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Abstract

In this thesis we study the emergence of four-dimensional effective actions from compacti-
fications of higher-dimensional string/M-theory and explore some of their phenomenological
implications.

In order to compactify eleven-dimensional M-theory to a four-dimensional effective N = 1
supergravity action, the relevant internal spaces turn out to be G,-manifolds. Contrary to Calabi—
Yau manifolds appearing in compactifications of string theory, the construction of G,-manifolds
is not directly obtained via standard techniques of complex algebraic geometry. For this reason,
there were up to now only a few hundred examples of them. In the first part of this thesis,
we find many novel examples of G,-manifolds based on the so-called twisted connected sum
construction. Furthermore, we identify a limit in which the G,-metric is approximated in terms
of the metrics of the constituents of this construction, allowing for the identification of universal
moduli fields in the four-dimensional effective spectrum. A final expression for a (positive semi-
definite) Kihler potential in terms of these moduli is obtained, together with interesting Abelian
and non-Abelian enhanced supersymmetric (N = 2 and N = 4) gauge theory sectors including,
for example, the Standard Model gauge group and possible grand unification scenarios.

In the second part we investigate the emergence of dark matter candidates from effective
actions. Here we already start with a four-dimensional effective action motivated from F-
theory/type 1IB string theory on Calabi-Yau manifolds in the Kallosh—Linde (KL) moduli
stabilization scenario. The non-positive vacuum in the KL scenario is uplifted by the Intriligator—
Seiberg—Shih (ISS) sector, based on the free magnetic dual of N = 1 supersymmetric QCD. We
analyze interactions between the KL-ISS and the Minimal Supersymmetric Standard Model
(MSSM) sectors in order to investigate the dynamics after the inflationary phase, obtaining
constraints from late entropy production. Finally, we obtain neutralino dark matter candidates
compatible with the observed dark matter relic density from both thermal and non-thermal
production.
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CHAPTER 1

Introduction

1.1 The pillars of high energy physics and where they
start to crack

The framework of Quantum Field Theory, arising from a reconciliation of quantum mechanics
and special relativity for point-like particles, has been successfully applied to the description of
three out of the four fundamental forces of Nature — the electromagnetic, the weak and the
strong interactions —, culminating in the Standard Model of Particle Physics.

Crucially, the Standard Model leaves the gravitational interaction out of its scope. This is
because every attempt to fit General Relativity into the framework of Quantum Field Theory
ultimately leads to a non-renormalizable theory, where ultraviolet divergences reappear at every
order in the perturbative expansion, thus requiring an infinite number of counter-terms and
completely spoiling the predictive power of the theory.

At the root of this problem is the assumption that particles behave as point-like objects.
Indeed, by relaxing this premise and writing a quantum theory of one-dimensional extended
particles, i.e., of quantum strings, one finds that gravity not only can be accommodated in the
formalism, but it emerges naturally out of it. Furthermore, the resulting theory is so constrained
by self-consistency requirements that little room is left for ad hoc impositions from outside.
In fact, the effective matter content of our world, their mutual interactions and even the four-
dimensionality of spacetime cannot be taken for granted, and must be obtained a posteriori.
This is, in broad terms, the subject of this thesis, and will be discussed at length in the next few
hundreds of pages.

But for now, in order not to get ahead of ourselves, let us start with a short discussion of
the main successes and the main open problems of the current standard models of high energy
physics.

The Standard Model of Cosmology

Even though at small scales the Universe seems to be inhomogenous, with planets and stars
concentrated in galaxies that are spread over a seemingly vast emptiness, at large scales of
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O(100 Mpc) the Universe is in fact highly homogeneous and isotropic. As it turns out, these
conditions are enough to determine the spacetime metric of the Universe as the Friedmann-
Lemaitre-Robertson-Walker metric [1], depending only on the scale factor R(¢) and the curvature
of the Universe. Plugging this metric into Einstein’s equation of General Relativity, and assuming
a Universe filled by matter and/or radiation, one finds that the Universe expands with a rate
H = R/R, the so-called Hubble parameter [2, 3, 4]. These are the basic assumptions constituting
the Standard Model of Cosmology [5, 6, 7, 8].

In this paradigm, the Universe starts at the initial Big-Bang singularity and, as it expands and
cools down, different types of particles decouple from the initial hot plasma at different times,
leading to a thermal history of the Universe with distinct epochs. This framework is successful
in explaining the correct abundance of light elements from the primordial nucleosynthesis —
also called Big-Bang nucleosynthesis (BBN) [9, 10, 11, 12] — as well as the existence of the
Cosmic Microwave Background radiation (CMB) with a blackbody spectrum at a temperature
of T ~ 2.7 K as arelic of the time of decoupling of the photons [10, 11, 13, 14, 15, 16].

Despite these successes, the Standard Model of Cosmology cannot account for a series
of observations, such as the approximate flatness of the Universe (the flatness problem), the
homogeneity and isotropy of the CMB (the horizon problem), and the origin of large structures.
A solution to these problems is provided by the framework of inflation [17]. This is an addi-
tional postulated early period in the history of the Universe, with an exponential accelerated
expansion occurring before the radiation-dominated era. The inflationary paradigm also success-
fully predicts other observations, most notably the nearly-Gaussian anisotropies in the CMB
power spectrum. However, despite many proposals [18, 19, 20, 21, 22], uncovering the exact
mechanism driving inflation remains an open problem.

Another intriguing mystery of the Standard Model of Cosmology is that, in order to be aligned
with the observations, we are forced to include a dark sector in the mass-energy content of the
Universe. Observations of large redshift type IA supernovae, the CMB spectrum and the large
scale structures indicate that 68.3% of the content of the Universe is dark energy [16, 23, 24,
25, 26], an exotic form of energy responsible for the accelerating expansion of the Universe.
Moreover, successful BBN requires a 4.9% of ordinary baryonic matter, leaving the remaining
26.8% as an unknown form of non-baryonic matter, so-called dark matter. Its existence has
been widely corroborated by a number of observational evidences, such as rotation curves
of galaxies [27], gravitational lensing in galaxy clusters [28] and the observed angular power
spectrum of the CMB [16]. If we assume that dark matter must be a new form of elementary
particle, its existence also becomes a problem to be addressed within the Standard Model of
Particle Physics, to which we now turn.

The Standard Model of Particle Physics

The Standard Model of Particle Physics (SM) is a quantum field theory obeying a local
gauge symmetry. Because of this symmetry, Noether’s theorem guarantees that the fields carry
a charge. The locality of the symmetry then requires the introduction of connection fields
which act as the carriers of the interaction between these charges, called the gauge bosons.
The first successful instance of a local gauge theory is Quantum Electrodynamics, a theory of
the electromagnetic interaction based on the Abelian gauge group U(1)gy;, with the photon as
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the gauge boson. This success was extended in the mid 1960s, when a unified description of
the weak and electromagnetic interactions was achieved by enlarging the symmetry group to
the non-Abelian SU(2), x U(1)y [29, 30, 31, 32]. Since the weak interaction is short-ranged,
the corresponding mediators must be massive, which is not allowed by the gauge symmetry.
The solution to this conundrum comes with the addition of a scalar particle, called the Higgs
boson [33, 34, 35], which acquires a non-vanishing vacuum expectation value via the Higgs
mechanism, spontaneously breaking the gauge group SU(2), X U(1)y down to U(1)gy. This
results in three massive weak gauge bosons, W*, W~ and Z, whereas the photon remains
massless. Finally, Quantum Chromodynamics (QCD) was developed in the 1970s as a non-
Abelian gauge theory based on the gauge group SU(3)¢ to describe the strong interaction
mediated by massless gluons [36, 37].

The Standard Model of Particle Physics is, therefore, a unified perturbative framework of
three interactions — electromagnetic, weak and strong — based on the gauge group SU(3)¢ X
SU(2), x U(1)y. As for the matter content, there are three generations of quarks and leptons
which receive mass from Yukawa couplings to the Higgs. This model happens to be chiral
since only left-handed fermions (and right-handed anti-fermions) interact weakly. The recent
discovery [38] of its last missing piece, the Higgs boson, consolidated the Standard Model of
Particle Physics as the most successful quantum field theory developed so far.

However, even though the Standard Model is very successful, it cannot be the final theory
of Nature, both because of its theoretical problems as well as due to the many fundamental
phenomena it cannot account for.

One of its biggest theoretical issues is the so-called electroweak hierarchy problem. In
technical terms, the squared Higgs mass receives loop corrections which scale quadratically
with the cutoff energy of the theory, which could be as large as the Planck mass Mp ~ 10" GeV
if the Standard Model remains a good effective theory up to such high energies. Therefore, in
order to bring the Higgs mass down to the electroweak scale, either some new physics must
appear at the scale of a few TeV, or an enormous and unexplained amount of fine-tuning would
be required. Moreover, the model does not explain the existence of three generations of matter or
the origin of the 19 parameters entering its Lagrangian — these cannot be predicted theoretically,
but have to be fixed by experimental data.

The Standard Model of Particle Physics also fails to account for a number of observed
phenomena. It does not have a mechanism to dynamically generate the observed excess of matter
over anti-matter, not only for lacking a source of sufficient deviation from thermodynamical
equilibrium [39, 40], but also because of the insufficient amount of CP violation coming from
the CKM matrix [41]. Moreover, in the Standard Model neutrinos are massless, in contradiction
with the observed neutrino oscillations mixing flavour and mass eigenstates' [42, 43, 44, 45, 46].
The model also does not have candidates for dark matter, and its vacuum energy contribution to
the cosmological constant is predicted to be 120 orders of magnitude larger than the observed
value for the dark energy density of the Universe.

Finally, as already mentioned, the Standard Model does not take the gravitation interaction

I A very recent report by the MiniBooNE collaboration may give us a hint for the origin of their mass from sterile
neutrinos, an hypothetical type of neutrinos that interact only gravitationally and not by the interactions in the
Standard Model [47].
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into account. Later we will see how string theory, in abandoning the notion of point-like
particles, provides us with a consistent quantum description of gravity.

Beyond the Standard Model: Supersymmetry, supergravity and grand unification

An elegant solution to the aforementioned hierarchy problem is given by Supersymmetry
(SUSY), an extension of the Poincaré algebra by half-integer spin generators, leading to a
(global) symmetry between bosonic and fermionic particles. As a consequence, every particle
has a superpartner, with their spin differing by a half-integer [48, 49, 50, 51, 52, 53, 54, 55].
Due to the relative negative sign between bosonic and fermionic loops, and the fact that
supersymmetry enforces the couplings of superpartners to the Higgs to be the same, the would-
be problematic quadratic divergences cancel out.

Supersymmetry is also attractive because it reconciles well with the idea of a grand unification
of the electroweak and strong interactions in a Grand Unified Theory (GUT)? [56]. Indeed, the
additional superpartners of the Minimal Supersymmetric Standard Model (MSSM) modify the
running of the gauge couplings in such a way that they meet at Agysy ~ 10'® GeV, pointing to a
unique gauge coupling of an underlying simple gauge group.

Phenomenologically, an interesting feature of supersymmetric scenarios is the presence
of various natural candidates for dark matter, such as sneutrinos, gravitinos and neutralinos
[50, 53, 54]. If R-parity is conserved, the supersymmetric particles cannot decay into SM
particles. This means that the lightest supersymmetric particles (LSPs) are guaranteed to be
stable, which are typically the neutralinos [57, 58, 59, 60, 61].

It is important to notice that supersymmetry must be broken at high-energy scales > O(10 TeV).
This is because we do not observe superpartners with the same mass as their corresponding
partners, which would be the case if supersymmetry were exact. The precise mechanism of
supersymmetry breaking is unknown, although many proposals do exist [62, 63].

Since fundamental symmetries of Nature are local, it is reasonable to propose gauging N = 1
SUSY, turning it into a local symmetry. The resulting gauge group is an extension of the diffeo-
morphism group of General Relativity, so that the resulting theory is a supersymmetric version
of the gravitational interaction, known as N = 1 supergravity (SUGRA). The spin-2 graviton
belongs to a gravity supermultiplet that also contains its superpartner, a spin-3/2 particle called
the gravitino [64, 65, 66, 67, 68]. When it first appeared, supergravity was tought to provide a
framework for the long-sought quantum description of the gravitational interaction. However,
this initial first excitement was soon washed away. Since four-dimensional N' = 1 SUGRA turns
out to be non-renormalizable [69] and the maximal eleven-dimensional supergravity theory is
found to be plagued by gauge anomalies at the quantum level [70], supergravity theories can
only be regarded as a low-energy effective theory of a more fundamental UV-completion.

2 In these kind of theories, the SM gauge groups are unified into an enlarged simple gauge group, which should be
at least of rank four and contain representations such as to accomodate the chiral spectrum of the SM. Typical
examples are SU(5) and SO(10).
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1.2 String theory and compactifications

String theory is so far the only framework that attempts to quantize the gravitational interaction
while also achieving a unification of all known four interactions: the electromagnetic, the weak,
the strong, and also the gravitational interaction [71, 72, 73, 74, 75].

The basic idea behind string theory is that it replaces the familiar notion of a worldline, traced
by a point-like particle moving in spacetime, by a surface X called the worldsheet which is
swept out by a one-dimensional object, the string. The matter particles and gauge bosons that
we observe arise from different vibrational modes of the strings, which can be open or closed. It
is in this sense that string theory unifies all interactions in a quantum description, namely that
the myriad of particles we observe arise from a single fundamental quantized object, the string
with a length /. Therefore, there is only a single fundamental scale in string theory.

The dynamics of the string is governed by an action given by the area swept out by the
worldsheet,

S=-T f dordr \|-det@,X43X,) . (1.1)
z

where T ~ [ 2 is the string tension, o and 7 are coordinates on the worldsheet, and X* = X*(o, 1)
are coordinates on the farget space obtained as maps from the worldsheet into spacetime.
Perturbation theory is then performed as a sum over the worldsheet genus (the number of
holes) and embeddings of the worldsheet into spacetime. This resembles the sum over loops
of Feynman diagrams in quantum field theories. This also indicates a unique feature of string
theory, namely that the free theory uniquely determines the structure of the allowed interactions.
In particular, the value of the string coupling constant g, governing the string perturbation theory
is generated dynamically from the vacuum expectation value of the so-called dilaton field.

An interesting feature of this framework is that divergences appearing in quantum field
theories are softened by the extended nature of the string, which becomes manifest at very
high-energy scales of the order of the string mass M ~ 1//;. This happens because interactions
in string theory do not happen at specific points, but are rather delocalized. At low-energy
scales [; — 0, the extended nature of the string becomes unreachable and the effective theory
resembles the quantum field theories of point-like particles.

Moreover, at low-energy scales there emerges a spin-2 particle in the massless spectrum of
the theory. Its low-energy effective action has the form of the Einstein-Hilbert action of General
Relativity plus quantum corrections in terms of higher order derivatives. For this reason, this
particle is associated with the graviton and, in this sense, string theory provides a consistent
quantum theory of gravity.

Superstring theories

Bosonic string theory was the first string theory to be developed. It was plagued by several
inconsistencies, such as the presence of tachyons inducing instabilities in the vacuum and the
absence of fermions in its spectrum. Both of these problems were solved by supersymmetrizing
the formalism, originating the so-called superstring theories.

There are five superstring theories, namely type 1, type 1IA, type 1IB, and the two heterotic
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theories with gauge groups SO(32) and Eg X Eg. The type I theory describes unoriented open
and closed strings with N = 1 supersymmetry. The types IIA and IIB describe oriented closed
strings with N' = 2 supersymmetry. Finally, the heterotic theories describe oriented closed
strings with N = 1 supersymmetry and matter fields transforming in representations of SO(32)
or Eg X Eg, these groups being singled out after imposing cancellation of quantum mechanical
anomalies. At low-energies, the massive superstring states are extremely heavy, O(My), and
can be integrated out. It can be shown, for each of these superstring theories, that the resulting
effective theory for the massless states are supegravity theories.

Consistency of the superstring theories requires that they should live in a ten-dimensional
spacetime. In order to make contact to our familiar four-dimensional world, and obtain an
effective description that resembles the Standard Model (or some extension of it), the six non-
observed extra dimensions should be compactified into a six-dimensional compact internal
manifold®. We thus arrive at a four-dimensional effective action for the massless spectrum.

The geometry and topology — the size and shape — of the compact internal manifold are
extremely relevant, for they determine the field content and the couplings of the resulting low-
energy effective theory. The many parameters characterizing these internal manifolds receive
the name of moduli. In the low-energy effective theories, they are represented by non-vanishing
vacuum expectation values of massless scalars, thereby forming a manifold named as the moduli
space of vacua. Since massless scalars have not been observed, these moduli must become
massive via a mechanism called moduli stabilization. This would also ensure stability of the
vacuum and thus of the extra dimensions.

There is a huge amount of possibilities for the compact internal manifolds and, therefore, of
effective theories arising from the string framework. In order to better understand this landscape,
it is important not to restrict oneself to only specific classes of manifolds, but to broaden the
horizon of investigations in order to better assess the universal properties of these effective
theories and their relation to the Standard Model of Particle Physics.

1.3 M-theory and G;-manifolds

Dualities and M-theory

A powerful aspect in the superstring framework is that the seemingly different types of
theories are mutually related, in distinct regimes of the parameters /; and g,, by so-called
dualities.

The first one to be discovered was T-duality [79, 80]. This symmetry suggests that there are
equivalent compactifications on two different geometries for the extra dimensions, one with
small scales and the other with large scales. In its simplest example, it relates compactification
on a circle of radius R with the compactification on a circle of radius /2/R. The two type II

3 The idea for compactifications in string theory resembles the idea of Kaluza and Klein [76, 77, 78], who
started with a metric in five dimensions and, by applying the same machinery of General Relativiy, performed a
compactification on a curled up circle of a very small radius to four dimensions. The effective theory obtained
in four dimensions is that of General Relativity coupled to electromagnetism, with an extra massless scalar
accounting for the radius of the circle.
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theories are related to the two heterotic theories, in the case when the first two are compactified
on a circle of radius R and the last two on a circle of radius / 52 /R, and vice-versa.

In 1995, a different kind of duality named S-duality was discovered [81]. This symmetry
relates a string theory at the string coupling g, to another string theory at the inverse string
coupling 1/g;, thus relating strongly coupled theories to weakly coupled ones, and allowing
us to obtain intrinsic non-perturbative results via well-known perturbative methods. These
developments also led to the discovery of Dp-branes [82, 83, 84], extended objects of (p + 1)
spacetime dimensions on which open strings can end*. These objects become extremely heavy
as g, — 0 and could not have been predicted in a perturbative analysis. Their discovery led to a
rapid progress in understanding non-perturbative dualities.

For the five superstring theories, type [ is S-dual to heterotic SO(32) at inverse string couplings,
and type IIB is self-dual, i.e., it is related to itself at different string coupling regimes. Since
only three out of the five superstring theories had their strong coupling regime well understood,
the question remained as to what actually happens to type IIA and the heterotic Eg X Eg at strong
coupling. The answer was that, in both cases, there appears an extra eleventh dimension of size
Ry = lyg,, giving rise to a strongly coupled quantum theory whose low-energy limit should
be the unique eleven-dimensional supergravity [70]. By studying the tension of both D2- and
D4-branes at strong coupling, we find that the fundamental objects of this yet unknown eleven-
dimensional quantum gravity theory are three-dimensional M2-branes and six-dimensional
M5-branes [85]. Furthermore it should also contain a three-form Cj3, electrically coupled to
M2-branes and magnetically coupled to M5-branes. This theory is called M-theory [86, 87, 88].

On the other hand, the self-dual property of type IIB superstring theory has prompted further
studies into the details of its non-perturbative regime. A success has been achieved in interpreting
the SL(2,7Z) symmetry of the theory as the modular group of transformations of the so-called
axio-dilaton T = Cy+ig; ", which in turn can be interpreted as a complex structure modulus of an
auxiliary two-dimensional torus. Here Cy is a scalar field appearing in type IIB. By varying the
complex structure modulus we can therefore probe a non-perturbative regime of type IIB. The
result is an auxiliary twelve-dimensional theory named F-theory. Notice that we do not imply
that type 1IB arises from compactifications of the twelve-dimensional theory on the two-torus.
The two-torus only serves as a geometrization of the SL(2,7Z) symmetry and is not physical.
This is further hinted by the fact that there is no twelve-dimensional supergravity theory arising
as a low-energy effective theory of F-theory. Moreover, there is no scalar field in ten dimensions
corresponding to the volume modulus of the auxiliary torus.

Even though F-theory is a powerful tool for probing the non-perturbative regime of type IIB
as well as for model building, it is M-theory that seems to be the fundamental theory. First
recall that M-theory does have an eleven-dimensional supergravity description. Furthermore,
compactifying M-theory on a circle of radius R;; results in type IIA, which we can further
compactify on another circle leading to a T-dual theory to type IIB. Therefore, in contrast to
the F-theory perspective, here the two consecutive compactifications of M-theory gives the
resulting two-torus a physical interpretation in the sense that ten-dimensional type IIB arises in
the zero-size limit of this torus.

This intricate web of dualities [89, 90, 91, 92, 93, 94] relating the five superstring theories

# The string endpoints satisfy Dirichlet boundary conditions, from which D-branes receive their name.
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indicates that they are nothing but perturbative limits of eleven-dimensional M-theory — see
figure 1.1.

110 supergravity

o -
.ll-} x\
__ T _K-"EE:'EE hetenotic
Type lA=T" -
. Mdtheory /
-'.I I-
Type IIB == e
\ ™ 50(32) heterotic
.-"'---.
I|I -I-_J"-'-'
L
Type |

Figure 1.1: The web of dualities relating the fundamental eleven-dimensional M-theory to its eleven-
dimensional SUGRA low-energy limit and to types I, II and heterotic string theories.

Holonomy groups and G,-manifolds

We have already mentioned that the properties of the compact internal manifolds determines
the details of the four-dimensional effective theories. One important such property is the
dimensionality of the section of the spinor bundle which remains invariant under parallel
transport. In other words, the number of linearly independent covariantly constant spinors of
the manifold [95]. This fixes the amount of supersymmetry to be preserved in four dimensions.
To understand this property on the compact manifold M, we need to study its holonomy group’.

Due to the classification by Berger [96], we know all possible holonomy groups for a simply-
connected, irreducible and non-symmetric Riemannian manifold M of dimension d equipped
with a Riemannian metric g. Let N be the number of covariantly constant spinors on M. If
d is even, it can be decomposed in terms of the number of spinors with positive and negative
chiralities, N = N, + N_. For each dimension d, exactly one of the following cases must
hold [97]

e Hol(g) = SO(d).
e d=2n,n> 2, and Hol(g) = U(n) € SO(2n).

e d =2n,n>2,and Hol(g) = SU(n) C SO(2n). Moreover, N, = 2 and N_ = 0 for even n,
and N, = 1 for odd n.

> In general, when we parallel transport a vector around a closed loop, it will not preserve its original orientation.
The group of all possible transformations of a vector upon parallel transport along all possible closed loops
starting and ending at p on M is called the holonomy group of M.
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e d =4n,n > 2, and Hol(g) = Sp(n) € SO(4n). Moreover, N, =n+ 1 and N_ = 0.
e d =4n,n > 2, and Hol(g) = Sp(n)Sp(1) € SO(4n).

e d =7 and Hol(g) = G, € SO(7). Moreover, N = 1.

e d =8, and Hol(g) = Spin(7) € SO(8). Moreover, N, = 1 and N_ = 0.

For the first two cases, these manifolds do not necessarily admit covariantly constant spinors,
unless d > 3. SO(d) is the holonomy group of generic Riemannian metrics. Riemannian metrics
with Hol(g) = U(n) € SO(2n) are called Kéhler metrics. For Hol(g) = SU(n) € SO(2n), they
are called Calabi—Yau metrics. Locally, Calabi—Yau metrics are Ricci-flat Kéhler metrics, and
the existence of these metrics on compact manifolds follows from the proof by Yau of the
Calabi conjecture [98, 99, 100]. Riemannian metrics with Hol(g) = Sp(n) € SO(4n) are called
hyper-Kihler metrics and, because Sp(n) € SU(2n) C U(n), they are Ricci-flat and Kihler.
For Hol(g) = Sp(n)Sp(1) € SO(4n), they are called quaternionic Kéhler metrics. Finally, the
holonomy groups G, and Spin(7) are called exceptional holonomy groups with metrics called
G,-metrics and Spin(7)-metrics.

We can group the holonomy groups apart from the generic SO(d) on Berger’s list by their
common nature. First of all, any Riemannian manifold with one of the following Kihler
holonomy groups U(n), SU(n) and Sp(n), is a Kédhler manifold, and thus a complex manifold.
Because complex manifolds are locally trivial, they have the huge advantage that one can use
complex algebraic geometry to understand many of their features [101]. The second class of
holonomy groups are the Ricci-flat holonomy groups SU(n), Sp(n), G, and Spin(7). To find
examples of metrics, and therefore the geometry associated to these holonomy groups, is a
difficult task.

Most studies of compactifications of string theory and M-theory have been performed on the
so-called Calabi—Yau manifolds. These are compact, complex, and Kédhler manifolds with SU(n)
holonomy. The so-called K3 surfaces are the lowest-dimensional examples of both Calabi—Yaus
— with holonomy SU(2) — as well as compact hyper-Kéhler manifolds — with holonomy Sp(1).
Apart from some references already presented in this introduction, for a more thorough view on
these spaces, we also refer the reader to [102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112,
113]. The most studied and interesting case so far has been on Calabi—Yau threefolds, manifolds
with 3 complex dimensions. This is because compactifications of heterotic string theories on
such manifolds provided the first semi-realistic models for particle phenomenology [114, 115,
116, 117, 118, 119, 120, 121, 122, 123], whereas compactifications of type II strings on such
manifolds exhibit the amazing property called mirror symmetry, which in the string worldsheet
perspective is associated with topological strings [124, 125, 126, 127, 128, 129, 130, 131].

To finish grouping the holonomy groups by their common nature, we have the exceptional
holonomy groups G, and Spin(7). These groups are rather different from the others since we
cannot use familiar methods from complex geometry to understand their global structure, but
must rather approach them via their local nature.

Compactifications on non-Calabi—Yau manifolds are much less understood. Even less is
known about compactifications of M-theory on seven-dimensional manifolds, especially those
leading to the phenomenologically motivated N = 1 supergravity in four dimensions. Since
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the other string theories are obtained as certain limits of M-theory, it is necessary to perform a
careful study of M-theory compactifications on non-Calabi—Yau manifolds in order to obtain a
good general understanding of properties of the low-energy effective theories and the associated
four-dimensional landscape. From the Berger classification of holonomy groups sketched above,
it turns out that the relevant spaces for compactifications of eleven-dimensional M-theory to
a four-dimensional N' = 1 low-energy supergravity effective theory, requiring d = 7 extra
dimensions, are manifolds with holonomy group G,. In part I of this thesis we delve into this
particular class of manifolds, called G,-manifolds.

Compactifications of eleven-dimensional M-theory on G,-manifolds are difficult to be
achieved.

First of all, this is due to our sparse knowledge regarding M-theory. We have seen that we are
only familiar with its low-energy effective regime, given by eleven-dimensional supergravity. On
the one hand, this means that Kaluza-Klein reductions of the eleven-dimensional supergravity
action on compact G,-manifolds already capture many physical properties of the associated
M-theory compactifications [132, 133, 134, 135, 136, 137, 138]. However, the semi-classical
four-dimensional effective action has to be further corrected by non-perturbative effects specific
to M-theory, such as M2-branes and M5-branes wrapping cycles on the seven-dimensional
compactification manifold.

Another difficulty arises from the very intricate nature of G,-manifolds. For Calabi—Yau
manifolds, the Calabi—Yau theorem guarantees the existence of a Ricci-flat metric on a compact,
complex, Kéhler manifold with a vanishing first Chern class. In other words, there is a necessary
and sufficient topological criterion for the existence of Calabi—Yau manifolds. An analogue of
such a theorem does not exist in the case of G,-manifolds.

In addition to that, whereas standard techniques of complex algebraic geometry can provide
immediately hundreds of thousands Calabi-Yau manifolds, these cannot be directly applied
to G,-manifolds. Therefore, for a long time there were only a few hundred examples of G,-
manifolds constructed by the resolution of special singularities in orbifolds of seven-dimensional
tori 77 [97, 139].

Yet another reason for the difficulty in dealing with these types of manifolds is that, to find
torsion-free G,-structures, thereby providing Ricci-flat G, metrics, one must solve a highly
non-linear partial differential equation for the unknown three-form ¢. For Kéhler manifolds
in general we have a similar type of differential equation for the (1, 1)-form w. However, due
to the d0-lemma for Kihler manifolds [71], this highly non-linear partial differential equation
reduces to a partial differential equation for a single scalar function.

Finally, little is known about singularities on G,, which are physically motivated as they give
rise to non-Abelian gauge groups and chiral matter.

Despite all these difficulties, in the first part of this thesis we delve into the mathematical
machinery behind general G,-manifolds. We focus on a special type of them based on the
so-called twisted connected sum construction [140], recently extended in references [141, 142].
This allows for building a large number of explicit examples of G,-manifolds. We review
in detail compactifications of the low-energy limit of M-theory on G,-manifolds, and find
many interesting new results when restricting to G,-manifolds of the twisted connected sum
type. In particular, we obtain a limit in which Ricci-flat G,-metrics can be approximated by
Ricci-flat Calabi—Yau metrics, thereby allowing us to geometrically obtain a four-dimensional

10
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N =1 effective supergravity theory with a phenomenologically motivated Kéhler potential. In
addition to that, we identify two scales that also control the behaviour of M-theory corrections.
Furthermore, the same limit allows for the accomodation of many singularities leading to
Abelian and enhanced non-Abelian gauge symmetries — for example including the Standard
Model gauge group and Grand Unification groups — as well as interesting matter in the adjoint,
bi-fundamental and fundamental representations of the resulting gauge groups. Furthermore, we
find evidences for transitions among classes of N = 1 effective supergravity theories connecting
topologically inequivalent G,-manifolds. The findings of this part of the thesis have many
interesting mathematical, physical and phenomenological consequences for a variety of different
topics. We will detail them in the conclusions and outlook section of this thesis.

1.4 Dark matter in the KL moduli stabilization scenario

After compactifications of the extra dimensions, the low-energy effective theories emerging from
superstring scenarios are typically very rich, with a myriad of new particles. This constitutes a
fertile ground for phenomenological and cosmological investigations in attempts to tackle the
current problems in high energy physics.

Moduli stabilization and the KL scenario

We have already seen that, in geometrical and topological terms, the moduli parametrize the
size and shape of the internal manifold formed by the extra dimensions. For example, in type
IIB compactifications on Calabi—Yau threefolds, three types of moduli appear. The first are
the so-called Kéhler moduli, which are massless scalar fields corresponding to deformations
of Ricci-flat metrics on the internal manifold. The second are the so-called complex structure
moduli, which are massless scalar fields corresponding to deformations of the complex structure
of the internal manifold. And the third are additional massless scalar fields that arise from the
dilaton as well as from expanding RR and NS-NS fluxes in basis of harmonic forms.

These moduli — together with stringy axions — are the only masless remnants in four-
dimensional low-energy effective theories resulting from compactifications of the extra dimen-
sions in string theories/M-theory. Their dynamics is extremely relevant for our understanding of
the cosmological evolution of the universe both during and after inflation [143]. However, their
existence can also pose serious problems for our four-dimensional world. In fact, one of the
biggest tasks for string/M-theory cosmology is to solve the so-called moduli stabilization prob-
lem, giving them masses and thus stabilizing the extra dimensions. These masses are required to
be quite large, O(30 TeV) or more, to avoid the late overproduction of entropy from its decays,
which would dilute the Big-Bang nucleosynthesis products [144, 145, 146, 147, 148, 149]. This
is known as the moduli problem in cosmology.

After supersymmetry breaking, one could give masses to these moduli by adding quantum
perturbative corrections in @’ ~ [? and non-perturbative corrections in g, to the effective scalar
potential [150, 151]. However, one encounters an issue. Indeed, consider a single modulus p
— for example the Kihler modulus that measures the volume of the internal manifold or g;! —
controlling the weak-coupling expansion such that p — oo leads to free classical effective theory.

11
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In other words, the classical potential must dominate at p — oco. Any potential V(p) given
to the moduli due to perturbative or non-perturbative corrections to the effective description
must vanish from below and from above as we approach p — co. On the one hand, if V(p)
is positive for large p, its leading correction creates an instability that runaways the theory to
p — oo. On the other hand, if V(p) is negative for large p, its leading correction creates another
instability driving the theory to small p and, therefore, to its strongly-coupled regime. Therefore,
from the leading order correction terms, we will always find unstable vacua. The inclusion of
higher order terms in @’ and g, could in principle help us to find stable vacua. However, this is
complicated precisely because in most cases we only have knowledge on the leading order term
in these corrections.

Many models of moduli stabilization have been constructed in the literature by analysing
cases where higher order terms in the corrections are known. The two leading ones are the Large
Volume Scenario (LVS) [152] and the Kachru—Kallosh—Linde-Trivedi (KKLT) scenario [153].

In the LVS scenario, one stabilizes the overall Kédhler volume modulus V that governs
a’—corrections at large values such that one can neglect other unknown @’ and g, corrections
subleading in V.

In KKLT, one adds a flux that allows for both the complex structure moduli and the dilaton
to acquire large masses from the classical supersymmetric potential, such that they can be
integrated out in the analysis. Moreover, non-perturbative effects such as gaugino condensation
from stacks of D7-branes or instanton contributions from D3-branes, together with fine-tuning
of the flux, are finally responsible for stabilizing the remaining Kéhler volume modulus V.
Despite this success, this scenario leads to some phenomenological issues such as low-scale
inflation and an extremely large gravitino mass of O(10'° GeV) and, therefore, an extension has
been proposed by Kallosh and Linde in the so-called KL scenario [154].

In both scenarios, the moduli are stabilized in the sense that there are no instabilities and
no flat directions in the scalar potential. In the LVS scenario moduli are stabilized in a non-
supersymmetric vacuum, whereas in the KKLT/KL the vacuum is supersymmetric. Both of them
lead to anti-de Sitter (AdS) (negative-valued vacuum) or Minkowski vacua (vanishing-valued
vacuum), which are not realistic for cosmology since a positive de Sitter (dS) vacuum is required
for describing inflation and dark energy.

F-term supersymmetry breaking and de Sitter vacua

Achieving realistic dS vacua from stabilized AdS/Minkowski vacua is known as uplifting.
This mechanism requires the identification of a SUSY breaking sector that introduces a suf-
ficient contribution to the potential, raising it to positive values. Still this uplifting has to be
implemented without de-stabilizing the moduli.

In the original work of KL, a successful uplifting of its AdS/Minkowski vacuum was per-
formed by explicit supersymmetric breaking with the inclusion of instanton contributions from
several anti-D3-branes.

As for the case of spontaneous SUSY breaking, there have been attempts to uplift the
vacuum via D-terms with, for example, the addition of fluxes from gauge fields within the
D7-branes [155, 156, 157, 158, 159, 160, 161, 162]. For non-supersymmetric vacuum, uplifting
with D-terms generically leads to a very heavy gravitino mass of the order of the Planck mass.

12
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Moreover, a D-term cannot uplift a supersymmetric vacuum [163] and, therefore, cannot be
applied to the KKLT/KL scenario.

Uplifting of supersymmetric vacua is possible via F-terms [164, 165, 166]. In association
with strong gauge dynamics, these scenarios can also naturally incorporate an intermediate
SUSY breaking scale TeV <« Agysy < Mp while at the same time accomodating a gravitino
mass in the TeV range [167, 168]. This is due to the presence of a small dynamical scale,
leading to a corresponding small mass parameter M < Mp.

Sufficient conditions for the occurrence of dynamical SUSY breaking were suggested
in [169, 170, 171, 172]. Altough there have been some studies on dynamical SUSY breaking
in a stable ground state, they turn out to be rather intricate and also pose various issues for
phenomenology [173, 174, 175].

A simple class of dynamical supersymmetry breaking with metastable vacua is obtained from
N = 1 supersymmetric QCD (SQCD), called 1SS model after the pionering work of Intriligator—
Seiberg—Shih [176]. This model is also motivated from a superstring theory perspective, since it
emerges as a low-energy effective theory on intersecting NS 5-branes and D-branes [177, 178,
179, 180, 181]. There is also an analogous M-theory version of this model, known as MQCD
[182, 183, 184, 185, 186].

Dark matter

A combination of the KL scenario with the ISS model and the MSSM not only allows for
the emergence of dS vacua from a string motivated framework, but its myriad of particles and
interactions could also be exploited for finding possible dark matter candidates.

There are many prominent candidates for dark matter in the literature, such as axions
[187, 188, 189, 190], general WIMPs and SIMPs [191, 192], complex scalars [193], heavy
neutrinos [194], and supersymmetric particles such as sneutrinos, gravitinos and neutrali-
nos [50, 53, 54].

In the second part of this thesis we give a detailed account on the viability of neutralinos as
dark matter candidates in the KL-ISS-MSSM framework. On the one hand, we have already
seen that the moduli problem can be catastrophic for BBN. On the other hand, if gravitinos are
unstable and are copiously produced by decays of the ISS-MSSM fields, they could lead to a
dark matter relic density much larger than allowed by observations. This is called the gravitino
problem. For these reasons, we investigate whether the model can lead to a consistent thermal
history of the Universe, avoiding these cosmological problems while also yielding an acceptable
dark matter relic density.

1.5 Outline of this thesis

This thesis is divided into two parts, each starting with a prelude highlighting the most relevant
new results presented in them.

Part I deals with the theoretical aspects of M-theory compactifications on G,-manifolds, with
some hints at their mathematical, physical and phenomenological applications. We give a brief
overview of the mathematical aspects of G,-manifolds in chapter 2, and in chapter 3 we perform

13
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the compactification of the low-energy eleven-dimensional N' = 1 SUGRA limit of M-theory
on these manifolds. A particular emphasis is laid on G,-manifolds of the twisted connected sum
type, where we identify a limit — called the Kovalev limit — in which the decomposition of
the cohomology groups allows for the identification of universal chiral multiplets, relevant for
the description of properties of the four-dimensional low-energy effective N = 1 supergravity
theory. Finally, in chapter 4, the orthogonal gluing method and the Kovalev limit are employed
to find novel examples for twisted connected sum G,-manifolds with interesting supersymmetric
Abelian and non-Abelian gauge theory sectors.

In Part I, we move to a more phenomenological application of string theory compactifications.
In chapter 5 we review the Kallosh—Linde (KL) moduli stabilization scenario within the low-
energy N = 1 supergravity theory from type IIB compactifications on orientifolded Calabi—Yaus
— or from F-theory compactifications on elliptically fibered Calabi—Yaus. The non-positive KL
vacuum structure is uplifted by the addition of an F-term dynamical supersymmetry breaking
sector from the ISS model. In chapter 6 the dynamics after the inflationary phase of the universe
is studied and constraints from both late entropy production and the dark matter relic density
are imposed. We find neutralino dark matter candidates compatible with observations, either via
their production from thermal gravitinos in the reheating phase of the inflaton or via decays of
the ISS fields.

Our general conclusions and outlook are summarized in chapter 7.

The content of this thesis is based on the following publications by the author [195, 196]

e Thaisa C. da C. Guio, Hans Jockers, Albrecht Klemm and Hung-Yu Yeh, Effective action
from M-theory on twisted connected sum G,-manifolds, Commun. Math. Phys. 359 (2018) no.2,
535-601, [arXiv:1702.05435 [hep-th]];

e Thaisa C. da C. Guio and Ernany R. Schmitz, Dark matter in the KL moduli stabilization

scenario with SUSY breaking sector from N = 1 SQCD, submitted to Journal of High Energy
Physics (JHEP), [arXiv:1805.01521 [hep-ph]].
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Prelude

In the introduction we argued that M-theory is expected to reside in an eleven-dimensional
spacetime. In order to recover a four-dimensional theory, one then needs to compactify the
extra dimensions on a compact seven-dimensional manifold, which according to Berger’s
classification must possess a G,-holonomy. Therefore, in the first part of this thesis we are
interested in compactifications of M-theory on G,-manifolds.

We start by giving a detailed review on G,-manifolds in chapter 2, introducing the relevant
mathematical aspects behind these intricate spaces. We explain the twisted connected sum
construction, a method for obtaining G,-manifolds from a particular gluing of asymptotically
cylindrical Calabi—Yau threefolds. We also introduce the so-called Kovalev limit, together with
the decomposition of the cohomology groups in terms of this particular construction.

In chapter 3 we explicitly perform the compactification of the low-energy eleven-dimensional
N =1 SUGRA limit of M-theory on G,-manifolds. The four-dimensional spectrum of massless
fields is obtained, as well as the resulting four-dimensional effective SUGRA action. For the
twisted connected sum construction we use the Kovalev limit and the decomposition of the
cohomology groups to identify universal chiral multiplets, relevant to describe properties of the
four-dimensional low-energy effective N' = 1 SUGRA theory. We also find novel examples of
twisted connected sum G,-manifolds with interesting supersymmetric Abelian and non-Abelian
gauge theory sectors in chapter 4.

The novel results presented in this part of the thesis are:

o the identification of the so-called Kovalev limit in which the G,-metric is approximated in
terms of metrics of the asymptotically cylindrical Calabi—Yau threefolds in the twisted
connected sum construction;

o the derivation of the massless four-dimensional effective N' = 1 supergravity fermionic
spectrum from compactifications of M-theory on G,-manifolds and the corresponding
(flux-induced) superpotential.

It is only due to the Kovalev limit that we are able to extract relevant information on the
cohomology of twisted connected sum G,-manifolds, allowing us to

e identify universal chiral multiplets in the four-dimensional effective N' = 1 SUGRA spec-
trum, making it possible to obtain an expression for the Kéhler potential with interesting
prospects for phenomenology and cosmology;

¢ find novel examples of twisted connected sum G,-manifolds with interesting (Abelian and
non-Abelian) extended supersymmetric N' = 2 and N = 4 gauge theory sectors.
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CHAPTER 2

G>-manifolds

In this chapter we give a detailed overview of G,-manifolds. These manifolds turn out to be
relevant for compactifications of the low-energy limit of eleven-dimensional M-theory to four
dimensions. We divide this chapter into two sections.

In section 2.1 we review the geometry and topology of general G,-manifolds, and use the
definitions presented here to delve into the topological structure of compact G,-manifolds and
the moduli space associated to them.

In section 2.2 we introduce the reader to a special type of G,-manifolds, namely twisted
connected sum G,-manifolds. In section 2.2.1 we begin by reviewing the notion of asymptotically
cylindrical Calabi—Yau threefolds, which are the constituent pieces in the construction of G,-
manifolds of the twisted connected sum type. We then give the details of the actual construction
in section 2.2.2. The first relevant contribution of this work to the topic appears in section
2.2.3. Namely, we are able to identify a limit, which we call the Kovalev limit, in which
a good approximation to the G,-metric is found in terms of the metrics of its constituents.
We then introduce the cohomology of twisted connected sum G,-manifolds arising from the
cohomology of the asymptotically cylindrical Calabi—Yau threefolds in section 2.2.4. In section
2.2.5 we show some examples of actual constructions of asymptotically cylindrical Calabi—Yau
threefolds.

The content of section 2.1 is relevant for chapter 3, where we discuss the effective action from
M-theory on G,-manifolds. The content of section 2.2 is important as a basis for section 3.4
and chapter 4, where specific details of the twisted connected sum construction become relevant
for the study of M-theory compactifications on twisted connected sum G,-manifolds and for
the extended supersymmetric gauge sectors appearing on them. It is only due to the Kovalev
limit, and the decomposition of the cohomology groups in terms of the pieces of the twisted
connected sum construction for G,-manifolds, that we are able to obtain the four-dimensional
low-energy effective theory from such compactifications.
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2.1 Geometry and Topology of G,-manifolds

In this section, we give definitions of the exceptional Lie group G,, the G,-structure and the
G,-manifold. Furthermore, we analyze the topology of compact G,-manifolds and discuss
the moduli space structure associated to them. The content is reviewed based on references
[97, 197, 198].

2.1.1 The exceptional Lie group G, and the G;,-structure

Let (x', ..., x") be coordinates on R” and dx"/~/ = dx' A dx/ A ... A dx’ a differential form on R”.
Define a three-form ¢, on R by

@y = dx123 + dx145 + dx167 + dx246 _ dx257 _ dx347 _ dx356 ) (21)

The exceptional Lie group G, is defined as the subgroup of the special orthogonal group SO(7)
preserving a three-form ¢, on R. It is compact, connected, simply-connected, semi-simple and
fourteen-dimensional. Furthermore, with the seven-dimensional Hodge star #, it also fixes a
four-form

% Qo = dx4567 + dx2367 + dx2345 + dx1357 _ dx1346 _ dx1256 _ dx1247, (22)

as well as the Euclidean metric gy = dx% +... dx% and the orientation on R’.
Any three-form ¢ on R’ gives rise to a canonical symmetric bilinear form on R’

1
B,(u,v) = _E(M W R W) 2.3)

with values in the one-dimensional space of seven-forms A’(R7)*. For a generic three-form ¢,
the bilinear form B, yields a non-degenerate pairing of some signature (p, g) with p +¢ =7 and
with respect to an oriented volume form on R’.

