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Abstract

Accurate photometric calibration of optical data is crucial for photometric redshift
estimation. We present the Softassign Procrustes Matching method (SPM) to
improve the colour calibration upon the commonly used Stellar Locus Regression
method (SLR) for the COMBO-17 survey. Our colour calibration approach can
be categorized as a point-set matching method, which has frequently been used
in medical imaging and pattern recognition. We attain a photometric redshift
precision ∆z/(1+zspec ) of better than 2 per cent. Our method is based on aligning
the stellar locus of the uncalibrated stars to that of a synthetic standard stars
catalogue. We achieve our goal by finding a correspondence-matrix between the
two point-sets, and applying the matrix to estimate the appropriate translations
in multi-dimensional colour space. The SPM method is able to find the translation
between two point-sets, despite the existence of noise and incompleteness of the
common structures in the sets, as long as there is a distinct structure in one of the
colour-colour pairs. We demonstrate the precision of our colour calibration method
with a mock catalogue. We additionally exploit a local point spread function (PSF)
matching method to decrease the spatial variation of the PSF in the observed
images.

According to the concordance Cold Dark Matter cosmological model, the large-
scale structure filaments are slightly overdense regions connecting clusters of galax-
ies in the universe. In the hierarchical structure formation model, clusters of
galaxies grow through a sequence of mergers and continuous accreting of their sur-
rounding matter. Filaments affect the properties of nearby clusters by funneling
matters onto their haloes with a highly non-isotropic manner and along preferred
directions. We report the weak lensing detection of at least three filaments between
galaxy clusters at 0.3 < z < 0.4. Using a deep R-band image from the 35′ × 35′

MPG/ESO Wide Field Imager together with the accurate photometric redshifts
of background galaxies from the COMBO-17 survey, we can identify weak lensing
signals of filaments in different non-parametric mass reconstruction approaches.
The shear profiles of the filamentary structures have ≥ 2σ significances. We detect
the galaxy clusters at the edges of the filaments using Cluster red-Sequence (CRS)
method. Based on CRS approach, we identify fourteen clusters and groups and
their corresponding brightest cluster galaxies (BCGs). We determine their masses
and concentrations using Markov Chain Monte Carlo analysis by simultaneously
fitting 14 Navarro-Frenk-White halos with fixing their centroids on their BCGs.
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Chapter 1

Introduction

The scientific study of the formation, evolution and dynamics of the entire uni-
verse from the Big Bang to its current phase is called cosmology. The standard
Big Bang model of cosmology depends upon the assumptions of homogeneity and
isotropy on large scales (preferably scales much larger than 10 Megaparsecs1).
Neither isotropy (no special direction) nor homogeneity (no preferable position)
are necessary and sufficient conditions for each other; however having observa-
tional evidence for isotropy and applying the Copernican Principle which states
that we are not privileged observers, allows us to deduce the homogeneity of the
universe (Cole & Lucchin, 2002). According to this theory, after the Big Bang,
the universe was initially extremely hot and dense. It started to expand and in
so doing cooled down until its temperature dropped below 3000 K which allowed
photons and matter to decouple. We receive today so-called cosmic microwave
background (CMB) photons which are originally emitted from those points at the
time of photon decoupling. Different probes of the CMB radiation such as COBE 2,
WMAP3 and Planck4 display a roughly uniform temperature (with the degree of
temperature anisotropy about one part in 105), providing an indication that the
universe is fairly isotropic in its rest frame.

The large-scale structures (stars, quasars, galaxies and cluster of galaxies) ob-
served today and the CMB temperature anisotropies are the relic of the gravita-
tional instability of small density perturbations at inflationary epoch. The cosmic
structures and in particular galaxy clusters are built up hierarchically due to amp-
lification of these initial density perturbations under the influence of gravity. The
standard model of cosmology characterizes the expansion history of the universe,
the synthesis of light elements in the very early universe and the growth of struc-
tures from primordial fluctuations into the clustering of galaxies observed at the
present time.

1One parsec is about 3 × 1016 m.
2http://lambda.gsfc.nasa.gov/product/cobe
3http://wmap.gsfc.nasa.gov
4http://planck.cf.ac.uk/science/cmb
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Chapter 1 Introduction

In the following sections, I will briefly review the fundamental concepts of cos-
mology which is relevant to the study performed in this thesis. I will also discuss
the application of galaxy clusters as cosmological and astrophysical tools to test
fundamental assumptions of the standard model of cosmology as well as the theory
of structure formation.

1.1 A Brief Overview of Modern Cosmology

For a century, the theory of General Relativity (GR) has been the main pillar
of modern cosmology. In GR, the gravitational field equations are a set of 10
independent non-linear partial differential equations. It originates from the idea
that energy and momentum are sources for the gravitational field and this field also
carries energy and momentum itself. The field equation is a linear combination of
a metric tensor which is a symmetric rank-2 tensor of a Riemannian space, дµν ,
and its first and second derivatives (Weinberg, 1972).

The geometry of space-time, which is described by the metric tensor, is coupled
to the energy and matter contents of the universe. The metric tensor дµν can be
determined by finding a solution to the Einstein field equations

Gµν + дµνΛ =
8πG

c4
Tµν (1.1)

where Gµν and Λ denote the Einstein tensor and the cosmological constant, re-
spectively. G is the Newtonian gravitational constant, and c represents the speed
of light. The energy and momentum of the matter distribution can be described
by the energy-momentum tensor Tµν . In the case of a perfect fluid, it has the
following form:

T µν = (ρ + P )uµuν − Pдµν , (1.2)

where ρ denotes the mass-energy density and is related to the mass density ε with
ρ = εc2, P is the isotropic pressure, and uµ is the fluid four-vector velocity.

The interval between two events, which is the distance travelled by radiation or
particle in the space-time manifold, can be expressed by

ds2 = дµνdx
µdxν , (1.3)

where µ and ν run from 0 to 3; x0 is the time coordinate, while the remaining indices
are the spatial coordinates. In the weak field regime, the space-time curvature is
negligible and its metric approaches a Minkowski metric ηµν

5. One can expand the

5ηµν ≡ diag(−1,1,1,1)
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1.1 A Brief Overview of Modern Cosmology

space-time metric around the Minkowski metric as

дµν = ηµν + hµν , |hµν | � 1 (1.4)

where hµν is a small perturbation6. Hence, the line element which separates two
neighbouring points on a geodesic is approximated by

ds2 ≈

(
1 +

2ΦNewt

c2

)
dt2 +

(
1 −

2ΦNewt

c2

)
dx, (1.5)

where in this case ΦNewt (≡ −GM/R) is the Newtonian potential.

On cosmic scales, where the universe is considered to be homogeneous, the
mean density of mass-energy (ρ ≈ 10−26kg m−3) is roughly the same everywhere.
On these scales, as one observes larger and larger volume with radius R, the en-
closed mass M inside this volume increases with R3. Eventually, in the limit where
GM/R ∝ c2, GR becomes an adequate theory of gravity which is able to describe
the geometry of space-time for structures at such a scale (Schutz, 2009).

The space-time metric of the universe can be obtained by making certain geo-
metrical assumptions about a perfect fluid, such as considering the space-time to
be sliced into constant-time hypersurfaces which are homogeneous and isotropic.
One assumes a bundle of non-intersecting galaxy geodesics in the space-time which
are perpendicular to a set of space-like hypersurfaces. They diverge from a point in
the past or converge into a point in the future (Weyl’s postulate). There is a co-
moving reference frame for such galaxies. Thus spatial coordinates {xi ,i = 1,2,3}
stay constant along any geodesic and t can indicate the proper time along the
geodesic (Islam, 2001).

Isotropy in the universe requires that all off-diagonal elements of the space-time
metric are equal to zero to avoid any preferred direction in space (дµν = 0; µ , ν).
By assuming the line elements are invariant under Lorentz transformation (the
spacetime interval between two events is preserved), we have

ds2 = c2dt2 − dl2, (1.6)

where the expansion of the hypersurface is given by

dl2(t ) = R2(t )hijdx
idx j . (1.7)

Here R (t ) is a scale factor and hij represents the homogeneity and the isotropy of
the metric around any point. Note that the matter and energy contents of the
universe can affect the scale factor.

6h00 = −2 Φ
c2
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Chapter 1 Introduction

In particular, the Robertson-Walker space-time metric can be constructed as

ds2 = −dt2 + R2(t )

[
dr2

1 − kr2
+ r2(dθ2 + sin2 θdϕ2)

]
, (1.8)

where ϕ and θ are the azimuthal and polar angles of spherical coordinates, re-
spectively; r denotes a time-independent comoving coordinate. k is the curvature
parameter and assumes the following set of values: {−1,0,+1}, representing open,
flat and closed universe, respectively. One can define χ as the radial comoving
distance and it is related to r by

r (χ ) =




k−1/2 sin(k1/2χ ) k > 0

χ k = 0

(−k )−1/2 sinh((−k )1/2χ ) k < 0.

(1.9)

Since photons travel along null geodesics (ds = 0) and the comoving distance is
constant, we have

χ =

∫ temit

tobs

dt

R (t )
, (1.10)

while photons that are emitted later at temit + δtemit , will be received at tobs + δtobs .
We can set R (tobs ) = R (t0) = 1, the time dilation between these two events is

δtemit

δtobs
=

νobs
νemit

=
R (temit )

R (tobs )
=

1

z + 1
(1.11)

where z is called the redshift and describes the change in the photon wavelength
due to the expansion of the universe.

Now we apply the Einstein equations to the Robertson-Walker metric. The two
equations for the time-time and space-space components are

Ṙ2

R2
+
kc2

R2
=

8πG

3c2
ρ +

Λc2

3
, (1.12)

2R̈

R
+
Ṙ2

R2
+
kc2

R2
− Λc2 = −

8πG

c2
P . (1.13)

Equation (1.12) can be interpreted as an equation of energy, whereas the two above
equations can be combined to yield an equation of motion

R̈ = −
4πG

3c2
(ρ + 3P )R +

Λc2

3
R. (1.14)
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1.1 A Brief Overview of Modern Cosmology

In Equation (1.12), we define Ṙ/R ≡ H as the Hubble parameter, which denotes the
relative expansion rate of the universe at time t . Equation (1.12) implies that for
the flat universe (k = 0), the universe will expand while R (t ) increases slowly with
t . In the case of open universe k < 0, the expansion will last forever. However, if
the universe is closed (k > 0), then at R = (8πGρ +Λ)/(3kc2) the expansion of the
universe will stop (Ṙ = 0). Since R̈ is a negative value for small Λ, it eventuates in
decreasing R and eventually the universe to recollapse (Schneider, 2006).

If we assume a flat universe (k = 0) without cosmological constant, then the
mean density of universe is given by

ρc =
3H2

8πG
, (1.15)

where ρc is referred to as the critical density which demonstrates the interrelation
between the density of the universe and its geometry (Peacock, 2002). For a case
of a non-zero cosmological constant Λ, if the source of dark energy is assumed to
be a perfect fluid, this implies that

PΛ = −ρΛ = −
Λc2

8πG
, (1.16)

where ρΛ denotes the vacuum energy density and is characterized by its negative
pressure.

In 1929, Edwin Hubble discovered a linear correlation between the radial velo-
cities of galaxies and their distances with respect to Earth-based observers. Meas-
uring the Doppler shift of spectral lines of galaxies shows that the recessional
velocities Vr of the galaxies increase with their distances d (Hubble law) which
provides an evidence for the expansion of the universe

Vr = H0d , (1.17)

where H0 is called the Hubble constant and represents the value of the Hubble
parameter at the present time. The Hubble constant can be defined as

H0 = 100 h km s−1 Mpc−1, (1.18)

where h is the dimensionless Hubble parameter to account for the uncertainty in
the value of H0. For galaxies at redshifts much less than unity (z � 1), the Hubble
law relates the distance d of each galaxy to its redshift z with

cz = H0d . (1.19)

For higher redshift galaxies, the Hubble expansion rate depends on the energy

11



Chapter 1 Introduction

densities of matter and dark energy (Freedman & Madore, 2010).

Using supernovae Type Ia observations to estimate the distance-redshift relation
has suggested that the universe is not only expanding, but rather the expansion is
also accelerating. Since the source and nature of this energy with negative pres-
sure which are causing the acceleration are both unknown, it has been called dark
energy. A nonzero cosmological constant acts against gravity, and can, therefore,
lead to an accelerating expansion rate with time. However, the theoretical predic-
tion for the value of the vacuum energy from quantum field theory is many orders
of magnitude larger than the measured dark energy component interpreted from
observations (Genovese et al., 2009).

Energy and momentum conservation in the universe is described by a vanishing
covariant divergence of the energy-momentum tensor

T
µ
ν ;µ = 0. (1.20)

In the above equations the components parallel and perpendicular to uµ repres-
ent the rate of change of energy along the world lines (conservation of energy)
and the acceleration due to different pressure terms (conservation of momentum),
respectively (Ellis et al., 2012). For the ν = 0 component, we have

ρ̇ + 3 (ρ + P )
Ṙ

R
= 0. (1.21)

Assuming the fluid is isotropic in its rest frame, the pressure and energy density
are related via the equation of state

P (ρ) = wρ. (1.22)

If w is constant then the solution of Equation (1.21) for energy density in terms
of the scale factor is

ρ = ρ0

(R0

R

)3(1+w )

, (1.23)

where ρ0 and R0 refer to the current energy density and scale factor (R0 = R (t0) =
1), respectively. One can explore the dynamics of the dominated fluid by using
its equation of state. In the case of matter fluid (w = 0), the cosmological fluid
has zero pressure and is referred to as dust which consists of collisionless and non-
relativistic matter. A universe whose energy density is mostly due to dust is known
as matter-dominated universe, and the matter energy density evolves as follows:

ρm = ρm,0R
−3. (1.24)
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1.1 A Brief Overview of Modern Cosmology

Relativistic particles such as photons or massive particles with velocities close to
the light speed are called radiation and categorized as perfect fluids. One can
express the effective sound speed of radiation as

vs =

(
∂P

∂ε

)1/2

=
c
√

3
, (1.25)

the pressure is given by Pr = ρr/3 (Cole & Lucchin, 2002). In the very early
universe, when the temperature of the universe was much larger than the rest
mass of the particles, wr equals 1/3 for radiation; therefore, the energy density of
radiation falls off as

ρr = ρr ,0R
−4. (1.26)

In the case that the energy density of the universe does not diverge (PΛ = −ρΛ),
we have

ρΛ = const , (1.27)

and w = 1, therefore the vacuum energy density is independent of the scale factor.
For a non-zero vacuum energy, by the time that the universe expands, the radiation
and matter energy density decrease and eventually the universe becomes vacuum-
dominated. If we consider the case in which w < −1/3, this term leads to an
acceleration of the universe. If the contribution of the cosmological constant is
replaced by a time-dependent contribution, then for dark energy with an equation
of state w (R), the evolution of the dark energy density is given by

ρDE = ρDE,0 exp
(
− 3

∫ R

R0

[1 +w (R′)]
dR′

R′

)
. (1.28)

A simple parameterization for the time evolution of the equation of state can be
written as

w (R) = w0 + (1 − R)wR, (1.29)

where w0 denotes the current value of w and wR its derivative.
We now define a dimensionless density parameter Ω as the ratio of the density

to the critical density (ρ/ρc). If the energy content of the universe is comprised of
photons, pressureless matter and the vacuum energy, then we can re-write Equa-
tion (1.12) as

kc2

H2R2
= Ω − 1 = Ωm + ΩΛ + Ωr − 1, (1.30)

13



Chapter 1 Introduction

where for a flat universe (k = 0), the density of the universe is equal to the critical
density

∑
i Ωi = 1. Thus if Ω > 1, the curvature is positive for a closed recollapsing

universe (k = +1) and Ω < 1 corresponds to a negative curvature (k = −1). This
leads us to define the curvature density parameter as

Ωk =
−kc2

H2R2
. (1.31)

The evolution of the Hubble parameter as a function of redshift can be expressed
in terms of the present values of the dimensionless density parameters as follows:

H2(z) = H2
0 [ΩΛ + (1 − Ω) (1 + z)2 + Ωm (1 + z)

3 + Ωr (1 + z)
4]. (1.32)

The above equation implies a few turning points during expansion. The early
universe was radiation dominated until the period of matter-radiation equality

Ωm

Ωr
≡ 1 + zeq = 23809Ωmh

2. (1.33)

We can ignore the contribution of radiation today (Ωr ∝ 10−5h−2), which is ob-
tained from the combination of the cosmic microwave background photons with
assumptions about the relativistic neutrino species. The energy density of radi-
ation decreases faster compared to the matter energy density due to the expansion
of the universe. After this epoch and in the flat universe, structures can start to
form in the matter-dominated era (ρm � ρr ).

At redshift ztr , where we have

1 + ztr =
(Ω0

Λ

Ω0
m

)1/3

, (1.34)

a transition from matter-dominated universe to vacuum energy-dominated occurs.
However, in an open universe (k = −1), there is possibility that the curvature term
in Equations (1.32) and (1.12) becomes dominant. This can cause the universe
to expand with the scale factor equal to time. Therefore, an open universe can
eventually become curvature-dominated, provided the vacuum energy contribution
vanishes (Giunti & Kim, 2007).

In order to establish a model to describe large-scale structures, one needs to
describe the essential components of the universe and their abundances, the initial
conditions for the growth of the cosmic structures, and the evolution mechanism.
Relying on the results from a single cosmological probe cannot put strong con-
straints on a single cosmological parameter, which renders it necessary to design
many cosmological tests, in order to provide tighter constraints on the cosmolo-
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1.2 Cosmological distances

gical parameters and break the degeneracies between them. In next section, I will
introduce different definitions of ”distance” in cosmology and then I will address
the measurements of different density parameters in Section (1.3).

1.2 Cosmological distances

The Hubble constant measurement relies on some cosmological distance indicators.
The angular diameter distance DA is defined by the ratio between a physical size
of an object D and its angular size θ (DA = D/θ). One can re-write Equation (1.8)
in the form

ds2 = −dt2 + R2(t )
[
dχ2 + r (χ )2(dθ2 + sin2 θdϕ2)

]
, (1.35)

where r is defined as a function of χ in Equation (1.9). A light ray travels along
null geodesic in the radial direction from an object toward an observer, while the
angle θ between two light rays that were emitted from two ends of the object is
much smaller than the perpendicular distance along the line of sight, then one
can assume the lights are propagated at the same time t1. The distance between
two ends are given by D = R (t1)r (χ1)θ where R (t1) = 1/(1 + z) and z is the object
redshift, then the comoving distance χ is given by

χ =

∫ R

1

dR

R2H
=

∫ R

1

dR

H0

[
ΩΛR4 + (1 − Ω)R2 + ΩmR

]1/2
, (1.36)

then the angular diameter distance can be expressed as

DA = r (χ )/(1 + z). (1.37)

Another definition of the distance is called the luminosity distance DL. If the
intrinsic luminosity, L, of an object is known and its flux, f , is measured then this
distance can be defined as

DL =

√
L

4π f
. (1.38)

In an expanding universe, the cosmological redshift reduces the energy flux of
photon by 1/R and the cosmological time dilation reduces the number of photons
which are detected on the surface of a sphere centered on the emitting object
by 1/R. Photons cover the area of the sphere which is 4πr (χ )2, thus the flux is
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described as f = LR2/4πr (χ )2 or DL ≡ r (χ )/R, and this leads us to the relation

DL = DA(1 + z)
2, (1.39)

which are equal, only if the Universe is not expanding. Measuring these two
distances yield the same information about Ωk and Hubble parameter as a function
of redshift (Weinberg et al., 2013).

1.3 Probing the contents of the Universe

The ΛCDM model assumes that the universe is occupied by photons (γ ), neutri-
nos (ν), baryons (b), cold dark matter (CDM), and dark energy component (DE)
in the form of a cosmological constant or vacuum energy. It postulates that in
the first 10−34 seconds after the Big Bang, the universe underwent an inflationary
period and experienced an exponential expansion. Cosmic inflation can explain
the apparent smoothness and geometrical flatness of the universe, the primordial
fluctuations generated by GUT-scale7 physics, and the absence of relics such as
magnetic monopoles and other topological defects. Today, we observe the cosmic
microwave background (CMB) anisotropies, and the distribution of dark matter
and galaxies, which all demonstrate the evolution of quantum fluctuations gener-
ated during inflation. Moreover, an inflationary epoch can lead to a closely zero
spatial curvature today as well as Gaussian, adiabatic8 and nearly scale-invariant
primordial fluctuations (Abazajian et al., 2015).

During the accelerated expansion of universe, the quantum fluctuations in a
scalar field are generated and highly amplified. After crossing the microcausal
horizon, these perturbations cannot propagate and get frozen. However, the hori-
zon starts to grow faster than the perturbation scale. Eventually the fluctuations
re-enter the horizon, start evolving and seed the radiation and the matter perturb-
ations which are observed in the universe. Inflation changes the causal structure
of the very early universe and can explain correlations on super-horizon scales.

During inflation, tensor fluctuations in the form of primordial gravitational
waves are also generated. Gravitational waves are considered as ripples in the

7Between 10−43 seconds and 10−36 seconds after the Big Bang and in energy scale higher than
EGUT ∼ 1015 GeV, the strong and electroweak interactions had equal strength, this theory is
called Grand Unified Theory (GUT), and when the universe expands and cools off, a phase
transition with a loss of symmetry happens.

8Assuming the density content of the universe is split between matter and radiation. The fluc-
tuations occur in the total energy density and there is a spatial perturbation in the comoving
curvature, while the equation of state stays constant and the ratio of the matter/radiation
density and consequently the entropy do not change (δs = 3/4δr −δm ∼ 0). These fluctuations
are called the adiabatic fluctuations and predicted by inflationary models.
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1.3 Probing the contents of the Universe

fabric of space-time. One could only detect the relic gravitational waves on very
large scales, since they damp significantly inside the horizon. Gravitational waves
can produce linear polarization and leave a signature in the B-mode polarization
pattern of CMB photons. The epoch of last scattering can be explored directly
with the CMB polarization, while the temperature fluctuations may evolve between
last scattering and today.

The measurement of CMB polarization and the acoustic peaks of the CMB
temperature fluctuations are distinctive indications of adiabatic primordial fluc-
tuations during inflation. In addition, the CMB photons account for more than
90% of the radiation energy density in the universe. The baryon content of the
universe can also be determined by measuring the CMB acoustic peaks which are
caused by the photon-baryon fluid oscillations.

If one expands the observed CMB temperature anisotropy by using spherical
harmonics ∆T /T (θ ,ϕ) =

∑
lm almYlm (θ ,ϕ), where θ and ϕ are angular coordinates

on the sky, then the angular power spectrum is defined as an average over the
ensemble of realisations of the fluctuationsCl = 〈|alm |

2〉. It implies the temperature
correlation between two locations on the sky does not depend on orientationm, but
only on angular separation l . For calculating the shape of angular power spectrum
from the observed CMB anisotropy, one must obtain best fit values of Ωb , Ωm, ΩΛ,
H0 etc.

Before the recombination era, the matter and radiation in the universe were in
thermal equilibrium. This is due to the interaction between free electrons with
the photons and the baryons through Thomson and Coulomb scattering, and they
constitute a perfect photon-baryon fluid, if the dynamical effects of baryons and
gravity are ignored. This leads to a Planckian spectrum (perfect blackbody) for
the cosmic background radiation which has nearly the same temperature (T =
2.728±0.004 K) in all directions on the sky (Hu & Dodelson, 2002). The expansion
of the universe between that epoch and today has not altered the spectrum aside
from redshifting it.

Approximately 370,000 years after the Big Bang, the universe was matter-
dominated, and because of expansion the universe cooled down to eV energy level
(T ∼ 0.26eV) which is the order of the hydrogen atom binding energy. Electrons
and protons started to recombine and form neutral hydrogen atoms. Photons and
electrons decoupled due to the reaction rate Γ = neσT (with σT representing the
Thompson scattering cross section and ne denoting the electron density) decreas-
ing below the expansion rate. After this point, photons propagate freely from the
last scattering surface (Durrer, 2001; De Vega et al., 2001). Moreover, anisotropic
Thomson scattering of photons during the decoupling of matter and radiation gives
rise to linear polarization of the CMB photons.

One can study the surface of last scatter by measuring the polarization per-
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turbations. The (anti-)correlation between the temperature and the polarization
fluctuations indicates the isolation of the tensor contribution of perturbations on
large scale (50 ≤ l ≤ 150) and detect the existence of super-horizon scale fluctu-
ations (Spergel & Zaldarriaga, 1997; Peiris et al., 2003). On super-horizon scales
(l ≤ 30), CMB photons experience gravitational redshift and time dilation due
to all inhomogeneities of the matter-energy density present on the surface of last
scattering. One can assume that such perturbations are due to the primordial
fluctuations of the matter and the geometry during inflation (the Sachs-Wolfe
effect) (Kosowsky, 2001).

Before photon-baryon decoupling and on scales of 100 ≤ l ≤ 1000, dark matter
began accreting in the denser regions which were created by primordial quantum
fluctuations. The photon-baryon fluid gets compressed in the potential well of
the over-dense regions while photon pressure acts as a restoring force, causing
the fluid to oscillate (Hu et al., 1996). Over-pressurized regions produce spherical
sound waves which propagate with an adiabatic sound speed (vs ' c/

√
3) through

the baryon-radiation fluid. At the time of last scattering, the phase of this standing
acoustic wave was frozen into the matter distribution. Some sound waves were in
the phase of maximum compression at recombination. The maximum distance
that an associated sound wave had traveled from the Big Bang to recombination
era is called the sound horizon rs and is given by

rs (z) = (1 + z)−1

∫ ∞

1+z
dyvs (y)/H (y). (1.40)

There are four physical quantities which govern the CMB acoustic peaks, namely
the matter-radiation ratio, the photon-baryon ratio, the sound horizon and the
diffusion scale at decoupling redshift. A direct measure of the horizon diameter
λ = 2rs can be done by using the space between peaks ∆l = πDA/rs , where DA is
the angular diameter distance at the redshift of decoupling. According to Equa-
tion (1.37), DA depends not only on Ω, but also on each component at the redshift
of decoupling and the Hubble parameter H (z). For the adiabatic perturbations
the sound speed based on the photon-baryon ratio η = (3ρb )/(4ργ ) is

vs (y) =

√
y

3(1 + η)
, (1.41)

note that the redshift of baryon-photon equality is not the same as zeq. The
radiation-matter ratio is given by r∗ = ρr/ρm. One also needs to measure the
decoupling redshift which can be determined by the criteria for decoupling, Γ ≤ H .
The redshift of coupling can be determined by the photon temperature which is a
fixed value by CMB measurements (Linder, 1997). With using CMB, one measures
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1.3 Probing the contents of the Universe

directly η and r∗ and not Ωbh
2 or Ωmh

2.

Raising the baryons weighs down the photon-baryon fluid and increases the
chance of falling into a potential well to become a compression, and making it more
difficult for baryons to bounce out from potential wells and produce a rarefaction.
This is called the baryon loading effect. The photon-baryon ratio controls the
baryon loading of the fluid and influences on the relative heights of the second
and the third peaks, while the depth of the gravitational potential is controlled by
r∗ (Hu, 2005).

The interaction of CMB photons with the matter along the line of sight at red-
shift smaller than last scattering are called the secondary effects. In the scale of
l ≤ 100 and at low redshift the gravitational potentials of large-scale structures de-
cay with time due to accelerated expansion of the universe. This causes a so-called
integrated Sachs-Wolfe effect (ISW), where the amount of blueshift that photons
experience when they fall in the potential well is not the same as the amount red-
shift the photons undergo when climbing out of the gravitational potential well.
The cross-correlation of CMB anisotropies (ISW effect) with large-scale structure,
in particular galaxy surveys, provides an opportunity to detect the presence of
spatial curvature or, in a flat universe, the signature of dark energy (Afshordi et
al., 2004; McEwen et al., 2007).

Neutrinos are another substantial component of the universe which have a num-
ber density comparable to the relic photons, and they constitute the second most
abundant type of known particles in the universe with a density of approximately
nν ∼ 57/cm3 (Trotta & Melchiorri, 2005). Neutrinos were in thermal equilibrium
with baryonic matter by weak interactions until one second after the Big Bang,
when the temperature falls and the weak interaction becomes rapidly weaker and
weaker. Until roughly around T ∼ 1 MeV, the interaction rate of neutrinos Γν falls
below the expansion rate H . The neutrino species then decouple from the prim-
ordial plasma and the relic neutrinos propagate through the universe freely. The
relativistic neutrinos with mass � 10−3eV keep a Fermi-Dirac energy distribution,
but the non-relativistic neutrinos are clustered around galaxies with a velocity of
vν ∼ 200km s−1. The presence of massive neutrinos can modify the radiation dens-
ity in the radiation-dominated epoch and cause a delay on the matter-radiation
equality, plus they turn to hot dark matter component after recombination.

After neutrino decoupling, electron-positron annihilation occurs owing to the
universe temperature falling below the electron mass. However, a small fraction
of the electron-positron annihilation entropy is transferred to the neutrinos and
it causes a small deviation in the Fermi-Dirac distribution of neutrinos. This
leads the standard cosmological model to raise the effective number of neutrinos
to slightly more than three (Mangano et al., 2002, Neff = 3.046). During the
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annihilation process, the comoving entropy density is conserved9; therefore, this
implies that the ratio between the temperature of relic neutrinos and relic photons
should be Tν/Tγ = (4/11)1/3. Then the energy density of the relativistic particles
in the early universe is given by

ρr =

1 +

7

8

( 4

11

)4/3
Neff


ργ , (1.42)

where ργ denotes the photon energy density and the multiplicative factor 7/8
accounts for neutrinos as fermion particles (Boesgaard & Steigman, 1985; Pastor,
2003).

Table 1.1: The constraints on the content of the universe based on the ΛCDM model, whereas
the constraints are quoted in 68% confidence level except the sum of neutrino
masses. The first column represents the results from adding WMAP polariz-
ation information to the Planck data. The second column list the results of
combining the Planck+WP likelihoods with the ACT (the Atacama Cosmology
Telescope) and SPT (the South Pole Telescope) likelihoods and it is referred as
”Planck+WP+highL”. The next two columns list the parameter constraints
with extra information from Plank lensing and BAO likelihoods.

Parameter Planck
+WP

Planck
+WP
+highL

Planck
+WP
+highL
+lensing

Planck
+WP
+highL
+lensing
+BAO

Summary

Ωbh2 0.02205±0.00028 0.02207±0.00027 0.02218±0.00026 0.02214±0.00024 Baryon density today
Ωch2 0.1199±0.0027 0.1198±0.0026 0.1186±0.0022 0.1187±0.0017 Cold dark matter

density today
Ωmh2 0.1426±0.0025 . . . . . . . . . Total matter density

today (including massive
neutrinos)

ΩΛ 0.685+0.018
−0.016 0.685+0.017

−0.016 0.693±0.013 0.692±0.010 Dark energy density
divided by the critical
density today

Σmν [eV] < 0.933 < 0.663 . . . . . . The sum of neutrino
masses (95% limits)

H0 67.3 ± 1.2 67.3 ± 1.2 67.9 ± 1.0 67.80 ± 0.77 Current expansion rate
in km s−1Mpc−1

On an angular scale of l ≥ 1000, due to imperfection of the baryon-photon
coupling and finite mean free path of photons, the CMB fluctuations get smoothed
out by the photon diffusion; this is called Silk damping. The neutrinos cause
the small scale damping through their own free-streaming and via changing the
expansion. Therefore the number of neutrino species alters the Silk damping scale

9The comoving entropy conservation for the relativistic particles occurs (d(sR3) ≡ −
µ
T d(nR3)),

if either the temperature is much higher than the chemical potential (µ � T ) or due to the
conservation of the comoving number density.
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1.4 Growth of structures

rd with respect to the sound horizon, rs , because the energy density of neutrino
can increase the expansion rate prior to (and during) the epoch of photon-baryon
decoupling. On the other hand, the neutrino mass can influence on the structure
growth via both ISW effect and gravitational lensing of the CMB anisotropies
by the large scale structures (Hou et al., 2013; Abazajian et al., 2014). Ade et
al. (2014) assess an upper limit with 95% confidence level on the sum of neutrino
masses via combine analysis of the temperature data, Planck, WMAP polarization
data, high-l CMB measurements, and baryonic acoustic oscillation data as

∑
mν <

0.28 eV and Neff = 3.32+0.54
−0.52. Note that there is a partial degeneracy between these

two parameters by using large-scale structure data but they do not have significant
correlations in the CMB data. A list of Planck results about the constraints on
the contents of the universe is given in Table 1.1 (Ade et al., 2014).

1.4 Growth of structures

The large-scale structures observed in galaxy surveys such as filaments and supe-
clusters can be explained by the outgrowth of tiny primordial perturbations gener-
ated by the gravitational interaction of collisionless cold dark matter particles in an
expanding universe. The origin of the primordial density fluctuations in the very
early universe is not still well-understood. One model for the structure formation
is based on topological defects – i.e. domain walls, cosmic strings, monopoles and
texture – during a symmetry breaking phase transition in the very early universe,
which can create a concentration of stress-energy and a time-varying gravitational
potential later. Another possible case for the cause of primordial density per-
turbations is quantum fluctuations of a scalar field during an inflationary era. A
vacuum energy of the scalar field drives the universe into an accelerated expansion.
The quantum fluctuations stretch beyond the Hubble scale and they are frozen in,
since they move out of each others event horizon. The inflationary model predicts
a nearly scale-invariant primordial power spectrum and this model is able to ex-
plain initial fluctuations existing on scales much larger than the causal horizon at
the time of recombination (Durrer & Kunz, 1998; Coles, 2001).

The matter density in the universe at any epoch can be expressed by ρ (r) = ρ̄ (1+
δ (r)) which is the deviation of matter density from the mean background density ρ̄
in terms of a density contrast δ (r). We can write the density contrast as a Fourier
series δ (r,t ) =

∑
k δk exp(ik.r). Simple inflation models predict that primordial

matter fluctuations constitute a Gaussian random field. By assuming this initial
condition, we can investigate the statistical properties that govern on such a field
and process them with respect to the symmetries of the background cosmology
such as homogeneity and isotropy. Correlators of such a field are expectation
values of products of fields at different spatial points or Fourier modes. Hence the
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two-point correlation function ξ (r ) or power spectrum P (k ) are defined as

〈δ (k)δ ∗(k′)〉 ≡

∫
IR3

d3xe−ix·k
∫

IR3
d3x′e−ix

′·k′〈δ (x)δ ∗(x′)〉

= (2π )3δ3
D (k − k

′)

∫
IR3

d3re−ir·kξ (r )

= (2π )3P (k )δ3
D (k − k

′)

where 〈. . . 〉 denotes the ensemble average, δ3
D is the three-dimensional Dirac-delta

function and r = x′ − x. Due to isotropy in the universe, the power spectrum is
expected to be a function of |k| = k (Gil-Maŕın et al., 2012; Weinberg et al., 2013).

In the very early universe, inhomogeneities had very small amplitude. One can
adopt a linear perturbative approach, at least for the length scale that the perturb-
ations are smaller than the effective cosmological horizon, and where each Fourier
mode evolves independently and a Newtonian treatment can be applicable. The
initial power spectrum of the density fluctuation has a power law shape Pin (k ) ∝ kns
where ns is the spectral index. In the case of ns = 1, the spectrum is called Harrison-
Zeldovich power spectrum (Einasto et al., 1999). The scale-invariant initial prim-
ordial density fluctuation can be described by the super-horizon perturbations,
having the same frozen-in amplitude on all scales when they entered the horizon.
There is a turnover in the power spectrum at a scale on the order of horizon at
matter-radiation equality, since modes which entered the horizon at the beginning
of radiation-dominated epoch are stuck at their primordial density contrast and
they have smaller amplitude compared to the small k modes that entered the ho-
rizon later at the matter-dominated era (Loeb & Furlanetto, 2013). The density
contrast today is related to the primordial one by

δk (k,t ) = T (k,t ,ti )
D (t )

D (ti )
δk (k ,ti ) (1.43)

where T (k ,t ,ti ) is the transfer function which explains the change in the amplitude
of fluctuations as a function of Fourier modes. The parameter D denotes the
growing mode of the density perturbations that I will describe further in this
section.

Consider the evolution of non-relativistic particle density (CDM) under the in-
fluence of gravity in the matter-dominated epoch on scales smaller than horizon,
where we can neglect the possible clustering of the dark energy and pressure. One
can combine the equations governing the fluid motion such as Euler, continuity
and Poisson equations in Fourier space for a comoving observer, and drop the
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1.4 Growth of structures

non-linear terms to obtain

δ̈ + 2H δ̇ −
3

2
H2Ωmδ = 0, (1.44)

where the perturbations can be decomposed into growing D+(t ) and decaying D−(t )
components

δ (r,t ) = D+(t )∆+(r) + D−(t )∆−(r), (1.45)

where ∆+(r) and ∆−(r) are the corresponding spatial components. In the matter-
dominated case (Ωm = 1 and ΩΛ = 0) where we have R ∝ t2/3. The evolution of
dark matter perturbations since the recombination, can be given for growing and
decaying modes as D+ = R (t ) and D− = R−3/2(t ).

In the matter-dominated era (z < zeq) but before redshift of decoupling zdec , the
baryonic gas is tightly coupled to the photons and is highly ionized. The baryon-
photon fluid density is dominated by baryons and the radiation pressure is still
significant. For adiabatic perturbation with the sound speed v2

s = δp/δρ, the time
evolution of δ is given by

δ̈ + 2H δ̇ −
(
4πGρ −

k2v2
s

R2

)
δ = 0, (1.46)

the solution can be oscillatory or exponential depending on whether k is greater
than or less than the Jeans wavenumber k J =

√
4πGρR2/vs . Considering the sound

speed vs is proportional to a−1/2, then the comoving sound horizon is rs ∼ vst/a
and the Jean length (λ J ∼ vst) describes the physical sound horizon.

