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ABSTRACT

We carry out a comprehensive analysis of the neutron-proton interaction up to the third order in the
scheme of chiral effective field theory on the lattice. The complete two-pion exchange potential is
taken into account to allow for a variation of the lattice spacing. We analyze the perturbative as well
as the non-perturbative inclusion of the higher-order corrections and present a thorough analysis of the
theoretical uncertainties.

In addition, a first attempt is made to include chiral contributions at the fourth order as well as the
electromagnetic effects relevant for proton-proton scattering. For that, we include all fourth order local
four-nucleon interactions and the dominant corrections to the two-pion exchanges. As expected, the
higher order chiral corrections give an improved description for the scattering of two nucleons. This
work should be extended by performing an uncertainty analysis and investigating the lattice spacing
dependence in the future.

We further scrutinize nuclei with even and equal numbers of protons and neutrons using nuclear
lattice effective field theory, based upon a set of highly improved (smeared) leading order interactions.
We present numerical evidence that reveals a first-order transition at zero temperature from a Bose-
condensed gas of alpha particles to the nuclear liquid, which is regulated by the strength and locality of

the nucleon-nucleon interactions.
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CHAPTER 1

Introduction

Atomic nuclei are complex, interacting many-body systems composed of protons and neutrons, which
can be regarded as different isospin projections of a single particle, the nucleon. While a qualitative under-
standing of the properties of atomic nuclei can be reached by means of phenomenological descriptions of
nucleons exchanging mesons (preferentially pions), any systematically improvable theoretical framework
should account for the fact that the nucleons and pions themselves are composite particles, made up
of quarks that interact by exchange of gauge bosons, referred to as gluons. The theory of quarks and
gluons, quantum chromodynamics (QCD), has so far presented a formidable task for analytical methods
that have been extremely successful for the weak and electromagnetic interactions. This situation is
particularly troublesome at low energies, where quarks and gluons are confined and the running QCD
coupling ', becomes large. This has prompted the emergence of lattice Monte Carlo (MC) simulations of
QCD (lattice QCD), whereby the properties of baryons and mesons (referred to collectively as hadrons)
are extracted by stochastical methods on a discretized space-time lattice.

Since the emergence of lattice QCD in the 1980’s, algorithms and computer hardware have evolved
to the point where lattice QCD simulations are able to provide an accurate description of the properties
of isolated hadrons, as well as of hadronic interactions (for instance meson-meson scattering) at low
energies. Nevertheless, lattice QCD for nucleonic few- and many-body systems remains very challenging,
as such simulations require pion masses M, close to the physical value, and lattices significantly longer

in each dimension than can be accommodated on presently available computers. Another significant
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computational challenge is the exponentially unfavorable signal-to-noise ratio in simulations at large
baryon number. In this situation, further progress can be made by working directly with theoretical
frameworks written in terms of the composite degrees of freedom (nucleons and pions) on the hadronic
level. However, care must be taken such that the connection to the fundamental theory (QCD) is not
lost. Here, we will focus on the framework of chiral effective field theory (YEFT), which provides a
systematically improvable, ab initio description of the nuclear forces, which is expressed in terms of a

low-momentum expansion, valid below the chiral symmetry restoration scale A, =~ 1 GeV of QCD.

Given the nuclear Hamiltonian of yEFT, a choice has to be made as to the numerical methods by which
the properties of nuclei are computed. For systems with four nucleons or less, a semi-analytic approach is
provided by the Faddeev-Yakubovsky integral equations, and the nuclear lattice Hamiltonian may also be
diagonalized exactly by numerical Lanzcos methods. However, for systems composed of more than four
nucleons, methods such as MC simulations or basis-truncated eigenvector methods are required, due to
the unfavorable scaling of Lanczos methods with nucleon number A. Here, we shall focus on combining
the lattice MC approach with nuclear y EFT. This allows us to use efficient numerical methods already
developed within lattice QCD and condensed matter physics, such as auxiliary-field transformations,
pseudofermion methods, and non-local configuration updating schemes such as hybrid Monte Carlo
(HMC). It should be noted that at each order in the yEFT expansion, a number of unknown short-range
couplings appear, in addition to contributions from long-range one-pion exchange (OPE), two-pion
exchange (TPE),... At a given lattice spacing (which functions as the momentum cut-off or regulator
of the effective field theory (EFT)), these unknown coefficients can be determined by a least-squares
fit of the lattice action to available data for the A = 2 and A = 3 systems (such as neutron-proton (np)
scattering phase shifts and mixing angles). For A > 4, we may use these short-distance couplings in
lattice MC calculations in order to obtain testable predictions for a wide range of light and medium-heavy

atomic nuclei.

In the first part of this thesis, we show how to efficiently compute np phase shifts and mixing
angles using an improved spherical wall method, which allows for an accurate and straightforward
calculation at center-of-mass (CM) momenta close to the momentum cutoff, as well as for high angular
momentum partial waves, where the Liischer method popular in the lattice QCD community becomes
increasingly cumbersome. Our method uses an “auxiliary potential” to modify the shape and strength
of the spherical hard-wall boundary, which enables the discrete energy eigenvalues to be continuously

shifted, and furthermore allows for a unique determination of the scattering phase shifts and mixing



angles in the Stapp parameterization. Our spherical wall method is also applicable to so-called adiabatic
projection calculations, whereby a cluster Hamiltonian (for instance for alpha-alpha scattering) is
computed numerically by MC simulation of yEFT. We also take the first steps in extending the lattice
XEFT to next-to-next-to-next-to-leading order / NNNLO (N3LO), by including the N’LO two-nucleon
operators in our analysis of np scattering. Finally, we extend our analysis to include the electromagnetic

and isospin-breaking (IB) effects in proton-proton (pp) scattering.

In the second part of this thesis, we discuss how yEFT can be extended to account for medium-heavy
nuclei in a competitive way. In this context, it should be noted that several other choices (besides
nuclear lattice EFT) are routinely made for the nuclear forces and calculational methods used to describe
interacting low-energy protons and neutrons. For A = 3 and A = 4, several studies have used the
Nijmegen [1], CD-Bonn [2], and AV 18 [3] two-nucleon forces, together with the Tucson-Melbourne [4]
and Urbana-IX [5] three-nucleon forces. Light nuclei and neutron matter have also been extensively
studied using these phenomenological potentials within the Green’s Function MC and auxiliary-field
diffusion MC methods. In addition to MC methods, a notable approach is the no-core shell model
(NCSM), which produces approximate eigenvectors in a reduced vector space. The NCSM method has
been applied to light nuclei both in terms of phenomenological potential models, as well as nuclear
forces derived from yEFT. In this situation, the main advantages of lattice yEFT is the favorable ~ A?
scaling with nucleon number, and the completely ab initio treatment of nuclear interactions and nucleon
configurations. The main challenge of nuclear yEFT is to control the sign oscillations (akin to the
infamous “sign problem” in MC simulations) of the MC probability weight for large A, and when the
number of neutrons significantly exceeds the number of protons (so-called neutron-rich nuclei).We
show that this can be achieved with a novel lattice formulation of the nuclear Hamiltonian, whereby a

combination of locally and non-locally smeared operators are used.

This thesis is organized as follows: In Sec. 2, the chiral symmetry of the strong interactions and the
emerging yEFT is briefly reviewed, with an eye on the nuclear Hamiltonian. In Sec. 3, the pertinent
lattice methods are discussed. The nuclear Hamiltonian is rewritten in discrete variables and its is shown
how on deals with nucleon-nucleon scattering in such a framework. Sec. 4 contains the results for
np scattering up to next-to-next-to-leading order / NNLO (N’LO) with a full inclusion of the leading
two-pion exchange. In Sec. 5, results at N’LO are displayed, in particular the inclusion of the Coulomb
interaction in the pp systems is presented. Then, in Sec. 6, a novel leading order (LO) action is presented

that shows promise to address nuclei up to the mid-mass region. Sec. 7 contains a short summary and
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outlook.



CHAPTER 2

Chiral Perturbative Theory and Nuclear

Interactions

2.1 Chiral Symmetry

QCD has achieved a great success in describing the interactions of quarks and gluons in the high-energy
(A > 1 GeV) regime. It constitutes the strong interaction part of the so-called standard model (SM). The

QCD Lagrangian has the form

1 a auy
Gy, D' = Mg = 76, G @.1)
= Locp — Mg, (2.2)

Laocp

where D, = 9, — ig,G,; A%, with 2“ the SU(3) Gell-Mann matrices acting on the color space. Its algebra
satisfies

(2%, %] = if*exe (2.3)

abc

with the structure constants . The quark field has Dirac u, color a, and flavor f indices, which is

written as ¢, ;.
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The mass matrix M in flavor space is
M = diag(m,,,my,mg,---). 2.4)

GZ is the gluon field. It serves to connect of the quark fields in spacetime. For the sake of building a

gauge invariant action, we define the gluon field strength tensor as
Gi, = 0,Go - 8,Gl + g, f GG . (2.5)

u,d, s are the light quarks, usually treated relativistically, while the other quarks (c, b, f) are heavy in the
sense of a typical hadronic scale of about 1 GeV, and are not considered here. Light quarks are identical

except for their mass and charges.

Using the definitions
1
ar = 5(1+75)q.

1 (2.6)
=—(1- ,
a. = 7 =vs)q
we rewrite the Lagrangian as follows
_ . _ . _ _ 1
Locp = 4Lilay + drilPag — Mg ~ GLeMag = 3G, G* 2.7)
_ . _ . 1
Locp = 4ilqy + Grilqy - 700G (2.8)

The left- and right-handed fields are the eigenstates of the chirality operator ys with eigenvalues -1
and 1, respectively. In the limit of vanishing quark mass, the Lagrangian .EOQCD has a global symmetry

SUB) XSUB)gxU(1)yxU(1)4.
According to Noether’s theorem, there are 18 conserved currents: nine right-handed
a

and nine left-handed ones,

A
Li=ay,5a, #L;=0. (2.10)
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It is instructive to form linear combinations of these terms to obtain nine vector currents

_ A
VﬁzRZ+LZ=qy#?q, >V, =0, (2.11)
and nine axial-vector currents
a a a - /1a 8/1 a
A, =R,-L, = quySTq , A, = 0. (2.12)

In this manner, 18 conserved charges are obtained,

d /)
Of = fd3xR“, —?IR =0, (2.13)
a 3 a in
Op = | d'xLy, O =0, (2.14)
or, equivalently,
a 3 a dQ%
oy = | dxVy, a5 0, (2.15)
a 3 a anA
Or= | d'xAy, 5 - 0. (2.16)

The algebra of the chiral group SU(3); xSU(3)y is generated,
a b+ _ . pabc HC a by _ :pabc HC a by _
[QR, QR] = lf QR s [QL: QL] = lf QL s [QRa QL] =0. (2.17)
For Qy and 0, the commutation relations are
a by _ . pabc Ac a by _ . pabc Ac a by _ . pabc Ac
[Qv. Ovl=if " Qv., [Qa.Qal=if""0v. [Qv.0Al=if"0x- (2.18)

Note that the quark number symmetry U(1)y, is realized as the baryon number operator, while the axial

U(1), is broken at the quantum level due to the axial anomaly.
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2.2 Symmetry Breaking

The QCD Lagrangian is approximately invariant, namely in the limit of vanishing quark mass, under
global chiral SU(3); xSU(3)y transformations in flavor space. Chiral symmetry is broken explicitly due
to the nonvanishing quark masses. Even with zero quark masses, QCD is spontaneously broken to the
isospin group SU(3)y, due to the formation of a quark condensate {gg). The Nambu-Goldstone theorem
predicts massless boson modes in this case, which are identified as the pions, kaoens and etc. of the
theory. This is called spontaneous symmetry breaking. It means that the symmetry of the Lagrangian is

not exactly realized in the groud state of the system.

2.3 Chiral Lagrangian for Nuclear Interactions

2.3.1 Chiral Effective Field Theory

As described above, yEFT is a low-energy effective theory of QCD where pions and nucleons are explicit
degrees of freedom. It provides a theoretical framework for organizing the low energy interactions in
powers of particle momenta. It is systematic, model-independent and based upon a local SU(3) gauge
symmetry in the instrinsic color space. In the case of nuclear interactions, there are two different types of
contributions. First, the one- and two-pion exchanges can be related to pion-nucleon scattering and thus
this type of contribution is entirely fixed [6]. In addition, there are short-range interactions, whcih come
with unknown low-energy constant (LEC)s. These new LECs must be determined from a fit to nuclear

systems. For more details, see the review [7].

2.3.2 Hierarchy of Nuclear Force

The low-energy effective theory of QCD is constructed by identifying all operators that respect the
underlying symmetries of QCD, and to use the relavant separation of scales to derive a hierarchy in
such operators. This hierarchy is manifest in a power-counting scheme, typically demarcated as LO,
next-to-leading order (NLO), and so on. As pointed out by Weinberg [8], in systems with two or more

nucleons, the power counting does not apply to the T-matrix but rather to the interaction potential, as the
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Leading order
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Next—to—leading order
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Figure 2.1: Chiral expansion of the two-nucleon force. Here solid/dashed lines denote nucleons/pions. The
interactions of different dimensions are depicted by different symbols, see Ref. [7] for details.

nuclons in nuclei behave non-relativistically. The corresponding expansion takes the form:

V = VCt +V1ﬂ +V27I' +V37r + -
— 0) 0
= Vi +V
WO YO @ (2.19)
W

) C) ) 4
Vo AV AV AVt
Note that three-body interations first appear at N’LO. In Weinberg’s scheme, the EFT power counting is
equivalent to dimensional analysis for irreducible diagrams.

In the context of yEFT, one can study the potential systematically in powers of particle momenta p/A,

where A is the typically around 500 MeV.

V= YN L pON) N (2.20)
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V= yO Ly, O @ (2.21)
V = VCI + Vlﬂ' + V2ﬂ. + V3ﬂ. RN (222)

In this thesis, we will concentrate to the nucleon-nucleon / 2N / two-nucleon (NN) potential.

2.3.3 Leading Order Interations

Here, we briefly discuss the LO potential based on the Weinberg power counting. It consists of the
long-ranged OPE potential and two four-nucleon terms without derivatives. All these terms count as
(p/ A)O. The higher order contributions are given succesively in the course of this thesis.

One-Pion Exchange Potential

In momentum space, the static OPE potential takes the form

VP = Vig = Via(Mp), (2.23)
VP = V(M) + 2=V (M) (2.24)

where I denotes the total isopin of the NN system and

2
V(M) = —(297/*) 7o, A2 (2.25)

Here, q is the transfer between initial and final relative momentum of the two nucleons. g,, f,, M, are
nucleon axial-vector constant, the pion decay constant and the pion mass, respectively. Their numerical

values will be given later.

Contact Interactions without Derivatives

The LO four-nucleon contact interactions are giVCl’l by
I(OII)I = ! NTN 2 ! N? TN 2
V _(0( ) +_(I( ) (226)

in terms of the LECs C;, and Cy. These must be determined form a fit to the NN system.

10



CHAPTER 3

Lattice Methods

Lattice field theory, born in the 70’s after the pioneering work by K.G. Wilson [9] has become an
important method in theoretical physics. With the great advancements of supercomputing resources, the
growth of the field has been accelerated in recent years. The theoretical and numerical methods used in
lattice field theory have been applied to many fields of physics: particle physics, field theory, statistical
physics, condensed matter physics and non-linear phenomena. The lattice method used in Lattice field
theory is a kind of regularization scheme of quantum field theory (QFT) which puts the quantum field on
a space-time cubic lattice with some lattice spacing a, In this system the theory has a natural momentum
cutoff p. .. ~ 1/a, so that the ultraviolet divergence problem can be avoided. Physical observables are
extracted from the partition funtion via the Path Integral based upon first principles. Lattice field theory

is a non-perturbative method.

QCD describes the strong interaction in the context of the SM. Here quarks and gluons are the explicit
degrees of freedom, and the theory’s non-perturbative behavior in the low-energy regime (< 1 GeV) is a
big challenge. On the other hand, Lattice EFT, using nucleons as degrees of freedom, is applied to few-
and many-body systems in low-energy nuclear physics. It combines lattice methods with the principles
of yEFT described in the previous chapter. In this manner, we can build a self-consistent formalism on a

lattice, which I describe below in more detail.

11
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3.1 Lattice Conventions

A lattice means a (3, 1)-dimensional (hyper-)cubic box, with a spatial lattice spacing a and a temporal
spacing a,. It spans L lattice spacings along each spatial direction and L, temporal spacings along the
fourth axis. A dimensionless parameter ¢, is defined as a,/a, which indicates an asymmetric lattice
in terms of time and is used in our calculations. We make use of ng = (n,,ny,n,) to label integer-
valued lattice sites along the 3-dimensional spatial axis, while n; denotes the number of Euclidean time
steps and n = (ng, n,) denoting the (3,1)- lattice site. In the corresponding Brillouin momentum space,
ky = (k,, ky, k,) denotes some integer-valued momentum with a unit @ = 2x/La and k = (kg, k) with a

unit @, = 2n/La, for k.

Here and in what follows, the symbol ‘hat’, when applied to variables, implies that they are dimen-
sionless, that means a quantity is expressed in appropriate powers of the lattice spacing. In terms of
derivatives, the symbol ‘hat’ refers to the finite differece approximation of the derivative in continuum
so that @# = (aV;,a,Vy). A common differencing scheme employed in lattice QCD is the symmetric

forward-backward difference,

2 1 ) A Fa 1 A A
Vif =5 £ (x+ai) - f(x=al)| Vof @) = 3 £ (x+a0) - f(x-a0)] .
Vif ()= f(x+al)+ f(x—al)=2f (x) Vo f ) = f(x+a0)+ f(x—a0)-2f (x) .
However, this definition deviates from the ideal one and induces an error originating from the finite lattice
spacing. An improved method to deal with this systematic error uses higher order finite differences

v+1

9100 = 5 V[ fn+ D~ fln = D] [1+ 0@ ) (3.1)
j=1
v+1

Vifm) = = Y (Yo, | fo+ D+ - D] [1+ 0@ (3.2)
Jj=0

with the hopping coeflicients 6; and w; in the Table 3.1 and / = {1, 2, 3}. An order v of hopping coefficients
indicates O(azv)—improved. We use a standard plane-wave function exp [i 27k, - ny/L] as a test acting on

the differece operator
v+1

N 2n ; . [ .2n 2m y
—i V,exp (szs 'ns) = [;(—)’“9]- sin (Jf[ks]l)} exp (szs -ns) +0™ "),

12
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Table 3.1: Hopping coefficients w; and 6; for v-order of finite difference

v o) WY W)Y W) W
0 1 I 0 0 0

1 54 43 Y12 0 0

2 49536 32 320 190 0
3205144 85 1/S 8315 1/560
y N
0 0 0 0

1 43 16 0 0

2 32 310 130 0

3 85 2/5 8/105  1/140

v+l
_%612 exp (izfﬂks - A ) {Z( )]w cos (J—[k ][ﬂ exp( —k, ‘”s) + 0@

As a result, we obtain the correction of the physical momentum on a lattice
o0 v+1 ) . .271_
T[ks]l = Z(_)J+19j sin (.]f[kﬂ]l) s (3.3)

v+1
( [k],) Z( ~Yw, cos( [k],). (3.4)

It should be mentioned that this correction depends on the definition of the discretized derivative.

3.2 Chiral Effective Field Theory on the Lattice

In chiral perturbation theory (yPT), and in particular yEFT, Lagrangians are expanded in increasing
powers of pion masses and small momenta. Lattice yEFT is developed from the chiral expansion of
the QCD Lagrangian. The LO Lagrangian contributes mostly to the yEFT whereas higher orders are

perturbatively suppressed. The Lagrangian density at lowest order in YEFT scheme reads

Ly 1, V2

= g n'd'n - = "+ NTigyN + N' —N
L 2 ,u 2 7rI7T 4 10y ZmN
1 [
) 2g_;N*TI Vi N = ZCoN'N)N'N) = SC(N'T' NYIN'T'N) . (3.5)
/s

13
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which is divided into three sectors: the free mesons and nucleons, as well as the interaction part. Here N
is the nucleon field with spin and isospin indices, and the pion field x takes an isospin index. o and T are
Pauli matrics in spin and isospin space respectively, and repeated indices are implicitly summed over.