Let Y be an oriented seven-dimensional manifold. For each point p € Y, there is an open
set dim A3 (R7)* which is a subset of three-forms ¢ € A® T,Y such that there exists an oriented
isomorphism between the tangent space 7Y and R’ identifying ¢ with ¢y. This set is isomorphic
to GL(7,R)/G, since GL(7,R) acts on ¢ and G, is its fourteen-dimensional stabilizer. Since
dim GL(7,R) = 49 and dim G, = 14, the space GL(7,R)/G; has dimension equal to 49—-14 = 35.
Moreover, dim A*(T;Y) = (;
subset A? T,Y. Due to the isomorphism between the tangent space 7,Y and R, this subset is in
the space of three-forms A*(R”)* such that B, is a positive definite bilinear form for ¢ € Ai(R7)*.
In other words, the open set Ai (R7)* is given by GL(7,R)/G,, where GL(7,R) acts on ¢ and G,
is the fourteen-dimensional stabilizer subgroup of GL(7, R) that preserves the oriented volume
form and the positive definite pairing B,. Since G, leaves the positive definite pairing B,
invariant, it is actually a subgroup of SO(7).

Furthermore, since this open set allows for the definition of a positive definite bilinear form
for ¢, one can define both a volume form on 7,Y and a Riemannian metric on Y given by,

) = 35, which shows that the subset dim Ai (R7)* is in fact an open
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respectively,
Vol (@il - &al,)° = det|By(@ily, 0,1,)@1lps -, 011,)| 2.4)
B (Xp’ Yp)(allpa ceey a7|p)
(X,.Y,) = = , (2.5)
T T TNl @l 1)
at any point p on Y, for any basis 9|, ...,07|, at T,,Y, and for vectors X, and Y, in the tangent
space T),Y.

Since the Lie group G, is the stabilizer group of the described three-form, a compact seven-
dimensional oriented manifold Y together with the three-form ¢ in Q3 (¥) — which is the space
of smooth three-forms oriented-isomorphic to A3 T)Y ~ A3(R7)* for any p € Y — becomes a
G,-structure manifold and we call ¢ a G,-structure on Y.

2.1.2 The G;-manifold

Let V be the Levi-Civita connection associated to the metric g, defined in equation (2.5). The
torsion of ¢ is V. If Vo = 0, the pair (¢, g,,) is said to be torsion-free and we call ¢ a torsion-free
G,-structure.

In this thesis, we refer to a Gy-manifold Y as a seven-dimensional manifold equipped with a
torsion-free G,-structure ¢.

There is a remarkable and important proposition for the rest of the thesis, which we present
in the following [97, 199, 200] — see Proposition 10.1.3 in [97].

Proposition 2.1 Let Y be a seven-dimensional manifold and ¢ a G,-structure on Y. The
following are equivalent

(1) (¢,9,) is torsion-free,
(i) Hol(g,) C Go,
(iii)) Vo =0onYY,
(iv) dp = d =, ¢ =0onY, where *,, is the Hodge star of the metric g,.

Condition (iv) is called harmonicity condition and ¢ is also called an harmonic three-form in
Q3(Y). The condition that ¢ is torsion-free is a highly non-linear partial differential equation of
complicated form, due to relations (2.4) and (2.5) between the metric g, and the G,-structure ¢.
In fact, this can be seen easily by looking at condition (iv), where dx is explicitly dependent on
the metric g, which itself depends on ¢. This is one of the reasons why G,-manifolds are more
intricate than Calabi—Yau manifolds, e.g., Calabi—Yau threefolds appearing in compactifications
of ten-dimensional superstring theories down to four dimensions. Whereas the Calabi conjecture
proven by Yau gives necessary and sufficient conditions for a compact Kéhler manifold to have a
unique Ricci-flat Kdhler metric [99], an analogous conjecture for G,-manifolds, giving necessary
and sufficient conditions for a G,-structure manifold to admit a torsion-free G,-structure! is not
known. Therefore, G,-manifolds must be analyzed case by case.

! We see later in proposition 2.2 that this is necessary for the existence of a Ricci-flat G,-metric.
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Chapter 2 G,-manifolds

In general, differential p-forms on a manifold with G-structure fall into irreducible repres-
entations with respect to the structure group G. Specifically for a seven-dimensional manifold
with G,-structure, the spaces of differential p-forms A?T*Y decompose according to — see
Proposition 10.1.4 in [97],

ATy =AY,

A'TY = A5,

ANT'Y = As® Ay,
ANTY=A oA oA},
A'T'Y =AjOA; DA, ,
NTY =A@ A;,,
A°T*Y = A§,

AN'T'Y = A],

(2.6)

where the components A{ are spaces of p-forms transforming in the g-dimensional irreducible
representations of the structure group G,. As indicated in the arrangement of the spaces Aj in
equation (2.6), the Hodge star * provides for an isometry between Aj and Azl_p . The differential
p-form spaces Aé’ are isomorphic to each other for p = 1,...,6. Moreover, Ai and A‘l‘ are
generated by ¢ and =g, respectively.

We now briefly discuss the conditions for obtaining spinors on seven-dimensional G,-
manifolds. This is relevant for the subsequent chapters in this thesis, where a careful analysis
of the geometrical and topological structure of G,-manifolds, in the context of M-theory com-
pactifications, will single out the four-dimensional low-energy effective theories. In particular,
the presence of a covariantly constant spinor on the G,-manifold is relevant for the discussion
of fermionic terms, and allows for some amount of supersymmetry to be preserved in the
four-dimensional low-energy effective theory.

Since G, € SO(7) is simply-connected, any seven-dimensional manifold Y with a G,-structure
is a spin-manifold. Lemma 11.8 in [200] and Proposition 10.1.6 in [97] hold, from which we
have the following proposition.

Proposition 2.2 Let Y be a G,-structure manifold. Then Y is a spin-manifold with a preferred
spin structure. Moreover, if Hol(g,) € G», or equivalently ¢ is torsion-free — i.e., if Y is a
G»>-manifold —, then the metric g, is Ricci-flat and there exists a covariantly constant spinor n
onY.

2.1.3 Topology of compact G,-manifolds
For a compact G,-manifold Y equipped with a torsion-free G,-structure, the de Rham cohomo-

logies HP(Y,R) have a decomposition similar to the decomposition of the spaces of differential
p-forms into irreducible representations with respect to the structure group G,. That is, here we

22



2.1 Geometry and Topology of G,-manifolds

have a decomposition of the de Rham cohomologies* H?(Y,R) into vector subspaces H{(Y,R)
of harmonic representatives — see Theorem 10.2.4 in [97],

H*(Y,R) = H;(Y,R) ® H;,(Y.R) ,
H’(Y,R) = H{(Y,R)® H;(Y,R) ® Hy,(\,R) ,
HY(Y,R) = H{(Y,R)® H;(Y,R) @ H3;(,R)
H’(Y,R) = H;(Y,R) ® H}(Y.R) .

2.7

Notice that Hf(Y, R) = ([¢]» and Hi‘(Y, R) = {[*¢]), i.e., these subspaces are generated by
representatives of the three- and the four-forms on Y, respectively. Moreover, the isomorphism
H{(Y,R) = Hzl_p (Y, R) implies the following relations for the Betti numbers® on the G,-manifold
Y,

bi(Y) = b3_(Y), (2.8)
PAY)=by(Y)=1. (2.9)

If the holonomy group is G, and not a subgroup thereof, we have in addition H; = {0} for
p=1,...,6.

We now delve into relations of G,-manifolds with SU(2) and SU(3) holonomy group man-
ifolds. This is relevant because manifolds with such holonomy groups appear in section 2.2,
when we focus on the recent construction due to Kovalev of compact G,-manifolds of the
twisted connected sum type, namely K3 surfaces with SU(2) holonomy group and Calabi—Yau
manifolds with SU(3) holonomy groups, respectively. The content presented in the following is
based on [139, 201, 202, 203].

Let {z',7?,...,7"} be holomorphic coordinates on C". Then the Kdhler form* wy and the
standard holomorphic volume form> Q are given by

2 The p-th de Rham cohomology group H”(M) on a real manifold M gives the set of cohomology classes, that is,
the set of closed forms in A?T*M modulo exact forms. In other words, it is the quotient of the vector space of
closed p-forms on M by the vector space of exact p-forms on M. For complex manifolds M¢, one defines an
analogous Dolbeault cohomology or d-cohomology H”9(M¢) as the quotient between d-closed (p, g)-forms and
0-exact (p, q)-forms, where the operator Oactsas 4 : APIT*Mc — AP T M.

3 The dimension of the n-th cohomology group is called the n-th Betti number for real manifolds. If the manifold
has a metric, Betti numbers count the number of linearly independent harmonic n-forms on the manifold.
Analogously, for complex manifolds, the Hodge number 474 gives the dimension of the (p, g)-cohomology
group H”4. If the manifold has a metric, Hodge numbers count the number of linearly independent harmonic
(p, @)-forms on the manifold.

* Any complex manifold endowed with an hermitian metric and a (1, 1)-closed form w satisfying dw = 0, called a
Kihler form, is a Kihler manifold.

5 A volume form on a differential n-dimensional manifold M}, is a section of the line bundle Q" (Mp) = A"T*Mp,
where A"T*M)p are vector bundles. For n-dimensional complex manifolds M¢, a holomorphic line bundle over
MC¢ is a holomorphic vector bundle with fiber C. The canonical line bundle K. = A"T*'OMc has sections
which are (n, 0)-forms, where A"T*!'Y M are holomorphic line bundles. The first Chern class is a topological
invariant of the holomorphic line bundle over Mc lying in the cohomology H?(Mc,Z). Any compact Kihler
manifold M with vanishing first Chern class ¢ (M) = 0 is flat, which implies that the canonical line bundle is
topologically trivial. Consequently, there must exist a globally defined nowhere vanishing n-form on M. If the
holonomy group of M is such that H C SU(n), there is a unique nowhere vanishing holomorphic section on
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Chapter 2 G,-manifolds

Wy = %(dzl/\d21+---dz"/\d2") ,

Qo =dz' AdZ? A--- NdZF".

For any non-degenerate real two-form w equivalent to w, and any complex n-form € equivalent
to Q, the pair (w, ) satisfies

wANQ=0,
o (Y an=

n!

We start by considering the action of an SU(3)-structure on R7 ~ R x C3. The action of
SU(3) on R is the trivial one. Let z! = x* + ix?,z* = x* + ix’ and z* = x® + ix’ be holomorphic
coordinates on C* with {xl, ... ,x7} being a normalized orthogonal basis on R7 ~ R x C3. On
the one hand, there exists a G-structure acting on C> that preserves the forms

wo = dx® + dx® + dx¥, (2.10)
ReQp = dx?*® — dx®7 — dx®¥ — dx*S, (2.11)
ImQy = —dx**7 — dx®® — dx** + dx*7 . (2.12)

This means that G ¢ SU(3). On the other hand, an SU(3)-structure preserves a three-form
¢o = dx!' A wy + ReQy. We conclude that G is exactly equal to SU(3). Therefore, for SU(3)-
structures on C, the pair (w, Q) induces a three-form G,-structure ¢ and an associated four-form
xp on R given by, respectively,

¢ =dt ANw+ReQ,

1 (2.13)
*Q = Ea)z—dt/\ImQ.

Here we name x' = ¢ as will become clear in section 2.2. Hence, the stabilizer in G, of a
non-trivial vector in R’ is isomorphic to SU(3).

We continue by considering the action of an SU(2)-structure on R7 ~ R3 x C2. The action of
SU(2) on R is the trivial one. Let z' = x! + ix? and 72 = x> + ix* be holomorphic coordinates
on C2. On the one hand, there exists a G-structure acting on C? that preserves the forms

wp = dx'? +dx**,
ReQy = dx' + dx'*, (2.14)
ImQy = dx* + dx**.

This means that G ¢ SU(2). On the other hand, an SU(2)-structure preserves a triplet of

the canonical bundle Ky, i.e., there exists a nowhere vanishing holomorphic n-form, the holomorphic volume
n-form Q.
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2.1 Geometry and Topology of G,-manifolds

mutually orthogonal hyper-Kihler two-forms (wj = wp, w) = ReQg, w§ = ImQy) satisfying
W AW = w) Al = wf A =0and (W) = (W))* = (W§)* = 0. We conclude that G is
exactly equal to SU(2). Therefore, for SU(2)-structures on C2, the pair (w, Q) induces a Kihler
two-form w and a holomorphic volume two-form Q on C? given by, respectively,

w=0w,

2.15
Q= +ink. 215

These, in turn, induce a three-form G,-structure ¢ and an associated four-form *¢ on R’ since
SU(2) c SU(3) as we see below.

The classification of Riemannian holonomy groups by Berger [96] implies a theorem on the
existence of the following relation for holonomy groups,

SU2) c SUQB) c G, € SO(7) . (2.16)

With this theorem, the only connected Lie subgroups of the exceptional group G, which can be
the holonomy group of a Riemannian metric on a seven-dimensional manifold are, apart from
the trivial identity group {1}, the groups SU(2), SU(3) and G,, where SU(2) and SU(3) have
been defined in the previous two paragraphs. Therefore, if ¢ is a torsion-free G,-structure on a
seven-dimensional manifold, the holonomy groups for the associated Riemannian metric can
only be the aforementioned groups. With this theorem, the following proposition holds — see
Proposition 10.2.2 in [97].

Proposition 2.3 Let Y be a compact G,-manifold. Then the holonomy group of the Rieman-
nian metric associated to Y is the exceptional group G,, and not a subgroup thereof, if and only
if the first fundamental group® 7;(Y) is finite.

2.1.4 Moduli space of compact G,-manifolds

In section 2.1.1, the set of oriented G,-structures on a compact seven-dimensional oriented
manifold Y was identified with the set of positive three-forms ¢ on Y. Let X be the set of
positive three-forms corresponding to oriented and torsion-free G,-structures, i.e.,

X ={peQ}(¥)|de = d(x,e) =0} . (2.17)

Furthermore, let O be the group of all diffeomorphisms of Y isotopic to the identity.

The moduli space M of torsion-free G,-structures on Y is the quotient space M = X/D. This
moduli space is a non-singular, smooth manifold with dimension equal to b3(Y), according to
the following theorem — see Theorem 10.4.4 in [97].

Theorem 2.1 Let Y be a compact seven-dimensional manifold, and M be the moduli space

6 The fundamental group on a manifold M gives a way to determine when two paths, starting and ending at a fixed
base point p on M, can be continuously deformed into each other. The first fundamental group is the set of all
homotopy classes of loops with base point p.
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Chapter 2 G,-manifolds

of torsion-free G,-structures on Y as defined above. Then M is a smooth manifold of dimension
b3(Y) with the projection P : M — H*(Y,R) given by P(¢D) = [¢].

In other words, this theorem says that a vicinity U c M of a given torsion-free G,-structure
¢ € M is locally diffeomorphic to the de Rham cohomology H>(Y,R). This translates to the fact
that infinitesimal deformations of ¢ are unobstructed to all orders, i.e., they can be extended
order-by-order, thereby describing locally the moduli space M of G,-manifolds. Notice that
little information about the global structure of M can be inferred from this theorem. For
example, we cannot say whether M is non-empty or not, whether it has only one connected
component or many, whether the map % is injective or not, what the image of % is, and other
related global issues.

2.2 Twisted connected sum G,-manifolds

In the previous section, the geometrical and the topological aspects of general compact G,-
manifolds were introduced. In the present section we focus on the so-called twisted connected
sum G,-manifolds, which are based on a recent construction due to Kovalev [140], further
developed by Corti and others [141, 142]. The G,-manifolds in this construction are compact
real seven-dimensional manifolds Y obtained from the twisted connected sum of two compatible
asymptotically cylindrical Calabi—Yau threefolds X; and Xy times an additional circle S'.
They are constructed in a way that the G,-structure ¢ on Y satisfies dp = d(x,, )¢ = 0 in an
asymptotic limit. Therefore, propositions 2.1 and 2.2 as well as the decomposition of the de
Rham cohomologies given in section 2.1.3 are satisfied. The validity of these is what allows us
to deal with compactifications of M-theory on twisted connected sums later in this thesis.

We start this section with a brief introduction to asymptotically cylindrical Calabi—Yau
threefolds and a review of the twisted connected sum construction. The first contribution of this
thesis to the topic appears in section 2.2.3, namely the identification of the so-called Kovalev
limit in which the Ricci-flat metric of the obtained G,-manifold can be approximated by the
metrics of the two Calabi—Yau summands. Then we study the moduli space of the constructed
twisted connected sum G,-manifold and its topology. We end this section with concrete
examples of asymptotically cylindrical Calabi—Yau threefolds, and present the orthogonal gluing
method to match two of these threefolds together in a twisted connected G,-manifold. The
content in this section, especially the Kovalev limit we have identified, turns out to be crucial in
setting the stage for the derivation of the low-energy effective action for M-theory compactified
on such G,-manifolds in section 3.4, and of the interesting gauge sectors on them, which we
analyze in chapter 4.

2.2.1 Asymptotically cylindrical Calabi—Yau threefold

Let us start with the definition of a Calabi—Yau cylinder, which enters into the definition of
asymptotically cylindrical Calabi—Yau threefolds’. These are based on the references [140, 142,

7 A Calabi—Yau n-fold is a compact Kihler manifold of dimension n > 2 with SU(n) holonomy group. This is
equivalent to defining it as a compact complex and Kéhler manifold with vanishing first Chern class.
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2.2 Twisted connected sum G,-manifolds

204]. We take a compact Calabi—Yau twofold to be a K3 surface® S equipped with a Kihler
form wy and a holomorphic two-form Qg. A complex three-dimensional Calabi—Yau cylinder
X* is defined as the product of a such compact Calabi—Yau twofold with the algebraic torus® C*.
Let z = exp(t + i6") be the holomorphic coordinate on C* and y* the length of the cylinder A%
[140]. In this way'?, the Kihler form w™ and the holomorphic three-form Q of the Calabi—Yau

cylinder X read

idz A dz .
w” = y*zuﬂ-wg = vy dr A0 + wy ,

=
; dZZZ (2.18)
Q¥ = vy — ANQg = y'(dF" —idt) A Qg ,
Z

with the metric gy~ = y** (dt2 + dé’*z) + g on the Calabi—Yau cylinder X in terms of the
metric gg on the K3 surface. Notice that the length scale y* furnishes the radius of the cylindrical
metric on A%, whereas the map ¢ : X* — R* with & = log |z| projects onto the longitudinal
direction of the cylinder such that £ 1(R*) = X,

An asymptotically cylindrical Calabi—Yau threefold X is a non-compact Calabi—Yau threefold
with SU(3) holonomy and a complete!! Calabi—Yau metric gy with the following properties.
There exists a compact subspace K C X such that the complement X \ K is diffeomorphic to
a three-dimensional Calabi—Yau cylinder X*, and such that the Kéhler and the holomorphic
three-form of X approach fast enough w™ and Q% of the cylindrical Calabi—Yau threefold X*,
given in equations (2.18). More precisely, given the diffeomorphism 7 : X* — X \ K, we
require that in the limit £ — +oo and for any positive integer k,

'w—w® =du with [V = 0(e™),
n u ! ku (_A*) (2.19)
7’Q-Q° = dv with |V = O(e™"),
for a one-form u and a two-form v with the norm | - | and the Levi-Civita connection V of the

metric gx~. The scale A has inverse length dimension and is determined by the inverse length
scale of the asymptotic region X*. To be precise

A= min{%,/lg} : (2.20)

where Ag is the square root of the smallest positive eigenvalue of the Laplacian of the K3 sur-
face S in the asymptotic Calabi—Yau cylinder X*.

8 A complex two-dimensional compact Kihler manifold with Hodge number /' = 0 and trivial canonical bundle.
They are the lowest dimensional example of a Calabi—Yau with holonomy SU(2) and of a hyperkihler manifold
with holonomy Sp(1).

 The open cylinder A®! given as the complement of the unit disk in the complex plane C, i.e., AY! =
{zeCllzl > 1}.

10 With the conventional mutual normalization (—l)n(nz_ . é)n QAQ = % between the Kihler form w and the
holomorphic n-form Q of Calabi—Yau n-folds, we note that — assuming this normalization for wg and Qg of the
K3 surface S — the Kihler form w*™ and the holomorphic three-form Q* of X* are conventionally normalized.

' A complete metric is a metric on a complete metric space, where every Cauchy sequence of points in the space
has a limit that is also in the same space.
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2.2.2 The twisted connected sum construction

In the following, we introduce the reader to the twisted connected sum construction of G,-
manifolds as put forward by Kovalev [140] and further developed by Corti and others [141, 142].

First of all, one notices that, from any Calabi—Yau threefold X with SU(3) holonomy, it
is always possible to construct the seven-dimensional manifold X x S' with a torsion-free
G,-structure ¢, and its dual four-form ¢, given by — recall section 2.1.3 —

1
0o = ydO A w + ReQ, %y = sz—yde/\ImQ. (2.21)

Here w is the Kéhler form and € is the holomorphic three-form of the asymptotically cylindrical
Calabi—Yau threefold X, whereas 6 is the coordinate on the circle S' of radius y. However, this
resulting seven-dimensional manifold has only SU(3) holonomy, which is a subgroup of G,
and not the whole group G,.

In order to obtain a genuine seven-dimensional G,-manifold with full holonomy group G,
rather than only a subgroup thereof, the following three steps are necessary.

o First step: start with two asymptotically cylindrical Calabi—Yau threefolds — instead of
only one —, which we call X; and Xj or, for brevity, X k.

e Second step: take a direct product of each asymptotically cylindrical Calabi—Yau threefold
X1, and Xg with an extra circle S| and S ;, respectively. The circles have coordinates 6,
and 6g, with radius y; and g, respectively. In this way, one obtains two seven-dimensional
manifolds Y;,z of SU(3) holonomy with torsion-free G,-structures ¢/ and associated
dual four-forms ¢/, as explained above,

@or/r = YL/RAOL R N Wrjr + ReQpr , (2.22)
1
*QoL/R = Ewim - ’)/L/RdGL/R A ImQL/R . (223)

e Third step: obtain a genuine compact G,-manifold Y. This is done after appropriately
gluing together the asymptotic regions of type Y5, = X5, X S B /g In such a way that the
final obtained manifold Y = Y; U Yk admits a torsion-free G,-structure, resulting in an
associated metric with holonomy group G, and not a subgroup thereof. We now give the
details of this lengthy step.

Due to proposition 2.3, to obtain the full G, holonomy it is necessary to glue together the
infinite fundamental groups 7;(Y;/z) into a finite fundamental group 7;(Y). For suitable
choices of Y,k this can be achieved by the following twisted connected sum construction.
Recall that the asymptotic regions of Y} r are given by

Y = XpeXSpp = SyrX AR XS] (2.24)

with the K3 surfaces S ;¢ and the cylinders Azy/lR

by Wiy x> Wiy x and W, the triplet of mutually orthogonal hyper-Kéhler two-forms,

— cf. section 2.2.1. Now, let us denote
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2 _ 2 _ 2
satlsfymg the relations (a)OL/R) (wOL/R) (wOL/R) and wOL/R A wOL/R A wOL/R

w?
OL/R
a)OL RN wOL R = = (. From section 2.1.3, SU(2)-structures of K3 surfaces Sz determine
their Kéhler two-forms wg = and their holomorphic two-forms Q¢ according to
L/R L/R
) _ Vi ) _ J . K
wSL/R = W SLr Wr/r + LWy g - (2-25)
These, together with equations (2.18) and (2.21), explicitly specify the asymptotic torsion-
free G,-structures

) *2 * )
Por/r = YL/RAOL/R A (VL/RdtL/R A dbyp + “)SL/R)

(2.26)
+ 7L/Rd9L/R A RerL/R + yL/RdtL/R A ImQ?

SLR *

Furthermore, one assumes that the asymptotically cylindrical Calabi—Yau threefolds X,z
are chosen such that the resulting K3 surfaces S,z are mutually isometric with respect to
a hyper-Kihler rotation r : §; — Sy obeying'?

rop=w,, rop=ow., ros=-of. (2.27)
This requirement is such that there is a family of dlffeomorphlsms Fp :Y? — Yg with con-

7
stant A € R in terms of the local coordinates (6} LR tr/r) of AL/R, uL/R = (a)L/R, Wy ps a)L/R)

of S/, and 0/ ofSL/R, given by
Ac (Ot uf,00) > (O, tr, ug, Or) = (O, A — 1, r(uf),6;) . (2.28)
If and only if the radii of the extra circles S| g are equal, i.e.,
YEYL=YR=YL= Yk (2.29)

this asymptotic diffeomorphism is also an asymptotic isometry. This is true because it
leaves the asymptotic G-structures ¢ . — and hence the asymptotic metric — invariant,
ie.,

Freor = #o1 - (2.30)

In fact, on the one hand, by computing ¢(; with equations (2.25) and (2.26) we obtain

o5 = yrdp Ayt A d6; + ydO A w) +yid6; A w] +yidt A wk . (2.31)

12 These conditions impose rather non-trivial constraints on the pair of asymptotically cylindrical Calabi—Yau
threefolds Xy g, which — at least for certain classes of pairs — have been studied systematically in reference
[141]. In this section we assume that these conditions on Xz are met, and we come back to this issue in
section 2.2.5 where we give examples of asymptotically cylindrical Calabi—Yau threefolds X;r fulfilling these
constraints.

29



Chapter 2 G,-manifolds

30

On the other hand, by computing F, ¢, we obtain

Figre = Yrd0: A y2d(A —t1) A dOp + yrd€; A wh + Yrd6r A wh + Yed(A — 1) A Wk
= yrd6, A yR2dt, A d6; +yrd6; A w) + VedoL A wh + yiedts A wF
(2.32)

where in the second equality we made use of equation (2.27). Therefore, these imply
equation (2.29).

The G,-manifold Y is now obtained by gluing the asymptotic ends of Y}z with the help
of the diffeomorphism F,. This is schematically depicted in figure 2.1. Let X z(T)
and Y ,z(T) be truncated asymptotically cylindrical Calabi—Yau threefolds and truncated
seven-dimensional manifolds, respectively, given by cutting off their asymptotic regions at
trg =T + 1 for some large T, i.e.,

Xir(T) = Ky Ungr®Reri) s Yyr(T) = Xpyr(T) X Sk - (2.33)

Here the diffeomorphisms 7,z and the compact subspaces K; z have been defined in
section 2.2.1. Then, using the diffeomorphism F,7.; — which maps the coordinate ¢; €
(T, T+1)totg = —t,+2T+1 € (T, T + 1) — we glue the two seven-dimensional manifolds
Y1 r(T) at the overlap 7, g € (T, T +1) to arrive at the compact seven-dimensional manifold

Y = Y (T) Vg, Yr(T). (2.34)

Finally, to construct a G,-structure ¢ on Y, we first introduce interpolating G,-structures
on the two pieces Y r(T). This is done with the help of a smooth interpolating function
between 0 and 1 in the interval (—1,0),i.e., @ : R — [0, 1] with a(s) = 0 for s < —1 and
a(s) = 1 for s > 0. Then the truncated asymptotically cylindrical Calabi—Yau threefolds
X1 /r(T) are endowed with the forms

@y = wyr —d(at = Tuyr)

~ (2.35)
Qr = Qur—d(alt=T)vyr) .

in terms of the forms y; z and v g of equations (2.19). By construction, the forms EZ IR
and ﬁ{ ,z smoothly interpolate between the corresponding Calabi—Yau cylinder forms
(2.18) and the asymptotically cylindrical Calabi—Yau forms (2.19). At the interpolating
regions t;g € (T — 1,T), the symplectic forms a){/R fail to induce a Ricci-flat metric
and the three-forms Q{/ r cease to be holomorphic. Analogously to equation (2.21), the
interpolating G,-structures ¢, ,g(y, T) on Y g read

PRy T) = ydO A @} + ReQl (2.36)

which according to equation (2.30) glue together to a well-defined G,-structure ¢(y, T') on
the seven-dimensional manifold Y.
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T+1 T T-1 0

bR~ e '
st Q —
g g b
YL (T) X I g
XL (T) ‘ B X Yr (T)
K, : “ “

: interpol. | asympt.
| _region | region | .

} T VtL
0 T-1 T T+1

Figure 2.1: The twisted connected sum construction due to Kovalev to obtain the G,-manifold Y. Xz /r(T)
are the truncated asymptotically cylindrical Calabi—Yau threefolds together with their compact subspaces
Ki/r. Their Cartesian products with the circles S i IR yield the two seven-dimensional components
Y1,r(T), which combine to form the G>-manifold Y. There are three essential aspects in the construction.
Firstly, two asymptotically cylindrical Calabi—Yau threefolds — each with SU(3) holonomy — are used if
we require the resulting seven-dimensional manifold to have full G2 holonomy after the gluing procedure.
Secondly, as indicated by the red horlzontal arrows, the circles S ! /R e identified with the asymptotic
circles of X7 /gr(T) here denoted by S, / ;- Thirdly, as depicted by the blue vertical arrows, the asymptotic
polarized K3 surfaces S 7,z must be matched with a certain hyper-Kéhler rotation. The diagram highlights
the interpolating regions, t;/r € (I’ —1,T], and the asymptotic gluing regions, t;/r € (T, T + 1), important
for the construction of the G»-structure ¢(y,T) of Y.

Note that the constructed G,-structure ¢(y, T') is closed by construction, i.e., dp(y, T) = 0,
because wz/R and QLR are closed. However, it is not torsion-free. In fact, the torsion
of ¢(y, T) is measured by d*¢(y, T) and this is only non-vanishing at the interpolating
regions f7,g € (I —1,T). Indeed, the non-torsion term is of order O(e™ 1) due to equation
(2.19).13

Therefore, it is plausible that we view @(y, T) as an order O(e™"") approximation to a
torsion-free G,-structure ¢(y, T'), which equips the seven-dimensional manifold ¥ with a
Ricci-flat metric. Indeed, in Lemma 4.25 of Kovalev’s work [140], it is shown that, for
sufficiently large 7', there exists a torsion-free G,-structure ¢(y, T') in the same three-form
cohomology class of ¢(y, T) such that, for any positive integer &,

©(y.T) =@, T)+dp(y.T) with |Vip(y,T)| = O(e™"), (2.37)

13 Note that, due to relation (2.29) and the hyper-Kihler isometry (2.30), we have the identifications 1 = A; = A
among inverse length scales.
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in terms of the norm | - | and the Levi—Civita connection V of the metric induced from the
asymptotic G,-structure @(y, T).

Furthermore, from the Van Kampen theorem [205], there is a relationship 7, (Y) = m (X)X
m1(Xg) among the fundamental groups in the twisted connected sum. Since each of the
factors 71 (X, ) and 7 (Xy) is finite, this implies that the torsion-free G,-structure ¢(y, T)
indeed gives rise to a genuine G,-manifold Y with metric of G,-holonomy and not a
subgroup thereof.

This summarizes the main result of reference [140] — clarified and further developed in
references [141, 142, 204] —, namely the proof that the G,-structure ¢(y, T) in Kovalev’s
twisted connected sum construction in terms of the two asymptotically cylindrical Calabi—Yau
threefolds furnishes an approximation to the torsion-free G,-structure ¢(y, T') in the same three-
form cohomology class that gives rise to a compact seven-dimensional Ricci-flat Riemannian
manifold Y with G,-holonomy.

2.2.3 The Kovalev limit

As discussed in the last section, the torsion-free G,-structure ¢(y, T) in Kovalev’s twisted
connected sum is approximated, via equation (2.21), in terms of the Kéhler forms w; g and
the holomorphic forms €, r of the asymptotically cylindrical Calabi—Yau threefolds X; .
According to equations (2.19) and (2.37) this approximation is of order O(e 7).

In this section we discuss the torsion-free G,-structure ¢(y, T) as a function of the parameters
v and T in order to obtain a well-defined limit in which we can make sense of a four-dimensional
effective action from eleven-dimensional M-theory compactifications on twisted connected sum
G,-manifolds.

Except for the overall volume modulus R of each of the asymptotically cylindrical Calabi—
Yau threefolds X, g, we keep all other moduli fixed. In other words, we consider the moduli
dependence of the two metrics gz of X, & as

griRZLrstyr) = Yo R* G(zems TiR) » (2.38)

where z;,g and #;g are the (dimensionless) complex structure moduli and the Kéhler moduli'*
of X, g, respectively. The constant y, has dimension of length such that the metrics g,z become
dimensionless. We split the Kéihler moduli 77z further into the overall volume modulus R and
the remaining Kéhler moduli 7, — measuring ratios of volumes of subvarieties in X, , — such

that'?
po= |8 on=l (2.39)
bR R, n#l. ‘

4 For a Calabi-Yau manifold, the deformations 6g = 6g;;dz’ A dz/ + 6g;;dz' A d7/ of the metric g that still
mantain a vanishing Ricci tensor are called the complex structure and the Kéhler moduli. Indeed, dg;;dz' A
dz/ = Q; jkgk’_‘@;,-dzi A dZ A d7 are associated to elements of Hg’l and called complex structure moduli, whereas
6gi;dzi A dZ’ are associated to elements H (;’1 and called Kédhler moduli.

15 For an asymptotically cylindrical Calabi—Yau threefold with a single Kéhler modulus 7, the volume modulus R
relates to this Kihler modulus as R> = ¢ without the presence of any further moduli.
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2.2 Twisted connected sum G,-manifolds

When obtaining the G,-manifold Y from the seven-dimensional building blocks Y} g, the hyper-
Kihler compatibility condition (2.27) constrains the explicit values of the moduli z; 5 and 7, x.
Furthermore, the required identification (2.29) of the radii of all circles in the asymptotic region
of Y,z determines the volume modulus R as the dimensionless ratio

R == (2.40)
Yo
This justifies the introduction of a mutual volume modulus R for both threefolds X x.

In the context of eleven-dimensional M-theory compactifications on the seven-dimensional
G;,-manifold ¥ — see details in chapter 3 —, the volume Vy of the resulting G,-manifold
Y determines the four-dimensional Planck constant «,. Indeed, let Gy and Gy be the four-
and eleven-dimensional Newton’s constants, respectively. Furthermore, /p and Mp are the
four-dimensional Planck length and Planck mass constants, whereas ip and Mp are their eleven-
dimensional counterparts. With 4, being a dimensionless volume factor, and Vy, a dimensionful
reference volume that we specify in a moment, we have

2
2 _ K
&= AL (2.41)
YTV
with
8
ki = 871Gy = 8nls = ﬁﬂz,
P
. CoE @)
Ky =81Gy = —— = 2 (2.42)

z lf
dp=—== A .
TN

The fact that the four-dimensional Planck constant x, must be a constant allows us to define
the so-called Kovalev limit. This limit is an approximation in which the four-dimensional Planck
constant x4 — and hence the volume Vy — remains constant, while exponential correction terms
due to equation (2.37) become sufficiently small. Therefore, let us study in detail the volume of
the constructed G,-manifold Y in the Kovalev limit.

The resulting volume should sum up contributions from all the pieces of the twisted connected
sum construction and, therefore, it should depend on the moduli R and 7 and the remaining
moduli of the G,-manifold ¥ — collectively denoted by S .

The volumes Vy, ,(ry of the truncated building blocks Y z(T') are calculated with the metrics
of the (truncated) asymptotically cylindrical Calabi—Yau threefolds X; z(T") using expression
(2.18) and the volume formula

Y

VYL/R(T) = 7 f}: o WrL/R N\ *QL/R , (243)
LIR

where the dimensionful reference volume is given by Vy, = y/.
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If we sum contributions from both Vy, () and Vy, ), the volume of the overlapping region
Vy, vy Will be counted twice. Therefore, we need to subtract this contribution again once.
This is given by the product of the volumes of the overlapping interval, the asymptotic two-torus
S1xS:t=S81 xS+, and the asymptotic K3-surface S = Sg = S according to

Vi rorer = CO*vaR Vs(ps,R) = 2n)*yiR'VI(ps) . (2.44)

Here we single out those moduli fields gs deforming the K3 surface S from the set S. In
the last equality, the volume of the K3-surface § is expressed in terms of the dimensionless
(asymptotic) metric g. Due to approximation (2.19) of the metrics of the building blocks Y; z(T")
by the limiting metrics of ¥;7,(T) in the interpolation region 7,,x € (T — 1,T), and due to
the overall correction (2.37) to the torsion-free G,-structure ¢(y, T), the computed volume of
the G,-manifold Y receives exponentially suppressed corrections in ART for large RT, where
A = 1y, is a dimensionless constant — recall equation (2.20).

Note that, up to exponentially correction terms suppressed for large RT, the volume (2.44)
is entirely determined by the (relative) periods!® and the Kihler forms of the asympotically
cylindrical Calabi—Yau threefolds X z. However, due to non-compactness of X; g, the relative
periods and the Kihler volumes of non-compact cycles diverge linearly in 7. Therefore, in
order to obtain the finite periods and finite volumes of the truncated asymptotically cylindrical
Calabi—Yau threefolds X, z(T'), a suitable regularization scheme must be employed to extract
the required geometric data from the diverging periods and infinite volumes. This analysis is
beyond the scope of this thesis. Hence, instead of deriving the entire moduli dependence of the
volume of the G,-manifold Y, we focus on the moduli dependence of the two fields R and T,
and view the remaining moduli fields S as fixed parameters.

In this way, we compute the volumes Vy, (1) of each truncated piece. They are given by

,)/7
0
Vyo ey = = f; - GLR N *QL/R
L/R
% (2.45)

7
Q@ry* YR [VE@s) (T + 1) + Dyjr(8)) + Ar(S. 1] -

= f ()OZO/R A *SOZO/R + VKL/R + (27T)278R7AL/R(S~7 T)
YrR(D\K /R

The integration was performed by splitting the integral over the compact parts K, x and the
asymptotic regions Yy g(T') \ K g. The former part factors into the volume of the K3 surface
S and a contribution DL/R(S ) to be discussed in a moment. The latter part is evaluated with
respect to the asymptotic G-structure ¢’ .. This contributes with the correction terms

T+1 - ~ -
AL/R(Sa T) = Rf dr fL/R(S,Rf)e_ARt = Cprr(S) + O(e Ty, (2.46)
0

16 Elements of the n-th homology group of a manifold M are equivalence classes of cycles z, ~ z, + 0d,;1,
called homology classes and denoted by [z,], where da,; is a boundary of a n-chain a,,. Elements of the n-th
cohomology group of a manifold M are equivalence classes of closed forms w, ~ w, + @,+1, called cohomology
classes and denoted by [w, ], where da,,—; is an exact n-form. A period is the inner product 7(z,, w,) = f W
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2.2 Twisted connected sum G,-manifolds

in terms of the function fL/R(S’ , Rt) determined by equation (2.19). Thus, taking the correction
terms Aj g into account, we obtain

Vy(S,R,T) : = Vy, iy (zrs 1) + Vyer)(Zrs tr) = Vi, v

QrP YR VI(ps) (2T + a(S)) + O RTY (2.47)

with
a(8) = (Di(8) + C1(8)) + (Dr(S) + Cr($)) + 1 . (2.48)

As discussed, the moduli-dependent contributions DL/R(S )+ Cp /R(§ ) — and hence the moduli
dependent function a(S) — are in principle computable from the (relative) periods and the
Kihler forms of the asymptotically cylindrical Calabi—Yau threefolds X k.

Now we analyse when the volume in equation (2.47) stays constant in order to keep the
four-dimensional Planck constant k4 really a constant. For fixed moduli S, we require that the
dimensionless quantity y, given by

X' =RQT +a), (2.49)

remains constant. Therefore, requiring that the four-dimensional Planck constant is indeed a
constant yields the functional dependence for the modulus R,

X

R(T) = —/——. (2.50)
V2T + @
This implies that corrections terms should scale as
O *Ty = O(¢ o) . 2.51)

Thus, for large 7', with R = R(T') — as in equation (2.50) — the corrections for the volume
Vy in equation (2.47) are exponentially suppressed. Furthermore, for T > Ay — loosely also
referred to as the Kovalev limit — the torsion-free G,-structure of Y is well approximated in
terms of the geometric data of the asymptotically cylindrical Calabi—Yau threefolds X, for
a given four-dimensional Planck constant x,. However, taking literally the limit 7 — co with
R = R(T) does not yield a limiting Riemannian manifold, but instead yields only a Hausdorff
limit in the sense of Gromov—Hausdorff convergence of compact metric spaces'”.

In the context of M-theory compactifications on twisted connected sum G,-manifolds — for
more details see chapter 3.4 —, the Kovalev limit will then imply that, for large 7 with R = R(T),
the Ricci-flat G,-metric gets more and more accurately approximated in terms of the Ricci-flat
Calabi—Yau metrics of X; . These allow us to compute the resulting four-dimensional effective
action explicitly in terms of Ricci-flat Calabi—Yau metrics of X;z. This is already a huge
advantage compared to previous situation, where we could not even guarantee the existence of a

17 A Gromov—Hausdorff distance measures how far two compact metric spaces are from being isometric. Therefore,
it turns the set of all isometries of compact metric spaces into a metric space, called Gromov—Hausdorff
space. This defines a notion of convergence for sequences of compact metric spaces, called Gromov—Hausdorff
convergence. If such a sequence converges to a compact metric space, this is called its Hausdorff limit.
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Ricci-flat G,-metric — recall our discussion after proposition 2.1 regarding the non-existence
of an analogue of the Calabi conjecture for the case of G,-manifolds.

However, notice that, while for large T with R = R(T') the Ricci-flat G,-metric gets more
and more accurately approximated in terms of the Ricci-flat Calabi—Yau metrics of X g, the
semi-classical dimensional reduction on the G,-manifold Y in terms of the Kaluza—Klein zero
modes will become less accurate due to the emergence of both light Kaluza—Klein modes as
well as substantial non-perturbative and instanton corrections from M2- and MS5-branes.

2.2.4 Cohomology of twisted connected sum G,-manifolds

In this section we analyze the de Rham cohomology of Y as arising from the cohomology
of the asymptotically cylindrical Calabi—Yau summands. A primary contribution has already
been given in Kovalev’s paper [140]. Corti et al have presented a systematic analysis of the
cohomology of Y [141], which we summarize and use in the following section 2.2.5 when
discussing concrete examples of asymptotically cylindrical Calabi—Yaus. Furthermore, the
analysis presented here is relevant to deduce the four-dimensional N' = 1 supersymmetric
spectrum of M-theory compactified on a G,-manifold of the twisted connected sum type, as
well as to investigate gauge sectors on these type of manifolds — see chapters 3 and 4.

First of all, we start by recalling some needed background material on lattices for K3 surfaces
— see e.g. [206, 207, 208]. For a given K3 surface S, since its second Betti number is b,(S) = 22,
the integral second cohomology H?(S,Z) has the structure of a lattice!®. Indeed, we refer to
H?(S,Z) with its intersection pairing as the K3 lattice L. Let Eg be the unique, even, unimodular,

1 (1)) be the standard hyperbolic plane

lattice. The lattice L is a marked K3 surface, since it is isomorphic to the unique, unimodular,
even lattice of signature (3, 19), i.e.,

and positive definite lattice of rank 8. Moreover, let H = (

L=H*S,Z)~ -Es®-FEsdHOH®H . (2.52)
The Picard group or Picard lattice N of a K3 surface is defined as
Pic(S) = H*(S,Z) N H"'(S), (2.53)

and p is defined as the rank of the Picard lattice, called the Picard number. The signature of the
Picard lattice is (1, o — 1) whenever it admits an embedding into a projective space. A sublattice
L’ of a lattice L is said to be primitive if the quotient group L/L’ is torsion-free. A lattice L’ is
said to be primitively embedded into a lattice L if it is isometric to a primitive sublattice of L.
Notice that the Picard lattice N embeds primitively into the K3 lattice L via Pic(S) — H*(S,Z).
A transcendental lattice T of the K3 surface S is a lattice orthogonal to the Picard lattice.

18 A lattice L is defined as a free abelian group of finite rank together with a symmetric intersection pairing
(-,vy: L X L — Z, which we assume to be non-degenerate. The determinant of the intersection matrix with
respect to an arbitrary integer basis is called det. The signature of a lattice is (n,,n_), where n, is the number of
+1 on its diagonal, and its index is 7(L) = n, — n_. A lattice is called even if 2 =xx€2ZV x € L. Otherwise,
it is odd. A lattice is called unimodular (or self-dual) when its determinant is +1. A lattice is called positive
definite when n_ = 0 and negative definite when n, = 0. A lattice is unique if n. > 0.
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2.2 Twisted connected sum G,-manifolds

Following references [140, 141, 142], let us now introduce the notion of a building block
(Z,S), which allows us to construct an asymptotically cylindrical Calabi—Yau threefold X.
Denote the inclusion p : § < X inducing the map p* : H*(X,Z) — L, with kernel k := ker p*
and image N := Imp*.