After the Big Bang, radiation energy density dominates over matter and controls
the evolution of the universe. During the radiation-dominated phase, the expnsion
rate of the space-time geometry is higher. One can consider the Newtonian gravity
and special relativity fluid mechanics for scales smaller than Hubble length c/H .
The evolution of cold dark matter perturbations through the radiation dominated
era (z > zeq) can be investigated by including a relativistic source term in the
radiation-fluid equations (v2

s = c
2/3). The second order differential equation for δ

is

δ̈ + 2H δ̇ − 4H2Ωrδ = 0, (1.47)

since in the EdS model at radiation epoch then we have R ∝ t1/2. The growing
mode is δ ∝ R2. However, the growth equation of the matter density contrast
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when the relativistic particles dominates is given by

d2δ

dy2
+

2 + 3y

2y (1 + y)

dδ

dy
−

3

2y (1 + y)
δ = 0 (1.48)

where y is the ratio of scale factor to the scale factor at the time of matter-radiation
equality (y ≡ R/Req). A growing solution (δ ∝ y+2/3) implies that for R � Req the
density contrast δ is frozen at a constant value and in the matter-dominated epoch
δ grows proportional to R (Peacock, 2002). Another solution for Equation (1.48)
is δ ∝ lny, during radiation dominated phase.

The Newtonian approach breaks down for perturbation modes outside the hori-
zon. Both space-time metric and energy-momentum tensor of the matter sources
should be perturbed in the relativistic treatment which yields to

R2 d2δ

dR2
+

3

2
R

dδ

dR
−

3

2
δ = 0 w = v2

s = 0, (1.49)

R2 d2δ

dR2
− 2

(
1 −

k2

6R2H2
0

)
δ = 0 w = v2

s = c
2/3, (1.50)

for modes beyond the Hubble radius λ � λH after recombination the non-relativistic
component grow as δ ∝ R while the radiative fluid before matter-radiation equality
has growing component as δ ∝ R2.

On small scales, the pressure of the gas affects the evolution of the baryon
perturbation as well as the dark matter, since a small fraction of total gravitational
force comes from the baryons contribution. The driving force is the gravitational
potential produced by the dark matter density in sub-horizon scales. The evolution
of baryon perturbation δb is given by

δ̈b + 2H δ̇b =
3

2
H2Ωm

(
δDM +

ρb
ρDM

δb

)
≈

3

2
H2ΩmδDM, (1.51)

In the EdS mode, one can transform derivatives with respect to t into derivative
with respect to R and obtain

δ ′′b +
3

2R
δ ′b =

3δDM

2R2
. (1.52)

One solution for this equation can be δb = δDM

(
1 − f /R

)
, where b is a constant.

For z � zrec we have δb ' δDM, if we assume the perturbation of baryon vanishes
after recombination (f = R (trec )). After decoupling of baryons from photons,
the pressure of photons affects no longer on the evolution of baryon density and
baryons fall into the dark matter potential well.
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1.4 Growth of structures

By combining the results from structure growth in linear regime at different
scales, one is able to describe the power spectrum of density fluctuations as
P (k ) = AknsT 2(k ), where the transfer function encodes the evolution of the density
perturbations δ (k ).

The shape and evolution of the power spectrum can be predicted by theory but
its normalization is determined by observations. The galaxy power spectrum can
be obtained from three dimensional galaxy surveys, where the galaxy redshift is
measured along with its position. The normalization is calculated by the variance
of matter density fluctuations in local universe within a sphere of radius R and
smoothed with a Fourier window function W̃ (kR)

σ2
R ≡ 〈|

δρ

ρ
|2〉R =

1

2π2

∫ ∞

0
P (k )W̃

2
(kR)k2dk , (1.53)

whereW̃ (kR) is the Fourier transform ofWR (r) and is normalized such that
∫

d3rWR (r) =
1. The filter typically has a top hat shape. If the galaxy distribution traces the
dark matter, then we have σ2(8h−1Mpc) ≈ 1. It also indicates that below this scale
the density fluctuations start to become non-linear.

In the ΛCDM paradigm, galaxies form hierarchically around dark matter density
peaks where the density of gas can reach high enough to cool, and stars form
in collapsed cores. The galaxies distribution may be biased relative to that of
the underlying matter distribution. One can define a linear bias factor between
fluctuations in matter and in the galaxy distribution by(δρ

ρ

)
д
= b

(δρ
ρ

)
m
, (1.54)

the galaxy bias only changes the amplitude of the matter fluctuations on large
scales (σ8 ≈ 1/b), where the fluctuations are still close to the linear regime. The
galaxy formation process such as star formation, supernova feedback and merging
are related to the physical origin of large-scale bias. Moreover, it is shown that
the observed properties of galaxies are correlated with their environment. For ex-
ample, elliptical galaxies are more clustered compared to spirals. The low surface
brightness galaxies are also less clustered on scales of less than a few Mpc, while
brighter galaxies show a higher clustering amplitude. The cluster galaxy popula-
tion is different from field, i.e. the central part of clusters is occupied mostly with
elliptical galaxies, whereas about 70% of field galaxies are spirals which is another
result of these kinds of studies (Kauffmann et al., 1995).
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1.5 Nonlinear Collapse

Inflation predicts a nearly scale invariant primordial spectrum on large scales,
where the fluctuations at each k are independent. When δ ∼ 1 the linear approx-
imation breaks down, and different Fourier modes are coupled and the probability
distribution of density perturbations δ (k) becomes non-Gaussian. The growth of
structures act highly non-linear on length-scales less than ∼ 20h−1Mpc. How-
ever, the exact solution to the dynamical equations of density perturbations is
only known for the linear regime and only approximate solutions are known for
their corresponding non-linear models. The well-known spherical top-hat collapse
model provide a qualitative description of how isolated and gravitationally bound
structures evolve up to their collapse. One can start with Friedmann’s Equation

Ṙ2 =
8πG

3c2
ρR2 − kc2, (1.55)

here R is assumed to be a radius of an overdense sphere and acts similarly to the
scale factor for a closed sub-region in the universe. If in the above equation, the
derivatives with respect to t are transformed into derivatives with respect to the
comoving size of the horizon dη ≡ cdt/R (t ), then we have(dR

dη

)2

=
8πGρ

3c4
R4 − kR2. (1.56)

Assuming the mass inside the sphere is constant over time, we can define a scaling
constant R∗ = 4πGρ0R

3
0/(3c

4) = GM/c2 and rewrite the above equation as

[ d

dη

( R
R∗

)]2

= 2
( R
R∗

)
− k

( R
R∗

)2

. (1.57)

then the evolution of a spherically symmetric overdense region with k = 1 is given
by

R (η) = R∗(1 − cosη), (1.58)

t (η) =
R∗
c
(η − sinη). (1.59)
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One can eliminate η from both Equations (1.58) and (1.59) by a Taylor series
expansion about η = 0,

R ≈
R1/3
∗

2
(6tc )2/3

[
1 −

1

20

(6tc

R∗

)2/3]
, (1.60)

ρ =
M

4/3πR3
≈

1

6πt2G

[
1 +

3

20

(6tc

R∗

)2/3]
, (1.61)

where the matter density perturbation within the sphere can be obtained as

δ =
ρ − ρ̄

ρ̄
'

3

20

(6ct

R∗

)2/3

. (1.62)

At η = π , the sphere reaches its maximum radius Rmax = 2R∗ when tmax is πR∗/c,
and linear perturbation theory predicts that the enhancement in the matter density
will be δlin = (3/20) (6π )2/3 ' 1.08. If the spherical density perturbation decouples
from the expansion of the background, then it will collapse (Planelles et al., 2014).
In a time tcol of order 2tmax (η = 2π), the sphere will collapse to a singularity –
i.e. the spherical radius tends to become zero – and the nonlinear density contrast
increases rapidly. In the EdS model the linear density contrast at the time of
collapse is given by δlin = (3/20) (12π )2/3 ' 1.69.

Even with a tiny violation of the pure spherical symmetry, the initial perturb-
ation can stop top-hat collapsing to a point and dissipation shocks will form in
the matter density. This can lead to random thermal motions due to conversion
of the kinetic energy from collapse into heat. The collapsed matter reaches virial
equilibrium, where the kinetic K and the potential energy U of the system are
related by U = −2K . The virialization happens when η is equal to 3π/2 and
Rvir = Rmax/2 = R∗, while the overdensity is given by

1 + δvir =
ρ (η = 3π/2)

ρ (η = 2π )
=

R3(2π )

(Rmax/2)3
= 18π2 ≈ 178 (1.63)

The above results are only valid for Ωm = 1, whereas the above equation gets
modified with a fitting formula for a universe with Ωm + ΩΛ = 1 as follows

1 + δvir = 18π2 − 82(1 − Ωm (z)) − 39(1 − Ωm (z))
2 (1.64)

where here the density parameter should be evaluated at the collapse redshift (Bryan
& Norman, 1998).
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1.5.1 Halo Mass Function

In the spherical collapse model, the density contrast is related to the smoothing
radius R and the time of halo collapse. Therefore one can use this model to es-
timate the abundance and clustering properties of density peaks of the smoothed
overdensity field as a function of their heights and masses which correspond to
the formation of the halos at different time and their smoothing radius R, re-
spectively (Mo et al., 2010). Moreover, the spherical collapse model anticipates a
required overdensity δ > δcol ' 1.69 which is needed to form a virialized object.

If one assumes that the initial density field is a Gaussian random field and the
convolved density field δR with a filter function of radius R is still Gaussian, then
the probability of a smoothed density field having a density contrast greater than
δR > δc (t ) (≡ δc/D+(t )) is given by

=[> δc (t )] =
1

√
2πσ (M )

∫ ∞

δc (t )
exp

[
−

δ2
R

2σ (M )2

]
dδR, (1.65)

where σ (M ) is the rms density fluctuation in the smoothed density field with
a Fourier window function W̃ (kR) and is defined in Equation (1.53). Equation
(1.65) describes the mass fraction of collapsing objects with mass larger than M;
when we have M −→ 0, then =[> δc (t )] −→ 1/2, which implies only half of the
mass in the universe contributes of collapsed halos of any mass. Press & Schechter
(1974) addressed this issue by introducing a ”factor” 2 by arguing that undersense
regions will be pulled into the collapsed halos eventually and double their masses.
Hence, one can define a number density of collapsed halos within the mass range
of [M ,M + dM] as

dn(M ,t )

dM
=

2ρ̄

M

∂=[> δc (t )]

∂σ

����
dσ

dM

���� =
√

2

π

ρ̄

M2

δc (t )

σ

����
d lnσ

d lnM

���� exp
(
−
δ2
c (t )

2σ2

)
, (1.66)

which is called the Press & Schechter (PS) mass function. One can employ the
abundance of galaxy clusters and its redshift evolution to constrain simultaneously
both the amplitude of primordial fluctuations σ8 and the matter density parameter
of the universe, Ωm. The resulting values of σ8 and Ωm are highly correlated when
the mean cluster abundance probes a small scale range, and only the measurements
of the spatial fluctuations of the cluster abundance over a very large scale is able
to break this degeneracy (Schuecker et al., 2002).

1.5.2 Cluster Mass Profile

Understanding the large-scale structure formation is entangled by exploring the
virialized region of non-linear structures. High-resolution N-body simulations
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based on hierarchical clustering model have indicated that cold dark matter halos
in the equilibrium are self-similar. Navarro et al. (1995, 1996, 1997, NFW) pro-
posed a spherically averaged density profile which is approximated by scaling a
simple formula. The simulated profiles steepen (ρ ∝ r−3) in the outer part of halo,
i.e. near the virial radius, while the density profiles are found to be shallower
(ρ ∝ r−1) toward the halo center. The functional form of the NFW density profile
is given by

ρ (r ) =
ρcδc

( rrs ) (1 +
r
rs
)2
, (1.67)

where ρc is the critical density, δc denotes the halo dimensionless characteristic
density and rs is a scale radius which is defined by rs = rv/c. Here rv is the virial
radius and it represents the distance from the halo center where the mean density is
v times larger that the current value of the critical density. The spherical collapse
model predicts the virial overdensity is almost equal to 200 for Ω = 1, thus we
set v ∼ 200. Since rs is mostly correlated with the halo mass, it implies that
the diversity of dark matter halos can be described by a single free parameter.
The quantity c, the ratio between rv and rs , is called the concentration parameter,
which is related to δc by

δc =
v

3

c3

ln(1 + c ) − c/(c + 1)
. (1.68)

The concentration parameter depends on the shape of the initial power spectrum
of density fluctuations and the mass of halo. The observed trend for various
initial power spectra ns suggests lower concentration parameter in massive objects,
i.e. c = 5 corresponds to the typical cluster mass (halo mass ∼ 1015M�), while
c = 10 corresponds to the massive galaxies (halo mass ∼ 1012M�) in the ΛCDM
model ( Lokas & Mamon, 2001). The concentration is correlated with the time
of the halo formation, meaning earlier forming halos are more concentrated. In
the hierarchical structure formation framework, halo growth occur via merging
small virialized halos in higher density environments. Hence massive halos form at
increasingly late cosmic epoch, and the concentration parameter at fixed redshift
decreases with mass. Avila-Reese et al. (1999) also show systematic variations in
shapes and concentrations of the halo profiles, as well as a strong correlation of
the profiles with the halo environments, where the outer slopes of cluster size halos
are steeper than the NFW slope (ρ ∝ r−4) and slightly shallower within groups
and galaxy systems (ρ ∝ r−2.7).
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1.6 Clusters of Galaxies

The gravitational collapse of the peaks of the primordial matter density perturba-
tions continue until they assemble structures with total masses varying from 1013

to 1015M� today, namely the galaxy clusters. According to N-body simulations
of dark matter, the matter in the ΛCDM universe is accumulated into sheets and
filaments, and the massive cluster of galaxies are placed at the vertices of these
filamentary structures (Jauzac et al., 2012). Galaxy clusters are the most massive
nonlinear, quasi-equilibrium structures in the universe. Their progenitors are ex-
pected to form in the dark matter halos with the mass range of 105 − 108M� at
redshifts of 10 − 30.

Cosmological hydrodynamical simulations also show that galaxy clusters with
deep gravitational potentials form and evolve through the accretion and merger
events of small structures inside the filamentary structures within a hierarchical
process (Borgani et al., 2004). The depth of a cluster potential well will be determ-
ined by examining the particles which reside inside, such as the high temperature
gas or the velocity dispersion of galaxies in the cluster. The radial velocity disper-
sion in rich galaxy clusters is σv ∼ 400 − 1400 km s−1. One can estimate the time
for a galaxy to move across from one side of a cluster with size d to the other (the
crossing time) by

tcr =
d

σv
≈ 1

( d

1 Mpc

) ( σv
103 km s−1

)−1

Gyr. (1.69)

which is shorter than the cluster dynamical timescale (a fraction of the Hubble
time). This indicates that clusters are gravitationally bound structures and they
have enough time in their internal regions to become relaxed; otherwise they would
have had many crossing time to disappear. The galaxy velocity dispersion in
clusters and the X-ray intracluster-medium (ICM) temperature are correlated, and
the correlation is more pronounced if the galaxies and the gas are in dynamical
equilibrium (Bahcall, 1996; Girardi et al., 1996).

The mass of galaxy clusters are composed of ∼ 5% galaxies and stars, ∼ 10−30%
hot gas and ∼ 60−85% dark matter. A whole scenario for cluster formation requires
combining the non-linear collapse process with baryonic dissipative physics. A
chain of processes during cluster formation occurs, such as gravitational collapse,
gas radiative cooling, star formation, supermassive black hole accretion and the
energetic feedback of supernovae (SNe) and active galactic nuclei (AGN). The
latter two processes can significantly heat up intra-cluster medium (ICM) and
distribute heavy elements in the ICM, while also quenching star formation.

The rich clusters comprise 102 − 103 galaxies and have radii of 1-2 h−1 Mpc
where the surface galaxy density of a cluster declines to around 1% of the density
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at the center. Most of the galaxies are in the field or in groups, and only ∼
20% of them reside in the clusters. The number density of galaxy clusters in the
universe is about 10−5 h3 Mpc−3 (Schuecker, 2005). In galaxy clusters the dominant
population of galaxies are red and early-types where the star-formation activity
is quenched. Elliptical galaxies in clusters compared to their field counterparts
contain more dark matter, and star formation has occurred over a shorter time-
scale. This can be explained by hierarchical structure formation assumptions,
since in high density regions like clusters, halos collapse earlier and merge much
faster (Toshikawa et al., 2014).

The number density of cluster dark matter halos as a function of mass and
redshift can be predicted based on CDM scenario. It can then be compared with
measured masses of galaxy clusters to obtain constraints on the expansion and
evolution of the universe, provided that one can find clusters over a wide redshift
range with an efficient method, define an observable estimator for the cluster mass,
and estimate a selection function for redshift, observed flux and so forth (Frieman
et al., 2008; Bond et al., 2003; Rosati et al., 2002). The cluster mass function
measurements for the redshift interval z = 0 − 0.7 confirm the slow down in the
growth of density perturbations due to the cosmic expansion. So the evolution of
cluster mass function provides sufficient statistics to break the degeneracy between
the matter density parameter Ωm and the normalization of the power spectrum
σ8, improve constraints on the equation-of-state of the dark energy wDE and test
any possible deviation from GR on the scale of ∼ 10 Mpc.

X-ray observations of galaxy clusters are suitable to probe gas density and its
temperature distribution. Different assumptions like spherical symmetry, hydro-
static equilibrium and lack of pronounced substructure about distributions of dark
matter halos can be studied by the comparison of X-ray results on galaxy clusters
with weak lensing studies.

Cluster of galaxies can be observed and studied through the whole electromag-
netic spectrum and combining multiwavelength observation of galaxy clusters can
be used to constrain the cosmological parameters. One can analyse the the shape
distortion of background galaxies in optical wavelength due the gravitational po-
tential of foreground galaxy cluster as weak or strong lensing effects. Finally, at
millimeter wavelengths, a small fraction of low energy CMB photons (1−2%) which
pass through the cluster, gets scattered by ultra-relativistic electrons via inverse
Compton scattering. This is known as the Sunyaev-Zeldovich effect.

1.6.1 X-ray galaxy clusters

The most common bright extragalactic extended X-ray sources are galaxy clusters.
Galaxy clusters emit X-ray photons from hot and ionized plasma. X-ray observa-
tions of galaxy clusters indicate that a considerable fraction of the cluster mass
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(∼ 15%) is in the form of hot diffuse gas, spreading over the cluster potential well.
Assuming clusters do not evolve rapidly with time, they contribute about 3-10%
of the X-ray background in the 2 − 10 keV photon energy band (Sarazin, 1986).
Adiabatic compression and shock waves generated during gas falling into the grav-
itational potential well of a cluster produce thermal energy which causes the tem-
perature of baryonic gas inside the cluster to increase to T ∼ 107 − 108 K, and the
gas becomes ionized with electron number density of ne ∼ 10−2−10−4cm−3 (Borgani
& Kravtsov, 2011).

Observations of the X-ray spectra of galaxy clusters have revealed the existence
of heavy elements in hot intracluster gas, especially iron, with abundance close to
the solar value. This can be explained by galactic winds and ejecting metals from
the stars and galaxies within the cluster. The depth of cluster potential well is
correlated with the galaxy formation efficiency and consequently iron abundance.

The shape of a galaxy cluster X-ray spectrum is related to the temperature
and chemical composition of the plasma, and its normalization which is propor-
tional to the electron and ion densities (Böhringer & Werner, 2009). There are
three main emission processes that contribute to the X-ray spectra. The thermal
bremsstrahlung or free-free emission in a high temperature gas (Tд ∼ 3 × 107 K)
occurs when free electrons are decelerated due to the collision with the nuclei of
ionized hydrogen and helium, and losing energy by radiating. In this continuum
process, one can define the emissivity which is the emitted energy per unit time,
frequency, and volume, as ϵν ∝ neniд(ν ,T )T

−1/2 exp(−hν/kBT ), where ni and ne de-
note the ions and electrons number density, respectively, kB is the Boltzmann’s
constant, and д(ν ,T ) ∝ ln(kBT /hν ) is the Gaunt factor. One can obtain the X-ray
luminosity just by integrating the emissivity over the gas distribution and over
the range of the X-ray emission. The typical luminosities of clusters is about
LX ∼ 1042 − 1045 erg s−1. Other contributions of X-ray continuum come from free-
bound emission which occurs when the temperature has cooled enough so that
electrons can be captured by some heavier atoms such as iron (photoionization-
continuum process), and bound-bound transition which is a line emission process
and caused by the quantum level changes of electrons in an ion (Jones & Lam-
bourne, 2004).

1.6.1.1 Estimating X-ray cluster masses and mass proxies

The radial gas density profile of X-ray galaxy clusters is approximated with the
empirical isothermal β model (Cavaliere & Fusco-Femiano, 1976),

ρgas(r ) = ρ0

[
1 +

( r
rc

)2]−3β/2

, (1.70)
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where ρ0 and rc are the central density and the X-ray core radius10, respect-
ively. The parameter β describes the ratio between kinetic dark matter energy
and thermal gas energy (µmpσ

2
v /kBTд). With hydrostatic equilibrium and spherical

symmetry assumptions for a cluster, the relation between the local gas pressure,
p, and its density ρgas is given by

dp

dr
= −

GM (< r )ρgas(r )

r2
; (1.71)

and by assuming an equation of state for a perfect gas, p = ρgaskBT /µmp, where
mp is the proton mass and µ denotes the mean molecular weight (µ = 0.6 for a
primordial composition with more than a 70% fraction contributed by hydrogen).
Then the virial binding mass within r can be written as

M (< r ) = −
kBTr

Gµmp

(d ln ρgas(< r )

d ln r
+

d lnT (< r )

d ln r

)
; (1.72)

where this equation indicates how the measurable X-ray quantities like ρgas and T
are directly related to the cluster mass

M (r ) =
3βkBTr

Gmp

r2/r2
c

1 + r2/r2
c

. (1.73)

The hydrostatic equilibrium masses of relaxed clusters are known to be systemat-
ically underestimated by 10− 20%, growing to 30% or higher for unrelaxed galaxy
clusters (Mahdavi et al., 2008).

The observed ratio of the baryonic to total mass in cluster, fgas, can be used
as a proxy for cosmic baryon budget. The universality of the baryon fraction in
cluster comes from the fact that cluster mass is typically higher than the Jeans
mass scale11 by orders of magnitude and by growing the clusters from large-scale
structures, baryons and dark mater do not become separated. The diffuse X-ray
gas comprises the highest fraction of the baryon content in galaxy clusters with
Mgas ∼ 6Mдal at large radii. Since the ratio of baryons to dark matter in clusters
should be quite close to the universal average, one defines the mass fraction of hot
gas inside a characteristic radius of a halo at redshift z by

fgas(z) = ϒ(z)
( Ωb

Ωm

)
, (1.74)

10The core radius is where the density is half the central density.

11The mass inside a sphere of radius λ J /2 is called the Jeans mass, M J =
4π
3 ρc

(
λ J
2

)3
, which

describes the required lower mass limit for perturbations to become gravitationally unstable.
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where ϒ is related to the star formation and other baryon effects inside that ra-
dius (Allen et al., 2011). Combining measurement of Ωb from CMB or the Big
Bang nucleosynthesis data with the X-ray gas mass fraction and a direct meas-
urement of Hubble parameter aids to determine reliable constraints on Ωm. In
principle, fgas measurements can also be used to investigate the accelerated ex-

pansion of the universe, since fgas is related to distance with fgas ∝ D3/2
A (z) and

measured fgas values (assuming the correct cosmology) are independent of redshift
and temperature for massive clusters (Allen et al., 2008).

Scaling relations among properties of clusters provides a tool to examine different
large-scale structure models and their evolutions. One can choose an easily observ-
able quantity which has a tight relation with total cluster mass by well-defined,
low intrinsic scatter, robustly predicted slope and redshift evolution scaling rela-
tions. These are referred to as mass proxies (Kravtsov et al., 2006). The scaling
relations are power law functions based on the self-similar model and the relations
can be parametrized by normalization a, slope b, and scatter σ . A scaling relation
for the X-ray luminosity which is purely associated to bremsstrahlung predicts
LX ∝ MρgasT

1/2, LX ∝ T 2(1 + z)3/2 (Rosati et al., 2002). N-body hydrodynamical
simulations are widely used to understand the evolution of the scaling relation
towards higher redshift by including assumptions about how the non-gravitational
processes in clusters affect the observable quantities, i.e. nonlinear collapse, cluster
merger events, shock heating and radiative cooling of gas, star formation and in-
teraction between active galactic nuclei relativistic jets with the ICM (Nagai et
al., 2006).

To study the mass function of the cluster sample as a function of redshift and
constrain cosmological parameters, it is important to calibrate the scaling rela-
tions between cluster mass and X-ray observables. Measuring virial masses in a
complete large sample of clusters is impractical; since we need to assume that
the intracluster medium (ICM) is in hydrostatic equilibrium as well as satisfying
the spherical symmetry presumption. Further, estimating accurate X-ray cluster
mass is hampered by increasing measurement uncertainties in gas density and tem-
perature profiles for distant clusters, unless observations have enough sensitivity.
Because this would require longer exposure times, the expense of such research
becomes prohibitive. Therefore, one must investigate other ways to obtain X-ray
observable quantities which exhibit a robust scaling relations with the total mass,
such as the X-ray temperature, luminosity (Vikhlinin et al., 2003). For example,
detection and study of the X-ray luminosities of clusters are relatively easy, even for
high redshift clusters. However, constraining cosmological parameters from those
clusters are based on their masses which mostly comprise dark matter. A combin-
ation of X-ray measurements and weak gravitational lensing masses as calibrator
is very promising, given the fact that the estimated total masses from gravitational
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lensing are independent from baryonic physics and any strong assumptions about
the equilibrium state of the gas or dark matter (Giles et al., 2015).

1.6.2 Gravitational lensing with galaxy clusters

Galaxy clusters are the most massive objects, and hence the most powerful gravita-
tional lenses in the universe. The gravitational tidal field of cluster can perturb the
path of photons which are coming from distant background galaxies. The images of
the galaxies become magnified, sometimes de-magnified and distorted. The degree
of this distortion directly probes the gravitational potential of intervening large
scale structure, allowing the study of mass distribution of cluster lenses, properties
of background galaxy population, and the geometry of the universe (Oguri et al.,
2012).

Lensing can strongly distort the shape of background objects, and produce grav-
itational arcs, arclets, or multiple images of background sources, if the background
galaxy is closely aligned with the center of mass of a galaxy cluster. The discovery
of luminous arcs by strong lensing effect for a cluster of galaxies was first repor-
ted by Soucail et al. (1987) in Abell 370. Assuming the cluster mass density is
smoothly distributed and follows an analytical model, one can reconstruct the mass
distribution of cluster in its innermost region based on the positions of the multiple
images (Mellier, 1999). Employing high quality data allows high precision mass
modeling of clusters. This constrains the cosmological parameters Ωm and ΩΛ by
using the angular diameter distance ratios which encapsulate the geometry of the
universe (Jullo et al., 2010). Moreover, the gravitational lensing phenomenon can
be applied to determine Hubble’s constant by measuring the time delay between
multiple lensed images (Suyu et al., 2010).

The strong lensing technique is limited to the most massive and concentrated
objects and can probe only the very central regions of the clusters. In contrast to
the strong lensing case, we can statistically trace the weak lensing signal of galaxy
clusters to very large radii (several virial radii) (Kneib & Natarajan, 2012). The
division between strong and weak regimes is situated at around 100h−1 kpc for a
typical massive cluster. The weak lensing domain can be distinguished from strong
lensing by the amplitude of two quantities, namely shear and convergence. When
convergence and shear, the second derivatives of the gravitational potential scaled
by c2, are very small compared to unity, lensing regime is called weak, otherwise
strong. By assuming that the galaxy shapes are intrinsically randomly oriented,
then only statistical methods over many distorted galaxies in wide sky surveys can
be used to measure the weak lensing signal.

The full 2-dimensional projected mass density of a cluster can be recovered
by measuring the tangential stretching of background galaxy images (shear) from
cluster center to a wide range of scales. Estimating the shear from observed galaxy
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shapes suffers from several sources of noise. Because the intrinsic shape or size of
background galaxies are unknown, the observed ellipticity of a source galaxy is not
an ideal tracer of the gravitational lensing distortion. The width of the ellipticity
distribution of the galaxy population is referred to as the shape noise, which is
significantly larger than weak shear. Intrinsic alignments of galaxies is another
systematic for weak lensing. The weak lensing signal can be mimicked by the co-
herent alignments of the shapes of nearby galaxies. The shape of the background
objects can also be affected by the geometrical distortion and the point spread
function (PSF) of the telescope and camera. In addition, the intervening uncorrel-
ated large-scales structure along the line of sight affect cluster mass density profiles
and the significances of peaks in weak lensing mass reconstructions (Hoekstra et
al., 2011). N-body simulation of halos show that on a separation beyond 10 ar-
cminute from a cluster center the effect of projected large-scale structures turn to
cosmic noise (Hoekstra, 2003; Gruen et al., 2011). For example, when a filament-
ary structure is placed close to the line of sight to a cluster, it induces a positive
bias around 30% to the projected mass measurements (Matzler et al., 1999).

Weak lensing can provide statistical maps of the total matter distribution in the
universe. The efficiency of gravitational lenses depends on the position of lenses
with respect to sources and an observer. The most efficiency occurs when the lens
placed approximately half way between them. For high redshift lens clusters, mass
determinations become very noisy due to the limited number density of background
sources and increasing inaccuracy in their shape measurements. Moreover, cluster
mass estimate requires accurate redshift information in order to select galaxies
which are behind the lens plane, since foreground objects dilute the lensing signal.
Obtaining reliable redshift measurements can be acquired by observing the galaxy’s
magnitudes in multiple filters (photo-z ) or the galaxy’s spectrum (spec-z ) in the
whole cluster field which are both very expensive.

1.6.2.1 Weak Lensing versus X-ray cluster surveys

Weak lensing is broadly employed to reconstruct the total mass distribution, es-
pecially in the outer part of clusters which reflects the properties of primordial
density fluctuations as well as the nature of dark matter. Using predictions of
numerical simulations based on the CDM structure formation scenario provides a
universal fit to the distribution of dark matter in the strongly non-linear regime
from dwarf-galaxy scale dark matter halos as well as cluster-scale halos which
is called the NFW profile (Navarro et al., 1996, 1997). N-body simulations of
clusters also indicate that the measurements of virial mass and concentration of
dark matter halo are affected by asphericity and substructures in the clusters. The
mass measurement using a spherical symmetric model for a non-spherical cluster
causes the mass to depend on the orientation of the cluster with respect to the
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line of sight (Clowe et al., 2004). Wang & White (2009) also use N-body sim-
ulations to show that dark matter halos are triaxial and the intermediate-major
and minor-intermediate axis ratios are both close to ∼0.8. If the cluster halo
is significantly elongated along the line of sight and the halo triaxiality is neg-
lected, then the mass and concentration can be overestimated by about 50% and
by a factor of 2, respectively (Corless & King, 2007). A joint analysis of X-ray,
strong and weak lensing measurement of Abell 1689 confirms the triaxial struc-
ture and indicates that almost 20% of the intracluster gas pressure is non-thermal
showing deviation from hydrostatic equilibrium (Morandi et al., 2011; Sereno &
Umetsu, 2011). In addition, numerical simulations show that the galaxy cluster
concentration decreases slowly with viral radius. A power-law model describes the
concentration-mass relation, and it is expected to scale as (1 + z)−1. Observations
reveal that the concentration measurements with lensing are systematically larger
than X-ray concentrations (Comerford & Natarajan, 2007).

According to the hierarchical structure formation paradigm, the abundance of
high redshift clusters (z > 1) is extremely sensitive to the cosmological paramet-
ers such as Ωm and σ8. Hence, the existence of high redshift massive clusters is
a challenge for the ΛCDM model with Gaussian primordial perturbations. Ros-
ati et al. (2009) reported the discovery of high-redshift massive cluster XMMU
J2235.32557 at z = 1.39. However, due to sparsity of X-ray photons and deviation
from hydrostatic equilibrium for clusters in this redshift regime, weak lensing is a
complementary technique for X-ray mass estimate (Jee et al., 2009). The projected
mass of XMMU J2235 cluster is about 8.5×1014M� within 1 Mpc. In our universe
at redshift range of 1.4 ≤ z ≤ 2.2, such a massive cluster is extremely rare. The
probability of detecting such a cluster by evaluating the volume-weighted average
of the abundance in the surveyed area of 11 deg2 is about 5 × 10−3. The robust
estimation of such a likelihood needs an understanding of the selection function
and survey biases as well as accurate mass measurements.

1.6.3 SZ galaxy clusters

When cosmic microwave background photons pass through the center of a galaxy
cluster, there is 1% probability of inverse Compton scattering of the CMB radiation
with energetic electrons in the hot intracluster medium. The CMB spectrum
gets slightly distorted and the energy of a photon increases by kTe/mec

2; this
phenomenon is known as thermal Sunyaev-Zel’dovich (SZ) effect (Carlstrom et
al., 2002). This effect can alter the CMB spectrum on arcminute-scales. The
spectral signature of thermal SZ effect is a decrease in the intensity of CMB at
frequencies less than 218 GHz and an increment at higher frequencies (Kitayama,
2014). Unlike the X-ray emission of the hot gas in galaxy clusters which depends
on the structures and enrichness history of the ICM as well as the cluster redshift,
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the SZ effect is determined by the total thermal energy of the gas of the system.

At dimensionless frequency x ≡ hν/(kTCMB), the CMB spectrum is distorted by
the SZ effect and it is described as a temperature change



∆TSZ

TCMB

 thermal

= f (x )y = f (x )

∫
neσT

kBTe
me

dl ,

f (x ) =
(
x
ex + 1

ex − 1
− 4

)
(1 + δSZ(x ,Te )),

where y is the Compton y-parameter, which equals the optical depth τe times the
fractional energy gain per scattering in an isothermal cluster, σT is the Thomson
cross-section, Te denotes the electron temperature, me is the electron rest mass
energy, δSZ is the relativistic correction to the frequency dependence of SZ effect
and the integration is along the line of sight l . Since the quantity ∆TSZ/TCMB is
independent of redshift, the thermal SZ effect is a powerful means to study clusters
at all redshifts, and in particular studies of abundance of clusters which probes the
underlying cosmology and determines the equation of state of the dark energy.

The integrated SZ effect flux density of a cluster at frequency ν and over the
solid angle of the cluster, dΩ = dA/D2

A, is given by

∆Sν ∝

∫
dΩ

∫
dl
kBTe
me

neσT , (1.75)

which is proportional to the total thermal energy content of cluster gas. A meas-
urement of the SZ effect flux provides an estimate of the cluster’s gravitational
potential energy, since the gas responds to its mass or shape changes in an order
of one or two sound crossing time. This makes the SZ effect a direct measurement
of the cluster formation rate.

Assuming the electron temperature is constant over the cluster, the flux can be
written in terms of the total number of electrons in the ICM

∆Sν ∝ NeσT
kBTe

D2
Ame

. (1.76)

This quantity is the temperature weighted mass of the cluster divided by D2
A.

At high redshift, the angular diameter distance is almost flat and the cluster is
denser and hotter, since the matter density increases by redshift as (1 + z)3. This
indicates an important property of SZ effect surveys - the mass threshold is almost
independent of redshift (Carlstrom et al., 2002).

The radial peculiar velocity of cluster with respect to the CMB rest-frame can
induce a Doppler shift in the temperature fluctuations on the CMB photons, which
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1.6 Clusters of Galaxies

is the so-called kinematic SZ effect (Hernández-Monteagudo et al., 2006). The
amplitude of the kinematic effect is proportional to the cluster’s peculiar velocity
vpec and the optical depth τe



∆TSZ

TCMB

kinematic

= −τe

(vpec

c

)
, (1.77)

which is expected to be smaller by a factor of 10-20 compared to the thermal SZ
effect. Note that the measurement of the kinematic SZ effect is hampered by the
fact that Doppler shift of the CMB due to peculiar velocity of the cluster can be
confused with the primary fluctuations of the CMB on the same scales (Haehnelt
& Tegmark, 1996).

The distances to galaxy clusters can be determined by combining SZ and X-
ray data. The thermal SZ effect is proportional to the first power of the electron
density and it is integrated along the line of sight ∆T ∝

∫
neTeDAdζ , where dζ is

the line-of-sight angular size. The X-ray surface brightness is SX ∝
∫
n2
eΛeeDAdζ ,

where Λee is the X-ray cooling function. By assuming the cluster is spherical and
eliminating the electron density, we have

DA ∝
∆T 2

SX

Λee

T 2
e

. (1.78)

The main difficulty here is the dependence of this quantity on the structure of the
gas and the existence of substructures; therefore, in a sample of large clusters, each
cluster should be treated individually. Bonamente et al. (2006) analyze 38 galaxy
clusters in X-ray data from Chandra and SZ effect data from the Owens Valley
Radio Observatory and the Berkeley-Illinois-Maryland Association Interferometric
Arrays. They measure a Hubble constant of H0 = 76.9+3.9+10

−3.4−8 km s−1 Mpc−1

(statistical and systematic errors) for an ΩM = 0.3, ΩΛ = 0.7 cosmology.

One can also determine the gas mass fraction and consequently a lower limit
for the cluster’s baryon fraction, fgas ≤ fB ≡ Ωb/Ωm, using the SZ effect provided
the electron temperature is known and by considering that about 10% of baryons
are missing due to cluster formation process. The fact that the gas mass fraction
measurements from SZ effect data (fgas,SZ ∝ DA) depends weakly on the distance
compared to X-ray gas mass fraction fgas,X, makes it insensitive to clumpiness
of the gas and consequently the core structure in the cluster. Instead, the X-ray
emission is related to the square of the gas density (I =

∫
n2
edV , where dV describes

the emitting region’s volume) and is more sensitive to the denser regions in the ICM
(Ade et al., 2013). Combining SZ effect results with X-ray data allows comparison
of the gas mass fraction obtained by two different models for ICM and suppress
the possible systematic errors due to incomplete knowledge of cluster properties
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(LaRoque et al., 2006).
Similar to X-ray, we can study the evolution of the abundance of galaxy clusters

via the SZ effect. In optical and X-ray surveys the surface brightness decrease with
redshift, while SZ effect is a scattering process of CMB photons which is redshift
independent and with only the mass limitation; therefore, the cluster abundance
at high redshift can be investigated as easily as in the local universe with the SZ
effect data (Carlstrom et al., 2002; Kneissl et al., 2001). The normalization of
power spectrum σ8, the vacuum energy density ΩΛ and the matter density Ωm can
be constrained by a deep SZ effect survey by measuring the number and redshift
distribution of galaxy clusters (Holder et al., 2001). Since galaxy cluster studies
probe different physical effects compared to CMB measurements, degeneracies
between cosmological parameters derived from the SZ effect survey are different
from and complementary to the CMB survey.
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Gravitational Lensing

The gravitational potential of matter distributions in the universe can dilate and
distort images of distant galaxies, which is referred to as gravitational lensing. The
sensitivity to the matter suggests that the gravitational lensing effect is able to
probe the projected mass density of deflectors, without considering any assump-
tion about the nature of the deflecting matter and their dynamical properties.
Therefore, gravitational lensing provides an unique method to map directly the
distribution of matter in the universe.