Meanwhile, we write down the corresponding action

S:Sb'i‘Sf‘l‘Sim, (36)
where
Sy = | d*x 18 o _ Ly ! (3.7)
b 27K 27T
4t v?
= |4 9y + — :
St f xN {180+2m N, (3.8)
Sine = SaNn+SNN (3.9)
$oc= [[ate] Loy (fl.v,.n’zv] , (3.10)
2fx

1 . ; 1 -

SaN = fdé‘x[_ECo(N'N)(NrN) -GV MWNTN)| (3.11)

In the following sections, we build up the lattice version for this action. It is convienent to perform a
Wick rotation, ¢ = x° — —it = —ixg, so that one has a representation of the field theory in Euclicean
space and the connection between the field theory and statistical physics is constructed. The rule of Wick

rotation is

=0, R - (—ixg, xD), (3.12)
x, = (X0, = %) = (=ixg, —x;) , (3.13)
8, = (8- 9)) — (i05.9}) . (3.14)
& = 3y, —0;) — (i, -7 , (3.15)
d*x > —id*xF | (3.16)

where the upper letter ‘E’ indicates Euclicean space.

14
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3.2.1 Nucleonic Fields on the Lattice

In continuious Minkowski space-time, the action of the free nucleonic fields reads

2
S¢N,N'] = f d*x N (x0)id, + Y NG
2my

EwE
- f (—iyd* <& NET By (-ab + vy NE(E)
2my

EvE
= i{ f d*xE NET (P [ag - u) E(xE)] , (3.17)

2my

where
NEGP) = Ny, NGB =N,

and we define

. vEvE
SEINE, NFT] = fd4xE NET(:F) (ag -
N

]NE(xE) . (3.18)

sothat ¢ = iS F We show how to rotate the Minkowski time to Euclicean time in detail and discretize

the Euclicean space-time by a replacement

Xy > (ahy,an;) = a(—hp ;). (3.19)
t
NEGE) > NE@n), NETGE) > NE(an) , (3.20)
114
fd4xE Sad ), O = ~(=00.9). (3.21)
7 t

where 71 = (,/,, 71;) and it is dimensionless. As a result,

1, ¥
SF = a3at Z NET(aﬁ) [a—ao - > > ]NE(aﬁ)
P t

a“my

n
. 1, V).
_ Teaxl 25 _ ~
= a/tZN (n)(atao MN)N(;@), (3.22)
n
where
N@) = a®*N¥an), N'(n)=d**N¥@an), iy =amy . (3.23)

15
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Here we introduce the Grassmann fields 7 and " for nucleons. The Grassmann fields are periodic with

respect to the spatial extent of the lattice

n(ng + Lx,n) =nng+Lj,n) =nns+LZn) =ningn),

(3.24)
n (ns + Lje’ nt) = T] (ns + LQ’ nt) = 77 (ns + Lﬁ, nt) = 77 (ns’nt) )
and antiperiodic along the temporal axis
r](nss nt + Lt) = _U(ns, nt) 5
(3.25)

U*(”smt +L) = _U*(”s’ n) .

The integral measure is written as DnDn” for short. 77, and 17, denote H(7) and /" (/1) respectively. Note

that the nucleonic field carries spin and isopin index,

Z)l].@ﬂ* = l_[ dnsi,n‘nsdni:i,nlns : (326)

Ny, si

The convention for Grassmann integration is

fdn = fdn* -0, (3.27)
fdnn= fdn* n=1, (3.28)

fdndn* nn=1. (3.29)

The action for a single nucleon can be rewritten as

* * L, @2
SE(U’ n ) =@ Z Z Msin (a_aﬂ - ]nsi,n ’ (330)
t

n o si ZmN
and the two-point correlation function is

< oy [ OO0 0, i, iy m EXP(=ST)
Msiy nllsyim) = - _
syip.n'lsyiy,m f@)]@n exp(_SfE)

(3.31)
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3.2 Chiral Effective Field Theory on the Lattice

The subscripts s, s, denote spin indics and i,i, isospin indics. We rewrite the nucleonic action in the form

E *
Sf = Z Z Ms,ipn Ksliln,szizmnsziz,m ’ (3.32)

nm sqiysyiy

where K is given by

1 a
Ksliln,szizm = 5s1s26i1i2 I:z(én[+1,m, - 611[—1,mt)6ns,ms + % Z Z(_)V“)\/(énsﬂll:mS + 6n5—vi,ms)]
i v
1 o 2 2
= 6,400, oL ; K(k) exp (zzkt(nt - mt)) exp (Tks - (n, — ms)) , (3.33)
and
K@) = isin (X + -2 DV w, > 2cos ey (3.34)
N L) 2y & "4 LSt '
We then have
% _ -1
<ns1i1,nns2i2,m>_ S1i1n,8yim
= ! b expiZk 2k 3.35
_6s1s26i1i2L3_LtktZkK( ) exp lft (= my) |exp ik - (n, = my)). (3.35)

Meanwhile the equal-time Green’s function is obtained

N 1 _ 2r
<7]s1i1,ns(nt)ns2i2,ms (n)) = dﬁszéilizp Z K (k) : 28Y (lfks “(ng - ms)) > (3.36)
kS
where
a 2n
K (k)=—"> (-)w, » 2cos (v—[ks]l) . (3.37)
21y ZV: Zl: L

3.2.2 Mesonic Fields on the Lattice

Consider the equation of motion of the pion field

@+ M pr'(x) =0, (3.38)

17



Chapter 3 Lattice Methods

where 7 is a pseudoscalar field with isospin degree of freedom, O is the d’ Alembert operator, and x
stands for the space-time vector with components x,,. This equation of motion follows from an action
principle, 65, = 0, where
1 1
Sy = fd4x[§6#7r18“7r1 - EM;‘;’,ﬂInI (3.39)

Any information about the pion field is contained in the Green functions
Gy (x,y) = QT (x' (a" Q) , (3.40)

where [Q2) is the ground state of the the system and 7~ denotes the time-ordered product of the operators.

The path integral representation of the Green functions is

, D ! (o' () exp(iS) :
6 = SR W ). (3.41)
[ Drexp(is)
We derive the formulation continued to imaginary time,
1 1
St = f d*x® (EaﬁnElﬁﬁnEl + 2M Pt ol (3.42)

f D (xE)ﬂ_El’ (yE) exp(—S E)

G (xF, yF) = (3.43)
i f Dnt exp(—S E)
where nE(xE) = m(x). We now put the pion field on the lattice,
1
SE S a Z 5 { dor! (MR (1) + A" (WA (B) + M2 7 ()7 (n)l
Z 7Tn 111£n iz > (3.44)
nm r
where
#(R) = an"(ah), M, =aM,,; . (3.45)

18



3.2 Chiral Effective Field Theory on the Lattice

It is convenient to take 7(72) in its matrix form r,,, and then

o 1 y ~2
Dy =61 l;(26nl,m, - 6nt+l,m, - 5n‘—l,m,)6ns,ms + a’ténl,m, Z E =) wv(6n8+vi,ms + 6ns—vf,ms) + atMﬂ,Iénm
t =
iV

= 81y —— Z D' (k) exp (12—k (n, - mt)) exp( “ky(ng - ms)) , (3.46)
L’L, ek
where
Iy _ 2, 2n 2
D'(k) = at(l cos k)+2cthZ( Ve, cos v [ Qi+ a2 (3.47)

The discretized two-point function is

(wlaly =D

1 7] 2n 2n
=0,y — D (k) ex (l—k (n,—m )) ex (z—ks(nS - ms)) . (3.48)
1 L Z p L, t p L

t kek,

The pion instantaneous correlation function at some certain spatial separation is then

I r 1 11 2n
=0,y — ) Dk, —k(ny — m 3.49
<7Tns(nt)ﬂms(nt)> 17 L3 kZ s( s) eXp (l L 5(ns ms)) ’ ( )
where
v 2n .
Dlk) = a, [2 zl: ZV:(—) w, cos v [k, + Mi,] . (3.50)

3.2.3 Interactions on the Lattice: One-Pion Exchange and Transfer Matrix Operator

Consider the long-range interaction between the nucleonic field and pion.

S,,N:fd“ [ zgjé T o-Ver] (3.51)

s

At LO, the OPE contributions to the Lagrangian of the yEFT interaction on the lattice takes the form
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Chapter 3 Lattice Methods

g P .
SENza/t A ZZ DL aa @ N )y, N, ) (3.52)

7T Ll 7t sy8,5i0p

where f, = af,. Now we write down the partition function with nucleonic field, pion field and their

interactions
Z-= f DnDn* Drexp (=St - St - Sky) . (3.53)

Here more details are presented for this system. Z has the following explicit form on a finite, periodic,

Euclicean time lattice,
z- [ {H [Tanar l_[dn,é}exp(—SF -sE-sE)
Asi I
- f 1_[{ ]_[dns,ndns,nl_ldn’}]_[ exp (=H," — H,")exp (~H; — Hy, - Hpy)} . (3.54)
n ng

The actions of the nucleons and pions are seperated into time-dependent parts and stationary parts

SE=> H"+ > H,, (3.55)
Sy =Y HY+ > H,y, (3.56)
Stn = Hox s (3.57)
where
Ak A 1 A @2 ArA
Hp = thn (W 0o = 5~ |(#@) . (3.58)
g t N
Hy = o, Z Z 3 [zaoﬂl(n)ﬁoﬂl(n) + Z alﬂl(n)alﬂl(n) + mznl(n)ﬂ () (3.59)
l
Hoy = atZ oA 22 2 D D ) (3.60)

71' Ll sysyiiy
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3.2 Chiral Effective Field Theory on the Lattice

The partition function has a condensed form as

Z5 Tr[l_l M(”‘)] : (3.61)

where

M = f [ {l—[ Ay, ()53, () | ] <nt>} exp (~Hy — Hy = Hyy)
ng si I
= f ]_[ ndnfls(nt) et f ]_[ ]_[dmi,ns(nt)dn?i,ns(nt) exp (—H; — Hyy)
ng I si

= f Dr(n,) e f Dn(n)DOn*(n,) exp (—H; — H,y)

= f Dr(n,) e [ exp(-H; — H,y) ] - (3.62)

The double colon :: denotes normal-ordered operators. The transfer matrix indicates the evolution of
a quantum system in an infinitesmal timestep €, which means we may obtain the evolution operator
between any two time points by accumulating the transfer matrix over the time interval. In this section
we investigate further the transfer matrix of a nucleonic system from which spectral information can
be extracted as well as any observations of interest in the scattering process, such as scattering lengths,
effective ranges cross sections and phase shifts.

In non-relativistic yEFT with instantaneous interactions, the Hamiltonian, Eq. (3.58), becomes static

NN LRI
H; = «, Z () (— . ) nm) , (3.63)
T
Hy=a, » 5 {Z da W () + mcal (Wr' ()| (3.64)
ng I I
Hy=a ) 297‘} ST b @ Lo, @) (3.65)
ng Ll sy8,ii

If only the NN system is of interest in the discussion, the transfer matrix can be written as
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Chapter 3 Lattice Methods

2
M™ exp {—aft Z Z (ﬁ)*(nt)( ]Uy(f)(nt) (3.66)
ng ﬂ:{l,Z}

irnm I 515

“’A ZZZm 7L DA 7 1) 1 o VT D) 2 (o D" 23(110}:,

where

[ Dr(n) A, 7, (n)A, 7, (n) exp(~Hy)

(A 7L (DA A (1) =

s’ f@ﬂ'(l’lt) exp(—H,)
qs K qs K .27(
= 511 Z t(qs 1 2 e P (lfks - (ng — ms)) , (3.67)
and in which

2
P=> Y (Vw2 cos v [k, (3.68)

L

1 v
y . 2m

[.]= ) ()" oy sinv Ik, (3.69)

We introduce the CM scheme (CMS) for two identical nucleons

=(ng+my)/2, ri=ng—mq. (3.70)

R, r, indicates motions of CM and the relative position of the nucleons, respectively. The transfer matrix

is rewritten as

V"Z
2)x 1)* r 1 2
M™ — :exp {—at > 02y (— i /2)) ARCNL G

1)= 1H_(1 1 2)x 2)_(2 2
—a )Y WiatromTitg, )7 ) 1% (oD ”’n(_j/gmt)}:. (3.71)

Ty I 5152

with

d 1 ng [QQ] 5 [q;];z 27'[
Vi, ron) =6, — ( ]— exp|i—k, - r,|, (3.72)
t 152 L3; 47r t(qg 1) Ls S
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3.2 Chiral Effective Field Theory on the Lattice

where we have integrated out the translational motion of the two-body system as a whole.

3.2.4 Interactions on the Lattice: First Order Contact Interactions and Auxillary
Fields

Consider the contact interactions that appear at LO in yEFT.
1 1 o+
SN = f d*x [—ECO(N*N)(NTN) - 5CI(N'T’ N)(NTTIN)] . (3.73)

Following the routine shown previously, we can write down the action for contact term / contact operator

/ contact interaction (CT)s in Euclicean space,

LU AR N A
SKN = ) SCN @N@N N @) + 5 € > NT(ﬁ)r’N(ﬁ)NT(ﬁ)r’N(ﬁ)l : (3.74)
n 1
where
Co=a’Cy, (3.75)
¢ =a’cy. (3.76)

We may easily include this zero-range contact interaction into the transfer matrix, Eq. (3.62)

s

M™ f@ﬂ'(}’lt) et [: exp(—H; — Hy — Hay) ¢ - (3.77)

with the static Hamiltonians

62
Hf—athn( o )nn,
1 ~2 1 _1

H, —atZZ[ 8171 6171 + 2m,r7rnﬂn ,

nS

gA

N _atz Z Z ln T]Sllln(T )1112( )slsznsziz,n’

s 71' Ll sy85iyip

Hyy = o, Z - Z[ P p@ BB A Z @Y @y (@) B Brap®) | (3.78)
n 7 azp
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Chapter 3 Lattice Methods

Auxillary Fields

A formal integral relation in Gaussian form,

& exp|-=s* +bs| = et (3.79)

ds |:12
V2r 2

allows us to rewrite the operator : exp (—Hyy) : into path integral form. As compared to the inversion of

Eq. (3.79), we have

s exp (—Hyy) 1 — f DsDsyexp|-Hy, - Hy, — Hy — Hox - (3.80)
where

H, = %Zsﬁ, (3.81)

ng
Ho = N-aCo Y s, mi,. (3.82)

g

Hy, = % D Isin (3.83)

ng

Hyx = -Gy ) Isil, mye, (3.84)
nS

and DsDsy is written as shorthand for the integral measure
ds, d[s;]
DsDs, = f — —". (3.85)
f : l—[ a2 \ax
The formula for the full transfer matrix at LO of yEFT is
M™ - f Dr(n)Ds(n)Dsy(ny) e~ [ exp (~Hy — Hoy - Hy — Hyn):] . (3.86)

Ref. [10] demonstrates the physical meaning of the transfer matrix in Figs. 3.1 and 3.2, it also shows how

the auxiliary field formalism makes the problem amenable to pralell computing.
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3.2 Chiral Effective Field Theory on the Lattice

Figure 3.1: Worldline description of the interaction of four nucleons with explicit pion exchanges and contact
interactions.

Figure 3.2: Worldline description in erms of auxiliary fields. As can be seen, such a description is particularly
suited for paralell computing.

Transfer Matrix of 2-Body System at Leading Order

Note that the CT for the single nucleonic system vanishes due to the anticommutation relation for the

nucleonic fields. When it comes to a NN system, we have

SEIN(U’ 77*) =a’tz C 77(1)* (1) (2)* (2)+C Z 77(1)* 1 (1) 77512)* (2)1775!2) , (3.87)

n

so that
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Chapter 3 Lattice Methods

exp (—Hyy) : > exp —o«Z Con (s (n) nZ" (' ()

ng

—a, Z Z ) ) e () i () e ()
= expi—a, Y Conl D m) 0 (3 (ny)
ngmyg

-, Z Z C n(l)*(nt),[.(l)l (l)(nt) n(z)*(nt),r(z)[n’(s)(nt)

— 1 exp —atZ N2 (1) | Vewo(reom)| ml ), eon®) p(m e, (3.88)
where

5 A DI
Veo(ron) = Cod, o+ o, o Y 7'
I

1
:E;

.. 2
Co+Cr ) T(I)IT(Z)Il exp (ifﬂks : rs) (3.89)
1

with ‘ct’ indicating CTs of nucleon-nucleon (NN). Now we can write down the complete transfer matrix

for the NN system at LO,

@2

2)% 1)* 1 2

M®™ — :expi—a > 1% () (m) (— 73" /2)) n)ymon) ,n)
rS

)% 1) 1 2
—ay ) Ym0 [Vig(ren)] )y (n)n') ()
r.

2) 1) !
—a, ) 02 ) [Veo(res )| 1)), (non) y(n) (3.90)
re
with
1 2r Ja D W5 ?
\% , = — —k. - _ ) 3.91
17r(rs nt) L3 kZeXp( L S rs)( 4f,r] +M72r1 q§ o q§ ( 9 )
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3.3 Interactions on the Lattice: Improvement of Contact Interactions

3.3 Interactions on the Lattice: Improvement of Contact Interactions

In the previous sections we discussed the LO interactions, both pionic or contact, as well as long-
ranged or short-ranged interactions due to pion exchange. Here we discuss, in general, a little about the
structure of the interaction between two nucleons. When we focus on the position-spin structure of the
potential, the vectors for individual nucleons can be only given by the position, momentum and spin:
r{,Ip, Py, Py, 0, 0,. Due to the constraint of Galilean symmetry, the interactions are parameterized by
the relative distance between the two particles, r = r| — r,, or the relative momentum, p = (p; — p,)/2,
and must be independent of the CM motion. We therefore construct operators satisfying the following
properties: rotational invariance, invariance under a parity operation, time reversal invariance, hermiticity,

invariance in respect to interchanging the nucleon labels. Finally the form can be only taken as
{1 gin 071 - 02,8 15(0), S 12(P), L+ S, (L - 8)*} X {Ligopin 1 - T2} » (3.92)

where L=rxp,S = (0 +0,)/2and S |,(x) = 30| -X 0, - X — 0 - 0, with X = X/|x|. The operators are
built up with this position-spin-isospin structure multiplied by scalar functions of 2, p2 and L%, which
give contributions of higher order momentum.

In momentum space, the matrix of the interactions can be written in the basis of initial and final CM
momenta of the two nucleons p and p’. The same logic stated above lead to the most general form of the

momentum-spin-isospin structure as
{1 in 071 - 02,8 15(@), S 12(K). IS - q X K, 07y - q X k 0 - @ X K| X {Ligopin 71 T2} (3.93)

where q = p’ — p is the transfer momentum and k = (p’ + p)/2 is the average momentum. The operators
are multiplied with the scalar functions that depend on p2, p'z, p-p.
In the scheme of yEFT, CTs have contributions at order QO, Q2, Q4, ... which correspond respectively

to terms of LO, NLO, N°’LO ... with Q denoting the typical relative momentum of the two nucleons,
0~p.p ~qk

At LO, there are four operators with dimension 0’
VCt,O = al +a'20'1 ‘0'2 +CL’3TI '7'2 +a'41'1 ‘T2 0'1 . 0'2 . (394)

but only two of them are independent due to symmetry constraints, see Appendix E of Ref. [11]. We
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Chapter 3 Lattice Methods

therefore choose two of them to construct the LO potential

V

C

At NLO, generally we have 14 operators of Q2

2 2 2 2
Va2 =819 +B24T1 - To+B3q 01 -0y +4qg 0y - 07T T,
+Bs K+ BK°T) Ty + Bk - 0y + Bgklory - 0Ty - T,
+ﬁ9iS‘qu+ﬁ10iS'quT1‘T2

+ﬁ110'1 -q0'2-q+ﬁ120'1 ‘qo'z‘qu ) +ﬁ130'1 'k02‘k+ﬁ140'1 ‘kO'z‘le *TH . (396)

from which, after symmetry considerations are taken into account, there remain 7 linearly independent

operators

V

2 2 2 2
2=Ci1q +Cq 7 1+ C3q70, -0, +Cyq 0 - 0T T,

+Cs0,-qQ0, - q+Ceo,-qo,-qr T, +C1i S - q Xk. (3.97)
AtN’LO, totally 30 operators with dimension Q4 are available of which we have 15 free coefficients.