A building block (Z,S) is a pair consisting of a non-singular threefold Z together with a
smooth K3 fiber S = n~!(p) for some point p € P! and smooth K3 fibration 7 : Z — P'. The
building block is required to satisfy the following conditions,

the anti-canonical class —K, € H*(Z,Z) is primitive and § is linearly equivalent to it, i.e.,
S ~—Kz;

e the integral two-form cohomology H*(X,Z) embeds primitively into the K3 lattice
L ~ H*(S,Z) via the pullback map of the inclusion p : S < X, which is well-defined up
to homotopy;

e the inclusion N < L is primitive and, thus, L/N is torsion-free;

H3(Z,7) is torsion-free — and thus also H*(Z, Z).

Due to the fibrational structure, the self-intersection of S is trivial, which implies that the
manifold X = Z \ § has the topology of an asymptotically cylindrical Calabi—Yau threefold that
admits a Ricci-flat Kihler metric'®. It is in this sense that building blocks give rise to the useful
asymptotically cylindrical Calabi—Yau threefolds necessary for the twisted sum construction.

Recall that the non-compact seven-dimensional manifolds Y,z were defined by equation
(2.33) in terms of the asymptotically cylindrical Calabi—Yau threefolds X; z. Notice that YN Y,
deformation retracts to 72 x S, where T2 is a two-torus and S is the K3 fiber. This is because
YanY, =S'xS'xS =T*xS.

We define the standard restriction r1 g : Y7z — Y and inclusion ¢z : T?> X S <> Yy g. In this
way, the Mayer—Vietoris sequence for the n-th de Rham cohomology applied to the union given
in equation (2.34) of the overlapping non-compact seven-dimensional manifolds Y; z reads

S HTUY, N YRS BV D HA(Y) @ H'(YR) S HY(Y, N YR) — - - (2.54)

in terms of r* and ¢* and the coboundary map 6 : H""'(Y; N Yz) — H"(Y = Y; U Y3). Using
arguments of torsion-freeness of H"(Y ), the Kiinneth formula of decomposition of H"(Yyr)
and of H"(Y; N Yg), and the van Kampen theorem, the two- and three-form cohomologies

19 This can be understood in the following sense. The trivial normal bundle of S in X defines a tubular neighborhood
T.(S) C X and, by construction, T:(S) = T(S) \ S is homeomorphic to A%! x §. Therefore, this has the
topology of a three-dimensional Calabi—Yau cylinder X*°, which can be viewed as the asymptotic region of the
asymptotically cylindrical Calabi—Yau threefold X as discussed in section 2.2.1.

37



Chapter 2 G,-manifolds

H*(Y,Z) and H3(Y,Z) turn out to be written as

H*(Y,Z) = ker (HZ(YL, 7)® HZ(YR,Z) H2(T2 xS, Z))
H*(Y,Z) = ker (H*(YL, 7)® H3(YR,Z) Hg(TZ xS, Z)) (2.55)
@ coker (HZ(YL, 7) & H* (Y, Z) HZ(T2 xS, Z))

Now consider a pair of building blocks (Z g, S 1/z) such that the K3 surfaces S,z are
isometric and fulfill the hyper-Kéhler matching condition r : §; — S k. From the asymptotically
cylindrical Calabi—Yau threefolds X;/zx = Z; /g \ S /8 @ G,-manifold Y is now constructed from
Kovalev’s twisted connected sum construction, as detailed in section 2.2.2. The cohomology of
the G,-manifold Y is now derived from the cohomology of the building blocks (Z; g, S 1/r) [141],

mY) =H'(Y,Z)=0
H*(Y,Z) = (kp @ kg) ® (N, N Ng) ,

3 3 3 (2.56)
H (Y,Z) ~H (ZL,Z)@H (ZR,Z)GBkL@kREBNLﬂ TR (&) NR N TL
®Z[S]® L/ (N + Ng) .
Here L denotes the K3 lattice L ~ H*(S;,Z) ~ H*(S,Z). The inclusion maps
PR - Str = X (2.57)
induce the pullback maps
pir: H Xy Z) - L. (2.58)
These define the kernels and images, respectively,
ki g :=kerp; ,,
L/R p*L/R (2.59)
NL/R = Iran/R ,
as well as the so-called transcendental lattices
Tir = Nijg ={l € L|{I,Nyg) = 0} . (2.60)

Furthremore, [S] is the Poincaré dual three-form of the K3 fiber S in the building blocks
(Zrirs S LR)-

Note that, by the assumptions imposed on the cohomological properties of the buildings
blocks, the images Ny g are primitive sublattices of the K3 lattice L. Therefore, N, g inherit the
structure of a lattice from the K3 lattice L. We also call Ny g by polarizing K3 lattices, since
the K3 surfaces S 1z are polarized with respect to the complex structures of the asymptotically
cylindrical Calabi—Yau threefolds X;,z. We further assume that the sum N, + Ni embeds
primitively into the K3 lattice L. As a consequence, the quotient L/(N + N) is torsion-free, and
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2.2 Twisted connected sum G,-manifolds

— due to the assumed torsion-freeness of H>(Z; g, Z) — all the integral cohomology groups in
equation (2.56) are torsion-free as well.

We refer the reader to Theorem 4.9 in reference [141] for a very detailed proof of both
equations 2.55 and 2.56.

2.2.5 Examples of asymptotically cylindrical Calabi—Yau threefolds

A rich class of building blocks (Z, §'), which give rise to asymptotically cylindrical Calabi—Yau
threefolds as discussed in the previous section, is obtained from toric weak Fano threefolds
P [142].

Let us explain what is meant by toric weak Fano threefolds. First of all, notice that projective
varieties are examples of toric varieties?®. A smooth projective variety P is Fano if its anti-
canonical divisor is ample, i.e., —Kp - C > 0 for any algebraic curve C in P. A projective smooth
threefold P is weak Fano if its anti-canonical divisor —Kp is nef (numerically effective) and
big, which means that the intersections obey —Kp - C > 0 for any algebraic curve C in P and
(—Kp)® > 0, respectively.

Now, let us obtain a building block (Z, §') from such toric weak Fano threefolds. We start by
assuming that two global sections sy and s; of the anti-canonical divisor —Kp of the toric weak
Fano threefold P intersect transversely in a smooth reduced curve C = {syg = 0} N {s; = 0} C P.
Furthermore, let S = {a@gso + a;s1 =0} C P be a smooth K3 surface for some choice of
homogeneous coordinates [ : ;] € P'. A building block (Z, S) is obtained from the blow-up
nc:Z — PalongC,ie.,

Z = BlcP = {(x.2) € PxP' 250 + 215 =0} , 2.61)

together with the proper transform S of the smooth anti-canonical divisor S on P [142]. For ease
of notation, in the following we use the same S for both the K3 surface in the toric weak Fano
threefold P and its proper transform in the blow-up Z. The K3 fibration 7 : Z — P! becomes

n:Z->P (x,2) Pz, (2.62)

and S = 7~ !([ap, @;]) is the K3 surface of the building block (Z, S).
Denoting by g(C) the genus of the curve C, the three-form Betti number b3(Z) of the blown-up
threefold Z from this description is given by

b3(Z) = b3(P) +29(C) = b3(P) + (-Kp)* +2, (2.63)
where in the last equality we use the adjunction formula
1
g(C) = EC -C+1. (2.64)

As remarked several times, it is essential to find a pair of asymptotically cylindrical Calabi—
Yau threefolds fulfilling the matching condition given by equation (2.27) in order to build

20 We refer the reader to references [209, 210] for an extended account on toric varieties.
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twisted connected sum G,-manifolds.

A common strategy is to first focus only on the moduli spaces of the polarized K3 surfaces
S /& and ignore their origin from the building blocks (Z, g, S /&) [141, 142, 211]. Once a
matching pair of polarized K3 surfaces S is found, we check if these particular K3 surfaces
S 1k arise as zero sections of anti-canonical divisors in Z; k. A theorem due to Beauville [212]
guarantees that, indeed, any general K3 surface polarized by the anti-canonical divisor of a
Fano threefold can be realized as the zero locus of a global anti-canonical section for a suitable
choice of the Fano threefold in its moduli space. Therefore it suffices to construct a matching
pair of polarized K3 surfaces S ;/z to ensure the existence of a pair of matching building blocks
(Z1r, S 1/r) obtained from Fano threefolds in their moduli spaces.

For building blocks (Z; /&, S L&) obtained from weak Fano threefolds, this procedure of simply
matching their polarized K3 surfaces S ;/x may not be sufficient. In other words, in the more
general setting of building blocks from weak Fano threefolds, rather than from Fano threefolds,
the entire moduli space of the polarized K3 surfaces cannot necessarily be obtained from a
global anti-canonical section within the associated family of weak Fano threefolds. Therefore,
Corti et al introduce the notion of semi-Fano threefolds. These comprise a subclass of weak Fano
threefolds for which Beauville’s theorem is still applicable [141, 142]. We are not interested in
the rather technical definition of generic semi-Fano threefolds — which is given in definition
6.14 of reference [141] or, alternatively, in definition 4.11 of reference [142] — but we are
interested only in the toric setup of semi-Fano threefolds.

We present the details of the toric setup for general Fano threefolds. First of all, let us define
the notion of reflexive polyhedra. Let I" = Z be a lattice, I'* its dual lattice, and ' = R® I its
extension. A pairing is given by

(,y:ITxIM—>2Z. (2.65)

A d-dimensional lattice polyhedron A, is given as the bounded polyhedron or the convex hull of
points {¥?} € T such that the origin is contained in this set of points and this set spans I'y. The
dual polyhedron A’, is defined by

A, ={y eI Ky, x) > —1,Vx € Ay} . (2.66)

We call a pair of polyhedra (A;, A’) reflexive if both are lattice polyhedra.

Toric Fano threefolds Ps are described in terms of a three-dimensional toric fan X. On its turn,
the toric fan X of a toric Fano threefold Ps is described in terms of a three-dimensional reflexive
lattice polyhedron A spanned by the one-dimensional cones of £ — which are identified with
divisors D,— together with a triangulation encoding the higher-dimensional cones of the fan
X. Due to the work of Batyrev [213] and the classification of Kreuzer and Skarke [214, 215],
there are 4319 three-dimensional reflexive polyhedra, which often admit several triangulations,
typically of the order of ten to a few hundred. To give the reader an idea for the toric setup, we
show in figure 2.2 the sixteen reflexive polyhedra in two dimensions.

We now focus on the class of toric semi-Fano threefolds Ps in order to follow the outlined
recipe to construct explicit matching pairs for twisted connected sum G,-manifolds. They are
characterized by those three-dimensional reflexive polyhedra A; that do not have any interior
points inside codimension one faces. Therefore, there are now ‘only’ 899 three-dimensional
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po%»&»&m
% > |

Figure 2.2: The sixteen reflexive polyhedra in the two-dimensional case, which build eleven dual pairs
(A2, A}). Polyhedron n is dual to polyhedron 17 —n forn = 1,...,5 and polyhedran = 6,...,11 are
self-dual. Figure from reference [216].

reflexive polyhedra of the semi-Fano type [142]. For brevity, we call A; = A as the relevant
toric semi-Fanos in this thesis are always threefolds.

The toric approach to semi-Fano threefolds provides a powerful combinatorial machinery to
explicitly carry out computations. For instance, a general global section s, of the anti-canonical
line bundle —Kp, 1s readily described by

sao= s ] A (2.67)

yiDeA v eA*

with the points v and v*) of the lattice polyhedron A and its dual lattice polyhedron A*.
Moreover, x; are toric homogenous coordinates — whose vanishing define the divisors D;
such that the anti-canonical divisor is —Kp, = »); D; —, and s; are coordinates on the space
of global anti-canonical sections. Furthermore, for the discussed three-dimensional semi-
Fano lattice polyhedron, a choice of generic sections sy and s; yields a smooth reduced curve
C = {so = 0} N{s; = 0} c Ps. This curve has a smooth K3 surface S = {agso + a15; = 0} C Ps
such that the blow-up given in equation (2.61), together with the proper transform §, yield in
fact a well-defined building block (Z, S). We refer to it as the toric semi-Fano building block
(Z,S). They do satisfy all the requirements from section 2.2.4 — see also [142].

2.2.6 The orthogonal gluing method

In order to construct explicit examples of twisted connected sum G,-manifolds, Corti et al
introduce the method of orthogonal gluing in reference [141]. This is a particular recipe to fulfill
the matching condition — given by equation (2.27) — for a pair of asymptotically cylindrical
Calabi—Yau threefolds X,z obtained from suitable pairs of building blocks (Z; r, S /&)

In this section, we review the method of orthogonal gluing to a pair of building blocks
(Zr, S L&) of two semi-Fano threefolds P, g, which consists of the following three-step al-
gorithm [141].

e Construction of the orthogonal pushout lattice W: First of all, choose a negative definite
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lattice R embedded primitively into both Picard lattices Ny of the polarized K3 surfaces
S /& Then the orthogonal pushout lattice W is constructed as

W =N, + Ny, R =N; NNy, (268)

such that
NZ'CNR, NIJ{CNL, (269)

with the orthogonal lattices (transcendental) N Ll/  defined in equation (2.60). The lattice
W is called the orthogonal pushout of Ny, with respect to R, and is also denoted by [141]

W:NL J_R NR. (270)

Note that the pushout lattice W is unique but in general does not need to exist, because the
non-degenerate lattice pairing (-, )y : W X W — Z induced from the pairings (-, )y, , :
Npr X Ny — Z is not necessarily well-defined. To see this, let ey g, fi/r € Nig and
(e + eg, fr + fr) € W. The induced pairing

er + er, fr + fr)w = (€L, fLIn, + ers fR)N, (2.71)

must be integral for any pair of lattice points (e, + eg, fi + fr) € W. Therefore, since
(er + eg, fu + fr) € W is not necessarily uniquely represented by ey g, fr/g € Nir, the
non-degenerate lattice pairing (-, -)y may not be well-defined.

Furthermore, we also require that the constructed orthogonal pushout lattice W has non-
empty intersections Wz = Ny g N Ty with the (generic) Kéhler cones®' K(Py ) of
(deformation families of) Py, i.e.,

KPrLr) " Wrr#+0. (2.72)

e Construction of primitive embedding of pushout lattice W into the K3 lattice L: The
existence of such an embedding can be deduced from results by Nikulin [218]. In
particular, such a primitive embedding is guaranteed to exist if the following rank condition
is fulfilled [141],

rk Ny + 1tk Np < 11. (2.73)

The existence of this primitive embedding is necessary to achieve the matching condition
for a suitable pair of polarized K3 surfaces S, ¢ in their moduli spaces.

e Lift matching condition for K3 surfaces S g to building blocks (Zy g, S 1/r): Finally, we
must ensure that the matching condition for the polarized K3 surfaces S ;/z can be lifted
to the moduli space of the building blocks (Z; g, S /r)-

This is indeed the case, as has been shown in proposition 6.18 by Corti ef al [141]. The
imposed assumptions on the orthogonal pushout W — namely that (Z g, S /&) are building

2! For a compact Kihler manifold M, the Kihler cone is the set of Kihler classes [w] € H"' N H*>(M,R) of the
Kéhler form w. For Fanos, these cones are rational polyhedral, i.e., there is a matrix A such that the cone is
spanned by a finite number of rays C = {x € R"|Ax > 0} [217].
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blocks of semi-Fano threefolds, that the lattice R is negative definite, that the intersections
(2.72) are non-empty, and that W embeds primitively into the K3 lattice L — are sufficient
to ensure that the matching condition of the polarized K3 surfaces S /g, given by equation
(2.27), can indeed be lifted to the moduli spaces of the building blocks (Z &, S 1/r)-

We now determine the Betti numbers from the cohomology groups given in equation (2.56)
of the G,-manifolds Y with the use of the orthogonal gluing method. First of all, we observe
that rk Ny N T = tk W, and rk Ng N T, = rk Wg. Furthermore, N; + Nk becomes the orthogonal
pushout W with trk W = tk W, + rk Wy + rk R. Therefore, we deduce that the Betti numbers
b,(Y) = dim H*(Y) and b5(Y) = dim H?(Y) of twisted connected sum G,-manifolds Y from the
method of orthogonal gluing are given by

by(Y) = tkR + dimk; + dim kg ,

. . 2.74)
b3(Y) = b3(Zy) + b3(Zg) + dimk; + dimkg —rk R + 23 .

Here b;(Z;,r) are the three-form Betti numbers of the threefolds Z; g, and dimk; g are the
dimensions of the kernels k;z defined below equation (2.56).

The motivation to study this method is to algorithmically find novel twisted connected sum
G,-manifolds and work out the gauge theory sectors that appear in this construction from Fano
and toric semi-Fano building blocks, which we perform in chapter 4 after discussing M-theory
compactifications on generic G,-manifolds in chapter 3.
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CHAPTER 3

Effective action from M-theory on
G>-manifolds

In this chapter we perform compactifications of the eleven-dimensional low-energy limit of
M-theory on G,-manifolds. We begin in section 3.1 by summarizing the four-dimensional
effective N = 1 supergravity massless spectrum from the Kaluza-Klein reduction. In section
3.2 we are able to bring the four-dimensional bosonic action into the conventional form of four-
dimensional N = 1 supergravity, i.e., we write a Kihler potential K(¢, ¢) and a gauge kinetic
coupling function f7;(¢) for complex scalar fields ¢. In section 3.3 we derive the superpotential
induced by internal four-form fluxes and single out the relevant fermionic term for the gravitino
mass.

In section 3.4 we investigate compactifications of M-theory on twisted connected sum G,-
manifolds. We employ both the Kovalev limit, as well as the cohomology in terms of the
building blocks of the construction to obtain the four-dimensional low-energy effective theory.
The second and third relevant contributions of this thesis to the topic appear in section 3.4.2.
Firstly, we identify the relevant moduli fields characterizing the effective four-dimensional
N = 1 supergravity spectrum as well as their geometrical interpretation. We use them to
describe phenomenological properties of the associated Kdhler potential. Secondly, we use
the Kovalev limit to identify abelian gauge sectors exhibiting extended supersymmetries on
the local geometries of the twisted connected sum G,-manifolds. These will impose severe
constraints on non-Abelian gauge sectors and charged matter fields of the effective theory, as
we will see in chapter 4.

3.1 The Kaluza-Klein reduction on G,-manifolds

The geometry of the low-energy effective action of M-theory is given by an eleven-dimensional
Lorentz manifold M!!° together with a four-form flux G of an anti-symmetric three-form tensor
field C. Firstly, due to fermionic degrees of freedom in M-theory, the Lorentz manifold M"°
must be spin. This condition implies that the first Pontryagin class p;(M"!%) must be divisible
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by two, i.e.,
_ mu)
==
Notice that the class A is integral since the first Pontryagin class p; is even for seven-dimensional
spin manifolds.

Secondly, consistency of the effective action at one-loop, imposes the cohomological flux
quantization condition [219]

A (3.D

G 2
ig—zeH%M“ﬂ@. (3.2)

For compactifications of the low-energy eleven-dimensional N' = 1 supergravity limit of
M-theory on smooth G,-manifolds to four-dimensional Minkowski space R!® with N' = 1
supersymmetry, we consider the following Ansatz for the eleven-dimensional Lorentz manifold
Ml,lO

MY =RYxY. (3.3)

Here Y is the seven-dimensional compact smooth manifold. In the absence of background fluxes,
such a four-dimensional N' = 1 Minkowski vacuum implies that the compact internal space Y
must be a G,-manifold [132, 220, 221].

Eleven-dimensional N = 1 supergravity compactified' on a seven-dimensional manifold Y
without four-form background fluxes to four-dimensional supergravity has been first discussed
in reference [132]. The structure of the massless four-dimensional N’ = 1 multiplets that arise
from such compactification possesses b,(Y) abelian U(1) vector fields and b3(Y) neutral chiral
fields @' [220, 221]. The inclusion of background fluxes G, generating a superpotential W for
the neutral chiral fields @, thereby generically breaks supersymmetry [134, 135].

We now review the Kaluza-Klein reduction of eleven-dimensional N' = 1 supergravity,
which furnishes the low-energy effective description of M-theory. The massless spectrum of
this maximally supersymmetric supergravity theory is very simple and consists only of the
eleven-dimensional gravity multiplet. Its bosonic massless field content is given by the eleven-
dimensional spacetime metric tensor gy, the three-form tensor C‘[ mnp), Whereas the fermionic
massless field content is given by the eleven-dimensional gravitino ¥¢,, where upper-case latin
letters are used for eleven-dimensional indices (M, N =0, ..., 10). The degrees of freedom of
the massless component fields in the gravity multiplet transform in the following irreducible
representations of the little group SO(9):

e The metric gy in the traceless symmetric representation 44.
e The three-form Cyyp; in the anti-symmetric three-tensor representation 84.

e The gravitino ‘i’jf,l in the spinorial representation 128;.

' A possible warp factor in this compactification has been considered in reference [133], where it was shown
that the warping breaks four-dimensional N' = 1 supersymmetry. While these authors give the criteria for the
compactification manifold Y to yield four-dimensional N = 1 supergravity, they do not refer to the G,-manifolds
in Berger’s classification of special holonomy manifolds [96], likely because compact examples of G,-manifolds
were only found much later in reference [139].
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3.1 The Kaluza-Klein reduction on G,-manifolds

Let x* and y™ furnish (local) coordinates of the four-dimensional Minkowski space R'-3
with the flat spacetime metric 7, and the seven-dimensional G,-manifold Y with the Ricci-flat
Riemannian metric g,,,, respectively. The notation is such that we use lower-case latin letters
for seven-dimensional indices (m,n = 4,...,7), and greek letters for four-dimensional indices
(u, v =0,...,4). With the use of the compactification Ansatz (3.3), to solve Einstein’s equations
in the absence of background fluxes, we consider the block diagonal metric?

9(x,y) = nudx"dx" + gu,(y)dy"dy" , (3.4)

The dimensional reduction of the metric g,y

The first task is to deduce the massless spectrum of the effective four-dimensional low-energy
theory. We start with the gravitational degrees of freedom, which infinitesimally describe
the fluctuations of the metric background (3.4), i.e., § — g + 6g. Firstly, we obtain the
four-dimensional metric fluctuations 6g,,, which correspond to the gravitational degrees of
the four-dimensional low-energy effective theory. Secondly, since the fundamental group of
G,-manifolds is finite, there are no massless gravitational Kaluza—Klein vectors. Finally, we
determine the gravitational Kaluza—Klein scalars S’, which furnish coordinates on the moduli
space M of G,-metrics. At a given point S in the moduli space, we fix a reference metric and
consider its infinitesimal deformation under 8S/, i.e.,

Gun(S )y dy" = gun(S)dy"dy" + )" 68’ pm (S)dy"dy'" . (3.5)

By solving Einstein’s equations to linear order in the symmetric metric fluctuations piy(;:n), we
obtain

Ric (g + Z sSSP =0 = AP =0, (3.6)

where A, is the Lichnerowicz Laplacian for the symmetric tensor fields. Notice that we can use
the G,-structure ¢ on Y to construct the anti-symmetric three-form tensors as

3 A
PE,[BMP] = grspz};r[r;,‘pnpjs . (37)

On G,-manifolds, the symmetric tensor p;”" is a zero mode of the Lichnerowicz Laplacian

operator if and only if the above constructed three-form p?) is harmonic [222], namely

Api™ =0 o AP =0 (3.8)

i .

Therefore, the massless gravitational Kaluza—Klein scalars S’ arise from harmonic three-forms

p?), which represent a basis for the vector space H>(Y) of dimension b3(Y). According to

condition (iv) in proposition 2.1, the harmonic three-forms p?) are the first order deformations

2 In the presence of background fluxes in the internal space Y, the ansatz for the metric is generalized to a warped
product §(x, y) = €AW, dxdx” + e *Yg,,,dy"dy" in terms of the function A(y) on Y called the warped factor
[133, 134].
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to the torsion-free G,-structure

(S = @S+ ) 55'pS). (3.9)

Furthermore, since Y has holonomy group G, and not a subgroup thereof, recall from section
2.1.3 that, at a given point S’ in moduli space, the harmonic three-forms p?) of Y will then fall
into representations of the structure group G,, and H>(Y) splits as [139]

H(Y)=H}(Y)® H3,(Y), dimH;(Y)=1, dimH;,®y) =bs(Y)-1. (3.10)

The harmonic torsion-free G,-structure ¢ corresponds to the unique singlet, and the associated
deformation simply rescales the volume of the G,-manifold Y. The remaining harmonic forms
in the representation 27 infinitesimally deform the torsion-free G,-structure such that the volume
of Y remains constant at first order approximation. Analogously, the symmetric tensors p;*"
solving the Lichnerowicz Laplacian A; split into a unique singlet — given by the metric tensor g
— and b3(Y) — 1 traceless symmetric tensors in the representation 27 of the G,-structure group.

We have seen that the infinitesimal deformations to the torsion-free G,-structure ¢ can be iden-
tified with harmonic three-forms. According to theorem 4.1 in section 2.1.4, these infinitesimal
deformations are actually unobstructed to all orders. In other words, the vicinity U,si) C M
of a given torsion-free G,-structure ¢(S’) € M — at a given point S, i = 1,...,b3(Y), in the
moduli space — is locally diffeomorphic to the de Rham cohomology H*(Y),? i.e.,

Pusiy : Unsy CM— H(Y), ¢ [¢]. (3.11)

Hence, the Betti number b5(Y) is indeed the dimension of M, and the scalar fields S furnish
local coordinates on M with infinitesimal deformations 65 spanning the tangent space T'si M.
This local structure implies that the massless infinitesimally metric deformations p;"™ — or
alternatively the first order deformations p? ) to the torsion-free G,-structure — extend order-by-
order to unobstructed finite deformations, which therefore describe locally the moduli space M
of G,-manifolds. While the harmonic three-forms p§3) themselves depend (non-linearly) on the
moduli space coordinates S’, we can — due to equation (3.11) — locally expand the cohomology
class [¢] of the torsion-free G,-structure ¢ as

[e(SHT = > ST, (3.12)

which is a useful local description of the moduli space of ¥.*

3 We assume that the scalars S’ describe a generic point in M. First of all, the associated G,-manifold ¥ should be
smooth. Furthermore, it should not be a special symmetric point corresponding to an orbifold singularity in M.

4 Note, however, that a given cohomology class [¢(S')] is not necessarily represented by a unique torsion-free
G,-structure ¢(S?). Recall from section 2.1.4 that, mathematically, not much is known about the global structure
of the moduli space M and, in particular, about the global map P : M — H3(Y).
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3.1 The Kaluza-Klein reduction on G,-manifolds

The dimensional reduction of the three-form C’[MNP]

We now move on to determine the massless four-dimensional modes arising from the coef-
ficients in the decomposition of the eleven-dimensional anti-symmetric three-form tensor C
as

Cony) = Y A AP+ ) P Ap ). (3.13)
1 i

Here wgz) are harmonic two-forms and p?) are three-forms p§3), identified with non-trivial
cohomology representatives of H*(Y) and H>(Y) of dimension b,(Y) and b5(Y), respectively.
Since there are no dynamical degrees of freedom in four-dimensional anti-symmetric three-form
tensor fields, and due to the absence of harmonic one-forms on the internal G,-manifolds since
b,(Y) = 0, the four-dimensional vectors A’, I = 1, ..., b,(Y), and the four-dimensional scalars
P',i=1,...,b3(Y), are the only massless modes obtained from the dimensional reduction of
the eleven-dimensional anti-symmetric three-form tensor field C.

The dimensional reduction of the gravitino ‘AI"XJ

Let us now turn to the dimensional reduction of the eleven-dimensional gravitino ¥, which
geometrically is a section of T*M"'° ® S M1 where S M"!° denotes a spin bundle of M1,
Upon dimensional reduction, we will show that the gravitino ¥ enjoys the expansion

P(x,y) = (wu(0de + g (D)dx) £(y) + () + X" () £ )dy' . (3.14)

Here (,,, ;) and (y, x*) are four-dimensional Rarita-Schwinger and four-dimensional spinor
fields of both chiralities in R"3.3 Furthermore, £ is a section of the (real) spin bundle SY of
the compact G,-manifold® Y whereas ‘! is a section of the (real) Rarita—Schwinger bundle
T*Y ® SY, which locally takes the form 8" ®  in terms of the local one-form 6" and the
spinorial section 7. Let us see how this expansion is justified.

The massless four-dimensional fermionic spectrum must arise from the zero modes of the
. . . . . RS -
seven-dimensional Dirac operator /) and Rarita-Schwinger operator 0", i.e,

pc=0, DO =0. (3.15)

First of all, due to the existence of a covariantly constant (Majorana) spinor i on SY, the
Rarita-Schwinger bundle 7*Y ® S Y on the G,-manifold Y becomes reducible, namely

T'YyesSY=TY®(T'Y®R). (3.16)

3 In our conventions the fermionic fields Y, x and ¥, x* are chiral and anti-chiral, respectively, such that , +
and y + y* become Majorana fermions.

6 As the G,-structure group of ¥ — a subgroup of SO(7) — is simply connected, it defines a canonical spin
structure on Y.
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Accordingly, the section ¢ decomposes as
£= ) anyyy"n+ by . (3.17)

Here y™ are seven-dimensional gamma matrices. For definitions and useful relations among
higher dimensional gamma matrices appearing in this chapter, we refer the reader to appendix A.

With this decomposition, we arrive at the following equation for the zero modes

D¢ = (Vaan)Y"y" n + (0.b)Y'n = Viamy™ n+ (V'a)n + (0,b)y'n = 0. (3.18)

Due to the linear independence of n, y"n, and y""n, this yields, for the coeflicient one-form
a(y) = a,(y)dy" and the function b(y), together with equations (3.27)

da(y) = 0, d'ay) = 0, db(y) = 0. (3.19)

The first two equations imply that a(y) must be a harmonic one-form, whereas the last equation
determines the function b(y) to be constant. As there are no harmonic one-forms on the G,-
manifold Y because b,(Y) = 0, the covariantly constant spinor i furnishes the only zero mode
in the spin bundle S Y. Therefore, this zero mode gives rise to the massless four-dimensional
gravitino field y,, and its conjugate ¢, of the four-dimensional massless N’ = 1 gravity multiplet
as given in expansion (3.14), and we list them in table 3.1.

Furthermore, (3.16) allows us to make the following identification

T'Y®SY=TYQ(T'Y ®R)
=(T'YRT'Y)®T'Y (3.20)
=Sym*(T*'Y)® A’T*'Y®TY ,

where Sym*(T*Y) is the space of symmetric two-tensors on Y and A>T*Y is the space of two-
forms. It is known that Sym*(T*Y) = AJ@A3, [223]. Since the spaces A2 and A3 are isomorphic
to the cotangent bundle A; — recall equation (2.6) and text below it —, we arrive at

T'YR®SY=A @A, ®A, DA . (3.21)

Therefore, this decomposition of the Rarita-Schwinger G,-bundle justifies the following Ansatz
for the global Rarita-Schwinger section £V,

(= ) Wy @Y+ ) apn)dy' @Y "+ Y blwdy' ®n.  (3.22)

n,m n,m n

(zfm)(y), the anti-symmetric tensor a; (), and the
vector b!(y) indicate the dimension of their respective representations with respect to the
structure group G,. While the anti-symmetric tensor a[ljl‘m] (y) and the vector b](y) transform
in the irreducible representations 14 and 7, the symmetric tensor a(zfm)(y) further decomposes

into the trace and the traceless symmetric part, which respectively correspond to the irreducible

The superscripts in the symmetric tensor a
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representations 1 and 27.

Following conventions given in reference [138], the G,-structure ¢ fulfills the following
contraction relations

‘pmnp‘pnpq = 662 > Somnp‘ppqr = (Dmnqr + 6z16r 0,08 (323)

m-n?

with the Hodge dual form @ = %¢, and the Fierz identity

mn mnp

Y = —ig""y,n . (3.24)

By acting with the Rarita—Schwinger operator D*° on the Ansatz (3.22) for ¢, and using
equations (3.23), (3.24) and (A.7), we arrive at

3
PO =(v,b] DY dy, ®n - (V”aifn) dy" @n+ = 3 (V[,,apq]) Y""dy,, ®n

i
= (V) Y dy, @ n (325)

ap(trg a(znin))dyq ® quﬂ ’

?;l (V” iiq) dy’ @ yin +

in terms of the three-form @y, and the singlet tr, a’> = = an g™

3 1
28 _ 28 28 _
Uy = 9 APl m) = 4alnqu‘qurg”" B 12g"ma“’q”(ppqr (3:26)

Let us now analyze the zero modes of the Rarita—Schwinger section /" from equation (3.25).
The one-form b(y) = b,(y)dy" does not contribute any zero modes as we have already seen and,
due to equations (3.27), such a zero mode must be a closed one-form db(y) = 0. Furthermore,
due to b1(Y) = O it also must be exact b(y) = df(y). However, an exact one-form df(y)
furnishes no physical degrees of freedom as it can be removed by a gauge transformation of the
Rarita—Schwinger section, i.e., 'V — ¢ - V(f(y) ® n).

For any p-form a, the Levi—Civita connection V, the exterior derivative d and its adjoint d'
fulfill the relations
(da)ﬂl~-ﬂp+1 =(p+ 1)V[ﬂ1aﬂ2mﬂp+1] )
(dTa/)ﬂln-Np—l = _Vva'vﬂlmﬂp4 .
Therefore, for the remaining tensors we find that the zero modes of the Rarita—Schwinger
operator P*° are

(3.27)

da'*(y) = 0, d'a(y) = 0,

3.28
daZS(y) — 0, dTa28(y) — 0, ( )

in terms of the two-form a'*(y) = Ja,(y)dy" A dy™ and the three-form a**(y) = fapy, ()dy" A
dy™ A dy”. Thus, the zero modes are in one-to-one correspondence with harmonic two-forms
a'*(y) and three-forms a**(y) on the G,-manifolds Y, where the harmonic property of a*%(y)

implies that the symmetric tensor a( ,»y must be solutions to the Lichnerowicz Laplacian as well,
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cf. equation (3.8), i.e.,
Aa®@y) =0, Aa(y) = 0. (3.29)

The zero modes of the Lichnerowicz Laplacian on G,-manifolds are again identified with
harmonic three-forms according to equations (3.7) and (3.8) — with a single zero mode and
b;(Y) — 1 traceless symmetric zero modes transforming in the G,-representations 1 and 27,
respectively. Therefore, the zero modes of the Rarita—Schwinger bundle on Y are in one-to-one
correspondence with non-trivial cohomology elements’ of both H3(Y) and H?*(Y). In terms of
the bases of zero modes p;”™ of the Lichnerowicz Laplacian and of the harmonic two-forms a);z),
we therefore arrive at the expansion of the four-dimensional chiral fermions given in equation
(3.14)

b3(Y) by(Y)
X = > X pmdy" @Y+ > Ao, dy' ©y" . (3.30)
i=1 I=1

Now, we can spell out the massless four-dimensional spectrum in terms of N' = 1 supergravity
multiplets as obtained from the dimensional reduction of M-theory on the G,-manifolds Y. It
consists of the four-dimensional supergravity multiplet, b3(Y) (neutral) chiral multiplets @', and
b,(Y) (Abelian) vector multiplets V/, as summarized in detail in table 3.1.

Multiplicity | Massless 4d component fields Massless 4d

bosonic fields |fermionic fields| AN = 1 multiplets

1 mEtric gy, gravitino v, ¥, | gravity multiplet

i=1,...,b3(Y) |scalars (S’, P') | spinors x', y*' |chiral multiplets @'

I=1,...,by(Y)|vectors A, gauginos A, vector multiplets V/

Table 3.1: The massless four-dimensional low-energy effective N' = 1 supergravity spectrum obtained
from the dimensional reduction of M-theory — or rather of eleven-dimensional supergravity — on a
smooth G,-manifold Y.

In order to specify the four-dimensional low-energy effective N' = 1 supergravity action
for the determined spectrum of the massless fields, we must insert the mode expansions for
the metric (3.5), the anti-symmetric three-form tensor (3.13), and the gravitino (3.14) into the
eleven-dimensional supergravity action [70]. This action, in terms of the eleven-dimensional

7 A priori, the constructed zero modes furnish elements of Hf(Y ), Hg7(Y ) and Hf4(Y ) that transform in the
specified representations of the G,-structure group. However, on G;-manifolds all non-trivial three- and two-
form cohomology elements can respectively be represented in the representations 1, 27, and 14, which justifies
the identification of zero modes with H3(Y) and H2(Y) [139].
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Hodge star *;; and the eleven-dimensional gamma matrices I, reads

1 N 1 . A X A R
Sid = =~ (*nRs — —=dC A *11dc — *llilPMrMNPDN\PP)
2k7, 2

1 f 3 TMNPQRS & A 1 A P
- 11 Wl WnN(dC)pors) — = | dC A x F
192/<f1 2Kf1
—u—zfdé/\dé/\é+... . (331
K11

Here we denote F [MNPQ] = 3‘?‘[M1A“Np‘i’Q]. The first line contains the kinetic terms of the eleven-
dimensional supergravity multiplet, i.e., the Einstein—Hilbert term in terms of the Ricci scalar
Ry, the kinetic term for the anti-symmetric three-form tensor C, and the Rarita—Schwinger
kinetic term for the gravitino ¥. The second line comprises the interaction terms. The third line
is the Chern—Simons term of the eleven-dimensional supergravity action since it contains the
Chern Simons three-form in eleven dimensions and is only topological. There are additional
four-fermion interactions denoted by ‘...” [70]. The coupling constant k;; relates to the eleven-
dimensional Newton constant Gy, the eleven-dimensional Planck length ¢ p and Planck mass
M p according to X

K, = 8nGy = G = (27?8 .

2 2010

(3.32)

To perform the Kaluza—Klein reduction we introduce the moduli-dependent volume Vy(S?)
of the G,-manifold Y

Vy(S) = f d'y et g(S )y - (3.33)
Y
Furthermore, we introduce a reference G,-manifold Y, with respect to some background expect-

ation values S|, = (S'), upon which we carry out the dimensional reduction. This allows us to
introduce the dimensionless (but yet moduli-dependent) volume factor

. Vy(S! 1
(S = 1;/( ) = §f¢/\*g¢¢, (3.34)
Yo Y

in terms of the reference volume Vy, = Vy(S 6), where *g, is the seven-dimensional Hodge
star explicitly showing its non-linear dependence on ¢ — recall proposition 5.1 and the text
below it. Here the choice of Y fixes via the resulting volume factor Vy, the normalization of
the three-form ¢ and consequently also the normalization of g,,,. Furthermore, due to equation
(3.9), the normalization of the three-form ¢ also affects the normalization of pf) . We choose a
normalization for ¢ such that only the dimensionless volume factor A, appears in the resulting
low-energy effective action.

In the following sections 3.2 and 3.3, we determine the bosonic and the fermionic pieces of
the four-dimensional low-energy effective N = 1 supergravity action for the above determined
spectrum of massless fields.
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3.2 The bosonic action

In this section, we explicitly perform the computation of the bosonic piece of the four-
dimensional low-energy effective N' = 1 supergravity action after dimensional reduction
of the corresponding higher dimensional terms in eleven dimensions. This means we focus on a
subset of terms from the eleven-dimensional action given by (3.31), namely

‘ 5 1A A_La g ne
Sﬁﬁ::———\f(*nRs-—EdC/\*“dC——gdC/\dC/\C). (3.35)

263,
Again, the first term is the Einstein-Hilbert term in terms of the eleven-dimensional Ricci scalar
Rs. The second term is the kinetic term for the anti-symmetric three-form tensor € and the third
term is the Chern-Simons term of the eleven-dimensional supergravity action.

In order to have the convenient four-dimensional normalization of the Ricci scalar term, we
must perform the Weyl rescaling of the four-dimensional metric according to

v [ \/det v
g}lv g'u _detg,uy - —glu . (336)

Ao(SH A58

This is such that the four-dimensional coupling constant x4, — relating the four-dimensional
Newton constant Gy, the four-dimensional Planck length £, and the Planck mass Mp — becomes

8

K2
2 11 2 2
K4 = ) K4 = 87TGN = 87T€P =

3.37
Vi (3.37)

The Ricci scalar term

We start by looking at the dimensional reduction of the Ricci scalar term. The eleven-
dimensional Ricci scalar Ry has the following decomposition in terms of the four-dimensional
Ricci scalar Ry,

Rs =Rs + g R’ + 9" R . . (3.38)

pmy

With the use of %, = d’yd*x/-detg,, \/detg,,, the four-dimensional Hodge dualx,, and
equation (3.33), we obtain

1 vV pmn mn
oK 2 1Ry = — fm *4Rs Ao iy jl;ls/lo —detg,, (9" R, + 9" R,) - (3.39)

We now perform the Weyl rescaling with equation (3.36), which gives Ry — ApRs and

gﬂanLmv + g’""R”m#n — Ao(g""R" umy T+ g‘””R“ m;m)’ such that we obtain
— Rg = —1 f Rg + —1 —detg,,(¢""R" + g™ R! ) (3.40)
* * € v my mun’/ * ‘
2/<f1 S 2/<421 RI13 s 2/<4 RI13 g a i

In this expression the Ricci tensors must be computed with the Weyl rescaled four-dimensional
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3.2 The bosonic action

metric. They are given in terms of the Christoffel symbols appearing in — here A runs over four-
and seven-dimensional indices,
R, = 0.0, =0, + Ty —Thl,

— Tl “ A
R, =d,0%, -8, +T“ L —T'T

nm pA— nm nA~ um *

(3.41)

Furthermore, in computing the non-vanishing Christoffel symbols, we make use of the relation

1
8, \/detg,, = 3 Vdetg,u (g™ 0uGmn) - (3.42)

When inserting the dependence of the seven-dimensional metric on the moduli S’, there appears
a term dS' A #4dS/ which should be further Weyl rescaled. Taking these into account, we obtain
the resulting dimensional reduction of the eleven-dimensional Ricci scalar to be

1 s 1 1 I |
Ry = Ro- o [ ap nwdpl [0 nep? (43
ZK%I T 2K42L R13 Tt 2K42l Ll,z 24 *4 \fYVpl *-’/wp] ( )

where the first term is the usual Einstein-Hilbert term in four dimensions.
The kinetic term for C
Now we move on to the kinetic term for the three-form C. First of all, from (3.13), we have

dC(x,y) = > dA'x) AP y) + ) AP A PP () (3.44)
1 i

since wﬁz) and pl@ are harmonic forms, i.e., dwgz) =0and dp?) = (0. We define
Fl(x) = dA'(x) . (3.45)

Moreover, we make use of the following relations

s (FY A 0P) = #4F A%y 07

j ; 3.46
*11(dP] /\,0;3)) = —s,dP’' A *-‘/wp§‘3) , ( )

in terms of the four- and seven-dimensional Hodge duals *4 and =, . Therefore, the non-
vanishing contributions to the second term in equation (3.35) are

_%ﬁ %dé A s#pdC = —%%1 f %[(F’ A WD) A (kg F? A 24,07 47
—(@P" A D) A (kadPT A g p)]
Rearranging the terms, we obtain
L 1dé A x,dC = L fl[(F’ A sy F) A (0P A %, 0P
2/<fl 2 2Kf1 2 ! domd (3.48)

+(dP' A 54dP)) A (P A g p )]
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Chapter 3 Effective action from M-theory on G,-manifolds

Because harmonic two-forms transform in the Hf4(Y ), then *g¢w(12) =—pA w(Jz) [224]. This,

together with equations (3.5), (3.9) and (3.37) as well as a convenient normalization for ¢, allow
us to obtain the final expression for the kinetic term for C

1 1 A A 1 1
5 EdC/\*”dC:—l—ﬁ 13ES"F’/\*L;FJ‘fa)?)/\w(f)/\p,(;’)
11 4 VR Y
: | | | N o (3.49)
- — —dP' A s4dP’ A .
262 Jris 240 . ]1; Pi ol

The Chern-Simons term

Now we present the dimensional reduction of the Chern-Simons term, i.e., the third term
in (3.35). Using equation (3.44), the non-vanishing contributions to the third term in equation
(3.35) are

1 1 A A A 1 ! @) TNE)) K @
W gdC/\dC/\C:_lzkz f(F /\(4)1 /\dP‘I/\pj ANA /\(A)K
11 11 (3.50)
+ F' AP AF! AP A PEA Y '
+dP AP AF AP AAR A WD)
Rearranging the terms, we obtain
1 1dC’/\dCA/\CA—— ! (F' AAX AdPI A 0P AP A D)
263, J 6 124 ©r ROk AP
11 11
(3.51)

+F'AF AP AP A0 Ap)

+ F' AAKNAP A 0P A0 A p)
Now we make use of relation d(AX A P/) = dAX A P/ — AKX A dP7 and assume d(AX A P/) =0
after integration. This leads to AX A dP/ = FX A P/ and, therefore,

1 1 4 ~ A 1
— | =dCAdCANC = —— F'AF! A P fw(z) Aw? Ap®. 3.52
2, J 6 A fR” v ! P (32

With the use of equation (3.37) and the normalization of ¢, the third term in equation (3.35) is
written as

1 1 A ~ N 1 1
— | =dCAdCAC =-—— —F'AF A P’“f DA WP AP 3.53
22, ) 6 262 me 2 OO (953)

Putting together equations (3.43), (3.49) and (3.53), the dimensional reduction yields the
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3.2 The bosonic action

four-dimensional bosonic action

1 1
Shos = — [ s, Ry + = f WP AP A (SF! Ay = PEFT A FY)
2K42L RL3 2 Y (3 54)

1 3 3 i
5 fp()/\ 50,05 (AP' N xadP? + dS' A 54dS7) |

in terms of the four-dimensional Hodge star #,4, the Ricci scalar Rg with respect to the metric
guv» the dimensionless volume factor Ay, and the seven-dimensional Hodge star =, .