The dark and luminous matter in isolated galaxy clusters with common grav-
itational potentials are assumed to be distributed centrally and within roughly
spherically symmetric haloes. A direct evidence for the existence of dark mat-
ter as collisionless particles is obtained by the recent study of the merging Bullet
cluster of galaxies (Clowe et al., 2004, 2006; Bradac̆ et al., 2008). Combined ana-
lysis of lensing and X-ray of major cluster mergers, as the most energetic events
in the universe since the Big Bang, has revealed a spatial segregation between the
bulk of the baryonic mass from the distribution of dark matter. The ram pressure
causes the colliding X-ray plasma clouds to slow down during the merging event,
and shortly after collision, the X-ray gas is found between the major concentra-
tions of cluster galaxies. The gravitational potential probed by weak lensing does
not trace the intracluster gas (the dominant baryonic component) but rather fol-
lows the distribution of bright cluster member galaxies (the less massive baryonic
component) and dark matter which is much more massive than the X-ray gas.
This indicates that dark matter has insignificant self-interaction cross-section.

In this chapter, I will review the theoretical background for gravitational lensing
with emphasis on some important tools that weak gravitational lensing provides to
study galaxy clusters. In particular, I will discuss how the dark matter mass map of
galaxy clusters can be reconstructed and analyzed using weak lensing observations.
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Figure 2.1: A gravitational lensing system. Let’s consider a source to be placed at
distance DS from an observer and a deflector mass concentration at distance DDS. An
optical axis connects the observer and the center of the deflector while its extension
reaches to the source plane. Gravitational lensing does not focus the light rays, but
rather deflects the rays farther from the optical axis. The lens plane is perpendicular
to the optical axis at the position of the mass concentration, DD. If the source is at
the position of η in the source plane, then a light beam intersects the lens plane at
the point ξ due to the gravitational potential of the lens.
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2.1 Cosmological lens equation

2.1 Cosmological lens equation

Consider a source emitting a light ray in an expanding universe (see the review by
Umetsu (2010) and Futamase (1995)). One assumes that the photon’s wavelength
is much smaller than the spacetime curvature and the propagation of the light ray
can be affected by the gravitational field of a local inhomogeneity in the universe,
such as clusters of galaxies, filaments and low density voids. Since the structure of
a light cone is invariant under conformal transformation, the conformally-related
spacetime is used to represent those related quantities with tilde. The Minkowski
spacetime metric дµν (≡ R2д̃µν ) can be perturbed by a weak isolated mass inhomo-
geneity with small spatial extent compared to the Hubble distance c/H0 and is
approximated as

ds̃2 = R2(η)д̃µνdx
µdxν = R2(η)


−

(
1 + 2

Φ

c2

)
dη2 +

(
1 − 2

Φ

c2

)
ςijdx

idx j


(2.1)

where R is the scale factor,Φ is the gravitational potential generated by this local
inhomogeneity, χ denotes the comoving radial coordinate, η =

∫
dt ′/R (t ′) is the

conformal time and we have x µ = (η, χ ,θ ,ϕ) . The spatial component of the
background metric can be written as

ςijdx
idx j = dχ2 + r2(χ )

(
dθ2 + sin2 θdϕ

)
, (2.2)

where r (χ ) is the comoving angular diameter distance. The null geodesic equation
describes the propagation of the light ray by

dx̃ µ

dλ
= k̃µ , (2.3)

k̃µ = kµ + δkµ , (2.4)

0 = д̃µν k̃
µk̃ν , (2.5)

dk̃µ

dλ
= −Γ̃

µ
νλ
k̃ν k̃λ, (2.6)

where k̃µ is the four-momentum of the light ray1, kµ is the 4-momentum in the
background metric (Φ = 0), δkµ is the perturbed 4-momentum of the light ray

1According to the geometrical optics, the energy-momentum tensor of a light bundle is given
by

T̃ =
1

8π
A 2k̃µ k̃ν ,
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propagates in the perturbed spacetime, Γ
µ
νλ

is the Christoffel symbol2 and λ denotes
the affine parameter. For timelike geodesics the affine parameter is the proper time.
The spacetime metric д̃µν is a sum of the background FLRW metric д̃bµν , and a small

perturbation hµν = diaд(2Φ/c
2,−2Φ/c2,−2Φ/c2,−2Φ/c2). The energy of a photon is

measured by the observer moving with four-velocity uµ is given by E = −uµk̃
µ . In

the background Minkowski spacetime д̃bµν , the photon four-momentum kµ and the
corresponding unperturbed orbit are defined as

kµ = (−1,1,0,0), (2.8)

x µ = (−λ,λ,θI ,0), (2.9)

if the origin of the coordinate is chosen at the position of observer and the z -axis
as the direction to the lens object. The parameter θI is the angle between the lens
and the image with θI � 1. The linear approximation of the geodesic equation is
given by

dδkµ

dλ
+ 2Γ

µ
νλ
kνδkλ + δΓ

µ
νλ
kνkλ = 0, (2.10)

2дµνδk
µkν + hµνk

µkν = 0. (2.11)

Since the background and perturbed Christoffel symbols are given as Γ
µ
νλ
= 0 and

δΓ
µ
νλ
= 1/2д(b)µρ

(
hρν ,λ + hρλ,ν − hνλ,ρ

)
+ O (h2), respectively; the solution for the

perturbative part of the null geodesic equation is

δkµ (λ) =




− 2
c2

∫ λS
0 dλ′Φ,χ (µ = η)

0 (µ = χ )

− 2
r2 (χ (λ))

∫ λS
0 dλ′ ∂

µΦ(λ′)
c2

(µ = θ ,ϕ),

where A denotes the wave amplitude and k̃ is an orthogonal null vector of hypersurface which
is tangent to the geodesic of light ray. The measured energy flux in an observer rest frame is
given by f µ = −hµνTνλu

λ (more details found in Sasaki (1987).)
2The Christoffel symbol is given as the first-order derivative of the metric

Γ
µ
νλ =

1

2
дµα

( ∂дαν
∂xλ

+
дαλ
∂xν
−
дνλ
∂xα

)
. (2.7)
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where ∂µΦ = (Φ,θ ,sin
−2 θΦ,ϕ ). One can integrate the angular components of Equa-

tion (2.4) using the above equation, which yields

θS = θ I −
2

c2

∫ λS

0
dλ′

r (λS − λ
′)

r (λS)r (λ′)
∂µΦ(λ′), (2.12)

where θ = (θ ,ϕ) and the subscript S stands for source quantities and λS is the affine
parameter at the source. An image of a source with true position θS is seen at
angular position θI in observer plane due to the deflection of light bundles with the
gravitational potential of lens. By defining the deflection angle as (see Figure 2.1)

α ≡
2

c2

∫ λS

0
dλ′

r (λS − λ
′)

r (λS)
∇⊥Φ(λ

′), (∇⊥ ≡ r−1(λ) (∂θ ,θ
−1∂ϕ )) (2.13)

where ∇⊥ is the comoving transverse derivative, one obtains the most general
expression of the cosmological gravitational lens equation as

θS = θ I − α , (2.14)

which can be used for both weak and strong lensing effects of galaxy clusters as
well as the weak lensing by large-scale structures in the universe.

In the single thin lens approximation, the size of the deflector is negligible in
comparison with the length of the path which is travelled by the light ray, whereas
the contributions from other cosmic large-scale structures are neglected. This
assumption is valid for all galaxies and cluster of galaxies since the distance from
the source to the lens and from the lens to the observer is much larger than the
physical extent of the lens (∆χ). One can apply this approximation to define the
deflection angle as

α (θ ) ≈
2

c2

r (χS − χD)

r (χS)

∫ χD+∆χ/2

χD−∆χ/2
dχ∇⊥Φ(χ ,r (χD)θ ). (2.15)

where r (χD)θ denotes the comoving transverse vector on the deflector plane. The
deflection angle is the gradient of the deflection potential

ψ (θ ) ≈
2

c2

DDS

DDDS

∫ χD+∆χ/2

χD−∆χ/2
R Φ(χ ,r (χD)θ )dχ , (2.16)

where DD = R (χD)r (χD) denotes the angular diameter distance from the observer
to the deflector, DS = R (χS)r (χS) and DDS = R (χS)r (χS − χD) are the angular
diameter distances from the source to the observer, and from the deflector to the
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source, respectively. Using this definition, the lens equation can be rewritten as

θS = θ I − ∇θψ (θ ), (2.17)

where ∇θ = r∇⊥ and α = ∇θψ (θ ).

Since the light rays are deflected differentially, it leads to the shape distortion
of source image. The distortion of image can be described by the Jacobian matrix

A (θ ) =
∂θS

∂θ I
= δij −ψ,ij =

(
1 −ψ,11 −ψ,12

−ψ,12 1 −ψ,22

)
(2.18)

where we define the lensing convergence or the scaled surface mass density as

κ ≡
1

2
(ψ,11 +ψ,22) =

1

2
∇2
θψ . (2.19)

Thus the convergence is responsible for the trace of the Jacobian matrix. Similarly,
the components of the shear γ = γ1 + iγ2 = |γ |e

2iφ are introduced by

γ1 =
1

2
(ψ,11 −ψ,22), γ2 = ψ,12 , (2.20)

where φ describes the direction of the shear distortion. The image of a small
circular source becomes an ellipse, where the ratios of the semi-axes of the ellipse
to the source radius are equal to the inverse of the eigenvalues of A, 1 − κ ± |γ |.

One can rewrite the deflection potential as

ψ (θ ) =
1

π

∫
IR2

d2θ ′ ln |θ − θ ′|κ (θ ′), (2.21)

and the cosmological gravitational potential is related to the density perturbation
field with the Poisson equation, ∇2Φ = 4πGR2δρm. Therefore, the convergence
expressed the mass overdensity projected along the line of sight which is weighted
with distances

κ (θ ) =

∫
R dχ (ρm − ρ̄)

( c2

4πG

DS

DDDDS

)−1

=
Σ(θ )

Σcrit
, (2.22)

where ρ̄ is the mean cosmic matter density, ρ̄ = R−3(3H2
0Ωm )/(8πG ), Σ =

∫
Rdχ (ρm−

ρ̄) is the projected surface mass density field of the lensing cluster, and Σcrit denotes
the critical surface mass density of gravitational lensing.

Based on Liouvilles theorem, when photons propagate freely in the curved space
time the ratio Iν/ν

3 – where Iν is the intensity and ν is the photon’s frequency –
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2.2 Weak gravitational lensing

is conserved along the world line of photon, assuming there is no interaction with
matter. Therefore, one can conclude that gravitational lensing conserves surface
brightness of a background source. The ratio of the solid angle covered by an
image and the unlensed source is called magnification µ (θ ) and is given by

µ =
δΩI

δΩS
=

1

detA
, (2.23)

where A is also called the inverse magnification matrix (Equation 2.18)

A = (1 − κ)

(
1 0
0 1

)
− |γ |

(
cos 2φ sin 2φ
sin 2φ − cos 2φ

)
. (2.24)

The magnification is produced by both isotropic focusing of light rays leading to an
image with the same shape but larger size and the anisotropic focusing is induced
by shear, γ . The gravitational shear is not a vector due to its transformation
behavior in the above equation which is similar to the linear polarization. The
tangential and cross components of shear can be defined as

γt = −
(
γ1 cos 2φ + γ2 sin 2φ

)
, (2.25)

γ× = −
(
γ1 sin 2φ − γ2 cos 2φ

)
, (2.26)

where φ is the position angle of an object with respect to the center of a matter
distribution.

2.2 Weak gravitational lensing

In the weak lensing regime, the inverse magnification matrix A is very close to the
unit matrix, i.e. κ � 1 and |γ | � 1. If one assumes all galaxies are intrinsically
circular, the shapes of distant background galaxies which are observed through
the gravitational field of a lens are weakly distorted and they appear as elliptical
images. The ellipticity of the image of a circular source can be expressed as the
ratio r of the Jacobian matrix’s eigenvalues in terms of the reduced shear д which
describes the anisotropic distortion of a source:

r =
1 ∓ |д |

1 ± |д |
, д =

γ

1 − κ
. (2.27)

Therefore, one can consider to the first order a galaxy as an object with elliptical
isophotes and the shape and size of the galaxy can be introduced by its ellipticity,
orientation and isophotal area. One can assume that the intrinsic shapes of galax-
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Figure 2.2: The tangential ellipticity component et carries the lensing signal, while
the 45-degree rotated ellipticity component e× is applied as a control. In the presence
of gravitational lensing field and with ignoring the shape noise, all sources have et > 0
and e× = 0.

ies are random and uncorrelated, then a distribution of observed ellipticites of a
collection of galaxies can provide information about the strength of the tidal grav-
itational fields of mass inhomogeneities along the line of sight. The Poisson noise
in the shape measurement is caused by the finite number of background sources
as well as their intrinsic ellipticity distribution.

One can quantify the shape of a galaxy image by measuring various moments
of the surface brightness distribution, namely the center and the tensor of second
brightness moments, as

θ̄ =

∫
θ W (I (θ ))I (θ )d2θ∫
W (I (θ ))I (θ )d2θ

, (2.28)

Qij =

∫
(θi − θ̄i ) (θj − θ̄j )W (I (θ ))I (θ )d2θ∫

W (I (θ ))I (θ )d2θ
, i, j ∈ {1,2}, (2.29)

where W is a weight function used in the noisy shape measurements to suppress
the pixel noise at large scale and must have finite integrals. The parameter I (θ )
denotes the surface brightness of the image and θj − θ̄j is the offset vector from the
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image centroid. The two different definitions of complex ellipticity are given as

e ≡
Q11 −Q22 + 2iQ12

Q11 +Q22 + 2
√
Q11Q22 −Q

2
12

, χ ≡
Q11 −Q22 + 2iQ12

Q11 +Q22
, (2.30)

where one transforms into the other as χ = 2e/(1 + |e |2). The spin-2 complex
ellipticity transforms according to

χ (S) =
χ − 2д + д2χ ∗

1 + |д |2 − 2R (дχ ∗)
, (2.31)

where the asterisk denotes the complex conjugate of the parameter and χ (S) is the

complex unlensed intrinsic ellipticity of background sources and it leads to
〈
χ (S)

〉
=

0, where the average is taken over an ensemble of background galaxies (Schneider
& Seitz, 1995). In the weak lensing limit Equation (2.31) reduces to χ (S) ≈ χ − 2γ .
Only if the lens mapping is locally linearized, the Equation (2.31) would hold. The
transformation of intrinsic to observed ellipticity is given by

e (S) =




e−д
1−д∗e for |д | ≤1

1−дe∗

e∗−д∗ for |д | >1

(Seitz & Schneider, 1997). The ellipticity e of galaxy image can be defined in
terms of the major and minor axes a and b as

|e | =
a − b

a + b
. (2.32)

In the weak lensing limit, the above equation becomes e ≈ e (S)+д and by averaging
the observed ellipticities over a sufficient number of sources, we obtain

〈
e
〉
=




д for |д | ≤1

1/д∗ for |д | >1

This indicates that image ellipticities yield an unbiased estimate of the local re-
duced shear, even for noisy measurements.

In practice weak lensing shape measurements of galaxy images is not trivial. The
uncertainty in the shear estimator, σγ , arises from both the measurement error of
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galaxy shapes, σmeas, and the intrinsic ellipticity dispersion (shape noise),

σe (S) =
√〈

e (S)e (S)∗
〉
. (2.33)

where the 1-σ deviation of the mean ellipticity of galaxy images from the true
shear is given by σe (S)/

√
N , assuming that in some (small) solid angle the shear

is constant, and there is a background sample containing N galaxy images where
all subject to the same reduced shear. A few percent level correlations in the
observed ellipticities of galaxies due to weak lensing effects induced by large-scale
structures along the line of sight is called ‘cosmic shear’. Note that the shape
noise (of order σe (S) ∼ 0.26) is significantly larger than the shear signal (γ ∼ 0.01
for cosmic shear). Therefore shear must be estimated by averaging over a large
number of background galaxies. Schneider et al. (2000) show that a more accurate
description for this type of error is given by

σ = σe (S)

[
1 −min

(
|д |2, |д |−2

)]
/
√
N . (2.34)

The shape measurement error, σmeas depends on the data set and the applied shape
measurement method (Leauthaud et al., 2007). If one assumes that the intrinsic
and observational contributions of the uncertainty in the galaxy ellipticity are
independent, the two components can be simply added, and consequently one has
a diagonal noise covariance matrix on the ellipticity components, which is given
by

σ2
tot = σ

2 + σ2
meas. (2.35)

This approximation relies on the assumption that both the shape estimation error
σmeas as well as σe (S) are Gaussian.

2.3 Shape measurement

Shape measurement of galaxies is rather challenging. One must take into account
observational effects such as the intrinsic noise of the CCD electronics, the sky
background noises, the point spread function (PSF) effect and detector pixelation.
The PSF is caused by the atmospheric seeing (isotropic) as well as the pointing
errors of a telescope and a camera (anisotropic). The PSF is defined as the response
of an imaging system to a point source. The shapes of faint and small weakly
sheared galaxies are degraded by the convolutions caused by a finite point-spread
function. As this operation affects the weak shear signal, the PSF should be
deconvolved in some way. The size and shape of the convolution is determined
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2.3 Shape measurement

from the images of observed stars. One can assume that the convolution kernel for
galaxies is the same as the kernel for stars. However, the PSF effect is chromatic
and depends on the spectral energy distribution of the source. The wavelength
dependence of PSF becomes more prominent when galaxies are imaged in broad
filters (Bartelmann & Schneider, 2001). There are two atmospheric chromatic
effects such as differential chromatic refraction which depends on the wavelength
of the incoming photons as well as the zenith angle. The wavelength-dependence
of seeing also introduces shear biases (Meyers & Burchat, 2014).

One of the requirements for ground-based weak lensing observations is having
a seeing well below 1 arcsecond, since the shape information of faint sources is
severely diluted for larger seeing. The anisotropic part of PSFs mimics a weak
lensing signal, generating a coherent distortion of galaxy shapes. The cosmic
shear signals due to the fluctuations in the matter density fields projected over
cosmological distances induce distortions to galaxy shapes of order 10−3. This
is an order of magnitude smaller than the instrumental distortions. Therefore,
the accuracy of weak lensing analysis hinges on the correction for instrumental
distortion and atmospheric seeing.

A galaxy image is distorted due to gravitational lensing and is followed by a
convolution of its intrinsic surface brightness with the PSF, then it is altered
again with a distortion induced by the camera optics and finally in the detector,
which becomes pixelated with added noise. The systematic biases due to the
point-spread function should be estimated in order to measure the ellipticities of
galaxies with high precision. There are different approaches to remove systematic
PSF ellipticities to arbitrary precision. One can directly estimate the ellipticity
from the observational data by measuring the second order moments of surface
brightness or by decomposing the surface brightness into a set of basis functions
and obtain the ellipticity from the appropriate coefficients. Another approach is
employing a model for surface brightness of the observed images of galaxies by
including ellipticity parameters. KSB is a widely employed model-independent
method for shear measurement of background galaxies (Kaiser et al., 1995). This
method has some shortcoming due to assumptions such as deriving a shear estimate
from each individual galaxy image and then taking the average while the two
operations do not commute, as well as assuming the galaxy ellipticities are small
and the PSF can only be decomposed into an isotropic and a first order anisotropic
part (Viola et al., 2011). I will discuss the details of this method further in Chapter
4.

In optical galaxy surveys a Bayesian model-fitting approach for measuring shapes
of faint galaxies is lensfit (Miller et al., 2007, 2013). Using a statistical framework
provides the possibility to optimally-weighted data, regardless of variation in PSF
or signal-to-noise. lensfit also includes the effects of PSF and pixellisation, since
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lensfit fits a model surface brightness convolved with a PSF to the galaxy image
in order to calculate the likelihood L for each galaxy. Any bias can be removed
from shear estimation by assuming that the prior must be centered on zero ellipt-
icity since the intrinsic distribution of ellipticites is unknown. In lensfit, multiple
galaxy components such as a disk and bulge are included in the model. In real-
ity galaxies may have more complicated morphologies. A Bayesian method can
include additional components or parameters for the model, if their prior prob-
ability distributions are available and therefore, nuisance parameters of the shear
measurement may be marginalised over, such as position, surface brightness and
bulge fraction. One can assume that a galaxy survey comprises two galaxy types.
A fraction fB of galaxies have a de Vaucouleurs profile (bulge-dominated galaxies)
and another fraction (1− fB ) are disk galaxies with both a disk component (a pure
exponential profile with Sérsic index 1) and a bulge component. For the composite
disc-dominated galaxies another model parameter has been introduced that can
not be marginalizable, namely the ration of bulge half-light radius to exponential
scalelength of the disc.

The likelihood L for the fitting is defined as

L = exp

−

1

2

∑
i

*
,

yi − SBβi − S (1 − B)αi
σi

+
-

2
(2.36)

where αi is the disk component model value for the given pixel convolved with the
PSF, βi is the bulge component for the corresponding pixel, convolved with the
PSF, yi denotes the data value of pixel i, B is the bulge fraction which specify the
ratio of the flux in the bulge component to the total flux, σi is the uncertainty of the
pixel value assuming stationary and uncorrelated pixel noise and S is the total flux
of the galaxy. The lensfit algorithm is suitable for model-fitting to faint galaxies
since bright galaxies make a considerable contribution to photon shot-noise and
their noise properties might invalidate the lensfit Fourier-space method.

To test the shape measurement methods, the weak lensing community set a
number of simulations such as the Shear TEsting Programme I and II (Heymans
et al., 2006; Massey et al., 2007) and the GRavitational lEnsing Accuracy Test-
ing (Bridle et al., 2010; Kitching et al., 2013; Mandelbaum et al., 2014), aiming
to scrutinize fidelity of different methods under known observational conditions.
Each of these challenges has provided different types of information, illuminated
important issues in shear estimation, such as the role of pixel noise in biasing
shear estimates or the effect of realistic galaxy morphology compared to simplified
profiles. These challenges also provide means of significant improvement in the
accuracy of weak lensing shear estimation.

52



2.4 Weak lensing by galaxy clusters

2.4 Weak lensing by galaxy clusters

Weak gravitational lensing provides the most promising tool to determine the
mass of the galaxy clusters without requiring the cluster to be in equilibrium. We
summarize here the useful techniques for measuring the matter density profiles
of galaxy clusters. They can be employed to constrain cluster mass and other
structural parameters.

2.4.1 Singular isothermal sphere profile

The rotation curves of typical spiral galaxies are flat for large radii. This implies
that the mass of a galaxy increases proportional to r , and its density distribution
can be expressed as

ρ (r ) =
σ2
v

2πGr2
(2.37)

where σv is the one-dimensional velocity dispersion of a Maxwellian distribution
of self-gravitating particles at all radii. This simple spherical mass distribution is
called singular isothermal sphere model (SIS) and can be applied, at least to first
order, to the dark matter halo such as galaxies or cluster of galaxies.

This density profile diverges as r −→ 0, therefore this model can not be used
to the central part of halo, which leads to defining a finite core radius. Moreover,
the total mass of SIS density profile diverges as r −→ ∞, thus the SIS mass profile
should be cut-off at some radius.

The projected surface mass density for the SIS density profile is

Σ(θ ) =
σ2
v

2G

1

θDD
, (2.38)

which yields the dimensionless surface mass density and shear profiles as

κ (θ ) = γ (θ ) =
4πσ2

v

c2

DDS

2θDS
. (2.39)

By integrating the SIS density profile over a spherical region of radius r∆ gives the
enclosed mass as

M∆ =
2σ2

v

G
r∆. (2.40)
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2.4.2 Magnification bias profile

The first order effect of gravitational light deflection is magnification which provides
a complementary approach to study mass distribution. The gravitational lensing
preserves the surface brightness but magnifies the images. However, the intrinsic
flux and size of an object are unknown, one can not estimate the actual magni-
fication of the object. Instead, one can obtain the magnification signal through
the change of image sizes at fixed surface brightness or by comparing the bivari-
ate distribution of redshift and magnitude, N (m,z), of background sources of a
cluster lens with respect to blank fields to the same magnitude limit, and meas-
uring the magnification from the observable difference due to the amplification of
background source images which is related to the surface mass density in the weak
field regime and it can be used as a model independent estimate of the cluster
mass distribution (Broadhurst et al., 1995; Taylor et al., 1998).

Considering that in the absence of lensing, the number density of galaxy images
with redshift within dz of z and with intrinsic flux larger than S is n0(> S ,z), then
imposing a gravitational lensing magnification µ modifies the expected number
density by

n(> S ,z) =
1

µ (z,θ )
n0

( S

µ (z,θ )
,z

)
(2.41)

where θ is a relative angular position on the sky of source and lens. Due to the
correlation of the flux of faint sources with their redshift, the redshift distribution
of sources is locally changed by magnification as

p (z;> S ) =
n0(> µ

−1(z)S ,z)

µ (z)
∫

dz′µ−1(z′)n0(> µ−1(z′)S ,z′)
. (2.42)

If in the absence of gravitational lensing, the source cumulative number count per
solid angle above the limiting flux S0 is approximated locally as a power-law

n0(> S0) ≡

∫ ∞

S0

d2N

dΩdS
dS ∝ S−α0 , α ≡ −

d log10 n0(> S0)

d log10 S0
(2.43)

then the number count with gravitational lensing effect is given by

n(> S0) ≡

∫ ∞

S0/µ

d2N

µdΩdS
dS = µα−1n0(> S0). (2.44)

where α depends on the luminosity function dn/dL(L,z) of background objects
and the wavelength of observation. In the weak-lensing regime, where |γ | � 1 and
κ � 1, µ is close to unity, µ ≈ 1 + 2κ = 1 + δµ. A Taylor expansion of power law
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yields

µα−1 ≈ 1 + (α − 1)δµ, (2.45)

and by replacing fluxes with magnitudes, we have

n

n0
(< m) = µ2.5α−1 ≈ (1 + 2κ)2.5α−1. (2.46)

This is the magnification bias where the gravitational magnification increases the
flux received from any lensed sources and allows the detection of sources enhanced
by the amplification and it also magnifies the area of the projected lenses sky with
the same amount and reduces the apparent galaxy number density. Therefore,
the source density depends on the intrinsic slope of the luminosity function of
background galaxies and the mass of the lens.

One can employ a regular grid with equal-area cells, ∆Ω = (∆θ )2, in a flux-
limited sample of red background sources and measure the number count for a
given magnitude cutoff mcut, n(θ ,< mcut), in each cell. Faint high redshift (

〈
z
〉
∼

1.1) red galaxy population have negative bias with α ∼ 0.1, dominated by the
geometric area distortion. On the other hand, the faint blue background galaxies
at redshift

〈
z
〉
∼ 2 have a steeper number count slope, α ≈ 0.5, meaning the bias

enhances the blue counts toward the cluster center (Umetsu , 2013). Owing to
the intrinsic clustering of background galaxies which can cause fluctuations in the
redshift and magnitude distribution, the magnification bias measurement becomes
contaminated.

One can also obtain the mass profile by azimuthally averaging over the number
density nµ (θi ) = dN (θi )/dΩ of red background galaxies as a function of radius from
the cluster center using the same radial bins as the distortion data, where θi is
the radius of the i -th radial bin (i = 1,2, ..,N ). The slope α and the normalization
n0 can be determined by counting the sources in the outskirts of the cluster (≥
10′) in a wide-field galaxy surveys. The uncertainty in nµ (θ ), σµ,i , comes from
both the Poisson noise and the variance owing to variations of the counts in each
annulus (intrinsic clustering contribution of background sources). The masking
due to bright foreground objects, bright cluster galaxies and saturated pixels must
be taken into account (Umetsu et al., 2011; Broadhurst et al., 2005). The log-
likelihood function for the magnification bias is expressed as

lnLµ = −
1

2

N∑
i=1

(
nµ,i − n̂µ,i (κi )

)2

σ2
µ,i

+ const., (2.47)

where n̂µ,i (κi ) denotes the model prediction for the observed counts nµ,i in the ith
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radial annulus.

2.4.3 Reconstruction of two-dimensional mass profile

Kaiser & Squires (1993) (KS) proposed a way to determine a parameter-free pro-
jected mass distribution of cluster lenses without any priori knowledge about a
mass profile of a cluster. The shear γ can be expressed as a convolution of the
projected mass density κ with a kernel D

γ =
1

π

∫
IR2

d2θ ′ D (θ − θ ′)κ (θ ′), (2.48)

D (θ ) = −
θ2

1 − θ
2
2 + 2iθ1θ2

|θ |4
. (2.49)

The projected mass density can be obtained by inverting the above equation as

κ (θ ) =
1

π

∫
d2θ ′ R

[
D∗(θ − θ ′)γ (θ ′)

]
+ κ0, (2.50)

where the shear induced by a deflector is measured as a function of angular position
θ , and κ0 is a constant surface mass density which does not induce any shear. κ in
the above formula must be real; because of that the imaginary part of the integral
should be zero. Obtaining the true value for the surface mass density is hindered
by the unknown κ0 constant value; this will be discussed further in §2.4.6. Some
assumptions must be made to use Kaiser and Squires algorithm such as assuming
the cluster is linear, meaning κ � 1 and γ � 1 (γ ≈ д) and all background galaxies
have the same effective redshift. The integral in the inversion formula extends over
IR2 while real data are only available in a finite region limited by the CCD area,
assuming γ = 0 for outside the field causes boundary artifacts.

One can replace the integral in Equation (2.50) with sum over galaxy images in
their positions as

κ (θ ) =
1

nπ

∑
i

Re

[
D∗(θ − θi )ei

]
, (2.51)

where n is the surface number density of galaxies. Due to noise sampling of the
shear at the discrete background source positions and the singular behavior of the
kernel D (θ ) for θ → 0, this estimate of κ has infinite noise (due to the θ−2-behavior
of the D kernel). A Gaussian smoothing function with width θs can smooth the
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singularity and provide κ with finite noise

κsmooth(θ ) =
1

nπ

Ngal∑
i

W (θ − θi ,θs )Re

[
D∗(θ − θi )ei

]
, (2.52)

W (θ ,θs ) =
[
1 −

(
1 +
|θ |2

θ2
s

)
e
−
|θ |2

θ2s

]
. (2.53)

The window function reduces the statistical noise arising from the shot noise and
random intrinsic ellipticites of background sources (Seitz & Schneider, 1995). The
rms error of κ map is ∼ σeN

−1/2, where N is the number of galaxies in each
smoothing window. Since the integration area must extend over IR2 but it has
been limited to a finite region, the mass increases toward the edges of the region
and even the negative mass densities can be obtained. The boundary artifacts
will be less important if the cluster signal is weak and it is placed at the center of
image.

In order to reduce the effect of local variations of the number density of galax-
ies, Seitz & Schneider (1995) (SS) introduce a regular quadratic grid and calculate
the mean ellipticity of neighbouring galaxies at each gridpoint by

ē (θ ) =

∑
iW ( |θ − θi |)ei∑
iW ( |θ − θi |)

; W ( |θ − θi |) = exp

[
−

(θ − θi )
2

θ2
s

]
. (2.54)

. By summing over the gridpoints, one can reconstruct κ (θ )

κsmooth(θ ) ≈
a2

π

∑
j

R

[
D∗(θ − θj )ēj

]
, (2.55)

where a denotes the gridpoints separation. The window function in the KS formula
acts through the kernel while SS performs smoothing to the distortion data and
remove the noise caused from the galaxy positions. Provided the effective number
of galaxy images inside the smoothing function W is significantly larger than one,
the expected value of ē is an unbiased estimator of the smoothed shear (Lombardi
& Schneider, 2001).

2.4.4 Aperture Densitometry

The aperture densitometry technique or ζ -statistics is formulated by Fahlman et al.
(1994), in order to measure the mass of galaxy clusters directly from the tangential
component of local gravitational image distortions without including a non-local
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mass reconstruction

ζ (θ1,θmax) = 〈κ (θ ≤ θ1)〉 − 〈κ (θ1 < θ ≤ θmax)〉 (2.56)

=
2

1 − θ2
1/θ

2
max

∫ θmax

θ1

〈γt 〉d lnθ . (2.57)

where 〈γt 〉 is the azimuthal average of the tangential shear with respect to cluster
center and 〈κ (θ )〉 is the averaged convergence over a circular aperture with radius
θ which is originated from the relation between the tangential shear and κ (Squires
& Kaiser, 1996),

〈γt 〉(θ ) = −
1

2

d〈κ (θ )〉

d lnθ
. (2.58)

One can also modify the ζ -statistics by

ζc(θ1;θ2,θmax) = 〈κ (θ ≤ θ1)〉 − 〈κ (θ2 < θ ≤ θmax)〉 (2.59)

= 2

∫ θ2

θ1

〈γt 〉d lnθ +
2

1 − θ2
2/θ

2
max

∫ θmax

θ2

〈γt 〉d lnθ . (2.60)

where θ2 and θmax are the inner and outer radius of the annular background region,
and the subtractive element removes any potential error from extended structures
such as substantial substructure or secondary core in the cluster. Here the integral
can be replaced by a sum over the individual galaxy shear estimates and provides
a lower bound on the mass profile inside the radius θ1 as M (θ1) = πθ

2
1ζc(θ1)Σcrit,

where θmax is chosen so that 〈κ (θ2,θmax)〉 = 0 (Clowe et al., 2000). Since this is a
cumulative statistics, the errors at different radii are correlated.

In ζ -statistic, it is assuming one has measured the shear γ instead of the reduced
shear д, and overestimates the mean density, in particular, when the convergence
κ is not small compared with one. This problem can be solved using an iterat-
ive technique (similar to the 2D mass reconstructions) by converting the current
measurement of 〈κ (θ )〉 from ζc to κ (θ ), if one assumes that the annular region is
at large enough radius, in order to obtain a small subtractive element. one can
employ this estimate of κ (θ ) to convert д to γ and recalculate ζc (Clowe et al.,
2012).

Since ζ -statistic is a spherically symmetric mass estimator, it causes some errors
for irregular clusters but this effect has been measured less than 10%. The ζ -
statistics can be precise from the linear regime to the weakly nonlinear regime,
but it is not robust against the projection effect and contamination by cluster
members. Changing γ1 with γ2 and γ2 with −γ1 should cancel out the true shear
signal, which is a simple check on artifacts or the possibility of spurious shear
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emerging from intrinsic correlated ellipticities.

2.4.5 Aperture mass

One can boost the S/N for cluster-like structures by convolving κ map with a
circular compensated weight filter U

Map(θ0) =

∫
d2θ κ (θ ) U ( |θ − θ0 |), (2.61)

where Map is the aperture mass. By inserting Equation (2.50) in the above equa-
tion, one can obtain a cluster mass measurement which is independent of the
constant κ0, if the following condition is satisfied:∫

θ U (θ ) dθ = 0, (2.62)

hence U (θ ) is a compensated filter which aids the mass-sheet degeneracy has no
influence on the value of the aperture mass. Convolution of the κ map with a
kernel U can be re-written as the convolution of the tangential shear map with a
related kernel Q as

Map(θ0) =

∫
d2θ Q ( |θ |) γt(θ ,θ0), (2.63)

Q (θ ) =
2

θ2

∫ θ

0
θ ′ U (θ ′) dθ ′ −U (θ ). (2.64)

where Q can be a radially symmetric spatial filter function which is finite with
limθ→∞Q (θ ) = 0 and should be normalized to unit area (Schneider, 1996). The
cut-off in the filter function at infinity is to avoid finite field effects while data is
only available on a finite field. Since the signal in the vicinity of the core of a
cluster may be diluted by cluster dwarf galaxies, one can consider another cut-off
to down-weight the signal in this region.

The shear fields γ (θ ) are tangentially aligned around projected mass-density
peaks and can be used to detect weak lensing peaks while its significant depends
on the amount of shot noise in the field and the large scale structure in the line of
sight (Dietrich & Hartlap, 2010). One can use the fact that 〈Map〉 ≡ 0 and estimate
the SNR of a peak in an aperture mass map by using its variance, σ2(Map) =
〈M2

ap〉 − 〈Map〉
2 = 〈M2

ap〉. Hence, the variance of Map can be written as

σ2
c (θ0) =

πσ2
e

n

∫ θ0

0
dθ θ Q2(θ ), (2.65)

59



Chapter 2 Gravitational Lensing

where θ0 is the aperture radius, σe is the ellipticity dispersion of galaxies and n
denotes the number density of the galaxies in the given aperture (Schneider, 1996).
The signal-to-noise ratio for Map at position θ0 is given by(

S

N

)
ap

=

√
n

πσ2
e

∫
d2θ γt (θ ) Q (θ )√∫ θ0

0 dθ θ Q2(θ )

, (2.66)

and it is called S-statistics. Here the noise depends on θ0, where the number
density of background sources can vary in different aperture size. This indicates
the importance of the aperture radius.

The shape of filter function must trace the cluster shear profile, in order to
increase the SNR of a galaxy cluster detection (Dietrich et al., 2007). A simple
aperture mass kernel which is sensitive to the nfw-like density profile is given by

U (θ ) =
9

πθ2

(
1 −

θ2

ϑ 2

) (
1 −

θ2

ϑ 2

)
(2.67)

where ϑ is the filter radius. The aperture mass statistics can be used for cluster
search in a finite region and it is not affected by mass-sheet degeneracy effect.
Aperture mass yields a reliable lower limit on the cluster masses, but owing to
using a compensated filter, it is not a good tool to measure the total mass of a
cluster.