V

+Ds(q-k)> + Dg(q-K)* 7, -5 + D;(q - k) 0, - 07y + Dg(q - k)1, - T, 0y - 0,
2. 2. 2 2
+Dog"iS-qXKk+DyoqiS-qxXKk7 -7+ D g0 - Qo q+Dpg 0 - Qo QT T,

+D13q20'1-ka’z-k+D14(a'1-qu)(0'2-q><k)+D15(0'1-qu)(a'z-qu)‘rl-‘rz.

This basis can be further reduced, see Ref. [12]. This will, however, not be considered in what follows.
How do these interactions with high order momentum join in the transfer matrix? Perturbatively or
non-perturbatively? In Sec. 3.2.3, we have presented how the Lagrangian of the LO interactions leads to
the partition funtion and transfer matrix as an evolution operator for a general many-body system, as well
as, especially in a two-body system, and how the fundamental pion-nucleon interactive vertex becomes
an effective potential depending on the relative positions of the two nucleons.
XEFT allows us to investigate nuclear forces order by order in powers of particle momenta. The LO

interactions contribute the most, the next important are included at NLO, and then the NQLO, N’LO and
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3.3 Interactions on the Lattice: Improvement of Contact Interactions

SO Oon.

In the following Sec. 4, we discuss separately the case of treating non-perturbatively the higher-order

contributions, i.e.

My =:exp[ - H;—a\Vio] -,

My o =:exp|[ - Hy — Vo - aVniol ©>

MNZLO =:exp| - H;y — Vo — o Vnio — atVNzLo]
M o= expl = Hy — Vip — aVnro — Ve,

and the case of a perturbative treatment of these, that is

My =:exp[ - H;—a\Vio] -
Myio = Mo - : VneoMio s
MNZLO = MNLO — @ . VNZLOMLO .

MNSLO = MNZLO — & . VN3L0MLO .
where H; represents the kinetic energy of the nucleons, Eq. (3.63), and

VLO = Vlﬂ' + Vct,O ’
VLo = Vara + Ve »

VNZLO = V27T,3 ’

V

N3LO = VZR,4 + VCt,4 .

-,V

L)

ol (3.99)

(3.100)

A perturbative analysis beyond LO is also adopted in practical MC simulations of heavier nuclei.

3.3.1 High Order Contact Interactions in Position Space

We now provide the form of these operators when discretized on a lattice.
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Density and current operators
Following Ref. [13, 14], we define the point-like local density operator
p) = ) al m)a j(m).
L.j
the local isospin density operator
pim) = ) al ()T pa; (),
i3
the local spin density operator
psm) = ) al ()(os)ray ),
ii',j
and the local isospin-spin density operator

ps(m) = Z azj(n)(o's )i (T pay y(m),

VI
LUsJJ

(3.101)

(3.102)

(3.103)

(3.104)

where o and 7; denote the Pauli matrices for spin and isospin, respectively. Similarly, we define the

current density operator
M) = > al mVa; ;m) - > Vial (ma ),
Lj i.j
the isospin-current density operator
— i _ i
I, ,(n) = Z al (), Vi, ,(m) Z Vial ()T, a; (),
i.J iJ
the spin-current density operator
Msm) = > a (m)os),,Vja, ()= ) Vil (m)cs), a, @),
ii,j ii,j

and the spin-isospin-current density operator
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3.3 Interactions on the Lattice: Improvement of Contact Interactions

M, ,(n) = Z L)), () Viay Z Vial ()(og), (7)), yay (), (3.108)

JJ s
i,i',jj lljj

At leading order

At this order we have the following operators

1
o = 5 Zp(n)p(n) . (3.109)
1
0 =3 = 3 D pi(mpy(m) . (3.110)
n 1

At next-to-leading order

As discussed in the previous sections, there are seven independent contact operators with two derivatives
at NLO. Here, we use the basis and lattice formulation of Ref. [14], which leads to the following NLO

contact operators

oY = % ZZp(n)V%p(n) 3 (3.111)
oP = —; ZZpI(n)lel(n) (3.112)
0y = —% :;;psmwfps(n) 3 (3.113)
0P = ; ;%ps [)Vipg () :, (3.114)
oY s% ZZVSpS(n)ZV pg(m) (3.115)
oY s% ZZVSpS ,(n)ZV pg(m) (3.116)
o = —% : Z Z €15 [Hl(n)Vl,pS(n) + T (MV,om)| (3.117)
oy

where I1;(n) and I, g (n) denote current density and spin-current density operators.
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At next-to-next-to-next-to-leading order

In order to deal with the N°LO contact interactions on the lattice, tensor-current densities are introduced,

I,,(n) = Z al MV, Vya; (n) - Z Vial (m)Vja; (m)
i,J

Lj

- Z V] MVyia; ;(n) + Z VleaZ_,-(n)ai, ;) (3.118)
i,j i,j

I, s(n) = Z a (n)(o-s)l ViV 14y (n) - Z Vka (n)(o-s)l l,Vla (n)

ii',j ii',j

- Z Vial (m)(og), Via, )+ > ViVl (m)og),  a; m), (3.119)

ii',j ii',j
My, ,(n) = Z ),V Vi, () - Z Vial ()T, Vi, (m)

i i

= > Vil ()(x), Via, )+ >V Vial (), pa; m) (3.120)
L i

Iy s /() = Z (n)(o's),, (7'1) ,Vlea/ #(n) — Z Vka (n)(o's) (7'1) 'Vza’ /()

ii i’

- Z Vial )(0g), (7)), Viay () + Z V,Vial )og), (7)), pap m)
ii’ j] ii’ J]

(3.121)

Based upon these tensor-current densities, as well as the local densities and current densities operators,

we obtain the contact interactions at order Q4 on the lattice

1
o = 5 Y Z pMV2V2p(m) : (3.122)
n
1
o)) = 5 ) ViV m) (3.123)
n [kl
1
oy = 3 D psmViVipg(m) (3.124)
n Skl
1
oY = 5 U s MVVipg ) (3.125)
n Skl
1
o= > [Hkl(n)Vlep(n) + VI,V I, ()] : , (3.126)
n  kl
1
o = ’ ) [Hkl,,(n)Vlep,(n)+VkHl’,(n)V1Hk,,(n)] : (3.127)
n [kl
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1
oY = i > [Hk, sV, V,05(0) + V11, () V,I1, S(n)] (3.128)
n Skl
1
o = I > [Hk, 51V, V,05,(0) + VIT, 5, ()Y, IT, ,(n)] (3.129)
n Skl
i
oYY = -5 3 sl’s’l»[H,(n)V,%Vl,pS(n)+ HLS(n)ViVI,p(n)] : (3.130)
n sy
i
o\ = —5 > e [HZ’I(H)V%Vl,pSJ(n) + HLS’I(n)V%Vl,pI(n)] 0 (3.131)
noyrist
1
oW = 5 D VspsmViVepg ), (3.132)
n/ss’
=1 5120 2 Vsps mViVpg ), (3.133)
n /rss’
1
oY = -5 5 [nss(n)vlns /() + Ig.g MV} (n) - 2 Mg g MVipe,m)| . (3.134)
n /ss’
Oﬁ‘ff:g > ,]Sgk,s[ s MV, Vi0 0 () + T, o (V05 ()
no S kis’
+ Vil s (Vo0 (m) + VIT, ()Y (n)] : (3.135)

4
o\ = 8 D Eyseus [ s MV Vo0 () + 11, (VY05 ()
n ;S ks’

+ VIl 5 (M) Vg () + ViHﬂ’S,J(n)VkpS’,(n)] :, (3.136)
3.3.2 Contact Interactions in Spherical Harmonic Basis

In this section, the contact operators are reconstructed in a spherical harmonic basis. Operators in this
form can be easily projected onto specific angular momenta, which is convenient when comparing with

experimental NN scattering data that are separated into different partial waves.

At order QZN there are totally 2N momenta p or p’ multiplied together in the amplitude of each
operator. For the sake of maintaining rotational invarience, p and p’ have to be combined to generate a
basis of representations of the rotation group SO(3). It is natural to construct this basis from spherical

harmonics.

Let us define q;;, and a[ij as the lattice annihilation and creation operators for a specific momentum

state with spin i = 0, 1 (up, down) and isospin j = 0, 1 (proton, neutron). The operator [a,ls s .;; is
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combination of {a;;,} which has some certain total spin and isospin.

ij,p
lapls.s 0, = Z a;;pMir (S, S IM (L L)ay j _p - (3.137)
ii' jj’
with
1
M;;y(0,0) = @[5,{)5{1 —0;1670] (3.138)
1
M;(1,0) = %[51'05,"1 + 0,100l (3.139)
M;y(1,1) = 6;067¢9 (3.140)
My (1,-1) = 6,67, - (3.141)
We define
[0 ]SLJJI Z P]SS sLL LI (3.142)
S.L,
[Pp]g'%z;L,Lz;l,lz =p’ RZ,LZ(P) lapls.s .r - (3.143)

with the spherical solid harmonics

4
Rip = 5777 Y11 6.0). (3.144)

and Clebsch-Gordan (CG) coefficiencts C

L L S50 The even integer 2M gives higher powers of the

momentum.

A set of CTs on the basis of spherical harmonics is constructed as:

{2m,,2m;} 1 2m,, 1
[VZN]SII ST AL Ly ®.p) = E([OP']S,LO,J,JZ;I,I) [ p]SL I E{U‘ me) < (Li’mi)} - (3145)

A specific operator is completely characterized by a set of quantum numbers (J, S, 1, L;, L., m;, m,), where
J .S and [ are total angular momentum, total spin and total isospin. L; and L are orbital momentum. m;
and m, provide necessary powers of momentum. The subindex i and o denote incoming and outgoing
states of the scattering process, respectively. Note that J, S, I are good quantum numbers, whereas L; and

L, can be different for the spin-triplet case where different orbital state are mixed due to the spin-orbital

34



3.3 Interactions on the Lattice: Improvement of Contact Interactions

coupling, such as 3SI 3 D, and 3P2 -3 F,. In addition, due to the odd parity of the two-particle system,

the total isospin / can be obtained from the parities of total spin S and orbital momentum L.

We are interested in how many groups of quantum numbers (J, S, I, L;, L,, m;, m,) there exist at any

Q2N . They have to satisfy the following conditions that

2N =2m; + L; + 2my + L,

L

1

LO
if § = 0, then
J=1L.

1

ifS=1land L, =L, thenJ ={L;+1,L,,L; - 1}

L S |

if S =1and|L — Ly = 2,then J = (I; + L,)/2 (3.146)

At QO, Q2, Q4, there are 2, 7 and 15 independent operators respectively. All of the cases are listed
in Tab. 3.2. Generally, the number of independent operators at order Q2N is (N + 1)(BN + 4)/2. This
respresentation of the operators into the angular momentum basis with spin and isospin structure q, Kk, o, T
is exactly equivalent in the continuum limit. The coeflicients of CTs are therefore linearly dependent.

Taking the LO terms as an example
Vo = Co+ i1y - 15, (3.147)

when in the angular momentum basis, the form will be taken as

{0,0} {0,0}

Vero = Co.15,lV0lo 11200100 T Co2s,1V0l100.1,7.:000 - (3.148)
They satisfy a simple relation that
Co 34 1/4 [ Coi
[ ] - 4,r[ H 0-"So ] , (3.149)
C; 1/4 -1/4 1L C, s

so are the higher order coefficients. Using the improved definition of momentum on a lattice with finite
spacing, Eq. (3.1), the relation between transfer/average momentum ¢, k and initial/final momentum p, p’
becomes complicated for that sin g # sin p” — sin p simply, despite that ¢ = p’ — p. The dependence of

coeffients in angular momentum basis on ones in spin-isospin basis is not linear any more. Fortunately
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Table 3.2: Operator basis for the contact interactions at various orders.

o s J L, L 2m, 2m
o° o0 0 0 o0 0 0
1 1 0 0 0 0
o> 0 0 0 O 2 0
o 1 1 1 0 0
1 1 0 0 2 0
1 0 1 1 0 0
11 1 1 0 0
1 2 1 1 0 0
1 1 2 0 0 0
o* 0 0 0 o0 4 0
0 0 0 0 2 2
o 1 1 1 2 0
0o 2 2 2 0 0
1 1 0 0 4 0
1 1 0 0 2 2
1 0 1 1 2 0
11 1 1 2 0
1 2 1 1 2 0
11 2 2 0 0
1 2 2 2 0 0
1 3 2 2 0 0
1 1 2 0 2 0
1 1 2 0 0 2
1 2 3 1 0 0

the linear relationship will be restored when we take the lattice spacing to zero. This limit is, however,

actually not taken, so one must deal with these artefacts as described e.g. in Ref. [15].

3.4 Two-Body Scattering on the Lattice

In this section, we investigate the transfer matrix of the NN system from which we obtain properties of

the NN scattering states.

3.4.1 Hamiltonian Projection onto the Spherical Harmonic Basis

We have the form of the Hamiltonian, as well as the transfer matrix, of the nucleonic system on the lattice

including any information for observable quantities. We are interested in spectrum so that diagnolizing
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3.4 Two-Body Scattering on the Lattice

the transfer matrix is a feasible path to those physical states but not elegent for the huge dimension of
matrix ~ L X L> x ...

The case for two-body systems seems clear: due to rotational invariance, the eigenstates of the
Hamiltonian are degenerate with numerous degrees of freedom. We classify those position bases {|r)}
playing symmetric roles under rotational transformation to separate redundancy. The new basis set is
characterized by the representation of a SO(3) group, namely angular momentum.

Let [n) ® |§ ) be the NN scattering state with lattice separation vector n and z-component of total
intrinsic spin § .. We define radial coordinates on the lattice by grouping together lattice mesh points
with the same radial distance to define radial position states and project onto states with total angular

momentum J, J, in the continuum limit, see Ref. [16]. Using spherical harmonics Y, , with orbital

angular momentum ¢, £, and Clebsch-Gordan coefficients C;; s s » we define
JJ. JJ. " ’
lr), ™ = Z Cri'ss Yo X)o, vr) @IS ), (3.150)

r'.e.S,

where 6,7 is a Kronecker delta function that selects lattice points where Ir’| = r. The Hamiltonian is
reducible into a sparse matrix as compared to the case using the normal position basis,
JJ, 3,0, JJ,
L S I

Ho— Hye=| 0 o e (3.151)
s \HI 7 S

3.4.2 Spherical Wall Method to Determine Phase Shift on the Lattice

In the CM frame, a two-body nonrelativistic system can have several discrete bound states (£ < 0) and
a continuum of scattering states (E > 0). Phase shifts can be extracted from the wave functions which
include all information of the collision and has an asymptotic behavior of a spherical wave at distances
large compared to the range of interactions.

Liischer’s formula [17-20], widely used in lattice QCD, relates the S-wave scattering phase shifts to
the energy levels below the inelastic threshold calculated within a finite cubic volume. There also exists
extensions of Liischer’s formular for higher partial waves, see Ref. [21].

In a spherical wave case, phase shifts are determined when the wave function propagates to the

asymptotical region, greater than the range of interactions and less than the lattice size, see Ref. [22]

w(r) = Ahj(kr) — Bhj(kr) , (3.152)
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Where £ is linked with energy lever by F = k*/m. A,B, which is obtained by least square fitting and

satisfies the simple relation B = S A with S indicating the scattering matrix, S = e*0r,

In the spin triplet case, spin-orbit coupling generates mixing between partial waves states of similar
parity, but separated by two units of angular momentum, e.g. S-D wave, P-F wave, D-G wave, ... ¢ has
two compoents with orbital quantum number L = J + 1, both behave as a spherical bessel function at
asymmptotical region,

Aj_thy_y(kr) By (kr)

Y(r) = B - N : (3.153)
Ajgpihyy(kr) By ihyy(kr)

In the Stapp parameteriztion Ref. [23], the scattering matrix S takes the form as

exp(idy_y)

cos(2¢) isin(2e)) exp(idy_y)
= X X
exp(id ;1) isin(2e;) cos(2e) exp(id ;1)

(3.154)

For each total angular momentum J, there exists a pair of independent wave functions {¢, "} degenerate
for spin-orbital coupling, so that we have
’ /
Aj1Ag- B, 1B

=S . (3.155)
AJ+1AJ+1 BJ+IBJ+1

and then S = (BB')(AA")™"

In practice it is not necessary to determine the complete set of eigenstates of the system. What we need
is a series of typical sampling points on the diagram of phase shifts vs. energy levels. Thus we impose a
hard spherical wall potential as a "pick-up" machine at some large enough separation of nucleons, R

wall>

to calculate lattice phase shifts, Ref. [22, 24], see Fig. 3.3(a).

0, ifr< RW’dll N
Vian(r) = (3.156)

00, else .

After entering the wall, the spectrum of the nucleonic system shrinks to a subset of the original one,
for the wall removes the copies of the interactions arising from the periodic boundaries of the lattice
and suppresses those of scattering states which are still dancing at the foot of the wall, while but not

influencing their behavior inside. Certainly the wall does not exist, it is a fictitious "pick-up" tool so that
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3.4 Two-Body Scattering on the Lattice
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Figure 3.3: (a)spherical wall (b)Auxiliary potential for the improved spherical wall as described in the text.

we may adjust the position of the wall to extract another set of the scattering states.

3.4.3 More on the Spherical Wall Method

In Ref. [16], the distance between two particles are divided into 3 parts, see Fig. 3.3(b). The innermost
(labeled by Region I) is interactive region where the particles influence each other. The intermediate
(labeled by Region II) is asymptotical region where the distance of two particles is large enough so that
the interaction between them vanishes Although this region II may extend to infinite, an extra potential
can be imposed artificially outside the intermediate region, labeled by Region III, which serves as a filter
without change of the inner part.

In the case that the potential in Region III does not exist, the 2-particle system has a continuous
spectrum of scattering states in continuous space or has a relatively high-dense spectrum on a lattice.
Choosing a specific potential in Region III has no impact on interactive region and asymptotical region
but picks up several certain energy levels due to the boundary restriction in Region III.