3.2.1 The Kahler potential and the gauge kinetic coupling function

The bosonic part of the four-dimensional effective supergravity action at second-order derivative
is specified by a Kihler target space for massless chiral scalars ¢' with Kéhler potential K(¢, ¢),
a holomorphic gauge kinetic function f;;(¢), and a holomorphic superpotential W(¢). The
expected bosonic four-dimensional effective action takes the following form

1
SbOS - *4RS
2c3 Jr
1 4 1 1 v,J 1 1 voo J
+ 2—K4 d \/—gw,( ERef[/F,uVFIJ + ZImf”F e’ Fp(r (355)

- = f 13614 G (Ki70,8'0"® + V)
where V is the scalar potential
V = X(K'D;WD;W - 3|WP), (3.56)

in terms of the covariant derivative of the superpotential D;W = 9;W + (9;K)W and the moduli
space metric K;; = 9;0;K.

We can now bring the (bosonic) action (3.54) into this conventional form of four-dimensional
N = 1 supergravity [225].% To identify the chiral multiplets — that is to say, to identify the
complex structure of the Kéhler target space — we observe that — at least to the leading order
— the action of the membrane instantons generating non-perturbative superpotential interactions
is given by [228]

¢ =-P +iS". (3.57)
Hence, due to holomorphy of the N = 1 superpotential, the complex fields ¢’ furnish complex

coordinates of the Kihler target space and thus represent the complex scalar fields in the N =1
chiral multiplets @' in table 3.1. This allows us to quickly read off from the action (3.54) the

8 The structure of the four-dimensional effective N’ = 1 action from type II and M-theory dimensional reduction
including Kaluza—Klein massive modes— which we do not consider here — has recently been discussed in
references [226, 227].
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Chapter 3 Effective action from M-theory on G,-manifolds

Kihler potential and the gauge kinetic coupling functions [135, 136]

- 1
K(p.¢) = -3 10g(;f90/\*g¢ 90) ; (3.58)
Y

i i
fuld) = 3 ; ¢ fy o AT AP = 5 ; K. (3.59)

Note that the holomorphy of the gauge kinetic coupling functions is in accordance with the
complex chiral coordinates (3.57). The moduli space metric is then given by

Ki; = 0;0;K = — fp?) A *g¢p§.3) . (3.60)
Y

Thus, we see that in the physical theory the real scalar fields S* and P* combine to the complex
chiral scalars ¢’ according to equation (3.57). These complex scalar fields parametrize locally
the (semi-classical) M-theory moduli space M of the G,-compactification on Y of complex
dimension b3(Y), where the real subspace Re(¢') = 0 of real dimension b3(Y) is the geometric
moduli space M of G,-metrics on Y.? Note, however, that the derived moduli space Mc merely
arises from the semi-classical dimensional reduction of eleven-dimensional supergravity on
the G,-manifold Y. For the resulting four-dimensional N' = 1 supersymmetric theory, one
expects on general grounds that the flat directions of Mc are lifted at the quantum level due to
non-perturbative effects in M-theory [228] — even in the absence of background fluxes.

Finally, let us remark that the presence of non-trivial four-form background fluxes G of anti-
symmetric three-form tensor fields C supported on the G,-manifold ¥ generates a flux-induced
superpotential [134, 135, 138]. While the superpotential enters quadratically in the bosonic
action, it appears linearly in the fermionic action generating a gravitino mass term M, [225]

1 - - _
My = —e 2 (W@ vty + W) 70 (3.61)

4

This linear dependence on W allows us to directly derive the superpotential from the dimensional
reduction of the gravitino terms, which we investigate in the following.

3.3 The fermionic action

Due to expansion (3.14) for the gravitino ¥ and relation (A.6), the dimensional reduction of the
Rarita—Schwinger kinetic term for the gravitino ¥, given by the third term of the first line in

9 For corrections to the semi-classical moduli space Mc see reference [229].
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3.3 The fermionic action

(3.31), is

1 . ~ A N o l 7 Vi * i
11 11
M3 Y

Y'Y, f #6,CY"Vnl
M3 Y
i 1— Vv * > m 3.62
— f XY Vox f xg, Oy (3.62)

M3 Y

i — * Z mn
—— | wyx f 50, LYV, D
Y

T 52
2k,

+cC.C..

The resulting terms comprise the kinetic and mass terms for both the four-dimensional gravitinos
W, — the first and second line on the right hand side of equation (3.62), respectively — and the
four-dimensional fermions y — the third and fourth line on the right hand side of equation (3.62),
respectively. It also gives rise to mixed terms between i and y. However, since such mixed terms
are not present in standard four-dimensional supergravity theories, they have been neglected in
this analysis.!”

3.3.1 The holomorphic superpotential

Let us now determine the holomorphic superpotential generated by a cohomologically non-
trivial four-form background flux G on the G,-manifold ¥, which is locally given by dC. The
superpotential can be read off from the four-dimensional gravitino mass term (3.61). Such a term
arises from the dimensional reduction of the fourth term in the eleven-dimensional action (3.31).
That is to say, we find

1

- Wf*11‘ijMfMNPQRS\iJN(dé)[PQRS] D -
1

PSR *11 \ijﬂf*,ququ\ijV (dCA)[pqrs]
1923, f

1 7, 7 i A
- T192¢ f 1 W + PPV Wy + A ) pgrsy - (3.63)
11

Since there are no harmonic one-forms on the G,-manifold Y, we can identify the spinorial
section ¢ with the unique covariant constant spinor 1 on the G,-manifold Y, cf. section 3.1.

Furthermore, we notice that the covariantly constant three-form ¢ and its Hodge dual four-form
® = =, ¢ are bilinear in i, namely ¢, = il7YmnpN A0 Cpnpg) = (49, @) imnpg) = —TTYmnpgN> SUCh

' Actually, one should perform a redefinition of ¥, with ¥, — ¥, = ¥, + [,[™®,, in order for such terms to
cancel out. However, we do not consider this field redefinition as such a shift does not affect the gravitino mass
[138, 230].

59



Chapter 3 Effective action from M-theory on G,-manifolds

that

- 1922 f *ll\i’MfMNPQRS\{A’N(dé)[PQRS]
11

> 1922 f*11l/_/uVWlﬂi(D[pqrs](dé)[pq”]+c.c. (3.64)
11

We must employ the following Weyl rescalings

L A A %gﬁ . (3.65)
Furthermore, we use the following replacement
f 29, D pgr) (AO)P7) = -4 f D A #,,dC = +4! f dC A g0 (3.66)
Y Y Y
Therefore, (3.64) is given by
- 19%/%1 f i P MVPORS By (aC )IPORS]
» mﬁGAQDV[RLS s, VW + ce. (3.67)

We should compare this result with the corresponding fermionic term in the four-dimensional
N = 1 supergravity action,

1 - -
Ly = 53¢ (WU v, + W By w) . (3.68)
4

Sferm 5
4d 2Kﬁ R13

Since the Kéhler potential is K = —31logd, — derived in section (3.58) —, with the Weyl

rescaled four-dimensional metric g,,, we arrive at the following superpotential contribution

W(g) D 1fG/up. (3.69)
4 Jy
Note that the derived term is not holomorphic in the four-dimensional chiral coordinates since
it couples to the three-form ¢ and not its complexification. To arrive at the full superpotential
we must render the moduli dependence holomorphic in terms of the replacement ¢ — ¢ + iC,
which is in accordance with the deduced chiral coordinates (3.57). This proposed replacement is
in agreement with the domain wall tensions interpolating between distinct flux vacua [231, 232].
As explained in reference [135], this is also required in order to obtain the chiral combination
—8C+id¢ in the variation SW of the superpotential W and, therefore, it is necessary to introduce a
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relative factor % between C and . Thus, altogether we arrive at the flux-induced superpotential'!
. 1 L. .
W(¢') = —fG/\ (——C+l(,0) . (3.70)
4 Jy 2

Our result yields the flux-induced superpotential in references [134, 135, 138, 229].

Note that — both in the presence and in the absence of background fluxes G — we expect
generically additional non-perturbative superpotential contributions arising from membrane
instanton effects [221, 228].

3.4 M-theory on twisted connected sum G;-manifolds

Having dealt with the more general setup of compactifications of M-theory on G,-manifolds,
we now turn to specific details resulting from the twisted connected sum construction. In section
3.4.1 we obtain a reduced form for the four-dimensional N' = 1 supergravity Kéhler potential
by a brute force calculation in terms of the constituents of this construction. Furthermore, we
present the second and third contributions of this thesis to the topic. Firstly, the identification of
the relevant four-dimensional universal chiral multiplets, allowing for the specification of the
four-dimensional spectrum as well as its geometrical interpretation, and the final form of its
associated Kéahler potential. Secondly, we identify abelian gauge sectors exhibiting extended
supersymmetries on the local geometries of the twisted connected sum G,-manifolds in the
Kovalev limit.

3.4.1 The Kahler potential: a reduced form

In this section we obtain a reduced form for the four-dimensional Kihler potential from equation
(3.58) in terms of the constituents of Kovalev’s twisted connected sum construction.

! Non-vanishing four-form fluxes induce a gravitational back-reaction to the eleven-dimensional metric. This
requires a warped metric Ansatz that breaks supersymmetry [133, 134]. As the presented derivation neglects
such back-reactions, the resulting effective action becomes more accurate the smaller the effect of warping.
Similarly as argued in reference [138] this is the case for a small number of four-form flux quanta.
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Due to the twisted connected sum construction in section 2.2, the Kéhler potential splits into

1
K =-3log ? f A"
Y, =Y UYgr
1 1
:_310g7 (,DL/\*(,DL+? PR N *QR
1 [KLUO,T—1]xS xS ]xS | 1 [KRU(O.T=11XS XS kIXS & (3.71)
+ — N % + = A
5 f 0L or 7 f @R ©RrR
XZ°|(T—1,T]XS£ XRlr-1.11%S
+ ! AN + ! A
_ * — *
14 L ®L 14 ©RrR YR
XSl xS} XplrraxSg

The second line gives the contribution from the compact subspaces K; g C Xy /g of the non-
compact asymptotically cylindrical Calabi—Yaus X; /& times an S | ,g and from the Calabi—Yau
cylinder region in the interval (0, 7 — 1]. The third line gives the contribution from the Calabi—
Yau cylinder region in the interval (7' — 1,7T]. The last line gives the contribution from the
asymptotical ends of the Calabi—Yau cylinders in the interval (7, T + 1]. The extra factor of
1/2 in the last line guarantees that we are not overcounting contributions from the left- and
right-sides as they are glued together in this region.

In the following, we perform the computation for the left-side of the construction only. We
present the final expression for the Kéhler potential (3.71) after taking into account analagous
terms for the right-side of the construction.

Region [K; U (0,7 — 1] x Si* x S;] % Si

In this region we are interested in the contribution from the compact subspaces K x times

an S| /g and from the Calabi—Yau cylinder region in (0,7 — 1]. In the compact region, the

three-form ¢, and four-form ¢, are given by

¢ = y1dbr N wrlk, + Reylk, , (3.72)
*pp = %(lekL)z —y1dfp, AN1ImQ g, , (3.73)

where wy |k, and |k, are the restrictions of the three-form and four-form of X, to the compact
subspace K;.
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Therefore, the contribution from the compact subspace K is

21
1
f A ff(iwLﬁ(L A ’yLdHL + ReQLlKL A ImQLlKL A ')/LdGL
K. O

KLxsi

(3.74)

=TyL f(x)LliL + ZHYLfReQLlKL A ImQLlKL .

KL K

Notice that here we have neglected contributions at + = 0. When analysing the Calabi—Yau
cylinder region in (0, 7 — 1] below, there will also appear contributions at # = 0 due to continuity
of the twisted connected sum construction — recall figure 2.1. These allow us to neglect the
contributions at r = 0 for the compact region. We make this point more clear in the following.

In the Calabi—Yau cylinder region in (0, 7 — 1], the forms w{ and Q{ are given by

wl = WY +dug = (y})dt Ade; + W + +duy ,

T o0 1o S . s (3.75)
Q, =QF +dv, :=7vy,d0; NQ; —iy,dt NQ] +dv, .
Furthermore, the three-form ¢; and four-form *¢; are given by, respectively,
¢L = y1d0, A w] +ReQ] , (3.76)
*Qp = %(w{ 2 — y1d6, AlmQI . (3.77)
The contribution from this Calabi—Yau cylinder region in (0, 7 — 1] is then rewritten as
f oL N *x@p = f (yrdOr A wy + ReQ’)
(0. T-1]1xS xS xS} (O0.T-11xS xS xS}
1
A 5(wz’)z — y1dé, A ImQZ"] (3.78)
+ f F(dug,dvy) ,
(0,T=1]XS }*xS xS}
where F(du;,dv;) is a correction term given by
1
F(d/.lL,dVL) = (')/LdeL VAN wZ’ + RCQZO) A (,Uzo A d/.lL + E(d,UL)Z - ’)/LdHL A IdeL]
(3.79)

+ (yLdGL A d[.lL + RCdVL) A

1
E(U)zo + d,uL)2 - ’)/LdQL A Iszo - yLdHL A IdeL] .

After inserting the contributions for w;” and QF given by equation (3.75), the first integral in
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equation (3.78) is reduced to

1
f (yLdOL A 07 +ReQ%) A E(w;")2 — yrd6, ATmQY | =

(0,T—1]XS }*XS LxS |

T-12n 2r 3
- f f f f [E(ﬁ)zdt/\dez A (W) Ayrdér,
0 0 Sz 0

+ (y;)*dt A d6; A (ReQ3)* A yrdéy, (3.80)

+(y})2dt A dO; A (ImQ3)? A yLdQL]

= 47%(T - D(y})*yL f B(wi)2 + (ReQ$)? + (ImQ{)Q]
St

The second integral in equation (3.78) is given by the contribution from the correction term
F(du;,dvy), explicitly written in equation (3.79). With (du;)* = (du;)® = (dv;)* = 0 and, by
degree counting, the surviving terms are

T-12n 2r

3
f F(dpL,de)zffff[i(wf’)”dm/\nd&
0 05,0

(O.T-11xS xS xS}

(3.81)
+ Redvy A Isz’ A ’)/LdQL —Imdv; A RCQZO A ’}/LdQL

+ Redvy, A Imdvy A ‘)/LdQL}

Plugging w;” and Q7 from equation (3.75), we evaluate the first integral in equation (3.81)
with Stokes’s theorem, closedness of w; and the fact that the algebraic K3 S, has no boundary.
Therefore, we obtain

[ @ ndunas

(0,T-1]XS }*xS xS}

=27y f [2(y})*dt A dO; A w5 A dup + (w3 )* A dur]
(0.7-1]xS }*xS 1 (3.82)

=2myL f (Upp=T—1 — Hip=0) A (w7)?

Slxsp

Due to continuity of the entire twisted connected sum construction, we highlight the underlined
terms that must vanish with part of the contribution from the compact region K; as we have
already mentioned.
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Now, notice that, for any smooth complex function f = f; + if>, we have Re(df) = d(Ref)
and Im(df) = d(Imf). Therefore, we can write

fRede AImQ7 A dly, = fd(RevL) AImQ) A dby, (3.83)
flmde AReQ) A db = fd(ImVL) AReQ Adby , (3.84)
fRede A IdeL A d@L = fd(RevL) A d(Iva) A d@L . (385)

With these expressions at hand, we reduce the second integral in equation (3.83) using Stokes’s
theorem several times, closedness of Q‘Z and the fact that the algebraic K3 S, and the circle S i*
have no boundaries.

T-127  2r T-12r  2x
ffffRede/\ImQ Avyrdlp = ffffd(RevL)AImQ“’ A yrdor
0 0 S, 0 0 0 S

T-127 2«

ffff d(Revy) /\yLdQL/\ImQ A yrdér,

0 0 S (3.86)

— d(Revy) Ay;dt AReQ; Ayrdfy
2r

= Zm/Znyf(Revu,:T_l —Revyy—0) A db; A Iin
0 S,

Again, due to continuity of the twisted connected sum construction, we underline another term
that must vanish with part of the contribution from the compact region K;. In a similar way, we
also obtain the following

T-12n 2n 2n
f fffldeL AN RCQZO A\ ’yLdQL = 27‘[’)/2’)@ ff(ImVth:T_l - IIID/LV:()) A\ d@z A Iin (3.87)
0 0 Sg 0 S.
T-1 2n 2n
ffffRedVL A IdeL A ’)/LdQL =0 (388)
0 0 S. O
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Summing up the contributions from the Calabi—Yay cylinder region in (0, 7 — 1], we obtain

" 3
f o1 A *gr =40 (T = 1)} *yL f [E(wi)z + (ReQ)? + (ImQ5 )?
S xS px(0,T-1]xS | St
+2nyL f (ULp=T—1 = Hrj=0) A (5)?
Slxs,
2 (3.89)
+21y1yL f f (Revpy=r-1 — Repry=o) A d6; A TmQ3
0 S,
2r
+21y1yL f f (Amvpp=r_1 — Imp=0) A d6; A TmQ;
0 S,

Finally, summing up these contributions from the Calabi—Yau cylinder region in (0,7 — 1]
together with contributions from the compact subspace K; and neglecting the underlined terms
due to continuity, as already mentioned, we obtain

f P AxQ=TYL f wily, +2myL f ReQylk, A Imey |k,
[KLUS XS 1x(0,T-1]]xS | Ki\(=0) Kp\(t=0)
; 3
+47%(T - DOy f 5(wi)2 + (ReQ))? + (ImQ3 )
St
+ 27y f Hip=T-1 A (w7 )

(3.90)

SkxSy

2r
+ 271')’2)@ ffReVth:T_l A\ d@z A Iin
0 St

2n
+ 27y yL ffImVL|;:T_1 AdO; A ImQ‘Z
0 S.

. 0 1
Reglon XL I(T—l,T] X SL

We now turn to the region (T — 1, T'] where the contributions come from the Calabi—Yau
cylinder regions only. In this region, the forms w; and Q! interpolate between w! = w® + dpu;
when? =T -1, and w] = w when t = T — due to the interpolating function used in equation
(2.35). We recall

wh = oY +djip = () dt ANdf; + w5 +d[1 —at—-T+ Dy,

T 00 ~ * * S C % S (391)
Q, =QF +dvy :=y,d0; NQ; —iy;dt NQ; +d[l —at—-T + 1]v. .
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Furthermore, the three-form ¢, and four-forms *¢;, are given by, respectively,

¢ = y1df, A w] +ReQ] , (3.92)
g = 3(wh)? = y.df, AImQY . (3.93)

Notice that this contribution to the Kéhler potential is almost the same as the one performed
in the region [K; U (0,7 — 1] x S i* XS] xS i The first difference is that now we have
F := F(dji.,dv;) and the region is in (T — 1, T] instead of in (0, T — 1]. Therefore, we only
state the result here with the modifications we have just mentioned. The contribution from the
Calabi—Yau cylinder region in (7' — 1, T'] is given by

3
f oL A pL = ()L f [E(wi>2+<Reﬂi)2+<Imﬂi>2
SIS IX(T-1,TIxS | St
~ 0 S\2
+2myL (A== fLy=17-1) A (W7)
SlxSy
21 (3.94)

* ~ O ~ *
+ 2ﬂyLnyfW— ReVi=r-1) Adb; A Iin
St

0
2n

* ~ 0 ~ *
+ ZﬂyLnyf(I/mell:/T'— ImVy—7-1) AdO; A Iin
0 S,

The crossed terms do vanish because iy = v, =0att=T.
Region X 7|41 X Si

Finally we analyse the gluing region (7', T + 1]. In this region, we have

wl =W = () dt A dB; + w5,

3.95
Q] =QF =y;d6; ANQ; —iyidt NQ; . 5.9
Furthermore, the three-form ¢; and four-forms *¢; are given by, respectively,
QY = ’)/LdQL A (L)z + ReQ{ , (396)
g = $(Wh)? = y1dO, AImQ] + ] . (3.97)

Notice that the extra term =, in ¢, is due to the cutting of the left side at 7 = T + 1, which
modifies the metric in the Hodge star * and therefore induces the correction of order O(e~:T)
for any 4 > 0, as introduced in (2.19).

Following the same procedure adopted to reduce the integrals in the previous two regions, we
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use equations (3.95), (3.96) and (3.97) to obtain

2n 2n T+1

3k 3 ok
f 0L A *Qp :(yL)znyff f[idQL A (w3 ) AdB A dt
0o S, 0 T

Xz°|(T$T+1]><S£

+d6; A (ReQS)* Ady Adt+df; A(ImQ)* Adoy Adt

2r 2n T+1 (398)
[ [ [ens
0 S, 0 T

3
=47 (v} *yL f [i(w{)2+(ReQ{)2+(ImQ{)2]
St
+O0(e~ Ty

The final expression for the Kihler potential — defined in equation (3.71) — in terms of the
constituents of the twisted connected sum adds the contributions from all the pieces given by
equations (3.90), (3.94) and (3.98) — together with similar contributions from the right-side of
the construction. Notice that i = yand ¥ = v at¢t = T — 1. Furthermore, we use the identification
of the radii by equation (2.29). Therefore, the Kéhler potential can be written as

7

Y, =Y UYRr

1
K:—310g[— f go/\*gp)

1
=-3 10g[§(7rywa|§<L + 27ryfReQL|KL A ImQy |k, (3.99)
K K
3
47*(T + 1)y’ f [Q(wi)z + (ReQ} )? + (ImQ; )?
St
+ (right-side) .

+ O(e‘MT))}

The so-called Hitchin functional H(g) on a real seven-dimensional manifold Y is defined as
the total volume of Y with respect to the metric and orientation determined by ¢ on Y [198, 233].
In other words, it is given by

1
H(yp) := 7 f(,o A g . (3.100)
Y

Therefore we notice that the Hitchin functional determines the Kihler potential. Furthermore,
Hitchin proved that a closed stable three-form ¢ is a critical point of H(¢) in its cohomology
class if and only if ¢ is co-closed, i.e. d(*gwgo) = 0 [198]. In other words, when restricted
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to a closed G,-structure ¢ in a fixed cohomology class, the torsion-free G,-structures are the
critical points of ®. As T approaches oo in the Kovalev limit, the G,-structure @(y, T') becomes
torsion-free — recall chapter 3. Therefore, this is a critical point of the Hitchin functional. On
the one hand, due to appearance of the term 47>(T + 1)y, the Hitchin functional mainly depends
on the volume of the K3 surface glued together since this diverges as 7 — oo. On the other
hand, because of lack of further information about the compact subspaces K; /g C Xy g, there is
no definite method to determine the integration over Kj k.

In the next section we analyse the spectrum of the four-dimensional low-energy effective
theory and see how this helps to obtain a final expression for the Kéhler potential (and Hitchin
functional).

3.4.2 The four-dimensional NV = 1 effective supergravity spectrum

In section 2.2.4, the properties of the building blocks (Z; &, S 1/r) determined the cohomo-
logy equations (2.56). After discussing the generalities of M-theory compactifications on
G,-manifolds, we are now ready to investigate M-theory compactifications on the specific case
of twisted connected sum G,-manifolds. Therefore, we are interested in determining how the
four-dimensional N = 1 effective supersymmetric spectrum of M-theory compactifications on
G,-manifolds according to table 3.1 is now specified for the case of twisted connected sum
G,-manifolds. More precisely, let us determine the dependence of the spectrum in table 3.1 on
the building blocks (Z; g, S /&) of the twisted connected sum construction by delving into the
three- and two-form cohomology H3(Y,Z) and H*(Y,Z), respectively. Furthermore, we find the
emergence of interesting extended supersymmetric gauge sectors on the twisted connected sum
constituents.

Three-form cohomology H*(Y, Z)

Let us first focus on the four-dimensional neutral N = 1 chiral moduli multiplets @', which
are associated with the three-form cohomology H*(Y,Z). Recall that the three-form cohomology
H3(Y,Z) is given by

3 3 3 ) 03 00
H(Y,Z) = ker|H (Y., Z)® H (Yg,Z) —— H(T* X S,7Z)
(3.101)

.
@~

05)
@ coker (HZ(YL, 7)® H*(Yg, Z) — HX(T* x S, Z)) ,

and the two summands ker and coker are specified in terms of the building blocks (Z; &, S /&) as

ker (H3(YL, 7)® H3(Yx,Z) — H (T? x S, Z))
= H(Z,,2)® H*(Zz,2) ® k; @ kg N, NTr & Nx N Ty, (3.102)

coker (HZ(YL,Z) @ H*(Yr, Z) — HX(T* % S,Z)) = ZIS1® L/ (N, + Ng) .

Moreover, recall that PZ/R : HZ(XL/R,Z) — L defines k; g := kerpz/R and Ny g = Impz/R,
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where L is the K3 lattice L ~ H*(S ,Z) ~ H*(S g, Z). Furthermore, Tz = N -
According to equation (3.102), we can decompose H>(Y,Z) in terms of the corresponding

orderly three-form cohomology representatives
€Oa) = €6 @ () ® (wi) @ (wy ) @ (TN ® (TN @ (V) @ (7 7F) . (3.103)

If we now expand the torsion-free G,-structure ¢ of ¥ similarly as in equation (3.12) in terms
of the basis (@, ), the individual elements will have the following interpretations

e 0 are Poincaré duals to four-cycles S| X y& € Hu(Y;) = Hu(S] X yr), with a basis of
homology three-cycles y € Hy(Xy),

e [wh] = [['}] with basis [I'; ] of Poincaré dual homology four-cycles in Hy(Xy),
e 7/ inY, = S(l1iag x X, are Poincaré duals to C € Hu(Xy,0X.), where dC} = S(lﬁa1g XTE#0
in terms of ‘7’,.[L, which are transcendental two-cycles with respect to the K3 surface S; and
Picard two-cycles with respect to the K3 surface Sk,

e V&3 is Poincaré dual to four-cycles VX3 with V5 = S, ~ Sy,

e 7/°% are Poincaré duals to four-cycles C7** that give rise to boundary three-cycles 7%,
where the boundary is 07 7 = S 3, x 7 in terms of transcendental two-cycles 7%,
with respect to both K3 surfaces S, and Sx.

In an analogous way, we define the elements 65, [wX ] and Tf.

In the Kovalev limit, the coefficients of these individual cohomology elements capture
particular geometric moduli of the twisted connected sum and their summands as we further
detail in the following.

e Kernel contributions

First of all, the kernel contributions in equation (3.102) describe the moduli of the asymp-
totically cylindrical Calabi—Yau manifolds X; . The coefficients of H*(Z; ) and kpx
realize the complex structure moduli and the Kéhler moduli of the asymptotically cyl-
indrical Calabi—Yau manifolds X; g, respectively. Moreover, N, N Tk captures mutual
Kéhler moduli of X; and complex structure moduli of Xz, which are interlinked in this
way due to the non-trivial gluing with the hyper-Kéhler rotation given in equation (2.27)
that exchanges X; and Xg. The intersection Ng N 7 follows an analog interpretation.

o Cokernel contributions

Second of all, we analyze the cokernel contribution in equation (3.102). To get a better
geometric picture for these moduli, let us explain why we can view the resulting G,-
manifold Y as a topological K3 fibration. Due to the K3 fibrations Z; x — P!, the
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Calabi—Yau threefolds X,z are K3 fibrations over a disk D;z. As a result, both Y,
become K3 fibrations over solid tori 7 = Si/R X Dpg, 1.€.,
Str —— Yir
|7 (3.104)
TL/R .

The gluing diffeomorphism given in equation (2.28) of the twisted connected sum con-
struction identifies the boundary of the disk D;, with the circle S and the circle S; with
the boundary of the disk Dg. Therefore, the two solid tori 7k are glued together to a
three-sphere S3. It is in this sense that the resulting G,-manifold Y is a topological K3

fibration'?
S — Y

ln (3.105)

S3.

The cohomology three-forms of the cokernel in equation (3.102) describe moduli of the
asymptotic boundary of 9Y; ~ dYy ~ T? x §. Their dual homology three-cycles restrict
to relative three-cycles in the summands Y; and Yy, and hence the associated moduli are
sensitive to the overlapping gluing regions Y, z(T) \ Ky /g — recall figure 2.1. In particular,
the three-form generator [S ] is Poincaré dual to a K3 fiber S, and hence its dual homology
three-cycle is interpreted as the base S of the K3 fibration of the diagram (3.105). As a
consequence, the modulus associated to [S ] measures the volume of the base S 3. Similarly,
the remaining cokernel moduli measure volumes of three-cycles that project under the
map 7 : ¥ — §3 to paths in the base S* connecting the disjoint compact subsets m(K;)
and 7(Kg) of S3. Note that 27 + 1 is the distance between these two compact subsets in
terms of the parameter 7" introduced in section 2.2.3. Therefore, it now follows that — in
the Kovalev limit — all cokernel moduli depend linearly on the parameter 7. Hence, T
enjoys the geometric interpretation of a squashing parameter for the base S* of the K3
fibration of diagram (3.105).

e The two universal geometric moduli: the volume and the squashing parameter

It is interesting to comment on some distinctions encountered in the spectrum of general
G,-manifolds and the twisted connected sum G,-manifolds. The split into two types of
moduli fields in equation (3.102) motivates the introduction of two universal geometric
moduli v and b. For any G,-manifold, there is a universal volume modulus v, associated
to the singlet Hf(Y, Z) of the three-form cohomology as we have already seen. This
modulus simply rescales the torsion-free G,-structure ¢. In the twisted connected sum,
we additionally identify the squashing modulus b of the base S in the fibration of the
diagram (3.105). Note that b — +oo describes the Kovalev limit discussed in section 2.2.3.
According to equation (3.12), we write the torsion-free G,-structure ¢ depending on these

12 See also reference [234] for a recent account on the topological K3 fibration in the context of the twisted
connected sum construction.
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two moduli as

¢, b,S) = v (3.106)

[pgef + Z Sfpﬁfef) +b ([S] + Z Sfp;"’kef]

Here [S] is the harmonic three-form that is Poincaré dual to the K3 fiber S. Furthermore,
from now on we generically call (o, pk") and p°*" as basis of harmonic three-forms
arising from the kernel contributions and the cokernel part L/ (N, + Ng) in (3.102), re-

spectively, with §7 and S their respective associated geometric real moduli fields."

e The Kovalevton: a four-dimensional N = 1 neutral chiral multiplet

The description of the torsion-free G,-structure ¢(v, b,S) therefore gives rise to two
universal N = 1 neutral chiral moduli multiplets v and » in the effective four-dimensional
theory, which are given by

Re(v) = v, Re(x) = vb. (3.107)

In particular, we refer to the chiral multiplet » as the Kovalevton since it describes the
Kovalev limit discussed in section 2.2.3 in the limit Re(x) — +oco — while Re(v) is kept
constant.

The remaining real moduli fields S and §7 are not universal and relate to the non-universal
neutral chiral multiplets ¢’ and ¢’ in the following way

Re(¢) = vS', Re(¢') = vbS'. (3.108)

These depend on the topological details of the building blocks (Z; &, S 1,z) and the choice
of the gluing diffeomorphism in equation (2.28).

Two-form cohomology H*(Y, Z)

Let us now analyze the two-form cohomology H?(Y, Z) for (smooth) G,-manifolds, which
yields four-dimensional massless abelian N = 1 vector multiplets, cf. table 3.1. In Kovalev’s
twisted connected sum, we get two types of abelian N' = 1 vector multiplets according to
equation (2.56). To see this, first of all recall that the two-form cohomology H?(Y,Z) is given by

H*(Y,Z) ~ (k. @ kg) ® (N, N Ng) . (3.109)

o Kernel contributions

Firstly, the kernel contributions k; and kg associate to zero modes of the two summands
Y, and Y. Hence Y,k can be viewed as the local geometries governing these gauge
theory degrees of freedom. As the individual summands Y,z = S i R X X1k have SU(3)
holonomy in the Kovalev limit, we expect that the two gauge theory sectors of the kernels

13 Note that the kernel contribution in equation (3.102) is at least one-dimensional. In this way we can always
choose a basis element pé” [141].
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k; and kg exhibit N' = 2 supersymmetry. In fact, in addition to the abelian N' = 1 vector
multiplet, notice that the kernels k; ¢ of the local geometries Y,z also contribute to the
three-form cohomology H>(Y,Z) resulting in N = 1 neutral chiral multiplets. Thus, the
abelian N = 1 vector and the neutral N' = 1 chiral multiplets associated to k;,x combine
into four-dimensional N = 2 vector multiplets.

e N, N N contributions

Secondly, the abelian N = 1 vector multiplets obtained from the intersection N; N Nk can
be attributed to the local geometry of the asymptotic region Y, (T)NYx(T) =~ T?x S x(0, 1),
which has SU(2) holonomy in the Kovalev limit. Thus, we expect that these N' = 1 vector
multiplets give rise to a four-dimensional abelian N = 4 gauge theory sector, which can
be seen as follows.

To any two-form w® in N; N Ny of the K3 surface S, we attribute the three-forms
w® A h(1)db, w® A h(t)d6y w® A h(tdt , (3.110)

in terms of the coordinates 6,z of the circles S| or S, such that S} X S, ~ T2 and the
smooth bump function A(#) in the coordinate ¢ of the interval (0, 1)."* These three-forms
yield geometrically non-trivial cohomology elements of compact support in H>(T? X
S % (0, 1),2) , which give rise to normalizable scalar fields. In a combination with three
scalar deformations of the hyper-Kéhler metric of the K3 surface S to three complex scalar
moduli fields, these furnish three four-dimensional neutral N = 1 chiral multiplets. These
three N' = 1 chiral multiplets combine with the N' = 1 vector multiplet of w® to one
N = 4 vector multiplet."®

Note that the three-forms in equation (3.110) canonically extend to Kovalev’s G,-manifold
Y. However, they become trivial in cohomology because N; N Nk is not an element of
H?(Y,Z) according to equation (3.101). Nevertheless, we can Fourier expand any of these
three-forms into eigenforms with respect to the three-form Laplacian A of the G,-manifold
Y. By a simple scaling argument we find that the eigenvalues of these three-form Fourier
modes scale with 77!, i.e., they are inversely proportional to the parameter T realizing
the Kovalev limit. Therefore, we argue that the normalizable zero modes associated to
the three-forms in equation (3.110) acquire a mass term m? ~ O(T~"), which vanishes
in the Kovalev limit. Furthermore, we expect that the scalar fields associated to the
hyper-Kéhler metric deformations are generically obstructed at first order by a mass term
that also vanishes in the Kovalev limit. As a consequence, the massless four-dimensional
abelian N = 4 vector multiplets of the asymptotic region decomposes into a massless

14 The bump function A(f) is given by a smooth non-negative function A(z) : (0, 1) — R with compact support,

which is normalized such that fol h(t)dt = 1.

15 Alternatively, we can consider the five-dimensional theory obtained from M-theory on T2 x S with SU(2)
holonomy. Then the two-form cohomology element w® is accompanied by the two three-form cohomology
elements w® A dfg. Combined with the mentioned three hyper-Kihler metric deformations, these cohomology
elements provide the zero modes of five scalar fields, which — together with the vector field and the superpartners
— assemble into a five-dimensional NV = 2 vector multiplet for each harmonic two-form w®. Upon dimensional
reduction to four dimensions, we arrive at four-dimensional N = 4 vector multiplets.
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four-dimensional abelian N' = 1 vector multiplet and three massive four-dimensional
N = 1 chiral multiplets with masses of order O(T~'/?). Therefore, we expect that the
four-dimensional N' = 4 gauge theory sector is only realized in the strict Kovalev limit
T — +oo.

We summarize the discussed local abelian gauge theory sectors in table 3.2. In particular, we
find that in the Kovalev limit — at least in the absence of background four-form fluxes and for
smooth G,-manifolds ¥ — the spectrum of all abelian gauge theory sectors exhibit extended
supersymmetry. The observed extended supersymmetries of the local geometries appearing in
Kovalev’s twisted connected sum become relevant in sections 4.1 and 4.2 because they impose
strong constraints on the possibility of non-Abelian gauge theory sectors with charged matter
fields, which are ingredients of the Standard Model.

local geometry |multiplicity of N = 1 multiplets| U(1) vector multiplets
(Kovalev limit) [ U(1) vectors chirals multiplicity |supersym.
Y =8] XX, dimk; dimk; dimk; N=2
SU(3) holonomy
Yr =S4 X Xg dim kg dim kg dim kg N=2
SU(3) holonomy
T? xS x(0,1) |dimN, N Ng| 3-dimN; NNz |dimN,NNz| N =4
SU(2) holonomy

Table 3.2: The abelian gauge theory sectors of the local geometries appearing in twisted connected sum
G,-manifolds in the Kovalev limit 7 — +oco. The left column specifies the Ricci-flat local geometries
with their associated holonomy groups. The middle column lists the four-dimensional N = 1 neutral
chiral multiplets that assemble in the right column to four-dimensional vector multiplets of extended
supersymmetry (N =2 and N = 4).

3.4.3 The final Kahler potential and its phenomenological properties

The aim of this section is to describe the universal properties of the four-dimensional low-energy
effective action in terms of the universal chiral multiplets v and x identified in the previous
section. More precisely, we find a final expression for the Kdhler potential for the universal
chiral multiplets v and » in the Kovalev limit.

First of all, while keeping the ratio Re(v)/ Re(x) constant, the chiral multiplet v directly
relates to the (dimensionless) overall volume modulus R of section 2.2.3 via

Re(v) = R . (3.111)

This relation occurs because the Re(v) measures (dimensionless) volumes of three-cycles while
R = y/y, measures (dimensionless) length scales in the G,-manifold Y. Apart from the overall
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volume dependence, the Kovalevton x measures the squashed volume of the S* base. Therefore,
from expression (2.47) of the volume Vy(S, R, T) we obtain the relation

Re(x) = Qn)*R*Q2T + a(S)), (3.112)

where S denotes collectively the remaining geometric moduli fields S7 and S
The obtained Kéhler potential for general G,-manifolds, in terms of the volume Vy(S,R,T),
is .
1 ~
K = -3log (— fgo A *94790) = -3log (—7Vy(S,R, T)) . (3.113)
7 Y 70
With the help of equation (2.47), in the Kovalev limit, we therefore obtain
KO, 7,%,%) = -3 1og[(2n)2R7v§(,5S) (27 + a(S))]
— _3log(R") -3 10g[(27r)2R3 (27 + a(S))] ~3log(V) (3.114)

= —41log(R*) - 3log

2n)’R® (2T + (S ))] —3log(VY).

Therefore, with the identifications of the universal chiral multiplets in equations (3.111) and
(3.112), the universal structure of the four-dimensional low-energy effective N' = 1 supergravity
action is governed by the Kihler potential

K(v,7,%,%) = —4log(v +7) — 3log(x + %) — 3log (VE(S)) . (3.115)

Regime of validity and phenomenological/cosmological properties

Let us now discuss some basic properties of the derived Kihler potential. First of all, the
structure of the Kéhler potential is reminiscent of the Kovalev limit, in which the volume of
the G,-manifold is dominated by the cylindrical region S x T2 X I in terms of the interval I of
size 2T + 1. In other words, in this limit the individual summands in equation (3.115) reflect
the volume of the K3 surface S, the squashed volume of the S* base dominated by 72 x I, and
the moduli dependence of the K3 fiber S on the non-universal moduli §. As long as we treat
the non-universal moduli fields § as constants, the Kihler geometry for the universal Kéhler
moduli v and » factorizes into two (complex) one-dimensional parts with a block diagonal
Kihler metric. However, this block structure in the Kdhler metric vanishes as soon as we treat
the non-universal moduli fields S dynamically, because relation (3.108) implies that the real
geometric moduli S also depend non-trivially on the chiral fields v and % as

§i o P+ i_9té

— S! — .
v+ v X+

(3.116)

Furthermore, note that this Kéhler potential is only a valid approximation both in the large
volume regime and in the Kovalev regime, where quantum corrections and metric corrections of
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the asymptotically cylindrical Calab—Yau threefolds are suppressed. The semi-classical large
volume limit arises when both Re(v) and Re(x) are taken sufficiently large, and when Re(x) is
(parametrically) larger than Re(v) — cf. the discussion at the end of section 2.2.3 — while the
corrections to the G,-metric in the twisted connected sum are suppressed.

Observe that, in terms of the inverse Kihler metric K, the Kihler potential (3.115) with the
non-universal moduli fields S treated as constants satisfies

K79,K0;K -3 =4 >0, ie{vxn), Je(v,x). (3.117)

This implies that the no-scale inequality K'9;K9;K — 3 > 0 is fulfilled (but not saturated). The
no-scale inequality is a property of the Kéhler potential only, and it guarantees that the scalar
potential of the described four-dimensional N = 1 supergravity theory is positive semi-definite
for any non-vanishing superpotential [235]. As a consequence, the analyzed Kéhler potential (of
the two chiral fields v and » only) does not admit a negative cosmological constant and hence
no (supersymmetric) anti-de-Sitter vacua.

According to equation (2.47), if we include the leading order correction to the Kovalev limit,
the Kihler potential will have the form

X+ Xx

K = -log [(vg@)f v+ 7 0+ 72)° + AS, v + 7,4 + %) exp (—ﬂm

)] ,  (3.118)
where the coefficient A(S, v + 7, x + %) of the exponentially suppressed correction is expected
to generically depend on both universal and non-universal geometric moduli fields. Once we
better understand such corrections, a detailed analysis of this class of Kédhler potential may also
exhibit interesting phenomenological properties.
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CHAPTER 4

Gauge sectors on twisted connected
sum G>-manifolds

In the previous chapters we have introduced the mathematical aspects of generic G,-manifolds
and, particularly, of the twisted connected sum construction of G,-manifolds. After reviewing the
four-dimensional effective low-energy spectrum of M-theory compactifications on generic G,-
manifolds and carefully performing the same compactification on G,-manifolds of the twisted
connected sum type, the identification of the Kovalev limit allowed us to obtain universal chiral
multiplets and predict gauge theory sectors of extended supersymmetry for the latter case. In
this chapter, all the work presented so far culminates in the appearance of many novel examples
of G,-manifolds and into several interesting mathematical, physical and phenomenological
application emerging from the careful study of their gauge theory sectors.

We apply the orthogonal gluing method from section 2.2.6 to Fano and toric semi-Fano
building blocks to algorithmically find the novel twisted connected sum G,-manifolds, and we
also explain the emergence of the extended N = 4 and NV = 2 supersymmetric gauge sectors.

We focus on building blocks (Z; g, S 1/z) of polarized K3 surfaces S 1,z with Picard lattices of
small rank, and generate a list of new examples in order to get an impression of the multitude
of possibilities to realize twisted connected sum G,-manifolds in terms of orthogonal gluing.
In order to specify a particular semi-Fano threefold, in the following we use the Mori—-Mukai
classification for Fano threefolds [236] and the Kasprzyk classification for reflexive polytopes
with terminal singularities for certain toric semi-Fano threefolds [237, 238]. We label the
corresponding semi-Fano threefolds by their respective reference numbers MM#, or/and K# in
these classifications, where the subscript p in the Mori—-Mukai list denotes the Picard number.

4.1 Abelian N = 4 gauge theory sectors

Recall from sections 2.2.6 and 3.4.2 as well as table 3.2 that, in the Kovalev limit, the kernels
kr,r describe the N' = 2 gauge theory sectors. Furthermore, the rank of the intersection lattice
R = N N Ng in the orthogonal pushout W coincides with the rank of the gauge group of the
N = 4 gauge theory sector — cf. table 3.2. A particular simple choice of orthogonal gluing is
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achieved if the intersection lattice R has rank zero, i.e., N, N Ng = {0}. We refer to this special
case of orthogonal gluing as perpendicular gluing, with its trivial orthogonal pushout W denoted
by [141]

W:NLJ_NR. (41)

As a consequence, if the twisted connected G,-manifold is obtained via perpendicular gluing,
there is no N = 4 gauge theory sector in the Kovalev limit. Therefore, in this section we study
concrete examples of twisted connected sum G,-manifolds obtained via orthogonal gluing with
non-trivial intersection lattices R in the orthogonal pushout W. We postpone the analysis of
the NV = 2 sectors to the next section, and in this section we focus on the N' = 4 gauge theory
sectors.

Enhancement to a non-Abelian gauge group G of rank r would occur if the intersection lattice
R = N, N Ny had a sublattice G(—1) of rank r, with the pairing given by minus the Cartan
matrix of the Lie algebra of G [86]. Then we could blow-down the mutual r rational curves
of both polarized K3 surfaces S ;/z because — by the definition of the intersection lattice R
— G(-1) resides in the intersection of both Picard lattices Ny k. In this way we would arrive
at singular polarized K3 surfaces S,k resulting in the enhanced N' = 4 gauge theory sector
with non-Abelian gauge group G x U(1)*%~". However, when using the method of orthogonal
gluing, such a gauge theory enhancement is not possible. This happens because the orthogonal
complement to R in the polarized K3 surfaces S 1/ is required to contain an ample class, which
— due to the ampleness — would always have a non-zero intersection with any rational curve,
thereby invalidating the requirement in equation (2.72). As a result, we therefore always arrive
at four-dimensional Abelian N' = 4 gauge theory sectors with gauge group U(1)™F in the
Kovalev limit using the orthogonal gluing method.

