L = 0 for some constant £(L) € R.
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Chapter 2 Topological Strings and D-Branes

Compared with the definition of the Lagrangian A-branes in § 2.3.3, the Maslov class &, in (2.82) is
trivial and thus the Maslov condition is always satisfied for a special Lagrangian submanifold. However,
the quantum obstruction condition (2.89) is not automatically fulfilled. On the other hand, from (2.81) we
have

dv, = ce ™ WBQ), (2.113)

for some positive real constant c. Now fix the range 0 < £(L) < 2, the parameter £(L) can be written as

1 Q, 1
(L) =—arg—==—arg | Q, (2.114)
i dv, =« L

which is the argument of the period of the holomorphic volume form associated to the cycle L. Thus
&(L) only depends on the homology class of L. For physics reasons, we make the following definition

Definition 2.13. The BPS central charge of the D-brane L is given by the period

Z(L) = f o, 2.115)
L

and the mass of the D-brane is the volume of L in the geometric limit, and must be greater or equal to the
absolute value of the central charge, i.e.

M := f dVy > |Z(L)|, (2.116)
L

and the equality holds if and only if it is a BPS brane.

In the A-model, cohomology classes in H Hx, ) correspond to deformations of the complexified
Kihler class, and classes in H' (L, C) correspond to deformation of Lagrangian submanifolds in § 2.3.3.
However, most of Lagrangians have no any special Lagrangian equivalent to them by Hamiltonian isotopy,
which may be understood as decay of special Lagrangians. As mentioned previously, the inverse process
of decay is a binding process, i.e. several branes combine into one brane, which is given by Joyce [Joy03]
below

Theorem 2.14 ([Joy03]). Given a family of Calabi-Yau n-folds X, with complex structures parameterized
by z € C with |z| small. Suppose X, contains two special Lagrangians L, and L, which intersect
transversely. Then there exist a special Lagrangian L > L, C X, which is closed to the connected sum
Ly UL, ifand only if €(Ly) < £(Ly).

According to the sign of £(L,) — £(L), we can separate the moduli space of complex structures into
two parts .# " and .#~ by the wall of marginal stability. So the special Lagrangian L, +> L, only exists
in.#", and note that L, & L, # L, > L,. In .#", we have BPS branes L,, L, and L, - L,, but the
mass of L; > L, is smaller the sum of the masses of L, and L,. Once we touch the wall, L; - L,
would become L; U L,. In .~ we then only have BPS branes L, and L,, without any smooth special
Lagrangian minimizing the volume of L, U L,, which together break supersymmetry. This is a decay
process of a BPS brane L, + L, into its factors L, and L, from the region .# " into .#~.

L, U L, is a special Lagrangian only on the wall due to different values of £ in the two regions. Since
the BPS brane L; «> L, is homologous to L; U L, and minimizes the volume or mass, it turns out that

f Q fQ fg‘ (2.117)
L,»L, Ll L,

< +
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and we choose
§(Ly) <&(Ly = Ly) < &(Ly). (2.118)

We sum up the discussion in the table:

Modui space Order of & Stability of L; + L,
M E(L,) < &(Ly & L) < £(Ly) Stable

Wall E(L,y) =&(Ly = Ly) =&(Ly) + 1 Marginally stable
M E(Ly) > &L +1 Unstable

Table 2.5: Decay of A-brane.

For relevant physical discussion, one can refer to [SW94; HKKO03].

2.4.2 Il-stability on B-branes

In § 2.3.5, it shows that the category of B-branes is just the derived category of coherent sheaves D(X), a
triangulated category (see the textbooks [GMO02; KS02]). Given a distinguished triangle in D(X),

C

h s
[ IX
W :
A ;) B

for A, B, C € D(X), it thus should be understood as the D-branes A and C may potentially be bound to
form the bound state B. and morphisms f, g, & correspond to the spectrum of open strings. Therefore, we
begin with the translation of axioms in the triangulated category [GMO2] into the physical process in the
topological string theory.

TR1: a) A can bind with the empty brane O to form A.

b) Consider two functorial isomorphic set of objects (A, B,C) and (A, B’,C,) on D(X). If B can
potentially decay into A and C, then B’ can potentially decay into A" and C’.

¢) We can potentially form a bound state of A and B if there exists an open string from A to B.
TR2: If B can potentially decay into A and C, then C can potentially decay into A[1] and B.

TR3: Given two open strings between A and A” and between B and B’, there potentially exist open strings
between the corresponding bound states.

TR4: If we represent the binding rule by the notion of addition, then we obtain

C=A[1+B
= A[1] + (E + D[-1])
= (A[1]1+ E) + D[~1]
= F + D[-1].

(2.119)

On the other hand, since the Fukaya category need not to have a triangulated structure, there exist no
any potentially bound state in the Fukaya category. It means that the statement of homological mirror
symmetry conjecture have to be modified, by adding extra potentially stable A-branes into the Fukaya
category to form a triangulated category. The modified statement is given below
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Conjecture: Given a mirror pair of Calabi-Yau 3-folds X and Y, then the category D(X) is equivalent to
the category TwFuk(Y).

Here TwFuk(Y) is a triangulated category constructed from Fuk(Y'), see the book [SS08] for the detailed
construction.

If homological mirror symmetry is true, we could apply the thought of the stability defined on A-branes
to the case of B-branes. We now give the definition of the central charge of B-branes.

Definition 2.15. In the large volume limit, the central charge of a B-brane E has the approximate
expression!

Z(E) = f e BHO h(E)d(X) + O(a)). (2.120)
X
and we define £(F) by
EE) = — arg Z(E) (mod?2). (2.121)
with the property
E(E[n]) = §(E) +n. (2.122)

Now compared with the table 2.5, given a distinguished triangle of the form
C
h s
(1 X
¢ :
A % B,

with A and B are stable, then C is stable with respect to the decay process if and only if £(B) < £(A) + 1.
If £(B) = £(A) + 1, then C is marginally stable and £(C) = £(B) = £(A) + 1. Thus we can make the
following definition of stability.

Definition 2.16 ([Dou01]). A B-brane B is called I1-stable if, for all distinguished triangles of the form
--A— B— C — A[l]---, we have

£(A) <&(B) <£(0). (2.123)
Otherwise, B is called IT-unstable.

Moreover, by (2.98) and the degree counting, it turns out that if £(A) > &£(B), then Hom(A, B) = 0
We also can consider the case of decays into several number of stable objects, which leads to the following
definition.

Definition 2.17. For any object E we define the following set of distinguished triangles, the Postnikov
system,

015O ,El—>E—E

/ / e

! The definition here is old-fashioned and incorrect, see chap. 3.
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Then E decays into A, A,, ..., 4, if
E(A)) > E(Ay)) > - > E(A). (2.124)

It is physically reasonable to expect that the set of n-stable objects A, satisfying (2.124) for a object E is
unique. However, it is still unclear as it is not obvious what we means in CFT by unstable particles. On the
other hand, we also can compare the I1-stability and p-stability in the large volume limit. Indeed, we will
recover u-stability if the condition (2.123) reduces to the condition that the slope satisfies u(E) < u(F)
for any subsheaf F of E if E is u-stable in the large volume limit [DFROS5].

2.4.3 Bridgeland’s stability condition

Motivated by Douglas’s [1I-stability [Dou0O1] defined on the category of B-branes in the B-model as

the discussion in § 2.4.2, Bridgeland made a precise definition of stability conditions on triangulated

categories [Bri07]. Moreover, one can show that the space of stability conditions on a reasonable

triangulated category is a finite dimensional manifold, providing an geometric invariant of such category.
We begin with Bridgeland’s definition:

Definition 2.18. A stability condition o = (Z,P) on a triangulated category D consists of a group
homomorphism Z : K(D) — C called the central charge, and full additive subcategories #(¢) C D for
each ¢ € R, satisfying the following axioms:

(a) it E € P(¢) then Z(E) = m(E) exp(in¢) for some m(E) € R,
(b) forallgp e R, P(¢p+1) =P(p)[1],
(c) if ¢; > ¢, and AJ- € P((;Bj) then Homp (4, 4,) =0,

(d) for each nonzero object E € D there is a finite sequence of real numbers

$1> ¢ > >y,
and a collection of triangles
0= E, > E r By — > By » E, =E
J’;\ F\ K\
AN / \\ / AN /
N N\ N
A \ A
A A, A,

with A; € P(¢;) for all j.

Given a stability condition o = (Z, ), each slicing P(¢) is an abelian subcategory of D, and the
non-zero objects of £ (¢) are said to be semistable of phase ¢. The simple objects of P (¢) are said
to be stable. The category P (/) is defined as the extension-closed subcategory of D generated by the
subcategories P (¢) for ¢ € I C R. It can be shown that the decompositions of a nonzero object 0 # E €
D given by axiom (d) are uniquely defined up to isomorphism, and the objects A; are called the semistable
factors of E with respect to o. We write ¢ (E) = ¢, and ¢_ (E) = ¢,,. The mass of E is defined to be
the positive real number

me(E) = )" 1Z(A)) (2.125)
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and by the triangle inequality, we have
my(E) 2 |Z(E)|. (2.126)

The equality holds if and only if E is semistable. This condition is the same as the condition (2.116).
The relation between stability conditions on triangulated categories and stability in abelian category is
given by the following proposition.

Proposition 2.19 ([Bri07]). To give a stability condition on D is equivalent to giving a bound t-structure
on D and a stability function on its heart which has the Harder-Narasimhan property.

Here we recall the definition of a t-structure [GMO02; KS02]).

Definition 2.20. A t-structure on a triangulated category D is a full subcategory ¥ < D which is
preserved by left-shifts, i.e. ¥[1] Cc ¥, and if we define

F* ={G eD:Homp(F,G) =0forallF e ¥},
and such that for every object E € D there is a triangle

F——— F

R
\
N
\
N
N

G

inDwith F e F and G € F+.

The heart of a t-structure ¥ C D is the full subcategory
A=F nF1]cD.

In [BBDS82] it is proved that (A is an abelian category with the short exact sequence 0 — a; — a, —
a; — 0in A being precisely the triangles a; — a, — a3 — a;[1] in D all of whose vertices a; are
objects of A.

Example 2.21. The standard t-structure on the derived category D(A) of an abelian category A, given
by

F ={E € D(A) : H'(E) = foralli > 0},
F* ={E e D(A) : H'(E) = for alli < 0}.
The heart is the original abelian category A.

A t-structure ¥ C D is said to be bounded if

D= Fliln F .

i,jez

A bounded t-structure ¥ C D is determined by its heart A C D. In particular, ¥ is the extension-
closed subcategory generated by the subcategories A[j] for all j € Z,,. Then we have the following
characterization of bounded t-structure.
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Lemma 2.22. Let A C D is a full additive subcategory of a triangulated category D, then ‘A is the heart
of a bounded t-structure on D if and only if the two following conditions hold:

(a) Homp (A, B[k]) for k <O, if A and B are objects of A,

(b) for every nonzero object E € D there are a finite sequence of integers k; > ky, > ---k, and a
collection of triangles

R K X
\\ / N / \\ /
AN N\ AN
N \ N
N AN AN
Al A2 An
with A; € Alk;] for all j. O

Note that given a slicing # of a triangulated category D, the subcategory P ((¢, ¢ + 1]) € D is the
heart of the t-structure P (> ¢), see [Bri07, § 3]. To be compared with stability condition on D(A), a
stability function on A is defined as follow.

Definition 2.23. A stability function on an abelian category (A is a group homomorphism Z : K(A) — C
such that for all 0 # E € A the complex number Z(E) lies in the strict upper half-plane, i.e.

Z(E) e H={rexp(ing):r e R gand0 < ¢ < 1} c C.

The phase of an object 0 # E € A with respect to a stability function Z : K(A) — C is defined to be
1
¢(E) = —arg Z(E) € (0, 1].
Vs

Thus we can define a notion of stability using the order of phases of objects.

Definition 2.24. Given a stability function on an abelian category Z : K(A) — C, an object 0 # E € A
is called semistable if every object 0 # A C E satisfies ¢(A) < #(E), or equivalently every nonzero
quotient £ —» B satisfies ¢(E) < ¢(B).

Now once we have a stability, it may be possible to construct a filtration of objects in A.

Definition 2.25. Given an order induced by the phases of objects defined as above in an abelian category
A , a Harder-Narasimhan filtration of an object 0 # E € A is a finite chain of subobjects

O=FEycE, Cc---CE,_|CE,=E
whose factors F; = E;/E;_; are semitable objects of A with
(Fy) > ¢(Fy) > - > ¢(F,).

The stability function Z is said to have the Harder-Narasimhan property if every nonzero object of ‘A has
a Harder-Narasimhan filtration.

Note that if there exist a morphism f : E — F between two semistable objects E and F, it turns out
that ¢(E) < ¢(F). This simple fact implies the uniqueness of the Harder-Narasimhan filtration, if they
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Chapter 2 Topological Strings and D-Branes

exist. The existence of the Harder-Narasimhan filtration is followed a weak condition on A which forbid
to have any infinite ascending or descending chain of this type [Bri07; Rud97].
Now we start to prove the proposition 2.19.

Proof. Let o = (Z,%) be a stability condition on D, and A = P ((0, 1]) c D be the heart of a bounded
t-structure (> 0) on D. Then the central charge Z defines a stability function on its heart A, and the
decomposition of objects of A given by axiom (d) are the Harder-Narasimhan filtration.

Conversely, suppose A is the heart of a bounded t-structure on D with a stability function Z : K(A) — C
on A. We define the full additive subcategory #(¢) of D to consist of semistable objects of phase
¢ in A for ¢ € (0,1]. Then the axioms in Definition 2.18 can be obtain by the Lemma 2.22 and the
Harder-Narasimhan filtrations of nonzero objects of A. |

A stability condition is called locally finite if there is some £ > 0, such that each quasi-abelian category
P(¢p — & ¢ + €)) is of finite length, i.e. any infinite chain of subobjects or quotients must terminate.
Thus every semistable object has a finite Jordan-Holder filtration into stable objects of the same phase.
We can put a topology on the set Stab(D) of locally finite stability conditions on D induced by the metric

E) }
€ [0, oo].

Mg, (E)

ma.z(

log

d(oy,05) = sup {Iqﬁ;—z(E)—¢;1(E)|,|¢§2(E)—¢:}I(E)|,

0+EeD

Then we have the following important theorem which relates a small deformation of the central charge in
this metric with a deformation of the stability condition.

Theorem 2.26 ([BriO7]). For each connected component ¥ C Stab(D), there is a linear subspace
V(Z) c Hom, (K (D), C) with a well-defined linear topology and a continuous map Z : £ — V(X) which
sends a stability condition (Z,P) to its central charge Z.

It turns out that any deformation of the central charge can be lifted to a unique deformation of the
stability condition. If the derived category D(X) is induced by a smooth projective variety X, then the
space Stab(X), the set of locally finite stability conditions on D(X) such that the central charge Z factors
via the Chern character ch: K(X) — H"(X,Q), is a finite dimensional complex manifold. This is the
starting point for the next chapter.
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CHAPTER 3

Numerical Vectors and Numerical Stability
Conditions

This chapter is the main content in the first part of the thesis. We introduce numerical vectors which are
the main objects of study in the work. We begin with the discussion of the Gamma class and Gamma
conjecture, which serves as the main motivation for the introduction of the numerical vectors. These can
be viewed as ring homomorphisms between the Grothendieck group K (A) of an abelian group A with
a bilinear form and a graded vector space over a filed k of characteristic O with a quadratic form. We
continue with the definition and the basic properties of numerical t-stability conditions, and then give a
relation between the numerical t-stability conditions and Bridgeland’s stability conditions on smooth
projective surfaces in § 3.2. In § 3.3 we construct the cohomolgical Fourier-Mukai transforms induced by
the numerical vectors which are compatible with the K-theoretic Fourier-Mukai transforms, and isometric
with respect to some quadratic forms on the cohomolgy groups.

3.1 Gamma class and Gamma conjecture

Let us start with a brief discussion of the Gamma conjecture of Sergey Galkin, Vasily Golyshev, and
Hiroshi Iritani [GGI16; GI15], which relates the quantum cohomology of a Fano manifold and the Gamma
class in terms of differential equations.

3.1.1 Gamma conjecture

For a Fano manifold F, the quantum cohomology algebra defines a quantum (flat) connection over

C* [Dub96] and its solution is given by a multivalued cohomology-valued function Jp(t), called the

J-function. The limit of the J-function, under a certain condition, exists and defines the principle

asymptotic class Ay as :

= lim —JF ©
oo ([pt, T (1))

The Gamma conjecture I claims that the class Ay equals to the Gamma class 'z = T'(TF) of the tangent
bundle of F,i.e.

Ap: € H*(F).

More generally, under semisimplicity assumption of the quantum cohomology of F', one can define higher
asymptotic classes Ay ;,1 < j < N =dimH *(F) from exponential asymptotics of flat sections of the
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Chapter 3 Numerical Vectors and Numerical Stability Conditions

quantum connection. Then the Gamma conjecture II says that the classes A ; can be written as :
Ap ; =Tp - Ch(E))

for a full exceptional collection E}, E,, . .., E of the derived category D(F"). Here the modified version
deg .
of the Chern character Ch(E) is written as Ch(E) := (27ri)7éch(E) = Zf,linoF (2mi)Pch, (E).
Recently, V. V. Golyshev and D. Zagier presents a proof of the gamma conjecture for Fano 3-folds of
Picard rank 1 [GZ16].

3.1.2 Gamma class

Recall that a multiplicative characteristic class O is a characteristic class satisfies the condition
Oxxy = Ox¥y-

To such a characteristic class, there exists an associated formal power series Q(z) = Z;io bjz-i in
the variable z with the constant term b, = 1, see [HSB95]. Similarly, one can construct an additive
characteristic class by a formal power series which constant term is zero. In the sequel we consider the
product Q(z;)Q(z,) - - - Q(z;) which is symmetric in the variables z;, z,, . . ., zi, it can be expressed as a
formal power series in the symmetric functions p;, p,, . . ., p; of the variables, that is

QP P2 -+ Px) = 0(21)0(z5) -+ - O(2¢)-

Then if we choose p; = ¢;(X) for all 7, it would give a characteristic class Q for smooth projective
varieties X.
The Gamma class of a smooth projective variety or a complex manifold X is the cohomology class

n
Iy = 1_[ I'(+e;) € H(X,R)
i=1
where «(, a5, . . ., @, are the Chern roots of the tangent bundle 7X and I'(x) is Euler’s Gamma function,
which is

logT'(1+2z2))=-yz+ Z %]O(—Z)k
k=2

so that

2
o
2
where vy is Euler’s constant and (k) denotes the Riemann zeta function at k. The Gamma class is
explicitly given by the formula,

3
T(1+2)=1-yz+ (L@ +9%) 5 - (23) +3¢Q)y +7°) % T

Iy = exp (—ycl(X) + Z(—l)k(k - 1)!{(k)chk(TX)) :

k>2

The Gamma class can be also regarded as a square root of the Todd class (or A-class), using the familiar

identity
Z oz z/2 oz ( Z ) ( Z )
=2 (e S (1= 2.
1—e? ¢ Sinhz2) ¢ 2 2ni
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3.1 Gamma class and Gamma conjecture

Here the first term induces the Todd class tdy and the middle term induces the A-class. The first equality
thus implies
tdy = e Y2A(X).

As proposed by [Hal+15], one can define an alternative to the square root of the Todd class as below. We
write the following equation

exp(iA(z)) = e/*T (1 + Zim)

—Z

and solve it for A(z), and z is real. Then

A(z) = ImlogF(l + i)
2mi

WL0) (2 )2
:Im(ﬁ%*;(‘” T(ﬁ)) (.1

Yz Rk +1) ( z )2"“
e _pketE T D 2T
2n+k21( rr1 \2x

Since the constant term of the formal power series is zero, it can be used to define an additive characteristic
class Ay, called the log Gamma class. In the case of Calabi-Yau X, we obtain

£@3) £(5) 4]
- c3 +

2
(c5 —cyc3) — —)7(c7 —C3C4 — CyC5 +C5C3) + -+ .

Aw =
T oot an) 2

So the replacement for the square root of the Todd class tdy is thus a multiplicative characteristic class,

called the complex Gamma class,
I = \Jtdy exp(iAy).

Note that if we multiply each cohomology class of f;‘ﬁ in H (X) by (27ri)k/ 2, we would obtain the regular
Gamma class fX defined previously.

3.1.3 Hirzebruch-Riemann-Roch formula and the Mukai pairing

Recall the Chern character [Ful98] defines a ring homomorphism from the Grothendieck group to
cohomology
ch: K(X) - H"(X, Q).

Note that in general this map is neither injective nor surjective, even tensoring the left side with Q. There
is a natural bilinear pairing on the Grothendieck group K (X) given by the Euler characteristic

X (& F) = Z(—l)k dim Ext*(&, F),
k

for any class &,.# € K(X). Using the Hirzebruch-Riemann-Roch formula, the Euler characteristic
x (&, %) can be expressed as

(& F)=x(X, & © F) = f ch(&").ch(.%).tdy.
X
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For a smooth projective variety X over C, Hodge theory implies that there is a natural direct sum
decomposition
H"(X,C) = € H™(X)

ptq=n

with H”*? = H?P and H”9(X) = H9(X, QF). The Chern class and all characteristic class are classes of
type (p, p).
Definition 3.1. One defines the Mukai vector of a class & € K(X) as the cohomology class

V(&) = ch(&).AJtdy.

Note that the existence of the square root of the Todd class can be shown by a formal power series
calculation since the constant term of the Todd class tdy is 1 in H O(X, Q). Hence the induced map
combined with Hodge theory

v K(X) — @ H”P n H? (X, Q)

is additive. To define some duality of v € H" (X, C), there is a natural definition :

Definition 3.2. Given a vectorv = ) jVj € @ H (X, C), one defines the dual vector of v as
o= Zijvj e H (X, C).

One can easily check that this operation is multiplicative, that is, v"'.w" = (v.w)". With this notion we
have the following lemma

Lemma 3.3. With this duality it turns out that
tdy = tdy.exp(c;(X)).

Proof. This can be easily deduced from the splitting principle by taking tdy = [] %, and the
J
right hand side of the equality becomes

y (—a;)
tdy. exp(c; (X)) = ﬂ TC;JW.)- n exp(e;),
j

where a i j =1,2,... are the Chern roots of the tangent bundle of X. O

The Mukai pairing on H*(X, C) for a smooth project variety, introduced by Céldararu in [C&105], is
the quadratic form

vy :=fexp(cl(X)/2).(vV.v).
X
By the construction and the lemma, one can find out that for all &,.% € K(X), we have
Y(& F) = f ch(&").ch(.F).tdy
X

= fx (Ch(gv). tdx).(ch(ff)- tdx)
= (V(&), u(F))x.
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3.2 Numerical t-stability conditions

However, as observed by Iritani [Iri07; Iri09] and Katzarkov-Kontsevich-Pantev [KKPOS], to preserve
Hirzebruch-Riemann-Roch formula and the Mukai pairing, instead of the Mukai vector we could define a
map

UA (&) := ch(&).4/tdx. exp(iA),

where A satisfies A” = —A. Therefore, it turns out that
(UpA(E), up(F))x = f exp(c(X)/2).(p (&) up(F))
X
= ch(@‘")v.,/td .exp(—iA).ch(F) 4 [/tdy. exp(iA)
fx X - €Xp x - €Xp

= f ch(&").ch(F).tdy
X
= x(&, F).

We thus call such a map as a generalized twisted Mukai vector. Note that in the log Gamma class (3.1)
only odd power of z appear in the power series expansion, then A)V( = —Ay. Hence it can be used to
define a generalized twisted Mukai vector.

Now based on the study of Mirror symmetry and relevant phenomena, the Gamma class of a Calabi-Yau
3-fold X appeared in the computation of the mirror periods of hypergeometric functions by Candelas et
al. [Can+91]. Libgober showed [Lib99] that the physically relevant n-point correlation functions and
their derivatives had asymptotic expansions which are closed related to the Gamma class. Moreover,
Kontsevich’s homological mirror symmetry suggests that the monodromy of the Picard-Fuchs equation of
mirrors should be related to Aut(D(X)).

In order to fulfill those observations, one of the most important assumption is that the formula of the
central charge of the B-branes in the B-model in the large volume limit (Def. 2.15) should be modified by

Definition 3.4. In the large volume limit, the central charge of a B-brane E has the approximate expression
Z(E) = f e"BHO) cn(E) .y + 0()).
X

In other word, we should replace the square root of the Todd class by the Gamma class.

Bridgeland [BriO8] used the formula of the central charge of the B-branes to define the stability function,
or slope function, on the derived category of K3 surfaces. In the next subsection, we would apply the
ideas given in the section to study numerical stability conditions on triangulated categories.

3.2 Numerical t-stability conditions

In this section we would study the t-stability conditions on triangulated categories introduced by
A. L. Gorodentsev, S. A. Kuleshov and A. N. Rudakov in the work [GKR04]. We propose a concept
of numerical vectors in a Grothendieck group of an abelian category which may be used to construct a
numerical t-stability condition on the corresponding derived category. In the case of smooth projective
surfaces over C, we provide a strategy for constructing Bridgeland’s numerical stability conditions [Bri08]
from numerical t-stability conditions, and make a conjecture for higher dimensional projective varieties
over C.
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Chapter 3 Numerical Vectors and Numerical Stability Conditions

3.2.1 Numerical vectors

Let A be an abelian category, and recall that its Grothendieck group, denoted by K (A), is the abelian
group presented as having one generator [A] for each object A € A, with the relation [A] = [A"] + [A”']
for each short exact sequence

0-A -A->A">0

in A. We have the following useful identities in K(A).
(a) [0] =0.
(b) If A= A, then [A] = [A"].
(© [A"+A"] = [A']+[A"].

It is obvious that if two abelian categories are equivalent, their Grothendieck groups are naturally
isomorphic since both of them have the same representation by (b).

An additive function from A to an abelian group I' is a function f from the objects of A to I' so that
f(A) = f(A") + f(A") for each short exact sequence as above in A. The function [ ] : A — [A] from A
to K(A) defines an additive function which has the universal property as below.

a—L s ke
f/
r

It means that any additive function f from A to I induces a unique group homomorphism f’ : K(A) — '
such that f'([A]) = f(A) for each A € A. For more information on the K-theory, see textbook [Weil3].
Now we introduce a notion of additive vectors in the following.

Definition 3.5. An additive vector is an additive function from A to a finite dimensional graded vector
space @j V7 over a field k of characteristic 0, i.e.

n
v:iK(A) — PV
Jj=0
for some n € N and dimk(Vj) < oo for each j.
Suppose there exist a bilinear form on the Grothendieck group K (A)

() K(A)XKA) — k

and a quadratic form on the graded vector space

<,>:évf®é|l}vf—>k.
j=0 =0

Then we can make the following definition.
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3.2 Numerical t-stability conditions

Deﬁnition 3.6. A numerical vector with respect to ( ,) is an additive vector v from (K(A), (,)) to
(EB;L:O |ZR@ )) satisfying the equality

(E,F) = (v(E), v(F)),
forall E.F € K(A).

Example 3.7. In the case of the category of coherent sheaves on smooth projective varieties X over C,
there is a natural bilinear pairing on the Grothendieck group K (A) given by the Euler form

X (& F) = Z(—l)k dim Ext* (&, .7),
k

for all &,.# € K(A). Now taking the graded vector space to be the cohomology group H"* (X, Q), if we
choose the quadratic form to be

(@, B) = fxtdxu(a/v U B)

for all @, B € H*(X,Q), then the Chern character actually defines a numerical vector from K (A) to
H" (X, Q) with respect to the Euler characteristic due to Hirzebruch-Riemann-Roch formula

Y (& .F) = f ch(&").ch(.F).tdy
b
= (ch(&), ch(F)).
Example 3.8. The Mukai vector v and the generalized twisted Mukai vector v, also defines numerical

vectors from K (A) to H* (X, Q) (or H* (X, C) for v,) with respect to the Euler characteristic x(, ), if we
choose the quadratic form (, ) on H* (X, Q) (or H* (X, C)) to be the Mukai pairing (, )y:

(@, B)x = fX exp(c;(X)/2) U (@ U B)
foralla, B € H*(X,Q) or H'(X,C).
Example 3.9. We also can define a numerical vector with respect to the Euler characteristic y(,) to be
v K(A) > H (X, C)
for some A € H* (X, C) satisfying the condition A = A such that
vM(&) 1= ch(&).4[tdy. exp(A)
for each & € K(A) with the pairing
(@, B) = erXP(Cl(X)/Z -2A)U (2’ Up)

forall a, B € H* (X, C).