2.4.6 Mass-Sheet Degeneracy

Weak lensing cluster mass reconstruction suffers from the so-called mass-sheet
degeneracy. Since the reduced shear д of an image is unchanged if the inverse
magnification matrix is multiplied with an arbitrary constant λ , 0, which leads
to transforming κ and γi according to

1 − κ −→ λ(1 − κ), γi −→ λγi . (2.68)

Hence, the convergence obtained from Equation (2.50) is not unique due to mass-
sheet degeneracy, meaning if only the image ellipticity information is available, the
degeneracy can not be broken. Using image ellipticities from the sources which are
distributed over sufficiently broad range of redshift can in principle help to break
the degeneracy.

Another approach for eliminating the mass-sheet degeneracy effect is to use the
measurements of the inverse lens magnifications, r = 1/µ and it is used to estimate
the constant λ (Bartelmann & Narayan, 1995).
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Chapter 3

Multicolor Photometry and
Photometric Redshift Of the
COMBO-17 Survey

3.1 Introduction

The recent advent of multi-wavelength large-scale surveys, such as DES1, KiDS2 (de
Jong et al., 2013), PanSTARRS3 (Kaiser et al., 2002), LSST4 (Ivezić et al., 2014)
and Euclid5 (Laureijs et al., 2011), has made possible to study the properties of the
large-scale structure and verify the predictions of the Lambda-Cold-Dark-Matter
(ΛCDM) model. The study of angular clustering, baryonic acoustic oscillations,
weak lensing and the measure of galaxy bias require accurate redshift estimates.
These can be obtained with spectroscopic methods, but are usually restricted to
only a subset of galaxies due to observing time restrictions. Photometric meth-
ods, while less precise, provide a faster alternative to estimate redshifts for a large
number of faint and distant galaxies.

Photometric redshifts (photo-z ) of galaxies can be estimated by modeling the
measured colours of galaxies as a function of galaxy type and redshift. Photo-z are
sensitive to a large number of parameters, such as the instrument filter response,
the Spectral Energy Distribution (SED) templates as well as the priors for galaxy
types and redshift (Schmidt & Thorman, 2013). One of the main challenges for
robust photometric redshift estimates is to get accurate colours of an object in
multiple bands (Capak et al., 2007). The colour is not only influenced by the
redshift but also by the galaxy type, its age, metallicity and environment as well as
atmospheric absorption and Galactic extinction (High et al., 2009). Well-calibrated

1https://www.darkenergysurvey.org/survey
2http://kids.strw.leidenuniv.nl
3http://pan-starrs.ifa.hawaii.edu/public
4http://www.lsst.org/lsst
5http://sci.esa.int/euclid
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fluxes in broad- and medium-bands are essential for accurate photo-z estimates.

Optical photometric systems with medium-band filters are designed to be more
sensitive to emission and absorption features in an object’s spectrum, in order
to maximise the number of objects with accurate redshifts and classified SED
types (Hickson et al., 1994; Moles et al., 2008). Hildebrandt et al. (2008) demon-
strated that a combined broad- and medium-band filter survey yields better pho-
tometric redshifts in the range 0 < z < 1.5 than a pure broad-band filter campaign
with the same total observing time. They also stated that accurate photometric
calibration is more crucial for photo-z measurement using only broad-bands where
the photometric redshift depends more on colours than on features which can be
captured by the medium-band photo-z.

There are different approaches for the photometric calibration of an instrument.
For example, the spectrophotometric observation of standard stars can be used
to calibrate instrumental magnitudes (Wolf et al., 2001b). Another approach is
based on the position of main sequence stars in a narrow region in colour space,
i.e. the stellar locus. MacDonald et al. (2004) apply a polynomial fit to the stand-
ard stellar sequence using the data from the Oxford-Dartmouth Thirty Degree
Survey (ODTS) (Hammell et al., 2003) to compute the optimal colour calibra-
tion. Using the stellar locus calibrates only the colours, or magnitude differences.
They chose the V-band as an anchor, assuming that this band is calibrated cor-
rectly, and calibrate the other bands relative to the V-band. Similarly, High et al.
(2009) introduced the Stellar Locus Regression (SLR) method for colour calibra-
tion, which is based on the minimization of the perpendicular colour-distance in a
high-dimensional colour space between the nearest point in the stellar locus and
the instrumental data points.

Our goal is to provide an alternative method for photometric calibration. We
use the location of standard main sequence stars in one or more colour-colour
diagrams to find the displacement of uncalibrated stars. Our approach, called the
Softassign Procrustes Matching (SPM) method, is different from those mentioned
above except SLR, and falls into the category of point-set matching methods, which
is extensively used in image analysis and pattern recognition (Luo & Hancock,
2002; Rangarajan et al., 1996, 1997). The scientific goal of this chapter is to
produce an accurate photometric redshift catalogue from the Classifying Objects
by Medium-Band Observations (COMBO-17)6 (Wolf et al., 2001a) survey in the
A226/A228 galaxy clusters field that can be used, for instance, to study galaxy
clusters with weak lensing (Gray et al., 2002; Brown et al., 2003; Kleinheinrich et
al., 2006).

Our colour calibration method has successfully been applied to recalibrate the 4
broad-band (griz ) photometry of the Red-sequence Cluster Lensing Survey (RC-

6http://www.mpia.de/COMBO/

62



3.2 Observation and data

SLenS). More details can be found in Hildebrandt et al. (2016). Our approach
can tackle the existence of noise and outliers in point-set matching tasks and
offers better performance compared with SLR in terms of scalability and time-
complexity. So its main advantages over the SLR method are first its speed, and
that the matching of uncalibrated stars with those from a calibrated sample can be
obtained using the information of several colour-colour diagrams simultaneously.
Alternatively, once a match has been found in one colour-colour diagram, this
same match can be applied to the other colour-colour diagrams where the random
photometric errors are larger, e.g. due to narrower filters or less observing time.

The remainder of this chapter is structured as follows: in Section 3.2, we de-
scribe the data and data reduction procedure, whilst in Section 3.3, we explain the
point spread function (PSF) matching procedure. The theory of our colour calib-
ration method is described in Section 3.4. Section 3.5 provides the performance
of photo-z ’s using both broad- and medium-band filters via simulations. Then in
Section 3.6, we analyze the systematics in the SPM and SLR colour calibration
methods. Finally, we present our results for the A226/A228 field in Section 3.7
and we conclude and summarize in Section 3.8.

3.2 Observation and data

In the following, we will introduce a collection of photometric and spectroscopic
data sets. We demonstrate the robustness of our colour calibration method by re-
calibrating the photometry of the Chandra Deep Field South (CDFS) catalogue
which was published by the COMBO-17 survey project. We investigate the effect
of colour calibration with the SPM and SLR methods on the photo-z ’s and com-
pare the photometric redshift with the VIMOS VLT Deep Survey (VVDS) spec-
troscopic sample in this field. Moreover, we explore the performance of our PSF
homogenization method on the Garching-Bonn Deep Survey (GaBoDS) images of
the CDFS and estimate how much it can influence on the precision of photo-z.
We also employ a Sloan Digital Sky Survey (SDSS) spectroscopic sample in the
A226/A228 field of COMBO-17 survey to examine the accuracy of the photo-z ’s
in this particular field.

3.2.1 Data description

3.2.1.1 COMBO-17 survey

The COMBO-17 survey is a very-low-resolution spectroscopy survey with a cover-
age of 1 deg2 at high galactic latitude, including the Chandra Deep Field South,
the field of the supercluster Abell 901/902 and Abell 226/228 fields. Each field
has been observed in 17 optical bands, consisting of the five broad-band filters
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Table 3.1: A226/A228 field: The full width half maximum (FWHM) seeing in arc-
sec, exposure times and the number of stacked images (N ). The Aλ/E (B − V ) are
measured from the Cardelli et al. (1989) extinction law. The magnitude limits
(mlim) for objects with S/N = 10 are estimated for the faintest point source by

σ (m) = 2.5 log
[
1 + 1

S/N

]
which is detected with the given SExtractor configura-

tion parameters: DETECT MINAREA = 5, DETECT THRESH = 2.5 and ANA-
LYSIS THRESH = 2.5.

Filter
name λeff/∆λ seeing(′′) exp. time(s) N Aλ/E (B −V ) mlim,10σ

U38 365/40 0.89 21000 14 3.836 24.29
B 455/100 1.08 12700 19 3.070 25.77
V 540/90 0.92 3000 5 2.542 24.48
R 650/165 0.77 48083 90 2.058 25.79
I 850/150 0.87 4000 4 1.313 22.65

420/30 0.85 8550 12 3.466 24.74
465/15 0.99 7000 7 3.082 24.28
486/30 0.85 3000 6 2.882 24.35
518/16 1.03 5900 10 2.652 24.27
571/24 1.01 2000 4 2.367 23.39
605/21 0.89 6800 13 2.226 23.88
646/27 0.80 4800 8 2.066 23.50
696/23 0.94 7780 13 1.872 23.43
752/20 0.87 8500 17 1.652 22.84
816/24 0.65 11500 13 1.423 23.04
856/14 0.87 18500 37 1.298 22.48
914/27 0.89 20700 23 1.156 22.58
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UBVRI plus 12 medium-band optical filters covering the wavelength range from
3500 to 9300 Å (Table 3.1). Increasing the spectral resolution and wave-length
coverage can yield better accuracy in photo-z measurements. The advantage of
the COMBO-17 survey over broad-band surveys is that the same observation time
of broad-bands is split among more filters, thus one can obtain higher precision in
the photo-z estimates and reach a precision of ∆z/(1+ zs) ∼ 0.01-0.02 (Wolf et al.,
2004).

The survey data have been acquired with the Wide Field Imager (WFI) at
the MPG/ESO 2.2-m telescope at La Silla, Chile. Moreover, WFI instrument
provides sharp and deep R-band imaging with seeing of ∼ 0.78′′, which makes this
band suitable for weak-lensing studies. We use raw archival COMBO-17 images
from broad- and medium-band imaging of a well-known field with two galaxy
clusters Abell 226 and Abell 228 at redshift z = 0.128. The images are centred on
coordinates α2000 = 1h 39m 00 and β2000 = −10◦ 11′ 0′′0. The observational details
for this field are given in Table 3.1. Note that here we always refer to the Vega
magnitude system.

In this work, we make use of the COMBO-17 public object catalogue7 which
centred on the CDFS. The catalogue has provided photometry and precise photo-
metric redshift estimates of around 10,000 galaxies identified at Rvega < 24 (Wolf
et al., 2004). The CDFS field has a spectroscopic sample with wider coverage
compared to the A226/A228 field. Therefore, it is well-suited for examining the
robustness of our colour calibration method.

3.2.1.2 VVDS spectroscopic catalogue

The VIMOS VLT Deep Survey is a deep spectroscopic redshift survey which is
dedicated to study the evolution of galaxies, large scale structures and AGN up to
z ∼ 5 and down to magnitude IAB = 24 (Le Févre et al., 2001). The spectroscopic
redshift of bright objects in the VVDS catalogue which overlaps with Chandra
Deep Field South is utilized here to calibrate and study the systematics in the
photometry and the photometric redshift. We only consider objects with high
confidence level in the spectroscopic redshift measurements (i.e. with quality flags
equal to 3, 4, 23 and 24). The sample comprises 784 galaxies with a median
redshift of 0.577, and only a sample of 663 galaxies is in common with COMBO-
17 catalogue of CDFS.

3.2.1.3 GaBoDS/WFI Deep2c data

The optical sample of the ESO Deep-Public-Survey was observed with WFI, and
consists of optical images in the UBVRI -bands (Hildebrandt et al., 2006). The

7http://www.mpia.de/GEMS/catalogue.htm

65



Chapter 3 Multicolor Photometry and Photometric Redshift Of the COMBO-17 Survey

observation is done in three completely distinct regions and each covers one square
degree of sky (Deep1, Deep2 and Deep3). However, we employ Deep2c region
which is centred on Chandra Deep Field South. The images of his field are used to
examine the performance of different Point Spread Function (PSF) homogenization
methods on the photometry and we further compare the photo-z from five broad-
bands in this field with spectroscopic redshift (spec-z ) of the VVDS catalogues.

3.2.1.4 SDSS spectroscopic catalogue

In addition to the VVDS data, the spectroscopic catalogue of SDSS8 data release
10 is employed for galaxies with high-quality spectroscopic redshifts, which overlap
with the A226/A228 field of the optical COMBO-17 survey catalogue (Ahn et al.,
2014). The SDSS catalogue consists of 40 objects in common with the A226/A228
field, which are mostly early-type galaxies. We adopt the SDSS spectroscopic
sample to verify the accuracy of our colour calibration and photo-z estimation.

3.2.2 Data reduction

The data reduction was done with the THELI pipeline. The THELI pipeline was
developed for the reduction of optical data on a multi-chip camera, comprising
of a chain process performed on raw images to achieve image quality suitable for
scientific applications and it is described with details in Erben et al. (2005).

3.3 PSF Matching

Before describing our colour-calibration algorithm, we must ensure a uniform pho-
tometry across each filter. Measuring the flux of each object in each band can be
affected by the pixel noise, neighbouring sources as well as inaccurate determina-
tion of light contribution from sky background due to its non-linear variation. In
order to obtain accurate colours, the flux should be measured in the same intrinsic
part of the source in each band. The observed shape of an object is distorted
by atmospheric conditions and the telescope configuration at different times or
bands. The degree of blurring can be defined by the PSF which is the intensity
distribution of a point source, e.g. a star in an image. If the PSF varies among
different bands or within an image, one can homogenize it to obtain robust colours,
and, consequently, reliable photometric redshifts for the objects (Hildebrandt et
al., 2012; Capak et al., 2007).

We can homogenize the PSF with a global or a local approach (Ivezić et al.,
2007; Hildebrandt et al., 2012). In the first case, one assumes that the PSF is

8https://www.sdss3.org/dr10/
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homogeneous in each image and can be approximated by a 2-d Gaussian. Con-

volving each image with a two-dimensional Gaussian with the width of
√
σ2

w − σ
2
im

(σw is the size of the PSF in the worst seeing image and σim is the seeing in the
image), one can obtain identical apertures for the same object in the different
bands. Under the mentioned assumptions, the measured colours of each object in
the matched physical apertures are more compatible with the colours generated
from the convolution of the spectral energy distribution (SED) templates with
the filter response curves. However, the PSF fluctuations within the same image
accompanied with the non-Gaussianity in the PSF shape can lead to significant
bias in the colour. Therefore, for the remainder of this work we apply a local PSF
homogenization.

In particular, we employ position-dependent PSF-matching by finding a kernel,
which is modeled as a linear combination of basis functions. The kernel is decom-
posed into a set of two-dimensional Gaussian functions multiplied by a polynomial,
and fulfills the condition of having finite sums. The local PSF-matching method
is implemented in Higher Order Transform of PSF ANd Template Subtraction
(HOTPANTS)9, based on Alard & Lupton (1998) and Alard (2000). HOTPANTS
is designed to “uncover” variable objects by image subtraction after PSF-matching.
It can handle the spatially-varying PSF in wide-field images. More details about
finding the convolution kernel to match the PSF are described in Appendix A.

HOTPANTS was primarily intended for optimal image subtraction in single-
band use. Here, we have modified it to work between different filters by a per-
object colour adjustment mechanism to allow for a spatially constant flux scaling
across the image. In other words, we adjust the flux of each star individually in the
poor-seeing image (kernel) by scaling the image with respect to the better seeing
image, such that the images appear to be in the same band for HOTPANTS usage.
Here we summarize the steps of our PSF matching algorithm:

• We select a control sample of high signal-to-noise non-flagged10 isolated stars
to model the PSF. In order to do so, we use SExtractor11 (Bertin & Arnouts,
1996) in the dual-image mode using the worst seeing image for detection12

to extract objects from a background-subtracted image13.

9HOTPANTS is coded by Andrew Becker. The code is accessible at:
https://github.com/acbecker/hotpants

10”Non-flagged” means that an object does not have bright, close neighbors that cause a bias
in the photometry, the isophotes of the object are not corrupted and none of its pixels are
saturated.

11http://www.astromatic.net/software/sextractor
12We use the worst seeing band for detection, because the PSF is modeled with respect to this

band and the control sample of stars for HOTPANTS are the high signal-to-noise detected
stars in this band.

13The SExtractor background subtraction parameters are:
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Table 3.2: A226/A228 field: The mean (µ), scatter (σ) and the root-mean-squared-
errors (RMSE) of the FWHM differences in ”arcsec” between isolated stars in the im-
ages convolved with global and local PSF methods with respect to the kernel (B-band)
in a control sample, respectively. The control sample comprises of ∼300 unsaturated
point sources which are selected from the kernel image with magnitude range less than
21.5.

Filter(λeff/∆λ) µg µl σg σl RMSEg RMSEl

U38(365/40) 0.002 0.008 0.027 0.027 0.027 0.028
V (540/90) 0.001 0.009 0.033 0.022 0.033 0.024
R (650/165) 0.001 0.000 0.015 0.014 0.015 0.014
I (850/150) 0.039 0.025 0.134 0.147 0.140 0.149
420/30 0.002 0.006 0.022 0.019 0.022 0.020
465/15 0.017 0.007 0.024 0.019 0.030 0.020
486/30 −0.017 0.007 0.035 0.030 0.039 0.031
518/16 0.014 0.020 0.039 0.026 0.042 0.033
571/24 0.079 0.026 0.199 0.099 0.214 0.103
605/21 0.005 −0.001 0.021 0.019 0.021 0.019
646/27 0.002 0.001 0.019 0.019 0.019 0.019
696/23 0.003 0.001 0.027 0.022 0.027 0.022
752/20 0.008 −0.001 0.021 0.020 0.022 0.020
816/24 0.005 0.000 0.023 0.022 0.023 0.022
856/14 0.005 0.000 0.022 0.017 0.023 0.017
914/27 0.011 0.000 0.027 0.028 0.029 0.028
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• The new flux of the i-th star in the control sample of the poor-seeing band
(f ′K,i) should be scaled down with the average initial colour. Therefore, we
estimate fT,i/fK,i, where fT,i is the star’s flux in the image with the good-
seeing and fK,i denotes the flux of i-th star in the poor-seeing band.

• We compute the average flux ratio of stars as

CT−K =

〈
fT
fK

〉
, (3.1)

where CT−K is the mean of the selected star colours in two images.

• We create an adjusted image to be used by HOTPANTS where we scale the
flux of the i-th star in the poor-seeing image by

f ′K,i =
CT−K,i

CT−K

fK,i, (3.2)

here CT−K,i expresses the colour of the i-th star, between the better-seeing
band (T ) and the worst-seeing one (K) with incompatible PSF.

• Finally, we use the local PSF-homogenization method to convolve the better
seeing image (T ) with the kernel (κ) in order to match the image with the
poor seeing (K).

We stress that the kernel conserves the flux, because it implements a constraint
by enforcing the kernel sum to stay constant in the whole image. We examine
the local PSF-matching performance on the GaBoDS survey images. The optimal
solution with a set of HOTPANTS input parameters for this particular field is
listed in Table A.1. We divide the image into 10 × 10 sub-regions, inside of which
the kernel solution remains constant. Then we obtain the kernel solution for sub-
regions from this uncrowded stellar field. We notice that the PSF in the WFI
instrument is quite stable and does not vary much across the image compared
to other instruments, thus the improvement in photometry due to equalization of
spatially varying PSF in the images is not significant. However, an exception is the
U 38 band which shows the worst PSF variation across the images. The comparison
of the PSF variation in the local and global PSF-matching in A226/A228 field are
listed in Table 3.2 where the local PSF homogenization method has considerably
less scatter and negligible bias compared to the global one. In section 3.6.3 we will
demonstrate the improvement in the photo-z with our local PSF homogenization
procedure.

BACK TYPE=AUTO, BACK SIZE=256 and BACK FILTERSIZE=5.
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3.4 Photometric Calibration

The instrumental magnitude for each object is calculated from the number of
photon counts per second, and it differs for each instrument and observing con-
dition. In the photometric calibration process, the measured instrumental mag-
nitudes are converted to the apparent magnitudes. Wolf et al. (2004) acquired
photometric calibration for the CDFS COMBO-17 field using observations of spec-
trophotometric standard stars within the field. However, we cannot adopt their
method since the spectrophotometric information for the stars in our particular
field is not available. Therefore we employ an alternative absolute photometric
calibration method for broad-band filters, and then we use a colour calibration
method for medium-bands.

3.4.1 Absolute photometric calibration

The object apparent magnitude, mn, for a filter, n, is measured from the instru-
mental magnitude, m′n, by

mn =m
′
n + ZPn + EnXn +An; (3.3)

where An is the Galactic extinction and EnXn expresses atmospheric extinction,
with En being the extinction coefficient of the filter n, and Xn the airmass. The
magnitude zero-point is ZPn. In absolute photometry, we obtain Landolf/Stetson
standard field exposures through the BVRI -band filters (Landolt, 1992; Stetson,
2000). We try to find different solutions for the parameters in Equation (3.3)
by repeating the observation at different airmasses. Depending on the number of
matched stars, we fix a parameter (e.g. the extinction coefficient) to a default
value and a two-parameter fit is applied (Hildebrandt et al., 2006). The overall
zero-point for observation in each filter is obtained by robustly averaging the zero-
points for all the matching standard stars. Nevertheless, we are not able to extend
this method for medium bands, since a standard star catalogue of these filters does
not exist.

3.4.2 Medium-band photometric calibration

As mentioned earlier, we have developed a method to calibrate object colours
for the medium-bands. We use the colours of stars to correct both the zero-point
offsets and the atmospheric extinctions. The stellar colours depend on the effective
temperature and the metallicity of stellar atmosphere to some extent. We refer
in our analysis to standard stars which are the stellar spectral library published
by Pickles (1985, 1998). The library contains the combined data from all type of
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sources from 1150 to 10620 Å. The standard-star fluxes are obtained by convolving
the stellar spectra of this library with the response function curves of the COMBO-
17 filters.

Our method exploits the existence of the Balmer jump which separates A-F
main-sequence stars from higher luminosity stars and appears as a kink in a colour-
colour diagram (Smith, Bianchi & Shiao, 2014). The kink in the stellar locus is
also affected by high stellar metallicity and molecular absorption bands such as
TiO, VO and metal hydrides in disk stars (High et al., 2009; Kelly et al., 2012).
M-dwarfs are mostly high-metallicity stars with non-thermal spectra located in
the red side of the kink in the stellar locus. The blue-ward stellar component can
be dominated by an evolved halo population as well as an aggregate of disk and
halo stars with a population of main sequence A- to K-types which are intrinsically
bright (see Schultheis et al., 2006, Fig. 4). Similar to the SLR approach, we utilize
the kink in a colour-colour diagram as an indicator for our colour calibration
process, which is captured in a combination of an optical blue filter such as U or
B with two other filters (High et al., 2009; Kelly et al., 2012).

In our algorithm, we calibrate the instrumental colour by aligning two stellar
loci in a colour-colour space. We search for a subset of points from the uncal-
ibrated stellar locus that can be aligned to the Pickles standard stars, assuming
that the two point-sets have similar shape. This is done by finding the corres-
pondence14 between two point-sets in one colour-colour diagram. Once we find
the point-correspondence in a colour-colour diagram, we can extend the point-
correspondences to the others and compute the appropriate distances between two
stellar loci (more details in § 3.4.2.6). Consequently, we can estimate the zero-point
offset for each filter (Fig. 3.2).

One of the shortcomings of using the stellar locus is the systematic errors due
to variable stars, binaries and Hα emission-line objects, which cause scatter in the
shape of the stellar locus; however, their low occurrences make them less problem-
atic (Witham et al., 2008). One can also expect to observe further massive, lumin-
ous blue stars, but their light is more reddened compared to the closer identical
stellar types (integrated extinction effect) and they appear as broadly scattered
points for the main locus in the colour-colour diagram. In the first step of our
colour calibration method, we remove the scattered points in the stellar locus by
employing the kernel density estimation method, in order to sharpen the locus and
it is discussed further in section 3.4.2.2.

Matching the Pickles stellar locus with the instrumental stellar colours is hampered
by the difference between the number of points in two point-sets and a few char-

14Correspondence refers to the recognition of a set of points in one image which can be aligned
to resemble points in the other image, including the possibility of deformation of one of the
images by displacement, rotation, or scaling.
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acteristic feature differences. The main-sequence M-dwarfs are the cool, dim and
low-mass stars in the Milky Way. They mostly reside in the Galactic disk, and
despite their abundance in our galaxy, it is difficult to observe them at large dis-
tances. The sparse appearance of M-dwarfs in our instrumental stellar locus can
be an issue for the colour calibration. Another feature typically missing in the
uncalibrated stellar locus are the O-type main-sequence stars, which are the most
massive, rarest stellar type in the Milky Way. In Section 3.4.2.3 we will address the
missing-points issue in matching the point-sets in our colour calibration algorithm.

Our novel method for the calibration of optical colours relies on a shape-matching
algorithm proposed by Rangarajan et al. (1997) and is applied to the stellar locus
in the colour-colour diagrams. The matching of two point-sets is one of the main
topics in image analysis and pattern recognition tasks. Minimizing a well-defined
energy function which describes an alignment between two sets of points (see
§ 3.4.2.4), one can assess an appropriate correspondence and displacement in or-
der to lay one point-set over the other. There have been many attempts to solve the
point-set matching tasks. For instance, Luo & Hancock (2002) developed a max-
imum likelihood model, considering the probability of missing data in point-sets,
by applying an expectation-maximization algorithm. The alignment of the points
is achieved by minimizing the weighted squared distance between two patterns in
the maximization part. In the expectation step, the correspondence probability is
updated using the positional residuals.

Our approach for finding the offsets between the instrumental and standard stars
is similar to the aforementioned shape-matching method, except that we do not
use a statistical framework for the point-matching algorithm. The idea is a simple
two-step procedure: First, find compatible points in two different sets (despite the
existence of imperfect matches due to noise and missing points). Once a point-
by-point correspondence is determined, estimate a transformation vector to align
stellar loci in the colour-colour space.

Since our observation is done in high Galactic latitude, we expect a much higher
fraction of halo stars. Then a colour combination with the U -band can be used
to obtain a translation between standard and uncalibrated stars, in spite of its
sensitivity to Galactic dust extinction and stellar metallicity. In Section 3.4.3, we
will describe how we correct the effect of Galactic dust extinction on the colour
calibration in the medium- and broad-bands.

3.4.2.1 Star selection

The uncalibrated colours of stars in seventeen COMBO-17 bands are measured
using SExtractor double-image-mode. Having the same dimensions and number of
pixels allows one to measure pixel-to-pixel colours. All images must have identical
PSFs (described in Section 3.3), and by using the deepest band– the unconvolved
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Figure 3.1: The size-magnitude diagram in R-band image. Grey points: galaxies,
whereas the box frames the magnitude and size limits. Black points: stars, which are
chosen within this box, satisfy the signal-to-noise and CLASS STAR criteria.

R-band– for object detection, we can create the most complete catalogue.

We first use SExtractor to extract point-like objects in the various bands15. We
utilize the isophotal magnitude, MAG ISO, which estimates the integrated light
of an object above a given threshold. For faint objects an aperture magnitude,
MAG AUTO, which is measured in an elliptical aperture with some multiple of its
isophotal radius, has less bias in a total magnitude measurement. Robust colour
measurement for galaxies is guaranteed with MAG ISO, which provides better
colour estimation and cancels out the systematic errors when we subtract two
magnitudes (Coe et al., 2006; Benitez et al., 2004).

Using magnitude-size diagrams aids in separating stars from galaxies. For in-
stance, all the very bright point-like isolated objects which have roughly the same
size as the PSF and are not saturated can be considered as stars for our colour cal-
ibration. We choose high signal to noise objects (S/N>30), in the magnitude range
of 17 to 21. We employ FLUX RADIUS, the half-light radius, as a size indicator to
select objects with PSF size as shown in Figure 3.1. We can scrutinize the quality
of star/galaxy separation with the CLASS STAR parameter. Sextractor uses the
ANALYSIS THRESH, PIXEL SCALE and SEEING FWHM input parameters to

15We define DETECTTHRESH=1.5 as a detection threshold above the background and the
minimum number of connected pixels for detection by DETECTMINAREA=3.
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classify objects as either galaxy or star with Neural Network (NN), based on their
scale and degree of blurring. We only use stars in the magnitude-size diagram with
CLASS STAR parameter greater than 0.95 for our colour calibration.

3.4.2.2 Preparation step for the colour calibration

Before starting the colour calibration process, we reject points outside of the stellar
locus by employing the kernel density estimation (KDE) method, a non-parametric
procedure. Suppose we have a sequence of independent, identically distributed
random sample x1, ...,xN. We estimate a probability density function (PDF) at a
point x0 with a weighted average over the sample distribution

f̂N(x0) =
1

Nh

N∑
i=1

K
(x0 − xi

h

)
, (3.4)

where K is usually a Gaussian kernel with a bandwidth h centred at x0 (the point
where the PDF should be estimated Parzen, 1962). We omit all points in the
whole combinations of colour-colour diagrams16 with low density estimates. Our
criteria for defining a point of a low density region is when the probability density
estimate is lower than 0.05 ×mean

x∈X
{ f̂N(x )}.

In the top panel of Figure 3.2, the outliers are presented by yellow symbols.
These stellar objects are located in a low density region in at least one of the
colour-colour diagrams. These are discarded from the stellar locus analysis.

3.4.2.3 The Softassign Procrustes Matching method

Broadly speaking, finding a spatial mapping between two stellar loci in a colour-
colour diagram is a feature-matching task. We have implemented in Python the
Softassign Procrustes Matching method (SPM) Rangarajan et al. (1997) to address
the colour calibration issues discussed in Section 3.4.2. The problem is to find
an optimal transformation – i.e. translation, rotation and scaling – to align the
instrumental stellar locus (data) to the standard stars (model) such that the gap
between the manifold of the data with the model vanishes. The translational
component plays a role in translating the weighted mean of all the points (i.e.
its centroid) to the origin. The effect of rotation and scaling is irrelevant in our
application and we omit these terms in the colour calibration process.

One can take two stellar loci as two set of points S1 =
{
C1,C2, . . . ,CN1

}
and

S2 =
{
C′1,C

′
2, . . . ,C

′
N2

}
, where S1 is the data point-set and S2 is the model point-set.

Each point in the data is represented by a position vector coordinate Ci = (cix,ciy)

16All possible seventeen filter permutations that can be used without any repeat is 680(≡
(
17
3

)
).

74



3.4 Photometric Calibration

X

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

M
B4

20
 - 

M
B6

04

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

M
B4

20
 - 

M
B6

04

−1.2 −1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4

U38 - MB420

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

M
B4

20
 - 

M
B6

04

X

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

M
B6

04
 - 

M
B6

96

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

M
B6

04
 - 

M
B6

96

−0.15 0.00 0.15 0.30 0.45 0.60 0.75

V - MB604

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

M
B6

04
 - 

M
B6

96

Figure 3.2: The blue pentagons are the stellar objects in the COMBO-17 catalogue of
CDFS, whilst the red asterisks are stellar objects from the Pickles catalogue. The two
top panels illustrate the kernel density estimate applied on the data to reject scattered
points from the stellar locus (the yellow objects). The stars are discarded due to being
placed in regions with low density in one of the colour-colour diagrams. The lines in
the middle panels connect the stars in the uncalibrated stellar locus of the COMBO-17
catalogue to the corresponding Pickles standard stars. There are only several lines
representing correspondences, since many of the correspondences are pruned in the
process of deterministic annealing. In this plot, the correspondences are determined
from the left panel and are applied to the right colour-colour diagram. The bottom
panels show the colour-colour diagrams after the colour calibration. Note that only
two colour-colour diagrams are only illustrated. 75
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in the colour-colour space, where i is the point index. The correspondence point
in the model is C′j. Thus the alignment problem can be formulated by minimizing
a weighted Procrustes distance, dP, which is

dP =

N1∑
i=1

N2∑
j=1

Mij

(
Ci − µc

)
−

(
C′j − µc′

)
2

(3.5)

where Mij denotes an N1 × N2 correspondence matrix, and µc and µc′ are the
centroids of the two point-sets S1 and S2, respectively. We estimate a centroid
for each of the data and model using the correspondence matrix, i.e. a point i in
the data is weighted with Mij (see Appendix B for details). The correspondence
matrix comprises information about a one-to-one assignment between the points
in the model with the data. In particular, for a perfect match between data and
model,

Mij =

{
1 if Ci corresponds to C′j
0 otherwise,

such that each row and column in M must add up to one (a doubly stochastic
matrix ).

The prerequisite to minimize dP is to have a prior knowledge of M. In reality,
there is never a perfect correspondence between data and model; in addition, there
are some points in either set that have no counterparts in the other (outliers). The
latter condition leads to

N1∑
i=1

Mij ≤ 1;

N2∑
j=1

Mij ≤ 1. (3.6)

In our approach, therefore, Mij is allowed to have any value between zero and one
(Mij ∈ [0,1]). Moreover, the outliers issue can be tackled by adding an extra row
and column to the correspondence matrix, whose non-zero elements indicate “no
correspondence to the other set”.

To solve our feature matching problem, we initialize a correspondence matrix by
allowing a partial match between the points in the data with the model in a colour-
colour diagram. The matches are iteratively refined by updating the centroids and
the matrix elements (Softassign process). The process will terminate when an
optimal matching between two point-sets is obtained.

Our technique is termed the Softassign Procurstes Method. The Procrustes
process is a Euclidean transformation, given a pre-defined correspondence. This
is a scale independent process, if the vectors in each point set are normalized to
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Mi1 Mi2 Mi3 Mi4 Mi5 outlier
M1j 0 0 1 0 0 0
M2j 1 0 0 0 0 0
M3j 0 0 0 0 0 1
M4j 0 0 0 0 1 0

outlier 0 1 0 1 0

Table 3.3: An example of the correspondence matrix with an extra row and column.
Note that each row and column should sum to one.

their variances (see Appendix B). The Softassign technique is used to alternate
between the assignment task and minimization of the Procrustes distance. This
is done by enforcing the summation of each row or column of the correspondence
matrix to add up to one when there is a match. The discarded point, or the outlier,
will have its corresponding element in the extra row (or column) set to a non-zero
value. An example of the correspondence matrix with an extra row and column
for outliers is given in Table 3.3. The correspondence matrix elements can take
any value in the interval [0,1] and are not necessarily integers, thus the assignment
process is done softly (Sinkhorn , 1964; Rangarajan et al., 1996).

The deterministic annealing method is used to impose a constraint on the
optimization problem by introducing an entropy barrier term 1/βΣijMij logMij (Kosowsky
& Yuille, 1993), where 1/β is equivalent to a temperature parameter. The tem-
perature parameter defines the degree of fuzziness in the correspondence matrix,
whereas reducing the temperature causes a decline in the fuzziness of the corres-
pondence matrix. Technically the softassign process is embedded in the determin-
istic annealing procedure. The deterministic annealing method turns the discrete
assignment task to a continuous problem, where the correspondences gradually
converge from a partially matched-matrix to an optimal correspondence matrix
by decreasing the “temperature” during the optimization process. This method
aids in reducing the chance of getting stuck at suboptimal solutions for both the
correspondence-matrix and the alignment procedure. The deterministic property
is expressed by the fact that the condition at each temperature originates from
the previous temperature.

We will address the implementation of our optimization problem in the next
Section.

3.4.2.4 Implementation

In our algorithm, we join the estimation of the correspondence and the procrustes
distance between Ci and C′j by wrapping them in a minimization scheme of a linear
least-squares energy function. We minimize an energy function which contains the
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error measure term, a term to allow for some slack in a “match” (α), and the Mij

constraints using Lagrange multipliers (δi,ξj)

E (M ,δ ,ξ ) =
N1∑
i=1

N2∑
j=1

Mij

((Ci − µc) − (C′j − µc′ )


2

− α
)

+

N1∑
i=1

δi

( N2+1∑
j=1

Mij − 1
)

+

N2∑
j=1

ξj

( N1+1∑
i=1

Mij − 1
)

+
1

β

N1+1∑
i=1

N2+1∑
j=1

Mij(logMij − 1),

(3.7)

where parameter α is called the robustness parameter (α > 0). We tune α to avoid
any rejection of points in the data and model due to existence of noise, and to
prevent any excess, spurious assignment of the points from one point-set to the
other. If α is too high, the number of false matches increases. If α is too low, the
outlier rejection rate rises. The α parameter is also defined as a smoothness term;
it assures us that despite the noise in the data, the aligned feature would follow
the structure of the model. Bearing in mind that the number of outlier rejections
can change the shape of the matched-manifold, it is crucial to choose α correctly
to prevent losing the informative feature in the shape-matching process.

In the second and third terms of Equation (3.7), in order to fulfill the doubly
stochastic matrix constraints that the sum over all rows and columns must be one,
we use Lagrange multipliers and add an entropy barrier function term M log(M )
to enforce the correspondence-matrix elements Mij to always be positive.

If we minimize the first term in the energy function, then it leads to the fact that
the data is mapped as closely as possible to the model. In the second and third
term, δi and ξj are Lagrange parameters to enforce the constraints on rows and
columns, while in the fourth term, β is a control parameter (inverse temperature)
to constrain the M matrix.

Minimizing Equation (3.7) with respect to the correspondence matrix and pos-
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tulating that the data and model do not need to be scaled, we have

Mij = exp

− β*

,

(Ci − µc) − (C′j − µc′ )


2

− α + δi + ξj
+
-


.

(3.8)

The exponential term aids to keep all elements of Mij positive. When β increases,
it is equivalent to reducing the temperature (in the “annealing” process) and aids
in the convergence by gradually diminishing the amount of fuzziness in the entropy
term, and turning the correspondence matrix into a binary-entry matrix with zero
and one (when there is a perfect match between data and model), where its rows
and columns add up to one. It is important to note that a poorly chosen β and
α parameters can diverge our point matching algorithm; namely, a typical case is
when the upper limit of β is too large (T → 0) or when the parameter α is too
small.

If we differentiate Equation (3.7) with respect to Lagrange multiplier δi and ξj
and set the derivatives equal to zero, we obtain:

N2+1∑
j=1

Mkj = 1 k = 1,2, · · · ,N1, (3.9)

N1+1∑
i=1

Mik = 1 k = 1,2, · · · ,N2. (3.10)

One can transform the inequality constraints given in Equation (3.6) to equality
constraints by defining an extra row and column which is called slack variables, to
take care of outliers (Chvatal, 1983). We adopt the slack variables to take care of
the difference between the number of points in two sets. Hereafter, we define M̂1

ij

and M̂0
ij as correspondence matrices with an extra column and row, respectively.