In the following we study some concrete examples of twisted connected sum G,-manifolds
via orthogonal gluing with non-trivial intersection lattice R of rank 1, for building blocks from
rank two, three and four semi-Fanos. For orthogonal gluing along an intersection lattice of rank
2 we refer the reader to the full publication [195]. Notice that, for all these cases, if we are
able to construct the orthogonal pushout lattice W, as required in the first step of the orthogonal
gluing method, we guarantee that the building blocks can indeed be constructed, i.e., that steps 2
and 3 of the orthogonal gluing method are satisfied. This is because rkN; + rkNg < 11 is always
satisfied for the small rank of Picard lattices we study and, therefore, step 3 is also realized.

Orthogonal gluing of rank two semi-Fano threefolds

In the first version of reference [211], Crowley and Nordstrom classify, for rank two Fano
threefold building blocks, all possible non-trivial orthogonal gluings to twisted connected sum
G,-manifolds except for one missing pair. According to table 4 in the first version of [211], the
orthogonal gluing between the building blocks MMS5, and MM?25, of table 2 was missing. We
have worked out this gluing and, after our suggestion, the authors of [211] included it in table 5
of the recent updated version of their work, thereby enumerating nineteen instead of eighteen
pairs of twisted connected sum G,-manifolds in their theorem 6.5. As a warm-up, here we
present the example of orthogonal gluing of these two rank two Fano threefolds. Furthermore,
there is a unique toric semi-Fano threefold with Picard number 2 which is not Fano, given by
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4.1 Abelian N = 4 gauge theory sectors

the projective bundle — example 4.15 in reference [142],
PO®O(-1)®O0(-1)) —» P', 4.2)

where O(d) stands for Opi(d). The toric realization Ps of this threefold P arises from the
reflexive lattice polytope A and its dual reflexive polytope A*, spanned by the following lattice

points vy, ..., vs and the dual lattice points v7, ..., Vs,
A: vi=(-1,-1, 0) A" vi=(=1-1, 1)
vow=(1, 0, 0) vy = (-1, 2,-2)
vs=(0, 1, 0) vi=(-1, 2, 1 4.3)
va=(C1 1, 1 v, =( 2,-1,-2)
vs=( 0, 0,-1) ve=(2-1, 1)

The reflexive lattice polytope A appears as entry K32 in the Kasprzyk classification [237, 238].
In the following we also consider possible orthogonal gluings of this toric semi-Fano of Picard
number 2 with the rank two Fano threefolds MMS5, and MM?25,. Let us first understand this
unique toric semi-Fano of Picard number 2 below.

The reflexive lattice polytope A admits two triangulations, both of them realizing the projective
bundle (4.2). For one of these triangulations' we obtain the Mori cone spanned by the curves
Cp ~ P' and the curve Cr ~ P' C PZ in a projective fiber P%. These curves have the following
intersection numbers with the toric divisors D; associated to the vertices v;

D, D, D; D, Ds
Cr: 1T 1 1 0 0 (4.4)
Cs: 0-1-1 1 1

Since the columns in (4.4) contain the linear equivalences between the divisors, we find D, ~ D3,
D4 ~ Ds, D, ~ Dy — D,. Therefore, the Kihler cone K (Ps) is spanned by

K(Ps) = (D1, Ds) . 4.5)

The intersection matrix «p, of the generators D; and D, with the anti-canonical divisor —Kp,
reads

Kp, = (g (3)) : (4.6)

and has discriminant A = —9. This intersection matrix «p, furnishes the intersection pairing of

! For the other triangulation the Mori cone takes the form

Dy D> D3 Dy Ds
Cr: 1 0 0 1 1
Cg: 0 1 1-1-1
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Chapter 4 Gauge sectors on twisted connected sum G,-manifolds

the Picard lattice of the K3 surface in Ps. Furthermore, notice that

—sz:ZDi:Dl+D2+D3+D4+D5~D1+(D1—D4)+D2+(D1—D2):3D1 (47)

with the triple intersection of the anti-canonical divisor —K}, = 54.

According to the described algorithm of orthogonal gluing given in section 2.2.6 — more
precisely due to equation (2.72) —, a pair of Picard lattices (N, Ng) of rank two yields a
non-trivial orthogonal pushout W = N, + N if the rank one sublattices Wy g = Npjg N Tk, are
generated by ample classes in the Kéhler cone K (P /g). Therefore, we need to construct two
ample classes A, g and orthogonal lattice vectors e, g in Ny gz with ei = efe, such that indeed
er/r generate the rank one intersection lattice R. Crowley and Nordstrom show that the induced
lattice pairing (-, -)y is a well-defined integral lattice pairing if and only if [211]

AKX A¥
~ 2=k, forkeZ, (4.8)
ALAR
where A} /g are the discriminants of Ny z. Moreover, in order to fulfill the matching condition

of a rank two semi-Fano threefold P,z with a rank two Fano threefold Pg/., Crowley and
Nordstrom deduce an upper bound for the semi-Fanos Py g [211]

ALr
2
AL/R

8
< 5 4.9)

In the above case of the toric semi-Fano of Picard number 2 with toric realization given
by the entry K32 in the Kasprzyk classification, equation (4.5) implies that the ample class
must be given by A = nD; + mD,, where the intersection matrix kp, leads to A% = 6n(n + m).
Therefore, in order to be in accordance with the inequality in equation (4.9), we notice that
the only possible ample class is A = Dy + Dy with A* = D3 + 2D, D4 = 12. For this class, the
orthogonal complement R is generated by e = —D; + 3D, with ¢* = —12 since A.e = 0.

In table 4.1, we give the data of this toric semi-Fano threefold together with the corresponding
data for the building blocks of rank two Fano threefolds, giving rise to compatible rank one
intersection lattices, i.e., the rank two Fano threefolds with ample classes generated by vectors of
length square —12. For MMS5, and MM25,, the entries are taken from the Crowley—Nordstrom
classification [211].

We recall from section 2.2.6 the expressions for the Betti numbers of twisted connected sum
G,-manifolds obtained from the method of orthogonal gluing,

by(Y) = kR +dimk; + dimkg ,

4.10
b3(Y) = bg(ZL) + b3(ZR) + dim kL + dlmkR —rtkR+23. ( )

Denote Y as the twisted connected G,-manifolds obtained from the orthogonal pushout W'
with their Betti numbers computed with equation (4.10). For the entries in table 4.1, condition

80



4.1 Abelian N = 4 gauge theory sectors

No. K’ « A A e A’ & by(2)

K32 (semi-Fano) | 54 6 3) o (N (1) 12 212 s6
semi-rano 3 0 1 3
0 3 1\ (3

MMS5, (Fano) 12 |3 o =9 ) () 12 -12 26
0 4 1\ (2

MM25; (Fano) | 32 |, | =16 () () 12 -12 36

Table 4.1: The unique rank two p = 2 toric semi-Fano threefold and the rank two Fano threefolds that
admit an intersection lattice R generated by a vector of length square —12. The columns show the reference
numbers MM#, in the Mori-Mukai classification [236] or K# in the Kasprzyk classification [238], the
triple intersection of the anti-canonical divisor —K, the intersection matrix « of the Picard lattice of the
K3 surface, the discriminant A* of the intersection matrix «, the chosen ample class A in the basis of the
intersection matrix , the orthogonal complement e to the ample class A, the length squares of the classes
A and e, and the three-form Betti number b3(Z) of the associated building block Z.

(4.8) implies that the two possible gluings with rank one intersection lattices are given by

Wﬁﬁzsz = Nk32 Le Nvmos, bz(Yﬁﬁ%z) =1, bg(Yﬁﬁ%z) =114,
MM25, — MM5, Le MM25, - 2( MM252) - ) 3( MM252) - .

Here b,(Y) = 1 is inherited from the rank of the intersection lattice and the trivial kernels
in the first equation in (4.10). Furthermore, the third Betti numbers are computed via the

second equation in (4.10) with trivial kernels, namely b3(Y§31\§252) =56+36-1+23=114

and b3(Y11\\4411\\,[425§2) = 26 + 36 — 1 + 23 = 84. The first G,-manifold realizes the only possible

combination with the rank two toric semi-Fano threefold K32, whereas the second G,-manifold
realizes the non-trivial orthogonal gluing among the rank two Fano threefolds that has been
overseen in the first version of reference [211].

Orthogonal gluing of higher rank semi-Fano threefolds

We now increase the rank of the semi-Fano threefolds and consider the illustrative example
of orthogonal gluings along a rank one intersection lattice with the rank three Fano threefold
P, = P' x P! x P!, which has the reference numbers MM27; and K62 in the Mori-Mukai and
Kasprzyk classifications, respectively [236, 237, 238].

Let H;, i = 1,2, 3, be the hyperplane classes of the respective P! factors of this Fano threefold,
which generate the three-dimensional Kihler cone

K(Ps) = (H\,H», H3) . (4.12)

This is such that the ample anti-canonical divisor becomes —Kp, = 2H, + 2H, + 2H3, and its
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Chapter 4 Gauge sectors on twisted connected sum G,-manifolds

intersection matrix kp, with the Kéhler cone generators reads

02 2
kp, = |2 0 2]. (4.13)
220

This intersection matrix xp, furnishes the intersection pairing of the Picard lattice of the K3
surface in Py, which corresponds to the ternary quadratic form g(x, y,z) = 4(xy + yz + zx). We
focus on orthogonal gluing with the rank one intersection lattice R generated by a vector e of
length square? e* = —4. Up to trivial permutations of the Kihler cone generators H;, H,, Hj,
we use the ternary quadratic form g(x, y, z7) = 4(xy + yz + zx) to parametrize all vectors e with
e? = —4 with the help of reference [239]. Therefore, we write

e = (dl — k)H1 + (d2 — k)H2 + kH3 , (414)
where the integers k, d;, d, obey
K—-dd, =1, 0<d <k<d,. (4.15)

According to equation (4.12), the ample class is A = a H, + a,H, + a3H3, given in terms of
positive integers ay, a,, az. Similarly to the first example, in order to fulfill condition (2.72), we
require A.e = 0 to find the k, d, and d,. Requiring A.e = 0 implies that

Ae=0e ad, + ad; + Cl3(d] +d, — 2k) =0. (416)

Now, noticing that the sum of the first two terms in equation (4.16) is always positive due to
positivity of ay, a,, d; and d,, the orthogonality condition is met only if

dy+dy <2k & (dy +dy)* < 4> (4.17)
Replacing k? as given in equation (4.15) on the right-hand side of this inequality, we obtain
(di + o)’ <4K* © (dy—dy)* < 4. (4.18)

Since d; and d, are positive integers, this condition implies that d, = d; + 1. Therefore, with
0<d <k<d,weobtaink =1,d, =0,d, = 1. This leads to the following orthogonal lattice
vector e, generating the rank one intersection lattice R,

e=—H +H;. (4.19)

For this vector e, the ample class A = H| + H, + H; is indeed orthogonal. Therefore, this vector,
with e?> = —4, is the only one that generates a rank one intersection lattice R for a left building
block (Z;, S ;) of the Fano threefold P! x P! x P! — up to trivial relabelling of the Kéhler cone

2 This length square realizes the maximal negative value. We take this because the pairing p, is even and vectors
with length square ¢?> = —2 are associated to curves with positive intersection number with any ample class A,
thereby violating the orthogonal gluing requirement of equation (2.72).
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generators.
With w; = H; + H; and w, = H,, the Picard lattice N in terms of (w;, w., e) reads

1
N, = Zw1+Zw2+Ze+EZ(w1+e). (4.20)

To orthogonally glue this left Picard lattice N, along e with a Picard lattice Nk of a right rank
two Fano building block (Zg, S ¢), we find in the Crowley—Nordstrom classification [211] that
the rank two Fano threefolds with Mori—-Mukai reference numbers MM6,, MM12,, MM21,, and
MM32, give rise to compatible intersection lattices. For convenience, these particular building
blocks together with some geometric data are summarized in table 4.2. For all these examples,
the rank two Picard lattices Ny are generated in the orthogonal basis (A, e) by

1
Ng = ZA+Z€+§Z(A+€), (4.21)

with e? = —4 and the length square of the ample class A as listed in table 4.2.

No. -K3 K A A e A? & by(2)
MM6, | 12 i ;L -12 (i _11 12 -4 32
MM12,| 20 2 2 -20 i _11 20 -4 28
MM21,| 28 g 2 -28 i _11 28 -4 30
MM32,| 48 i 3 -12 (i _11 12 -4 50

Table 4.2: The rank two Fano threefolds admitting an intersection lattice R generated by a vector of
length square —4. The columns show the reference number in the Mori—-Mukai classification, the triple
intersection of the anti-canonical divisor —K, the intersection matrix « of the Picard lattice of the K3
surface, the discriminant A of the intersection matrix «, the chosen ample class A in the basis of the
intersection matrix , the orthogonal complement e to the ample class A, the length squares of the classes
A and e, and the three-form Betti number b3(Z) of the associated building block Z.

The orthogonal pushout W = Ny L, N in the basis (w;, w», e, A) therefore takes the following
form

1 1
W:Zwl+Zw2+Ze+ZA+§Z(w1+e)+§Z(A+e), (4.22)

where, for the integral generators (%(w 1+ e),w,, %(A + e), e), the intersection pairing «y of the
pushout W becomes

02 -1 =2
20 0o o o
v =|) g tgpoq o detkw = 44 (4.23)
20 -2 -4
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Notice that the entry }‘A2 — 1 is integral and even according to table 4.2.

For the orthogonal pushouts W of the rank three Fano threefold P! x P! x P! with reference
number MM?27; and the rank two Fano threefolds listed in table 4.2, we therefore obtain the
twisted connected sum G,-manifolds YMM?7: | with their corresponding two- and three-form
Betti numbers

Wl\“ﬁﬁf = Nvm27; Le Nmms, - bz(YI\I\//[Il\l\//Ilgzh) =1, bs(YI\l\//[Il\l\//[lg}) =104,

Wanita: = Nz Le Ny, @ ba(Yyin) = 1. bs(Yyias) = 100, 42
Winiots = Nunzr, Le Nanon, - ba(Yyy ) = 1 bs(Yyyga?) = 102, '
Wi, = Nvvazs Le Mz, @ ba(Yysn) = 1, bs(Yyus) = 122

Analogously, we can construct twisted connected sum G,-manifolds via orthogonal gluing along
rank one intersection lattices for semi-Fano threefolds with higher rank Picard lattices. In table
4.3 we collect all (resolved) toric terminal Fano threefolds of Picard rank three and four that
allow for a rank one intersection lattice generated by a vector e of length square ¢* = —4. The
geometries of these threefolds are again specified by their reference number MM#, and/or K#
as arising in the Mori—Mukai and/or Kasprzyk classifications [236, 237, 238]. Notice that the
resulting twisted connected sum G,-manifolds Y obtained from orthogonal gluing along the
rank one intersection lattice R all have the two-form Betti number b,(Y7) = 1 and, therefore, in
table 4.4 we list only their three-form Betti numbers b3(Y."). These Betti numbers are easily
calculated with relations (4.10).

For example, for the first pair between MM27; and MM6,, the third Betti number is computed
as b3(Y§A/[11\\4462273) = 50+32—-1+23 = 104, where the dimensions of the kernels are trivial. Here the
50 comes from the third Betti number of the blown-up threefold MM27; from P; = P! x P! x P!,
which is computed to be b3(MM273) = b3(P.) + (—Kp,)* +2 = 0 + 48 + 2 = 50 with the help of
equation (2.63). This Betti number is also given in table 4.3.
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No. kN -K> K e ¢ bi(2)
0o 2 2 1

MM275, K62 (Fano) 3 48 [2 0 2] 0l -4 50
2 20 -1
0 2 1 -1

MM25;, K68 (Fano) 3 4 [2 0 3] 1|-4 46
1 3 =2 0
0 2 1 -1

MM313, K105 (Fano)| 3 52 [2 0 3] 1|-4 54
1 3 =2 0
2 4 2 -1

K124 (semi-Fano) 3 48 [4 2 2 11-4 50
2 20 0
2 4 2 0 1

MM12,, K218 (Fano)| 4 46 ‘2‘ ; 3 f ‘01 4 48
02 1 =2 0
02 2 0 1

MM104, K266 (Fano)| 4 42 ; (2) 3 1 _01 -4 44
0O 0 1 -2 0
-2 2 0 0 0
. 2 2 1 1 -1

K221 (semi-Fano) 4 38 0 1 -2 1 1 -4 40
o 1 1 =2 1
02 2 0 -1
. 2 0 2 O 0

K232 (semi-Fano) 4 40 [2 » 0 0 | -4 42
00 0 -2 0
-2 0 1 0y (-1
. 0o -2 1 2 1

K233 (semi-Fano) 4 38 1 . o0 2 0 -4 40
o 2 2 -=2J\0
4 3 3 2 0
. 302 O -1

K247 (semi-Fano) 4 44 320 0 | -4 46
2 0 0 -2 0
0 2 0 3 -1
. 2 0 0 3 1

K257 (semi-Fano) 4 46 00 -2 1 0 -4 48
33 1 6 0

Table 4.3: The rank three and four (resolved) toric terminal Fano threefolds for an intersection lattice
R generated by a vector of length square —4. The columns show the reference number in the Mori—
Mukai [236] and/or Kasprzyk [238] classification, the rank of the Picard lattice (note that in the semi-Fano
cases this rank as reported in [238] is smaller, since it refers to a singular variety), the triple intersection
of the anti-canonical divisor —K, the intersection matrix x of the Picard lattice of the K3 surface, the
generator e of the lattice R and its length square, and the three-form Betti number b3(Z) of the associated
building block Z.
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b3y(Y)) (MM27; MM25; MM31; K124\ MM12, MM104 K221 K232 K233 K247 K257
MM27;| 122 118 126 122 120 116 112 114 112 118 120
MM25;( 118 114 122 118 116 112 108 110 108 114 116
MM315;| 126 122 130 126 124 120 116 118 116 122 124
K124 122 118 126 122 120 116 112 114 112 118 120
MM124( 120 116 124 120 118 114 110 112 110 116 118
MMI104| 116 112 120 116 114 110 106 108 106 112 114
K221 112 108 116 112 110 106 102 104 102 108 110
K232 114 110 118 114 112 108 104 106 104 110 112
K233 112 108 116 112 110 106 102 104 102 108 110
K247 118 114 122 118 116 112 108 110 108 114 116
K257 120 116 124 120 118 114 110 112 110 116 118

Table 4.4: The three-form Betti numbers b3(Y) of the twisted connected sum G,-manifolds Y. arising
from the orthogonal pushout N.. 1, N.. along the rank one intersection lattice with e*> = —4 from all
pairs of building blocks collected in table 4.3. By construction of gluing along a rank one intersection
lattice, all these examples have the two-form Betti numbers b,(Y.) = 1. The reference numbers MM#,
or K# for the rows and columns label the building blocks, and the lines in the table divide between the
examples with rank three and rank four Picard lattices.

4.2 N = 2 gauge theory sectors

We now turn to a careful study of the N' = 2 gauge theory sectors, which turn out to be much
richer than the Abelian N' = 4 gauge theory sectors studied in the previous section. This
happens because the building blocks (Z; g, S /&) of the twisted connected sum G,-manifolds
now admit enhancement to N' = 2 non-Abelian gauge theory sectors, whereas we have seen
at the beginning of the previous section that, due to the condition required in equation (2.72),
enhancement to NV = 4 non-Abelian gauge theory sectors is not possible.

Different points in the Calabi—Yau moduli space associated to a smooth Calabi—Yau threefold
can be connected via deformations of the complex and Kihler structures on the Calabi—Yau
threefold. The boundary points of this moduli space correspond to singular Calabi—Yau
threefolds obtained from some of these deformations. Therefore, we can roll on the mod-
uli space from one of these degenerate Calabi—Yaus to another with a possibly different topology.
These geometrical transitions relating boundary points are called extremal transitions for Calabi—
Yaus threefolds. In this section we see how the N = 2 non-Abelian gauge theory sectors possess
an interesting branch structure geometrically accessible in terms of extremal transitions in the
asymptotically cylindrical Calabi—Yau threefolds X; x.

We recall from [240] that there is a simple hierarchy of singularities in G,-manifolds in
real codimension four, six and seven, which respectively lead to non-Abelian gauge groups,
non-trivial matter representations, and chirality of the charged N = 1 matter spectrum. While
our setup admits non-Abelian gauge groups with non-trivial matter representations, we should
not expect singularities inducing chirality, as the trivial S! fibration in the non-compact seven-
dimensional manifolds Y; g prevents the appearance of codimension seven singularities. In order
to see what kind of features we can expect by degenerating the building blocks (Z/x, S /&) in
the twisted connected sum construction of G,-manifolds, let us first recall the picture proposed
in [240] which leads to the singularities mentioned in the previous paragraph.
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The picture in [240] uses the heterotic/M-theory duality [86], the Strominger—Yau—Zaslow
fibration of Calabi—Yau manifolds [241], and the fact that G,-manifolds can be locally construc-
ted as degenerating S fibrations® over Calabi—Yau threefolds [243, 244].

Namely, it starts by considering the heterotic string compactification on the Calabi—Yau
threefold W, which is assumed to admit a geometric mirror* threefold such that it has a
Strominger—Yau—Zaslow Lagrangian T° fibration over a (real) three-dimensional Lagrangian
cycle Q. In the limit where the volume of the base Q is large compared to the volume of
the Lagrangian fibers 77, the essential idea is to adiabatically extend the duality® between the
heterotic string on 7° and M-theory on K3 over the entire base Q. The M-theory geometries
defined in this way realize the same fibration structure as appearing in the twisted connected
sum G,-manifolds, namely in the diagram (3.105). In this way, whenever the heterotic string
has a non-Abelian ADE type gauge group G, the dual K3 fibers develop the corresponding ADE
singularity extending over the entire real three-dimensional base Q. In the context of twisted
connected sum G,-manifolds a possibility to arrive at non-Abelian ADE type gauge theories
has been contemplated in reference [249].

Even though the K3 fibration described in reference [240] is in accordance with the K3
fibration of diagram (3.105) of the twisted connected sum construction, the non-Abelian gauge
theory enhancement we encounter arises from singularities along a three-cycle S ' x C, where the
curve C of genus g resides in K3 fibers along a circle S' in the base Q. Hence, the non-Abelian
gauge group still emerges from a real codimension four singularity as in reference [240], but
here it is such that they arise along different types of three-cycles. In the Kovalev limit, the
three-cycle S X C appears in one of the seven-dimensional manifolds Y,z = X,z X S i IR such
that the curve C realizes an ADE singularity in one of the asymptotically cylindrical Calabi—Yau
threefolds X, k. Therefore, the non-Abelian gauge theory enhancement discussed here relates to
non-Abelian gauge groups from curves of ADE singularities in Calabi—Yau threefolds in the
context of type IIA strings [250, 251]. More specifically, in this setting, an ADE singularity
along a curve C yields a four-dimensional N' = 2 gauge theory, with the associated gauge
group G together with g hypermultiplets in the adjoint representation. More general matter
representations occur at points along the curve C where the ADE singularity further enhances,
1.e., along real codimension six singularities. For example, at the intersection point of two curves
C and C’ with ADE singularities we encounter matter in the bi-fundamental representation of
the two associated gauge groups G and G’ [252].

In this section we find that the described N = 2 gauge theory spectra of the previous paragraph
can indeed be realized within the N' = 2 gauge theory sectors of the building blocks (Z; &, S /&)
Remarkably, even the phase structure of the four-dimensional N' = 2 gauge theory sectors,
which connects topologically distinct Calabi—Yau threefolds via extremal transitions, carries
over to the four-dimensional N' = 1 M-theory compactifications on twisted connected sum
G;-manifolds. In the picture of N = 1 M-theory compactifications on twisted connected sum

3 The S can be identified in a hyper-Kihler quotient construction starting in eight dimensions [240, 242].

4 Further suggestions on the role of mirror symmetry in the context of G,-manifolds have been proposed in
references [245, 246].

3 The proposed construction can be viewed as an N = 1 version of the N = 2 heterotic/type II duality between the
heterotic string on K3 x T2 and type IIA string on the dual K3 fibered Calabi—Yau threefolds, as proposed in
references [247, 248].
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G,-manifolds, the gauge theory branches relate topologically distinct G,-manifolds.

For completeness, the picture presented in references [86, 253] would explain chirality of
non-Abelian matter as a local effect occurring in codimension seven. However, since the twisted
connected sum breaks supersymmetry from N =2 to N' = 1 non-locally via the twisted gluing
recipe, it is much more subtle to realize chiral charged matter. We briefly discuss some ideas that
could help us achieve chiral charged matter, as phenomenologically required by the Standard
Model of Particle Physics.

4.2.1 Phases of NV = 2 Abelian gauge theory sectors

Let us focus on twisted connected sum G,-manifolds with non-trivial N' = 2 gauge theory
sectors in the Kovalev limit. According to table 3.2, we have to construct building blocks
with (Zy g, S /r) With non-trivial kernels k; g as defined in equation (2.59). This is achieved
with the proposal by Kovalev and Lee [207] that generalizes the construction of asymptotically
cylindrical Calabi—Yau threefolds outlined in section 2.2.5. An example on how to realize
N =2 Abelian gauge theory from this generalized construction appeared in reference [254].

Let us see how this generalization comes about. Consider the semi-Fano threefold P with two
global sections sy and s; of its anti-canonical divisor —Kp. Instead of choosing a generic section
50, we now assume that the global section s, factors into a product

S0 = S0,1°°"S50,n » (4.25)

where s ; are global sections of line bundles £; with —Kp = £;®...®L,. In consequence of this
factorization, the curve Cgne = {59 = 0} N {51 = 0} becomes reducible in terms of individually
smooth and reduced curves C; such that

Cing = ), Cis  Ci={s0; =0} {s1 =0} (4.26)
i=1

Following Kovalev and Lee [207], the building block (Z*, S) associated to P are now constructed

.....

7' = Bly,..c, P = BlgBlg, , ---Blg,P. 4.27)

.....

Since the curves C; and the semi-Fano threefold P are smooth, the blow-up 7% is smooth as well.
As before, the K3 surface S arises as the proper transform of a smooth anti-canonical divisor
S* = {apsy + @15, = 0} C P for some coordinates [ : @] € P'. By blowing up a semi-Fano
threefold P, the resulting dimension of the kernel k in equation (2.59) is given by [142]

dimk =n-1. (4.28)

Let b53(P) be the three-form Betti number of the semi-Fano threefold P, and ¢g(C;) the genera of
the smooth curve components C;. The three-form Betti number b3(Z*) of the blown-up threefold
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7" becomes

by(Zh) = bs(P)+2 ) g(Cy). (4.29)
i=1

Let C;.C; be the self-intersections of the curves C; in the K3 fiber S. Since all these curves C; lie
in §, the genus ¢g(C;) is readily computed by the adjunction formula

1
g(Ci) = Eci-ci +1. (4.30)

For a building block (Z*, S*) constructed following the recipe above, the orthogonal gluing
method of section 2.2.6 can still be carried out in the same way [141, 142].

An observation proves to be very fruitful. From a single semi-Fano threefold P, several
building blocks can often be constructed depending on the properties of the curve C = {sy =
0} N {s; = 0}. For smooth irreducible curves C”, we obtain a smooth building block (2", S") with
vanishing kernel k. For reducible curves Cg,, with smooth components C; we arrive, after the
sequence of blow-ups (4.27), at a smooth building block (Z*, S#) with non-vanishing kernel k.
The former building block does not contribute with any vector multiplets to the N' = 2 gauge
theory sector, while the latter building block contributes with Abelian vector multiplets to the
N = 2 gauge theory sector. In the sequel we argue that these different possibilities realize
distinct branches of the N = 2 gauge theory sectors.

To arrive at this gauge theory interpretation, let us consider a semi-Fano threefold P with a
curve Cip, Of the reducible type (4.26) with the factorized global anti-canonical section (4.25).
Performing a blow-up along this reducible curve yields the fibration r : Zg,, — P' with

Zing = Ble,, P = {(x.2) € PXP' | 20801 -+~ 500 + 2151 = 0] . (4.31)
In the patch of the affine coordinate ¢ = j—é we get
801 Son T IS1 = 0. (4.32)

Therefore, the threefold Zg,, becomes singular in the vicinity of the fiber n'([1,0]). By
assuming transverse intersections among the smooth curves C;, at the discrete intersection loci
I = {t=0}Nn{s; =0} N{sp; =0} N{sp; = 0} for 1 <i < j <nwith y;; = |7;;| intersection
points, conifold singularities will appear. The number of intersection points is given by

xij = Ci.Cj, (4.33)

in terms of the intersection numbers of the reduced curves C; and C; within the K3 surface .
Notice that this singularity structure prevails in the asymptotically cylindrical Calabi—Yau
threefold Xging = Zging \ S since, for a; # 0, the asymptotic fiber § = 7 '([ap, a1]) is disjoint
from the singular fiber 77([1, 0]).

In the vicinity of the singular fiber 7~!([1,0]) C Xing, We interpret the dimensional reduction
of M-theory on the local seven-dimensional singular space S ' X Xg;,q as the dimensional reduction
of type IIA string theory on the asymptotically cylindrical Calabi—Yau threefold X;,,, where the
S! factor corresponds to the M-theory circle of type IIA string theory. In this type IIA picture,

89



Chapter 4 Gauge sectors on twisted connected sum G,-manifolds

the conifold singularities given by equation (4.32) yield an Abelian N = 2 gauge theory with
charged matter multiplets [255, 256].5 Namely, to each curve C; we assign an Abelian group
factor U(1); such that the total Abelian gauge group of rank (n — 1) becomes

U(l); x...xU((),
U(I)Diag

where U(1)pj,g is the diagonal subgroup of U(1); x ... x U(1),.

Therefore, in the low-energy four-dimensional effective theory, we obtain (n — 1) four-
dimensional N = 2 U(1) vector multiplets, which decomposes into (n — 1) four-dimensional
N =1 U(1) vector multiplets and (n — 1) four-dimensional N' = 1 neutral chiral multiplets.
Furthermore, to each intersection point in J;; one assigns a four-dimensional N' = 2 hypermul-
tiplet of charge (+1, +1) with respect to the U(1); x U(1); group factor. Then each of these
N = 2 hypermultiplet of charge (+1, +1) decomposes into two four-dimensional N = 1 chiral
multiplets of charge (+1,+1) and (-1, —1), respectively. The resulting Abelian N' = 2 gauge
theory spectrum’ is summarized in table 4.5.

U(l)n_l ~

, (4.34)

Multiplicity N = 2 multiplets N = 1 multiplets
U(1)"! charges  |multiplet| U(1)*"! charges |multiplet

n—1 0,0,...,0) vector O,...,0 vector
O,...,0 chiral

Xij O,...,+1;,...,+1;...,00| hyper |(,...,+1;...,+1;...,0)[ chiral
I<i<j<n ©,...,=1;...,=1;...,0)| chiral
Xin O,...,+1;...,0) hyper O,...,+1;,...,0 chiral
I1<i<n O,...,-1;...,0) chiral

Table 4.5: The spectrum of the Abelian N = 2 gauge theory sector arising from the conifold singularities
in the building block (Zyg, §). Listed are the four-dimensional N = 2 multiplets and their decomposition
into the four-dimensional N = 1 multiplets together with their multiplicities y;;. The subscripts of the
entries of the U(1) charges indicate their position in the charged vector.

6 Starting from the Fano threefold P?, it has also been proposed that the singular building block (Zsing, S) with
conifold singularities realizes an Abelian gauge theory with charged matter [254].

7 In an alternative picture, by dimensionally reducing M-theory on the local Calabi—Yau fourfold 72 x Xiing tO
three space-time dimensions, the conifold points in X, become genus one curves of conifold singularities [257].
The three-dimensional N = 4 gauge theory sectors appearing in this picture agree with the four-dimensional
N = 2 spectrum in table 4.5 upon further dimensional reduction on a circle S!. This further justifies that the
local dimensional reduction of type IIA theory on X, correctly describes the gauge theory of M-theory on
St x Xiing Without requiring that the § ! factor realizes the M-theory circle for the dual type IIA description.
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4.2 N =2 gauge theory sectors

The Higgs and the Coulomb branches

The described four-dimensional N' = 2 Abelian gauge theory now predicts a Higgs branch
H" and a Coulomb branch C*. In the following, we analyse these branches within our context.

o The gauge theory perspective

On the one hand, generic non-vanishing vacuum expectation values of the charged N = 2
hypermultiplets break the U(1)"~! gauge theory entirely and parametrize the Higgs branch
H" of the gauge theory. As a consequence (n — 1) charged N’ = 2 hypermultiplets play the
role of N' = 2 Goldstone multiplets, which combine with the (n — 1) short massless N' = 2
vector multiplets giving rise to (n— 1) long massive N = 2 vector multiplets. According to
the spectrum in table 4.5, we arrive at the Higgs branch H” of complex dimension 4 [256]

B = dimcH =2 Z Xij)—z(n— 1. (4.35)

1<i<j<n

Here the factor two takes into account that each hypermultiplet contains two complex
scalar fields. This complex dimension readily describes the Higgs branch as parametrized
by the non-vanishing vacuum expectation values of the corresponding charged N = 1
chiral multiplets.

On the other hand, the non-vanishing vacuum expectation values of the neutral complex
scalar fields in the N = 2 vector multiplets furnish the coordinates on the Coulomb branch
C* such that its complex dimension c* reads

¢ =dimeCf = n-1. (4.36)

In the N = 1 language, the Coulomb branch moduli space is parametrized by the non-
vanishing vacuum expectation value of neutral N = 1 chiral multiplets.

e The geometrical perspective

From the geometrical perspective, the Higgs branch H' arises from deforming the conifold
singularities in Xy to the deformed asymptotically cylindrical Calabi—Yau threefold X"
[256]. On the level of the semi-Fano threefold P, this amounts to deforming the reducible
curve Cging In equation (4.26) to the smooth irreducible curve C" such that the building
block (Zgng, S) deforms to the building block (Z', S°) of vanishing kernel. According to
equations (4.28), (4.29) and (4.30), this yields for the kernel k” and the three-form Betti
number b5(Z")

dimk” = 0,  by(Z°) = b3(P)+C".C" +2. (4.37)

Furtheremore, the Coulomb branch C* arises from the resolution of the conifold singularit-

ies in Xing [256]. On the level of the semi-Fano threefold P, this amounts to the sequential
blow-ups in equation (4.27) along the components C; of Cying to the building block (Z*, S¥)
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of non-vanishing kernel.® According to equations (4.28) and (4.29), this yields for the
kernel k* and the three-form Betti number b;(Z*)

dimk* = n—-1, bs(Z) = by(P) + 2n + Zc,-.c,-. (4.38)

i=1

The twisted connected sum G,-manifolds

Let us now consider two twisted connected sum G,-manifolds Y’ and Y* respectively con-
structed via orthogonal gluing of the left building blocks (Z°, S?) and (Z¥, S¥) with another right
building block (Zg, S ).

e The geometrical perspective

From equations (4.37) and (4.38), we use (4.10) to obtain the general expressions for the
two- and three-form Betti numbers

by(Y’) = 62, by(Y") = by(P) +C".C" +25+ 6%, (4.39)

by(YH = (n—1)+6Y, by(YH = by(P) + (Z ci.ci) +3n+22+6Y,  (4.40)
i=1

with the contributions from the right building block (Zg, S )
6% = dimkg +tkR, 6% = b3(Zg) + dimkg — kR . (4.41)

These relations allow us to further define what we call the reduced Betti numbers b'z, and
bE, € = 2,3, given by

b= b(Y) =80, b= b(rh-60, =23, (4.42)

Furthermore, using the equivalence C’ ~ C; + ... + C, on the semi-Fano threefold P and
the definition given in equation (4.33) of the multiplicities y;;, we finally arrive at the
relations
by(Y") = by(¥H) = (n = 1),
4.43
by(Y") = b3(yﬁ)+2[ Z Xij)—3(”—1)~ 49

1<i<j<n

8 The sequential resolution in equation (4.27) in the Coulomb branch depends on the order of the performed blow-
ups. Changing the order geometrically realizes bi-rational transformations among the resulting asymptotically
cylindrical Calabi—Yau threefolds X* [254].
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4.2 N =2 gauge theory sectors

o The correspondence between the gauge theory and the geometrical perspectives

The non-trivial result is now that the derived change in Betti numbers (4.43) between
the twisted connected sum G,-manifolds is in perfect agreement with the phase structure
of the proposed U(1)"~! gauge theory. The change in the Betti number b, geometrically
realizes the difference of massless four-dimensional N = 1 vector multiplets, whereas the
change of the Betti number b3 geometrically realizes the difference of four-dimensional
N =1 chiral multiplets. This is in agreement with the gauge theory expectation. In fact,
passing from the Coulomb branch C* to the Higgs branch H® via the Higgs mechanism
reduces the vector bosons by the rank (n — 1) of the Abelian gauge group. Furthermore,
the difference in the four-dimensional N = 1 chiral multiplets agrees with the change in
the dimension of the moduli space’ of these Abelian gauge theory phases, i.e.,

by(Y’) = by(Y?) = b — bt = B’ —¢*. (4.44)

In a similar fashion, we can also establish the correspondence between the phase structure
of the gauge theory and the geometry for mixed Higgs—Coulomb branches, where the
gauge group U(1)"~! is broken to a subgroup U(1)*"! with 1 < k < n. The geometries of
such mixed phases are obtained by partially resolving and partially deforming the conifold
singularities in the asymptotically cylindrical Calabi—Yau threefold X;,,. In section 4.2.3,
we illustrate the analysis of mixed Higgs—Coulomb branches with an explicit example.

4.2.2 Phases of NV = 2 non-Abelian gauge theory sectors

Let us now turn to the enhancement to non-Abelian N = 2 gauge theory sectors in the context
of twisted connected sum G,-manifolds, indicated as a possibility in reference [249]. Let us
assume that the anti-canonical line bundle — K of the semi-Fano threefold P factors as

~Kp = LM®...0L% with n=k +...+k, (4.45)
where £; are line bundles with global sections §j;. The global section sy of —Kp can further
degenerate to sy = 51531 e ESfS and the singular building block (4.31) reads

Zing = {(x.2) € PXP' | 2955, -+ 5, + 2181 = 0}, (4.46)

with the singular equation in the affine coordinate t = < given by
20
sh s s =0 (4.47)
0.1 0, =4 :

In a similar way as performed in the study of Abelian phases of N' = 2 gauge theories, we
assume that all curves C; = {30 = 0} N {s; = 0} are smooth. In the vicinity of the singular fiber

9 Recall from chapter 2 that the dimension of the moduli space for a G,-manifold Y is given by the three-form
Betti number b3(Y).
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a'([1,0]) c Zging, the singular building block (Zge, S) develops Ay, singularities along those
curves C; with k; > 1.

To arrive at the gauge theory description, we again analyze the local M-theory geometry on
S X Xqing in terms of its dual type IIA picture on the asymptotically cylindrical Calabi—Yau
threefold Xi,,. Type IIA string theory on Calabi—Yau threefolds with a genus g curve of A;_;
singularities develops an N' = 2 SU(k) gauge theory with g four-dimensional N' = 2 hypermul-
tiplets in the adjoint representation of SU(N) [250, 251]. Furthermore, each intersection point
of two such curves of A;,_; and Ay,_; singularities contributes with a four-dimensional N = 2
hypermultiplet in the bi-fundamental representation (ky, k) of SU(k;) X SU(k,) [252].

Putting all these ingredients together and including the U(1) gauge theory factors of the
previously discussed Abelian gauge theory sectors, we propose the following non-Abelian
gauge theory description for M-theory on the local singular seven-dimensional space ' X Xging.

e The singularities along the curves C; determine the gauge group

U(ky) x ... x U(ky)

G = SU(k)) X ...x SU(k,) x U(1)*! ~ ,
(ky) (kg) x U(1) U)o

(4.48)

where any SU(1) factors must be dropped out and U(1)pj,e 1s the diagonal subgroup of
U(ky) X ... x U(ky).

e For any i with k; > 0, there are g(C;) four-dimensional N' = 2 hypermultiplets in the
adjoint representation of SU(k;).

e There are y;; four-dimensional N' = 2 hypermultiplets in the bi-fundamental representation
(Ki, Kj)11,.+1,) of the gauge group factors SU(k;) X SU(k;), where the subscripts indicate the
U(1) charges with respect to the diagonal U(1); and U(1) ;j subgroups of the respective unit-
ary groups U(k;) and U(k;) in relation (4.48). The multiplicities j;; are again determined
by the intersection numbers of the curves C; and C ;in the K3 fiber S .

The resulting non-Abelian N = 2 gauge theory spectrum is summarized in table 4.6.
The Higgs and the Coulomb branches

From the described spectrum and the results of [251], we are now ready to analyze the
branches of these N = 2 gauge theory sectors. First, we determine the complex dimension /4’ of
the Higgs branch

B = dimc H = 2 Z(g(éi)— Dk} - 1))+2[ Z )zijkikj]—z(s— 1). (4.49)
i=1

1<i<j<s

Here, the first term captures the 2(k? — 1) complex degrees of freedom of the four-dimensional
N = 2 hypermultiplets in the corresponding adjoint representations of the SU(k;) gauge
group factors — reduced by one adjoint N' = 2 Goldstone hypermultiplet rendering the
four-dimensional N' = 2 SU(k;) vector multiplet massive. The second term realizes the complex
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Multiplicity N =2 multiplets N = 1 multiplets
G reps. multiplet G reps. multiplet
s—1 1 U(1) vector 1 U(1) vector
1 chiral

i=1,...,s| adjsyq, |SU(k) vector| adjgy,, |SU(k;) vector

adjgyq,) chiral
g(Cy) adjgy hyper adjgyq, chiral

Xij (Ki, Kj) 41,41 hyper (Ki, Kj) 1,41 chiral

I<i<j<s (l_(i, l_(j)(—l,-,—lj) chiral
Xis (Ki, Ks)+1,) hyper (Ki, Ks)(+1,) chiral
1<i<s (ki, ko)1, chiral

Table 4.6: The spectrum of the N = 2 gauge theory sector with gauge group G = SU(k1) X ... X SU(ky) X
U(1)* ! as arising from the non-Abelian building blocks (Zgg, S ). Here both the four-dimensional N = 2
and the four-dimensional N' = 1 multiplet structures are given. The adjoint matter is determined by
the genus g(C‘ .) of the curves C;, whereas the bi-fundamental matter is determined by their intersection
numbers ¥;; within the K3 surface S .

degrees of freedom of the four-dimensional N = 2 matter hypermultiplets in the bi-fundamental
representations of the associated special unitary gauge groups and charged with respect to the
appropriate U(1) factors. The last term subtracts from the second term the N' = 2 Goldstone
hypermultiplets for higgsing the (s — 1) four-dimensional N' = 2 U(1) vector multiplets.

Next, we derive the complex dimension of the Coulomb branch C b in which the maximal
Abelian subgroup U(1)*"! remains unbroken. It is parametrized by the expectation value of
all four-dimensional N' = 2 hypermultiplet components that are neutral with respect to this
unbroken maximal Abelian subgroup. Therefore, the complex dimension ¢* of the Coulomb
branch becomes

¢t = dime C* = 2[2 g(C(k; — 1))+(n— 1. (4.50)
i=1

The first term counts the traceless neutral diagonal degrees of freedom of the four-dimensional
N = 2 matter hypermultiplets in the adjoint representation, while the second term adds the
contributions of the complex scalar fields in the four-dimensional unbroken Abelian N = 2
vector multiplets.
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Chapter 4 Gauge sectors on twisted connected sum G,-manifolds

The twisted connected sum G,-manifolds

The next task is to compute the Betti numbers of the twisted connected sum G,-manifolds Y*
and Y¥, which geometrically realize the Higgs and Coulomb branches by orthogonal gluing of
the building blocks (Z°, §”) and (Z*, S¥) to a common right building block (Zg, S ).
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e The geometrical perspective

We construct the building block (Z°, S”) by blowing-up the semi-Fano threefold P along
the smooth irreducible curve C’, which — as in the Higgs branch of the Abelian gauge
theories — arises from a generic deformation of the section s, of the anti-canonical line
bundle —Kp. Then, relations (4.39) determine again the two-form and three-form Betti
numbers of the G,-manifold Y’. The smooth Coulomb branch building block (ZF, S
results from the sequence of n = ky + ... + kg blow-ups

Z' = Bl o P, 4.51)

where each individual curve C; is resolved k; times such that dim k* = n — 1. Therefore,
using equations (4.10), (4.29) and (4.30), we arrive at the two-form and the three-form
Betti numbers for the smooth G,-manifold Y*

by(Y) = (n— 1) +6%, b3(Y?) = by(P) + (Z k; éi.éiJ +3n+22+67, (4.52)

i=1

with the definitions as in (4.41). Using the equivalence relation C* ~ kCi + ...+ kC,,
the changes of the Betti numbers are given by

by(Y") = (Y —(n—1),
by(Y’) = bs(YF) + [Z Fiki(ki = 1)]+2[ > )Zijkik,,-] “3(n-1) (4.53)
i=1

1<i<j<s
in terms of the intersection numbers j;; = C.C ; on the K3 surface S.

