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1 Introduction

This thesis explains and discusses several mesh refinement strategies for the Adaptive
Isogeometric Method. The Adaptive Isogeometric Method is a numerical method
that combines concepts of Isogeometric Analysis, itself a hybrid research field bridg-
ing between Computer-Aided Design (CAD) and Finite Element Analysis, with local
mesh refinement. In order to provide an overview to the reader, we briefly outline
the histories of the involved research fields. We emphasize that each of the fields
has a very rich history and the outlines below are far from being complete.

The Adaptive Finite Element Method The Finite Element Method (FEM) is a nu-
merical method for the approximate solution of partial differential equations (PDEs),
which was introduced in the field of aeronautic engineering during the 1950s [1],
based on the method of weighted residuals that Boris Galerkin introduced in 1915
[2]. With the evolution of computer-aided engineering, the FEM caught widespread
attention and is used until today throughout most branches of computational me-
chanics, such as aeronautics, biomechanics, automotive industries and many more.
In the 1970s, this approach was combined with spatial adaptivity of the discretiza-
tion, based on local estimates of the error between approximated and exact so-
lution that could be computed having only the approximation, introduced by Ivo
Babuska and Werner Rheinboldt in 1978 [3]. The FEM and its mesh-adaptive variant
(AFEM) caught growing attention in the mathematical field of Numerical Analysis,
and the proof of convergence of the Adaptive FEM in one dimension by Babuska and
Vogelius [4] in 1984 was a first step to theoretically corroborate this new method.
Beneath the following milestones were the introduction of a new marking strategy
by Willy Dorfler [5] in 1996 (see Section 2.5), a proof of convergence of the AFEM
in higher dimensions by Morin, Nochetto and Siebert [6] in 2002, and a first proof of
optimal convergence rates for the AFEM with refinement and coarsening by Binev,
Dahmen and DeVore [7] in 2004, but the algorithm proven to be rate-optimal was
actually never implemented. Analogous results were proven without the need of a
coarsening step in 2007 by Rob Stevenson [8] and 2008 by Kreuzer, Cascon, No-
chetto and Siebert [9]. Diverse proofs of rate-optimality followed for different types
of the FEM, and recently, rate-optimality has been proven in a general framework
for a wide range of problems and discretizations by Carstensen, Feischl, Page and
Praetorius [10].

Isogeometric Analysis In 2005, Hughes, Cottrell and Basilevs introduced the frame-
work of Isogeometric Analysis (IGA) [11, 12] in order to revolutionize computer-aided
manufacturing and design, which where facing growing difficulties in the transition
process between design models and their assessment in engineering applications.
As mentioned above, the (Adaptive) Finite Element Method is used, e.g., for the
stress analysis in structural mechanics, and is therefore a very important and useful



1 Introduction

tool for the evaluation and assessment of computer-aided structural designs. With
the rapid evolution of computer capacities in the last decades, the complexities of
designs have grown equally, and so did the capacities of engineering applications.
However, the conversion between the data structures of design and engineering, in
particular the re-meshing of the geometry, turned out to be of higher complexity
and has recently become a bottleneck of the structural design process. In IGA, this
conversion is avoided by using the shape functions and data structures from CAD
as ansatz functions for a Galerkin Method. The advantage is obviously that this
idea yields a workaround for an inevitably growing problem, but on the other hand,
it threw back the theory of FEMs for at least two decades, since the approximation
properties of a Galerkin scheme with shape functions from CAD applications were
completely unknown. In the past ten years, the IGA community and the number
of related research articles grew rapidly in both engineering and mathematics, and
many fundamental mathematical results were achieved for this new kind of method,
most of which can be found in the work of Beirao da Veiga, Buffa, Sangalli and
Vazquez [13].

Truncated Hierarchical B-splines Although data approximation with globally
smooth piecewise polynomials has been investigated already throughout the 19th
century, the history of Hierarchical B-splines is far more recent and is sketched here
with the following few milestones. In 1988, in the context of computer graphics and
modeling, Forsey and Bartels suggested overlaying B-splines of several hierarchical
levels [14] in order to control small-scale features of a macroscopic geometry. Kraft’s
PhD thesis from 1998 [15, 16] introduced a mechanism for the selection of particu-
lar B-splines in order to form a basis, which was later applied in the IGA context
[17, 18], and finally in 2012, Giannelli, Jiittler and Speleers proposed a truncation
mechanism [19] that reduces the support of the Hierarchical B-splines and yields a
partition of unity, also for the application in Isogeometric Analysis [20, 21].

T-splines In 2003, Sederberg, Zheng, Bakenov and Nasri introduced T-splines in
the context of CAD as a new realization for B-splines on irregular meshes [22] that
does not require the bookkeeping of a hierarchical basis, but nevertheless allows
for local mesh refinement [23] in order to control small-scale geometry features.
Shortly after, IGA was introduced, and T-splines were applied with promising results
[24, 25], but were at the same time proven by Buffa, Cho and Sangalli to lack linear
independence in certain cases [26], which actually excludes them from the application
in a Galerkin method. Another algorithmic difficulty was revealed by Scott and
Li in 2011 [27], who showed that the refinement suggested in [23] may not only
yield linear dependencies between the shape functions, but also non-nested spline
spaces, which compromises the theoretical approximation properties of the method
as well as the preservation of exact geometry data during refinement. The issue on
linear independence was solved by Li, Zheng, Sederberg, Hughes and Scott in 2012
[28], proving that linear independence is guaranteed if the T-junction extensions
do not intersect (this criterion is called analysis-suitability, see Definition 5.1.8 in
this thesis). The second issue, namely how to generate nested spline spaces, was
solved in a new refinement algorithm by Michael Scott [29], also preserving linear



independence of the T-splines. Still in 2012, Beirao da Veiga, Buffa, Cho and Sangalli
provided new insight on the linear independence of T-splines by introducing the
more abstract concept of dual-compatibility and proving its equivalence to analysis-
suitability [30], and in 2013, Beirdo da Veiga, Buffa, Sangalli and Vazquez provided
the theoretical background for T-splines of arbitrary polynomial degree [31], still
restricted to the two-dimensional case. At that time, Wang, Zhang, Liu and Hughes
introduced techniques for the construction of 3D T-spline meshes from boundary
representations [32, 33|, motivating the theoretical research on T-splines in three
space dimensions, but in particular the linear independence of higher-dimensional
T-splines was only characterized through the dual-compatibility criterion, until in
2016, the author of this thesis introduced a definition of T-junction extensions and
analysis-suitability in three dimensions [34]. The research on 2D T-splines proceeds;
Li and Scott characterized analysis-suitable T-spline spaces with globally highest
smoothness [35] in 2014, and a characterization of analysis-suitable T-spline spaces
with locally reduced smoothness was presented by Bressan, Buffa and Sangalli [36]
in 2015.

This thesis We present four mesh refinement algorithms REFINE_HB, REFINE_THB,
REFINE_TS2p and REFINE_TS,p for the Adaptive Isogeometric Method using multi-
variate Hierarchical B-splines, multivariate Truncated Hierarchical B-splines, bivari-
ate T-splines, and multivariate T-splines, respectively. The algorithm REFINE_THB
and the related results, in particular the complexity analysis, are cited from our joint
work with Buffa and Giannelli [37], and the algorithm REFINE_HB is derived thereof.
The refinement algorithm REFINE_TS2p has been introduced in 2015 [38], and fi-
nally REFINE_TS,p is a new refinement procedure introduced in this thesis, based on
the preliminary work on three-dimensional T-splines [34]. The presented refinement
strategies preserve shape regularity of the mesh as well as linear independence and
bounded overlap of the basis functions. We address, if non-trivial, boundedness of
mesh overlays, nestedness of the induced spline spaces and complexity in terms of
marked and refined elements. Boundedness of the overlay and linear complexity of
the refinement procedure are important pillars for the theoretical rate-optimality of
the Adaptive Isogeometric Method, cf. [10, Equations (2.9) and (2.10)]. The nesting
of the spline spaces is crucial as well, because it implies the so-called Galerkin or-
thogonality, which characterizes the approximate solution as a best-approximation
of the exact solution with respect to a norm that depends on the problem (see Sec-
tion 2.4). Altogether, this work paves the way for a proof of rate-optimality for the
Adaptive Isogeometric Method with HB-splines, THB-splines, or T-splines in any
space dimension. It shall be noted that rate-optimality in IGA has been proven very
recently for the application of Hierarchical B-splines [39] to elliptic PDEs in arbitrary
dimension, and for the IGABEM [40], an isogeometric variant of the Boundary El-
ement Method which only requires a discretization of the domain boundary instead
of the full domain. However, the latter is a result only for 2D domains, involving
one-dimensional boundary manifolds. In order to justify the proposed methods and
theoretical results in this thesis, numerical experiments underline their practical rel-
evance, showing that they are not outperformed by currently prevalent refinement
strategies.



1 Introduction

The thesis is organized as follows. Chapter 2 gives an introduction into Isogeomet-
ric Analysis and mesh-adaptive Galerkin methods, in order to explain the framework
in which the subsequent refinement strategies are discussed. In Chapter 3, we ad-
dress Hierarchical B-splines and the corresponding refinement routine REFINE_HB. In
order to provide an easy access to the basic concepts of the refinement routine, this is
done in two dimensions and with dyadic refinement in Section 3.1 and for arbitrary
dimension and g-adic refinement in Section 3.2, and Chapter 4 adapts the results
from Chapter 3 to Truncated Hierarchical B-splines. The main focus of this thesis
is Chapter 5, which presents and discusses the refinement strategy REFINE_TSop for
two-dimensional T-splines that we introduced in 2015 [38] as well as a refinement
strategy REFINE_TS,p for T-splines in arbitrary dimension. The following Chapter 6
summarizes our joint work with Paul Hennig and Markus Késtner from TU Dresden
[41], where we computationally compare the THB- and T-spline refinement routines
in several prototypical problems. Chapter 7 sketches basic ideas for the refinement
of T-splines on unstructured meshes and for the handling of T-splines with locally
reduced smoothness, and Chapter 8 concludes the thesis with final remarks.

10



2 The Adaptive Isogeometric Method

This chapter introduces the mesh-adaptive Galerkin method with spline ansatz
spaces. The subsequent chapters will investigate different strategies for the REFINE
module of this method, which is explained in Section 2.5 below. We give a very quick
introduction into B-splines, in order to explain basic concepts of Isogeometric Anal-
ysis. The last two sections of this chapter outline the framework of mesh-adaptivity
in Galerkin methods.

2.1 B-splines
1 1+
0.5+ 1 05¢
0 \ 0
Zo Ty T23 Ty Ty Zo Ty T23 Ty Ty
1 1+
0.5+ \ 1 05¢
O+ ‘ _ \. : 5 Or :
Zo Ty T23 Xy Ty Zo Ty T23 Xy Ty

Figure 2.1: Example for B-splines of degree p = 0,1,2,3 (upper left, upper right,
lower left, lower right, resp.) for a fixed, strictly increasing knot vector.
B-splines are polynomials of degree p in each segment, and they are
CP?~!-continuous at the knots.

B-splines (where B stands for “basis”) are a particular choice of basis functions for
a globally continuous piecewise polynomial space. We give a one-dimensional defi-
nition below, which will later be generalized to arbitrary dimension. For a given knot
vector (o,...,xm) € R™M withxo < -+ < 2y, wecall @ = {[z0, 1], ..., [Tm—1,Tm]}
the (one-dimensional) mesh. B-splines form a basis for the piecewise p-degree poly-
nomial space with global CP~'-continuity,

B(xo,...,xm) = {f € C" Y([xo,zm]) | f € Pp([zi_1,xi]) fori=1,.. .,m}. (2.1)

11



2 The Adaptive Isogeometric Method

Definition 2.1.1 (B-spline). Given a knot vector (zo,...,ZTm) € R™M with 2o <
.-+ < Iy, the i-th B-spline of degree p is defined recursively by

Nio(z) = L bz sz < fori=1 m
P00 otherwise e
T — Ti—1 Titp — T .
N; o (z) = N;,_ Litp 78 N fori=1,...,m—p.
() Tirp1 — i1 P 1(z) + N +1,p-1(z) for: m (2172)

The above definition is known as the Cox-deBoor recursion formula, see e.g. [42,
p. 131]. See Figures 2.1 and 2.2 for examples. It can be seen in Figure 2.1 that for
strictly increasing knot vectors, the above definition does not yield a basis of the
space B(xo,...,xm). However, it does yield a basis for open knot vectors, i.e., knot
vectors in which the first and last knot have multiplicity p 4+ 1 (see Figure 2.2 for
examples). While multiple knots at the boundary are crucial for the construction

]_ B ]_ I

0.5+ 1 0.5+ .
0}l i 0t A |

i) 1 Loy Ty Iy To—T1 Ty T3T4 Is Te=—T7

1t 1

0.5+ 1 0.5+
ol \\ \ i 0t

Lo=T1=T2 XT3 Ty Ts Lo T7=Tg=xLy To=:""=T3 T4 T5T¢ Ty Tg=:'=T11

Figure 2.2: Example for B-splines of degree p = 0,1, 2,3 for open knot vectors. In
that case, the B-splines form a basis of P,(Q) N C?~*([xo, zm]).

of a spline basis, multiple knots in the interior of the domain locally reduce the
continuity of the basis functions. At an interior knot with multiplicity u, the B-
splines are C?~*-continuous, while “C'~!-continuity” means discontinuity, and “C -
continuity” means discontinuity plus the existence of a basis function that is zero
everywhere except this knot.

2.2 Geometry representation

B-splines and in particular their generalization to Non-Uniform Rational B-splines
(NURBS, see Section 2.3 below) are commonly used in Computer-Aided Design

12



2.2 Geometry representation

1 11
0.5+ - 0.5+ \ ]
0t 1 0t A -
Lo T1 T2=T3 Iy L5 To=I1 Ty T3=T4 Ts Te=T7
1 11
0.5} 1 0.5¢
ol o o | ol
To=T1=T2 T3 T4=T5 T T7=ITg=T9 To=:=T3 T4 T5=T¢ T Xg=:- =T11

Figure 2.3: Example for B-splines of degree 0, 1, 2 and 3 for open knot vectors with
a knot of multiplicity 2. In that knot, the continuity of the B-splines is
reduced to CP~2.

(CAD). This section explains in two examples how a spline basis is used for the
representation of domains with specially curved boundaries.

We restrict our study to p > 0 and consider an open knot vector (xo, ..., Tm+p),
ie., xo=+=Tp, Tm='"=Tm+p and corresponding B-splines Ny p,..., Ny . For a
given set of control points ci1,...,cm € R?, the described B-spline curve is the image
of a map from [0, Tm-+p] into R?,

M : [0, Tmip] = R?, =+ ZNW(:L') - ¢y (2.3)
i=1

See Figure 2.4 for examples. Since all B-splines are non-negative and a partition
of unity (i.e., they sum up to 1), the B-spline curve is always in the convex hull of
the control points. The purpose of a CAD application is to design the shape of an
object. This may be e.g. a ship hull, an airplane, or components like screws or other
construction elements. The user creates and manipulates control meshes in order
to design and modify the described geometry. We illustrate in a second example
how this technique is applied for B-spline surfaces. We consider the knot vector
(o, ..., Tm+p) from Figure 2.2 and the knot vector (Zo, ..., Zm+p) from Figure 2.3,
and the corresponding B-splines N1 p,...,Nmp and N1, ..., Ny, p, respectively.
We consider the domain Q = [zo, Tm+p| X [£0, Zm+p|, Which is partitioned by the
tensor-product mesh

Q ={[zi—1, ] X [Zj-1,%;] [ 4,7 € {1,...,m +p}}. (2.4)

We define the tensor-product basis

A

Ni,j,p(x,y) - Ni,P(x) : Nj,p(y) for all 7').7 € {1a <. ,’I’I’L}. (25)

13



2 The Adaptive Isogeometric Method

150

C3
1t oc5
0.5} “
0t o o -
Co
-0.5
-1+ ocﬁ
-1 0 1 2
. 4
-1 0 1 2

Figure 2.4: Examples for B-spline curves of degree 1, 2 and 3 for the knot vectors
and B-splines from Figure 2.2 (thin, green) and for the knot vectors and
B-splines from Figure 2.3 (thick, red). Reduced continuity of the basis
functions leads to reduced smoothness of the curve.

We make up control points ¢; ; for all 4,5 € {1,...,m} and describe a free-form
surface through the map

M2 : ﬁ — RS, T Z Ni7j7p($) *Cq,j- (26)

See Figure 2.5 for examples.

14



2.2 Geometry representation

Figure 2.5: Examples for B-spline surfaces (right column) of degree 1, 2 and 3 using
the B-splines from Figure 2.2 in x-direction and B-splines from Figure 2.3
in y-direction. The figures on the left show so-called control meshes,
which are the control points connected by grid lines for visualization. As
in Figure 2.4, reduced continuity of the basis functions leads to reduced
(directional) smoothness of the surface.

15



2 The Adaptive Isogeometric Method

2.3 NURBS

In order to exactly describe conic sections, in particular circles and circular arcs,
Non-Uniform Rational B-Splines (NURBS) have been developed. They are obtained
by multiplying the B-splines with positive weights w1, ...w,, € Re>o and afterwards
enforcing a partition of unity. In one space dimension, the NURBS are defined by

wiNi,p (37)

Z;nzl ijj,p

By construction, NURBS sum up to 1, and they inherit from B-splines smoothness
and linear independence, but they span a space other than piecewise polynomials,
which is necessary, since classical B-spline cannot describe conic sections exactly.

Figure 2.6 shows the construction of a circle (thick red lines). It is composed
of three circular arcs of 120° each. We use the setting p = 2 and the knot vector
(0,0,0,1,1,2,2,3,3,3). The weights are w1 = w3 = ws = wy = 1 at the start and
end points of the arcs, and the remaining weights are computed as

Rip(x) = forallie {1,...,m+p—1}. (2.7)

wy = wy = we = cos(120°/2) = 3, (2.8)

see e.g. [12, p. 58]. For comparison, Figure 2.6 also shows the result of an analogous
map applying unweighted quadratic B-splines (thin blue lines).

A
)

Figure 2.6: Example for a circle described through NURBS (thick, red) with p = 2
if i even

and weights w; = {1}2 otherwise - Lhe analogous map with quadratic
B-splines (without weights) is illustrated with thin blue lines.

2.4 lIsogeometric Analysis

The design of real-world constructions rises physics questions, e.g., on the statical
(elastic) behavior of the designed object under load. These questions are addressed
by approximately solving partial differential equations (PDEs) that involve the de-
signed object as the computational domain. The most common approach for the
approximate solution of these problems is the Finite Element Method (FEM), which
is a special case of a Galerkin method. Isogeometric Analysis is an alternative real-
ization of a Galerkin method, and it will be explained at the end of this subsection.

16



2.4 Isogeometric Analysis

The Galerkin method is outlined as follows. Let V be a Hilbert space of real-
valued functions on an open set Q C R%. We call  the computational domain. The
problem to be solved is a weakly formulated PDE that seeks u in V' such that

VoeV: a(u,v) = f(v) a.e. inQ, (2.9)

plus conditions on the behavior of u on the boundary 0f2. In this problem, a(e,e) is a
continuous, coercive and symmetric bilinear form and f is a bounded linear operator
on V. We consider a finite-dimensional subspace V,, of ¥V with dimV,, = d,, € N. The
discrete solution u, € V, that satisfies a(un,v,) = f(vn) a.e. in Q for all v,, € V,,
is computed as follows. Given a basis {b1,...,bq, } of Vy, let A = (a(bi,bj))f’;zl
be the Gramian matrix of the bilinear form a(e,e), also called stiffness matriz in
Numerical Analysis due to its application in elasticity problems, and F = (f(b;))",
the so-called load vector. The solution U of the linear equation system AU = F'is a
vector that contains the coefficients of u, = ((b1,...,ba, ), U). If a(e,e) is a scalar
product (which is the case for simple problems, e.g., for all problems considered in
Chapter 6), then the discrete solution wu,, is the best approximation of u in V,, with
respect to the norm ||e||, = \/a(e,e) induced by a(e,e).

The (classical, conforming) FEM is a Galerkin method in which the finite-dimen-
sional space V), from above is constructed as follows. The computational domain (2 is
partitioned into a finite set (mesh) Q of cells, which are usually triangles or quadri-
laterals; in higher dimension, simplices or (hyper-)cuboids. A finite-dimensional
function space V is chosen, most common choices are, in case of triangles/simplices,
spaces of polynomials up to a fixed total degree k (the resulting FEM is known as
P,-FEM), or, in case of quadrilaterals/cuboids, up to a fixed partial degree (this
results in Qx-FEM). The space V,, is the globally continuous piecewise lv)—space,

Vo ={veV]|veC@)AV Qe Q:vlgeV@)} (2.10)

Given a domain €2 designed in a CAD application, we denote the corresponding
geometry map by M, and its preimage by Qparam. We call Qparam the parametric
domain and €2 the physical domain. The FEM requires a mesh that partitions (2.
However, the CAD representation only provides a mesh Qparam, Which partitions
the parametric domain Qparam and was used to construct the spline basis. Its image
M (Qparam) consists of deformed cells, which, by enforcing continuity of V,,, leads to
V, = {0} if M cannot be described as a map with piecewise V-functions. This is the
case in general, and in particular if NURBS have been used. A common workaround
is the generation of a new mesh for the FEM. The domain Qrgnm partitioned by this
mesh has a polygonal boundary and hence is only an approximation of 2. This
approximation error is a delicate problem since in particular elasticity problems
are in general not well-posed with respect to the domain, which means that small
perturbations in the geometry data may have unbounded effects on the exact and
the approximate solution of the PDE, for example at the re-entrant corner in an
L-shaped construction piece under tension. An additional drawback of the above
workaround is that mesh generation may be expensive for complex geometries.

An alternative approach has been entitled Isogeometric Analysis and is a Galerkin
method that makes use of the geometry representation. Let S be the set of (possibly

17



2 The Adaptive Isogeometric Method

rational) spline functions that were used to construct the geometry map M. The
discrete space V,, is defined as the pullback space of the spline space span S,

V. i=span{bo M "' | be S}. (2.11)

Provided that M ~! exists and is continuous, which crucially depends on the con-
trol points, the functions M ~!ob inherit linear independence, positivity, the partition
of unity property, and (in case of multiple inner knots, locally reduced) smoothness
from S.

2.5 A mesh-adaptive Galerkin method

The physics problems discussed above often require resolving local features of the
solution (e.g., a singularity of the strain) while keeping the number of degrees of
freedom (i.e., the dimension of the discrete space) as small as possible. This means
for a mesh-based Galerkin method that the mesh needs to be locally fine in the
environment of a certain point or lower-dimensional subdomain, while remaining
coarse away from these features. This is addressed by the Adaptive Finite Element
Method, which is an iterative procedure that consist of the steps

<> SOLVE — ESTIMATE — MARK — REFINE 3

and they are described as follows.

SOLVE: Given a finite-dimensional function space V,,, compute a Galerkin approxi-
mation of the solution of the PDE as described above.

ESTIMATE: Compute local estimates for the error, i.e., the difference of approximate
and exact solution.

MARK: Based on these local estimates, select mesh elements M C O for refinement.

REFINE: Refine the mesh Q and construct the new discrete function space V1.
This is the focus of the thesis, and different strategies will be investigated in
the subsequent chapters.

Given a fixed refinement routine with linear complexity (which will be specified
later, see e.g. Theorem 3.1.12), we denote by V the class of function spaces that can
be generated by this refinement routine. For certain problems, it has been proven
that if the Adaptive FEM is applied with Dorfler marking, which is explained below,
and an appropriate error estimator, the sequence of discrete solutions u; € V; € V,
uz € Vo € V,... has the best convergence rate (with respect to degrees of freedom)
that is possible in the class V of discrete function spaces [7, 8, 9, 10].

The error estimator

For a given mesh Q and corresponding discrete solution u,, the error estimator
is a functional ng : Q@ — Re>o that yields an estimate for the elementwise error
|unlg — ulgl|la on each element Q@ € Q. To satisfy the above-mentioned theory on
optimal convergence rates, 7o has to satisfy a set of axioms proposed in [10], which
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2.5 A mesh-adaptive Galerkin method

include stability on non-refined elements, reduction on refined elements, reliability
(C' - no bounds the error from above) and effiency (c - ng bounds the error from
below), where C' and c¢ are fixed constants that may depend on the domain and
the initial mesh, but not on the refinement level or the discrete solution u,. The
analysis of the error u — u,, using the approximation wu,, is called a posteriori error
analysis (in contrast to a priori error analysis). Fundamentals and a collection of
appropriate error estimators for a wide range of physical problems can be found in
[43].

The marking strategy

Given the estimated local errors o (Q) for @ € Q and a marking parameter 6 € [0, 1],
which is chosen manually, the following strategies are commonly used for the step
MARK.

e Dorfler marking: Mark M C Q with minimal cardinality #.M while accumu-
lating at least a #-amount of the total error,

> ne(@ =0 no(a). (2.12)

This strategy was introduced in [5] and has particular importance for the
analysis on optimal convergence rates.

e Quantile marking: Mark M C Q with maximal accumulated error » sem M2(@)
while marking at most 6 times the total number of elements,

LM <0-#Q. (2.13)
This is e.g. used in [25, 44].

o Maximum marking: Let Nmax = maxgeo ng(@) be the maximal estimated
element error, and mark all elements for which at least 6 times that error was
estimated,

M={Q € Q[no(@) >0 Nmax} - (2.14)

This strategy was introduced in [4] and can be considered as the traditional
marking strategy.

For a modified version of Maximum marking, the discrete solutions are proven
to be instance-optimal [45]. This means that in each step, the error of the discrete
solution u,, € V, € V is bounded by a constant times the smallest error of the dis-
crete solutions of all function spaces V,, € V with a comparable (or smaller) number
of degrees of freedom. This is an even stronger result than the rate optimality de-
scribed above, however [45] accounts only for the Poisson problem with homogeneous
Dirichlet boundary conditions, and the authors are only aware of a generalization
for the nonconforming Crouzeix-Raviart AFEM and the Stokes equation [46].

It should be noted that all above-mentioned literature assumes that the problem
data, i.e., the right-hand side f and coefficients of a(e,e), are resolved by the mesh
and sufficiently well-approximated by the discrete space. This is not the case in
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2 The Adaptive Isogeometric Method

general applications. In order to resolve the problem data, [6] proposes an additional
marking step. In [47, 48, 49], this strategy is called separate marking and is equipped
with a data approximation step instead of mesh refinement. If resolving the data
requires a very fine mesh all over the domain, there is no use in adaptive schemes for
the data approximation. The Problem is then called a multiscale problem, due to the
interest in the macroscopic behavior of the solution given microscopicly-structured
data. This kind of problem is addressed by numerical homogenization techniques,
which are e.g. addressed in [50, 51].

