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Abstract
In this thesis we study the emergence of four-dimensional effective actions from compactifications of higher-dimensional string/M-theory and explore some of their phenomenological
implications.
In order to compactify eleven-dimensional M-theory to a four-dimensional effective N = 1
supergravity action, the relevant internal spaces turn out to be G2 -manifolds. Contrary to Calabi–
Yau manifolds appearing in compactifications of string theory, the construction of G2 -manifolds
is not directly obtained via standard techniques of complex algebraic geometry. For this reason,
there were up to now only a few hundred examples of them. In the first part of this thesis,
we find many novel examples of G2 -manifolds based on the so-called twisted connected sum
construction. Furthermore, we identify a limit in which the G2 -metric is approximated in terms
of the metrics of the constituents of this construction, allowing for the identification of universal
moduli fields in the four-dimensional effective spectrum. A final expression for a (positive semidefinite) Kähler potential in terms of these moduli is obtained, together with interesting Abelian
and non-Abelian enhanced supersymmetric (N = 2 and N = 4) gauge theory sectors including,
for example, the Standard Model gauge group and possible grand unification scenarios.
In the second part we investigate the emergence of dark matter candidates from effective
actions. Here we already start with a four-dimensional effective action motivated from Ftheory/type IIB string theory on Calabi-Yau manifolds in the Kallosh–Linde (KL) moduli
stabilization scenario. The non-positive vacuum in the KL scenario is uplifted by the Intriligator–
Seiberg–Shih (ISS) sector, based on the free magnetic dual of N = 1 supersymmetric QCD. We
analyze interactions between the KL-ISS and the Minimal Supersymmetric Standard Model
(MSSM) sectors in order to investigate the dynamics after the inflationary phase, obtaining
constraints from late entropy production. Finally, we obtain neutralino dark matter candidates
compatible with the observed dark matter relic density from both thermal and non-thermal
production.
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1

Introduction
1.1 The pillars of high energy physics and where they
start to crack
The framework of Quantum Field Theory, arising from a reconciliation of quantum mechanics
and special relativity for point-like particles, has been successfully applied to the description of
three out of the four fundamental forces of Nature — the electromagnetic, the weak and the
strong interactions —, culminating in the Standard Model of Particle Physics.
Crucially, the Standard Model leaves the gravitational interaction out of its scope. This is
because every attempt to fit General Relativity into the framework of Quantum Field Theory
ultimately leads to a non-renormalizable theory, where ultraviolet divergences reappear at every
order in the perturbative expansion, thus requiring an infinite number of counter-terms and
completely spoiling the predictive power of the theory.
At the root of this problem is the assumption that particles behave as point-like objects.
Indeed, by relaxing this premise and writing a quantum theory of one-dimensional extended
particles, i.e., of quantum strings, one finds that gravity not only can be accommodated in the
formalism, but it emerges naturally out of it. Furthermore, the resulting theory is so constrained
by self-consistency requirements that little room is left for ad hoc impositions from outside.
In fact, the effective matter content of our world, their mutual interactions and even the fourdimensionality of spacetime cannot be taken for granted, and must be obtained a posteriori.
This is, in broad terms, the subject of this thesis, and will be discussed at length in the next few
hundreds of pages.
But for now, in order not to get ahead of ourselves, let us start with a short discussion of
the main successes and the main open problems of the current standard models of high energy
physics.
The Standard Model of Cosmology
Even though at small scales the Universe seems to be inhomogenous, with planets and stars
concentrated in galaxies that are spread over a seemingly vast emptiness, at large scales of
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O(100 Mpc) the Universe is in fact highly homogeneous and isotropic. As it turns out, these
conditions are enough to determine the spacetime metric of the Universe as the FriedmannLemaître-Robertson-Walker metric [1], depending only on the scale factor R(t) and the curvature
of the Universe. Plugging this metric into Einstein’s equation of General Relativity, and assuming
a Universe filled by matter and/or radiation, one finds that the Universe expands with a rate
H = Ṙ/R, the so-called Hubble parameter [2, 3, 4]. These are the basic assumptions constituting
the Standard Model of Cosmology [5, 6, 7, 8].
In this paradigm, the Universe starts at the initial Big-Bang singularity and, as it expands and
cools down, different types of particles decouple from the initial hot plasma at different times,
leading to a thermal history of the Universe with distinct epochs. This framework is successful
in explaining the correct abundance of light elements from the primordial nucleosynthesis —
also called Big-Bang nucleosynthesis (BBN) [9, 10, 11, 12] — as well as the existence of the
Cosmic Microwave Background radiation (CMB) with a blackbody spectrum at a temperature
of T ∼ 2.7 K as a relic of the time of decoupling of the photons [10, 11, 13, 14, 15, 16].
Despite these successes, the Standard Model of Cosmology cannot account for a series
of observations, such as the approximate flatness of the Universe (the flatness problem), the
homogeneity and isotropy of the CMB (the horizon problem), and the origin of large structures.
A solution to these problems is provided by the framework of inflation [17]. This is an additional postulated early period in the history of the Universe, with an exponential accelerated
expansion occurring before the radiation-dominated era. The inflationary paradigm also successfully predicts other observations, most notably the nearly-Gaussian anisotropies in the CMB
power spectrum. However, despite many proposals [18, 19, 20, 21, 22], uncovering the exact
mechanism driving inflation remains an open problem.
Another intriguing mystery of the Standard Model of Cosmology is that, in order to be aligned
with the observations, we are forced to include a dark sector in the mass-energy content of the
Universe. Observations of large redshift type IA supernovae, the CMB spectrum and the large
scale structures indicate that 68.3% of the content of the Universe is dark energy [16, 23, 24,
25, 26], an exotic form of energy responsible for the accelerating expansion of the Universe.
Moreover, successful BBN requires a 4.9% of ordinary baryonic matter, leaving the remaining
26.8% as an unknown form of non-baryonic matter, so-called dark matter. Its existence has
been widely corroborated by a number of observational evidences, such as rotation curves
of galaxies [27], gravitational lensing in galaxy clusters [28] and the observed angular power
spectrum of the CMB [16]. If we assume that dark matter must be a new form of elementary
particle, its existence also becomes a problem to be addressed within the Standard Model of
Particle Physics, to which we now turn.
The Standard Model of Particle Physics
The Standard Model of Particle Physics (SM) is a quantum field theory obeying a local
gauge symmetry. Because of this symmetry, Noether’s theorem guarantees that the fields carry
a charge. The locality of the symmetry then requires the introduction of connection fields
which act as the carriers of the interaction between these charges, called the gauge bosons.
The first successful instance of a local gauge theory is Quantum Electrodynamics, a theory of
the electromagnetic interaction based on the Abelian gauge group U(1)EM , with the photon as
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the gauge boson. This success was extended in the mid 1960s, when a unified description of
the weak and electromagnetic interactions was achieved by enlarging the symmetry group to
the non-Abelian SU(2)L × U(1)Y [29, 30, 31, 32]. Since the weak interaction is short-ranged,
the corresponding mediators must be massive, which is not allowed by the gauge symmetry.
The solution to this conundrum comes with the addition of a scalar particle, called the Higgs
boson [33, 34, 35], which acquires a non-vanishing vacuum expectation value via the Higgs
mechanism, spontaneously breaking the gauge group SU(2)L × U(1)Y down to U(1)EM . This
results in three massive weak gauge bosons, W + , W − and Z, whereas the photon remains
massless. Finally, Quantum Chromodynamics (QCD) was developed in the 1970s as a nonAbelian gauge theory based on the gauge group SU(3)C to describe the strong interaction
mediated by massless gluons [36, 37].
The Standard Model of Particle Physics is, therefore, a unified perturbative framework of
three interactions — electromagnetic, weak and strong — based on the gauge group SU(3)C ×
SU(2)L × U(1)Y . As for the matter content, there are three generations of quarks and leptons
which receive mass from Yukawa couplings to the Higgs. This model happens to be chiral
since only left-handed fermions (and right-handed anti-fermions) interact weakly. The recent
discovery [38] of its last missing piece, the Higgs boson, consolidated the Standard Model of
Particle Physics as the most successful quantum field theory developed so far.
However, even though the Standard Model is very successful, it cannot be the final theory
of Nature, both because of its theoretical problems as well as due to the many fundamental
phenomena it cannot account for.
One of its biggest theoretical issues is the so-called electroweak hierarchy problem. In
technical terms, the squared Higgs mass receives loop corrections which scale quadratically
with the cutoff energy of the theory, which could be as large as the Planck mass MP ∼ 1019 GeV
if the Standard Model remains a good effective theory up to such high energies. Therefore, in
order to bring the Higgs mass down to the electroweak scale, either some new physics must
appear at the scale of a few TeV, or an enormous and unexplained amount of fine-tuning would
be required. Moreover, the model does not explain the existence of three generations of matter or
the origin of the 19 parameters entering its Lagrangian — these cannot be predicted theoretically,
but have to be fixed by experimental data.
The Standard Model of Particle Physics also fails to account for a number of observed
phenomena. It does not have a mechanism to dynamically generate the observed excess of matter
over anti-matter, not only for lacking a source of sufficient deviation from thermodynamical
equilibrium [39, 40], but also because of the insufficient amount of CP violation coming from
the CKM matrix [41]. Moreover, in the Standard Model neutrinos are massless, in contradiction
with the observed neutrino oscillations mixing flavour and mass eigenstates1 [42, 43, 44, 45, 46].
The model also does not have candidates for dark matter, and its vacuum energy contribution to
the cosmological constant is predicted to be 120 orders of magnitude larger than the observed
value for the dark energy density of the Universe.
Finally, as already mentioned, the Standard Model does not take the gravitation interaction
1

A very recent report by the MiniBooNE collaboration may give us a hint for the origin of their mass from sterile
neutrinos, an hypothetical type of neutrinos that interact only gravitationally and not by the interactions in the
Standard Model [47].
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into account. Later we will see how string theory, in abandoning the notion of point-like
particles, provides us with a consistent quantum description of gravity.
Beyond the Standard Model: Supersymmetry, supergravity and grand unification
An elegant solution to the aforementioned hierarchy problem is given by Supersymmetry
(SUSY), an extension of the Poincaré algebra by half-integer spin generators, leading to a
(global) symmetry between bosonic and fermionic particles. As a consequence, every particle
has a superpartner, with their spin differing by a half-integer [48, 49, 50, 51, 52, 53, 54, 55].
Due to the relative negative sign between bosonic and fermionic loops, and the fact that
supersymmetry enforces the couplings of superpartners to the Higgs to be the same, the wouldbe problematic quadratic divergences cancel out.
Supersymmetry is also attractive because it reconciles well with the idea of a grand unification
of the electroweak and strong interactions in a Grand Unified Theory (GUT)2 [56]. Indeed, the
additional superpartners of the Minimal Supersymmetric Standard Model (MSSM) modify the
running of the gauge couplings in such a way that they meet at ΛSUSY ∼ 1016 GeV, pointing to a
unique gauge coupling of an underlying simple gauge group.
Phenomenologically, an interesting feature of supersymmetric scenarios is the presence
of various natural candidates for dark matter, such as sneutrinos, gravitinos and neutralinos
[50, 53, 54]. If R-parity is conserved, the supersymmetric particles cannot decay into SM
particles. This means that the lightest supersymmetric particles (LSPs) are guaranteed to be
stable, which are typically the neutralinos [57, 58, 59, 60, 61].
It is important to notice that supersymmetry must be broken at high-energy scales & O(10 TeV).
This is because we do not observe superpartners with the same mass as their corresponding
partners, which would be the case if supersymmetry were exact. The precise mechanism of
supersymmetry breaking is unknown, although many proposals do exist [62, 63].
Since fundamental symmetries of Nature are local, it is reasonable to propose gauging N = 1
SUSY, turning it into a local symmetry. The resulting gauge group is an extension of the diffeomorphism group of General Relativity, so that the resulting theory is a supersymmetric version
of the gravitational interaction, known as N = 1 supergravity (SUGRA). The spin-2 graviton
belongs to a gravity supermultiplet that also contains its superpartner, a spin-3/2 particle called
the gravitino [64, 65, 66, 67, 68]. When it first appeared, supergravity was tought to provide a
framework for the long-sought quantum description of the gravitational interaction. However,
this initial first excitement was soon washed away. Since four-dimensional N = 1 SUGRA turns
out to be non-renormalizable [69] and the maximal eleven-dimensional supergravity theory is
found to be plagued by gauge anomalies at the quantum level [70], supergravity theories can
only be regarded as a low-energy effective theory of a more fundamental UV-completion.
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In these kind of theories, the SM gauge groups are unified into an enlarged simple gauge group, which should be
at least of rank four and contain representations such as to accomodate the chiral spectrum of the SM. Typical
examples are SU(5) and SO(10).
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1.2 String theory and compactifications
String theory is so far the only framework that attempts to quantize the gravitational interaction
while also achieving a unification of all known four interactions: the electromagnetic, the weak,
the strong, and also the gravitational interaction [71, 72, 73, 74, 75].
The basic idea behind string theory is that it replaces the familiar notion of a worldline, traced
by a point-like particle moving in spacetime, by a surface Σ called the worldsheet which is
swept out by a one-dimensional object, the string. The matter particles and gauge bosons that
we observe arise from different vibrational modes of the strings, which can be open or closed. It
is in this sense that string theory unifies all interactions in a quantum description, namely that
the myriad of particles we observe arise from a single fundamental quantized object, the string
with a length l s . Therefore, there is only a single fundamental scale in string theory.
The dynamics of the string is governed by an action given by the area swept out by the
worldsheet,
Z
q
S = −T
dσdτ −det(∂α X µ ∂β Xµ ) ,
(1.1)
Σ

where T ∼
is the string tension, σ and τ are coordinates on the worldsheet, and X µ = X µ (σ, τ)
are coordinates on the target space obtained as maps from the worldsheet into spacetime.
Perturbation theory is then performed as a sum over the worldsheet genus (the number of
holes) and embeddings of the worldsheet into spacetime. This resembles the sum over loops
of Feynman diagrams in quantum field theories. This also indicates a unique feature of string
theory, namely that the free theory uniquely determines the structure of the allowed interactions.
In particular, the value of the string coupling constant g s governing the string perturbation theory
is generated dynamically from the vacuum expectation value of the so-called dilaton field.
An interesting feature of this framework is that divergences appearing in quantum field
theories are softened by the extended nature of the string, which becomes manifest at very
high-energy scales of the order of the string mass M s ∼ 1/l s . This happens because interactions
in string theory do not happen at specific points, but are rather delocalized. At low-energy
scales l s → 0, the extended nature of the string becomes unreachable and the effective theory
resembles the quantum field theories of point-like particles.
Moreover, at low-energy scales there emerges a spin-2 particle in the massless spectrum of
the theory. Its low-energy effective action has the form of the Einstein-Hilbert action of General
Relativity plus quantum corrections in terms of higher order derivatives. For this reason, this
particle is associated with the graviton and, in this sense, string theory provides a consistent
quantum theory of gravity.
l s−2

Superstring theories
Bosonic string theory was the first string theory to be developed. It was plagued by several
inconsistencies, such as the presence of tachyons inducing instabilities in the vacuum and the
absence of fermions in its spectrum. Both of these problems were solved by supersymmetrizing
the formalism, originating the so-called superstring theories.
There are five superstring theories, namely type I, type IIA, type IIB, and the two heterotic
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theories with gauge groups SO(32) and E8 × E8 . The type I theory describes unoriented open
and closed strings with N = 1 supersymmetry. The types IIA and IIB describe oriented closed
strings with N = 2 supersymmetry. Finally, the heterotic theories describe oriented closed
strings with N = 1 supersymmetry and matter fields transforming in representations of SO(32)
or E8 × E8 , these groups being singled out after imposing cancellation of quantum mechanical
anomalies. At low-energies, the massive superstring states are extremely heavy, O(M s ), and
can be integrated out. It can be shown, for each of these superstring theories, that the resulting
effective theory for the massless states are supegravity theories.
Consistency of the superstring theories requires that they should live in a ten-dimensional
spacetime. In order to make contact to our familiar four-dimensional world, and obtain an
effective description that resembles the Standard Model (or some extension of it), the six nonobserved extra dimensions should be compactified into a six-dimensional compact internal
manifold3 . We thus arrive at a four-dimensional effective action for the massless spectrum.
The geometry and topology — the size and shape — of the compact internal manifold are
extremely relevant, for they determine the field content and the couplings of the resulting lowenergy effective theory. The many parameters characterizing these internal manifolds receive
the name of moduli. In the low-energy effective theories, they are represented by non-vanishing
vacuum expectation values of massless scalars, thereby forming a manifold named as the moduli
space of vacua. Since massless scalars have not been observed, these moduli must become
massive via a mechanism called moduli stabilization. This would also ensure stability of the
vacuum and thus of the extra dimensions.
There is a huge amount of possibilities for the compact internal manifolds and, therefore, of
effective theories arising from the string framework. In order to better understand this landscape,
it is important not to restrict oneself to only specific classes of manifolds, but to broaden the
horizon of investigations in order to better assess the universal properties of these effective
theories and their relation to the Standard Model of Particle Physics.

1.3 M-theory and G2 -manifolds
Dualities and M-theory
A powerful aspect in the superstring framework is that the seemingly different types of
theories are mutually related, in distinct regimes of the parameters l s and g s , by so-called
dualities.
The first one to be discovered was T-duality [79, 80]. This symmetry suggests that there are
equivalent compactifications on two different geometries for the extra dimensions, one with
small scales and the other with large scales. In its simplest example, it relates compactification
on a circle of radius R with the compactification on a circle of radius l s2 /R. The two type II
3
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The idea for compactifications in string theory resembles the idea of Kaluza and Klein [76, 77, 78], who
started with a metric in five dimensions and, by applying the same machinery of General Relativiy, performed a
compactification on a curled up circle of a very small radius to four dimensions. The effective theory obtained
in four dimensions is that of General Relativity coupled to electromagnetism, with an extra massless scalar
accounting for the radius of the circle.
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theories are related to the two heterotic theories, in the case when the first two are compactified
on a circle of radius R and the last two on a circle of radius l s2 /R, and vice-versa.
In 1995, a different kind of duality named S-duality was discovered [81]. This symmetry
relates a string theory at the string coupling g s to another string theory at the inverse string
coupling 1/g s , thus relating strongly coupled theories to weakly coupled ones, and allowing
us to obtain intrinsic non-perturbative results via well-known perturbative methods. These
developments also led to the discovery of Dp-branes [82, 83, 84], extended objects of (p + 1)
spacetime dimensions on which open strings can end4 . These objects become extremely heavy
as g s → 0 and could not have been predicted in a perturbative analysis. Their discovery led to a
rapid progress in understanding non-perturbative dualities.
For the five superstring theories, type I is S-dual to heterotic SO(32) at inverse string couplings,
and type IIB is self-dual, i.e., it is related to itself at different string coupling regimes. Since
only three out of the five superstring theories had their strong coupling regime well understood,
the question remained as to what actually happens to type IIA and the heterotic E8 × E8 at strong
coupling. The answer was that, in both cases, there appears an extra eleventh dimension of size
R11 = l s g s , giving rise to a strongly coupled quantum theory whose low-energy limit should
be the unique eleven-dimensional supergravity [70]. By studying the tension of both D2- and
D4-branes at strong coupling, we find that the fundamental objects of this yet unknown elevendimensional quantum gravity theory are three-dimensional M2-branes and six-dimensional
M5-branes [85]. Furthermore it should also contain a three-form C3 , electrically coupled to
M2-branes and magnetically coupled to M5-branes. This theory is called M-theory [86, 87, 88].
On the other hand, the self-dual property of type IIB superstring theory has prompted further
studies into the details of its non-perturbative regime. A success has been achieved in interpreting
the SL(2, Z) symmetry of the theory as the modular group of transformations of the so-called
axio-dilaton τ = C0 + ig−1
s , which in turn can be interpreted as a complex structure modulus of an
auxiliary two-dimensional torus. Here C0 is a scalar field appearing in type IIB. By varying the
complex structure modulus we can therefore probe a non-perturbative regime of type IIB. The
result is an auxiliary twelve-dimensional theory named F-theory. Notice that we do not imply
that type IIB arises from compactifications of the twelve-dimensional theory on the two-torus.
The two-torus only serves as a geometrization of the SL(2, Z) symmetry and is not physical.
This is further hinted by the fact that there is no twelve-dimensional supergravity theory arising
as a low-energy effective theory of F-theory. Moreover, there is no scalar field in ten dimensions
corresponding to the volume modulus of the auxiliary torus.
Even though F-theory is a powerful tool for probing the non-perturbative regime of type IIB
as well as for model building, it is M-theory that seems to be the fundamental theory. First
recall that M-theory does have an eleven-dimensional supergravity description. Furthermore,
compactifying M-theory on a circle of radius R11 results in type IIA, which we can further
compactify on another circle leading to a T-dual theory to type IIB. Therefore, in contrast to
the F-theory perspective, here the two consecutive compactifications of M-theory gives the
resulting two-torus a physical interpretation in the sense that ten-dimensional type IIB arises in
the zero-size limit of this torus.
This intricate web of dualities [89, 90, 91, 92, 93, 94] relating the five superstring theories
4

The string endpoints satisfy Dirichlet boundary conditions, from which D-branes receive their name.
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indicates that they are nothing but perturbative limits of eleven-dimensional M-theory — see
figure 1.1.

Figure 1.1: The web of dualities relating the fundamental eleven-dimensional M-theory to its elevendimensional SUGRA low-energy limit and to types I, II and heterotic string theories.

Holonomy groups and G2 -manifolds
We have already mentioned that the properties of the compact internal manifolds determines
the details of the four-dimensional effective theories. One important such property is the
dimensionality of the section of the spinor bundle which remains invariant under parallel
transport. In other words, the number of linearly independent covariantly constant spinors of
the manifold [95]. This fixes the amount of supersymmetry to be preserved in four dimensions.
To understand this property on the compact manifold M, we need to study its holonomy group5 .
Due to the classification by Berger [96], we know all possible holonomy groups for a simplyconnected, irreducible and non-symmetric Riemannian manifold M of dimension d equipped
with a Riemannian metric g. Let N be the number of covariantly constant spinors on M. If
d is even, it can be decomposed in terms of the number of spinors with positive and negative
chiralities, N = N+ + N− . For each dimension d, exactly one of the following cases must
hold [97]
• Hol(g) = SO(d).
• d = 2n, n ≥ 2, and Hol(g) = U(n) ⊆ SO(2n).
• d = 2n, n ≥ 2, and Hol(g) = SU(n) ⊆ SO(2n). Moreover, N+ = 2 and N− = 0 for even n,
and N± = 1 for odd n.
5
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In general, when we parallel transport a vector around a closed loop, it will not preserve its original orientation.
The group of all possible transformations of a vector upon parallel transport along all possible closed loops
starting and ending at p on M is called the holonomy group of M.
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• d = 4n, n ≥ 2, and Hol(g) = Sp(n) ⊆ SO(4n). Moreover, N+ = n + 1 and N− = 0.
• d = 4n, n ≥ 2, and Hol(g) = Sp(n)Sp(1) ⊆ SO(4n).
• d = 7 and Hol(g) = G2 ⊆ SO(7). Moreover, N = 1.
• d = 8, and Hol(g) = Spin(7) ⊆ SO(8). Moreover, N+ = 1 and N− = 0.
For the first two cases, these manifolds do not necessarily admit covariantly constant spinors,
unless d ≥ 3. SO(d) is the holonomy group of generic Riemannian metrics. Riemannian metrics
with Hol(g) = U(n) ⊆ SO(2n) are called Kähler metrics. For Hol(g) = SU(n) ⊆ SO(2n), they
are called Calabi–Yau metrics. Locally, Calabi–Yau metrics are Ricci-flat Kähler metrics, and
the existence of these metrics on compact manifolds follows from the proof by Yau of the
Calabi conjecture [98, 99, 100]. Riemannian metrics with Hol(g) = Sp(n) ⊆ SO(4n) are called
hyper-Kähler metrics and, because Sp(n) ⊆ SU(2n) ⊂ U(n), they are Ricci-flat and Kähler.
For Hol(g) = Sp(n)Sp(1) ⊆ SO(4n), they are called quaternionic Kähler metrics. Finally, the
holonomy groups G2 and Spin(7) are called exceptional holonomy groups with metrics called
G2 -metrics and Spin(7)-metrics.
We can group the holonomy groups apart from the generic SO(d) on Berger’s list by their
common nature. First of all, any Riemannian manifold with one of the following Kähler
holonomy groups U(n), SU(n) and Sp(n), is a Kähler manifold, and thus a complex manifold.
Because complex manifolds are locally trivial, they have the huge advantage that one can use
complex algebraic geometry to understand many of their features [101]. The second class of
holonomy groups are the Ricci-flat holonomy groups SU(n), Sp(n), G2 and Spin(7). To find
examples of metrics, and therefore the geometry associated to these holonomy groups, is a
difficult task.
Most studies of compactifications of string theory and M-theory have been performed on the
so-called Calabi–Yau manifolds. These are compact, complex, and Kähler manifolds with SU(n)
holonomy. The so-called K3 surfaces are the lowest-dimensional examples of both Calabi–Yaus
— with holonomy SU(2) — as well as compact hyper-Kähler manifolds — with holonomy Sp(1).
Apart from some references already presented in this introduction, for a more thorough view on
these spaces, we also refer the reader to [102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112,
113]. The most studied and interesting case so far has been on Calabi–Yau threefolds, manifolds
with 3 complex dimensions. This is because compactifications of heterotic string theories on
such manifolds provided the first semi-realistic models for particle phenomenology [114, 115,
116, 117, 118, 119, 120, 121, 122, 123], whereas compactifications of type II strings on such
manifolds exhibit the amazing property called mirror symmetry, which in the string worldsheet
perspective is associated with topological strings [124, 125, 126, 127, 128, 129, 130, 131].
To finish grouping the holonomy groups by their common nature, we have the exceptional
holonomy groups G2 and Spin(7). These groups are rather different from the others since we
cannot use familiar methods from complex geometry to understand their global structure, but
must rather approach them via their local nature.
Compactifications on non-Calabi–Yau manifolds are much less understood. Even less is
known about compactifications of M-theory on seven-dimensional manifolds, especially those
leading to the phenomenologically motivated N = 1 supergravity in four dimensions. Since
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the other string theories are obtained as certain limits of M-theory, it is necessary to perform a
careful study of M-theory compactifications on non-Calabi–Yau manifolds in order to obtain a
good general understanding of properties of the low-energy effective theories and the associated
four-dimensional landscape. From the Berger classification of holonomy groups sketched above,
it turns out that the relevant spaces for compactifications of eleven-dimensional M-theory to
a four-dimensional N = 1 low-energy supergravity effective theory, requiring d = 7 extra
dimensions, are manifolds with holonomy group G2 . In part I of this thesis we delve into this
particular class of manifolds, called G2 -manifolds.
Compactifications of eleven-dimensional M-theory on G2 -manifolds are difficult to be
achieved.
First of all, this is due to our sparse knowledge regarding M-theory. We have seen that we are
only familiar with its low-energy effective regime, given by eleven-dimensional supergravity. On
the one hand, this means that Kaluza-Klein reductions of the eleven-dimensional supergravity
action on compact G2 -manifolds already capture many physical properties of the associated
M-theory compactifications [132, 133, 134, 135, 136, 137, 138]. However, the semi-classical
four-dimensional effective action has to be further corrected by non-perturbative effects specific
to M-theory, such as M2-branes and M5-branes wrapping cycles on the seven-dimensional
compactification manifold.
Another difficulty arises from the very intricate nature of G2 -manifolds. For Calabi–Yau
manifolds, the Calabi–Yau theorem guarantees the existence of a Ricci-flat metric on a compact,
complex, Kähler manifold with a vanishing first Chern class. In other words, there is a necessary
and sufficient topological criterion for the existence of Calabi–Yau manifolds. An analogue of
such a theorem does not exist in the case of G2 -manifolds.
In addition to that, whereas standard techniques of complex algebraic geometry can provide
immediately hundreds of thousands Calabi-Yau manifolds, these cannot be directly applied
to G2 -manifolds. Therefore, for a long time there were only a few hundred examples of G2 manifolds constructed by the resolution of special singularities in orbifolds of seven-dimensional
tori T 7 [97, 139].
Yet another reason for the difficulty in dealing with these types of manifolds is that, to find
torsion-free G2 -structures, thereby providing Ricci-flat G2 metrics, one must solve a highly
non-linear partial differential equation for the unknown three-form ϕ. For Kähler manifolds
in general we have a similar type of differential equation for the (1, 1)-form ω. However, due
¯
to the ∂∂-lemma
for Kähler manifolds [71], this highly non-linear partial differential equation
reduces to a partial differential equation for a single scalar function.
Finally, little is known about singularities on G2 , which are physically motivated as they give
rise to non-Abelian gauge groups and chiral matter.
Despite all these difficulties, in the first part of this thesis we delve into the mathematical
machinery behind general G2 -manifolds. We focus on a special type of them based on the
so-called twisted connected sum construction [140], recently extended in references [141, 142].
This allows for building a large number of explicit examples of G2 -manifolds. We review
in detail compactifications of the low-energy limit of M-theory on G2 -manifolds, and find
many interesting new results when restricting to G2 -manifolds of the twisted connected sum
type. In particular, we obtain a limit in which Ricci-flat G2 -metrics can be approximated by
Ricci-flat Calabi–Yau metrics, thereby allowing us to geometrically obtain a four-dimensional
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N = 1 effective supergravity theory with a phenomenologically motivated Kähler potential. In
addition to that, we identify two scales that also control the behaviour of M-theory corrections.
Furthermore, the same limit allows for the accomodation of many singularities leading to
Abelian and enhanced non-Abelian gauge symmetries — for example including the Standard
Model gauge group and Grand Unification groups — as well as interesting matter in the adjoint,
bi-fundamental and fundamental representations of the resulting gauge groups. Furthermore, we
find evidences for transitions among classes of N = 1 effective supergravity theories connecting
topologically inequivalent G2 -manifolds. The findings of this part of the thesis have many
interesting mathematical, physical and phenomenological consequences for a variety of different
topics. We will detail them in the conclusions and outlook section of this thesis.