As described in Ref. [16], we impose a hard spherical wall boundary at some large radius R,,,;; and a
smooth auxiliary Gaussian potential in front of the wall, which we call V,,(r). The auxiliary potential

has the form
2
Vaux(r) = VO eXp [_(r - Rwa]]) ] ) (3157)

with adjustable coeflicient V|, that is used to probe different values of the scattering energy. The auxiliary

potential is non-negligible only when r is a few lattice units away from the wall at R,,;;. We determine the
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asymptotic phase shifts from the radial wave function at points where r is large but V,, (v) is negligible.
For coupled partial waves such as the 381 -3 D, channel, we determine the two phase shifts and mixing
angle using an additional auxiliary potential U, (r) with the same functional form as V,, (r), but with

imaginary Hermitian off-diagonal couplings between the two partial waves,

0 iU, (1)
—iU 5 (1) 0

(3.158)

This complex-valued auxiliary potential breaks time-reversal invariance and allows us to extract informa-
tion about the two independent phase shifts and mixing angle from the real and imaginary parts of the

complex-valued wave functions.
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CHAPTER 4

Scattering of Two Nucleons: Numerical Result

In this section’ , the LECs of the NN force at LO, NLO and N 21O in nuclear lattice EFT (NLEFT) are
determined by means of a chi-square (,\(2) minimization with respect to np phase shifts and mixing angles.
This procedure allows us to provide quantitative estimates of the uncertainties of the NLO constants in
the scheme of NLEFT, along with estimates of their systematical errors and the impact of such errors
on the binding energies of nuclei. The LO interaction consists of smeared, local CTs and static OPE.
We show results for a fully non-perturbative analysis up to N2LO, followed by a perturbative treatment
of contributions beyond LO. The pioneering calculations of Ref. [13, 14] (and almost all calcuations of
nuclear properties) were performed with a coarse lattice spacing of a = 1.97 fm, which corresponds to a
relatively low momentum cutoff of 7/a = 314 MeV 2. We also study the effects of decreasing the lattice
spacing to a =~ 1 fm, which greatly decreases the impact of lattice artifacts and systematical errors, and
discuss the possibility of further improving the lattice action to decrease remaining discretization effects.
The first study of discretization errors and lattice spacing variation at LO has been performed in Ref. [27].
In prior work at a = 1.97 fm, the TPE potential at NLO and N”LO contributions were integrated out
by means of a Taylor expansion in powers of ¢/2M, . Since we now use lattice spacings as small as

a =~ 1 fm, the full structure of the TPE potential needs to be included.

! This section is based on the publication [25].
% Note that such soft nucleon-nucleon interactions lead to better convergence properties in the calculations of many-nucleon
systems and nuclear matter, see e.g. [26].
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Chapter 4 Scattering of Two Nucleons: Numerical Result

4.1 Lattice Notations

The free part of NN Hamiltonian is given by [13]

Hpyee = 6w° Z > a] (m)a; ) @.1)

n thl

NS S dmla s ae)

n 111]01

szZZ > al a0+ 22) + a0 - 22,

n lll]Ol

sz ZZ D, almla;;m+32) +a;n-32)]

n /=1 i,j=0,1

where the ¢, with [ = 1,2, 3 are unit vectors in the spatial directions, and my is the nucleon mass. Here
we introduce the so-called stretched action to correct the lattice dispersion relation so as not to diviate
from continuum too much, see Ref. [28]. The stretched hopping coefficients are defined in terms of the

O(a*)- and O(az)-improved hopping coefficients, see Table 3.1,
W = 0l + N (0 - o), 4.2)

where N = 10 is adopted in this study.

Ref. [13] showed that an on-site interaction such as those in Eq. (3.109) and (3.110) do not suffice to
provide a favorable description of the S-wave phase shifts except at very low momenta. Hence, smeared

contact operators were introduced according to
1
0 =~ ) f@p@p-q): 4.3)
q

and

1
0 = =5 ) f@pi@pi-a) . (4.4)
q

where the smearing factor f(q) is

4
f@) = f5 " exp (—bsqj) : (4.5)
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with b an adjustable parameter detemined in the fit procedure, and normalized by

1 4
fo= > exp (—bqu] (4.6)

with

=
2,
1]
Mu
—
S

(=)

|

S

(@}

Qo

w2
—_

[\°]
~| 5
)
~
+

S

[\S)

(@]

Q

|72}
—_
Q9
~

— w5 cos (%qu)] , 4.7)

where the g, are lattice momentum components, and the O(a4)—impr0ved hopping coefficients w; are

listed in Table 3.1.

In the analysis of the Ref. [29], smeared contact operators were found to dramatically improve the
convergence of the NLEFT expansion in the S-wave channels, at the price of introducing unwanted

attractive forces in the P-wave channels. By means of the projection operators [30],

1 o-0,\(3 77
POY = (Z_ o 2)(Z+ o 2), (4.8)
po o (300l T , (4.9)
47 4 J\4 4

for the (S, 1) = (0, 1) and (1, 0) channels, good agreement at LO in the P-wave channels can be recovered
(although a similar problem of unwanted forces in the D-wave channels persists). In the present work,

we use the corresponding smeared LO contact operators

3
Opny = —312 f(q)p(q)p(—q):—

~ IE :Zf(q)zps(q)ps(—q):

Zf(q)sz(q)pz( qQ): Zf(q)Zps,<q>pSI< q) :,(4.10)

32 2

for (S,1) = (0, 1), and

= :Zﬂq)ZpS(q)ps(—q):

Zf(q)Zp;(q)p,( qQ): Zf(q)Zp“(q)p“( q) (411

04
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Chapter 4 Scattering of Two Nucleons: Numerical Result

for (S, 1) = (1,0), where pg(n) and pg ,(n) are local spin density and local spin-isospin density operators,
defined in Sec. 3.3.1. The NLO CTs are taken as Eq. (3.111) — (3.116) except the spin-orbit operator 0(72)

projected onto I = 1 following the treatment of Ref. [14],

/(3
o2 - —%[Z:ZZ&I’S’I,(Hl(n)VI,pS(n)+ M5 MV ,p(n)) :

nosr

1
ok D0 s (M@ ps ) + g )V ,p,m)) : ] (4.12)

nosri

which eliminates lattice artifacts in the S = 1 even-parity channels. For the derivative operator V, in the

NLO CTs, we use a simplified definition

1
Vif) = S[f+ a2) - f(n - a)] (4.13)

where a is the spatial lattice spacing, and &, is a unit vector in spatial direction /. For the double derivative

operator V,z, we take

1
VL) = V/[Vif )] = 7 [+ 2a2) + f(n ~ 2a2)) - 2f ()] (4.14)

In the radial transfer matrix formalism, we project each of the NLO contact operators onto the NN partial
waves under consideration, such that Vj} is the matrix element of operator i in channel X. If we denote

the complete set of NLO contact interactions by Vétz), we find

(SolVI'So) = CiVig (4.15)
(PP = CaViy, (4.16)
3 2)3 ~ 171 ~ 1/ ~ /1

CPIVE PR = CsVi, +CVi, +CoViy, (4.17)
CPIVEPP) = CsVi, +CeVi, +CVi, (4.18)

for the uncoupled channels, and

¢sp,vPPsp,) = 52V3ISD1 +53V3SSD1 , (4.19)
CPE,IVOPPE,) = 55V3IPF2 + 56V35PF2 + 57V37PF2 , (4.20)
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4.2 Interactions on the Lattice: Improvement of Pion Exchange Potential

for the coupled ones. It is clear that only certain combinations of the contact operators contribute to each

partial wave, which allows for a simplified fitting procedure. Specifically, we determine C, S and C, 1 by
0

fitting the 180 channel, C, 4 by means of the lPl channel, C. 55 56 and 67 from a simultaneous fit to the 3PO,

3P1 and 3P2-3F2 channels, and finally Cs , 52 and 53 by fitting the 381—3D | channel.
1

We note that the fitted LECs 5‘, are given in terms of those of the NLO operators in Eq. (3.111)
through (3.116) and (4.12) by the relation

’51‘ 1 -3 -3 -1 -1 0] Cp
C, 131 -3 0 0 0] Cpp
C, 00 0 0 1 -30]Cppe
Co|=|1 339 -1 3 0] Cope |- (4.21)
gs L1 1 1 0 0 0[] Cggp
C
~6 00 0 0 1 1 0ffCpegp
LGl oo 0 0 0 0 1 |
which can be inverted in order to find the original LECs C;, once the 5, have been determined.
4.2 Interactions on the Lattice: Improvement of Pion Exchange
Potential
The TPE contributes at NLO and N°LO. At LO, the OPE potential is given by Ref. [13, 28]
0 1 g
A
VO, = 5 Z Z (——z]c;gl,sz(n1 —ny, M,) ps /(0))ps, /() : (4.22)
SI’SZJ n;.n, 4f71'
where the pion propagator is
1 2n
Gsl’Sz(nl - n2, Mﬂ) = E ;exp lfk : (nl - Il2) X GS]’SZ(k, Mﬂ) Py (423)
with
_ 4s\4s,
Gg s,k M) = Y , (4.24)
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we take

2r 4m 6
=2 Z [wo — w COs (Ikl) + w, cos (Ikl) — w3 CoS (fkl)] , (4.25)

3
=1

using the O(a4)—improved hopping coeflicients w; of Table 3.1. For the numerator of Eq. (4.24), we take
2
g = sin(fﬂki) , (4.26)

which coincides with the choice of derivative operator in Eq. (4.13). We also include the isospin-breaking

(IB) effects due to the pion mass differences, Eq. (3.91). Specifically, we take

VOu=1 = VOM)-VOM,), 4.27)
Vi =0) = —2Vi(M.) - Vi(M ), (4.28)

for the isospin-triplet and isospin-singlet channels, respectively. This approach is consistent with the
conventions of the Nijmegen partial wave analysis (PWA). For more details on the IB corrections to the
NN interaction, see Ref. [7, 31] (and references therein).

The first contribution from the TPE potential appears at NLO in yEFT. We note that several prior
continuum calculations including TPE exist. For instance, in Ref. [32, 33], dimensional regularization
(DR) was used to remove the divergence appearing in the loop integral, and a non-local momentum-
dependent form factor was applied to suppress the high-momentum contributions when solving the
Lippmann-Schwinger equation. In Ref. [34], another regularization called spectral function regularization
(SFR) was proposed. Compared to DR, the SFR method introduces an additional cutoff to remove the
short-range components of the TPE potential. Recently, a new position-space regularization was proposed
in Ref. [35-37]. The study of effects in nuclear lattice EFT due to different choices of regularization of
the TPE is beyond the scope of the current work. In this work, we use the DR expressions with discretized
lattice momenta. We also note that the lattice spacing serves as a natural ultraviolet (UV) cut-off.

Thus far, nuclear lattice EFT calculations have been performed with a lattice spacing of a = 1.97 fm,
and hence the TPE potentials at NLO and N’LO have not been included explicitly, but rather been
absorbed into the CTs. Since we are here studying the effects of reducing the lattice spacing to a =~ 1 fm,
we shall for the first time include the full TPE structure. As for the smeared LO CTs and the OPE potential,
we define the lattice formulation of the TPE potential in momentum space, and Fourier transform the

results to coordinate space. The TPE potential is of the form
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(4.29)

1 1
(2) . (2) . . (2) .
vy = 5 Z TSI’SZ(n1 - nz)Psl(nl)Psz(nz) : +§ : Z Z We'(np —my)p;(ny)p,(ny)
n;,n; 8.8, nn, [/
1
+ 5" Z Z Véz)(nl —my)psg(my)pg(my) @,
n,n, §

at NLO. The explicit expressions for the components of Eq. (4.29) are

2

1
2 = E (2)
TS,,Sz(nl - 112) = L3 4 exXp X TSI,Sz(k) P

where
2
TSs (0 = 1892 F?(9) 45,45, -
and
1 21
WP m, - ny) = = Z exp ik (0 —ny)| w2 k),
k
with
4845 M*
WP k) = F(z)(q)[% +4M; (5ga — 4ga — 1) + ¢° (234 — 1093 — 1)] ,
4M; +q
and
1 2
Véz)(n1 -m,) = E Z exp sz -(m; —my)| X Véz)(k) ,
k
with

VOK) = -18g5FP () ¢,

where the function F (2)((,]) is given by

FP@@) = - L),

1
84n° 1

and L(g) is the loop function

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

4.37)
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in DR. In order to coincide with the definitions of the derivative operator Eq. (4.13) and the double-

derivative operator Eq. (4.14), we take
2
g — sin(fﬂki) , (4.38)
2
2
£ - [sin(fﬂki)] , (4.39)

which ensures that the divergences appearing in the loop diagrams can be absorbed by tuning the contact

interaction LECs C;.

Similarly, we parameterize the sub-leading (N*LO) contribution to the TPE as

1
3 3
vy 5" Z Tél)’sz(nl —My)pg (y)pg, [(0y) :
n;,n,; S,,5,./
1
T Z Z WS)(HI —my)pg (n)pg ;(My) :
n.n, S,/
1 3
+ g0 ) VE M —myp(npmy) (4.40)
ng,n,
where
7% -1 2 ¥ (k 4.41
Sl,sz(nl -m,) = E Zk:exp lf -(n; —my)| X 51,52( ), 4.41)
with
T3 1) = ¢, FV(g) 4M; + ¢7) g5, s, » (4.42)
and
3) _ 1 2 3)
Wy —my) = D exp ik (= ng) | x W) (4.43)
k
with
W K) = —c,FOq) ¢ (4.44)
and
3 _ 1 21 3
vPm, -my) = = > exp ik (g = mp) | x Ve () (4.45)
k
with
VE'K) = 6F P (q) @M + ¢ [2M32c, - ¢3) — o377 (4.46)
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4.3 Phase Shifts and Mixing Angles to N*LO

Table 4.1: Summary of lattice spacings a (spatial) and g, (temporal) and box dimensions L. The physical spatial
lattice volume V is kept constant at (La)3 ~ (63 fm)3.

a' [MeV] a;'[MeV] al[fm] L La[fm]

100 150 197 32 63.14
120 216 1.64 38 62.48
150 337.5 1.32 48 63.14
200 600 098 64 63.14

where the function F (3)(61) is given by

2
9ga

327 f

FO) = - Ag), (4.47)

and A(q) is the loop function

1
A(g) = — arctan( q

, 4.48
2q 2Mn) (448)

in DR. For the momenta ¢, we again apply the conventions of Eq. (4.26) and (4.39).

4.3 Phase Shifts and Mixing Angles to N’LO

We now turn to a description of our calculational methods. We take f, = 92.2 MeV for the pion decay
constant, and g, = 1.29 for the nucleon axial coupling constant to account for the Goldberger-Treiman
relation (GTR) Ref. [31]. For the nucleon mass, we use my = 938.38 MeV, and for the charged and
neutral pion masses, we take M . = 139.57 MeV and M, = 134.98 MeV, respectively. We use the
isospin-averaged pion mass

M_ =

Vs

2 1
gMni + §M7r° = 138.03 MeV , (4.49)
in the TPE potential expressions at NLO and NLO. For the constants ¢, c3 and ¢, that appear in the
TPE potential at N2LO, we use ¢; = —1.10(3) GeV_l, c3 = =5.54(6) GeV~! and cy =4.17(4) GeV™!
from the accurate Roy-Steiner analysis of pion-nucleon scattering adopted to the counting of the nucleon

mass used here Ref. [6]. Also, as the uncertainties of these LECs are very small, we only consider the

central values in the following.

We determine the optimal parameter values for the NLEFT action up to N°’LO by performing a

chi-square fit to np phase shifts and mixing angles. For this purpose, we define the uncertainties of the
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Chapter 4 Scattering of Two Nucleons: Numerical Result

Table 4.2: Summary of the fitting procedure, indicating which parameters are fitted to what scattering channel at
each order in NLEFT, and the resulting /\(2 [Nyot (for a = 0.98 fm).

order fitchannels  fit parameters Xz/Ndof

LO 'Sy ’s, Cig Cog by 3038
1SO CIS’CI 1.77

0 —~ —~—
NLO Si& Cig.Co.C; 8881
'P, C, 11.94
3Py, °Py,°P, Cs, Cg, C; 6.51
'S Cig . C 036

0 —~ —~—
NLO Sih€ Cyg 0G5 28381
'P, C, 2.79
3Py, °P;,°P, Cs, Cy, C; 25.59

empirical scattering observables (in each partial wave) according to Ref. [37, 39], which gives

NijmI PWA
st iV

NijmII PWA
l. DA

Reid93 PWA
> [V i > 6i - 6i

A; = max [APWA,

] , (4.50)

where APWA denotes the uncertainty of the PWA, while 6PWA

signifies the phase shift (or mixing angle)
in channel i of the PWA (see also Ref. [40]). Furthermore, 6N1Jml 5;\Iiij and 6$eid93 refer to the PWA
results based on the Nijmegen I, Nijmegen II and Reid93 NN potentials, respectively. Hence, a measure
of systematical error in the PWA is accounted for in our analysis. The )(2 function to be minimized is

defined as

2
WA 6ca])

P
X Z , (4.51)

where i runs over all values of pqy; and channels included in the analysis. In Eq. (4.51), 5PWA is the phase

shift (or mixing angle) at a given momentum pcy; from the PWA, 65 i

NLEFT value, and A, is given by Eq. (4.50).

is the corresponding calculated

When fitting the phase shifts and mixing angles of the Nijmegen PWA, we note certain simplifying

features. Specifically, at LO we determine C, . C; S0 and the smearing parameter by, by fitting the 150
0 1

and * S, phase shifts. At NLO and N’LO, we no longer update the value of b,. At NLO, we determine

G

S and C, | by fitting the 180 phase shift, C; S0 52 and 53 by fitting the 381 phase shift and the mixing
0 1
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4.3 Phase Shifts and Mixing Angles to N*LO

Table 4.3: Fitted constants and low-energy parameters for a = 0.98 fm. The LO constants C and C; are given in
0 1

units of [1074 MeVﬁZ], and the C; of the NLO interaction in units of [1078 MeV74]. Due to the large lattice (L = 64)
for a = 0.98 fm, an uncertainty analysis using the variance-covariance matrix as in Table 4.4 was numerically
unfeasible. Hence, an estimated uncertainty of 2% has been assigned, which is consistent with the uncertainties for
larger a. For entries with a dagger (), the deuteron energy E; has been included as an additional constraint.

LO NLO N’LO
Cy, —0.1012)  —0.105(2)  -0.106(2)
Cyg -0.118(2)  —0.087(2)  -0.088(2)
by 0.399(8) - -
Cp —0.00440(8)  0.135(2)
Cp ~  0.0373(8)  0.0303(6)
Co g ~ =0.0292(6) -0.0301(6)
Cop e — —0.00190(4) —0.0254(5)
Csp ~  0.0378(8)  0.0360(7)
Ce 457 ~ 0.002004)  0.0212(4)
Claxsyk ~ 0.01503)  0.0165(3)
Eq[MeV]  2.16(4) 222(4)" 2224
rig, [fm] 2.12(4) 2.50(5) 2.63(5)
aig [fm]  -22.5(4) ~23.4(5)  -23.7(5)
g [fim] 1.73(3) 1.70(3) 1.74(3)
s [fm] 5.4(1) 5.4(1) 5.4(1)

angle ¢, C, by fitting the ' P, phase shift, and finally Cs, Cg and C, by fitting the the 3Py, °P, and °P,
phase shifts. The N2LO fits are similar, apart from the inclusion of the N’LO TPE potential operators.
We do not take the deuteron binding energy E; as an additional constraint in the LO fits, as we do not
expect E; to be accurately reproduced in an LO calculation. At NLO and N’LO, the experimental value
E, =2.224575(9) MeV is taken as an additional constraint. At LO, we fit up to center-of-mass momenta
of pE = 100 MeV, while at NLO and N”LO we fit up to p5& = 150 MeV. Our fitting procedure at each
order in NLEFT is summarized in Table 4.2.