2.6 Geometry update

The refinement of the parametric mesh updates the spline basis which also describes
the geometry. Consequently, this requires an update of the geometry description,
i.e., of the control points. Given a knot vector (zo, ..., Zm+p) and a new knot vector
(Zo,...,ZTntp) which is a strict superset of (zo,...,Zm+p), i.6., n > m, the new
control points ¢i,...,¢, are constructed by linear combinations of the old control
points ci1, ..., cn. Algorithms for the computation of these linear combinations are
known as knot insertion routines. We cite below an algorithm from [12, p. 37].

Algorithm 2.6.1 (Knot insertion).

Input: (zo,...,Tm+p), (Zoy. -y Tntgp), Cly---sCm
foralli=1,...,.n+p,7=1,....m+pdo
T.(Q) _ {1 if z; € [:cj,xj+1)
Y 0 otherwise.
end for
forallg=1,...,pdo
foralli=1,....n+p—q,j=1,....m+p—gqdo

7@ — Pita = Tj-1 pla-1) | Lita = Tivgpla-1)
N Tjyq—1 — Tj-1 7 Tjig —ax; UTD
end for
end for
& Tl(,pl) T1(,prgL c1
Cn T® o T8 \em
return c¢i,...,Cp

We illustrate the algorithm in the following example. Consider the quadratic knot
vector from Figure 2.3 (bottom left), (xo,...,29) = (0,0,0,0.6,0.95,0.95,1.5,2, 2, 2).
We insert three knots at the positions 1.2,1.7,1.7 using the above algorithm, which
yields the new knot vector (xo,...,z12) = (0,0,0,0.6,0.95,0.95,1.2,1.5,1.7,1.7, 2,2, 2)
and the transformation matrix

10000 0 0 0O 00\ I
01000 0 0O O 0O
00100 00 0 00
00015 00 0 00
2) 11
T( = 5 16 2 6 2.15
ooooﬁﬁ73—5700 ( )
5 5 11 3
0000 O 57—11550
00000 0 0 &% 21
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2.6 Geometry update

The first four rows (columns in the transposed version above) and the last one are

unit vectors, which means that the corresponding control points ci,...,cs and cy
remain unchanged. The control points c¢5 and cg are replaced by five new control
points which are linear combinations of the old control points c4,...,c7. The up-

dated control points, which represent exactly the same curve as before, are shown
in Figure 2.7.

1t _
i >C\Z><\O<} |
Lo=T1=T2 XT3 Ty=TsTg X7 |5510=$U11:5512
Tg==T9

1.5} ' ' ° s

Co @ A

-1 0 1 2
Figure 2.7: Example for the knot insertion routine. We refined the knot vector for

quadratic quadratic B-splines from Figure 2.3, and updated the control
points for the corresponding curve in Figure 2.4.
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3 Hierarchical B-splines

Throughout the rest of this thesis, we investigate several strategies for the adaption
of B-splines to non-uniform meshes and their local refinement. The spline basis
corresponding to a given parametric mesh Q will be denoted in the style B(Q),
and the mesh refinement routine by Q = REFINE(Q, M), with M C Q being a set
of elements to be refined, and Q the new refined mesh. This chapter introduces
the basis Bus and the REFINE_HB method as one realization of the REFINE module.
The subsequent chapters introduce the alternative realizations (Brus, REFINE_THB)

in Chapter 4 and (Brs, REFINE_TS) in Chapter 5.

3.1 Local dyadic refinement in 2D

For the sake of legibility, we assume the initial parametric mesh Qparam (Where initial
means ‘before refinement’) to be constructed from knot intervals of length 1. Non-
uniform knot configurations can be met by a piecewise affine, globally continuous
and rotation-free map from the refined mesh.

The local refinement for hierarchical splines chooses B-splines from several uniform
meshes of different mesh widths and combines them to a basis of a non-uniform
spline space. We introduce the notation for uniform meshes below, and we will
subsequently explain the local refinement strategy. In Chapter 2, the term ‘B-
spline’ was defined as a basis function of a spline space. However, this term is used
ambigously in the literature, and often also used for any spline function generated
by the B-splines. We will therefore use the term ‘B-spline basis’ to emphasize when
the spline basis is meant.

3.1.1 Uniform meshes

We assume the initial mesh Qo = Qu[o] to be a tensor product mesh, and its elements
are closed squares with side length 1 (see Figure 3.1),

Quio] = {[nl L] X [ne—1,me] |y € {1,...,Ni},no € {1,...,N2}}. (3.1)

The corresponding spline basis By is spanned by the corresponding tensor-product
B-splines. For each level k € Ny, we define the tensor-product mesh

Qur = {[;,; —27 Pl xy—27" 9| 2"z € {1,...,2" N1}, 2"y € {1,...,2’“N2}}
(3.2)

and By the corresponding set of bivariate B-spline basis functions.
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3 Hierarchical B-splines

Qu[o] Qu[1] Qu[2] Qu[3]
Figure 3.1 [41]: Example for the uniform meshes Q,q, ..., Qu for N1 = 3 and
Ny = 2.

Definition 3.1.1. We define the uniform refinement routine by
REFINE_UNIFORM(Qyx), M) = (Quk+1], Br+1) for any k € Ng and M C Q. (3.3)

Note that the set of marked elements M enters only for formal reasons and has no
effect on the refinement. We denote the class of uniform meshes by

Muniroru = {Qu[n] | n e NO}- (34)
Definition 3.1.2 (Level). Given k € N and § € Q,x), we denote the level of § by
Q) = k.

3.1.2 Local refinement

For the use of Hierarchical B-splines (HB-splines), the underlying rectangular mesh
O may consist of finitely many elements from meshes in Myxrorm, Such that any two
elements of Q have disjoint interior, and the union of all elements of Q is the same
domain [0, N1] x [0, N2] that is covered by uniform meshes. In particular, Q is meant
to contain elements of different levels:

Mg = {Q C Uo’ ettpmmom @ | #Q < 00, JaeceQ@ = [0, N1] x [0, Na],
V0,0 € Q: int(Q) N int(Q') :@}. (3.5)
Definition 3.1.3 (Subdivision). For any Q@ € Q € My, we define
SUBDIVIDE(Q) := {Q’ € Quu@+1 1 Q' C Q} (3.6)
and for M C QO € My, we denote the corresponding partial subdivision by

SUBDIVIDE(Q, M) := Q\ M U U SUBDIVIDE(Q). (3.7)

qeM

Definition 3.1.4 (Level-k domain). Given some mesh Q € My, and k € Ny, we
denote by Qg r the domain that is covered by “level-k or finer” elements, 2g i =
U{Q €9|4Qq)> k} See Figure 3.2 for an example.
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3.1 Local dyadic refinement in 2D

Qo0 Qo Qg2 Qg3

Figure 3.2 [41]: Example for level-k domains, for & = 0,...,3. The domains
Qo.0,...,{0,3 are shaded in red.

Figure 3.3 [52]: Level-1 (left) and Level-2 quadratic B-splines (right) for a one-
dimensional mesh, and the hierarchical basis composed of B-splines
of both levels (below).

Definition 3.1.5. The hierarchical B-spline (HB-spline) basis Bys with respect to
the mesh Q is defined as the set of all those B-splines whose support is entirely in
the corresponding level-/-domain, but not in a finer one,

BHB(Q) = U {B € By ‘ SuppB C QQ,k N SUPpB Z QQ,k-l-l} . (38)
kENg

The refinement for HB-splines defined below is conceptionally similar to the re-
finement procedure described in [53] and [37]. It only differs in the construction
of the neighbourhood Nz, where a different level is chosen for the B-splines whose
supports are used in the construction. An example is given in Figure 3.5.

Definition 3.1.6 (Refinement for HB-Splines). We define for each @ € Q the n-th
ancestor as the unique element of | JMuwrorn which has the level £(Q) — n and is a
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3 Hierarchical B-splines

2
§ ¢
] lf ¢ ¢ ¢ ¢ 1 1 ——0 —0 00— —0—
o|lo|o| oo | e ._:1
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0.5
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0 025 05 o075 '1'?1

Figure 3.4 [52]: Level-1 (left) and Level-2 quadratic B-splines (right) for a two-
dimensional mesh, visualised by dots at the Greville points (control
points that induce the identity map, see e.g. [13]), and the hierar-
chical basis composed of B-splines of both levels (below).

superset of @,

anc”(Q) := Q" € Que(g)—n] such that § C Q’ (3.9)
If (@) < n, we set anc"(Q) = Q. We further define the support extension
S(Q) = U supp B, (3.10)
BEBg(Q)
QCsupp B

and the coarse neighbourhood consisting of elements with level £(g) —m + 1

Nus(Q, Q) = {Q/ € |Q)=40@Q)—m+1and @ C S(anc™ ' ( )}

(3 11)
with generalized notations Ns(Q, M) UQEM Nis(Q, Q) and
NE(Q, M) = Nin(Q, ... Nin(QM) ...). (3.12)
k t‘i?nes
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3.1 Local dyadic refinement in 2D

We define the closure max £(M)
CLOSURE_HB(Q, M) := U fB(Q,M), (3.13)

and the extended refinement %)rocedure

REFINE_HB(Q, M) := SUBDIVIDE (Q, CLOSURE_HB(Q, M)). (3.14)

]

Figure 3.5: Example for the HB-spline refinement with m = 3. First, an element
Q € Q is marked (highlighted in blue), hence M = {Q}. Second,
CLOSURE_HB(Q, M) is computed (highlighted in blue). Third, all ele-
ments in CLOSURE_HB(Q, M) are subdivided.

3.1.3 Admissible meshes

We introduce below a class of quasi-uniform meshes, which we call admissible meshes.
Considering the B-spline basis, an admissible mesh guarantees for an upper bound
on the number of basis functions that take non-zero values on an arbitrary mesh
element. This is crucial for the SOLVE step, as it guarantees the stiffness matrix A
to have a bounded number of nonzero entries in each row and column. A matrix
with that property is called sparse, and sparse linear equation systems can be solved
with linear complexity. This restriction is therefore a fundamental ingredient for the
theoretical analysis of adaptive isogeometric methods, see [53].

Definition 3.1.7. A mesh O € My; is called admissible if
V@eQ: S(anc™(Q)) C Qo e@)—m+1- (3.15)

The above definition implies that any B-spline B € By NBys(Q) with § C supp B is
by construction (see Definition 3.1.5) of a level k bounded by ¢(Q)—m+1 < k < 4(Q).
Hence all functions from By (Q) that have support on @ are associated to at most m
different levels £(Q), ..., 4(Q) —m+1. Note that the above-defined term “admissible”
depends on m and the polynomial degree p of the B-splines. Since the case m =1
refers to uniform meshes, we will from now on focus on the case m > 2.

Proposition 3.1.8. The above-defined refinement routine REFINE_HB fulfills the
following properties.

(1) All meshes generated from Qo = Qujo] and (successive) application of REFINE_HB
are admissible.

(ii) Any mesh Q € Myg which is admissible can be generated by Qo and (successive)
application of REFINE_HB.
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3 Hierarchical B-splines

3.1.4 Overlay

The overlay Q. of two meshes Q;, Qs is the mesh obtained as the coarsest common
refinement of Q; and Q2, usually denoted by

Qi = Q1 ® Q2 (3.16)

and consist of elements from Q; and Qa. Let {1 x}r=0,... 0, and {Qak}r=0,....L,
with Q1,0 = Q2,0 be the nested sequences of domains that define the hierarchical

meshes Q1 and Qs, respectively. The domain hierarchy {Q. }x=o,...,L,, with L. =
max (L1, L2), associated to Q. satisfies
Q*,k = Ql,k U Qg,k (317)

for k =1,..., L., where Q;, = 0 if k > L;, for i=1,2. Using that Q; and Q2 are
admissible, we have for any element @ € Q. C Q1 U Qs that

S(anc™(@)) C Q1,6 U Q2 1 = Qi k. (3.18)

Hence, the overlay Q. of two admissible meshes is an admissible mesh and can be
generated by REFINE_HB.

Lemma 3.1.9. The number of elements of the overlay Q. = Q1 ® Q2 s bounded
by
#Qu = #(Q1 ® Q2) < #Q1 + #Q2 — #Qo. (3.19)

Proof. We proceed as in [38]. The overlay is a subset of the union of the two involved
meshes, i.e.,

Q1 ® Q2 = Minc (91 U Q2) € Q1UQ,. (3.20)

Define the shorthand notation Q(Q) := {@" € Q | ' C @}. To prove the lemma, it
suffices to show

VO EQo #(Q®)Q)+1<#2:(Q)+#2:20) . (3.21)
Case 1. Q1(Q) C (Q1 ® Q2)(Q). This implies equality and hence
#(Q1R®)QA)+1=#N@Q)+1 < #(Q)+#92(Q) . (3.22)

Case 2. There exists @' € Q1(Q) \ (Q1 ® Q2)(Q). Then (Q1 ® Q2)(F) = (Q1 ®
Q2)(Q) \ {Q@'} and hence

B2 © 0)(@) = # (21 ® 0@\ {@)) < #((QU2)@)\ {a'})

< #(O\{Q}) +#92(Q) = #91(Q) — 1+ #92(Q).
(3.23)
|

Analogously to the adaptive finite element setting, the above inequality may be
used for discussing the rate optimality of the resulting adaptive isogeometric method
see e.g. [10, Equation 2.10].
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3.1 Local dyadic refinement in 2D

3.1.5 Linear Complexity

This section is devoted to a complexity estimate in the style of a famous estimate
for the Newest Vertex Bisection on triangular meshes given by Binev, Dahmen and
DeVore [7] and, in an alternative version, by Stevenson [8]. Linear Complexity of

the refinement procedure is an inevitable criterion for optimal convergence rates in
the Adaptive Finite Element Method (see e.g. [7, 8, 10] and [53, Conclusions]). The
estimate and its proof follow our own work [37].

Aucxilliary results

Lemma 3.1.10. For every pair of mesh elements (Q,Q), let dist(Q, Q') be the Fu-
clidean distance of their midpoints. Given a Q € Q, all @' € Nus(Q, Q) satisfy

diSt(Q, Ql) S 2_£(Ql) 03_1_10 with 03_1,10 = \/5 (p + %) (324)

Proof. The definition of MVis(Q, Q) yields that £(Q’) = £(Q) —m + 1 = £(anc™ *(Q))
and Q' C S(anc™ *(Q)). The support extension S(anc™ '(Q)) is defined via B-
splines on the level £(anc™ ' (Q)) = £(Q’). Hence, there is a B-spline B € By )
such that @' C supp B D ancmfl(Q) D Q. Consequently, the distance between the
midpoints of ' and @ is bounded by

[b] dist(Q, Q") < diam(supp B) — 1 diam(Q")

_ 21/2—£(Q’)(p+ 1) — %21/2—6(0/) — 9l/2-4@) (p + %), (3.25)

which concludes the proof. O

Lemma 3.1.11. Let Q be an admissible mesh, M C Q the set of elements marked
for refinement, and Q = REFINE_HB(Q, M). For any newly created Q € Q\ Q, there
ezists a marked element @ € M such that

dist(Q,§) <27 @Cs111  and Q) < 4(Q)+1, (3.26)
where C3.1.11 == 1_2%03.1.10 +271/2,

Proof. The existence of § € Q\ Q means that CLOSURE_HB(Q, M) contains a se-
quence of elements Q" = Q;,Q7_1,...,Qq such that §,;,_; € Mus(Q,Q;), with @' € M
and @ being a child of Qg, namely £(Q) = £(Qy) + 1. Since £(Q;_1) = £(Q;) —m + 1,
it follows

£(Q;) = £(Qo) +j (m —1). (3.27)
We have
dist(@, Q") < dist(Q, @y) + dist(Qo, Q") (3.28)
and
J—1
dist(@, Qo) = § diam(@) =277V, dist(Qo, Q") < Y _ dist(@,41,0,)- (3.29)
§=0
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3 Hierarchical B-splines

According to Lemma 3.1.10, we obtain

J—1 J—1 J—1
. oy 3.27 _ (e
0] E dlst(Qj+1, Qj) < E 2 Z(09)6'31.10 ( = ) E 9~ #(Q0)=3( 1)03.1.10

= o 27000y g 27HOTICy
2—5(00) 2(1—m)~j — 3.1. _ 1. .
< Cs.1.10 Z 1 _ol-m 1 _ol-m
(3.30)
The combination with (3.28) and (3.29) proves the distance estimate. The applica-
tion of (3.27) to the case 7 = J > 0, together with ¢(Q) = ¢(Q,) + 1 from above,
yields

=0

Q) =4@Q)—J(m—1)+1<£Q")+1, (3.31)

which concludes the proof. O

Main result

The main result of this paper states the existence of a generic constant C3.1.12 =
Cs.1.12(p, m) < oo that bounds the ratio between the number of new elements in the
final mesh Qs and the number of all marked elements encountered in the sequence
of successive refinements from Qg to Q.

Theorem 3.1.12 (Complexity of REFINE_HB). Let M = Uj:_ol M; be the set of
marked elements used to generate the sequence of admissible meshes Qo, Q1,...,9
starting from Qp, namely

Qj = REFINE_HB(Q,;—1, M;—1), M;—1C Q1 forje{l,...,J}. (3.32)
Then, there exists a positive constant Cs.1.12 such that

#Qs — #Qo < Cz1.12 #M. (3.33)

Proof. Recall that | Muxiroru represents the set of the initial mesh elements and all
elements that can be generated from their successive dyadic subdivision. For any
(S UMUNIFORM and Q' € M, let

@, Q") : {25(0)6(0/) if £(@) < £(Q")+1 and dist(q, Q") < 2" 7@ C3.1.11,

otherwise.

(3.34)
The proof consists of two main steps devoted to identify

(i) a lower bound for the sum of the A function as Q' varies in M so that each

Q € Qs \ Qo satisfies
> A@.0) = 1 (3.35)

Q'em

(ii) an upper bound for the sum of the A function as the refined element @ varies
in Qs \ Qo so that, for any j =0,...,J — 1, each Q' € M; satisfies

Z AQ,Q") <Csiaz. (3.36)
e\ Qo0
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3.1 Local dyadic refinement in 2D

If inequalities (3.35) and (3.36) hold for a certain constant C3.1.12, we have

[B]#Qs — #Qo < #(Qs \ Qo) = Z 1

eQ 7\ Qo

< Z Z @, Q") < Z Cs1.12 = Cs1.12#M,  (3.37)

0eQ\Qo ' eM Q'eM

and the proof of the theorem is complete. We detail below the proofs of (i) and (ii).

(i) Let @ € Qs \ Qo be an element generated in the refinement process from Qg
to Qs, and let j1 < J be the unique index such that § € Q;,+1\ Q;,. Lemma 3.1.11
states the existence of @, € Mj, with

dist(@,Q,) <27“@D Cs141 and £(Q) < (Q,)+1, (3.38)

and, consequently A(Q,Q,) = 24@~¢@) > 0. The repeated use of Lemma 3.1.11
yields a sequence {Qs, Q3,...} with §;_; € Qj.+1 \ Q;,, for j1 > jo > j3 > ..., and
Q; € Mj, such that

dist(Q;_1,Q;) <279 -1 Cy 101 and (1) < €(Q;) + 1. (3.39)
We iteratively apply Lemma 3.1.11 as long as
AQ,Q;) >0 and 4(Q;) >0, (3.40)

until we reach the first index L with A(Q, Q1) = 0 or (@) = 0. By considering the
three possible cases below, inequality (3.35) may be derived as follows.

e If £(Q;) = 0 and A\(Q, Q) > 0, then

DM@, = AG,q,) =217 >, (3.41)

Q'em
since £(Q) > £(Qr) = 0.

e If \(Q,Q;) = 0 because £(Q) > £(Qr)+1, then (3.39) yields £(Qr_1) < £(Qr)+
1 < £(Q) and hence

D M@,Q) =A@, Q) =210 ) > 1, (3.42)

Q'em

o If \(Q, Q) = 0 because dist(Q, Q) > 2 %@ Cs 1 11, then a triangle inequality
combined with Lemma 3.1.11 leads to
L—1
[B]2' @ Cs101 < dist(Q,0,) + Y _ dist(Qy, Qi)
i=1
L—1
<27 g0 + Z 274 Q) gy . (3.43)

1=1
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3 Hierarchical B-splines

Consequently, 27¢(@ < ZZ.L:_ll 274 and we obtain

L—1 L—1
1<) 20700 = N UNQ,0) < ) AQ,Q). (344)
=1 =1

Q' emM

(ii) Inequality (3.36) can be derived as follows. For any 0 < j < J—1, we consider
the set of elements of level j whose distance from @’ is less than 2'77Cs.1.11, defined
as

A(Q',§) = {Q € Quy | dist(Q,0") <277/Cs111} (3.45)

According to the definition of )\, the set A(Q’,7) contains all elements at level j that
satisfy A(Q, Q") > 0. We have

£@")+1
B Y M@.e) < Yo A= Y 2T H#AQ)), (3.46)
e\ Qo QEUMUNIFORM\QO g=1

Since the diameter of an element g of level j is 2'/277 the diameter of the domain
composed by the union of all elements in A(Q’, ) is bounded by

diam(A(Q’,5)) < 2-2"77Cs.1.11 + 227, (3.47)
and hence the volume of that domain is bounded from above by

JA@ D) < 2(2*7Coamn +2'77)". (3.48)

Since the volume of each element in A(Q’,7) is 2727, the number of elements in
A(Q', j) can be bounded by

#A@5) < 27| JA@,5)
< 2% I (24_2jC§.1.11 + 21_2j) =7 (4032'1'11 T %) : (3.49)

Finally, the index substitution k := 1 — 5 4+ £(Q") reduces (3.46) to

£Q")+1 £@Q")
YooM)L 2T OgAW@ ) =D 2 P #AWR )
eQ 7\ Qo =1 k=0
<2 2HA@Q, ) =4#A@, ) < Caaaz, (3.50)
k=0
with C3.1.12 = 4m (4C§.1.11 + %) O
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3.2 Local g-adic refinement in nD

3.2 Local g-adic refinement in nD

Definition 3.2.1. Given q, N1, Na, ..., Ng € N, we generalize the preceeding section
as follows. We still assume the initial mesh Qp to be a tensor product mesh, and
its elements are closed hypercubes with side length 1 (regard Figure 3.1 as a 2D
example with ¢ = 2),

Q= {[nl—l,nl] x - x [ng = 1,n4] | m1 e{1,...,N1},...,ndE{l,...,Nd}}
(3.51)

The corresponding spline basis By is spanned by the corresponding tensor-product
B-splines. For each level k € Ny, we define the tensor-product mesh

Qp = {[xl —q "] X x [a—q ", za) |
"z € {1,... ,qul}, o q g € {1, .. .,qud}} (3.52)

and the corresponding spline space By of tensor-product B-spline basis functions
of degree p = (p1,...,pd), i.e., the polynomial degree of the univariate B-splines
that are used for constructing the multivariate B-splines may differ between the
dimensions.

The uniform refinement, the class Mynirorn, and element levels are defined exactly
as in Definitions 3.1.1 and 3.1.2. For the use of HB-splines with these generalized
meshes, the underlying rectangular mesh Q may, as before, consist of finitely many
elements from meshes in Mynirory, such that any two elements of Q have disjoint
interior, and the union of all elements of Q is the same domain [0, N1] X - -+ x [0, Ng]
that is covered by uniform meshes.

Mg = {Q C UQ’EMUNIFORMQ/ | #Q < 00, UQ = [07N1] X X [O)Nd]a
vQ,Q" € Q: int(Q) Nint(Q") :(z)}. (3.53)

The Definitions 3.1.3 to 3.1.7 apply analogously to this setting, in particular the
definition of the refinement routine, the class of admissible meshes, and the overlay,
including the stated results.

We rewrite below Subsection 3.1.5, accounting for the above generalizations.

Definition 3.2.2. We define the distance between two mesh elements as the com-
ponentwise distance of their midpoints,

Dist(@,Q") = abs(mid(Q) - mid(Q’)) e R% (3.54)

Lemma 3.2.3. For every pair of mesh elements (Q,Q'), let Dist(Q, Q") be the Fu-
clidean distance of their midpoints. Given a Q € Q, all @ € Nus(Q, Q) satisfy

Dist(Q, Q') < q—e(a’) C3.2.3 (3.55)

with Cs.23 = p + % € Rd, and “p + %” indicating an increment of p by % in each
component.
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3 Hierarchical B-splines

Proof. The definition of Nis(Q, Q) yields that £(Q") = £(@) —m + 1 = £(anc™ '(Q))
and Q' C S(anc™ '(Q)). The support extension S(anc™ *(Q)) is defined via B-
splines on the level £(anc™ " (Q)) = £(Q’). Hence, there is a B-spline B € By(g/y such
that ' C and @ C anc™ *(Q) C supp B. Using the notation 1 := (1,...,1) € R?
and

size ([a1,b1] X -+ X [aa,ba]) = (b1 — a1,...,ba —aa) €RY, (3.56)
the distance between the midpoints of " and § is bounded by

Dist(Q, Q") < size(supp B) — 3 size(qQ")

_ q—K(Q )(p + 1) . %q—ﬁ(a )1 — q—e(a )(p + %1)’ (357)
which concludes the proof. O
Lemma 3.2.4. Let Q be an admissible mesh, M C Q the set of elements marked

for refinement, and Q = REFINE_HB(Q, M). For any newly created Q € Q\ Q, there
exists a marked element @ € M such that

Dist(Q,q) < ¢ “PCs04 and £(Q) <4(Q)+1, (3.58)
where C3.2.4 = 1_q({,m C323+ 21.