1.4 Dark matter in the KL moduli stabilization scenario
After compactifications of the extra dimensions, the low-energy effective theories emerging from
superstring scenarios are typically very rich, with a myriad of new particles. This constitutes a
fertile ground for phenomenological and cosmological investigations in attempts to tackle the
current problems in high energy physics.
Moduli stabilization and the KL scenario
We have already seen that, in geometrical and topological terms, the moduli parametrize the
size and shape of the internal manifold formed by the extra dimensions. For example, in type
IIB compactifications on Calabi–Yau threefolds, three types of moduli appear. The first are
the so-called Kähler moduli, which are massless scalar fields corresponding to deformations
of Ricci-flat metrics on the internal manifold. The second are the so-called complex structure
moduli, which are massless scalar fields corresponding to deformations of the complex structure
of the internal manifold. And the third are additional massless scalar fields that arise from the
dilaton as well as from expanding RR and NS-NS fluxes in basis of harmonic forms.
These moduli — together with stringy axions — are the only masless remnants in fourdimensional low-energy effective theories resulting from compactifications of the extra dimensions in string theories/M-theory. Their dynamics is extremely relevant for our understanding of
the cosmological evolution of the universe both during and after inflation [143]. However, their
existence can also pose serious problems for our four-dimensional world. In fact, one of the
biggest tasks for string/M-theory cosmology is to solve the so-called moduli stabilization problem, giving them masses and thus stabilizing the extra dimensions. These masses are required to
be quite large, O(30 TeV) or more, to avoid the late overproduction of entropy from its decays,
which would dilute the Big-Bang nucleosynthesis products [144, 145, 146, 147, 148, 149]. This
is known as the moduli problem in cosmology.
After supersymmetry breaking, one could give masses to these moduli by adding quantum
perturbative corrections in α0 ∼ l s2 and non-perturbative corrections in g s to the effective scalar
potential [150, 151]. However, one encounters an issue. Indeed, consider a single modulus ρ
— for example the Kähler modulus that measures the volume of the internal manifold or g−1
s —
controlling the weak-coupling expansion such that ρ → ∞ leads to free classical effective theory.
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In other words, the classical potential must dominate at ρ → ∞. Any potential V(ρ) given
to the moduli due to perturbative or non-perturbative corrections to the effective description
must vanish from below and from above as we approach ρ → ∞. On the one hand, if V(ρ)
is positive for large ρ, its leading correction creates an instability that runaways the theory to
ρ → ∞. On the other hand, if V(ρ) is negative for large ρ, its leading correction creates another
instability driving the theory to small ρ and, therefore, to its strongly-coupled regime. Therefore,
from the leading order correction terms, we will always find unstable vacua. The inclusion of
higher order terms in α0 and g s could in principle help us to find stable vacua. However, this is
complicated precisely because in most cases we only have knowledge on the leading order term
in these corrections.
Many models of moduli stabilization have been constructed in the literature by analysing
cases where higher order terms in the corrections are known. The two leading ones are the Large
Volume Scenario (LVS) [152] and the Kachru–Kallosh–Linde–Trivedi (KKLT) scenario [153].
In the LVS scenario, one stabilizes the overall Kähler volume modulus V that governs
0
α –corrections at large values such that one can neglect other unknown α0 and g s corrections
subleading in V.
In KKLT, one adds a flux that allows for both the complex structure moduli and the dilaton
to acquire large masses from the classical supersymmetric potential, such that they can be
integrated out in the analysis. Moreover, non-perturbative effects such as gaugino condensation
from stacks of D7-branes or instanton contributions from D3-branes, together with fine-tuning
of the flux, are finally responsible for stabilizing the remaining Kähler volume modulus V.
Despite this success, this scenario leads to some phenomenological issues such as low-scale
inflation and an extremely large gravitino mass of O(1010 GeV) and, therefore, an extension has
been proposed by Kallosh and Linde in the so-called KL scenario [154].
In both scenarios, the moduli are stabilized in the sense that there are no instabilities and
no flat directions in the scalar potential. In the LVS scenario moduli are stabilized in a nonsupersymmetric vacuum, whereas in the KKLT/KL the vacuum is supersymmetric. Both of them
lead to anti-de Sitter (AdS) (negative-valued vacuum) or Minkowski vacua (vanishing-valued
vacuum), which are not realistic for cosmology since a positive de Sitter (dS) vacuum is required
for describing inflation and dark energy.
F-term supersymmetry breaking and de Sitter vacua
Achieving realistic dS vacua from stabilized AdS/Minkowski vacua is known as uplifting.
This mechanism requires the identification of a SUSY breaking sector that introduces a sufficient contribution to the potential, raising it to positive values. Still this uplifting has to be
implemented without de-stabilizing the moduli.
In the original work of KL, a successful uplifting of its AdS/Minkowski vacuum was performed by explicit supersymmetric breaking with the inclusion of instanton contributions from
several anti-D3-branes.
As for the case of spontaneous SUSY breaking, there have been attempts to uplift the
vacuum via D-terms with, for example, the addition of fluxes from gauge fields within the
D7-branes [155, 156, 157, 158, 159, 160, 161, 162]. For non-supersymmetric vacuum, uplifting
with D-terms generically leads to a very heavy gravitino mass of the order of the Planck mass.
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Moreover, a D-term cannot uplift a supersymmetric vacuum [163] and, therefore, cannot be
applied to the KKLT/KL scenario.
Uplifting of supersymmetric vacua is possible via F-terms [164, 165, 166]. In association
with strong gauge dynamics, these scenarios can also naturally incorporate an intermediate
SUSY breaking scale TeV  ΛSUSY  MP while at the same time accomodating a gravitino
mass in the TeV range [167, 168]. This is due to the presence of a small dynamical scale,
leading to a corresponding small mass parameter M  MP .
Sufficient conditions for the occurrence of dynamical SUSY breaking were suggested
in [169, 170, 171, 172]. Altough there have been some studies on dynamical SUSY breaking
in a stable ground state, they turn out to be rather intricate and also pose various issues for
phenomenology [173, 174, 175].
A simple class of dynamical supersymmetry breaking with metastable vacua is obtained from
N = 1 supersymmetric QCD (SQCD), called ISS model after the pionering work of Intriligator–
Seiberg–Shih [176]. This model is also motivated from a superstring theory perspective, since it
emerges as a low-energy effective theory on intersecting NS 5-branes and D-branes [177, 178,
179, 180, 181]. There is also an analogous M-theory version of this model, known as MQCD
[182, 183, 184, 185, 186].
Dark matter
A combination of the KL scenario with the ISS model and the MSSM not only allows for
the emergence of dS vacua from a string motivated framework, but its myriad of particles and
interactions could also be exploited for finding possible dark matter candidates.
There are many prominent candidates for dark matter in the literature, such as axions
[187, 188, 189, 190], general WIMPs and SIMPs [191, 192], complex scalars [193], heavy
neutrinos [194], and supersymmetric particles such as sneutrinos, gravitinos and neutralinos [50, 53, 54].
In the second part of this thesis we give a detailed account on the viability of neutralinos as
dark matter candidates in the KL-ISS-MSSM framework. On the one hand, we have already
seen that the moduli problem can be catastrophic for BBN. On the other hand, if gravitinos are
unstable and are copiously produced by decays of the ISS-MSSM fields, they could lead to a
dark matter relic density much larger than allowed by observations. This is called the gravitino
problem. For these reasons, we investigate whether the model can lead to a consistent thermal
history of the Universe, avoiding these cosmological problems while also yielding an acceptable
dark matter relic density.

1.5 Outline of this thesis
This thesis is divided into two parts, each starting with a prelude highlighting the most relevant
new results presented in them.
Part I deals with the theoretical aspects of M-theory compactifications on G2 -manifolds, with
some hints at their mathematical, physical and phenomenological applications. We give a brief
overview of the mathematical aspects of G2 -manifolds in chapter 2, and in chapter 3 we perform
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the compactification of the low-energy eleven-dimensional N = 1 SUGRA limit of M-theory
on these manifolds. A particular emphasis is laid on G2 -manifolds of the twisted connected sum
type, where we identify a limit — called the Kovalev limit — in which the decomposition of
the cohomology groups allows for the identification of universal chiral multiplets, relevant for
the description of properties of the four-dimensional low-energy effective N = 1 supergravity
theory. Finally, in chapter 4, the orthogonal gluing method and the Kovalev limit are employed
to find novel examples for twisted connected sum G2 -manifolds with interesting supersymmetric
Abelian and non-Abelian gauge theory sectors.
In Part II, we move to a more phenomenological application of string theory compactifications.
In chapter 5 we review the Kallosh–Linde (KL) moduli stabilization scenario within the lowenergy N = 1 supergravity theory from type IIB compactifications on orientifolded Calabi–Yaus
— or from F-theory compactifications on elliptically fibered Calabi–Yaus. The non-positive KL
vacuum structure is uplifted by the addition of an F-term dynamical supersymmetry breaking
sector from the ISS model. In chapter 6 the dynamics after the inflationary phase of the universe
is studied and constraints from both late entropy production and the dark matter relic density
are imposed. We find neutralino dark matter candidates compatible with observations, either via
their production from thermal gravitinos in the reheating phase of the inflaton or via decays of
the ISS fields.
Our general conclusions and outlook are summarized in chapter 7.
The content of this thesis is based on the following publications by the author [195, 196]
• Thaisa C. da C. Guio, Hans Jockers, Albrecht Klemm and Hung-Yu Yeh, Effective action
from M-theory on twisted connected sum G2 -manifolds, Commun. Math. Phys. 359 (2018) no.2,
535-601, [arXiv:1702.05435 [hep-th]];
• Thaisa C. da C. Guio and Ernany R. Schmitz, Dark matter in the KL moduli stabilization
scenario with SUSY breaking sector from N = 1 SQCD, submitted to Journal of High Energy
Physics (JHEP), [arXiv:1805.01521 [hep-ph]].
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Part I
M-theory compactifications on
G2-manifolds

Prelude
In the introduction we argued that M-theory is expected to reside in an eleven-dimensional
spacetime. In order to recover a four-dimensional theory, one then needs to compactify the
extra dimensions on a compact seven-dimensional manifold, which according to Berger’s
classification must possess a G2 -holonomy. Therefore, in the first part of this thesis we are
interested in compactifications of M-theory on G2 -manifolds.
We start by giving a detailed review on G2 -manifolds in chapter 2, introducing the relevant
mathematical aspects behind these intricate spaces. We explain the twisted connected sum
construction, a method for obtaining G2 -manifolds from a particular gluing of asymptotically
cylindrical Calabi–Yau threefolds. We also introduce the so-called Kovalev limit, together with
the decomposition of the cohomology groups in terms of this particular construction.
In chapter 3 we explicitly perform the compactification of the low-energy eleven-dimensional
N = 1 SUGRA limit of M-theory on G2 -manifolds. The four-dimensional spectrum of massless
fields is obtained, as well as the resulting four-dimensional effective SUGRA action. For the
twisted connected sum construction we use the Kovalev limit and the decomposition of the
cohomology groups to identify universal chiral multiplets, relevant to describe properties of the
four-dimensional low-energy effective N = 1 SUGRA theory. We also find novel examples of
twisted connected sum G2 -manifolds with interesting supersymmetric Abelian and non-Abelian
gauge theory sectors in chapter 4.
The novel results presented in this part of the thesis are:
• the identification of the so-called Kovalev limit in which the G2 -metric is approximated in
terms of metrics of the asymptotically cylindrical Calabi–Yau threefolds in the twisted
connected sum construction;
• the derivation of the massless four-dimensional effective N = 1 supergravity fermionic
spectrum from compactifications of M-theory on G2 -manifolds and the corresponding
(flux-induced) superpotential.
It is only due to the Kovalev limit that we are able to extract relevant information on the
cohomology of twisted connected sum G2 -manifolds, allowing us to
• identify universal chiral multiplets in the four-dimensional effective N = 1 SUGRA spectrum, making it possible to obtain an expression for the Kähler potential with interesting
prospects for phenomenology and cosmology;
• find novel examples of twisted connected sum G2 -manifolds with interesting (Abelian and
non-Abelian) extended supersymmetric N = 2 and N = 4 gauge theory sectors.
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2

G2-manifolds
In this chapter we give a detailed overview of G2 -manifolds. These manifolds turn out to be
relevant for compactifications of the low-energy limit of eleven-dimensional M-theory to four
dimensions. We divide this chapter into two sections.
In section 2.1 we review the geometry and topology of general G2 -manifolds, and use the
definitions presented here to delve into the topological structure of compact G2 -manifolds and
the moduli space associated to them.
In section 2.2 we introduce the reader to a special type of G2 -manifolds, namely twisted
connected sum G2 -manifolds. In section 2.2.1 we begin by reviewing the notion of asymptotically
cylindrical Calabi–Yau threefolds, which are the constituent pieces in the construction of G2 manifolds of the twisted connected sum type. We then give the details of the actual construction
in section 2.2.2. The first relevant contribution of this work to the topic appears in section
2.2.3. Namely, we are able to identify a limit, which we call the Kovalev limit, in which
a good approximation to the G2 -metric is found in terms of the metrics of its constituents.
We then introduce the cohomology of twisted connected sum G2 -manifolds arising from the
cohomology of the asymptotically cylindrical Calabi–Yau threefolds in section 2.2.4. In section
2.2.5 we show some examples of actual constructions of asymptotically cylindrical Calabi–Yau
threefolds.
The content of section 2.1 is relevant for chapter 3, where we discuss the effective action from
M-theory on G2 -manifolds. The content of section 2.2 is important as a basis for section 3.4
and chapter 4, where specific details of the twisted connected sum construction become relevant
for the study of M-theory compactifications on twisted connected sum G2 -manifolds and for
the extended supersymmetric gauge sectors appearing on them. It is only due to the Kovalev
limit, and the decomposition of the cohomology groups in terms of the pieces of the twisted
connected sum construction for G2 -manifolds, that we are able to obtain the four-dimensional
low-energy effective theory from such compactifications.
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Chapter 2 G2 -manifolds

2.1 Geometry and Topology of G2 -manifolds
In this section, we give definitions of the exceptional Lie group G2 , the G2 -structure and the
G2 -manifold. Furthermore, we analyze the topology of compact G2 -manifolds and discuss
the moduli space structure associated to them. The content is reviewed based on references
[97, 197, 198].

2.1.1 The exceptional Lie group G2 and the G2 -structure
Let (x1 , . . . , x7 ) be coordinates on R7 and dxi j...l = dxi ∧ dx j ∧ . . . ∧ dxl a differential form on R7 .
Define a three-form ϕ0 on R7 by
ϕ0 = dx123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356 .

(2.1)

The exceptional Lie group G2 is defined as the subgroup of the special orthogonal group SO(7)
preserving a three-form ϕ0 on R7 . It is compact, connected, simply-connected, semi-simple and
fourteen-dimensional. Furthermore, with the seven-dimensional Hodge star ∗7 , it also fixes a
four-form
∗ ϕ0 = dx4567 + dx2367 + dx2345 + dx1357 − dx1346 − dx1256 − dx1247 ,

(2.2)

as well as the Euclidean metric g0 = dx12 + . . . dx72 and the orientation on R7 .
Any three-form ϕ on R7 gives rise to a canonical symmetric bilinear form on R7
1
Bϕ (u, v) = − (u y ϕ) ∧ (v y ϕ) ∧ ϕ
6

(2.3)

with values in the one-dimensional space of seven-forms Λ7 (R7 )∗ . For a generic three-form ϕ,
the bilinear form Bϕ yields a non-degenerate pairing of some signature (p, q) with p + q = 7 and
with respect to an oriented volume form on R7 .
Let Y be an oriented seven-dimensional manifold. For each point p ∈ Y, there is an open
set dim Λ3+ (R7 )∗ which is a subset of three-forms ϕ ∈ Λ3 T p∗ Y such that there exists an oriented
isomorphism between the tangent space T p Y and R7 identifying ϕ with ϕ0 . This set is isomorphic
to GL(7, R)/G2 since GL(7, R) acts on ϕ and G2 is its fourteen-dimensional stabilizer. Since
dim GL(7, R) = 49 and dim G!2 = 14, the space GL(7, R)/G2 has dimension equal to 49−14 = 35.
7
Moreover, dim Λ3 (T p∗ Y) =
= 35, which shows that the subset dim Λ3+ (R7 )∗ is in fact an open
3
subset Λ3 T p∗ Y. Due to the isomorphism between the tangent space T p Y and R7 , this subset is in
the space of three-forms Λ3 (R7 )∗ such that Bϕ is a positive definite bilinear form for ϕ ∈ Λ3+ (R7 )∗ .
In other words, the open set Λ3+ (R7 )∗ is given by GL(7, R)/G2 , where GL(7, R) acts on ϕ and G2
is the fourteen-dimensional stabilizer subgroup of GL(7, R) that preserves the oriented volume
form and the positive definite pairing Bϕ . Since G2 leaves the positive definite pairing Bϕ
invariant, it is actually a subgroup of SO(7).
Furthermore, since this open set allows for the definition of a positive definite bilinear form
for ϕ, one can define both a volume form on T p Y and a Riemannian metric on Y given by,
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respectively,
h
i
volϕ (∂1 | p , . . . , ∂7 | p )9 = det Bϕ (∂i | p , ∂ j | p )(∂1 | p , . . . , ∂7 | p ) ,
gϕ (X p , Y p ) =

Bϕ (X p , Y p )(∂1 | p , . . . , ∂7 | p )
,
volϕ (∂1 | p , . . . , ∂7 | p )

(2.4)
(2.5)

at any point p on Y, for any basis ∂1 | p , . . . , ∂7 | p at T p Y, and for vectors X p and Y p in the tangent
space T p Y.
Since the Lie group G2 is the stabilizer group of the described three-form, a compact sevendimensional oriented manifold Y together with the three-form ϕ in Ω3+ (Y) — which is the space
of smooth three-forms oriented-isomorphic to Λ3 T p∗ Y ' Λ3+ (R7 )∗ for any p ∈ Y — becomes a
G2 -structure manifold and we call ϕ a G2 -structure on Y.

2.1.2 The G2 -manifold
Let ∇ be the Levi-Civita connection associated to the metric gϕ defined in equation (2.5). The
torsion of ϕ is ∇ϕ. If ∇ϕ = 0, the pair (ϕ, gϕ ) is said to be torsion-free and we call ϕ a torsion-free
G2 -structure.
In this thesis, we refer to a G2 -manifold Y as a seven-dimensional manifold equipped with a
torsion-free G2 -structure ϕ.
There is a remarkable and important proposition for the rest of the thesis, which we present
in the following [97, 199, 200] — see Proposition 10.1.3 in [97].
Proposition 2.1 Let Y be a seven-dimensional manifold and ϕ a G2 -structure on Y. The
following are equivalent
(i) (ϕ, gϕ ) is torsion-free,
(ii) Hol(gϕ ) ⊆ G2 ,
(iii) ∇ϕ = 0 on Y,
(iv) dϕ = d ∗gϕ ϕ = 0 on Y, where ∗gϕ is the Hodge star of the metric gϕ .
Condition (iv) is called harmonicity condition and ϕ is also called an harmonic three-form in
The condition that ϕ is torsion-free is a highly non-linear partial differential equation of
complicated form, due to relations (2.4) and (2.5) between the metric gϕ and the G2 -structure ϕ.
In fact, this can be seen easily by looking at condition (iv), where d∗ is explicitly dependent on
the metric g, which itself depends on ϕ. This is one of the reasons why G2 -manifolds are more
intricate than Calabi–Yau manifolds, e.g., Calabi–Yau threefolds appearing in compactifications
of ten-dimensional superstring theories down to four dimensions. Whereas the Calabi conjecture
proven by Yau gives necessary and sufficient conditions for a compact Kähler manifold to have a
unique Ricci-flat Kähler metric [99], an analogous conjecture for G2 -manifolds, giving necessary
and sufficient conditions for a G2 -structure manifold to admit a torsion-free G2 -structure1 is not
known. Therefore, G2 -manifolds must be analyzed case by case.
Ω3+ (Y).

1

We see later in proposition 2.2 that this is necessary for the existence of a Ricci-flat G2 -metric.

21

Chapter 2 G2 -manifolds
In general, differential p-forms on a manifold with G-structure fall into irreducible representations with respect to the structure group G. Specifically for a seven-dimensional manifold
with G2 -structure, the spaces of differential p-forms Λ p T ∗ Y decompose according to — see
Proposition 10.1.4 in [97],
Λ0 T ∗ Y = Λ01 ,
Λ1 T ∗ Y = Λ17 ,
Λ2 T ∗ Y = Λ27 ⊕ Λ214 ,
Λ3 T ∗ Y = Λ31 ⊕ Λ37 ⊕ Λ327 ,
Λ4 T ∗ Y = Λ41 ⊕ Λ47 ⊕ Λ427 ,

(2.6)

Λ5 T ∗ Y = Λ57 ⊕ Λ514 ,
Λ6 T ∗ Y = Λ67 ,
Λ7 T ∗ Y = Λ71 ,
where the components Λqp are spaces of p-forms transforming in the q-dimensional irreducible
representations of the structure group G2 . As indicated in the arrangement of the spaces Λqp in
equation (2.6), the Hodge star ∗ provides for an isometry between Λqp and Λ7−p
q . The differential
p-form spaces Λ7p are isomorphic to each other for p = 1, . . . , 6. Moreover, Λ31 and Λ41 are
generated by ϕ and ∗ϕ, respectively.
We now briefly discuss the conditions for obtaining spinors on seven-dimensional G2 manifolds. This is relevant for the subsequent chapters in this thesis, where a careful analysis
of the geometrical and topological structure of G2 -manifolds, in the context of M-theory compactifications, will single out the four-dimensional low-energy effective theories. In particular,
the presence of a covariantly constant spinor on the G2 -manifold is relevant for the discussion
of fermionic terms, and allows for some amount of supersymmetry to be preserved in the
four-dimensional low-energy effective theory.
Since G2 ⊂ SO(7) is simply-connected, any seven-dimensional manifold Y with a G2 -structure
is a spin-manifold. Lemma 11.8 in [200] and Proposition 10.1.6 in [97] hold, from which we
have the following proposition.
Proposition 2.2 Let Y be a G2 -structure manifold. Then Y is a spin-manifold with a preferred
spin structure. Moreover, if Hol(gϕ ) ⊆ G2 , or equivalently ϕ is torsion-free — i.e., if Y is a
G2 -manifold —, then the metric gϕ is Ricci-flat and there exists a covariantly constant spinor η
on Y.

2.1.3 Topology of compact G2 -manifolds
For a compact G2 -manifold Y equipped with a torsion-free G2 -structure, the de Rham cohomologies H p (Y, R) have a decomposition similar to the decomposition of the spaces of differential
p-forms into irreducible representations with respect to the structure group G2 . That is, here we
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have a decomposition of the de Rham cohomologies2 H p (Y, R) into vector subspaces Hqp (Y, R)
of harmonic representatives — see Theorem 10.2.4 in [97],
2
H 2 (Y, R) = H72 (Y, R) ⊕ H14
(Y, R) ,
3
H 3 (Y, R) = H13 (Y, R) ⊕ H73 (Y, R) ⊕ H27
(Y, R) ,
4
H 4 (Y, R) = H14 (Y, R) ⊕ H74 (Y, R) ⊕ H27
(Y, R) ,

(2.7)

5
H 5 (Y, R) = H75 (Y, R) ⊕ H14
(Y, R) .

Notice that H13 (Y, R) = hh[ϕ]ii and H14 (Y, R) = hh[∗ϕ]ii, i.e., these subspaces are generated by
representatives of the three- and the four-forms on Y, respectively. Moreover, the isomorphism
Hqp (Y, R)  Hq7−p (Y, R) implies the following relations for the Betti numbers3 on the G2 -manifold
Y,
bqp (Y) = bq7−p (Y) ,
b13 (Y)

=

b14 (Y)

=1.