The correspondence between the gauge theory and the geometrical perspectives

The computed change of Betti numbers is also in accordance with the phase structure
of the proposed non-Abelian gauge theory description. Namely, the change of the two-
form Betti number conforms with the difference of the four-dimensional N = 1 vector
multiplets in the Higgs and Coulomb branches, given by the rank of the non-Abelian gauge
group (4.48). The difference of four-dimensional N = 1 chiral multiplets is accurately
predicted by the complex dimensions of the Higgs and Coulomb branches. In other words,
with equations (4.30), (4.49) and (4.50), we find for the discussed non-Abelian gauge
theories

bs(Y") = by(Y*) = b — bt = dime H® — dimc C* . (4.54)



4.2 N =2 gauge theory sectors

The established correspondence between G,-manifolds and non-Abelian Higgs and Cou-
lomb branches carries over to mixed Higgs—Coulomb branches as well, which we illustrate
with an explicit example in section 4.2.3. The fact that the performed analysis of the
non-Abelian gauge theory sectors closely parallels the study of the Abelian gauge the-
ories does not come as a surprise, because the Abelian gauge group (4.34) arises from
partially higgsing the non-Abelian gauge group (4.48) to its maximal Abelian subgroup.
As aresult, the topological data of the G,-manifolds for the Higgs, Coulomb and mixed
Higgs—Coulomb phases resulting from a given semi-Fano threefold P are the same for
both the discussed Abelian and non-Abelian gauge theory sectors.

4.2.3 Examples of G,-manifolds with NV = 2 gauge theory sectors

Following the general discussion of N' = 2 gauge theory sectors in sections 4.2.1 and 4.2.2,
we now illustrate the emergence of N' = 2 gauge theory sectors in twisted connected sum
G,-manifolds with a few explicit examples. Two examples will be described step by step. Since
the reasoning for the remaining examples is similar, we comment on their extra ingredients and
present mainly the results.

SU(4) gauge theory with adjoint matter from the Fano threefold P

Consider the Fano threefold P? with the anti-canonical divisor —Kz: = 4H in terms of the
hyperplane class H. Let 3y be a generic global section of H and s; be generic global section of
—Kps. With the affine coordinate ¢ of the factor P! of the resolved building block Zg;,, C P? x P!,
equation (4.46) leads to the hypersurface equation

So.+ts1 = 0. (4.55)

Therefore, there is only k; = 4 in equation (4.47). This implies that we are specializing to the
case where there is a curve C; = {01 = 0} N {s; = 0} N {r = 0} exhibiting an A3 singularity. In
particular, this yields a N = 2 gauge theory sector'® with gauge group SU(k;) = SU(4).

First of all, notice that, due to equation (4.30), the curves C¥ = (=Kps) N (kH) have the
following intersection numbers on the K3 surface S and genera

1
ch.cV = 4k, g(C®) = 5(:(") CP 41 =2+ 1. (4.56)

Furthermore, the equivalence C; ~ C" leads to g(C,) = 3 four-dimensional N’ = 2 hypermul-
tiplets in the adjoint representation of SU(4).

o The gauge theory perspective: The first task is to compute the predictions for the Higgs
and Coulomb branches arising from this spectrum. Since we have only a single curve in
this example, the second term in parenthesis of equation (4.49) vanishes and, therefore,

10 Note that for this particular example the deformed phases of the non-enhanced N = 2 Abelian gauge theory
sector have also been discussed in reference [254].
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we obtain for the Higgs branch
dimc H' =2x[3-1D)x @ -1]-2x(1-1)=60. (4.57)
Since n = k; = 4, with the help of equation (4.50), we obtain for the Coulomb branch
dimcCf =2x[3x@-D]+@-1)=21. (4.58)

Therefore, we obtain
dim¢c H’ — dime C* = 39. (4.59)

The geometrical perspective: The next task is to compute the Betti numbers of the
twisted connected sum G,-manifolds Y* and Y*, which geometrically realize the Higgs
and Coulomb branches by orthogonal gluing of the building blocks (Z°, S?) and (Z*, S¥) to
a common right building block (Z, S g).

As proposed in section 4.2.2, in order to determine the building block (2, S?) of the
Higgs branch H’, we deform the hypersurface equation (4.55) to s + ts; = 0 with generic
sections sy and s; of —Kps. This allows for the blow-up of P? along the irreducible smooth
curve with C* ~ C™. For this curve, we use equation (4.56) to obtain

1
CY.C% =4x4x4=64, g(C¥®) = EC(“) CP 41 = (2x4%)+1=33. (4.60)

Therefore, since b3(P?) = 0, from equation (4.37), the building block (2", S") has

dimk” = 0, by(Z") = 2¢9(C") = 66. (4.61)

Again, as proposed in section 4.2.2, in order to determine the building block (Z*, S¥) of
the Coulomb branch C¥, we sequentially perform n = 4 blow-ups of P along the curve C;.
For this curve, we use equation (4.56) to obtain

C,-Ci=4x1x1=4, gC) = =C,-Ci+1 =02x1H+1=3. (4.62)

1
2
Therefore, since b3(P?) = 0 and all the blow-ups occurs along the same curve C,, from
equation (4.38), the building block (Z*, S*#) has
4
dimk = 4-1=3, by(ZH = (2x4) + Zc,--c,- = 8+(4xC,-C)) = 8+(4x4) = 24.
i=1
(4.63)

Finally, we orthogonally glue the building blocks (Z°, S”) and (Z*, S¥) to a suitable right
building block (Zg, S g). We use equations (4.39), (4.52) and the definition of the reduced
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Betti numbers given in equation (4.42) to find

by = by(Y") -89 =0,
by = by(Y") =6y =b3(P)+C" - C"+25=64+25=89,
b= by(Y) 6P =(n-1)=(@4-1)=3,

S
[

bs(PH)+4C, - Ci+3n+22=4x4)+Bx4)+22=16+12+22=50.
(4.64)

e The correspondence: This is in accordance with the anticipated gauge theory description
established in section 4.2.2. Indeed, observe that the differences bg—bg =3 and bg —bg =139
agree with the rank of the gauge group SU(4) and the change in the dimensionality of the
Higgs and Coulomb branches in equation (4.59), respectively.

By partially deforming the first term 53,1 in the hypersurface equation (4.55), we can realize
hypersurface singularities describing various Abelian and non-Abelian subgroups of SU(4).
Such partial deformations geometrically realize mixed Higgs—Coulomb branches of the SU(4)
gauge theory. We collect the geometry and phase structure of these mixed Higgs—Coulomb
branches in table 4.7, where the entries of this table are determined by equations (4.28), (4.29),
(4.49), (4.50), and (4.56). Note that — depending on the breaking pattern of SU(4) arising from
partially higgsing — the dimensions of Higgs and Coulomb branches vary because only the
charged matter spectrum of the unbroken gauge group plays a role for the Higgs and Coulomb
branches in this gauge theory sector. For all entries in table 4.7 we indeed find that

Wo—bi=hn—ct,  dimk = kG . (4.65)

This agreement confirms nicely the correspondence between gauge theory branches and phases
of twisted connected sum G,-manifolds.

SU(2) x SU(2) x U(1) gauge theory from the Fano threefold MM48,

In the following we quickly present an example where both adjoint and bi-fundamental
matter appear in the spectrum. This examples comes from the rank two Fano threefold Wy with
reference number MM48,. This threefold is a hypersurface of bidegree (1, 1) in P? x P? with
b3(Ws) = 0[236]. Let H, and H, be the hyperplane classes of P> xP2. By the adjunction formula,
the anti-canonical divisor of W reads —Ky, = 2H, + 2H,. Furthermore, the self-intersection
numbers of the curves C*) = (—=Kw,) N (kH, + [H>) in the anti-canonical divisor —Ky, and
hence their genera are given by

clrln . ¢l = 2(kiky + i + 2k + 2Liky),  g(C*) = K+ P +4kl+1.  (4.66)

With generic global sections 3y 1, $o» and s, of H;, H, and —Ky,, the equation for the singular
building block Zg,, € We X P! becomes, with the affine coordinate 7 of P,

S5, +1s1 = 0. (4.67)
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so factors |Gauge Group |N = 2 Hypermultiplet spectrum h | c* bg bg k*
14 SU4) 3 x adj 60(21(89|50( 3
1?1 SUB) x U(1) |3 x adj; 4 x 3., 54|15(89|50( 3
1212 SUQ)? x U(1)|3 x (adj, 1); 3 X (1,adj); 4 X (2,2)4; 54|15(89|50( 3
12-1-1 [SU@R)x U1)?|3 x adj; 4 X 2¢:1.41)54 X 2110034 X 20.41) 48| 9189|50| 3
1-1-1-1{u@)? 4x(+1,+1,0);4 x (+1,0,+1);4 x (0, +1,+1);[42| 3]|89(50(3
4% (+1,0,0);4 x(0,+1,0);4 x (0,0, +1)
212 SUR2) x U(1) |3 x adj; 8 X 24, 42| 889(55|2
2-1-1  |U)? 4% (+1,+1); 8 x (+1,0); 8 x (0, +1) 36| 2|89(55|2
22 SU2) 9 x adj 48119(89|60] 1
2-2 u() 16 x (+1) 30| 1]89]60] 1
3-1 u() 12 X (+1) 22| 1(89]68( 1

Table 4.7: The gauge theory branches of the SU(4) gauge theory of the building blocks associated to
the rank one Fano threefold P3. The columns list the factorization of the anti-canonical section sy with
degrees and multiplicities, the gauge group of the gauge theory branch, the matter spectrum of N' = 2
hypermultiplets with their non-Abelian representations together with the Abelian U(1) charges, the
complex dimensions /" and c# of the Higgs and Coulomb branches, the reduced three-form Betti numbers
bg and bg of the twisted connected sum G»-manifolds Y’ b and Y”, and the kernel k of the Coulomb phase
building block (Z#, S ¥).

Thus, since k; = k, = 2, we find A; singularities along the two curves Ci = S0, =01N{s =
0}N{r=0}withi=1,2.

e First of all, with equation (4.48) in section 4.2.2, we therefore find a SU(2) x SU(2) x U(1)
gauge theory both with adjoint matter and with bi-fundamental matter from the intersection
points C;NC,. Due to equation (4.48), we have the correspondence SU(2)xSU(2)xU(1) =~
U(2) X U(2)/U(1)piag-

e Secondly, there are g(C;) four-dimensional N’ = 2 hypermultiplets in the adjoint of SU(2)
for each i = 1,2. Due to the equivalences C; ~ C"? and C, ~ C*" and relations (4.66),
we find g(C) = g(C,) =2

e Thirdly, since C*? - C%D = 4, we have 4 four-dimensional N' = 2 hypermultiplets in
the bi-fundamental (2, 2),; where +1 is the U(1) charge with respect to the diagonal U(1)
subgroup of the respective unitary group U(2) in the correspondence SU(2) x SU(2) X
U(l) = U(2) x U(2)/U(Dpiag.

In summary, we arrive at the following four-dimensional N' = 2 hypermultiplet matter
spectrum
2x(adj,); 2x(1,adj); 4x(2,2),. (4.68)
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4.2 N =2 gauge theory sectors

o The gauge theory perspective: The first task is to compute the predictions for the Higgs
and Coulomb branches arising from this spectrum. Notice that this example has two
curves and not a single one as in the previous example. Using equation (4.49) leads, for
the Higgs branch,

dimcH’ =2 x[2%x (22 = D] +2 X (Fiokiky) —2%x (2 - 1)
=12+ (2Xx4x2%x2)-2 (4.69)
=42.

Furthermore, using equation (4.50) leads, for the Coulomb branch,

dimeCf =2x[2%x2x(2-1)]+3

_11. (4.70)

Therefore, we obtain
dimcH" — dimeC* = 31 . (4.71)

o The geometrical perspective: The next task is to compute the Betti numbers of the twisted
connected sum G,-manifolds ¥? and Y*.

For the Higgs branch, we deform the hypersurface equation such that it allows for the
blow-up of P? x P? along the irreducible smooth curve C’ ~ C??. For this curve, we use
equation (4.66) to obtain C?? - C*? = 48 and the genus g(C*?) = 25. Therefore, the
building block (2, S°) has

dimk” = 0, b3(Z") = 2¢9(C") = 50. 4.72)

For the Coulomb branch, we sequentially perform n = 4 blow-ups of P? x P? along the
curves C, and C, (two blow-ups along each). For these curves, we find

Ci-Ci=2,

A (4.73)
2°L2 = .

Therefore, since b3(Ws) = 0, the building block (Z*,S¥) has
dimk* = 4-1=3,

b3 (Z%)

2
(2x4) + Zkiéi'éi=8+2€’1'é1+262-02:8+4+4:16,
i=1

(4.74)
Finally, we orthogonally glue the building blocks (Z°, S?) and (Z*, S¥) to a suitable right
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Chapter 4 Gauge sectors on twisted connected sum G,-manifolds

building block (Zg, S z). We use equations (4.39) and (4.52) to find

b,

by(Y") ~
by(Y') =69 = bs(P) +C" - C" +25=48+25=13,

5 =0,

b= b (¥ -6P =(n-1)=@4-1)=3,
i = by(We) +2C, -C1 +2C, - Co +3n+22=(2x2)+ (2X2) + (3x4) +22=42.

(4.75)

o The correspondence: This is in accordance with the gauge theory description. Indeed, the
differences are b% — b}, = 3 and b}, — by = 73 — 42 = 31.

The resulting correspondence between the gauge theory branches and the phase structure
of the twisted connected sum G,-manifolds is summarized in table 4.8, where the entries are
computed with the formulas (4.28), (4.29), (4.49), (4.50), and (4.66) — similarly as the explicit
computations for the first example in this section.

so factors Gauge Group N =2 Hypermultiplet spectrum n>| bg bg k*
(1,020, 1) SU@2) x SUR) x U(1)|2 x (adj, 1); 2 x (1,adj); 4 x (2,2),; |42]11|73]42|3
(1,0)%(0, 1)(0, |SU2) x U(1)? 2 xadj; 4 X 2(10);4 X 2012 X 111y |38] 7|73]42|3
(1,0)(1,0) u()? 2x(1,1,0);4 x (1,0,1); 4 x (0,1, 1);|34| 3(73|42|3
-(0,1)(0, 1) 4% (1,0,0);4x(0,1,0);2x(0,0,1)
(2,0)(0, 1)? SU2) xU) 2xadj; 8 X 24 36| 6|73]43|2
(2,0)(0, 1)(0, 1) |U(1)? 8x(1,0);8%x(0,1);2x(1,1) 32| 2|73]43|2
(1,1)? SUQ2) 7 x adj 36|15|73(52| 1
1,nHa, n u() 12 x (+1) 221 1{73|52]1
(2,0)(0,2) u() 16 X (+1) 30| 1|73]44|1
2,1)0,1) u() 10 x (+1) 18| 1|73|56]1

Table 4.8: The gauge theory branches of the SU(2) x SU(2) x U(1) gauge theory associated to the Fano
threefold Wg with Mori—Mukai label MM48, [236]. Listed are the factors of the anti-canonical section
so with bi-degrees and multiplicities, the unbroken gauge subgroup, the N' = 2 matter hypermultiplets,
the complex dimensions 4" and c* of the Higgs and Coulomb branches, the reduced three-form Betti
numbers bg and bg of the twisted connected G,-manifolds Y b and Yﬁ, and the kernel k* of the Coulomb
phase building block (Zﬁ, S Ij).
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4.2 N =2 gauge theory sectors

Further examples from toric semi-Fano threefolds

Our last class of examples concerns N = 2 gauge theory sectors from toric semi-Fano
threefolds Py, where the fan X is obtained from a triangulation of a three-dimensional reflexive
lattice polytope A. In this toric setup, the anti-canonical divisor reads

—-Kp, =Dy +...+D,, (4.76)

where the toric divisors D;, i = 1,...,n, correspond to the one-dimensional cones of Z, i.e.,
to the rays of the lattice polytope A. For smooth toric varieties Py, the toric divisors D; are
smooth and intersect transversely [210]. As the anti-canonical divisor —Kp is base-point free'!,
we can apply Bertini’s theorem [101] to argue that we can find a smooth global section s; of the
anti-canonical divisor —Kp, and further generic global sections s(; of D; such that the curves
Ci = {so; = 0} N {s; = 0} are smooth and mutually intersect transversely. Hence, the toric
semi-Fano threefold Py realizes indeed a U(1)"~!' gauge theory sector. The four-dimensional
matter spectrum is then given by table 4.5, where the multiplicities y;; are the toric triple
intersection numbers

Xij = —Kp,.D;.D; . 4.77)

As proposed in section 4.2.1, we construct the building blocks (Z*, S¥) of the Coulomb branch
C* by the sequential blow-ups (4.27) along the curves C;, while we determine the building block
(2", 8") of the Higgs branch H” by blow-up of a smooth curve C” = {5y = 0} N {s; = 0} obtained
by deforming the singular section s - - - 5o, t0 a generic anti-canonical section sy. Therefore,
we arrive at the twisted connected sum G,-manifolds Y* and Y* by orthogonally gluing these
gauge theory building blocks with a right building block (Zz, S z) in the usual way.!?

Note that, due to linear equivalences among the toric divisors D; , the Abelian gauge theory
can enhance to non-Abelian gauge groups as well. Namely, assume that the anti-canonical
bundle —Kp, is linearly equivalent to

—Kp, ~ kD +...+kD;, (4.78)

where, for some divisors, there are some equivalences D, ~Y ; aqi:D; with global sections S ,.
Furthermore, we require that the curves C, are smooth and mutually intersect transversely.
Following the prescription given in section 4.2.2, we arrive at the N' = 2 non-Abelian gauge
theory sector with gauge group

G = SU(k)) X ... x SU(ky) x U(1)*! . (4.79)

Note that rank of the gauge group (k; + ... + k; — 1) 1s a priori not correlated with the number n
of toric divisors. Instead, it depends on the precise nature of the linear equivalences among the
toric divisors D;, i = 1, ...,n, and the divisors D,, a = 1,..., s.

1 For a given vector space of global sections, their locus of common zeros is called the base-locus or base-points.

12 For toric semi-Fano threefolds Ps, some of the performed blow-ups discussed here and in the following can also
be described with toric geometry techniques [234]. However, the use of the toric description is not an advantage
to extract the relevant geometric data for us.
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Chapter 4 Gauge sectors on twisted connected sum G,-manifolds

Let us give an example by analyzing the four-dimensional N' = 2 gauge theory sectors with the
rank two toric semi-Fano threefold Py of reference number K32, which was already described
in some detail in section 4.1. The linear equivalences among the toric divisors Dy, ..., Ds leads
to the anti-canonical divisor

—Kp, =Dy +...+Ds ~ 3D, ~3D,+3D, . (4.80)

With these linearly equivalent representations for —Kp,, we arrive, for instance, at the gauge
groups U(1)* of rank four, SU(3) of rank three, or SU(3) x SU(3) x U(1) of rank five. Note that
the phases of the lower rank gauge groups U(1)* and SU(3) enjoy again the interpretation as
mixed Higgs—Coulomb branches of the SU(3) x SU(3) x U(1) gauge theory of rank five which,
by applying equation (4.77) and equation (4.30), yields the spectrum

1x(adj,1); 1x(1,adj); 3%x@3.,3), . 4.81)

In table 4.9 we list the gauge theory sectors of a few toric semi-Fano threefolds Ps. This table
does not display all mixed Higgs—Coulomb branches. Here, we focus on the resulting twisted
connected sum G,-manifolds ¥” and Y* associated to the Higgs H” and Coulomb branches C*
of the maximally enhanced gauge group of maximal rank, as obtained by the factorization of
the anti-canonical bundle —Kp, .

Notice the existence of an N = 2 SU(3) x SU(2) x U(1) gauge theory with adjoint representa-
tions in both SU(3) and SU(2) as well as three generations of charged bi-fundamental matter
(3,2),; — this is given in the first row of table 4.9. While this vaguely resembles the content of
the Standard Model of Particle Physics, one still has to take care of supersymmetry breaking by
allowing N =2 - N = 1.

4.2.4 Transitions among twisted connected sum G;-manifolds

The proposed correspondence between phases of twisted connected sum G,-manifolds and
gauge theory branches of the described N = 2 gauge theory sectors is essentially based upon
the correspondence between extremal transitions in the asymptotically cylindrically Calabi—Yau
threefolds X,  and the Higgs—Coulomb phase structure of the associated N' = 2 gauge theories.

In the original type IIA string theory setting, the N = 2 matter spectrum arises from solitons
of massless D2-branes wrapping the vanishing cycles of the singular Calabi—Yau threefolds at
the transition point [255, 256], which become membranes in the discussed context of M-theory.
However, while in the type IIA setting these D2-branes furnish BPS states of the N = 2 algebra,
the corresponding interpretation of membrane states becomes more subtle in the context of
M-theory on twisted connected sum G,-manifolds because the corresponding membrane states
do not admit a BPS interpretation due to minimal four-dimensional N' = 1 supersymmetry.
Therefore, a natural question now is whether the described M-theory transitions are actually
dynamically realized.

As discussed in chapter 3, the semi-classical moduli space Mc of M-theory on G,-manifolds
has the geometric moduli space M of Ricci-flat G,-manifolds as a real subspace. From the low-
energy effective N' = 1 supergravity point of view, this is a consequence of the semi-classical
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4.2 N =2 gauge theory sectors

No. p| Gauge Group N = 2 Hypermultiplet spectrum W | c* bg bg K

K24, |2{SUB)xSUQ) |[2x (adj,1);(1,adj);3 x (3,2). 50(14(79|43| 4

MM34, xU(1)

K32 2[SUB)? x U(1) |(adj,1); (1,adj); 3 X (3,3),; 52|13(79]40| 5

K35, |2[SU)xSUQ) |2 X (adj, 1);(5,2)+ 60(22(87|49( 6

MM36, xU(1)

K36, |2(SU#)xSU2) |2x(adj,1);2X%x (4,2),; 54117|81|44| 5

MM35, xU(1)

K37, |2{SUM@)xSUQB) |(adj, 1);3 x(4,3)+ 54|12(79|37| 6

MM33, xU(1)

K62, |3[SUQ2)} x U(1)* |(adj,1%); (1,adj, 1); (1%, adj); 2 X (2%, 1)1, 44111|73|40| 5

MM27; 2X(2,1,2)1.0;2 X (1,25 0.1

K68, |3[SUB)xSUR) |[(adj,1);3 x(3,2)1,1);2 %X 3, D01, 2)0,1 [42]| 9|69(36| 6

MM255 xU(1)?

K105, [3|SU3)> x SU(2) |(adj,1%); (1,adj, 1);2 X (3%, 1)1.1y; (3, 1,2)10); |50|15]|77 |42 7

MM31; xU(1)*|(1,3,2)0.1

K124 |3[{SU@4) x SUQ2)* |(adj,1,1);2 x (4,2, 1)1.1y;2 X (4,1,2)10) 48(13|73|38| 7
xU(1)?

K218, |4[SU@) x SUQ3) |(adj,1%);(4,3,1%)1.10): (4,1,2, D 10.1; 46(16|71|41|10

MM124| |xSU®2)? x U(1)*| (4,12, 2)a.0051,3,2,1)0.1,1); (1,3,1,2)0.1.0)
K266, |4|SU3) x SU2)* |(1,adj,1%);(3,2, 12)(1,130); 2x@3,1,2,1)101); [42(10]67|35( 8
MM10;4 XU(1)*|2 % (3,12,2)1.00); (1, 2%, Do,.1.1): (1, 2,1, 2)0.1.0)
K221 [4|SU@B) x SU2)? |2 % (3,2, D1,1,0:3 %3, 1,2)1,0,1): 3, 12)(1,0,0) 40| 7163|30] 7
xU(1)?[2 x (1,2, 1Do.10)

K232 |4[SU@) x SUQ) |2 % (4,2,1%)1,1,052 X (4, 1,2, D)10.1); 421 9165132/ 9
xU(1)3|2 x (4,12,2)1.00)
K233 [4[SUG) x SUQRY |3 % (3,2, 11133 % 3, 1, 2)10) 40| 61632916
xU(1)?
K247 |4[SU@) x SUGY |2 (4,3,1%)1,1,032 X (4, 1,3, 1.1 46| 11169134/ 11
xSU(2) x U(1)*[(1,3,1,2)0.1.0); (12,3, 4)00.1)
K257 |4[SU5) x SUB)? |2 % (5.3,1%)1.1.00:2 X (5. 1,3, D)1.01); 48112(71135|12

xSU2) x U(1)*((5,12,2)1.00)

Table 4.9: The N = 2 gauge theory sectors for some smooth toric semi-Fano threefolds Py of Picard rank
two and higher. The columns display the number of the threefold Py in the Mori—-Mukai [236] and/or
Kasprzyk [238] classification, its Picard rank p, the maximally enhanced gauge group of maximal rank
by factorizing the anti-canonical bundle, the N' = 2 matter hypermultiplets, the complex dimensions /”
and ¢* of the Higgs and Coulomb branches, the reduced three-form Betti numbers bg and bg, and the
kernel k* of the Coulomb branch.
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Chapter 4 Gauge sectors on twisted connected sum G,-manifolds

shift symmetries with respect to the real parts of the chiral fields (3.57). However, due to
arguments about the absence of global continuous symmetries in consistent theories of gravity,
see e.g. reference [258], these shift symmetries should be broken non-perturbatively such that the
flat directions of the chiral moduli fields are lifted. In the context of M-theory on G,-manifolds,
membrane instantons on suitable three-cycles generate non-perturbative superpotential terms
that break these continuous shift symmetries [228]. As these non-perturbative corrections are
exponentially suppressed in the volume of the wrapped three-cycles, the flat directions — as
described by the semi-classical moduli space Mc — are expected to be only realized in the large
volume limit of the G,-compactification. Hence, M-theory transitions among G,-manifolds
should only occur in the absence of such non-perturbative effects, as for instance in the case of
the large volume limit.!3

If we now take both the large volume limit and the Kovalev limit simultaneously, gravity
decouples, and we arrive at a genuine four-dimensional N' = 2 gauge theory sector with
eight unbroken supercharges. Then the lower energy dynamics is indeed described as in
references [250, 251, 255, 256], and the gauge theory phases connect asymptotically cylindrical
Calabi—Yau threefolds via extremal transitions. Thus, we claim that, in the large volume and in
the large Kovalev limit, the transitions among the N' = 2 gauge theory sectors geometrically
realize the anticipated transitions among twisted connected sum G,-manifolds.

If we maintain the large volume limit but allow for finite Kovalevton, the situation becomes
more subtle. While the massless spectrum is still N' = 2, we expect that the appearance of
further interaction terms breaks N = 2 supersymmetry to N' = 1. Then the N' = 2 gauge theory
sector is partially broken to a N' = 1 gauge theory, whose supersymmetry breaking couplings
are governed by the scale of the Kovalevton. In this N = 1 language, the transition between
non-Abelian N = 2 Higgs and Coulomb branches essentially describes an enhancement to an
Abelian gauge symmetry within the N' = 1 Higgs branches. Namely, in the N = 1 language,
the N' = 2 Coulomb phase corresponds to the partially higgsing of the non-Abelian group
to its maximal Abelian subgroup. Thus, at low energies, the proposed (non-Abelian) N = 2
Higgs—Coulomb phase transition describes the Higgs mechanism of a weakly-coupled Abelian
N =1 gauge theory. These observations provide for some evidence that, in the large volume
limit, the anticipated phase structure among the described twisted connected sum G,-manifolds
is still realized — even for finite Kovalevton.

Geometrically, we therefore propose that in the M-theory moduli space M the presented
transitions among twisted connected sum G,-manifolds are indeed unobstructed. In other words,
we conjecture that the construction of orthogonally gluing commutes with extremal transitions
in the asymptotically cylindrical Calabi—Yau threefolds X k. Furthermore, our proposal implies
that the moduli space M of Ricci-flat G,-metrics of the twisted connected sum type should
exhibit a stratification structure as predicted by the phase structure of the analyzed N = 2 gauge
theories sectors. In the context of Abelian gauge theory sectors our proposal conforms with a
similar conjecture put forward in reference [254].

13 In the presence of small non-perturbative obstructions we can still have quantum-mechanical transitions among
four-dimensional vacua. Then the transition probability is governed by the tunneling rate through the barrier of
the non-perturbative scalar potential.
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Part Il

Dark matter in the KL moduli
stabilization scenario






Prelude

So far we have studied the formal aspects of a high-energy string/M-theory and obtained a
low-energy effective description from a top-down approach. In part II we are now interested in
more phenomenological/cosmological aspects of compactifications. In particular, we investigate
a scenario in which neutralino dark matter is obtained from a string/M-theory framework.

In chapter 5 we introduce the Kallosh—Linde (KL) moduli stabilization scenario, adding an
F-term dynamical supersymmetry breaking sector motivated by N' = 1 SUSY QCD to allow
for an uplifting of the non-positive KL vacuum structure.

In chapter 6 we study the corresponding dynamics after the inflationary phase of the Universe
and impose constraints from both late entropy production and the dark matter relic density.
Firstly, we consider neutralino dark matter thermal production via gravitinos generated during
the reheating phase of the inflaton. Secondly, we consider neutralino dark matter production via
a mixture of thermal neutralino production and also non-thermal production from decays of the
ISS fields.

The novel results presented in this part of the thesis are:

o the use of the Intriligator—Seiberg—Shih (ISS) from the low-energy effective theory of the
magnetic dual of SUN,) N = 1 SUSY QCD as an F-term dynamical supersymmetry
breaking sector to uplift the non-positive vacuum of the KL moduli stabilization scenario;

o the decay rates of the ISS fields into other ISS fields and into MSSM fields;

e the analysis of the dynamics after inflation within the context of KL-ISS-MSSM, obtaining
constraints on late entropy production from the ISS fields and their decay products so that
there is no dilution of products from the Big-Bang nucleosynthesis;

o the achievement of neutralino dark matter candidates compatible with the observed dark
matter relic density (both from thermal and non-thermal processes).
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CHAPTER 5

The KL-ISS scenario

In the present chapter we introduce the background setup to investigate the possible emergence
of dark matter candidates from a higher-dimensional string/M-theory perspective.

In section 5.1 we introduce the reader to the Kallosh—Linde (KL) moduli stabilization scenario.
We comment on how it fits into the string/M-theory framework and also on how it deals with
phenomenological issues of the previous semi-realistic moduli stabilization scenario for string
cosmology, the Kachru—Kallosh—Linde-Trivedi (KKLT) scenario. Moreover, we present the
AdS/Minkowski vacuum structure of the KL scenario.

In section 5.2 we introduce the reader to the Intriligator—Seiberg—Shih (ISS) model. We
also comment on how it fits into the string/M-theory framework. After briefly commenting
on the MSSM and the inflationary sectors in section 5.3, we show in section 5.4 how the
ISS model serves as an F-term dynamical supersymmetry breaking sector useful to uplift the
KL AdS/Minkowski vacuum structure to a dS vacuum with positive cosmological constant.
Furthermore, in section 5.4, we see how the gravitino mass is related with parameters of both
the KL moduli stabilization scenario and of the ISS sector.

Finally, in section 5.5 we present the masses of the fields in our general setup and the results
for the relevant decay rates from interaction terms among these fields. These turn out to be
relevant when the production of dark matter is analysed in chapter 6.

5.1 The Kallosh-Linde (KL) moduli stabilization scenario

In the original work of KKLT [153], it was shown that all moduli are stabilized in a controlable
way in the context of compactifications of type IIB string theory on Calabi-Yau threefolds with
the presence of fluxes. To be more precise, the starting point is F-theory compactified on an
elliptically fibered Calabi-Yau fourfold X — see e.g. Calabi-Yau fourfold constructions for
F-theory in [105]. The manifold M of the fibration encodes the data from the type IIB geometry
whereas the type IIB axiodilaton 7 is to be associated with deformations in the complex structure
of the elliptic fiber.

In the absence of fluxes, this setup has a certain locus in the moduli space which is of type
IIB compactified on an orientifolded Calabi-Yau threefold M [259]. Moreover, the focus is on a

111



Chapter 5 The KL-ISS scenario

setup with only one! Kihler modulus p, from the Hodge number h'(M) = 1 as in [260]. In
the presence of fluxes, the superpotential takes the familiar form of the Gukov—Vafa—Witten
superpotential [231]

W:fG3/\Q, 5.1)
M

where € is a holomorphic (3, 0)-form on M, and G; = F3 — TH3 depends on the three-forms
from RR and NS fluxes in type IIB — F3 and Hj, respectively — and on the axiodilaton 7.
Furthermore, the tree-level Kihler potential reads

K:—3ln(p+ﬁ)—ln(7+%)—ln(—ifQ/\Q). (5.2)
M

Let the covariant derivative be D;W = 9;W + (9;K)W and the moduli space metric K;; = 9;0;K,
with i and j running over all moduli fields. It follows that the four-dimensional effective N = 1
supergravity scalar potential,

V = X(K'D;WD;W - 3|WP) , (5.3)

leads to a positive semi-definite contribution. This is characteristic of no-scale models since the
superpotential given in equation (5.1) is independent of the modulus p. Note that in part I of
this thesis we obtained explicitly a scalar potential for M-theory compactifications on twisted
connected sum G,-manifolds with the same no-scale structure, see section 3.4.3 in chapter 3.4.

Furthermore, it was shown that all complex structure moduli from F-theory on an elliptically
fibered Calabi-Yau fourfold are fixed at the mass scale m ~ «’/R>, where @’ ~ T~! with the
string tension 7', and R is the radius of the orientifolded Calabi-Yau threefold M. However, the
volume modulus p was left unfixed. Therefore, in the following, we study the four-dimensional
N =1 effective supergravity theory associated to this particular modulus only.

Notice that there can be non-perturbative corrections to the superpotential?, either from
Euclidean D3-branes or from gaugino condensation from stacks of D7-branes wrapping four-
cycles in M. For both cases, the corrections follow a similar behaviour, namely, there are
exponential corrections to the superpotential for p at large volume [261].

Including these contributions, the analysis of the vacuum structure follows from the tree-
level Kihler potential — now only for the volume modulus p — and the superpotential with
non-perturbative corrections, respectively given by

—3In(p +p),
Wy + Ae™

K KKLT

(5.4)

WKKLT

where W, < 0 is a tree-level constant contribution from fluxes and A, a > 0 are coefficients
determined by either of the two non-perturbative corrections mentioned in the previous para-

! The generalization to several Kihler moduli p; is also discussed in [260], but does not pose new aspects compared
to what is presented here.

2 Corrections to the Kihler potential have been neglected due to stabilization of p at large values compared with
the string scale, but there would still be an AdS supersymmetric vacuum [153].
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5.1 The Kallosh—Linde (KL) moduli stabilization scenario

graph. At a supersymmetric vacuum one requires D, Wikt = 0. Therefore, the scalar potential
given in equation (5.3) has now a negative value. It is in this sense that the volume modulus p is
stabilized in an AdS supersymmetric vacuum.

The KKLT moduli stabilization scenario was very successful in its attempt to construct the
first semi-realistic models for string cosmology. However, it had some issues [154]. Firstly,
the gravitino mass is extremely large in this scenario, namely m3,, ~ 6 x 10'° GeV. Secondly,
the gravitino mass has to satisfy a relation H < mj),, due to the fact that the height of the
potential stabilizing the modulus turns out to be related with the mass ms/,, where H is the
Hubble parameter during inflation. In other words, we have two possible cases: either we have
high-scale inflation with a large gravitino mass or low-scale inflation with a ‘small’ gravitino
mass of O(TeV). A large gravitino mass implies that supersymmetry is broken at very high-
energy scales. This is not desired if we consider supersymmetry as a potential solution to the
hierarchy problem. However, if this is not the case and other mechanisms are found to solve
the hierarchy problem in the lines of, for example, reference [262], high-scale supersymmetry
is still possible. Therefore, the first case is only a mild issue. However, the second case is a
bit more severe as it indicates the necessity of string theory inspired models with stable extra
dimensions for a very low-energy scale of inflation, H < 107" Mp, which have proven to be
very difficult to construct.

These issues were later dealt with in the new KL scenario for moduli stabilization [154]. The
KL scenario is a consistent framework where the gravitino mass is small — in other words,
supersymmetry breaking happens at low-scales — and inflation takes place at high-scales.
This happens because the gravitino mass is no longer related to the height of the potential
and, therefore, to the Hubble parameter during inflation. Compared to the original KKLT,
the following modifications were performed in the KL scenario. Firstly, one now allows for
stabilization of the volume modulus in a supersymmetric Minkowski vacuum and, secondly, the
superpotential is modified to a racetrack expression, namely

Wi = Wy + Ae™® — Be™ (5.5)

where W, < 0 is a tree-level constant contribution from fluxes and A, B, a, b > 0 are coeflicients
determined by non-perturbative corrections. The Kihler potential is still the same as in the
KKLT scenario, namely

Kxi = -3In(p +p) . (5.6)

At a supersymmetric Minkowski vacuum, both Wi = 0 and D,Wg;, = 0 must be satisfied.
This implies that the scalar potential in equation (5.3) vanishes, and we have a supersymmetric
Minkowski minimum with a vanishing gravitino mass. Moreover, since the gravitino mass
does not depend on the height of the potential, any possible uplifting of the Minkowski vacuum
to de Sitter would not give a contribution depending on the Hubble parameter. Therefore, it
would still be possible to have high-scale inflation without necessarily constraining the gravitino
mass to be also large. Notice that it is also possible to find AdS vacuum with Wg; # 0 and
D, Wi = 0. In this case it is also found that the gravitino mass does not depend on the Hubble
parameter.

In both moduli stabilization scenarios, uplifting of the AdS/Minkowski vacuum can be per-
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formed by explicitly breaking supersymmetry with non-perturbative terms from the addition of
several anti-D3-branes that, however, do not add further moduli to the discussion. For a suffi-
cient warped background, such anti-D3-branes give a small contribution to the AdS/Minkowski
vacuum turning it to a small positive value without compromising the mechanisms that stabilized
the moduli in the first place.

5.2 The Intriligator-Seiberg—Shih (ISS) sector

In contrast to the uplifting via explicit supersymmetry breaking from anti-D3-branes, in this
thesis we perform the uplifting with a dynamical supersymmetry breaking sector provided by
the so-called Intriligator—Seiberg—Shih (ISS) model [176]. In this section we present the details
of the ISS model.

Sufficient conditions for the occurrence of dynamical supersymmetry breaking were sugges-
ted in [169, 170, 171, 172]. On the one hand, the theoretical requirement from the non-zero
Witten index of N' = 1 Yang—Mills theory immediately implies that any N = 1 supersymmetric
gauge theory with massive vector-like matter has supersymmetric vacua. On the other hand,
theories with no supersymmetric vacua must either be chiral or massless non-chiral. Satisfying
the requirements for no supersymmetric vacua in a stable ground state from dynamical super-
symmetry breaking have not only proven to be complicated but also posed various issues for
phenomenology — see reviews [173, 174, 175]. In the original work of the ISS model [176],
much simpler and phenomenologically viable models were constructed by allowing dynam-
ical supersymmetry breaking to happen in metastable vacua. The background for metastable
dynamical supersymmetry breaking in this thesis is provided by supersymmetric QCD, which
allows for both supersymmetric vacua with massive vector-like matter as well as long-lived
non-supersymmetric vacua.

Supersymmetric QCD is based on SU(N,) N = 1 with scale A coupled with N chiral mul-
tiplets (flavours) Q' in the N, representation and N chiral multiplets Q; in the N, representation,
where i,i=1,... ,N; [263]. The anomaly free global symmetry of SUSY QCD is

SUNs)L X SUWNp)r x U(1)p x U(1)g . (5.7)
The transformations for the quarks Q and Q are given by

0 (N.LL1),

~ _ (5.8)

0 (LN;-11).
The original supersymmetric QCD theory has a non-Abelian Coulomb phase at the origin of its
moduli space [264]. In the regime 3N,./2 < Ny < 3N,, the non-Abelian Coulomb phase is a
conformal field theory of interacting quarks and gluons which possesses two dual descriptions.
The original description is in terms of electric variables, and it is an SU(N,) gauge theory with
N chiral multiplets (flavours). The dual description is in terms of magnetic variables, and it is
an SU(N) theory with N, flavours and NJ% massless fields. When one phase is weakly coupled,
the other phase is strongly coupled in the sense of Seiberg S-duality [265]. For Ny > 3N,,

114



5.3 The MSSM and the inflationary sectors

the original theory is not asymptotically free. The electric variables are free in the IR and the
magnetic ones are infinitely strongly coupled. Therefore, we call this the free non-Abelian
electric phase. For N. + 1 < Ny < 3N,/2, the magnetic theory is not asymptotically free,
the magnetic variables are free in the IR and the electric ones are infinitley strongly coupled.
Therefore, we call this the free non-Abelian magnetic phase. While these two phases are dual to
each other, the interacting theory in 3N./2 < Ny < 3N, is self-dual.

Therefore, we define the ISS model to be the IR free, low-energy effective theory of the
magnetic dual of SU(N,) N = 1 supersymmetric QCD in the range N.+1 < N; < 3N./2 with
N = Ny — N.. It consists of the ISS fields ¢ss, which colectivelly denote the fields g, Z]{;, S 3.,
where i, j = 1,..., Ny are flavour indices, a,b = 1,...,N,and Ny > N = Ny — N [176]. With L
and R standing for the left and right SU(Ny) sectors, U(1)p for the baryon symmetry, and U(1)g
standing for the R-symmetry, the anomaly free global symmetry group is

SUN) x SUWN;) X SUWNp)r x U(1)p x U(1) x U(1)g . (5.9
The transformations for the fields g, g and S are given by
S (L.N;N/0,-2,2),

g (N.N;1,1,1,0), (5.10)
(N.1,N7,-1,1,0) .

ES)

Following notation in [266], the K&hler potential and the tree-level superpotential — without
gauging SU(N) — are respectively given by

Kiss = lql’ +1a" + IS = ¢/d, + 4,3 + S5, (5.11)

Wiss = h(TtgS g — M*TxS) = h(G.,S1q" — M*S'5)) . (5.12)

Here & is a dimensionless coupling and M < Mp is the energy scale of the ISS model. Both
parameters & and M will be constrained in our phenomenological and cosmological analysis
in section 6.2 of chapter 6. The second term in equation (5.12) explicitly breaks the global
symmetry group to SU(N)X SU(Ny)yx U(1)px U(1)g. Moreover, if the supergravity embedding
is taken, U(1)g is explicitly broken.

5.3 The MSSM and the inflationary sectors

After introducing both the KL. moduli stabilization scenario and the ISS model, we comment on
the standard MSSM and the inflationary sectors.

We call the MSSM fields collectively by ¢ and adopt the canonical Kihler potential for them,

Kyssm = ¢¢ . (5.13)

Moreover, when mentioning the MSSM superpotential, we refer to the tree level superpotential
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Wussm = W(¢). We also consider the so-called Giudice-Masiero term [267]
KGM =cyH{H, + h.c. . (514)

where H; and H, are the Higgs superfields of the MSSM and cy is a constant with no mass
dimension. This term is required in order to have acceptable phenomenology from both tans
and the y-term in the four-dimensional low-energy effective theory context [266, 268, 269].

We adopt the following general behaviour for the Kéhler and the superpotential for the inflaton
field n, as in reference [270],

K, = K((n -1 s3),

5.15
W, =sfm), ( )

where s is a stabilizer field and f(n) is an arbitrary holomorphic function. Since the explicit
expressions in equation (5.15) are not used in this thesis, we only mention that the requirements
are such that the field 7 indeed accomplishes inflation and it does not decay into gravitinos. The
last point will be made clear in section 6.1 when analysing the dynamics after the inflationary
phase.

5.4 F-term uplifting in the KL-ISS scenario

Let us now discuss how the ISS sector is used to perform the uplifting of the vacuum in the KL
scenario, from the most non-positive Minkowski solution, i.e., with a vanishing cosmological
constant A, to a positive® de Sitter (dS),* with a positive cosmological constant. Furthermore,
we comment on the dependence of the gravitino mass on the KL-ISS parameters.

Let us review the vacuum structure of the KL scenario. We give a vacuum expectation value
(VEV) to the real part of the Kidhler modulus only, i.e., we let Imp = 0 and Rep = o for
simplicity [266]. Furthermore, let o be the value of p at its minimum. The supersymmetric
Minkowski vacuum Vij (09) = 0 in the KL scenario must satisfy

DpWKLla':(To = [aprL + (8[)KKL)WKL]|0':(T() =0 )

5.16
Wkr(oo) = 0. ( )

If we allow Wx.(0p) = A # 0, the minimum now shifts to an anti-de Sitter (AdS) minimum
3A?

— -
80'0

Vi (00) = =3m5, = — (5.17)

In order for the vacuum to stay supersymmetric, one requires D,Wki |r-sy+50 = 0, where
oo < oy [272].
Let us now see how the ISS sector helps to uplift the non-positive vacuum structure of the

3 Recall that the cosmological constant is measured to be A ~ 107120012
4 For a systematic procedure of building locally stable dS vacua in A’ = 1 supergravity models motivated by string
theory see reference [271].
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KL scenario. This uplifting is called an F-term uplifting [273, 274, 275, 276, 277, 278] as it is
accomplished via F-terms in the scalar potential given by equation (5.3).