From above examples it turns out that in the category of coherent sheaves on smooth projective
varieties X, product of a numerical vector and exp(A) such that A" = —A induces the deformations of the

51



Chapter 3 Numerical Vectors and Numerical Stability Conditions

numerical vector within a fixed pairing on H*(X, C). In the case of A" = A, it also gives a deformation
of the quadratic form on H*(X, C).

3.2.2 Stability in abelian categories

To define stability in an abelian category A, we need a preorder on the objects of A such that the seesaw
property holds. Rudakov made an abstract definition [Rud97] as below.

Definition 3.10 ([Rud97]). A stability structure on an abelian category A is a preorder on the objects of
A such that for every short exact sequence 0 > A — B — C — 0 for non-zero objects, one of the three
conditions is satisfied:

(aA) Ak B A<Coe B<(;
b) A BoA>Co B>,
(c) AxBoAxCo B=xC.

This property is called the seesaw property. A non-zero object A € A is called semistable if B < A for
every non-zero subobject B C A.

Then we have the following consequences derived in [Rud97; Bri07].
Proposition 3.11 ([Rud97; BriO7]). Given a stability structure on an abelian category A.
(a) If A, B are semistable and A < B, then Hom(B, A) = 0.

(b) If A is weakly Artinian and finiteness of chains of factor objects, then for every object E € A,
there exist a unique Harder-Narasimhan filtration

O=FEycE C---CE,_|CE,=E
whose factors F; = E;/E;_, are semitable objects of A with

Fn<Fn_l<"‘<Fl.

Here weakly Artinian means that there are no infinite chain of subobjects in A
-+ CEyCE,CE

with E; < E, < E;5 < -- -, and finiteness of chains of factor objects means that there are no infinite chain
of quotients in A
El—»EZ—»E:)’—»"‘

with E| > E, > E5 > ---. Note that Rudakov used the condition “weakly Noetherian” rather than
finiteness of chains of factor objects. In the thesis it would be sufficient to consider such a bit stronger
conditions proposed by Bridgeland.

Proof. (a) Given a non-zero map f : E — F between semistable objects. Then by the short exact

sequences 0 — ker f - E — imf — 0 and 0 — imf — F — cokerf — 0 with the property of
semistability of E, F, we see that E < F. It follows that Harder-Narasimhan filtrations, if exist, are unique.
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(b) First note that every non-zero object 0 # E € A has a semistable subobject A C E with E < A. As
E is not semistable there exists a subobect 0 # E” C E with E < E’. Continuing the process we obtain
a chain of subobjects, then the condition of weakly Artinian implies that such a chain must terminate,
i.e. we get a semitable subobject. Similarly, every non-zero object of A has a semistable factor object
E — B with B < E by the assumption of finiteness of chains of factor objects.

To construct the Harder-Narasimhan filtration, we need the existence of a maximally destabilising
quotient (mdq) of non-zero objects. A mdq of a non-zero object 0 # E € A is a non-zero quotient
E - B such that (i) if E - B’ is a factor object for E then B < B, and (ii) as in (i) but B < B’ then the
quotient E - B’ factors through E - B - B’, so B’ is a factor object for B. Note that a semistable
object is just its mdq.

Choose a non-zero and not semistable object £ € A. Then we have a short exact sequence
0> A— E— E"— 0 with A semistable and E’ < E < A. Now suppose E’ - B is an mdq for E’. If
E - B’ with B” semistable and B’ < B then B’ < A which implies the non-existence of non-zero maps
between A and B’ by (a). Hence the quotient E - B’ factors through E - E’ - B’, which implies that
the induced factor object E - B is an mdq for E by condition (i) and (ii). Now repeating the argument
for E’, and so on, the assumption of finiteness of chains of factor objects implies that the process must
terminate. It turns out that every non-zero object of ‘A has an mdgq.

Consider a non-zero object E € A. If E is semistable then we are done. Otherwise, we have a short
exact sequence 0 - E’ - E — B — 0 with E -» B an mdq and E < E’. Given an mdq E’ -» B’
for E’, there are induced short exact sequences 0 - K — E "B -0,0K—>E—Q—0and
0 — B" - Q — B — 0. Since B is an mdq for E, the second short exact sequence and the condition (ii)
imply that B < Q and thus B” < B by the definition of a stability structure. Repeating the process for E’
and so on, we obtain a chain of subobjects of E

. CE'cCE'cE'=E
such that E° < E' < E* < --- and with semistable factor objects F i = EYETT By the assumption of
weakly Artinian, this chain must terminate eventually and gives a Harder-Narasimhan filtration of £. O

To define a suitable ordering we recall the following definition.

Definition 3.12 ([GKRO04]). Let A be an abelian category and K(A) be its Grothendieck group. A
linear independent system (x, X1, .. ., x,.) : K(A) — Z of additive functions is called positive if for all
non-zero A € A the conditions below hold:

Xo(A) > 0,
xo(A) =0 = x,(A) > 0,
xo(A) = x;(A) = 0= x,(A) > 0,

Xo(A) =+ =x,_(A) =0 = x,(A) > 0.

If xg(A) =--- = x,.(A) = 0 = A = 0 then the positive system is called exhaustive. Given a positive
system (x, . . ., X,.) on A, one can define the vector slope of an object A € A with respect to this system

is the vector

$(A) = (1, 18 (—x“‘ ),9 (—M) O (_ﬁ))
H,/—/ X Xg X
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T

where 0 (%) = Larccot (%) € (0,1], and s = min,{x;(A) # 0}.

The slope ordering on A is given by the prescription: A < B & ¢(A) < ¢(B) by the lexicographical
order. One can check that this slope ordering actually fulfills the seesaw property by comparing the
slope components. Note that an inequality between the slope components implies the same inequality
between the ratios x j/ x,, as the mediant (a + b)/(c + d) always lies between a/c and b/d with positive
denominators.

In the following we would provide a way to construct a positive system giving a vector slope ordering
on an abelian category A. We first make a definition below.

Definition 3.13. A slope function P,(A) € Z[t] is an additive polynomial with a finite degree over Z on
an abelian category A for an indeterminate ¢ such that the non-zero highest coefficient for every non-zero

A € A is always positive. Precisely,
n

P.(A) = Z at’

i=0
with the non-zero highest coefficient a, > 0 for all A € A. Note that n” and a; depend on A. Then the
exhaustive positive system is given by the vector (a,, a,_, . .., ag).

Proposition 3.14. Given such a slope function P, defined as above for an abelian category ‘A ordered
by the vector slope induced from P,, then A is weakly Artinian. Furthermore, if A is Noetherian, then ‘A
has finiteness of chains of factor objects, thus ‘A has the Harder-Narasimhan property.

Proof. Suppose there exists an infinite chain of subobjects in A

with £} < E; < E3 <---. Since P, is additive, it leads to deg(P,(E;)) > deg(P,(E;,,)) for E;,; C E,.
Thus for large enough j we have deg(Pt(Ej)) = deg(Pt(EjH)) =-...=dand ad(Ej) > ad(Ej+1) >
As ad(E_ 1') € N\ {0} for all j, this chain can not decrease infinitely, i.e.

ag(Eg) =ag(Egyy) =---=a
for some large enough s. Again by the additivity of P,, we have the following inequality
(a, ad—l(Es)’ ] Clo(ES)) > (aa ad-](Es+1)’ R aO(Es+l))

which thus implies £, > E, a contradiction.
For the second statement, given any infinite chain of factor objects of E = E|

each composite maps E - E; can fit into short exact sequences
0—-K;,>E—>E —0.

Then we have a chain
O0=L,cL,c---CE

and this chain must terminate since ‘A is Noetherian. ]
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Let us consider the category of coherent sheaves ‘A on a smooth projective variety X over C. Since the
category of coherent sheaves is Noetherian, what we need is to find a suitable slope function P, inducing
a (numerical) slope ordering.

Definition 3.15 (Numerical). Recall that the Euler characteristic y(,) defines a bilinear form on the
Grothendieck group K (X), and descends to a non-degenerate form y(,) on the numerical Grothendieck
group K(X)/K(X YA slope function P, is said to be numerical if it factors through some numerical
vectors, and the induced positive system is called numerical. Here a numerical slope function is allowed
to be in R[7] and the numerical positive system in R".

Choose an ample line bundle H on X of dimension r, then there is a natural numerical slope function
given by the Hilbert polynomial, if we use the twisted Riemann-Roch map as the numerical vector, that is,

V(&) 1= ch(&).tdy. exp(Ht)

for all & € K(X), and thus the slope function can be written as

P,(&) = deg(v(&)), = fX Y(E) = ¥ (X, EWD)).

Here the pairing for the twisted Riemann-Roch map is
@5) = [ expe,(00) Ut U @" U p)
X

for all @, B € H*(X, Q). Note that although this numerical function P, is in Q[], each coeficient has this
form a; € r; - N for some r; € Q. Hence it still satisfies the proposition 3.14. Similarly, if we choose the
twisted Chern character as our numerical vector

v(&) :=ch(&). exp(Ht)

for all & € K(X), and the slope function can be defined by

P 6) = deg (), = [ 76,

It also fulfills the proposition 3.14, thus both of them lead to numerical exhaustive positive system with
the Harder-Narasimhan property on the category of coherent sheaves A.
Motivated by above observations, we make the following definition.

Definition 3.16. Let A be an abelian category and K (A) its Grothendieck group. Suppose K (A) is a
ring and there exists a graded vector space @7:0 V7 over a field k with a product such that v' - v/ € V'*/

forallv' € V' and v’/ € V/. Assume a numerical vector v : K (A) — @;}:0 VVisa ring homomorphism.
If there is a trace map on the highest degree vector subspace
n .
Tr: V”—>kea-~-eak=2kt’,
7=0
then we define the numerical function corresponding to this numerical vector to be

P,(E) :=Tr(v(E))
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forall E € K(A).
To sum up, we recall the formal definition of stability data on A.

Definition 3.17 ([(GKRO04]). Suppose A be an abelian category, @ is a linearly ordered set, and an
extension closed subcategory Il, C A is given for all ¢ € ®. Stability data on A is a pair (P, {I;})
satisfies the following conditions

(a) Hom 4(I1y, I) = 0 for all ¢" > ¢
(b) each non-zero object E € A has a Harder-Narasimhan filtration
O0=E,CcE C---CE,_|CE,=E
with factors F; = E;/E;_; € H¢_,- and ¢; < ¢; foralli > j.

Therefore, one can see that the existence of a Harder-Narasimhan filtration is the weakest property. If
the stability data is induced by any numerical slope function on A, it is called numerical stability data on
A.

3.2.3 t-stability conditions

In this section we would recall some basic properties of t-stabilities we need for the next section. First we
give the main definition of t-stability.

Definition 3.18 ({GKRO04]). Let 7 be a triangulated category, ® be a linearly ordered set, and a strictly
full extension closed subcategory I, C 7" is given for all ¢ € ®. A r-stability on 7" is a pair (@, {I1,})
satisfies the following conditions

(a) H¢[1] = HT(¢) with 7(¢) > ¢ for a bijection T € Aut®;
(b) Hom(IT,, IT,4~[k]) = O for all ¢" > ¢” and k < 0;

(c) each non-zero object E € 7 has a Harder-Narasimhan filtration

~

> E, | ——— E, = E

with A; € H¢j for all j, and strictly decreasing ¢; > ¢;.,.

The factors A; are called the semistable factors of E, and the categories H(/,i are called the semistable
subcategories of the t-stability. '

Lemma 3.19 ((GKR04, Lemma 3.2]). Let (F, F ) be a bounded t-structure on a triangulated category
7. Then the extension closed subcategories 11; := Ali] = F[i]N F1+14] give a t-stability (Z, {11;};c7)
on the category T .
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Proof. By the definition of a t-structure (see Def. 2.20), it is obvious that Hom(I1,, Hj[k]) = 0 for all
i > jand k < 0. Here we use the formula I1;[1] = IT,, ;. Now since the t-structure is bounded, for any
non-zero object E € 7 there exist two integers n, (E) > n_(E) such that

Hom(E,F*[n]) =0 forn+1 < n_(E)
Hom(¥ [n],E) =0 forn > n, (E).

There exists a distinguished triangle

Ay (E)

such that A, (g, € FLn_(E)+1]and E' € F[n_(E) + 1]. Since A, (g) € F[n_(E)], we conclude
that A, gy € 11, (g By repeating the process for E " and so on, we then obtain a Harder-Narasimhan
filtration. o

We also need the following technical property which allows us to glue some filtrations together.

Proposition 3.20 ((GKRO04, Proposition 4.3]). Let (Ay, Ay, ..., A,) be factors of a non-zero object
E and (B;, B;y, ..., B; ) be factors of the factor A;. Then E has a filtration with factor objects
(BO’O, e BO,mo’ Big, - Bl’ml, ces By ees Bn’mn ). The converse statement also holds.

Proof. (Sketch) Using the composite of morphisms and the octahedron axiom to construct the necessary
distinguished triangles. m|

By the previous lemma and this technical property, we obtain the following property relating t-stability
on a triangulated category 7 and stability data on its heart A of a bounded t-structure.

Proposition 3.21 ([GKRO04, Proposition 3.3]). Let (O, {H¢}) be stability data on the heart A of a
bounded t-structure on a triangulated category T. Choose the lexicographical ordering on the set Z X @,
then the pair (Z X ®,11,[i]) gives a t-stability on the triangulated category T . |

If a t-stability on a triangulated category 7 is induced by a numerical stability data on its heart A of a
bounded t-structure of 7, then such a t-stability is called numerical. In Lemma 3.19, it shows that each
bounded t-structure on a triangulated category induces a t-stability on it.

Conversely, any t-structure indeed leads to a set of associated t-structures.

Proposition 3.22 ((GKR04, Lemma 5.1]). Let (D, {IL;}) be a t-stability on a triangulated category T .
Suppose ® = ®_ U O is an arbitrary decomposition such ®, + 0 and ¢_ < ¢, forall ¢_ € O_ and
¢, € O,. Then the subcategories

F = (,l¢ € D,)
Fh=(lylg € D)

give a t-structure on T .

Proof. (Sketch) Directly check the definition of t-structure and use above technical proposition to construct
the required distinguished triangles. m|

For more details on t-stabilities on triangulated categories, see the original work [GKR04].
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3.2.4 Stability conditions on surfaces

This section would contain a construction of Bridgeland’s numerical stability conditions from a numerical
t-stability on a bounded derived category of a smooth projective surface X. More precisely, to construct a
central charge, or slope function in the sense of Bridgeland’ stability conditions, by tilting the heart of a
bounded t-structure of the derived category D(X) to reduce the length of a numerical exhaustive positive
system induced by a numerical slope function in a numerical t-stability.

First we write down the explicit definition of numerical t-stability condition discussed previously.

Definition 3.23. Let 7 be a triangulated category, P, : K(7)/K(T )X — R[f] a numerical (slope)
function of degree n with respect to a numerical vector and a bilinear form on K(7), and a strictly full
extension closed subcategory I1,[i] € 7 given for all (i, ¢) € Z X ®. A numerical t-stability on T is a
pair (Z X @, {H¢ [1}) satisfies the following conditions

(@) TI,[1] = I, (4 with 7(¢) > ¢ for a bijection T € Aut®;
(b) Hom(IT,, IT,~[k]) = O for all ¢" > ¢” and k < 0;

(c) each non-zero object E € 7 has a Harder-Narasimhan filtration

0:E0 >E1 >E2

3

L

=
Il
el

with A; € H¢j for all j, and strictly decreasing ¢; > ¢;,;. ® (E) := ¢,, and O (E) := ¢,

The factors A ; are called the numerical semistable factors of E, and the categories H¢_ are called the
J
numerical semistable subcategories of the numerical t-stability.

Here the linear order set @ is induced by the numerical function P, on K(7") defined below.

Definition 3.24. Given a numerical function P, : K(7)/K(T )* — R[7] on the Grothendieck group
K (77) such that it can be written down as the form

n

i n+l1

P, = Zait =(a,,a,_1,...,ay) ER"".
i=0

For any k € Z the non-zero leading coefficient of P,([A,;]) for an object [A,;] € K(7), Ay € 1, [2k],
is positive, i.e. a,,([A,;]) > 0 for m = max,{a;([A,;]) # 0}. Then the vector slope with respect to P, is

the vector
¢([A2k])= 17'-'71’0(_am_1)70(_M)’~'~’0(_&) s
v m m
1

where 0 (%) = —arccot (’y—‘) € (0,1]. As a,,([Az41]) < 0, the vector slope is the vector

¢<[A2k+l]>=(2,...,2,9(_%—1),9(_am-z),...,e(_@)),
—— am am am

n-m+1
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3.2 Numerical t-stability conditions

where 6 (%) = Larccot ( ) € (1,2]. Then the slope ordering is given by the relation

x v
Ay < B, © ¢(A) +k < ¢(B)) +1.

The bijection 7 € Aut® is definedby 7¢ :=¢p+1=(0,+1,6,_; +1,...,05+1).

Compared with the definition of Bridgeland’s stability conditions (Def. 2.18) or numerical stability
conditions [Bri08], the central charge Z : K(7 ) — C s a special numerical slope function P, of degree 1,
that is, P, = Im(Z)t — Re(Z). Thus Bridgeland’s stability conditions become a special case of t-stability
conditions with numerical slope functions of degree 1 on triangulated categories.

Let X be a nonsingular projective variety and D(X) be its bounded derived category of coherent
sheaves, we have the following theorem.

Theorem 3.25. Given a derived category D(X) of a smooth projective variety X over C, the numerical
slope function

P,(E) := deg(v(E)), = f v(E)
X
corresponding to the numerical vector
v(E) := ch(E).exp(Ht),

for all E € K(X) and ample classes H, determines a numerical t-stability condition on D(X).

Proof. Since this slope function induces a exhaustive positive system on the category of coherent
sheaves A by Grothendieck-Riemann-Roch theorem, and A is Noetherian, this positive system has the
Harder-Narasimhan property and thus defines stability data on A. Hence it leads to a numerical t-stability
condition on the derived category D(X). m|

In a bounded derived category D(X) of coherent sheaves of a smooth projective variety X, there is a
natural numerical t-stability condition induced by the numerical slope function P, with respect to the
Chern character and the Euler characteristic. It then is natural expect that there also exists a numerical
slope function P, of degree 1 inducing the relevant numerical t-stability condition on D(X).

Conjecture 3.26. In a bounded derived category D(X) for any smooth projective variety X, there always
exist a numerical function of degree 1 with respect to the Euler characteristic generating a numerical
t-stability or Bridgeland’s stability condition on D(X).

In the case of algebraic curves, it is automatically fulfilled. See [Mac07; Mac04; Oka04; GKR04] for
the full study of stability conditions on curves.

Let us turn to the derived categories of smooth projective surfaces. Suppose X is a smooth projective
surface and K (X) is its Grothendieck group. The numerical vector with respect to the category of
coherent sheaves is a twisted Chern character defined by v(E) := ch(E). exp(Ht) for all E € K(X) and
H an ample line bundle on X, then the corresponding numerical function can be expressed as

1 1
P,(E) = deg(v(E)), = fX V(E) = (ir(E)Hz, ¢(E).H. 5 (c)(B)* - 2c2(E))) .

Here r(E) is the rank of E, ¢|(E) and ¢, (E) are the first and second Chern classes of E, respectively. One
can easily check that P, defines a numerical exhaustive positive system @ since the rank of any torsion-free
sheaf is positive, ¢;(E).H > 0 for any torsion sheaf with the support on a curve and —c,(E) > 0O for
torsion sheaves in dimension O.
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To construct the heart of a bounded t-structure on D(X) we recall a very useful method of tilting
introduced by D. Happel, I. Reiten and S. Smalg [HRS96].

Definition 3.27. A pair of full subcategories (7, ) of A is called a torsion pair in an abelian category
Aif Hom 4(T,F) =0forallT € 7 and F € ¥, such that every object E € ‘A has a short exact sequence

0->T—->E—->F->0

for some pair of objects T € 7 and F € F.
Here the objects of 7 and ¥ are called torsion and torsion-free, respectively.

Proposition 3.28 ([HRS96, Proposition 2.1]). Let A be the heart of a bounded t-structure on a
triangulated category D. Given an object E € D let H' (E) € A denote the ith cohomology of E with
respect to this t-structure. Suppose (7", F) is a torsion pair in A. Then the full subcategory

At = {E eD|H(E)=0fori¢{-1,0, H'(E) € ¥ and H*(E) € 'r}

is the heart of another bounded t-structure on D. |

First note that the vector (cl.H, % (cf - 2c2)) provide a positive system on torsion sheaves, so it is
natural to consider a tilting of torsion-free sheaves in the category of coherent sheaves A. Recall that
given a ample divisor of X, the slope py (E) of a torsion-free sheaf E on X is defined by the quotient

c(E).H

uy(E) = (E)

such that each torsion-free sheaf E on X has a unique Harder-Narasimhan filtration
OcEycE C---CE,=FE

which factors F; = E;/E;_; are ug-semistable torsion-free sheaves with pg (F;) > ug(F,) > -+ >
uy (F,). A torsion-free sheaf E is said to be pp-semisimple if ugy(F) < ugy(E) for any subsheaf
0 # F C E (see [Rud97], or textbooks [Fri98; HL10]). We thus can define a torsion pair as

7 = {torsion sheaves} U {E € A | uy (F;) > 0 for all i},
F ={E e A| uy(F; <0 forall i},

and the tilted category with respect to such a torsion pair would be the abelian category
AP = (F[1),7).

We still need the Hodge Index Theorem (see [Har77; GH94]) and Bogomolov-Gieseker Inequality
(see [Gie79; Fri98; HL.10]) to built necessary slope functions on A*

Theorem 3.29 (Hodge Index). Let H be an ample divisor on the surface X, and suppose D # 0 is a
divisor with D.H = 0, then D.D < 0.

Theorem 3.30 (Bogomolov-Gieseker Inequality). Let X be a n-dimensional smooth projective variety
over C and H be an ample divisor on X. For any torsion-free py-semistable sheaf E, we have the
following inequality

H".(2r(E)e,(E) = (r(E) - D¢y (E)?) 2 0.

60



3.2 Numerical t-stability conditions

Then we obtain a set of numerical slope functions on D(X) as below.

Proposition 3.31. Let A* be the tilted subcategory of D(X) as above. Then we have a set of numerical
slope function of degree 1 inducing numerical t-stability or Bridgeland’s stability conditions which can
be expressed as

[
P = (CI.H, 3 (cf = 2¢,) - m)
forany @ > 0 € R and H is R-ample.

Proof. In the case of any torsion sheaf E supported on a curve, ¢;(E).H > 0 since ¢ (E) is effective
and for every torsion-free 1 -semistable sheaf E with ug (E) > 0, ¢|(E).H =r(E)ug(E) > 0. If E is
supported in dimension 0, —¢,(E) > 0 by the Grothendieck-Riemann-Roch theorem. Moreover, if E is
torsion-free with ug (E) < 0, then P,/ (E[1]) = =Py (E) so that ¢;(E[1]).H > 0.

Finally, if uy (E) = O for a torsion-free g -semistable sheaf E on X, by the Bogomolov-Gieseker
Inequality and Hodge Index theorem implying ¢, (E )? < 0 we obtain

¢ (E)* = 2¢,(E) = @ (2r(E)ey(E) = (r(E) = D)e, (E)) +

2
QB =0

It turns out that — (cl (E)2 - 2c2(E)) + 2r(E)a > 0 as we require. The only thing we need to check is
the existence of the Hader-Narasimhan property which would be discussed in the next lemma.

Lemma 3.32 ([Bri08, Proposition 7.1]). Given a numerical slope function P, = Z?z_ol a;t" with respect to

the Euler characteristic on the tilted subcategory At c D(X) of a n-dimensional non-singular projective
variety X as before such that H is Q-ample, A* then has the Harder-Narasimhan property.

Proof. First by Prop. 3.14 A s weakly Artinian so the non-trivial part is the finiteness of chains of
factor objects. Suppose we have a chain of epimorphisms

with E; > E; , for alli and a,_,(E;) > a,_;(E;,;). Since the value of a,,_; is discrete, there exists a
minimal value of a,,_; (E;) for some j. So we can assume thata,_,(E;) = a,_;(E;,,) for all j. Moreover,
there are epimorphisms of cohomolgiy sheaves by taking long exact sequences in cohomology

HY(Ey) » HY(E|) » H(E,) > ---

This chain must terminate as the category of coherent sheaves is Noetherian, so H(E;) = H(E;, ;) = -- -
for large enough i. So one can assume HO(E) = HO(El-) for all i. Now consider these short exact
sequences 0 — L; — E — E; — 0 which induce a chain

OcLicL,c---CE

with each a,,_;(L;) = 0, thus an_l(HO(Li)) =0.IfL; = L;,; = --- for large enough j, then we are
done. Similarly there are morphisms of sheaves by taking cohomology sheaves

0OcH'(L)cH YLy c---c H'(E).

This chain also terminates thus we can assume H ™' (L) = H_I(LM) for all i. Since a,,_, (HO(Li)) =0,
H O(Li) is a torsion sheaf supported in at least codimension 2 and thus H 0(Ll-) CH 0(Ll- +1)- Again by the
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short exact sequences 0 —» L; — E — E; — 0, they give us the long exact sequences
0-H L) > HYE) > HYE,) - H(L;) - 0.

Since H™! (L;) = H! (L;,y) for all i, the images of the middle morphisms in H! (E;) for all i are the
same denoted by Q. Thus there is a short exact sequence of sheaves

0-Q—H'(E)—H'(L,)—0

for all i. Moreover, Q and H -l (E;) are torsion-free sheaves, and H 0(Ll») is a torsion sheaf supported in at
least codimension 2. It turns out that the chain

HYE)cH Y (E)c---co”

also terminates and thus H_l(Ej) = H_I(E_Hl) for large enough j. This proves that HO(Lj) = HO(L_I.H)
and hence L; = L;, for large enough ;. |

For the general case of R-ample H on the non-singular projective surface X, the existence of
Harder-Narasimhan filtration can be deduced by continuity and the structure of the space of stability
conditions. Indeed, the argument in [Bri07, §6 & 7] implies the deformation theory which says that
there is a local homeomorphism 7 : £ — V(X) which sends a stability condition to its slope function,
where X is a connected component in the space of stability conditions and V(X) is the subspace of
Hom, (K (X)/K(X )4, C ~ Rz) with a well-defined linear topology induced by the generalised norm

\U(E)|
|Z(E)|

||U||(P’H) :sup{ :0¢E€H¢ V¢€CD} € [0, o0].

In order to make the deformation effective, we need full stability conditions introduced in [Bri08], that
is |Ullp,1y < oo forany U € HomZ(K(X)/K(X)l, C), which is equivalent to the support property
introduced in [KS08]. The quadratic form constructed in [MS16, Theorem 6.13] would give the support
property we need and this is explained in detail in [MS16, §5 & 6]. |

Moreover, on the nonsingular projective surface X we can consider the numerical vector of the type

2 2
v(E) := ch(E).exp((H—ﬁ)t— (H)” B )

2 om?
for any 8 € H*(X,R) with [ B = B. and the corresponding numerical slope function is

L2 g
Pf = (CI.H —rp, 3 (Cl - 202) - rﬁ)

Instead of Hodge Index Theorem we use the following corollary of Hodge Index theorem on smooth
projective surfaces.

Corollary 3.33. If H is an ample divisor on a smooth projective surface X, and if D is any divisor, then
we have the inequality (DZ)(HZ) < (D.H)z.

Proof. Choose adivisor of the formaD+bH witha = H andb=D.H , which implies (aD+bH).H = 0.
So (aD + bH)2 < 0 by Hodge Index theorem and it turns out that aD? + b* - 2(D.H)2 < 0. Hence we
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obtain (D*)(H?) - (D.H)* < 0. O
Now we choose the torsion pair to be

7 = {torsion sheaves} U {E € A | uy (F;) > B forall i},
F ={Ee€A|puy(F,) < Bforalli}.

Then it turns out that for any torsion-free sheaf E with the property uy (E) = 5, we obtain

2
-1
1 (E)* = 2¢,(E) - r(E)% = — (2r(E)ey(E) - (r(E) - )¢, (E)?)

 r(E)
2 52
(cl (E)* - %) <0.

Here the inequality of the second term in the middle is given as

+ [
r(E)

(c1(E)*)(H?) = (r(E)B)* = (c{(E)*)(H?) — (¢ (E).H)* < 0

by the corollary. Hence the numerical slope function Pf defines a positive system on the tiled category
A* and induce a numerical t-stability of degree 1 on D(X). Combined with the proposition 3.31 we can
form a more general set of numerical functions on any nonsingular projective surface.

Proposition 3.34. Let A* be the tilted subcategory of D(X) as above. Then we have a set of numerical
slope function of degree 1 inducing numerical t-stability or Bridgeland’s stability conditions which can

be expressed as
PW,‘E = cl.H+rﬁ,—(cl—202)—r — tall.

forany @ >0 €eR, B € Rand H is R-ample.