(2.8)
(2.9)

If the holonomy group is G2 and not a subgroup thereof, we have in addition H7p = {0} for
p = 1, . . . , 6.
We now delve into relations of G2 -manifolds with SU(2) and SU(3) holonomy group manifolds. This is relevant because manifolds with such holonomy groups appear in section 2.2,
when we focus on the recent construction due to Kovalev of compact G2 -manifolds of the
twisted connected sum type, namely K3 surfaces with SU(2) holonomy group and Calabi–Yau
manifolds with SU(3) holonomy groups, respectively. The content presented in the following is
based on [139, 201, 202, 203].
Let {z1 , z2 , . . . , zn } be holomorphic coordinates on Cn . Then the Kähler form4 ω0 and the
standard holomorphic volume form5 Ω0 are given by
2

The p-th de Rham cohomology group H p (M) on a real manifold M gives the set of cohomology classes, that is,
the set of closed forms in Λ p T ∗ M modulo exact forms. In other words, it is the quotient of the vector space of
closed p-forms on M by the vector space of exact p-forms on M. For complex manifolds MC , one defines an
¯
¯
analogous Dolbeault cohomology or ∂-cohomology
H p,q (MC ) as the quotient between ∂-closed
(p, q)-forms and
¯∂-exact (p, q)-forms, where the operator ∂¯ acts as ∂¯ : Λ p,q T ∗ MC → Λ p,q+1 T ∗ MC .
3
The dimension of the n-th cohomology group is called the n-th Betti number for real manifolds. If the manifold
has a metric, Betti numbers count the number of linearly independent harmonic n-forms on the manifold.
Analogously, for complex manifolds, the Hodge number h p,q gives the dimension of the (p, q)-cohomology
group H p,q . If the manifold has a metric, Hodge numbers count the number of linearly independent harmonic
(p, q)-forms on the manifold.
4
Any complex manifold endowed with an hermitian metric and a (1, 1)-closed form ω satisfying dω = 0, called a
Kähler form, is a Kähler manifold.
5
A volume form on a differential n-dimensional manifold MD is a section of the line bundle Ωn (MD ) = Λn T ∗ MD ,
where Λn T ∗ MD are vector bundles. For n-dimensional complex manifolds MC , a holomorphic line bundle over
MC is a holomorphic vector bundle with fiber C. The canonical line bundle K MC = Λn T ∗1,0 MC has sections
which are (n, 0)-forms, where Λn T ∗1,0 MC are holomorphic line bundles. The first Chern class is a topological
invariant of the holomorphic line bundle over MC lying in the cohomology H 2 (MC , Z). Any compact Kähler
manifold M with vanishing first Chern class c1 (M) = 0 is flat, which implies that the canonical line bundle is
topologically trivial. Consequently, there must exist a globally defined nowhere vanishing n-form on M. If the
holonomy group of M is such that H ⊆ SU(n), there is a unique nowhere vanishing holomorphic section on
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i 1
dz ∧ dz̄1 + · · · dzn ∧ dz̄n ,
2
Ω0 = dz1 ∧ dz2 ∧ · · · ∧ dzn .
ω0 =

For any non-degenerate real two-form ω equivalent to ω0 and any complex n-form Ω equivalent
to Ω0 , the pair (ω, Ω) satisfies

(−1)

n(n−1)
2

 i n
2

ω ∧ Ω = 0,
ωn
.
Ω∧Ω=
n!

We start by considering the action of an SU(3)-structure on R7 ' R × C3 . The action of
SU(3) on R is the trivialnone. Let zo1 = x2 + ix3 , z2 = x4 + ix5 and z3 = x6 + ix7 be holomorphic
coordinates on C3 with x1 , . . . , x7 being a normalized orthogonal basis on R7 ' R × C3 . On
the one hand, there exists a G-structure acting on C3 that preserves the forms
ω0 = dx23 + dx45 + dx67 ,

(2.10)

ReΩ0 = dx246 − dx257 − dx347 − dx356 ,
ImΩ0 = −dx

247

− dx

256

− dx

346

+ dx

357

(2.11)
.

(2.12)

This means that G ⊂ SU(3). On the other hand, an SU(3)-structure preserves a three-form
ϕ0 = dx1 ∧ ω0 + ReΩ0 . We conclude that G is exactly equal to SU(3). Therefore, for SU(3)structures on C3 , the pair (ω, Ω) induces a three-form G2 -structure ϕ and an associated four-form
∗ϕ on R7 given by, respectively,
ϕ = dt ∧ ω + ReΩ ,
1
∗ϕ = ω2 − dt ∧ ImΩ .
2

(2.13)

Here we name x1 = t as will become clear in section 2.2. Hence, the stabilizer in G2 of a
non-trivial vector in R7 is isomorphic to SU(3).
We continue by considering the action of an SU(2)-structure on R7 ' R3 × C2 . The action of
SU(2) on R3 is the trivial one. Let z1 = x1 + ix2 and z2 = x3 + ix4 be holomorphic coordinates
on C2 . On the one hand, there exists a G-structure acting on C2 that preserves the forms
ω0 = dx12 + dx34 ,
ReΩ0 = dx13 + dx14 ,

(2.14)

ImΩ0 = dx23 + dx24 .
This means that G ⊂ SU(2). On the other hand, an SU(2)-structure preserves a triplet of
the canonical bundle K M , i.e., there exists a nowhere vanishing holomorphic n-form, the holomorphic volume
n-form Ω.
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mutually orthogonal hyper-Kähler two-forms (ω0I ≡ ω0 , ω0J ≡ ReΩ0 , ω0K ≡ ImΩ0 ) satisfying
ω0I ∧ ω0J = ω0J ∧ ω0K = ω0K ∧ ω0I = 0 and (ω0I )2 = (ω0J )2 = (ω0K )2 = 0. We conclude that G is
exactly equal to SU(2). Therefore, for SU(2)-structures on C2 , the pair (ω, Ω) induces a Kähler
two-form ω and a holomorphic volume two-form Ω on C2 given by, respectively,
ω = ωI ,
Ω = ω J + iωK .

(2.15)

These, in turn, induce a three-form G2 -structure ϕ and an associated four-form ∗ϕ on R7 since
SU(2) ⊂ SU(3) as we see below.
The classification of Riemannian holonomy groups by Berger [96] implies a theorem on the
existence of the following relation for holonomy groups,
SU(2) ⊂ SU(3) ⊂ G2 ⊂ SO(7) .

(2.16)

With this theorem, the only connected Lie subgroups of the exceptional group G2 which can be
the holonomy group of a Riemannian metric on a seven-dimensional manifold are, apart from
the trivial identity group {1}, the groups SU(2), SU(3) and G2 , where SU(2) and SU(3) have
been defined in the previous two paragraphs. Therefore, if ϕ is a torsion-free G2 -structure on a
seven-dimensional manifold, the holonomy groups for the associated Riemannian metric can
only be the aforementioned groups. With this theorem, the following proposition holds — see
Proposition 10.2.2 in [97].
Proposition 2.3 Let Y be a compact G2 -manifold. Then the holonomy group of the Riemannian metric associated to Y is the exceptional group G2 , and not a subgroup thereof, if and only
if the first fundamental group6 π1 (Y) is finite.

2.1.4 Moduli space of compact G2 -manifolds
In section 2.1.1, the set of oriented G2 -structures on a compact seven-dimensional oriented
manifold Y was identified with the set of positive three-forms ϕ on Y. Let X be the set of
positive three-forms corresponding to oriented and torsion-free G2 -structures, i.e.,
n
o
X = ϕ ∈ Ω3+ (Y) | dϕ = d(∗gϕ ϕ) = 0 .
(2.17)
Furthermore, let D be the group of all diffeomorphisms of Y isotopic to the identity.
The moduli space M of torsion-free G2 -structures on Y is the quotient space M = X/D. This
moduli space is a non-singular, smooth manifold with dimension equal to b3 (Y), according to
the following theorem — see Theorem 10.4.4 in [97].
Theorem 2.1 Let Y be a compact seven-dimensional manifold, and M be the moduli space
6

The fundamental group on a manifold M gives a way to determine when two paths, starting and ending at a fixed
base point p on M, can be continuously deformed into each other. The first fundamental group is the set of all
homotopy classes of loops with base point p.
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of torsion-free G2 -structures on Y as defined above. Then M is a smooth manifold of dimension
b3 (Y) with the projection P : M → H 3 (Y, R) given by P(ϕD) = [ϕ].
In other words, this theorem says that a vicinity U ⊂ M of a given torsion-free G2 -structure
ϕ ∈ M is locally diffeomorphic to the de Rham cohomology H 3 (Y, R). This translates to the fact
that infinitesimal deformations of ϕ are unobstructed to all orders, i.e., they can be extended
order-by-order, thereby describing locally the moduli space M of G2 -manifolds. Notice that
little information about the global structure of M can be inferred from this theorem. For
example, we cannot say whether M is non-empty or not, whether it has only one connected
component or many, whether the map P is injective or not, what the image of P is, and other
related global issues.

2.2 Twisted connected sum G2 -manifolds
In the previous section, the geometrical and the topological aspects of general compact G2 manifolds were introduced. In the present section we focus on the so-called twisted connected
sum G2 -manifolds, which are based on a recent construction due to Kovalev [140], further
developed by Corti and others [141, 142]. The G2 -manifolds in this construction are compact
real seven-dimensional manifolds Y obtained from the twisted connected sum of two compatible
asymptotically cylindrical Calabi–Yau threefolds XL and XR times an additional circle S 1 .
They are constructed in a way that the G2 -structure ϕ on Y satisfies dϕ = d(∗gϕ )ϕ = 0 in an
asymptotic limit. Therefore, propositions 2.1 and 2.2 as well as the decomposition of the de
Rham cohomologies given in section 2.1.3 are satisfied. The validity of these is what allows us
to deal with compactifications of M-theory on twisted connected sums later in this thesis.
We start this section with a brief introduction to asymptotically cylindrical Calabi–Yau
threefolds and a review of the twisted connected sum construction. The first contribution of this
thesis to the topic appears in section 2.2.3, namely the identification of the so-called Kovalev
limit in which the Ricci-flat metric of the obtained G2 -manifold can be approximated by the
metrics of the two Calabi–Yau summands. Then we study the moduli space of the constructed
twisted connected sum G2 -manifold and its topology. We end this section with concrete
examples of asymptotically cylindrical Calabi–Yau threefolds, and present the orthogonal gluing
method to match two of these threefolds together in a twisted connected G2 -manifold. The
content in this section, especially the Kovalev limit we have identified, turns out to be crucial in
setting the stage for the derivation of the low-energy effective action for M-theory compactified
on such G2 -manifolds in section 3.4, and of the interesting gauge sectors on them, which we
analyze in chapter 4.

2.2.1 Asymptotically cylindrical Calabi–Yau threefold
Let us start with the definition of a Calabi–Yau cylinder, which enters into the definition of
asymptotically cylindrical Calabi–Yau threefolds7 . These are based on the references [140, 142,
7

A Calabi–Yau n-fold is a compact Kähler manifold of dimension n ≥ 2 with SU(n) holonomy group. This is
equivalent to defining it as a compact complex and Kähler manifold with vanishing first Chern class.
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204]. We take a compact Calabi–Yau twofold to be a K3 surface8 S equipped with a Kähler
form ωS and a holomorphic two-form ΩS . A complex three-dimensional Calabi–Yau cylinder
X ∞ is defined as the product of a such compact Calabi–Yau twofold with the algebraic torus9 C∗ .
Let z = exp(t + iθ∗ ) be the holomorphic coordinate on C∗ and γ∗ the length of the cylinder ∆cyl
[140]. In this way10 , the Kähler form ω∞ and the holomorphic three-form Ω∞ of the Calabi–Yau
cylinder X ∞ read
idz ∧ dz̄
ω∞ = γ∗2
+ ωS = γ∗2 dt ∧ dθ∗ + ωS ,
2zz̄
(2.18)
idz
∗
∗
∞
∗
∧ ΩS = γ (dθ − idt) ∧ ΩS ,
Ω = −γ
z


with the metric gX∞ = γ∗2 dt2 + dθ∗2 + gS on the Calabi–Yau cylinder X ∞ in terms of the
metric gS on the K3 surface. Notice that the length scale γ∗ furnishes the radius of the cylindrical
metric on ∆cyl , whereas the map ξ : X ∞ → R+ with ξ = log |z| projects onto the longitudinal
direction of the cylinder such that ξ−1 (R+ ) = X ∞ .
An asymptotically cylindrical Calabi–Yau threefold X is a non-compact Calabi–Yau threefold
with SU(3) holonomy and a complete11 Calabi–Yau metric gX with the following properties.
There exists a compact subspace K ⊂ X such that the complement X \ K is diffeomorphic to
a three-dimensional Calabi–Yau cylinder X ∞ , and such that the Kähler and the holomorphic
three-form of X approach fast enough ω∞ and Ω∞ of the cylindrical Calabi–Yau threefold X ∞ ,
given in equations (2.18). More precisely, given the diffeomorphism η : X ∞ → X \ K, we
require that in the limit ξ → +∞ and for any positive integer k,
η∗ ω − ω∞ = dµ

with |∇k µ| = O(e−λγ ξ ) ,

η∗ Ω − Ω∞ = dν

with |∇k ν| = O(e−λγ ξ ) ,

∗

∗

(2.19)

for a one-form µ and a two-form ν with the norm | · | and the Levi-Civita connection ∇ of the
metric gX∞ . The scale λ has inverse length dimension and is determined by the inverse length
scale of the asymptotic region X ∞ . To be precise
n
o
(2.20)
λ = min γ1∗ , λS ,
where λS is the square root of the smallest positive eigenvalue of the Laplacian of the K3 surface S in the asymptotic Calabi–Yau cylinder X ∞ .

A complex two-dimensional compact Kähler manifold with Hodge number h1,0 = 0 and trivial canonical bundle.
They are the lowest dimensional example of a Calabi–Yau with holonomy SU(2) and of a hyperkähler manifold
with holonomy Sp(1).
9
The open cylinder ∆cyl given as the complement of the unit disk in the complex plane C, i.e., ∆cyl =
{z ∈ C | |z| > 1}.
n(n−1)  n
n
10
With the conventional mutual normalization (−1) 2 2i Ω ∧ Ω̄ = ωn! between the Kähler form ω and the
holomorphic n-form Ω of Calabi–Yau n-folds, we note that — assuming this normalization for ωS and ΩS of the
K3 surface S — the Kähler form ω∞ and the holomorphic three-form Ω∞ of X ∞ are conventionally normalized.
11
A complete metric is a metric on a complete metric space, where every Cauchy sequence of points in the space
has a limit that is also in the same space.
8
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2.2.2 The twisted connected sum construction
In the following, we introduce the reader to the twisted connected sum construction of G2 manifolds as put forward by Kovalev [140] and further developed by Corti and others [141, 142].
First of all, one notices that, from any Calabi–Yau threefold X with SU(3) holonomy, it
is always possible to construct the seven-dimensional manifold X × S 1 with a torsion-free
G2 -structure ϕ0 and its dual four-form ∗ϕ0 given by — recall section 2.1.3 —
ϕ0 = γ dθ ∧ ω + ReΩ ,

∗ϕ0 =

1 2
ω − γ dθ ∧ ImΩ .
2

(2.21)

Here ω is the Kähler form and Ω is the holomorphic three-form of the asymptotically cylindrical
Calabi–Yau threefold X, whereas θ is the coordinate on the circle S 1 of radius γ. However, this
resulting seven-dimensional manifold has only SU(3) holonomy, which is a subgroup of G2 ,
and not the whole group G2 .
In order to obtain a genuine seven-dimensional G2 -manifold with full holonomy group G2 ,
rather than only a subgroup thereof, the following three steps are necessary.
• First step: start with two asymptotically cylindrical Calabi–Yau threefolds — instead of
only one —, which we call XL and XR or, for brevity, XL/R .
• Second step: take a direct product of each asymptotically cylindrical Calabi–Yau threefold
XL and XR with an extra circle S 1L and S R1 , respectively. The circles have coordinates θL
and θR , with radius γL and γR , respectively. In this way, one obtains two seven-dimensional
manifolds YL/R of SU(3) holonomy with torsion-free G2 -structures ϕ0 L/R and associated
dual four-forms ∗ϕ0 L/R , as explained above,
ϕ0L/R = γL/R dθL/R ∧ ωL/R + ReΩL/R ,
1
∗ϕ0L/R = ω2L/R − γL/R dθL/R ∧ ImΩL/R .
2

(2.22)
(2.23)

• Third step: obtain a genuine compact G2 -manifold Y. This is done after appropriately
∞
∞
gluing together the asymptotic regions of type YL/R
= XL/R
× S 1L/R in such a way that the
final obtained manifold Y = YL ∪ YR admits a torsion-free G2 -structure, resulting in an
associated metric with holonomy group G2 and not a subgroup thereof. We now give the
details of this lengthy step.
Due to proposition 2.3, to obtain the full G2 holonomy it is necessary to glue together the
infinite fundamental groups π1 (YL/R ) into a finite fundamental group π1 (Y). For suitable
choices of YL/R this can be achieved by the following twisted connected sum construction.
Recall that the asymptotic regions of YL/R are given by
∞
∞
1
YL/R
= XL/R
× S 1L/R = S L/R × ∆cyl
L/R × S L/R ,

(2.24)

with the K3 surfaces S L/R and the cylinders ∆cyl
L/R — cf. section 2.2.1. Now, let us denote
J
I
K
by ω0L/R , ω0L/R and ω0L/R the triplet of mutually orthogonal hyper-Kähler two-forms,
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J
J
J
I
K
I
K
satisfying the relations (ω0L/R
)2 = (ω0L/R
)2 = (ω0L/R
)2 and ω0L/R
∧ ω0L/R
= ω0L/R
∧ ω0L/R
=
K
I
ω0L/R ∧ ω0L/R = 0. From section 2.1.3, SU(2)-structures of K3 surfaces S L/R determine
∞
their Kähler two-forms ω∞
S L/R and their holomorphic two-forms ΩS L/R according to
I
ω∞
S L/R = ωL/R ,

J
K
Ω∞
S L/R = ωL/R + i ωL/R .

(2.25)

These, together with equations (2.18) and (2.21), explicitly specify the asymptotic torsionfree G2 -structures


∗2
∗
∞
ϕ∞
=
γ
dθ
∧
γ
dt
∧
dθ
+
ω
L/R
L/R
L/R
S L/R
0 L/R
L/R
L/R
(2.26)
∗
∗
∞
∗
+ γL/R dθL/R ∧ ReΩS L/R + γL/R dtL/R ∧ ImΩ∞
.
S L/R
Furthermore, one assumes that the asymptotically cylindrical Calabi–Yau threefolds XL/R
are chosen such that the resulting K3 surfaces S L/R are mutually isometric with respect to
a hyper-Kähler rotation r : S L → S R obeying12
r∗ ωRI = ωLJ ,

r∗ ωRJ = ωIL ,

r∗ ωRK = −ωKL .

(2.27)

This requirement is such that there is a family of diffeomorphisms FΛ : YL∞ → YR∞ with conJ
α
I
K
stant Λ ∈ R in terms of the local coordinates (θ∗L/R , tL/R ) of ∆cyl
L/R , uL/R = (ωL/R , ωL/R , ωL/R )
of S L/R , and θL/R of S 1L/R , given by
FΛ : (θ∗L , tL , uαL , θL ) 7→ (θR∗ , tR , uαR , θR ) = (θL , Λ − tL , r(uαL ), θ∗L ) .

(2.28)

If and only if the radii of the extra circles S 1L/R are equal, i.e.,
γ ≡ γL = γR = γ∗L = γR∗ ,

(2.29)

this asymptotic diffeomorphism is also an asymptotic isometry. This is true because it
leaves the asymptotic G2 -structures ϕ∞
0 L/R — and hence the asymptotic metric — invariant,
i.e.,
∞
(2.30)
FΛ∗ ϕ∞
0 R = ϕ0 L .
In fact, on the one hand, by computing ϕ0 L with equations (2.25) and (2.26) we obtain
∗2
∗
I
∗
∗
J
∗
K
ϕ∞
0 L = γL dθL ∧ γL dtL ∧ dθL + γL dθL ∧ ωL + γL dθL ∧ ωL + γL dtL ∧ ωL .

12

(2.31)

These conditions impose rather non-trivial constraints on the pair of asymptotically cylindrical Calabi–Yau
threefolds XL/R , which — at least for certain classes of pairs — have been studied systematically in reference
[141]. In this section we assume that these conditions on XL/R are met, and we come back to this issue in
section 2.2.5 where we give examples of asymptotically cylindrical Calabi–Yau threefolds XL/R fulfilling these
constraints.
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On the other hand, by computing FΛ∗ ϕ∞
0 R we obtain
∗
∗2
∗
I
∗
J
∗
K
FΛ∗ ϕ∞
0 R = γR dθL ∧ γR d(Λ − tL ) ∧ dθL + γR dθL ∧ ωR + γR dθL ∧ ωR + γR d(Λ − tL ) ∧ ωR

= γR dθL ∧ γR∗ 2 dtL ∧ dθ∗L + γR dθ∗L ∧ ωLJ + γR∗ dθL ∧ ωIL + γR∗ dtL ∧ ωKL ,
(2.32)
where in the second equality we made use of equation (2.27). Therefore, these imply
equation (2.29).
The G2 -manifold Y is now obtained by gluing the asymptotic ends of YL/R with the help
of the diffeomorphism FΛ . This is schematically depicted in figure 2.1. Let XL/R (T )
and YL/R (T ) be truncated asymptotically cylindrical Calabi–Yau threefolds and truncated
seven-dimensional manifolds, respectively, given by cutting off their asymptotic regions at
tL/R = T + 1 for some large T , i.e.,
XL/R (T ) = KL/R ∪ ηL/R (R<T +1 ) ,

YL/R (T ) = XL/R (T ) × S 1L/R .

(2.33)

Here the diffeomorphisms ηL/R and the compact subspaces KL/R have been defined in
section 2.2.1. Then, using the diffeomorphism F2T +1 — which maps the coordinate tL ∈
(T, T +1) to tR = −tL +2T +1 ∈ (T, T +1) — we glue the two seven-dimensional manifolds
YL/R (T ) at the overlap tL/R ∈ (T, T +1) to arrive at the compact seven-dimensional manifold
Y = YL (T ) ∪F2T +1 YR (T ) .

(2.34)

Finally, to construct a G2 -structure ϕ on Y, we first introduce interpolating G2 -structures
on the two pieces YL/R (T ). This is done with the help of a smooth interpolating function
between 0 and 1 in the interval (−1, 0), i.e., α : R → [0, 1] with α(s) = 0 for s ≤ −1 and
α(s) = 1 for s ≥ 0. Then the truncated asymptotically cylindrical Calabi–Yau threefolds
XL/R (T ) are endowed with the forms

eTL/R = ωL/R − d α(t − T )µL/R ,
ω
e T = ΩL/R − d α(t − T )νL/R  ,
Ω
L/R

(2.35)

eTL/R
in terms of the forms µL/R and νL/R of equations (2.19). By construction, the forms ω
e T smoothly interpolate between the corresponding Calabi–Yau cylinder forms
and Ω
L/R
(2.18) and the asymptotically cylindrical Calabi–Yau forms (2.19). At the interpolating
regions tL/R ∈ (T − 1, T ), the symplectic forms ωTL/R fail to induce a Ricci-flat metric
and the three-forms ΩTL/R cease to be holomorphic. Analogously to equation (2.21), the
interpolating G2 -structures e
ϕL/R (γ, T ) on YL/R read
eT ,
e
eTL/R + ReΩ
ϕL/R (γ, T ) = γ dθ ∧ ω
L/R

(2.36)

which according to equation (2.30) glue together to a well-defined G2 -structure e
ϕ(γ, T ) on
the seven-dimensional manifold Y.
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Figure 2.1: The twisted connected sum construction due to Kovalev to obtain the G2 -manifold Y. XL/R (T )
are the truncated asymptotically cylindrical Calabi–Yau threefolds together with their compact subspaces
KL/R . Their Cartesian products with the circles S 1L/R yield the two seven-dimensional components
YL/R (T ), which combine to form the G2 -manifold Y. There are three essential aspects in the construction.
Firstly, two asymptotically cylindrical Calabi–Yau threefolds — each with SU(3) holonomy — are used if
we require the resulting seven-dimensional manifold to have full G2 -holonomy after the gluing procedure.
Secondly, as indicated by the red horizontal arrows, the circles S 1L/R are identified with the asymptotic
∗ 1 . Thirdly, as depicted by the blue vertical arrows, the asymptotic
circles of XL/R (T ) here denoted by S R/L
polarized K3 surfaces S L/R must be matched with a certain hyper-Kähler rotation. The diagram highlights
the interpolating regions, tL/R ∈ (T − 1, T ], and the asymptotic gluing regions, tL/R ∈ (T, T + 1), important
for the construction of the G2 -structure ϕ(γ, T ) of Y.

ϕ(γ, T ) is closed by construction, i.e., de
ϕ(γ, T ) = 0,
Note that the constructed G2 -structure e
because ωTL/R and ΩTL/R are closed. However, it is not torsion-free. In fact, the torsion
of ϕ(γ, T ) is measured by d∗e
ϕ(γ, T ) and this is only non-vanishing at the interpolating
regions tL/R ∈ (T − 1, T ). Indeed, the non-torsion term is of order O(e−γλT ) due to equation
(2.19).13
Therefore, it is plausible that we view e
ϕ(γ, T ) as an order O(e−γλT ) approximation to a
torsion-free G2 -structure ϕ(γ, T ), which equips the seven-dimensional manifold Y with a
Ricci-flat metric. Indeed, in Lemma 4.25 of Kovalev’s work [140], it is shown that, for
sufficiently large T , there exists a torsion-free G2 -structure ϕ(γ, T ) in the same three-form
cohomology class of e
ϕ(γ, T ) such that, for any positive integer k,
ϕ(γ, T ) = e
ϕ(γ, T ) + dρ(γ, T )
13

with

∇k ρ(γ, T ) = O(e−γλT ) ,

(2.37)

Note that, due to relation (2.29) and the hyper-Kähler isometry (2.30), we have the identifications λ = λL = λR
among inverse length scales.
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in terms of the norm | · | and the Levi–Civita connection ∇ of the metric induced from the
asymptotic G2 -structure ϕ̃(γ, T ).
Furthermore, from the Van Kampen theorem [205], there is a relationship π1 (Y)  π1 (XL )×
π1 (XR ) among the fundamental groups in the twisted connected sum. Since each of the
factors π1 (XL ) and π1 (XR ) is finite, this implies that the torsion-free G2 -structure ϕ(γ, T )
indeed gives rise to a genuine G2 -manifold Y with metric of G2 -holonomy and not a
subgroup thereof.
This summarizes the main result of reference [140] — clarified and further developed in
ϕ(γ, T ) in Kovalev’s
references [141, 142, 204] —, namely the proof that the G2 -structure e
twisted connected sum construction in terms of the two asymptotically cylindrical Calabi–Yau
threefolds furnishes an approximation to the torsion-free G2 -structure ϕ(γ, T ) in the same threeform cohomology class that gives rise to a compact seven-dimensional Ricci-flat Riemannian
manifold Y with G2 -holonomy.