The effect of the α parameter is mostly seen in the regularization of the alignment
between two stellar loci and it copes with the measurement errors and reduces the
sensitivity of the shape-matching process to noise (Black & Rangarajan, 1996).
We will not further discuss optimization of α parameter in this chapter. More
details about the SPM method and the parametrization of the variables in our
colour calibration process, e.g. β and α , are given in the following Section.
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Deterministic Annealing

Softassign

Start

Apply
KDE

Initialize
β = β0
M̂ = M̂0

Update
µc, µc′
σc,σc′
θ

Update Qij
Mij ← exp(βQij )

Update
M̂1

ij

M̂0
ij

M̂
convergence

or
I > I1

M
convergence

or
I > I0

β ← βr β β ≥ βm

Update
translations

via SVD

Stop

No

Yes

Yes

No No

Yes

Figure 3.3: The heuristic colour calibration procedure flowchart. The parameters in
flowchart are explained in Table (3.4) with details. Here M̂0 refers to the initial value
of correspondence matrix with both extra row and column.
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Table 3.4: The initial values for SPM method and the definition of some parameters
in Fig. 3.3

parameter value explanation

β0 0.00091 initial value of the control parameter β
β1 the largest distance between points in two stellar loci
βm 200000 maximum value of β
βr 1.075 rate of increment
α 0.0001 robustness parameter
ζ 0.05 small amount added to elements of match matrix
I0 1 maximum number of iteration for each β

I1 11 maximum number of iteration for updating M̂

3.4.2.5 Parametrization of the method

We display our colour calibration procedure in a flow-chart, given in Figure 3.3.
The various parameters and some terms in the flow-chart for our colour calibration
algorithm are given in Table 3.4.

We briefly go through the initial values for the SPM method. An adequate
initial value for the correspondence matrix is a unit matrix times 1 + ζ , where ζ
should be a small value. In each iteration, the components of the correspondence
matrix are updated in the Softassign step by

Qij = min
{
−

(Ci − µc) − (C′j − µc′ )


2

+ α ,0
}
,

Mij ≡ exp(βQij).
(3.11)

In our feature matching process, we normalize rows and columns of correspondence
matrix evenly and iteratively. To initialize the extra row and column, we use an
assumption given in Chui & Rangarajan (2003), where outlier variables are treated
as a cluster centre with a large variance β1 and the outlier cluster is at the centre
of mass:

M̂0
i,N2+1 = exp

(
− β1

(Ci − µc)


2)
,

M̂1
N1+1,j = exp

(
− β1

(C
′
j − µc′ )


2)
,

(3.12)

M̂ denotes the correspondence matrix with an extra row and column for outliers
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and it should be normalized

M̂1
ij =

M̂0
ij

N2+1∑
j=1

M̂0
ij

, M̂0
ij =

M̂1
ij

N1+1∑
i=1

M̂1
ij

. (3.13)

As already mentioned, SPM hinges on updating the components of the matching
matrix by increasing β gradually from small values to infinity. The initial β value
(β0) should approximately be 0.0001

√
N1N2, and it increases in each iteration by

multiplying an increment factor βr, until it reaches its maximum value, meaning
that the entropy of the system decreases until it approaches a stable low temper-
ature condition. We choose the upper limit for β to be βm ∼ 10000

√
N1N2. On

the other hand, β1 is never updated, while each component of the outlier row and
column is evaluated based on the updated values of centroids.

The spatial mapping carries on after each update of M̂ with the normalization
of its rows and columns. Then the criteria are evaluated (i.e. I0 and I1) and it
terminates when the criteria are met, for example the difference between two suc-
cessive correspondence matrices gets smaller than a threshold value (convergence
of M), or when β reaches its maximum value.

We can obtain a more generalized correspondence matrix if we use more than
one colour-colour diagram information for the colour calibration procedure. For
two colour-colour diagrams, C1,i and C2,i are the uncalibrated stellar loci in the
first and second colour spaces, and the standard stars in the two diagrams are
defined as C′1,j and C′2,j. Then we can re-write Equation (3.7) and minimize it with

respect to Mij. At the end, we can re-write Equation (3.11) as

Qij = min
{
−

(C1,i − µc1 ) − (C′1,j − µc′1
)


2

−
(C2,i − µc2 ) − (C′2,j − µc′2

)


2

+ α ,0
}
.

(3.14)

The estimated correspondence matrix converges faster, meaning that in the con-
vergence process the upper limit for the β parameter can be reduced, and the
result is more robust.

The SPM correspondence finding procedure is now complete; we now proceed
to determine the translations between two stellar loci in all the colour spaces. We
will discuss this in the next Section.
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3.4.2.6 Applying correspondence matrix to find zero-point offsets

Since the correspondence matrix M is a unique solution for the pairs of stars in
the model and data for all colour-colour (c-c) diagrams, once correspondences
are found in one c-c space, M can be applied to other c-c diagrams. We obtain
translations in 680 c-c combinations. In our analysis, we define a colour-translation
vector which comprises of all possible translations in order to align two stellar loci
in the colour space by applying the correspondence matrix, Mij

(∆Cγ ,∆Cζ ) =

N1∑
i=1

N2∑
j=1

Mij(Ci − C
′
j)

N1∑
i=1

N2∑
j=1

Mij

, (3.15)

where ∆Cγ and ∆Cζ are the translations between two stellar loci in the horizontal
and vertical directions in the colour-colour diagram. The indices γ and ζ denote the
colours, e.g. B−V and V −R. Ci and C′j are vectors that represent the colour-colour
information of each star in two uncalibrated and standard stellar loci, respectively.
It is also possible to select a minimum set of c-c diagram pairs to determine the
optimum translations.

The zero-point offsets in the seventeen filters can be determined if we find the
solution for a linear regression problem given by

A · X = b, (3.16)

where A is a 1360×17 coefficient matrix, b is a vector of the measured displacements
in the c-c space which comprises of 1360 (=2 × 680) elements17, and X is a vector
of variables {∆mi}17

i=1 that contains the predictor zero-point offsets for each filter.
To solve the problem of finding the translations and consequently the zero-point
offsets, we fix the zero-point offset for one band. In the COMBO-17 observation,
the R-band is the deepest with the smallest seeing and magnitude uncertainties.
We rely on the magnitude zero-point determination in R-band and set its offset
(∆mR) equal to zero. The solution for X is obtained from Equation (3.16), where

17Since we obtain two translations in each colour-colour diagram, we have 1360 linear least
square problems.
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the elements of matrix A and b are given by:

A =

*..............
,

1 −1 0 0 0 . . .
0 1 −1 0 0 . . .
1 0 −1 0 0 . . .
0 0 1 0 0 . . .
1 0 0 0 0 . . .
0 0 0 0 −1 . . .
. . . . . . . .
. . . . . . . .

+//////////////
-

, X =

*...........
,

∆mU

∆mB

∆mV

∆mR

∆mI

.

.

+///////////
-

,

b =

*..............
,

∆CU−B

∆CB−V

∆CU−V

∆CV−R

∆CU−R

∆CR−I

.

.

+//////////////
-

.

(3.17)

∆mi describes the zero-point offset in each filter, where i ∈ {U ,B,V ,R, I ,MB420,MB464, . . . }.
The boxed region in matrix A represents the R band zero-point fix. We utilize
singular value decomposition (SVD) method to find the least-square solution for
Equation (3.16), where we assume ∆mR vanishes. The solution is applied to adjust
the colour offsets.

Our photometric calibration results for the seventeen bands of A226/A228 field
with the SPM method are given in column ZP of Table 3.5. Figure 3.2 shows the
results of colour calibration via SPM method for two examples of colour-colour
combinations in the CDFS photometry catalogue from COMBO-17 survey. The
two upper panels show the uncalibrated stellar loci with the kernel density estimate
contours for rejecting the outliers. In the middle panels, the lines which connect
the pairs illustrate the correspondences estimated with SPM between the data
and model. The lowest panels show the stellar loci after calibration. These panels
clearly show that SPM is able to deal with outliers and match two stellar loci with
reliable fidelity, despite the existence of a number of points in the model structure
without any correspondence in the data.

3.4.2.7 Photometric error estimation

Once we obtain the results from our colour calibration method, we must also
estimate the uncertainty in the photometry due to this procedure. We choose
bootstrapping error analysis to estimate the uncertainties.

84



3.4 Photometric Calibration

Since there are several sources of uncertainties in extracting a master photometry
catalog (e.g. measurement errors during the estimation of photon counts and our
colour calibration method), bootstrapping can be a robust technique to assign
measurement uncertainties. The non-parametric bootstrapping procedure was de-
veloped by Efron (1979) for confidence interval computation and it is classified as a
resampling method. We have a sample of N = 134 stars for our measurements. We
resample Nsample = 1000 samples of the star catalogue by replacing some random
data points. Since we have done local PSF homogenization, the stars are used for
bootstrapping are statistically independent and uncorrelated. The uncertainties
are estimated from the standard deviation of the bootstrap distributions and are
reported in the σZP column of Table 3.5.

In our bootstrapping results, the U38 -band shows the highest errors in the
magnitude zero-point estimation. This can be explained by the effect of Galactic
dust which has the largest effect in the UV range wavelength. Moreover, in the
U38 -band the high density of metallicity absorption lines in a stellar atmosphere is
a proxy to distinguish low metal abundance halo stars from disk stellar population,
hence a high sensitivity to the stellar metallicity can increase the error in the
colour calibration as well (Ivezić et al., 2008). The relatively high dispersion in
the magnitude zero-point measurement of the bluest medium-band filter (MB420)
is due to the same reasons.

3.4.2.8 Testing SPM on a simulated catalogue

We evaluate the robustness of our alignment method for the colour calibration
by generating mock catalogues. We examine the performance of our method by
ignoring Galactic dust extinction or metallicity effects which scatter the stellar
locus. We create N=1000 simulated catalogues via randomly chosen points from
the synthetic Pickles catalogue. We then add to the magnitudes of the stars in
each band a random but known offsets as well as a random magnitude errors.

In Table 3.5, σZPs denote the scatter of the difference between input zero-point
offsets and those estimated via SPM. The mean of the differences are all consistent
with zero. We find that the SPM method computes the known translations in
colour-colour space between data and model with an accuracy of less than 1%.

3.4.3 Galactic dust extinction correction

The Galactic extinction is induced by the absorption and the scattering of light
via dust grains, and causes changes in the shape of spectrum of an object from UV
through IR; where the amount of extinction in infra-red is less significant. The
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Table 3.5: The colour calibration results for seventeen filters of COMBO-17 field
with SPM and error estimation with bootstrapping method: The third column (ZP)
contains the magnitude zero-points for COMBO-17 survey which are estimated by
SPM method, while the next column (σZP) represents the uncertainties in the SPM
method and obtained with bootstrapping (Section 3.4.2.7). In the fifth column, the
scatter (σZPs) of the differences between the retrieved zero-point offsets obtained by
employing SPM and input zero-point offsets in the mock catalogue (Section 3.4.2.8)
are presented assuming the magnitude zero-point in V-band is accurate.

Filter
name λeff/∆λ ZP σZP σZPs

U38 365/40 21.542 0.309 0.01
B 455/100 24.431 0.143 0.01
V 540/90 24.054 0.073 0.00
R 650/165 24.450 0.100 0.01
I 850/150 23.103 0.118 0.01

420/30 22.846 0.233 0.01
465/15 22.289 0.137 0.01
486/30 23.014 0.115 0.01
518/16 22.516 0.106 0.01
571/24 22.707 0.050 0.01
605/21 22.351 0.043 0.01
646/27 22.509 0.016 0.01
696/23 21.976 0.029 0.01
752/20 21.462 0.085 0.01
816/24 20.950 0.113 0.01
856/14 20.447 0.118 0.01
914/27 20.369 0.139 0.01
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total extinction A(λ) in a filter with the effective wavelength λ is defined as

A(λ) = E (B −V )ζ (λ), (3.18)

where E (B −V ) is the colour excess proportional to the amount of dust along the
line of sight and obtained by the difference between the intrinsic colour (B − V )i
and the observed colour (B − V )a. Another term, ζ (λ), expresses the extinction
curve at wavelength λ. In the colour-colour diagram, the direction of a shift due to
reddening depends on RV (≡ AV

E (B−V ) ) which indicates the properties of interstellar

dust (High et al., 2009). Pei (1992) showed that the main feature in ζ (λ) relates
to the 2175 Å bump (can be modeled by the relative abundance of graphite and
scilicate) present in the Milky Way (MW) and the Large Magellanic Clouds (LMC).

Our survey area (lGalactic ∼ 183.6◦ , bGalactic ∼ −77.20◦) is located at high
Galactic latitude, where the Milky Way extinction is small. The average amount
of the colour excess computed from the Schlegel, Finkbeiner & Davis (1998) map
at this region of sky is about 0.026 magnitude.

We utilize the same procedure as described in Schlegel, Finkbeiner & Davis
(1998) to normalize the colour excess term and measure the reddening in different
passbands. We employ the spectrum of an elliptical galaxy (NGC 4889) as a
calibrator and evaluate the amount of reddening for broad- and medium-bands in
the COMBO-17 survey. The magnitude excess due to the dust attenuation in the
passband f, ∆m f , is given by

∆mf = −2.5 log
[∫ dλWf (λ)F (λ)10−

A(λ)∆mV
2.5A(V )∫

dλWf (λ)F (λ)

]
(3.19)

where ∆mV is the reddening magnitude of the Galaxy in V band. From Cardelli
et al. (1989) interstellar medium reddening law, we obtain A(λ)/A(V ) (RV = 3.1).
Wf (λ) expresses the system response of the filter and F (λ) presents the source
spectrum.

The dust extinction Aλ/E (B −V ) in the A226/A228 field for all seventeen filters
are given in Table 3.1. We use the Schlegel dust map, which has a resolution of 1
arcmin, to measure E (B −V ) in different positions over our survey area.

3.5 Simulations of survey

The properties of the COMBO-17 survey are used to design a set of simulations,
in order to demonstrate the importance of including medium-bands to increase the
photometric redshift accuracy.
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3.5.1 The photometric redshift code

We estimate the photo-z of objects using BPZ, a Bayesian photometric redshift
code described in Benitez (2000). Similar to Erben et al. (2009) and Hildebrandt
et al. (2012), we employ the four Elliptical, Sbc, Scd, Irregular templates of Cole-
man, Wu & Weedman (1980) and two starburst SED library from Kinney et al.
(1996), recalibrated by Capak (2004). BPZ uses a χ2 template-fitting minimiza-
tion method for photometric redshift estimation, and applies a redshift prior which
depends on the apparent magnitude, SED type and galaxy redshift.

The prior uses apparent magnitudes to differentiate between the 4000 Å break
at z = 0 and Lyman feature in z ∼ 3 (Brammer et al., 2008). We apply the
Schmidt & Thorman (2013) set of priors for the BPZ code, which is based on a
re-parameterization of the redshift prior by exploiting Deep Lens Survey (DLS)
observation for bright galaxies (RVega < 21.5) and VVDS for the fainter galaxies.
This sample reduces the contamination of the low-redshift sample with faint high-
z galaxies. BPZ produces the posterior redshift probability distribution with an
ODDS qualification parameter which returns, e.g. if we assume an estimated
posterior probability distribution is a Gaussian, then the integrated value around
the most probable peak (zpeak) in the range of ±0.067(1 + zpeak) will be 0.95.

In the next Section, we will show that an upper limit constraint (z < 1.5) for
redshift estimation with COMBO-17 survey data should be imposed. Catastrophic
errors can occur in the photometric redshift estimates when high- and low-redshift
galaxies are mis-classified. For optical observations, the redshift range between
1.4 ≤ z ≤ 2.5 is called redshift desert, since there are no distinguishable spectral
features in the galaxy template that can be used to verify the correct redshift.
Therefore, the p (z) distribution of high-z faint galaxies gets broadened. The only
solution for this problem is broadening the filter coverage to NIR and far-UV
wavelengths.

3.5.2 Stuff and Skymaker simulations

We develop a set of 64 simulations assuming the images have stringent photometric
calibration. We utilize the properties of the COMBO-17 survey and WFI instru-
ment to test the performance of the BPZ code to retrieve accurate photometric
redshift using five broad-bands or seventeen broad- and medium-bands. We gen-
erate Skymaker18 images based on object catalogues simulated by Stuff 19. The
catalogue generation is explained in Erben et al. (2001). The images are produced
with the same atmospheric seeing of 1.08′′ (the worst PSF size in the COMBO-17

18available at: http://www.astromatic.net/software/skymaker
19http://www.astromatic.net/software/stuff
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Figure 3.4: The BPZ performance as a function of redshift (left panel) and magnitude (right panel).
The bias is defined as ∆z/(1 + zin) where zin is the input redshift of the object in the Stuff catalogue.
The bias and the scatter is only evaluated for objects with |∆z/(1+zin) | < 0.15. The object is determine
as outlier if its photo-z measurement satisfies |∆z/(1 + zin) | ≥ 0.15 condition. Different colour codes
describe the measurement of bias, scatter and outlier for different ODDS parameter cut. The photo-z
results for galaxies with R< 23.5 mag show scatter σ < 0.05 and outliers less than 5%. Left panels
show that galaxies with redshift less than zin < 1.5 have bias and scatter smaller than 0.06.89
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Figure 3.5: The comparison of the accuracy in the photometric redshift estimate for
five broad-bands and seventeen broad- and medium-bands, using Stuff and Skymaker
simulations. ∆min and ∆max denote the lower and upper limits of the difference between
the input redshift (zin) with the photo-z estimated by BPZ code (zph) within 95%
confidence level, respectively. The dotted lines illustrate the results from broad-band
only, while the solid lines show the photometric redshifts based on broad- and medium-
bands. Different colours depict the lower limits for cuts based on photo-z ODDS
parameter.

images) with the pixel size of WFI instrument (0.238′′). Background noise is ad-
ded to the images. We run SExtractor to obtain the photometry catalogue and
estimate the photo-z with the BPZ code. The results for the seventeen filters are
presented in Figure 3.4. The photo-z estimates are reliable and stable for mag-
nitudes less than 23.5 without any ODDS cut. For objects fainter than 24 mag, the
ODDS parameters cut should be applied, since faint objects show less prominent
spectral features and the photon noise can be a source of magnitude-dependent
redshift errors. The photometric redshift of galaxies with magnitude less than 23.5
mag have a bias around '0.02 and the outliers are less than 5%.

The simulations show that photometric redshift accuracy drops drastically for
objects with input redshifts greater than z = 1.5 and it happens due to the redshift
desert. Figure 3.4 indicate that the scatter in the photometric redshifts is very
likely due to the confusion between the photo-z estimates of faint red galaxies at
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Table 3.6: The bias, scatter and outliers in the photo-z results which are extracted
from Stuff and Skymaker simulated images for different magnitude ranges. We show
the comparison between these quantities using photometry information from broad-
bands and broad- and medium-bands.

BANDS BIAS σ OUT. [%]

Five (17≤ R < 21) -0.010 ± 0.001 0.036 ± 0.001 0.080 ± 0.056
Seventeen 0.003 ± 0.001 0.024 ± 0.000 0.001 ± 0.007

Five (21≤ R < 23) -0.020 ± 0.002 0.038 ± 0.000 1.151 ± 0.081
Seventeen -0.001 ± 0.001 0.035 ± 0.000 0.781 ± 0.080

low redshifts (z ≤ 0.2) with luminous blue galaxies at high redshifts.
The same number of realizations are simulated for five broad-bands images

with the same total exposure times as broad- and medium-bands (∼194000s). In
Table 3.5.2, we demonstrate amount of improvements in the photo-z measurements
by including the information from medium-bands. We again compare the accuracy
of BPZ to retrieve precise photo-z ’s by employing five- or seventeen-band photo-
metry. This results are shown in Figure 3.5. To quantify the scatter, we estimate
the lower and upper limits (∆min and ∆max) of the difference between the input
redshift with the photo-z estimates within 95% confidence level for each object
(zin − zph) using two different catalogues. For a bright sample (17 ≤ R < 21) the
photo-z bias reduces by 60% and the outliers decrease by 50% when we incorporate
the photometric data from medium-bands.

3.6 Systematic offsets in the colour-calibration and
comparison with other methods

In this section we assess the reliability of our colour calibration method with com-
paring the observed colours with the predicted colour-redshift relation in the galax-
ies SEDs. In addition, we compare the photo-z output after using the SPM and
SLR methods for the colour calibration of the GEMS catalogue.

Finally we investigate the effect of accurate PSF-homogenization to qualify pho-
tometry and photometric redshifts.

3.6.1 Verification and validation of zero-points with
SED-fitting

Coe et al. (2006), Ilbert et al. (2006), Coupon et al. (2009) and later Hildebrandt
et al. (2012) have used spectroscopic redshift catalogues in order to recalibrate
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Table 3.7: Results of colour calibration for seventeen filters of COMBO-17 field with
SED-fitting process based on SDSS spectroscopic samples: The amount of magnitude
zero-point offsets are computed with comparison between the magnitude from spectral
energy distribution of the galaxies with their observed magnitude for galaxies with
spectroscopic redshift (∆ZPSED ≡ ZPSPM − ZPSED).

Filter
name λeff/∆λ ∆ZPSED

U38 365/40 −0.024
B 455/100 −0.005
V 540/90 0.013
R 650/165 −0.005
I 850/150 0.022

420/30 −0.025
465/15 0.001
486/30 0.019
518/16 −0.003
571/24 −0.043
605/21 −0.018
646/27 −0.008
696/23 −0.014
752/20 0.051
816/24 0.031
856/14 0.056
914/27 0.030
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magnitude zero-points. We use the SDSS spectroscopic sample and implement
the same procedure to obtain systematic offsets using iterative χ2 minimization
between SED templates and the observed apparent magnitudes in the A226/A228
field. One can assume that the spectroscopic redshifts of the galaxies as their true
redshifts and interpolate between different SED templates in order to calculate
the systematic magnitude offsets. This systematic offsets can be due to incorrect
zero-point offsets or incorrect extinction correction, imprecise filter response curve
or galaxy templates (Ilbert et al., 2009).

Minimizing the sum of the difference between the best-fitted template mag-
nitudes with measured magnitudes in different filters and weighing with the meas-
urement magnitude uncertainties iteratively, we can determine and remove the
systematic offsets. We calculate the mean of the weighted differences normalized
to the mean of the inverse magnitude errors as zero-point offsets.

Ilbert et al. (2006) shows that the residual calibration error from a spectroscopic
sample is independent of the sample magnitude range. Here our spectroscopic
sample in the A226/A228 galaxy clusters field contains small number of bright
early type galaxies (the clusters members), but we still can use this to demonstrate
the robustness of our photometric calibration method. In Table 3.7 we show the
magnitude zero-point offsets (∆ZPSED

), where the estimated corrections are much
less than the uncertainties in the zero-points. The small ∆ZPSED

values demonstrate
the robustness of our photometric calibration method.

3.6.1.1 Systematic errors

Employing a reliable set of SEDs is indispensable for accurate photometric redshift
determination in the SED-fitting approach. We demonstrate here the importance
of the galaxy templates optimization to improve the precision in the photo-z es-
timation. Having the apparent magnitudes for seventeen filters from the GEMS
photometric catalogue and the VVDS spectroscopic redshift catalogue for the same
sample of galaxies in hand, we can study the systematic calibration errors in the
galaxy template fluxes in different bands. We compare the best-fitting template
magnitude with the rest-frame magnitude of the galaxy in the sample with known
spectroscopic redshift, zs, where the rest-frame wavelength λeff/(1+zs) is obtained
by the effective wavelength, λeff , of each filter (Fig. 3.6). Wolf et al. (2004) have
rectified the galaxies photometry in the GEMS catalogue for the dust extinction
effect, using the Pei (1992) reddening law. We further apply the SPM method to
recalibrate the photometry in the GEMS catalogue, as described in Section 3.6.2.

The importance of correct choice for the extinction law is shown by Ilbert et al.
(2009), where they apply different extinction curves based on the galaxy types to
prevent imposing bias in the UV slope. The strongest feature in the UV originates
from the 2175 Å interstellar extinction bump and it is caused by the amorphous
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Figure 3.6: The residual of the best fitted model magnitudes extracted from galaxies SEDs and the observed magnitudes
from the seventeen filters for each object in CDFS catalogue with known spectroscopic redshift as a function of their rest-
frame wavelength (WL). Each colour in the plots corresponds to the different filters and each panel illustrates the best-fitting
template to the objects and the number of each galaxy types in the VVDS spectroscopic sample. The pink and blue lines
correspond to the absorption and emission features respectively, while the green line illustrates the extinction bump.
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3.6 Systematic offsets in the colour-calibration and comparison with other methods

silicate (Mg2SiO4) dust grains. The largest discrepancy between SED magnitudes
and the observed magnitudes are around λ ∼2200 Å (green lines which correspond
to the bump in the reddening law). Figure 3.6 illustrate that for galaxies with
z > 0.6 the correction for the dust extinction in the GEMS catalogue was not
sufficient to reduce the bias between the template and the observed magnitude.
Additional important features in the galaxy spectrum that can be captured by
medium-bands are given in Appendix C.

The U filter in WFI instrument is shallow, and the expected magnitudes for the
high redshift galaxies are much fainter than the depth of the U band. Therefore
the observed and the template magnitudes show the more than 1 mag residuals for
the observation in the U -band (red points in Figure 3.6). Faint early-type galaxies
which are detected in the deep R-band might be undetectable in the U -filter, since
the object is fainter by 2 mag in U at z = 0 and 4 mag dimmer at z = 0.4 (Liu
& Green, 1998). However, in the UV range the starburst galaxies show smaller
residuals between the observation and the spectral energy distributions, since blue
galaxies tend to be much brighter in blue filters compared to elliptical galaxies and
have higher signal-to-noise ratios.

The accurate strength in the emission and absorption lines of the galaxy spec-
tral energy distributions is crucial in the colour measurement when the observation
from medium-bands is available. Since we have no access to a large spectroscopic
sample to rescale the templates for our study, we only emphasise here the import-
ance of galaxy SEDs recalibration, in order to obtain more precise photometric
redshift estimates.

3.6.2 Comparison SPM and SLR colour calibration methods

We scrutinize the quality of SPM performance by measuring the improvement in
the result of photometric redshift estimates, using the CDFS photometry cata-
logue. We make use of the COMBO-17 public object catalogue20 centered on the
CDFS at α2000 = 3h 32m 250 and β2000 = −27 48 500. Wolf et al. (2008) and
Hildebrandt et al. (2008) reported photometric calibration errors in the CDFS
catalogue. Wolf et al. (2004) have used spectrophotometric method to calibrate
the photometry of this field. The stellar locus in the colour-colour diagrams of the
CDFS catalogue is a discrepant from the stellar locus of standard stars from the
synthetic Pickles catalogue.

We employ an improved version of SLR21 by Kelly et al. (2012) and the SPM
method to compare the two colour calibration methods on the precision of the
photo-z estimation. The modified version of SLR uses the spectroscopic model

20http://cdsarc.u-strasbg.fr/viz-bin/qcat?J/A+A/492/933
21http://big-macs-calibrate.googlecode.com
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Figure 3.7: Photo-z vs. spec-z : The quality of the photometric redshift estimations
in the spectroscopic galaxy sample is shown in these diagrams. The top left panel
plots the comparison of the CDFS photo-z with respect to the spectroscopic redshifts.
The top right panel shows the SLR-photo-z vs. spectroscopic redshifts. The left and
right bottom panels are plotted the spectroscopic redshifts versus the photometric
redshifts using seventeen- and five-bands SPM-calibrated magnitudes, respectively.
The objects are colour-coded with respect to their ODDS values. The blue shaded
regions are based on the following criteria: |∆z/(1 + zs ) | < 0.15, where objects outside
these regions are considered as outliers (η). The biases and scatters are measured for
the objects inside the shaded region.
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Table 3.8: The results of photo-z estimation after photometric re-calibration of the
CDFS catalogue of COMBO-17 with the SPM and SLR methods accompany with the
photo-z results from the COMBO code. The last column lists the root-mean-square
errors of all objects in spectroscopic sample. The faint sample contains all the galaxies
in the magnitude range of 21.5 mag < R < 24.5 mag, while the bright sample comprises
the objects with R <21.5 mag. The errors are estimated using N = 10000 bootstrap
resamples.

CATALOGUE BIAS σ∆z/(1+zs ) OUTLIERS [%] RMSE

CDFS catalogue 0.0150.001 0.0230.001 4.890.81 0.0810.010
CDFS bright sample 0.0060.001 0.0180.004 0.000.00
CDFS faint sample 0.0160.001 0.0220.001 4.960.89

SLR photometry 0.0160.001 0.0250.001 4.230.83 0.0800.010
SLR bright sample 0.0090.002 0.0170.003 0.860.00
SLR faint sample 0.0180.001 0.0250.001 4.620.92

SPM photometry 0.0140.001 0.0250.001 4.230.79 0.0790.009
SPM bright sample 0.0080.004 0.0230.003 1.591.56
SPM faint sample 0.0160.001 0.0240.001 3.850.85

of Pickles (1985) standard stellar locus cross-correlated with the SDSS spectrum.
Applying two colour calibration methods, we measure the magnitude zero-point
offsets in the CDFS catalogue. The SPM method uses colour-colour diagrams22

(using an extended version of Equation 3.14) to determine an appropriate cor-
respondence matrix between uncalibrated stellar locus with the standard stars. It
extends the determined correspondence to find the translations in the other colour-
colour diagrams. This routine for the colour calibration for COMBO-17 survey is
twenty times faster than the SLR method (i.e. it takes less than two minutes).
Using two colour-colour diagrams to evaluate the correspondence matrix increases
the speed of the convergence in the deterministic annealing process.

The results of photo-z measurements using BPZ after the colour calibration with

22The list of colour-colour diagrams which are used to measure the correspondence matrix for
the COMBO-17 catalogue:
(U38 -MB571 ) vs. (MB571 -MB856 ), (V -MB604 ) vs. (MB604 -MB753 )

(B-MB485 ) vs. (MB485 -MB856 ), (V -MB464 ) vs. (MB464 -MB518 )

(MB464 -MB518 ) vs. (MB518 -MB856 ), (B-V ) vs. (V -MB604 )

(R-MB464 ) vs. (MB464 -MB485 ), (I -MB571 ) vs. (MB571 -V )

(I -MB420 ) vs. (MB420 -MB464 ), (MB420 -MB485 ) vs. (MB485 -MB518 )

(MB420 -V ) vs. (V -MB604 ), (MB420 -MB518 ) vs. (MB518 -MB571 )

(MB420 -MB571 ) vs. (MB571 -MB753 ), (MB464 -V ) vs. (V -MB604 )

(V -MB604 ) vs. (MB604 -R), (MB485 -MB518 ) vs. (MB518 -MB604 )

(MB518 -R) vs. (R-MB914 ), (MB518 -MB604 ) vs. (MB604 -MB815 )

(MB604 -R) vs. (R-MB753 ), (MB604 -MB815 ) vs. (MB815 -MB856 )
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Table 3.9: The results of photo-z estimation for GaBoDS–reduced data after PSF
matching with local (HOTPANTS) and global PSF matching procedures. The fifth
column entries represent where the the lower limits of the ODDS parameters are
set for the analysis. Bias parameter is evaluated for all the objects, while scatter is
estimated just for objects with photo-z within |∆z/(1 + zs) | < 0.15. The bias and
number of outliers reduce with the local PSF homogenization compared to the global
approach.

APPROACH BIAS σ OUT. [%] ODDS CUT

local −0.019 0.046 4.5 >0.0
global −0.022 0.045 5.4 >0.0

local −0.017 0.041 1.2 >0.95
global −0.019 0.041 1.2 >0.95

two aforementioned methods on the CDFS catalogue are reported in Table 3.8. The
comparison between two photo-z catalogues after recalibration with SPM and SLR
methods are shown in Figure 3.7. We measure the bias by computing the median
of |∆z/(1+zs) | (∆z ≡ zph−zs) for objects where zph and zs are the photo-z and the
spectroscopic redshift estimates of each object respectively, provided they satisfy
the following criteria |∆z/(1 + zs) | < 0.15. The scatter σ is the standard deviation
of this quantity for the same set. The outlier is defined as the ratio of the number
objects which satisfy the condition |∆z/(1 + zs) | ≥ 0.15 to the total number of
objects in the spectroscopic sample. In the last column in Table 3.8, RMSE refers
to the root mean-squared errors. The statistical differences between the photo-z
results from two colour calibration method are very trivial. The SPM method
shows smaller scatter, outlier rate and root mean-squared errors over the whole
sample compared to SLR. In Table 3.8 the bright and faint samples, where the
bright sample comprises objects with the R-band magnitudes less than 21.5, and
the faint one contains the sample objects with magnitudes between 21.5 mag and
24.5 mag.

3.6.3 PSF homogenization

We examine the performance of our local and global PSF homogenization methods
by comparing the effect of this process on the photometric redshift estimations.
The objects are extracted from the images after different PSF equalizations for five
broad-band filters in the CDFS field, and we estimate the photo-z s using BPZ.
We use the VVDS spectroscopic redshift sample to assess the quality of the PSF
homogenization.

In Table 3.9, we present the improvement in photo-z estimation. We use HOT-
PANTS for the spatially varying PSF-matching method (local method), and use
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3.7 The A226 and A228 cluster galaxy catalogue

ID = 8 ID = 14

ID = 20 ID = 34

Figure 3.8: The best-fit SED to the measured magnitude of galaxies in the given
redshifts via BPZ code where each subfigure refers to galaxy in Table (3.10). The
blue boxes show the fluxes estimated in each filter with their given uncertainties.

a single Gaussian kernel for the global match. The outlier rate decreases when
we apply a method which can locally match the PSF. As shown in Table 3.9,
the implementation of the local PSF-matching technique can improve the bias in
the photometric redshift estimation, but a small increase in the scatter can be ex-
plained due to the photo-z s of outliers in the global method which get improved by
the local PSF-matching but the photo-z improvements are not very considerable.

Note that the effect of PSF homogenization method is not very significant here
since the WFI instrument has a very stable PSF across the CCDs and PSF varies
little in the whole instrument field-of-view.
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Table 3.10: The photo-z results of an A226/A228 sample of objects with spec-z from
SDSS: zb: the peak of the redshift probability distribution of each object. zm: the
mean of the redshift probability distribution. Tb: the best galaxy template fitted to
the photometric data by interpolation between different SEDs. χ2: chi-squared of
fitting the SED to the data. zs: the spectroscopic redshift of the object from SDSS
data release 10. The results are measured for 68% confidence level in the probability
distributions of galaxies.

ID RA DEC zm zb zs ODDS χ2 Tb

1 24.813 −10.179 0.118 0.120 0.127 0.968 0.551 1.0
2 24.795 −10.156 0.091 0.089 0.070 0.966 0.791 1.0
3 24.805 −10.118 0.071 0.059 0.071 0.866 0.282 1.0
4 24.783 −10.102 0.088 0.091 0.125 0.906 0.319 3.7
5 24.930 −10.104 0.120 0.122 0.128 0.831 0.203 1.7
6 24.938 −10.201 0.104 0.092 0.128 0.846 0.297 1.3
7 24.805 −10.271 0.103 0.102 0.116 0.911 0.210 2.0
8 24.746 −9.9370 0.479 0.479 0.499 1.000 1.443 1.0
9 25.007 −10.202 0.133 0.133 0.127 0.972 0.633 1.0
10 24.946 −10.248 0.153 0.159 0.148 0.914 0.351 1.3
11 25.057 −9.9630 0.098 0.101 0.112 0.854 0.231 1.7
12 24.977 −10.116 0.316 0.315 0.366 0.999 1.080 1.0
13 24.928 −10.079 0.128 0.128 0.164 0.906 0.394 3.0
14 24.955 −10.129 0.131 0.157 0.128 0.729 0.301 1.3
15 24.742 −10.117 0.049 0.048 0.148 0.989 0.645 1.0
16 24.791 −10.079 0.128 0.128 0.129 0.986 0.642 1.0
17 24.792 −10.338 0.136 0.137 0.179 0.911 0.111 2.7
18 24.758 −10.295 0.327 0.327 0.350 0.999 0.434 1.0
19 24.796 −10.398 0.317 0.317 0.380 0.999 0.633 1.0
20 24.825 −10.293 0.176 0.178 0.206 0.954 0.229 1.3
21 24.710 −10.276 0.160 0.173 0.179 0.786 0.113 1.7
22 24.638 −10.093 0.387 0.386 0.438 0.998 1.375 1.0
23 24.686 −10.209 0.061 0.056 0.041 0.938 1.910 3.0
24 25.091 −10.297 0.185 0.185 0.187 0.994 0.660 1.0
25 25.085 −10.202 0.098 0.096 0.125 0.932 0.958 1.0
26 24.964 −10.270 0.115 0.119 0.131 0.901 0.320 2.3
27 25.013 −10.446 0.315 0.314 0.316 0.999 0.630 1.0
28 25.052 −10.221 0.154 0.185 0.128 0.678 0.833 1.3
29 25.052 −10.438 0.069 0.067 0.113 0.967 0.709 1.0
30 25.027 −10.214 0.087 0.087 0.128 0.925 0.249 1.3
31 25.026 −10.292 0.142 0.158 0.130 0.833 0.286 1.3
32 24.976 −10.351 0.106 0.093 0.130 0.829 0.498 1.0
33 25.096 −10.000 0.381 0.381 0.366 0.999 0.541 1.0
34 25.031 −10.116 0.307 0.307 0.390 0.999 2.177 1.0
35 24.829 −10.010 0.066 0.063 0.070 0.929 0.301 2.0
36 24.702 −10.023 0.082 0.084 0.068 0.911 0.370 2.0
37 24.766 −9.9560 0.340 0.339 0.355 0.997 0.288 1.0
38 24.793 −9.9740 0.230 0.159 0.127 0.478 1.408 1.0
39 24.710 −10.309 0.132 0.133 0.127 0.986 0.414 1.0
40 24.750 −10.432 0.086 0.068 0.102 0.799 0.186 1.3
41 24.711 −10.332 0.135 0.136 0.127 0.987 0.396 1.0
42 24.677 −10.092 0.124 0.126 0.130 0.917 0.471 1.0
43 24.692 −10.282 0.321 0.321 0.366 0.999 0.234 1.0
44 25.098 −10.332 0.070 0.052 0.098 0.810 0.610 3.0
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Figure 3.9: The A226/A228 field: Left panels: The contours (0.28, 0.41, 0.55,
0.69, 0.83 and 0.97 values) show the sum of the redshift probability densities of the
unsaturated-isolated early type galaxies in the redshift range (|zm−zcl | < 0.05), where
zm denotes the photometric redshift of each galaxy and zcl is the redshift of all three
clusters (z ∼ 0.128). Three galaxy clusters ordered from top to the bottom are SDSS-
C4 2167, A228 and MAX BCG J24.70973–10.30880. Right panels: The normalized
sum of early-types and all galaxies redshift probability distributions in the vicinity of
less than 3′ from cluster centre represent by red and black lines, respectively. The red
histograms refers to the normalized number of elliptical galaxies in each redshift bin,
while the gray ones are obtained by considering all type of galaxies.
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3.7 The A226 and A228 cluster galaxy catalogue

In this section, we apply SPM colour calibration to our A226/A228 field photo-
metry and obtain photometric redshift catalogue. We compare the SDSS-DR10
spectroscopic redshifts in this field with the photo-z estimates from the BPZ code.
This field contains mostly bright elliptical galaxies from galaxy cluster members
at low redshifts around z ∼ 0.128.