Proof. The existence of € Q\ Q means that CLOSURE_HB(Q, M) contains a se-
quence of elements Q" = Q7,Q;_1,..., Qo such that @, _; € Mus(Q,Q;), with @' € M
and @ being a child of @, namely 4(Q) = £(Qo) + 1. Since £(Q,;_1) = £(Q;) —m + 1,
it follows

0(Q;) =£(Qo) +j (m —1). (3.59)
We have
Dist(@, Q") < Dist(Q, @y) + Dist(Qo, Q") (3.60)
and
Dist(q, Qo) < 1 size(Qy) = & ¢~ @)1, (3.61)
J—1
Dist(Qo,0') < Y Dist(Q,1,0;)- (3.62)
7=0

According to Lemma 3.2.3, we obtain

J—1 J—1 J—1
. iy (3.59) _ i(m—

E Dist(Q,11,Q;) < E q )0y 05 2 g q H@0)=3m=D g 5 4

j=0 =0

Jj=0

> —£(Qo) —£(@)+1
_ —m)-4 q 03.2.3 q 03.2.3
<q 6(00)03.2.3 g q(l )7 = 1 — gl-m = 1—gl-m -
—o q q

(3.63)

The combination with (3.60), (3.61) and (3.62) proves the distance estimate. The

application of (3.59) to the case j = J > 0, together with £(Q) = ¢(Qy) + 1 from
above, yields

(@) = £@) — T (m—1)+1 < @) +1, (3.64)

which concludes the proof. O
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3.2 Local g-adic refinement in nD

Theorem 3.2.5 (Complexity of REFINE_HB). Let M := Uj:_ol M; be the set of
marked elements used to generate the sequence of admissible meshes Qo, Q1,..., 9
starting from Qp, namely

Qj = REFINE_HB(Q;_1,M;_1), M;-1CQ;_1 forje{l,...,J}. (3.65)
Then, there exists a positive constant Cs 2.5 such that

#Qs — #Qo < Cs25 #M. (3.66)

Proof. We redefine the function

@, Q') = {qe(‘”“‘*’) if £(Q) < £(Q") +1 and Dist(Q, Q") <2¢ “% Cs.2.4,

0 otherwise

(3.67)
and rewrite the proof parts (i) and (ii) from Theorem 3.2.5.
(i) Let @ € Qs \ Qo be an element generated in the refinement process from Qg
to @, and let j; < J be the unique index such that @ € Q;,+1 \ Q;,. Lemma 3.2.4
states the existence of §; € M;, with

Dist(q,01) < ¢ ‘@ C32.4 and  £(Q) < £(@;) +1, (3.68)
and, consequently A(Q,Q;) = qe(a)—e(ol) > 0. The repeated use of Lemma 3.2.4

yields a sequence {Qs, Q3,...} with §;_; € Qj. 41\ Q,,, for j1 > jo > j3 > ..., and
Q; € M;, such that

Dist(@;_1,Q;) < q ‘@1 C554 and £(Q,_;) < 0Q;)+ 1. (3.69)
We iteratively apply Lemma 3.2.4 as long as
A@,Q;) >0 and £(Q;) >0, (3.70)

until we reach the first index L with A(Q,Q;) = 0 or ¢(§;) = 0. This yields the
following three cases.

o If E(QL) =0 and )\(Q, QL) > 0, then

> MQ,8) = A0,0;) = ¢ > 1, (3.71)

Q' em
since £(Q) > £(Qr) = 0.

e If \(Q,Q;) = 0 because £(Q) > ¢(Q)+1, then (3.69) yields £(Q;_1) < £(Qr)+
1 < £4(Q) and hence

D A@,8) > AQ,0,y) = ¢" @7 > 1 (3.72)
Q'eM
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3 Hierarchical B-splines

e If \(Q,Q) = 0 because Dist(Q, Q) ¢ 2¢ “@ Cs.5.4, then there exists an index
ke{l,...,d} with Distx(Q, QL) > 2¢ “@ (C3.2.4)x (the subscript & indicates
the k-th component), and a triangle inequality combined with Lemma 3.2.4
leads to

2q—e(0) (03.2_4) < DlStk Q 01 ZDIStk Q;,Qq Z+1)

L—1
q_E(Q) (C3.2.4)k + Z q_e(g") (C3.2.4)k - (3.73)
i=1
Consequently, ¢~ 4@ < Z —40) and we obtain
L—1 L—1
< Zqﬂ(a)—E(Qi) — Z)\(Q,Qi) < Z AQ, Q). (3.74)
i=1 i=1 Q' em

(ii) Forany 0 < j < J—1, we consider the set of elements of level j whose distance
from Q' is less than ¢'77Cs5.9.4, defined as

A(Q',5) ={@ € Q; | Dist(Q,Q") < ¢' 7 Cs.2.4}. (3.75)

According to the definition of )\, the set A(Q’,7) contains all elements at level j that
satisfy A\(@, Q") > 0. We have

€@Q)+1
Y@< D A@,Q) = Y @ #A®@ ). (3.76)
e\ Qo QEUMUMFORM\QO J=1

Since the size of an element Q of level j is ¢771, the bounding box of all elements in
A(Q’,7) has a size bounded by

size(A(Q',5)) <2-¢ 7 Cs0a+q 71, (3.77)

and hence the volume of that domain is bounded by

|U A, 5)] < prOd(ql_jCB.QA + q_jl)

—.

(ql_j(C3.2.4)k + q_‘j)
k=1

=q Y] (a(Cs2.0)x +1). (3.78)

Since the volume of each element in A(Q’,j) is ¢~%¥, the number of elements in

A(Q',j) can be bounded by

#A(Q',5) < ¢” | JA@, ) < [[(a(Cs2.0)x +1). (3.79)
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3.2 Local g-adic refinement in nD

Finally, the index substitution k := 1 — 5 4+ £(Q") reduces (3.76) to

2(Q")+1 2@Q")
DAN@E) < D PTORAWQ ) =D g T #AW )
QeQ 7\ Qo j=1 k=0
<q) ¢ F#AQ,)) = = #AW@, ) < Caas,  (3.80)
k=0
d+1
with C3.25 = qq_1 prod(Cs.2.4 + 1). O
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4 Truncated Hierarchical B-splines

This chapter introduces Truncated Hierarchical B-splines (THB-splines), which are
defined for the same mesh class that has been adressed in the previous chapter,
Mryg = Myg, with My in the generalized setting from Section 3.2. THB-splines
are an alternative choice of basis functions, and they span the same spline space
as the HB-splines, span Br;s(Q) = spanBus(Q), for all Q@ € Mys. THB-splines
have been introduced in [19] and aim at reducing the overlap of basis functions by
choosing a spline basis with smaller supports. The reduced overlap yields a sparser
stiffness matrix for the Galerkin method, which results in less time required for its
assembly, less memory to store it, and potentially less time for solving the discrete
problem. We will below define the THB-spline basis, and subsequently adapt the
definitions and results from Chapter 3 to this basis, which in essence results in
smaller neighbourhoods to be marked in the refinement procedure, and consequently
allows for more local refinement in the sense that the class of admissible meshes is
larger, and the complexity constant in Theorem 4.2.6 is smaller than C4.2.¢ from the
estimate in Section 3.2.

4.1 Truncating the B-spline basis

The following definition introduces the truncation mechanism, the key concept used
to define the truncated basis for hierarchical splines [19].

Definition 4.1.1 (One-level truncation). Let s € span By for some k € Ny. There
exist unique coefficients {cp,s | B € Br+1} C R such that s is represented by the

spline basis Bx+1,
s = Z cB,sB. (4.1)
BEBgk 1

The truncation of s with respect to Bi41 is defined by omitting all those functions
B € By+1 that can be represented by functions from Bys(Q),

truncg1(s) = Z cB,sB. (4.2)

BeBy 1
supp BgQQ,k+1

The above-defined truncation discards the contribution of those B-splines in Byt1
whose support is contained in the refined domain €2g x+1. The iterative application
of this truncation among the levels of the hierarchy leads to the following definition.
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4 Truncated Hierarchical B-splines

Definition 4.1.2 (Truncated spline basis). The truncated hierarchical B-spline
(THB-spline) basis Brys(Q) with respect to the mesh Q is defined as

Bus(Q) = {Trunc(B) | B € Bus(Q)},
where
Trunc(B) := trunc” (... (trunc*t'(B))...)
(4.3)
for any B € By N Bus(Q) and N = max{n € Ng | B, N Bus(Q) # 0}.

Figure 4.1 [52]: HB-splines (left) and THB-splines (right) for a one-dimensional
mesh. Note that a B-spline is truncated only if its support con-
tains the entire support of a finer (higher-level) function.

THB-splines inherit from the HB-splines linear independence, non-negativity, nested
spline spaces and the partition of unity. Moreover, being defined in terms of the trun-
cation mechanism, each THB-spline B = Trunc(B) is characterized by a support
that is either equal or smaller than the support of the HB-spline B. For details on
the properties of the truncated basis, we refer to [19, 54].

4.2 Local g-adic refinement in nD

As explained at the beginning of the chapter, we consider below the mesh class
Mrus := My in the sense of Definition 3.2.1. The refinement for THB-splines defined
below is, up to notation, cited from [53] and [37].

Definition 4.2.1 (Refinement for THB-Splines). We define for each § € Q the
coarse neighbourhood consisting of elements with level £(§) — m + 1

NTHB Q Q {Q S Q’ﬁ( ) K(Q)_m‘Fl (44)
and 3 Q" € suBDIVIDE(Q') : Q" C S(anc™ (@)},
(4.5)

with generalized notations N (Q, M) = |J PeM Nos(Q, Q) and

Niio(Q M) = Nuws(Q, . Nows(QM) ). (4.6)
We define the closure maxe(./\/lk) times
CLOSURE_THB(Q, M) = U Nis(Q, M), (4.7)

k:
and the extended refinement f)rocedure

REFINE_THB(Q, M) := SUBDIVIDE (Q, CLOSURE_THB(Q, /\/l)) . (4.8)
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4.2 Local g-adic refinement in nD

Note that compared to the HB-splines, the above-defined neighbourhood makes
use of S(anc™ ?(Q)) instead of S(anc™~*(Q)), which yields a neighbourhood which is
by a factor ¢ smaller in each dimension and hence yields substantially more localized
refinement.

4.2.1 Admissible meshes and overlay

Similar to the framework for HB-splines, we define admissibility by an upper bound
on the overlap of basis functions.

Definition 4.2.2. A mesh O € My is called admissible if
VeeQ: S(anc™ (@) C Qo.u@)-—mr1- (4.9)

This definition is equivalent to the definition of strict admissibility from [37]. It
is used below to characterize the mesh class generated by the refinement proce-
dure REFINE_THB. Same as for the HB-spline setting, this definition guarantees for
bounded overlap of the THB-splines. Note again that the above-defined term “ad-
missible” depends on m and the polynomial degree p of the B-splines. Since m = 1
refers to uniform meshes, we focus on the case m > 2.

The overlay of admissible meshes and its properties are completely analogue to
the HB-spline case, with Q. = Q1 ® Q2 being admissible for any admissible meshes
Q1 and Qa.

(a) (b)

Figure 4.2 [37]: Two examples on m-admissible meshes. The left mesh (a) is 2-
admissible for p < 2. It is not 2-admissible if p; > 2 or p2 > 2, but
it is 3-admissible for any p. The mesh on the right-hand side (b) is
2-admissible only if p = (1, 1), and 4-admissible for all other p.

Proposition 4.2.3. The above-defined refinement routine REFINE_THB fulfills the
following properties.

(i) All meshes generated from Qo and (successive) application of REFINE_THB are
admissible.

(ii) Any mesh Q € Myyp which is admissible can be generated by Qo and (succes-
sive) application of REFINE_THB.
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4 Truncated Hierarchical B-splines

4.2.2 Linear complexity

In this Section, we prove that REFINE_THB has linear complexity with respect to
the number of marked and generated elements. The proofs are very similar to
those in Section 3.1.5, and consequently we only prove two Lemmas below, and for
Theorem 4.2.6 we refer the reader to the proof of Theorem 3.1.12. The following
Lemma is similar to Lemma 3.2.3 and makes use of the distance operator defined in
Definition 3.2.2. The subsequent Lemma 4.2.5 is an adaption of Lemma 3.1.11 to
the THB-spline setting.

Lemma 4.2.4. For every pair of mesh elements (Q,Q), let Dist(Q, Q") be the Fu-
clidean distance of their midpoints. Given a Q € Q, all @' € Niws(Q, Q) satisfy

Dist(Q, Q') < q—e(a’)—1 Ca.2.4 (4.10)

with Cy24 =p+24+1¢€ RY, and “p + 1 417 indicating an increment of p by % +1
in each component.

Proof. The definition of N (Q, Q) yields that
0Q") =0Q) —m+1=~Lanc™?(Q)) —1 (4.11)

and Q" € sUBDIVIDE(Q') such that @' D " C S(anc™ ?(Q)). The support extension
S(anc™~%(Q)) is defined via B-splines on the level £(anc™ %(Q)) = #(Q"). Hence,
there is a B-spline B € By such that Q" D Q" C supp B and Q C anc™3(Q) C
supp B. Using the notation 1 :=(1,...,1) € R? and

size([al, bi] X -+ X [ad,bd]) = (bl —ai,...,bqg — ad) € Rd, (4.12)
the distance between the midpoints of Q' and @ is bounded by
Dist(Q, Q") < size(supp B) + 3 size(qQ")
=+ 1)+ 57 1= p+(E+D1),  (4.13)
which concludes the proof. O

Lemma 4.2.5. Let Q be an admissible mesh, M C Q the set of elements Tqarked
for refinement, and Q = REFINE_THB(Q, M). For any newly created @ € Q \ Q,
there exists a marked element Q € M such that

Dist(Q,@) < ¢ “PCuzs and £(Q) < (@) +1, (4.14)

. 1
where 04.2.5 = WCZL.QA + %1-

Proof. The existence of § € O\ Q means that CLOSURE_THB(Q, M) contains a
sequence of elements Q" = Q;,Q;_1,...,Qq such that @, ; € MNu(Q,Q;), with @’ €
M and @ being a child of @y, namely £(Q) = ¢(Q,)+1. Since £(Q;_1) = £(Q;) —m+1,
it follows

6(Q;) = £(Qo) +j (m —1). (4.15)
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4.2 Local g-adic refinement in nD

We have
Dist(@, Q") < Dist(Q, Qo) + Dist(Qo, Q") (4.16)
and
Dist(qQ, Qo) < 1 size(Qy) = & ¢ %01, (4.17)
J—1
Dist(Qo,q) < » _ Dist(8,41,0,)- (4.18)
§j=0

According to Lemma 4.2.4, we obtain

J—1 J—1 J—1

. PPN 4.15 _ (1) —
g Dist(@,11,0;) < E g ‘90 0, (429 E g RO—Im=D"1y oy
j=0 j=0

=0

_ _ - —m)i )10y 5 4 Oy,
=0
(4.19)
The combination with (4.16), (4.17) and (4.18) proves the distance estimate. The
application of (4.15) to the case j = J > 0, together with £(Q) = ¢(Qy) + 1 from
above, yields

Q) =4Q")—J(m—-1)+1<Q)+1, (4.20)

which concludes the proof. O

Theorem 4.2.6 (Complexity of REFINE_THB). Let M = sz_ol M; be the set of
marked elements used to generate the sequence of admissible meshes Qo, Q1,..., Qs
starting from Qp, namely

Q; = REFINE_THB(Q; 1, M,;_1), M;—1CQ;_1 forje{l,...,J}. (4.21)

Then, there exists a positive constant Cy.2.¢ such that

#Qs — #Qo < CazeH#M. (4.22)
The proof is the same as the proof of Theorem 3.2.5, with C3 2.4 replaced by C4 .25,
d
and consequently Cy.2.6 = qq_+11 prod(Ca.2.5 + 1), with “prod” from (3.46).
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5 Analysis-Suitable T-splines

This chapter investigates the local refinement for T-splines. Introduced for purposes
of computer graphics and modeling, they are designed to allow for a local refinement
of NURBS (see Section 2.3) while preserving smoothness and local support of each
basis function as well as the partition of unity. As pointed out in the introduction,
Isogeometric Analysis was established later than T-splines, and algorithmic difficul-
ties arise when T-splines are applied in a Galerkin method. First, for general box
meshes, they do not form a basis due to linear dependencies. Second, T-splines that
correspond to (partially) nested meshes, in the sense that one is a refinement of the
other, may span spline spaces that are not nested. Both difficulties have been ad-
dressed and solved in the refinement procedure proposed by Scott et al. [29], which
supports zero knot intervals as well as the manifold-like structure of more complex
geometry representations, see e.g. [22]. Since the algorithm is based on analysis-
suitability in the sense of Definition 5.1.8 below, it is limited to the two-dimensional
case, and we are not aware of any complexity analysis (comparable to Section 3.1.5)
for this algorithm, which is necessary for the theoretical analysis of convergence
rates of the Adaptive Isogeometric Method, see e.g. [10, Equation 2.9]. This chapter
introduces an alternative refinement procedure for T-splines which allows for the
desired complexity analysis as well as a generalization to higher dimensions. We
will explain T-splines and analysis-suitability in Section 5.1 below, and present the
refinement algorithm for the two dimensional setting, uniform polynomial degree
and dyadic refinement in Section 5.2. We investigate linear independence of the T-
splines, nestedness of the spanned spline spaces, the overlay of two meshes, and the
complexity of the refinement procedure. Sections 5.3 and 5.4 generalize the results
to higher dimensions, polynomial degrees that differ between the dimensions, and
element subdivision with more than two children.

5.1 AST-splines in 2D

This section defines bivariate T-splines and analysis-suitability, which is a sufficient
condition for linear independence of the T-splines. We introduce the mesh class Mg
below, and subsequently explain the construction of T-splines for a given mesh and
odd polynomial degree p. For even p we refer the reader to [31].

Definition 5.1.1 (Intermediate uniform meshes). For each level k € N, we define
the tensor-product mesh

Qu[k—i-l/Q} = {[x_z_k_la'r] X[y_2_k7 y] | 2k+1x € {17 R 2k+1M}7 2ky € {17 T 2kN}}

(5.1)
The class of uniform meshes, including the above-defined intermediate uniform
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meshes, is denoted by
Mlljl{IIQFORM = {Qu[k] | 2k € NO} D Muxiroru- (5.2)

For the use of T-splines, the underlying rectangular mesh Q may, similarly to the
preceeding chapters, consist of finitely many elements from meshes in M%éfmw, such
that any two elements of O have disjoint interior, and the union of all elements of
Q is the same domain [0, M] x [0, N] that is covered by uniform meshes.

Mo = {Q CUg e Q1 #Q < 00, JQ = [0,M] x [0, N)

UNIFORM

vQ,Q" € Q: int(Q) Nint(Q') = (7)}. (5.3)

Definition 5.1.2 (Skeleton). Given a mesh Q € My and @ = [z, z+Z] X [y,y+ 7] €
Q, we denote the union of all vertical (resp. horizontal) element sides by

vSk(Q) = {x,x + 2} x [y,y + 7],
hSk(Q) := [z, = + 2] x {y,y + 7},
vSk(Q) = | J vsk(@), hSk(Q) = | J hsk(@). (5.4)

QeQ QeQ

We call vSk(Q) the vertical skeleton and hSk(Q) the horizontal skeleton, and if only
one mesh Q is considered in the context, we will use the shortcut notation vSk and
hSk, respectively.

Definition 5.1.3 (Vertices and T-junctions). For any mesh Q € Mg and element
Q=[z,z+Z] X [y,y+ 7| € Q, we define the set of nodes

N(@) = {z,2 + 7} x {y,y +§}, and N(Q) = | ] N(@). (5.5)
QeQ

We denote as T-junction each vertex that is in an element without being a vertex
of it,

T(9) =N(Q) N@\N(@), and T(Q) = | ] T(@). (5.6)

QeQ

Note that the above union is disjoint, i.e., for any T-junction v € T(Q) there is
a unique element Q, € Q such that v € T(Q,). We distinguish horizontal and
vertical T-junctions. A T-junction is called horizontal if it is in a vertical side of the
corresponding element, and wvertical if it is in a horizontal side,

Th(Q) = {v eTQ) |ve vSk(Q)},
T(Q) :={veT@)|vehSk@)},
T(Q) = | W@, ™ =] T (5.7)

QeQ QeQ

Note that T,(Q) and T,(Q) are disjoint and T,(Q) U T,(Q) = T(Q).
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Definition 5.1.4 (Global index vectors). For any v = (v1,v2) € [0, M] x [0, N], we
define

X(0) = {((%) -5 ()} xsorts ({(Z2) € vSk | 22 =wa}) x {((),---, (M)}

N - ~- Z N - ~- 2
[21 times |—2"| times
Y(0) = {((5)v, (5 )} xsorty ({ () €Sk | 20 =v1}) x {((3)-. (%))
b e b b
[5] times [5] times

(5.8)
where sorty(S) (resp. sorty(S)) returns a vector of which the components are the
elements of S in ascending order with respect to their z-components (resp. y-
components).

Remark. The entries of the above-defined vectors X(v) and Y (v) are points. The term
‘global index vector’ follows the literature, where global index vectors are defined as
sets or vectors of indices and referred to as “global index sets” [38] or “global index
vectors” [29].

Definition 5.1.5 (B-spline for a given knot vector). Recall the construction of
B-splines from Definition 2.1.1. For a given knot vector (zo,...,Zm) we introduce
the notation N, .. z,,) = N1,m—1 for the unique B-spline that involves all knots
Loy« Lm-

Definition 5.1.6 (T-splines). To each vertex v = (v1,v2) € N(Q), we associate a
local index vector x(v) € RP 2 which consists of the z-components of the unique
p + 2 consecutive elements in X(v) having vi as their Z£3-th (this is, the middle)
entry. We analogously define y(v) € RPT2. We associate to each vertex v € N(Q) a
bivariate B-spline function defined as the product of the one-dimensional B-spline
functions on the corresponding local index vectors,

BU (.Z', y) = Nx(v) (JJ) ’ Ny(v) (y) (59)
Given a mesh O € My, the associated set of T-splines is defined by
Bs(Q) :={B, |veNQ)}. (5.10)

We give a brief review on the concept of analysis-suitability below, using the
notation from [31]. At the end of this section, we will prove that all meshes generated
by REFINE_TSap (see Definition 5.2.3 below) are analysis-suitable and hence provide
linearly independent T-splines.

Definition 5.1.7 (T-junction extensions). For any T-junction v € T(Q), we define
the T-junction extension as follows. We denote by Xex(v) the unique set of p 4+ 1
consecutive elements of X(v) having the two elements of X(v) N @, as the two middle
entries. We denote by conv(xext(v)) the convex hull of these points. Analogously,
let y...(v) be the unique set of p 4+ 1 elements of Y(v) having the two elements of
Y(v)NQ, as the two middle entries, and conv(y,,(v)) the convex hull of these points.
The T-junction extension of v is defined as

conv(xext(v)) if v € Th(Q),

conv(y,,(v)) ifve T, (Q). (5.11)

exto(v) = {
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5 Analysis-Suitable T-splines

SE=
i

Figure 5.1: Example for T-junction extensions. The left figure show the consid-
ered mesh, and the right figure shows the same mesh with indicated
T-junctions (red bullets) and the corresponding T-junction extensions

(light red thick lines).

Definition 5.1.8 (Analysis-Suitability [31, Definition 2.5]). A mesh is analysis-
suitable if horizontal T-junction extensions do not intersect vertical T-junction ex-
tensions.

It is known from the literature that for an analysis-suitable mesh O, the cor-
responding T-splines are linearly independent [30, 28]. Moreover, given a mesh
Q € My and a refinement Q thereof, the corresponding spline spaces are only
nested if each T-junction extension is either eliminated or unchanged [35].

5.2 Local dyadic refinement in 2D

We introduce below a local refinement routine for T-splines in two dimensions. Sim-
ilar to REFINE_HB and REFINE_THB, the refinement is defined through the subdi-
vision of a superset (the closure) of the marked elements, and the closure is, as
before, defined as a higher-order neighbourhood of the marked elements. Unlike
REFINE_HB and REFINE_THB, the (first-order) neighbourhood of a mesh element is
defined through a distance criterion, instead of the support extensions used in the
previous chapters.

Definition 5.2.1 (Intermediate children). For § € Q. and 2k € No, we define

sUBDIVIDE'/(Q) = {@" € Qut1/2 1 @' C @} (5.12)
For M C Q € Mg, we denote the corresponding partial subdivision by
SUBDIVIDE'?(Q, M) := Q \ M U U SUBDIVIDE'/?(Q). (5.13)
QEM

Definition 5.2.2 (Vector-valued distance). Given x € € and an element Q, we
define their distance as the componentwise absolute value of the difference between
x and the midpoint of q,

Dist(Q, x) = abs(mid(Q) — x) € R (5.14)
For two elements @, ., we define the shorthand notation

Dist(Q+, @») := abs(mid(Q;) — mid(q,)). (5.15)
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5.2 Local dyadic refinement in 2D

Definition 5.2.3 (Refinement for bivariate T-splines). We define for each @ € Q
the coarse neighbourhood

Nis(Q, Q) = {Ql € QN Quu(g)—1/2 | Dist(Q,Q") < D(E(Q))} ,  (5.16)

—k D 1 D 1 :

e S v e
2 ([g] + 3, 2|_§J + 1) otherwise,

where p is the polynomial degree of the B-splines in z- and y-direction. Moreover,

we define the closure

with

2-max £(M)

CLOSURE_TS(Q, M) = U NE(Q,M), (5.18)
k=0
and the extended refinement procedure

REFINE_TS2p (Q, M) = sUBDIVIDE'/? (Q, CLOSURE_TS(Q, M)). (5.19)

Figure 5.2 [38]: Example of the neighbourhood in a uniform mesh (right) and in
a non-uniform mesh (left) for integer (@) and p = (5,5). Q is
marked in blue, and the neighbourhood Q N U(Q) defined in (5.25)
is highlighted in light blue. In the uniform mesh (right), the coarse
neighbourhood NTS(Q, Q) is empty, and in the non-uniform mesh
(left), it consists of two coarser elements.

5.2.1 Admissible meshes

In contrast to the preceeding chapters, we define admissible meshes for T-splines
inductively over elementary refinement steps. We will show below that this class of
admissible meshes equals the mesh class generated by REFINE_TS2p, and, to the end
of the section, that all these meshes are analysis-suitable.

Definition 5.2.4 (Admissible bisections). Given a mesh Q and an element @ €
Q, the bisection of @ is called admissible if the coarse neighbourhood Nis(Q, Q)
is empty. In the case of several elements M = {Q,...,Q;} C Q, the bisection
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5 Analysis-Suitable T-splines

%

Figure 5.3 [41]: Example for the T-spline refinement. In order to subdivide the
marked element as for the THB-spline refinement, the refinement
routine REFINE_TS2p is applied twice.

SUBDIVIDE'/2(Q, M) is admissible if there is an order (o(1),...,0(J)) (this is, if
there is a permutation o of {1,...,J}) such that

SUBDIVIDE'/?(Q, M) = suBpIvipe'/?(. . . suBDIVIDE"/(Q, Qo1))s - Qo(r))
(5.20)

is a concatenation of admissible bisections.

Definition 5.2.5 (Admissible mesh). A refinement Q of Qg is admissible if there is a
sequence of meshes Q1,..., Qs = Q and markings M; C Q; forj7 =0,...,J—1, such
that Q1 = SUBDIVIDE'/?(Q;, M) is an admissible bisection for all j = 0,...,J—1.
The set of all admissible meshes is the initial mesh and its admissible refinements.