Proof. Fist assume § and H are rational classes the value of leading coefficient of Pf,'ﬁ is discrete, then
we have the Harder-Narasimhan property implying the stability conditions. For general cases, by using
Bridgeland’s deformation theory we can extend stability conditions from rational to real classes. O

Note that this type of numerical slope functions can be expressed as
~ Ht
Pf,’ﬁ(E) = f exp|(H + )t — —— — — — a|.ch(E),
X 2 2H

~ 2 2
where @ € H4(X, R) with the property fX & =a>0and v =exp ((H + B)t — % - % - &) .ch(E)

is the corresponding numerical vector. If we put# = —i = —V—1 and time Pf,’ﬁ with additional —1, it
leads to the familiar form

28) = PP = - |

o m HB
Xexp (—z(H + B) + 5 - ﬁ - a) .ch(E),

~ 2 2
which is similar to the stability functions or central charges without the class —i 5 + HT - 2'3? —@on

smooth projective surfaces constructed in [Bri0O8; AB13]. Due to the existence of the class in H4(X ,0),
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we obtain a more general set of stability functions on the bounded derived category of coherent sheaves
on any smooth projective surface.

Finally, let us turn to the numerical slope functions corresponding to the central charge of B-branes in
the B-model given by the generalized twisted Mukai vector

UAX(E) :=ch(E).{/tdx.exp(iAx),

where Ay satisfies A)V( = —Ay in (3.1). On any non-singular projective surface X, the square of the Todd
class would be written as

1 1 1,

\tdy = (1, 761 (X), ﬁcz(X) + Yl (X))
and the log Gamma class can be written as
Y
Ay = (O, —c(X), 0)
X 2n 1 (X)

where v is the Euler number. First consider the numerical vector v = exp(—f — iH).ch(E).q/tdy with
peH 2(X,R) and H is R-ample, then the corresponding central charge can be written as

r(E)
4

Im(Z(E)) =H (cl(E) + c(X) - r(E)ﬁ),

r(E)
24

1 1 1
Re(Z(E)) =- (E(CI(E)2 -2¢,(E)) + (cz(X) + ZCI(X)z) + ZCI(E)Cl(X)

r(E)

)

E
- 1)~ e+ “Paw))

1 E 2
) ((Cl(E) + r(4 )cl(X) - r(E)ﬂ) - (cl(E)2 - r(E) (CI(E)2 - 262(E>))

r(E)*
n

r(E)*
24

e (X)* + (X) - r(E>2H2),

for any E € K(X). Here the second equality of ReZ(FE) only holds for each torsion-free sheaf. This time
we define the torsion pair by

g~ = {torsion sheaves} U {E ceA|uy(F,)) >H (%cl(X) — ,8) for all i},
F = {E eA|uy(F) <H (él_lcl(x) - ﬁ) for alli}.

As before ImZ(E) is always positive for any torsion sheaf E supported on curves and -ReZ(FE)
do so for any torsion sheaf E supported in dimension 0. For each ug-semistable sheaf E with
uy(F)=H (%CI(X) - ,B), ie H (cl(E) + r(f)cl(X) - r(E),B) = 0, we have the inequalities

(cl(E) + r(f)

= (c1(E)’ = r(E) (¢ (E)’ = 2¢,(E))) <0

2
e (X) - r(E)ﬁ’) <0,
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by Hodge Index Theorem and Bogomolov-Gieseker Inequality. Then ReZ(E) would be positive if it
fulfills the following inequality

1 2 | 2
—ﬁCI(X) +EC2(X)—H <0

Interpreting ¢, (X) as the topological Euler number y and c¢;(X) the anti-canonical divisor —K yields

1 1,
H?>> —y- —K°.
X T

In the case of K3 surfaces, y = 24 and K = 0, it turns out that H 2> 2as proposed by Bridgeland [BriOS8].

Corollary 3.35. The (old) central charges of B-branes in the B-model of the form

Z(E) = - fX ¢ PO Ch(E).\[tdy

with B € H 2(X,R) and w is R-ample induce Bridgeland’s stability conditions on any smooth projective

o 2 1 1 2
surfaces X iff w* > 5 x — 57K

Replacement of the square root of the Todd class by the Gamma class can be viewed as a deformation
of the ample divisor H by the canonical divisor K, that is, H — H' := H + (y/2m)K. If H' is also
(R-)ample, then the previous corollary implies the Bridgeland’s stability on smooth projective surfaces.
To prove the ampleness of H', we use the Mori’s Cone theorem and Kleiman’s Ampleness criterion (see
the book [KM98]) :

Theorem 3.36 (Cone Theorem). Let X be a non-singular projective variety. For any € > 0, and ample

divisor H,

<o

NE(X) = NE(X)g,ems0 + ) | RsolC]
i=1

where C; is a rational curve such that 0 < —(C;.K) < dim X + 1.

Theorem 3.37 (Kleiman’s Ampleness criterion). Let X be a projective variety and D is an R-divisor.
Then D is ample if and only if L
D., > NE(X)\ {0},

Thus the only thing we need to check is that H'.C; > 0 for all i < oo, i.e.
H.C, > - (-K.C)).
1 271_ 1
This inequality holds as H is ample, H.C; > 1,and (-K.C;) <2 +1,

H.C>1>3y

y
s Y (-k.C).
vt 7r_27r( i)

Then we obtain the following corollary.

Corollary 3.38. The central charges of B-branes in the B-model of the form

Z(E) = — f ¢ BHO) ch(E).Ty
X
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with B € H 2(X, R) and w is ample induce Bridgeland’s stability conditions on any smooth projective
surfaces X if w? > % X - ﬁKz. Moreover, if w is Q-ample such that mw is ample for some m, then

0<m< %—;r and if w is R-ample then w.C; > ;—Zfor alli.

Remark 3.39. For any 3-dimensional non-singular variety, in order to prove the existence of Bridgeland’s
stability conditions we need some Bogomolov-Gieseker type inequalities involving c; conjectured by
A. Bayer, E. Macri and Y. Toda [BMT14]. This conjectural inequality has been proved in some special
cases, e.q. p3 [BMT14], abelian 3-folds [BMS14] and Fano 3-folds of Picard number 1 [Lil5].

3.3 Cohomological Fourier-Mukai transforms

Let X be a n-dimensional non-singular variety over C. Mukai vector is a ring homomorphism from the
Grothendieck group K (X) to the cohomology group H* (X, Q) with the Mukai pairing which preserves the
Hirzebruch-Riemann-Roch formula, i.e. sending the Euler characteristic to a quadratic form. Furthermore,
in general Mukai vector commutes with the Fourier-Mukai transform on K-groups and cohomology
groups. However, as discussed in § 3.2.1, Mukai vector can be viewed as a special numerical vector, or
generalized twisted Mukai vector. In the following, we would show that generalized twisted Mukai vectors
indeed play similar roles as what Mukai vectors do and share similar properties. A much more thorough
exposition of Fourier-Mukai transforms is contained in the book [Huy06], or see another [BBHO09].

3.3.1 Integral functors and Fourier-Mukai transforms

Let X and Y be non-singular projective varieties over C, and the projections of the Cartesian product
X X Y onto two factors X, Y are denoted by ¢, p respectively. Precisely,

g: XXY— X and P: XXY —Y.

Definition 3.40. Let # be an object in the bounded derived category D(X X Y). The induced infegral
functor is the functor

®, : D(X) — D(Y)
E — p.(d°E ®P).

The object # is called the kernel of the integral functor. If @4 is an equivalence, it is called a
Fourier-Mukai transform and X and Y are called Fourier-Mukai partners.

Here, p.,q", and ® denote the derived functors between the derived categories. ¢" is the regular
pull-back if ¢ is flat, and ®% is the regular tensor product as P is a complex of locally free sheaves. Note
that p,, ¢*, and ® are exact functors, thus @, is exact.

Moreover, there is a deep relation between arbitrary functors and Fourier-Mukai type is given by the
following theorem of Orlov.

Theorem 3.41 (Orlov). Let X and Y be two non-singular projective varieties, and a fully faithful exact
functor between their bounded derived categories be

F:D(X) — D(Y).

Suppose F admits left and right adjoint functors, then there exists an object P € D(X X Y) unique up to
isomorphism such that F is isomorphic to ®p, i.e. F =~ ®yp.
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3.3 Cohomological Fourier-Mukai transforms

Proof. See the original Orlov’s work [Orl97] for the highly non-trivial proof of the statement, and
a generalization to the case of smooth stacks due to Kawamata [Kaw04]. Note that the proof uses
the Postnikov systems which are also used to construct the Harder-Narasimhan filtrations of stability
conditions on the derived category discussed in last section. |

Let us give a natural map from the derived category to the Grothendieck group of X already used
implicitly in last section. Let F* be a bounded complex of coherent sheaves ', we define the element

[F°]:= > (-D[F']
in the Grothendieck group K(X). The ring structure on K (X) is defined by
[E1][65] =18 ® &,

for locally free sheaves &;, since any coherent sheaf on the smooth projective variety X has a finite locally
free resolution. Thus we define the map

[]1:D(X) — K(X),
F* o [F1= ) (-DF]
which satisfies [F°[k]] = (- 1)*[F*] and (AR 1=[F"1+[FH]

For any morphism f : X — Y, the induced pull-back f* : K(Y) — K(X) is a ring homomorphism.
For any coherent sheaf ¥ on X, and f is assumed to be projective, we define the generalized direct image

AIFL:= D (DR £(F))

which is a group homomorphism from K(X) to K(Y). Note that both maps are compatible with derived
pull-back and derived direct image.

Then one can define the K-theoretic Fourier-Mukai transform as

OF  K(X) — K(Y)
F+— p(q" (F)®E),
for the kernel E € K(X X Y). Moreover the two Fourier-Mukai transforms are compatible, that is,

commute in the following digram.

D(X) —2Z 3 D(Y)

| [

K(X) —— K(¥)

)
Now we consider the complex cohomology group H* (X, C) which has a natural ring structure. Any

morphism f : X — Y induces a ring homomorphism f* : H*(X,C) — H"(Y,C) and if X and Y are
compact and connected, one can define the dual map

£ H(X,C) — H*+2dim(Y)—2dim(X)(Y’ o)
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using the Poincaré duality H "(X,C)~H 2dim(X)—i

f.(fa.p).

Thus the cohomological Fourier-Mukai transform is defined as

(X, C)". The two maps satisfies the projective formula

0" . H*(X,C) — H*(Y,C)
B p.(q" B.a),

for the kernel @ € H*(X,C). To pass from the Grothendieck group K (X) to the cohomology group
H*(X,C), we would use the numerical vector, generalized twisted Mukai vector defined in § 3.2.1,

vy K(X) — H*(X,C),

by setting
Up(E®) := ch(&E®).4/tdy. exp(A),

where A € H*(X, C) satisfies A" = —A and &° := [£°]. To prove the compatibility of two Fourier-Mukai
transforms, the main theorem we need is the Grothendieck-Riemann-Roch formula, see [Ful98].

Theorem 3.42 (Grothendieck-Riemann-Roch). Let f : X — Y be a smooth projective morphism of
nonsingular projective varieties. Then for any E € K(X) one has

ch(f,(E)).tdy = f.(ch(E).tdy).

3.3.2 Basic properties
We obtain the immediate corollary of compatibility of Fourier-Mukai maps.

Corollary 3.43. Let E be an object of the Grothendieck group K(X X Y). Then
O}, () Wx(F) = vy (PE(F))

forany F € K(X). Its means that we have the following commuting diagram

KX — k)

H*(X,C) —— H"(¥,0).

vevy )

Here vy, vy and vy vy are defined by
Ux (F) := ch(F).\/tdx.exp(Ax),
vy (F) := ch(F).{/tdy. exp(Ay),
Uyvy (F) := ch(F).4[/tdxyy.q" exp(—~Ax).p" exp(Ay).

Proof. Since any Fourier-Mukai transform is the composition of three exact functors ¢, ®P, and p,, the
statement is equivalent to the commutativity of the diagrams
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3.3 Cohomological Fourier-Mukai transforms

KX) — L s K(XxY) —E 5 K(XxY) — 5 K(¥)

le lvx.(p*\/tdy)l lvy.q* tdx luy

H (X) — H (X XY) o H* (X XY) —— H*(Y).

The commutativity is deduced from the projective formula and the Grothendieck-Riemann-Roch formula.
O

Remark 3.44. In general the Chern character does not commute with the Fourier-Mukai transform on
K-theory and cohomolgy. On the other hand, for the Chern character and the Riemann-Roch vector vgg,
we have the relation

q)II;IRR(E) (ch(F)) = vgr ((DE(F))

by the commutativity of the diagram below

KX) —L 3 k(X xY) —E 3 K(X xY) ——% K(Y)

Here the Riemann-Roch vector is defined by vgg (F) := ch(F).tdy. Similarly. we also have the following
equality
q)glq(E) (vgr(F)) =ch (CDIE(F)) X

by the diagram

KX) — L s k(X x¥) —E 5 K(XXY) — 5 K(¥)

URR\L l"RR-(P*tdY)_I lURR-(P*tdY)_I lch

H'(X) — H* (X XY) —— H'(X xY) —— H'(Y).

.ch(E)

By the same method, we obtain
H K
Pop(e).q71ay (CHF)) = ch ((DE (F)) -

Proposition 3.45. Let X, Y, and Z be nonsingular projective varieties over C, @, : D(X) — D(Y) and
Dy, : DY) — D(Z) be two Fourier-Mukai transforms. Denote by nyy, nty and ny; the projections from
XXYXZtoX XY, YXZand X X Z, respectively. Suppose ®g : D(X) — D(Z) is their composition,
ie. Dy =Dy o Dp, where R € D(X X Z) is defined by

Then
H - H H
Dyv,®) =Py @ ° Puyu P
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Proof. We denote the projections from X X Z to X and Z by s and r, from Y X Zto Y and Z by u and ¢,
respectively. For any cohomology class g € H*(X, C), it turns out that

Ol (B) = 1. (5" (B)ch (myz. (Tiey P @ 77,@) \fidyr 5" xp(=Ax)r” exp(Az)
=r, (s*(ﬁ).nxz* (ﬂ;yCh(P).ﬂ;ZCh(Q)-ﬂ-;k(yp*»‘/tdy.ﬂ';zu*»‘,tdy.

Txy (1 [tdys .8 exp(—Ay).r" exp(AZ))))
=r, (nXZ* (ﬂ;zs*(ﬂ).ﬂ';y (ch(SD). tdy,y-q" exp(—Ax).p" exp(AY)) )
7y (ch(Q). tdy, " exp(—Ay) 1" exp(Az))))
=r, (ﬂxz* (ﬂ';(y (q*(ﬂ),vaY(P)) Tyy (UY\/Z(Q))))
=1, (ﬂYZ* (ﬂ;(Y (q*(ﬁ)-UXVY(P))) -UYVZ(Q))
=1, (" (p. (4 (B).vxy (P))) vy,(Q) (+)
= (D{fyvz(a) ° @5XVY(¢>)(ﬁ)-

Note in the equality (x) we use mry,, o Tyy = u" o p, by flat base change, see [Har77]. i

Proposition 3.46. Suppose ®y : D(X) — D(Y) is an equivalence of the bounded derived categories,
then the induced cohomological Fourier-Mukai transform is a bijection of complex cohomology group,
ie. @vay(P) : H*(X,C) ~ H*(Y,C).

Proof. Consider the diagonal embedding ¢ : X ~ A < X xX. Itis sufficient to prove that be Vo0, =1d,
XX oA

since O, € D(X x X) is the only object inducing the identity Fourier-Mukai transform, and by the
previous proposition we obtain (DUHYVX(PR) o d)fxvy(?) ~ q)vHXvX(OA) =id, and d)fxvy(p) o d)fYVX(PR) ~
d)fy V(0 = id for P := P’ ® ¢"wy[dim X] with the canonical sheaf wy. Then, we have
* * _1
Uyvx(0,) = ch(0,).tdy,x.q" exp(=Ax).p" exp(Ax).y/tdyyx

-1
t, (ch(Ox) tdy) .q" exp(—=Ax).p" exp(Ay) /tdyxyx

t, (tdy.tdy! *
 (tdx tdy') (*)
= .(1).

In () we use the relation g o ¢ =~ p o ¢ ~ id. Thus for any g € H*(X, C),

;' , 0B = 1. (¢ (B uxx(0.)) = p, (g (B)-t.(1)
=p. (L. (Cq (B)) = B.

Finally, recall that the Mukai pairing on H*(X,C) in § 3.2.1 is given by

(@ By = fx exp(c,(X)/2) U (@” U )
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3.3 Cohomological Fourier-Mukai transforms

for all @, B € H*(X,C). and the dual vector of v € H*(X, C) is defined by

= (Vi) v e H(X,0).
Here v; € H’(X,C). Then we have the following proposition

Proposition 3.47. Suppose ®yp : D(X) — D(Y) is a Fourier-Mukai transform, i.e. an equivalence of
the bounded derived categories. Then the induced cohomological Fourier-Mukai transform (DSXVY(P) :

H*(X,C) ~ H*(Y,C) is isometric with respective to the Mukai pairing, that is,

’ H H ’
W) = (@ O ) ())

forallv,v' € H* (X, C).

-1
Proof. Firstnote that ((Dngy(p)) = (DZ’YVX (Pr) by the previous proposition, where P = PYoq*w x[7]

with n := dim X = dim Y. Thus the assertion follows form the equality

H H
<(DUXVY(P)(V)’ W>Y - <v’ q)UYVX(SDR)(W)>X

forall v € H(X,C) and w € H*(Y, C). To prove this equality, we need the easy fact : Given the second
projection p : X XY — Y, then 4
P’ = =DM p (v

forall v € H*(X x Y, C). Thus we can compute
<q>fxvy(p)(v), w>Y = fy exp(c; (¥)/2).p.(q"v.ugvy (P)" W

= (-1)" ; Yp* exp(c,(Y)/2).(g"v.uxvy (P)" .p'w

=(-D" P exp(c;(Y)/2).q4"v" uyvy (P) .p'w
XXY

=" | pee (1)/2).q"v wyv (PY).(exple; (X x ¥)/2)) " p*w
:LYq*vv.vaX(PR).q*exp(cl(X)/Z).p*w
:Lexp(cl(X)/2).vv.q*(p*w.vaX(SDR))

H
- <v’ (DUYVX(PR)(W)>X ’

71






CHAPTER 4

Kovalev’s Construction of Manifolds with Special
Holonomy G,

In this chapter we summarize Kovalev’s construction of G,-manifolds via twisted connected sums [Kov03],
which has recently been generalized by A. Corti and M. Haskins and J. Nordstrom and T. Pacini [Cor+15].
G,-manifold is a special kind of real seven-dimensional space constructed by Robert Bryant and
Salamon [BS89] for non-compact manifolds and by Dominic Joyce [Joy96] for compact ones, and may be
viewed as a real version of the Calabi-Yau manifold since the Ricci curvatures of both type of manifolds
are trivial. However, these G,-manifolds are still poorly understood mathematically, compared with the
Calabi-Yau manifolds. This situation has been improved by Kovalev’s construction, as rich examples of
G,-manifolds can be constructed using the twisted connected sum constructions of Fano, semi-Fano, or
weak Fano 3-folds.

4.1 Geometry and topology of G, manifolds

Let us start with a collection of some facts and definition concerning algebra and geometry associated
to the Lie groups G, and SU(3), which can be found in the article by Bryant [Bry87], or the book by
Joyce [Joy00].

4.1.1 The exceptional Lie group G,

We first give the definition of G, groups via the octonion algebra denoted by O over a field [Bae02].
Definition 4.1. The group G, is the automorphism group of the octonion algebra O.

The octonions O is an 8-dimensional algebra with {1, e, e,, . . ., €5}, and we denote by ImO the subspace
Span{ey, e, ..., e;}. The multiplication is given by the following table 4.1, the result of multiplying the
element in the ith row by the element in the jth column. The multiplication rules can be summarized by
the relations [Gen+09]

where &, ik is a completely antisymmetric tensor taking value +1 for the indices ijk = 123, 145, 176, 246,
257,347,365. Note that the definition though is not unique, the others can be obtained by permuting and
changing the signs of those basis elements. Pick any triple (e;, ¢;, ¢;) with the square of each element
equal to —1 such that they anticommute with each other and each product e e, for a, b € {i, j, k}, then the
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e; e, | e3 | ey | es | e | e
e; | =1 | es | —ey | es | —eq | —e7 | ¢4
e | —es | =1 | ¢ €6 e; | —ey | —es
es | eg | —e; | =1 | e; | —eq | e5 | —ey
es | —es | —eg | —e7 | =1 | e e ez
es | ey | —e7 | eg | —e; | -1 | —e5 | e,
es | eq ey | —es | —ey | e3 | =1 | —¢
e; | —eg | es ey | —e3 | —ey | e | -1

Table 4.1: Octonion Multiplication

elements {e;, ¢;, ¢; } generate all of O. Thus by counting all automorphism of the octonions, we obtain
dim G, = 14.
An equivalent definition of G, below is given by Joyce [Joy00].

Definition 4.2. Let (xl, .. .,x7) be coordinates on R and dx”~! = dx' Adx’ A---dx' onR7. A 3-form
¢, is defined on R by

00 = dx'B + dx'™S 4 dx'67 4 x40 _ gx?7 _ gx3 _ 3%,

The subgroup of GL(7,R) preserving ¢, is the exceptional Lie group G,. It is compact, connected,
simply-connected, semi-simple and 14-dimensional, and it also fixes the 4-form

*pp = AxPT £ x0T 4 g5 4 13T _ gy 1346 _ g, 1256 _ 1247
the metric gy = d (xl)2 + al(xz)2 +- 4+ d(x7)2, and the orientation on R’. Here = is the Hodge star.

Given any ¢ € /\3(R7), we define

7
7 7 7\*
B, =R’ xR - /\ (%)
by setting
1
B, (x,y) = £(x10) A (y20) A g,

forall x,y € R’, which is symmetric bilinear form on R’ with values in /\7 (R7)*. Hence it can be

considered as a linear map Q,,, : R’ - (R7)* X /\7 (R7)*, called ¢ non-degenerate if Q, # 0. Then as
in [Hit00] we can define a volume form vol,, and a symmetric bilinear form g, by

9
(VOl‘p) = det Q¢,
8, ®Vvol, := B,
If we pick ¢ = ¢, inducing g, = g,. then the stabiliser of ¢, in GL(7, R) which preserves the volume
form and the bilinear form g, must equal G,. The set of 3-forms for which there exists an oriented

isomorphism to the standard one ¢ is an open subset of /\3 (R7)*. Indeed, since dim GL(7,R) = 49 and

dim G, = 14, so the space GL(7,R)/G, has the dimension equal to 49 — 14 = 35. However, /\3 (R7)*
also has dimension equal to 35, and thus the set of 3-forms isomorphic to ¢, forms an open subset.
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4.1.2 The Gz-structure

Definition 4.3. Let M be an oriented 7-manifold and ¢ a positive 3-form, i.e. ¢|, = ¢ is an oriented
isomorphism for all p. Let Q be the subset of F, the frame bundle of M, consisting of isomorphisms
between 7, M and R’ which identify ¢|, and ¢, for each p € M. Then Q is a principle subbundle of F,
with fibre G,, called a G,-structure. We would refer to the pair (¢, g := g,,) as a G,-structure of M.

Let M be a 7-manifold, (¢, g) a G,-structure, and V the Levi-Civita connection of g. V¢ is called the
torsion of (¢, g), and if Vg = 0, the G,-structure (¢, g) is called torsion-free.

Definition 4.4. A G,-manifold is a 7-manifold M equipped with a torsion-free G,-structure (¢, g), or
simply denoted by ¢. (M, ¢) is called a manifold with holonomy G, if Hol(g,) = G,.

The equivalence conditions of the torsion-free G,-structures are described by the next proposition.
Proposition 4.5 ([Sal89, Lemma 11.5]). Let (M, ¢) be a 7-manifold, Then the following are equivalent:
(1) (¢, g) is torsion-free,
(i) Hol(g,) € Gy,
(iii) Vo =0o0n M,
(iv) dp=d ¢ =0o0n M, and
V) do = d(*ggo) =0on M, where ko LS the Hodge star.

One can see that the condition that (¢, g,) is torsion-free is a nonlinear PDE as =
depending on the orientation and metric g, hence on ¢, in M.

Moreover, representations of G, induce a decomposition of bundles on M into irreducibles of tensor
products of the irreducible representations. Thus there is a decomposition of the exterior forms on (M, ¢).

¢ 1s a nonlinear map

Proposition 4.6 ([Joy00, Proposition 10.1.4]). Let M be a 7-manifold with a G,-structure (¢, 8,), and

A;( be an irreducible representation of G, of dimension l. Then /\k T* M can be decomposed orthogonally
into components as follows:

() A'T°M = A,
() N2T"°M = A2 A%,
(i) N*T"M =A oA oA,
(iv) N*T"M = Al o ASo AL,
V) N°T*M =A@ A5y, and
(vi) N°T*M = AS.
The Hodge star of g, gives an isometry between Af and Az_k. Here A? ={p) and A‘7t = (xp).

Since G, C SO(7) is simply-connected, any 7-manifold M with a G,-structure is a spin manifold.
From Salamon [Sal89, Lemma 11.8] and Joyce [Joy0O, Proposition 10.1.6], we have

Proposition 4.7. Let (M, ¢) be a 7-manifold with a G,-structure. Then M is a spin manifold. Moreover
if Hol(g,) € G,, or (¢.&,) is torsion-free, then g, is Ricci-flat and there exists a nontrivial parallel
spinor.
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4.1.3 Topology of compact G,-manifolds

The condition of holonomy G, on a 7-manifold M is stronger than the existence of the G,-structure on
M. Joyce then proved the following proposition:

Proposition 4.8 ([Joy00, Proposition 10.2.2]). A compact G,-manifold M has holonomy G, if and only
if the fundamental group (M) is finite.

Now from the classification of Riemannian holonomy group, we have the relation of holonomy groups:
SU2) c SUB) c G, € SO(7). We are interested in subholonomy groups SU(2), SU(3) of G,, as both
of them play important roles in Kovalev’s construction of compact G,-manifolds

Let {z;, 2y, ..., 2"} be holomorphic coordinates of C". Then the standard holomorphic volume form
Qg and Kihler form w,, are given by

QO:dzl/\dzz/\---/\dz",
i

ZQkIAd?+-~df/uﬁﬂ.

Wo
For any complex n-form € which is equivalent to €, and non-degenerate real 2-form w equivalent to w,
the pair (€, w) satisfies

QAw=0,

. n n
D" L) ara=L.
2 n!

Suppose {xl, . .,x7} are orthogonal normalized basis on R’ ~ R! x C%, and G is the stabilizer of

the basis e;, mapping the orthogonal complement e; to itself. Choosing the holomorphic coordinates

= +ixd, 2= +ix’, 22 = x® +ix, the action of G on C* preserves the following forms

Wy = ejapy = dx® + dx® + dx",

ImQy = e1p, = —dx® — dx®0 — A 4 dx,

so that G is contained in SU(3). On the other hand, SU(3) preserves ¢, = dx' A wq + ReQy, so G is
exactly equal to SU(3). In this case of the SU(3)-structures on C3, the pair (€, w) induces a G,-form
and the associated 4-form on R! x C? written as

¢ =dt AN w + ReQ),

1
*p = sz — dt A ImQ.

Thus the stabilizer in G, of a non-trivial vector in R is isomorphic to SU(3).

Let us consider the SU(2)-structures on C? with the holomorphic coordinates 7' = x' +ix? and
2= +ixt Let (u(l) := w be the standard Kihler form and Q, := a)g + ia)é< be the standard
holomorphic volume form on C?. Here {1, J,K} are go-orthogonal complex structures on R* by the
relations wé(x, y) = goUx,y), wé(x, y) = 8g9(Jx,y), and a)g(x, y) = g9(Kx,y). Then the pair (Q, w) of

2 2 2 :
the SU (2)-structure on R* satisfies (wl) = (wj) = (wK) cand w! A w? =W AW® =0 A0 = 0.
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4.1.4 Moduli space of compact G,-manifolds

We begin with the consideration of deformations of G,-structures on a 7-manifold M.

Definition 4.9 ([Joy00, Definition 10.3.3]). Let (¢, g) be a G,-structure on a 7-manifold M. Then €, > 0
is an universal constant such that if € C*(A\° T*M) and || — ollo <€,@€ C®(P>M), the set of
positive 3-forms on M. In other words, ¢ defines a G,-structure on the 7-manifold M.