2.2.3 The Kovalev limit
As discussed in the last section, the torsion-free G2 -structure ϕ(γ, T ) in Kovalev’s twisted
connected sum is approximated, via equation (2.21), in terms of the Kähler forms ωL/R and
the holomorphic forms ΩL/R of the asymptotically cylindrical Calabi–Yau threefolds XL/R .
According to equations (2.19) and (2.37) this approximation is of order O(e−γλT ).
In this section we discuss the torsion-free G2 -structure ϕ(γ, T ) as a function of the parameters
γ and T in order to obtain a well-defined limit in which we can make sense of a four-dimensional
effective action from eleven-dimensional M-theory compactifications on twisted connected sum
G2 -manifolds.
Except for the overall volume modulus R of each of the asymptotically cylindrical Calabi–
Yau threefolds XL/R , we keep all other moduli fixed. In other words, we consider the moduli
dependence of the two metrics gL/R of XL/R as
gL/R (zL/R , tL/R ) = γ02 R2 g̃(zL/R , t˜L/R ) ,

(2.38)

where zL/R and tL/R are the (dimensionless) complex structure moduli and the Kähler moduli14
of XL/R , respectively. The constant γ0 has dimension of length such that the metrics g̃L/R become
dimensionless. We split the Kähler moduli tL/R further into the overall volume modulus R and
the remaining Kähler moduli t˜L/R — measuring ratios of volumes of subvarieties in XL/R — such
that15



n=1,
R2
n
tL/R
= 
(2.39)

2
n
R t˜
n,1.
L/R
For a Calabi–Yau manifold, the deformations δg = δgi j dzi ∧ dz j + δgi j̄ dzi ∧ dz j̄ of the metric g that still
mantain a vanishing Ricci tensor are called the complex structure and the Kähler moduli. Indeed, δgi j dzi ∧
¯
dz j = Ωi jk gkk̄ δk̄l¯dzi ∧ dzi ∧ dz̄l are associated to elements of H∂2,1
¯ and called complex structure moduli, whereas
δgi j̄ dzi ∧ dz j̄ are associated to elements H∂1,1
and
called
Kähler
moduli.
¯
15
For an asymptotically cylindrical Calabi–Yau threefold with a single Kähler modulus t, the volume modulus R
relates to this Kähler modulus as R2 = t without the presence of any further moduli.
14
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When obtaining the G2 -manifold Y from the seven-dimensional building blocks YL/R , the hyperKähler compatibility condition (2.27) constrains the explicit values of the moduli zL/R and t˜L/R .
Furthermore, the required identification (2.29) of the radii of all circles in the asymptotic region
of YL/R determines the volume modulus R as the dimensionless ratio
R =

γ
.
γ0

(2.40)

This justifies the introduction of a mutual volume modulus R for both threefolds XL/R .
In the context of eleven-dimensional M-theory compactifications on the seven-dimensional
G2 -manifold Y — see details in chapter 3 —, the volume VY of the resulting G2 -manifold
Y determines the four-dimensional Planck constant κ4 . Indeed, let G N and Ĝ N be the fourand eleven-dimensional Newton’s constants, respectively. Furthermore, lP and MP are the
four-dimensional Planck length and Planck mass constants, whereas lˆP and M̂P are their elevendimensional counterparts. With λ0 being a dimensionless volume factor, and VY0 a dimensionful
reference volume that we specify in a moment, we have
κ42

2
κ11
=
,
VY0

(2.41)

with
κ42 = 8πG N = 8π`P2 =

8π
,
MP2

(2π)8 lˆP9 (2π)8
=
,
2
2 M̂P9
Z
VY
1
λ0 =
=
ϕ ∧ ∗gϕ ϕ .
VY0 7 Y

2
κ11
= 8πĜ N =

(2.42)

The fact that the four-dimensional Planck constant κ4 must be a constant allows us to define
the so-called Kovalev limit. This limit is an approximation in which the four-dimensional Planck
constant κ4 — and hence the volume VY — remains constant, while exponential correction terms
due to equation (2.37) become sufficiently small. Therefore, let us study in detail the volume of
the constructed G2 -manifold Y in the Kovalev limit.
The resulting volume should sum up contributions from all the pieces of the twisted connected
sum construction and, therefore, it should depend on the moduli R and T and the remaining
moduli of the G2 -manifold Y — collectively denoted by S̃ .
The volumes VYL/R (T ) of the truncated building blocks YL/R (T ) are calculated with the metrics
of the (truncated) asymptotically cylindrical Calabi–Yau threefolds XL/R (T ) using expression
(2.18) and the volume formula
Z
γ07
VYL/R (T ) =
ϕL/R ∧ ∗ϕL/R ,
(2.43)
7 YL/R (T )
where the dimensionful reference volume is given by VY0 = γ07 .
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If we sum contributions from both VYL (T ) and VYR (T ) , the volume of the overlapping region
VYL (T )∩YR (T ) will be counted twice. Therefore, we need to subtract this contribution again once.
This is given by the product of the volumes of the overlapping interval, the asymptotic two-torus
S 1L × S ∗L 1 ≡ S R1 × S R∗ 1 , and the asymptotic K3-surface S L ≡ S R ≡ S according to
VYL (T )∩YR (T ) = (2π)2 γ03 R3 VS (ρ̃S , R) = (2π)2 γ07 R7 VSg̃ (ρ̃S ) .

(2.44)

Here we single out those moduli fields ρ̃S deforming the K3 surface S from the set S̃ . In
the last equality, the volume of the K3-surface S is expressed in terms of the dimensionless
(asymptotic) metric g̃. Due to approximation (2.19) of the metrics of the building blocks YL/R (T )
∞
by the limiting metrics of YL/R
(T ) in the interpolation region tL/R ∈ (T − 1, T ), and due to
the overall correction (2.37) to the torsion-free G2 -structure ϕ(γ, T ), the computed volume of
the G2 -manifold Y receives exponentially suppressed corrections in λ̃RT for large RT , where
λ̃ = λγ0 is a dimensionless constant — recall equation (2.20).
Note that, up to exponentially correction terms suppressed for large RT , the volume (2.44)
is entirely determined by the (relative) periods16 and the Kähler forms of the asympotically
cylindrical Calabi–Yau threefolds XL/R . However, due to non-compactness of XL/R , the relative
periods and the Kähler volumes of non-compact cycles diverge linearly in T . Therefore, in
order to obtain the finite periods and finite volumes of the truncated asymptotically cylindrical
Calabi–Yau threefolds XL/R (T ), a suitable regularization scheme must be employed to extract
the required geometric data from the diverging periods and infinite volumes. This analysis is
beyond the scope of this thesis. Hence, instead of deriving the entire moduli dependence of the
volume of the G2 -manifold Y, we focus on the moduli dependence of the two fields R and T ,
and view the remaining moduli fields S̃ as fixed parameters.
In this way, we compute the volumes VYL/R (T ) of each truncated piece. They are given by
VYL/R (T )

γ7
= 0
7

Z

γ7
= 0
7

Z

ϕL/R ∧ ∗ϕL/R

YL/R (T )

∞
2 7 7
ϕ∞
L/R ∧ ∗ϕL/R + VKL/R + (2π) γ0 R ∆L/R (S̃ , T )
YL/R (T )\KL/R
h


i
2 7 7
= (2π) γ0 R VSg̃ (ρ̃S ) (T + 1) + DL/R (S̃ ) + ∆L/R (S̃ , T ) .

(2.45)

The integration was performed by splitting the integral over the compact parts KL/R and the
asymptotic regions YL/R (T ) \ KL/R . The former part factors into the volume of the K3 surface
S and a contribution DL/R (S̃ ) to be discussed in a moment. The latter part is evaluated with
respect to the asymptotic G2 -structure ϕ∞
L/R . This contributes with the correction terms
∆L/R (S̃ , T ) = R

Z

T +1

dt fL/R (S̃ , Rt)e−λ̃Rt = C L/R (S̃ ) + O(e−λ̃RT ) ,

(2.46)

0
16

Elements of the n-th homology group of a manifold M are equivalence classes of cycles zn ∼ zn + ∂an+1 ,
called homology classes and denoted by [zn ], where ∂an+1 is a boundary of a n-chain an . Elements of the n-th
cohomology group of a manifold M are equivalence classes of closed forms ωn ∼ ωn + αn+1 , called cohomology
R
classes and denoted by [ωn ], where dαn−1 is an exact n-form. A period is the inner product π(zn , ωn ) = z ωn .
n
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in terms of the function fL/R (S̃ , Rt) determined by equation (2.19). Thus, taking the correction
terms ∆L/R into account, we obtain
VY (S̃ , R, T ) : = VYL (T ) (zL , tL ) + VYR (T ) (zR , tR ) − VYL (T )∩YR (T )


= (2π)2 γ07 R7 VSg̃ (ρ̃S ) 2T + α(S̃ ) + O(e−λ̃RT ) ,

(2.47)


 

α(S̃ ) = DL (S̃ ) + C L (S̃ ) + DR (S̃ ) + CR (S̃ ) + 1 .

(2.48)

with
As discussed, the moduli-dependent contributions DL/R (S̃ ) + C L/R (S̃ ) — and hence the moduli
dependent function α(S̃ ) — are in principle computable from the (relative) periods and the
Kähler forms of the asymptotically cylindrical Calabi–Yau threefolds XL/R .
Now we analyse when the volume in equation (2.47) stays constant in order to keep the
four-dimensional Planck constant κ4 really a constant. For fixed moduli S̃ , we require that the
dimensionless quantity χ, given by
χ7 = R7 (2T + α) ,

(2.49)

remains constant. Therefore, requiring that the four-dimensional Planck constant is indeed a
constant yields the functional dependence for the modulus R,
R(T ) = √7

χ
2T + α

.

(2.50)

This implies that corrections terms should scale as
−

O(e−λ̃RT ) = O(e

λ̃χT
√
7
2T +α

).

(2.51)

Thus, for large T , with R = R(T ) — as in equation (2.50) — the corrections for the volume
VY in equation (2.47) are exponentially suppressed. Furthermore, for T  λ̃χ — loosely also
referred to as the Kovalev limit — the torsion-free G2 -structure of Y is well approximated in
terms of the geometric data of the asymptotically cylindrical Calabi–Yau threefolds XL/R for
a given four-dimensional Planck constant κ4 . However, taking literally the limit T → ∞ with
R = R(T ) does not yield a limiting Riemannian manifold, but instead yields only a Hausdorff
limit in the sense of Gromov–Hausdorff convergence of compact metric spaces17 .
In the context of M-theory compactifications on twisted connected sum G2 -manifolds — for
more details see chapter 3.4 —, the Kovalev limit will then imply that, for large T with R = R(T ),
the Ricci-flat G2 -metric gets more and more accurately approximated in terms of the Ricci-flat
Calabi–Yau metrics of XL/R . These allow us to compute the resulting four-dimensional effective
action explicitly in terms of Ricci-flat Calabi–Yau metrics of XL/R . This is already a huge
advantage compared to previous situation, where we could not even guarantee the existence of a
17

A Gromov–Hausdorff distance measures how far two compact metric spaces are from being isometric. Therefore,
it turns the set of all isometries of compact metric spaces into a metric space, called Gromov–Hausdorff
space. This defines a notion of convergence for sequences of compact metric spaces, called Gromov–Hausdorff
convergence. If such a sequence converges to a compact metric space, this is called its Hausdorff limit.
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Ricci-flat G2 -metric — recall our discussion after proposition 2.1 regarding the non-existence
of an analogue of the Calabi conjecture for the case of G2 -manifolds.
However, notice that, while for large T with R = R(T ) the Ricci-flat G2 -metric gets more
and more accurately approximated in terms of the Ricci-flat Calabi–Yau metrics of XL/R , the
semi-classical dimensional reduction on the G2 -manifold Y in terms of the Kaluza–Klein zero
modes will become less accurate due to the emergence of both light Kaluza–Klein modes as
well as substantial non-perturbative and instanton corrections from M2- and M5-branes.

2.2.4 Cohomology of twisted connected sum G2 -manifolds
In this section we analyze the de Rham cohomology of Y as arising from the cohomology
of the asymptotically cylindrical Calabi–Yau summands. A primary contribution has already
been given in Kovalev’s paper [140]. Corti et al have presented a systematic analysis of the
cohomology of Y [141], which we summarize and use in the following section 2.2.5 when
discussing concrete examples of asymptotically cylindrical Calabi–Yaus. Furthermore, the
analysis presented here is relevant to deduce the four-dimensional N = 1 supersymmetric
spectrum of M-theory compactified on a G2 -manifold of the twisted connected sum type, as
well as to investigate gauge sectors on these type of manifolds — see chapters 3 and 4.
First of all, we start by recalling some needed background material on lattices for K3 surfaces
— see e.g. [206, 207, 208]. For a given K3 surface S , since its second Betti number is b2 (S ) = 22,
the integral second cohomology H 2 (S , Z) has the structure of a lattice18 . Indeed, we refer to
H 2 (S , Z) with its intersection pairing as the K3 lattice L. Let E!8 be the unique, even, unimodular,
0 1
and positive definite lattice of rank 8. Moreover, let H =
be the standard hyperbolic plane
1 0
lattice. The lattice L is a marked K3 surface, since it is isomorphic to the unique, unimodular,
even lattice of signature (3, 19), i.e.,
L = H 2 (S , Z)  −E8 ⊕ −E8 ⊕ H ⊕ H ⊕ H .

(2.52)

The Picard group or Picard lattice N of a K3 surface is defined as
Pic(S ) = H 2 (S , Z) ∩ H 1,1 (S ) ,

(2.53)

and ρ is defined as the rank of the Picard lattice, called the Picard number. The signature of the
Picard lattice is (1, ρ − 1) whenever it admits an embedding into a projective space. A sublattice
L0 of a lattice L is said to be primitive if the quotient group L/L0 is torsion-free. A lattice L0 is
said to be primitively embedded into a lattice L if it is isometric to a primitive sublattice of L.
Notice that the Picard lattice N embeds primitively into the K3 lattice L via Pic(S ) ,→ H 2 (S , Z).
A transcendental lattice T of the K3 surface S is a lattice orthogonal to the Picard lattice.
18

A lattice L is defined as a free abelian group of finite rank together with a symmetric intersection pairing
h·, ·i : L × L → Z, which we assume to be non-degenerate. The determinant of the intersection matrix with
respect to an arbitrary integer basis is called det. The signature of a lattice is (n+ , n− ), where n± is the number of
±1 on its diagonal, and its index is τ(L) ≡ n+ − n− . A lattice is called even if x2 ≡ x.x ∈ 2Z ∀ x ∈ L. Otherwise,
it is odd. A lattice is called unimodular (or self-dual) when its determinant is ±1. A lattice is called positive
definite when n− = 0 and negative definite when n+ = 0. A lattice is unique if n± > 0.
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Following references [140, 141, 142], let us now introduce the notion of a building block
(Z, S ), which allows us to construct an asymptotically cylindrical Calabi–Yau threefold X.
Denote the inclusion ρ : S ,→ X inducing the map ρ∗ : H 2 (X, Z) → L, with kernel k := ker ρ∗
and image N := Im ρ∗ .
A building block (Z, S ) is a pair consisting of a non-singular threefold Z together with a
smooth K3 fiber S = π−1 (p) for some point p ∈ P1 and smooth K3 fibration π : Z → P1 . The
building block is required to satisfy the following conditions,
• the anti-canonical class −KZ ∈ H 2 (Z, Z) is primitive and S is linearly equivalent to it, i.e.,
S ∼ −KZ ;
• the integral two-form cohomology H 2 (X, Z) embeds primitively into the K3 lattice
L ' H 2 (S , Z) via the pullback map of the inclusion ρ : S ,→ X, which is well-defined up
to homotopy;
• the inclusion N ,→ L is primitive and, thus, L/N is torsion-free;
• H 3 (Z, Z) is torsion-free — and thus also H 4 (Z, Z).
Due to the fibrational structure, the self-intersection of S is trivial, which implies that the
manifold X = Z \ S has the topology of an asymptotically cylindrical Calabi–Yau threefold that
admits a Ricci-flat Kähler metric19 . It is in this sense that building blocks give rise to the useful
asymptotically cylindrical Calabi–Yau threefolds necessary for the twisted sum construction.
Recall that the non-compact seven-dimensional manifolds YL/R were defined by equation
(2.33) in terms of the asymptotically cylindrical Calabi–Yau threefolds XL/R . Notice that YR ∩ YL
deformation retracts to T 2 × S , where T 2 is a two-torus and S is the K3 fiber. This is because
YR ∩ YL  S 1 × S 1 × S  T 2 × S .
We define the standard restriction rL/R : YL/R → Y and inclusion ιL/R : T 2 × S ,→ YL/R . In this
way, the Mayer–Vietoris sequence for the n-th de Rham cohomology applied to the union given
in equation (2.34) of the overlapping non-compact seven-dimensional manifolds YL/R reads
δ

r∗

ι∗

· · · → H n−1 (YL ∩ YR ) →
− H n (Y) −
→ H n (YL ) ⊕ H n (YR ) −
→ H n (YL ∩ YR ) → · · · ,

(2.54)

in terms of r∗ and ι∗ and the coboundary map δ : H n−1 (YL ∩ YR ) → H n (Y = YL ∪ YR ). Using
arguments of torsion-freeness of H n (YL/R ), the Künneth formula of decomposition of H n (YL/R )
and of H n (YL ∩ YR ), and the van Kampen theorem, the two- and three-form cohomologies
19

This can be understood in the following sense. The trivial normal bundle of S in X defines a tubular neighborhood
T  (S ) ⊂ X and, by construction, T ∗ (S ) ≡ T  (S ) \ S is homeomorphic to ∆cyl × S . Therefore, this has the
topology of a three-dimensional Calabi–Yau cylinder X ∞ , which can be viewed as the asymptotic region of the
asymptotically cylindrical Calabi–Yau threefold X as discussed in section 2.2.1.
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H 2 (Y, Z) and H 3 (Y, Z) turn out to be written as
!
H (Y, Z) = ker H (YL , Z) ⊕ H (YR , Z) −−−−−→ H (T × S , Z) ,
!
(ι∗L ,−ι∗R )
3
3
3
3
2
H (Y, Z) = ker H (YL , Z) ⊕ H (YR , Z) −−−−−→ H (T × S , Z)
2

2

(ι∗L ,−ι∗R )

2

2

2

(2.55)

!
⊕ coker H (YL , Z) ⊕ H (YR , Z) −−−−−→ H (T × S , Z) .
2

2

(ι∗L ,−ι∗R )

2

2

Now consider a pair of building blocks (ZL/R , S L/R ) such that the K3 surfaces S L/R are
isometric and fulfill the hyper-Kähler matching condition r : S L → S R . From the asymptotically
cylindrical Calabi–Yau threefolds XL/R = ZL/R \ S L/R a G2 -manifold Y is now constructed from
Kovalev’s twisted connected sum construction, as detailed in section 2.2.2. The cohomology of
the G2 -manifold Y is now derived from the cohomology of the building blocks (ZL/R , S L/R ) [141],
π1 (Y) = H 1 (Y, Z) = 0 ,
H 2 (Y, Z) ' (kL ⊕ kR ) ⊕ (NL ∩ NR ) ,
H 3 (Y, Z) ' H 3 (ZL , Z) ⊕ H 3 (ZR , Z) ⊕ kL ⊕ kR ⊕ NL ∩ T R ⊕ NR ∩ T L
⊕ Z[S ] ⊕ L/ (NL + NR ) .

(2.56)

Here L denotes the K3 lattice L ' H 2 (S L , Z) ' H 2 (S R , Z). The inclusion maps
ρL/R : S L/R ,→ XL/R

(2.57)

ρ∗L/R : H 2 (XL/R , Z) → L .

(2.58)

induce the pullback maps
These define the kernels and images, respectively,
kL/R := ker ρ∗L/R ,
NL/R := Im ρ∗L/R ,

(2.59)

as well as the so-called transcendental lattices

⊥
T L/R = NL/R
= l ∈ L hl, NL/R i = 0 .

(2.60)

Furthremore, [S ] is the Poincaré dual three-form of the K3 fiber S in the building blocks
(ZL/R , S L/R ).
Note that, by the assumptions imposed on the cohomological properties of the buildings
blocks, the images NL/R are primitive sublattices of the K3 lattice L. Therefore, NL/R inherit the
structure of a lattice from the K3 lattice L. We also call NL/R by polarizing K3 lattices, since
the K3 surfaces S L/R are polarized with respect to the complex structures of the asymptotically
cylindrical Calabi–Yau threefolds XL/R . We further assume that the sum NL + NR embeds
primitively into the K3 lattice L. As a consequence, the quotient L/(NL + NR ) is torsion-free, and
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— due to the assumed torsion-freeness of H 3 (ZL/R , Z) — all the integral cohomology groups in
equation (2.56) are torsion-free as well.
We refer the reader to Theorem 4.9 in reference [141] for a very detailed proof of both
equations 2.55 and 2.56.

2.2.5 Examples of asymptotically cylindrical Calabi–Yau threefolds
A rich class of building blocks (Z, S ), which give rise to asymptotically cylindrical Calabi–Yau
threefolds as discussed in the previous section, is obtained from toric weak Fano threefolds
P [142].
Let us explain what is meant by toric weak Fano threefolds. First of all, notice that projective
varieties are examples of toric varieties20 . A smooth projective variety P is Fano if its anticanonical divisor is ample, i.e., −KP · C > 0 for any algebraic curve C in P. A projective smooth
threefold P is weak Fano if its anti-canonical divisor −KP is nef (numerically effective) and
big, which means that the intersections obey −KP · C ≥ 0 for any algebraic curve C in P and
(−KP )3 > 0, respectively.
Now, let us obtain a building block (Z, S ) from such toric weak Fano threefolds. We start by
assuming that two global sections s0 and s1 of the anti-canonical divisor −KP of the toric weak
Fano threefold P intersect transversely in a smooth reduced curve C = {s0 = 0} ∩ {s1 = 0} ⊂ P.
Furthermore, let S = {α0 s0 + α1 s1 = 0} ⊂ P be a smooth K3 surface for some choice of
homogeneous coordinates [α0 : α1 ] ∈ P1 . A building block (Z, S ) is obtained from the blow-up
πC : Z → P along C, i.e.,
n
o
Z = BlC P = (x, z) ∈ P × P1 z0 s0 + z1 s1 = 0 ,
(2.61)
together with the proper transform S of the smooth anti-canonical divisor S on P [142]. For ease
of notation, in the following we use the same S for both the K3 surface in the toric weak Fano
threefold P and its proper transform in the blow-up Z. The K3 fibration π : Z → P1 becomes
π : Z → P1 , (x, z) 7→ z ,

(2.62)

and S = π−1 ([α0 , α1 ]) is the K3 surface of the building block (Z, S ).
Denoting by g(C) the genus of the curve C, the three-form Betti number b3 (Z) of the blown-up
threefold Z from this description is given by
b3 (Z) = b3 (P) + 2g(C) = b3 (P) + (−KP )3 + 2 ,

(2.63)

where in the last equality we use the adjunction formula
1
g(C) = C · C + 1 .
2

(2.64)

As remarked several times, it is essential to find a pair of asymptotically cylindrical Calabi–
Yau threefolds fulfilling the matching condition given by equation (2.27) in order to build
20

We refer the reader to references [209, 210] for an extended account on toric varieties.
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twisted connected sum G2 -manifolds.
A common strategy is to first focus only on the moduli spaces of the polarized K3 surfaces
S L/R and ignore their origin from the building blocks (ZL/R , S L/R ) [141, 142, 211]. Once a
matching pair of polarized K3 surfaces S L/R is found, we check if these particular K3 surfaces
S L/R arise as zero sections of anti-canonical divisors in ZL/R . A theorem due to Beauville [212]
guarantees that, indeed, any general K3 surface polarized by the anti-canonical divisor of a
Fano threefold can be realized as the zero locus of a global anti-canonical section for a suitable
choice of the Fano threefold in its moduli space. Therefore it suffices to construct a matching
pair of polarized K3 surfaces S L/R to ensure the existence of a pair of matching building blocks
(ZL/R , S L/R ) obtained from Fano threefolds in their moduli spaces.
For building blocks (ZL/R , S L/R ) obtained from weak Fano threefolds, this procedure of simply
matching their polarized K3 surfaces S L/R may not be sufficient. In other words, in the more
general setting of building blocks from weak Fano threefolds, rather than from Fano threefolds,
the entire moduli space of the polarized K3 surfaces cannot necessarily be obtained from a
global anti-canonical section within the associated family of weak Fano threefolds. Therefore,
Corti et al introduce the notion of semi-Fano threefolds. These comprise a subclass of weak Fano
threefolds for which Beauville’s theorem is still applicable [141, 142]. We are not interested in
the rather technical definition of generic semi-Fano threefolds — which is given in definition
6.14 of reference [141] or, alternatively, in definition 4.11 of reference [142] — but we are
interested only in the toric setup of semi-Fano threefolds.
We present the details of the toric setup for general Fano threefolds. First of all, let us define
the notion of reflexive polyhedra. Let Γ  Z be a lattice, Γ∗ its dual lattice, and ΓR = R ⊗ Γ its
extension. A pairing is given by
h·, ·i : Γ × Γ∗ → Z .
(2.65)
A d-dimensional lattice polyhedron ∆d is given as the bounded polyhedron or the convex hull of
points {ν(i) } ∈ Γ such that the origin is contained in this set of points and this set spans ΓR . The
dual polyhedron ∆∗d is defined by
∆∗d = {y ∈ Γ∗R |hy, xi ≥ −1, ∀x ∈ ∆d } .

(2.66)

We call a pair of polyhedra (∆d , ∆∗d ) reflexive if both are lattice polyhedra.
Toric Fano threefolds PΣ are described in terms of a three-dimensional toric fan Σ. On its turn,
the toric fan Σ of a toric Fano threefold PΣ is described in terms of a three-dimensional reflexive
lattice polyhedron ∆ spanned by the one-dimensional cones of Σ — which are identified with
divisors Di — together with a triangulation encoding the higher-dimensional cones of the fan
Σ. Due to the work of Batyrev [213] and the classification of Kreuzer and Skarke [214, 215],
there are 4319 three-dimensional reflexive polyhedra, which often admit several triangulations,
typically of the order of ten to a few hundred. To give the reader an idea for the toric setup, we
show in figure 2.2 the sixteen reflexive polyhedra in two dimensions.
We now focus on the class of toric semi-Fano threefolds PΣ in order to follow the outlined
recipe to construct explicit matching pairs for twisted connected sum G2 -manifolds. They are
characterized by those three-dimensional reflexive polyhedra ∆3 that do not have any interior
points inside codimension one faces. Therefore, there are now ‘only’ 899 three-dimensional
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Figure 2.2: The sixteen reflexive polyhedra in the two-dimensional case, which build eleven dual pairs
(∆2 , ∆∗2 ). Polyhedron n is dual to polyhedron 17 − n for n = 1, . . . , 5 and polyhedra n = 6, . . . , 11 are
self-dual. Figure from reference [216].

reflexive polyhedra of the semi-Fano type [142]. For brevity, we call ∆3 ≡ ∆ as the relevant
toric semi-Fanos in this thesis are always threefolds.
The toric approach to semi-Fano threefolds provides a powerful combinatorial machinery to
explicitly carry out computations. For instance, a general global section s∆ of the anti-canonical
line bundle −KPΣ is readily described by
X
Y
(i) ∗( j)
s∆ =
si
xhνj ,ν i+1 ,
(2.67)
ν(i) ∈∆

ν∗( j) ∈∆∗

with the points ν(i) and ν∗( j) of the lattice polyhedron ∆ and its dual lattice polyhedron ∆∗ .
Moreover, x j are toric homogenous coordinates — whose vanishing define the divisors Di
P
such that the anti-canonical divisor is −KPΣ = i Di —, and si are coordinates on the space
of global anti-canonical sections. Furthermore, for the discussed three-dimensional semiFano lattice polyhedron, a choice of generic sections s0 and s1 yields a smooth reduced curve
C = {s0 = 0} ∩ {s1 = 0} ⊂ PΣ . This curve has a smooth K3 surface S = {α0 s0 + α1 s1 = 0} ⊂ PΣ
such that the blow-up given in equation (2.61), together with the proper transform S , yield in
fact a well-defined building block (Z, S ). We refer to it as the toric semi-Fano building block
(Z, S ). They do satisfy all the requirements from section 2.2.4 — see also [142].