We start with a combination of the KL scenario and the ISS model, which means that we
consider the following combination of Kihler potential and superpotential, respectively,

Kxiiss = = 31In(o +p) + g +1g1° + ISP, (5.18)
Wiiass = Wo + Ae™ — Be™™ + h(TrgS g — M*TrS), (5.19)

where Wy < 0and A, B,a,b > 0.

By working out the first derivative of the four-dimensional effective N' = 1 supergravity scalar
potential (5.3), namely 0y, Vki1ss = 0, the metastable ISS vacuum (S, qo, Go) 1s given by

So); = 0, (5.20)
(qo)? = M(S;f, (5.21)
(o), = M. (5.22)

From a matrix viewpoint, gy and g, can be written as

q :( M]INXN )
"\ Oy )

(5.23)
do = ( Mlyxy ONX(Nf—N) ) .

These are the VEVs responsible for the spontaneous symmetry breaking in the ISS model that
allow for the uplifting of the non-positive vacuum in the KL scenario — given in equation (5.17).
In fact, from terms eKKL'ISS&‘{M, s1WkeL1ss05.3, g}WKL_ISS in the four-dimensional scalar potential,
these VEVs imply that the minimum of the KL-ISS potential is given by

2NM? M M? M
Viin = —{A2 ~34+2N— |+ W*—(N;-N } ) 5.24
RIS ( Mﬁ) Mg( r—=N) (5.24)

Unless a huge N = Ny — N, of O(10') is taken — which is physically unlikely —, we neglect
the term 2NM? /M in the first parenthesis since M < Mp due to the dynamical nature of the
ISS sector. Together with the fact that the scalar potential minimum must equal the small but

positive contribution from the cosmological constant M (%) ~ 107"M7} ~ 0, we obtain a
P

constraint for the parameter A, namely>

|A| =~ (5.25)

N-N (M ?
3 \Mp) -

3 The cosmological constant is set to approximately zero by positive values which, therefore, is in agreement with
the fact that we have uplifted the KL vacua to positive values. We choose here the extreme case of a vanishing
cosmological constant only to get a lower bound constraint for the superpotential A that is necessary to perform
the uplifting.
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Restoring the reduced Planck mass Mp, the gravitino mass is given by

2
ms, = <eK/2W> ~ L“eNMZ/Mg o~ ! — Ny - Nh (ﬂ) Mp , (5.26)
(200/Mp)* (200/Mp)” 3\ My

where in the last step we set e¥*/M> = 1 since M < Mp. Notice that this is written in terms of
the parameters 4 and M of the ISS sector as well as the VEV of the Kédhler modulus p, which
is given by 0y = Rep. Furthermore, since o is obtained from Wy , which in turn depends on
a,b, A and B, the gravitino mass becomes a function of a, b, A, B, h and M.

5.5 Properties of the KL-ISS-MSSM setup

In the previous section we focused on the direct consequences of F-term uplifting in the KL-ISS
scenario. Now we focus in discussing the properties of the modulus p and the ISS fields ¢ss,
such as their masses (section 5.5.1) and the relevant decay rates (section 5.5.2). These will be
used in the phenomenological and cosmological analysis in chapter 6. From this section on, we
write the ISS fields only with lowered indices for simplicity.

5.5.1 Masses

To obtain the masses for the ISS and the modulus fields, we diagonalize the 8 X 8 mass matrix
for p,p,S,S,q,q,q,q obtained from the scalar potential given in equation (5.3). Namely,

V = X(K'D;WD;W - 3|WP), (5.27)
with
The modulus field p

We start the analysis with the modulus field p. After diagonalization of the mass matrix, we
obtain its squared mass for both the real and imaginary components to be

n = 2AaBb (a - b) [%]” ln(%) ro(m?) . (5.29)
P9 bB bB

This result was also obtained in reference [272]. A simple choice of parameters a = 0.1, b =
0.05,A = B =1 givesm, =~ 2.19 x 103 Mp. This value is much larger than the inflaton
reference mass adopted here, namely m, = 10~>Mp — for example, in the simplest chaotic
inflation models, m,, ~ 6 X 107°Mp. As shown in [270], this allows us to ignore the dynamics of
the modulus field during inflation. The modulus and the inflaton decouple and can be studied
separately. In particular, the modulus field potential does not receive contributions from the
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inflaton during inflation. Therefore, the VEV of the modulus has the same value both during
and after inflation, leading to a vanishing post-inflationary oscillation amplitude. We will return
to this point in section 6.1. Recall that the p value at the minimum of the potential is given by
the VEV of its real part Rep, namely oy, which we compute to be oy = alfbln (@) +0 (Mz).

bB
Againusing a = 0.1, b = 0.05, A = B = 1, we obtain

oo~ 13.86 Mp . (5.30)

The ISS scalar fields

For the ISS scalar fields, we replace the scalar components of the chiral superfields ¢, g, g, ¢
by linear combinations® Q;, 0>, 03, Q4. Fori=1,...,Nanda=1,...,N,

1 s
=(Gai * Gui + Gia = Gia) » (5.31)

2
1
2

Re, Im[Q]

Re’ Im [Q2] [qai * Qai - (qm = éia)] ’ (532)

and, fori=N+1,...,Nsanda=1,...,N,

1 _

Re, Im[Q3] = E(Qai * Gai * Gia t Gia) (5.33)
1 _

Re, Im[Q4] = 5 (Gai £ Gui — (£Gia + Gia)] - (5.34)

In table 5.1 we show the number of real and imaginary components, as well as their mass
eigenvalues, for each of the six kinds of mass eigenstates constructed from the ISS fields
S,S.q,q,q,q after diagonalization of the mass matrix.

6 Compare with the parameterizations given in reference [176]. Note our abuse of notation, as here g, g, §, § are
the scalar components of the chiral superfields represented by these same letters. We have also omitted the
indices i and a in QOs.
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’ ISS scalar mass eingenstate \ Numberge/im \ Mass ‘
S, sS,-,(i@jeAﬂ) N? \/NIL_N(%)mg/2
S,=5;(i®je N2 - N?) (N +N) (N, - N) O (ms2)

Le [Gais Gia] (z ®aeN) N? \/N%_N (%2) my
» = Le [ qais Gial (l ®ae N2) N? 0
= Lc [ i) (i®a e NN = N?) | (N;=N)N \/ M) sy
s = Lo [qui- Gia) (i® a € NN - N?) (N -N)N 0

Table 5.1: The ISS scalar mass eigenstates (first column), their corresponding number of real or imaginary
components (second column) and their largest tree-level mass contributions (third column). The notation
is such that N¢N is the cartesian product Ny ® N with N = {1,...,N}and Ny = {1, ..., Ny}, and similarly
for N? and NJ%. Lc stands for the linear combinations given in equations (5.31) to (5.34).

The fields ImQ,, ReQ, and ImQ, are massless Goldstone modes [176], thereby accounting
for N + 2(N; — N)N = 2NN — N? degrees of freedom. The field ReQ, is actually a pseudo-
Goldstone, whose mass is given by higher order corrections, as we show in the next paragraph.
The reason why the scalar mass spectrum yields 2NN — N* massless bosons is that the VEVs of
(¢, ) break the original symmetry SU(N)X SU(N;)yx U(1)p, with N + NJ% — 1 generators, down
to SUMN)yXx SUN; = N)yx U(1) g, with N>+ (N;—N)* — 1 generators. SU(Ny)y breaks down to
SU(N)yx SU(N; — N)yx U(1)p and the original SU(N)x U(1)g is completely broken — since
in the regioni® a = N 2, there exists O, with null VEV. Furthermore, the S field transforming
as a singlet under SU(N,)y gives no contribution to the massless Goldstone mode analysis.

Quantum corrections to the masses via one-loop calculations in [176] generate an additional
mass of O (m3 e ) to ReQ, as well as to the real and imaginary parts of a subset of S ,, namely

Si; with indices i, j > N, which we refer to as S ,- More precisely,

1/2
eK/Zml—,loop — eK/2 (11’1 (4) - 1) \/thM

52 87‘(’2
3(n4) - D\"* N Mp
T s h(_)m3/2’
" N,-N \M

(5.35)

K/2. l-loop _ k2 In(4) -1 12 B2
e I’I’lQ2 =e T \/Nf - Nh"M

3(n(4) - D\'"* M
:( (In (4) )) h(ﬁp)ms/z-

82

Since M <« Mp, we can safely consider the one-loop contributions as the leading order masses
of ReS’,, ImS’, and ReQ,.

The mass matrices for the ISS fields S and Q after diagonalization are diagramatically
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5.5 Properties of the KL-ISS-MSSM setup

displayed as, respectively,

o Sowe | S )
S ‘( ST v, | 5wy ) (5:36)
0 =((Q1 & Q)wuv | (O3 & Qs ) - (5.37)

Here we explicitly see the splitting of S ; into the non-diagonal pieces (S gd)NX(Nf_N), (S gd)(N/_N)XN,
and the subset S/ which receives mass through one-loop calculations beyond its tree-level mass
of O(mj),), as presented above. Furthermore we see that Q; and Q, as well as Q3 and Oy
mix in the block forms sketched above. The indices here refer to the dimensionality of their
corresponding blocks in terms of the cartesian product space.

Notice that when one considers the ISS model alone, the VEVs given in equations (5.20),
(5.21) and (5.22) render dViss/d¢ss = 0. However, when the modulus field contribution is
included, i.e., Wp|min = A, the first derivatives of the combined potential with respect to the ISS
fields change according to

OVkiiss/0(q, @), = O (mZ?/sz (q, 5]>m) ,

) (5.38)

OVki1ss/0S ij = O(m3/2MP) bij -
If we still want to mantain 0V 1ss/0g, = 0, assuming the VEVs of gj,, G4, and S;; to be the
diagonal ones, they should obtain the corrections

(Giar Gt = (M = O (M*M3?)) 61

M 2
<Sij> = (ﬁ) Mp + O(M4ME3)) 5ij for l,] <N,
P

167% (Ny - N) (5.39)

2

M
) = — | M M*M33)|6;;
<S’<’> 3(1n4—1)Nh2(MP) P+O( ")]5”
Nf—N408.79(M

2
3N 2 V) Mp + 0(M4M1;3)) 61']' for l,_] >N.
P

The last correction is dominated by one-loop contributions. Notice that equation (5.24) would
not contain the term 2NM? /M. for these modified VEVs.

An observation about the sign of A must be made. When we calculate the modified VEVs,
written in equation (5.39), one must assume either that # < 0 or A < 0 in order to obtain
0VxLiss/O¢iss = 0. We choose to restrain the sign freedom of A and take it to be negative, while
opting for i > 0.
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The ISS fermion fields

We now present the masses and eigenstates of the ISS fermionic fields’. For i ® a € N? and
i®jeN?i=aandi= j the eigenstates are

X5 = 7(«5% + V2Gio +S4) + O (M) (5.40)
Y = 7(\/§qm~+ V2Giu - S ) + O (M) (5.41)
1
Xst = —=(qui = Gia) - (5.42)
\2
Fori # a and i # j, one finds
1 N N
Xs3 = 5 (Gisa *+ Ga<i = Gica = Ga>i) » (5.43)
1 N -
Xs4 = E (Gisa = Ga<i + Gi<a = Ga>i) » (5.44)
XB3 = 5 \/_ ((]m Ja<i — Gi<a + Ga>i — ‘/ESK]‘ + ‘/§Si>j) +0OM) , (5.45)
XB4 = —\/_ (ql>a + Gu<i t Gica T Gusi — V2s i<j— ‘/Eq»j) +0(M) (5.46)
XBs = —\/_ (C]z>a = Gu<i — Gi<a * Gu>i + \/ES i<j — S,>,) +0(M) (5.47)
XB6 = (CIz>a + Qa<t t Gica + qa>l + \/_SKJ + \/_S1>J) + O(M) : (5.48)

For example, if N = 2, we have (ys3)y_, = % (g21 + G12 — q12 — §21), and similarly for the other
states. Fori® a € NyN — N? and i ® j € N]% — N2, we have

1

Xm = % (Gia = Gai) > (5.49)
1

Xm2 = % (Gia + Gai) > (5.50)

(5.51)

S,‘j ,fOI‘l'?&j,
Xs2

\/%(Skk—Sij) , fOTi:j,
where k = N + 1. As an example, for N = 2 and Ny = 5 and i = j, we obtain the possibilities
Xs2 = {(S33 = S4a)/ V2, (S33 = Ss5) / V2.

7 Note our abuse of notation, as here g, g, 4, 4, S ; ; are the fermionic components of the chiral superfields represented
by these same letters.
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The Goldstino, which has been neglected in the above considerations, is given by

_ 1 < 2
XGoldstino = m i:%;lSii + O(M ) : (5.52)

With G = K +In(WW), the main contribution to the mass of the above eigenstates comes from
the term ( G2 Yy ) Xrxr + h.c.. In tables 5.2 and 5.3 we collect the ISS fermion mass eigenstates
as well as thelr corresponding quantity and leading order mass contributions.

’ ISS fermion mass eigenstate \ Number \ Mass ‘
Xxp1 = Lc [Sij’CIai’qm] (i® ac Nz) N \/N/L_N (%) ms3/»
)(BzELC[Slj,qa,-,q,-a](i@)a€N2,i®j€N2) N \/ML_N(%)mg,/z
Xs1 = Le[qa Gial (i®a eEN%Li®j€ N2) N ms
Xs3 = Le [qui Gual (i ® a € N?) N(N-1)/2 my
Xs4 = Le [qui il (i ® a € N?) N(N-1)/2 ms
X = Le[Si.qun G (i@a e N2i® € N2) | NN =1) /2| [5x (5F) mara
)(B4ELC[ U,qa,,qm](z®aENZ,i®j€N2) NN-1)/2 \/N./L—N(%)mm
x5 =Le[Sij. qun G| (i®a e N2 i® je N?) | N(N = 1) /2 \/ML_N (XY s,
xp6 = Le Sy qun G| (i®a e N2 i® je N?) | N(N = 1) /2 \/N%_N (%Y ms.,

Table 5.2: The ISS fermion eigenstates within the index spaces i ® a € N> and i ® j € N (first column),
their corresponding quantity (second column) and their leading order mass contributions (third column).
The notations i ® a and i ® j are of the same type as the ones for the ISS scalar masses table 5.1. Lc
stands for the linear combinations given from equations (5.40) to (5.48).

’ ISS fermion mass eigenstate \ Number \ Mass
Xt = Lelqui Gl (i®a € NeN—N?) | N(N; - N)
o2 = Le[quin Gl (i® a € N\N = N?) | N(N; - N)
xs2=LeS;|(i® je N2 N?) N2 - 1

(ln[4] 1)h2 ms2

1622
nfal—Di2 3/2

0

Table 5.3: The ISS fermion eigenstates within the index spaces i® a € NyN — N?andi® € N2 N?
(first column), their corresponding quantity (second column) and their leading order mass contrlbutlons
(third column). The notations i ® a and i ® j are of the same type as the ones for the ISS scalar masses
table 5.1. Lc stands for the linear combinations given from equations (5.49) to (5.51).

5.5.2 Decay rates

Here we present the reader with the results of the largest decay rates needed in chapter 6. We
refer the reader to the full publication [196] for a detailed account of all the interaction terms and
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associated decay rates of the ISS and the MSSM fields. In appendix B we give the interaction
terms as well as the computation of decay rates for those yielding the largest results, whereas
only the interaction terms are given for those which do not lead to the largest decay rates.

In section 6.1 we will see that the imaginary components of the ISS scalar fields do not
oscillate after inflation. Therefore they do not contribute significantly to the post-inflation
dynamics. It is for this reason that, in the present section, we give the decay rates of only
some of the real components of the ISS scalars. The largest decay rates, or the ones with
non-vanishing oscillation amplitude, are obtained from ReQ; and ReQ, within the set of the
(g, q) 1SS fields, as well as from ReS; and ReS , within the set of the S ISS fields. We use the
short notation Q;, 0, S and S, for them. Despite the oscillation amplitude of ReQ, being
zero, its decay rate is important since it is a decay product of ReQ; itself.

To compute the decay rates, we consider both two-body decays (¢ss — 1+ 2) and three-body
decays (¢1ss — 1 + 2 + 3), and use

2

12 mlz
dr¢lss _ diss| St s (5.53)
- 2 3 ’ :
dQCM 64 m¢ISS
"d1ss "$1ss
reoo f Cue [ a [ME[ (5.54)
diss T m¢ISS647T3 o 2 s, 1 diss| :
—12 —I123
where dQcy is the phase space differential element, M, - (M, ) is the amplitude of the
1/2 1/2 .
two(three)-body decay, S |, = [milss —(my — m2)2] [mfblss —(m + mg)z] , My 1s the mass

of the decaying ISS particle, and s is the symmetry factor for indistinguishable final states. Here
we denote decay rates where helicities were summed over by the overline above I'. Since the
ISS fields are much heavier® than the gravitino, the MSSM fields, and the ISS products, we
consider all final particles to be massless for simplicity.

Assuming’ N = 1 and N; = 4, the largest contributions to the total decay rates of the ISS
fields originate from their decays

e to gravitinos via (S, Q1, Q) = Y3832 ;

e to two ISS fermions via S| — ¥s1 + xs1 3

e and to two ISS fermions plus one ISS scalar via both Q1 — ys; + ¥s1 + Q> and O, —
Xs1+xs1+1mQ,; .

8 Exceptions are the fields ImQ, and Q4. However these fields do not oscillate after inflation, thus they do not
yield important contributions to the energy content of the Universe and would be neglected after all.

9 Remember that this is the minimal choice for Ny > 3N — equivalent to Ny < %NC —, which is required for the
ISS model to be infrared free in the magnetic range.
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5.5 Properties of the KL-ISS-MSSM setup

In other words,

res ~ Ty, (5.55)
res o~ T (5.56)
Fg:al ~ I:Zt//s/z l_xxReQz l:v)(Isz (5.57)
e~ fzg‘f” +r*Qﬁ‘mQ2. (5.58)

Notice the short notation Q;, 0,,S5,S, for ReQ;, ReQ,, ReS |, ReS, for the initial states.
Furthermore, s, and js, are represented by'? yy. Each of the partial decay rates are computed
to be

_ M
Y~ 563x 107222 ( ") : (5.59)
1 MP M
3 1.5 35
= LMl My
= 231x10° =2 (22) (5.60)
P
s M
Ty = 313x107 3/2( P) , (5.61)
M2 \'m
3 h M
FoRee: _ puine: o4 90 101 22 ( P) 5.62
0 X 2 \m) (5.62)
o m3 o0 Mo\3
EU% o 144x 1022 (57 . (5.63)
M2 \'M
1 Tm m 0 M
o = 257x 107 =2 P) . (5.64)
M2 \'M

Let us now present the decay rates of the remaining subsequent products in the decays of the
ISS fields, namely the gravitino 3/, and the ISS fermion ys,. We assume m3;, > myssm with
myssm being the mass of any MSSM particle. The gravitino decay rate is given by [279]

193 M3

F3/2 (&3/2 — MSSM) 384 M2 .

(5.65)

The gravitino decays predominantly into an R-parity even MSSM particle and its supersymmetric

10 They should not be confused with the neutralino, which will appear later in this thesis.
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partner'!, since it possesses R = —1 [280]. The ys; decay rate is

5

r m
Ly Orst = ImQs + ymssm + Pmssm) = 2.38 X 10_4—3112
Ve 5.66
;/n3 M 4 ( . )
= 112 x 10782252 (_) ,
» \Mp

which is obtained from the term e¢/? (% (qu.a + qu) KMSSM) JYSSM in the scalar potential
with ¢y = 1 from the Giudice-Masiero term.

Let us now make some general comments regarding these decay rates and their impact on
the thermal history of the Universe. These will be relevant for the phenomenological and
cosmological analysis in chapter 6.

First of all, for late decay rates of the ISS fields into other ISS fields or into MSSM fields —
i.e., for small values of the decay rates — the ISS fields will decay after the inflaton in a Universe
with low temperature and will, therefore, generate some reheating. If these decays happen
after Big-Bang nucleosynthesis (BBN), when the temperature of the Universeis 7 ~ 1 MeV,
they can lead to unacceptable production of entropy, which would dilute the BBN products.
Furthermore, these decays can give rise to a large number of unstable gravitinos or lighter ISS
fields, which can then decay into lightest supersymmetric particle (LSP) in the MSSM, with a
corresponding large dark matter relic density overclosing the Universe. These are the so-called
moduli'? and gravitino problems [144, 145, 146, 147, 148, 149]. In order to avoid these issues,
we must guarantee that the ISS fields and their decay products decay before BBN.

In the scenario of decays before BBN, one could generate the observed baryon asymmetry
(ng — ng)/sy ~ 107'° via the Affleck—Dine baryogenesis mechanisms [281, 282] only if the
entropy production from ISS sources is sufficiently large, thus compensating the large entropy
dilution necessary in this mechanism. Alternatively, baryogenesis can also be accomplished for a
small ISS entropy production through other mechanisms, such as electroweak baryogenesis [283,
284].

In the next chapter 6, we obtain constraints in order to avoid the moduli and the gravitino
problems, and — assuming some non-Affleck—Dine baryogenesis mechanism — to have entropy
production from the ISS fields smaller than the entropy from the inflaton n. Furthermore, we
investigate whether an acceptable dark matter relic density can still be obtained within this
scenario.

11 The decay channels are given by Y3/, = A+ Ay, Y32 = Gp + m and Y32 — &, + xm, Where A are gauginos,
A, are gauge bosons, ¢,, are scalars, and y,, are left-handed fermions.

12 Notice that the term moduli here refers to all the scalar fields acquiring mass after supersymmetry breaking, that
is, the modulus field p and the ISS scalar fields in our scenario.
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CHAPTER 6

Dark matter in the KL-ISS-MSSM
scenario

In this chapter we study the post-inflationary dynamics of the Universe in the KL-ISS-MSSM
scenario, imposing constraints from late entropy production in section 6.1 and from the dark
matter relic density in section 6.2. We also show that neutralinos are good dark matter candidates
in this setup, both from thermal and non-thermal processes.

6.1 Post-inflation dynamics

6.1.1 Oscillations and decays

We begin with a study of oscillations from the modulus p, the ISS fields and from the inflaton
field . Let ¢ be some generic field and H the Hubble parameter H := R/R, where R denotes
the cosmological scale factor in the FLRW metric and R its derivative with respect to time ¢.
The field ¢ starts oscillating at m, ~ H when it possesses a non-vanishing difference between
its VEV during inflation, (®),s, and its VEV at the offset of inflation, (¢©)nin, 1.€.,

|<‘p>|amp = |<Q0>ins - <‘70>min| #0. (61)

First of all, recall from section 5.5 that the modulus p is much heavier than the inflaton,
implying that they decouple from each other. Therefore, the modulus will have the same VEV
both during and after inflation, leading to a vanishing post-inflationary oscillation amplitude.
Hence, it is justified to neglect the evolution of the modulus p after inflation.

As for the inflaton field 7, after the end of inflation it starts to oscillate about its true minimum
when m, ~ H [285, 286, 287]. At the end of inflation we have (1), = (Min, = V8/3Mp
because (1), = 0 at the offset of inflation. Let R, denotes the cosmological scale factor at the
onset of the n oscillations. The energy density of the inflaton r7 and the Hubble parameter after
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Chapter 6 Dark matter in the KL-1SS-MSSM scenario

inflation are given by

L oo 1, o (R P4 2000 (Ry ’
Py = qun zzmn<n>amp R zgmUMP R/ (6.2)
1Q 2 (R)\"
i= M3 3 "(Rn) ’ ©.3)

where Q is the density parameter Q = p/p, = 87Gp/3H?* = p/3H*M3 defined as the ratio
between the actual density p and the critical density (closure) p. of the FLRW Universe. Since
the energy density of the inflaton 77 dominates the energy density of the Universe after inflation,
we enter into a matter-dominated period — actually, the so-called reheating phase.

Let us now determine which of the ISS fields start to oscillate after inflation. To do so, we
need to add the inflaton contributions to the ISS model, which so far have been neglected in our
analysis.

Recall the VEVs of the ISS fields without contributions from the inflaton 7,
<qia’ éai) = Méia s

2
<S,‘j>2(M£) Mpé,-.,- fOI'i,jSN,
P
Ny — N 408.79
()~ 55 o

(6.4)

) Mpo;; fori,j>N.

The contributions from the inflaton 7 modify the ISS scalar potential by addition of a term'
[147, 281, 285]

AV (¢1ss, diss) ~ eK(‘p'SS’&ISS)V(U) = cH ¢issbrss + -+ (6.5)

where H is the Hubble parameter, and generically ¢ = 3 for Kiss = ¢isséiss [285], which
is the case for the ISS fields ¢iss = {Sij, Gia> Gui} — recall equation (5.11). The effect of
AV (¢1ss, diss) is to make the VEVs during inflation, <S, J> and (Gia, Gui)ins> asSume smaller
values compared with their true minima given in equation (6 4), which we call from now on
<S ; J>min and (Gia> Gai)min - Indeed, assuming high-scale inflation, i.e., H > M, one has for §,

-1
(5)ar > (501 3i2577) > iy < () Forii V. ©6)

8nicH?  \' 2mM* .
<Sij>lm N <Sij>min (1 N (ln(4)7r_cl)h4M2) ~ < <Sij>min fori,j> N . (6.7)

! The inflaton potential introduces a mass contribution ~ /cH to all ISS fields during inflation with H > M,
including the mass of the Goldstone modes ImQ», ReQ4 and ImQy. Although the §;; retain a small VEV, the
Goldstone particles cannot be prevented from becoming massive.
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6.1 Post-inflation dynamics

Furthemore, for ¢, and §,;, one has

(Gia> Gaidins (6.8)

{}l Vh2M? — cH? for cH?> < WM?,
0

for cH? > h*M?* .

The <S > and (G4, Gai);,s NOW evolve into the direction of the minima <S ; 1>mi and (Gia» Gai)rmin -
Therefore, from equation (6.1), we notice that there are N, oscillating fields 1n the §;; sector, N
for i, j < N and (Ny — N) for i, j > N. The linear combinations responsible for their oscillations
are ReS| and ReS ,. Furthermore, since ¢ and ¢ must have the same VEV due to the symmetry
of the superpotential, there are no oscillations for O, as can be seen from its definition in
equation (5.32). Since Q3 and Q4 are defined in the regioni < N and N < a < Ny, by the first
equation in (6.4) and their definition in equations (5.33) and (5.34), they also do not contribute
with any oscillation. Therefore, there are only N oscillating fields from g and g, corresponding
to the mass eigenstate ReQ;. In summary, the ISS fields that start oscillations after inflation are
given in table 6.1.

Oscillating ISS fields | ReS; | ReS, | ReQ,
Quantity N |N-N| N

Table 6.1: The ISS fields responsible for oscillations after inflation as well as the number of oscillating
fields for each type.

Within the period after inflation with dominant oscillations from n, the ISS fields adiabatically
track their instantaneous minimum given by equations (6.6) and (6.8). This happens until they
reach the point H = 2my,, where they start damped oscillations about their true minimum?
given in equation (6. 4) [285, 286, 287].

The cosmological scale factor at the onset of ¢sg oscillations is given by

2/3
Ry =[22) R 6.9
¢1ss — n- ()

Mgss

For ReQ,, ReS | and ReS »,, this becomes

Ny =N\"" (M m, \*"
Rp, = |— R,, 6.10
& 6 (Mpm3/2) ( )
Ny =N\"" (M m, \*"
Rs, = — 1) R, 6.11
51 6 (Mpm3/2) i ( )
Ny - N\ 872 M my, \*°
Ry, = |2 X )R, 6.12)
3N (In(@) -0k \Mpms,

2 The condition i2M? > ¢ H2| t1-2m, /3 implies that (@i, Gai)ins > 0 and consequently g and 7 can indeed start to
=g
oscillate. This condition is satisfied for any # and M, with the generic ¢ = 3.
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Chapter 6 Dark matter in the KL-1SS-MSSM scenario

Plugging in the oscillation amplitudes from equations (6.4), (6.6) and (6.8), as well as their
corresponding masses as given in chapter 5, the energy densities for the N oscillating fields
ReQi, and the N oscillating ReS | and ReS, are given by

N RQ1 12N Wl3/2 2 4 RQ1 3
= = — | My|—] , 6.13
N 2 2 RS1 12N ms;2 2 4 RQI 3
= N2 &) 2 sl BV VEY fadel} 6.14
N;=N Rs,\
ps, = me§2<Sz>§mp(%) (6.15)

(N; - N) ( 1672 )(mg/z)z(M)zMg(&)3, (6.16)

N 3(In(4) - 1)h? Mp R

Notice that the start of oscillations from the ISS fields after inflation may happen before or
after the inflaton oscillations have decayed.

Furthermore, reheating after inflation leads to coupling of the inflaton  with matter via
gravitational interactions. Under the conditions that the gauge kinetic function depends linearly
on the inflaton [270], the latter couples to two MSSM gauge bosons with coupling d,, yielding
a decay rate

3 5 m3 2 2 m3 2 My
I, = md,] 2 ~10™ d,] 2 = a”W . (6.17)

Here the coupling a,, is defined as
a,=10"'d, . (6.18)

This decay rate is extremely small [270], a reminiscent of no-scale supergravity models [288].
When presenting the constraints from late entropy production (section 6.1.2) and from dark
matter relic density (section 6.2 ), we give them for two realistic values of the coupling a,),
namely for @, = 107 and @, = 107"

6.1.2 Evolution of the Universe and entropy production

We now turn to the evolution of the oscillations presented in the previous section and to entropy
production from the decays of the inflaton, the oscillating ISS fields and the gravitinos. For
this purpose, we remind the reader of equation (6.17) for the decay of the inflaton, equations
(5.59) to (5.64) for the relevant decay rates of the ISS fields ReQ;, ReS| and ReS, as well as
equations (5.65) and (5.66) for their subsequent decay products — into the gravitino ¢3,, and
the ISS fermion yg;.

The list below summarizes the assumptions necessary for the ISS fields not to drastically
alter the thermal history of the Universe. We will then work out the corresponding constraints,
indicating the regions in the parameter space where they hold.

(1) We assume that the energy of the Universe after the end of inflation is dominated by n
oscillations and by the decay products of 7.
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6.1 Post-inflation dynamics

(i1) If the ISS fields decay after the inflaton, the entropy they generate should not dominate
over the entropy from reheating, in order not to spoil successful production of later relics.

(iii) It is also possible that the relativistic decay products of the ISS fields may turn non-
relativistic as the Universe cools down, thereby changing the evolution of their energy
densities according to praq/Pnon ~ R~!. This would have an impact on the results for item
(i1) above, which we also take into account.

Furthermore, the following experimental constraints must also be satisfied.

(iv) Massless particles from decays of the ISS fields must be in agreement with observable
relativistic degrees of freedom N = 3.15 £ 0.23 as measured by the Planck collabora-
tion [16].

(v) Decay products with small decay rates must not decay after the BBN epoch — this will
be treated in section 6.2.

Let us start by working out the constraints coming from the first (i) and the second (ii) points.
The energy density from oscillations of the ISS fields are given by the combination

Poiss = Po; +Ps; +Ps,
2 3 2 3
12N (R M\ (R
TR ) N[ (B (6.19)
Mp N,—N\ R Mp) \ R
2

+(Nf_N) 1672 M\ (Rs,\

3N \3n@)-D/\Mp)] \ R ) [~

In order to compare py,, and p,, we rearrange the above expression in terms of quantities for
the inflaton. With the use of Ny = 4 and N = 1 — as already adopted to compute the decay rates

— we find
M\ 1M\ 251%x10° ( M\ (R,
— 212 n
Porss —mnMP {2(-})) +5(—P) +T(—P) (E) . (620)

We compare this expression with the energy density from oscillations of 7 given in equation (6.2),
which yields p, > py at the end of inflation only if

M < 4.80 x 10*hMp . (6.21)
This requirement will be displayed in figures 6.3 and 6.4 where the parameter space (h, M) is

also constrained by entropy production from ISS decays and the subsequent decays of their
products.

Now, let R4y, be the scale factor at decay of ¢iss and Rg, be the scale factor at decay of 7.
Depending on whether the ¢;ss decays before or after decays of 7, these scale factors satisfy,
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Chapter 6 Dark matter in the KL-1SS-MSSM scenario

respectively,
2/3 2
Rd¢ISS _ (14/3 ( MP ) (ﬁ) (6 22)
Rd77 " F¢ISS Mp ’
2 3/2
Rags _ ia ( My )1/ (ﬂ) / 623
Rdﬂ \/§ " F¢ISS Mp

To obtain the decay epochs we used H = kI’ with k = 2/3 for matter domination (before
reheating) and k£ = 1/2 for radiation domination (during reheating). Furthermore, we have also
used the following relation, with H = (2/3)I',,

_ a3 My 0
Ry/Ry = a* (2] (6.24)

My

On the one hand, if Ryy, /R4y < 1, ¢1ss decays before the inflaton — otherwise it decays after.
In figure 6.1 we show how the parameters M and 4 of the ISS model, which are implicit in Iy,
determine the time of ISS decays. We should now analyse how this information on the time of

103 _1in-1
. a, = 10 a, =10 7
. . 7
2 < "G
N dQ, N ‘(/’/ ‘53‘
‘\\ ‘dy Z 1
\\\ (5)
2%
ToaT
R
2%
=~ \\
4 Ay
& *
1wl LA - : - - .
10 02 10 1 10 102 10 1
h h

Figure 6.1: The curves of I’ ;ISS = I',, where i = §1,82,Q1, for small (large) coupling a, = 1073

(ap = 10~1). Above these curves, the ISS decay rates l“fmss become larger, implying a smaller scale factor
at the time of their decays. In other words, each of the ISS fields decays before (after) the inflaton above
(below) their curves.

ISS decays translate into energy density and entropy production. Since we want i oscillations
or decay products of n7 to dominate the energy of the Universe after inflation — see point (i) —,
production of entropy from ¢;ss will only be problematic if one or more of them decays after n
has already decayed, as this can wash out the contributions from 5. Let py, be the energy density
at the moment of 1 decay. The energy density of the decay products of 7 is given by

. Ry\' 4 m, \® (R \*
PL(R) = pdn(%) :§agM;(ﬁ';) (?") | (6.25)
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6.1 Post-inflation dynamics

Furthermore, pj,  is the energy density of the decay products of S, §» and @, given by

. Rao ! Ras, \' Ras,\'
p¢ISS(R):de1( Rl) +pd51( R2 + Pds, R2 .

We can define a scale factor R; where ot (R)) = p;ISS (Ry). Since for any field i the relation

(6.26)

il s~ (pl’ / ,o;.)3/4 holds, finding an R, means that there exists a limit on the entropy produced
by the ISS fields s, > 54, such that this production is not problematic for any time after R,. In
other words, if pj, (R1) > pj,  (R), then most entropy comes from n decays. Otherwise, the ISS
decays would provide the most entropy. When pj  is evaluated at Ry, R; is necessarily equal to
the scale factor of the last decaying field. This happens because prad/Pmatter ~ R~ in a mixture
of radiation from decays and matter and, if we look into an ISS field decaying before R;, this
would mean that the associated energy density p, and entropy would become larger.

In our scenario, S, is the last decaying particle. Therefore,

o (Ry) = @4+ Iﬁ: (6.27)
oiss \[81) = Pdo, R, Pads, R, Lds, - .
In figure 6.2, we use p;(R;) > pj; . to plot numerically the bound for entropy production from
decays of the ISS fields, i.e., s, > $4,. For the region at which the curve is drawn, S, dominates
the energy density compared to either Q; or S because its VEV is the largest of them. Both
Q: and S| become important only for smaller M and larger A, i.e., in the lower right corner of
both figures. In addition to that, there is a noticeable dip at the right upper corner for both cases
a, = 107" and @, = 1073, They form at the point at which S, turns from decaying after 1 to
decaying before 1. This introduces a steep in the energy density function. The dip is quite steep
only because our analysis assumes instantaneous decays.

Let us now discuss point (iii) in the above list, that is, we must add the behaviour of the decay
products of Oy, S| and S,. These decay products can turn from relativistic to non-relativistic at
some point, which could render their energy density larger than p;. Below we find constraints
such that their energy densities do not surpass p;. We start by displaying the decay products of
each ISS field,

ReS1 @ (vs1+Xs1) s (6.28)
ReS> @ (Y +¥3p2) » (6.29)
ReQ: : (Y32 + 3, xs1 +¥s1 +1ImQy, xs1 + js1 + ReQy) , (6.30)
ReQy : (Y32 + W32, Xs1 + Xs1 +1mQy) . (6.31)

Furthermore, recall the masses of the final particles

Mys, = M3p2
3(n4)-1) (M
MRe0, = 4 T2 h(ﬁp) 3/2 5 (6.32)
m]mQ2 =0.
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1077 02 07 1 107 102 07 1
h h

Figure 6.2: The curve of 54, = s, numerically obtained from equations (6.25) and (6.27) at the decay
epoch of the last decaying ISS particle S, for small (large) coupling a, = 1073 (ap = 107"). Above the

curve, the energy density p;]SS becomes larger than pj,, implying also a larger entropy production at the
decay time of S, than the entropy from decay products of 7.

Since mymp, = 0, it can never become non-relativistic. For massive particles, the scale factor at

which they become non-relativistic R, is related to the scale factor at the decay of the initial
particle. We have the following relations?

R 2m

ReS : —dill =X ,
R)rgon MReS |
R 2m

ReS, ds, _ W32

Rly  mves,

>

(6.33)

ReQ, : Rig,  2my,, Ry, _ 3mys, Rag, _ 3mReo,

b Sl b Re b
RV2 - mreg,  RIG,  MReo, RN mgeg,

ReQ; : Rag, _ 2mys, R, -

b .
RV mReg, R, MReg

3mys,

On the one hand, if the decay rate of a particle is sufficiently large, it decays before it can turn
non-relativistic. In that case, there would be no change to the curve presented in figure 6.2. On
the other hand, if its decay rate is small, the energy density equations must change accordingly,

o= S (B - 5 R

3 These were computed via f;f"- Pdo <Rd¢ /Rﬁ(",n)4 = P‘p,»|T=mw,.» where @ is the mother-particle which decays into
@i + @ (+¢r), and fg is the share of the energy of each @ particle given to a product-particle ¢;. For example,
f¢ = 1for ® = ReQ> and ¢; = ¥3/5. We have also considered that the masses of the products are much smaller
than the masses of the decaying particles, which leads to the numerical factors in these expressions.
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6.1 Post-inflation dynamics

where i stands for any of the ISS decaying particles. Notice that the decay rate of the product
Re(Q, — from the decay of ReQ; — has already been obtained in equation (5.58).

We calculate again the entropy production bound, now taking into account the non-relativistic
behaviour of the products ys1, ¥3,2, and ReQ,. This is shown in the red curve of figure 6.3. It
was obtained numerically from equations (6.25) and (6.34). As one can notice, the deviation
from the blue curve becomes more pronounced for lower values of M and A. This is because
the products from ISS decays become non-relativistic earlier in this case. At 2 > 0.1 and for
a, = 1073, the ISS products decay when they are still relativistic and, therefore, there is an
agreement between the blue and the red curves. The same happens for & > 0.4 in the case
a, = 107!, Since the red curve constrains more the parameter space, we consider it for later
analysis.

. a, = 107" a, = 10"

Figure 6.3: The curves of s4,, = s, (red-dashed and solid blue) and pg,s, = p, (magenta dot-dashed) for
small (large) coupling a;, = 1073 (ay = 1071). The blue curve is evaluated at the decay epoch of S ,, the
last decaying ISS particle, as already seen in figure 6.2. The red curve is evaluated at the decay time of
Xs1, which is the last product to decay. Legends are shown only for the latter because for the blue curve
it is the same as in figure 6.2.

Now we address point (iv), considering that the only massless product from ISS decays is
ImQ,. First of all, its energy density is given by

o oL (Rag ' 1 TR ( Rig ) REZ\ (Roo. '
ImQ» Fgal 3 R 3 3 rth;al REgﬂQz R
RReQZ

RdQl !
non del R

wxReQ> [ xxImQs 4
Lo, 10, Rao, Rap,
del R

total 0 total ReQ»
IﬂQl | 9 IﬂQz Rion

1 ( Rag, Rag,\'
< 2l R0 |Pd0 | — | -
18 RngnQZ R

Pdo,

Rao,

l"total 3 T 9 I—‘total
01 | (0

wyReQs T wxImQ
= l—‘Ql ’ 1 ler ’ (Rsz )

(6.35)

~
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Here the ratios 1/3 and 1/3 - 1/3 correspond to the energy share carried by ImQ, from its
two respective sources, Q1 — ¥s1 + xs1 + ImQ, and Q; — ¥s1 + xs1 + ReQ, followed by
ReQ; — ¥s1 + xs1 + ImQ,, where we assumed massless products when compared to ReQ;.
From the second to the third line, we used* Rag, /RE&Q2 > 100. From the third to the fourth line,
we used the maximum values for the branching ratios for simplicity, i.e., F)g(lRegz / F‘&al =1/2
and T)"2 Tl = 1,

Dark radiation energy density accounts for the total relativistic energy density in neutrinos
plus other unknown degrees of freedom, and is parametrized by the effective degrees of freedom
Neqi. Let p, be the photon energy density. For times much earlier than BBN, i.e., for T < 1 MeV,
the energy density for dark radiation is given by

4/3
Pdark = Negt % (14—1) Py (6.36)
The contribution from the three SM neutrinos to this radiation density leads to N, ~ 3.046 [289].
On the other hand, the observational parameter N.g = 3.15+0.23 [16] allows for some additional
radiation density. We check that pimp, < paark — Psmy 18 indeed satisfied in the parameter space
we consider, i.e., M/Mp € (107, 1) and h € (1073, 1).

The constraints regarding entropy production obtained in this section, which are relevant for

section 6.2, are collected in table 6.2. They are depicted in figure 6.4.

’ \ Constraint \ Meaning Legend
Eq. (6.21) | M < 4.80 x 10~°hMp O > Pass magenta curve
at the end of inflation
Eq. (6.27) Numerical Sy > S at decay epoch blue curve
of last decaying particle S,
Eq. (6.27) Numerical Sy > S at decay epoch red curve
of last decaying product y

Table 6.2: The constraints on the ISS parameters M and & obtained in this section 6.1.2, their location in
the text, their meaning, and their depiction in the figures of this section.

For the figures in the next section we will present the combined red and magenta curves in
figure 6.4 as a new red curve, which we will label as entropy.

6.2 Dark matter production

After finding a protocol for constraining the parameter space of solutions such that ISS entropy
production is negligible, in this section we turn to the production of dark matter.

4 This can be proven for the parameter space we consider, i.e., M/Mp € (107°, 1) and h € (1073, 1).
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a, = 107* a, = 10!

1071

10-2}

1073}

M/Mp

e

1077}

10-0 L - : :
1073 1072 1071 1 1073

h

Figure 6.4: The curves sy, = s, summarizing the constraints obtained in this section — see table 6.2 —
for small (large) coupling a, = 1073 (ay = 1071). The allowed region is shaded in blue.

We consider both thermal and non-thermal production [290] of dark matter, adopting the
natural candidates for dark matter in supersymmetric scenarios, namely the stable® lightest
supersymmetric particles (LSPs), the neutralinos referred to in this thesis as y [53].

In the first case we consider gravitinos thermally produced in the reheating phase® of the
inflaton 7 to be the source for neutralinos. They can constitute dark matter when decaying
at freeze-out, i.e., when the energy density for the gravitinos evolves constantly after their
decoupling from the thermal bath at H ~ T ;2. Notice that, in principle, there can also be
gravitinos produced from direct decays of the inflaton. However, we show in section 6.2.1 that
this is negligible.

In the second case we consider the chain of decays from the ISS fields ReS |, ReS, and ReQ;
into gravitinos ¥,,, and small massive fermions ygs; and ReQ,. For ReQ,, it subsequently
decays into gravitinos, and small massive fermions ys; and ImQ,. We recall here the decay
channels from equations (6.28) to (6.31),

ReSy : (ys1+is1)

ReS, : (Y3p+y3p) ,

ReQ : (Y32 + 3, xs1+¥s1 +1ImQs, xs1 + ¥s1 + ReQs) ,
ReQ : (Y32 + s, xs1+¥s1 +1mQy) .

Therefore, Y3, and yg; products can then decay into neutralinos. We have the following relation

between the number density of ISS particles nfmss and the number density of the final gravitinos,

5 These are guaranteed to be stable in conserved R-parity models [48, 57, 58, 59, 60, 61].

© When the ISS fields decay, they could generate a thermal bath with temperature T55, which would produce
gravitinos. Therefore, in principle, an exact treatment should also consider the reheating phase of ISS fields
besides the reheating phase of . However, since we constrain the entropy production from ISS decays and from
the subsequent decays of their products to be smaller than the entropy production from decays of 7 (see section
6.1.2), we do not have to be concerned with gravitino production within a reheating phase of ISS fields.
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Chapter 6 Dark matter in the KL-1SS-MSSM scenario

nfmss = (n3/2)/2. Each yr3, in turn contributes to the production of one neutralino at the epoch
H~T; 2. Furthermore, we have distinct relations between the number density of ISS particles
and the number density of ys;. For decays from S we have n,,, /2. For decays from Q; we
have n,,, /2 or n,,, /4, where the last case occurs when there is a subsequent decay from its
product ReQ,. Finally, for decays from Q, we have n,, /2. Each y; in turn contributes to the
production of one neutralino at the epoch H ~ l:)m. Within this second case of non-thermal
production of neutralinos, we also study the possible late thermalization of neutralinos.