Prior NLEFT work has used a relatively coarse lattice spacing of a = 1.97 fm, which corresponds to a
momentum cutoff A ~ w/a = 314 MeV. This relatively low cutoff may induce significant lattice artifacts,
particularly at high momenta. With this in mind, we here aim to study the NN scattering problem for
a = (200 MeV)_1 = 0.98 fm, with a temporal lattice spacing of a, = (600 MeV)_l. The number of lattice

points in each spatial dimension is L = 64, thus the physical volume is V = (La)3 ~ (63 fm)3, which is

expected to be large enough to accommodate the NN system without introducing significant finite volume
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Chapter 4 Scattering of Two Nucleons: Numerical Result

Table 4.4: Fitted constants and low-energy S-wave parameters for a = 0.98 fm. The LO constants C,, and Cs¢
0 1

are given in units of [1074 MeVﬁZ], and the C; of the NLO interaction in units of [1078 MeV74]. The smearing
parameter b, of the LO contact interactions is determined by the LO fit, and thereafter kept fixed at NLO and
N2LO. The values in parentheses are the uncertainties calculated using the variance-covariance matrix according to
Eq. (A.S).

order fit parameters a=197fm a=1.64fm a=132fm
Ci, —0.4676(2) —0.3290(7) ~0.201(5)
LO Cig, —0.6377(2) —0.4482(2) —0.265(5)
b, 0.0524(2) 0.0917(2) 0.173(6)
Ci, —0.5(1) —0.35(2) —0.220(2)
Cag —0.44(7) —0.21(1) ~0.152(4)
Cp —0.05(3) ~0.032(9) —0.006(1)
NLO Co o 0.08(2) 0.075(2) 0.052(1)
Co o —0.06(3) —0.046(3) —0.0341(7)
Cop g 0.03(2) 0.029(2) 0.0081(2)
Cousy 0.11(2) 0.091(4) 0.0553(2)
Ce sy ~0.11(2) —0.074(4) —0.0240(8)
Clps)k 0.037(8) 0.026(4) 0.019(2)
Ci, —0.5(1) —0.33(4) —0.21(2)
Cig -0.5(1) —0.22(1) ~0.15(2)
Co 0.08(3) 0.093(7) 0.118(7)
N2LO Co o 0.07(2) 0.0668(4) 0.045(4)
Co 2 —0.06(3) —0.05(2) —0.036(7)
Cope 0.01(2) 0.005(3) —0.014(4)
Cousy 0.10(3) 0.086(7) 0.056(4)
Ca sy ~0.10(3) —0.055(4) —0.006(4)
Clps)k 0.031(8) 0.025(4) 0.018(2)

effects for the energy region pqy; < 200 MeV studied here. Our lattice parameters are summarized in

Table 4.1.

First, we consider the problem of np scattering by treating all orders in NLEFT up to N’LO non-
perturbatively, similar to what is done in the continuum. This means that we construct the transfer matrix
according to
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4.3 Phase Shifts and Mixing Angles to N*LO

Table 4.5: Low-energy S-wave parameters, as a function of the lattice spacing a and the order of the NLEFT
expansion. E; is the deuteron binding energy, and the a; and r; denote the scattering lengths and effective ranges in
channel i. The experimental value of E, is from Ref. [38], and the scattering lengths and effective ranges are from
Ref. [2]. For entries marked with a dagger (), the empirical deuteron energy E, has been included in the fit as an

additional constraint.

order a [fm] E,; [MeV] Iig [fm] g [fm] Iig [fm] 3q [fm]
0 0 1 1
1.97 2.00(1) 2.041(1) —22.4(4) 1.686(1) 5.46(1)
LO 1.64 2.07(1) 2.093(5) =22.5(7) 1.6932(8) 5.45(1)
1.32 2.12(2) 2.11(2) -22.5(5) 1.71(1) 5.44(1)
1.97 2.2246(3)" 2.4(6) -23(4) 1.79(3) 5.31(2)
NLO 1.64 2.2246(1)" 2.3(1) -23(2) 1.73(1) 5.33(1)
1.32 2.2246(1)" 2.473) -23(1) 1.70(1) 5.336(9)
1.97 2.2246(3)" 2.6(6) —24(4) 1.82(3) 5.35(2)
N’LO 1.64 2.2246(1)" 2.5(3) -23(2) 1.74(1) 5.36(1)
1.32 2.22457(7)" 2.6(2) -23(1) 1.744(7) 5.382(5)
experiment - 2.224575(9) 2.77(5) —23.740(20) 1.753(8) 5.419(7)
where the potential terms are given by
— (0) (0) (0)
Vio = C]SOO(O’I) + C3SIO(1,0) + Vopg » (4.53)
at LO,
— (2 (2) (2 (2) (2
VNLO = quOl + CIQ,qZOZ + CSZ,q203 + CSZ,Iz,q204 + C(q-S)205
(2) I=1 (2) (2)
+Cp. (q's)206 + Claxs)x07 + Vipg » (4.54)
at NLO, and
S
Vo = Vire - (4.55)

at N*LO. Our results for the smallest lattice spacing, a = 0.98 fm, are shown in Fig. 4.1. Clearly, the

description of the S-wave channels is quite good even at LO, particularly for 351. Compared to LO,

significant improvements occur at NLO and N*LO, in particular for the 1Pl, 3PO and 3P2 channels, as

well as for the mixing angle €;. While the NLO contributions appear central for a good description of

the P-waves and ¢, the TPE contributions at N 2LO do not appear to produce a significant systematical

effect, although we note that certain channels (such as 3P2) show marked improvement at NLO. While
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Figure 4.1: Phase shifts and mixing angles for np scattering up to N2LO in NLEFT, for our smallest (spatial) lattice
spacing of a = 0.98 fm = (200 MeV) ™! and a temporal lattice spacing a, = (600 MeV)™'. The (blue) squares,
(green) circles and (red) triangles denote LO, NLO and N?LO results, respectively. The NPWA is shown by the
solid black line.

the results for the D-waves appear rather accurate, we note that the current way of smearing the LO
contact interactions does produce unwanted additional forces in the D-wave channels, which should be

dominated by OPE alone.

In Table 4.2, we also give the value of X /Ngo¢ for each of our fits (a = 0.98 fm), where N, equals to
the number of fitted data points (phase shifts or mixing angles at a given momentum) minus the number
of adjustable parameters. At LO with a = 0.98 fm, we find y* /Ngor = 30, which is reasonable given
the rather stringent uncertainty criterion (4.50) of the PWA. This indicates that we have a satisfactory
description of the 150 and S, channels in the range pqy; < 100 MeV. At NLO, the main contribution

to x° /Nyt arises from € with pcy > 100 MeV, while at N’LO €; and the P-wave channels contribute
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Figure 4.2: Phase shifts and mixing angles for np scattering up to N’LO in NLEFT, for a = 1.32 fm = (150 MeV) ™.
For notations, see Fig. 4.1.

roughly equally. These observations are consistent with the results shown in Fig. 4.1.

We also give the S-wave low-energy parameters for a = 0.98 fm in Table 4.3, along with a summary
of the fitted parameters. We find that the NLO and N’LO results clearly provide the closest agreement
with the empirical scattering lengths and effective ranges, taken from Ref. [2]. We note that a; s, and r; s,
are both stable at various orders in NLEFT, and reasonably close to the empirical values. This is easily
understood since the phase shift in the 3 S, channel is accurately reproduced already at LO. For a, 5, and
Mg, a clear improvement is observed at NLO and N’LO compared to the results at LO. We also find that
at NLO and N”LO, E 4 can be accommodated without sacrificing any accuracy in the other low-energy

parameters. Finally, C, S and C; S for a = 0.98 fm are in reasonably close agreement with the continuum
0 1

results of Ref. [37] for a cutoff of R = 1.0 fm, which suggests that lattice artifacts are under control.
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Figure 4.3: Phase shifts and mixing angles for np scattering up to N?LO in NLEFT, for a = 1.64 fm = (120 MeV) ™.
For notations, see Fig. 4.1.

4.4 Variation of the Lattice Spacing

Up to this point, we have mostly elaborated on our results for a = 0.98 fm, which is the smallest lattice
spacing we have considered. We shall next comment on our findings when the lattice spacing is varied in
the range 1.97 > a > 0.98 fm, while the physical lattice volume is kept constant at V = (La)® ~ (63 fm)’
(see Table 4.1 for a summary of lattice parameters). As we work within the transfer matrix formalism,
the temporal lattice spacing g, should also be varied when a is changed. Here, we choose g, such that
a,/ a* is kept constant. This is motivated by the fact that the Hamiltonian scales with the lattice spacing
as H ~ 1/a*. Fora pioneering LO calculation of the effects of varying a, see also Ref. [27].

In Table 4.4, we summarize the fitted constants of the NN interaction as a function of a, along with

the S-wave low-energy parameters in Table 4.5. We note that the uncertainties of the fitted constants
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Figure 4.4: Phase shifts and mixing angles for np scattering up to N’LO in NLEFT, for a (spatial) lattice spacing
a =197 fm = (100 MeV) ™" and a temporal lattice spacing a, = (150 MeV) ™. For notations, see Fig. 4.1.

are obtained by an analysis of the variance-covariance matrix according to Eq. (A.5), while those of

the S-wave parameters are obtained using Eq. (A.8). Our computed S-wave parameters appear very

stable with respect to lattice spacing variation, which suggests that lattice spacing effects are small in the

S-wave channels.

Our results for np phase shifts and mixing angles for @ = 1.32 fm are shown in Fig. 4.2, fora = 1.64 fm

in Fig. 4.3, and finally for a = 1.97 fm in Fig. 4.4. Together with the results for a = 0.98 fm shown in

Fig. 4.1, it is immediately apparent that lattice spacing effects are small for the S-waves in the range

0 < pcm < 200 MeV, which is consistent with the behavior of the S-wave parameters. On the other hand,

this situation is quite different for the P-waves and D-waves. For these higher partial waves, as well

as for the mixing angles €, and ¢,, the lattice spacing effects remain small only up to pcy; < 100 MeV.
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Table 4.6: Summary of fit results (in units of a) for the perturbative NLO+N?LO analysis at a = 1.97 fm. Fitted
values of E, are indicated by a dagger (). Note that the values of C\ , Cs¢ and b, are fixed by the LO fit.
0 1

LO NLO N’LO
Ci, —0.462(8) - -
Cyg, —0.633(6) - -
b, 0.054(3) - -
AC - ~0.2(2) ~0.02)
AC, — =0.02(9) 0.03(9)
Cp - 0.03(5) 0.12(5)
Cp - 0.04(2) 0.03(3)
Co —  =0.05(5) —0.02(5)
Cope - 0.00(2) —0.01(2)
Cusy? - 0.06(2) ~0.05(2)
Ce sy —  -0.10(2) ~0.07(2)
Clatsik — 0.039(5) 0.038(5)

E;[MeV] —2.02(4) -2.2243)" -2.224(3)"

For pcy > 100 MeV, the deviations from the Nijmegen PWA increase rapidly, but are nevertheless
systematically reduced when a is decreased.

To conclude, for the S-waves the lattice spacing effects remain small throughout the range of pcy
considered here, even for the (rather coarse) lattice spacing of a = 1.97 fm. For the P-waves and
D-waves, this situation holds only up to pcy = 100 MeV. However, we note that a = 0.98 fm suffices
to give an accurate description for pryy = 200 MeV, regardless of the channel under consideration.
This suggests that the observed discrepancies could be eliminated by a combination of improved lattice
momentum operators and N’LO effects, possibly taken together with a lattice spacing somewhat smaller
than a = 1.97 fm. We would like to stress that the phase shifts agree within uncertainties below 150 MeV
(with a few exceptions) for the lattice spacings considered. This validates the statements made in Ref. [27]

about the lattice spacing independence of observables in the NN sector.

4.5 Perturbative Treatment of Higher Orders

We have thus far demonstrated that non-perturbative fits to np scattering data are feasible to any given

order in NLEFT, provided that the requisite potential operators have been worked out. Nevertheless, for
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Table 4.7: Summary of fit results (in units of a) for the perturbative NLO+N?LO analysis at a = 1.64 fm. Notation

as in Table 4.6.

LO NLO N°’LO
Ci, —0.47(1) - _
Cyg, —0.64(1) - -
b, 0.091(5) - -
AC - —0.2(2) 0.3(3)
AC, - =0.00(9) 0.1(1)
Cp - 0.04(6) 0.18(6)
Cp - 0.08(3) 0.06(3)
CSZ,qZ - —-0.05(5) 0.00(6)
Csz’lz’qz - -0.01(3) -0.01(3)
Clsy -~ 0.06(3) 0.08(4)
Co g5y - —0.07(3) —0.06(4)
Claxs)k - 0.051(9) 0.05(1)
E;[MeV] -2.13(4) -2224(2)" -2.224(2)

practical reasons (such as sign oscillations and increased computational complexity) the contributions
of NLO and higher orders are usually treated perturbatively in MC simulations of nuclear many-body
systems. With this in mind, we show here how our analysis of phase shifts and mixing angles can be

applied in a way consistent with current lattice MC work.

Before discussing our results, we briefly summarize the differences between the perturbative and
non-perturbative analyses. We again start with a LO fit, the parameters of which are fixed by fitting the
1SO and 351 channels (but not E,). As in the non-perturbative analysis, for the LO fits we consider data
up to pix = 100 MeV. For higher-order (NLO and N*LO) fits, we include data up to pfi = 150 MeV.
Since higher orders in NLEFT are treated perturbatively, the transfer matrix is constructed in a different
way than in Eq. (4.52). To be specific, in the perturbative analysis the transfer matrix is and as in previous

MC studies of NLEFT, we introduce the additional operators Ref. [14]

AV

AC (4.56)

AVIZ

ACIZ T Ty, (457)

which we classify as NLO perturbations and add to the NLO potential in Eq. (4.54) when MP*" is
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Table 4.8: Summary of fit results (in units of a) for the perturbative NLO+N’LO analysis at a = 1.32 fm. Notation
as in Table 4.6.

LO NLO N°LO
Ci, —0.44(1) - -
Cyg, ~0.59(1) - -
b, 0.18(1) - -
AC - 0.02) 0.4(2)
ACp - 0.05(9) 0.30(9)
Cyp - 0.04(6) 0.62(6)
Cp - 0.19(4) 0.07(3)
Cg —  —0.03(5) 0.07(5)
Cop g - -0.01(3) ~0.12(3)
Clasy - 0.09(4) 0.02(4)
Cp, @? —  —0.05(4) 0.12(4)
Claxsyk - 0.12(1) 0.11(1)

E;[MeV] -2.14(3) -2.224(1)" -2.224(1)'

computed. This is achieved because the LO LECs are kept fixed and thus fitting these finite shifts is
equivalent to a refit of the LO LECs, as it is done in the non-perturbative case. Additionally, AV and
AV,z absorb part of the (sizable) short-distance contributions from TPE at NLO and N’LO. At NLO, we
also studied an operator of the form ), v LiTZ’iin which accounts for rotational symmetry breaking effects

on the lattice, but no significant effects were observed.

As for the non-perturbative case, we give results for a range of lattice spacings for the perturbative
analysis. The fitted parameters for a = 1.97 fm, a = 1.64 fm and @ = 1.32 fm are given in Tables 4.6,
4.7 and 4.8, respectively. The corresponding phase shifts and mixing angles are shown in Figs. 4.5, 4.6

and 4.7. For each computed phase shift, we provide an estimated uncertainty according to

A6 = \/(J(ST)iSij(Jé)jx \/X?nin/Ndof’ (4.58)

where &;; denotes the variance-covariance matrix of the fitted parameters, according to Eq. (A.4), and J;
is the Jacobian vector of the phase shift (or mixing angle) in question. The last factor in Eq. (4.58) is the
so-called Birge factor described in App. A, which approximately accounts for the systematical errors in

the analysis.

At LO, we reproduce well the low-momentum region, and obtain a realistic deuteron binding energy.
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Figure 4.5: Fitted LO + perturbative NLO/N ’LO np phase shifts and mixing angles for a = 1.97 fm. The shaded
bands denote the continuum results of Ref. [37], and the NPWA is given by the black line.

In particular, we note that the 351 PWA data are almost perfectly reproduced. This is largely caused by
the very accurate PWA data of this channel, which gives this channel a relatively high weight in the )(2
function. We note that this may potentially worsen the agreement in other channels, where a comparable
accuracy of the PWA data is not available. Also, the expectation is that the P-waves should be well

described at LO, since they are dominated by the OPE potential contribution. The reason why this is
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Figure 4.6: Fitted LO + perturbative NLO/N ’LO np phase shifts and mixing angles for a = 1.64 fm. The shaded
bands denote the continuum results of Ref. [37], and the NPWA is given by the black line.

not the case for our LO results is that, in the perturbative calculation, and in order to be consistent with
the MC simulations, we treat the momentum q2 in the denominator of the OPE as in Eq. (4.25), and
factors of q as in Eq. (4.26). This choice considerably suppresses the OPE potential contribution already
at intermediate momenta, which worsens the description of the P-waves.

Moving to NLO, a significant improvement is found in some channels, particularly for lP1 and 3Pl,
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Figure 4.7: Fitted LO + perturbative NLO/N”LO np phase shifts and mixing angles for a = 1.32 fm. The shaded
bands denote the continuum results of Ref. [37], and the NPWA is given by the black line.

where the PWA is now well described up to ~ 100 MeV. On the other hand, we note that the 3P0
and 3P2 channels, as well as the D-waves, show little improvement. We attribute these features to the
deficiencies in the OPE as mentioned above. The description of the S-wave channels is found to improve
at intermediate momenta, which is mainly due to the NLO CTs and to the parts of the NLO TPE potential

that contribute to the S-waves.
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Chapter 4 Scattering of Two Nucleons: Numerical Result

At N’LO, while no new unknown parameters contribute, the sub-leading TPE potential enters as a
prediction from 7N scattering in yEFT. Thus, the NLO constants are refitted at NZLO in order to absorb
the strong short-distance isoscalar contributions from the 7N LECs. The NLO and N’LO results appear
in most cases virtually indistinguishable (as shown in Fig. 4.5) as far as the level of agreement with the
PWA is concerned, except for the 1D2 channel where the high-momentum tail is noticeably improved.

For our perturbative analysis, we have also compared the computed scattering observables at different
orders in NLEFT with the continuum results of Ref. [37]. We find that our S-waves agree with the
continuum results (within errors) up to at least pry; = 100 MeV, and in some cases over the entire range
of momenta considered. The P-waves show good agreement within errors only for some channels, and
only for NLO/N’LO. As already mentioned, this is mainly due to the non-optimal description of OPE at
LO. For the D-wave channels, only ’D | shows good agreement with the continuum calculations. For the
1D2 channel, the LO and NLO results overshoot the continuum error band, while the N°LO result is in
agreement due to the large uncertainty. For 3D2, the NLO/N*LO terms do not contribute at all and hence
cannot improve the result. Further, for 3D3 the lattice calculations start to deviate from the PWA and the

continuum results for py; > 100 MeV.

Finally, it is important to stress that for cms momenta below 150 MeV, the phase shifts agree within
the uncertainties (with the exception of €, were deviations set in at about 110 MeV). This validates the

statements made in Ref. [27] about the lattice spacing independence of observables in the NN sector.

4.6 Further Improvements

Next, we shall discuss two problems that require further study to resolve. First, while a clear improvement
was observed in the non-perturbative case for the scattering observables (and fitted parameters) as a was
decreased, a similar improvement is not found in the perturbative analysis. At LO, the quality of the
description improves in general with decreasing a, particularly for the ’S 1-3D1 coupled channel. However,
at NLO/N”LO the picture is more complicated. We note that the P-waves and remaining D-wave channels
do improve, but the description of the 150 and 381-3D1 channels may in fact deteriorate for smaller a.
We attribute this effect to the increasing influence of the TPE potential. While the effect of TPE on the
S-waves can be absorbed by smeared contact interactions as was done in the non-perturbative calculation,
in the perturbative case we only have standard (without smearing) contact interactions available. This is

sufficient for a = 1.97 fm, as the TPE potential contribution then closely resembles a contact interaction.
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4.6 Further Improvements

Table 4.9: Summary of fit results with perturbatively improved OPE (in units of a) for the perturbative NLO+N’LO
analysis at a = 1.97 fm. Notation as in Table 4.6.

LO NLO N’LO
Ci, —0.462(8) - -
Csg, —0.633(6) - _
b, 0.054(3) - -
AC - —0.2(3) —0.0(3)
AC, - -0.1(1) 0.03(9)
Co —  -0.03(7) 0.05(7)
Cp g - 0.09(3) 0.06(3)
Co - -0.05(6) 0.00(6)
Csz’lz’qz - 0.00(2) —-0.03(3)
C sy - 0.02(2) ~0.03(3)
Co sy - -0.07(2) 0.10(3)
Claxs)k — 0.014(7) 0.012(5)

E;[MeV] —2.02(4) -22243)" -2.224(3)"

A possible solution for smaller a would be to include a smeared version of the NLO/N’LO contact
interactions. Alternatively, one could use exact momentum operators for the NLO CTs, which do have a
higher influence at larger momenta. This was not necessary nor observable for a = 1.97 fm, but may
improve the > S, channel once a is decreased. Finally, we note that the choice of ¢, ¢; and ¢, may also
have an effect, as it influences the strength of the different contribution to TPE potential. However, to use

the full power of yEFT, one should utilize the values determined from pion-nucleon scattering.