Proposition 5.2.6. For any admissible mesh Q and any set of marked elements
M C Q, the refinement REFINE_TS2p (Q, M) is also admissible.

The proof of Proposition 5.2.6 given at the end of this section relies on the sub-
sequent results.

Lemma 5.2.7 (Local quasi-uniformity). Given an admissible mesh Q and Q € Q,
any @ € Q with Dist(Q,q") < D(¢(Q)) satisfies £(Q") > £(Q) — L.

Proof. For £(Q) = 0, the assertion is always true. For ¢(Q) > 0, consider the parent
Q@ of @ (i.e., the unique element Q € | JMyrs with @ € child(Q)). Since @ results from
the bisection of @, we have

(274@=2 0)  if 4(Q) € No,
(0,274@=3/2y " otherwise.

~{(0,275@71) if £(Q) € N,
(2749 73/2 ) otherwise.

d(Q) == Dist(q, Q) = {

(5.21)
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5.2 Local dyadic refinement in 2D

Since Q is admissible, there are admissible meshes Qp,..., Qs = Q and some j €
{0,...,J — 1} such that @ € Q;11 = sUBDIVIDE'/2(Q;,{Q}). The admissibility of
Q;+1 implies that NVs(Q;, Q) is empty. It follows that all " € Q; with Dist(Q’, Q) <
D((Q)) satisfies £(Q") > €(Q) = £(Q) — 3. (If otherwise there was Q" with £(Q") <
£(Q), then there would be an ancestor anc®(g) and a refinement step 7 such that
Q" € Nis(Qj,anc®(Q)), and hence Q; would not be admissible.) Since levels do not

decrease during refinement, we get

Q) — % < min{K(Q’) | @' € Q; and Dist(Q,Q") < D(K(Q))}
<min{£(Q") | @' € Q and Dist(q,q") < D(¢(Q))}
=min{¢(Q") | " € Q and Dist(q,Q") < D(¢(Q) — 1)}
<min{¢(Q") | @' € Q and Dist(q,Q") +d(Q) <D(£(Q) — 3)}. (5.22)

One easily computes D(4(Q) — 3) — d(Q) > D(¢(Q)), which concludes the proof. O
Corollary 5.2.8. Let Q be admissible, Q € Q and

U(Q) == {z € Q| Dist(q, z) < D((Q))}, (5.23)
then
{@€Q|Dist(0.q) <D(@Q)} ={d € 2| NU) #0}. (5.24)

Proof. This is a consequence of Lemma 5.2.7 in the strong version (5.22) that involves
a bigger patch of Q. O

Throughout the rest of this chapter, for a given mesh Q and an element @ € O,
we will use the shortcut notation

oNUR)={Q" € Q| @' nU(Q) # 0} (5.25)

Proof of Proposition 5.2.6. Given the admissible mesh O and marked elements M C
Q to be bisected, we have to show that there is a sequence of meshes that are
subsequent admissible bisections, with Q being the first and REFINE_TS2p(Q, M)

the last mesh in that sequence. Set A1 := CLOSURE_TS(Q, M) and

L :=2max((M), L :=2minl(M)
M;={Qe MM |26Qq)=j} for j=L,...,L
Qr =9, Qjy1:= suBDIVIDE'/?(Q;, M;) for j=1L,...,L. (5.26)

It follows that REFINE_TS2p(Q, M) = Qf 41 We will show by induction over j that
all bisections in (5.26) are admissible.

For the first step j = L, we know {Q’ € M | 24(Q’) < L} = 0, and by construction
of M that for each @ € My holds {@' € QNU(Q) | £(Q") < £(Q)} € M. Together
with 24(Q) = L follows for any § € My that there is no Q" € Q NU(Q) with
0(Q") < ¢(Q). This is, the bisections of all § € M, are admissible independently of

their order and hence SUBDIVIDE'/?(Qp, M) is admissible.
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5 Analysis-Suitable T-splines

Consider an arbitrary step j € {L, ..., L} and assume that Qp, ..., Q, are admis-
sible meshes. Assume for contradiction that there is § € M of which the bisection
is not admissible, i.e., there exists @' € Q,; NU(Q) with £(Q") < ¢(Q) and conse-
quently @’ ¢ M, because Q' has not been bisected yet. It follows from the definition
of CLOSURE_TS in Definition 5.2.3 that @’ ¢ Q. Hence, there is § € Q such that
Q" C Q. We have £(Q) < £(Q") < £(Q), which implies £(§) < ¢(@) — %. Note that

2
Q € Q because M; C M C Q. Moreover, from @' C § and @’ € Q,;NU(Q) it follows
that Q € QN U(Q). Together with ¢(Q) < £(Q) — 3, Lemma 5.2.7 implies that Q is
not admissible, which contradicts the assumption. O

Remark. Since for admissible bisections SUBDIVIDE'/?(Q, {@}) holds

sUBDIVIDE'/?(Q, {@}) = REFINE_TS2p (2, {Q}), (5.27)

all admissible meshes can be generated by REFINE_TS2p. This and Proposition 5.2.6
yield that the mesh class generated by REFINE_TS2p is exactly the class of admissible
meshes from Definition 5.2.5.

Theorem 5.2.9. All admissible meshes (in the sense of Definition 5.2.5) are analysis-
suitable.

Proof. We prove the theorem by induction over admissible bisections. We know that
the initial mesh Qy is analysis-suitable because it is a tensor-product mesh without
any T-junctions. Consider a sequence Qp, ..., Q@ of successive admissible bisections
such that Qp,...,Qs_1 are analysis-suitable. Without loss of generality we shall
assume that elements are refined in ascending order with respect to their level, i.e.,
for Qj411 = SUBDIVIDE'/2(Q;, ,), we assume that 0 = £(Q,) < --- < £(Q;_1). There
is such a sequence for any admissible mesh; see the proof of Proposition 5.2.21. We
have to show that Q is analysis-suitable as well.

We denote Q = Q;_1 = [z,z + T] X [y,y + §] € Qs—1, and we assume without
loss of generality that ¢(Q) € No. The assumption that elements are refined in
ascending order with respect to their level implies that no element finer than Q@ has
been bisected yet, i.e.,

max £(Qs) = £(Q) + 3. (5.28)
The uniform mesh Qu[g(g)+1 /2] 18 a refinement of Q s, in particular
hSk(Qs) C hSk(Qua)+1/2]) = hSk(Que(ay) (5.29)

since /(@) € Np. Since Q is admissible, all elements in Q; NU(Q) are at least of
level £(Q@) and hence

hSk(Q,) NU(Q) 2 hSk(Qupe) NU(Q). (5.30)

and
Ve Q,nUQ): size(l(Q)) < size(4(Q)) (5.31)

with the level-dependent size size(4(Q)) = (Z,§) = (2749, 274@) gince £(Q) € No.
If £(Q) was non-integer, then the size would be (27#@~1/2 9=t@)+1/2) " Together,
(5.29) and (5.30) read

hSk(Qs) NU(Q) = hSk(Qupee)) NU(Q). (5.32)
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5.2 Local dyadic refinement in 2D

int U(Q)

Figure 5.4: Example of the patch in a uniform mesh for p = ¢ = 5. The horizontal
T-junction 7" may be on a solid red line or outside of U(Q), but not in
the interior of U(Q) (shaded area) or on the dashed blue lines, which are
open at their endpoints.

Consider a T-junction 7' € T \ 7;—1 that is generated by the bisection of §. Then
T is a vertical T-junction on the boundary of @, and with (5.31) follows

ext(T) C {z+3/2} x [y—27"@[¢], y+5+27"P[2]]. (5.33)

Consider an arbitrary horizontal T-junction T = (t1,t2) € T. We will prove
that ext(T") does not intersect ext(7T). From (5.29) we conclude that ext(T) C
hSk(Que(g)), and (5.32) implies that the vertex 7' is not in the interior of the patch
of @ and not on its top or bottom boundary, i.e.

T ¢ la—27"9|2], a+z+27" @] [ x [y—27"@[4], y+g+27“P[2]]. (5.34)

See Figure 5.4 for a sketch. Assume without loss of generality that 7" is on the left
side of @, this is,
th<az—27"@z] (5.35)

If the element @7 (cf. Definition 5.1.3) is on the left side of T, then the edge-extension
exte(T") points towards @ in the sense that

B (5.35)
V (z,t2) € ext(T): o —t; <27 LgJ < x—t

& V(rt)ecext(T): z<z<z+z/2. (5.36)
This means that ext(7") does not intersect ext(T). See Figure 5.5a for an illustration.

If Q7 is on the right side of T, then there are two finer elements with levels in No
on the left side. Since there are no elements in Q; with a level higher than ¢(Q) + %,

which is non-integer, the two elements on the left side of T have at most level
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(a) (b)

Figure 5.5: In both cases, the T-junction extension ext(7") (thick red line) does not
intersect the set {az + 5:/2} X [’y — 27Ty 4274 [%]] (dotted
blue line), which includes ext(7"). The patch Q; N U(Q) is shaded in
light blue.

£(Q), and hence £(@7) < £(Q) — 3. Consequently, Q' ¢ Q; NU(Q), and the length
of the intersection of the face extension ext;(1) with the patch of Q is at most

p O (Iz1-1) < p O |Z|. This leads to the same result as the previous case and

is illustrated in Figure 5.5b. Since 1" was chosen arbitrary, Q; is analysis-suitable.
This concludes the proof. O

Corollary 5.2.10. All admissible meshes provide T-splines that are non-negative,
linearly independent, and form a partition of unity [31, 13]. Moreover, on each
element Q € Q in an admissible mesh Q, there are not more than 2(p + 1)(q + 1)
T-splines that have support on Q [13, Proposition 7.6].

This means that on each element, each T-spline communicates only with a finite
number of other T-splines, independent of the total number of functions. This is
an important requirement for sparsity of the linear system to be solved in Finite
Element Analysis, in the sense that every row and every column of a corresponding
stiffness or mass matrix has at most 2(p + 1) non-zero entries.

5.2.2 Nestedness

This section investigates the nesting behavior of the T-spline spaces corresponding
to admissible meshes. In order to prove that nested admissible meshes induce nested
spline spaces, we make use of Theorem 6.1 from [35]. Before presenting the Theorem,
we briefly introduce necessary notations.

Definition 5.2.11 (Refinement relation). For any partitions Q1, Q2 of Q, we in-
troduce the refinement relation “=<”, which is defined using the overlay (see Sec-
tion 5.2.3),

Q1 2XQ2 & Q1®QI=0Qs. (5.37)

Corollary 5.2.12. Denote the skeleton of a mesh Q by Sk(Q) = hSk(Q) UvSk(Q).
Then for rectangular partitions Q1, Q2 of Q holds the equivalence

Q1 X Qs & Sk(Q1) C Sk(Q2). (5.38)
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5.2 Local dyadic refinement in 2D

Definition 5.2.13 (Extended mesh). Given a rectangular partition Q of 2, denote
by ext(Q) the union of all T-junction extensions in the mesh Q. Then the extended
mesh Q°*' is defined as the unique rectangular partition of € such that

Sk(Q™") = Sk(Q) Uext(Q). (5.39)

Definition 5.2.14 (Mesh perturbation). Given a partition Q of Q into axis-aligned
rectangles, we define by Ptb(Q) the set of all continuous and invertible mappings
§ : Q — Q such that the corners (0,0), (M,0), (M, N), (0, N) are fixed points of §
and

5(Q)=1{4(@)| g € Q} (5.40)
is also a partition of € into axis-aligned rectangles.

This definition differs from the definition of pertubations given in [35], which we
found difficult to reproduce in a formal manner. The subsequent Proposition 5.2.15
shows that our definition includes the understanding of perturbations from [35].

Remark. For § € Ptb(Q), the perturbed mesh 6(Q) has the skeleton Sk(0(Q)) =
d(Sk(Q)). Hence, global index vectors can be defined according to Definition 5.1.4,
and since all T-junctions in §(Q) are of axis-parallel types (-, L, -, or T), we can
also apply Definition 5.1.7 for T-junction extensions in the perturbed mesh. Note
in particular that the perturbation é does not in general map T-junction extensions
to the corresponding extensions in the perturbed mesh, i.e., if T is a T-junction in
Q, then

exts(0)(6(T)) # d(exto(T)). (5.41)

Proposition 5.2.15. For any rectangular partition Q of Q, there is some 6* €
Ptb(Q) such that any two T-junction face extensions in 6*(Q) are disjoint.

In the context of [35], this means that §*(Q) has no crossing vertices and no
overlap vertices.

Proof. If all T-junction extensions in Q are pairwise disjoint, then §* is the identity
map. If there exist T-junctions 77,75 in Q with intersecting face extensions, then
Ty and T5 are either both vertical or both horizontal T-junctions. Assume without
loss of generality that T7 and T» are vertical T-junctions. Since their (vertical) face
extensions overlap, both T-junctions have the same z-coordinate to. Let T1 = (to,t1)
and T» = (to,t2), and assume t; < to. There exists t1.5 with t1 < t1.5 < t2 such
that at least one of the open segments {to} X (t1,t1.5) and {to} X (t1.5,%2) does not
intersect with the vertical skeleton vSk(Q). Assume that {to} x (t1,t1.5)NvSk(Q) = ()
and define
Quety = {(x,y) €eQ|x= to}

and Qu—so = {Q € Q| QN Ty, #0}. (5.42)
Let h be the length of the shortest edge in Q, and set € := h/2. We define é, 1, by
(z,9) if (z,y) € U(Q\ Qo=to)
T — €, ifx=toand y <t
ory 1, (T,y) = ( v) . ’ Y ' (5.43)
(x+¢e,y) if t =toand y > t1.5
(x+%,y) ifx =toand t; <y <tis
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5 Analysis-Suitable T-splines

and elsewhere by horizontal linear interpolation, which is illustrated in Figure 5.6.
The map d1, 1, then satisfies the following properties.

1. (5T1T2 is in Ptb(Q)
2. The T-junction extensions of dr, 1, (711) and ér, 7, (T2) do not intersect.

3. dr, 1, does not lead to intersecting of T-junction extensions that did not inter-
sect in the unperturbed mesh Q.

(a) The unperturbed mesh Q. (b) The perturbed mesh 7,7, (Q).

Figure 5.6 [38]: Example for a perturbation é7,7,. In the shaded area, o, 7, equals
the identity map. In the non-shaded region, we underlaid a red grid
to illustrate the behavior of dr,7,.

A straight-forward proof shows that perturbations can be concatenated in the sense
that

51 € Pth(Q), 82 € Pth(61(Q)) = &2 041 € Pth(Q). (5.44)

This allows for the subsequent conclusion of the proof. Given the mesh Qg = O
choose an arbitrary pair (Tp,T) of T-junctions in Q such that their face extensions
intersect, and set Q1 = 5T0T0’(Q0)- Then choose (T1,T7) such that T and Ty
are T-junctions with intersecting face extensions in Qi, construct (5T1T1/ as above,

accounting that h and & may have changed. Set Qs := 5T1T{(Q1). Repeat this
until in a mesh Q,, there are no intersecting T-junction face extensions. Then
6" = 6p, ,qv ©0--0 5T0T6 is in Ptb(Q) and satisfies that all T-junction face

extensions in 0*(Q) are pairwise disjoint. O

Theorem 5.2.16 ([35, Theorem 6.1]). Given two analysis-suitable meshes Q1 and
Qa, if for all § € Ptb(Q2) holds

ext

(6(21)™ = (5(Q2))™, (5.45)
then the T-spline spaces corresponding to Q1 and Q2 are nested.

The main result of this section is the following.
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Theorem 5.2.17. Any two admissible meshes Q1, Q2 that are nested in the sense

Q1 = Qs satisfy for all § € Ptb(Q2)
(6(Q1))" = (8(Q2))
Proof. According to Corollary 5.2.12, we have to show that
ext(6(Q1)) USk(8(Q1)) C ext(6(Q2)) USk(5(Q2)). (5.47)

We prove this for Q2 being an admissible bisection of Q;. The claim then fol-
lows inductively for all admissible refinements of Q1. Let @ € Q1 and let Qs =
SUBDIVIDE'/?(Q1, ) be admissible. Since “<” denotes an elementwise subset rela-
tion, it is preserved under the mapping §. Thus, from Q; < Qs follows 4(Q1) =
9(Q2) and consequently Sk(é(Ql)) - Sk((S(QQ)). It remains to prove that

ext(6(Q1)) C ext(5(Q2)) USk(5(Q2)). (5.48)

Denote by 71 and 73 the set of T-junctions in Q; and Qa, respectively. Assume
without loss of generality that ¢(Q) € Ny, and consider an arbitrary T-junction
T° in the mesh §(Q;). Since J is continuous and invertible, there is a one-to-one
correspondence between the T-junctions in Q1 and §(Q1), i.e., there is T' € T; with
§(T) =T°, and T and T° are of the same type (F, L, -, or T).

Case 1. T ¢ Q. Then T is still a T-junction after bisecting @, i.e., T" € 7.
Consequently, 7 is also a T-junction in & (Q2).

Case la. T is a vertical T-junction. Since ¢(@) is assumed to be integer, its
bisection does not affect the horizontal skeleton, i.e., hSk(Q1) = hSk(Q2) and hence
hSk(5(Q1)) = hSk(8(Q2)). Consquently, the T-junction extensions of T and T are
preserved,

ext

(5.46)

exto, (T) = extg, (T) and extsg,)(T°) = exts(g,) (T°) C ext (6(Q2)). (5.49)

Case 1b. T is a horizontal T-junction. We will show that the corresponding
T-junction extension in the pertubed mesh is preserved, i.e.,

eth(Ql)(Té) = extg(QQ)(Té). (5.50)

Assume for contradiction that extsig,)(T°) # exts(g,)(T°). The bisection of @
generates a vertical edge Fq O vSk(Q2) \ vSk(Q1), and we denote

Ej = 6(Eq) D vSk(6(Q2)) \ vSk(5(Q1)). (5.51)

Obviously, Ej intersects with exts(o,)(T?), otherwise the T-junction extension would
be the same in §(Q2). Given @ = [z,x + Z| X [y, y + 7], we define the half-open do-
main @, = |z, + Z[ X [y, y + |, which is the rectangle @ without its vertical edges.
Then Eq C @y, and hence Ej C @}, = 0(Qy,). Together, we have that extsg,)(T°)
intersects with QJ,. Since the bisection of g is admissible, we know from the proof of
Theorem 5.2.9 that extg, (T) does not intersect with @y, in the unperturbed mesh
Q1. Define the T-environment

v =@, (5.52)

Q' €Qq
Q' oNext(T)#0
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as the union of all Q" € Q1 such that ext(T) intersects the corresponding half-open
Q'1o- Then U(T) is a rectangular domain that does not intersect with @y,. Since for
each Q" C U(T), the image §(Q") is a rectangle and since § is continuous, 5(U(T)) is
a rectangular domain that does not intersect with g2,. Moreover, since all edges and
vertices in U(T') are continuously mapped into (5(U(T)), we have U(T?°) C 6(U(T)).
Together, we get that U(T°) does not intersect with @}, hence exts(o,)(T°) does
not intersect with Q7,, which is the desired contradiction.

Case 2. T € . In Section 5.2, we assumed that p > 2. This implies that all
neighbors of § are in @1 NU(Q) and that @ is in the patch of all those neighbors as
well. Since Qi is admissible, the level of a neighbor of @ is either £(Q) or £(Q) + 3.
Since £(Q) € No, the T-junction T is vertical, and T? is a vertical T-junction as well.
Since T is on the boundary of @, and the bisection of @ generates a vertical edge, T’
is not a T-junction anymore in Q3. Hence T? is a vertex, but not a T-junction in
§(Qs2). The T-junction extension ext(7°) hence only exists in §(Q;). Consider the
edge extension of T°.

Case 2a. ext.(T°) C vSk(6(Qz)). There is no problem with that.

Case 2b. exte(T°) ¢ vSk(6(Qz2)). Then there exists some T° € ext.(T°) which is
a T-junction in §(Qz), such that

exte (T?) C extsi,) (T°) C ext(5(Q2)). (5.53)

The Cases 2a and 2b hold analogously for the face extension ext ;(T°). Together,
we have

ext(T°) C ext(6(Q2)) UvSk(6(Qz)), (5.54)
which concludes the proof. O
The combination of Theorem 5.2.16 and 5.2.17 reads as follows.

Corollary 5.2.18. For any two admissible meshes Q1, Qs that are nested in the
sense Q1 = Qa, the corresponding T-spline spaces are also nested.

5.2.3 Overlay

This section discusses the coarsest common refinement of two admissible meshes
Q1, Q2, called overlay and denoted by Q1 ® Q2. We prove that the overlay of two
admissible meshes is also admissible and has bounded cardinality in terms of the
involved meshes. This is a classical result in the context of adaptive simplicial meshes
and will be crucial for further analysis of adaptive algorithms (cf. Assumption (2.10)
in [10]).

Definition 5.2.19 (Overlay). We define the operator Minc which yields all minimal
elements of a set that is partially ordered by “C”,

Minc(M) ={Q eM |VQ" e M:Q C Q=0 =q}. (5.55)
The overlay of two admissible meshes Q1, Q2 is defined by

Q1 ® Qo = Minc ( Q1 U Qs ). (5.56)
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5.2 Local dyadic refinement in 2D

Proposition 5.2.20. Q; ® Qs is the coarsest refinement of Q1 and Q2 in the sense
that for any Q being a refinement of Q1 and Qaz, and Q1 ® Qs being a refinement
of Q, it follows that © = Q1 ® Qs.

Proof. Q1 is a refinement of Qs if and only if for each §; € Q1, there is QQ € Qs with
@, C @5, which is equivalent t9 Q1 = 91 ® Qs. Given that 91 ® Q Q Qo ® Q
and Q1 ® Q2 = (91 ® Q2) ® Q, we have

01®Q:=(Q1®Q)®Q=Minc(Q1® QU Q)
= Minc (Minc (Q1 U Q2) U Q) = Minc (Q; U Q2 U Q)
= Minc (Q; UMinc (Q2 U Q)) = Minc (Q; U Qs ® Q)
=Minc(Q:UQ) =01 ® Q= 0. (5.57)
O

Proposition 5.2.21. For any admissible meshes Q1, Q2, the overlay Q1 ® Qs is
also admissible.

Proof. Consider the set of admissible elements which are coarser than elements of
the overlay,

M={0ec UM |30 € ®02:0"¢q}. (5.58)

Then Q1 ® Q2 is the coarsest partition of [0, M| x [0, N]| into elements from UMTS
that refines all elements occuring in M. Note also that M satisfies

VR, eUMi: QEMAQCR =Q e M. (5.59)
For 7 =0,...,J = 2max¢(M) and Qo = Qo, set
M ={Q e M[24(Q) =j}
and Q41 = sUBDIVIDE"?(Q;, M,). (5.60)

Claim 1. For all j € {0,...,J} holds M; C Q;. This is shown by induction over
j. For 7 = 0, the claim is true because all elements of UMTS with zero level are in
Qp. Assume the claim to be true for 0,...,5 — 1 and assume for contradiction that
there exists @ € M, \ Q.

Since @ has not been bisected yet, Qj does not contain any Q' with Q" C Q.
Consequently, there exists @ € Q; with @ C Q' and hence £(Q") < £(Q) = %. From
(5.59) follows Q' € Mgy € M, and £(Q") < % implies that @’ has been refined in a
previous step. This yields Q' ¢ Qj, which is the desired contradiction.

Claim 2. For allj € {0,...,J}, the bisection (5.60) is admissible. Consider § € M;
for an arbitrary j. By definition of M, there exists @' € Q1 ® Q2 C Q1 U Q> with
Q" ¢ Q. Without loss of generality, we assume Q' € Q;. Since Q; is admissible,
there is a sequence of admissible meshes Qo = Q1)0, Q1j1,...,Q1z = @1 and @ €
{0,...,Z — 1} such that Q|;;; = SUBDIVIDE'/?(Q;;, {Q}). The fact that Q;j;,; is
admissible (and that levels do not decrease during refinement) implies

min £(Q1 NU(Q)) > min£(Q,; NU(Q)) > £(Q) = L. (5.61)
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5 Analysis-Suitable T-splines

Assume for contradiction that there is § € Q; N U(Q) with £(Q) < £() = %. This
implies @ ¢ M (otherwise § would have been bisected in a previous step). Moreover,
(5.61) and Corollary 5.2.8 yield that there is Q € Q1N U(Q) with Q' C § and hence
Q € M in contradiction to § ¢ M from before. This proves Claim 2.

The proven claims show M; = Q; \ Q41 for all j = 0,...,J and hence for
the admissible mesh Q41 that there is no coarser partition of [0, M] x [0, N] into
elements from U Mg that refines all elements in M. This property defines a unique
partition and hence Q1 ® Qs = QJ+1 is admissible. |

Lemma 5.2.22. For all admissible meshes Q1, Qs holds
#(Q1® Q2) +#Qo < #O1 + #Q2 . (5.62)

Proof. By definition, the overlay is a subset of the union of the two involved meshes,
i.e.,

Q1 ®Q2 = Minc(Qi1UQ2) C Q1UQ,. (5.63)
Define the shorthand notation Q(Q) := {@" € Q | ' C @}. To prove the lemma, it
suffices to show

VQeQo #(Qi®02)(Q)+1<#2:(Q)+#2:20Q) . (5.64)
Case 1. Q1(Q) C (Q1 ® Q2)(Q). This implies equality and hence
#(01® Q2)(Q)+1=#021(Q) + 1 < #91(Q) + #92(Q) - (5.65)

Case 2. There exists Q' € Q1(Q) \ (Q1 ® Q2)(Q). Then (Q1 ® Q2)(F) = (Q1 ®
Q2)(Q) \ {Q@'} and hence

£(0100)@) = #((Q e )@\ @) < #((Q1u0@)\{a})

< #(Q1\{Q}) + #92(Q) = #91(Q) — 1+ #Q2(Q).
(5.66)
|

5.2.4 Linear Complexity

This section is devoted to a complexity estimate in the style of a famous estimate
for the Newest Vertex Bisection on triangular meshes given by Binev, Dahmen and
DeVore [7] and, in an alternative version, by Stevenson [8]. The estimate reads as
follows.