Since the overproduction of dark matter is a delicate issue within the scenario of non-thermal
production, as already mentioned at the end of chapter 5, we discuss how to take care of this
issue within our context.

6.2.1 Thermal gravitino production

Let us start the analysis of dark matter production via its thermal gravitino source, from the
thermal plasma created by the decay of the inflaton’ [291]. This production depends on the
reheating temperature® of the universe dominated by the inflaton after its decay. Let g, be the
number of thermal relativistic degrees of freedom from decays of 7. The reheating temperature

is given b

g Y 40 1/4 m 3/2

TR:( : ) an(—”) Mp. (6.37)
gy

Assuming that the gaugino masses m, satisfy m;;» < ms3,,, the ratio of the gravitino number
density to the entropy density in the reheating phase is given by [292]

n3; Ty m 2
— -12 — -1, _—1/4 U
( S )rh 2.3x10 (1 0 ) 25%x10 an9, (1 = ) . (6.38)

For high values of Tk, this ratio may potentially overclose the universe.
Today’s density of photons is related to today’s entropy density via 7n, = so. Let hy =

Hy/ (100 km s‘lMpc_l) be today’s dimensionless Hubble parameter. If one assumes that the
number density of neutralinos y is given by’ n, = ny),, its energy density ratio will be given by

M2 ~ Tny, mynz
x S Pe

7 We assume the inflaton to decay mainly into MSSM particles.

8 Notice that the ISS and the MSSM sectors do not have sizeable interactions with each other. If this were the
case, this would mean the ISS fields could thermalize with a temperature TIIQSS and we should consider thermal
production of gravitinos within this reheating phase as well. Furthermore, if T > Mp, the condensate ISS sector
would melt — recall that the ISS sector is a description of SQCD at low temperatures — and the description
should be in terms of quarks, squarks, gauge bosons and gauginos. Moreover, also notice that T < 107" Mp
for a, < 1071, gy = 100 and m,, = 1075 Mp. Therefore, T is below the energy scale of M/Mp considered in our
parameter range M/Mp € (107, 1).

% This assumption is feasible. Since R-parity of the gravitino is odd, its largest decay rates are into channels
(b;’dd + ¢j."e“, ¢;’dd + ¢;’,Ve" + 7", ¢;’dd + ¢‘J?dd + (b}zdd. Given a number 7 of final particles, (2n — 3) final particles
can be fermions since ¥3,, has mass dimension 3/2. The lowest order process is Y32 — ¢§’dd + ¢jve“, which
leads to nygq = n3.

W ~27 1‘0( e )(”3/2). .
810 100 GeV s (6.39)
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6.2 Dark matter production

Therefore, to have an acceptable dark matter relic density — i.e., Q)r(hhﬁ < 0.12 —, the allowed
gravitino to entropy ratio must be

(@) <432x 10-‘2(M) . (6.40)
s i m,
By combining equations (6.38) and (6.40), we have the lower bound
m 312 m
agy " ( 10—57;\4,,) (100 éeV) < 017 (641)

This bound can be evaded in the following three distinct situations.

e When the inflaton decays into a gravitino plus an inflatino. However, this channel
may be kinematically forbidden if |m,7 — mn| < m3y, where 7 is the inflatino, or kin-
ematically suppressed if the inflaton(ino) scale is much higher than the gravitino scale,
(0] (M3/2) <0 (mn, m;,) [293]

e When the inflaton decays into a pair of gravitinos through the interaction term

£ =L (GG
(6.42)
w =

W(/n)) Mpr, oy

1
+ 1 (I + K (n,m) m3)» (2 +

where W = Wk ss + Wassm + W(n) is the total superpotential, G, is the derivative of
G =K+ ln(WW) with respect to n and K = K (n,77) + Kkriss + Kussm 18 the total
Kihler potential. We have already mentioned earlier in section 5.3 that our choice for the
Kihler potential and the superpotential in the inflationary sector are such that there are no
interaction terms in (6.42) between the inflaton and the gravitinos, thereby yielding a null
decay rate for n — 23/, [270].

e When gravitinos decay at a higher temperature than the freeze-out temperature for neut-
ralinos, T){ ~ m, [20.

Equation (6.41), which has to be satisfied in order to have acceptable dark matter relic density
without overclosing the universe, is valid if none of the conditions discussed above applies. As
we have already seen, the first two points are satisfied with the considerations of this thesis. We
will see in section 6.2.2 how we can also satisty the third point above. We will also discuss the
same issue for the ISS fermion yg; which constitutes another candidate to decay to neutralinos.
Therefore, thermal gravitinos can give rise to an acceptable dark matter relic density.

6.2.2 Mixture of thermal and non-thermal production

Let us now analyze dark matter production via a mixture of thermal and non-thermal processes,
from neutralinos produced during the reheating phase of 7 and from ¢;s5 decays, respectively.
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Chapter 6 Dark matter in the KL-1SS-MSSM scenario

First of all, consider the production of neutralinos from decays of ¢/3,, or xs;. The number
density of neutralinos y differs whether Ryy,o > Ray OF Ryges < Ray, since in the former scenario
these decays happen within the n-reheated universe, and in the latter case the universe is
dominated by matter from 7 oscillations. However, the same ratios of number densities for 3,
or ys to entropy density s are produced in the end. These are given by, respectively,

3/2 3
map _ e (M) (M
S n MP msz;» MP

o T sy
rgfal Fth:al rtsoztal /s Mp l—-tsoztal ’
st _ s My Y Mp\ (MY
oo (7)) Gl
i LA My I o
X{2'26 Ttotal [Ftotal +2 [total + 1)_'_ 0'56(E) Ftotal} :
01 0] (0)) S
To obtain these expressions we used
myp = 2(Tor /T ny. (6.45)
e, = 2(08 /T (6.46)

_ ImQ> __ 1ReQ
where ny = pgygs/Myyss- Furthermore, we have assumed that I'; ** ~ ') =, and we have also

taken into account the possibility that ReQ, also decays to ys;, thereby generating the following

term in equation (6.43),
XxReQ -23/2
FQI er

. (6.47)
otal otal
ot Tg

Now, with n, =~ n3), and n, ~ n,, applied, respectively, in (6.43) and (6.44), the neutralino relic
densities from both ¢3,, and g, sources are given by

Tny mynzp

< onx(n)(5) (i) (mew)oeomn . e
Qg ~ g
< onx(in)(5) (i) (mew)imm . e
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6.2 Dark matter production

where the functions f; for i = {{/3)2, ys1} are defined as

1\(M
fwm(h,M) = 406.56 (Z)(VP)X
T THRETY™) 572 %105 ( M\’
2.26 l"total + Ftotal rtotal + hS V ’ (650)
o 01 03 P
1\(M
h,M) = 40656 (-]|— X%
= wws [}
FXXReQz r2¢3/2 FXXIsz M 2
{2.26 Iﬂml [r%tal +2 ?ﬁom +1]+0.56 (ﬁ)} . (6.51)
01 ()3 O P

From these equations and with the use of g, = 100, m, = 10 Mp and m, = 100 GeV, we
obtain the curves Q)"(hg = 0.12 in terms of the parameters 7 and M. Notice that we also replaced
ms;, = m3 2 (h, M) via equation (5.26). We plot these curves later in figures 6.5 and 6.6 when all
the constraints from entropy production and possible subsequent annihilations are considered —
they are labelled as DMZQ and DM’S; . and the arrows indicate the allowed regions for acceptable
dark matter relic density satisfying Q;hfi < 0.12. In appendix C we present a solution for these
equations in order to obtain Q)"(h(zj = 0.12 as a matter of illustration. There, we also explain why
there are three distinct possible curves of Q! ] = 0.12 in the case of ys; when a, = 107".

Let us now obtain constraints such that both decays from 3/, and x5, happen before BBN,
i1.e., when I3, > tgllgN and I, , > t]g]lgN where fggy 1S the time associated with the occurrence of
BBN at a temperature of 7 ~ 1 MeV. For 3, we have

M
— >382x 10"’ Mp, (6.52)
Mp
whereas for ys; we have
M
— > 1.75x 10730712, (6.53)
Mp

Notice that equation (6.53) implies a quite heavy gravitino mass — recall equation (5.26). If
Xs1 1s allowed to decay after the present time, a dark matter relic density from y; that does not
close the universe can only be obtained for M/Mp values which do not satisfy equation (6.52)
within the parameter range we consider. Therefore, we neglect this scenario in the following
and use the constraints given by equations (6.52) and (6.53) such that both ¢3,, and yg; can
only decay before BBN.

Let us now check whether neutralinos are mainly produced from thermal gravitinos 3,
within the reheating phase of 1 or from decays of gravitinos y3,, and ISS fermions yg;. To do

141



Chapter 6 Dark matter in the KL-1SS-MSSM scenario

so we compare the number densities for each of these processes, which gives

Py /8) s decays 1\( M PEe) 572100 ( M\
—( s ~1.83 xlOS(E)(ﬁ){2.26(l+ 0|2 ( ) . (6.54)

(n /S) p té)tal h5 M p
X n reheating !

Here we have replaced FZQ'?’ =T - ZF)ngeQz and neglected the last term in equation (6.44)
when compared to equation (6.43). It turns out that, unless M assumes very small values

violating the bound from equation (6.52), (nX / s)¢ decays is dominant over thermal gravitinos.
ISS S

Therefore, we assume the neutralino number density to be given by decays of 3/, and yg; from
now on.

An important issue we have to tackle now is the annihilation of neutralinos after their
production [147]. If the number density of neutralinos produced from 3, or ys; decays is
large enough, they can mutually annihilate, thus decreasing their number density. Technically
stated, the neutralino number density is governed by the Boltzmann equation

dn,
= 1 3Hn, = — (T amUmg1) n)z( , (6.55)
where (0 annUmg) 18 the thermally averaged annihilation cross section of the neutralinos with
umg being the Mgller velocity involving the initial particles. A possible equilibrium number
density n, ., of neutralinos in this expression was neglected since we look at the epoch soon
after they decouple, for which n, > n, ., is satisfied.

For n, > H/ {Tanlmg1), the neutralino annihilates after i3, or ys; decays, and eventually
freezes-out when n, ~ H/ (0T annUmg), Where the Hubble term 3Hn, and the annihilation term
(O annVMo1) n)z( are of the same order of magnitude. On the other hand, for n, < H/ (T anUnmg), the
neutralino density is given at the time of decay of the y3, or the yg;.

Let us study the approximate expression for the relic density abundance of the neutralino

given by [294, 295, 296]
-1 -1 H -1
('2) N ("—*) n (—) . (6.56)
S S /decay S <O-annUM¢1>

decay

Here the lower index decay means evaluation at the time of 3/, or ys; decay. Therefore, we
have an upper limiton n, /s, i.e.,n,/s < H <0'annUM¢1>_l /s. The following ratio compares both
quantities on the right-hand side of equation (6.56), both for the gravitino ¢3,, and for ys,

-1 -2 -5 3/2 -7 -2
(H(av> /s) . (10 )(10 Mp) (10 GeV )wiiz(h’M)’ (6.57)
n3/s ¥3p2 ay My (ow) !
-1 -2 -5 3/2 -7 -2
(H(av) /s) . (10 )(10 Mp) (10 GeV )w‘l (h. M) | (6.58)
ngs s )., a, m, (ov) s
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6.2 Dark matter production

with the definitions

Wy, (h, M) = 6.64 X 10‘2h3/2(M ) Jysp (M) (6.59)

M
Wy, (h, M) = 2.49 x 1016h5/2( ) Fos, (h, M) . (6.60)

For (0 amtmg) = 107'GeV™> and m, = 107 Mp, the curves (n3n/s = H{ov)™' /s),,, and
(ny, /s = H (o' /s) vs: are obtained in terms of the parameters 7 and M. Notice that
we also replaced mj,, by its function depending on both /& and M via equation (5.26). For
(n3pn/s <H (ov)7 /s) s and (nyg, /s < H (ovy' /s) vs1» the neutralinos do not annihilate and
(1, /$)decay Stays constant. In this case equations (6.48) and (6.49) are valid for obtaining the
neutralino relic density Q! i7. For (n3/s > H o0y /8)y,, and (nyg, /s > H{ov)"" /s)y,,, the
neutralinos annihilate until they reach n, /s ~ H (ov)~! /5. In this case, the neutralino relic
density Qj(hfi must satisfy a different equation, namely

n, an

i12 _ 2
100\"* fa, \ei/2 (&1 M m 107GeV 2
~ 012( ) (a”) (M P) ( x )( © ) (6.61)
In h M 100 GeV (ov)

where ¢; stands for the exponents associated with ¢/3/, or ys; and assumes the values ¢, , = 3
or ¢,,, = 5. The parameters &' respect the equations

3.33 xlo—lﬁ(a‘”e‘ﬁ;/z) =1, (6.62)
7.25 xlO‘s(ah/zs’gjl) =1 . (6.63)

The curves labelled as n3/, and n,, in figures 6.5 and 6.6, when all the constraints are considered,
separate the regions of validity of equations (6.48) and (6.49) or equation (6.61). Each region
represents different processes for dark matter production. Moreover, with the use of g, = 100,

= 100 GeV and (T anvmg ) = 1077GeV ™2, we obtain the curves Q’ h2 0.12 in terms of the
parameters h and M for processes consrderrng possible annrhrlatrons of neutralinos, i.e., those
for which equation (6.61) should be satisfied. Notice that we also replaced mj), by its function
depending on both 4 and M via equation (5.26). We plot the curves Q)"(hﬁ = 0.12 for processes
with annihilation of neutralinos in figures 6.5 and 6.6 when all the constraints are considered
— they are labelled as DM%ﬁ and DM, and the arrows there indicate the allowed regions for
acceptable dark matter relic density satisfying Q)"(h(z1 < 0.12.

Recalling the third point in section 6.2.1, we now discuss how to make both the gravitinos ¢/3,»
and the ISS fermions yg; decay after neutralino freeze-out. To do so, let us consider the fact that
there are four types of neutralinos, namely Winos, Binos and two neutral Higgsinos. Wino pairs
annihilate into W* pairs through the mediation of charged Winos!?. Bino pairs annihilate into

10 We disregard coannihilations. If one does consider them, they end up increasing (o amtmg) — though not
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Chapter 6 Dark matter in the KL-1SS-MSSM scenario

lepton pairs via right-handed slepton mediation''. Finally, Higgsinos pairs annihilate mainly
into W* and Z pairs. These possess the thermally averaged annihilation cross sections!?

302
g5 1 (1 —X%V) my=100 GeV
— — — %

2n m)z( (2 - x%v)2

1 (6T my=100 GeV
I (_*) —  179%10°T, GeV™>,  (6.65)

T arn UMal Y 3.33x 1077GeV~2, (6.64)
8l /Wino

(0' annUMgil >Bin0

167rm_)2( m,
3/2
4 1 —x2 _
1 X m, =100 GeV
(T annOMo  Hivosing = £ —( W) —  2.08x 1078 GeV?, (6.66)
ol /Higgsino 3271 m2 N 2
X (Z—xW)

where xy = my/m,, and g, and g, are the couplings of the U (1)y and SU (2),.
For the thermal cross sections of the Wino, Bino and Higgsinos, we know that they freeze-out
at the values T; ~ (3.69,4.27,4.10) GeV, respectively [298]. With a typical reference value

(Tamntmgl) = 1077 GeV 2, one finds T){ = 3.86 GeV. Therefore, for both ¢, and ys; to decay
after the neutralino freeze-out, M must assume the values, respectively”,

M
M

2.56 x 10012 Mp | (6.67)

<
S 9.12x 10702 My . (6.68)
These two constraints for ¢3/, and ys; to decay after neutralino freeze-out, together with the
bounds from equations (6.52) and (6.53) for 3, and y; to decay before BBN, form a range
in which the particle decay is non-negligible and safe. They are given by yellow bands in the
figures of this section.

In table 6.3 we collect all constraints on the parameter space obtained in section 6.1 and in
the current section. We take them into account for the figures we present momentarily in this
section.

In figures 6.5 and 6.6, we draw the following curves:

° DMié i and DM’! when Q)"(hfi = (.12 without further annihilations of neutralinos, obtained
from equations (6.48) and (6.49) — these are represented by black solid lines;

. DM%% and DM}:! when Q;(hfl = (.12 with further annihilations of neutralinos, obtained
from equation (6.61) — these are represented by green solid lines;

necessarily for Winos —, which in turn decreases their relic density.

1 We defined the right-handed slepton mass my, to be equal to m,. Considering a greater m;, decreases its
(O amUMg1)» Which in turn increases its relic density.

12 The Wino thermal cross section can be found from anomaly mediated SUSY breaking [296], while the Bino and
the Higgsinos cross sections have been given in [297].

" These results come from p;(Ray,, Of Rays,) = ;—Og,,(T){ )*. One should replace the left-hand side by either

4 4
On (Rdn/Rdw3/2 ) or py (Rd']/Rdw)(Sl) , and the M dependence will show up once we replace Ra,/Ray;, o
(372 /T,)? or, similarly, Ry, /Ray,, o (T¥s1/T,)12.
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6.2 Dark matter production

Constraint Meaning \ Legend \
Numerical Sy > Siss
Fig. 6.4 and and blue shaded region
M < 4.80 x 107 2hMp Pn > Porss
Eq. (6.52) | M > 3.82x 10°h~1?Mp W32 decays before BBN
and and and lower yellow band
eq. (6.67) | M <2.56 % 1070~ 2 Mp | Y3 /2 decays after neutralino freezeout
Eq. (6.53) | M 2 1.75x 100> Mp Xs1 decays before BBN
and and and upper yellow band
eq. (6.68) | M <59.12x 1073~ 2Mp | xsi decays after neutralino freezeout

Table 6.3: All constraints on the ISS parameters M and A. Their location in the text, their meaning, and
their depiction in the figures of this section are also given. Notice that the blue shaded region enlarges for
the figures corresponding to xs1, when the entropy production from 3/, should not be considered, so
that the red curve obtained in section 6.1 must be replaced by the orange curve labelled entropy wjo 3.

e n3;; and n,, separating the parameter space into a region where the neutralinos do and do
not annihilate. Above n3,, and n,,, we should consider DM./2 and DMXS!, respectively,
whereas below n3, and n,,, we should consider DMfié i and DM!!, respectively. These
are represented by blue dashed lines.

Apart from these curves, we also depict the constraints summarized in table 6.3, some of which
must be taken into account for avoiding cosmological issues such as the gravitino or the moduli
problems. In figure 6.5 we adopt {0 unmtmg ) = 1077GeV 2, and in figure 6.6 we adopt a lower
thermal cross section for annihilations of the neutralinos given by {0 anUnmgl) = 1071°GeV~2 for
comparison. The upper plots in both figures are for ys; and the lower plots in both figures are
for ¢r35.

First of all, notice that when the blue region and the yellow bands intersect they yield a green
region, which highlights the allowed parameter region for acceptable dark matter production.
Notice that the yellow band for yg; does not appear separately from the green region, but is
essentially hidden behind the green region. For ¢3,, one can still see part of its yellow band
because the red curve which applies for 3/, is more constrained than the orange curve for yg;.

Let us start by discussing the meaning of the yellow bands. They stand for the region where
Y3 or xs; decay before BBN and after neutralino freeze-out. While the former condition
must be respected, the latter is somewhat a weaker condition, since its violation does not pose
problems to cosmological evolution. In fact, if y3,, or ys; decays before neutralino freeze-out,
the neutralino relic density is given by standard thermal production. Notice that the yellow
band for y3; is located well below the yellow band for ys;, therefore in a region where ys
decays after BBN. Since y; decaying after BBN could dilute the BBN products, sufficient dark
matter production from y3,, decays can never be achieved. Inverting the perspective, the yellow
band for y, is located well above the yellow band for i3/, in a region where i3, decays before
neutralino freeze-out, thereby neutralino production from 3/, decays is negligible. This implies
that we should replace the red curve, which considers the entropy production from decays of
Y32, by a curve without this contribution. This is the orange curve labelled by entropy w/o
Y32 in the upper plots for a, = 107!, A similar curve would also appear in the figure for ys,
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Chapter 6 Dark matter in the KL-1SS-MSSM scenario

at a, = 1073, however it shows up at even larger values of M/Mp and lower values of / and is
therefore beyond the bounds of the figure.

Now that there is an allowed parameter region in green from the constraints in table 6.3, let
us see how the curves DMfié g, DM, DM./Z, DM}, n3), and n,,, enter into this discussion.

As already stated, in the region above n3,, and n,,, we should consider processes from ISS
fields decay followed by annihilation of their products, i.e., the green lines DM:>/? and DM%! |
respectively. In the region below n3/, and n,,, we should consider processes without further
annihilation but from ISS decays only, i.e., the black lines DMS’QE and DM’’!, respectively. Once
the region of validity is selected from 73, and n,,, we should further look into the arrows for
the selected DM curves, which single out the dark green regions where an acceptable dark
matter relic density of Q)"(hj < 0.12 is possible. Notice that we hatch differently the regions
where Q,h3 < 0.12 can be achieved from either the first or the second type of processes. In the
first case we use diagonal lines inclined to the right and in the second case we use diagonal lines
inclined to the left.

Summarizing our results, we find that a correct dark matter relic density of Q, /42 < 0.12 from
non-thermal processes can be obtained in the following cases:

e from decays of ys; for both @, = 107 and a, = 107", for a thermal cross section
(Tammg1) = 1077GeV ™2,

e from decays of ys; followed by annihilations for both ¢, = 107 and a, = 107", for a
thermal cross section {Tumtmgl ) = 1077GeV 2.

e from decays of ys; for both @, = 107 and a, = 107", for a thermal cross section
(Tammg1) = 1071°GeV 3,

In the first case, the allowed region for a, = 107° is below the blue line of n,,, and below the
black lines. For a, = 107!, this region is below the blue line of n,,,, below the upper black line
and above the middle black line.

In the second case, the allowed region for a, = 1073 is above the blue line of n,,, and above
the green line. For a,, = 107", this region is above the blue line of n,, and above the green line.

In the third case, the allowed region for a, = 1073 is below the blue line of n,, and below the
black lines. For a, = 107", this regions is below the blue line of n,, and below the upper black
line and on/above the middle black line.

Notice that, if we consider the two lower plots alone, we could have dark matter production
from 3/, decays either followed by annihilations or not. These happen because parts of the
black and green lines and their corresponding arrows are within the allowed green shaded region.
However, we recall that this green region is below the yellow band for y;, for which it would
decay after BBN. Since this can pose issues for BBN, we neglect production of dark matter
from y3), decays and subsequent annihilations and we, therefore, do not hatch any dark green
region as done for the upper plots considering ys;.

Along with non-thermal production of neutralinos, it remains to discuss their thermal produc-
tion from freeze-out. The contributions, due to purely thermal neutralino freeze-out from the n

146



6.2 Dark matter production

plasma, assumes the values for Wino, Bino and Higgsino [298, 299]

Qieereoutp? >~ 7.03x 107, (6.69)
Qiieezeoutp2 -~ 00,0261 , (6.70)
Qrethy = 0.010. (6.71)

For m,, = 100 GeV, each of the Bino and Higgsino relic densities yields ~ 10% of the required
QCDMhﬁ ~ (0.12. Therefore, in these cases, in order to obtain Qxhﬁ ~ 0.12 for m, = 100 GeV,
one has to consider (h, M) points that are slightly off the black and green lines such that
QF ]hﬁ ~ 09- QCDMhﬁ. In the end, summing up both non-thermal processes and thermal
processes from freeze-out must lead to QI** A3 + Q' h ~ Qcpmhs.

For the case when yg; decays above its green band, all dark matter density should come
from its thermal freeze-out, i.e., Qf;eeze“mthﬁ ~ (0.12. This can be accomplished considering for
example a Bino LSP with a right handed slepton mass m;, ~ 220 GeV if we take m;, = m,,.
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Figure 6.5: All constraints on the ISS parameters M and 4 for dark matter production from either direct
decays DMge. or decays followed by annihilations DMy, for ys1 and ¥3,2. A thermal cross section
(T anntMg1) = 1077GeV~2 and a small (large) coupling a, = 1073 (ay = 107" are used. The arrows for
the green and black lines point in the directions where Qxhﬁ < 0.12. The dark green regions highlight the
areas where Qxhﬁ < 0.12 for decays before BBN, thereby not posing any cosmological issues.
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6.2 Dark matter production
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CHAPTER 7

Conclusions and Outlook

In this thesis we studied effective actions in the general context of compactifications of higher-
dimensional string/M-theory with a two-fold perspective. In the first part we adopted a more
formal approach to obtain an N = 1 effective supergravity description from compactifications of
M-theory on G,-manifolds. In the second part, we adopted a more phenomenological approach,
in which we already start with an N = 1 effective supergravity theory from compactifications of
type IIB on orientifold Calabi—Yau threefolds, and analyse the viability of obtaining neutralino
dark matter candidates in a combined framework with the MSSM and an F-term SUSY breaking
sector, the latter responsible for uplifting the AdS supergravity vacuum.

In the first part we delved into the mathematical machinery of general G,-manifolds and,
especially, of the Kovalev’s twisted connected sum type, built from suitably gluing together a
pair of non-compact asymptotically cylindrical Calabi—Yau threefolds X; x in their asymptotic
regions. There were for a long time only about a hundred examples for compact G,-manifolds
from resolutions of special orbifolds of the seven-dimensional torus. The importance of Ko-
valev’s construction is that it realizes a large class of about O(10%n,) compact G,-manifolds
[141, 234, 254], where n, > 1 is the multiplicity due to the possible gluings. Our identification
of the Kovalev limit, in which the G,-metric was approximated in terms of the metrics of the con-
stituents of this construction, allowed for the identification of two neutral universal N = 1 chiral
moduli fields associated to a complexified overall volume modulus v and a gluing modulus —
called the Kovalevton %. The latter parametrizes the Kovalev limit via Re(x) — oco. Furthermore,
this limit allowed for a decomposition of the fields of the N = 1 effective supergravity theory
into N = 1 neutral chiral moduli multiplets, into two N = 2 gauge theory sectors coming from
the two asymptotic regions Y, x, and into one N = 4 gauge sector that comes from the trivial
K3 fibration with fibre S in the gluing region 72 x S x (0, 1), cf. table 3.2.

This decomposition becomes exact in a controllable way in the Kovalev limit, and yields
a scheme in which the four-dimensional low-energy effective theory can be approximated in
terms of these sectors with small corrections. In particular, we worked out the dependence of the
effective action on these two universal chiral moduli fields, and obtained a phenomenologically
motivated Kihler potential with an intrinsic no-scale structure — therefore, with a non-AdS
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supergravity vacuum. Moreover, the two scales thus obtained also control the behavior of
M-theory corrections.

Due to this decomposition, we could identify Abelian and non-Abelian gauge theory sectors
with various matter content, arising from singularities in the asymptotic cylindrical Calabi—Yau
threefolds X,k in codimension four and six that occur in the twisted connected sum Y away
from the gluing region. These led to transitions in the threefolds X; gz, whose deformations
and resolutions can be described by methods of algebraic geometry familiar in the context of
N = 2 theories. These transitions commute with the Kovalev limit and the gluing construction
and, therefore, connect G,-manifolds whose change in the cohomology groups corresponds
exactly to the change in the spectrum of N' = 1 vector and chiral superfields as predicted by
the geometrical transitions. This suggests that, in a suitably compactified moduli space of the
Ricci-flat G,-metrics, there are many new types of singular loci through which it is possible to
reach topological inequivalent G,-manifolds.

Another interesting physical consequence of the decomposition and the Kovalev limit is that
the more advanced N = 2 techniques — for example, computations of exact gauge couplings
and exact BPS masses from the periods of the holomorphic three-form — serve as a zeroth
order approximation with inverse power laws or exponential corrections in the Kovalevton »x
and the volume modulus v, similarly as the calculations carried out in the context of local G,-
manifolds [243, 244]. Those corrections leading to holomorphic terms in the four-dimensional
N =1 effective theory are expected to be accessible by techniques similar to the ones used
to calculate four-dimensional N = 1 F-terms in flux and/or brane compactifications of type II
theories.

An attractive feature of the twisted connected sum compactification is that we have algebraic
methods to geometrically engineer gauge groups, spectra and interactions in the two individual
N = 2 gauge theory sectors from X z. The examples presented in table 4.9 yield small rank
gauge groups such as the Standard Model group and possible Grand Unification scenarios. The
matter content could in principle be broken into phenomenologically more suitable massless
N =1 chiral matter multiplets. In fact, the computed N = 2 spectra can be broken to N =1
multiplets by various non-local effects, for example via the introduction of a flux-induced
superpotential (3.70), which also potentially introduces chirality [231]. Due to the absence of
tadpole constraints for four-form fluxes on G,-manifolds, the local scenario for fluxes in type II
string theories proposed in reference [300] is readily realized on the level of the non-compact
asymptotically cylindrical Calabi—Yaus X, z. We expect that non-trivial background four-form
fluxes provides for a much more intricate and genuine N = 1 gauge theory branch structure,
similarly as in references [257, 301]. All these effects would come with different scales —
partially exponentially suppressed — which exhibit potentially attractive hierarchies. While in
type II Calabi—Yau threefold compactifications we arrive at four-dimensional N = 2 effective
supergravity theories with two massless gravitinos realizing extended supersymmetry, breaking
the N' = 2 gravity multiplet down to the N' = 1 is rather non-trivial, see for instance the
discussion in reference [302]. In our case, however, the obtained four-dimensional supergravity
theory has already minimal supersymmetry. It is only the gauge theory sectors in the Kovalev
limit that approximately exhibit extended global supersymmetries. Therefore, introducing
background fluxes to break supersymmetry in the gauge theory sectors is much simpler than in
the type II Calabi—Yau threefold compactifications. In particular, turning on background fluxes
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resembles to a great extent the type II scenario of reference [300], in which, however, gravity is
decoupled.

Let us point out a further potentially phenomenologically attractive possibility. The separation
of the two sectors X; and Xy in figure 2.1 is controlled by the real part of the Kovalevton «.
Together with the local construction of the spectra on X,z described in chapter 4, this offers
the possibility to consider a hidden and a visible sector and to employ the mechanism of
mediation of supersymmetry breaking only in the gravitational sector with a controllable
scale set by Kovalevton «. Or alternatively, as there is an anomaly inflow mechanism in the
local theories [253, 240], one could use the anomaly mediation of supersymmetry breaking as
proposed in [303].

Finally, we comment on the possible relation of the twisted connected sum construction to
other non-perturbative descriptions of N' = 1 theories. In lower dimensions, the algebraic-
geometrical approach towards the Hotfava—Witten setup describes a duality with F-theory [304].
Namely, certain Calabi—Yau compactifications of the heterotic string are dual to F-theory on
elliptically fibered Calabi—Yau fourfolds in a particular stable degeneration limit [305]. To
obtain four-dimensional N = 1 supergravity theory, this heterotic/F-theory correspondence is
realized on the level of elliptically-fibered Calabi—Yau fourfolds. It is intriguing to observe
that such Calabi—Yau fourfolds in the stable degeneration limit are obtained by gluing a pair of
suitably chosen Fano fourfolds along their mutual anti-canonical Calabi—Yau threefold divisor
[306, 307]. This construction of Calabi—Yau fourfolds in the stable degeneration limit shows a
resemblance — yet in one real dimension higher — to twisted connected sum G,-manifolds in
the Kovalev limit. It would be interesting to see if such a speculation could be made precise,
namely establishing a duality between M-theory on G,-manifolds in the Kovalev limit and
F-theory on elliptically-fibered Calabi—Yau fourfolds in a certain degeneration limit.

In the second part of this thesis we investigated the emergence of dark matter candidates from
effective actions. Here we already started with a four-dimensional effective action motivated
from F-theory/type IIB string theory on Calabi-Yau manifolds. More specifically, we analyzed
the production of dark matter neutralino candidates (Wino, Bino, and Higgsino) within a setup
mixing the Minimal Supersymmetric Standard Model (MSSM) with the KL moduli stabilization
scenario. The vacuum in the KL scenario is uplifted via the so-called ISS sector, which is based
on the free magnetic dual of N' = 1 supersymmetric QCD.

We performed a careful analysis of the interactions between the KL-ISS and the MSSM
sectors. We found that the largest decay rates are related to decays of the ISS fields to gravitinos
via (01,0,,5,) — (ﬂ3/2 + lﬁ3/2, to xs1 pairs via S, — Xs1 + Xst, and to three ISS fields via
01 = ¥s1 +xs1 +ReQr and Q1 — ¥s1 + xs1 +ImQ,, and O — ys1 + xs1 + ImQs.

A detailed study of oscillations from the inflaton 1 and the ISS fields was then performed,
and we discussed the epochs of the decays of the inflaton n and these ISS fields. We obtain
constraints on the parameter space of the model by requiring the entropy density of the inflaton to
dominate over that of the ISS fields. This enables mainstream baryogenesis mechanisms to work,
besides avoiding possible dilution of Big-Bang nucleosynthesis products. In this calculation,
we also take into account the possible non-relativistic behaviour of the final products from ISS
decays.

Finally, we tackled the production of neutralino dark matter. We provided expressions for
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dark matter production via thermal gravitino production, or via a mixture of thermal production
from neutralino freeze-out and decays of products from ISS decays, followed by annihilations
or not. We set these expressions against the constraints for negligible entropy production, as
well as constraints on the decay epochs of 3/, and yg;. The parameter space can accomodate
an acceptable dark matter relic density compatible with observations. While the gravitino could
generate enough neutralinos, the constraint that the ISS fermion ys; must decay before BBN
forbids this solution. For ys;, sufficient dark matter can be generated, either through direct
decays of yyg; or through their subsequent annihilation. We concluded that, for m, = 100 GeV,
the standard thermal scenario yields at most 10% of the required dark matter relic density, while
the non-thermal scenario can provide the remaining 90% dark matter content, in a consistent
framework without moduli and gravitino problems.
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APPENDIX A

Higher dimensional gamma matrices

In this appendix we spell out definitions and properties of the eleven-, seven- and four-
dimensional gamma matrices, following reference [138]. The eleven-dimensional gamma
matrices are represented by 32-dimensional matrices, which satisfy the usual Clifford algebra

Ty, Tn) = 29w (A1)

with the eleven-dimensional Lorentzian metric g,,y. Furthermore, in the chosen 32-dimensional
Majorana representation, the gamma matrices obey

fO"'fIO = I[, (AZ)

in terms of the 32-dimesional identity matrix I. With the compactification ansatz M0 = R!3x
Y, the eleven-dimensional gamma matrices split into two sets of commuting gamma matrices,

I,l‘M:(f‘,f‘m)a fy:7y®]1a ft71:7®Yma (A.3)

where I is the seven-dimensional identity matrix, y,, 4 = 0,1, 2,3, are the four-dimensional
imaginary gamma matrices, y,,, m = 4,..., 10, are purely imaginary seven-dimensional gamma
matrices satisfying y4---7y19 = i. Furthermore, we define y = (i/4!)eu,0v"y" ¥’y as the
four-dimensional chirality matrix, which is purely imaginary and satisfies y* = 1.

The four- and seven-dimensional gamma matrices satisfy the Clifford algebra in their corres-
ponding dimensions

{'Y/u )/v} = 277;11/ s {ym’ )/n} = 2gmn . (A4)

Here we use the Minkowski metric 7, with signature (-1, +1,+1,+1) and g,,, denotes the
Riemannian metric of the seven-dimensional compactification space Y.

We define the anti-symmetrized product of eleven-dimensional gamma matrices as
MMy — My M (A.5)

and we use the same notation for the anti-symmetrized products of four- and seven-dimensional
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gamma matrices, i.e., y*1"# =yl ... yHl and e = lme. .yl For the decomposition of
["MNP into lower-dimensional gamma matrices we arrive at the useful relation

PP = oD+ (" @y + (7 oY)+ (y " @ y")
1
+§(7” Y +y @y + ¥y ey (A.6)
mnp

TYQ®y

where the index ‘-’ refers to the four-dimensional chirality matrix 7.
For the zero mode analysis we record here a few useful identities among products of anti-
symmetrized gamma matrices

Yy = 5Pd 3gq[mynp] ,

(A.7)
YA = AP 3 (gq[mynp]r _ gr[mynp]q) + 6gmy g .
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APPENDIX B

Relevant decay rates

Here we present the interaction terms associated with the largest decay rates that appear in
section 5.5.2 and give their full result. As explained there, recall that only decays of ISS scalars
turn out to be relevant. Furthermore, for irrelevant decay rates, we list here only their origin for
completeness, referring the reader to the full publication [196] for the full results.

Instead of using the supergravity Lagrangian density that appears in [225], we chose to use
the form in [53] — also found in [308, 309] — because it is expressed easily in terms of the
combination G = K + In (WW), where the Kdhler potential K and the superpotential W are
given in equation (5.28) with respect to the whole KL-ISS-MSSM setup.

In the following, we use the indices

i, j,a,b for ISS fields
m,n, p,q,r,s for MSSM fields ,
a,B for both ISS and MSSM fields without distinction ,

u,v,p,o for spacetime indices ,

(B.1)

and similarly for the same indices with an overbar for ISS and MSSM fields, e.g., i, m and @.
Recall that ¢;; = diag(1, ..., 1) with Ny entries. We further define

6;]‘ = diag(1,...,1,0,...,0). (B.2)
—— —

N Ny—N

The couplings of the ISS fields to the MSSM fields are derived with the simplifications
K., W,, < 1 for the MSSM fields. This can be done because the VEVs of the MSSM fields are
either zero or at most of the weak scale.

e Decays to MSSM gravitinos

Here we consider the interaction Lagrangian between the ISS scalars and the MSSM
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158

gravitinos ¥, = 3/, [53, 308]

i - ; i -
Loss = ~g@" Dy, GiDoiss + 3¢ u o Yp the. =X +Y.  (B3)

P1ss

where o = % [¥*,v"], and y* are the usual four-dimensional gamma matrices. Working
out the contributions from the X terms in equation (B.3), we obtain

i (67— 0) / 3 B}
Xy = ! KPTGO0 S i B.4
Sij Mo Ny - NE Yy j (B.4)

3 .
M\ id,
X(qt'aﬁai) & ( ) Eﬂvpgw/ﬂ/vaa (qlaa CIaz) (BS)

Mp| 8Mp

: Kwa) . Wiawin .
where the term O (M 3) stems from the function G, 5., = ( (‘j{;g’w) — ) Mp. Working

out the contributions from the Y terms in equation (B.3), we obtain

(6i/ B 621’) 3 m3/2

Ys,, Sy, B.6
ia m3nM
Y(qz‘ml?ai) = 8 M2 (CIza’ Qaz) % [')’ Y ] lﬁ (B7)

Since both X and Y terms yield similar contributions, they both must be taken into account
to obtain the decay rate for each of the particles. The largest decay rates are from S,, O,
and O3, which are given by

/ 5/2
e _ 5(6,-6,) 3 (3an(@)- DN 5 ", (%) B8
Sais 18 x 251 N;—N| gp2 (Nf_N) M2 \m) '
e VB (3 ) 59
Otia 9 x 241 Nf N MI% M s .
_ 6. (3(n@) = DV? md, M\
FZQ%/Z _ (In(4) ) e 3/2 (_P) (B.10)
2ia 9 x 267 82 MIZ M

Decays to ISS fermions

Here we consider the interaction Lagrangian between the ISS scalars and fermions.

The decay rate for S is calculated from eG/z( ))(R)(L +he D /5 3NZ]:/ZWJXRXL

h.c., whereas the decay rates for S,, Q; and Q, come fom e¢/? (Kin))(R)(L + hec. D
m3 KK ,)'(}Xi + h.c. . The largest decay rate is from S| — ys1 + ¥s1, which is given by

_ ) 33 1 1 ms, ( Mp\d
T(S1 = xs1 +is1) = *”(P), (B.11)

427 (N =Ny M2 \'M



where ys; is one of the ISS fermions given in table 5.2.

Decays to two ISS fermions and one ISS scalar

Here we consider the interaction Lagrangian between the ISS scalars with two ISS fermions
and one ISS complex scalar. Two contributions for this kind of process can take place,
namely the contribution from four-point vertices and the contribution with an intermediate
fermion propagator. The largest decay rates are from decays of Q; and Q,, with dominant
contribution via fermion exchange. These are given by

273 1 1 mg/z

2152 1 (Ny — NYS/2 M°

T(Q) — xsi +jis1+ Q1) = M3

(B.12)
~5.09x 107° : el (_)
' (N, —N2 m2 \m) >
_ ) 453 [In(d) — 112 1 myh’
I'(Q2 = xs1 + k51 +1ImQs) = 2\ 76 N;—N M° M -
3 Ny (B.13)
~ 257 x 1071432 ( P)
M2 M

P

Here we use the notation I_“(Ql — Xs1 + ¥s1 + Q) to denote the process with an ISS
complex scalar O, in the products. In other words, this notation denotes two decays,

namely I’ (Q; — xsi + is1 + ReQy) and T (Q; — xsi + is1 + ImQy).

Other decays

The computation of the decay rates of the ISS scalars into fields other than the ones
presented above are given in detail in the full publication [196]. Below we list their origin
only.

— Decays to MSSM scalars ¢™: these originated from the Lagrangian
L5 = GuD " D'~ (G,G7G; -3) (B.14
— Decays to MSSM fermions ¥ and y": these originated from the Lagrangian
rmion . —-m 1
ngss = ler—lXRy D#XR ( min 2GmnG )XRyuDu‘pISSXR

+6% (=G = GGy + GuiG"G ) Xax(s + hic. . (B.15)

— Decays to two MSSM fermions y”* and y" and an MSSM scalar ¢”: the effective

159



Appendix B Relevant decay rates

Lagrangian for this interaction is given by

K 1 i’prvm + m/\/m 1 K¢ W¢ _

Lfgsﬂ =\ 5 Wnp Xz Y — + Mp = ,y# 8#¢ISSXm)(n¢p
2 (rr.) —me |12\ %

pXm Xm (B16)

I K¢ISS W¢Iss p;‘,'/m ~
! M Wmn — 5 |Y"0 mAXn .
4 ( MP F 4 ( [J) (p);m)z Yy /1¢ISSX X ¢p

— Decays to the MSSM gauge sector: it is possible for ¢ss to decay into two gauge
bosons g or two gauginos g at the quantum level due to anomaly effects [310]. The
corresponding decay rate is given by

2
Ng OJZ |K¢’ISS | m;ISS (B 17)
2873 My ’ '

I (¢1ss — 99, 99)

where N, is the number of generators of the relevant gauge group and «, is its
corresponding fine structure constant.

— Decays to ISS scalars: the decay rates for S are calculated from the Lagrangian term
m2 7
e (Kg,.jKSij) D =2 WS ij6; - For S5, they stem from

WinssSij (7 — (517) :

2
WSij) 3 my,
j

G
Ks . D
¢ ( SiTw | 7 Ny = N2

For Q;, they are obtained from

3 mg/z
G
e (K(qyé)iaK(q’q)ia) > Nf _ NWW¢Issqia5ia .
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APPENDIX C

Neutralino dark matter solution

In this appendix we show a possible solution to the neutralino relic densities presented in
section 6.2.

For some specific values of the parameters a;,, Ay and @y, these yield fy, , (@, ayMp) = 1
and f,,, (ay, AyyMp) = 1, where the parameters satisfy the following relations

1—~2l//3/2 FX)(RCQZ l—-zQsia/z

2
-1 01 01 6 Ym _

406.56 a, ay {2.26 o [oa Trow +5.72 x 10 ?} =1, (C1)

01 a1 (0)) h=ap, M=ay Mp h

WxReQ2 (1243 wxImQ»
406.56 ;' 1y, 42.26 | <& Lo, +2er +1 +0562%=1. (C2
. @, Am . I-*total I-*total l—*total : M= " ( : )
01 (0} 10)) h=ay,, M=yMp

Numerically, for @, = 107 we obtain @y = 3.72 x 1078 and three possible solutions of
Ay = (174 X 1072, 1.48 x 1075, 2.12 x 10°). Also, for a, = 1, we obtain ay; = 1.99 x10~* as

well as three possible solutions of 1y, = (8.05 x 1072, 1.48 x 107, 2.12 % 10‘4). Furthermore,

one should use 2 = a;, and M = (ay;; Ay) Mp to obtain Q)"(h?1 ~ (.12, which is already assumed
when writing the relations (6.48) and (6.49). Since there are three distinct values 1), can assume,
together with a value for @), and @, this leads to three distinct solutions for neutralinos from

Xs1 with Qj(hﬁ ~ (0.12. In all the equations above we replaced m;,, by its function depending on
both 4 and M via equation (5.26).
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