2.2.6 The orthogonal gluing method
In order to construct explicit examples of twisted connected sum G2 -manifolds, Corti et al
introduce the method of orthogonal gluing in reference [141]. This is a particular recipe to fulfill
the matching condition — given by equation (2.27) — for a pair of asymptotically cylindrical
Calabi–Yau threefolds XL/R obtained from suitable pairs of building blocks (ZL/R , S L/R ).
In this section, we review the method of orthogonal gluing to a pair of building blocks
(ZL/R , S L/R ) of two semi-Fano threefolds PL/R , which consists of the following three-step algorithm [141].
• Construction of the orthogonal pushout lattice W: First of all, choose a negative definite
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lattice R embedded primitively into both Picard lattices NL/R of the polarized K3 surfaces
S L/R . Then the orthogonal pushout lattice W is constructed as
W = N L + NR ,

R = NL ∩ NR ,

(2.68)

NR⊥ ⊂ NL ,

(2.69)

such that
NL⊥ ⊂ NR ,

⊥
with the orthogonal lattices (transcendental) NL/R
defined in equation (2.60). The lattice
W is called the orthogonal pushout of NL/R with respect to R, and is also denoted by [141]

W = NL ⊥R NR .

(2.70)

Note that the pushout lattice W is unique but in general does not need to exist, because the
non-degenerate lattice pairing h·, ·iW : W × W → Z induced from the pairings h·, ·iNL/R :
NL/R × NL/R → Z is not necessarily well-defined. To see this, let eL/R , fL/R ∈ NL/R and
(eL + eR , fL + fR ) ∈ W. The induced pairing
heL + eR , fL + fR iW = heL , fL iNL + heR , fR iNR

(2.71)

must be integral for any pair of lattice points (eL + eR , fL + fR ) ∈ W. Therefore, since
(eL + eR , fL + fR ) ∈ W is not necessarily uniquely represented by eL/R , fL/R ∈ NL/R , the
non-degenerate lattice pairing h·, ·iW may not be well-defined.
Furthermore, we also require that the constructed orthogonal pushout lattice W has nonempty intersections WL/R = NL/R ∩ T R/L with the (generic) Kähler cones21 K(PL/R ) of
(deformation families of) PL/R , i.e.,
K(PL/R ) ∩ WL/R , ∅ .

(2.72)

• Construction of primitive embedding of pushout lattice W into the K3 lattice L: The
existence of such an embedding can be deduced from results by Nikulin [218]. In
particular, such a primitive embedding is guaranteed to exist if the following rank condition
is fulfilled [141],
rk NL + rk NR ≤ 11 .
(2.73)
The existence of this primitive embedding is necessary to achieve the matching condition
for a suitable pair of polarized K3 surfaces S L/R in their moduli spaces.
• Lift matching condition for K3 surfaces S L/R to building blocks (ZL/R , S L/R ): Finally, we
must ensure that the matching condition for the polarized K3 surfaces S L/R can be lifted
to the moduli space of the building blocks (ZL/R , S L/R ).
This is indeed the case, as has been shown in proposition 6.18 by Corti et al [141]. The
imposed assumptions on the orthogonal pushout W — namely that (ZL/R , S L/R ) are building
21

For a compact Kähler manifold M, the Kähler cone is the set of Kähler classes [ω] ∈ H 1,1 ∩ H 2 (M, R) of the
Kähler form ω. For Fanos, these cones are rational polyhedral, i.e., there is a matrix A such that the cone is
spanned by a finite number of rays C = {x ∈ Rn |Ax ≥ 0} [217].
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blocks of semi-Fano threefolds, that the lattice R is negative definite, that the intersections
(2.72) are non-empty, and that W embeds primitively into the K3 lattice L — are sufficient
to ensure that the matching condition of the polarized K3 surfaces S L/R , given by equation
(2.27), can indeed be lifted to the moduli spaces of the building blocks (ZL/R , S L/R ).
We now determine the Betti numbers from the cohomology groups given in equation (2.56)
of the G2 -manifolds Y with the use of the orthogonal gluing method. First of all, we observe
that rk NL ∩ T R = rk WL and rk NR ∩ T L = rk WR . Furthermore, NL + NR becomes the orthogonal
pushout W with rk W = rk WL + rk WR + rk R. Therefore, we deduce that the Betti numbers
b2 (Y) = dim H 2 (Y) and b3 (Y) = dim H 3 (Y) of twisted connected sum G2 -manifolds Y from the
method of orthogonal gluing are given by
b2 (Y) = rk R + dim kL + dim kR ,
b3 (Y) = b3 (ZL ) + b3 (ZR ) + dim kL + dim kR − rk R + 23 .

(2.74)

Here b3 (ZL/R ) are the three-form Betti numbers of the threefolds ZL/R , and dim kL/R are the
dimensions of the kernels kL/R defined below equation (2.56).
The motivation to study this method is to algorithmically find novel twisted connected sum
G2 -manifolds and work out the gauge theory sectors that appear in this construction from Fano
and toric semi-Fano building blocks, which we perform in chapter 4 after discussing M-theory
compactifications on generic G2 -manifolds in chapter 3.
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3

Effective action from M-theory on
G2-manifolds
In this chapter we perform compactifications of the eleven-dimensional low-energy limit of
M-theory on G2 -manifolds. We begin in section 3.1 by summarizing the four-dimensional
effective N = 1 supergravity massless spectrum from the Kaluza-Klein reduction. In section
3.2 we are able to bring the four-dimensional bosonic action into the conventional form of fourdimensional N = 1 supergravity, i.e., we write a Kähler potential K(φ, φ̄) and a gauge kinetic
coupling function fI J (φ) for complex scalar fields φ. In section 3.3 we derive the superpotential
induced by internal four-form fluxes and single out the relevant fermionic term for the gravitino
mass.
In section 3.4 we investigate compactifications of M-theory on twisted connected sum G2 manifolds. We employ both the Kovalev limit, as well as the cohomology in terms of the
building blocks of the construction to obtain the four-dimensional low-energy effective theory.
The second and third relevant contributions of this thesis to the topic appear in section 3.4.2.
Firstly, we identify the relevant moduli fields characterizing the effective four-dimensional
N = 1 supergravity spectrum as well as their geometrical interpretation. We use them to
describe phenomenological properties of the associated Kähler potential. Secondly, we use
the Kovalev limit to identify abelian gauge sectors exhibiting extended supersymmetries on
the local geometries of the twisted connected sum G2 -manifolds. These will impose severe
constraints on non-Abelian gauge sectors and charged matter fields of the effective theory, as
we will see in chapter 4.

3.1 The Kaluza-Klein reduction on G2 -manifolds
The geometry of the low-energy effective action of M-theory is given by an eleven-dimensional
Lorentz manifold M 1,10 together with a four-form flux G of an anti-symmetric three-form tensor
field Ĉ. Firstly, due to fermionic degrees of freedom in M-theory, the Lorentz manifold M 1,10
must be spin. This condition implies that the first Pontryagin class p1 (M 1,10 ) must be divisible
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by two, i.e.,
p1 (M 1,10 )
.
(3.1)
2
Notice that the class λ is integral since the first Pontryagin class p1 is even for seven-dimensional
spin manifolds.
Secondly, consistency of the effective action at one-loop, imposes the cohomological flux
quantization condition [219]
G λ
− ∈ H 4 (M 1,10 , Z) .
(3.2)
2π 2
For compactifications of the low-energy eleven-dimensional N = 1 supergravity limit of
M-theory on smooth G2 -manifolds to four-dimensional Minkowski space R1,3 with N = 1
supersymmetry, we consider the following Ansatz for the eleven-dimensional Lorentz manifold
M 1,10
M 1,10 = R1,3 × Y .
(3.3)
λ=

Here Y is the seven-dimensional compact smooth manifold. In the absence of background fluxes,
such a four-dimensional N = 1 Minkowski vacuum implies that the compact internal space Y
must be a G2 -manifold [132, 220, 221].
Eleven-dimensional N = 1 supergravity compactified1 on a seven-dimensional manifold Y
without four-form background fluxes to four-dimensional supergravity has been first discussed
in reference [132]. The structure of the massless four-dimensional N = 1 multiplets that arise
from such compactification possesses b2 (Y) abelian U(1) vector fields and b3 (Y) neutral chiral
fields Φi [220, 221]. The inclusion of background fluxes G, generating a superpotential W for
the neutral chiral fields Φi , thereby generically breaks supersymmetry [134, 135].
We now review the Kaluza-Klein reduction of eleven-dimensional N = 1 supergravity,
which furnishes the low-energy effective description of M-theory. The massless spectrum of
this maximally supersymmetric supergravity theory is very simple and consists only of the
eleven-dimensional gravity multiplet. Its bosonic massless field content is given by the elevendimensional spacetime metric tensor ĝ MN , the three-form tensor Ĉ[MNP] , whereas the fermionic
massless field content is given by the eleven-dimensional gravitino Ψ̂αM , where upper-case latin
letters are used for eleven-dimensional indices (M, N = 0, . . . , 10). The degrees of freedom of
the massless component fields in the gravity multiplet transform in the following irreducible
representations of the little group SO(9):
• The metric ĝ MN in the traceless symmetric representation 44.
• The three-form Ĉ[MNP] in the anti-symmetric three-tensor representation 84.
• The gravitino Ψ̂αM in the spinorial representation 128 s .
1

A possible warp factor in this compactification has been considered in reference [133], where it was shown
that the warping breaks four-dimensional N = 1 supersymmetry. While these authors give the criteria for the
compactification manifold Y to yield four-dimensional N = 1 supergravity, they do not refer to the G2 -manifolds
in Berger’s classification of special holonomy manifolds [96], likely because compact examples of G2 -manifolds
were only found much later in reference [139].
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Let xµ and ym furnish (local) coordinates of the four-dimensional Minkowski space R1,3
with the flat spacetime metric ηµν and the seven-dimensional G2 -manifold Y with the Ricci-flat
Riemannian metric gmn , respectively. The notation is such that we use lower-case latin letters
for seven-dimensional indices (m, n = 4, . . . , 7), and greek letters for four-dimensional indices
(µ, ν = 0, . . . , 4). With the use of the compactification Ansatz (3.3), to solve Einstein’s equations
in the absence of background fluxes, we consider the block diagonal metric2
ĝ(x, y) = ηµν dxµ dxν + gmn (y)dym dyn ,

(3.4)

The dimensional reduction of the metric ĝ MN
The first task is to deduce the massless spectrum of the effective four-dimensional low-energy
theory. We start with the gravitational degrees of freedom, which infinitesimally describe
the fluctuations of the metric background (3.4), i.e., ĝ → ĝ + δĝ. Firstly, we obtain the
four-dimensional metric fluctuations δgµν , which correspond to the gravitational degrees of
the four-dimensional low-energy effective theory. Secondly, since the fundamental group of
G2 -manifolds is finite, there are no massless gravitational Kaluza–Klein vectors. Finally, we
determine the gravitational Kaluza–Klein scalars S i , which furnish coordinates on the moduli
space M of G2 -metrics. At a given point S i in the moduli space, we fix a reference metric and
consider its infinitesimal deformation under δS i , i.e.,
X
i
m
n
gmn (S i )dym dyn → gmn (S i )dym dyn +
δS i ρsym
(3.5)
i,(mn) (S )dy dy .
i

By solving Einstein’s equations to linear order in the symmetric metric fluctuations ρsym
i,(mn) , we
obtain
X


Ric g +
δS i ρsym
= 0 ⇒ ∆L ρsym
= 0,
(3.6)
i
i
where ∆L is the Lichnerowicz Laplacian for the symmetric tensor fields. Notice that we can use
the G2 -structure ϕ on Y to construct the anti-symmetric three-form tensors as
rs sym
ρ(3)
i,[mnp] = g ρi,r[m ϕnp]s .

(3.7)

On G2 -manifolds, the symmetric tensor ρsym
is a zero mode of the Lichnerowicz Laplacian
i
operator if and only if the above constructed three-form ρ(3)
i is harmonic [222], namely
∆L ρsym
= 0
i

⇔

∆ρ(3)
= 0.
i

(3.8)

Therefore, the massless gravitational Kaluza–Klein scalars S i arise from harmonic three-forms
3
ρ(3)
i , which represent a basis for the vector space H (Y) of dimension b3 (Y). According to
condition (iv) in proposition 2.1, the harmonic three-forms ρ(3)
i are the first order deformations
2

In the presence of background fluxes in the internal space Y, the ansatz for the metric is generalized to a warped
product ĝ(x, y) = e2A(y) ηµν dxµ dxν + e−2A(y) gmn dym dyn in terms of the function A(y) on Y called the warped factor
[133, 134].
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to the torsion-free G2 -structure
X

ϕ(S i ) → ϕ(S i ) +

δS i ρ(3)
i (S ) .

(3.9)

i

Furthermore, since Y has holonomy group G2 and not a subgroup thereof, recall from section
2.1.3 that, at a given point S i in moduli space, the harmonic three-forms ρ(3)
i of Y will then fall
into representations of the structure group G2 , and H 3 (Y) splits as [139]
3
H 3 (Y) = H13 (Y) ⊕ H27
(Y) ,

dim H13 (Y) = 1 ,

3
dim H27
(y) = b3 (Y) − 1 .

(3.10)

The harmonic torsion-free G2 -structure ϕ corresponds to the unique singlet, and the associated
deformation simply rescales the volume of the G2 -manifold Y. The remaining harmonic forms
in the representation 27 infinitesimally deform the torsion-free G2 -structure such that the volume
of Y remains constant at first order approximation. Analogously, the symmetric tensors ρsym
i
solving the Lichnerowicz Laplacian ∆L split into a unique singlet — given by the metric tensor g
— and b3 (Y) − 1 traceless symmetric tensors in the representation 27 of the G2 -structure group.
We have seen that the infinitesimal deformations to the torsion-free G2 -structure ϕ can be identified with harmonic three-forms. According to theorem 4.1 in section 2.1.4, these infinitesimal
deformations are actually unobstructed to all orders. In other words, the vicinity Uϕ(S i ) ⊂ M
of a given torsion-free G2 -structure ϕ(S i ) ∈ M — at a given point S i , i = 1, . . . , b3 (Y), in the
moduli space — is locally diffeomorphic to the de Rham cohomology H 3 (Y),3 i.e.,
Pϕ(S i ) : Uϕ(S i ) ⊂ M → H 3 (Y) , ϕ 7→ [ϕ] .

(3.11)

Hence, the Betti number b3 (Y) is indeed the dimension of M, and the scalar fields S i furnish
local coordinates on M with infinitesimal deformations δS i spanning the tangent space T S i M.
This local structure implies that the massless infinitesimally metric deformations ρsym
— or
i
(3)
alternatively the first order deformations ρi to the torsion-free G2 -structure — extend order-byorder to unobstructed finite deformations, which therefore describe locally the moduli space M
of G2 -manifolds. While the harmonic three-forms ρ(3)
i themselves depend (non-linearly) on the
i
moduli space coordinates S , we can – due to equation (3.11) – locally expand the cohomology
class [ϕ] of the torsion-free G2 -structure ϕ as
X
i
[ϕ(S )] =
S i [ρ(3)
(3.12)
i ],
i

which is a useful local description of the moduli space of Y.4

3

We assume that the scalars S i describe a generic point in M. First of all, the associated G2 -manifold Y should be
smooth. Furthermore, it should not be a special symmetric point corresponding to an orbifold singularity in M.
4
Note, however, that a given cohomology class [ϕ(S i )] is not necessarily represented by a unique torsion-free
G2 -structure ϕ(S i ). Recall from section 2.1.4 that, mathematically, not much is known about the global structure
of the moduli space M and, in particular, about the global map P : M → H 3 (Y).
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The dimensional reduction of the three-form Ĉ[MN P]
We now move on to determine the massless four-dimensional modes arising from the coefficients in the decomposition of the eleven-dimensional anti-symmetric three-form tensor Ĉ
as
X
X
Ĉ(x, y) =
AI (x) ∧ ω(2)
(y)
+
Pi (x) ∧ ρ(3)
(3.13)
I
i (y) .
I

i

(3)
Here ω(2)
are three-forms ρ(3)
I are harmonic two-forms and ρi
i , identified with non-trivial
2
3
cohomology representatives of H (Y) and H (Y) of dimension b2 (Y) and b3 (Y), respectively.
Since there are no dynamical degrees of freedom in four-dimensional anti-symmetric three-form
tensor fields, and due to the absence of harmonic one-forms on the internal G2 -manifolds since
b1 (Y) = 0, the four-dimensional vectors AI , I = 1, . . . , b2 (Y), and the four-dimensional scalars
Pi , i = 1, . . . , b3 (Y), are the only massless modes obtained from the dimensional reduction of
the eleven-dimensional anti-symmetric three-form tensor field Ĉ.

The dimensional reduction of the gravitino Ψ̂αM
Let us now turn to the dimensional reduction of the eleven-dimensional gravitino Ψ̂, which
geometrically is a section of T ∗ M 1,10 ⊗ S M 1,10 , where S M 1,10 denotes a spin bundle of M 1,10 .
Upon dimensional reduction, we will show that the gravitino Ψ̂ enjoys the expansion


Ψ̂(x, y) = ψµ (x)dxµ + ψ∗µ (x)dxµ ζ(y) + (χ(x) + χ∗ (x)) ζn(1) (y)dyn .
(3.14)
Here (ψµ , ψ∗µ ) and (χ, χ∗ ) are four-dimensional Rarita-Schwinger and four-dimensional spinor
fields of both chiralities in R1,3 .5 Furthermore, ζ is a section of the (real) spin bundle S Y of
the compact G2 -manifold6 Y whereas ζ (1) is a section of the (real) Rarita–Schwinger bundle
T ∗ Y ⊗ S Y, which locally takes the form θ(1) ⊗ ζ̃ in terms of the local one-form θ(1) and the
spinorial section ζ̃. Let us see how this expansion is justified.
The massless four-dimensional fermionic spectrum must arise from the zero modes of the
/ and Rarita-Schwinger operator D
/ RS , i.e,
seven-dimensional Dirac operator D
/ = 0,
Dζ

/ RS ζ (1) = 0 .
D

(3.15)

First of all, due to the existence of a covariantly constant (Majorana) spinor η on S Y, the
Rarita-Schwinger bundle T ∗ Y ⊗ S Y on the G2 -manifold Y becomes reducible, namely
T ∗ Y ⊗ S Y  T ∗ Y ⊗ (T ∗ Y ⊕ R) .

5

6

(3.16)

In our conventions the fermionic fields ψµ , χ and ψ∗µ , χ∗ are chiral and anti-chiral, respectively, such that ψµ + ψ∗µ
and χ + χ∗ become Majorana fermions.
As the G2 -structure group of Y — a subgroup of SO(7) — is simply connected, it defines a canonical spin
structure on Y.
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Accordingly, the section ζ decomposes as
X
ζ=
am (y)γm η + b(y)η .

(3.17)

m

Here γm are seven-dimensional gamma matrices. For definitions and useful relations among
higher dimensional gamma matrices appearing in this chapter, we refer the reader to appendix A.
With this decomposition, we arrive at the following equation for the zero modes
/ = (∇n am )γn γm η + (∂n b)γn η = ∇[n am] γnm η + (∇n an )η + (∂n b)γn η = 0 .
Dζ

(3.18)

Due to the linear independence of η, γn η, and γnm η, this yields, for the coefficient one-form
a(y) = an (y)dyn and the function b(y), together with equations (3.27)
da(y) = 0 ,

d† a(y) = 0 ,

db(y) = 0 .

(3.19)

The first two equations imply that a(y) must be a harmonic one-form, whereas the last equation
determines the function b(y) to be constant. As there are no harmonic one-forms on the G2 manifold Y because b1 (Y) = 0, the covariantly constant spinor η furnishes the only zero mode
in the spin bundle S Y. Therefore, this zero mode gives rise to the massless four-dimensional
gravitino field ψµ and its conjugate ψ∗µ of the four-dimensional massless N = 1 gravity multiplet
as given in expansion (3.14), and we list them in table 3.1.
Furthermore, (3.16) allows us to make the following identification
T ∗ Y ⊗ S Y  T ∗ Y ⊗ (T ∗ Y ⊕ R)
= (T ∗ Y ⊗ T ∗ Y) ⊕ T ∗ Y

(3.20)

= Sym (T Y) ⊕ Λ T Y ⊕ T Y ,
2

∗

2

∗

∗

where Sym2 (T ∗ Y) is the space of symmetric two-tensors on Y and Λ2 T ∗ Y is the space of twoforms. It is known that Sym2 (T ∗ Y)  Λ31 ⊕Λ327 [223]. Since the spaces Λ27 and Λ37 are isomorphic
to the cotangent bundle Λ17 — recall equation (2.6) and text below it —, we arrive at
T ∗ Y ⊗ S Y  Λ31 ⊕ Λ327 ⊕ Λ214 ⊕ Λ17 .

(3.21)

Therefore, this decomposition of the Rarita-Schwinger G2 -bundle justifies the following Ansatz
for the global Rarita-Schwinger section ζ (1) ,
X
X
X
n
m
14
n
m
ζ (1) =
a28
(y)dy
⊗
γ
η
+
a
(y)dy
⊗
γ
η
+
b7n (y)dyn ⊗ η .
(3.22)
[nm]
(nm)
n,m

n,m

n

14
The superscripts in the symmetric tensor a28
(nm) (y), the anti-symmetric tensor a[nm] (y), and the
vector b7n (y) indicate the dimension of their respective representations with respect to the
7
structure group G2 . While the anti-symmetric tensor a14
[nm] (y) and the vector bn (y) transform
in the irreducible representations 14 and 7, the symmetric tensor a28
(nm) (y) further decomposes
into the trace and the traceless symmetric part, which respectively correspond to the irreducible
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representations 1 and 27.
Following conventions given in reference [138], the G2 -structure ϕ fulfills the following
contraction relations
ϕmnp ϕnpq = 6 δqn ,

ϕmnp ϕ pqr = Φmn qr + δqm δrn − δrm δqn ,

(3.23)

with the Hodge dual form Φ = ∗ϕ, and the Fierz identity
γmn η = −iϕmnp γ p η .

(3.24)

/ RS on the Ansatz (3.22) for ζ (1) , and using
By acting with the Rarita–Schwinger operator D
equations (3.23), (3.24) and (A.7), we arrive at



3
m
14
mnpq
/ RS ζ (1) = (∇[n b7m] )γmnp dy p ⊗ η − ∇n a14
D
dy
⊗
η
+
∇
a
dym ⊗ η
[n
nm
pq] γ
2

3i  n 28  p
i
mnpqr
−
∇ anpq dy ⊗ γq η + ∇[m a28
dyr ⊗ η
npq] γ
2
3
1
pq
− ∂ p (trg a28
(mn) )dyq ⊗ γ η ,
2

(3.25)

28 nm
in terms of the three-form a[nmp] and the singlet trg a28
(mn) = anm g
rs 28
a28
[mnp] = g ar[m ϕnp]s ,

a28
(nm) =

3 28 pqr
1
pqr
a[npq] ϕ grm − gnm a28
.
[pqr] ϕ
4
12

(3.26)

Let us now analyze the zero modes of the Rarita–Schwinger section ζ (1) from equation (3.25).
The one-form b(y) = bn (y)dyn does not contribute any zero modes as we have already seen and,
due to equations (3.27), such a zero mode must be a closed one-form db(y) = 0. Furthermore,
due to b1 (Y) = 0 it also must be exact b(y) = d f (y). However, an exact one-form d f (y)
furnishes no physical degrees of freedom as it can be removed by a gauge transformation of the
Rarita–Schwinger section, i.e., ζ (1) → ζ (1) − ∇( f (y) ⊗ η).
For any p-form α, the Levi–Civita connection ∇, the exterior derivative d and its adjoint d†
fulfill the relations
(dα)µ1 ...µ p+1 = (p + 1)∇[µ1 αµ2 ...µ p+1 ] ,
(3.27)
(d† α)µ1 ...µ p−1 = −∇ν ανµ1 ...µ p−1 .
Therefore, for the remaining tensors we find that the zero modes of the Rarita–Schwinger
/ RS are
operator D
da14 (y) = 0 ,
d† a14 (y) = 0 ,
(3.28)
da28 (y) = 0 ,
d† a28 (y) = 0 ,
1 28
n
m
28
n
in terms of the two-form a14 (y) = 12 a14
nm (y)dy ∧ dy and the three-form a (y) = 6 anmp (y)dy ∧
m
p
dy ∧ dy . Thus, the zero modes are in one-to-one correspondence with harmonic two-forms
a14 (y) and three-forms a28 (y) on the G2 -manifolds Y, where the harmonic property of a28 (y)
implies that the symmetric tensor a28
(nm) must be solutions to the Lichnerowicz Laplacian as well,
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cf. equation (3.8), i.e.,
∆L a28 (y) = 0 ,

∆a14 (y) = 0 .

(3.29)

The zero modes of the Lichnerowicz Laplacian on G2 -manifolds are again identified with
harmonic three-forms according to equations (3.7) and (3.8) — with a single zero mode and
b3 (Y) − 1 traceless symmetric zero modes transforming in the G2 -representations 1 and 27,
respectively. Therefore, the zero modes of the Rarita–Schwinger bundle on Y are in one-to-one
correspondence with non-trivial cohomology elements7 of both H 3 (Y) and H 2 (Y). In terms of
the bases of zero modes ρsym
of the Lichnerowicz Laplacian and of the harmonic two-forms ω(2)
i
I ,
we therefore arrive at the expansion of the four-dimensional chiral fermions given in equation
(3.14)
bX
bX
3 (Y)
2 (Y)
sym
(1)
i
n
m
n
m
χ(x)ζ (y) =
χ (x)ρi,(nm) dy ⊗ γ η +
λI ω(2)
(3.30)
I[nm] dy ⊗ γ η .
i=1

I=1

Now, we can spell out the massless four-dimensional spectrum in terms of N = 1 supergravity
multiplets as obtained from the dimensional reduction of M-theory on the G2 -manifolds Y. It
consists of the four-dimensional supergravity multiplet, b3 (Y) (neutral) chiral multiplets Φi , and
b2 (Y) (Abelian) vector multiplets V I , as summarized in detail in table 3.1.

Multiplicity

Massless 4d component fields
bosonic fields fermionic fields

1

metric gµν

Massless 4d
N = 1 multiplets

gravitino ψµ , ψ∗µ gravity multiplet

i = 1, . . . , b3 (Y) scalars (S i , Pi ) spinors χi , χ∗ i

chiral multiplets Φi

I = 1, . . . , b2 (Y) vectors AµI

vector multiplets V I

gauginos λαI

Table 3.1: The massless four-dimensional low-energy effective N = 1 supergravity spectrum obtained
from the dimensional reduction of M-theory — or rather of eleven-dimensional supergravity — on a
smooth G2 -manifold Y.