Theorem 5.2.23. Any sequence of admissible meshes Qq, Q1, ..., Qs with
Qj = REFINE_TS2p(Q;-1,Mj-1), M1 CQ; 1 forje{l,....,J} (5.67)

satisfies

J-1
197\ Qo| < Cs.2.23 Z |IM;| (5.68)
=0

with Cs.2.03 = (2 4+ 2v/2)(4C5.2.26: + 1)(4C5.2.26i: +2) and Cs.2.26i, Cs.2.261 from
Lemma 5.2.26 below.
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5.2 Local dyadic refinement in 2D

Remark. Theorem 5.2.23 shows that, with regard to possible mesh gradings, the
refinement algorithm is as flexible as successive bisection without the closure step.
However, this result is non-trivial. Given an admissible mesh Q and an element
Q € Q to be bisected, there is no uniform bound on the number of generated elements
#(REFINE_TS2p (Q, {@}) \ Q). This is illustrated by the following example.

Example 5.2.24. Consider the case p = 1 and the initial mesh Qg given through
M = 3 and N = 4. Mark the element in the lower left corner of the mesh and
compute the corresponding refinement Q;; repeat this step k times. Then there
exists an element @, in Qj such that #(REFINE_TS2p(Qk, Q%) \ Qkr) > k. This is
illustrated in Figure 5.7.

1

im

Figure 5.7 [38]: The mesh Q3 and the mesh Qg from Example 5.2.24. The rectangles
Q5 and Qg are marked blue. The closures CLOSURE_TS(Q3, {@3}) and
CLOSURE_TS(Qs, {@s}) are marked in light blue. Since the closure
of @3 consists of 7 elements, 14 elements will be generated if Q3 is
bisected. Analogously, marking Qg would cause the generation of 34
new elements.

Example 5.2.25. The large constant Cs 2 23 is not observed in practise. For p = 3,
we constructed for each J € {1,...,2000} a sequence Qo, Q1,...,Q s with Q11 =
SUBDIVIDE'/?(Q;, Q) and @; € Q; of uniform random choice. The ratio |Q ;| /J was
below 6 (see Figure 5.8), instead of the theoretical upper bound Cj 2.23|p=3 =~ 6042
from Theorem 5.2.23. We applied this procedure for p = 2,...,9. The results are
listed in Table 5.1. In Table 5.2, we listed similar results for J € {1,...,100}, always
marking the element in the lower left corner. In that case, the observed ratios are
higher, but still orders of magnitude below the corresponding theoretical bounds.

We devote the rest of this section to proving Theorem 5.2.23.

Lemma 5.2.26. Given an admissible mesh Q, M C Q and Q € REFINE_TS2p (Q, M)\
Q, there exists § € M such that £(Q) < () + % and

Dist(Q, Q) < 279 (C5.2.265, Cs.2.2614), (5.69)
with “<” understood componentwise and constants

Cs.2.06: = (1+ 2_1/2) p+1+2V2, Csaaeii = (1+ \/5) p+3+v2.  (5.70)
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Figure 5.8 [38]: Generated and marked elements for randomly refined admissible
meshes for p = 3. Each black dot corresponds to a sequence of
random admissible refinements. The red line depicts the highest ob-
served ratio (= 5.95). The median of the observed ratios is ~ 4.09.

Table 5.1: Maximal observed ratios of generated and marked elements for random
refinement.

Proof. The coefficient D(k) from Definition 5.2.3 is bounded by
D(k) < ((p+v2)27"", (p+v2)27*?) forall k e N. (5.71)
Hence for € Q, any Q' € 9N U(Q) satisfies

Dist(g, ') < 274® (# 2+ 1). (5.72)

The existence of § € REFINE_TS2p (Q, M) \ Q means that REFINE_TS2p bisects Q" =
QJ, QJ—la ey QO such that Qj—l € Q N U(QJ) and E(Qj_l) < E(QJ) for j = J, ey 1,
having Q' € M and Q € SUBDIVIDE'/?(Q,). Lemma 5.2.7 yields 0Q,-1) =24(Q;) —1
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5.2 Local dyadic refinement in 2D

Table 5.2: Maximal observed ratios of generated and marked elements when refining
the lower left corner.

for j = J,...,1, which allows for the estimate

(5. 72)

Dist(q', Qo) < » Dist(q;,0,-1)

—2(Q ) p+\f p
22 ( 75“)
j=1
J
_ —(£@Qo)+3) (p+v2 p
_22 0 ( >, \/§+1>
j=1

j=1

_ —£(Qo) ( p+v2

= (1 ++/2)2 0 <p2 : %Jrl)

= (24+2)27 @ (Pgﬁ, 2+ 1). (5.73)

The estimate Dist(Qg, Q) < 2~2=4(Qo) (1, \/5) and a triangle inequality conclude the
proof. O

Proof of Theorem 5.2.23.
(1) For Q € [JMys and " € M == MoU---UMy_1, define A(@, Q") by

o(L(@)—£@))  jf 0Q) < @)+ 1
AQ, Q") = and Dist(@,Q") < 2176(0)(6'5.2.261',05.2.262‘1'), (5.74)
0 otherwise.

(2) Main idea of the proof.

Q/\Qol= > 1 < > > @)

€25\ Qo QEQJ\QO Q'emM
(4)
Z Cs.2.23 = Cs.2.23 Z|M E (5.75)
Q'emM

(3) Each Q€ Qy\ Qo salisfies

doA@q) > 1 (5.76)
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5 Analysis-Suitable T-splines

Consider € Qs \ Qo. Set ji1 < J such that @ € Q;,+1 \ Q,,. Lemma 5.2.26 states
the existence Of Ql - Mj1 with DiSt(Q, Ql) S Q_E(Q)(Cg,,z_zm,05.2.2611') and E(Q) S
£(Q,) + 5. Hence A\(Q,Q,) = 2¢@=4@1) - (. The repeated use of Lemma 5.2.26
yields j1 > j2 > j3 > ... and Q5,Q3,... with §;_; € Q;,+1\ Q;, and §; € M, such
that

Dist(Q,_1,Q;) < 2_6(0“1)(05.2.261‘, Cs.2.26:) and £(Q; 1) < 0(Q;)+%.  (5.77)

We repeat applying Lemma 5.2.26 as A(Q, ;) > 0 and £(Q;) > 0, and we stop at the
first index L with A(Q,Qr) =0 or £(Q) =0. If (@) =0 and A(Q, Q1) > 0, then

D A@.0) 2 A\Q,q,) = 2@ > V5, (5.78)
Q'eM
If A(Q, Q1) = 0 because £(Q) > £(QL) + 1, then (5.77) yields £(Q._,) < 4(Qr)+ % <
£(Q) and hence

D AQ,0) > M@, 0,y) =2 @) > ) (5.79)
Q'emMm
If \(Q, Q1) = 0 because Dist(Q, Q1) ¢ 2174 @(Cs.2.26i, Cs.2.26i: ), then Dist1(Q, Q) >

21U O 4 56; OF Dist2(Q,Q1) > 214D O 5 56:5. We assume without loss of gener-
ality the first, and a triangle inequality shows

L—1 L—1
2! 05 5061 < DiStl(Qan)"’Z Dist1(Q4, Qi41) < 2_6(0)05.2.262""2 27105 5 061,
i=1 =1
L-1 (5.80)
and hence 27 4@ < Z 274 The proof is concluded with
£=h L—1
1< ) 2@ = N PAg,0:) < ) AG,Q). (5.81)
i=1 i=1 Q'eM

(4) For all j €{0,...,J —1} and @ € M, holds

Z ANQ,Q) < (242V2)(4C5.2.26i + 1)(4C5.2.261 +V2) = Cs2.25 . (5.82)
eeEQ s\ Qo

This is shown as follows. By definition of A, we have

> A@e)< D> Me.9)

0EQ 5\ Qo0 QGUMTs\Qo
2:£(Q")+1
— Z 9i/2-t@) 4 {Q € [JMus | £(Q) = £ and Dist(Q,Q") < 21_‘7/2(05-2-262'7C5~2-26“')} :
j=1 b B ]
(5.83)

64



5.3 AST-splines in nD

Since we know by definition of the level that £(Q) = £ implies |§| = 277, we know
that 27 ‘U B } is an upper bound of #B. The rectangular set | J B is the union of all

admissible elements of level £ having their midpoints inside a rectangle of size
2279205 5961 X 22772 Ch 9,961 (5.84)

An admissible element of level % is not bigger than 277/2 x 2(=7=1/2) Together, we
have

‘U B‘ <277 (4C'5.2.26i + 1)(4C5.2.26i + \/5), (5.85)

and hence #B < (4C5.2.26; + 1)(4C5.2.26i: + \/5) An index substitution £ :=1—j +
2-£(Q") proves the claim with

2.4(Q")+1 2-2(Q") 00
i/2—e@") _ (1-k)/2 —k/2 _ V2
> o2 =) 2 <V2Z4) 27 =24 2 =242V2
j=1 k=0 k=0
(5.86)
O

5.3 AST-splines in nD

In this section, we generalize the mesh class My to higher dimension d, a polynomial
degree p = (p1,...,pqd) that may vary between dimensions, as well as an arbitrary
(but fixed) number g of children in each element’s subdivision. We will call ¢ the
grading parameter. Subsequently, we define multivariate T-splines corresponding to
these generalized meshes, and introduce an abstract version of analysis-suitability.
We will stick closely to the structure of the preceding sections.

Definition 5.3.1 (Intermediate uniform meshes). For each level £ € N and j €
{1,...,d}, we define the tensor-product mesh

Qulk+j/d] = {[331 —q¢ "] x X my — P ] x

X [2j41—q " aji1] X oo X [2a — g ", 24

|qk+1xi E{l,...,quNi} fori=1,...,j

and ¢"z; € {1,...,¢"N;} fori:j—{—l,...,d}. (5.87)

The class of uniform meshes, including the above-defined intermediate uniform
meshes, is denoted by

MllJl{II(i‘ORM = {Qu[k] ‘ d-k e NO} D Muntrorm- (588)

For the use of T-splines, the underlying rectangular mesh Q may, similiarly to the
preceeding chapters, consist of finitely many elements from meshes in Mééiom, such
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5 Analysis-Suitable T-splines

that any two elements of Q have disjoint interior, and the union of all elements of
Q is the same domain [0, N1] X - -+ x [0, Ng4] that is covered by uniform meshes.

Mo = {Q C Uggys Q@ 1#Q <00, JQ= [0, Ni] x -+ x [0, N,

UNIFORM

v0,q' € Q: int(Q) Nint(Q) = @} (5.89)

Definition 5.3.2 (Nodes). For each element @ = [z1,21 + Z1] X - -+ X [Ta, Zd + Td],
the corresponding set of nodes is denoted by

N(Q) = {a:l,xl + :il} X -+ X {:ch,acd + i’d}. (5.90)

Given a mesh Q, we set N(Q U 0c Q ), if only one mesh Q is considered in the
context, we abbreviate N := N(

Definition 5.3.3 (Skeleton). Given a mesh Q, denote the union of all (closed)
element faces that are orthogonal to the first dimension by Ski(Q) == | J 20 Sk1 (@),
with

Sk1(Q) = {z1,21 + T1} X [x2, T2 + T2] X -+ X [2g,Tq + Td]
for any Q = [z1,21 + &1] X -+ X [xq, x4 + Za] € Q. (5.91)

We call Ski(Q) the I-orthogonal skeleton. Analogously, we denote the j-orthogonal
skeleton by Sk;(Q) for all j = 1,...,d. Similarly to the above Definition, we ab-
breviate Sk; := Sk;(Q) if only one mesh Q is considered in the context. Note that
SkiN---NSkyg = N.

Figure 5.9 [34]: 1-orthogonal, 2-orthogonal and 3-orthogonal skeleton of the 3D mesh
from Figure 5.15.

Definition 5.3.4 (Global index sets). For any v = (vi,...,v4) € R and j €
{1,...,d}, we define

{ZG N]| ’Ul,...,’Uj_l,z,’Uj_|_1,...,Ud)ESkj}
U{-[%1],...,-LN;+1,...,N; + [%]}. (5.92)
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Definition 5.3.5 (Local index vectors). To each node v € N and each dimension
j =1,...,d, we associate a local index vector k;(v) € RPiT2 which is obtained by
taking the unique p; + 2 consecutive elements in K;(v) having v; as their @—th
(this is, the middle) entry.

Definition 5.3.6 (T-spline). We associate to each node v € N a multivariate B-
spline, referred as T-spline, defined as the product of the B-splines on the corre-
sponding local index vectors,

BU (.131, ceey :cd) = Nkl(v) (:cl) s de(v)(xd). (5.93)

We define analysis-suitability in the multidimensional setting below. Similarly
to the 2D case before, we construct T-junction extensions, and define analysis-
suitability as the absence of intersections of these T-junction extensions. In contrast
to the 2D case, we will not differentiate between possible kinds of T-junctions, but
we will give an abstract definition of T-junction extensions as the intersection of
domain slices with particular T-spline supports. Subsequent to these definitions,
we explain dual-compatibility in nD and show that all analysis-suitable meshes are
dual-compatible, which is sufficient for linear independence.

Definition 5.3.7 (T-junction extensions). For z € R and j = 1,...,d, we define
the slices

S;i(2) ={(x1,...,xq) € [0,N1] X -+ X [0, Ng] | z; = z}. (5.94)
Moreover, we denote by
Nj(z) ={veN|zeK;)} (5.95)

the set of all nodes that have z in their j-orthogonal global index vector, i.e., all
nodes of which the projection on the slice S;(z) lies in some element’s face. Based
on S;(z) and Nj(z), we define slicewise T-junction extensions

TJ;(2) :=S,(2) N U supp B, N U supp By . (5.96)

veEN; (2) vEN\N; (2)

For j =1,...,d, the global j-orthogonal T-junction extension TJ; is defined by

T, = T,(2). (5.97)

z€R

In a uniform mesh, the global T-junction extensions are empty. In a non-uniform
mesh, the T-junction extensions are a superset of all hanging hyperfaces (this is, all
kinds of T-junctions in the nD setting). See Figure 5.10 for a 2D visualization of
these definitions.

Definition 5.3.8 (Analysis-suitability). A given mesh Q is analysis-suitable if the
above-defined T-junction extensions do not intersect, i.e. if TJ; N TJ; = 0 for any
i,j €{1,...,d} with i # j.
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X2

Sl(z)
O O O O o) U supp By
\ vEN\N1 (2)
O O—O——O——0
N\N1(z)
O O O O o ¢
J1(2)
<
;;TI(Z)
)\ S U supp By
,é: X1 vEN7 (2)

Figure 5.10: Example for the construction of the T-junction extension TJi(z) in an
analysis-suitable mesh. The left figure illustrates the construction of
Ni(z) and its complement N \ N;(z), and the right figure shows the
resulting T-junction extension, which coincides with the corresponding
classical T-junction extension.

We will recall below the concept of dual-compatibility, which is a sufficient crite-
rion for linear independence of the T-splines, based on dual functionals. We follow
the ideas of [13] for the definitions and for the proof of linear independence. In
addition, we prove that all analysis-suitable meshes are dual-compatible.

Proposition 5.3.9 (Dual functional, [55, Theorem 4.41]). Given the local index vec-
tor X = («4, ..., xf’+2), there exists an L*-functional A\x with supp Ax = supp Nx
such that for any X = (&',...,3""?) satisfying

Vee{z',..., 2P} & <2z<i"P =ze{z', .. . "}

and YV ze{z',.. ., 72"} ' <i<a"TP =z {z',. . . "7}, (5.98)

IN

follows Ax(Ng) =dxx-

Proof. Following [55], we construct a dual functional on the same local index vector

X which we denote by Ax : L? ([O, 1]) — R. For details, see [55, Theorem 4.34, 4.37,
and 4.41]. Let y; = COS(%TF) for 7 =0,...,p+ 1. Using divided differences, the
perfect B-spline of order p + 1 is defined by

Bya(z) = (+1) (=1 [yo, -, yps1] (z — 0)4)" (5.99)

and satisfies (amongst other things) fj . Bp1(z) dz = 1 as depicted in Figure 5.12.
Set

2 —gl —gP T2 /P2 _gl

Gx(x) = / By (t)dt forz' <z < aPt? (5.100)

and
¢x(z) = & (x—2%) - (x —a2"). (5.101)

p!
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Zr2

51(2)
O O O O o) Usupva
\ vEN\N1 (2)
O—0 O—0O o .
N\N1(Z)
O—0 O—0O o -
J1(Z)
T ¢
. Nl(Z)
/ U supp B,
= T1 vEN7 (2)
z

Figure 5.11: Example for the construction of the T-junction extension TJi(z) in a
mesh that is not analysis-suitable. The left figure illustrates the con-
struction of Ni(z) and its complement N \ Ni(z), and the right figure
shows the resulting T-junction extension, which is strictly larger than
the corresponding classical T-junction extension.

We define the dual functional by

LP+2

Ax (f) :/ fFDPH(Gx ¢x)da for all f € L*([0,1]). (5.102)

1

Note in particular that for all f € L*(R) with fliz1 zpt2) = 0 follows Ax (f) = 0. If
(5.98) holds then the claim follows by construction, see [55, Theorem 4.41]. o

We say that two index vectors verifying (5.98) overlap. In order to define the set
of T-splines of which we desire linear independence, we construct local index vectors
for each node.

Definition 5.3.10. We define the functional A\, by

Ao(Buw) 1= Ay () (Nieg (w)) = Mg (0) (Nig () (5.103)
using the one-dimensional functional Ax defined in (5.102).

Definition 5.3.11. We say that two nodes v, w € N partially overlap if their index
vectors overlap in at least all but one dimension; this is, if (at least) d — 1 of the
pairs

(ki(v), ki (w)), ..., (ka(v), ka(w)) (5.104)

overlap in the sense of Proposition 5.3.9.

Definition 5.3.12. A mesh Q is dual-compatible if any two nodes v,w € N with
supp B, N supp By | > 0 partially overlap.
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1.5¢

Figure 5.12 [34]: Plot of the perfect B-splines B} (solid), Bg (dotted), Bi, (dashed)
and the corresponding antiderivatives.

Remark. The above Definition 5.3.11 fulfills the definition of partial overlap given in
[13, Def. 7.1], which is not equivalent. The definition given in [13] is more general,
and the corresponding mesh classes are nested in the sense that the class defined
above is a subset of the one defined in [13]. However, we do have equivalence of
these definitions in the two-dimensional setting.

The following lemma states that the T-junction extensions from Definition 5.3.7 in-
dicate non-overlapping knot vectors, and it is applied in the proof of Theroem 5.3.14
below.

Lemma 5.3.13. Let z € [0,X;] and v,w € N. If v € Nj(2) 3 w and S;(z) N
supp B, Nsupp By # 0, then k;(v) and kj(w) do not overlap in the sense of (5.98).

Proof. Let v = (v1,...,vq). From v € N;(z) 3 w and Definition 5.3.7, we conclude
that

K;j(v) 3 2z ¢ Kj(w). (5.105)
Let k;(v) = (297, ... ,x;;ﬁ_z) be the local index vector associated to v in direction
4, then supp B, NS;(z) # () implies that {7 < z < a:;;jﬁ, and hence z € k;(v).

With z ¢ K;(w), we have in particular z ¢ k;(w). Let k;(w) = (z¥7,.. .,x;’j’;ﬂ)
be the local index vector associated to w, then supp B, NS;(z) # () implies that
e < 2 < a:;”j’iz. Together with k;(v) 2 z ¢ k;(w), we see that v and w do not
overlap. O

Theorem 5.3.14. Analysis-suitability is equivalent to dual-compatibility.

Proof. (i) All analysis-suitable meshes are dual-compatible. Assume for contradic-
tion a mesh @ which is not DC, hence there exist nodes v,w € N with
}supp B, Nsupp Bw‘ > 0 that do not overlap in two dimensions, without loss
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5.3 AST-splines in nD

of generality the first and the second dimension. We will show that there ex-
ist two T-junction extensions TJ1(z1) and TJ2(z2) with nonempty intersection.

We denote v = (v1,...,v4), w = (wi,...,waq), kj(v) = (&7, ... ,x;;ﬂﬂ) and
analogously k;(w) for j =1,...,d. Moreover, we define
ol = max(x?, 27 and x, = min(x;;ﬁ_m x;f)j’ﬂ_Q) forj=1,...,d (5.106)

and note that since the supports of B, and B,, are axis-aligned hypercuboids,
their intersection is also an axis-aligned hypercuboid,

supp By Nsupp Buw = [#m, 2a1] X - -+ X [zd, 23] (5.107)

Since ki (v) and ki (w) do not overlap, there exists z; € [zf,, T3] With either
ki(v) 3 z1 € ki(w) orki(v) 3 z1 € ki(w). Without loss of generality we assume
ki(v) 3 21 ¢ ki(w). From 21 € [z, 23] we deduct

{z1} N Ki(w) C [a:rln,xll\/[] NKi(w) Cki(w) 2 21, (5.108)

and consequently z; ¢ Ki(w). Together, this is Ki(v) > z1 ¢ Ki(w) and
Definition 5.3.7 yields v € N1(21) # w. It follows that

TJi(z1) = S1(2z1) N U supp B,s N U supp B,/

v/ €Ny (21) v/ €NNNy (21)
D Si(z1) N supp By N supp Bw
={z} x [22, a¥] x -+ x [z, 2]
Analogously, we have
Tho(22) D [wm, o] X {22} X [20, za] - -+ x 2, 2]

and hence

Thi(z1) N Ta(z2) 2 {21} x {22} X [wh, 2] X -+ X [24h, w01] # 0,
(5.109)
which means that the mesh Q is not analysis-suitable.

(it) All dual-compatible meshes are analysis-suitable. Assume for contradiction that
the mesh is not analysis-suitable, and w.l.o.g. that there is w = (w1,...,wq) € R4
such that TJ; N TJy DO {w} # 0. Definition 5.3.7 implies that there exist
v, 0% v?, vt € N with v* € Ny(w) 3 v* and v® € No(w2) # v* such that

w € Si(w1)NSz(wsz)Nsupp B,1 Nsupp B,2 Nsupp B,s Nsupp Bya. (5.110)

Lemma 5.3.13 yields that ki(v') and ki (v?) do not overlap, and that ks (v?)
and kz(v*) do not overlap.

Case 1. If v* € Na(wz) # v?, or v ¢ Na(w2) 3 v?, then v* and v? do not
partially overlap.

Case 2. If v* € Na(w2) and v* ¢ N;i(w1), then v* and v* do not partially
overlap.
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5 Analysis-Suitable T-splines

Case 3. If v' ¢ Na(wz2) and v ¢ Ni(wi), then v' and v do not partially

overlap.
Case 4. If v* € Na(wz) and v* € Ni(wi), then v? and v* do not partially
overlap.
Case 5. If v* ¢ Na(w2) and v®> € Ni(wi), then v® and v® do not partially
overlap.

In all cases (see Table 5.3), the mesh is not dual-compatible.
This concludes the proof. O

Table 5.3: The five cases considered in the proof of Theorem 5.3.14 cover all possible

configurations.

v1 € Ny(r) | vy € Ny(r) | vz € Ny(r) | va € Ny(7) || case(s)
true true true true 4
true true true false 2
true true false true 4
true true false false 2
true false true true 1,5
true false true false 1,2,5
true false false true 1
true false false false 1,2
false true true true 1,4
false true true false 1
false true false true 1,3, 4
false true false false 1,3
false false true true 5
false false true false 5
false false false true 3
false false false false 3

Theorem 5.3.15. Let Q be a DC T-mesh. Then the set of functionals {\, | v € N}
is a set of dual functionals for the set {B, | v € N}.

The proof below follows the ideas of [30, Proposition 5.1] and [13, Proposition 7.3].
Proof. Let v,w € N. We need to show that
Ao (Bw) = Spw, (5.111)

with 0 representing the Kronecker symbol.
If supp B, and supp B,, are disjoint (or have an intersection of empty interior),
then at least one of the pairs

(Supp(Nkl (v))a Supp(Nkl(w)))v sy (Supp(de(v))7 Supp(de(w))) (5112)

has an intersection with empty interior.
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5.4 Local g-adic refinement in nD

Assume w.l.o.g. that |supp(Nk1(v)) N supp(Nkl(w))’ =0, then

Ao(Buw) = A (0) (Nig () Ao () (Vi () + - Ak (0) (Nig () ) = 0- (5.113)

0

Assume that supp B, and supp B,, have an intersection with nonempty interior.
Since the mesh Q is DC, the two nodes overlap in at least all but one dimension.
Without loss of generality we may assume that the index vectors

(kl (’U), k1 (’LU)), ce ey (kd_l(v), kd_l(w))
overlap. Proposition 5.3.9 yields
)\kj(v)(Nkj(w))=5vjwj forj=1,...,d—1. (5.114)

The above identities immediately prove (5.111) if v; # w; for some j € {1,...,d—1}.
If on the contrary, v; = w; froall j =1,...,d — 1, then v and w are aligned in d-th
dimension, this is, kq(v) and kq(w) are both vectors of ps 4+ 2 consecutive indices
from the same index set Kq(v) = Kg(w). Hence v and w must overlap also in d-th
dimension. Again, Proposition 5.3.9 yields

Ay (0) (N (w)) = Ovgwy s (5.115)

which concludes the proof. |

5.4 Local g-adic refinement in nD

In the subsequent definitions, we will give a detailed description of the elementary
subdivision steps.

Definition 5.4.1 (Intermediate children). For § € Q) and d-k € No, we define

suBDIVIDE" (@) = {Q" € Quus1/a1 | @' C Q. (5.116)
For M C Q € My, we denote the corresponding partial subdivision by
sUBDIVIDE/*(Q, M) = Q\ M U U SUBDIVIDE'/4(Q). (5.117)
QEM

See Figure 5.13 for an example.

Definition 5.4.2 (Vector-valued distance). Given z € Q and an element Q, we
define their distance as the componentwise absolute value of the difference between
z and the midpoint of @ = [z1, 21 + Z1] X + -+ X [x4, Ta + T4,

Dist(Q, z) = abs(mid(Q) - z) e RY,
with abs(z) = (|zl|, cey |zd|)
and mid(Q) = (m1—|—%1,...,scd—|—%d). (5.118)
For two elements @, §,, we define the shorthand notation

Dist(Q+, @) := abs(mid(Q;) — mid(Q,)). (5.119)
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\/

\/

Figure 5.13 [34]: Elementary subdivision routines for d = 3 and ¢ = 3: subdivision of
an element with level 0 orthogonal to the 1°* dimension (left), sub-
division of an element with level % orthogonal to the 29 dimension
(middle), and subdivision of an element with level 2 orthogonal to
the 3"¢ dimension (right). The subdivision of an element with level
1 is again orthogonal to the 1°* dimension (left).