Second, we show preliminary results including a perturbative improvement of the OPE operator. In
order to remedy the aforementioned discrepancies in the peripheral partial waves such that consistency
with the MC calculation is maintained, we introduce a new operator at NLO that accounts for the
difference between OPE potential with the momenta of Eq. (4.25) and (4.26) and the “exact” lattice

momentum ¢, = 27k/L. This gives

g (01 4 )03 Q) (@1 - q)(05 - q)

AVopg = ~2A 1, .1,
PET 42! q2 + M q’+ M

, (4.59)

T

so that by adding AVypg to Vpg, one recovers OPE potential with the exact momentum. It should

be noted that this differs slightly from treating OPE potential at LO with the exact momentum, since
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Chapter 4 Scattering of Two Nucleons: Numerical Result

AVopg 1s treated as a perturbation, while Vpg is implemented non-perturbatively. Also, q approaches
gy as a — 0. This means that, simultaneously, AVypg becomes less important, and Vypg gives a better
description of the P-waves, as we approach the continuum limit. This is consistent with Figs. 4.2-4.4 of

the non-perturbative calculation, where the P-waves clearly improve as a decreases.

Our perturbative results with AVqpg included are given in Fig. 4.8 and Table 4.9, where as expected
one can observe a clear improvement in the description of the P-waves. The experimental results for the
lPl , 3PO and 3P1 channels are now well reproduced for the range of fitted momenta pqy; < 150 MeV. In
general, we find that all the P-wave channels and the ¢, mixing angle appear much closer to the PWA at
NLO with improved OPE, than without this correction. Additionally, we find that the D-waves (except
for the 3D3 channel) also improve significantly with respect to the LO result. In the case of 3D3, the
correction is too large and so the computed values fall below the PWA ones. Again, this improvement
is mostly attributable to AVpg, although we recall that the first order of TPE potential (NLO) also

contributes to the high-momentum tails in some of the D-wave channels.

4.7 Nuclear Binding Energies

In MC simulations of NLEFT, the binding energies of nuclei receive perturbative energy shifts that
depend on the NLO constants C; and their uncertainties, in addition to any inherent MC uncertainties.
For instance, in Ref. [41], only the MC errors were taken into account, and the C; were assumed to be
accurately known and uncorrelated. Since our analysis provides us with the complete variance-covariance
matrix of the NLO parameters C;, we are now in a position to estimate the uncertainties of the nuclear
binding energies at N’LO, due to uncertainties and correlations of the C;. From our present results, we
observe larger correlations between AC and C;, between AC? and Clz’qz, between AC % and C 2 and

also between C (@) and Clz’(q_s)z.

In order to obtain a first, rough estimate of the relative magnitude of MC and fitting errors in calculations

of nuclear binding energies E, we recall that these are calculated according to

OE
EgZLO =E° + Cl.a—cé o’ (4.60)

where summation over i is assumed. In the MC calculation, the LO binding energies are computed

non-perturbatively, and the second term in Eq. (4.60) represents the perturbative shift due to the NLO
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constants C; in the 2NF, which we take from Ref. [41]. We note that
EN1© = Ey(Cig .Cog b C) . 4.61)
is a function of all the coupling constants up to N’LO, while the LO values
EE° = ExC, 5,-Cag b Ci =0, (4.62)
equal to the binding energies at C; = 0. In terms of the variance-covariance matrix from the perturbative

OE
AENLO - \/ o
4

gives us the uncertainties in the N°LO energy shifts due to the fitting errors of the C;. The results so

analysis in Section 4.5,

OE,

el 4.63
c=0 ' 0C; (4.63)

C;=0

obtained are given in Table 4.10.

We note that the errors due to the uncertainties in the C; are of comparable magnitude to the MC
errors, even when &;; has been evaluated without consideration of the systematical errors encoded by
the Birge factor. This may suggest that the procedure of fixing the C; from NN data may, at present,
be the main factor limiting the accuracy of NLEFT calculations beyond LO for heavier nuclei. This
issue is currently under further investigation. It should also be noted that the quoted NLEFT binding
energies in Table 4.10 are not expected to coincide with the empirical ones, as the three-nucleon (3N)

and higher-order contributions have been neglected (see Ref. [41] for further discussion).

Table 4.10: Nuclear binding energies with 2N forces up to N°LO in the NLEFT expansion for a = 1.97 fm, data
2

taken from Ref. [41]. The first parenthesis gives the estimated Monte Carlo error in the calculation of EI; LO “and

the second parenthesis the error due to variance-covariance matrix in Eq. (4.63). For reference, we also show the

experimental binding energies.

EN'O0QN)  Eglexp)
He -25.60(6)(2) —-28.30
$Be  -48.6(1)3) -56.35
2c -787(035)  -92.16
%0 —1214G5)7) -127.62
MONe  -163.6(9)(9) —160.64
PMg  -208(2)2) —198.26
BSi  —275(3)(2)  —236.54
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Figure 4.8: Fitted LO + perturbative NLO/N*LO np phase shifts and mixing angles for a = 1.97 fm including the
improved OPE. The shaded bands denote the continuum results of Ref. [37], and the NPWA is given by the black

line.
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CHAPTER 5

Two-Nucleon Scattering with Coulomb Potential:

Numerical Results

We investigate the two-nucleon (NN) system at N’LO in XEFT which consists of one-, two-, and three
pion exchange potential and a set of contact interactions with zero, two and four derivatives. Nucleonic
fields and effective interactions are located on the lattice within the framework of spectral function
regularization for the multi-pion exchanges. Ref. [31] has shown that three-pion exchange (3PE) is
negligibly small so that we do not consider about it. This section is a small extension of Ref. [42,
43] in which the nature of nuclear clustering at LO has been studied. This is the first attempt to give
information for N°LO LECs including TPEs with/without Coulomb interaction by fitting phase shifts of
neutron-proton (np) or proton-proton (pp) scattering process. We use a definition of contact interactons
different from Sec. 4 which has been described in Sec. 3.3.2. We discuss how Coulomb interaction
plays its role in NN scattering process, Ref. [15], and further give LECs of high derivatives terms up to
N°LO including Coulomb interaction. The fitting results can be used to perturbatively calculate in-depth

information for many-body nuclei.
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5.1 Lattice Notations

We use a spatial lattice spacing a = (100 MeV)™! = 1.97 fm and time lattice step a, = (100 MeV) ™! =
1.97 fm and write «, for the ratio a,/a. Axial-vector coupling constant is g, = 1.29 as derived from the
GTR, the pion decay constant is f, = 92.2 MeV, and the neutral, charged and charge-averaged pion mass
are M o = 134.98 MeV, M= = 139.57 MeV, M, = 138.03 MeV, respectively. The nucleon mass is taken
as m = 938.92 MeV, and the electromagnetic fine structure constant is gy = 1/137. We will use lattice
units where the quantities are multiplied by the appropriate power of the spatial lattice spacing a to make

the combination dimensionless.

Following Ref. [42], we construct a new short-range interactions smeared by nearest neighbors. ay;.

+

denotes a four-component spin-isospin column vector while ay,

is a four-component spin-isospin row
vector. For real parameter sy; , we define the nonlocal (NL) annihilation and creation operators for each

spin and isospin component of the nucleon,

a; 15, (M) = a; () + sy Z a; m+n), 5.1

In’|=1

al, (m=al (m+sy > a m+n), (5.2)

L, JoSNL
In'|=1

For spin indices S = 1,2, 3, and isospin indices I = 1,2, 3, we define point-like densities,

p(m) = a' (ma(n), (5.3)
psm) = a’@)[oglam), (5.4)
pm) =’ ()[r/Jam) , (5.5)

ps () = a'm)[og ® 7;]am) . (5.6)

and also the smeared nonlocal densities,

paL(0) = al; (May (), (5.7)
psaL(M) = aly (W[oglay, (n) , (5.8)
o) = aly ()[T/lay (@) , (5.9)

ps (M) = aly (Mo ® T/lay (n) . (5.10)
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5.1 Lattice Notations

We focus on the Hamiltonian of interest in this section

H = Hyee + Vo + Vig + Viou — (LO)
+ (AVCt,O + Vct,Z) + Voo + Vizs — (NLO)
+(Vop + Van)  + Vars — (N’LO)
+ (Vera) + Vora — (N’LO) (5.11)

with Vg denoting isospin-breaking OPE and V4 contact interactions at order Q". The kinetics of

nucleons Hy,, takes the form as Eq. (4.1). The OPE interaction V has the form

1
Vie=73" Z ps, 1) fs s,y —mp)pg, ,(0y) o, (5.12)

n;.n,,S .85,/

where fg ¢, is defined as

1 2
fs,s,( —ny) = = Z exp [Tk (0 —ny)| x Fgl’g)z(k) (5.13)
k
with
1 gZ qs,49s
qul’;)z(k) =_JA 21772 o exp [—bﬂqz] , (5.14)

Af2 q* + M,

and each lattice momentum component gy is an integer kg multiplied by 27/L. The :: symbol indicates
normal ordering, where the annihilation operators are on the right-hand side and the creation operators
are on the left-hand side. There is a subtle difference from the pion exchanges used in Sec. 4, as well as
Ref. [25], that those used in this section are all smeared by a Gaussian factor with parameter b, in order
to remove short-distance lattice artifacts. It results in better preservation of rotational symmetry and will
be especially useful at smaller lattice spacings, Ref. [27]. Two-pion exchanges at order Q2 and Q3, Vora
and V), 3, are given by Egs. (4.29) and (4.40) along with the Gaussian smearing. In this work, we use the
value of b, = 0.700.

We have a series of TPE diagrams at N°LO, Fig. 2.1. The full TPE at N°LO of nucleon-nucleon
potential are presented in Ref. [44] using dimensional regularization. In Ref. [31], another scheme of
the spectral function regularization is used to derive the divergent loop integrals in order to improve the

singularity of short-range behavior. In this work, we only take the bubble diagram and two-loop diagram
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into account. Their expressions in terms of transfer and average momenta {q, k} are given in App. B so
that we have V,, ,(q) by summing Egs. (B.10)-(B.15) with their corresponding spin-isopin structures.
We present these pion exchange interactions in position space by density operators. The bubble diagram

(bbl) is

VoD 2 £ > VE M, = ny)pmpm,) - +— >0 Wiy —my)pg s ,(ny)

n;,n, n;,n, S,/
1
. (4,bbl) .
=y stj TPy = ny)pg (mps, (my) :, (5.15)
n.n S .85,/

and the two-loop diagram (Ip) regularized by spectral funtion is

VR = 23 Ve gt pmy) s 452 D) S WPy~ my)oymy () (5.16)
n;,n, n,n, /
1 41 1 41
+5 Z Z Vs P - my)pg () )ps (ny) : +5 Z Z WP, — ny)pg /(0))ps /(0,) -
n.n, S n;,n, S,/

4lp1 1 41p2
Z Z T( p )(nl —my)pg (n)pg, (M) : 5 Z Z T( p )(n1 n,y)ps, /(mps, (0y) o,

n.nS,.S, n.n,S,.S,1

where Vi, W, Vg, Wy, T are fourier transformation of Egs. (B.10)-(B.15) with a Gaussian smearing

factor similar to Eq. (5.14). E.G.,

Wy —ny) = %Z exp _12—”1( (n; — nz)- x W (K) (5.17)
Ty —m,) = = Z exp >i2fﬂk~ (n; - nz)— T (k) (5.18)
T(4 lP“( n —n,)= = Z exp F{k (g — nz)— T<4 lpl>(k) (5.19)
Tt (m; —ny) = = Zexp lzf”k-(n1 —nz)— x Tg P k), (5.20)

with

W) = W (q) exp b1 T(o () = g5, g5, Wy (9) exp[-bnq’].

TP k) = g5 s, Vi'"(@) expl-bq’1, T 87 () = g5 g5, Wy (q) expl-b,q’] .

where q equals to integers k multiplied by 27r/L and ¢ is modulus of q. LECs in TPE are extracted from
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5.1 Lattice Notations

the accurate Roy-Steiner analysis of pion-nucleon scattering, Ref. [6]. We make use of ¢; = —1.10(3) X
10°MeV ™", ¢ = =5.54(6) X 10°MeV ™!, ¢, = 4.17(4) x10°MeV ™', d, +d, = 6.18(8) x 10 °MeV 2,
dy = -8.91(9) x 10°MeV ™2, ds = 0.86(5) x 10" °MeV 2, d,, —d;s = —12.18(12) x 10" °MeV ™

The LO short-range interactions are developed from the zero-range interactions.
0 ’ ’ 7 ’”
Vo= — Z toae@)fy @ —m)f (n—n")py (n7) : (5.21)
n’,n,n"

where f; is defined for real parameter s as

st(n) =1forn|=0
=y form| =1,

= 0 otherwise . (5.22)

In Ref. [42] the parameters sy, Sp, ¢ are fitted by the average inverse scattering length and effective
range of the two s-wave channels, as well as the finite-volume energies of ’Be. Throughout this work,

they are taken as sy; = 0.0800, s; = 0.0800, and ¢, = —18.50 x 10 °MeV 2.

High order contact interactions are contructed in Sec. 3.3.2 and listed in detail in App. C, Egs. (C.5)-
(C.28), by point-like annihilation and creation operators which are replaced for nonlocal smeared

formalism, Eqgs. (5.1)-(5.2), in this work,

(0) 0)
AV = ACy 15 ViY) +ACys5 Vi) (5.23)
Vo = Cyig V(2> +Cyag Vi + Cyip VIV
’s, > P11 Py
(2) @ 2 (2)
+ C2,3P0 V3P + C2,3P1 V3p1 + C2,3P2 V3 +Cys SD, V (5.24)
“ €] “ “
Vera = 431V +D4szvs. +D451VS; +D452V352

O] 4) 4) )
+ D471P1 VIP + D4,3P0 V3P + D4,3P1 V3P + D4,3P2 V3P2

1 0 1

4) 4) 4) 4)
+ D4,1D2 V]D2 + D4’3D1 V3D1 + D4,3D2 V3D2 + D4,3D3 V3D

3

v 4D v 4 D,s v<4) (5.25)

+Dy35p,. Sgpyy1 4D 2 g o T P4 eE,

IB has been addressed in Ref. [45]. In this work, the IB is taken from NLO, of the same size as O(Qz), into

account except Coulomb potential. For the sake of simplicity, we consider the first order isospin-breaking
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Chapter 5 Two-Nucleon Scattering with Coulomb Potential: Numerical Results

contribution of OPE taking place at O(Qz) and that of short-range interactions taking place at O(Q3).
The IB effect of OPE originates from the different masses of pion triplet, Eq. (3.7). In OPE potential,
the pion mass is neutral, M o = 134.98 MeV, and we know from Eq. (3.91) that the difference between

isospin-symmetric OPE, Eq. (5.12), and isospin-breaking OPE can be written as, Ref. [15],

1B
Vizmn = 2 Z Z Z PSI,I(HI)Téls)z(nl—nz)psz,z(nﬁ:, (5.26)
n;,n, .5, I={1,2}
and
T(I”IB)( _ 2 (lrrIB) K -
n - nz)—EZeXp lf -(nl—nz) ><T (k) (5.27)
K
with
7
1 1
7(IrIB) o
k) = qs.q -
s, 4f712 S P M. ¢+ Mio
x exp|-b,q’ . (5.28)

where q equals to k multipled by 2n/L. The first IB CTs apprear at O(Q?) which take the form as,
following Ref. [15]

Vop = C3.ppOpp (5.29)
1 1 1 1 1
Opp = 5: Zn: [EPNL(H) + 591:3,NL(H)} [EPNL(H) + 591:3,NL(H)] . (5.30)
for isospin state pp and
V = C3 nnOnn (531)
1 1
Onn = 2 Z [ pNL(n) - pI 3 NL(H)} |: pNL(n) ,0] 3 NL(n)] (532)

for isospin state neutron-neutron. Due to the practical consideration that the empirical phase shifts
for neutron-neutron scattering cannot be easily measured, we deal with C3 ,,, approximately as —Cj
The left part can be attributed to Q* or higher order contributions, see Ref. [45], so that Vop + Vin =

C3pp(Opp — Opy). We do not consider IB of TPEs so that the pion mass in TPE is simply taken as
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5.2 Interactions on the Lattice: Coulomb Potential

charge-averaged, M, = 138.03 MeV.

Our task in this section is to fit coefficients of subleading or higher order short-range interactions

AVct,O’ Vct,2 ’ V

C

14 and Vo by pp and np phase shifts.

5.2 Interactions on the Lattice: Coulomb Potential

In pp scattering process, Coulomb interaction between the electronic chargers, V,

coul — CYEM/r, Should

be included for the pp case with the fine structure constant taken as 1/137. The singularity of Coulomb
potential originated from the zero-range interaction is supposed to be carefully removed in our lattice
simulation. A naive convention is to take the zero-range Coulomb potential as zero, whereas other

conventions are allowed for that it can be absorted by the CTs irrelative to momentum.

In this study, Coulomb effective potential is written as

TeEm .
Vcoul = _T Z .

ng,n,

1 1 1
d(n, —ny) [Ep(nz) + 5P1:3(n2) S (5.33)

1 1
Ep(nﬂ + 5101—3(“1)]

where d(n; — n,) is the shortest length of n; — n, as measured on the periodic lattice, and we define the
value of d at the origin to be 1/2. The notation p;_; refers to the I = 3 isospin component of the density

operator with isospin p;.

We measure phase shifts and mixing angles by fitting asymptotical behavior of the nucleonic wave
functions. Spherical bessel functions are combined into wave functions in the non-interactive region
for the case of np process, Eq. (3.152), because they are solutions of Helmholtz equation. Long-range
Coulomb potential influences the motion of chargers no matter how much long their distance is. Thus
we decompose the radial wave functions into the combination of solutions of Helmholtz equation with

Coulomb potential, Ref. [15],
w(r) = A g (kr) — B g[(kr) (5.34)
where

gikr) = -G, +iF; (5.35)
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with
7= % , (5.36)
Fy (. kr) = (k"¢ ™* ¢, () \F (L + 1 — in, 2L + 2, 2ikr) , (5.37)
G, (n,kr) = i ;]Z;):i_;;(& ; L2 00 41 = i, 2+ 2, 21k + iF G, k) | (5.38)
and . )
e = 2 e_my/r (ler(L:z)l tml (5.39)

The function | F; is Kummer’s confluent hypergeometric function of the first kind, and the function U is
Kummer’s confluent hypergeometric function of the second kind.
Then a story similar in Sec. 3.4.2 goes, the coefficients A and B satisfy the relation B = SA with S

indicating the scattering matrix, S = oL,

5.3 Neutron-Proton Scattering at N°LO

Let us now present results for np scattering at N*LO. From the TPE contributions we only consider the
bubble diagrams with two dimension-three insertions and the two-loop diagram built from LO insertions.
We need to include the D-waves in the fitting procedure now. The resulting LECs are shown in Tab. 5.1.
The resulting phase shifts are shown in Fig. 5.1. As expected, we find an improvement in the description
of most partial waves. However, a thorough error analysis along the lines of Ref. [37] should be done in

the future.