If €, is sufficiently small, this condition always holds. Let M be a compact oriented 7-manifold. Let X
be the set of positive 3-forms corresponding to oriented torsion-free G,-structures, i.e.

X ={peC(P’M) | dp=d(p) =0},
and D be the group of all diffeomorphisms of M isotopic to the identity.
Definition 4.10. The moduli space of torsion-free G,-structures on M is the quotient space M = X/D.
Furthermore, M is a smooth manifold with dimension equal to b (M) by the following theorem.

Theorem 4.11 ([Joy00, Theorem 10.4.4]). Let M be a compact 7-manifold, and M be the moduli space
of torsion-free G,-structures on M. Then M is a smooth manifold of dimension b (M) with the projection
M- H3(M, R) given by (D) = [¢].

Note that this theorem is just a local result with little information about the global structure of M. We
cannot make sure that M is not empty, or has only one connected component, or the map x is injective,
etc.

4.2 Twisted connected sum constructions

In Kovalev’s approach, one can construct a compact real 7-manifold Y via the twisted connected sum of
two compatible asymptotically cylindrical Calabi-Yau complex manifolds X; and X along an additional
S, such that Y is an asymptotically G,-manifold, i.e. d(*¢) = 0 in the asymptotically limit.

4.2.1 Asymptotically cylindrical Calabi-Yau 3-folds

We start with a review of the basic definitions and analytic results of asymptotically cylindrical Calabi-Yau
3-folds due to the work by Kovalev [Kov03]. See also [Cor+15].

Definition 4.12. A Calabi-Yau cylinder X* is a product of a compact K3 surface (S, Qg, wg) and the
algebraic torus C*. Let z = exp(t — i6") be the holomorphic coordinate on C*, one can define the Kiher
form and holomorphic volume form by

o ldzANdZ X
W =E———twe=dt Nd +w
222 S S
co id _
0% = -20, = (46" —idt) A Q,
Z

with the metric g% := di* + d(6*)* + g5 and the complex structure I := I + I on X ~ C* x §.
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Note that the pair (€, w) with respect to the SU(2)-structure (Q”, w™) also fulfills the relations

QAw=0,

n-) [ \" — "
D" (L) eara=Y.
2 n!

For any Calabi-Yau cylinder X, with 6 denoting the coordinate of S! the 3-form
o =dO A (dt ANdO" + wg) +dO" ARe(Qg) + dt Alm(Qg)

can be used to define a G,-structure on the product real 7-manifold X* x S ' Then this G,-structure
is unchanged if the coordinates are exchanged as (6,1,0", S) < (6", —t,0, S), which is the basic idea of
Kovalev’s constructions.

Definition 4.13. Let (X, g, [, w, Q) be a complete (non-compact) Calabi-Yau 3-fold. X is called an
asymptotically cylindrical Calabi-Yau 3-fold if there exist (i) a compact subset K C X, (ii) a Calabi-Yau
cylinder X and (iii) a diffeomorphism n : X* — X\K such that for all k > 0, for some 1 > 0 and as

t — oo,

nw-w® =dy, with [Viul = 0(e™)
Q- Q% =dv, with [V¥v|=0(™Y)

for some 1-form y and 2-form v, where V and | - | are defined by using the metric g on X°. The scale
Ais given by 2 = min {1, Ag}, where Ag is the square root of the smallest positive eigenvalue of the
Laplacian of the K3 surface S in the asymptotic Calabi—Yau cylinder X .

Definition 4.14. A building block is a nonsingular algebraic 3-fold Z together with a projective morphism
f:Z—- p! satisfying

(i) the anticanonical class —K, € HZ(Z) is primitive,
(ii) S = f"(o0) is a nonsingular K3 surface and S ~ —K,

(iii) The inclusion N < L is primitive, i.e., L/N is torsion-free, with L is the K3 lattice H 2(S )and N
the image of HZ(Z) - HZ(S),

(iv) H3(Z) is torsion-free and so do H4(Z).

Note that the fundamental group 7, (Z) is alway trivial, as for any disc A € P! containing at most 1 critical
value x, A = A\ {x}, V) = f~'(A) and V¥ = £~ (A%) the fibers, we have 7, (V) = 7, (A*) = Z by the
long exact sequence of homotopy groups in the K3 fibration. The induced morphism j, : 7, (V') — m;(V))
is surjective, and f =3 m;F; with F; ¢ V = Z\ § the irreducible components and m; their
multiplicities. Here gcd(m;) = 1 by the condition (i) of the building block. The image of a loop that
loop once around generic point of F; is trivial, i.e. m;j.(1) = 0in 7 (V,). It turns out that j, (1) = 0, as
ged(m;) = 1, implying that 7, (V) = n;(Z \ §) = m(Z) = 0 by the van Kampen theorem.

A rich class of asymptotically cylindrical Calabi-Yau 3-folds can be constructed using building blocks
by the method: Let Z be a closed Kéhler 3-fold with a morphism f : Z — P!, which has a reduced K3
fiber S that is the anticanonical divisor in Z, and wg € H L1 (8) is induced from a Kéhler class on Z, then
X = Z\ S is an asymptotically cylindrical Calabi-Yau 3-fold. In the following we introduce the building
blocks constructed from the weak Fano 3-folds, called the building blocks of weak Fano type.
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4.2 Twisted connected sum constructions

Proposition 4.15 ([Cor+13, Proposition 5.7]). Let W be a weak Fano 3-fold, Sy, S.,| C | — Ky | a generic
pencil with base locus C, Z the blow-up of W along C, V = Z\ S, and f : Z — P! the K3 fibration
induced by the pencil. Then, we have

(i) The anticanonical class -K, € H 2(Z) is primitive.
(i) S = f_l(oo) is a nonsingular K3 surface and S ~ —K .

(iii) the image N of H*(Z) — H*(S) = L equals that of H*(W) — H*(S) and of H*(V) — H*(S). If
W is semi-Fano then HZ(W) - Hz(S) is injective and N — L is primitive.

(iv) The group H3(Z) is torsion-free if and only ist(W) is.

Proof. (Sketch) (i) and (ii) follow from the fact that if W is a nonsingular weak Fano 3-fold then a
general anticanonical class S € | — Ky | is a nonsingular K3 surface (see [Cor+13, Theorem 4.7]), and the
well-known formula —K, = " (—Ky,) — E. By the decomposition of the cohomology group of a blow up
along a curve (see [GH9%4, p. 605]), H 3(Z )=~ H 3(W) +7%©) implies the condition (iv). To prove (iii)
we use the fact, deduced from the relative Lefschetz hyperplane theorem (see [Cor+13, Proposition 3.10]),
that if W is a semi-Fano 3-fold and —Ky, ~ S € W is nonsingular K3 surface then H2(W) - HQ(S) isa
primitive inclusion. The remaining conditions follow from the results of cohomolgy of building blocks,
see § 4.3. O

Finally, the following theorem provides the SU (3)-structure (Q~, w®) on V near the end of infinity.

Theorem 4.16 ([Kov03, Theorem 2.4]). Let Z be constructed as above with ' the Kdiihler fom and
H 1(Z) = 0, such that a K3 surface S C Z is an anti-canonical divisor with trivial self-intersection
S.8=0. ThenV = Z \ S defines an asymptotically cylindrical Calabi-Yau 3-fold.

Proof. (Sketch) The K3 fibration over p! implies that S.S = 0 so § has trivial normal bundle in Z. We
thus use the triviality of normal bundle U of S to define a local product decomposition U =~ {|z| < 1} X S,
7z =exp(—t —if"). Let (w' + ﬁéauo) ‘s is the Calabi-Yau metric in the class [w’|g] on S, where u is a

smooth function supported in U. Choose a Kahler form w, on P! such that w; =0+ 0(|z|2))idz A d7 for
small |z|, where f - (z = 0) = S. Rescaling w, by an appropriate positive constant y, we obtain a positive
(1, 1)-form Weomp = w + ﬁaéuo + uf w;. Moreover, the (1, 1)-form E)é(log s |2)2 on P! \ {z =0}is
positive on a neighborhood of z = 0, written as 2(dz/z) A (dZ/Z), where s, € HO(Pl, —K,). Then we
obtain ) ) ,

Wey = ' + iaauo +uf o, + 388 (log s, o f|2) ,

which has the asymptotic expression
Wenlons = dt A dO” + wg + d(e™ Yy,

where ¢, is a smooth 1-form bounded with all derivatives on the cylindrical end. Now we set
3
wcyl

fcyl =—log—% —logls; o f |2. Due to [Kov03, Proposition 3.9 and 3.16], there exists a smooth function
w

u on V which converges to zero, IVk ul < Ckew for some A > 0 as t — oo, and is a solution to the
equation

. 3
3. Las | — fg, 3
Wy 1= (a)cyl + %(%iu) = ¢ Weyps
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such that w, is a Ricci-flat Kdhler metric on V as we want. Furthermore, if Q, is a holomorphic

volume form for w,, then by straightforward calculation Q, — Q% and all derivatives are O(e”"), and
Q, - Q% = d¥ for some 2-form ¥ in U \ S. O

4.2.2 Twisted connected sum

We now come to the actual construction of the G,-manifold Y by first constructing two asymptotically
cylindrical Calabi-Yau 3-folds (X g, €, /g, w; /r), then one takes a direct product with § ! of both of
them and glues their asymptotic Calabi-Yau cylinder regions, which are two different copies of the type
Yr=X[ R XS i ,r With a twist, which can be visualized as the follwing sketch.

T+1 T T-1 0
tR <.t gmp Timtepar T

region region

S}J Q - S;}l

Sk

Kr

O
L _ug

o
3
X
5
3

Kéhler

rotation
-+

hyper

X.(T) I X Yr(T)

Il

11
U
' OSF - OS}{

interpol. asympt.
L |__region | region |
I I

1 1 =tL
0 T-1 i T+1

Figure 4.1: Sketch of twist connected sum

Here K; and Ky indicate their compact regions and Xf/ g their asymptotically flat regions. Producted

with the left and right circles SéL . With indicated radial variables 6, they form the building blocks ¥,
and Yy, which are glued together in the following way. The product G, 3-form and the associated 4-form
onY; g =Xy g X S},L/R described in § 4.1.3 are expressed by

orr =dOp g Nwp g +ReQp g,

1o

Each asymptotically cylindrical Calabi-Yau X, g has the circle of the cylinder Sfl’Z/R’ where again
07 /r is the angular variable. On each asymptotic end Xzo/ r Of X;,g which can be identified with
RZ(/)R X S(;’L/R X Sy r> Where Sy g are K3 surfaces of X g, using the diffeomorphisms 17, ,r we can write

Wr/R = wi"/R +dug g
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4.2 Twisted connected sum constructions

Let @ : R — [0, 1] denote a cut-off function satisfying @ () = 0 fort < O and a(¢) = 1 for ¢t > 1. Fixed
some T — oo, the perturbative SU (3)-structure on XZ°/ r can be obtained by

Qr g =Qpr—d@ =T+ vy ).

Thus the perturbed 3-form
¢r.L/r = dOp R A w7 1R + REQr /R
gives another G,-structure on X Z°/ g for large enough 7' since ;g and vy g decay to zero. Note that by
construction dgr 7 /r = 0. However, the associated 4-form *,_¢r 1/ # %w% /R — 407 g NImQ7p 1 g
as the metric is deformed, but their difference and d(x %o, @) are in the order O(e—/l’T) for some A’ > 0
by [Kov03, Lemma 4.25].
The circle SéL is glued twisted with respect to a canonical orientation to the circle S;; and similarly

S éi to SéR as indicated by the horizontal black arrows. To preserve the characteristic forms the K3 surface
S, is glued to the K3 surface Si up to a hyperkihler rotation, as indicated by the blue vertical arrows.
The T and its by +1 shifted values indicate regions on the cylinder, which are important for quantifying
the asymptotics of the metrics involved. The resulting G,-manifold is called Y, to indicate its dependence
on the hyperkihler rotation r, such that r*wk = w} , r*wy = wy and r*wk = —wk . Here w’, w’ and 0™

are the three associated Kihler 2-forms of K3 surface S.

Proposition 4.17 ([Kov03, Proposition 4.20]). Suppose that two K3 surfaces (S, W' !, W®) and
(S ',w'l,wlj,cu'K) satisfy the matching condition that there exists an isomorphism h : H 2(S '7) —
HZ(S, Z) preserving the cup product and such that h(w'l) = wJ, h(w'J) = wI, h(w'K) = wK. Then
there is an isomorphism of complex surfaces r : (S,J) — (S', 1), such that f* = h.

Proof. (Sketch) We have H>°(S") = (0" + iw™), H**(S") = (0" —iw™®) in (§’, 1) and H>(S) =
(wl —iwk ), HO’Z(S) = <w1 +iwk yin (S, J). Then using the global Torelli theorem for K3 surfaces to
obtain the map f : (S,J) — (5, I). O

The spaces § i /R X Xy g are glued in their asymptotic cylinder region S i /R X Xzo/ R= S,{ /R X RZ(/)R X
(S])'L/R X Sy /g With coordinates (¢; /g, ?1 /g, 01 g, X/g) In the annulus region 7, € (T, T + 1) on the
C" direction by a diffeomorphism F that maps the cylindrical Calabi-Yau region S ,le x Xp by the action

(HR’ tR’ 9;, XR) g (9;, ZT +1- tR’ QR’ r(xR)) = (QL’ tL’ 92, xL)
to the cylindrical Calabi-Yau region S i X X7 . Thus the G,-structures on these region can be written

# S
orLr =d0pr Ndtp g NdOp g+ dOp g AN WT 1R
* S S
+ deL/R A RC(QT,L/R) + dtL/R A Im(QT,L/R)’

which is preserved under the action of the diffeomorphism F and thus the compact 7-fold with a
well-defined orientation and has a family of G,-structure ¢; induced from X; z, and dg; = 0 and

d(x¢p) = O(e_/l/T) for large enough 7. Afterward, Kovalev prove the existence of nearby torsion-free
G,-structures for large enough 7 [Kov03, Theorem 5.34], thus we have the main theorem

Theorem 4.18. Let X; g be two asymptotically cylindrical Calabi-Yau 3-folds and suppose there exists
a hyper-Kdihler rotation r : S; — Sg. Define closed G,-structures ¢, (T) on the twisted connected sum
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Y. as above. Then for sufficiently large T, there is a torsion-free perturbation of ¢,.(T) by its cohomology
class.

By the van Kampen theorem one can show that 7, (¥,.) = m;(X;) X m;(Xy), which is finite since the
later factors are finite, and hence the holonomy group of the metric given by the G,-structure on Y, is G,.

4.2.3 Rescaling

On the 3-dimensional Calabi-Yau cylinder X = C* x S assuming this normalization for wg and Qg of the

K3 surface S, we can introduce a rescaling factor y* of % on the algebraic torus C* such that % -y %,

then the Kéhler form and holomorphic volume form on the Calabi-Yau cylinder X can be written by
j *d /\ *d_ £ £ *
= W;#+ws =y dt Ay do + wg
2 4.1

00,y" *d * * . ox
0™ = -0 = (y'de" —iy*dr) A Qg

*
0,y

with the metric g ) = y*2di? +y*2do™* + 8(Qg.wg)"

Under the action of the rescaling factor ¥ on the Calabi-Yau cylinder region X of the asymptotically
cylindrical Calabi-Yau 3-fold (X, w, ), for all k¥ > 0, for some A > 0 and as t — oo, the Kéhler form and
holomorphic volume form can be written on X as

Nw-0™ =y with [VEeul, = 0
: ¢ * “.2)
7' - Q%7 =y"dy, with  [Vievly, = O™y,

for some smooth 1 form y and 2 form v, and the scale A has inverse length dimension and is determined
by the (inverse) length scale of the asymptotic region X,

A= min{yl*, /15} ,

where Ag is the square root of the smallest positive eigenvalue of the Laplacian of the K3 surface S in the
asymptotic Calabi—Yau cylinder X* as before. One can directly construct such Kiher form by putting the
action of y* into the formula of w ¢ in the theorem 4.16, then choose suitable coefficients to obtain this
Kéhler form. Similarly, the holomorphic volume form is constructed in the similar way.

On the other hand, we also can introduce a rescaling factor y on S " in the real seven manifolds
Y =S'"xX,ie,df— yd6, then the product G, 3-form ¢” and the associated 4-form =¢” are expressed
by

1
¢’ = ydf A w + Re(Q), x@? = sz —ydf A Im(Q), (4.3)
As the construction of the G, manifolds from twisted connected sum, we must glue two copies of
asymptotically cylindrical Calabi-Yau 3 folds times a circle ¥, g = § L /r X X g in the annulus region

tr/g € (T,T + 1), and thus the G, 3-forms go{%f’y" /% can be written as

Y ’7* * * * S
‘PLL/ﬁgR LR = YL/R90 R A YR LR A YL/RAOL R + VL RAOL /R N WL R
% * S * S

Under the action of the diffeomorphism F, the matching condition implies that y := y; = yg =y = Y&»
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4.3 Topology of Twisted connected sum G,-manifolds

we thus obtain the rescaled G, 3-forms (,01 /R given by

* S
@Y g = 40 g Aydty g Ayd6] g + A0 g AWk

, s s (4.4)

4.3 Topology of Twisted connected sum G,-manifolds

In this section we would discuss the relations of topology between the asymptotically cylindrical Calabi-
Yau 3-folds and the twisted connected sum G,-manifolds. Indeed, we only restrict to those asymptotically
cylindrical Calabi-Yau 3-folds obtained by some building blocks Z, thatis, V = Z\ § in the definition 4.14.

4.3.1 Cohomology of the building blocks

Let Z be a building block with a K3 fibration f : Z — P! and the K3 surface § = f (o) ~ —K,. Since
the self-intersection of S is trivial, S.S = 0, the normal bundle of S in Z is trivial and thus the inclusion
of Sinto X = Z \ S is well-defined up to homotopy. Hence the restriction map H" (Z) — H™(S) = L
factors through H™ (X) = H, that is, the diagram commute

H"™(Z) — H"(X)
H™(S).

We denote by p : H — L the natural restriction map, K = ker(p) the kernel of p, and N = p(H) C L the
image of H 2(Z )in H 2(S). N is a primitive sublattice of L, an unimodular K3 lattice , and we define a
transcendental lattice 7' by

T=N-={leL|{ny=0 forallne N},

and thus L/T ~ N* # N. On a polarized K3 surface, N and T stand for the Picard and transcendental
lattices, respectively.

Lemma 4.19 ([Cor+13, Lemma 5.3]). Let (Z, S) be a building block, then we have
(i) m(X)=H'"(X)=0.
(ii) there is a split exact sequence
00—z 2L B2(2) — H2(X) — 0,
thus H2(Z) ~Z[S]® H2(X), and the image osz(Z) — L is mapped to N.
(iii) there is a split exact sequence
0— H(Z) — H>(X) — T — 0,

thus H*(X) ~ H(Z) ®T.
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(iv) there is a split exact sequence
0— N*— H*(Z) — H*(X) — 0,
thus HY(Z) ~ H*(X) ® N™.
(v) H(X) = 0.

Proof. (Sketch) Leti : S — Z be the closed immersion and j : X = Z\ S — Z be the open immersion.
Then using the distinguished triangle for the constant sheaf Z [GMO02, IV]

ii"7[-2] — Z — Rj.J'Z 25 .
and taking the long exact sequence, it turns out that
0 — H%S) — H*(Z) — H*(X) — H'(S) =0,
as HI(X) = Hl(Z) = 0. Since the inclusion HO(S) =Z[S] ~ [-K,] — HZ(Z) is primitive, hence this
sequence splits.
The higher piece of the long exact sequence gives

0 — H(Z) — H (X) — L — H*(Z) — H*(X) — 0.

Since the image of H2(Z) - HZ(S) is N C L, the kernel of H,(S) = H,(Z)is T c L* =~ L which is
also the kernel of the map H 2(S ) > H 4(Z ), the Poincaré dual of H,(S) — H,(Z). As T is torsion-free,
the exact sequence (iii) splits. The inclusion L/T ~ N* — H 4(Z ) is primitive, so the sequence (iv) also
splits. The condition (v) follows immediately from the last piece of the long exact sequence. m|

Corollary 4.20. The dual statements for the homology group H,(X) are
(i) Hy(X)=0.
(ii) there is a split exact sequence

0— Hy(X) — Hy(Z) —Z — 0.
(iii) there is a split exact sequence

0—T" — Hy(X) — H3(Z) — 0.
(iv) Hy(X) =K.
(v) Hs(X) = 0.

4.3.2 Cohomology of the G,-manifolds

For the construction of twisted connected sums in § 4.2.2, the topological data of Y, can be inferred to a
large extent from those asymptotically cylindrical Calabi-Yau 3-folds (X g, Sy, g)- Indeed, we have the
decomposition Y, = ¥; U Yy with the common intersection Y; N Y, =~ S x S U'x st~ §xT% To compute
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the cohomology group and the Betti numbers, we start from the short exact sequence of forms

0— C"(Y,) — C"(Y;) @ C"(Yg) — C" (Y, NYg) — 0.

The maps r* and ¢* on cochains are induced from the map r = (r;, rg) arising from the restrictions
rpR * Yo r — Y, and the map ¢ = (¢f, tg) given by the inclusions ¢y g : ¥, N Yg <= ¥ g, such that
r* =r; @ —rg and (" = ¢} + tx. Then the induced Mayer—Vietoris sequence reads

C> HN (Y, N Yy) 2 H'(Y) 5 H' (V) © H'(Yg) — H'"(Y, N Yg) = -, (4.5)

in terms of * and (" and the coboundary map §.

From the lemma 4.19, we see that H" (Y, /r) are torsion-free, hence the sequence (4.5) splits in the
following sense
H"(Y,) = Im(r™") @ ker(+™") = ker(:"") & coker(:""™"). (4.6)

By the very construction ¥, g = X /g X Si jrand Y, NYp = §x T?, the Kiinneth formula implies the
decomposition of H*(Yy ) as

H"(Y )~ H" (X )g) ® Hn_l(XL/R)’
H"(Y, NY,) =~ H"(S) ® H"'(S) ® H" ' (S) @ H"*(S).

Dueto (X, ,g) = 0, the van Kampen theorem for the decomposition ¥, = ¥; UYg with ¥, NYg ~ SXT?
implies 71;(Y,) = H'(Y,) = 0. Atn =1, H'(Y,) ® H' (Yg) = H*(X;) ® H'(Xg) and H' (Y, N Yg) =
HO(S) @ HO(S), then ™! : HO(XL) @ HO(XR) — HO(S) @ HO(S) is a natural isomorphism, and thus
coker(¢:*') = 0. Therefore, the second cohomology of Y, is given by

H*(Y,) = ker (HZ(YL) ® H*(Yy) -, H*(Y; N YR)) :

Here H*(Y;) ® H*(Yg) = H*(X;) ® H*(Xg) and H*(Y, N Yg) = HX(S) ® H'(S) = L ® Z[S). The
first part consists of the sum of the individual kernels K, of the maps LZ?R = pr,r- The second part
constitute the cohomology elements of H 2(YL N Yg) that are in both images Ny ;g = im p; /g. That is

to say elements in the kernel 2 arising from the intersection N; N Ng. Together we have a split exact
sequence
0— K; ® Kg — H*(Y,) — N, N N — 0,

since N; N Ny, is torsion-free. It means that we obtain the second cohomology group
H(Y,) = (K, ® Kg) @ (N, N Ng) . (4.7)

Note that the images of Ny lie in the Picard lattices of the K3 surface S polarized with respect to
the complex structures from the Calabi—Yau cylinders X; . We assume that N; /g are both primitive

sublattices of the K3 lattice L ~ H 2(S, Z).

85



Chapter 4 Kovalev’s Construction of Manifolds with Special Holonomy G,

In a similar fashion we can work out the third cohomology classes with the long exact sequence as
3 2 2 A
H°(Y,) =coker |H* (Y ))®H (Yp) — H (Y, NYR)|®
#,3
ker (H3(YL) ® H (Yg) — H> (Y, N YR)) ,

which becomes

H(Y,) = (ZIS]® L/(N, + Ng)) &

\ \ (4.8)
(K, ® Kg® H(Z) ® H(Zg)) © (N, N T ® Ny N Ty) .

The first line are the contributions from the cokernel. They are the induced 2-cocycle generator Z[S] in
i NYp ~ T? x S and the cokernel elements from H?(S). The second line furnish the elements in the
kernel of ¢, which again split into two contributions. Here,

H(Y,) @ H(Yg) ~ H(X;) @ HX(X;) ® H (Xg) ® H:(Xp),
H>(Y, NYg) = H*(S) & HX(S).

We have those cohomology classes that are in the individual kernels of L??R and those cohomology
classes constructed from the intersecting images of L*L? g The former cohomology classes are identified
with K; g — arising from the product of 2-cocyles in HZ(X r/r) and the l-cocycle generator of
H'(S") in YR ~ S'x X, g — and the 3-cocycle cohomology elements induced from H3(ZL/R) as
H*(X; g) = H(Z;g) ® T, g in the Lemma 4.19.

However, there are additional 3-cocyle cohomology elements in H (X /R)> Which arise from removing
the canonical divisor in Z; ;. These cocycles are by construction non-trivial in the asympototic region

Y; N Yk mapping to 2-cocyles in S times the generating 1-cocycle in the asymptotic S ! These 2-cocyles
in § form sublattices T} ,g. Hence, as before in the long exact sequence argument for globally non-trival
2-cocyle cohomology classes, the intersection N; N Tk and N N T, gives rise to additional globally
non-trivial three form cohomology elements. Thus we have the following split short exact sequence

and the decomposition for H 3 (Y,.) in (4.8) follows.
To sum up, we have the following theorem

Theorem 4.21. Let Y. be a twisted connected sum G,-manifold constructed from two compatible
asymptotically cylindrical Calabi-Yau 3-folds Xy g = Zy ;g \ Sy /r- Then

(i) m(Y,) =H'(Y,)=0.
(i) H*(Y,) =~ (K, ® Kg) ® (N, N Ng) .
(iii) H’(Y,) =~ Z[S]® L/(N; + Ng) @ K; @ Kx @ H(Z;) ® H* (Zg) @ N, N T ® Ny N T;..

For the complete decomposition of the cohomology group of the G,-manifold Y. and more detailed
discussion about characteristic classes on Y, see [Cor+15, §4].
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4.4 Explicit examples

In the section, we will review a general and useful method to construct some explicit examples called
orthogonal gluing in the work [Cor+15] that provides large number of matching asymptotically Calabi-Yau
structures which can be used to construct various topologically different G,-manifolds Y, with nontrivial
H 2(Yr), and then discuss additional method of non-generic gluing such that the resulted Y, has nontrivial
K, /g contributed to H2(Yr) and H3(Yr).

4.4.1 Orthogonal gluing

Given the pair of primitive embeddings Ny g < L with signature (1,r;,z — 1) so that N; and Ng
intersect orthogonally in the sense that Ny g (R) = (NL/R(R) N NR/L(R)) @ (NL/R(R) N TR/L(R)),
where Ty g = NLl/ r denote the transcendental lattices, and some elements of Ny g(R) N Tg,; (R)
correnspond to the Kahler classes of some (semi-)Fano 3-folds Z; .

Definition 4.22 ([Cor+15, Definition 6.17]). Let Z be a family of of semi-Fano type building blocks and
Amp  be an open subcone of the positive cone in Ny. A family Z is called (N, Amp 7 )-generic if for

any [l e Uz C Dy = {H €No |TTATI > O} and k € Amp there is a building block (Z, S) € Z and

amarking h: L — HZ(S; Z) such that A(IT) = HZ’O(S;Z) and h(k) is the image of the restriction of a
Kihler class of Z to S.

Proposition 4.23 ([Cor+15, Proposition 6.18]). Let Z; g be (Ny g, Amp ZL/R)-generic families of
semi-Fano type building blocks. Suppose that

(i) R = N, N Ny is negative definite of rank p,
(ii) W = N; + Ny is an orthogonal pushout, i.e., a non-degenerate integral lattice,
L R 8 p 8 8
(iii) Wy, g N AmpZL/R # 0, where W g = Tg, N Ny g are the perpendicular of Ng,; in Ny g.

Then one can find a pair of building blocks (Zy g, Sy r) € Ly g satisfying the matching condition which
can solve the matching problem of twisted connected sum construction of G, manifolds for semi-Fano
3-folds.