Definition 5.4.3. Since we will stick to the above subdivision rules, the size of
an element @ depends on the grading parameter ¢ and the level £(Q) only, and we
denote

. @11 1 d

size(£(Q)) =q ( Ry ,1,...,1) € R". (5.120)
N —’

d-£(Q) mod d
times

Definition 5.4.4 (Refinement for multivariate T-splines). Given an element @, a
grading parameter ¢ > 2 and the polynomial degree p, we define the open environ-
ment

U(Q) = {z € R | Dist(@, ) < size(£(Q)) o (p+ 2)}, (5.121)

where o denotes the componentwise (Hadamard) product, such that

size(0(Q)) o (p+ 5) = ¢ O (RS2 RS g+ 8, pat D) (5.122)

q

with ¢ = d-¢(Q) mod d. We define for each § € Q the coarse neighbourhood
Nis(Q,Q) = {Ol € QN Quuy—1/q | @' NUQ) # (Z)}-

Moreover, we define the closure
d-max £(M)

CLOSURE_TS(Q, M) = U “(Q,M),
k=0

and the extended refinement procedure
REFINE_TSup (Q, M) := SUBDIVIDE'/* (Q, CLOSURE_TS(Q, M)).

(5.123)
Note as a technical detail that this definition does not require that § € Q. See also
Figure 5.14 for examples.

Remark. By definition, the size of the environment U(Q) of an element Q scales
linearly with the size of @ and with the polynomial degree p. Since size(k) is
decreasing in ¢, choosing ¢ large will cause small environments and hence more
localized refinement. This is illustrated in Example 5.4.5 below.
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Figure 5.14 [34]: Examples for the neighbourhood Q N U(Q) of an element @, for
p=(3,3,3),¢g=3and £(Q) = 2,1, 5.

Example 5.4.5. Consider an initial mesh that consists of 4 x 5 x 8 cubes of size

1x1x1. We refine the mesh by marking the lower left front corner element repeatedly
until it is of the size %6 X %6 X %6. The resulting meshes for different choices of ¢

are illustrated in Figure 5.16, and the results are listed in Table 5.4.

Table 5.4: Number of refinement steps vs. number of new elements for the meshes
in Figure 5.16.

number of
. number of
Figure | ¢ refinement
new elements
steps

5.16a 2 12 10728
5.16b 4 6 3175
5.16¢ 16 3 1030

5.4.1 Admissible meshes

In the subsequent definitions, we introduce a class of admissible meshes. We will
then prove that this class coindices with the meshes generated by REFINE_TSpp.
Throughout the rest of this chapter, for a given a mesh Q and an element @ € Q,
we will use the shortcut notation

oNUR)={R" € Q| @ nU(Q) # 0}. (5.124)

Definition 5.4.6 (Admissible subdivisions in nD). Given a mesh Q and an element
Q € Q, the subdivision of @ is called admissible if all Q" € Q N U(Q) satisfy £(Q") >
2(Q). In the case of several elements M = {Q,...,Q8;} C Q, the subdivision
sUBDIVIDEY 4(Q, M) is admissible if there is an ordering (o(1),...,o(J)) (this is, if
there is a permutation o of {1,...,J}) such that

suBDIVIDE'/?(Q, M) = suBDIVIDE" (... SUBDIVIDE" *(Q, Q. (1)), - - -, Qo (1))
(5.125)
is a concatenation of admissible subdivisions.
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18t jter.
—

subdiv. T
- S

Figure 5.15 [34]: Example for REFINE_TS,p, with p = (3,3,3), ¢ = 3 and M =
(M) = {Q} with £(Q) = max{(M) = 2. The first iter-
ation of the construction of CLOSURE_TS computes Nis(Q, M),
which consists of all level—%-elements intersecting U(Q). In the
second iteration, all level-0-“neighbours” of those elements form
2(Q, M). Finally, all marked elements CLOSURE_TS(Q, M) =
MUN(Q, M)UNZE(Q, M) are subdivided in the directions that
correspond to their levels.

Definition 5.4.7 (Admissible mesh). A refinement Q of Qo is admissible if there is
a sequence of meshes Q1,..., 9 ; = Q and markings M; C Q; for j =0,...,J — 1,
such that Q;,1 = suBDIVIDEY/¢(Q,, M;) is an admissible subdivision for all j =
0,...,J — 1. The set of all admissible meshes is the initial mesh and its admissible
refinements.

Theorem 5.4.8. For any admissible mesh Q and any set of marked elements M C
Q, the refinement REFINE_TSyp(Q, M) is admissible.

The proof of Theorem 5.4.8 is exactly the same as for Proposition 5.2.6 using
Definition 5.4.4 instead of Corollary 5.2.8, and Lemma 5.4.10 below instead of
Lemma 5.2.7.

Lemma 5.4.9. Given an admissible mesh Q and two nested elements @ C Q with
Q, @ € |JMas, the corresponding neighbourhoods are nested in the sense U(Q) C U(Q).

Proof. If @ = @, the claim is trivially fulfilled. If otherwise @ & Q, we consider the
following two cases.
Case 1. Assume that £(Q) = £(Q)+ 5. We denote @ = [z, 5+ &) X -+ - X [2q, Ta+ T d]
and recall from Definition 5.4.3 that
. _—le@] 1 1 d
size(£(Q)) = q (2,02 ,1,...,1) er™ (5.126)
~———r
d-£(Q) mod d

times
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(a) ¢ =2 (b) g =4

Figure 5.16 [34]: Refinement examples for p = (3,3,3) and different choices of q.
In all cases, the initial mesh consists of 4 X 5 x 8 cubes of size
1 x 1 x 1, and is refined by marking the lower left front corner

1 1 1

element repeatedly until it is of the size 5 X 15 X 15-

Since Q results from the subdivision of @, we also have
; AV o~ @] (1 1 d
size(£(Q)) = q (5,...,5,1,...,1>€R.
~——

d-£(Q) mod d

times

_ q—LE(a)—l/dJ( 1

FERREE

11,...,1) er?, (5.127)

(d-£(@)—1) mod d

times

Moreover, the distance between @ and § is bounded by
DISt(Qa Q) S q2_—qlq— L@ " €d.£(Q) mod d» (5128)

where €4.0(g) mod ¢ denotes the (d-£(§) mod d)-th unit vector. A straightforward
verification shows that

size(£(Q)) o (B 4+ 1) + Dist(@, @) < size({(
= size (¢(

=)

)~
(

2>

~—

~—
O

). (5.129)
The case 1 is concluded with

U(Q) = {x € R | Dist(q, x) < size(£(Q)) o (2 +1)}
C {z € R? | Dist(@,z) < size(£(Q)) o (2 + 1) + Dist(q, §)}
C U(Q). (5.130)
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5 Analysis-Suitable T-splines

Case 2. Consider Q C Q with £(Q) > £(Q) + %, then there is a sequence
Q:QOC01C"'CQJ:Q (5.131)
such that Q,_; € SUBDIVIDEl/d(Qj) for j=1,...,L. Case 1 yields

U@) CU(@,) C--- CU(Q). (5.13%

Lemma 5.4.10 (Local quasi-uniformity). Given an admissible mesh Q and Q € Q,

any @ € QNU(Q) satisfies £(q') > £(Q) — L.

Proof. For £(Q) = 0, the assertion is always true. For ¢(Q) > 0, consider the parent
Q of Q (i.e., the unique element Q € UMTS with @ € SUBDIVIDEl/d(Q)). Since Q is
admissible, there are admissible meshes Qp, ..., Qs = Q and some j € {0,...,J—1}
such that Q € Q;11 = suBDIVIDE'/4(Q;,{Q}). The admissibility of Q;; implies
that any Q' € Q; NU(Q) satisfies £(Q") > £(Q) = ¢(Q) — 2. Since levels do not
decrease during refinement, we get

0Q) — 3 <minl(Q; NU(R)) <min(QNU(Q))

Lemma 5.4.9

< min/(QNU)). (5.133)

O
Theorem 5.4.11. For any q > 2, all admissible meshes are analysis-suitable.

Proof. We prove the claim by induction over admissible subdivisions. Assume that
the mesh Q is admissible and analysis-suitable, and let § € Q such that Q =
SUBDIVIDEl/d(Q, Q) is an admissible subdivision of Q. We have to show that o)
is analysis-suitable. We assume without loss of generality that d-£(§) = 0 mod d.
Hence subdividing @ adds ¢ — 1 hyperfaces to the mesh, which are orthogonal to the
first dimension. We denote @ = [x1,21+Z1] X -+ - X [Tq, Ta+ Zq] and =2 = {x1 + %:%1 |

je{l,...,q—1}}. The skeletons of Q satisfy

S/T(l = Sk; U (E X [:L‘Q,.rg -I—Li‘z] X - X [acd,xd—i—:%d]), S/I(j = Skj fOI‘j: 2,...,d.
(5.134)
Let & € N(Q)\N be a new node. Using the local quasi-uniformity from Lemma 5.4.10,
it can be verified for j = 2,...,d that for all z € K;(9) follows TJ;(z) Nsupp By = 0.

Consequently, TJ; = TJ;. Moreover, fll(z) = TJi(2) if z ¢ Z. It remains to
characterize

fh(z) =Si(2)N U supp By N U supp By (5.135)
veNy (2) vEN(Q)\N1 (2)

for z € =. With

Ni(z) = Ni(2) UN(Q)\ N
and N(Q)\ N1(2) = N\ Ni(2) = N\ Ni(2), (5.136)
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it follows
_F.Jl(z) =Si(2)N U supp B, N U supp By,
veEN] (2) vEN(Q)\N1 (2)
(5.56)51(2) A ( U supp By U U supp Bv> N U supp B,
vEN7(2) vEN(Q)\N veN\N1 (2)
=Th(2)U (Sl(z) N U supp By N U supva). (5.137)
9EN(Q)\N vEN\N1 (%)
bl

We will prove below that > N ﬂj = () for j # 1. See Figures 5.17 and 5.18 for an
example with ¢(Q) = 1 and ¢ = 2. Assume for contradiction that there is s € R

and j € {2,...,d} such that ﬂj (s) MY # (. Definition 5.3.7 yields the existence of
v € Nj(s) and w € N(Q) \ N;(s) such that

S;(s) Nsupp B, Nsupp By, NX # 0. (5.138)
We define for z, R € R? the componentwise bounded box
B(z,R)={y €R?||zi —yi| < Ri for alli € {1,...,d}}. (5.139)

and for sets A € R? the generalized notation B(A, R) := U.ca B(z, R). We will
show below for R := size({()) o - that w € B(Z, R), and subsequently that
w ¢ B(X, R). This will be the desired contradiction.

Since the subdivision of @ is admissible, we know that all elements @’ € QNU(Q)
are at least of level £(Q). This implies that all those elements are of equal or smaller
size than Q. It follows

£ C U@ < UQnU(), (5.140)
and with 3 C S1(z), we get more precisely

% C S1(2) N B(mid(Q), size(¢(Q))o(R + 1))
C B(3,size((Q))oRFt) = B(%, R)

C B(mid(q),size(£(q))o(p + 3)) =U(Q). (5.141)

Equation (5.138) implies supp B, N X # ), and we conclude from (5.141) that w €
B(%, R) C U(Q).

In order to show w ¢ B(X, R), we assume that there is no element in Q with level
higher than ¢(Q) + é. This is an eligible assumption, since every admissible mesh
can be reproduced by a sequence of level-increasing admissible subdivisions; see the
proof of Proposition 5.2.21 for a detailed construction. This assumption implies that
the j-orthogonal skeleton Sk; is a subset of the j-orthogonal skeleton of a uniform

((Q) + 3)-leveled mesh,

Sk;(Q) C Sk;(Qupe(q)+1/d])s (5.142)
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and with min£(Q N U(Q)) = £(Q), we have even equality on the neighbourhood
QNU(),

Skj (QNU(Q)) = Sk;(Quie) NU(R)) = Sk;(Qujecay+1/a) NU(Q)), (5.143)

using the notation Sk; (QNU(Q)) : UQ 'eonU (@) Sk;(Q). Since v € N;(s), we know

that N j(8) # 0, which means that there are elements in Q that have j-orthogonal
faces at the x;-coordinate s, i.e., S;(s) NSk;(Q) # 0. With (5.142) we get S;(s) N
Sk (Quie(a)+1/4)) # 0. Since Qye(g)+1/4) is a tensor-product mesh, its j-orthogonal
skeleton consists of end-to-end slices, which yields S;(s) C Sk;(Quje(g)+1/4)- The
restriction to the neighbourhood Q@ NU(Q) yields

Si(s) NU(QNTU(®)) € Ski(Quiecar+17a N U @) "= Sk;(QNU(@)) € Sky(Q).
(5.144)
Since w ¢ N;(s), we know by definition that
(5.144)
(Wi wji—1, 8, W41, .-, wa) €Sk (Q) 2 S;(s)NUUQNT(R)) 2 S;(s)NU(Q).
(5.145)

Equation (5.138) implies that S;(s) N2 # 0, and with (5.140) we get that S;(s) N
U(Q) + 0. Since U(Q) is an axis-aligned box, and the projection of w to the slice
S;(s) is not in S;(s) NU(Q), we conclude that w ¢ U(Q) 2 B(Z, R).

This proves that ﬂj N X = (0. Since j was chosen arbitrary, this concludes the
proof. O

Theorem 5.4.12. For any two admissible meshes with one being a refinement of
the other, the corresponding spline spaces are nested.

Proof. We will prove the Theorem by induction over admissible subdivisions. Let Q
be an admissible mesh, and let * € Q such that the subdivision Q= SUBDIVIDEl/d(Q, Q")
is admissible in the sense of Definition 5.4.6. We have to show that the spline spaces
span(7T) and span(7) associated to the meshes Q and Q are nested. They are
defined by

T ={B, | veNQ)}

and 7 :={B,|veNQ]}, (5.146)

where Bv is the spline function associated to the local index vectors of v in the
refined mesh Q

We set j. = (d-4(@") mod d) + 1 and observe that Q" is subdivided in the j.-th
dimension. This means that all new hyperfaces in the mesh are j.-orthogonal, and
hence only the global knot vectors K;, (v) for v € N(Q) N Q™ are updated. All other
global knot vectors remain unchanged, in particular all non-j.-orthogonal local index
vectors.

V]E{l,,d}\{]*},VwEN(Q) kj(w) IA(J
We consider an arbitrary new node v = (v1,...,vq4) € N(Q) \ N(Q). We denote by

Ej(v) = {(’Ul,.. . ,Uj_l)} X |A(Z(U) X { Vj41y.e-oy } (5148)

(w) (5.147)
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Figure 5.17 [34]: x2x3-view on the slice Si(z). The numbers denote tripled element
levels (i.e. 2 represents the level %), and the element in the center

with level % is a child of . The patch QN U(Q) is highlighted in
blue, and the second-order patch QﬂUQ’eQmU(Q) U(Q’) is indicated
by a thick blue line.

the representation of the local index vector k;(v) in R%.For those points in Ej (v) that
are also nodes, we observe the symmetry

Yw,v € N(Q) : wEEj(v)(i)UEEj(w), (5.149)
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Figure 5.18 [34]: zax3-view on the slice S1(z). TJ: is indicated by red areas. TJs is
depicted by horizontal red lines, TJ3 are vertical red lines. At the
same time, the squared red area in the center coincides with .

which implies that Ej (v) N N(Q) is the set of all nodes that are aligned with v in
j-th dimension and have the j-th component of v in their new local index vector,

k;()NN(Q) = {w e N(Q) |w; €kj(v), Vi#j: wi =vi}. (5.150)

The union of the sets Ej* (v) N'N(Q) over all new nodes v € N(Q) \ N(Q) contains
all nodes of which the local index vectors have changed, and all new nodes,

N k. (Q)\N(Q U {w e N(Q) | Bu # Bu }. (5.151)
veN(Q)\N(Q)

In particular, each node w € N(Q) of which the associated basis function has
changed, i.e. By # Bw € T \ T, is in the local index vector k; (v) of some new

node v € N(Q) \ N(Q). It hence suffices to show that for all affected nodes, the
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5.4 Local g-adic refinement in nD

corresponding old T-spline is in the new spline space,
Vo eNQ\N(Q) Ywek,; (v)NN(Q): Bu € span(T), (5.152)
which is fullfilled if we prove for any v € N(Q) \ N(Q) that
span{Bu | w € k; (v) "N(Q)} C span{B., | w € k,_(v) NN(Q)}. (5.153)

The main part of this proof below is to show that for any v € N(Q) \ N(Q) and any
two new or affected nodes w, 2z € k; (v) N N(Q), the non-j.-directional local index
vectors of w and z coiincide,

Vw,z €k, (v) NN(Q) Vj € {1,...,d},j#ju: ki(w)=k;(2). (5.154)

In the one-dimensional case, T-splines coiincide with B-splines, and the spline spaces
that correspond to nested (j.-directional) knot vectors are always nested. Together,
these arguments conclude the proof.

In order to show that (5.154) holds, we need to control the knot interval lengths
in the local index vectors that correspond to the involved spline functions. Hence for
any new node v and w € Ej(v) N N(Q), we need to control the size or, equivalently,
the level of each element @’ that includes two points that correspond to entries of a
local index vector of w,

e@) = |J {0 €Ql3wek, (NN(Q), j#j.: #(Q'nk;(w)) >2}. (5.155)
veN(Q)\N(Q)

Note that £(Q*) € Q, and Q\ Q = {Q*} as well as O\ Q = susDIVIDEY4(Q*).
Since the size of the children of @* differ only in j.-direction from the size of @, the
definition

A

£@) = |J {0 €Q|Twek;, )NN(Q), j#j.: #(@'nk;(w))>2} (5.156)
veN(Q)\N(Q)

yields £(@*)\ £(@*) = {Q} and £(Q*) \ £(Q*) = suBDIVIDEY4(@*). We will control
the element levels in £(Q™) by proving (%) that £(@") C QNU(Q™), and subsequently
(i) that each element §’ € £(Q*) has an element of level £(@*) in its neighbourhood
QN U(Q"). This will yield a lower and an upper bound on the element levels in
£@@).

(i). We assumed the subdivision SUBDIVIDE'/¢(Q, Q") to be admissible, which
means by Definition 5.4.6 that

VQ' e QNUQ"): Q) >¢Q"). (5.157)

With Definition 5.4.3 and d-£(Q*) mod d = j. — 1, this implies that all elements in
U(Q") are at most of the size

g KOl ). (5.158)

{@

(j«—1) times
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5 Analysis-Suitable T-splines

We denote @* = [z1,z1 +Z1] X - - - X [4, xq + Zq) and consider an arbitrary new node

v e N(Q) \ N(Q), and observe

size(0(Q%)) = (f1, ..., 7a), (5.159)
xj <wv; <z;+2; forall je {1, e ,d} (5160)
and z;, <vj, <z, +Tj,. (5.161)

Consider some arbitrary w € Ej* (v) "N(Q). The definition of Ej* (v) (5.148) implies

that w and v are connected by a chain of at most pj*2—+1 elements, this is, one child

of @* which has the j.-directional size q_Le(Q*)J_l, and pj*T_l more elements with
yet unbounded sizes. We want to show that

we UQr), (5.162)
with U(Q") from Definition 5.4.4. Assume for contradiction that w ¢ U(Q"), which
means that there is some dimension j € {1,...,d} such that

|25+ 2 —wy| > 35 (p5+ 2). (5.163)

VO
j-th entry of
Dist(@*,w)

Together, (5.160) and (5.150) yield z; < w; = v; < x; + &5 for all j # j., and hence

2+ —wi| < E <F-(p;+2) forall j# .. (5.164)

This implies that 7 = j. and hence

xT.
. J .
Tj, + 55 — wj,

> ¢ V@ + 2. (5.165)
~———

J«-th entry of
size (£(@™))

We know from above that the j.-directional sizes of all elements in Q N U(Q™) are
smaller or equal to q—Lé(U*)J. Without loss of generality, we assume equality in
(5.165), which means that w is in the boundary of the open box U(Q™) and hence
that all j.-direction edges between w and v are in the environment U(Q"). This
implies that the number of elements between w and v is at least |w;, — v;,| LqHe@n],
We conclude from (5.161) that

zj, + B vy | < Be = 1gmHED) (5.166)
and hence
wy, =i | - O > (fag + B —w | = g+ S —v|) - g
(5.165)
(5.166) Ry o .
> (pg. + 3)g O = Lm0 g =

(5.167)
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5.4 Local g-adic refinement in nD

which means that the number of elements between w and v is greater than p;, +1 >

pj*—;l. This contradicts our knowledge from above that w and v are connected by a
chain of at most % elements, and proves (5.162).

We have proven for arbitrary w € Ej* (v) N N(Q) that w € U(Q*), and we
want to show below that £(@*) C O NU(R*). We consider j # j. and denote

Ej (w) = {W1,...,Wp,4+2} C Q, assuming that the points w1, ..., W, 2 are ordered
with respect to their j-th component. Consider w € {w2,..., 'prj+1}. We want to
show that

weU(Q™). (5.168)

From Definition 5.3.5 we know that w; is the middle entry of k;(w) C K;(w). This

and the definition of Rj (w) imply that w and @ are connected by a chain of at most
pj—1
2

elements,

dQ04,..., Q(pj—l)/Q € Q: [w,u?] = {tw+(1—t)ﬁ) ‘ t e [0, 1]} CQRiU-- 'Ua(pj—l)/2-
(5.169)
Recall from above that j # j., and that w; = w; for all ¢« # j. Hence the points

w and w differ only in j-direction. We know from (5.164) that ‘xj + 3 —w;| <
%. Similarly to the proof above, the assumption @w ¢ U(Q™) yields that any set

of elements M C Q satisfying [w, @] C |JM contains at least p; + 1 elements,
pj—1
2

in contradiction to the existence of {@,..., Q(pj—l)/Q} which contains only
elements. This proves (5.168).

We have proven w € U(Q™), which implies that all elements neighboring w are
in U(Q"). Note that if a mesh element contains two points that correspond to the
same local index vector, then at most one of these two points corresponds to the
first or last entry of that local index vector. This and the fact that w and w were
chosen arbitrary yield that all elements of which we want to control the size are in
the neighbourhood of @*,

ERT)CaonU@"). (5.170)

(ii). In order to get an upper bound on the level of elements from £(Q*), we want
to show that each of those elements has an element of level £(§) in its environment,

ve' e &£@") Q" eUW@): £Q") =42@Q"). (5.171)
Assume for contradiction that there is some Q' € £(Q*) such that
vR" eU(@): Q") #£@Q"). (5.172)

The combination of Q" € £(Q*) and (5.170) yields @' € U(Q*). With (5.157), we
have £(Q") > £(Q@*). Since Q" € U(Q’), the assumption (5.172) yields £(Q") # £(Q@*)
and hence £(Q') > £(Q*), or equivalently £(Q") > £(Q*) + 2. Lemma 5.4.10 states
that

ve'eUu@): Q") >eQ")—-3I>Q"), (5.173)
and together with (5.172),

V@' eUu(@): Q") > Q). (5.174)
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5 Analysis-Suitable T-splines

This means that all j.-direction edges in U(Q’) are at most of the length ¢~ W‘i*” -1
From Q' € £(Q") we conclude that there exist v € N(Q) \ N(Q) and w € k; (v),

J # j« with Ej(w) = (W1,...,Wp;42), as well as w € Q" N {2, ..., Wp; 41}
Case 1. If £(Q") > £(Q*) + %, then Q' has an ancestor " with £(Q") = £(Q*) +

)
Since v € Q*, the assumption (5.172) implies that v ¢ U(Q’). From w € Ej* (v)

follows that w and v are connected by a chain of at most pj*—;l elements. We

follow exactly the proofs of (5.162) and (5.168) above, only exchanging v and @ and
replacing @* by §’. Similarly to the proof of (5.162), we get the contradiction that
w and v are connected by more than p;, + 1 elements.

Case 2. If £(Q") = £(Q*) + =, then Lemma 5.4.10 yields for arbitrary Q" € U(Q")
that (@) + 2 = €(Q") < £(Q"”) + 1, which means £(@*) < £(Q"). Together with
(5.172), we have £(@") < £(Q") and hence £(Q*) + 5 < £(Q") for any Q" € U(Q").
We set @' := Q' and proceed as in Case 1, deriving the same desired contradiction.
This concludes the proof of (5.171).

We have proven that each element in £(§*) has an element of level (@) in its
environment. Hence, Lemma 5.4.10 implies that these elements are at most of level
£(Q*) + L. This and (5.170) together read

V' e E(Q7): L(Q7) < @) <e@)+ 2, (5.175)

which proves (5.154). Equations (5.147) and (5.154) together, expressed in terms of
the associated 1D B-spline functions, yield

Yw, z € Ej* (v) Ve {l,...,d},j# Jx: N wy = Niy 2 (5.176)
Vw,z - Ej* (’U) N N(Q) Vj € {1, .. .,d},j * j* : Nl?j(w) = Nkj(w) = Nkj(z) = Nl?j(z)'
(5.177)

We define N77* = H Ni. (») and conclude with (5.177) and (5.176) that

Yw ek, (1) NN(Q): Buw = N7 - Ny, (w) (5.178)
and Vw €k, (v): Buw =N N (5.179)

g (W)°

We know that in the case of knot insertion in 1D, the corresponding 1D B-spline
spaces are nested:

span{Ni; (w) | w € Ej* (v) NN(Q)} C span{Nl;j* (w) |WE Ej* (v)}. (5.180)

The combination of (5.178), (5.179) and (5.180) shows that Equation (5.153)
holds. This concludes the proof. O

5.4.2 Linear Complexity

This section is devoted to a complexity estimate in the style of a famous estimate
for the Newest Vertex Bisection on triangular meshes given by Binev, Dahmen and
DeVore [7] and, in an alternative version, by Stevenson [8]. Linear Complexity of
the refinement procedure is an inevitable criterion for optimal convergence rates in
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5.4 Local g-adic refinement in nD

the Adaptive Finite Element Method (see e.g. [7, 8, 10] and [53, Conclusions]). The
estimate and its proof follow our own work [38, 37], which we generalize now to three
dimensions and g-graded refinement. The estimate reads as follows.

Theorem 5.4.13. Any sequence of admissible meshes Qg, Q1, ..., Qs with
Qj = REFINE_TS;p(Qj-1,Mj-1), M1 CQ;1 forje{l,...,J} (5.181)

satisfies
J—1
195\ Qo] < Cs.4.13 Z M|, (5.182)
3=0
with L
05‘4.13 — 1—qu/d prod<4C5,4,14 + (1, ql/d, ceey q(d_l)/d)) (5183)

and Cs.4.14 from Lemma 5.4.1/ below.