5.4 Proton-Proton Scattering up to N°LO

Next we consider pp scattering at N*LO. Of course there are fewer partial waves in this case due to the
Pauli principle. From the TPE contributions we only consider the bubble diagrams with two dimension-
three insertions and the two-loop diagram built from LO insertions. Here we only consider the lowest
partial waves where the Coulomb effect is most pronounced. The relevant LECs are shown in Tab. 5.2.
The lowest partial waves for pp scattering are depicted in Fig. 5.2. Note that the Coulomb interaction
only appears at NLO in our counting, therefore the LO description of the 180 partial wave is far off the
empirical result. Having said this, we observe a trend similar to the np case, namely the N°LO description

is the best. We notice again that this should be supplemented by a thorough error analysis.
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5.4 Proton-Proton Scattering up to N'LO

Table 5.1: LECs for np scattering at NLO, N2LO, and N°LO. The values of LECs at LO, NLO, NSLO, are given in
units of [10_4MeV_2], [IO_SMeV_4], [10_12MeV_6], respectively.

NLO N’LO N’LO
AC, 0.10919669 0.15273328 0.14984439
> 90
AC, s —.02922424 —.02853001 —.03099366
> O]
Cyig 0.00199304 0.01022774 0.01106095
> D0
C,ig 0.00104715 —.00156102 —.00145621
|
Cyigp —.05209445 —.07268494 —.06972326
> 1
C,ip 0.20520544 0.23023119 0.21317679
> B
C,sp 0.00274363 0.01279163 0.01186457
> £o
C,ip 0.16263367 0.17204053 0.17226589
|
C,p 0.04998091 0.06492118 0.07461369
>, £
D, - - —.00031571
D, - - 0.00168885
D, - - —.00180739
D, _ - —.00145621
D,p - - 0.00607977
D, - - —.03109305
D, - - —.00497417
4,"P,
D, - - —.00171225
D, - - —.00001781
4,°P,
D , - - 0.00498841
4, P2
D,y - - 0.01999829
D, - - 0.01203088
4,'D,
D, - - 0.00050418
4, Dl
D, - - —.04000000
D, - - 0.00250397
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Figure 5.1: Phase shifts for np scattering at LO (downward blue triangles), NLO (red crosses), N’LO (green

triangles), N’LO (magenta stars) as a function of CM momentum. The NPWA results are shown by the solid

(yellow) curves.
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5.4 Proton-Proton Scattering up to N'LO

Table 5.2: LECs for pp scattering at NLO, N”LO, and N°LO. The values of LECs at LO, NLO, N°LO, are given in
units of [10™*MeV 2], [107*MeV ], [1072MeV ], respectively.

NLO N’LO N°LO
AC, 0.11577718 0.15515046 0.14307987
> 9

C,ig 0.00183307 0.00887531 0.01201563
> D0

C,p —.00659107 0.01004595 0.01186403
> Fo

C,ip 0.15798787 0.17368014 0.16726571
|

C,ip 0.04498001 0.05998001 0.06961663
» o

D, - - —.00031474

D, - - 0.00179488

D , - - 0.00178983
4,°Py

D,s, - - —.00017810
» Iy

D , - - 0.00498864
4,°P,

D, - - 0.00999893

D,ip, - - 0.00250394
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Figure 5.2: Phase shifts for the low partial waves of pp scattering at LO (downward blue triangles), NLO (red
crosses), N’LO (green triangles), N°LO (magenta stars) as a function of CM momentum. The NPWA results are
shown by the solid (yellow) curves.

80



CHAPTER 6

Nuclear Binding Near A Quantum Phase

Transition

In this section' we discover an unexpected twist in the story of how nucleons self-assemble into nuclei.
Lattice MC simulation results are presented using lattice interactions at LO in chiral effective field theory,
together with Coulomb interactions between protons. In the lattice calculations discussed here we use a
spatial lattice spacing of 1.97 fm and time lattice spacing of 1.32 fm. We are using natural units where
the reduced Planck constant 7 and the speed of light ¢ equal 1. We consider two different variants of the
LO action, one with a new type of non-local smearing of the contact interactions. This was originally
intended to suppress the remaining sign oscillations, but in fact leads to new insights about the nature of

nuclear binding.

6.1 A Leading Order Action with Local and Nonlocal Contact
Interactions
Our starting point is two lattice interactions A and B at LO in chiral effective field theory which are by

design similar to each other and tuned to experimental low-energy nucleon-nucleon scattering phase

shifts. The details of these interactions and scattering phase shifts are presented below, here we note

' The work of this chapter is based on the publication [43].
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some important points. The interactions appear at LO in chiral effective field theory and consist of
short-range interactions as well as the potential energy due to the exchange of a pion. As the short-range
interactions are not truly point-like, they are actually what we call improved LO interactions. We
write the nucleon-nucleon interactions as V,(r’,r) and Vz(r’,r), where r is the spatial separation of the
two incoming nucleons and r’ is the spatial separation of the two outgoing nucleons. The short-range
interactions in V,(r’, r) consist of nonlocal (NL) terms, which means that r’ and r are in general different.
In contrast, the short-range interactions in Vy (r’, r) include nonlocal terms and also local terms where r’
and r are fixed to be equal. The main difference between interactions A and B is the degree of locality of
the short-range interactions. Another difference is that there are extra parameters contained in interaction

B, and these are used to reproduce S-wave scattering for two alpha particles.

For our LO lattice calculations we use a spatial lattice spacing a = (100 MeV)_1 = 1.97 fm and time
lattice step a, = (150 MeV)™! = 1.32 fm. Our axial-vector coupling constant is g, = 1.29 as derived
from the GTR, the pion decay constant is f; = 92.2 MeV, and the pion mass is M, = M o = 134.98 MeV.
For the nucleon mass we use m = 938.92 MeV, and the electromagnetic fine structure constant is
QpM = (137.04)"". We do not consider any IB terms other than the Coulomb interaction in these LO
calculations. We use og with S = 1, 2, 3 for the Pauli matrices acting upon spin, and 7; with / = 1,2,3
for the Pauli matrices acting upon isospin. We will use lattice units where the quantities are multiplied
by the appropriate power of the spatial lattice spacing a to make the combination dimensionless. We
write a; for the ratio a,/a. We use the notation )., ,, to denote the summation over nearest-neighbor
lattice sites of m. We write 2.y . to indicate the sum over nearest-neighbor lattice sites of n along the
im spatial axis. Similarly, we define ny), as the sum over next-to-nearest-neighbor lattice sites of n
along the /™ axis and (o’ myy, 3s the sum over next-to-next-to-nearest-neighbor lattice sites of n along
the i axis. Our lattice geometry is chosen to be an L periodic lattice, and so the summations over n’ are

defined using periodic boundary conditions.

For each lattice site n on our lattice and real parameter sy, we define nonlocal annihilation and

creation operators for each spin and isospin component of the nucleon,

a(n) = a(n) + sy, >~ a(n’), (6.1)
(n’m)
aly () =a'm) + sy, > ') (6.2)
(" n)
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6.1 A Leading Order Action with Local and Nonlocal Contact Interactions

For spin indices S = 1,2, 3, and isospin indices / = 1,2, 3, we define point-like densities,

p() = a' (m)a(n) , 6.3)
psm) = a' )[oglam), (6.4)
pim) = a' ()[r/Jam) , 6.5)

ps. ) = a' [og ®7/lam). (6.6)

For spin indices S = 1,2, 3, and isospin indices I = 1, 2,3, we also define smeared nonlocal densities,

paL®) = al; (May (), 6.7)
psaL() = a; (moglay (), 6.8)
praL() = afy ([T lan () , (6.9)

psinL() = aly [os @ 7/lay (), (6.10)

and smeared local densities for real parameter s ,

pL(m) = ' (mam) + 5, ) a'(m)a(m’), 6.11)
(' m)

ps(m) = a' @loslam) + s, Y a'@)oglam’), (6.12)
(' m)

prom) = a' @l lam) + s > a'@)rla(n’), (6.13)
('m)

pS’,,L(n) = aT(n)[O'S ® 7/]la(m) + s Z a*(n')[O'S ®T,]a(n') . (6.14)

(n"n)

The nonlocal short-range interactions are written as

c CINL
VL = % Z s pnL(mpn () 5 Z cprNLMpr N (m) ¢, (6.15)
n n,/
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while the local short-range interactions are

< CsL
V=2 Dt mpm) s+ D g (mog ()
n nS
‘L CSLL
+ = Z cppLmpy (m) - +—— Z tps LMpg () ;. (6.16)
2 n,/ 2 n,S,/

The :: symbol indicates normal ordering, where the annihilation operators are on the right-hand side
and the creation operators are on the left-hand side. As described in previous work, Ref. [15], we take
special combinations of the four local short-range operator coefficients so that the interaction in odd
partial waves vanish completely. For our work here, we also make the strength of the local short-range
interactions equal in the two S-wave channels. As a result, we have only one independent coefficient,

CsL = CrL = CsiL = —%CL. In future work it may be useful to consider relaxing this condition.

The OPE interaction has the form

2
g ’ ’
Vore = =55 >, i ps ) fyrs(n —mpg () 1, (6.17)
8/x n'nS’,S.1

where f¢ is defined as

exp[—iq - (' —n) - b,q*1q5qs
q + M,

, I
frsm'—m) = — > : (6.18)
L q

and each lattice momentum component gy is an integer multiplied by 27/L. The parameter b, is included
to remove short-distance lattice artifacts in the OPE interaction. It results in better preservation of

rotational symmetry and will be especially useful at smaller lattice spacings, Ref. [27].

We use a free lattice Hamiltonian, Ref. [15], of the form,

Higee =% Z a'(ma(m) - %1 DD, d'mham)

n,i (n’ny,

3 Foos ! Foo
+ — a'(m)a(n) - —— a'(mHa(n) . (6.19)
40m ; <<I;1:)>,- 180m ; <<<§>>>i

For interaction A at LO, the lattice Hamiltonian is

HA = Hfree + VNL + VOPE . (620)
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with sy = 0.07700, ey, = —0.2268, ¢, = 0.02184, and b, = 0.7000. These parameters are determined
by fitting to the low-energy nucleon-nucleon phase shifts and the observed deuteron energy. For the
corresponding LO + Coulomb interactions, we simply add Vguiomp t0 Ha-

For interaction B at LO, we have
Hy = Hpoo + VL + VL + Vope » (6.21)

with sy = 0.07700, s, = 0.8100, ¢y, = —0.1171, ¢ = 0.02607, ¢, = —0.01013, and b, = 0.7000.
For the corresponding LO + Coulomb interactions, we simply add Vo, yjomp 10 Hg- These parameters are
determined by fitting to the low-energy nucleon-nucleon phase shifts, the observed deuteron energy, and

the low-energy alpha-alpha S-wave phase shifts.

6.2 Neutron-Proton Scattering

In Fig. 6.1 we show the LO lattice phase shifts for proton-neutron scattering versus the center-of-
mass relative momentum for interactions A (red triangles) and B (blue squares). For comparison
we also plot the phase shifts extracted from the Nijmegen PWA [40] (black lines) and a continuum
version of interaction A (green dashed lines). In the first row, the data in panels a,b,c,d correspond
to 180,381, 1P1,3 P, respectively. In the second row, panels e.f, g.h correspond to 3P1, 3P2, 1D2,3D1
respectively. In the third row, panels i, j,k,1 correspond to 3D2, 3 Ds;, &, &, respectively. The level of
agreement with the experimental phase shifts for interactions A and B is typical for LO chiral effective
field theory at our cutoff momentum of 7/a ~ 314 MeV. The agreement would be somewhat better if
we were to use a smaller value of the smearing parameter b, in the OPE potential. However, we prefer
the higher value of b, to reduce sign oscillations in the MC lattice simulations. The LO interactions are
more than sufficient to illustrate the ideas of this work but not sufficient for precision calculations. For
precision calculations, this would be just the first step in the chiral effective field theory expansion, and
the phase shifts would be systematically improved at each higher order, NLO, NZLO, and so on. We note
the good agreement between the continuum results in green dashed lines and lattice interaction A results.
This is a good indication that we have successfully reduced lattice artifacts from the calculations and was
part of the motivation for introducing the parameter b,. The nonlocal smeared interaction Vy; makes a
non-negligible contribution to the S-wave interactions only. Furthermore, the local smeared interaction

V. makes a nonzero contribution to only the even partial waves (S, D, - - - ). Hence the interactions A and
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Figure 6.1: Nucleon-nucleon scattering phase shifts. We plot LO lattice phase shifts for proton-neutron scattering
versus the center-of-mass relative momentum for interactions A (red triangles) and B (blue squares). For comparison
we also plot the phase shifts extracted from the Nijmegen PWA, Ref. [40] (black lines) and a continuum version
of interaction A (green dashed lines). In the first row, the data in panels a, b,c,d correspond to 1SO, 3s 15 lPl, 3 P,
respectively. In the second row, panels e,f,g,h correspond to 3 P, 3P2, 1D2, 3D1 respectively. In the third row, panels

i, j,k,] correspond to 3 D,, 3D3, £, &, respectively.
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B are exactly the same in all odd partial waves. We see that the S-wave interactions for interactions A

and B are also quite similar, though the 1SO partial wave scattering is somewhat more attractive for

interaction A. On the other hand, the D-wave partial waves are more attractive for interaction B.

6.3 Ground State Engergies of Nuclei

Based on these LO interactions, we know calculate the ground state energies of various nuclei, in

particluar alpha-cluster type ones. This will lead to somesurprising findings.

i

We let ai p(n), a, p(n), ai L,(m), and aI () be the creation operators for a spin-up proton, spin-down
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proton, spin-up neutron, and spin-down neutron. We write 51; p(O), ZII p(O), in ,(0), and ZzI ,(0) for the

corresponding zero-momentum creation operators. We also write [ | a" as shorthand for the product
[ ]a" =4} a] ©.a,0a,0 (6.22)
T.p Lpr7 Lnt2 ’

For the ground state energy calculations of 3H and *He we use a lattice volume of (16 fm)’. The initial

states we choose are

Uy —aln-n'|_—an-n"| —an-n""| N 7N "
W= > e e e al (m)al (")), m")(0) (6.23)
n’n/’nll,n///
Hey _ —an-n’|_—an-n"’| —an-n""’| t N 7N 7
1 Hey = Z K e e al (m)al (m")a] ()0, (6.24)
nn.,n n

with @ = 2 in lattice units. In panel a of Fig. 6.2 we show the energy versus projection time ¢t = L,q,
for *He for the LO interaction A (blue plus signs and dashed lines), LO interaction B (red squares and
dashed lines), LO + Coulomb interaction A (blue crosses and solid lines), and LO + Coulomb interaction
B (red triangles and solid lines). As we are not including IB effects other than Coulomb interactions,
the LO and LO + Coulomb results for >H are exactly the same as the LO results for 3He. The error bars
indicate one standard deviation errors due to the stochastic noise of the MC simulations. The lines are

extrapolations to infinite projection time using the ansatz,
E(t) = Ey + cexp[-AE1], (6.25)

where E is the ground state energy that we wish to determine. The results for the ground state energies
are shown in Table 6.1. For the ground state energy calculations of *He we use a lattice volume of

(12 fm)3. The initial state we choose is

ey = [ Tat o) . (6.26)

In panel b of Fig. 6.2 we show the energy versus projection time ¢ = L,q, for *He for the LO interaction
A (blue plus signs and dashed lines), LO interaction B (red squares and dashed lines), LO + Coulomb
interaction A (blue crosses and solid lines), and LO + Coulomb interaction B (red triangles and solid
lines). The error bars indicate one standard deviation errors of the MC simulations, and the lines are

extrapolations to infinite projection time using the ansatz in Eq. (6.25). The results for the ground state
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Figure 6.2: Energy versus projection time for H,*He, and *He. In panels a and b we plot the energy versus
projection time ¢ = L,a, for He and *He respectively for the LO interaction A (blue plus signs and dashed lines),
LO interaction B (red squares and dashed lines), LO + Coulomb interaction A (blue crosses and solid lines), and
LO + Coulomb interaction B (red triangles and solid lines). The LO and LO + Coulomb results 3H are the same as
the LO results for *He. The error bars indicate one standard deviation errors from the stochastic noise of the MC
simulations, and the lines show extrapolations to infinite projection time.
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energies are shown in Table 6.1.

We note that while that the *H energies for interactions A and B are underbound, the energies for *He
are near the physical value. This may seem puzzling since in continuum-space calculations there is a
well-known universal correlation between the *H and *He energies called the Tjon line, Refs. [46—48].
Our lattice results show some deviation from this universal behavior due to lattice artifacts associated
with our lattice spacing of 1.97 fm. This is not a new observation. The same behavior has been analyzed
previously at the same lattice spacing but with a different lattice interaction, Refs. [15, 49]. In order to
match the physical 3H and “He energies at the same time, higher-order short-range 3N interactions at
N*LO and possibly the LO short-range four-nucleon interaction at N°LO are needed. However a much
simpler solution is to use a smaller lattice spacing, as these lattice deviations from the continuum-space

Tjon line decrease very rapidly with the lattice spacing.

For the ground state energy calculations of 8Be, 12C, 16O, and 2’Ne we use a lattice volume of (12 fm)3.
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The initial states we use are

"0y , (6.27)

QN

at-m[]

[

]_[ZJ-M* ]_[zf -M*]_[zﬂ‘ 0y , (6.28)
¥, % =[]a"m[]a - m.]|a-m.]a" 105, (6.29)

]_[aT Ml_[“ M]_[~T Ml_[~T M]—[ 0) . (6.30)

The interspersing of the transfer matrix M, in between the products of creation operators allows us
to create all nucleons with zero momentum without violating the Pauli exclusion principle. In panels
a,b, c,d of Fig. 6.3 we show the energy versus projection time t = L,a, for 8Be, 12C, 16O, and 2°Ne
respectively for the LO interaction A (blue plus signs and dashed lines), LO interaction B (red squares
and dashed lines), LO + Coulomb interaction A (blue crosses and solid lines), and LO + Coulomb
interaction B (red triangles and solid lines). The error bars indicate one standard deviation errors from
the stochastic noise of the MC simulations, and the lines are extrapolations to infinite projection time
using the ansatz in Eq. (6.25). The results for the ground state energies are shown in Table 6.1. The LO +
Coulomb results for interaction B are in good agreement with experimental results, better overall than the
N”LO results in Ref. [41]. However, there is significant underbinding for interaction A with increasing
nucleon number. For interaction A, it is illuminating to compute the ratio of the LO energy for each of
the alpha-like nuclei to that of the alpha particle. For 8Be the ratio is 1.997(6), for 12C the ratio is 3.00(1),
for '°0 it is 4.00(2), and for °Ne we have 5.03(3). These simple integer ratios indicate that the ground
state for interaction A in each case is a weakly-interacting Bose gas of alpha particles. This interpretation

is also confirmed by calculations of NN spatial correlations and local four-nucleon correlations.

To understand how interactions A and B can produce such completely different physics, we consider
their alpha-alpha S-wave phase shifts. While interaction fails at describing these phase shifts, this is
different for interaction B. In fact, Interaction B was tuned to the nucleon-nucleon phase shifts and
the alpha-alpha S-wave phase shifts, and so the agreement with experimental data is very good. This
difference in the description of the alpha-alpha S-wave phase shifts explains the large differences between

interactions A and B for the energies of the larger alpha-like nuclei.

For both interactions A and B, the auxiliary-field MC simulations presented here have far milder
MC sign cancellations than in previous lattice simulations of the same systems, Ref. [41]. This very

promising development will allow for much larger and previously difficult simulations in the future. The
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Figure 6.3: Energy versus projection time for $Be,'’C,'%0, and *’Ne. In panels a,b,c,d we plot the energy versus
projection time ¢ = L,a, for 8Be, 1°C, '°0, and *Ne respectively for the LO interaction A (blue plus signs and
dashed lines), LO interaction B (red squares and dashed lines), LO + Coulomb interaction A (blue crosses and
solid lines), and LO + Coulomb interaction B (red triangles and solid lines). The error bars indicate one standard
deviation errors from the stochastic noise of the MC simulations, and the lines show extrapolations to infinite
projection time.
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savings come from two innovations. The first is the introduction of the nonlocal interactions in Vy .
Ironically, the implementation of general nonlocal interactions in quantum MC simulations have long
been problematic due to sign oscillations. However, the auxiliary-field implementation of the interactions
in Vi, are extremely favorable from the point of view of sign oscillations. The reason for this is the
very simple structure of the terms in Vy; . This leads to fewer issues with so-called interference sign

problems as discussed in Ref. [50]. The other innovation reducing the sign problem is the introduction
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of the parameter b, in the OPE interaction. This decreases the short-distance repulsion in the S-wave

channels responsible for some sign oscillations.