To find suitable embeddings Ny ;g < L fulfilling orthogonal gluing, we need an additional integral
lattice W of N; and Ny called orthogonal push-out. Let R = N; N Ni be a nondegenerate lattice
with given primitive inclusions R < N;, R — Ng. An orthogonal push-out W = N; L, Npis a
nondegenerate lattice such that W = N; + Ng and Nj /R € Ng,p- However, in general W is not a
primitive sublattice of L. If W can be primitively embedded into L, the existence of primitive embedding
Ny, g = L could be deduced from results of Nikulin [Nik79]. Once W do exist, it would be unique. In
our application L is a K3 lattice and Ny, are the polarising lattices of a pair of building blocks Z; /g. A
sufficient condition for the existence of a primitive embedding W < L is that

kN, + kN < 11. (4.9)

From the decomposition of H? (Y,.) in (4.8), it turns out that Tor(H3 (Y.)) =~ Tor (L/(N; + Ng)) = 0if
the embedding W — L is primitive. For more general statement for even nondegenerate lattices, one can
refer to [Cor+15, Theorem 6.9].

Furthermore, there is a nice property relating Betti numbers of G, manifolds and of building blocks
which can be easily deduced from the theorem 4.21.
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Corollary 4.24. For any G,-manifold Y, constructed by the orthogonal gluing of the building blocks
Zy g its Betti numbers satisfies the following relation

P*Y) + b’ (Y,) = b (Z,) + b (Zg) + 20kK, + 2rkK + 23 . (4.10)

Note that this formula is not always valid if Y, is not constructed by the orthogonal guling, and K; ;g = 0
if these building blocks Z; ,r are obtained from some semi-Fano 3-folds (see the proposition 4.15).

Let us start to study some concrete examples of G,-manifolds by the construction of the orthogonal
gluing with nontrivial intersection R = N; N Ni # 0, and compute the cohomology group and intersection
matrix of each building block. We glue orthogonally two building blocks Z; ,; obtained from blowing up
two Fano 3-folds W, in the base locus of a generic anticanonical pencil, both with Picard numbers
p =2

Example 4.25. Consider the rank two Fano 3-folds which are No. 2 as W, and No. 24 as Wy obtained
from the Mori-Mikai list [MM81]. W; is a double cover of P! x P? whose branch locus is a divisor of
bidegree (2, 4) and the projection of the Cartesian product P! x P? onto two factors P!, P? are denoted by
D, q, respectively. That is
p:P'xP* 5P g:P'xP? 5P

For a double cover over a divisor, b*(W, ) = b*(P' x P?) = 2. Hence Pic(W, ) = Zx*h, + Zn"h,, where
hy = p*c|(Opi (1)), hy = q" ¢ (O (1)) and 7 is the morphism of double cover W; — P' x P*. The Euler
characteristic y(W,) = 2)((1?1 X Pz) - x(D) =2-6-46 = =34, D = 2h + 4h, is the branch locus.
Thus, b°(W, ) = 40. Let R(x) = n"h; + 27" h, be the ramification locus, i.e., 7,R(x) = D, then the
anti-canonical divisor —Ky, = ~Kpi g2 — R(7) = n"hy + 7", and (—KWL)3 = 6. Therefore, the Picard

P'xP?
lattice N; of W, computed in the basis 7" h, 7" h, is

0 2

We choose a rational basis {AL, R= Ai}, where A, = -Ky, =n"h; + 7 hy, R =2n"h; — n"h,, such
L
that Pic(V;) = ZA; + ZR + %(A L + R)Z and Picard lattice Ny g thus becomes

6 0

Wy is a divisor on P? x P? of bidegree (1,2), and p and ¢ are the first and second projections of
P? x P? to two factors, respectively. Then Pic(Wy) = Pic(P? x P2)|WR = Zhyw, + Zhyw,, where
hw, =P Oplywhow, = ¢ Op(Dly,, and Wg = hyy +2h,y, . The Euler characteristic
is x(Wg) = 6, and the anti-canonical divisor =Ky, = 2hy, + hyyw, . Hence b3(WR) = 0 and
(—KWR)3 = 30. Again, choose arational basis {Ag, R}, where Ag = hy y, +hyy, and R = hyyw —hy . .
such that Pic(Wg) = ZAx + ZR + %(A + R)Z. The Picard lattices Ng, Ng.q are

2 5 14 0
NR:(S 2), NR;Q:(O _6).

We can form a G, manifold Y, with Hz(Yr) =ZR = Np.g N Ng.q by identifying a sublattice ZR of the
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Picard lattices Ny . and Ng.q. Thus the orthogonal pushout W = N, + Ny exists, given by

1 1
W =ZA, +ZAg + ZR+ (AL + R)Z+ 5 (Ag + R)Z

with the quadratic form

6 0 O
0 -6 0
0 0 14

One can easily check that (%(A . +R), %(A r + R)) = —1, hence W is an integral lattice as we desire, and
the conditions in the Proposition 4.23 are fulfilled so that we actually obtain a twisted connected sum
G,-manifold Y, with H 2(Yr) =~ Z. Note we also can choose the intersection lattice R to be empty, and
obtain another G,-manifold with b* = 0.

One important class of toric building blocks can be constructed as follows. Take P = P AG) where

A s part of a reflexive pair of three dimensional lattice polyhedra (A®, A®*) embedded in the lattice
I ~ Z° and its dual lattice I'* respectively. By definition

AN ={xelg|{(xy)>-1LVyeA}

and (A")" = A. There are 4319 pairs of reflexive polyhedra in 3 dimension!. Note that the projective toric
variety associated to a reflexive polytope is a Gorenstein Fano variety by [CLS11, Theorem 8.3.4]. For the
further construction the asumption is made in [Cor+13] that P is semi Fano with a suitable triangulation,
which is for P, 3) equivalent to the fact that no points lie inside codimension one faces of A® [Cor+13].
To be precise, using a triangulation 2 of A® | P has a toric projective semi-Fano resolution P — P
resolving the ordinary nodes of P. Then the building block Z is the blow-up along the base locus of a
generic anti-canonical pencil.

One of the central points in Batyrevs construction of mirror symmetry is that for n < 4 there are
generically smooth sections of the anti-canonical bunble | — K| given in toric coordinates Y; by

i)  x(k)

Wi = 0Oy Fhar _

A(n) - ai Y}( - 0
QN O R O PN

In particular for n = 3 this section yields a generically smooth K3 surface S.

Example 4.26 ([Cor+13, Example 7.10]). Let P be a terminal Gorenstein Fano 3-fold associated to the
reflexive self-polar polytope with vertices

1 oo60-1 1 1-1-1 -1 1 0 0 O
010 o-1 1 0 O0-1 0 -1 -1/
0 0 1 -1 0 0o 1 0 -1 -1 0 -1

which is polytope 1942 in Kreuzer—Skarke’s database. This polytope and its fan picture can be viewed
in Sage and both are the same due to self-polar of the polytope. The anti-canonical divisor of P* with

! The list constructed by Kreuzer and Skarke as a training example can be found at http://hep.itp.tuwien.ac.at/~kreuzer/CY/.
2 Different triangulation leads to different intersections in the Picard lattice.
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H*(P',Z) ~ 7" is the boundary surface of the polytope

9 4
—Kp = ZQ:‘ +ZR',
i=1 i=1

where Q; = P! x P! related to a standard parallelogram and R; = P? related to a standard triangle.
Moreover, —KP/IQi = O (1)® 0 (1) and —K pr IRj =~ 02 (1), hence the degree of —Kpris 2-9+4 = 22

and thus the genus of the base locus curve C is 12. It turns out that H3(Z) ~ H3(P') o H! (C) = 7%

Since a generic § € | — Kp/| is an elliptic K3 surface, those curves S N Q; and S N R; are (—2) rational
curves, and the dual graph of those (—2) curves also looks like the same polytope above. Compared with
Dynkin diagrams one can find an unimodular Eg(—1) lattice and the Picard lattice N of § thus can be
decomposed as N ~ Eg( 1) ® Eg(— 1) Consider elliptic fibrations on S, we obtain one elliptic fibration
with fibers of type D, and of type A3, another with fibers of type A3 and of type A3, and the other with
fibers of type A, and of A3, which give three relations in N = Pic(S). Those relations can be used to
determine a basis of E8(—1)l, and under a small change of coordinates the intersection matrix can be
written as

N = Eg(—1)L(-8)L(16).

We thus can match two copies of Z; /r under perpendicular gluing, i.e., R = N N Ng = 0, by choose
primitive embedding of 2 X {(-=8)L(16)} in 3U < L. Then we have an embedding of N; LNy in the
K3 lattice L = 2E5(—1)L3U by embedding (8) L(—16)_L(-8)L(16) in 3U, Eg(—1); in the first copy of
Eq(—1) and Eg(—1)p in the second copy of Eg(—1).

Example 4.27. Consider the terminal Gorenstein Fano 3-fold associated to the reflexive polytope of the
fan picture with vertices

1 o0 -1-1 0 O01-11-110 O
0o1r0-1r 0-1r 01 -1 001 —-119],
oo1 -1 0 0-11 0O0-11T1 -1
which is polytope 634 in Kasprzyk’s database? [Kas06], or 2355 in Kreuzer—Skarke’s database. Note that

the vertices in Kreuzer—Skarke’s database are expressed in PALP form of the dual fan. This polytope is
not self-polar and thus in the following we only stay in the fan picture. The anti-canonical divisor is the

sum of the vertices
8 6
K=Y R0,
i=1 j=1

where R; ~ P? related to the first eight vertices and Q; = P! x P! related to the remaining ones. As before
the degree of —Kpr = 8 + 2 - 6 = 20 and the genus of the base locus curve C is 11 so that HZ(Z) ~ 7%
As the Picard rank of the generic K3 surface S € | - Kp/| is 11, the rational curves SN R; and SNQ; are

(—2) curves and the dual graph of (—2) curves is also given by this polytope. It turns out that the sublattice
of type Eg(—1) is generated by the curves R, Q,, Rs, Q1, Qs, Ry, Q3. R; and N = Eg(—1) LEg(~1)" with

3 The graded ring database constructed by A. Kasprzyk can be found at http://www.grdb.co.uk/Index.
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rk (Eg(_l)J_) = 3. Now the elliptic fibrations on § provide the relations in Pic(S) = N as below

Ri+Rg+Qu+0y=Rs+0Q0, +03+Ry
We then have the relations modulo Eg(—1):
Re+0,—R,—Rs5=0
Rg+0,—R,—Rc—0s=0
R —R,— 06 =0,

and hence Ry, R, Qg is a basis of N mod Eg(—1). Therefore, the basis of Eg(—l)l is given by the vectors:

Ry +9R, + 180, + 27R; + 140, + 2205 + 17R, + 1205 + 6R;
Q¢ +6R| + 1104 + 16R; + 80, + 1305 + 10R, + 703 + 4R,
Rg+12R| + 240, + 35R; + 180 + 2805 + 21R, + 1405 + TR,

and the intersection matrix in the basis is computed to be

24 16 32
16 8 20
32 20 40

We can choose some building blocks with the Picard number equal to or smaller than 9 to form a compact
G,-manifold under the perpendicular gluing by choosing suitable primitive embeddings of Ny g in
L =2Eq(-1)®3U.

Example 4.28 (Toric semi-Fano 3-fold with Picard rank 2). The corresponding toric terminal Fano 3-fold
P is the projective cone in P* over a non-singular quadric with vertices

1 01 -1 O
011 -1 0],
001 0 -1

which is reflexive polytope 32 in Kasprzyk’s database (K32). P is a Gorenstein terminal Fano 3-fold
with Picard rank 1, degree 54 and 1 ordinary double point. Then P* — P is the unique smooth toric
semi-Fano 3-fold with Picard rank 2 and the quadratic form of the Picard lattice N is

0 3

30
with the discriminant A = —9. Note that the anti-canonical divisor is —Kp» = (3,3). Now we choose the
ample class A = (1, 2) with A% =12 and an orthogonal complement to A in the Picard lattice e = (-1, 2)
with ? = —12.

Given a pair (N, Ng) of Picard lattices with Picard rank 2, the condition of the existence of the
orthogonal gluing such that the pushout integral lattice W can be primitively embedded into a K3 lattice

is equivalent to ei = eé and j}i’; is a perfect square [CN14, Lemma 5.8]. Compared to the table 2
LR
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in [CN14], we can glue P’ and the smooth Fano 3-fold obtained by blowing up of p? along an elliptic
curve that is the intersection of two quadrics in the Mori-Mukai list §25 (MM?25). Note that MM5 and
MM25 also can be glued together by the orthogonal gluing which is not contained in the article [CN14].
To sum up, we make the table below

No. -K’ N A A e AP &2 b(2)
) 9 (12 L) 12 -12 56

) 9 (1,1) @G,-1) 12 -12 26

A B~ ONW O W

) -16  (1,1) (2,-1) 12 -12 34

Table 4.2: Rank 2 blocks.

By the condition jfi’; = k* for some k € Z, the allowed matching pairs are (K32, MM25) and (MMS5,
LR
MM25).

Example 4.29. Consider the Fano 3-fold P' x P! x P! as Z; with the Picard lattice N; of rank 3 generated
by O(1),, O(1),, O(1); related to the first, second and third factor, respectively. So the anti-canonical
divisor is =K z, = 20(1); +20(1), + 20'(1)5 and the intersection matrix on N; can be computed to be

[\ST \S s
N O
SN

We choose the ample classes A = m&'(1); +m&(1),+n0 (1); form,n > 1 and gcd(n, m) = 1, and thus the
intersection numbers of A and {&(1), O (1),, O (1);} on —K, are given by (2m +2n) L(2m + 2n) L(4m).
Thus the basis orthogonal to the ample class A are

el = ﬁ(l)l - ﬁ(l)z,
e, :=2m0(1); —(n+m)0(1); for n+m=3,5,---,

+
ey = mO(1), — - 2'"@’(1)3 for n+m=24--,
with the quadratic forms
( -4 4m ) ( -4 2m
dm —8m(n + m) n+m:3’5’._.’ 2m  —2m(n +m) nam=24

We can choose the orthogonal basis e, Le; with e) = mO(1), + mO(1), — (n + m)0(1)5, so that the
self-intersection number is e3.€5 = —4m(2n + m). Note that n and m are co-prime which implies m and
n + m are also co-prime. In the basis 4, e}, e5, the generators of N, can be expressed as

2m(2n+m)0 (1), = (n+ m)A + neé +mQ2n+ m)ey,
2m(2n+m)O (1), = (n+ m)A + neé -mQ2n+ m)ey,
QCn+m)0(1); = A - e,
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hence

N; =73 ((n+m)A+neé+m(2n+m)el)Z

+ —_—
2m(2n + m)

N 1
2m(2n + m)

(4.11)

((n+m)A+ne£ —m(2n+m)el)Z+ (A—eé) Z.

2n+m
Now if the building block Zj is obtained from the Fano 3-folds with Picard lattice N of rank 2 of
No. 6, 12, 21 and 32 in the Mori-Mukai list such that the Picard lattice is of the form

1
Ng =7° + SAr+O)Z with ee=—4. (4.12)

Here Ay, is the ample class in Zg (see [Cor+15; CN14]). Then we can form a compact G,-manifold by
identifying e; and e, i.e., R = N; N Ny =~ Ze|, and the pushout W becomes

1
W:Z4+§(AR+61)Z+ ((n+m)A+ne£+m(2n+m)el)Z

2m(2n + m)

| | (4.13)
+ I ((n+m)A+neé—m(2n+m)el)Z+ - (A—eé)Z,
with the intersection matrix
4dm(2n + m) 0 0 0
8 —4m(20n +m) _04 8 (4.14)
0 0 0 A%
Note that the intersection e% = —4 implies that W is an integral matrix as we need, since %el .%el =-1.

Similarly we also glue two copies of P! x P! x P! along e, to form a compact G,-manifold ¥ with
bz(Y ) = 1. Unlike the case of Picard rank 2, there is no upper bound of A% for H 2(Y ) =~ Z and thus
for the given pair of these types we obtain a family of ample classes, satisfying matching conditions,
generated by &'(1),, O(1), and €/(1); at the ample class &(1), + O(1), + €(1); in P' xP' x P', but can
not deformed simultaneously by £'(1); and &(1);, for instance, a0'(1); + b0 (1),.

We make the table 4.3 of some toric (semi-)Fano 3-folds with e.e = —4 classes such that each pair
satisfies the matching condition. The number in the first column is of the corresponding entry in the
Mori-Mukai list of smooth Fanos (MM$) or in Kasprzyk’s database of terminal toric Fanos (K#). Note that
the ample class in the fifth column is not unique and each A in this table has the minimum self-intersection.
The table 4.4 include some examples of G, manifolds Y by orthogonal gluing of semi-Fano blocks
in table 4.3 along the —4 class e such that bZ(Y) =1, W = N,1,N_, or by perpendicular gluing, i.e.
P*(Y)=0,W =N,LN_.

Table 4.3: Some rank > 3 (semi-)Fano blocks with e* = —4.
No. -K° kN A e A b(2)

K62, MM27 48 3

N
2
0 (1,1,1) (1,0,-1) 12 50
2

NS\ R en)
S NN
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Table 4.3: Some rank > 3 (semi-)Fano blocks with e = —4.

No. —K> tkN N A e )
02 1
K68, MM25 44 3 20 3 (1.2,1) (-1LLO) 20 46
13 -2
023
K105,MM31 52 3 2 03 (1,1,1) 0.1-1) 22 54
336
2 42
K124 48 3 422 22-1) (L1032 50
220
242 0
K218, MMI2 46 4 ‘2‘33 ? (12,L,1)  (1-1,00) 46 48
021 -2
0220
K266, MM10 42 4 ;gg (1) 2.2.1-1)  (1-1,000 28 44
001 -2
-2 2 0 0
2 2 1 1
K221 38 4 0 1 -2 1 (B4-2-1)  (O-LL1) 32 40
01 1 =2
0220
202 0
K232 40 4 52 0 0 (222:3)  (-1.0100 30 42
000 -2
-2 0 1 0
K233 38 4 o =12 (-1223)  (-1,1,000 24 40
11 0 2
0 2 2 -2
433 2
302 0
K247 44 4 3 2 0 O (_1a2927_1) (0’_131,0) 38 46
2 00 -2
02 0 3
20 0 3
K257 46 4 00 2 1 22:-32)  (-1,1,0,0) 58 48
33 1 6
-2 0 1 0 0
0 21 0 2
K324MM3 36 5 1 1 0 1 1 | (12123 (11000 24 38
0 0 1 =2 2
0 2 1 2 =2
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Table 4.3: Some rank > 3 (semi-)Fano blocks with e = —4.

No. -K° kN N A e A* b(2)
2 0 1 0 0
0 21 2 0

K369MM2 36 5 1 1 0 1 1 (-12,332) (-1,1,0,00) 36 38
0 2 1 =2 1
0 0 1 1 =2

Table 4.4: G, manifolds Y constructed by orthogonal gluing of (semi-)Fano blocks in table 4.3

Z, Z_ b(Y) b() w Z, Z_ b)) b)) W
K62 K62 1 122 N,L,N_ | K62 K62 0 123 N,LN_
K62 K68 1 118 N,L,N_| K62 K68 0 119 N, 1N
K62 K105 1 126 N,1,N_ | K62 K105 0 127 N,LN_
K62 Ki24 1 122 N,1,N_| K62 KI24 0 123 N, LN
K62 K218 1 120 N,L,N_| K62 K218 0 121  N,LN_
K62 K266 1 116 N,1,N_| K62 K266 0 117 N, LN
K62 K221 1 112 N,L,N_ | K62 K221 0 113 N,LN_
K62 K232 1 114 N,1,N_| K62 K232 0 115 N, LN
K62 K233 1 112 N,L,N_ | K62 K233 0 113 N,LN_
K62 K247 1 118 N,L,N_ | K62 K247 0 119 N,LIN_
K62 K257 1 120 N,L,N_| K62 K257 0 121 N, LN
K62 K324 1 110 N,L,N_ | K62 K324 0 111 N,LN_
K62 K369 1 110 N, L,N_| K62 K369 0 111 N, LN
K68 K68 1 114 N,1,N_ | K68 K68 0 115 N,LN_
K68 K105 1 122 N,1,N_ | K68 KI05 0 123 N, LN
K68 Ki24 1 118 N,L,N_| K68 KI24 0 119 N,LN_
K68 K218 1 116 N,1,N_| K68 K218 0 117 N, LN
K68 K266 1 112 N,1,N_ | K68 K266 0 113 N,LN_
K68 K221 1 108 N,1,N_| K68 K221 0 109 N, LN
K68 K232 1 110 N,L,N_| K68 K232 0 111 N,LN_
K68 K233 1 108 N,1,N_ | K68 K233 0 109 N,LN_
K68 K247 1 114 N,L,N_| K68 K247 0 115 N,LN_
K68 K257 1 116 N,1,N_ | K68 K257 0 117 N,LN_
K68 K324 1 106 N,L,N_| K68 K324 0 107 N, LN
K68 K369 1 106 N,1,N_ | K68 K369 0 107 N,LN_
K105 K105 1 130 N,1,N_ | K105 K105 0 131 N, LN
K105 K124 1 126 N,L,N_| K105 KI24 0 127 N,LN_
K105 K218 1 124 N,1,N_ | K105 K218 0 125 N, LN
K105 K266 1 120 N,1,N_ || K105 K266 0 121  N,LN_
K105 K221 1 116 N,1,N_ | K105 K221 0 117 N, LN
K105 K232 1 118 N,L,N_ | K105 K232 0 119 N,LN_
K105 K233 1 116 N,1,N_ | K105 K233 0 117 N,LN_
K105 K247 1 122 N,L1,N_| K105 K247 0 123 N,LN_
K105 K257 1 124 N,1,N_ | K105 K257 0 125 N,LN_
K105 K324 1 114 N,1,N_ | K105 K324 0 115 N, LN
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Table 4.4: G, manifolds Y constructed by orthogonal gluing of (semi-)Fano blocks in table 4.3

Z, Z_ b(Y) bQY) w Z, Z_ b)) b)) W
K105 K369 1 114  N,1,N_ || K105 K369 0 115 N, LN
Ki24 K124 1 122 N,L,N_| KiI24 KI24 0 123 N,LN_
Ki24 K218 1 120 N,L1,N_| Ki24 K218 0 121 N,LN_
K124 K266 1 116 N,L,N_ | Ki24 K266 0 117 N, LN
Ki24 K221 1 112 N,L,N_ | K24 K221 0 113 N,LN_
K124 K232 1 114 N,1,N_ | KI24 K232 0 115 N, 1N
Ki24 K233 1 112 N,L,N_ | KiI24 K233 0 113 N,LN_
K124 K247 1 118 N,1,N_ | KI24 K247 0 119 N, 1N
Ki24 K257 1 120 N,L1,N_ | Ki24 K257 0 121 N,LN_
K124 K324 1 110  N,1,N_ | KI24 K324 0 111 N, LN
Ki24 K369 1 110 N,1,N_ || KI24 K369 0 111 N,LN_
K218 K218 1 118  N,1,N_ | K218 K218 0 119 N, LN
K218 K266 1 114 N,1,N_| K218 K266 0 115 N,LN_
K218 K221 1 110 N,L1,N_| K218 K221 0 111 N,LN_
K218 K232 1 112 N,1,N_ | K218 K232 0 113 N,LN_
K218 K233 1 110 N,L,N_| K218 K233 0 111 N, LN
K218 K247 1 116 N,1,N_ | K218 K247 0 117 N, LN
K218 K257 1 118 N,L,N_| K218 K257 0 119 N,LN_
K218 K324 1 108 N,1,N_ | K218 K324 0 109 N, LN
K218 K369 1 108 N,1,N_ | K218 K369 0 109 N, LN
K266 K266 1 110 N,1,N_ | K266 K266 0 111 N, LN
K266 K221 1 106 N,L,N_| K266 K221 0 107 N,LN_
K266 K232 1 108 N,1,N_ | K266 K232 0 109 N, LN
K266 K233 1 106 N,1,N_ | K266 K233 0 107 N,LN_
K266 K247 1 112 N,L,N_| K266 K247 0 113 N,LN_
K266 K257 1 114 N,1,N_| K266 K257 0 115 N,LN_
K266 K324 1 104 N,L,N_| K266 K324 0 105 N,LN_
K266 K369 1 104 N,1,N_ | K266 K369 0 105 N, LN
K221 K221 1 102 N,L,N_ || K221 K221 0 103 N,LN_
K221 K232 1 104 N,1,N_ | K221 K232 0 105 N, LN
K221 K233 1 102 N,L,N_ | K221 K233 0 103 N,LN_
K221 K247 1 108 N,1,N_ | K221 K247 0 109 N, LN
K221 K257 1 110 N,L,N_ | K221 K257 O 111 N,LN_
K221 K324 1 100 N,1,N_ | K221 K324 0 101 N, LN
K221 K369 1 100 N,L,N_ | K221 K369 0 101 N,LN_
K232 K232 1 106 N,L,N_ | K232 K232 0 107 N,LN_
K232 K233 1 104 N,L,N_ | K232 K233 0 105 N,LN_
K232 K247 1 110 N,L,N_ | K232 K247 0 111 N, LN
K232 K257 1 112 N,1,N_ | K232 K257 0 113 N, 1N
K232 K324 1 102 N,L,N_ | K232 K324 0 103 N, LN
K232 K369 1 102 N,1,N_ || K232 K369 0 103 N, 1N
K233 K233 1 102 N,1,N_ | K233 K233 0 103 N,LN_
K233 K247 1 108 N,1,N_ | K233 K247 0 109 N, LN
K233 K257 1 110 N,L,N_ | K233 K257 O 111 N,LN_
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Table 4.4: G, manifolds Y constructed by orthogonal gluing of (semi-)Fano blocks in table 4.3

Z. Z. bY) bY) W zZ, Z. b)) by W
K233 K324 1 100 N,L,N_ | K233 K324 0 101 N,LIN_
K233 K369 1 100 N,L,N_ | K233 K369 0 101 N,1N_
K247 K247 1 114  N,1,N_ || K247 K247 0 115 N,1N_
K247 K257 1 116 N,1,N_ || K247 K257 0 117 N,LN_
K247 K324 1 106 N,L,N_ || K247 K324 0 107  N,LN_
K247 K369 1 106 N,1,N_ || K247 K369 0 107 N,LN_
K257 K257 1 118 N,L,N_| K257 K257 O 119 N,1N_
K257 K324 1 108 N,L,N_ | K257 K324 0 109 N,LN_
K257 K369 1 108 N,L,N_| K257 K369 0 109 N,LN_
K324 K324 1 98 N,1,N_ | K324 K324 0 99  N,IN_
K324 K369 1 98 N,1,N_ || K324 K369 0 99  N,1N_
K369 K369 1 98 N,1,N_ | K369 K369 0 99  N,IN_

On the other hand, we can only identify the e} vector but not e, by orthogonal gluing. Choose m = 1
and n = 2, then ) = O(1); + O(1), —30(1); and ¢}.¢; = —20. From (4.11), the projection of each
generator of the Picard lattice to €} is +1e5. The smooth Fano 3-fold with Picard rank 2 in the Mori-Mukai
list #14 has the quadratic form of the Picard lattice

0 5

5 10
with A = (1,1) and e = (3,—1) such that A.A = 20 and e.e = —20. Thus the Picard lattice can be
expressed as

1 1
Np=7>+ JATOZ+ 1GA- 0. (4.15)

Thus W is an integral matrix, since éeé.ie = —1 if we identify ¢} and e.

Example 4.30 (Orthogonal gluing along rank two intersection lattice R). We present a particular example
with a rank two intersection lattice R with two orthogonal generators e; and e, both of self-intersection
—4, and imposing these two conditions orthogonality and the maximal negative value —4 simplifies the
construction of a matching pair. Note that on any smooth K3 surface the self-intersection of divisors is
even and for each divisor e of self-intersection —2 itself e or —e correspond to a effective divisor (may
be reducible), i.e. a curve, with a non-trivial intersection number with any ample class A, which is in
violation with the orthogonal gluing assumption.

Our example is based upon gluing a pair of building blocks (Z; /g, Sy ,g) both obtained from the rank
five Fano threefold Py g = P! x dP5, where dP; denotes the del Pezzo surface of degree six, which

is the blow-up of P? along three non-collinear points p;, p,, p;. This rank five Fano threefold has the
Mori—-Mukai reference number MM3 and the Kasprzky reference number K324.

First, we collect some basic properties of the del Pezzo surface dP;. Let E|, E,, E; be the three
exceptional divisors from the blow-ups at the points p, p,, p3, and let H be the proper transform of the
hyperplane class of P?. These divisors span the Picard lattice of dP; and their intersection numbers read

E.E;=-6;, HH=1, HE =0. (4.16)
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The ample anti-canonical divisor reads —K;p, = 3H — E| — E, — E3. Let us further define the two divisors

which are both differences of rational curves on dP;. The most important point, however, is that the
defined divisors e, e, of self-intersection —2 are both mutual orthogonal and orthogonal to the class
—K 4p, in the Kahler cone K (dP3), i.e.,

el.ezzel.KdP3 =62.de3 =O, el.el =€2.62 =_2 (418)

Now we return to the rank five Fano threefold P! x dP;. With the hyperplane divisor & of P! and the
described divisors of dP; the anti-canonical divisor becomes

-K

Furthermore, the Picard lattice N of the polarized K3 surface S on P! x dP5 is generated by the divisors
h, H, E,, E,, E5 together with the intersection pairing

(hhyy =0,  (hD)y =~Kyp.D, (D.F)y =2D.F. (4.20)

Here D and F are some divisors on dPs5.