In order to specify the four-dimensional low-energy effective N = 1 supergravity action
for the determined spectrum of the massless fields, we must insert the mode expansions for
the metric (3.5), the anti-symmetric three-form tensor (3.13), and the gravitino (3.14) into the
eleven-dimensional supergravity action [70]. This action, in terms of the eleven-dimensional

7

3
2
A priori, the constructed zero modes furnish elements of H13 (Y), H27
(Y) and H14
(Y) that transform in the
specified representations of the G2 -structure group. However, on G2 -manifolds all non-trivial three- and twoform cohomology elements can respectively be represented in the representations 1, 27, and 14, which justifies
the identification of zero modes with H 3 (Y) and H 2 (Y) [139].
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Hodge star ∗11 and the eleven-dimensional gamma matrices Γ̂ M , reads
S 11d

1
= 2
2κ11

!
1
¯
MNP
∗11 R̂S − dĈ ∧ ∗11 dĈ − ∗11 i Ψ̂ M Γ̂
D̂N Ψ̂P
2
Z
Z
1
1
¯
MNPQRS
∗11 Ψ̂ M Γ̂
dĈ ∧ ∗11 F̂
−
Ψ̂N (dĈ)[PQRS ] − 2
2
192κ11
2κ11
Z
1
−
dĈ ∧ dĈ ∧ Ĉ + . . . . (3.31)
2
12κ11

Z

¯ Γ̂ Ψ̂ . The first line contains the kinetic terms of the elevenHere we denote F̂[MNPQ] = 3Ψ̂
[M NP Q]
dimensional supergravity multiplet, i.e., the Einstein–Hilbert term in terms of the Ricci scalar
R̂S , the kinetic term for the anti-symmetric three-form tensor Ĉ, and the Rarita–Schwinger
kinetic term for the gravitino Ψ̂. The second line comprises the interaction terms. The third line
is the Chern–Simons term of the eleven-dimensional supergravity action since it contains the
Chern Simons three-form in eleven dimensions and is only topological. There are additional
four-fermion interactions denoted by ‘. . .’ [70]. The coupling constant κ11 relates to the elevendimensional Newton constant Ĝ N , the eleven-dimensional Planck length `ˆP and Planck mass
M̂P according to
(2π)8 `ˆ9P
(2π)8
2
κ11
= 8πĜ N =
=
.
(3.32)
2
2 M̂P9
To perform the Kaluza–Klein reduction we introduce the moduli-dependent volume VY (S i )
of the G2 -manifold Y
Z
p
i
(3.33)
VY (S ) =
d7 y det g(S i )mn .
Y

Furthermore, we introduce a reference G2 -manifold Y0 with respect to some background expectation values S 0i = hS i i, upon which we carry out the dimensional reduction. This allows us to
introduce the dimensionless (but yet moduli-dependent) volume factor
Z
VY (S i )
1
i
λ0 (S ) =
=
ϕ ∧ ∗gϕ ϕ ,
(3.34)
VY0
7 Y
in terms of the reference volume VY0 = VY (S 0i ), where ∗gϕ is the seven-dimensional Hodge
star explicitly showing its non-linear dependence on ϕ — recall proposition 5.1 and the text
below it. Here the choice of Y0 fixes via the resulting volume factor VY0 the normalization of
the three-form ϕ and consequently also the normalization of gmn . Furthermore, due to equation
(3.9), the normalization of the three-form ϕ also affects the normalization of ρ(3)
i . We choose a
normalization for ϕ such that only the dimensionless volume factor λ0 appears in the resulting
low-energy effective action.
In the following sections 3.2 and 3.3, we determine the bosonic and the fermionic pieces of
the four-dimensional low-energy effective N = 1 supergravity action for the above determined
spectrum of massless fields.
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3.2 The bosonic action
In this section, we explicitly perform the computation of the bosonic piece of the fourdimensional low-energy effective N = 1 supergravity action after dimensional reduction
of the corresponding higher dimensional terms in eleven dimensions. This means we focus on a
subset of terms from the eleven-dimensional action given by (3.31), namely
!
Z
1
1
1
bos.
S 11d = 2
(3.35)
∗11 R̂S − dĈ ∧ ∗11 dĈ − dĈ ∧ dĈ ∧ Ĉ .
2
6
2κ11
Again, the first term is the Einstein-Hilbert term in terms of the eleven-dimensional Ricci scalar
R̂S . The second term is the kinetic term for the anti-symmetric three-form tensor Ĉ and the third
term is the Chern-Simons term of the eleven-dimensional supergravity action.
In order to have the convenient four-dimensional normalization of the Ricci scalar term, we
must perform the Weyl rescaling of the four-dimensional metric according to
p
q
detgµν
gµν
gµν →
,
−detg
→
.
(3.36)
µν
λ0 (S i )
λ20 (S i )
This is such that the four-dimensional coupling constant κ4 — relating the four-dimensional
Newton constant G N , the four-dimensional Planck length `P and the Planck mass MP — becomes
κ42 =

2
κ11
,
VY0

κ42 = 8πG N = 8π`2P =

8π
.
MP2

(3.37)

The Ricci scalar term
We start by looking at the dimensional reduction of the Ricci scalar term. The elevendimensional Ricci scalar R̂S has the following decomposition in terms of the four-dimensional
Ricci scalar RS ,
(3.38)
R̂S = RS + gµν Rmµmν + gmn Rµmµn .
p
p
With the use of ∗11 = d7 yd4 x −detgµν detgmn , the four-dimensional Hodge dual∗4 , and
equation (3.33), we obtain
Z
Z
Z
q
1
1
1
(3.39)
∗11 R̂S = 2
∗4 RS λ0 + 2
λ0 −detgµν (gµν Rmµmν + gmn Rµmµn ) .
2
2κ11
2κ4 R1,3
2κ4 R1,3
We now perform the Weyl rescaling with equation (3.36), which gives RS → λ0 RS and
gµν Rmµmν + gmn Rµmµn → λ0 (gµν Rmµmν + gmn Rµmµn ), such that we obtain
Z
Z
Z q
1
1
1
−detgµν (gµν Rmµmν + gmn Rµmµn ) .
(3.40)
∗11 R̂S = 2
∗4 R S + 2
2
1,3
1,3
2κ11
2κ4 R
2κ4 R
In this expression the Ricci tensors must be computed with the Weyl rescaled four-dimensional
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metric. They are given in terms of the Christoffel symbols appearing in — here λ runs over fourand seven-dimensional indices,
Rmµmν = ∂m Γmνµ − ∂ν Γmmµ + Γmmλ Γλνµ − Γmνλ Γλmµ ,

(3.41)

Rµmµn = ∂µ Γµnm − ∂n Γµµm + Γµµλ Γλnm − Γµnλ Γλµm .

Furthermore, in computing the non-vanishing Christoffel symbols, we make use of the relation
p
1p
∂µ detgmn =
detgmn (gmn ∂µ gmn ) .
2

(3.42)

When inserting the dependence of the seven-dimensional metric on the moduli S i , there appears
a term dS i ∧ ∗4 dS j which should be further Weyl rescaled. Taking these into account, we obtain
the resulting dimensional reduction of the eleven-dimensional Ricci scalar to be
Z
Z
Z
Z
1
1
1
1
(3)
i
j
∗11 R̂S = 2
∗4 R S − 2
dP ∧ ∗4 dP
ρ(3)
(3.43)
i ∧ ∗gϕ ρ j ,
2
2κ11
2κ4 R1,3
2κ4 R1,3 2λ0
Y
where the first term is the usual Einstein-Hilbert term in four dimensions.
The kinetic term for Ĉ
Now we move on to the kinetic term for the three-form Ĉ. First of all, from (3.13), we have
X
X
dĈ(x, y) =
dAI (x) ∧ ω(2)
(y)
+
dPi (x) ∧ ρ(3)
(3.44)
I
i (y) ,
I

i

(3)
(2)
(3)
since ω(2)
I and ρi are harmonic forms, i.e., dωI = 0 and dρi = 0. We define

F I (x) ≡ dAI (x) .

(3.45)

Moreover, we make use of the following relations
(2)
J
∗11 (F J ∧ ω(2)
J ) = ∗4 F ∧ ∗gϕ ω J ,

(3.46)

(3)
j
∗11 (dP j ∧ ρ(3)
j ) = − ∗4 dP ∧ ∗gϕ ρ j ,

in terms of the four- and seven-dimensional Hodge duals ∗4 and ∗gϕ . Therefore, the nonvanishing contributions to the second term in equation (3.35) are
Z
Z
1
1
1
1 I
(2)
J
− 2
dĈ ∧ ∗11 dĈ = − 2
[(F ∧ ω(2)
I ) ∧ (∗4 F ∧ ∗gϕ ω J )
2
2
2κ11
2κ11
(3.47)
(3)
(3)
j
i
− (dP ∧ ρi ) ∧ (∗4 dP ∧ ∗gϕ ρi )] .
Rearranging the terms, we obtain
Z
Z
1
1
1
1 I
(2)
− 2
dĈ ∧ ∗11 dĈ = − 2
[(F ∧ ∗4 F J ) ∧ (ω(2)
I ∧ ∗gϕ ω J )
2
2
2κ11
2κ11
+ (dP ∧ ∗4 dP ) ∧
i

j

(ρ(3)
i

∧

∗gϕ ρ(3)
i )]

(3.48)
.
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(2)
2
Because harmonic two-forms transform in the H14
(Y), then ∗gϕ ω(2)
J = −ϕ ∧ ω J [224]. This,
together with equations (3.5), (3.9) and (3.37) as well as a convenient normalization for ϕ, allow
us to obtain the final expression for the kinetic term for Ĉ
Z
Z
Z
1
1
1
1 k I
(2)
(3)
J
− 2
dĈ ∧ ∗11 dĈ = + 2
S F ∧ ∗4 F
ω(2)
I ∧ ω J ∧ ρk
2
2κ11
2κ4 R1,3 2
Y
Z
Z
(3.49)
1
1
(3)
(3)
i
j
− 2
dP ∧ ∗4 dP
ρi ∧ ∗gϕ ρ j .
2κ4 R1,3 2λ0
Y

The Chern-Simons term

Now we present the dimensional reduction of the Chern-Simons term, i.e., the third term
in (3.35). Using equation (3.44), the non-vanishing contributions to the third term in equation
(3.35) are
Z
Z
1
1
1
(3)
(2)
j
K
(F I ∧ ω(2)
dĈ ∧ dĈ ∧ Ĉ = −
I ∧ dP ∧ ρ j ∧ A ∧ ωK
2
2
6
2κ11
12κ11
(3.50)
(2)
(3)
J
k
+ F I ∧ ω(2)
I ∧ F ∧ ω J ∧ P ∧ ρk
(2)
(2)
J
K
+ dPi ∧ ρ(3)
i ∧ F ∧ ω J ∧ A ∧ ωK )

Rearranging the terms, we obtain
Z
Z
1
1
1
(2)
(3)
dĈ ∧ dĈ ∧ Ĉ = −
(F I ∧ AK ∧ dP j ∧ ω(2)
I ∧ ωK ∧ ρ j
2
2
6
2κ11
12κ11
(2)
(3)
+ F I ∧ F J ∧ Pk ∧ ω(2)
I ∧ ω J ∧ ρk

(3.51)

(2)
(3)
+ F J ∧ AK ∧ dPi ∧ ω(2)
J ∧ ωK ∧ ρi )

Now we make use of relation d(AK ∧ P j ) = dAK ∧ P j − AK ∧ dP j and assume d(AK ∧ P j ) = 0
after integration. This leads to AK ∧ dP j = F K ∧ P j and, therefore,
Z
Z
Z
1
1
1
(2)
(3)
I
J
k
dĈ ∧ dĈ ∧ Ĉ = − 2
F ∧F ∧P
ω(2)
(3.52)
I ∧ ω J ∧ ρk .
2
6
2κ11
4κ11 R1,3
Y
With the use of equation (3.37) and the normalization of ϕ, the third term in equation (3.35) is
written as
Z
Z
Z
1
1
1
1 I
(2)
(3)
J
k
(3.53)
dĈ ∧ dĈ ∧ Ĉ = − 2
F ∧F ∧P
ω(2)
I ∧ ω J ∧ ρk .
2
6
2κ11
2κ4 R1,3 2
Y

Putting together equations (3.43), (3.49) and (3.53), the dimensional reduction yields the
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four-dimensional bosonic action
Z h
Z


1
1
(2)
(3)
bos
k I
J
k I
J
S 4d = 2
ω(2)
∗4 R S +
∧
ω
∧
ρ
S
F
∧
∗
F
−
P
F
∧
F
4
J
k
2 Y I
2κ4 R1,3
Z

i
1
(3)
i
j
i
j
ρ(3)
∧
∗
ρ
dP
∧
∗
dP
+
dS
∧
∗
dS
.
−
g
4
4
ϕ j
2λ0 Y i

(3.54)

in terms of the four-dimensional Hodge star ∗4 , the Ricci scalar RS with respect to the metric
gµν , the dimensionless volume factor λ0 , and the seven-dimensional Hodge star ∗gϕ .

3.2.1 The Kähler potential and the gauge kinetic coupling function
The bosonic part of the four-dimensional effective supergravity action at second-order derivative
is specified by a Kähler target space for massless chiral scalars φi with Kähler potential K(φ, φ̄),
a holomorphic gauge kinetic function fI J (φ), and a holomorphic superpotential W(φ). The
expected bosonic four-dimensional effective action takes the following form
Z
1
bos
S 4d = 2
∗4 R S
2κ4 R1,3
!
Z
p
1
1
1
I
I µνρσ J
µν,J
4
Fρσ
+ 2
d x −gµν − Re fI J Fµν F + Im fI J Fµν 
(3.55)
2
4
2κ4 R1,3
Z


p
1
d4 x −gµν Ki j̄ ∂µ φi ∂µ φ̄ j̄ + V ,
− 2
κ4 R1,3
where V is the scalar potential
V = eK (K i j̄ Di WD j̄ W − 3|W|2 ) ,

(3.56)

in terms of the covariant derivative of the superpotential Di W = ∂i W + (∂i K)W and the moduli
space metric Ki j̄ = ∂i ∂ j̄ K.
We can now bring the (bosonic) action (3.54) into this conventional form of four-dimensional
N = 1 supergravity [225].8 To identify the chiral multiplets — that is to say, to identify the
complex structure of the Kähler target space — we observe that — at least to the leading order
— the action of the membrane instantons generating non-perturbative superpotential interactions
is given by [228]
φi = −Pi + iS i .
(3.57)
Hence, due to holomorphy of the N = 1 superpotential, the complex fields φi furnish complex
coordinates of the Kähler target space and thus represent the complex scalar fields in the N = 1
chiral multiplets Φi in table 3.1. This allows us to quickly read off from the action (3.54) the
8

The structure of the four-dimensional effective N = 1 action from type II and M-theory dimensional reduction
including Kaluza–Klein massive modes— which we do not consider here — has recently been discussed in
references [226, 227].
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Kähler potential and the gauge kinetic coupling functions [135, 136]
!
Z
1
K(φ, φ̄) = −3 log
ϕ ∧ ∗gϕ ϕ ,
7 Y
Z
iX k
iX
(2)
(3)
fI J (φ) =
=
φ
ω(2)
∧
ω
∧
ρ
κI Jk φk .
I
J
k
2 k
2 k
Y

(3.58)
(3.59)

Note that the holomorphy of the gauge kinetic coupling functions is in accordance with the
complex chiral coordinates (3.57). The moduli space metric is then given by
Z
1
Ki j̄ = ∂i ∂ j̄ K =
ρ(3) ∧ ∗gϕ ρ(3)
(3.60)
j .
4λ0 Y i
Thus, we see that in the physical theory the real scalar fields S i and Pi combine to the complex
chiral scalars φi according to equation (3.57). These complex scalar fields parametrize locally
the (semi-classical) M-theory moduli space MC of the G2 -compactification on Y of complex
dimension b3 (Y), where the real subspace Re(φi ) = 0 of real dimension b3 (Y) is the geometric
moduli space M of G2 -metrics on Y.9 Note, however, that the derived moduli space MC merely
arises from the semi-classical dimensional reduction of eleven-dimensional supergravity on
the G2 -manifold Y. For the resulting four-dimensional N = 1 supersymmetric theory, one
expects on general grounds that the flat directions of MC are lifted at the quantum level due to
non-perturbative effects in M-theory [228] — even in the absence of background fluxes.
Finally, let us remark that the presence of non-trivial four-form background fluxes G of antisymmetric three-form tensor fields Ĉ supported on the G2 -manifold Y generates a flux-induced
superpotential [134, 135, 138]. While the superpotential enters quadratically in the bosonic
action, it appears linearly in the fermionic action generating a gravitino mass term Mψ [225]
Mψ =


1 K/2 
T µν
µν ∗
.
e
W̄(
φ̄)
ψ
γ
ψ
+
W(φ)
ψ̄
γ
ψ
ν
µ
µ
ν
2κ42

(3.61)

This linear dependence on W allows us to directly derive the superpotential from the dimensional
reduction of the gravitino terms, which we investigate in the following.

3.3 The fermionic action
Due to expansion (3.14) for the gravitino Ψ̂ and relation (A.6), the dimensional reduction of the
Rarita–Schwinger kinetic term for the gravitino Ψ̂, given by the third term of the first line in

9

For corrections to the semi-classical moduli space MC see reference [229].
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(3.31), is
1
− 2
2κ11

Z

¯ Γ̂ MNP ∇ˆ Ψ̂ = −
∗11 i Ψ̂
M
N P

i
2
2κ11

i
− 2
2κ11

Z

∗4 ψ̄µ γ

µνρ

∇ν ψ∗ρ

∗gϕ ζ̄ζ

Y

M1,3

Z

Z

∗4 ψ̄µ γµ−ρ ψ∗ρ

Z

∗gϕ ζ̄γn ∇n ζ

Y

M1,3

Z

Z
1 ν
∗
∗4 χ̄γ ∇ν χ
∗gϕ ζ̄m(1) γ pm ζ p(1)
3
Y
M1,3
Z
Z
i
− 2
∗4 χ̄γχ∗ ∗gϕ ζ̄m(1) γmnp ∇n ζ p(1)
2κ11
i
− 2
2κ11

M1,3

(3.62)

Y

+ c.c. .
The resulting terms comprise the kinetic and mass terms for both the four-dimensional gravitinos
ψµ — the first and second line on the right hand side of equation (3.62), respectively — and the
four-dimensional fermions χ — the third and fourth line on the right hand side of equation (3.62),
respectively. It also gives rise to mixed terms between ψ and χ. However, since such mixed terms
are not present in standard four-dimensional supergravity theories, they have been neglected in
this analysis.10

3.3.1 The holomorphic superpotential
Let us now determine the holomorphic superpotential generated by a cohomologically nontrivial four-form background flux G on the G2 -manifold Y, which is locally given by dĈ. The
superpotential can be read off from the four-dimensional gravitino mass term (3.61). Such a term
arises from the dimensional reduction of the fourth term in the eleven-dimensional action (3.31).
That is to say, we find
1
−
2
192κ11

Z

Z
1
¯
¯ Γ̂µνpqrs Ψ̂ (dĈ)
MNPQRS
∗11 Ψ̂ M Γ̂
Ψ̂N (dĈ)[PQRS ] ⊃ −
∗11 Ψ̂
µ
ν
[pqrs]
2
192κ11
Z
1
= −
∗11 (ψ̄µ + ψ̄∗µ )ζ̄γµν γ pqrs (ψν + ψ∗ν )ζ(dĈ)[pqrs] . (3.63)
2
192κ11

Since there are no harmonic one-forms on the G2 -manifold Y, we can identify the spinorial
section ζ with the unique covariant constant spinor η on the G2 -manifold Y, cf. section 3.1.
Furthermore, we notice that the covariantly constant three-form ϕ and its Hodge dual four-form
Φ = ∗gϕ ϕ are bilinear in η, namely ϕmnp = iη̄γmnp η and Φ[mnpq] = (∗gϕ ϕ)[mnpq] = −η̄γmnpq η, such
10

Actually, one should perform a redefinition of Ψµ with Ψµ → Ψ0µ = Ψµ + Γ̂µ Γ̂m Ψm in order for such terms to
cancel out. However, we do not consider this field redefinition as such a shift does not affect the gravitino mass
[138, 230].
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that
1
−
2
192κ11

Z

¯ Γ̂ MNPQRS Ψ̂ (dĈ)
∗11 Ψ̂
M
N
[PQRS ]
1
⊃
2
192κ11

Z

∗11 ψ̄µ γµν ψ∗ν Φ[pqrs] (dĈ)[pqrs] + c.c. (3.64)

We must employ the following Weyl rescalings
gµν →

gµν
,
λ0 (S i )

γµ →

p

λ0 (S i )γµ ,

ψµ →

ψµ
.
(λ0 (S i ))1/4

Furthermore, we use the following replacement
Z
Z
Z
[pqrs]
∗gϕ Φ[pqrs] (dĈ)
= −4! Φ ∧ ∗gϕ dĈ = +4! dĈ ∧ ∗gϕ ϕ .
Y

Y

(3.65)

(3.66)

Y

Therefore, (3.64) is given by
1
−
2
192κ11

Z

¯ Γ̂ MNPQRS Ψ̂ (dĈ)
∗11 Ψ̂
M
N
[PQRS ]
⊃

1
2
8λ7/2
0 κ4

Z
Y

G∧ϕ

Z
R1,3

∗4 ψ̄µ γµν ψ∗ν + c.c. (3.67)

We should compare this result with the corresponding fermionic term in the four-dimensional
N = 1 supergravity action,
Z


1
1
M
ferm
(3.68)
S 4d ⊃ 2
∗4 L4dψ = 2 eK/2 W̄(φ̄) ψTµ γµν ψν + W(φ) ψ̄µ γµν ψ∗ν .
2κ4 R1,3
2κ4
Since the Kähler potential is K = −3 logλ0 — derived in section (3.58) —, with the Weyl
rescaled four-dimensional metric gµν , we arrive at the following superpotential contribution
Z
1
G∧ϕ.
(3.69)
W(φ) ⊃
4 Y
Note that the derived term is not holomorphic in the four-dimensional chiral coordinates since
it couples to the three-form ϕ and not its complexification. To arrive at the full superpotential
we must render the moduli dependence holomorphic in terms of the replacement ϕ → ϕ + iĈ,
which is in accordance with the deduced chiral coordinates (3.57). This proposed replacement is
in agreement with the domain wall tensions interpolating between distinct flux vacua [231, 232].
As explained in reference [135], this is also required in order to obtain the chiral combination
−δĈ+iδϕ in the variation δW of the superpotential W and, therefore, it is necessary to introduce a
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relative factor 12 between Ĉ and ϕ. Thus, altogether we arrive at the flux-induced superpotential11
!
Z
1
1
i
W(φ ) =
G ∧ − Ĉ + iϕ .
(3.70)
4 Y
2
Our result yields the flux-induced superpotential in references [134, 135, 138, 229].
Note that — both in the presence and in the absence of background fluxes G — we expect
generically additional non-perturbative superpotential contributions arising from membrane
instanton effects [221, 228].

3.4 M-theory on twisted connected sum G2 -manifolds
Having dealt with the more general setup of compactifications of M-theory on G2 -manifolds,
we now turn to specific details resulting from the twisted connected sum construction. In section
3.4.1 we obtain a reduced form for the four-dimensional N = 1 supergravity Kähler potential
by a brute force calculation in terms of the constituents of this construction. Furthermore, we
present the second and third contributions of this thesis to the topic. Firstly, the identification of
the relevant four-dimensional universal chiral multiplets, allowing for the specification of the
four-dimensional spectrum as well as its geometrical interpretation, and the final form of its
associated Kähler potential. Secondly, we identify abelian gauge sectors exhibiting extended
supersymmetries on the local geometries of the twisted connected sum G2 -manifolds in the
Kovalev limit.

3.4.1 The Kähler potential: a reduced form
In this section we obtain a reduced form for the four-dimensional Kähler potential from equation
(3.58) in terms of the constituents of Kovalev’s twisted connected sum construction.

11

Non-vanishing four-form fluxes induce a gravitational back-reaction to the eleven-dimensional metric. This
requires a warped metric Ansatz that breaks supersymmetry [133, 134]. As the presented derivation neglects
such back-reactions, the resulting effective action becomes more accurate the smaller the effect of warping.
Similarly as argued in reference [138] this is the case for a small number of four-form flux quanta.
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Due to the twisted connected sum construction in section 2.2, the Kähler potential splits into


Z


1


K = − 3 log 
ϕ ∧ ∗ϕ
7

Yr =YL ∪YR


Z
Z
 1
1
ϕL ∧ ∗ϕL +
ϕR ∧ ∗ϕR
= − 3 log 
7
 7
1
[KL ∪(0,T −1]×S 1∗
L ×S L ]×S L

Z

1
+
7

1
ϕL ∧ ∗ϕL +
7

XL∞ |(T −1,T ] ×S 1L

+

1
14

[KR ∪(0,T −1]×S R1∗ ×S R ]×S R1

Z

Z

(3.71)

ϕR ∧ ∗ϕR

XR∞ |(T −1,T ] ×S R1

ϕL ∧ ∗ϕL +

XL∞ |(T,T +1] ×S 1L

1
14

Z
XL∞ |(T,T +1] ×S R1




ϕR ∧ ∗ϕR  .


The second line gives the contribution from the compact subspaces KL/R ⊂ XL/R of the noncompact asymptotically cylindrical Calabi–Yaus XL/R times an S 1L/R and from the Calabi–Yau
cylinder region in the interval (0, T − 1]. The third line gives the contribution from the Calabi–
Yau cylinder region in the interval (T − 1, T ]. The last line gives the contribution from the
asymptotical ends of the Calabi–Yau cylinders in the interval (T, T + 1]. The extra factor of
1/2 in the last line guarantees that we are not overcounting contributions from the left- and
right-sides as they are glued together in this region.

In the following, we perform the computation for the left-side of the construction only. We
present the final expression for the Kähler potential (3.71) after taking into account analagous
terms for the right-side of the construction.

Region [K L ∪ (0, T − 1] × S1∗
× S L ] × S1L
L

In this region we are interested in the contribution from the compact subspaces KL/R times
an S 1L/R and from the Calabi–Yau cylinder region in (0, T − 1]. In the compact region, the
three-form ϕL and four-form ∗ϕL are given by
ϕL = γL dθL ∧ ωL |KL + ReΩL |KL ,
∗ϕL = 21 (ωL |KL )2 − γL dθL ∧ ImΩL |KL ,

(3.72)
(3.73)

where ωL |KL and ΩL |KL are the restrictions of the three-form and four-form of XL to the compact
subspace KL .
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Therefore, the contribution from the compact subspace KL is
Z
KL ×S 1L

ϕL ∧ ∗ϕL =

Z Z2π
KL

1 3
ωL | ∧ γL dθL + ReΩL |KL ∧ ImΩL |KL ∧ γL dθL
2 KL

!

0

(3.74)
= πγL

Z

ωL |3KL

+ 2πγL

KL

Z

ReΩL |KL ∧ ImΩL |KL .