The bias between spec-z and photo-z of the objects in this sample are estimated
at ∆zm ≡ median{|δzm/(1 + zs) |} = 0.015, where zm and zs are the mean of the
redshift probability density of each object estimated by BPZ and its spectroscopic
redshift, respectively. Using the peaks of posterior probability distribution zb ,
we obtain different bias value for SDSS sample ∆zb ≡ median{|δzb/(1 + zs) |} =
0.017. Schmidt & Thorman (2013) show that zm is a better estimator for the
photometric redshift estimation with less bias. The scatter between the photo-z
and the spectroscopic redshift is equal to σδzm/(1+zs) = 0.020 and σδzb/(1+zs) = 0.018.
Table 3.10 list all photo-z results of the galaxies which have spectroscopic redshifts
in the A226/A228 field.

We compare the results of SED-fitting to the COMBO-17 photometry catalogue
for four galaxies in the A226/A228 field, where the best-fit SED model is shown
along with the object’s magnitudes are shown in Figure 3.8. The photometry
catalogue of both broad- and medium-bands (seventeen filters) photometry can
provide more information for the SED-fitting process and reduce the number of
outliers.

We have also selected the unsaturated-isolated elliptical galaxies with ODDS>
0.5, whose the mean photometric redshift probability distributions are around the
cluster redshift (zcl = 0.128) with |zm − zcl | < 0.05. In Figure 3.9, the contours
represent the smooth map of the sum of the redshift probability distributions of
the early type galaxies within the zcl ± 0.05 redshift range

pi =

∫ zcl+0.05

zcl−0.05
Pi(z)dz; (3.20)

where Pi(z) is the redshift probability density value at redshift z estimated by BPZ
for the i -th red galaxy within ∆z < 0.05. The contours overlay the same regions
as the expected positions of the galaxy clusters at this given redshift.

The A226 galaxy cluster is masked out from the photo-z catalogue, since it is
near a bright star. The contours prove the existence of three nearby galaxy clusters,
where A228 is located at RA = 1h 39m 108 and Dec = −10◦ 02′ 48′′0. The contours
overlay the SDSS-C4 2167 cluster of galaxies which is located at RA = 1h 40m 18
and Dec = −10◦ 12′ 06′′0 which is at the same redshift as A228. The third cluster
of galaxies close to the location of A226 is MAX BCG J24.70973–10.30880 with
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3.8 Summary

RA = 1h 38m 503 and Dec = −10◦ 18′ 32′′0. Within a distance less than 3′, there
is an evidence of another galaxy cluster at z ∼ 0.3.

The redshift probability distribution of all galaxies without any type cut and
only the early types in the vicinity of 3.5′ from the cluster centers are stacked
and presented in the right column of Figure 3.9 with solid black and red lines,
respectively. We also assess the number of galaxies and bin them based on the
mean of the photometric redshift probability distributions, once for all the galaxies
located close to the centers of the clusters and also for the red galaxies and present
them with the grey and red histograms shown in Figure 3.9.

The existence of SDSS-C4 2167 is loosely denoted with a wide peak in the range
of (0.1 < z < 0.2) which is the sum of the redshift probability distribution around
the cluster center and it is shown in the top right column of Figure 3.9. In addition,
the histogram of the probability distribution is an indication of another background
large-scale structure at z ∼ 0.3 in this region. At the A228 cluster region, there
are two peaks. One peak is due to the presence of the A228 galaxy cluster which is
depicted with the z = 0.14 peak in the middle right column of Figure 3.9 and the
second peak from another large-scale structure is located at z ∼ 0.3. The MAX
BCG J24.70973–10.30880 cluster of galaxies shows a first peak for all the galaxies
in the cluster redshift (z ∼ 0.1) and another peak for the early-type galaxies at
z ∼ 0.3. From the photometric redshift estimation we can conclude the existence
of another large scale structures which are placed at z = 0.3.

3.8 Summary

We obtained a reliable photometric and photo-z catalogue for the A226/A228
galaxy clusters field, using the SPM method for the colour-calibration, HOT-
PANTS for PSF homogenization, and BPZ code for the photometric redshift
measurements. We showed that the local PSF-matching procedure with the HOT-
PANTS code can improve the photometry by reducing the scatter in the difference
between kernel and template FWHM compared to global PSF-matching. Due to
the stability of the PSF in the WFI instrument, we did not observe a large im-
provement in the photo-z results. The PSF variation depends on the filter, and in
the U38 - and I -band the PSF variation is more conspicuous and must be corrected
more delicately. We have applied higher-order spatial variation of the kernel in
these bands.

Then we introduced the SPM colour calibration method and demonstrated its
unique property of finding the correspondence between two point sets, despite of
the existence of the noise in the data (or the imperfect correspondence of points).
We verified its accuracy by examining its performance on synthetic catalogues. We
demonstrated that our method is able to recover the input translation with high
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accuracy (∆mag ∼ 0.02 except for U 38). We also examined the SPM method with
the published CDFS catalogue and recalibrated the photometry of this catalogue.
We have shown the improvement in the photo-z estimation by reducing the outlier
in photometric redshift estimation as shown in Figure 3.7. Our SPM method runs
much faster compared to SLR and has similar performance.

We checked the validity of our photo-z estimation first by using the stuff and sky-
maker simulations and then using the SDSS spectroscopic sample in the A226/A228
field. In Figure 3.9, we presented the reliability of the redshifts by showing the
existence of peaks at z ∼ 0.13 in the photoz histograms of the early type galaxies
near the galaxy cluster centers.

The extracted photo-z catalogue will be used for weak gravitational lensing
studies, to be presented in a following chapter.
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Chapter 4

Weak Gravitational Lensing Study of
the A226/A228 Super-Cluster field

4.1 Introduction

Based on the predictions of hierarchical structure formation scenarios, galaxy
clusters grow through a series of successive merging with other clusters and groups
or accreting their surrounding matter. The ΛCDM simulations predict and obser-
vations confirm that filaments interconnect clusters in an intricate and web-like
fashion. These filaments funnel matter onto galaxy clusters along preferential
directions in a highly non-isotropic manner (Pimbblet, 2005). A high-resolution
cosmological hydrodynamical simulation of Dolag et al. (2006) predicts that inside
the cosmic web, the halo density is 10-14 times larger than cosmic mean value and
these structures have diameters of the order of ≈ 3 − 5Mpc.

Nonetheless, physical identification of filamentary structures in large-scale galaxy
surveys is very hard due to their low overdensity. Around 30%-40% of all baryons
in the current universe fall and condense into filaments with a median baryonic
overdensity around 10-100 and temperatures in the range 105 < T < 107 K (Davé
et al., 2001). It is not clear whether the spectral X-ray features in the studies
of warm-hot intergalactic medium (whim) in the filament originate from filament
itself or from cluster haloes at the edge of the filament or gas driven out of double
clusters in an earlier merger process.

One of the most favorable approaches of filament detection is weak gravitational
lensing, since lening signal arises directly from the total mass content of filaments.
The surface mass density of filaments increase toward clusters and it has been
detected by weak lensing (Jauzac et al., 2012; Dietrich et al., 2012). Maturi &
Merten (2013) show that the shear pattern due to filamentary structures is aligned
tangentially with respect to the barycenter of structure at large radii and depicts
an orthogonal alignment to the filament’s major axis. It is more likely to detect
the weak lensing signal of filaments (almost 2σ level) if only the clusters connected
by a filament are close.
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Chapter 4 Weak Gravitational Lensing Study of the A226/A228 Super-Cluster field

Here we study the Abell 226/228 supercluster field using weak lensing analysis
of deep R-band observations of the COMBO-17 survey. This chapter is organized
as follows. We describe the shape measurement method then we present our shear
catalogue generation. We investigate the reliability of our shear measurement
with different diagnostic tests. We describe the reconstruction of dark matter
distribution. We discuss our cluster detection method by applying cluster red-
sequence method. We examine different methods of mass modeling using cluster
simulations. At the end, we fit NFW profiles simultaneously to the clusters in
the field and yield the values for both mass and concentration parameters of each
cluster by using the MCMC method.

We assume the standard concordance cosmogony which is a flat ΛCDM cosmo-
logy with Ωm = 0.3, ΩΛ = 0.7, Ωb = 0.04, a Hubble parameter h = 0.7 and a power
spectrum normalization corresponding to σ8 = 0.9.

4.2 The Shape Measurement Analysis

One of the most challenging ingredients of weak lensing studies is the high precision
measurement of the lens-induced distortion in the galaxy shapes. The shape-
measurement is hampered due to non-circular intrinsic shape of galaxies. In order
to estimate the shear, one should average over many galaxies in a region of sky
by assuming the shear is constant and the intrinsic galaxy ellipticity averages
to zero over a sufficient number of objects. Before we measure lensing-induced
systematics in the shapes of the detected galaxies, we must correct other sources
of distortion. The shape measurement of galaxies from CCD images are rendered
by finite number of photons per pixel, the noise in the CCD electronics and PSF
effects. The anisotropic PSF causes a systematic polarization of galaxy images
that can mimic a true lensing signal, while the isotropic PSF smears the galaxy
images through a convolution.

In this study we use the KSB version implemented by Erben et al. (2001) and
modified in Heymans et al. (2006); Schrabback et al. (2007), hereafter referred to
as ”TS” KSB+.

4.2.1 Overview Of The KSB Algorithm

Kaiser et al. (1995) (KSB) developed a method to determine the gravitational
shear from galaxy shapes by removing the systematic effects such as the PSF
smearing and shearing from the observed image of background galaxies but do not
consider any proper treatment for pixelisation and noise. The KSB formalism has
been modified by other authors (Luppino & Kaiser, 1997; Hoekstra et al., 1998).
In the KSB method, the convolution kernel is described as a small and highly
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4.2 The Shape Measurement Analysis

anisotropic kernel which is convolved with a large circularly symmetric function.
KSB parameterizes the complex observed ellipticities of galaxies in terms of the
quadrupole moments Qij of the brightness distribution of an image, I (x ), which is
weighted by a circular Gaussian kernel Wrд ( |θ |) with a scalelength of rg, and rg is
a measurement of galaxy size, for instance, its half-light radius

Qij =

∫
I (θ )Wrд ( |θ |) θiθjd

2θ , i, j ∈ {1,2}, (4.1)

where θ is the angular distance from the object center andWrg ( |θ |) = 1/(2πr2
g ) exp(−|θ |2/2r2

g ).
The object center is considered to be at the origin of the coordinate system. The
Gaussian weight function is used to suppress the sky noise contributions domin-
ated at large spatial scales in the measurements of the second brightness moments.
The observable centroid of the image is defined by the first order moment of I (θ )

θ0 ≡

∫
d2θ Wrд ( |θ − θ0 |) θ I (θ )∫
d2θ Wrд ( |θ − θ0 |) I (θ )

, (4.2)

the galaxy center is estimated by iteratively solving above equation by choosing
sextractor centroid as the starting point. A special care should be considered
in centroid determinations where errors in the sextractor centroiding can cause
strong B-modes due to the problems described in Van Waerbeke et al. (2005).
The accuracy of centroid determination is likely to be data dependent and signal-
to-noise dependent.

The signal-to-noise ratio is defined in Erben et al. (2001) as

S

N
=

∫
d2θ Wrд ( |θ |) I (θ )

σsky

√∫
d2θ I (θ )W 2

rд ( |θ |)
, (4.3)

while the contribution of sky noise σsky is included in the determination of objects
centroid position and the correlation of noise in adjacent pixels are ignored. This
quantity can be used to reject spurious detections. All aforementioned quantities
were calculated with respect to the estimated centre and the integrations were done
up to the values that can be optimised later according to the shear systematic tests.

The total response of an object ellipticity to the reduced shear д and PSF effects
can be expressed as

χobs
α − χ s

α = P
д
αβ
дβ + P

sm
αβ q

∗
β (4.4)

where χobs is the observed ellipticity, χs is the intrinsic source ellipticity defined
in Equation (2.30) and q∗

β
is the PSF anisotropy kernel which has to be measured
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from stellar images. P sm
αβ

and P
д
αβ

are the smear polarisability tensor and the ”pre-

seeing” shear polarisability tensor respectively which are given in Hoekstra et al.
(1998). Luppino & Kaiser (1997) show that

P
д
αβ
= P sh

αβ − P
sm
αν

[
(P sm∗)−1

νδ P
sh∗
δβ

]
, (4.5)

P sh is the response of the weighted object ellipticity to a gravitational shear applied
after seeing and tends to overestimate the response for small objects, while the
smear polarisability tensor P sm is the response of the ellipticity to a PSF anisotropy
and the superscript ∗ is the value measured for a stellar object.

P sh is a unique 2 × 2 tensor involving higher order moments of galaxy surface
brightness and it depends on the cuspiness of each galaxy image. The diagonal
elements of this tensor reflect how much a shear in one direction changes the
ellipticity in the same direction and the two diagonal elements are similar, while
its off-diagonal elements show the degree that a shear in one direction can alter
the ellipticity in the other, which are small values (Bridle et al., 2009). We can
use an approximation for calculating Pg

αβ
as

[
(P sm∗)−1

νδ P
sh∗
δβ

]
≈

Tr[P sh∗]

Tr[P sm∗]
δνβ ≡ T∗δνβ . (4.6)

where δνβ is the Kronecker symbol. The shear and smear polarisabilities are calcu-
lated from stellar objects and interpolated to the positions of the galaxies. Hoek-
stra et al. (1998) demonstrated that the size of the window function Wrд ( |θ |) for
calculating the aforementioned quantities should be matched to the filter scale rд
of galaxy images. By noting that χ s∗ = 0 and the stellar images are not affected
by gravitational shear (д∗ = 0), the stellar anisotropy kernel is

q∗β = (P sm∗)−1
αβ χobs∗

α , (4.7)

and we can correct the galaxy ellipticity for the PSF anisotropy by

χaniso
α = χobs

α − P sm
αβ q∗β . (4.8)

The PSF anisotropy which can be measured from stars in the observations varies as
a function of position and generally becomes larger toward the edges of the chips.
However the PSF anisotropy changes smoothly over the field, so one can estimate
q∗
β

by fitting a polynomial function to the light profiles of bright unsaturated stars

as a function of position.
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4.2 The Shape Measurement Analysis

The measured weighted ellipticity χaniso is related to the reduced shear д by

χaniso
α − χ s

α = дβP
g
αβ
, (4.9)

if the intrinsic ellipticity of the source χ s is known. Since for an individual galaxy,
χaniso and χ s values can not be disentangled, one must average over ensembles of
galaxy images where the reduced shear is assumed to be constant. According to
Erben et al. (2001), 〈(Pg)−1 χ s

α 〉 = 01 which leads to

〈χ iso
β 〉 = 〈д̃β〉 = 〈P

g〉−1
αβ〈 χ

aniso
α 〉. (4.10)

However, due to the dependence of Pg to the value of χ , the above condition is
not guaranteed because д̃ differs from the true shear. By averaging over Equa-
tion (2.31) where we assume that the average of χ s vanishes, we have

д '
〈χ〉

2(1 − σ2
χ )
+ O (〈χ〉3), (4.11)

while 〈д̃〉 is related to χ by

〈д̃〉 '
〈 χ

2
+
χ3

8
+ ...

〉
. (4.12)

If one assume the intrinsic ellipticity of galaxy is Gaussian with standard deviation
σχ and in the weak lensing regime д � 1, 〈д̃〉 differs from д by

〈д̃〉 ' д
(
1 −

1

4
σ2
χ

)
, (4.13)

which introduces almost 2% bias for the ellipticities, when the realistic shape noise
is σχ ' 0.3 (Viola et al., 2011).

The tensor inversion of Pg can be performed in full manner, but for small faint
galaxies this quantity is noisy. The effect of noise can be reduced by treating it
as a scalar since the off-diagonal terms of Pg are usually an order of magnitude
smaller than the diagonal elements and the diagonal terms are similar. Hence it
can be approximated by half its trace

Pg
αβ
'

1

2
Tr[Pg]δαβ , (4.14)

which is less noisy especially for large ellipticities (Massey et al., 2007). Even in
the absence of noise, PSF and weighting, the above formula works much better

1One can use the assumption that intrinsic source ellipticities cancel out over a large ensemble.
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than the full tensor. The noise in this quantity can be sometimes reduced by
fitting it from the entire galaxy population as a function of other observable such
as galaxy size and magnitude. One can identify N neighbors for each galaxy in the
magnitude-rg plane and then compute the median value of Pg and the dispersion
of reduced shear, σд by using Equation (4.10).

The ”TS” implementation of the KSB algorithm was tested with the STEP1
project2 and based on the results, a shear calibration factor should be incorporated

〈γα 〉 = ccal〈χα 〉 (4.15)

which can compensate for the bias with ccal = 1/0.91. The inversion of Pg is the
main source of the bias in the measured gravitational shear while the bias reduces
with a full tensor inversion. However, it becomes strongly dependent on the galaxy
selection criteria.

Hartlap et al. (2009) examine the dependence of shear signal deterioration on
the signal-to-noise of an object using STEP2 simulated galaxies. They show that
by modifying one of the selection criterion for galaxies from S/N > 4.0 to a higher
cut (S/N > 7.0), one can reduce the calibration factor to ccal = 1.08.

4.2.2 From Object to Shear Catalogue Generation

Object detection– We use SExtractor to detect sources from the final R-band co-
added image and its corresponding weight and flag maps. The weight image con-
tains the noise properties for each science image pixel. The flag images carry
information about saturated pixels. First we employ the weightwatcher pro-
gram3 to generate flag- and weight-map by using input polygonal mask regions.
The unwanted features such as very bright objects, satellite/asteroid tracks as well
as optical ghosts are masked and the related pixel weights set to zero in the both
maps. We apply the maps in the process of object extraction with SExtractor to
reduce the probability of detecting spurious noise objects.

Since most of the lensing signal is carried by the small faint background galax-
ies, one should optimize the SExtractor configuration parameters and later apply
appropriate lensing cuts to reject spurious detections and minimize the bias in the
lensing masses of the clusters.

SExtractor applies a mesh grid to calculate the local background with a mesh
size that can be changed by back size parameter. The background values are
measured in each mesh using a combination of median and mean of the pixel
values after 3σ clipping. A filter with the size of back filtersize in the unit of

2http://www.roe.ac.uk/~heymans/step/step1_info.html
3http://www.astromatic.net/software/weightwatcher
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Figure 4.1: The left panel represents the results of SExtractor object detection process while the right panel shows the weight-map
created with weightwatcher. The weightwatcher code generates weight- and flag-maps that can be used by SExtractor for the
object detection procedure. All objects with very close neighbouring object and near bright stars are excluded from the object catalogue.111
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Figure 4.2: Classification of point sources (stars) and galaxies: left panel illustrates the SExtractor detected objects in the size, rh
(flux radius), magnitude plane where objects are colour coded based on their class star parameter. Objects with class star
close to 1 (> 0.95) are more likely to be stars. The yellow shaded region shows the region is chosen in this plane that contains stellar
objects with rh,min = 1.7 pix, rh,max = 1.96 pix, Mmin = 16.8 and Mmax = 22.2 criteria. The black stellar objects also have signal-to-noise
ratio greater than 50. The middle panel depicts another size (fwhm image) and magnitude plane and the selection box is based on
FWHMmin = 3.0 pix, FWHMmax = 3.71 pix, Mmin = 16.8 and Mmax = 22.2 limits. The right panel represents objects in the mu max-
magnitude space. In the peak surface brightness above background and magnitude plane, a clear tight correlation of the stellar locus
can be seen.
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4.2 The Shape Measurement Analysis

meshes can be applied to mitigate the effect of the neighboring bright objects or
the reflection of halos. In order to subtract the background noise from the image
and decrease the false detections of objects in the halos of very bright stars, we
set back type=manual, back value=0.

For object detection, the co-added image is convolved with a Gaussian kernel of
2.5 pixel fwhm4. The detection criteria is to have at least 10 contiguous pixels with
a flux more than 3.0 σ above the sky level noise5 which makes it less sensitive to the
faint and extended stellar diffraction spikes. The blended objects and objects near
the image borders are flagged by SExtractor6. The flagged objects are discarded
from the object catalogue (see Fig 4.1).

Star identification– We can estimate the PSF size from the images of unsatur-
ated stellar objects through their locus in the magnitude-size plane. All stellar
candidates have a characteristic size regardless of their magnitudes and they lie
along a line both in the fwhm-magnitude and flux radius-magnitude planes. In
addition, SExtractor classifies stellar objects using a neural-network classifier and
gives an index parameter (class star) between 0 (extended sources) and 1 (point
sources) to each detected object. Since the light distribution of a stellar object
scales with magnitude, point-sources lie on a well-defined locus in a mu max (peak
surface brightness above the background) and magnitude plane which is a very ro-
bust method for the classification of stars and galaxies. We choose stars without
a neighbor closer than 3 pixels and stars with a cut in the signal-to-noise ratio of
s/n> 50. Moreover, we choose our stellar sample in the flux radius-magnitude
space with the upper and lower limits of rh,min = 1.7 pixel, rh,max = 1.96 pixel and
Mmin = 16.8, Mmax = 22.2 while in another size-magnitude plane our choices are
FWHMmin = 3.0 pixel, FWHMmax = 3.71 pixel for the same magnitude range.
The selection criteria are shown in Figure (4.2).

Shape measurement– We apply the ”TS” shear measurement pipeline to calcu-
late galaxy shapes. The scale of Gaussian weighting function for each galaxy, W ,
is chosen to be the half light radius, rh (the SExtractor flux radius parameter)
and is used to estimate the weighted ellipticity parameters, the smear and shear
polarisability tensors, P sm and P sh for objects in the catalogue. The core PSF
with rh = 2.5 pixels differs from the wings PSF distortion with the filter scale of
rh = 10 pixels which implies the importance of measuring these quantities as a
function of filter scale. The aforementioned parameters should be computed with
a Gaussian filter scale matched to the size of the galaxy image, therefore we es-
timate these quantities for 45 different filter scales ranging from 1.8 to 12 of pixels
rh values. Since the anisotropy kernel q∗ and T∗ in Equation (4.6) vary smoothly

4filter name=gauss 2.5 5×5.conv
5detect minarea=10, detect thresh=analysis thresh=3.0
6deblend nthresh=16, deblend mincont=0.005
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Chapter 4 Weak Gravitational Lensing Study of the A226/A228 Super-Cluster field

Figure 4.3: Variation of the PSF-core over the image: The upper right panel shows
the distribution of the ellipticity components e1,2 of stars identified in this field before
PSF correction, while the lower right panel displays the ellipticity distribution after
correction for PSF anisotropies. The right panels show the variation of PSF in the
WFI instrument before and after correction.

across the image in the wfi instrument (Fig. 4.3), we can model PSF for the low
number of stars present in the field and model PSF variations using interpolation
with appropriate polynomial orders. The uncorrected stellar ellipticity for the
PSF anisotropy and the ones after subtraction of a polynomial model are shown
in Figure (4.3, 4.4).

The centroid of each object is initially determined by SExtractor and it is
tweaked by iteratively solving Equation (2.28). Due to the pixelisation of galaxy
images, the continuous integral turn into discrete sum of θ which is measured in
pixel units and by setting ∆θ = 0.25 pixel. The photon noise is the main source
of error in the centroid determination. The upper limit of the integration can be
changed up to different radii from the object’s centroid for calculating the stel-
lar second brightness moments, in order to cover the wings and it is called the
aperture stellar integration radius (lSIL). Due to strong down-weighting the outer
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4.2 The Shape Measurement Analysis

Figure 4.4: Variation of the PSF-wings over the image: The distribution of the el-
lipticity components e1,2 of stars identified in this field before PSF correction is shown
on upper right panel. The lower right panel displays the ellipticity distribution after
correction for PSF anisotropies. The right panels show the variation of PSF in the
WFI instrument before and after correction for PSF anisotropies.
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regions in KSB by the Gaussian filter, low values such as 3 or 4 do not bias the
shape measurements. In the following, we will perform couple of diagnostic tests
to examine the existence of systematics after PSF correction in the shear catalogue
and study the effect of the stellar integration limit and the polynomial order of fit
to model the PSF anisotropy kernel q∗

β
variation.

4.2.3 Diagnostic tests of systematics

Each co-added image is made up stacking multiple science exposures, in order
to get the best signal-to-noise for detecting objects. Any error in the image-
combining process can cause a pronounced error in the shape measurements. The
noise in the stacked image usually shows correlations between neighbouring pixels,
because of the resampling the various exposures to a common astrometric grid
and summing the resulting images with appropriate weighting. The main source
of systematic errors in the galaxy shape estimate comes from the convolution of
image by the PSF. Since the PSF anisotropy varies across the instrument field
of view, an imperfect modeling of PSF for stars due to a limited number of stars
leads to systematic errors in the galaxy shape measurements. Inaccurate modeling
of PSF can add up to the statistical errors in lensing measurement. Moreover,
towards the edges of images the PSF varies more and if the pointing of images
have large offsets or inaccurate relative astrometry, then modeling PSF in these
regions will be impossible (Jain et al., 2005).

An indirect approach to examine the quality of PSF modeling is to decompose
the shear signal into E-mode (curl-free) and B-mode (curl) components, where
a pure E-mode can be transformed to a B-mode by a rotation of the shear by
45◦ (γ1 → −γ2, γ2 → γ1). The B-modes can be generated by either the residual
systematics, or the intrinsic alignment. Even lensing can cause B-mode due to the
clustering of source galaxies which would be very small on angular scales larger
than a few arcminute (Schneider et al., 2002). Hoekstra (2004) studied fields with
many stars and showed that incomplete correction for PSF anisotropies can induce
a substantial B-mode. Nevertheless, applying an improved model for the variation
of PSF anisotropy can remove B-mode signals.

Here we present some checks on the quality of the PSF anisotropy correction of
the data in order to beat down any systematics in our weak-lensing measurements.
We present different standard tests for systematics, such as the cross-correlation
between uncorrected stars and anisotropy corrected galaxies and correlation func-
tion of the residuals’ ellipticity of stars and so on.
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Figure 4.5: The cross-correlation of the uncorrected ellipticities of stars and PSF-corrected ellipticities of galaxies in the
field. Different panels and lines show the results of different choice of sil and apo, respectively.
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4.2.3.1 Cross-correlation of stars and galaxies

The amount of systematics left in the measured shape of galaxies can be meas-
ured by the cross-correlation of the PSF-corrected ellipticities of galaxies γ and
uncorrected ellipticities of stars e∗ in the field as a function of angular scale θ ,
following Bacon et al. (2003) formalism

ξ sys
ij (θ ) =

〈γi(x )e
∗
j (x + θ )〉|〈γi(x )e

∗
j (x + θ )〉|

〈e∗i (x )e
∗
j (x + θ )〉

, (4.16)

where i = 1,2. In this estimator the amplitude of the star-galaxy cross-correlation
is normalized by the auto-correlation of the uncorrected stellar ellipticities e∗ in
order to be comparable with other observations such as cosmic shear signals. If
there is a small contribution of uncorrected PSF ellipticity to the shear field then
we have

γ = γ true + ae∗, (4.17)

where a is a constant. Then the observed two-point correlation function has an
extra contribution of 〈γiγj〉 ≈ 〈γ

true
i γ true

j 〉 + a2〈e∗i e
∗
j 〉. The order of the angular

correlation function ξ sys
+ can be compared to ξ+ and provides an estimate of the

PSF systematic effect on the shear measurement.

The statistical errors are estimated by using the bootstrap method with N =
5000 re-sampling and e∗ determined by convolving stellar images with a Gaus-
sian filter with the size of rh = 5.0 pixel, which is the typical galaxy size in the
field. The cross-correlation of observed ellipticities of stars and anisotropy correc-
ted galaxy ellipticites is computed using the weighting factor which is defined in
Equation (4.29), where σg is computed for 20 nearest neighbors of each object in
the size-magnitude plane.

Our systematics analysis inspects the zero-lag star-galaxy correlation ξ sys(θ = 0)
which should be consistent with zero if the PSF model and correction is exact such
that observed galaxy ellipticities are uncorrelated with the PSF ellipticities as it
is shown in Figure (4.5). The cross-correlation of the same galaxy ellipticities
with the PSF at some distance θ � 0 continue to be consistent with zero due to
the random intrinsic orientations of galaxies (Heymans et al., 2012). The panel
with the stellar integration limit (sil) value of 5 and among different lines with
different anisotropy polynomial orders (apo) of the PSF interpolation over the
whole field-of-view, the line corresponds to the highest value (apo=7) shows the
lowest systematics and the smallest scatter.
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4.2 The Shape Measurement Analysis

Figure 4.6: The autocorrelation of the anisotropy corrected ellipticities of stars in
the field. The main panel shows the variation of apo while in the smaller panels, the
apo is constant but sil quantity is changing.

4.2.3.2 Fit diagnostics

The diagnostic functions must check for both the anisotropic- and isotropic-part
of the PSF model. If one can consider some simplifying assumptions about the
stochastic noise N upon ellipticity measurements, where the noise is spatially un-
correlated

〈N∗N〉(θ ) = 0, (θ > 0) (4.18)
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Figure 4.7: The cross-correlation of the residual of anisotropy corrected ellipticities of
stars and observed ellipticity of stars in the field. The main panel shows the variation
of apo while the smaller panels display for a constant value of apo, the variation of
sil quantity.
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and the cross correlation between noise and unknown true ellipticity et should be
equal to zero

〈etN
∗ + Ne∗t〉(r ) = 0. (4.19)

These conditions are no longer valid in the presence of reduced charge transfer
efficiency in CCDs (CTI), undersampled stellar images, or large CCD pixel sizes
which cause preferences in the PSF directions. Rowe (2010) build two observable
correlation functions to fulfill the above assumption and are sensitive to the over-
fitting or under-fitting of PSF interpolation model to the ellipticities. These two
diagnostic quantities are the residual autocorrelation and the signal-residual cross-
correlation function of the measured stellar ellipticites

D1(θ ) ≡ 〈∆e
∗(x )∆e (x + θ )〉, (4.20)

D2(θ ) ≡ 〈∆e
∗(x + θ )e (x ) + e∗(x + θ )∆e (x )〉, (4.21)

where the residuals are defined as ∆e ≡ e∗ − em, the difference between the ob-
served stellar ellipticity and its model ellipticity. The conjugate value of complex
ellipticity is given as e∗. The average is taken over pairs of objects which falls in
a bin with angular separation of θ .

In KSB the shape measurement pipeline, the measured ellipticities e∗ of stars
can be modeled in each pixel coordinate of an image with ecor,∗(x ,y) where the
residual anisotropies of stellar images must be zero and we have

∆e∗ ≡ eani,∗ = e∗ − ecor,∗. (4.22)

These two diagnostics can detect poor modeling of PSF if either of them deviate
from zero at a significant level. Note that D2 is more sensitive to the presence of
systematics than D1, because D2 is a sum of two data-residual ellipticity correlation
functions. Overfitting models capture not only an observable physical trend, but
also cover partially random noises and cause negative values of D2 most likely on
small scales. For underfitting models, both D1 and D2 may be positive or negative.

Rowe (2010) determines an upper limit on the systematic PSF ellipticity residual
with correlation amplitude of D1(θ = 1′) < 5 × 10−5 which is less than 5 per cent
of the ΛCDM cosmic shear signal for source galaxies at z ∼ 0.5. As it is shown in
Figure 4.6, our results meet the Rowe (2010) requirement even for cluster weak-
lensing studies, in particular for apo value equals 7. The errors are measured
using bootstrap technique. Figure (4.7) shows the diagnostic two-point correlation
function D2 for COMBO-17 survey data.
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4.2.3.3 k-fold cross-validation for PSF fits

The necessary order of polynomial fit for PSF interpolation can be determined by a
10-fold cross-validation method (Von der Linden et al., 2014). The sample of stars
can be randomly split into 10 mutually exclusive subsets with approximately equal
size. In the k-th fold of the cross-validation process, where k ∈ {1,2, ...,10}, the
k-th subset is excluded to calculate the performance of the polynomial fits on the
remaining k − 1 sets which are used to estimate the residuals of stellar ellipticities.
The average of the performance of the polynomial fit observed over N = 10 folds
provide an estimate of the fit on the entire sample which can be computed by

σe∗1
=

√√√
1

N

N∑
k=1

σ2
k ,e∗1
, (4.23)

where σk,e∗1 is the variance of e∗1 component of the anisotropy corrected ellipticit-
ies of stars in the k-th test set of data. The results of 10-fold cross validation
for two components of stellar ellipticities e∗1 and e∗2 corrected with different val-
ues anisotropy polynomial order and stellar integration limit are given in
Tables (4.1,4.2). The results in both tables for e∗1 and e∗2 components do not change
for sil> 5 while for apo quantity, the best values corresponds to apo=7. Therefore
in our further analysis we choose apo=7 and sil=5 to decrease the systematics
due to the PSF correction.

4.2.4 Galaxy selection criteria

In order to build our final shear catalogue for our field, we must exclude galax-
ies whose shape parameters are not determined correctly and might increase the
noise more than they add to the shear signal. The shape catalogue contains all
the objects whose half-light radius are determined successfully by the shape meas-
urement code, analyseldac which is based on the KSB algorithm. We combine
the photo-z and the shear catalogues of the field to build our master shear cata-
logue. We match objects between two catalogues if the distance between their sky
coordinates is less than 0.7′′.

The background selection is based on the estimated photometric redshifts. Hav-
ing access to the photometric redshifts of galaxies improves the separation of back-
ground objects from the foreground galaxies and the cluster members. Imperfect
selection of background objects can lead to either the dilution of the shear signal
due to the remaining unlensed objects or discarding some background galaxies
that decreases the strength of the lensing signal.

The BPZ code for photo-z measurements provides the redshift posterior prob-
ability distribution for all the galaxies in the field. These probabilities will be
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Table 4.1: The results of 10-fold cross-validation for e∗1 component of anisotropy corrected stellar ellipticity.

St. Int. Li. 3 St. Int. Li. 4 St. Int. Li. 5 St. Int. Li. 6 St. Int. Li. 7 St. Int. Li. 8
Anis. Pol. Or. 1 0.00813 0.00812 0.00812 0.00812 0.00812 0.00812
Anis. Pol. Or. 2 0.00771 0.00770 0.00770 0.00770 0.00770 0.00770
Anis. Pol. Or. 3 0.00681 0.00681 0.00681 0.00681 0.00681 0.00681
Anis. Pol. Or. 4 0.00619 0.00619 0.00619 0.00619 0.00619 0.00619
Anis. Pol. Or. 5 0.00614 0.00614 0.00614 0.00614 0.00614 0.00614
Anis. Pol. Or. 6 0.00605 0.00605 0.00606 0.00605 0.00605 0.00605
Anis. Pol. Or. 7 0.00606 0.00606 0.00606 0.00606 0.00606 0.00606

Table 4.2: The results of 10-fold cross-validation for e∗2 component of anisotropy corrected stellar ellipticity for different
stellar integration limits and anisotropy polynomial orders.

St. Int. Li. 3 St. Int. Li. 4 St. Int. Li. 5 St. Int. Li. 6 St. Int. Li. 7 St. Int. Li. 8
Anis. Pol. Or. 1 0.00780 0.00780 0.00780 0.00780 0.00780 0.00780
Anis. Pol. Or. 2 0.00744 0.00744 0.00744 0.00744 0.00744 0.00744
Anis. Pol. Or. 3 0.00606 0.00606 0.00606 0.00606 0.00606 0.00606
Anis. Pol. Or. 4 0.00581 0.00581 0.00581 0.00581 0.00581 0.00581
Anis. Pol. Or. 5 0.00572 0.00572 0.00572 0.00572 0.00572 0.00572
Anis. Pol. Or. 6 0.00564 0.00564 0.00564 0.00564 0.00564 0.00564
Anis. Pol. Or. 7 0.00564 0.00564 0.00564 0.00564 0.00564 0.00564
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Chapter 4 Weak Gravitational Lensing Study of the A226/A228 Super-Cluster field

Figure 4.8: The number of galaxies and stars in the A226 and A228, which are
unflagged SExtractor detected objects, as a function of magnitude in the R band.
After lensing quality cuts the number of galaxies in the shear catalogue is computed
in each magnitude bin (TrPg > 0.1, |e iso | < 0.99 and S/N ≥ 4) as well as for the
foreground objects in the shear catalogue which are selected based on their photo-
metric redshifts. The initial number of galaxies without any cut in the field is equal
to nGal/arcmin2 = 20.04. However, implementing the shear cuts and separation of
foreground from background objects reduce the number of background objects to
nBack/arcmin2 = 16.67.
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4.2 The Shape Measurement Analysis

applied to estimate the masses of galaxy clusters later.