For the orthogonal pushout we generate the rank two lattice R with the two del Pezzo divisors e; and
€, as

R = Ze, + Ze,, (ej,ej)y = —46; (4.21)

ij°
where eqgs. (4.18) and (4.20) determines the intersection pairing on R. Moreover, the orthogonal
complement W of R becomes

where in particular the ample generator w, is in the Kéhler cone K (P' x dP3). As a result for the rank
five Picard lattice N of the polarized K3 surface S in P' x dP; we arrive with (w;, w,, w3, e}, e,) at

1
N = (Zw| +Zw, + Zws) + (Ze| + Ze,) + 3 (Zw; +e)) +Z(w; +wy +ey)) . (4.23)

Now taking the decomposition (4.23) of the Picard lattice for both the left and the right Picard lattice,

ie., No = Np = N, we consider the orthogonal pushout W = N; L1y Ng, which in the basis

L L L R _ R _ R
(Wi, wy, w3, wi, wy, W3, e, e,) takes the form

W = (Zw] +Zwy +Zw}) + (Zwf + Zws + Zwy)
1
+(Zey +Zey) + 5 (Zwl +e)) + Zwf +¢))))

1
) (ZOvf +wy +e) +ZOWE + W +ey)) . (4.24)

This orthogonal pushout is well-defined because the potentially non-integral intersections <%(WIL +
R L, L R, R L R, R

e 5wy +e))) = (FWi +wy +ey), (W +wy +ey))y = —Land (F(wy +e)), S(wi' +wy + )y =

(%(Wf +e), %(WIL + WZL + €,))yw = 0 are integral. As a result we obtain from this orthogonal pushout
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along the rank two lattice R the twisted connected G,-manifold ¥ with the Betti numbers b,(Y) = 2,
by(Y) = 97. Here we use that b3(Z, ) = (K; K +2=06K;p, .K;p, +2 = 38 because

by(P' x dP;) = 0.

'%dPy’ de3>N

4.4.2 Non-generic orthogonal gluing

In order to give a topology of the gauge group realisations in G, compactifications, we are interested
in examples of twisted gluing in which there is a contribution to b2(Y ) from the kernels K, /g. From
the proposition 4.15 each building block Z, obtained by blowing up along the base locus of a generic
anticanonical pencil in some semi-Fano 3-folds, has a inclusion map HZ(X =Z\S) > HZ(S) =L.In
order to construct some build blocks with non-injective morphism H 2(X) > L, we may use a generic
anticanonical pencil in the weak Fano 3-folds. The other way arises by blowing up the base locus of a non-
generic anticanonical pencil of a semi-Fano 3-fold Z such that K = ker { p: H 2(X ) > H 2(S ) = L} # 0.
Indeed, to construct non-trivial K,z we can follow the generalization proposed by Kovalev and
N.-H. Lee [KL11], or see [Cor+13, Prop. 4.25]. Suppose for a semi-Fano 3-fold P there is a divisor

C=C/+---+C, €| -Kplsl

where all C; are connected smooth curves. Now we can construct the building block Z by the sequence of
blow-ups 7, ¢y Z — P along the individual curves C; according to

Z = BI{CI,,Cn}P = Blanlcnfl . ‘BICIP .
The resulted 3-fold Z is a non-singular building block with non-trivial K:
K=m+b*(P)-1k(C,,...,C,,N) — 1, (4.25)

where (Cy,...,C,,N) C L =~ H*(S,Z) is generated by C;’s and N. Thus K > 0if C,, ..., C,, are linear
dependent in HZ(S, R). Note that H3(Z, Z) ~ H? (P,2)y® Y, H! (C;). The following example is studied
in the articles [Cor+13; Cor+15], or see [HM15], and based on the proposition below.

Proposition 4.31. Given a non-singular variety Z of dimension 3 with a divisor H such that the
corresponding linear system |H| is base point free, and a simple normal crossing divisor X, i.e.
X =X, UX,U---UX, with irreducible components X;,i = 1,...,n such that C;; := X; N X; is a
non-singular curve for all i, j = 1,...,n. Then general sections s of |H| are non-singular subvarieties of
Z such that the curves C; = X; N s are smooth and mutually intersect transversally.

Proof. We apply strong Bertini theorem (see, e.g., ref [GH94; Har77]) to Z, {X;} and {C; j} which are all
non-singular for all i, j. Since the linear system |H| is base point free, generic sections s of |H| with
smooth curves s N X; and ordinary points s N C;; are non-singular. |

Example 4.32. We begin with the simple Fano 3-fold W = P?, and consider the non-generic pencil
1S 8.l € 16(4)] with
So = {xox1xpx3 = 0}

the sum of the four coordinate planes, and S, a generic non-singular quartic surface meeting all coordinate
planes {x; = 0} transversely. The base locus of the pencil is the union of four non-singular curves Z?:o G
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and C; := {x; = 0} N S, is a genus 3 curve by the formula
226 =x(C)= [ (-t)=-4
4H

where H = ¢;(0'(1)). Let Z be obtained from p? by blowing up the base curve one at a time, and we
may assume that by blowing up along C,, C,, C,, C; in this order with four associated exceptional divisor
E; such that bZ(Z) = b (P3) +4 = 5. Then since each E; is a P! fibration over the curve C;, whichis a
curve in S, of class H|g , then it turns out that the image of E; of the restriction map is p(E;) = H|g .
Thus we can easily find that the kernel K = (E 1 — Eo, E; — Ey, E5 — E|y) is rank three and the Picard lattice
N ={p(Ey) = H|Sm) = (4) is rank one.

Let [, be the inverse image in Z of a general point of C,;, and /; be the inverse image of a general point
of C;. Note that /; and /; are both projective lines. Then the inverse image of C,.C| is a singular curve
consists of two lines / and [{, and we have algebraic equivalence of cycles I, ~ I(, + [{ and [, ~ []. Since
the rigid holomorphic curve /) are contained in E,, and transverse to E|, so that E;.ly = E,.(l[, - [;) = 1.
Hence E,.[; = —1 as the generic fiber in E; does not intersect any exceptional divisor E;;, i.e. E;.[; = 0.
By the similar way we obtain E,.l, = —1 and E3./3 = —1. To compute E,./, we consider the formula

x(p) = x (P') =2and

Since 7 : Z — P is a blow up along the singular curve, the anticanonical divisor is written by
K; =n"Ky + Eg+ E| + E, + Es,

and the adjunction formula implies

Then it turns out that

and thus E./, = —1. Therefore, we conclude that

Example 4.33 ([Cor+13, Example 7.11]). Choose the semi-Fano P’ in the example 4.26 and consider
non-generic pencil |Sy, S| € | — Kpr| with

i=1 j=1

and S, a generic non-singular quartic surface meeting all components of S transversely. The base locus
of the pencil is the union of 13 non-singular rational curves C = Z?:] G + ijl rj. Let Z be obtained
from P’ by blowing up the base curve one at a time with H>(Z) ~ H*(P") ® Z"* ~ 7Z* and H*(Z) ~ 0.
In the same manner as previous example, the image of each exceptional divisor E; in H 2(S ) is just Qs
or R;|g, so they only contribute to the kernel K of H %(X) — L with intersections E;.l; = =6,; for each [;

the inverse image in Z of a general point of C; or r;.
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Example 4.34. Again consider the toric Fano 3-fold P = P! x P! x P! as before, and we choose the
more interesting pencil as following. Take S, = Z?zl D;, where all D; are toric divisors on P, and S is a
non-singular element of | — K| meeting all the components of S, transversely. Then the base curve of
the pencil is the sum

where c; are elliptic curves, since g(c) = %(cz) + 1. It turns out that by blowing up along the base
locus ¢, we obtain a non-singular building block Z with HZ(Z) ~ HZ(P) (&) EB?ZI Ho(ci) ~ 7° and
H3(Z) = @?:1 Hl(c,-) ~ 72 Note that the image of ¢;’s in HZ(S) is belong to N =~ p*(HZ(P)), hence
thekernel k =m—-1=6-1=5>0.

Again consider the toric Fano 3-fold P = P! x P! x P! as before, and we choose the more interesting
pencil as following. Take S, = Z?: 1 D;, where all D, are toric divisors on P, and S is a non-singular
element of | — Kp| meeting all the components of S, transversely. Then the base curve of the pencil is the
sum

c= i ;s (4.26)

where c¢; are elliptic curves, since g(c) = %(02) + 1. It turns out that by blowing up along the base
locus ¢, we obtain a non-singular building block Z with H 2(Z) ~H 2(P) &) EB?:] Ho(ci) ~ 7” and
H(Z) ~ @?:1 H'(c;) =~ Z'. Note that the image of ¢;’s in H*(S) is belong to N = p*(H*(P)), hence
thekernel K =m—-1=6-1=5>0.

By this argument we make the table 4.5 including some semi-Fano building blocks with non-trivial
kernel k, and table 4.6 include some examples of G, manifolds Y by orthogonal gluing of semi-Fano
blocks in table 4.5 along the —4 class e, or by perpendicular gluing.

Table 4.5: Some toric semi-Fano blocks with K > 0.

No. K b (Z) b(2)
K62, MM27 5 9 12
K68,MM25 5 9 6
KI105,MM31 5 9 16
K124 5 9 12
K218, MM12 6 11 12
K266, MM10 6 11 8
K221 6 11 4
K232 6 11 6
K233 6 11 4
K247 6 11 10
K257 6 11 12
K324MM3 7 13 4
K369MM2 7 13 4
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Table 4.6: G, manifolds Y constructed by orthogonal gluing of (semi-)Fano blocks in table 4.5

Z, Z_ b(Y) bQY) w Z, Z_ b)) b)) W
K62 K62 11 56 N,L,N_| K62 K62 10 57 N,LN_
K62 K68 11 50 N,LN_| K62 K68 10 51 N,LIN_
K62 K105 11 60 N,L,N_| K62 KI05 10 61 N,LN_
K62 KiI24 11 56 N,1,N_| K62 KI24 10 57 N,1N_
K62 K218 12 57 N,1,N_| K62 K218 11 58  N,LN_
K62 K266 12 53 N,1,N_ || K62 K266 11 54  N,LN_
K62 K221 12 49 N, 1,N_| K62 K221 11 50  N,LN_
K62 K232 12 51  N,1,N_| K62 K232 11 52 N,LN_
K62 K233 12 49 N, 1,N_| K62 K233 11 50  N,LN_
K62 K247 12 55 N,1,N_ | K62 K247 11 56  N,LN_
K62 K257 12 57 N,1,N_| K62 K257 11 58  N,LN_
K62 K324 13 50 N,1,N_| K62 K324 12 51 N,LN_
K62 K369 13 50 N1 N_ || K62 K369 12 51 N,IN.
K68 K68 11 44  N,1,N_| K68 K68 10 45 N,1N_
K68 K105 11 54 N,L,N_| K68 KI05 10 55 N,LN_
K68 Ki24 11 50 N,1,N_| K68 KI24 10 51 N,1N_
K68 K218 12 51 N,1,N_ || K68 K218 11 52 N,LN_
K68 K266 12 47 N,1,N_ || K68 K266 11 48  N,LN_
K68 K221 12 43  N,1,N_ | K68 K221 11 44 N,LN_
K68 K232 12 45 N, 1,N_| K68 K232 11 46 N, LN_
K68 K233 12 43  N,1,N_ | K68 K233 11 44  N,LN_
K68 K247 12 49 N, 1,N_| K68 K247 11 50  N,LN_
K68 K257 12 51  N,1,N_ | K68 K257 11 52 N,LN_
K68 K324 13 44 N, 1 N_| K68 K324 12 45 N,1N_
K68 K369 13 44 N, 1,N_| K68 K369 12 45 N,IN_
K105 K105 11 64 N,1,N_ | KI0O5 KIO5 10 65 N,1N_
K105 KI124 11 60 N,1,N_| KI0O5 KI24 10 61 N,1N_
K105 K218 12 61 N,1,N_ || K105 K218 11 62 N,LN_
K105 K266 12 57 N,1,N_ || K105 K266 11 58  N,LN_
K105 K221 12 53 N,1,N_ || K105 K221 11 54  N,LN_
K105 K232 12 55 N,1,N_| KI05 K232 11 56 N,LN_
K105 K233 12 53 N,1,N_ || K105 K233 11 54  N,LN_
K105 K247 12 59 N,1,N_ | KI05 K247 11 60 N,LN_
K105 K257 12 61 N,1,N_ || K105 K257 11 62 N,LN_
K105 K324 13 54 N,1,N_| KI0O5 K324 12 55 N,LN_
K105 K369 13 54 N,1,N_ || KI05 K369 12 55 N,1IN_
Ki24 Ki124 11 56 N,1,N_ | KI24 KI24 10 57 N,1N_
Ki24 K218 12 57 N,1,N_ | KI24 K218 11 58  N,LN_
K124 K266 12 53 N,1,N_ || KI24 K266 11 54  N,LN_
Ki24 K221 12 49 N, 1,N_| KI24 K221 11 50  N,LN_
K124 K232 12 51 N,1,N_ || KI24 K232 11 52 N,LN_
Ki24 K233 12 49 N, 1,N_| KI24 K233 11 50  N,LN_
K124 K247 12 55 N,1,N_ || K124 K247 11 56  N,LN_
Ki24 K257 12 57 N,1,N_| KI24 K257 11 58  N,LN_
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Table 4.6: G, manifolds Y constructed by orthogonal gluing of (semi-)Fano blocks in table 4.5

Z. Z. bY) bY) W zZ, Z. b)) by W

Ki24 K324 13 50 N,L,N_|| Ki24 K324 12 51 N,IN_
KI24 K369 13 50 N,L,N_ | KI24 K369 12 51 N,LN
K218 K218 13 58 N,L,N_ || K218 K218 12 59 N,LN_
K218 K266 13 54 N,L,N_ | K218 K266 12 55 N,LN.
K218 K221 13 50 N,L,N_ || K218 K221 12 51 N,LN.
K218 K232 13 52 N,L,N_ || K218 K232 12 53 N,LN.
K218 K233 13 50 N,L,N_ || K218 K233 12 51 N,LN_
K218 K247 13 56 N,L,N_ || K218 K247 12 57 N,LN.
K218 K257 13 58 N,L,N_ | K218 K257 12 59 N,IN_
K218 K324 14 51 N,L,N_ || K218 K324 13 52 N,LN.
K218 K369 14 51 N,L,N_ | K218 K369 13 52 N,IN.
K266 K266 13 50 N,L,N_ | K266 K266 12 51 N,LN_
K266 K221 13 46 N,L,N_ | K266 K221 12 47 N,LN.
K266 K232 13 48 N,L,N_ | K266 K232 12 49 N,IN_
K266 K233 13 46 N,L,N_ | K266 K233 12 47 N,IN_
K266 K247 13 52 N,1,N_ | K266 K247 12 53 N,LN.
K266 K257 13 54 N,L,N_ || K266 K257 12 55 N,LN.
K266 K324 14 47 N,L,N_ | K266 K324 13 48 N,LN_
K266 K369 14 47 N,L,N_ || K266 K369 13 48 N,LN_
K221 K221 13 42 N,L,N_ || K221 K221 12 43 N,LN.
K221 K232 13 44 N,L,N_ || K221 K232 12 45 N,LN.
K221 K233 13 42 N,L,N_ || K221 K233 12 43 N,LN.
K221 K247 13 48 N,L,N_ || K221 K247 12 49 N,IN_
K221 K257 13 50 N,L,N_ || K221 K257 12 51 N,LN.
K221 K324 14 43 N,L,N_ || K221 K324 13 44 N,IN_
K221 K369 14 43 N,L,N_ || K221 K369 13 44 N,IN.
K232 K232 13 46 N,L,N_ || K232 K232 12 47 N,LN.
K232 K233 13 44 N,L,N_ || K232 K233 12 45 N,LN.
K232 K247 13 50 N,L,N_ || K232 K247 12 51 N,LN.
K232 K257 13 52 N,L,N_ || K232 K257 12 53 N,LN.
K232 K324 14 45 N,L,N_ || K232 K324 13 46 N,LN_
K232 K369 14 45 N,L,N_ || K232 K369 13 46 N,LN_
K233 K233 13 42 N,L,N_ || K233 K233 12 43 N,IN.
K233 K247 13 48 N,L,N_ || K233 K247 12 49 N,IN_
K233 K257 13 50 N,L,N_ || K233 K257 12 51 N,LN.
K233 K324 14 43 N,L,N_ || K233 K324 13 44 N,IN_
K233 K369 14 43 N,L,N_ || K233 K369 13 44 N,IN_
K247 K247 13 54 N,L,N_ || K247 K247 12 55 N,LN.
K247 K257 13 56 N,L,N_ || K247 K257 12 57 N,LN.
K247 K324 14 49 N,L,N_ || K247 K324 13 50 N,LN.
K247 K369 14 49 N,L,N_ || K247 K369 13 50 N,LN.
K257 K257 13 58 N,L,N_| K257 K257 12 59 N,LN_

K257 K324 14 51 N,1 N_ || K257 K324 13 52 N,1LN_
K257 K369 14 51 N1 ,N_ || K257 K369 13 52 N,1N_
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Table 4.6: G, manifolds Y constructed by orthogonal gluing of (semi-)Fano blocks in table 4.5

Z. Z. bY) bY) W zZ, Z. b)) by)y W
K324 K324 15 40 N,1N_|[ K324 K324 14 41 N,1N_
K324 K369 15 40  N,1,N_ | K324 K369 14 41 N,1N_
K369 K369 15 40 N1 N_| K369 K369 14 41 N,1N_
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CHAPTER 5

M-Theory on Twisted Connected Sum
G,-Manifolds

The existence of M-theory, which is a theory that unifies five consistent versions of superstring theory,
was first conjectured by Edward Witten in the year of 1995 [Wit95b]. Prior to Witten’s work, string
theorists found that apparently distinct theories could be identified by mathematical transformations called
S-duality and T-duality. However, a complete formulation of M-theory is unknown up-to-date. In one
approach to M-theory phenomenology, physicists assume that the seven extra dimensions of M-theory
are behaved like a G,-manifold. Due to the Kovalev’s twisted gluing of two products of compatible
non-compact asymptotically cylindrical Calabi-Yau 3-folds and an circle, we can study the globally
consistent four-dimensional N' = 1 supersymmetric M-theory compactifications on G,-manifolds via the
twisted connected sum construction. Since an unique eleven dimensional supergravity action exists, it
is supposed to be the effective description of M-theory before the compactification. Therefore we are
using much of the properties of the four dimensional theory by the Kaluza Klein reduction of this 11d
supergravity to four dimensions.

5.1 M-theory on G,-manifolds

5.1.1 M-theory

M-theory is an 11-dimensional quantum theory of gravity which includes gravitons, particle-like
excitations, and other extended objects known as membranes and five-branes. Although a complete
definition of M-theory is not yet known, it seems to unify the three greatest theories of modern theoretic
physics:

General relativity: the description of gravity in terms of geometry objects of space-time, i.e. metric and
curvature, by the Einstein’s equation.

Gauge theory: the description of fundamental forces between elementary particles in terms of connec-
tions of some vector bundles.

String theory: a natural generalization of point particles.

Moreover, all five 10-dimensional perturbative superstring theories: type IIA and IIB, type I, SO(32)
heterotic and Eg X Eg heterotic, have a strong coupling non-perturbative limit whose low energy effective
field theory description is the 11-dimensional supergravity theory and which can reduce to the various
string theories by Kaluza-Klein compactification, followed by various string dualities. The connections
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M-theory
Eys x Eg heterotic Type ITA
Type 1 SO(32) heterotic Type 1I1B )

Figure 5.1: A diagram of string theory dualities.

among those theories can be sketched as the diagram 5.1. Here Blue arrows indicate T-duality and Red
arrows indicate S-duality.

The M-theory has 11-dimensional supergravity for its low energy limit, and the geometry of the low
energy effective action of M-theory is described by an 11-dimensional Lorentz manifold M 110 together
with a four-form flux G of an anti-symmetric three-form tensor field C, i.e. G = dC. Since spinors exists
in this theory we can assume the Lorentz manifold M L04sa spin manifold, and thus the first Pontryagin
class p; (M) is divisible by two. We set

AM) = Iw, (5.1
and imposes the cohomological flux quantization condition [Wit97]
[%} - A(éw) e H'(M;2). (5.2)
For the 11-dimensional Lorentz manifold M"!® we consider the compactification
M0 = R <y, (5.3)

with the 7-dimensional compact smooth manifold Y and the 4-dimensional Minkowski space R equipped
with N = 1 supersymmetry. With the vanishing background fluxes the internal space ¥ must be a
G,-manifold due to N = 1 supersymmetry vacuum states in the Minkowski space R [AOS97].

5.1.2 The Kaluza—-Klein reduction

Choose the local coordinates {x", y"'} of the 4-dimensional Minkowski space R with the flat space-time
metric 7, and the 7-dimensional compact G,-manifold ¥ with the Ricci-flat Riemannian metric g,,,,,

1,10

respectively. On the compactification ansatz M = R x ¥, we consider the diagonal metric:

§(x, y) =1, dx"dx” + g, (y)dy™ dy", (5.4)

and the deformation of the background metric, i.e., § — ¢ + 4. Then the massless gravitational
Kaluza—Klein scalars S' arise from harmonic 3-forms pl@, which are solutions to the Einstein equations
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to linear order in the sense ‘
Ric (g + Z s'p) =0 (5.5)

and represent a basis for the vector space H 3 (Y) of dimension b;(Y). As discussed in § 4.1.4, the moduli
space of torsion-free G,-structures on Y is H 3(Y), thus such linear order deformations of torsion-free
G,-structures ¢ are equivalent to the first order metric deformations. The local structure of the moduli
space of G,-manifolds implies that the first order deformations pf.3) to the torsion-free G,-structure extend
order by order to unobstructed finite deformations, which therefore describe locally the moduli space M
of G,-manifolds.

The massless modes of the 11-dimensional anti-symmetric 3-form tensor field C arise from the
expansion

Cxy) = ) A @ AP+ ) PO ARY ), (5.6)
1 i

2
1

in terms of the harmonic 2-forms w;~’ and 3-forms pf.3) identified with non-trivial cohomology represent-

atives of H 2(Y) and H> (Y) of dimension b,(Y) and b5 (Y), respectively. Thus, as there are no dynamical
degrees of freedom in 4-dimensional anti-symmetric three-form tensor field and due to the absence of
harmonic 1-forms on the internal G,-manifolds, the 4-dimensional vectors Alr=1,..., b,(Y), and the
4-dimensional scalars Pi, i=1,...,b5(Y), are the only massless modes obtained from the dimensional
reduction of the 11-dimensional anti-symmetric 3-form tensor field C.

Similarly, by the zero-mode analysis for spinors and the irreducible representations of G,-manifolds in
§ 4.1.2 we can spell out the massless four-dimensional spectrum in terms of N = 1 supergravity multiplets
as obtained from the dimensional reduction of M-theory, or rather of 11-dimensional supergravity, upon a
smooth G,-manifolds Y. It consists of the 4-dimensional supergravity multiplet, b;(Y) (neutral) chiral
multiples (Di, and b, (Y) (Abelian) vector multiplets v! , as detailed summarized in Table 5.1.

A N = 1 supergravity theory is specified (at second-order derivative) by a Kahler target space for
the massless chiral scalars @ with Kihler potential K (®, ®), a holomorphic gauge kinetic coupling
matrix f;;(®), and a holomorphic superpotential W (®). The action for 11-dimensional supergravity
theory [CJS78] for the determined spectrum of the massless fields, inserted by the mode expansions for
the metric, the anti-symmetric three-form tensor, and the gravitino, can read

1 5o 1A A ) H i
Siia = 7f(*lle‘Qch*11dc‘*11i\PMrMNPDNTP)
11
1 5 AMNPORSG A
- > f*H\PMF Q \I‘N(dc)[PQRSJ
192K11
1 N A A
-— de/\dC/\C+..., (5.7
12/(]]

where spinor conjugation is defined by ¥ := ¥ in Minkowskian signature. The first line contains the
kinetic terms of the 11-dimensional supergravity multiplet, i.e., the Einstein—Hilbert term in terms of
the Ricci scalar Iés, the kinetic term for the anti-symmetric 3-form tensor C, and the Rarita—Schwinger
kinetic term for the gravitino ¥. The second line comprises the interaction terms and the third line is
the Chern—Simons term of the 11-dimensional supergravity action. There are additional four-fermion
interactions denoted by ‘...” [CJS78]. The coupling constant «;; appearing in the 11-dimensional
supergravity action relates to the 11-dimensional Newton constant G ~» the 11-dimensional Planck length
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Multiplicity Massless 4d component fields Massless 4d
bosonic fields |fermionic fields| AN = 1 multiplets
1 metric g, gravitino ‘I’;f gravity multiplet
i=1,...,b3(Y) |scalars (Si, Pi) spinors Xiz chiral multiplets o'
I=1,...,b,(Y)|vectors AL gauginos /lfy vector multiplets v’

Table 5.1: The massless 4-dimensional low-energy effective N' = 1 supergravity spectrum.

£ p and Planck mass M according to

_ o' _ e’

2 A
= 817G~ = = . 5.8
K1 Gy 2 Y75 (5.8)
Let us introduce the moduli-dependent volume V3 (S ") of the G,-manifold Y given by
W = [ dy et (5.9)
Y

Furthermore, we introduce a reference G,-manifold ¥, with respect to some background expectation
values S = (S"), upon which we carry out the dimensional reduction. This allows us to introduce the
dimensionless (but yet moduli-dependent) volume factor

. Vi (SH 1
Ap(SH = == = —f A ,
0(S") % 7 ), 8" *e9

in terms of the reference volume Vy, = VY(Sé). Here the choice of ¥ fixes via the resulting volume factor
Vy, the normalization of the three-form ¢.

(5.10)

To perform the Kaluza—Klein reduction, we have used the Weyl rescaling of the four-dimensional

metric according to

o S (5.11)

Euv '—/lo(Si) )

such that the 4-dimensional coupling constant x, — relating to the four-dimensional Newton constant
Gy, the 4-dimensional Planck length ¢ and the Planck mass Mp — becomes
2

8
T KﬁzSﬂGN:Sﬂ{’%,— il
YO

= —. (5.12)
Mp

The 4-dimensional bosonic action under the dimensional reduction of the Einstein—Hilbert term and the
3-form tensor C yields

1 K
bos I1Jk k 1 J k 1 J
7 = o [ [ R 35 (7! i’ = P! A )

4 Yo (5.13)

7 . . . .
—_ — 3) 3) 1 J 1 J
Wy fpl. A #7p; (dP A x4dP" —dS" A #,dS ) ] .
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in terms of the four-dimensional Hodge star #4, the Ricci scalar Rg with respect to the metric g, , the
reference volume Vy , and the seven-dimensional Hodge star ;. Here the couplings «; ;. arise from the
topological intersection numbers

2 2 3
Kljszwg)/\wg)/\pi) (5.14)
Y
and we have also used the following identification

2
9;0;log Ay + 9;1og 14,0, log A = ™ f pl(.3) A *7,0;.3) . (5.15)
0

We can now bring the (bosonic) action into the conventional form of 4-dimensional N = 1 supergravity
[WBO2]. To identify the chiral multiplets, that is to say to identify the complex structure of the Kéhler
target space, we observe that — at least to the leading order — the action of the membrane instantons
generating non-perturbative superpotential interactions is given by [HM99]

¢ =P +iS" . (5.16)

Hence, due to holomorphy of the N = 1 superpotential, the complex fields qﬁi furnish complex coordinates
of the Kéhler target space and thus represent the complex scalar fields in the N = 1 chiral multiplets P
in Table 5.1. This allows us to readily read off from the action the Kihler potential and the gauge kinetic
coupling matrix [BW02]

_ 1
K(¢,$) = -3 log 7fsoA*7so : (5.17)

Y
fr@) = > 2y ¢* f WP NP AP =2V Y kst (5.18)
k Y

k

Note that the holomorphy of the gauge kinetic coupling matrix is in accord with the complex chiral
coordinates (5.16). The moduli space metric is then given by

1
o K = 3 (3)

Thus we see that in the physical theory the real scalar fields S "and P' combine to the complex chiral
scalars ¢’ according to eq. (5.16). These complex scalar fields parametrize locally the (semi-classical)
M-theory moduli space M of the G, compactification on Y of complex dimension b5(Y'), where the real
subspace Re(qﬁi) = 0 of real dimension b;(Y) is the geometric moduli space M of G, metrics on Y. Note,
however, that the derived moduli space M merely arises from the semi-classical dimensional reduction
of eleven-dimensional supergravity on the G, manifold Y. For the resulting four-dimensional N = 1
supersymmetric theory, one expects on general grounds that the flat directions of M are lifted at the
quantum level due to non-perturbative effects in M-theory [HM99] — even in the absence of background
fluxes.