KL

Notice that here we have neglected contributions at t = 0. When analysing the Calabi–Yau
cylinder region in (0, T − 1] below, there will also appear contributions at t = 0 due to continuity
of the twisted connected sum construction — recall figure 2.1. These allow us to neglect the
contributions at t = 0 for the compact region. We make this point more clear in the following.
In the Calabi–Yau cylinder region in (0, T − 1], the forms ωTL and ΩTL are given by
∗ 2
∗
S
ωTL = ω∞
L + dµL := (γL ) dt ∧ dθL + ωL + +dµL ,

(3.75)

∗
∗
S
∗
S
ΩTL = Ω∞
L + dνL := γL dθL ∧ ΩL − iγL dt ∧ ΩL + dνL .

Furthermore, the three-form ϕL and four-form ∗ϕL are given by, respectively,
ϕL = γL dθL ∧ ωTL + ReΩTL ,
∗ϕL = 21 (ωTL )2 − γL dθL ∧ ImΩTL .

(3.76)
(3.77)

The contribution from this Calabi–Yau cylinder region in (0, T − 1] is then rewritten as
Z
Z
∞
ϕL ∧ ∗ϕL =
(γL dθL ∧ ω∞
L + ReΩL )
1
(0,T −1]×S 1∗
L ×S L ×S L

1
(0,T −1]×S 1∗
L ×S L ×S L

"

1
∧ (ω∞
)2 − γL dθL ∧ ImΩ∞
L
2 L
+

Z

#
(3.78)

F(dµL , dνL ) ,

1
(0,T −1]×S 1∗
L ×S L ×S L

where F(dµL , dνL ) is a correction term given by
"
#
1
∞
∞
∞
2
F(dµL , dνL ) = (γL dθL ∧ ωL + ReΩL ) ∧ ωL ∧ dµL + (dµL ) − γL dθL ∧ ImdνL
2
"
# (3.79)
1 ∞
2
∞
+ (γL dθL ∧ dµL + RedνL ) ∧ (ωL + dµL ) − γL dθL ∧ ImΩL − γL dθL ∧ ImdνL .
2
∞
After inserting the contributions for ω∞
L and ΩL given by equation (3.75), the first integral in
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equation (3.78) is reduced to
"

Z
(γL dθL ∧

ω∞
L

+

ReΩ∞
L)

#
1 ∞2
∞
∧ (ωL ) − γL dθL ∧ ImΩL =
2

1
(0,T −1]×S 1∗
L ×S L ×S L

=

T −1Z2π Z Z2π"
Z

3 ∗ 2
(γ ) dt ∧ dθ∗L ∧ (ωSL )2 ∧ γL dθL
2 L

0 SL 0

0

+ (γ∗L )2 dt ∧ dθ∗L ∧ (ReΩSL )2 ∧ γL dθL

(3.80)
#

+ (γ∗L )2 dt ∧ dθ∗L ∧ (ImΩSL )2 ∧ γL dθL

= 4π (T −
2

1)(γ∗L )2 γL

Z "

3 S 2
(ω ) + (ReΩSL )2 + (ImΩSL )2
2 L

#

SL

The second integral in equation (3.78) is given by the contribution from the correction term
F(dµL , dνL ), explicitly written in equation (3.79). With (dµL )2 = (dµL )3 = (dνL )2 = 0 and, by
degree counting, the surviving terms are
Z

F(dµL , dνL ) =

T −1Z2π Z Z2π"
Z

0

1
(0,T −1]×S 1∗
L ×S L ×S L

3 ∞2
(ω ) ∧ dµL ∧ γL dθL
2 L

0 SL 0

∞
+ RedνL ∧ ImΩ∞
L ∧ γL dθL − ImdνL ∧ ReΩL ∧ γL dθL

(3.81)

#
+ RedνL ∧ ImdνL ∧ γL dθL
∞
Plugging ω∞
L and ΩL from equation (3.75), we evaluate the first integral in equation (3.81)
with Stokes’s theorem, closedness of ωSL and the fact that the algebraic K3 S L has no boundary.
Therefore, we obtain

Z

2
(ω∞
L ) ∧ dµL ∧ γL dθL

1
(0,T −1]×S 1∗
L ×S L ×S L

Z

= 2πγL

[2(γ∗L )2 dt ∧ dθ∗L ∧ ωSL ∧ dµL + (ωSL )2 ∧ dµL ]

(0,T −1]×S 1∗
L ×S L

= 2πγL

Z

(3.82)

(µL|t=T −1 − µL|t=0 ) ∧ (ωSL )2

S 1∗
L ×S L

Due to continuity of the entire twisted connected sum construction, we highlight the underlined
terms that must vanish with part of the contribution from the compact region KL as we have
already mentioned.
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Now, notice that, for any smooth complex function f = f1 + i f2 , we have Re(d f ) = d(Re f )
and Im(d f ) = d(Im f ). Therefore, we can write
Z
Z
∞
RedνL ∧ ImΩL ∧ dθL =
d(ReνL ) ∧ ImΩ∞
(3.83)
L ∧ dθL ,
Z
Z
∞
ImdνL ∧ ReΩL ∧ dθL =
d(ImνL ) ∧ ReΩ∞
(3.84)
L ∧ dθL ,
Z
Z
RedνL ∧ ImdνL ∧ dθL =
d(ReνL ) ∧ d(ImνL ) ∧ dθL .
(3.85)
With these expressions at hand, we reduce the second integral in equation (3.83) using Stokes’s
theorem several times, closedness of ΩSL and the fact that the algebraic K3 S L and the circle S 1∗
L
have no boundaries.

T −1Z2π Z Z2π
Z

RedνL ∧
0

ImΩ∞
L

∧ γL dθL =

0 SL 0

T −1Z2π Z Z2π
Z

0

=

T −1Z2π Z
Z

Z2π



d(ReνL ) ∧ ImΩ∞
L ∧ γL dθL

0 SL 0

d(ReνL ) ∧ γ∗L dθ∗L ∧ ImΩSL ∧ γL dθL
(3.86)

0 SL 0

0

− d(ReνL ) ∧ γ∗L dt ∧ ReΩSL ∧ γL dθL
=

2πγ∗L γL



Z2π Z
(ReνL|t=T −1 − ReνL|t=0 ) ∧ dθ∗L ∧ ImΩSL
0 SL

Again, due to continuity of the twisted connected sum construction, we underline another term
that must vanish with part of the contribution from the compact region KL . In a similar way, we
also obtain the following

T −1Z2π Z Z2π
Z

ImdνL ∧
0

ReΩ∞
L

∧ γL dθL =

0 SL 0

2πγ∗L γL

Z2π Z
(ImνL|t=T −1 − ImνL|t=0 ) ∧ dθ∗L ∧ ImΩSL

(3.87)

0 SL

ZT −1Z2π Z Z2π
0

0

SL

RedνL ∧ ImdνL ∧ γL dθL = 0

(3.88)

0
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Summing up the contributions from the Calabi–Yay cylinder region in (0, T − 1], we obtain
Z

ϕL ∧ ∗ϕL = 4π (T −
2

1)(γ∗L )2 γL

Z "

3 S 2
(ω ) + (ReΩSL )2 + (ImΩSL )2
2 L

#

SL

1
S 1∗
L ×S L ×(0,T −1]×S L

Z

+ 2πγL

(µL|t=T −1 − µL|t=0 ) ∧ (ωSL )2

S 1∗
L ×S L

+ 2πγ∗L γL

(3.89)

Z2π Z
(ReνL|t=T −1 − ReµL|t=0 ) ∧ dθ∗L ∧ ImΩSL
0 SL

+

2πγ∗L γL

Z2π Z
(ImνL|t=T −1 − ImµL|t=0 ) ∧ dθ∗L ∧ ImΩSL
0 SL

Finally, summing up these contributions from the Calabi–Yau cylinder region in (0, T − 1]
together with contributions from the compact subspace KL and neglecting the underlined terms
due to continuity, as already mentioned, we obtain
Z

Z

ϕ ∧ ∗ϕ = πγL

1
[KL ∪S 1∗
L ×S L ×(0,T −1]]×S L

Z

ωL |3KL + 2πγL

KL \(t=0)

+ 4π (T −

KL \(t=0)

1)(γ∗L )2 γL

2

ReΩL |KL ∧ ImΩL |KL

Z "

3 S 2
(ω ) + (ReΩSL )2 + (ImΩSL )2
2 L

#

SL

+ 2πγL

Z

µL|t=T −1 ∧ (ωSL )2
(3.90)

S 1∗
L ×S L

+

2πγ∗L γL

Z2π Z
ReνL|t=T −1 ∧ dθ∗L ∧ ImΩSL
0 SL

+

2πγ∗L γL

Z2π Z
ImνL|t=T −1 ∧ dθ∗L ∧ ImΩSL
0 SL

Region X∞
|
× S1L
L (T−1,T]
We now turn to the region (T − 1, T ] where the contributions come from the Calabi–Yau
cylinder regions only. In this region, the forms ωTL and ΩTL interpolate between ωTL = ω∞
L + dµL
T
∞
when t = T − 1, and ωL = ωL when t = T — due to the interpolating function used in equation
(2.35). We recall
∗ 2
∗
S
ωTL = ω∞
L + d µ̃L := (γL ) dt ∧ dθL + ωL + d[1 − α(t − T + 1)]µL ,
∗
∗
S
∗
S
ΩTL = Ω∞
L + d ν̃L := γL dθL ∧ ΩL − iγL dt ∧ ΩL + d[1 − α(t − T + 1)]νL .
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Furthermore, the three-form ϕL and four-forms ∗ϕL are given by, respectively,
ϕL = γL dθL ∧ ωTL + ReΩTL ,
∗ϕL = 21 (ωTL )2 − γL dθL ∧ ImΩTL .

(3.92)
(3.93)

Notice that this contribution to the Kähler potential is almost the same as the one performed
1
in the region [KL ∪ (0, T − 1] × S 1∗
L × S L ] × S L . The first difference is that now we have
F := F(dµ̃L , dν̃L ) and the region is in (T − 1, T ] instead of in (0, T − 1]. Therefore, we only
state the result here with the modifications we have just mentioned. The contribution from the
Calabi–Yau cylinder region in (T − 1, T ] is given by
Z

ϕL ∧ ∗ϕL = 4π2 (γ∗L )2 γL

Z "

3 S 2
(ω ) + (ReΩSL )2 + (ImΩSL )2
2 L

#

SL

1
S 1∗
L ×S L ×(T −1,T ]×S L

+ 2πγL

Z

S 2
:−0 µ̃


(
µ̃L|t=T
L|t=T −1 ) ∧ (ωL )

S 1∗
L ×S L

+

2πγ∗L γL

Z2π Z

(3.94)
:0


(
Reν̃
− Reν̃L|t=T −1 ) ∧ dθ∗L ∧ ImΩSL
L|t=T

0 SL

+

2πγ∗L γL

Z2π Z

:0


(
Imν̃
− Imν̃L|t=T −1 ) ∧ dθ∗L ∧ ImΩSL
L|t=T

0 SL

The crossed terms do vanish because µ̃L = ν̃L = 0 at t = T .
Region X∞
|
× S1L
L (T,T+1]
Finally we analyse the gluing region (T, T + 1]. In this region, we have
∗ 2
∗
S
ωTL = ω∞
L = (γL ) dt ∧ dθL + ωL ,
∗
∗
S
∗
S
ΩTL = Ω∞
L = γL dθL ∧ ΩL − iγL dt ∧ ΩL .

(3.95)

Furthermore, the three-form ϕL and four-forms ∗ϕL are given by, respectively,
ϕL = γL dθL ∧ ωTL + ReΩTL ,
∗ϕL = 21 (ωTL )2 − γL dθL ∧ ImΩTL + ∗ϕ̃TL .

(3.96)
(3.97)

Notice that the extra term ∗ϕ̃TL in ϕL is due to the cutting of the left side at t = T + 1, which
∗
modifies the metric in the Hodge star ∗ and therefore induces the correction of order O(e−λγL T )
for any λ > 0, as introduced in (2.19).
Following the same procedure adopted to reduce the integrals in the previous two regions, we
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use equations (3.95), (3.96) and (3.97) to obtain
Z

ϕL ∧

∗ϕL =(γ∗L )2 γL

XL∞ |(T,T +1] ×S 1L

Z2π Z Z2π ZT +1"
SL

0

0

3 ∗
dθL ∧ (ωSL )2 ∧ dθL ∧ dt
2

T

#
+

dθ∗L

∧

(ReΩSL )2

∧ dθL ∧ dt +

dθ∗L

∧

(ImΩSL )2

∧ dθL ∧ dt

Z2π Z Z2π ZT +1
ϕL ∧ ∗ϕ̃L
+
0

= 4π

2

SL

(3.98)

T

0

(γ∗L )2 γL

Z "

3 S 2
(ωL ) + (ReΩSL )2 + (ImΩSL )2
2

#

SL
−λγ∗L T

+ O(e

).

The final expression for the Kähler potential — defined in equation (3.71) — in terms of the
constituents of the twisted connected sum adds the contributions from all the pieces given by
equations (3.90), (3.94) and (3.98) — together with similar contributions from the right-side of
the construction. Notice that µ̃ = µ and ν̃ = ν at t = T − 1. Furthermore, we use the identification
of the radii by equation (2.29). Therefore, the Kähler potential can be written as


Z


 1

K = − 3 log 
ϕ ∧ ∗ϕ
7

Yr =YL ∪YR

"
Z
Z
1
3
= − 3 log πγ ωL |KL + 2πγ ReΩL |KL ∧ ImΩL |KL
7
KL
KL
!#
#
Z "
3 S 2
−λγT
S 2
S 2
2
3
)
(ω ) + (ReΩL ) + (ImΩL ) + O(e
4π (T + 1)γ
2 L

(3.99)

SL

+ (right-side) .
The so-called Hitchin functional H(ϕ) on a real seven-dimensional manifold Y is defined as
the total volume of Y with respect to the metric and orientation determined by ϕ on Y [198, 233].
In other words, it is given by
Z
1
H(ϕ) :=
ϕ ∧ ∗ gϕ ϕ .
(3.100)
7 Y
Therefore we notice that the Hitchin functional determines the Kähler potential. Furthermore,
Hitchin proved that a closed stable three-form ϕ is a critical point of H(ϕ) in its cohomology
class if and only if ϕ is co-closed, i.e. d(∗gϕ ϕ) = 0 [198]. In other words, when restricted
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to a closed G2 -structure ϕ in a fixed cohomology class, the torsion-free G2 -structures are the
critical points of Φ. As T approaches ∞ in the Kovalev limit, the G2 -structure ϕ̃(γ, T ) becomes
torsion-free — recall chapter 3. Therefore, this is a critical point of the Hitchin functional. On
the one hand, due to appearance of the term 4π2 (T + 1)γ3 , the Hitchin functional mainly depends
on the volume of the K3 surface glued together since this diverges as T → ∞. On the other
hand, because of lack of further information about the compact subspaces KL/R ⊂ XL/R , there is
no definite method to determine the integration over KL/R .
In the next section we analyse the spectrum of the four-dimensional low-energy effective
theory and see how this helps to obtain a final expression for the Kähler potential (and Hitchin
functional).

3.4.2 The four-dimensional N = 1 effective supergravity spectrum
In section 2.2.4, the properties of the building blocks (ZL/R , S L/R ) determined the cohomology equations (2.56). After discussing the generalities of M-theory compactifications on
G2 -manifolds, we are now ready to investigate M-theory compactifications on the specific case
of twisted connected sum G2 -manifolds. Therefore, we are interested in determining how the
four-dimensional N = 1 effective supersymmetric spectrum of M-theory compactifications on
G2 -manifolds according to table 3.1 is now specified for the case of twisted connected sum
G2 -manifolds. More precisely, let us determine the dependence of the spectrum in table 3.1 on
the building blocks (ZL/R , S L/R ) of the twisted connected sum construction by delving into the
three- and two-form cohomology H 3 (Y, Z) and H 2 (Y, Z), respectively. Furthermore, we find the
emergence of interesting extended supersymmetric gauge sectors on the twisted connected sum
constituents.
Three-form cohomology H3 (Y, Z)
Let us first focus on the four-dimensional neutral N = 1 chiral moduli multiplets Φi , which
are associated with the three-form cohomology H 3 (Y, Z). Recall that the three-form cohomology
H 3 (Y, Z) is given by
!
(ι∗L ,−ι∗R )
3
3
3
3
2
H (Y, Z) = ker H (YL , Z) ⊕ H (YR , Z) −−−−−→ H (T × S , Z)
!
(3.101)
(ι∗L ,−ι∗R )
2
2
2
2
⊕ coker H (YL , Z) ⊕ H (YR , Z) −−−−−→ H (T × S , Z) ,
and the two summands ker and coker are specified in terms of the building blocks (ZL/R , S L/R ) as


ker H 3 (YL , Z) ⊕ H 3 (YR , Z) → H 3 (T 2 × S , Z)
= H 3 (ZL , Z) ⊕ H 3 (ZR , Z) ⊕ kL ⊕ kR ⊕ NL ∩ T R ⊕ NR ∩ T L ,


coker H 2 (YL , Z) ⊕ H 2 (YR , Z) → H 2 (T 2 × S , Z) = Z[S ] ⊕ L/ (NL + NR ) .

(3.102)

Moreover, recall that ρ∗L/R : H 2 (XL/R , Z) → L defines kL/R := ker ρ∗L/R and NL/R := Im ρ∗L/R ,
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⊥
where L is the K3 lattice L ' H 2 (S L , Z) ' H 2 (S R , Z). Furthermore, T L/R = NL/R
.
According to equation (3.102), we can decompose H 3 (Y, Z) in terms of the corresponding
orderly three-form cohomology representatives

hhΘA ii = hhθlL ii ⊕ hhθrR ii ⊕ hhωaLl ii ⊕ hhωRar ii ⊕ hhτiLl ii ⊕ hhτRir ii ⊕ hhV K3 ii ⊕ hhτL∪R
j ii .

(3.103)

If we now expand the torsion-free G2 -structure ϕ of Y similarly as in equation (3.12) in terms
of the basis hhΘA ii, the individual elements will have the following interpretations
• θlL are Poincaré duals to four-cycles S 1L × γlL ∈ H4 (YL ) = H4 (S 1L × γlL ), with a basis of
homology three-cycles γlL ∈ H3 (XL ),
• [ωaLl ] = [ΓaLl ] with basis [ΓaLl ] of Poincaré dual homology four-cycles in H4 (XL ),
1
1
• τiLl in YL = S diag
× XL are Poincaré duals to CiLl ∈ H4 (XL , ∂XL ), where ∂CiLl = S diag
× TiLl , 0
in terms of TiLl , which are transcendental two-cycles with respect to the K3 surface S L and
Picard two-cycles with respect to the K3 surface S R ,

• V K3 is Poincaré dual to four-cycles V K3 with ∂V K3 = S L ' S R ,
• τL∪R
are Poincaré duals to four-cycles CL∪R
that give rise to boundary three-cycles T jL∪R ,
j
j
1
where the boundary is ∂T jL∪R = S diag
× T jL∪R in terms of transcendental two-cycles T jL∪R ,
with respect to both K3 surfaces S L and S R .
In an analogous way, we define the elements θrR , [ωRar ] and τRir .
In the Kovalev limit, the coefficients of these individual cohomology elements capture
particular geometric moduli of the twisted connected sum and their summands as we further
detail in the following.
• Kernel contributions
First of all, the kernel contributions in equation (3.102) describe the moduli of the asymptotically cylindrical Calabi–Yau manifolds XL/R . The coefficients of H 3 (ZL/R ) and kL/R
realize the complex structure moduli and the Kähler moduli of the asymptotically cylindrical Calabi–Yau manifolds XL/R , respectively. Moreover, NL ∩ T R captures mutual
Kähler moduli of XL and complex structure moduli of XR , which are interlinked in this
way due to the non-trivial gluing with the hyper-Kähler rotation given in equation (2.27)
that exchanges XL and XR . The intersection NR ∩ T L follows an analog interpretation.
• Cokernel contributions
Second of all, we analyze the cokernel contribution in equation (3.102). To get a better
geometric picture for these moduli, let us explain why we can view the resulting G2 manifold Y as a topological K3 fibration. Due to the K3 fibrations ZL/R → P1 , the
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Calabi–Yau threefolds XL/R are K3 fibrations over a disk DL/R . As a result, both YL/R
become K3 fibrations over solid tori T L/R ≡ S 1L/R × DL/R , i.e.,
S L/R −−−−−→ YL/R





yπ

(3.104)

T L/R .
The gluing diffeomorphism given in equation (2.28) of the twisted connected sum construction identifies the boundary of the disk DL with the circle S R1 and the circle S 1L with
the boundary of the disk DR . Therefore, the two solid tori T L/R are glued together to a
three-sphere S 3 . It is in this sense that the resulting G2 -manifold Y is a topological K3
fibration12
S −−−−−→ Y





(3.105)
yπ
S3 .
The cohomology three-forms of the cokernel in equation (3.102) describe moduli of the
asymptotic boundary of ∂YL ' ∂YR ' T 2 × S . Their dual homology three-cycles restrict
to relative three-cycles in the summands YL and YR , and hence the associated moduli are
sensitive to the overlapping gluing regions YL/R (T ) \ KL/R — recall figure 2.1. In particular,
the three-form generator [S ] is Poincaré dual to a K3 fiber S , and hence its dual homology
three-cycle is interpreted as the base S 3 of the K3 fibration of the diagram (3.105). As a
consequence, the modulus associated to [S ] measures the volume of the base S 3 . Similarly,
the remaining cokernel moduli measure volumes of three-cycles that project under the
map π : Y → S 3 to paths in the base S 3 connecting the disjoint compact subsets π(KL )
and π(KR ) of S 3 . Note that 2T + 1 is the distance between these two compact subsets in
terms of the parameter T introduced in section 2.2.3. Therefore, it now follows that — in
the Kovalev limit — all cokernel moduli depend linearly on the parameter T . Hence, T
enjoys the geometric interpretation of a squashing parameter for the base S 3 of the K3
fibration of diagram (3.105).
• The two universal geometric moduli: the volume and the squashing parameter
It is interesting to comment on some distinctions encountered in the spectrum of general
G2 -manifolds and the twisted connected sum G2 -manifolds. The split into two types of
moduli fields in equation (3.102) motivates the introduction of two universal geometric
moduli v and b. For any G2 -manifold, there is a universal volume modulus v, associated
to the singlet H13 (Y, Z) of the three-form cohomology as we have already seen. This
modulus simply rescales the torsion-free G2 -structure ϕ. In the twisted connected sum,
we additionally identify the squashing modulus b of the base S 3 in the fibration of the
diagram (3.105). Note that b → +∞ describes the Kovalev limit discussed in section 2.2.3.
According to equation (3.12), we write the torsion-free G2 -structure ϕ depending on these
12

See also reference [234] for a recent account on the topological K3 fibration in the context of the twisted
connected sum construction.
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two moduli as




X
 ker X ı̂ ker 


ı̃
coker
ϕ(v, b, S̃ ) = v ρ0 +
S̃ ρı̂  + b [S ] +
S̃ ρı̃  .

(3.106)

ı̃

ı̂

Here [S ] is the harmonic three-form that is Poincaré dual to the K3 fiber S . Furthermore,
ker
coker
from now on we generically call (ρker
as basis of harmonic three-forms
0 , ρı̂ ) and ρı̃
arising from the kernel contributions and the cokernel part L/ (NL + NR ) in (3.102), respectively, with S̃ ı̂ and S̃ ı̃ their respective associated geometric real moduli fields.13
• The Kovalevton: a four-dimensional N = 1 neutral chiral multiplet
The description of the torsion-free G2 -structure ϕ(v, b, S̃ ) therefore gives rise to two
universal N = 1 neutral chiral moduli multiplets ν and κ in the effective four-dimensional
theory, which are given by
Re(ν) = v ,

Re(κ) = vb .

(3.107)

In particular, we refer to the chiral multiplet κ as the Kovalevton since it describes the
Kovalev limit discussed in section 2.2.3 in the limit Re(κ) → +∞ — while Re(ν) is kept
constant.
The remaining real moduli fields S̃ ı̂ and S̃ ı̃ are not universal and relate to the non-universal
neutral chiral multiplets φı̂ and φı̃ in the following way
Re(φı̂ ) = vS̃ ı̂ ,

Re(φı̃ ) = vbS̃ ı̃ .

(3.108)

These depend on the topological details of the building blocks (ZL/R , S L/R ) and the choice
of the gluing diffeomorphism in equation (2.28).
Two-form cohomology H2 (Y, Z)
Let us now analyze the two-form cohomology H 2 (Y, Z) for (smooth) G2 -manifolds, which
yields four-dimensional massless abelian N = 1 vector multiplets, cf. table 3.1. In Kovalev’s
twisted connected sum, we get two types of abelian N = 1 vector multiplets according to
equation (2.56). To see this, first of all recall that the two-form cohomology H 2 (Y, Z) is given by
H 2 (Y, Z) ' (kL ⊕ kR ) ⊕ (NL ∩ NR ) .