Lemma 5.4.14. Given an admissible mesh Q, a set of marked elements M C Q,
and Q € REFINE_TS,p(Q, M)\ Q, there exists § € M such that £(Q) < £(Q') + 1 and

Dist(Q,§) < ¢ “® C5.4.14, (5.184)

with “<7” understood componentwise and

d d—1)/d 1/d 1/d _2/d
Cs.4.14 3=1_q+1/d(1,q1/ ,..-,q( 1/ )O(p+3+qQ )+(q2 5 ,...,%). (5.185)

Proof. The function size(k) from Definition 5.4.3 is decreasing in k and bounded by
size(k) < ¢ " (1,¢"%, ..., ¢"“" /) for all k € No. (5.186)

Consequently, the term size(¢(Q)) o (p + 2) from Definition 5.4.4 is also decreasing
in (@) and bounded by

size(4(@)) o (p+ 2) < g ‘@ (1, q’?, .. .,q(d_l)/d) o(p+32). (5.187)

-

Vo

)
Hence for any § € Q and Q' € QN U(Q), there exists = € Q' N U(Q) and hence
Dist(Q, Q') < Dist(@, z) + Dist(q’, z)
< Dist(Q, ) + % size(ﬁ(d’))

Lemma
5.4.10

< Dist(Q,z) + 1 size(¢(Q) — 1)

(5.186)
(5-187) _,5) - —0(B) [ gl/d  42/d
Sq (0)p+q (Q)(qQ 7q2 7"'7%)

\a -
VO

S
<q¢ "D B +s). (5.188)

The existence of § € REFINE_TS,p(Q, M) \ Q means that REFINE_TS,p subdivides
Q/ = QJ,QJ71,---,[\70 such that ijl € Q N U(Qj) and E(Q‘jfl) < E(QJ) for _] =
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J,...,1, having @' € M and @ € suBDIVIDE'/%(Q,). Lemma 5.4.10 yields £(@,_;) =
0(Q;) — % for j = J,...,1, which yields the estimate

Dist(@.20) < 3 Dist(@ 0 ULV (b4 s
j=1 j=1
J oo
— Zq—(e(oo)ﬂ') (P+s) <gq e(oo) Z —3j/d
j=1 j=1
g 1/4t@) g @
= 1_q—_1/d(p+s) = 1_q—_1/d(p+s). (5.189)
The distance between @ and its parent element Q, is bounded by
Dist(Q, Qo) < 1 size((Qo)) < ¢~ Vs. (5.190)
This and a triangle inequality conclude the proof. O

Proof of Theorem 5.4.13.
(1) For Q € [JMys and Q' € M = MoU--- UM _1, define A(Q,Q") b

qﬂ(a)—f(a’) if 0(Q) < 0Q") + 1
G, Q) = and Dist(@,Q") < 2@ Cs.4.14, (5.191)

0 otherwise.

(2) Main idea of the proof.

1Q/\ Qol= > 1 < > > @)

e 5\ Qo QEQJ\Q() Q'emM
(4) —
< Cs.4.13 = Cs5.4.13 Z | M. (5.192)
9’ eM =

(3) Each Qe Qj\ Qo satlisfies
> oAeq) > L (5.193)

vemM
Consider @ € Q; \ Qo. Set j1 < J such that @ € Q;,+1 \ Qj,. Lemma 5.4.14 states
the existence of §; € M, with Dist(Q, ;) < ¢ @ Cs.4.14 and £(Q) < £(Q;) + 1
Hence A\(Q,Q;) = ¢"“@~*@) > 0. The repeated use of Lemma 5.4.14 yields j; >
j2>j3>... and Q4,Q3,... with Q,_; € Qj,+1 \ Q;, and §; € M, such that

Dist(Q;-1,Q;) < q_g(ai_l) Cs.4.14 and £(Q;-1) < 4(Q;) + %- (5.194)

We repeat applying Lemma 5.4.14 as A(@,Q;) > 0 and 4(Q;) > 0, and we stop at the
first index L with A(Q,Q@;) =0or £(Q;) =0. If (@) =0 and A(Q, Q1) > 0, then

> AQ,0) = A@,0,) =" @) > g (5.195)
Q' emM
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5.4 Local g-adic refinement in nD

If \(@,QL) = 0 because £(Q) > £(Q.)+ =, then (5.194) yields £(Q;, ;) < 4(Qr)+ 5 <
£(Q) and hence

D> A0,0) = A@,Qp-,) = ¢ @700 5 gl (5.196)
Q'eM
If M(@,Qz) = 0 because Dist(Q,Q;) ¢ 2q_£(0) Cs.4.14, then there exists an index
ke {l,...,d} with Distx(Q, Q) > 2¢ @ (Cs.4.14)x, and a triangle inequality shows

L—1
2q~"@ (Cs.0.14)x < Diste(Q,Q1) + Y _ Distr(;, Qi41)
i=1
L—1
< q—e(a) (Cs.4.14)k + Z q_e(gi) (Cs.4.14)k, (5.197)
L—1 i=1
and hence q—e(a) < Z q_Z(Qi). The proof is concluded with

tEl1

qu(a) @) _ Z)\ @Q.,q,) < Z 2@, Q). (5.198)

(4) For all j € {0,...,J — 1} and @ € M, holds

1/d _
Z )\(Q, Ql) S 1_qq—71/d pI'Od(4:C5_4_14 + (1, ql/d ceey q(d 1)/d)) = C5.4.13.

(5.199)
This is shown as follows. By definition of A, we have
Z @, Q") Z AQ, Q")
ReQ 5\ Qo QEUMTs\Qo
d-£(Q")+1
> T #{ae UM | €0) = 4, Dist(0,Q) <2077 Coana} .
= B
(5.200)

Since we know by Definition 5.4.3 that ¢(§) = % implies || = prodsize(£(Q)) =
q¢~7, we know that ¢’ ‘UB’ is an upper bound of #B. The cuboidal set UB
is the union of all admissible elements of level % having their midpoints inside a

cuboid of size 4q™7 /4 Cs 4.14. An admissible element of level j is not bigger than
g4 x gt=/d x q4=1=9)/d Together, we have

’U B‘ < g’ prod(4C5.4,14 +(1,¢Y7. ., q(d_l)/d)>, (5.201)

and hence #B < Pl"Od(4C5.4.14 + (1, ql/d e q(d_l)/d)). An index substitution k =
1 — 7+ d-4(Q") proves the claim with

d-2(@")+1 d-£(qg")

. / d
Z £ = Z e k)/d<q1/dzq = q_l/d, (5.20%)
=1
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5 Analysis-Suitable T-splines

An experiment on Cs 413

The constant Cs.4.13 arising from this theory is very large, however we observed
much smaller ratios of refined and marked elements in an experiment with d = 3
and p = (3,3, 3). Starting from a 5 x5 x5 mesh, we applied the refinement algorithm
with only one corner element marked, always sticking to the same corner. This is
realistic when resolving a singularity of the solution of a discretized PDE. In all
cases the experimental constant was below Cg(‘)‘gg?’, see Figure 5.19. The advantage
of greater grading parameters could not be seen in random refinement all over the

domain.

6
1g £10— , , : 6000
15 | ~ 5000 |
12 | ~ 4000 |
3 o9f : 573000 | %
S
6l ~ 2000 |
3l | 1000 |
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
1 2 3 4 5 6 1 > 3 4 5 8

grading parameter g grading parameter ¢

Figure 5.19 [34]: The complexity constant C5.4.13 in theory (left) and experiment
(right). The values of C;, were taken from an experiment illustrated
in Figure 5.20.
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—_

o
[&)]
T

number of generated elements
=
N
T

: o caseq=2|
¥;§’ Cy = 3100 |
ko + caseq=3
. Yo — (% = 1500
S = caseq=4
103k ? o —C} =1100| |
HE e caseq=>
: — C% =900
10" 102

number of marked elements

Figure 5.20 [34]: Estimation of the experimental constants C;, for ¢ = 2,...,5.
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6 Numerical Experiments

This chapter summarizes [41], where the refinement strategies proposed in Chapters
4 and 5 are compared to the refinement for AST-splines proposed in [29] and a more
naive refinement strategy for THB-splines. In addition to achievable convergence
rates and the mesh grading, the comparison includes numerical properties of the
stiffness matrix as its sparsity and condition number. To clearly point out differences
between the refinement strategies, the first example is designed as a worst case
scenario and does not correspond to a physical problem. The second and third
example are well-established benchmark problems in the context of Adaptive Finite
Element Methods [25, 17, 56], including the Poisson problem and linear elasticity
with given analytical solutions. In all examples and for all refinement strategies,
cubic B-spline basis functions are used.

6.1 Alternative refinement strategies

This section introduces a naive refinement strategy REFINE_THByy for THB-splines
as well as the refinement routine REFINE_TS[2g) proposed in [29] for analysis-suitable
T-splines. Both strategies are considered in the numerical experiments below and
represent low-cost alternatives to REFINE_THB and REFINE_TS2p, respectively.

6.1.1 Nearest neighbor refinement for THB-splines

The nearest neighbor refinement serves as a cheap alternative to REFINE_THB from
Chapter 4 and is defined through a more naive choice of the coarse neighbourhood
Ninsan (Q, M) as described below.

Definition 6.1.1 (Nearest neighbor refinement for THB-Splines). We define for
each @ € Q the coarse neighbourhood consisting of elements with level (@) —m + 1

NTHB_NN(Q, Q) = {Q/ S Q | e(al) = K(Q) —m+ 1 and Q/ ne# 0} (61)
- Qu[ﬂ(Q)—m—}-l] N (Q N Q)) (62)

with generalized notations Nrusn(Q, M) = [y v Nowsn(Q, @) and

TkHB_NN(Qa M) = NTHB_NN(Q) .. -NTHB_NN(QJ,M) ce ) (63)
We define the closure ko times
max £(M)
CLOSURE_THByy(Q, M) = U N (Q, M), (6.4)
k=0

and the extended refinement procedure

REFINE_THByy (Q, M) := SUBDIVIDE (Q, CLOSURE_THBx (Q, /\/t)) . (6.5)
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6.1.2 Scott refinement for T-splines

We explain below the refinement routine proposed in [29]. This strategy is not based
on element hierarchies, but solely on T-junction extensions. It is suitable for meshes
with multiple edges and requires only local information on the edges’ orientations,
which is an important feature for the application to unstructured meshes. However,
it is limited to the two-dimensional case, the overlay of two generated meshes may
not be analysis-suitable and its (expected) complexity has not been analyzed yet,
hence the theoretical analysis of convergence rates using this algorithm may not be
solved in the near future.

Definition 6.1.2 (Bisection with parameters). For any rectangle @ = [,z + Z] X
ly,y + g] and parameters j € {1,2}, 0 < ¢ < 1, we define the refinement

{lz,2+qd] x [y,y + 3], [v+qi,x+ 7] x [y,y+§]} ifj=1,

{lv,e + & x [y,y+q7), [z,2+ 3 x [y+qh,y+7]} ifj=2
(6.6)

BISECT; 4(Q) =

BISECT2, 0.3 BISECT1, 0.6

Figure 6.1 [41]: Example for BISECT; q.

Definition 6.1.3 (Mesh class Mjag)). We define the mesh class Mg inductively
through the BISECT; 4 routine;

Qo € Mzg), and

\V/Q € M[Qg] \V/Q € Q, ] € {1,2}, 0< q < 1: (Q \ {Q} U BISECT%q(Q)) € M[Qg].
(6.7)

Definition 6.1.4 (Bézier mesh). Recall the Definition 5.1.7 for T-junction exten-
sions. Given a mesh Q € UM[g;, adding all T-junction extensions as actual edges
to Q yields the Bézier mesh, also called extended T-mesh. It represents the lowest-
dimensional piecewise polynomial space that contains BE and is used for mesh com-
parisons in this chapter, see e.g. Figure 6.4.

Definition 6.1.5 (T-junction refinement). For any T-junction v € T(Q), we denote
by
REFINE_TJUNC(Q,v) = Q\ {q,} UBISECT; (@) (6.8)

the single-element refinement such that v ¢ T(REFINE_TJUNC(Q,v)), i.e., such that
v is not a T-junction anymore.

Remark. This refinement exists and is unique, and it is constructed as follows. The
definition of T-junctions states that there is exactly one element @, € Q such that
v € T(Q,). The location of v on the boundary of @, uniquely defines bisection
parameters j and ¢ such that v is a vertex of each children Q' € BISECT; 4(@Q,)-
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Definition 6.1.6 (Extension crossing, extension incompatibility). For any mesh
Q € Mg, we denote the set of extension-crossing T-junction pairs by

E(Q) ={(v,w) € Th(Q) X TW(Q) | exto(v) Nexto(w) # 0} . (6.9)

For any mesh Q € M|z9) and refinement Qe M|29], we define the set of extension-
incompatible T-junctions by

C(Q,9Q) = {'v ET(QNT(Q) | extg(v) & extg(v)} . (6.10)

Algorithm 6.1.7 (Scott refinement for T-splines, [29]).

Input: mesh Q € M[y9), marked elements M C Q
Q = REFINE_THB(Q, M)
repeat

Urefine = argmin (#E(REFINE_TJUNC(Q, v)) + #C(Q, REFINE_TJUNC(Q, v)))
UET(Q)

Q = REFINE_TJUNC(Q, Urefine)
until E(Q) = ) and C(Q, Q) =
return REFINE_TS[29)(Q, M) = (Q, BTQS)

Remark. The above algorithm does always terminate, in the worst case yielding a
tensor-product mesh.

6.2 Model Problems and Discretization

This section describes the two model problems that are used for our tests. We will
formulate both problems in the weak (variational) form and skip their derivation
from the original PDEs. The latter are, for the Poisson problem, seeking u € C' 2(ﬁ)
such that

—Au= finQ, 88;; =gonIy and wulr, =up on I'p, (6.11)

and for the problem of linear elasticity, seeking v € C?(Q) such that
—divo(u) = fin Q, (vn,o0(u))=gonI'n and wu|lrp =up onI'p, (6.12)

using the notation explained below.

6.2.1 Poisson problem

Data Let Q C R? be an open, connected and bounded Lipschitz domain. Let
the Dirichlet boundary I'p C 92 be closed and let each connectivity component
of I'p be of positive measure. Set the Neumann boundary I'y := 92 \ I'p and the
corresponding outer normal vector vy : 'y — R?. Let up € L*(I'p) and

Hy(Q) ={we H(Q) | wlr, =0a.e. inTp}. (6.13)
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HL T o

Q Qo #E(Qo) =5
#C(Q,Q0) =0

#E(Q1) =2 #E(Q2) =0 Q2
#C(Q,01) =0 #C(Q,Q2) =0

Figure 6.2 [41]: Example for the Scott T-spline refinement. In the first step, the
marked element is subdivided as for the HB-spline refinement. Sec-
ond, the intersections of horizontal and vertical T-junction exten-
sions are counted. Third, REFINE_TJUNC is applied to a T-junction
for which the number of extension crossings in the resulting mesh
(elements of E(Q)) is smallest, plus the term #C(Q, Q) to ensure
nesting of the resulting spline spaces. This third step is repeated
until the sets E(Q) and C(Q, Q) are empty.

Problem Find u € H'(Q) such that

/(Vu,Vv)da::/fvdx+/ gvds for all v € Hy,
Q Q I'n

ulrp, =up a.e. on I'p. (6.14)

Discretization Given a basis B of a finite-dimensional function space B = span B
and

By = {w € B|wlr, =0 a.e. in FD}, (6.15)

we seek the Galerkin solution 4 € B satisfying

/(Vﬁ, Vou)dx = / fvdx + / gvds for all v € By,
Q Q I'n
ﬂ|rD = B(UD) on FD, (6.16)
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where Iz(up) € B is an interpolation of up. We set g = @ — Iz(up) € By and
reformulate the above problem to finding ¢ € Bo such that

/(Vﬁo,Vv>dx:/fvdx+/ gvds—/(VIB(uD),de:c for all v € By.
Q Q I'n Q

(6.17)
Since both left and right side of (6.16) are linear in v, it suffices to have the above
equation fulfilled for all basis functions v € By = {v1,...,v,} = BN By that are zero

on the boundary. Since the right-hand side is also linear in 4o, and 4o € By is a
linear combination of these basis functions, (6.17) is equivalent to finding a vector
U= (u1,...,un) € R" such that

(/(Vvi,ij)dx) U = (/fvz dx+/gvi ds — /(VIB(UD),Vm)dx) :
o 9] 1§’L,j§2 9] FN (9] 1§Z§TL

~ ~ ~

~~
AECRN XN BER™

(6.18)
with 4@ = Z?:l uivi + Iz(up). We call A the stiffness matriz and B the load vector.

Discrete space and parametrization In all experiments shown below, the physical
domain Q (cf. Section 2.4) is the image of the parametric domain Q =0, M] x]0, N|
under a geometry map F : Q — R? (cf. Section 2.2). Given a mesh Q and a
spline basis BC € {BS,, BS}, the geometry map F uses NURBS (see Section 2.3)
and is described through control points C = {c, | b € B2} C R? and weights
W = {wy | b€ B2} C [0, 1], namely

wpb(z)

emo wrs(o)

F(z) = Z ro(x)cy and rp(x) = = (6.19)

beBL

The control points ¢, € C and weights w, € W are given data and, since they define

A

F, they fully describe the domain 2 = F(€2). The basis B used for the discretization
consists of so-called pullback functions (cf. Section 2.4) composed of the spline basis
B2 and the inverse geometry map,

B={boF ' |beB?}, and B = spanB. (6.20)
Note as a side remark that F~! does not exist for general data C and W, however

it does exist in the experiments below.

Error estimator The Adaptive Algorithm (explained below in Section 2.5) is con-
trolled by a standard residual local error estimator 1 : @ — R (see e.g. [53] for an
application with THB-splines). Given the Galerkin solution 4 € B, it is defined by

1/2
no(@) = (Rglaa+ fI3+ > hellRe(@}) (6:21)

Ec&(Q)

where £(Q) is the set of edges of Q, hg the diameter of Q, and hg the length (the
1D Lebesgue measure) of the edge E. The notation ||e|| , abbreviates the L?>-norm
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|®[[2(4)- Given a normal vector v for each edge E, the edge residual Rp(a) is

defined by

L .04 ﬂE if F is an interior edge,

2 |lovg
Re(d) =< g— ;’f; if E is a boundary edge in I'x, (6.22)
0 if I/ is a boundary edge in I'p,

and we assume that any boundary edge is (up to its endpoints) either in I'y or in
I'p. For any interior edge £ = @ N @', the notation [e]r = e|g — |y describes
the jump along the edge E. Note that in all four methods that are compared in
this chapter, none of the spline basis functions have jumps in their derivatives, and
the same holds for the discrete solution @. Provided that the Neumann boundary
condition is met exactly (e.g. in the case g = 0), the above error estimator hence
reduces to the volume contribution

n2(Q) = he |Ad+ fll, - (6.23)

6.2.2 Linear elasticity

Data Let Q, I'p, I'n, vn, up as above. For v € H'(Q,R?), we define

s(u) = (%(8Zu3+8]u1)) and a(u)ij = Z Cijkg €(u)kg for 1 <4,5 <2.

1<k,£<2

1<i,j<2

(6.24)
We call u the displacement, (u) the strain tensor and o(u) the stress temsor, and
C' is some positive definite fourth order tensor that describes material properties.

Problem Find u € H'(Q) such that

/(a(u),s(v))d:vz/fvdx—l—/ gvds for all v e Hy(R?),
Q Q I'n

ulrp, =up a.e. on I'p. (6.25)

Discretization Given a basis B of a finite-dimensional function space B = span B
and By as above, we seek the Galerkin solution 4 € B satisfying

/(a(ﬁ),s(v)) dz = / fvdx + / guds for all v € B,
Q Q 'n
fL|FD = IB(’LLD) on FD. (626)

Again, we set G0 =0 — I4(up) € Bo and reformulate the above problem to finding
Ug € Z§0 such that

/Q<U(ﬁo),5(v)>d:c: /vad:ch/FN gvds—/g(a([lg(uD)),s(v»dx for all v € Bo.
(6.27)
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Analogously to the derivation for the Poisson problem above, we compute the
Galerkin solution by solving the equation

(/Q<U(vi),€(vj)>dx)léi’jgn U

-~
AeRan

— (/Q fvid:c-i—/FN gvids—/Q<U(IB(UD))’5('U¢)>diC)lSiSn. (6.28)

-~

~~
BeR™

and setting 4@ = ) " uvi + Iz(up).

Error estimator Given the Galerkin solution @ € B , we use the local error estimator
described in [57], which is defined by

21 2 2 )2
no(@) = (K ldiva(@) + fI;+ > helRe@l}) . (6:29)
EceQ)
where the edge residual Rg(1i) is defined by
2 [ve,o(a))], if E is an interior edge,
Rp(u) =< g— (vg,o(d)) if E is a boundary edge in I'x, (6.30)
0 if £ is a boundary edge in I'p.

6.3 Experiments

We present below the results of our experiments, which serve as a basic compari-
son between the refinement routines REFINE_THB, REFINE_TS2p, REFINE_THByy and
REFINE_TS|29]. We will refer to REFINE_THByy and REFINE_TS|29] as greedy refinements
and to REFINE_THB and REFINE_TSap as safe refinements, since the latter result in
more widespread refinement and a larger number of degrees of freedom, but also
provide more theoretical background that has been addressed in the previous chap-
ters.

6.3.1 Worst case scenario

In this example, an initial square mesh with 64 elements is locally refined in the lower
left corner, where only one element is marked for refinement in each refinement.
The resulting Bézier meshes are presented in Figure 6.4. It can be seen that the
greedy THB-spline refinement does only refine the marked element whereas the
safe refinement routines extend the refinement region. Also the greedy T-spline
refinement inserts additional control points in order to ensure analysis-suitability
(cf. Definition 5.1.8). The total number of degrees of freedom (DOF) is plotted
against the refinement steps in Figure 6.5 (a) to illustrate this behaviour.

The locality of the refinement comes at the cost of an increased interaction between
differently-scaled basis functions in the case of greedy THB-spline refinement. In

99



6 Numerical Experiments
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Figure 6.3 [41]: Worst case scenario: The sparsity patterns of the stiffness matrices
after six refinement steps are illustrated. In particular the greedy
THB-spline refinement results in a dense stiffness matrix.

this example, basis functions from the coarsest level interact with basis functions of
the finest level. This leads to the occurrence of quasi-dense rows and columns and
the loss of any band structure in the stiffness matrix, as it can be seen in Figure 6.3.
The other refinement routines do not cause a degeneration of the stiffness matrix’
structure.

The local mesh refinement also influences the behaviour of the condition number
of the stiffness matrix. Gahalaut et al. [58] analyzed these condition numbers for
NURBS-based isogeometric discretizations and uniform refinement, showing that
the condition number increases linearly with respect to degrees of freedom. This
is also reflected in our experiments. As expected, we observe for all kinds of local
refinement that the condition numbers grow at higher rates, see Figure 6.5 (b). The
rate is apparently independent of the type (T- or THB-splines) but does depend on
the locality of refinement (greedy or safe), and thus on the grading of the mesh.
However, if the condition numbers are compared with respect to the refinement
step (cf. Figure 6.5 (c)), the safe THB-spline refinement produces higher condition
numbers than the greedy one, and the T-splines higher condition numbers than
the THB-splines. This shows that the number of additional degrees of freedom per
refinement step may have a dominant influence on the condition number. Hence,
for a clear comparison, the condition number has to be compared with respect to a
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greedy refinement safe refinement

THB-splines

T-splines

Figure 6.4 [41]: Refinement strategies: An initial square mesh with 64 elements is
locally refined in the lower left corner using THB- and T-splines.
The illustrated meshes are the Bézier meshes (see Definition 6.1.4).

quantity of main interest. For this reason the numerical error of the solution will be
plotted over the condition number in the following examples. We emphasize that
this discussion disregards appropriate preconditioning, which is beyond the scope of
this thesis.
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Figure 6.5 [41]: Worst case scenario: The relations between the total number of
degrees of freedom, the condition number of the stiffness matrix and
the refinement steps are illustrated. In the legend, “++” refers to
safe refinements, and “+4” to greedy refinements.

6.3.2 Poisson problem

In this example, the Poisson problem (cf. Section 6.2.1) is solved for the temperature
u on two different two-dimensional domains. The first domain 21, = {(—1,1) x
(=1, 1)}\{(0,1) x (0,1)}, referred to as the L-Shape, is characterized by a re-entrant
corner with an opening angle of 5 = 90° and a given exact solution

2
3

sin 22T (6.31)

u=r

in polar coordinates (r,¢). The second domain 25 = {(—1,1) x (—1,1)}, referred
to as the slit domain, is characterized by a re-entrant corner with an opening angle
of B =0° and a given exact solution

N

sin (6.32)

u=r

e

Both boundary value problems are illustrated in Figure 6.6. The boundary condi-
tions are applied by setting u = 0 at the Dirichlet boundary I'p and the exact heat
flux ¢ = Ou/Ovn at the Neumann boundary I'x. The L-Shape is modelled by a
single C'-continuous B-spline patch, while the slit domain is modelled by a single
B-spline patch with C°-continuous lines at the axis of symmetry of the domain as
indicated by the dashed lines in Figure 6.6.
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(b)

Figure 6.6 [41]: Poission problem: Domain and boundary conditions for (a) the L-
shape and (c) the slit domain as well as (b) the corresponding
analytical solutions.

In both problems, the geometry leads to a singularity of the solution at the re-
entrant corner. In this case classical convergence theory does not hold, and the order
of convergence with respect to the total number of degrees of freedom

k= —3 min(p, 575) (6.33)
is governed by the angle 5 of the re-entrant corner [59]. For uniform h-refinement
this leads to a convergence rate of k = —1/3 for all p for the L-shape and k = —1/4
for all p for the slit domain.

The optimal order of convergence ¥ = —p/2 can be recovered by local mesh
refinement in the vicinity of the singularity. The adaptive finite element method
(cf. Section 2.5) will be applied below to solve the above problem with different
refinement strategies. To select elements for refinement, the quantile marking is
used. The associated parameter a has been adjusted manually for each refinement
strategy, in order to achieve best possible convergence rates.

L-Shape

The initial mesh of the L-shape problem consists of 16 elements. Figure 6.7 shows
the Bézier meshes after L refinement steps, as well as the marking parameters .
For the adaptive local refinement, the error in the H! norm is plotted over the total
number of degrees of freedom (DOF) in Figure 6.8 (a). All refinement strategies
recover the optimal order of convergence in the asymptotic range. Due to the coarse
initial mesh, the safe refinements produce a greater amount of DOF in the pre-
asymptotic range, which is in particular observed for the safe T-spline refinement.
As a result, the safe refinements behave not as local as the greedy refinements but
create more smoothly-graded meshes. To counteract the non-local refinements, the
marking parameter for safe refinements is chosen higher such that a smaller number
of elements is marked.