Finally, let us remark that the presence of non-trivial four-form fluxes G supported on the G, manifold
Y generates a flux-induced superpotential [BW02]. While the superpotential enters quadratically in the
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bosonic action, it appears linearly in the fermionic action generating a gravitino mass term My [WB92]

M 1 =, = = *
L = EeK/z (W) Ly, + W) P, y"F;) . (5.20)
This linear dependence on W allows us to directly derive the superpotential form the dimensional reduction

of the gravitino terms. Thus, we obtain the holomorphic superpotential to be
W(g) = ngifpf’) AG. (5.21)
. Y
l

Our result is in agreement with the derivation of the flux-induced superpotential in refs. [BWO02]. Note
that — both in the presence and in the absence of background fluxes G — we expect generically additional
non-perturbative superpotential contributions arising from membrane instanton effects [HM99].

5.2 Hitchin functional on twisted connected sum G,-manifolds
First we recall the definition of the Hitchin functional on a real 7-dimensional manifold Y [Hit00; HitO1].

Definition 5.1. Let Y be a real 7-dimensional manifold and ¢ € /\3 [(T"Y) be a smooth stable 3-form
onY,i.e. it lies in an open orbit of GL(Y). Thus ¢ can determine a Riemannian metric g,,. Then the

Hitchin functional @ is defined on C* ( NS F(T*Y)) by

1
BO(p) := §j):go/\ *g, -

Thus O(¢) is the total volume of Y with respect to the metric and orientation determined by ¢ on Y.

Hitchin proved that a closed stable 3-form ¢ is a critical point of ®(¢) in its cohomology class if
and only if ¢ is co-closed, i.e. d(x, ¢) = 0 [Hit01, Theorem 1]. In other word, when restricted to
closed G,-structure ¢ in a fixed cohomology class, the torsion-free G,-structures are the critical points
of ® [Hit00, Theorem 19]. On the other hand, from the equation (5.17) we can see that the Hitchin
functional determines the Kahler potential in the action of 4-dimensional N = 1 supergravity obtained by
the Kaluza—Klein reduction on smooth G,-manifolds. Due to the Kovalev’s construction of compact
G,-manifolds, it allows us to analyze the Hitchin functional on twisted connected sum G,-manifolds.

Recall that a G,-manifold Y, obtained by the twisted connected sum constructions has the decomposition
Y. =Y; UYy with the common intersection ¥; N Y, = § X T? as discussed in § 4.2. Hence we can
decompose the Hitch functional as

f PAxp = f wp AN *ep + f YR N QR

Y, =Y, U¥g {KLUOyT-11xS;" xS | xSy {KrUOYT-11xS i xSk } xSk

+ f YL A *Pr, + f PR A *PR (5 22)

1 1
Xy lyT-1,9yT1%SL XR lyT-1,9T1%SR

1 1
+§ f SDL/\*‘)DLJ’-E f Pr N *QR,

o0 1 - 1
Xp T yren¥SL X o1, yT+11XSR

110



5.2 Hitchin functional on twisted connected sum G,-manifolds

where the first line gives the contribution from the union of the compact subspaces of the asymptotically
cylinder CYs K; g C X /g times an S,{ ,r and the CY cylinder region in the interval (0, yT — 1], the
second line gives the contribution from the CY cylinder region restricted to the part of the interval
(yT — 1,yT], and the last line gives the contribution from the asymptotic ends of the CY cylinders in the
interval (yT,yT + 1]. The extra factor of 1/2 in the last line guarantees that we are not overcounting
contributions from the left- and right-sides as they are glued together in these region.

In the following, we perform the computation for the left-side only. We discuss the final expression for
the Hitchin functional after taking into account the right-side, whose terms can be computed analogously
to the terms for the left-side.

5.2.1 Region KL/R U 0,yT — 1] x SER X SL/R

We start with the Hitchin functional contributed from the product space of the compact subspace K; and
the circle S lL which is given by

2y
1
K, xSl K 0 (5.23)
= m/fa)LI;(L +27ryfReQL|KL /\ImQLlKL .
KL KL

Here the product G, 3-form ¢; and the associated 4-form *¢; in (4.3) are given by

1 2 (5.24)
*pp = E(a)L) —df; N1ImQ; .
In the cylinder region (0, yT — 1], the SU (3)-structure (w{, Q{) in (4.2) are given by
wh =Y +duy =dt AdO} + w3 +du; (5.25)
QY = QY +dv;, :=do; NQ5 —idt NQS +dv, '
and the induced G, 3-form and 4-form become
1 (5.26)
%@, = E(w{)z —d6; ANmQT .
The contribution from this CY cylinder region in (0, yT — 1] is then rewritten as
00 oo 1 002 oo
(0,7 -1]xS}"xS, XS}, (0,7 -1]xS}"xS XS},
+ f F(du;,dv;),
(0,T-1]xS}*%xS; xS},
(5.27)
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where the correction term F(du;,dv;) is given by

1
w$ Aduy + E(d,lL)Z —do; A Imde]

(5.28)
1
+(d0; ANdu; +Redv;) A E(wz’ + d,uL)2 -do, NImQ}] —db; A Imde] .
Inserting the equations (5.25) for (w7, Q) into the first line of above integration implies
1
f (dO; N Wi +ReQT) A E(wff —-do; A ImQ‘Z’}
(0yT-1]xS}*xS; xS} (5.29)

=4n*y*(yT - 1) f B(wi)z + (ReQ2} )* + (Imgi)z] .
SL

Now the integral of the correction term F(du;, dv; ) can be reduced by degree counting to this form

yT—-12ny 2y

3
f F(d,UL’dVL)Iffff[i(wa/\dﬂL/\dgL
0 0 S, 0

(0yT-1]1xS}*xS; xS}

+Redv; AImQS A d6, —Imdv, AReQY A db; -39
+ Redv; Almdv; A dHL].
By Stokes’s theorem, the first integral above can be evaluated as
f (W) Aduy Ade;
(0yT-1]xS1*xS; xS}
=2y f [2dt A d6* A wy Adup + (W3)* Adug) (5.31)

(0yT-11xS}*xS,.
=y Hpjt=yT-1 — HL|=0 wr,
SkxS;

Due to continuity, the underlined terms must be canceled by part of the contribution from the compact
region K; .

Using the fact that for any smooth complex function f = f| +if,, Re(df) = d(Ref) and Im(df) =
d(Imf), we can rewrite

fRede AImQ} A db; = fd(RevL) AImQT A dby, (5.32)
fImde AReQy Adb; = fd(Iva) AReQf A dby, (5.33)
fRede Almdv; A dO; = fd(RevL) Ad(Imvy) A db,, (5.34)
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and again applying Stoke’s theorem the first integral above is expressed by

yT—-12ny 2ny yT—-12ny 2ny

0 05, 0 0 05, 0

yT—-12my 2y

= f f f f [d(RevL) AdO; ANTmQ; Ad6; —d(Rev,) Adi AReQ Ado, (5.35)
0 0 S, 0
2y

= Zﬂyf f (RevL“:yT_l - Revut:o) A d6; AmQ
0 S,

where the underlined terms also would be canceled by part of the contribution from the boundary of
compact region K; .

In a similar way, we obtain the remaining terms

yT—-12my 2y 2ny
f f f f Imdv, AReQS A df, =2y f f (mvy —yr_1 — Imvp o) A d6} AImQS , (5.36)
0 0 S, O 0 Sy

yT-12my 2y

f fffRede/\Imde/\dHL:O. (5.37)
0 05,0

Then put all together, we have

3
f QAR = Ty f Wik, + 2y f ReQLlKL /\ImQLlKL
{KLu(S[ xS x(0yT-1D}xS], Ky \OK, Ky \OK |,

3
+aror-17 [ [§(w§>2+(ReQi>2+<Iin>2 207 [ g A @)

St SPxS;

(5.38)

2y 2y
+ 27ryf fRelet:yT_l A dO} A TmQ; + 27ryf fImVL|t=7T—1 A d6; ATmQ; .
0 S 0 S

L L

. oo 1
5.2.2 Region XL/R|(7T_1,YT] X S;r

We now turn to the region X7, R|(yT_1 v XS i /r- Due to the existence of the cut-off function e, we have

wr =S +dfip =dt NdO; +w; +d[1 —a(t—yT + Dy, ,

T _ o® . g oS oS (5.39)
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The product G, 3-form ¢; and 4-forms *¢; are given by, respectively,

¢r = dO; Awp +ReQp , (5.40)
xp; = 2(wy)* —df, AImQ] (5.41)

Note that this contribution to the Hitchin functional is the same as the one we performed in previous
subsection in the region S}f x S; x(0,yT —1]) x S,ld for

f ©r N *@p, (5.42)

(S} xSy x(0yT-1)xS}

but now with different correction term F := F(dfi;,dv;) and in the region (yT — 1,yT] instead of
(0, yT — 1]. Hence the Hitchin functional contributed from this region would be

3
[ anmay [ [Jeb? s ead? s amafr
SL

{SEXS X T-1T1}xS].

- 0.
+2ny f Aps1 = ALji=yr-1) A (W)

SPxS;
2my (5.43)
+ 27T’)/f I(M_OReﬂLH:yT—I) A dgz A Iin
0 S;
2ny

O *
+27Wff(M— Im¥y ) A d6; ATmQ;
0 S,

Due to continuity, the underlined terms must be canceled by the contribution from the CY cylinder an
t = yT — 1 we computed in the region (0, y7T — 1] because g = uand v = v at¢t = yT — 1. The terms that
are crossed vanish since dji; = dv; =0att =yT.

><S1

5.2.3 Region X, . L/R

l(yT,yT +1]

In this gluing region, the SU(3)-structure is expressed by

Wl =W =dt AdO; + w5,
T o0 * S S (544)
and thus the induced G,-structure is given by
T T
¢p =db; Nwp +ReQ; , (5.45)
xpp = 2(wy)” —df; AImQ +Fg] (5.46)

where the extra term %gaz in ¢; is due to existence of the cut-off function that modifies the metric, thus
the Hodge star =, and is of order O(e_(/l_f)yT) for any 4 > 0 as introduced in § 4.2.3 with € > 0 (see
[Kov03, Lemma 4.25]).
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By the same manner as before, we can calculate the Hitchin functional in this gluing region

2y 2y yT+1

3
f QDLA*(pL:ffff[idg*/\(wi)z/\dg/\dl‘
0 S 0 »T

o0 1
Xi T, yTr+11%SL

+dO" A (ReQ3)? A dO A dt +do* A (ImQ;)* A d6 A di

21y 2y yT+1 (5 47)
o Y A
0 S, 0 T

3
= dn’y? f [Q(wf)z + (ReQ23)? + (Imgif]
SL

0 ()

Note that the last term can be neglected for large enough 7.
Now taking account of (5.38), (5.43), and (5.47), the Hitchin functional of a G,-structure ¢ on the
twisted connected sum G,-manifold Y, is given by, for 7" large enough,

1
O(er) =7 f or N *or
Y, =Y, UYy

1
% % (5.48)
3 _o-
+472 (yT + 1)y* f [E(w{)z + (ReQ})” + (ImQ})* | + O (e~
SL
+ (right hand side).

Remark 5.2. As T approaches oo, the G,-structure ¢, would become torsion-free since ¥, — 0, thus
is a critical point of the Hitchin functional. However, due to appearance of the term 4r® (yT + l)y2 it
turns out that the Hitchin functional would mainly depend on the volume of the K3 surface glued together
and diverge as T — oo. On the other hand, because of lack of further information about the compact
subspaces K; ;g C X, /g, in general we have no method to determine the integration over K; /.

5.3 Hitchin functional and the Kéahler potential
Recall that the moduli space M of torsion-free G,-structures on a compact 7-manifold Y is a smooth
manifold of dimension b5(Y). The period map P : M — H3(Y, R), ¢ — [¢], is a local diffeomorphism.

The Hitchin functional, hence the Kéhler potential, is governed by the G, 3-form ¢, which on general
grounds in M enjoys the expansion

b3
o) = > ¢ 00, (5.49)
A=1
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interms of abasis @4, A=1,...,b;,0f H 3 (Y, Q). In the twisted connected sum construction, we can
further decompose the basis elements ® 4 according to the decomposition obtained by (4.8) tensored with
rational number Q:

H(Y,Q) = H(Z,) ®H (Zg) @K, ®Kr ® T, "N @ Ty NN, & T, ® H'(S),  (5.50)
which are respectively generated by the cohomology representatives

(@) = (O ) @ (07) & (wg ) @ (wyy Y & (T ) @ Ty @ (i Fy @ (vE) . (5.51)

It is convenient to think in terms of the Poincaré dual 4-cycles I'4 in H,(Y, Q) for the various 3-form
contributions, i.e., ® 4 = [I'4]. Then Poincaré duality of the individual cohomology elements tells us:

* AsH 3(Z 1) can be represented by the cohomology group H, 3 (X;) with compact support up to
elements in 7; by the decomposition H, 3 Xp)=H (Z 1) © Ty, the cohomology elements GIL are
Poincaré dual to 4-cycles Si X ylL in Hy(Y;) = H4(S£ X X ) with a basis of homology 3-cycles
ylL in H;(X; ). Analogously, we find 6’5 = [S}g X yf].

e The 3-forms wﬁl arise from 2-forms in Hf. (X;). Hence, we find [wﬁl] = [1"51 ] with a basis of

Poincaré dual homology 4-cycles in H,(X; ). Analogously, [a)sr] = [Ffr].

* The 3-forms Tlf inY; = Sll)iag x X arise form cohomology 2-forms X; that do not have compact
support. Therefore, they are Poincaré dual to relative homology elements le in Hy(X;,0X;)

with 0 # 86‘5 = Sll)i,dg xXT; LL where 7; LL are transcendental 2-cycles with respect to the K3 surface
S; and Picard 2-cycle with respect to the K3 surface S,. Analogously, we construct Poincaré
dual relative four cycles Cf; given rise to transcendental and Picard 2-cycles 7; If in Sg and S;,
respectively.

LUR

* Similarly, the 3-forms 7; LUR

yield relative 4-cycles C;

with 97; LUR _ S]IDiag X T; LUR where 7;LUR are transcendental 2-cycles with respect to both K3
surfaces Sk and S} .

that give rise to boundary 3-cycles T; LUR

* Finally, the 3-form V&3 is Poincaré dual to a relative 4-cycles V K3 with 9v53 = § = Sg.

In a similar fashion we now expand the Poincaré dual 4-form s, ¢ into a basis of cohomology
4-forms © 4 according to

by
*otpy @ = Z@A(t)(a y- (5.52)
A=1

Note that the moduli dependent coefficient functions gEA (t) are complicated functions of the moduli
dependent coefficient functions goA(t). The idea is now to deduce this dependence in a suitable limit of
the twisted connected sum construction of G, manifolds.

To achieve this goal we now expand the 4-forms @ , into bases governed by the decomposition dual of
(5.50)

H*'(Y,Q) = H(Z) @ H (Zg) @ K; @K ® (T, N Ng)* & Tr "N, @ Ty, @ H'(S), (5.53)
in terms of the bases elements

B4y = @y (Y @ (L)@ (@R Yo (thy @ (FRy o (P Ry e (v ). (5.54)
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As before, we describe the various forms in terms of Poincaré dual 3-cycles H;(Y, Q). For the individual
contributions we find:

* The 4-forms 0~IL have compact support and are Poincaré dual to 3-cycles ylL in Hy(X;), i.e.,
6" = [y}]. Analogously, we find 61 = [yX].

* The 4-forms a”)f;l have compact support and are Poincaré dual to 3-cycles Si X ff;l. Analogously,
we have @ R [S,le X ffr].

* The 4-forms fif are Poincaré dual to relative 3-cycles 6‘5 such that (96‘5 = ’ELL. Analogously, the

4-forms ‘fil; are Poincaré dual to (?iR with ('XZ-R = 7:R

LUR
T

* The 4-forms 7 L R are Poincaré dual to relative 3-cycles @LUR such that aéjLUR =7;

2
* Finally, the 4-form V'~ is Poincaré dual to a relative 3-cycles V' with 9V = § i X S}Q.

The non-vanishing intersection pairings are given by!

L L AL L L R R AR
G, = fyell N, = f;; i 1Ayl Griry, = Lgrl Ay, = f [le] A [yrz]
L
Gl = [ whnok, = [ Wity 6l = | ol nof f TN,
Y X, Y
L L ~L L L R R ~R
8iyjy = fYT"z ATy = fs[(]?z IATT;7 8i,j, = j;Tir AT, = fs[(]ﬁ AT,

LUR LUR ~LUR LUR LUR
8ij :LTi AT; =fs[‘7; IALTT,

| = f vE3 A pT
Y
(5.55)

in terms of intersection matrices with compact support on X; and X and in terms of the intersection
pairing on the K3 surface S.
Then we can spell out explicitly the integral

fy O A tgip® = G (VG20 + G, " (F (D)+
Gl (@ (1) + G, ¢ ()@ (1)+ (5.56)
g, @ (OF (1) + G o (@ (1)+
g R @ (1) + (1),

2
where <p0 (t) and gEO (2) is the coefficient function of vE3 and VT , respectively. We can further simplify
this expression by using the limiting form of the G, 3-form and the associated 4-form ¢ and ¢, which are

¢ ~df Awlg ®ReQlg ©dI A dr AdE* @ dO A ws & dO* A w§ @ dr A ws, (5.57)

1 1 ) .
*gp:E(wlf()@deAImQIK@z(wg)zeadt/\da' Aws®dOAdr A wl ®—dO AdO* Aws . (5.58)

! The spelled out definition of the relative cycles are ambiguous up to cycles without boundary contributions. We choose these
ambiguities in such away that only the listed intersection pairings are non-vanishing.
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Chapter 5 M-Theory on Twisted Connected Sum G,-Manifolds

Here we assume each forms are represented by the harmonic forms of the the equivalent cohomology
classes. If each form in the G, 3-form ¢ is represented by the form induced from the Ricci-flat Kéahler
metrics on X; /g, i.€., (W /g,y g), then by the direct computation we can recover the result of Hitchin
functional in (5.48) without the correction term O (e~ 4~

section. Precisely, it is of the form

) obtained by analytic method in previous

Vol(Y) = Vol($) - (47°Ty* + A(y)y?). (5.59)
= Voly, 1) + Voly_ o7y = 47°Ty*VoI(S). '

Since the sum of the first two terms in the second line counts the volumes twice, we have to subtract the
part once.

5.3.1 The Kahler potential

For any G,-manifold Y there is the universal volume modulus v that is associated to the singlet Hf Y,Z)
of the three-form cohomology. It simply rescales the torsion-free G,-structure ¢. In the twisted connected
sum we additionally identify the squashing modulus b of the S 3 base in the topological K3 fibration of
the G,-manifold ¥ — 3 as dicussed in [Bral6]. Note that b — +oco describes the Kovalev limit. The
torsion-free G,-structure ¢ depends on these two moduli as

(p‘aer > Sfp‘;”) +b ([S] +2, 5%?"“”)] : (5.60)

Here [S] is the harmonic three form that is Poincaré dual to the K3 fiber S. Furthermore, (g, pi) and

p§°ker form a basis of harmonic three-forms arising from the kernel constributions and the cokernel part
L/ (N; + Ng), respectively. S and §' are the respective associated geometric real moduli fields. Thus

the two universal N = 1 neutral chiral moduli multiplets v and » are given by

o, b,S) = v

Re(v) = v, Re(x) = vb. (5.61)

In particular, we refer to the chiral multiplet » as the Kovalevton, as it describes in the limit Re(x) — +oo
the Kovalev limit, while keeping Re(v) constant. The remaining real moduli fields are not universal and
relate to the non-universal neutral chiral multiplets as

Re(¢') = v§',  Re(¢') = vb§ . (5.62)

They depend on the topological details of the building blocks (Z; /g, Sy ,g) and the choice of gluing
diffeomorphism.

While keeping the ratio Re(v)/ Re(x) constant, we first establish that the chiral multiplet v directly
relates to the (dimensionless) volume modulus R = 77—0, the constant y, has dimension of length, as

Re(v) = R’ . (5.63)
This relation comes about because the Re(v) measures (dimensionless) volumes of three cycles while R

measures (dimensionless) length scales in the G,-manifold Y. Apart from the overall volume dependence,
the Kovalevton » measures the squashed volume of the S3 base. Therefore, from the expression of the
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5.4 N =2 gauge theory sectors

Hitchin functional we arrive at the relation
Re(x) = 2n)°R Q2T + a(3)), (5.64)

where § denotes collectively the remaining geometric moduli fields S "and §'. The moduli dependent
function «(S) are in principle computable from the (relative) periods and the Kihler forms of the
asymptotically cylindrical Calabi—Yau threefolds X, /.

Thus we find that the universal structure of the four-dimensional low energy effective N' = 1 supergravity
action is governed by the Kihler potential

1 ~
K(v,v,2,2) = —4log(v + v) —3log(x + %) — 3 log (ZVOIS(S)) . (5.65)

Note that this Kihler potential is only a valid approximation both in the large volume regime and in the
Kovalev regime, where quantum corrections and metric corrections of the asymptotically cylindrical
Calab—Yau threefolds are suppressed. The semi-classical large volume limit arises for both Re(v) and
Re(x) to be taken sufficiently large, while the corrections to the G,-metric in the twisted connected sum
are suppressed if in addition Re(x) is even (parametrically) larger than Re(v). A detailed analysis of this
class of Kihler potential may exhibit interesting phenomenological properties.

We also can study locally the moduli dependence of G,-manifolds in terms of the periods

m, = f 0, (5.66)
r

a

which only depend on the coholomogy class [¢] of the G,-structure, where {I',} generate the homology
group H;(Y,Q) and a = b5(Y). Then one can find that it consists of the periods of K3 surface which are
well-known and other integration over some 3-cycles supported on the compact subspace K. Since lack
of further geometric and topological information of the compact space K, we have no general method to
calculate the periods over such 3-cycles.

If the G,-manifold Y is obtained by the orthogonal gluing, then one part of the topological intersection
matrix k;;g in the gauge kinetic coupling f;; (5.18) is fully determined by the intersection of Picard
lattices R = N; N N. In the case of the example 4.25 and 4.29, since the kernels K; and Ky, are trivial,
the topological intersection matrix K;;x, hence f;;, only has the contribution from R of rank 1 with
self-intersection (—6) or (—4). H 2(Y ) is trivial in the example 4.26 and 4.27 due to the perpendicular
gluing and the trivialities of K; and K, so that the matrix K;;x is always trivial.

On the other hand, if we choose X; as the one in the example 4.32 with the nontrivial kernel
K; =(E| - Ey, E, - Ey, E5 — E). Since the Picard lattice N; is of rank 1, no matter what Xy, is, the
intersection R is always trivial by the orthogonal gluing. Hence the K is fully determined by the K
with the relations E;.[; = —6;;, and K. Similarly, the case in the example 4.33 has nontrivial kernel

K; ~ 7'? with the Picard lattice N 1. = Eg(—=1)L1(8)L(-16). If we form a G,-manifold by perpendicular
gluing two copies of this 3-fold, then R is also trivial and thus K g is determined by the K; ,z with the

relations El,L/Rl_],L/R = _61]

5.4 N = 2 gauge theory sectors

The building blocks (Z; g, Sy, g) of the twisted connected G,-manifolds admit enhancement to N = 2
non-Abelian gauge theory sectors with an interesting branch structure that is geometrically accessible in
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terms of extremal transitions in the asymptotically cylindrical Calabi—Yau threefolds X, /g. From [AWO1]
there is a simple hierarchy of real codimension four, six and seven singularities in G,-manifolds, which
respectively lead to non-Abelian gauge groups, non-trivial matter representations, and chirality of the
charged N' = 1 matter spectrum. However, degenerating the building blocks (Z; g, Sy, g) admits
non-Abelian gauge groups with non-trivial matter representations, thus we should not expect singularities
inducing chirality, as the trivial S ! fibration in the non-compact seven-manifolds Y, prevents the
appearance of codimension seven singularities. In our work the non-Abelian gauge theory enhancement
arises from singularities along a three cycle S !'x C, where the curve C of genus g resides in K3-fibers
along a circle S "in the base Q. Such curve C realizes an ADE singularity in one of the asymptotically
cylindrical Calabi—Yau threefolds X; /g in the Kovalev limit. In the context of type IIA strings [KM96;
KMP96] an ADE singularity along a curve C of genus g yields a four-dimensional N' = 2 gauge theory
with the associated gauge group G together with g hypermultiplets in the adjoint representation. More
general matter representations occurs from points along C where the ADE singularity further enhances,
i.e., along real codimension six singularities. For instance, at the intersection point of two curves C and
C’ of ADE singularities we encounter matter in the bi-fundamental representation of the two associated
gauge groups G and G’ [KV97]. We find in the following that the described N' = 2 gauge theory spectra
can indeed be realized within the N' = 2 gauge theory sectors of the building blocks (Z; /g, Sy /r)-

5.4.1 Abelian and non-Abelian gauge sectors

In Prop. 4.15 we have to pick two generic global sections s, and s, of the anti-canonical divisor —K p on
the semi-Fano threefold P to construct the building block (Z; /g, Sy /). However, instead of choosing a
generic smooth section s, as discussed in § 4.4.2, we choose a simple normal crossing section s, which
factors into a product

50 = S0 Son s (5.67)

such that s ; are global sections of line bundles £; with -Kp = £, ® ... ® L. As a consequence the

curve Csing = {59 = 0} N {5, = 0} becomes reducible and decomposes into

Csing = Zci > C = {so,i =0}n{s; =0}, (5.68)
i=1

where we assume that the individual curves C; are smooth and reduced, but each C; is unnecessary to be
distinct. By the sequence of blow-ups 7. ¢ ) AR along the individual smooth curves C;, we
obtain the smooth 3-fold

z* =Bl o P =BlgBlg - BlgP. (5.69)

By blowing up a semi-Fano threefold P the resulting dimension of the kernel K, defined by eq. (4.25) in
§4.42
dimK =n-1. (5.70)

Furthermore, the three-form Betti number b3(Z ﬁ) of the blown-up threefold Z # becomes

by(Z%) = by(P)+2 ) 2(C)), (5.71)

i=1
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5.4 N =2 gauge theory sectors

in terms of the three-form Betti number b;(P) of the semi-Fano threefold P and the genera g(C;) of the
smooth curve components C;. As all these curves C; lie in the K3 fiber S, the genus g(C,) is readily
computed by

1
with the self-intersections C;.C; in S.

To arrive at this gauge theory interpretation, let us consider a semi-Fano threefold P with a curve Cg;,,
of the reducible type (5.68) of the factorized global anti-canonical section (5.67). Performing a blow-up
along this reducible curve yields the fibration 7 : Zg,, — P! with

Z

sing

sing

P = {(x, z) e PxP! |zos0,1 e Son t 28 = O} . (5.73)

In the vicinity of the fiber a! ([1, 0]) the threefold Zging becomes singular because in the patch of the
affine coordinate t = i—(‘) we get

S0,1S0,n+tsl =0 (574)

Thus by assumption of transverse intersections among the smooth curves C; there are conifold singularities
at the discrete intersection loci Iij ={r=0In{s; =0} N{sy,;, =0} N {SO,j =0}forl <i <j<nwith
Xij = ;| intersection points. These numbers are given by

Xij = Cle ) (575)

in terms of the intersection numbers of the reduced curve C; and C; within the K3 surface S. This
singularity structure prevails in the asymptotically cylindrical Calabi—Yau threefold Xg,, = Z,, \ S as

the asymptotic fiber S = n! ([ag, 1) (for @y # 0) is disjoint from the singular fiber n! ([L, 0]).