What we have discovered is that alpha-alpha scattering is very sensitive to the degree of locality of the
nucleon-nucleon lattice interactions. It can be shown that this dependence on the degree of locality is
due to the compactness of the alpha-particle wave function. In contrast, the nucleon-nucleon scattering
phase shifts make no constraint on the degree of locality of the nucleon-nucleon interactions. For
example, if one starts with a purely local interaction, a unitary transformation can be used to define
a new interaction which is highly nonlocal but having exactly the same phase shifts. The differences
only become apparent in systems with more than two nucleons and can be understood as arising from
three-body and higher-body interactions. Interaction A is a perfectly valid starting point for describing
nucleon-nucleon interactions. However, substantial higher-nucleon interactions will be needed to rectify
the missing strength of the alpha-alpha interactions and the additional binding energy in nuclei. These
resultssuggests a strategy for improving future ab initio nuclear structure and reaction calculations by

incorporating low-energy light-nucleus scattering data in addition to nucleon-nucleon scattering data.

6.4 Ground State Energies as A Function of 1

To further elucidate the physics behind this different LO interaction, let us consider the one-parameter
family of interactions, V,; = (1 — 1)V, + AVy with the Coulomb interactions switched off. While the
properties of the two, three, and four nucleon systems vary only slightly with A, the many-body ground
state of V, undergoes a quantum phase transition from a Bose-condensed gas to a nuclear liquid. This
phase transition occurs when the alpha-alpha S-wave scattering length a,, crosses zero, and the Bose
gas collapses due to the attractive interactions. At slightly larger A, finite alpha-like nuclei also become
bound, starting with the largest nuclei first. The last alpha-like nucleus to be bound is 8Be at the so-called

unitarity point where |a oo. Empirically we find that the quantum phase transition occurs at the point

aol =
Ae = 0.0(1). The uncertainty of +0.1 is due to the energy levels having a slow dependence on A near
A = 0.0. Since any V, represents a seemingly reasonable starting point for the effective field theory at
LO, one may end up crossing the phase transition when considering higher-order effects beyond LO. It is

in this sense that we say nature is near a quantum phase transition.

Let us study this phase transition in more detail At the phase transition point the alpha clusters become

non-interacting in the dilute limit, and so we should find the following simple relationship among the
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ground state energies provided that the finite volume is sufficiently large:

Esy, = 1/2 Esy, = 1/3 Eng = 1/4 Eg = 1/5 Exy, . 6.31)

H

In Fig. 6.4 we plot the LO ground state energies Esy, 1/2 Esp ., 1/3 Eng, 1/4 Eiey, 1/5 Exy, versus A.

We see that the phase transition occurs at 4., = 0.0(1).

Figure 6.4: Ground state energies versus A. We plot the LO ground state energies Eusyy, 1/2 Esg, 1/3 En, 1/4 Ere,
1/5 Exy, versus the parameter A which interpolates between V, and Vj.
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To determine the critical point 4,, when *Ne becomes bound, we compare Exy, with the threshold
energy Eis + Eay . For this analysis we also include the finite-volume energy one obtains at infinite
S-wave scattering length for the %0 + *He system. At infinite scattering length the energy of any

two-body system with reduced mass p in a periodic box of size L is, Ref. [51, 52]

4n’d
aE =9, (6.32)
mL
where
d; = —0.095901 . (6.33)

We find that the critical point for the binding of *’Ne is A, = 0.2(1). A similar analysis for the binding
of the other alpha nuclei finds 4, = 0.2(1) for 16O, Ay, =0.3(1) for 12C, and Ag = 0.7(1) for Be. One
finds a sudden change in the nucleon-nucleon density correlations at long distances as A crosses the

critical point, going from a continuum state to a self-bound system. As A increases further beyond this
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Table 6.1: Ground state energies of 3H, 3He, 4He, 8Be, 12C, 16O, 2ONe for interactions A and B. We show LO
results, LO + Coulomb results, and experimental data. All energies are in units of MeV. The error bars denote one
standard deviation errors.

Nucleus A (LO) B (LO) A (LO + Coulomb) | B (LO + Coulomb) | Experiment
*H -7.82(5) | =7.78(12) —7.82(5) —7.78(12) —8.482
*He -7.82(5) | =7.78(12) —7.08(5) —7.09(12) -7.718
“He -29.36(4) | —29.19(6) —28.62(4) —28.45(6) —28.296
Be —58.61(14) | —59.73(6) -56.51(14) -57.29(7) -56.591
2c -88.2(3) -95.0(5) -84.0(3) -89.9(5) -92.162
150 —117.5(6) | —135.4(7) —110.5(6) —126.0(7) -127.619
*'Ne —148(1) | -178(1) —137(1) —164(1) ~160.645

critical value, the nucleus becomes more tightly bound, gradually losing its alpha cluster substructure

and becoming more like a nuclear liquid droplet. The quantum phase transition at 1., = 0.0(1) is the

corresponding phenomenon in the many-body system, a first-order phase transition occurring for infinite

matter.
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Summary

In this thesis we first presented a systematic study of neutron-proton scattering up to N’LO in the scheme
of NLEFT in Sec. 4. We obtained the corresponding LECs that parametrize the short-distance interaction
by fitting phase shifts and mixing angles. Previous works at a coarse lattice spacing a ~ 2fm, see
Refs. [13, 14], had shown good agreement with empirical data at momenta up to the pion mass. Here,
the full TPE was included in order to improve the trends of phase shifts at high momenta. Also, we
could lower the lattice spacing to a =~ 1 fm, which requires the full inclusion of the TPE, whereas for
coarse lattices its contribution can be absorbed into the LECs of the four-nucleon terms. Quantitative
uncertainties of the fitted LECs were estimated by a statistical analysis, and a technical discussion about
systematical errors was given. Deviations of the phase shifts from data originate from the uncertainties
of LECs and loss of contributions of high order interactions. We showed that the former dominates
at low momenta while the latter dominates at high momenta and is therefore treated as systematic
errors. Effects of finite lattice spacings were scrutinized in the range of 1 — 2 fm and it was found that
a coarse lattice has slight impact on the phase shifts either at low momenta (less than 100 MeV) or at
low partial waves (S-waves), whereas a fine lattice can improve the scattering behavior in the opposite
situation. We have also presented a comparison of fully non-perturbative N’LO calculations with a
perturbative treatment of contributions beyond LO for pratical reasons, such as sign oscillation problems
and increasing computational complexity in MC simulation on many-body system. It can be stated that

the physics of the two-nucleon system (nucleon-nucleon scattering and the deuteron) is independent
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of the lattice spacing for momenta below the pion mass. This can be made more precise at N’LO. In
Sec. 5, we presented first results at this order based on the improved, though incomplete, TPE and the
contribution from the new contact interactions. We also included the Coulomb force in the proton-proton
system. As expected, these corrections improve the description of the data, though a thorough error
estimation still has to be performed.

In Sec. 6 we presented numerical evidence from ab initio lattice simulations showing that nature is
near a quantum phase transition, a zero-temperature transition driven by quantum fluctuations. Using
lattice effective field theory, we perform MC simulations for systems with up to twenty nucleons. For
even and equal numbers of protons and neutrons, we discover a first-order transition at zero temperature
from a Bose-condensed gas of alpha particles (*He nuclei) to a nuclear liquid. Whether one has an
alpha-particle gas or nuclear liquid is determined by the strength of the alpha-alpha interactions, and
we show that the alpha-alpha interactions depend on the strength and locality of the nucleon-nucleon
interactions. This insight should be useful in improving calculations of nuclear structure and important
astrophysical reactions involving alpha capture on nuclei. Our findings also provide a tool to probe the
structure of alpha cluster states such as the Hoyle state responsible for the production of carbon in red
giant stars and point to a connection between nuclear states and the universal physics of bosons at large

scattering length.

This work offers rich perspectives. First, for precision nuclear studies, it is mandatoy to include the
two-nucleon forces at N°LO as developed here, supplemented by the corresponding contributions of
the three-nucleon forces not discussed here. Further, improving the actions by more refined smearing
procedures will allow to reduce the constributions from the three- and four-body forces and eventually
lead to a precise calculation of the proton and neutron driplines up to the mid-mass region of the nuclear

chart.
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APPENDIX A

Uncertainty Analysis

From the definition of )(2 given in Eq. (4.51), we note that )(2 is a function of the LO and NLO coupling
constants

=X (Crg . Cog .Cr.....Cy). (A1)
0 1

such that if )(2 is expanded around its minimum, one finds

1 . .
X = Xin + 5 D hif(C = CPC, = €™+ (A2)
ij
where the Hessian matrix is given by
2y
hi; = , (A3)

and C ;nm denotes the set of parameters that minimizes the X2 function. Given that /\(2 reaches its minimum
value for C; = C ;mn, the terms with one derivative vanish. Keeping terms up to second order, we obtain

the Hessian approximation to the error (or variance-covariance) matrix
hl, (A.4)

and the standard deviations

o= \o? = V& (A.5)
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Appendix A Uncertainty Analysis

of the fitted constants are obtained from the diagonal elements of the error matrix.

In the absence of systematical errors, we expect to find a normalized chi-square of ¥ = y*/Ny; ~ 1,
where Ny is the number of degrees of freedom (number of fitted data - number of free parameters) in
the fit. However, in our analysis )22 > 1 in most cases, particularly at LO and for larger values of the
lattice spacing a. Such a systematical error suggests that the uncertainties computed from Eq. (A.5)
are underestimated. Following Ref. [53], we therefore rescale the input errors by the Birge factor [54],

according to

A; = 8T (A.6)
which leads to the replacement
2 2
X X
X = 5= = Ny 55—, (A7)
X min X min

such that )(2 /Nyos = 1 for C; = C" " Fora given observable O, we assign an uncertainty according to

AO = \JUHE;Up); . (A.8)

where

_ 90
(Jo); = ac,” (A.9)

is the Jacobian vector of O with respect to the C;.
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APPENDIX B

Two-Pion Exchange Potential

The chiral expansion of the TPE potential (TPEP) starts at next-to-leading order, The TPEP in momentum

space can be decomposed as

V2ﬂ. = [VC+T1 .TZWC]+[VS +Tl .TZWS] 0'1 '0'2

Vgr), which denotes TPEP at NLO, takes the form Eq. (B.1), where
2 L(q) 2/c 4 2 2 nn b 2 4857 M,
W' = ——— AM;(5gp —4ga — 1)+ g (23g4 — 10g, — 1) + —— (B.2)
384 f2 4M; +q
@ L) 3ga
Vit = -5V =-———2L9), (B.3)
T qz S 647r2f,f
2  _ 2 _ w®@ _ w®@ _ w®@ _
Voo = Vig=Wo =W =W =0. (B.4)
The loop function L(g) is defined as
\/4M7% + q2 \/4M,2r + q2 +gq
L(g) = log . (B.5)

2M

s

107



Appendix B Two-Pion Exchange Potential

As for VST), which denotes TPEP at NZLO, we have,

3g2

Vé3) = - A [2M72r(2C1 — C2) - C3q2](2M721- + qz)A(C]) ) (B6)
167}
1 g

W = —S W = - Ao, (ML + AW (B.7)
q 32nfs

G _ y®_v®_wd - w®

v = v =y =wd =Wl =0, (B.8)

with

1
A(g) = — arctan (B.9)
2q

q
2M,°

s

where k = (p + p’)/2, 7, denotes the Pauli matrices in isospin space of the nucleon i, and o; the ones in
spin space.

AtN’LO, only one-loop bubble diagram (bbl), which has two dimension-three insertions, and two-loop
diagram (lp), built from LO insertions only, in the scheme of spectral function regularization, Ref. [37],

are taken into account in this work:

3 c 2 2
vE = = 1(g) {[é@Mﬁ +q%) + ;2ME + ¢7) —de M2 |+ ﬁ(“'M}r + qz)z} > (B.10)

167r2f:

2
1 c
Wb _ L ogbbh G4 4 M2+ q2)2 . (B.11)
T 2778 2 ” ’
q 96r f;‘
and
24° Pcst)
@?@="if du—s——>-, (B.12)
T Jam, @ +q)
2"~ pr(
V@@=iffwﬁ%7’ (B.13)
ToJam, @ +q0)
24 ne.sw)
‘@?@="if du—=—" (B.14)
ToJam, (@ +q0)
2¢" [ Nr()
W@@=if<wf%7’ (B.15)
ToJam, it +q0)

where p; and n; denotes the corresponding spectral functions,
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3gae’ — 2My)

u(df)°
2M? - 1P +2M

x{(M,%—zlf) OM, + ;ﬂ K logZ s
T

4 2 2 2
ga(u” —4My) u+2M
ns(u) = iy = — AL Z 25 g2 B log T4 (1 +265)uM, |,

pclp) = -

+ 493 M, (2M;; — ;ﬁ)} ,

(4f )6 4 -2M,
o) = 1m0 = —| 7RG ) - 2gg’”3[1 L+
S T 87Tf;1 14 — 15 (8 f,r 1 2 ’
ne(u) = rt’ [2(g4 — Dr* = 3gA21d; + d,) + r [6(g5 — D)r* = 5¢5F1d,
= \< . a1 - - - 1 AT - 3
¢ 2nfiy A AT Gon A
Myr 2 2 2 2.3
- —=—[2(gy — Dr" = 3gxt'1d
67‘1’]‘;1/,[ A A 5

- W[—nou +2g3)* M8 +240(1 + 695 + 89K )Mo
T
r+u
2M

n

—6OgA(8+ 15gA) /1 +(— 4+29gA+ 122gA+3gA)/1 ]log

—  |-160171 + 24501 327 + 49g%)) M
27OO(Sﬁﬁr)M[ (171 +2g3(1 + gA)(327 + 4993))

+4(=T73 + 17489, + 2549 + 7263 Moy’ — (—64 + 3899, + 178293 + 109393 )us* |

AT =298 20A - DR LY (B.16)
3(8 f,r [A 1~ “9AeGA 2]

where we have

1
:5,/u2—4M§, 1= Ju* —2M?%, (B.17)

and

(B.18)
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APPENDIX C

Contact Interactions in Spherical Harmonics

Basis in Position Space

We define contact operators in coordinate space for any order. g;;, and a ijn denote the annihilation and
creation operators on lattice site n with spini = 0, 1 (up, down) and isospin j = 0, 1 (proton, neutron).

The pair annihilation operators [a,a,/]g 5 .;; read
layayls.s .1, = Z a;j My (S, S IM (L Lay j - (C.1)
i’ jj

The operators P and O take information for total spin, total isospin and orbital angular momentum or

total angular momentum of the 2-body system.

[Pn].%%z;L,LZ;I,IZ = [anVZMRZL (V) a ]S S -11 B (Cz)

M
[O0)5 Lysans, = Z CLL s.5.[Pn] SS LI > (C.3)

where R; ; is solid harmonics and c’ L L .S, CG coeflicients. The zero-ranged contact potential with

quantum numbers (J, S, I, L;, L, m;, m,) at order Q2N in position space is built as

{2m,2m;}

1
[ ZN]ZS”(LiLU)_,,I( ol =75 [OSL . 11] OSL JILL T {(LO’mo) < (Li’mi)} : (C.4)
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Appendix C Contact Interactions in Spherical Harmonics Basis in Position Space

Operators at Order Q°

S-wave spin singlet, Vfg) ,
0

{0,0} _ [0 0
[Vol, S, (0.1) = [00,0,0,0;1,4] 000.00:1.1,

S-wave spin triplet, V3(g),
1

{0,0} _[A0 0
[V0]3s, O(JZ’O) = [01,0,1,15;0,0] 01,0,1,11;0,0

Operators at Order Q*

S-wave spin singlet, sz) ,
0

2.0} _ Ll t 0 1t o P
[VZ]ISO [(0.1) = 5 O0000:1.1,] Q000011+ 5 0000011, Q0.000:1.1,

S-wave spin triplet, V_%),
1

1 T 1 +
2.0 _lr o 0 0 >
[Valig (o0 =5 [0 0.1.0.00] Q01100+ 3 |0%0.1.7.00] OT 01,100

P-wave spin singlet, Vl(f)) s
1

{0,0} _ [0 0
[VZ]IPI O(JZ,O) = [00,1,1,12;0,0] 00.1.1.7.:00

P-wave spin triplet, Viz), Viz), Vg(z),
Py P TP

{0,0} _ [0 0
WVl 0. 1) = [0 100i.. ]| Oioous,

{0,0} _ [0 T 0
[V2]3P1 I(Jz’lz) = [01,1,1,12;1,12] 01,1,1,],;1,1Z

{0,0} _ [0 T 0
Vol U 1) =[O0 2] Ol
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(C.5)

(C.6)

(C7

(C.8)

(C9

(C.10)

(C.1Dn

(C.12)



SD-wave mixing channel, V%) ,
1

0,0) _ 0 Lo t 0
[Vz]sle WU 0) = [01,0,1,J,,o,0] 0121200+ 5 [0121.2.00] O10.17.:00

Operators at Order Q*

S-wave spin singlet, V](4) V(4) 5
()

4,0} 0 Lr o T4
V. ]ls 11(0 [00,0,0,0,1,1,] 00,0,0,0;1,12 + 5[00,0,0,0;1,11] 00,0,0,0;1,12

2 T2
[V4]IS 12(0 )= [OO,O,O,O;I,IZ] 006,0,0,0:1.1.

S-wave spin triplet, V(4) , V§4) ,
Sis17 782

{4,0) L 4 0 lr o T4
V. ]35 01( =3 010.1.7.:00 01,0,1,11;0,0"‘5 010.1.7.00| O10.1.7.:00

(2,2}
[V. ]zs 02020 = [01,0,1,1,0,0] 01,0,1,J,o,o

P-wave spin singlet, V(4)
1

12,0} 1 0 Iy o e
[V4]'P,,O(JZ’O) =5 [00,1,1,4;0,0] 0011700 5 [OO,I,I,JZ;O,O] 00.1.1.7.:00

P-wave spin triplet, V§4), V§4), V§4),
’py” P P

2

1
(2,0} _ 2
[V. ]31, 101 = 5[ 110011] 01,1,0,0,1,1. t3 [01,1,0,0,1,1,] O71.100.1.1.
2.0} 1 2
[V4]3P1’1( )= [01 1L1.J.: 11] oy LLL S [01 L1 11] O11.1.0.11

1 1
2,0} 02
[V4]3P (L) =5 [ 11,2,17;1,1] 01121 a1t 2[01121 11] 01121 LI
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Appendix C Contact Interactions in Spherical Harmonics Basis in Position Space

D-wave spin singlet, V1(4D) ,
2
0,0 0 T 10
[V4]{1D2}1(Jz’0) = [00,2,2,12;1,4] 0022711, (C.22)
_ ST 4) 4) 4)
D-wave spin triplet, V3D1’ V3D2, V3D3,
{00} 0 T 0
Valsp (2 00 = [01,2,1,12;0,0] O12,1,7.:00 (C.23)
0,0 0 0
[V4]£D2}O(Jp0) = [01,2,2,12;0,0] 0122700 (C.24)
0,0 0 T 10
[V4]§D%}O(JZ,O) = [01,2,3,4;0,0] 0123.7.:00 (C.25)
SD-wave mixing channel, V§4) , V§4)
°SD;;1 °SD; ;2
2.0) Lre T 0 Lo )
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1-Ys
0.2} Lo t 2 Lr o 0
Valigy, 02,20 =3 [01,0,1,4;0,0] Oi217:00% 35 [01,2,1,12;0,0] 0101700 (C.27)
PF-wave mixing channel, Vgi)F ,
2
0,0 0 0
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