Particularly for the greedy THB-spline refinement, the computed stiffness matrix
has a higher density. For all other refinement strategies no clear tendency is visible
in the sparsity patterns in Figure 6.7.
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(a) THB-splines:

- greedy refinement
~uli='F
-a=0.9

(b) THB-splines:

- safe refinement
-L=6
-a=0.925

(c) T-splines:

- greedy refinement
“ulg==2
-a=0.95

(d) T-splines:

- safe refinement
-L="T7
-a=0.975

Figure 6.7 [41]: L-shape: The marking parameters «, the Bézier meshes and the
sparsity patterns of the stiffness matrices after L refinement steps
for all (a)-(d) refinement strategies. The safe refinement strategies
result in widespread refinement, the greedy refinement strategies in
more localized refinement. Again, the greedy THB-spline refinement
creates the stiffness matrix with the highest density.
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Figure 6.8: L-shape: The convergence rates as well as the relations between the
condition number of the stiffness matrix, the numerical error of the so-
lution and the total number of degrees of freedom are illustrated. (a)
- All refinement strategies converge with the expected convergence rate
k = 1.5 in the asymptotic range. As in Figure 6.5, “4++" refers to safe
refinements, and “+” to greedy refinements.
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The condition number is plotted over the DOF in Figure 6.8 (b). Due to the
geometric map of the L-shape, a rate higher than one is reached for uniform refine-
ment. Regarding the local refinement, results similar to the previous example are
obtained. However, the differences between the greedy and safe refinements are not
as large as in the first experiment.

As mentioned above, also the error of the numerical solution with respect to the
condition number (cf. Figure 6.8 (c)) is of interest. It can be seen that for the same
order of accuracy, all local refinement techniques produce smaller condition numbers
compared to the uniform case. This means, that for local refinement, the error of the
solution decreases faster per DOF than the condition number increases per DOF.
This is an important result, because it illustrates that the negative influence of a
locally refined mesh on the condition number does not predominate the benefits
of local refinement regarding the error level. The refinement strategies compared
among themselves show similar results.

Slit domain

The initial mesh of the slit domain consists of 64 elements. The Bézier meshes after L
refinement steps, as well as the marking parameters « are illustrated in Figure 6.10.
As expected, the meshes of the safe refinement routines propagate the refinement
area but produce smoothly-graded meshes. On the other hand, the greedy T-spline
refinement leads to a mesh with very localized refinement and badly-shaped elements
with aspect ratios up to 64. Concerning the sparsity patterns of the stiffness matrix,
only the greedy THB-spline refinement creates matrices with a higher density, due
to the increased interaction between the basis functions.

For the adaptive local refinement, the error in the H' norm is plotted over the
total number of degrees of freedom (DOF) in Figure 6.9 (a). It can be seen that the
error of the greedy refinement routines appear to converge with a higher rate in the
pre-asymptotic range and later approach the theoretically predicted rate of k = 1.5.
The safe refinement routines have a minor convergence rate in the pre-asymptotic
range, but then also converge with the theoretical rate of kK = 1.5. A reason for this
behaviour can be found again in the relatively coarse initial mesh, which forces the
safe T-spline refinement to refine almost the whole domain in the first refinement
steps. As a result, the safe T-spline refinement requires six times more degrees of
freedom than the greedy T-spline refinement for the same error level.

The condition number is plotted over the DOF in Figure 6.9 (b). Due to the
badly shaped elements, the condition number for the greedy T-spline refinement
increases fastest. The THB-spline refinements instead seem to benefit from their
hierarchical structure together with the absence of a deforming geometry mapping.
At a certain stage of refinement, the condition number does not increase further.
This behaviour has been also found in [60] where HB-splines are compared against
THB- and L-RB-splines. In the context of hierarchical Finite Elements [61], it
is known and even proven that the condition number of the stiffness matrix scales
with O(log(DOF)) instead of O(DOF), due to orthogonalities with respect to the energy
product between basis functions of different levels. In 1D, this leads to block-diagonal
stiffness matrices; in higher dimensions, this effect is milder (see e.g. Figure 6.10 (a)),
but still yields good conditioning. It seems that (Truncated) Hierarchical B-splines
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Figure 6.9 [41]: Slit domain: The convergence rates as well as the relations between
the condition number of the stiffness matrix, the numerical error of
the solution and the total number of degrees of freedom are illus-
trated. (a) - All refinement strategies converge with the expected
convergence rate k = 1.5 in the asymptotic range.
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(a) THB-splines:

- greedy refinement
-L=6
-a=095

(b) THB-splines:

- safe refinement
-L=7
-a=0.975

(c) T-splines:

- greedy refinement
-L=7
-a=0975

(d) T-splines:

- safe refinement
- Li="T
-a=0.975

Figure 6.10 [41]: Slit domain: The marking parameters «, the Bézier meshes and the
sparsity patterns of the stiffness matrices after L refinement steps
for all (a)-(d) refinement strategies. Again, the safe refinement
strategies result in widespread refinement.
refinement yields very localized refinements with badly-shaped ele-
ments, and the greedy THB-spline refinement creates the stiffness
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matrix with the highest density and interaction.

108

The greedy T-spline



6.3 Experiments

A T2
o11
T 3 -
< ° I
z
o
g
=
>
7]
A i
v | 0
6 Ti a
(a) » (®) -
Symmetry *1

Figure 6.11 [41]: Infinite plate with a circular hole: (a) numerical analysis domain
and boundary conditions, and (b) solution for o1;.

share these benefits, however further investigation is needed in future.

Due to this effect, the greedy THB-spline refinement performs best if the numerical
error is plotted over the condition number (cf. Figure 6.9 (c)). Since only a small
amount of DOF is added during the refinement and due to the fact that the condition
number grows slowly per DOF, an increased level of accuracy can be reached without
increasing the condition number. But compared to the uniform refinement, also the
T-spline refinements produce smaller condition numbers.

6.3.3 Linear elasticity

As a third example, an infinite plate with a circular hole under uniaxial in-plane
tension o according to Figure 6.11 (a) is considered. The analytical solution is
given by Timoshenko [62] in polar coordinates (r, ¢),

2 2 4
_ oo Ti Ty Ty
or=5 [1- 35+ (1 -4 +3r_4) 005(2@] )

I 2 4
_ 0o Ti Ti
o =5 1+ ol (1 o 37“_4) cos(2§0)] :
2 4
_ 00 T T .
Orp = 7 (—1 — 2’]"_2 + 37"_4> Sln(QQO), (634)
where r; = 1mm is the radius of the hole. A numerical solution is conveniently

obtained on the quarter of an annulus with Dirichlet boundaries to enforce the
symmetry conditions, and a Neumann boundary I'n at the outer radius to enforce
the exact normal stress. The uniaxial tensile stress o9 = 1MPa is applied in the
x1-direction and material parameters E = 10°Pa and v = 0.3 are used. The compu-
tational domain is modelled by a single C'-continous NURBS patch with an outer
radius r, = 8.

The exact solution features a stress concentration at (z,y) = (0,7;) of o11 = 300
as illustrated in Figure 6.11 (b). Due to the lack of a singularity, optimal convergence
rates K = —p/2 can be obtained by uniform h-refinement. Local refinement does
not improve this rate in the asymptotic limit [25, 56]. There is however a benefit of
the adaptive refinement which increases with the locality of the stress concentration.
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Figure 6.12 [41]: Infinite plate with a circular hole: The marking parameters «, the
Bézier meshes and the sparsity patterns of the stiffness matrices
after L refinement steps for all (a)-(d) refinement strategies. The
greedy and safe THB-spline refinement show an identical refine-
ment behaviour. Neither in the Bézier meshes, nor in the sparsity
patterns, clear differences between the refinement strategies are
visible.

That is, if the outer radius r, is larger, the stress concentration is more localized in
the computational domain, cf. Figure 6.12 (a), and an improved convergence can
be achieved in the pre-asymptotic region.

This improvement can be obtained for all refinement techniques by setting the
marking parameter around o = 0.5 to generate a more extensive refinement. For
this example the greedy and safe THB-spline refinement produce same results. The
meshes after L refinement steps and the marking parameters « are illustrated in
Figure 6.12. All refinement techniques lead to similar meshes. As a result, also the
sparsity patterns are very similar and do not show any tendency. If the condition
number is plotted over DOF (cf. Figure 6.13 (b)), no differences in the rate are
visible between local and uniform refinement.
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Figure 6.13 [41]: Infinite plate with a circular hole: The convergence rates as well as
the condition number over the total number of degrees of freedom
is plotted. (a) - The local refinement stategies improve the conver-
gence rate in the pre-asymptotic regime, but reduce to k£ = 1.5 in
the asymptotic region.
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7 Outlook

The local mesh refinement for T-splines is a key aspect of this thesis. As mentioned
in the introduction (cf. Chapter 1), T-splines have been introduced for purposes of
Computer-Aided Design (CAD), and their main field of application involves locally
reduced continuity in the sense of zero knot intervals and resulting multiple lines,
as well as meshes that are not refinements of tensor-product meshes as assumed
throughout all previous chapters, but refer to more complex topologies.

7.1 Zero Knot Intervals

We outline below an approach for the handling of zero knot intervals and multiple
lines in the interior of the domain. The Definitions below are meant as a modification
to Section 5.4 on the local refinement for multivariate T-splines.

Definition 7.1.1 (Initial mesh, elements). We consider an arbitrary choice of knot
intervall sequences X1, ..., Xq, with
Xj ={lzj0,zinl, [z, o), - [ -1, 25,1}
nj €N, xz;; € Rforallie{0,...,n;}, zj0< - <xjn, (7.1)

for all j € {1,...,d}. The initial mesh Qg is defined as the tensor product of these
intervall sequences

Qo =X X - X Xd, (72)
which is a set of axis-aligned boxes which we call elements.

Definition 7.1.2 (Embedded knot vectors). Given v = (v1,...,vq) € R and j €
{1,...,d}, we denote the embedded global knot vector by

Kj(v) = {(”01,.. . ,’Uj_l)} X Kj(”U) X {(”Uj_|_1,. .. ,’Ud)} (73)

and, for v € N, the embedded local knot vector by
kj(v) = {(Ul, cen ,’Ujfl)} X kj(’l}) X {(’Uj+1, ce ,’Ud)}. (74)

Embedded knot vectors contain points in R and are, similarly to K;(v) and k;(v),
treated as ordered sets, and we assume that the elements of K;(v) and k;(v) are
sorted in ascending order with respect to their j-th component.

Definition 7.1.3. Given a mesh O, an element @, and the above-defined embedded
local knot vectors, we define patch of @ as

patch(Q,Q) ={Q' € Q|FveN,i,je{l,...,d},i#j:
#(k;(v) N Q) >2 < #(k;,(v)NAQ")}. (7.5)
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The criterion #(k,;(v) N Q@) > 2 means that the size of @ influences the distance
between entries of k;(v). Hence the patch of @ is the set of all elements Q' € Q
that influence knot vectors of nodes of which a knot vector in an other dimension is
influenced by @.

Corollary 7.1.4. For Q,Q € Q, the above definition implies the symmetry
§ € patch(Q,Q) < @€ patch(Q,Qq"). (7.6)

Definition 7.1.5 (Zero-volume elements). We denote by Z(Q) all elements of Q
that are degenerate in the sense of a vanishing volume due to a zero knot interval.

Algorithm 7.1.6 (Closure). Given a mesh Q and a set of marked elements M C
Q to be refined, the closure CLOSURE-TS(Q, M) of M is computed as follows.

M=M
repeat
for all Q € M do
M= MU {Q" € patch(Q,Q) [ ((@") < U@} \ Z(Q)
end for
until M stops growing
return CLOSURE_TS(Q, M) = M

Algorithm 7.1.7 (Refinement). Given a mesh Q and a set of marked elements
M C Q to be refined, REFINE_TS,p (Q, M, q) is defined by

REFINE_TS,p (Q, M, q) := SUBDIVIDE(Q, CLOSURE_TS(Q, M), q). (7.7)

Due to the design of Algorithm 7.1.6, the elements of Z(Q) are not refined, in order
to not increase the multiplicity of lines. A key difficulty concerning this approach
is the nesting of the patches (cf. Lemma 5.4.9). Given an admissible mesh Q and
two nested elements § C @, it is not yet proven if the corresponding patches are
nested in the sense patch(Q, ) C patch(Q, @). If it is the case, then we expect this
modified refinement routine to fulfill all presented results in Section 5.4, plus the
ability to refine meshes with multiple lines.

7.2 Local Refinement of Unstructured 2D meshes

In this chapter, we sketch an idea for the local refinement of two-dimensional meshes
that do not have tensor-product structure, but do have an associated T-spline basis.
In this context, we consider regular quadrilateral meshes as defined below.

Definition 7.2.1 (Unstructured mesh). We call a finite set of convex and closed
quadrilaterals @ C P(R?) an unstructured mesh if it is regular, i.e., if any two
distinct elements of Q have disjoint interior, and their intersection is either empty
or exactly one common edge or one common vertex.

These unstructured meshes allow for the construction of a T-spline basis [63],
involving so-called unstructured T-splines in the neighbourhood of extraordinary
nodes (interior nodes that neighbour exactly 3 or more than 4 edges and boundary
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Figure 7.1: An unstructured mesh for a triangular domain (prototypical example):
the initial mesh (left) and a refinement using REFINE_TS,p (right).

nodes that neighbour more than 4 edges). The refinement procedure REFINE_TS2p
introduced in Chapter 5 is not appropriate for this case, because the absence of
globally fixed parametric directions (i.e., the loss of a global notion of horizontal
and vertical edges and T-junctions) yields that the subdivision of equally-leveled
elements may produce crossing T-junction extensions. This means that REFINE_TS2p
does not preserve analysis-suitability when applied to an unstructured mesh.

We classify below unstructured quadrilateral meshes by the minimal d that allows
mapping the geometry into a d-dimensional structured mesh. We explain an adaptive
refinement routine for a certain class of unstructured meshes, based on REFINE_TS,,p
applied in the multidimensional structured mesh.

7.2.1 Classification of unstructured meshes

In this section, we define k-unstructured meshes implicitely by the minimal space
dimension k that allows for mapping the given geometry into a k-dimensional struc-
tured mesh. In order to come up with a more practical characterization of those
meshes, we show a necessary criterion of k-unstructuredness, using constrained edge-
coloring.

Definition 7.2.2 (k-unstructured mesh). We call an unstructured mesh Q k-
unstructured if there exists a globally continuous and invertible map F : R? — R¥*2
that maps each element of Q to a square with vertices in N§+2 and side length 1.

O-unstructured meshes are called structured, and unstructured meshes that are
not k-unstructured for any k£ € Ny are called totally unstructured. If k is minimal
such that Q is k-unstructured, we call Q strictly k-unstructured.

Remark. The constraint on the image squares to have integer coordinates implies
that these squares have to be axis-parallel in R¥*2. If Q is structured, then the
image F'(Q) C P(R?) is a (possibly non-connected) subset of a uniform 2D mesh.

Definition 7.2.3 (Bipartite). We call a mesh Q with vertices V and edges £ bipartite
if there is a map £ : V — {0,1} with vy # vy for any [vi,v2] € €. If Q consists of
quadrilaterals only, then this is equivalent to the absence of odd holes.

Definition 7.2.4 (Piecewise symmetric n-edge-coloring). An n-edge-coloring of a
mesh Q with edges £ is a function x : £ — {1,...,n} such that any two adjacent
edges have distinct values, i.e., E1 N E2 # ) = x(E1) # x(F2). We call an n-edge-
coloring piecewise symmetric (pws) if it is a 2-edge-coloring on each quadrilateral.
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WARSS
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(a) structured mesh b) pws. 4-edge-coloring
".\, \‘.\.‘
) 1-unstructured mesh  (d) pws. 5-edge-coloring

f) totally unstructured
(e) 2-unstructured mesh mesh

Figure 7.2: Examples of a structured, a l-unstructured, a 2-unstructured, and a
totally unstructured mesh.

Theorem 7.2.5. If Q is k-unstructured, then it is bipartite and has a piecewise
symmetric (2k + 4)-edge-coloring.

Proof. Consider a k-unstructured mesh Q with k£ € Ny with vertices V.
Q is bipartite: Define for any v € V with F(v) = (z1,. .., zx12) € NG T2
k+2
E(v) = (Z Zj) mod 2. (7.8)
j=1
Since the image F(E) of any edge E = [vy,v2] € £ is axis-parallel in R*™2 and has
the length 1, the image vertices F'(v1) and F'(v2) differ in exactly one component,
and the difference in that component is 1. Hence &(v1) # &(v2).

Q has a piecewise symmetric (2k + 4)-edge-coloring: We have to show that there
is a labeling x : € — {1,...,2k + 4} that returns an index x(F) for any edge
E € &, such that any two edges with a common vertex have distinct indices. At
the same time, the four sides of any quadriliteral ) € Q shall be labeled with two
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indices, which means that any two opposing sides have the same index. For each
edge FE - 5(@) with F(E) = {371} XX {Zlij_l} X [xj,xj+1] X {le'j_|_1} XX {azk+2},
define

X(E) =25 — 1+ (z; mod 2). (7.9)

X s an edge-coloring: Consider two distinct edges F1, F2 € Q that share a vertex
v. The images F(E1), F'(E2) are distinct (because F' is invertible) and axis-parallel
in RFF2, having the directions 1 < ji,j2 < k+ 2. If F(E;) and F(FE>) are aligned,
hence j; = j2, then v is the startpoint of one and the endpoint of the other edge,
which implies that yx(F1) and x(FE2) differ by one and hence cannot be equal. If
Ji # j2, then (7.9) yields that x(F1) and x(E2) differ by more than 1 and cannot be
equal.

X s a 2-coloring on each quadrilateral: It suffices to show for an arbitrary edge
E that the opposing edge E’ in a quadrilateral Q D E U E’ satisfies x(E') = x(FE).
W.lo.g. let

F(Q) = {ml} X - X {a:i_l} X [CEZ‘,LL'i + 1] X {CEH_l} X ...
e x{agoa} X wgwy + 1] X {zgpa ) X X {@kge}
and
F(E) ={x} x - x{wi} x - x{xja} x o, 25 + 1] X {zj01} X - X {@hy2},
FE') = {21} x -+ x {oe 4+ 1} x -+ x {wyoa} x [ag,25 + 1) x {ag41} x - x {wnsa}.
(7.10)
Then the definition of x concludes the proof. O

Remark. Bipartiteness and the existence of a pws. (2k + 4)-edge-coloring is neces-
sary, but not sufficient for k-unstructuredness. Two counterexamples are given in
Figure 7.3. However, we conjecture that it is sufficient for n-unstructuredness for
some n > k.

7.2.2 Refinement algorithm

We propose below a refinement strategy for k-unstructured meshes and their refine-
ments (which may not be unstructured in the sense of Definition 7.2.1 because this
definition excludes meshes with T-junctions). In essence, the algorithm consists of a
refinement of the induced (k + 2)-dimensional mesh and the subsequent extraction
of the interfaces of interest.

Definition 7.2.6 (Suitable meta-mesh, 2D extraction). Let Qo be a k-unstructured
mesh in the sense of Definition 7.2.1, £ € Ny, let F' be the associated map from
Definition 7.2.2, and Qo a set of (k 4+ 2)-dimensional unit hypercubes. Denote by
Fap(Q) for any (k+2)-dimensional hypercuboid § C R*2 the set of two-dimensional
faces on the boundary of Q. We call Qo a suitable meta-mesh of Qg if

e each hypercube § € Qp has at least one 2D face in F(Qo) = {F(Q) | Q € Qo},
this is, Fop (@) N F(Qo) # 0, and

e for each Q € Qo there is exactly one hypercube @ such that F(Q) € Fap(Q).
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Figure 7.3: The two meshes in Figure 7.3a and 7.3c are bipartite and allow for a pws.
5-edge-coloring (7.3b and 7.3d, resp.), but they are not 1-unstructured.
Both meshes allow for a continuous map to unit squares in R®, but the
resulting mesh is self-overlapping in both cases, and hence the map is
not invertible as required in Definition 7.2.2.

A suitable meta-mesh can be constructed by taking the set of all (k4 2)-dimensional
unit cubes § satisfying Fop (@) N F(Qo) # @ and then, for each § € Qo such that

there are two hypercubes Q; # 5 with F(Q) € Fap(f;) N Fap(l,), omitting §; or
@5. We denote the suitable meta-mesh obtained by this construction by ([)k+2].

For any refinement ng+2] of Q([)k+2], we call

Q; = extract(Q T, Qo) = {F71(S) |30 € Q"9 € Qo: S € Fon(§)AS C F(Q)}
(7.11)
the 2D extraction of ng+2], and Qg.kH'Q] the meta-mesh of Q.

Algorithm 7.2.7 (Refinement for k-unstructured meshes). The refinement for un-
structured meshes is in essence REFINE_TS,p with an additional extraction step.

Input: k-unstructured initial mesh Qp,
meta-mesh Q%12 of the refined mesh Q,

marked elements M C O in the refined mesh.
Find the meta-mesh representation MF+2] C Q21 of M.

Set Q[k-I—Q] = REFINE_TSDD(Q[k+2],_/\/l[k+2]).
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REFINE-TSnD REFINE-TSnD
I e

T olF+2] extract l extract l

N . S}

Figure 7.4: Example for the refinement of the 1-unstructured mesh from Figure 7.1.
In the first refinement, the lower left element is marked, and in the second
refinement step, its right-hand child element.

Set Q = extract(Q[k+2], Qo).
Set M = MnN Q.

while M # () do
Update the meta-mesh representation M*+2 C QIF+2 of M.

Set QF+2 .= REFINE_TS,p (QF T2, MF+2]),
Set Q := extract(QF+, Q).
end while

return Q, QUHQ]

An example of this algorithm is illustrated in Figure 7.4.

Linear independence

In order to argue on refinement and linear independence, we consider unstructured
meshes and the associated spline spaces in a manifold setting, which is explained
in [64]. The T-splines are constructed on a family (proto-atlas) of rectangular do-
mains (proto-charts) and associated tensor-product meshes. Each proto-chart has
associated a geometry map from the proto-chart to a part (chart) of the physical
domain. The set of charts is called atlas, and their union is the physical domain.
See Figure 7.5 for an example considering the triangle from Figures 7.1 and 7.4.
The charts are supposed to overlap, and similarly, the proto-charts overlap in an ab-
stract sense which is realized by so-called transition functions, see [64, Definition 1].
The T-splines that correspond to the unstructured mesh (constructed as in [63]) are
linearly independent if on each proto-chart, the corresponding T-splines (including
the T-splines from other overlapping proto-charts) are linearly independent. This is
combined with a dual-compatibility criterion in [64, Theorem 1]. We conjecture that
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Gll G GgJ/

Figure 7.5: Proto-atlas (upper row) and atlas (lower row) of the triangle from Fig-
ure 7.4 after the first refinement.

Algorithm 7.2.7 preserves the linear independence of the T-splines, however this is
not proven yet. Further properties of Algorithm 7.2.7 are the preservation of shape
regularity (i.e., the mesh elements do not degenerate under refinement) and linear
complexity, both inherited from REFINE_TS,p.
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This thesis has presented and theoretically investigated local mesh refinement rou-
tines for the Adaptive Isogeometric Method with Hierarchical B-splines, Truncated
Hierarchical B-splines, and T-splines in the two-dimensional and in the higher-
dimensional setting. We addressed, for REFINE_HB and REFINE_THB, boundedness
of the overlap of basis functions, boundedness of mesh overlays and linear complex-
ity in the sense of a uniform upper bound on the ratio of generated and marked
elements. The existence of an upper bound on the overlap of basis functions implies
that the stiffness matrix of the linear system to solve is sparse, i.e., it has a bounded
number of nonzero entries in each row and column. The upper bound on the number
of elements in the coarsest common refinement (the overlay) of two meshes, as well
as linear complexity from Theorems 3.1.12, 3.2.5 and 4.2.6 are crucial ingredients for
a later proof of rate-optimality of the method, see [10, Equations (2.9) and (2.10)].
For REFINE_TS2p and REFINE_TS,p, the overlap of basis functions is bounded a priori
and did not need further investigation. We investigated the boundedness of mesh
overlays, linear independence of the T-splines, nestedness of the T-spline spaces, and
linear complexity as above. Altogether, we provided all properties for the REFINE
step of the Adaptive Isogeometric Method that are needed for a proof of optimal
convergence rates. In a selection of numerical experiments, the refinement routines
REFINE_THB and REFINE_TSsp were applied in an adaptive method and have proven
the performance predicted by the theory.

We outlined an approach for the handling of zero knot intervals and multiple lines
in the interior of the domain, which are used in CAD applications for controlling
the continuity of the spline functions, and we also sketched basic ideas for the local
refinement of two-dimensional meshes that do not have tensor-product structure.
We did not address the handling of even polynomial degrees for T-splines, which
requires a generalization of anchor elements to the multidimensional setting, based
on the techniques from [31]. We leave these three subjects as the major aspects of
the ongoing and future work.
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2D extraction, 118

a posteriori error analysis, 19
admissible for
bivariate T-splines, 50
HB-splines, 27
multivariate T-splines, 75
THB-splines, 41
analysis-suitability, 8, 48, 67
ancestor, 25
atlas, 119

B-spline curve, 13
B-splines, 11

chart, 119
closure, 114
closure for
bivariate T-splines, 49, 74
HB-splines, 27
THB-splines, 40
THB-splines (nearest neighbor),
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coarse neighbourhood for
bivariate T-splines, 49
HB-splines, 26
multivariate T-splines, 74
THB-splines, 40
THB-splines (nearest neighbor),
93
computational domain, 17
control meshes, 15
control points, 13

discrete solution, 17
dual-compatibility, 69

elements, 113
embedded global knot vector, 113
embedded local knot vector, 113

extended mesh, 55

Finite Element Method (FEM), 16

Galerkin method, 16
grading parameter, 65
greedy refinements, 99

initial mesh, 23, 33
Isogeometric Analysis, 16, 17

knot insertion, 20
knot intervall sequences, 113
knot vector, 11

level, 24
load vector, 17
local index vector, 67

mesh, 17
meta-mesh, 118

nodes
in nD, 66
in 2D, 46

open knot vectors, 12
overlay, 58

parametric domain, 17
partial overlap, 69, 70
patch, 113

physical domain, 17
proto-atlas, 119
proto-charts, 119
pullback space, 18

safe refinements, 99
separate marking, 20
skeleton, 54
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sparse matrix, 27
stiffness matrix, 17
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T-junction extension
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in 2D, 47
T-spline, 67
tensor-product basis, 13
tensor-product mesh, 13
THB-spline basis, 40
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unstructured mesh, 114
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