Since a big population of galaxies are very faint with very small radii which
makes their shape measurements very noisy and unreliable, we exclude them by
applying a threshold in size-magnitude plane. In addition to our initial criteria to
exclude stars from the shear catalogue, we also select faint galaxies (R > 23.4) with
their half-light radii 0.95 r ∗

h,max
< rh, where r ∗

h,max
is the upper limit in the selection

criteria for size of the stars. Hence, the shear signal will no longer be diluted with
mis-classification of stars. The signal-to-noise ratio cut is chosen to be S/N ≥ 4
for the measured object ellipticity. This quantity is defined in Equation (4.3) and
can be calculated by the analyseldac code.

The measured shear of galaxies can also be unreliable due to the noise in the
Pg matrix. An upper limit should be set for the corrected galaxy ellipticity
|e iso | < 0.99, since KSB method allows measured ellipticity values that can ex-
ceed unity due to the noise, while ellipticity by definition should be limited to
one. We also restrict the shear susceptibility matrix by TrPg > 0.1. We reject
objects in the shear catalogue with companions in the distance of 3rg because the
shape measurement is not reliable enough for the objects with close neighbors.
Figure (4.8) depicts how some of the shear cuts changes the galaxy number count
in the A226 and A228 field. Only 476 objects are removed by the lensing quality
criteria, while we have removed 2727 foreground galaxies based on their photo-z
measurements for clusters at z = 0.128. A considerable fraction of them as it is
shown in the Figure (4.8) are very bright galaxies.

Figure (4.9) illustrates the number of galaxies as a function of redshift in the
shear catalogue by using two different methods for binning the data. The magenta
histogram is based on Knuth’s rule (Knuth, 2006). The choice for the bin width
is based on a Baysian approach where a constant width is determined to minimize
the uncertainty of the binning approximation. The blue curve is obtained by
Bayesian blocks method (Scargle et al., 2013). This is an approach with flexible bin
widths for minimizing a cost function across datasets which assumes the measured
quantity can be modeled by a sequence of blocks where the count rates do not vary
significantly in each block. The histograms show two significant peaks at z ∼ 0.1
and z ∼ 0.3 which is expected due to the existence of large scale structures in the
field in these two redshifts.

4.2.5 Weighing Of A Weak Lensing Signal

The measurements of the lensing induced distortions in the shapes of individual
galaxies are very noisy. Therefore, the statistical significance of the distortion can
be improved by applying a weighting scheme for shear measurements and it can be
done by estimating the weighted average of the tangential- and cross- components
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Chapter 4 Weak Gravitational Lensing Study of the A226/A228 Super-Cluster field

Figure 4.9: The number of galaxies in the shear catalogue as a function of redshift
in the A226 and A228 field. The transparent magenta and blue bin widths are chosen
by using Knuth’s rule and Bayesian blocks method, respectively.
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4.2 The Shape Measurement Analysis

of reduced shear

дt(θ ;θ0) = −Re
[
д(θ + θ0)e

−2iϕ
]
, д×(θ ;θ0) = −Im

[
д(θ + θ0)e

−2iϕ
]
, (4.24)

where ϕ is the position angle of an object with respect to the reference position
θ0. The tangential component specifies a direction which in case of a circularly-
symmetric matter, the shear would align towards the center of symmetry,

〈дt(θn)〉 =

∑
jug,j дt,j∑

juj
, 〈д×(θn)〉 =

∑
jug,j д×,j∑

juj
, (4.25)

Cmn = 〈∆дt(θm)∆дt(θn)〉 = 〈∆д×(θm)∆д×(θn)〉 = δmnσ
2
t (δm), (4.26)

σ2
t (θn) = σ×(θn) =

∑
ju

2
g,jσ

2
j( ∑

jug,j

)2
, (4.27)

θn =

∑
j∈bin nug,j |θj |∑

j∈bin nug,j
, (4.28)

where ug,j are a statistical weight measured for the j-th object which is located
within the n-th annulus with mean radius θn, and we have ∆дt(θm) = дt − 〈дt〉

inside a bin with the radius of θm. The statistical weight is defined as the inverse
variance

ug,j = 1/(σ2
g,j + α

2), (4.29)

where σg,j is the rms error in the shear measurement of the j-th object and α is the
softening constant variance α ∼ 〈σ2

g 〉/2, which is the variance over the PSF correc-
ted galaxy ellipticities in the cluster field (Okabe & Umetsu, 2008). Hetterscheidt
et al. (2007) define α as the variance of the unlensed population of galaxies and
it is estimated from the PSF corrected galaxy sample. In Hoekstra et al. (2000),
the average distortion is only weighted with the inverse square of the uncertainty
in the distortion (α = 0).

In Equation (4.26), Cmn is the covariance matrix of the mth and nth bin of shear
profile. The matrix is diagonal since the statistical errors are dominated by random
orientations of the galaxy’s intrinsic ellipticites. However, the off-diagonal terms
will be non-zero in the presence of a pixel-to-pixel correlation. In this study for the
reconstruction of the lensing convergence field, κ, from the shear field, using the
Kaiser & Squires (1993) inversion method, we do not incorporate this weighting
scheme, but we will apply the weighting factor measured by Equation (4.29) for
the aperture mass statistics by measuring the variance of the shear estimated for
the N = 20 nearest neighbours in the half-light radius-magnitude plane as σ2

g term
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Chapter 4 Weak Gravitational Lensing Study of the A226/A228 Super-Cluster field

Table 4.3: The galaxy clusters in the field of A226/228 which are reported in NED
and have corresponding structures in the lensing analysis. The A226 cluster has been
masked out in our analysis due to reflection feature of a bright star in the vicinity of
the cluster.

Name R.A.(deg) Decl.(deg) Object Type Redshift Type
ABELL 0228 24.7949 -10.0467 GClstr 0.1289 . . .
ABELL 0226 24.7446 -10.2464 GClstr 0.1283 . . .
WHL J013903.8-095721 24.7658 -09.9558 GClstr 0.3949 PHOT
WHL J013843.6-095833 24.6816 -09.9758 GClstr 0.3815 PHOT
GMBCG J024.66555-10.09810 24.6654 -10.0980 GClstr 0.3550 PHOT
WHL J013846.0-101654 24.6916 -10.2816 GClstr 0.3659 . . .
WHL J013843.7-101728 24.6821 -10.2911 GClstr 0.4103 PHOT
MaxBCG J024.70973-10.30880 24.7096 -10.3088 GClstr 0.1269 PHOT
GMBCG J024.75811-10.29484 24.7579 -10.2947 GClstr 0.3480 PHOT
GMBCG J024.82191-10.27153 24.8217 -10.2714 GClstr 0.3450 PHOT
WHL J013949.6-102047 24.9566 -10.3466 GClstr 0.2943 PHOT
WHL J013949.1-101634 24.9546 -10.2761 GClstr 0.3579 PHOT
GMBCG J025.09408-10.29207 25.0942 -10.2919 GClstr 0.2900 PHOT
GMBCG J025.05955-10.31071 25.0596 -10.3108 GClstr 0.4370 PHOT

and the variance of the ellipticities in the whole sample for the α value.

4.2.6 Weak Lensing Mass Reconstruction and Aperture Mass
Detection

Finite-field inversions–We apply the local inversion that can address the problem
of missing data and the limited field-of-view of any observation. Seitz & Schneider
(2001) formulate this as a von Neumann boundary problem.

If one would like to obtain an expression for κ in terms of observable, there is a
simple relation between the gradient of κ and γ :

∇κ = Dijγj ≡ uγ (θ ), Dij =

(
∂1 ∂2
−∂2 ∂1

)
, (4.30)

where ∂i ≡ ∂/∂i . Replacing γ with in the above equation with д, we have

∇K =
−1

1 − |д |2

(
1 − д1 −д2

−д2 1 + д1

) (
д1,1 + д2,2

−д1,2 + д2,1

)
≡ uд (θ ). (4.31)

where K (θ ) = ln[1−κ (θ )]. The right side of this equation can be obtained from ob-
servation. Due to observational noise caused by the intrinsic ellipticity distribution
of sources and the discreteness of galaxy images, uд has a rotational component
and is not a gradient field, thus the above equation has no unique solution. In
order to derive the mass map from the finite data field U , one can differentiate
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4.2 The Shape Measurement Analysis

z = 0.128 z = 0.133

z = 0.312 z = 0.327

z = 0.339 z = 0.357
Figure 4.10: κ-maps for different redshifts of cluster lenses. The contours in the κ-

map starts at κ = 0.035 and increases by ∆κ = 0.005. The smoothing scale for the
map has been set to σ = 2.2′.
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further from previous equation

∇2K = ∇ . uд with n . ∇K = n . uд on ∂U , (4.32)

where n is the normal vector on the boundary of ∂U . One needs first to smooth
the shear field on a grid

д(θ ) =

∑Nд

i=0w ( |θ − θi |)ϵi∑Nд

i=0w ( |θ − θi |)
, w (x ) = exp

(
−

x2

∆θ2

)
− exp(−q), (4.33)

where ∆θ is a smoothing scale and w is a nearly Gaussian function and continuous
up to x =

√
q∆θ and beyond that, it becomes zero. The numerical solution for

Equation (4.32) can be obtained using over-relaxation method.

We assume that the average convergence vanishes along the edges of the field
of view to break the mass-sheet degeneracy. The shear field has been smoothed
with a Gaussian filter (σ = 2.2′) on a 212 × 212 points grid. Figure 4.11 shows
the κ-map reconstruction of the field at different redshift slices for different lenses,
since there are different clusters and groups at different redshifts in the A226/228
supercluster field. The mass reconstruction of Figure 4.11 indicates an extension
of mass distribution to the west of A228 which is more pronounced for the clusters
in the field at z ∼ 0.3. This confirms the presence of an elongation of the dark
and luminous matter in that region at this redshift. All the peaks in the surface
mass density map at z = 0.128 and z = 0.133 are related to the clusters have been
listed in Table (4.3) based on the NED database7 and can be identified later by
cluster-red sequence method, except the peak on the east of A228 close to the
mask regions.

The mass reconstruction peak of A228 is offset from the brightest galaxy in
the cluster that can be explained with the existence of higher redshift large scale
structures in the field. Another explanation can be due to the smoothing scale of
the filter which has been chosen to be around 2 arcminute to reduce the effect of
existing mask regions in the field. However, the peak offset is insignificant.

In the WL-maps, the amount of peak-offsets can also be addressed by the shape
measurement noise and the smoothing of mass maps, while the projected large-
scale structure does not change the position of the weak-lensing peak and it cannot
be the source of mis-identifying the halo centers (Dietrich et al., 2012). The false
cluster detection can be explained by the projection of large-scale structure such
as sheets and filaments. The efficiency of weak-lensing searches for clusters is an
order of ∼ 85% for maps without shape noise. The inefficiency can arise from
the shape of the filter and the effect large-scale structure fluctuations (Hennawi &

7http://ned.ipac.caltech.edu/
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4.2 The Shape Measurement Analysis

Figure 4.11: The aperture mass plot in the field of A226 and A228 created by using
the method which is described in Schneider (1996). The pixel size for the Map-map
generation is 20 kpc, while the filter radius is chosen to be 900 kpc. This aperture
mass map is obtained for the background sources of structures at z = 0.128.
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Spergel, 2005).

The smearing effect of the smoothing scale in the mass reconstruction can lead to
the false detection of a filamentary structure and in particular for closely-spaced
clusters (in case of smoothing scale larger than cluster separation). Moreover,
determining of the significance of filament detection is not easy with the mass
reconstruction method, since the shear field is smoothed and it can cause correlated
errors in the κ-map (Mead et al., 2010). Hence we will investigate the existence of
a filament structure in the A226/228 field with further approaches.

The aperture mass technique– We apply the aperture-mass technique from Schneider
(1996) to measure the surface mass density of the galaxy clusters convolved with
a compensated filter function for background sources of structure at z = 0.128.
By summing up all of galaxy ellipticities inside a circular aperture, we are able
to estimate the convergence κ (θ ) = Σ(θ )/Σcrit locally. The lensing map should be
convolved with a filter function by carefully choosing its scale to avoid the noise to
be dominant and the lensing signal to be boosted with respect to noise. The filter
function should also vanish at ϑ > θ , where θ is the radius of the aperture. One
possible set of filter function introduced by Schneider et al. (1998) for Equation
(2.64) which is given as Q (ϑ ) = q(ϑ/θ )/θ2,

q(x ) =
(1 + l ) (2 + l )

π
x2(1 − x2)l , (4.34)

here l is a free parameter and usually can be fixed to one and it has been used in
this study for halo search. In Figure 4.11, the candidates for dark matter halos
detected by the aperture mass, Map, with a map with filter radius of θ = 900 kpc
is shown.

The noise in this expression emerges only from randomizing ellipticities of galax-
ies whereas the shot noise of finite sampling of the aperture mass statistics is not
taken into account. A common approach to estimate the significance of mass-
aperture is to randomise the position angle of each galaxy image where the el-
lipticity modulus remains the same and only the orientation changes. Then one
can repeat the process for Nrand times to calculate the ensemble average (Von
der Linden et al., 2006). But in a massive cluster field, the magnitude of the re-
duced shear contains the cluster shear. Therefore, the intrinsic shape and noise
for galaxies near the cluster center will be significantly overestimated. Moreover,
this approach gives a lower limit on the significance of the peaks related to a large
scale structure in the mass reconstruction (Clowe et al., 2012).

Despite the fact that there is not any corresponding concentration of red galaxies
in the top left part of the field-of-view, we have a significant peak in the vicinity
of two large masked regions. Looking at the deep R-band image show that there
are many faint background galaxies that seem not to belong to any cluster. Their
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image ellipticities might be affected by a filament structure at z ∼ 0.3. The
existence of a peak can also be explained by the lack of galaxies in the masked
areas which led to higher noise in this region compared to other parts of the field.
The enhancement of the masked area can increase the probability of systematic
high signal-to-noise peaks and eventually can bias weak-lensing analyses. In the
case of a large mask close to the central region of a halo, the peak of weak-
lensing mass reconstruction can be considerably offset from the true center of the
halo which can cause large errors in the estimated density profiles of the cluster
halos (Liu et al., 2014).

The projection effects of large-scale structures which mimic a cluster shear signal
can be another reason for the existence of high significance aperture mass peaks
where the peak do not correspond to a single mass concentration along the line
of sight. Moreover, the shape noise of background galaxies might also produce
tangential alignment pattern with low significance spurious E-mode peaks (Diet-
rich et al., 2007). The falsity of some detected peaks in the Map-map were proven
by deeper observations and repeated weak lensing analysis. It is shown that the
shape measurements of fainter galaxies which do not display the same correlated
ellipticites, aid to rule out the evidence of some dark clumps detections by signi-
ficantly diminishing the amplitude or reducing the dark overdensity peaks (Von
der Linden et al., 2006; Erben et al., 2000). Nevertheless, there is a possibility of
detecting a dark clump in this region but in order to prove its existence, further
investigation is needed.

The peak of aperture mass statistics is very close to the brightest galaxy in A228
cluster. This indicates clearly that the aperture mass filter shape can trace the
expected signal from the structure, since this statistics has been modified to allow
more radial weight function and it can be used to obtain an optimal signal-to-noise
ratio.

The aperture quadrupole moment map– It is shown that the quadrupole moment
aperture can be used to study the amount of asymmetry of galaxy clusters and
to quantify the existence of filaments. Schneider & Bartelmann (1997) define the
n-th order aperture multiple moment as

Q (n) (θ0) =

∫ ∞

0
d2θ θnU ( |θ |)eniϕκ (θ0 + θ ) (4.35)

where U ( |θ |) is a radial weight function. One can assume a weight function that
vanishes outside of the aperture radius θmax as

U (θ ) =



1 −
(

θ
θmax

)2
, θ ≤ θmax

0, otherwise
(4.36)
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z = 0.128 z = 0.133

z = 0.312 z = 0.327

z = 0.339 z = 0.357
Figure 4.12: Quadrupole Moment maps of A226/228 field for different redshifts of

cluster lenses. The maps were computed on 200 × 200 points grid. The smoothing
scale for the maps has been set to σ = 2.38′.
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Figure 4.13: The representation of QTANH. It can be seen that QTANH is a reliable
approximation of QNFW which is a filter function based on the universal nfw profile
of halos.

and express the aperture moment in terms of observed galaxy shear by

Q (n) (θ0) =
1

n̄

N∑
i=1

eniϕi ×
[
θni U (θi )ϵti + i

θni [nU (θi ) + θU
′(θi )]

n
ϵ×i

]
, (4.37)

where n̄ is the number density of galaxies in the aperture. (θi ,ϕi ) are the polar
coordinates of the ith source with respect to θ0. U ′ is the derivative of the weight
function.

Figure (4.12) shows the signal-to-noise aperture quadrupole moment maps (note
that the map is not normalized) which are the weighted surface mass density
distributions in a circular aperture for different redshifts of lenses. The maps were
computed on 200 × 200 points grid, so each grid point is almost 11′′ × 11′′. Here,
the choice of the aperture size is very crucial, since a large aperture size can lead
to a confusion between a filamentary structure or close pairs of clusters. The filter
scale is chosen to be close to the κ-map filter size. The induced ellipticity by the
gravitational potentials of the clusters make the interpretation of the projected
mass difficult because it is not obvious that the extension of the projected mass
is due to a filament or clusters. Dietrich et al. (2005) show that the filamentary
structure detection becomes more prominent with increasing filter radius that has
been confirmed in our analysis as well.

The existence of a filament in the eastern and southern parts of A228 is illus-
trated in Figure (4.12) for cluster lenses at z ∼ 0.3. In particular, the filament
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structure in the middle extends from east to the west, where we have seen a peak
in the mass profile at the west side of A228 cluster, which is not related to any
aggregation of red galaxies. The peaks of quadrupole moment signals do not co-
incide with the peaks on the mass-reconstruction maps completely but they trace
the filamentary candidates.

However, Dolag et al. (2006) use the results of high resolution simulation. They
show that the detection of filament by just using weak lensing signal is very difficult
since the noise produced by a small subclump is larger than the strength of the
lensing signal of just a filamentary structure and moreover this method is not
immune from the contamination of large-scale structures along the line-of-sight.

The signal-to-noise map– The centers of the cluster halos and the significances
of cluster signal can be determined by using the S -statistics approach. The con-
tinuous formalism which is given in Equation (2.66) must be discretized for the
real data using 〈ϵ2

t 〉 =
1
2 |ϵ |

2 then we have

S (θc,θout) =

√
2

σe

∑
i ϵt,iQi(x )√∑

i Q
2
i (x )

(4.38)

where ϵt,i is the tangential component of the galaxy ellipticity at θi measured with
respect to the center and x = |θi−θc |/θout which is the projected angular separation
θi on the sky from the center and Qi is constant for each galaxy. Here θout is the
circular aperture radius and the filter function vanishes beyond this radius. By
varying θout for a fixed value of θc, the S value can be maximized. Keeping in
mind that different properties of a galaxy cluster can affect the height of the peak
in the signal-to-noise map such as the cluster mass and its redshift, as well as the
quality and depth of the observed data.

Assuming the azimuthally averaged shear pattern is generated by an nfw dens-
ity profile, Schirmer et al. (2007) introduce a simple filter function to detect halos,
given by

QTANH(x ) =
1

1 + e6−150x + e−47+50x

tanh(x/xc)

x/xc
(4.39)

where xc is the width of the filter (i.e. xc = 0.13). xc parameter is similar to the
nfw scale radius rs which is shown in Fig. (4.13). By choosing a low value for
xc, one puts more weight on smaller scales and it will be more sensitive to the
substructures or even noise. The first coefficient which is an independent function
of xc can exponentially smooth the edges.

One can plot the S -statistics for a given mass-concentration as a function of
aperture size which is called the S-profile. Due to the masking process in our field,
the number density of background objects changes inside an aperture and it might
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Figure 4.14: The left panel shows the variations of different signal-to-noise peaks of aperture mass statistics using Schirmer et al. (2007) filter as a
function of the upper limit cut of |eiso | in the shear catalogue. The upper limit for the most stable values of the absolute ellipticities of galaxies can be
fixed to max( |eiso |) = 0.99 with θout ∼ 1.6′ which yields higher values for the signal-to-noise peaks in particular, Smax = 4.48 for the highest peak in the
field. The right panel illustrates the variation of S -statistics peaks with different θout values. The values in the horizontal axis are given according to the
pixel size in the image. As it is shown θout ∼ 1.6′ can lead to optimal values for the all peaks which will have signal-to-noise greater than 3σ .
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Figure 4.15: The left panel shows the original S -statistics map of A226/A228 field where the contours display
locations of peaks with signal-to-noise values of greater than 3σ and increase by ∆S = 0.2 starting from S = 2.0.
The right panel depicts the results of 10000 bootstrap resampling of the shear catalogue of this field where in the
represented map just pixels that have pixel values greater than 3.0 has been chosen and then each of these pixels
are normalized to the number of resampling and all these values are added up and disply in the figure. The crosses
represents the positions of the peaks in the stacked resampled S -statistics maps. Magenta diamonds represent the
positions of bcgs which are determined by cluster red-sequence method.
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cause some unwanted effects in the signal-to-noise map. These effects on the S -
statistics map are negligible if the masking regions in the galaxy distribution are
small compared to aperture size. While they may not cause systematic effects,
since the decrement in the background galaxy number density just reduce the
significance of the peaks in these regions. However, if the mask region has a size
comparable to the aperture (almost 80% of the aperture size), we expect spurious
peaks in the S -statistics map close to the holes as well. The results for maximizing
different peaks in our S -statistics in order to get signal-to-noise values greater
than 3σ , are shown in Figure (4.14). Peaks in the S -map become optimised if
the conditions like max( |eiso |) = 0.99 are satisfied. The influence of different filter
scales on the signal-to-noise peaks has been depicted for cluster lenses at z = 0.128
in Figure 4.14.

In order to simulate the noise of two-dimensional mass reconstruction which is
mainly from the intrinsic ellipticity of the background galaxies and keeping the
underlying shear field intact, one can bootstrap the shear catalogue of background
galaxies. We generate new catalogues from the original one, by randomly selecting
galaxies from the background shear catalogue with the same number of objects
and allowing the reselection of the objects. We measure the 2D S -statistics maps
and repeat it many times. The combined results can be used to measure the mass
centroids of clusters.

If the S -statistics peaks are high enough in the original reconstruction, the
chance of relatively large changes in the positions of the significant peaks with
resampling will reduce. Except for one peak which has been discussed in the
previous section, the peak locations are correlated with the distribution of early
type galaxies which is in agreement with the assumption that galaxies as luminous
matters are tracers of dark matter distribution. The results of the positions of
the mass peaks for the various structures in 10000 bootstrap resampling shear
catalogue for sources of cluster lenses at z = 0.128 are shown in Figure 4.15.

4.2.7 Detection of a cluster and center determination

Weak lensing can be used to identify the central position of a dark matter dis-
tribution as well as the optically identified center, namely the brightest cluster
galaxy (bcg) and the X-ray center. However, obtaining the center from the peak
of the projected mass profile of a dark matter halo can be biased by the large-scale
structures along the line of sight. The mis-centering effect can be a major source of
noise and systematic uncertainty in the cluster mass measurements, stacking lens-
ing signals and degrade constraints on the concentration of mass profiles (Zitrin
et al., 2012; Oguri et al., 2010; George et al., 2012).

According to the galaxy formation models, the brightest or most massive early
type galaxy is placed at the center of each halo. It is assumed that central galaxies
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and brightest halo galaxies (bhgs) are the same objects, and they are at the center
of the halo’s potential well. This assumption is no longer valid if the clusters or
groups form from a merging process of halos, while the most massive dark matter
halo becomes the host halo and small halos merge into a larger one. It is shown that
the offset between the DM projected center and the bcg has a weak correlation
with the cluster redshift which is in agreement with the hierarchical growth of
structures but it can be explained with the merger, relaxation and evolution history
of galaxy clusters. Small halos experience stellar mass loss from tidal stripping and
eventually if they survive they exist as the halos of satellite galaxies.

4.2.7.1 Photometric Cluster Center Search

Theory– The cosmic web which is a large-scale distribution of baryons and dark
matter in the Universe interconnects isolated galaxies, groups and galaxy clusters
via filaments. In this network, filament-type superclusters are the largest relatively
isolated structures and they contain a few number of rich cluster-sized clumps and
many galaxies spread between the density concentrations where a large fraction
of galaxies are red and non-star-forming. The core region of supercluster has not
decoupled from Hubble flow yet, where subclumps might collapse and merge to
form virialised structures in the future (Einasto et al., 2014).

Clusters of galaxies trace the distribution of large high-density regions of the
Universe. In most surveys, there is a cluster detection algorithm which has been
examined on a set of realistic fiducial clusters of galaxies to measure the detection
rates of cluster as a function of parameters in the selection functions. Some meth-
ods such as matched-filter technique or x-ray observations can detect clusters but
they suffer from false cluster detection due to projection effects (Postman et al.,
1996).

It is observationally proved that a population of elliptical galaxies in rich clusters
lie along a line in color-magnitude plane with extremely small scatter. The tight
scatter in colour-magnitude relation can be interpreted that galaxies in this se-
quence are coeval where their formation age occurred at z ≥ 2.0 and evolved
passively after an initial starburst into massive, metal rich, old galaxies and they
have clustered at high redshift, even before S0 galaxies. Both types have a larger
population in regular and centrally concentrated clusters compared to spirals and
there is a radial population gradient toward the cluster center by increasing the
ratio of early-to-late type galaxies (Dressler et al., 1997). The bright end of the
cluster luminosity function is also dominated by ellipticals (Barger et al., 1998)
and they are the most observed galaxy type in a flux-limited survey.

The cluster-red-sequence method was suggested by Gladders & Yee (2000) to
detect clusters using data from two-band optical or near-IR images. The crs
algorithm is not sensitive to the projection effect, since it reduces fore- and back-
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Chapter 4 Weak Gravitational Lensing Study of the A226/A228 Super-Cluster field

ground contamination and provides an accurate redshift estimator for the cluster
by applying the filter pair which can sample the 4000 Å break at the cluster red-
shift.

The colors depend on age and metallicity. There is a tight correlation between
stellar mass and metallicity rather than an age in the chemical evolution of the
cluster elliptical galaxies. The red sequence is characterized by its scatter and its
slope. In the monolithic collapse scenario of the formation of elliptical galaxies at
high redshift, supernovae wind or stripping can remove the gas and metals and stop
star-formation faster in galaxies with shallower potential well which can explain
the presence of a slope in the red-sequence. Another way to describe the origin of
the slope is the so-called hierarchical clustering scenario. It suggests merging of
star-forming disk galaxies can cause formation of elliptical galaxies, where denser
regions collapse first (Gladders et al., 1998).

One can investigate the association of lensing mass peaks with the concentra-
tions of the early-type galaxies and carefully define the center of the cluster to avoid
introducing bias in cluster mass determination. Dietrich et al. (2012) examined dif-
ferent effects on the weak lensing peak-offsets using ray-tracing simulations through
the N -body simulation. They found that smoothing of the weak-lensing mass map
and shape noise can lead to centroid offsets. George et al. (2012) found by study-
ing through a sample of 129 x-ray selected galaxy groups in the COSMOS field
(with the halo masses range of 1013 − 1014M�) that the Brightest Cluster Galaxies
(bcg) is one of the best tracers of the halo center, which is in agreement with
galaxy formation and evolution models, where they assume that the most massive
or brightest galaxy resides at the bottom of the potential well of a cluster.

Einasto et al. (2012) studied the multimodality and substructures in groups and
clusters of galaxies in the main galaxy sample of sdss-dr8. They found that
even in multicomponent clusters if main galaxies are located far away from cluster
center, the main galaxies are resided close to the center of one of the cluster
components. They also examined the distribution of the distances of the three
brightest galaxies from the cluster center in clusters without substructures. They
show that the central galaxy is typically one of the most brightest galaxies and
more than a half of cases it is the most luminous one.

De Lucia & Blaizot (2007) studied the formation of bcgs using semi-analytic
techniques. They found that stars in bcgs are formed at z ≥ 3, in small galaxies
which subsequently merge. Until z ∼ 0.5 half of final stellar mass is locked up in the
largest progenitor galaxy. Hence, the colour evolution of bcg is congruous with
a passively evolving stellar population that formed at high redshift (zf = 2 − 5).
The photometric evolution of stellar populations of the cluster red sequence (crs)
has been modeled and the observational behavior of the color-magnitude relation
can be explained by these models in terms of metallicity and passive evolution,
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4.3 Cluster Mass Measurement

therefore it makes the photometric redshift measurement of the red-sequence more
likely to be precise. In this study we apply crs method and determines bcgs as
the candidates for the center of halos.

Implementation– Object detection and photometry was performed by SEx-
tractor (Bertin & Arnouts, 1996). The magnitudes of objects were corrected for
Galactic dust extinction using Schlegel, Finkbeiner & Davis (1998) map. Fig-
ure 4.16 shows an example of how we detect a cluster red-sequence within a circle
with radius of an arcminute near the S -statistics peaks. We target these galax-
ies with a combination of filters that captures their Ca ii H&K lines and 4000Å.
We apply similar method as Song et al. (2012) by employing the single-stellar-
population of Maraston (2005) (M05) to transform the position of the red-sequence
overdensity in the color-magnitude diagram to a redshift estimate using EzGal8

code.
We assume a single burst of star-formation at z f = 3.0 for the population of

red galaxies in the model. We use a model with Salpeter initial mass function
and metallicity of Z = 0.02. The red-sequence model can describe the bright end
of cluster red-sequence and this model can photometrically be calibrated for the
COMBO-17 survey using k -corrected magnitude M∗B − 5 logh = 19.97 from Phleps
et al. (2007). The existence of a cluster can be confirmed by distinguishing an
overdensity of galaxies in the color-magnitude diagram, where its position in this
plane is reproduced by M05 model which is shown with star symbols and color
coded as a function of redshift in Figure 4.16. The cluster photometric redshift can
be determined based on χ2-fit to the galaxies which are two magnitudes dimmer
than the calculated magnitude for the red-sequence by model.

A red brightest cluster galaxy (rbcg) is defined as the brightest galaxy in the
cluster red-sequence galaxies. The measured redshift using crs method and are
reported in Table 4.4. We will use the position of the clusters bcg for the cluster
mass measurement as the center of halo. For clusters with z ∼ 0.13 we are able to
extract cluster redshift by using B−I color with less uncertainties from M05 model,
since the model has steeper slope in this color-magnitude plane. The largest bias
between the redshift measured by red-sequence and photometric redshift where
∆z = zphot-zcrs have value of 0.053 for clusters in A226/228 field with z ∼ 0.13.
However, in this study we rely on photometric redshifts measured by using the
photometry from seventeen filters data.

4.3 Cluster Mass Measurement

In order to determine the cluster mass using image distortions of background
galaxies, we assume that the ellipticity of a galaxy, after being corrected for PSF

8http://www.baryons.org/ezgal/
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Table 4.4: The positions and magnitudes of rbcgs in V or B and I bands are
given. Moreover, cluster redshifts are determined using crs method in the field of
A226/A228. The photometric redshifts of the rbcgs are measured using data from
seventeen optical bands of the COMBO-17 survey.

R.A.(deg) Decl.(deg) V Verr B Berr I Ierr V − I (V − I )err B − I (B − I )err photo z zcrs
24.9786 -10.3452 17.5376 0.0008 . . . . . . 16.0325 0.0010 1.5051 0.0013 . . . . . . 0.130 0.13
24.9568 -10.3466 19.6380 0.0036 . . . . . . 17.5409 0.0030 2.0971 0.0047 . . . . . . 0.312 0.27
24.6825 -10.2879 19.8462 0.0032 . . . . . . 17.6341 0.0023 2.2121 0.0039 . . . . . . 0.327 0.29
24.8219 -10.2715 19.6908 0.0043 . . . . . . 17.6451 0.0039 2.0457 0.0058 . . . . . . 0.322 0.28
24.7581 -10.2948 19.5708 0.0040 . . . . . . 17.4082 0.0030 2.1626 0.0050 . . . . . . 0.327 0.29
25.0595 -10.3107 20.7387 0.0074 . . . . . . 18.3334 0.0042 2.4053 0.0085 . . . . . . 0.381 0.36
25.0888 -10.3055 20.5095 0.0063 . . . . . . 18.1145 0.0037 2.395 0.0073 . . . . . . 0.357 0.36
24.9547 -10.2763 20.741 0.00742 . . . . . . 18.3256 0.0043 2.4154 0.0086 . . . . . . 0.386 0.35
24.7097 -10.3088 . . . . . . 17.3654 0.0012 14.8529 0.0007 . . . . . . 2.5125 0.0014 0.133 0.08
24.661 -10.0999 20.2352 0.0067 . . . . . . 17.9227 0.0042 2.3125 0.0079 . . . . . . 0.354 0.31
24.7905 -10.0791 . . . . . . 16.8302 0.0008 14.3468 0.0005 . . . . . . 2.4834 0.0009 0.128 0.08
24.7659 -9.95611 . . . . . . 20.0062 0.0044 16.7068 0.0015 . . . . . . 3.2994 0.0047 0.339 . . .
24.7462 -9.93703 . . . . . . 21.6129 0.0127 17.879 0.0028 . . . . . . 3.7339 0.0130 0.479 0.46
24.6819 -9.97604 20.6615 0.0052 . . . . . . 18.4098 0.0037 2.2517 0.0064 . . . . . . 0.325 0.32

effect, is a noisy estimate of the reduced shear of a galaxy, д, at galaxy position.
The reduced shear can be expressed as

д(θ ) =
βs(z)γ∞(θ )

1 − βs(z)κ∞(θ )
, (4.40)

where θ is the source position relative to the center of a massive galaxy cluster and
γ∞ and κ∞ are the shear and convergence induced by the gravitational potential
of lens for a lensed source at infinite redshift. The signal from lensing depends on
the redshifts of background galaxies through a distance ratio βs(z)

βs =
Dls

Ds

D∞
Dl,∞
, (4.41)

where βs as an angular-diameter distance ratio is a measure of how the amplitude
of lensing signal associated with the redshifts of the population of source galaxies.
Dls is the proper angular-diameter distance between the lens and the source, Dl,∞

is the corresponding distance between the lens and a source at infinity, and Ds

and D∞ are the distance from an observer to a source at z and infinite redshift,
respectively.

We present the total masses of clusters with a spherical Navarro-Frenk-White
(NFW) halo model (Navarro et al., 1997) to break mass-sheet degeneracy which is
due to nonlocal relation between observable distortion, д, and underlying conver-
gence, κ. Moreover, simulations and weak lensing measurements confirmed that
the average profile of dark matter halos is consistent with NFW profile (Mandel-
baum et al., 2006).

144



4.3 Cluster Mass Measurement

4.3.1 The NFW profile

The NFW density profile is defined as

ρ (r ) =
δcρc

(r/rs) (1 + r/rs)2
, (4.42)

where rs = r200/c is the scale radius of the profile, δc is a characteristic halo
overdensity which can be expressed in terms of concentration parameter c as

δc =
200

3

c3

ln(1 + c ) − c/(c + 1)
, (4.43)

and ρc = 3H2(z)/(8πG ) is the critical density of the universe at the redshift of
halo, z. The virial radius is defined as r200 and it is the radius within which the
mean mass density of the halo is equal to 200 times the critical mass density in
the universe, meaning that

M200 =
4π

3
200ρcr

3
200. (4.44)

Cosmological N -body simulations show that the concentrations of dark matter
halo has a power-law relation with halo mass and it is proportional to (1 + z)−1.
Different studies have suggested different fitting function to describe the relation
c (M ,z) (Bullockr et al., 2001; Duffy et al., 2008; Klypin et al., 2011). I will discuss
the assumption which considered in this study about concentration-mass (c −M)
relation of halos further in this chapter.

Wright & Brainerd (2000) calculated the mathematical formalisms for the local
value of convergence of the NFW profile as

κnfw(x ) =




2rs δc ρc
Σc (x2−1)

[
1 − 2√

1−x2
arctanh

√
1−x
1+x

]
, x < 0.

2rs δc ρc
3Σc

, x = 0.
2rs δc ρc
Σc (x2−1)

[
1 − 2√

x2−1
arctan

√
x−1
1+x

]
, x > 0

(4.45)
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and the radial dependence of gravitational shear which is given by

γnfw(x ) =




4rs δc ρc
Σc

[
2 arctanh

√
(1−x )/(1+x )

x2
√

1−x2
+ 1

x2
ln

(
x
2

)
− 1

2(x2−1)
+

arctanh
√

(1−x )/(1+x )

(x2−1) (1−x2)1/2

]
, x < 0.

2rs δc ρc
Σc

[
5
3 + 2 ln

(
1
2

)]
, x = 0.

4rs δc ρc
Σc

[
2 arctan

√
(x−1)/(1+x )

x2
√
x2−1

+ 1
x2

ln
(
x
2

)
− 1

2(x2−1)
+

arctan
√

(x−1)/(1+x )

(x2−1)3/2

]
, x > 0

(4.46)

where Σc is the critical surface mass density

Σc ≡=
c2

4πG

Ds

DdDds
, (4.47)

c is the light velocity and x = R/rs is a dimensionless radial distance where R =
Dd(θ

2
1 + θ

2
2 )

1/2 is the projected radius measured from the center of halo.

Due to existence of multiple clusters in the field of this study, we use a multiple-
object model, assuming that the clusters are spatially well-separated. We perform
fitting with leaving the virial mass, M200 as free parameter in the NFW density
profile. Moreover, in the employed spherical NFW halo model, the concentration
parameter C is considered as another free parameter. The free parameters can
be determined with the best fit of the model to the Nγ observed background
ellipticities where galaxy i has ellipticity ei at position θi. The set of parameters
Π in the model can be obtained by minimizing the shear log-likelihood function
which has been introduced by Schneider et al. (2000) as

lγ = −

Nγ∑
i=1

lnpe (ei |д(θi),Π), (4.48)

where the lensed ellipticity probability distribution is defined as

pe = pes
����
d2es

d2e

����, (4.49)

and pes is the probability of unlensed source galaxies. The image ellipticity is given
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4.3 Cluster Mass Measurement

Table 4.5: The input information related to a simulated shear field contains three
clusters.