Suppose those curves C; are all distinct, in this IIA picture refs. [Str95; GMS95] establish that the
conifold singularities (5.74) yield an Abelian N = 2 gauge theory with charged matter multiplets. Namely,
to each curve C; we assign an Abelian group factor U(1); such that the total Abelian gauge group of rank

n — 1 becomes
U(l), x...xU(1),

U( 1 )Diag ,

where U (l)Diag is the diagonal subgroup of U(1); X...x U(1),,. Thus, in the low-energy effective theory
we obtain in addition to (n — 1) four-dimensional N' = 2 U(1) vector multiplets, which decomposes
into (n — 1) four-dimensional N' = 1 U(1) vector multiplets and n — 1 four-dimensional N = 1 neutral
chiral multiplets. Furthermore, to each intersection point in J;; one assigns a four-dimensioanl N = 2
hypermultiplet of charge (+1, +1) with respect to the U(1); X U(1) ; group factor. Then each of these
N = 2 hypermultiplet of charge (+1, +1) decomposes into two four-dimensional N = 1 chiral multiplets
of charge (+1,+1) and (-1, —1), respectively. We summarize the resulting spectrum in Table 5.2.

vt ~ (5.76)

The described four-dimensional N' = 2 Abelian gauge theory now predicts a Higgs branch H > and
a Coulomb branch C*. On the one hand, generic non-vanishing expectation values of the charged
hypermultiplets break the U (H! gauge theory entirely and parametrize the Higgs branch H > of the
gauge theory. As a consequence (n — 1) charged N' = 2 hypermultiplets play the role of N' = 2 Goldstone
multiplets that combine with the (n — 1) short massless N' = 2 vector multiplets to (n — 1) long massive
N = 2 vector multiplets. As a result — according to the spectrum in Table 5.2 — we arrive at the Higgs
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Multiplicity N =2 multiplets N =1 multiplets
U(1)"" charges  |multiplet| U(1)""' charges |multiplet
n—1 0,0,...,0) vector ©,...,0) vector
©,...,0) chiral
Xij O+l 41, 0)| hyper |(,..., +1, .., +1,...,0) chiral
l<i<j<n o,..., -1;..., =1;...,0) chiral
Xin ©,...,+1;...,0) hyper ©,...,+1;...,0) chiral
1<i<n @©,....,-1;...,0) chiral
Table 5.2: The spectrum of the Abelian N = 2 gauge theory sector arising from the conifold singularities in the
building block (Zg,, S).

branch H’ of complex dimension h’ [GMS95]

W = dime H® = 2( Z ,\/ij)—2(n— 1. (5.77)

I1<i<j<n

Here the factor two takes into account that each hypermultiplet contains two complex scalar fields. This
complex dimension readily describes the Higgs branch as parametrized by the expectation values of the
corresponding charged N = 1 chiral multiplets. On the other hand the expectation values of the neutral
complex scalar fields in the N' = 2 vector multiplets furnish the coordinates on the Coulomb branch ct
such that its complex dimension c¥ reads

= dim.C* =n-1. (5.78)

In the N' = 1 language the Coulomb branch moduli space is parametrized by the expectation value of

neutral N = 1 chiral multiplets.

In the geometry, the Higgs branch H " arises from deforming the conifold singularities in X, to the
deformed asymptotically cylindrical Calabi—Yau threefold X b [GMS95]. On the level of the semi-Fano
threefold P this amounts to deforming the reducible curve Cy;p, in eq. (5.68) to the smooth reduced curve
C” such that building block (Zg,,, S) deforms to the building block (Z°, 8", which yields for the kernel

K" and the three-form Betti number b3(Zb) according to egs. (5.70) and (5.71)
dimK® =0,  by(Z") = by(P)+C".C" +2. (5.79)

Furthermore, the resolution of the conifold singularities in X;,, geometrically yields the Coulomb
branch C* of the gauge theory [GMS95], which again on the level of the semi-Fano threefold P realizes
the sequential blow-ups (5.69) along the components C; of C,,, to the building block (Zﬁ, S Ii). With

sing

egs. (5.70) and (5.71) the dimension of its kernel k* and the Betti number b3(Zﬂ) becomes

dimKk* = n—1,  by(Z%) = by(P)+2n+ ) C.C;. (5.80)

i=1
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5.4 N =2 gauge theory sectors

Let us now consider two twisted connected sum G,-manifolds ¥ > and Y* respectively constructed via
orthogonal gluing of the left building blocks (Zb, Sb) and (Zﬂ, Su) with another right building block
(Zg, Sg)- Using the equivalence C e | +...+C, on the semi-Fano threefold P and the definition (5.75)
of the multiplicities y,;, we finally arrive at

by(Y?) = by(Y"y = (n - 1),
(5.81)

by(Y?) = by(¥?) + 2( Z Xij) —3(n-1).
1<i<j<n

The non-trivial result is now that the derived change in Betti numbers (5.81) between such twisted

connected sum G,-manifolds is in prefect agreement with the phase structure of the proposed U ()™

gauge theory. The change in the Betti number b, geometrically realizes the difference of massless

four-dimensional N' = 1 vector multiplets, whereas the difference of four-dimensional N' = 1 chiral

multiplets reflects the change of the Betti number b;. This is in agreement with the gauge theory

expectation. Passing from the Coulomb branch c* to the Higgs branch H ® via the Higgs mechanism

reduces the vector bosons by the rank (n — 1) of the gauge group. Furthermore, the difference in the

four-dimensional N = 1 chiral multiplets agrees with the change in dimension of the moduli space of
these gauge theory phases, i.e.,

by(Y") = by(Yh) = b — b = 1" -t (5.82)

Let us now turn to the enhancement to non-Abelian N' = 2 gauge theory sectors in the context of

twisted connected G,-manifolds. We assume that the global section s, of —Kp can further degenerate to

5o = 515"1 e Eg*s withn = k| + ... + k, and the singular building block (5.73) reads

Zing = {(1.2) € PxP' | 208} 5oy + 25 = 0}, (5.83)

with the singular equation in the affine coordinate ¢t = i—(‘) given by

K

Sl s =0, (5.84)

"S0,s

As before we assume that all curves C’i = {30, = 0} N {s; = 0} are smooth. In the vicinity of the singular
fiber 7! ([1,0]) c Z,, the singular building block (Z

sing sing®
curves C; with k; > 1.

S) develops A _-singularities along those

Again by analyzing the local M-theory geometry on S I X ing in terms of its dual type ITA picture on
the asymptotically cylindrical Calabi-Yau threefold X;,,. Refs. [KMP96; KM96] establish that type IIA
string theory on Calabi—Yau threefolds with a genus g curve of A;_, singularities develops a N' = 2
SU (k) gauge theory with g four-dimensional N = 2 hypermultiplets in the adjoint representation of
SU(k). Furthermore, according to ref. [KV97] each intersection point of two such curves of A; _,
and Ay, singularities contributes a four-dimensional N' = 2 hypermultiplet in the bi-fundamental
representation (ky, k,) of SU(k;) X SU(k,).

Therefore, we propose for M-theory on the local singular seven space § "'x X, the following

sing
non-Abelian gauge theory description. Firstly, the singularites along the curves C; determine the gauge
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Multiplicity N =2 multiplets N =1 multiplets
G reps. multiplet G reps. multiplet
s—1 1 U(1) vector 1 U(1) vector
1 chiral
i=1...,s adjsyr, |SU(k;) vector| adjsyy., |SU(k;) vector
adjsy ) chiral
g(C) adjsy ) hyper adjsy k) chiral
Xij (K Ky 1,41, hyper (ki K141, chiral
1<i<j<s (l_(i, l_(j)(_ll_’_lj) chiral
Xis (ki k)41, hyper (ki k)41, chiral
1<i<s (k;, l_(s)(_li) chiral

Table 5.3: The spectrum of the N' = 2 gauge theory sector with gauge group G = SU(k;) X ... X SU (k) X U(l)s_1
as arising from the non-Abelian building blocks (Z,,, S)-

ing>

group
U(k)) x...xU(ky)

U(I)Diag

where any SU (1) factors must be dropped and U (l)Diag is the diagonal subgroup of U (k) X ... X U(ky).
Secondly, for any i with k; > O there are g(C‘i) four-dimensional N = 2 hypermultiplets in the adjoint
representation of SU(k;). Thirdly, we have y,; four-dimensional N = 2 hypermultiplets in the bi-
fundamental representation (kj, k;)(,; 1)) of the gauge group factors SU(k;) x SU(k,), where the
subscript indicate the U(1)-charges with respect to the diagonal U(1); and U(1); subgroups of the
respective unitary groups U(k;) and U(k;) in the relation (5.85). The multiplicities y;; are again
determined by the intersection numbers of the curves C; and C’j in the K3 fiber §. The resulting gauge
theory spectrum is summarized in Table 5.3.

G = SU(ky) ... xSU(k) xU1)* " ~ , (5.85)

To analyze the branches of the N' = 2 gauge theory sectors, we first determine the complex dimension
K of the Higgs branch
j) -2(s—-1).

D1 ikik

1<i<j<s

(5.86)

L

B = dime H® = 2( ‘ (g(C) = (ki - 1))+2(
=1

Here, the first term captures the 2(ki2 — 1) complex degrees of freedom of the four-dimensional N = 2
hypermultiplets in the corresponding adjoint representations of the SU (k;) gauge group factors, reduced
by one adjoint N' = 2 Goldstone hypermultiplet rendering the four-dimensional N' = 2 SU (k;) vector
multiplet massive. The second term realizes the complex degrees of freedom of the four-dimensional
N = 2 matter hypermultiplets in the bi-fundamental representations of the associated special unitary
gauge groups and charged with respect to the appropriate U (1) factors. The last term subtracts from the
second term the N' = 2 Goldstone hypermultiplets for higgsing the (s — 1) four-dimensional N' = 2 U(1)
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vector multiplets.

Next, we derive the complex dimension of the Coulomb branch Cb, in which the maximal Abelian
subgroup U (1)"_1 remains unbroken. It is parameterized by the expectation value of all four-dimensional
N = 2 hypermultiplet components that are neutral with respect to this unbroken maximal Abelian
subgroup. Therefore, the complex dimension c* of the Coulomb branch becomes

# = dim.C* = Z(Zg(éi)(ki - 1))+ (n-1). (5.87)

i=1

The first term counts the traceless neutral diagonal degrees of freedom of the four-dimensional N = 2
matter hypermultiplets in the adjoint representation, while the second term adds the contributions of the
complex scalar fields in the four-dimensional unbroken Abelian N = 2 vector multiplets.

To compute the Betti numbers of the twisted connected sum G,-manifolds as before, using the
equivalence relation ch ~ k,C, + ...+ k,C,, we calculate the change of Betti numbers

by(Y") = b,(YH) = (n-1),

S 5.88
i=1

1<i<j<s

in terms of the intersection numbers y,; = C’i.C’ ' on the K3 surface S. As for the Abelian gauge theory
sectors, the change of the two-form Betti number conforms with the difference of the four-dimensional
N =1 vector multiplets in the Higgs and Coulomb branches, given by the rank of the non-Abelian gauge
group (5.85). The difference of four-dimensional N = 1 chiral multiplets is accurately predicted by the
complex dimensions of the Higgs and Coulomb branches. That is to say with egs. (5.72), (5.86) and
(5.87) we find for the discussed non-Abelian gauge theories

by(Y") = by(Y*) = b} — b = dimg H” — dimg C* . (5.89)

As aresult, the topological data of the G,-manifolds for the Higgs, Coulomb and mixed Higgs—Coulomb
phases resulting from a given semi-Fano threefold P are the same for both the discussed Abelian and
non-Abelian gauge theory sectors.

5.4.2 Examples with N/ = 2 gauge theory sectors

We now illustrate the emergence of N' = 2 gauge theory sectors in twisted connected sum G,-manifolds
with a few explicit examples:

Example 5.3 (SU(4) gauge theory from the Fano threefold IP3). Consider the Fano threefold P* with
the anti-canonical divisor —Ks = 4H in terms of the hyperplane class H. Let §,; and s, be a (generic)
global section of H and —K;3, respectively. Then we obtain with eq. (5.83) the resolved building block
Z

sing C P? x P! as the hypersurface equation

o1 +ts; = 0, (5.90)

with the affine coordinate  of the factor P'. This equation exhibits an A5 singularity along the curve
C = {501 =0} N {s; = 0} N {r = 0}, which yields a N' = 2 gauge theory sector with gauge group SU(4).
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sq factors |Gauge Group |N = 2 Hypermultiplet spectrum |k bg bg K
1# SU4) 3 x adj 60(21(89|50( 3
1?1 [su@)xu) [3xadj;4x3,, 54/15(89]50| 3
1212 [SU@)? xU)|3 x (adj, 1); 3 x (1, adj); 4 X (2,2),, 54/15(89/50| 3
1211 |SU@ x U 3xadjid X2 )i 4% 20,104 X 2041y |48] 9[89]50] 3
1-1-1-1 U(l)3 4% (+1,+1,0);4 x (+1,0,+1);4 x (0, +1,+1);]42| 3(89|50] 3
4% (+1,0,0);4 X (0, +1,0);4 x (0,0, +1)
2.1 |sU@) xU) |3xadj;8x2,, 42| 8[89(55| 2
2-1-1 |U@)? 4% (+1,+1);8 X (+1,0); 8 (0, +1) 36| 2(89(55| 2
2? SU(2) 9 x adj 48(19(89|60 1
2.2 U(l) 16 X (+1) 30| 1]89]60| 1
3.1 U(l) 12 % (+1) 22| 1]89]68] 1

Table 5.4: Depicted are the gauge theory branches of the SU(4) gauge theory of the building blocks associated to
the rank one Fano threefold P°.

We first note that the curves C*) = (—=Kp3) N (kH) have the following intersection numbers on the
K3 surface S and — according to eq. (5.72) — genera

1
c®.c® = a1, gic®) = Ec(’“.c(") +1=2k>+1. (5.91)

Due to the equivalence C; ~ C ®) \we arrive at g(C)) = 3 four-dimensional N = 2 hypermultiplets in the
adjoint representation of SU(4). This spectrum predicts with egs. (5.86) and (5.85) the dimensions of the
Higgs and Coulomb branches

dimeH> = 60,  dimC* =21,  dimcH® —dim:C* = 39 (5.92)
By sequentially blowing-up P? four times along the curve C,, we arrive at the building block (Zﬁ, Sﬂ) with
dimk? =3, by (Z" = 4.2¢(C)) = 24. (5.93)

Deforming the hypersurface equation (5.90) to s, + 5, = 0 with a generic section of —K3, we resolve

along the reduced smooth curve C” c PP with C” ~ C™ in order to determine the building block (Zb, Sb)
of the Higgs branch H > with

dimk” =0, by (Z") = 2g(C”) = 66. (5.94)
Finally, orthogonally gluing the building blocks (Z°, $*) and (Z*, §%) to a suitable right building block
(Zg, Sg), we obtain the twisted connected G,-manifolds Y" and Y* with the reduced Betti numbers

by =0, by = 89,

; . (5.95)
bh =3, bt = 50,
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given by

by = b,(¥) =60, b= b=, =12, (5.96)
Here

6 = dimkg +tkR, 6% = by(Zg) +dimkg —1k R . (5.97)

We observe that the differences bg - bg =3 and bg - bg = 39 agree with the rank of the gauge group and
the change in dimensionality of the Higgs and Coulomb branches, respectively.

By partially deforming the first term Eg,l in the hypersurface equation (5.90), we can realize hypersurface
singularities describing various Abelian and non-Abelian subgroups of SU(4). Such partial deformations
geometrically realize mixed Higgs—Coulomb branches of the SU(4) gauge theory. We collect the
geometry and phase structure of these mixed Higgs—Coulomb branches in Table 5.4, where the entries of
this table are determined with eqgs. (5.70), (5.71), (5.86), (5.87), and (5.91). Note that — depending on
the breaking pattern of SU (4) arising from partially higgsing — the dimensions of Higgs and Coulumb
branches vary because only the charged matter spectrum of the unbroken gauge group plays a role for the
Higgs and Coulumb branches in this gauge theory sector. For all entries in Table 5.4 we find that

By-bh=n"-c*,  dimk* = kG . (5.98)

This agreement confirms nicely the correspondence between gauge theory branches and phases of twisted
connected G,-manifolds.

Example 5.4 (Toric Semi-Fano threefolds). In this toric setup the anti-canonical divisor reads
—Kp, =Dy +...+D,, (5.99)

where the toric divisors D; correspond to the one-dimensional cones of X, that is to say to the rays
of the lattice polytope A. For smooth toric varieties Py the toric divisors D; are smooth and intersect
transversely [CLS11]. As the anti-canonical divisor —Kp is base point free, by Prop. 4.31 we can find a
smooth global section s, of the anti-canonical divisor —Kp_and further generic global sections s, ; of D;
such that the curves C; = {s; = 0} N {s; = 0} are smooth and mutually intersect transversely. Hence, the
toric semi-Fano threefold Ps realizes indeed a U (1)"_1 gauge theory sector. The four-dimensional matter
spectrum is then given by Table 5.2, where the multiplicities y;; are the toric triple intersection numbers

Xij = _KPZ,Di,Dj, (5.100)

We construct the building blocks (Zu, Sﬂ) of the Coulomb branch C* by the sequential blow-ups (5.69)
along the curves C;, while we determine the building block (Zb, S I’) of the Higgs branch H b by blowing a
smooth curve C b= {sg = 0} N {s; = 0} obtained by deforming the singular section S0,1° " So,n tO generic
anti-canonical section s,. Then we arrive at the twisted connected G,-manifold Y #andY® by orthogonally
gluing these gauge theory building blocks with a right building block (Zg, Sg) in the usual way.

Note that due to linear equivalences among the toric divisors D; the Abelian gauge theory can enhance
to non-Abelian gauge groups as well. Namely, assume that the anti-canonical bundle —Kp_ is linearly
equivalent to

~Kp, ~ kD +...+kDy, (5.101)

where for some divisors D, ~ }; a,;D; with global sections 5, ,. Furthermore, we require that the
curves C, are smooth and mutually intersect transversely. Then following previous section we arrive at
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No. p| Gauge Group N =2 Hypermultiplet spectrum | bg bg K

K24, [2|SUB)xSUQ) |2x (adj1); (1,adj);3 x (3,2),, 50|14[79/43| 4

MM34, xU(1)

K32 [2|SUB)*xU1) |(adj 1); (1,adj);3 x (3,3), 52|13[7940| 5

K35, [2|SUB)xSUQ) |2x(adj,1);(5,2),, 60(22|87[49| 6

MM36, xU(1)

K36, [2|SU@4)xSUQ) |2x(adj,1);2x (4,2), 54(17|81[44| 5

MM35, xU(1)

K37, [2|SU@) xSU@3) |(adj 1);3 % (4,3),, 54(12|79[37| 6

MM33, xU(1)

K62, [3[SUQ@)°xU()* |(adj.1%); (1 adj. 1): (1%, adj): 2 x 2%, 1)y 44(11|7340| 5

MM27, 2% (2.1,2)1,0):2 % (L2 )

K68, [3|SUG)xSUQR) [(adj.1):3x (3,2)(1 12X B. 110 (L2, [42] 9]69]36] 6

MM25, xU(1)

K105, [3|SUG)*xSU2) |(adj.1%): (1,adj,1);2x 3% 1)y 1): (3, L.2)1 0y [50[15(77|42| 7

MM31,4 xU(1)*|(1,3.2)

K124 |3[SU@) x SUQ2)* |(adj, 1. 1):2 % (4,2, 1)1 1,12 X (4.1,2) 1) 48(13|73(38] 7
xU(1)?

K218, |4[SU@) x SUB) |(adj. 1); (4.3,1%) ;1 ): 4 1.2.1); 1) 46(16|71(41(10

MM12,| [xSU@)* x U(1)’|(4.1%.2) 1 0.0): (13.2.1) . 1.1): (1.3 1.2) g 1.0y
K266, [4|SUG)x SUR)” [(Ladj,17); B.2.1%) 1 102X B L2 1) 01y |42[10]67(35] 8
MM10, xU(1)*|2x (3,1%.2) 0.0 (122 D g.1.1): (1.2 1.2) g 1.0)
K221 [4[SUG) x SU2)* 2% (32,11 1,0):3 X B L2)(10,1): B 1) 100, [40] 7[63]30] 7
xU(1)*|2x (L2 1))

K232 [4[SUM) x SUQR)® [2x 4.2.1%) ;1 0):2% 4 L2 D) o) 42| 9|65(32| 9
xU(1)*|2x (4.1%.2) .0,
K233 |4[SUG) x SUQ2)* [3%x (3,2.1)(11,:3 % 3. 1,2)1) 40| 6/63(29] 6
xU(1)?
K247 |4[SU@) x SUB)* |2 (4.3.1%) 102X (41,3, D)1 g 1); 461169/34|11
xSUQ2) x U(1)*|(1.3,1.2) g 1.0): (1% 3.9) 0.0,
K257 |4|SU5) x SUB)® (2% (5.3,1%) (11012 % (5. 1.3 1)1 0y 48|12(71|35(12

xSUQ2) x U(1)’|(5.12.2) .00,

Table 5.5: The N = 2 gauge theory sectors for some smooth toric semi-Fano threefolds Py of Picard rank two and
higher.

the N = 2 gauge theory sector with gauge group
G = SU(I<1)><...><SU(I<S)><U(1)S_1 . (5.102)

Note that rank of the gauge group i = k; + ... + k, — 1 is a priori not correlated with the number n of
toric divisors. Instead, it depends on the precise nature of the linear equivalences among the toric divisors
D;,i=1,...,n,and the divisors D, i = 1,...,s.

In Table 5.5 we list the gauge theory sectors of a few toric semi-Fano threefolds Ps. This table does

not display all mixed Higgs—Coulomb branches. Here, we focus on the resulting twisted G,-manifold Y’
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5.4 N =2 gauge theory sectors

and Y* associated to the Higgs H > and Coulomb branches C* of the maximally enhanced gauge group of
maximal rank, as obtained by the factorization of the anti-canonical bundle —Kp. .
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CHAPTER O

Conclusion and Outlook

In the first part of the thesis, motivated by the Gamma conjecture presented by Iritani [Iri07; Iri09] and
Kontsevich [KKPO08], we introduce a notion of the numerical vectors, sort of group homomorphisms
from the Grothendieck group K(A) of an abelian category A to a graded finite dimensional vector
space P, V' over a field k which map a bilinear form on K (A) to a quadratic form on P, V', In any
smooth projective variety X over C, the natural numerical vectors are ring homomorphisms from K (X)
to H*(X, C) which preserve the Hirzebruch-Riemann-Roch formula, such as the Chern character and the
Mukai vector. Then we construct numerical slope functions induced from the numerical vectors which
define stabilities on the abelian category A. These stabilities have the Harder-Narasimhan filtration if A
is Noetherian. Afterward, we introduce a notion of numerical t-stabilities, sort of t-stabilities [GKR04],
on a triangulated category 7 . The numerical slope functions given by t-stabilities defined on 7~ would
reduce to the numerical slope functions on the heart of a bounded t-structure of 7~ and vice versa. On
any smooth projective surface X, we can construct a certain set of numerical slope functions on D(X)
which form a open subspace of the stability manifold of Bridgeland stability conditions on D(X) [Bri07;
BriO8]. We also obtain the corollaries that the central charge of B-branes in B-models really defines the
Bridgeland’s stability conditions under certain conditions on smooth projective surfaces. Finally, we
present the cohomolgical Fourier-Mukai transforms between the numerical vectors on smooth projective
varieties over C, which would be isometric with respect to the Mukai pairing between a subspace of
numerical vectors.

It is interesting to study numerical t-stabilities and deformations of numerical vectors on nonsingular
projective surfaces. In any smooth elliptic curve C;, any t-stabilities, or Bridgeland’s stability conditions,
can be refined to some standard finest t-stability which is given by the stability data (Z x M, {{F[i])};cz)
on Coh(C}), where M, is the set of u-semistable subcategories I1, p = (F) and F € .#, the moduli

space of u-stable bundles with y(F) = g. The finest t-stabilities on D(Pl) are exhausted by the standard
and exceptional finest t-structures [GKR04]. We may expect that numerical t-stabilities could be refined
to the numerical t-stabilities we defined on smooth projective surfaces. Moreover, the stability manifold
on any rational curve P! is C? and on a curve of positive genus is C x H [Mac07; Oka04]. So there should
exist a submanifold with boundary of dimension 25, + 2 in stability manifolds on smooth projective
surfaces. Since numerical t-stabilities are induced by numerical vectors, cohomological Fourier-Mukai
transforms between those numerical vectors should give morphisms of numerical t-stabilities and thus can
be used to analyze stability manifolds. On the other hand, for higher dimensional varieties, to construct
the numerical t-stabilities of degree 1, or Bridgeland stability conditions, we need Bogomolov type
inequalities including higher Chern classes to produce necessary positive systems for t-stabilities. Note
that in general the stability on the tiled category may not be coarser than one on the original category and
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Chapter 6 Conclusion and Outlook

we do not have general methods which can directly reduce the degree of the numerical t-stability on any
triangulated category and generate a new numerical t-stability with lower degree yet. Once we have one
then it automatically gives us the necessary Bogomolov type inequalities.

In the second part, we first review geometric and topological properties of compact G,-manifolds, which
are special kind of seven-dimensional space constructed by Dominic Joyce [Joy96; Joy0O]. More recently
a new construction of G,-manifolds by twisted gluing of two non-compact asymptotically cylindrical
Calabi-Yau 3-folds tensored with an circle has been proposed by Kovalev [Kov03]. The analysis of the
gluing [Cor+13; Cor+15] gives a fairly detailed description how the cohomology and homology of the
G,-manifold is concretely constructed from the closed and relative cohomology and homology classes
of the building blocks. We use this description to give an account how this information can be used in
the Kaluza—Klein reduction to approximate concretely the superpotential, the gauge kinectic terms and
the Kéhler potential determined by the Hitchin functional for M-theory compactifications on twisted
connected sum G,-manifolds. The Hitchin functional, the corresponding integrals of the volume, on the
G,-manifold can be approximated by integrals on the building blocks and this approximations becomes
precisely in the asymptotic limit in which Kovalev argues that the corrections to the harmonicity of the
3-form constructed from the buildings blocks becomes small and thereby proving the existence of the
harmonic G, 3-form ¢. From the cohomology of such G,-manifolds, we established that this class of
M-theory compactifications yields two neutral universal N' = 1 chiral moduli fields associated to the
complexified overall volume modulus v and the gluing modulus, called the Kovalevton »x, respectively.
The latter parametrizes the Kovalev limit taken by Re(%) — co. The expression of the Hitchin functional
on twisted connected sum G,-manifolds obtained by the analytic method coincides with the one obtained
by the topological method as we expect.

Moreover, we can identify Abelian and non-Abelian gauge theory enhancements with various matter
content from singularities in the asymptotic cylinderical Calabi—Yau threefolds X,z in codimension
four and six that occur in the twisted connected sum Y away from the gluing region. These lead to
transitions in the threefolds X; g, whose deformations and resolutions can be described by methods
of algebraic geometry familiar in the context of N' = 2 theories. The significant point is that these
transitions commute with the Kovalev limit and the gluing construction. Namely, they connect G,
manifolds whose change in the cohomology groups corresponds exactly to the change in the spectrum of
N =1 vector and chiral superfields as predicted by the transitions. Concretely, starting with the equations
that describe the blow-up of the anti-canonical divisor in semi-Fano threefolds and analyzing all their
possible degenerations leads to a great variety of gauge groups and matter spectra as well as to many
novel examples of twisted connected sum G,-manifolds corresponding to the different branches of these
gauge theories.

To construct interesting examples of twisted connected sum G,-manifolds with nontrivial b, associated
to the abelian vector multiplets of massless 4d bosonic fields obtained from Kaluza—Klein reduction of
11d supergravity, by orthogonal gluing we need the nontrivial intersection of Picard lattices R = N; N Ny
and nontrivial kernel K; and K. One of the matching problems is to find out the ample classes in N,
and Ny, restricted from the ample classes on the building blocks and identify the negative definite parts to
form the orthogonal pushout W = N; + Np. Unlike the building block of Fano type, the anticanonical
divisor of the building block of semi-Fano type is not a Kéhler class, but it is when restricted to a generic
anticanonical divisor. Ample cone of building blocks is a proper subcone of the ample cone of the generic
K3 surface. Thus it is not easy to choose suitable basis of the Picard lattices of higher rank solving the
matching problems, and it is still open question to classify all possibilities and describe a well-defined
class of all possible matchings for two given pairs. On the other hand, to completely analyse the periods of
G,-manifolds obtained by the twisted connected sum construction is also a not easy task since we have no
further information about the complement of the Calabi-Yau cylinder in the building block. We may think
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the building block as a K3 fibration over a base which is a fibration of a torus over an interval for which
one of the two circles of the torus collapses at each end. Hence the twisted connected sum G,-manifolds
could be described as a K3 fibration over S° base which can be compared with M-theory/heterotic duality.
It would be interesting to see, if such a speculation could be made precise, namely establishing a duality
between M-theory on G,-manifolds in the Kovalev limit and F-theory on elliptically-fibered Calabi—Yau
fourfolds in a certain degeneration limit.
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