Halo Parameters of halos

Xh Yh zh M200 c
1014h−1M�

1 180 196 0.15 3.5811 7.3216
2 275 375 0.13 2.4768 7.7368
3 380 245 0.21 8.3444 6.3834

by

e =
es + д

1 + д∗es
, (4.50)

where es is an intrinsic source ellipticity of a galaxy. The simplified log-likelihood
function for shear becomes

lγ =

Nγ∑
i=1

[
2 lnσ [д(θi)] +

|ei − д(θi=1) |
2

σ2[д(θi)]

]
, (4.51)

hence the best-fitting values for the free-parameters of д which is calculated by
Equation (4.40) can be obtained by minimizing lγ . We demonstrate with simu-
laions how well we are able to recover free parameters of multicluster model.

4.3.2 Simulations

We simulated a multi-cluster field with galaxy number denisty of nγ = 20 arcmin−2

which is a typical number density for the ground-base observations. The width of
field is considered to be 35′ and contains 512×512 pixels. The galaxies are located
randomly in the field with their shapes drawn from a Gaussian distribution with
an intrinsic dispersion of σint = 0.1, for galaxy shapes.

Each galaxy has a redshift which follows a probability distribution suggested
by Van Waerbeke et al. (2001)

p (z) =
ξ

zs Γ(
1+α
ξ )

( z
zs

)α
exp

[
−

( z
zs

)ξ ]
(4.52)

with α = 2, ξ = 1 and zs = 1/3. We assume that all the simulated clusters have
NFW density profile. Information about the characteristics of three clusters are
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given in Table 4.5.

The concentration parameter of a halo depends on its mass and it evolves with
redshift. Hence we apply the mass-concentration relation for the cluster halos in
our simulated field, which is suggested by Dolag et al. (2004) for the standard
ΛCDM model

c (M ,z) =
c0

(1 + z)

( M

1014h−1M�

)α
, (4.53)

where the constant factor c0 is 9.59 and the exponent is equal to α = −0.102.

We also generate for each object in the simulated catalogue a posterior redshift
distribution. We assume the redshift probability distribution can be a Cauchy
distribution where its location parameter is the assigned redshift to the galaxy and
the scale parameter which specifies the half-width at half-maximum, has smaller
values for objects with z < 0.6 and higher values for high-redshift galaxies.

4.3.2.1 Mass Estimates by Bootstrapping

One can draw different galaxy samples from the simulated clusters field and estim-
ate the free parameters of clusters using bootstrap statistics. for each realization,
we fit the shear field for mass and concentration of a halo by minimizing

χ2 =

N∑
i

(〈дt〉 − д
model(M ,c ))2

σ2
i

(4.54)

where the average tangential shear is measured in 20 bins extending the range
of 1′ to 12′ for each cluster from its center. Then after obtaining best-fit values
for parameters of the model, we subtract the effect of the cluster shear from each
source galaxy shape and try to repeat the calculation for the next cluster. In
addition, assuming that all source galaxies are placed in a single plane, it introduces
biases in the measurement of reduced shear, because in reality galaxies have a
broad distribution in redshift. Seitz & Schneider (1997) use the following first
order approximation

дmodel

дt
= 1 +

(
〈β2〉

〈β〉2
− 1

)
κ∞, (4.55)

where д = (βγ∞)/(1 − βκ∞) is the reduced shear (Jee et al., 2005). We generate
30000 bootstrap resampled weak lensing catalogues to estimate how cluster masses
and concentrations derived by such shear profile fitting can be biased. We use
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Figure 4.17: The results of mass and concentration determination with bootstrap method for a simulated multi-cluster field. The solid lines show the
input values for the mass and concentration. The blue dashed lines show 95 per cent confidence interval and the green dashed line represent the 1-σ
confidence intervals. The contours are obtained from fitting a two-dimensional Gaussian-kernel density to the results of bootstrapping method.
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Halo M200(1014 h−1M�) C

1 2.956+0.310
−0.381 6.836+0.936

−1.399

2 1.655+0.310
−0.222 5.300+0.8382

−1.348

3 8.014+0.578
−0.758 4.940+0.490

−0.671

Table 4.6: The two columns list the 68% confidence intervals on the model parameters
for the three simulated clusters using bootstrapping approach. The reported masses
and concentrations are calculated from the mean of the probability distributions.

lmfit9 which is a non-linear minimization package in python to determine the free
parameters of NFW profiles for each simulated cluster.

The results of χ2-fitting to different bootstrap resampled shear catalogues for
a simulated field which contains three cluster is presented in Figure (4.17) and
Table 4.6. The figures depict the 1- and 2-σ (68 and 95 percent) M200−C confidence
intervals and contour regions for each simulated cluster in the mock weak lensing
data. We can conclude that this method can introduce biases in both mass and
concentration estimates of clusters. However, the cluster mass determination is
more accurate in 1-σ confidence interval for very massive cluster of galaxies. In
this study, we will apply a Bayesian Markov Chain Monte Carlo (MCMC) method
for fitting NFW models to weak lensing data of a multi-cluster field but again we
will examine the performance of our method on the simulation data.

4.3.2.2 MCMC fitting method

The Bayesian approach has a preference over regression methods when the data by
themselves do not sufficiently constrain the model. The models’ degeneracies will
reduce by using a prior knowledge about the parameter Probability Density Func-
tion. The Bayesian technique is well-suited to the cluster weak-lensing analysis,
given a few constraints generally available to optimize models for a multi-cluster
field (Jullo et al., 2007). We employ a Bayesian Markov Chain Monte Carlo method
to fit both halo masses and concentrations for different cluster halos simultaneously
to weak lensing data since MCMC method demonstrates unique performance on
highly degenerate fitting problems. This method provides parameter uncertain-
ties and examines their correlation robustly. Mostly MCMC approaches require
careful choices of the proposal distributions in order to sample efficiently posterior
probability distributions of free parameters.

9http://cars9.uchicago.edu/software/python/lmfit/
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4.3 Cluster Mass Measurement

Bayes’ theory states that

P(Θ|D,H ) =
P(D |Θ,H )P(Θ|H )

P(D |H )
, (4.56)

where P(Θ|D,H ) is the posterior probability distribution of a parameter Θ in a
given model H and P(D |Θ,H ) ≡ L (Θ) is the likelihood of data given the paramet-
ers in the model. P(Θ|H ) is the prior probability distribution for free-parameters
of model, and eventually P(D |H ) is the Bayesian evidence. The Bayesian evidence
is also called the marginalized likelihood and it can be used to compare different
models by assigning relative probabilities to them (Feroz et al., 2009). The calcu-
lation of evidence is computationally expensive and unnecessary for exploring the
posterior probability distribution.

We define the likelihood function for our Bayesian weak lensing analysis based
on Equation (4.48) where Θ is a two-element vector for each cluster (M200 and c).
The scatter in the likelihood function originates from distribution of the intrinsic
galaxy shapes. Another source of scatter comes from the fact that the assumed
model can not describe the halo density profile completely. The uncertainties in
the redshifts can induce more scatter to the likelihood.

The redshift information for each lensed source has been acquired by photo-
metry in seventeen-bands of COMBO-17 survey. We use the posterior probability
distribution P(z) returned by the photo-z code to calculate the lensing efficiency
βs for each galaxy. We compute βs as

βs = max
[
0,
Dls

Ds

D∞
Dl,∞

]
, (4.57)

since galaxies in front of the lens do not contribute to the lensing signal, so we
assign zero to βs for foreground galaxies. The posterior distribution of galaxy
redshift comprises the systematic uncertainties in the redshift estimation. In par-
ticular, it aids to include the uncertainty due to multiple redshift solutions from
observed colors of a galaxy. We include the effect of redshift in the measurement
of shear by treating it as a nuisance parameter since we have prior information
about it and we are not interested in determining its value from the model but
its value will modify the distribution of our observed shear. From the Bayesian
point of view, one can eliminate z by integrating out z from the likelihood func-
tion. The posterior probability distribution for the masses and concentrations of
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a multi-cluster field after Bayesian elimination of z is given as

P(Mj,Cj |дi) ∝ P(Mj,Cj)P(дi |Mj,Cj)

= P(Mj,Cj)

∫ ∞

0
P(дi |д

model(Mj,Cj,z))Pi(z)dz,

j = 1, · · · ,Nclust

(4.58)

where д is the reduce shear and P(дi |д
model(Mj,Cj,z)) is the likelihood function

of the data given the model parameters where we consider all the masses and
concentrations of the clusters as free parameters of the model. P(Mj,Cj) is the prior
probability distribution for the free-parameters of model. By marginalizing over
Pi(z) of each galaxy, we compare the measured reduced shear of each background
galaxy with the computed reduced shear from the NFW model that has been
weighted by the posterior probability of its redshift (Applegate et al., 2014).

Due to the underconstrained the dark matter profile, the choice of appropriate
priors is very crucial but it is not universal. We adopt a spherical NFW model for
clusters and consider a log-normal prior on the lensing halo mass

P(log10 M200) =
1

σM200

√
2π

exp
[
−

(
log10 M200 − log10 µ

)2

2σ2
M200

]
, (4.59)

where µ and σM200 are equal to 1014 and 0.5, respectively.

A loose mass-concentration prior can incorporate the results which has been
obtained by dark matter N -body simulations. Neto et al. (2007) show that at
given halo mass, concentrations follow a log-normal distribution using the simu-
lated clusters and groups in the Millennium Simulation. The log-normal is a good
approximation for the concentration distribution of relaxed systems. However for
unrelaxed halos, it still can be a decent approximation but with smaller mean and
larger dispersion. The concentration prior is given by

P(logC ) =
1

σc
√

2π
exp

[
−

1

2

( logC − 〈logC〉

σc

)2]
, (4.60)

here 〈logC〉 is estimated with Equation (4.53) for a measured mass and σc is equal
to 0.09 for halo masses less than 1015M� and 0.06 otherwise (Corless, King &
Clowe, 2009).

We use Markov Chain Monte Carlo to sample the posterior probability distribu-
tions with the affine-invariant ensemble sampler proposed by Goodman & Weare
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Figure 4.18: The full posterior probability distribution for a multi-cluster fit to weak lensing simulated data. The bottom panels
represent the convergence process of each chain.
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Figure 4.19: 2D posterior distributions in the M200−C plane from the MCMC method
on the simulated multi-cluster field: The red solid-lines show the input values in the
simulation. The blue solid-lines are the mean of the posterior distributions and the
dashed-lines represent the 1-σ confidence intervals.
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4.3 Cluster Mass Measurement

Halo log10 M200(h−1M�) log10 M
true
200 C

1 14.347+0.039
−0.042 14.554 7.443+0.541

−0.510

2 14.080+0.054
−0.056 14.394 7.870+0.660

−0.630

3 14.770+0.027
−0.027 14.921 6.211+0.455

−0.409

Table 4.7: The measured masses and concentrations are computed using the MCMC
method. The reported values are from the median of the posterior probability distri-
butions after discarding first nburn = 100 resampling, while the errors come from the
68% confidence intervals.

(2010) and implemented in python in the emcee10 library. This approach will aid
to propagate errors on the ellipticity into uncertainties on the filament mass meas-
urements and explore the parameter space with their posterior probability density
functions. The results of the posterior distributions for the free-parameters of the
model are presented in Figures 4.18 and 4.19 and Table 4.7. The estimated masses
of clusters are biased, but the uncertainties in the measured values are small. On
the other hand, true values of concentration parameters are in the 1-σ confidence
interval of calculated values by the MCMC method.

4.3.3 Mass-Concentration Measurement Results In
A226/A228 Field

In this section we finally report the measurements of masses and concentrations
for the clusters in our field of weak-lensing study. We assume that a spherical
NFW profile can be an acceptable fit to the cluster halo. We take into account the
effect of different Mass priors on the mass-concentration measurements. The mass
function fit to the results of the numerical simulations in CDM-like theories has
been achieved by Press & Schechter (1974) (PS) which can predict the number of
clusters with the given mass M exist at redshift z. The differential number density
of dark matter halos as a function of mass and redshift is given by

dn(M ,z)

dM
=

√
2

π

ρ̄

M2

ρc
σM (z)

����
d logσM (z)

d logM

���� exp
(
−

δ2
c

2σM (z)2

)
, (4.61)

where σ2 is the variance of the density field smoothed with a top hat filter on scales
encloses mass M at mean density ρ̄ and the spherical collapse linear overdensity δc
is 1.69. This prior has a tendency toward lower mass halos as seen in the results
of this field given in Table (4.8). We set a lower limit of 1013M�h

−1 for the masses
of halos in the PS prior. We also consider a flat prior where the halo mass can

10http://dan.iel.fm/emcee/current/
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Table 4.8: The results for lensing masses and concentrations of clusters from MCMC
method in the field of A226/A228 using three types of priors namely flat, lognormal
and Press-Schechter halo mass function (HMF). The errors in the estimated para-
meters are 68% confidence intervals while the reported masses and concentrations are
obtained from peaks of a two-dimensional binning process in their parameter spaces.

α(deg) δ (deg) zphot prior log10 M200 c
24.9786 -10.3452 0.130 flat 13.800+0.221

−0.466 7.168+1.709
−0.223

lognormal 13.692+0.193
−0.597 7.842+1.555

−0.347

HMF 13.641+0.257
−0.389 7.827+1.123

−0.621

24.9568 -10.3466 0.312 flat 14.380+0.159
−0.988 5.990+1.882

−0.168

lognormal 14.345+0.202
−0.748 6.171+1.733

−0.231

HMF 14.005+0.375
−0.538 6.518+1.337

−0.470

24.6825 -10.2879 0.327 flat 14.316+0.202
−1.141 6.296+1.038

−0.300

lognormal 14.460+0.087
−1.017 5.992+1.700

−0.247

HMF 14.298+0.153
−0.713 6.138+1.521

−0.284

24.8219 -10.2715 0.322 flat 13.799+0.276
−0.819 6.756+1.656

−0.399

lognormal 13.704+0.364
−0.638 7.089+1.515

−0.620

HMF 13.832+0.277
−0.529 6.824+1.169

−0.599

24.7581 -10.2948 0.327 flat 14.135+0.267
−0.944 6.297+1.676

−0.405

lognormal 14.011+0.355
−0.716 6.668+1.474

−0.572

HMF 13.795+0.418
−0.485 7.160+1.352

−0.695

25.0595 -10.3107 0.381 flat 13.791+0.217
−0.864 6.639+1.593

−0.444

lognormal 13.427+0.542
−0.476 6.854+1.333

−0.644

HMF 13.762+0.325
−0.463 6.320+1.135

−0.554

25.0888 -10.3055 0.357 flat 14.531+0.109
−1.126 5.857+1.937

−0.201

lognormal 14.414+0.203
−1.018 5.849+1.920

−0.188

HMF 14.077+0.371
−0.624 6.337+1.282

−0.529

24.9547 -10.2763 0.386 flat 14.262+0.174
−0.837 5.940+1.474

−0.306

lognormal 14.030+0.251
−0.934 6.427+2.009

−0.311

HMF 13.867+0.384
−0.484 6.996+0.801

−0.965

24.7097 -10.3088 0.133 flat 14.080+0.183
−0.619 7.312+1.511

−0.362

lognormal 13.903+0.313
−0.484 7.846+1.249

−0.641

HMF 13.984+0.254
−0.420 7.134+1.271

−0.462

24.6610 -10.0999 0.354 flat 14.267+0.317
−0.421 6.201+1.247

−0.058

lognormal 14.301+0.127
−0.846 6.139+1.454

−0.354

HMF 14.103+0.156
−0.716 6.145+1.767

−0.020

24.7905 -10.0791 0.128 flat 14.259+0.099
−0.692 7.191+1.504

−0.401

lognormal 14.151+0.177
−0.608 7.529+1.366

−0.479

HMF 14.096+0.175
−0.513 7.010+1.395

−0.317

24.7659 -9.95611 0.339 flat 14.849+0.124
−0.530 5.624+1.386

−0.267

lognormal 14.834+0.134
−0.366 5.349+1.070

−0.212

HMF 14.597+0.208
−0.648 5.569+1.307

−0.221

24.7462 -9.93703 0.479 flat 14.396+0.300
−0.997 5.584+1.492

−0.471

lognormal 14.483+0.300
−0.528 5.347+1.052

−0.387

HMF 13.933+0.405
−0.605 6.398+1.243

−0.625

24.6819 -9.97604 0.325 flat 13.609+0.258
−0.655 6.701+1.294

−0.529

lognormal 13.036+0.613
−0.302 8.413+0.806

−1.229

HMF 13.582+0.294
−0.384 6.828+1.186

−0.487

change in the range of 12.5 < log10 M200 < 16 as well as a log-normal prior which is
defined in Equation (4.59) with assuming σ = 1 in order to estimate the posterior
probabilities of masses.

In order to prevent any uncertainties due to the cluster redshift, we consider the
cluster redshift as the photometric redshift of bcg plus 0.05 which is more than the
amount of scatter in the redshift estimates of COMBO-17 survey. We also include
the shear calibration factor, f0 = 1/0.91 which is an empirical correction to the
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z = 0.130 z = 0.312

z = 0.327 z = 0.322

z = 0.327 z = 0.381
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z = 0.357 z = 0.386

z = 0.133 z = 0.354

z = 0.128 z = 0.339
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4.3 Cluster Mass Measurement

z = 0.479 z = 0.325
Figure 4.22: The 2D marginalized confidence contours in the Conc − logM200 planes

of cluster lenses at different redshifts in the A226/228 field. The blue contours show
the confidence regions of the flat prior, while the green contours belong to the confid-
ence regions of the log-normal prior and finally the red ones depict 2D marginalized
posterior probability distributions computed for the halo mass function prior. The
top and right panels in each figure give the corresponding 1D marginalized probability
distributions for two free parameters of each cluster.
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galaxy shear measured by the KSB method. We choose the bcg centers for the
MCMC analysis which are reported in Table 4.4. In the process of multi-cluster
model-fitting, we measure the weighted tangential shear of each galaxy without
discarding any object based on its distance from the cluster centers because the
photometric redshift information prevents the contamination of foreground with
background galaxies and dilution of weak-lensing signal.

The potential sources of uncertainties on the mass-concentration of each indi-
vidual cluster such as the line-of-sight structures, triaxiality, mis-centering and
correlated structure are not considered in the measurement of confidence inter-
vals. We set nw = 1000 initial guesses of the model’s free parameters as number
of walkers, where a set of initial walker locations is generated in a ball around
the initial guesses and then we resample our MCMC chains N = 1200 times. We
also discard guesses up to 400 of our initial steps as burn-in steps. The resulting
parameter constrains are displayed in Figure (Figures 4.22 and 4.23) and reported
in Table 4.8. As it shown in Figure (4.23), there is a no correlation between the
parameters of different halos in the field, and each set of M200−C parameters for
a cluster behaves independently from the other cluster. As we would expect, the
only correlation exists between two parameters of one single halo. In many cases
the flat prior causes in broadening of posterior distributions. In the Table 4.8 the
masses and concentrations are obtained from the highest peak of two-dimensional
histogram in the 2D marginalized posterior distributions. The logM200 −C plane
is binned to 50×50. The dashed lines in 1D marginalized probability distributions
of Figure (4.22) show the one-σ confidence levels.

The most massive structure in the A226/A228 field which corresponds to the
highest peak in the S -statistics map has M200 = 7.069 × 1014h−1M� and C = 5.624
(flat prior results). While the halo with the lowest mass, M200 = 4.066×1013h−1M�,
is located at d = 5.1′ to the right of the highest halo mass in this field.

The Abell 228 in the field has the mass-concentration of M200 = 1.815×1014h−1M�
and C = 7.191, respectively. Another low mass halo that corresponds to a group
of galaxies with M200 = 6.317 × 1013h−1M�, is at z = 0.13 and placed just at
the distance of d ∼ 1.3′ from a cluster at redshift z ∼ 0.3 with the mass of
M200 = 2.401 × 1014h−1M�. Although two halos are very close in the plane of
sky but they are at different redshift with ∆z = 0.18, so they are two separated
halos that just located close in the line-of-sight and no merger activity would
happen between them but their shear fields affect each other.

There are three galaxy clusters which are located in the south of A228. Two
of these clusters have photometric redshifts of z = 0.327 and the other has z =
0.322 at their left. They constitute a filamentary structure with masses of M200 =

2.072× 1014h−1M�, M200 = 6.303× 1013h−1M� and M200 = 1.364× 1014h−1M�. The
sky separation of two furthermost ones is d = 8.288′. There is another cluster
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at z ∼ 0.13 in the south of this filamentary structure with a mass of M200 =

1.202 × 1013h−1M� and its separation on the sky is 2.037′ from the closest cluster
in the aforementioned filament.

Another candidate for the filament is in the south west of the field. Again three
clusters are detected by red-sequence method that are located in this region. Two
clusters are in z = 0.381 and z = 0.386 with their masses are M200 = 6.187 ×
1013h−1M� and M200 = 1.830 × 1014h−1M�, respectively. The distance between
them is about ∼ 6.5′ on the sky. While just in the west of cluster, there is another
lower redshift cluster at z = 0.357 and M200 = 3.394 × 1014h−1M� with a sky
separation of ∆θ = 1.76′ from the closet pairs.

4.3.4 Conclusions and Outlook

In the weak lensing study of A228/A226 field, the background galaxies are se-
lected based on the reliable photometric redshift information from observations
of the COMBO-17 survey. We have found the mass bridge between the clusters
in the filaments on the mass reconstruction, the aperture mass and the quad-
rupole moments maps. Using deep R-band observations made with Wide Field
Imager at the ESO/MPG 2.2 telescope, we were able to detect lensing signals
from a filamentary structure between the cluster GMBCG J024.82191-10.27153,
GMBCG J024.75811-10.29484 and WHL J013843.7-101728 (from left to right)
at z ∼ 0.32 and another filament at z ∼ 0.38 between three clusters GMBCG
J025.09408-10.29207, GMBCG J025.05955-10.31071 and WHL J013949.1-101634.
The cluster WHL J013903.8-095721 at redshift z = 0.339 and the galaxy group
WHL J013843.6-095833 at z = 0.325 are another candidate for a filamentary struc-
ture in the field. They are located at the northern part of the field and by assuming
that the NFW model can describe the tangential shear profiles of the clusters, they
have masses M200 = 7.069×1014h−1M� and M200 = 4.066×1013h−1M�, respectively.

We have detected a significant peak in the convergence map without an optical
counterpart which can be either a candidate for a dark clump or can be an ar-
tifact of the accidental tangential alignment of background objects. However, in
the convergence maps of the background galaxies at z > 0.3, we can see a clear
bridge between this peak and the cluster GMBCG J024.66555-10.09810 peak at
the eastern part of the image. This evidence makes the possibility of the presence
of a filament in this region more likely.

Our MCMC results of NFW fit infers the correlation between the concentra-
tion parameter and the mass of dark matter halos, which is referred to as the
mass-concentration relation. The measured mass and concentration parameters
for the clusters and groups in the field show that the cluster-sized halos are less
concentrated than group-sized systems.

We are going to pursue the following tasks: First, we will re-run the analysis
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Figure 4.23: The full posterior probability distribution for M200 and C values with a
multi-cluster fit to weak-lensing data of A226/A228 field.
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for the convergence and the aperture quadrupole moment maps on an N -body
simulation of cluster-filament structures which could mimic the properties of our
observation as closely as possible, thus we could achieve a reliable constrains for
the detection of a filament.

Second, we can characterize the filament surface density profile by a King pro-
file (Colberg, Krughoff & Connolly, 2005)

κ (h) =
κ0

1 +
(
h
hc

)2
, (4.62)

where κ0 is the amplitude of the filament model, hc is the core radius of profile
and h is the perpendicular distance from the center of filament. One can assume
that filament has a finite width and its matter distribution does not vary along
its major axis due to the symmetry, where the gravitational potential is constant
along this axis. In this case, we have γ1 = κ and γ2 = 0. We can use all galaxies
which are at a distance greater than two r200 away from the cluster cores and
employ the MCMC technique to estimate the free parameters of the fit.

A possible complementary work in this field is to investigate the existence of
the filamentary structures and clusters with other probes such as a high resolu-
tion X-ray observation and detect the low-density plasma resided throughout the
filaments. One can also compare the mass and concentration of clusters by weak
lensing results reported in this study with mass measurements of the field with
X-ray. Since the detection of a filament has low significance it can be caused by
artifacts such as a gap between two chips of a camera (Gray et al., 2002). Using
a high-quality space-based observation can confirm the results in this work and it
can also clear up the nature of this mass concentration seen in the κ-map and the
S -map which is placed in the middle western part of the image and it is in the
vicinity of two mask regions.
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Chapter 5

Summary

In this study, we first develop a novel method to adjust the instrumental colours of
stars with the universal stellar colour-colour locus. Using the Softassign Procrustes
Matching method (SPM), we achieve an accurate photometry for the Abell 226,
Abell 228 field of the COMBO-17 survey. The COMBO-17 survey was designed
to provide a sample of galaxies with accurate photometric redshifts based on sev-
enteen colours. The goal of this survey was to convert the optical observations in
17 filters into a very low-resolution spectrum. We modify HOTPANTS, which is
initially proposed to photometrically align one input image with another, to obtain
a uniform photometry across each filter image. Finally, we apply a Bayesian pho-
tometric redshift estimation approach to calculate redshift posterior probability
distributions for galaxies in this field.

We use the deep R-band observations for the lensing analysis in the Abell
226/228 field. We employ the ”TS” KSB shape measurement method to measure
the weak gravitational shears of background galaxies. We apply different diagnostic
tests to control the systematic errors in the shape measurement. We employ the
results from our precise photometric redshift estimations to separate foreground
and background galaxies of each cluster lens. After applying different cuts on the
lensing catalogue to optimize the weak lensing signal, we reconstruct different maps
of the dark matter distribution such as κ-maps, an aperture mass map, quadrupole
moments maps and a S -map to infer the presence of filamentary structures and
different clusters in this field. We identify at least three filamentary structures in
the Abell 226/228 field at 0.3 < z < 0.4. We detect the clusters associated with
the filaments in the Abell 226/228 field by using the Cluster Red-Sequence method
and we are able to determine the brightest cluster galaxy (BCG) as well as the
cluster redshift with this method.

We first fit multiple haloes to weak lensing data of a multi-cluster field sim-
ulation to derive parameter estimates for C and M200 each halo and determine
their errors under a range of theoretical and observational priors. Then we ex-
tend this approach on the observation of the Abell 226/228 field by assuming that
the clusters BCGs are at the centers of dark matter halos. We use the MCMC
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Chapter 5 Summary

technique to estimate posterior probabilities for the free-parameters of our model.
Additionally, we illustrate that two dimensional marginalized confidence contours
in the M200 −C plane are consistent in their 1-σ level with the different choices of
the priors on the halo mass (flat, log-normal and halo mass function). However,
our results confirm that the halo mass function prior tends towards lower mass
halos.
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Appendix A

HOTPANTS

The PSF-matching is framed as minimizing the sum of the squared residuals∑
i

[T (xi,yi) ⊗ κ (u,v;x ,y) − K (xi,yi)]
2
; (A.1)

where u and v are the components of the kernel matrix.

In order to change the problem to a standard linear least-squares one, one as-
sumes that the noise in the image is known and uncorrelated and decompose the
kernel using a set of basis functions. The basis components converge to zero within
the size of the kernel and there is no necessity of completeness or orthonormality
for the basis functions. However, the sum of the kernel should be invariant (Alard
& Lupton, 1998). The kernel can be expressed as

κ (u,v;x ,y) =
∑

n

Bn(x ,y)κn(u,v ), (A.2)

where the kernel coefficients Bn are smooth functions of (x ,y) and encode the
spatial variation of the kernel in the image. The kernel coefficients and basis

Table A.1: HOTPANTS input parameters (see Appendix A) for UVRI -bands in the
CDFS field. The best-fit order of polynomial is chosen based on the minimum root
mean-squared-error between FWHM of the stars in the input sample of the convolved
image with the same set of stars in the worst seeing image (kernel).

filter σn1
a i1 + j1 ≤ σn2

a i2 + j2 ≤ σn3
a i3 + j3 ≤ kob ssigc ksd nfte sftf

U38 0.27 3 0.54 2 1.08 1 4 5 4 0.75 0.5
V 0.33 6 0.66 5 1.31 0 3 4 4 0.75 0.1
R 0.52 6 1.04 4 2.08 0 6 5 5 0.70 0.5
I 0.19 6 0.38 2 0.77 0 3 4 4 0.80 0.1

a Sizes of the Gaussian functions, in pixels
b Spatial order of kernel variation within region (Bn)
c Threshold for sigma clipping statistics
d High sigma rejection for bad stamps in kernel fit
e The fraction of valid constraint on the kernel in each sub-region
f The fraction of decreasing the threshold of sigma for kernel fitting in the case of inadequate objects
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Appendix A HOTPANTS

functions of equation (A.2) are given as

κn(u,v ) =
∑

i

∑
j

exp
[
−

(u2 +v2)

2σ2
n

]
uiv j,

B (x ,y) =
∑
l,m

almx
lym,

(A.3)

where alm is the constant coefficient of the spatial variation. It was empirically
determined that more than three Gaussians might over-fit in finding the adequate
kernel. We define dn, the degree of nth polynomial to 0 < i ≤ dn and 0 < i + j ≤ dn.
The basis functions are expressed with Gaussian functions times a polynomial,
whereas the widths of the Gaussian vary by

σn1 =
σn2

2
,

σn2 =
√
σ2

PSF,worst
− σ2

PSF,image
,

σn3 = σn2 × 2.

(A.4)

For the most narrow Gaussian (σn1), we use higher order of polynomial to accom-
modate spatial variations with higher frequency in the cores of the stars. The
Gaussian with the size of kernel in the global PSF-matching procedure (σn2) has
polynomial function with relatively lower order compared to σn1 and recovers the
overall size of PSF in the image. The widest Gaussian has the lowest order of
polynomial, and models the difference in the wing of the PSF. The κ (u,v ) varies
over a two-dimensional array, and the optimal size of kernel box is 3σn3 for the
Gaussian function at the margin of the box to vanish.

HOTPANTS can deal with the background variation between two images by
including an additive term bд(x ,y) in Equation (A.1) and find a least-squares
solution by modeling the background contribution with a polynomial function
given as:

bд(x ,y) =
∑

i

∑
j

bijx
iyj, (A.5)

where bij is the coefficient of each component of the polynomial. The degree of
polynomial will change depending on the image conditions and it is estimated in
each sub-region.
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Appendix B

The Softassign Procrustes Matching
algorithm

Assuming we have a prior knowledge about the correspondence matrix M, we
can set up an optimization problem to estimate the rotation matrix R (θ ), the
translation vector τ and the scale parameter ε by minimizing an energy function:

E (θ ,τ ,ε ) =
N1∑
i=1

N2∑
j=1

Mij

ε1/2(Ci − µc)

σc
− τ

− R (θ )
(C′j − µc′ )

ε1/2σc′


2

;

(B.1)

where µc, µc′ are the centroids of the data point-set S1 and the model S2, respect-
ively. The centroids for the data and model can be defined as:

µc =

N1∑
i=1

N2∑
j=1

MijCi

N1∑
i=1

N2∑
j=1

Mij

, µc′ =

N1∑
i=1

N2∑
j=1

MijC
′
j

N1∑
i=1

N2∑
j=1

Mij

. (B.2)
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Appendix B The Softassign Procrustes Matching algorithm

In Equation (B.1), σc and σc′ denote the weighted variance of the data S1 and the
model S2, respectively and they are given by

σ2
c =

N1∑
i=1

N2∑
j=1

Mij ‖ Ci − µc ‖
2

N1∑
i=1

N2∑
j=1

Mij

,

σ2
c′ =

N1∑
i=1

N2∑
j=1

Mij ‖ C
′
j − µc′ ‖

2

N1∑
i=1

N2∑
j=1

Mij

.

(B.3)

Minimization Equation (B.1) with respect to θ , one can estimate the rotation as:

θ = arctan *
,

N1∑
i=1

N2∑
j=1

[
Cc

i (2)C
′c
j (1) −C

c
i (1)C

′c
j (2)

]

N1∑
i=1

N2∑
j=1

[
Cc

i (1)C
′c
j (1) +C

c
i (2)C

′c
j (2)

]
+
-
, (B.4)

where

Cc
i =

Ci − µc

σc
, C′cj =

C′j − µc′

σc′
(B.5)

and Cc
i (1) and Cc

i (2) represent the the horizontal and vertical coordinates of a
point with i index in the data point-set S1, respectively. In our colour calibration
problem, we assume that the rotation matrix is an identity matrix, since the two
stellar loci are not rotated against each other (we omit this term for the further
analysis).

We differentiate with respect to translation τ , set the derivative to zero, therefore
we obtain:

τ =
N1∑
i=1

N2∑
j=1

Mij

[ε1/2(Ci − µc)

σc
−
C′j − µc′

ε1/2σc′

]
, (B.6)

which is equal to zero if we substitute Equation (B.2) in the above equation.
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Similar to translation, we differentiate Equation (B.1) w.r.t the scaling parameter
(ε), set it to zero and it become:

ε2 =

N1∑
i=1

N2∑
j=1

Mijσ
2
c′

Ci − µc


2

N1∑
i=1

N2∑
j=1

Mijσ
2
c

C
′
j − µc′


2
= 1, (B.7)

which is consistent with the definition of the variances (Eq. B.3). Note that the
variances change slightly by the rejection of some points as outliers and similar to
rotation we can neglect these terms as well.
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Appendix C

Important absorption and emission
lines in the spectral energy
distribution of galaxies

Including the prominent emission and absorption lines in the galaxy spectrum can
aid to increase the precision of photo-z measurements. Here based on results which
are shown in Figure 3.6, we highlight spectral lines that can be pinned down with
photometry information of medium-band filters.

In the early-type galaxies, the Balmer lines with Hϵ , Hζ and Hη (3970, 3889
and 3835 Å) and the 4000 Å break (CaII H and K) are more pronounced, and
they are obvious proxies to distinguish the elliptical galaxies from other galaxy
types specially when we use the medium-band observations. On the other hand,
including the [OII] doublet (3726, 3729 Å) in the UV range, which is the most
prominent feature after Hα (6562.8 Å), plus the Hβ+[OIII] doublet (4959, 5007
Å), Hα+[NII] (6853 Å) and [SII] doublet (6716, 6731 Å) emission line regions in the
galaxy spectra can increase the accuracy of the photo-z estimation of the starburst
galaxy types with observations in the medium-bands (Strateva et al., 2001; Ilbert
et al., 2009).

For high-redshift giant elliptical galaxies, it is crucial to include the UV upturn
feature (between the Lyman limit and 2500 Å range) in their SEDs. In this
wavelength range the flux rises due to the core-helium burning stars (Bica et al.,
1996). BL 2538 is another important UV wide and distinct absorption feature.
This absorption line places at 2538 Å with ∼20 Å width and its origin is still
unambiguous (Fanelli et al., 1990).

The TiO bands (7150, 7600 and 8500 Å) is an absorption feature with strong
appearance in the galaxies with evolved stellar population of M stars and its feature
dies away in the spectrum of blue galaxies.
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Jee, M. J., white, R. L., Beńıtez, N., Ford, H. C., Blakeslee, J. P., Rosati, P.,
Demarco, R., & Illingworth, G. D., 2005, ApJ, 618, 46

Jee, M. J., Rosati, P., Ford, H. C., Dawson, K. S., Lidman, C., Perlmutter, S. et
al., 2009, ApJ, 704,672

Jeong D. & Schmidt F., 2014, Large-Scale Structure Observables in General Re-
lativity, arxiv:astro-ph/1407.7979v2

Jones, M. H. & Lambourne, R. J., An Introduction to Galaxies and Cosmology,
2004, Cambridge University Press, ISBN:978-0521546232

Jullo, E., Kneib, J. P., Limousin, M., Marshall, P. J. & Verdugo, T., 2007, New
Journal of Physics, Volume 9, 447

Jullo, E., Natarajan, P., Kneib, J. P., D’Aloisio, A., Limousin, M., Richard, J. &
Schimd, C., 2010, Science, 329, 924

Kaiser, N., Squires, G. & Broadhurst, T., 1995, ApJ, 449, 460

182



Bibliography

Kaiser, N. & Squires, 1993, ApJ, 404, 441

Kaiser, N., Aussel, H., Burke, B. E., Boesgaard, H., Chambers, K., Chun, M. R.,
Heasley, J. N., et al., 2012, Survey and Other Telescope Technologies and Dis-
coveries. Edited by Tyson, J. Anthony; Wolff, Sidney. Proceedings of the SPIE,
4836, 154

Kauffmann G., Nusser A. & Steinmetz, M., 1995, Galaxy formation and large-scale
bias, arxiv:astro-ph/9512009

Kelly, P.L. et al. 2012, arXiv:1208.0602v2

Kettula, K., Giodini, S., van Uitert, E., Hoekstra, H., Finoguenov, A., Lerchster,
M., et al., CFHTLenS: Weak lensing calibrated scaling relations for low mass
clusters of galaxies, 2014, arXiv:astro-ph/1410.8769v1

Kinney, A. L., Calzetti, D., Bohlin, R. C., et al., 1996, ApJ, 467, 38

Kitayama, T., 2014, Progress of Theoretical and Experimental Physics, 2014, 1

Kitching, T. D., Rowe, B., Gill, M., Heymans, C., Massey, R., Witherick, D.,
Courbin, F., Georgatzis, K., Gentile, M. et al., 2013, ApJ, 205, 11

Klypin, A. A., Trujillo-Gomez, K. & Primack, J., 2011, ApJ, 740, 102

Kleinheinrich, M., Schneider, P., Rix, H. W., Erben, T., Wolf, C., Schirmer, M.,
Meisenheimer, K., et al., 2006, A&A, 455, 441

Kneib, J. P. & Natarajan, P., 2012, A&A Rev., 19, 47

Kneissl, R., Jones, M. E., Saunders, R., Eke, V. R., Lasenby, A. N., Grainge, k.
& Cotter, G., 2001, MNRAS, 328, 783

Knuth, K. H., 2006, Optimal Data-Based Binning for Histograms,
arxiv:physics/0605197v1

Kosowsky, J. J. & Yuille, A. L., 1994, Neural Networks, Vol. 7, No. 3, pp. 477

Kosowsky, A., The Cosmic Microwave Background, 2001, arXiv:astro-
ph/0102402v1

Kravtsov, A. V.,Vikhlinin, A. & Nagai, D., 2006, ApJ, 650, 128

Laureijs, R., Amiaux, J., Arduini, S., Auguéres, J. L., Brinchmann, J., Cole, R.,
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