(3.109)

• Kernel contributions
Firstly, the kernel contributions kL and kR associate to zero modes of the two summands
YL and YR . Hence YL/R can be viewed as the local geometries governing these gauge
theory degrees of freedom. As the individual summands YL/R = S 1L/R × XL/R have SU(3)
holonomy in the Kovalev limit, we expect that the two gauge theory sectors of the kernels
13

Note that the kernel contribution in equation (3.102) is at least one-dimensional. In this way we can always
choose a basis element ρker
0 [141].
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kL and kR exhibit N = 2 supersymmetry. In fact, in addition to the abelian N = 1 vector
multiplet, notice that the kernels kL/R of the local geometries YL/R also contribute to the
three-form cohomology H 3 (Y, Z) resulting in N = 1 neutral chiral multiplets. Thus, the
abelian N = 1 vector and the neutral N = 1 chiral multiplets associated to kL/R combine
into four-dimensional N = 2 vector multiplets.
• NL ∩ NR contributions
Secondly, the abelian N = 1 vector multiplets obtained from the intersection NL ∩ NR can
be attributed to the local geometry of the asymptotic region YL (T )∩YR (T ) ' T 2 ×S ×(0, 1),
which has SU(2) holonomy in the Kovalev limit. Thus, we expect that these N = 1 vector
multiplets give rise to a four-dimensional abelian N = 4 gauge theory sector, which can
be seen as follows.
To any two-form ω(2) in NL ∩ NR of the K3 surface S , we attribute the three-forms
ω(2) ∧ h(t)dθL ,

ω(2) ∧ h(t)dθR ,

ω(2) ∧ h(t)dt ,

(3.110)

in terms of the coordinates θL/R of the circles S 1L or S R1 such that S 1L × S R1 ' T 2 and the
smooth bump function h(t) in the coordinate t of the interval (0, 1).14 These three-forms
yield geometrically non-trivial cohomology elements of compact support in Hc3 (T 2 ×
S × (0, 1), Z) , which give rise to normalizable scalar fields. In a combination with three
scalar deformations of the hyper-Kähler metric of the K3 surface S to three complex scalar
moduli fields, these furnish three four-dimensional neutral N = 1 chiral multiplets. These
three N = 1 chiral multiplets combine with the N = 1 vector multiplet of ω(2) to one
N = 4 vector multiplet.15
Note that the three-forms in equation (3.110) canonically extend to Kovalev’s G2 -manifold
Y. However, they become trivial in cohomology because NL ∩ NR is not an element of
H 3 (Y, Z) according to equation (3.101). Nevertheless, we can Fourier expand any of these
three-forms into eigenforms with respect to the three-form Laplacian ∆ of the G2 -manifold
Y. By a simple scaling argument we find that the eigenvalues of these three-form Fourier
modes scale with T −1 , i.e., they are inversely proportional to the parameter T realizing
the Kovalev limit. Therefore, we argue that the normalizable zero modes associated to
the three-forms in equation (3.110) acquire a mass term m2 ' O(T −1 ), which vanishes
in the Kovalev limit. Furthermore, we expect that the scalar fields associated to the
hyper-Kähler metric deformations are generically obstructed at first order by a mass term
that also vanishes in the Kovalev limit. As a consequence, the massless four-dimensional
abelian N = 4 vector multiplets of the asymptotic region decomposes into a massless
14

The bump function h(t) is given by a smooth non-negative function h(t) : (0, 1) → R with compact support,
R1
which is normalized such that 0 h(t)dt = 1.
15
Alternatively, we can consider the five-dimensional theory obtained from M-theory on T 2 × S with SU(2)
holonomy. Then the two-form cohomology element ω(2) is accompanied by the two three-form cohomology
elements ω(2) ∧ dθL/R . Combined with the mentioned three hyper-Kähler metric deformations, these cohomology
elements provide the zero modes of five scalar fields, which — together with the vector field and the superpartners
— assemble into a five-dimensional N = 2 vector multiplet for each harmonic two-form ω(2) . Upon dimensional
reduction to four dimensions, we arrive at four-dimensional N = 4 vector multiplets.
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four-dimensional abelian N = 1 vector multiplet and three massive four-dimensional
N = 1 chiral multiplets with masses of order O(T −1/2 ). Therefore, we expect that the
four-dimensional N = 4 gauge theory sector is only realized in the strict Kovalev limit
T → +∞.
We summarize the discussed local abelian gauge theory sectors in table 3.2. In particular, we
find that in the Kovalev limit — at least in the absence of background four-form fluxes and for
smooth G2 -manifolds Y — the spectrum of all abelian gauge theory sectors exhibit extended
supersymmetry. The observed extended supersymmetries of the local geometries appearing in
Kovalev’s twisted connected sum become relevant in sections 4.1 and 4.2 because they impose
strong constraints on the possibility of non-Abelian gauge theory sectors with charged matter
fields, which are ingredients of the Standard Model.
local geometry multiplicity of N = 1 multiplets U(1) vector multiplets
(Kovalev limit) U(1) vectors
YL = S 1L × XL

chirals

multiplicity supersym.

dim kL

dim kL

dim kL

N =2

dim kR

dim kR

dim kR

N =2

3 · dim NL ∩ NR

dim NL ∩ NR

N =4

SU(3) holonomy
YR = S R1 × XR
SU(3) holonomy
T 2 × S × (0, 1) dim NL ∩ NR
SU(2) holonomy
Table 3.2: The abelian gauge theory sectors of the local geometries appearing in twisted connected sum
G2 -manifolds in the Kovalev limit T → +∞. The left column specifies the Ricci-flat local geometries
with their associated holonomy groups. The middle column lists the four-dimensional N = 1 neutral
chiral multiplets that assemble in the right column to four-dimensional vector multiplets of extended
supersymmetry (N = 2 and N = 4).

3.4.3 The final Kähler potential and its phenomenological properties
The aim of this section is to describe the universal properties of the four-dimensional low-energy
effective action in terms of the universal chiral multiplets ν and κ identified in the previous
section. More precisely, we find a final expression for the Kähler potential for the universal
chiral multiplets ν and κ in the Kovalev limit.
First of all, while keeping the ratio Re(ν)/ Re(κ) constant, the chiral multiplet ν directly
relates to the (dimensionless) overall volume modulus R of section 2.2.3 via
Re(ν) = R3 .

(3.111)

This relation occurs because the Re(ν) measures (dimensionless) volumes of three-cycles while
R = γ/γ0 measures (dimensionless) length scales in the G2 -manifold Y. Apart from the overall
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volume dependence, the Kovalevton κ measures the squashed volume of the S 3 base. Therefore,
from expression (2.47) of the volume VY (S̃ , R, T ) we obtain the relation
Re(κ) = (2π)2 R3 (2T + α(S̃ )) ,

(3.112)

where S̃ denotes collectively the remaining geometric moduli fields S̃ ı̃ and S̃ ı̂ .
The obtained Kähler potential for general G2 -manifolds, in terms of the volume VY (S̃ , R, T ),
is
!
!
Z
1
1
ϕ ∧ ∗gϕ ϕ = −3 log 7 VY (S̃ , R, T ) .
K = −3 log
(3.113)
7 Y
γ0
With the help of equation (2.47), in the Kovalev limit, we therefore obtain



K(ν, ν̄, κ, κ̄) = −3 log (2π)2 R7 VSg̃ (ρ̃S ) 2T + α(S̃ )



= −3 log(R4 ) − 3 log (2π)2 R3 2T + α(S̃ ) − 3 log(VSg̃ )



= −4 log(R3 ) − 3 log (2π)2 R3 2T + α(S̃ ) − 3 log(VSg̃ ) .

(3.114)

Therefore, with the identifications of the universal chiral multiplets in equations (3.111) and
(3.112), the universal structure of the four-dimensional low-energy effective N = 1 supergravity
action is governed by the Kähler potential


K(ν, ν̄, κ, κ̄) = −4 log(ν + ν̄) − 3 log(κ + κ̄) − 3 log VSg̃ (S̃ ) .
(3.115)
Regime of validity and phenomenological/cosmological properties
Let us now discuss some basic properties of the derived Kähler potential. First of all, the
structure of the Kähler potential is reminiscent of the Kovalev limit, in which the volume of
the G2 -manifold is dominated by the cylindrical region S × T 2 × I in terms of the interval I of
size 2T + 1. In other words, in this limit the individual summands in equation (3.115) reflect
the volume of the K3 surface S , the squashed volume of the S 3 base dominated by T 2 × I, and
the moduli dependence of the K3 fiber S on the non-universal moduli S̃ . As long as we treat
the non-universal moduli fields S̃ as constants, the Kähler geometry for the universal Kähler
moduli ν and κ factorizes into two (complex) one-dimensional parts with a block diagonal
Kähler metric. However, this block structure in the Kähler metric vanishes as soon as we treat
the non-universal moduli fields S̃ dynamically, because relation (3.108) implies that the real
geometric moduli S̃ also depend non-trivially on the chiral fields ν and κ as
S̃ ı̂ =

φı̂ + φ̄ı̂
,
ν + ν̄

S̃ ı̃ =

φı̃ + φ̄ı̃
.
κ + κ̄

(3.116)

Furthermore, note that this Kähler potential is only a valid approximation both in the large
volume regime and in the Kovalev regime, where quantum corrections and metric corrections of
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the asymptotically cylindrical Calab–Yau threefolds are suppressed. The semi-classical large
volume limit arises when both Re(ν) and Re(κ) are taken sufficiently large, and when Re(κ) is
(parametrically) larger than Re(ν) — cf. the discussion at the end of section 2.2.3 — while the
corrections to the G2 -metric in the twisted connected sum are suppressed.
Observe that, in terms of the inverse Kähler metric K i ̄, the Kähler potential (3.115) with the
non-universal moduli fields S̃ treated as constants satisfies
K i ̄∂i K∂ ̄ K − 3 = 4 ≥ 0 ,

i ∈ {ν, κ}, ̄ ∈ {ν̄, κ̄} .

(3.117)

This implies that the no-scale inequality K i ̄∂i K∂ ̄ K − 3 ≥ 0 is fulfilled (but not saturated). The
no-scale inequality is a property of the Kähler potential only, and it guarantees that the scalar
potential of the described four-dimensional N = 1 supergravity theory is positive semi-definite
for any non-vanishing superpotential [235]. As a consequence, the analyzed Kähler potential (of
the two chiral fields ν and κ only) does not admit a negative cosmological constant and hence
no (supersymmetric) anti-de-Sitter vacua.
According to equation (2.47), if we include the leading order correction to the Kovalev limit,
the Kähler potential will have the form
!#
"
3
κ + κ̄
g̃
4
3
,
(3.118)
K = − log VS (S̃ ) (ν + ν̄) (κ + κ̄) + A(S̃ , ν + ν̄, κ + κ̄) exp −λ
(ν + ν̄)1/3
where the coefficient A(S̃ , ν + ν̄, κ + κ̄) of the exponentially suppressed correction is expected
to generically depend on both universal and non-universal geometric moduli fields. Once we
better understand such corrections, a detailed analysis of this class of Kähler potential may also
exhibit interesting phenomenological properties.
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4

Gauge sectors on twisted connected
sum G2-manifolds
In the previous chapters we have introduced the mathematical aspects of generic G2 -manifolds
and, particularly, of the twisted connected sum construction of G2 -manifolds. After reviewing the
four-dimensional effective low-energy spectrum of M-theory compactifications on generic G2 manifolds and carefully performing the same compactification on G2 -manifolds of the twisted
connected sum type, the identification of the Kovalev limit allowed us to obtain universal chiral
multiplets and predict gauge theory sectors of extended supersymmetry for the latter case. In
this chapter, all the work presented so far culminates in the appearance of many novel examples
of G2 -manifolds and into several interesting mathematical, physical and phenomenological
application emerging from the careful study of their gauge theory sectors.
We apply the orthogonal gluing method from section 2.2.6 to Fano and toric semi-Fano
building blocks to algorithmically find the novel twisted connected sum G2 -manifolds, and we
also explain the emergence of the extended N = 4 and N = 2 supersymmetric gauge sectors.
We focus on building blocks (ZL/R , S L/R ) of polarized K3 surfaces S L/R with Picard lattices of
small rank, and generate a list of new examples in order to get an impression of the multitude
of possibilities to realize twisted connected sum G2 -manifolds in terms of orthogonal gluing.
In order to specify a particular semi-Fano threefold, in the following we use the Mori–Mukai
classification for Fano threefolds [236] and the Kasprzyk classification for reflexive polytopes
with terminal singularities for certain toric semi-Fano threefolds [237, 238]. We label the
corresponding semi-Fano threefolds by their respective reference numbers MM#ρ or/and K# in
these classifications, where the subscript ρ in the Mori–Mukai list denotes the Picard number.

4.1 Abelian N = 4 gauge theory sectors
Recall from sections 2.2.6 and 3.4.2 as well as table 3.2 that, in the Kovalev limit, the kernels
kL/R describe the N = 2 gauge theory sectors. Furthermore, the rank of the intersection lattice
R = NL ∩ NR in the orthogonal pushout W coincides with the rank of the gauge group of the
N = 4 gauge theory sector — cf. table 3.2. A particular simple choice of orthogonal gluing is
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achieved if the intersection lattice R has rank zero, i.e., NL ∩ NR = {0}. We refer to this special
case of orthogonal gluing as perpendicular gluing, with its trivial orthogonal pushout W denoted
by [141]
W = NL ⊥ NR .
(4.1)
As a consequence, if the twisted connected G2 -manifold is obtained via perpendicular gluing,
there is no N = 4 gauge theory sector in the Kovalev limit. Therefore, in this section we study
concrete examples of twisted connected sum G2 -manifolds obtained via orthogonal gluing with
non-trivial intersection lattices R in the orthogonal pushout W. We postpone the analysis of
the N = 2 sectors to the next section, and in this section we focus on the N = 4 gauge theory
sectors.
Enhancement to a non-Abelian gauge group G of rank r would occur if the intersection lattice
R = NL ∩ NR had a sublattice G(−1) of rank r, with the pairing given by minus the Cartan
matrix of the Lie algebra of G [86]. Then we could blow-down the mutual r rational curves
of both polarized K3 surfaces S L/R because — by the definition of the intersection lattice R
— G(−1) resides in the intersection of both Picard lattices NL/R . In this way we would arrive
at singular polarized K3 surfaces S L/R resulting in the enhanced N = 4 gauge theory sector
with non-Abelian gauge group G × U(1)rk R−r . However, when using the method of orthogonal
gluing, such a gauge theory enhancement is not possible. This happens because the orthogonal
complement to R in the polarized K3 surfaces S L/R is required to contain an ample class, which
— due to the ampleness — would always have a non-zero intersection with any rational curve,
thereby invalidating the requirement in equation (2.72). As a result, we therefore always arrive
at four-dimensional Abelian N = 4 gauge theory sectors with gauge group U(1)rk R in the
Kovalev limit using the orthogonal gluing method.
In the following we study some concrete examples of twisted connected sum G2 -manifolds
via orthogonal gluing with non-trivial intersection lattice R of rank 1, for building blocks from
rank two, three and four semi-Fanos. For orthogonal gluing along an intersection lattice of rank
2 we refer the reader to the full publication [195]. Notice that, for all these cases, if we are
able to construct the orthogonal pushout lattice W, as required in the first step of the orthogonal
gluing method, we guarantee that the building blocks can indeed be constructed, i.e., that steps 2
and 3 of the orthogonal gluing method are satisfied. This is because rkNL + rkNR ≤ 11 is always
satisfied for the small rank of Picard lattices we study and, therefore, step 3 is also realized.
Orthogonal gluing of rank two semi-Fano threefolds
In the first version of reference [211], Crowley and Nordström classify, for rank two Fano
threefold building blocks, all possible non-trivial orthogonal gluings to twisted connected sum
G2 -manifolds except for one missing pair. According to table 4 in the first version of [211], the
orthogonal gluing between the building blocks MM52 and MM252 of table 2 was missing. We
have worked out this gluing and, after our suggestion, the authors of [211] included it in table 5
of the recent updated version of their work, thereby enumerating nineteen instead of eighteen
pairs of twisted connected sum G2 -manifolds in their theorem 6.5. As a warm-up, here we
present the example of orthogonal gluing of these two rank two Fano threefolds. Furthermore,
there is a unique toric semi-Fano threefold with Picard number 2 which is not Fano, given by

78

4.1 Abelian N = 4 gauge theory sectors
the projective bundle — example 4.15 in reference [142],
P(O ⊕ O(−1) ⊕ O(−1)) → P1 ,

(4.2)

where O(d) stands for OP1 (d). The toric realization PΣ of this threefold P arises from the
reflexive lattice polytope ∆ and its dual reflexive polytope ∆∗ , spanned by the following lattice
points ν1 , . . . , ν5 and the dual lattice points ν1∗ , . . . , ν5∗ ,
∆:

ν1
ν2
ν3
ν4
ν5

= (−1,−1, 0)
= ( 1, 0, 0)
= ( 0, 1, 0)
= ( 1, 1, 1)
= ( 0, 0,−1)

∆∗ : ν1∗
ν2∗
ν3∗
ν4∗
ν5∗

= (−1,−1, 1)
= (−1, 2,−2)
= (−1, 2, 1)
= ( 2,−1,−2)
= ( 2,−1, 1)

(4.3)

The reflexive lattice polytope ∆ appears as entry K32 in the Kasprzyk classification [237, 238].
In the following we also consider possible orthogonal gluings of this toric semi-Fano of Picard
number 2 with the rank two Fano threefolds MM52 and MM252 . Let us first understand this
unique toric semi-Fano of Picard number 2 below.
The reflexive lattice polytope ∆ admits two triangulations, both of them realizing the projective
bundle (4.2). For one of these triangulations1 we obtain the Mori cone spanned by the curves
C B ' P1 and the curve C F ' P1 ⊂ P2F in a projective fiber P2F . These curves have the following
intersection numbers with the toric divisors Di associated to the vertices νi
D1 D2 D3 D4 D5
CF : 1 1 1 0 0
C B : 0 −1 −1 1 1

(4.4)

Since the columns in (4.4) contain the linear equivalences between the divisors, we find D2 ∼ D3 ,
D4 ∼ D5 , D2 ∼ D1 − D4 . Therefore, the Kähler cone K(PΣ ) is spanned by
K(PΣ ) = hhD1 , D4 ii .

(4.5)

The intersection matrix κPΣ of the generators D1 and D4 with the anti-canonical divisor −KPΣ
reads
!
6 3
κ PΣ =
,
(4.6)
3 0
and has discriminant ∆κ = −9. This intersection matrix κPΣ furnishes the intersection pairing of

1

For the other triangulation the Mori cone takes the form

CF :
CB :

D1 D2 D3 D4 D5
1 0 0 1 1
0 1 1 −1 −1
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the Picard lattice of the K3 surface in PΣ . Furthermore, notice that
X
−KPΣ =
Di = D1 + D2 + D3 + D4 + D5 ∼ D1 + (D1 − D4 ) + D2 + (D1 − D2 ) = 3D1 (4.7)
i

with the triple intersection of the anti-canonical divisor −KP3 Σ = 54.
According to the described algorithm of orthogonal gluing given in section 2.2.6 — more
precisely due to equation (2.72) —, a pair of Picard lattices (NL , NR ) of rank two yields a
non-trivial orthogonal pushout W = NL + NR if the rank one sublattices WL/R = NL/R ∩ T R/L are
generated by ample classes in the Kähler cone K(PL/R ). Therefore, we need to construct two
ample classes AL/R and orthogonal lattice vectors eL/R in NL/R with e2L = e2R , such that indeed
eL/R generate the rank one intersection lattice R. Crowley and Nordström show that the induced
lattice pairing h·, ·iW is a well-defined integral lattice pairing if and only if [211]
∆κL ∆κR
= k2 ,
2 2
A L AR

for k ∈ Z ,

(4.8)

where ∆κL/R are the discriminants of NL/R . Moreover, in order to fulfill the matching condition
of a rank two semi-Fano threefold PL/R with a rank two Fano threefold PR/L , Crowley and
Nordström deduce an upper bound for the semi-Fanos PL/R [211]
∆κL/R
A2L/R

≤

8
.
5

(4.9)

In the above case of the toric semi-Fano of Picard number 2 with toric realization given
by the entry K32 in the Kasprzyk classification, equation (4.5) implies that the ample class
must be given by A = nD1 + mD4 , where the intersection matrix κPΣ leads to A2 = 6n(n + m).
Therefore, in order to be in accordance with the inequality in equation (4.9), we notice that
the only possible ample class is A = D1 + D4 with A2 = D21 + 2D1 D4 = 12. For this class, the
orthogonal complement R is generated by e = −D1 + 3D4 with e2 = −12 since A.e = 0.
In table 4.1, we give the data of this toric semi-Fano threefold together with the corresponding
data for the building blocks of rank two Fano threefolds, giving rise to compatible rank one
intersection lattices, i.e., the rank two Fano threefolds with ample classes generated by vectors of
length square −12. For MM52 and MM252 , the entries are taken from the Crowley–Nordström
classification [211].
We recall from section 2.2.6 the expressions for the Betti numbers of twisted connected sum
G2 -manifolds obtained from the method of orthogonal gluing,
b2 (Y) = rk R + dim kL + dim kR ,
b3 (Y) = b3 (ZL ) + b3 (ZR ) + dim kL + dim kR − rk R + 23 .

(4.10)

Denote Y······ as the twisted connected G2 -manifolds obtained from the orthogonal pushout W······
with their Betti numbers computed with equation (4.10). For the entries in table 4.1, condition
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No.

κ

−K 3

K32 (semi-Fano) 54
MM52 (Fano)

12

MM252 (Fano)

32

6
3
0
3
0
4

∆κ

A
e A2 e2 b3 (Z)
!
!
3
1 −1
−9
12 −12 56
0!
1! 3 !
3
1
3
−9
12 −12 26
6!
1! −1!
4
1
2
−16
12 −12 36
4
1 −1
!

Table 4.1: The unique rank two ρ = 2 toric semi-Fano threefold and the rank two Fano threefolds that
admit an intersection lattice R generated by a vector of length square −12. The columns show the reference
numbers MM#ρ in the Mori–Mukai classification [236] or K# in the Kasprzyk classification [238], the
triple intersection of the anti-canonical divisor −K, the intersection matrix κ of the Picard lattice of the
K3 surface, the discriminant ∆κ of the intersection matrix κ, the chosen ample class A in the basis of the
intersection matrix κ, the orthogonal complement e to the ample class A, the length squares of the classes
A and e, and the three-form Betti number b3 (Z) of the associated building block Z.

(4.8) implies that the two possible gluings with rank one intersection lattices are given by
K32
WMM25
= NK32 ⊥e NMM252 :
2

K32
K32
) = 114 ,
b2 (YMM25
) = 1 , b3 (YMM25
2
2

MM52
MM52
MM52
WMM25
= NMM52 ⊥e NMM252 : b2 (YMM25
) = 1 , b3 (YMM25
) = 84 .
2
2
2

(4.11)

Here b2 (Y) = 1 is inherited from the rank of the intersection lattice and the trivial kernels
in the first equation in (4.10). Furthermore, the third Betti numbers are computed via the
K32
second equation in (4.10) with trivial kernels, namely b3 (YMM25
) = 56 + 36 − 1 + 23 = 114
2
MM52
and b3 (YMM252 ) = 26 + 36 − 1 + 23 = 84. The first G2 -manifold realizes the only possible
combination with the rank two toric semi-Fano threefold K32, whereas the second G2 -manifold
realizes the non-trivial orthogonal gluing among the rank two Fano threefolds that has been
overseen in the first version of reference [211].
Orthogonal gluing of higher rank semi-Fano threefolds
We now increase the rank of the semi-Fano threefolds and consider the illustrative example
of orthogonal gluings along a rank one intersection lattice with the rank three Fano threefold
PL = P1 × P1 × P1 , which has the reference numbers MM273 and K62 in the Mori–Mukai and
Kasprzyk classifications, respectively [236, 237, 238].
Let Hi , i = 1, 2, 3, be the hyperplane classes of the respective P1 factors of this Fano threefold,
which generate the three-dimensional Kähler cone
K(PΣ ) = hhH1 , H2 , H3 ii .

(4.12)

This is such that the ample anti-canonical divisor becomes −KPL = 2H1 + 2H2 + 2H3 , and its
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intersection matrix κPL with the Kähler cone generators reads


0 2 2


κPL = 2 0 2 .


2 2 0

(4.13)

This intersection matrix κPL furnishes the intersection pairing of the Picard lattice of the K3
surface in PΣ , which corresponds to the ternary quadratic form q(x, y, z) = 4(xy + yz + zx). We
focus on orthogonal gluing with the rank one intersection lattice R generated by a vector e of
length square2 e2 = −4. Up to trivial permutations of the Kähler cone generators H1 , H2 , H3 ,
we use the ternary quadratic form q(x, y, z) = 4(xy + yz + zx) to parametrize all vectors e with
e2 = −4 with the help of reference [239]. Therefore, we write
e = (d1 − k)H1 + (d2 − k)H2 + kH3 ,

(4.14)

where the integers k, d1 , d2 obey
k 2 − d1 d2 = 1 ,

0 ≤ d1 < k ≤ d2 .

(4.15)

According to equation (4.12), the ample class is A = a1 H1 + a2 H2 + a3 H3 , given in terms of
positive integers a1 , a2 , a3 . Similarly to the first example, in order to fulfill condition (2.72), we
require A.e = 0 to find the k, d1 and d2 . Requiring A.e = 0 implies that
A.e = 0 ↔ a1 d2 + a2 d1 + a3 (d1 + d2 − 2k) = 0 .

(4.16)

Now, noticing that the sum of the first two terms in equation (4.16) is always positive due to
positivity of a1 , a2 , d1 and d2 , the orthogonality condition is met only if
d1 + d2 < 2k ↔ (d1 + d2 )2 < 4k2 .

(4.17)

Replacing k2 as given in equation (4.15) on the right-hand side of this inequality, we obtain
(d1 + d2 )2 < 4k2 ↔ (d2 − d1 )2 < 4 .

(4.18)

Since d1 and d2 are positive integers, this condition implies that d2 = d1 + 1. Therefore, with
0 ≤ d1 < k ≤ d2 , we obtain k = 1, d1 = 0, d2 = 1. This leads to the following orthogonal lattice
vector e, generating the rank one intersection lattice R,
e = −H1 + H3 .

(4.19)

For this vector e, the ample class A = H1 + H2 + H3 is indeed orthogonal. Therefore, this vector,
with e2 = −4, is the only one that generates a rank one intersection lattice R for a left building
block (ZL , S L ) of the Fano threefold P1 × P1 × P1 — up to trivial relabelling of the Kähler cone
2

This length square realizes the maximal negative value. We take this because the pairing κPL is even and vectors
with length square e2 = −2 are associated to curves with positive intersection number with any ample class A,
thereby violating the orthogonal gluing requirement of equation (2.72).
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generators.
With w1 = H1 + H3 and w2 = H2 , the Picard lattice NL in terms of (w1 , w2 , e) reads
1
NL = Z w1 + Z w2 + Z e + Z (w1 + e) .
2

(4.20)

To orthogonally glue this left Picard lattice NL along e with a Picard lattice NR of a right rank
two Fano building block (ZR , S R ), we find in the Crowley–Nordström classification [211] that
the rank two Fano threefolds with Mori–Mukai reference numbers MM62 , MM122 , MM212 , and
MM322 give rise to compatible intersection lattices. For convenience, these particular building
blocks together with some geometric data are summarized in table 4.2. For all these examples,
the rank two Picard lattices NR are generated in the orthogonal basis (A, e) by
1
NR = Z A + Z e + Z (A + e) ,
2

(4.21)

with e2 = −4 and the length square of the ample class A as listed in table 4.2.
No.
MM62

12

MM122 20
MM212 28
MM322 48

∆κ

κ

−K 3
2
4
4
6
6
8
2
4

!

4
2!
6
4!
8
6!
4
2

−12
−20
−28
−12

A
!
1
1!
1
1!
1
1!
1
1

e
!
1
−1!
1
−1!
1
−1!
1
−1

A2 e2 b3 (Z)
12 −4

32

20 −4

28

28 −4

30

12 −4

50

Table 4.2: The rank two Fano threefolds admitting an intersection lattice R generated by a vector of
length square −4. The columns show the reference number in the Mori–Mukai classification, the triple
intersection of the anti-canonical divisor −K, the intersection matrix κ of the Picard lattice of the K3
surface, the discriminant ∆κ of the intersection matrix κ, the chosen ample class A in the basis of the
intersection matrix κ, the orthogonal complement e to the ample class A, the length squares of the classes
A and e, and the three-form Betti number b3 (Z) of the associated building block Z.

The orthogonal pushout W = NL ⊥e NR in the basis (w1 , w2 , e, A) therefore takes the following
form
1
1
W = Z w1 + Z w2 + Z e + Z A + Z (w1 + e) + Z (A + e) ,
(4.22)
2
2
where, for the integral generators ( 12 (w1 + e), w2 , 12 (A + e), e), the intersection pairing κW of the
pushout W becomes


−1
−2
 0 2
 2 0
0
0 


κW = 
det κW = 4A2 .
(4.23)
 ,
1
−1 0 4 A2 − 1 −2
−2 0
−2
−4
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Notice that the entry 14 A2 − 1 is integral and even according to table 4.2.
For the orthogonal pushouts W of the rank three Fano threefold P1 × P1 × P1 with reference
number MM273 and the rank two Fano threefolds listed in table 4.2, we therefore obtain the
twisted connected sum G2 -manifolds Y···MM273 , with their corresponding two- and three-form
Betti numbers
MM273
WMM6
= NMM273 ⊥e NMM62 :
2

MM273
MM273
b2 (YMM6
) = 1 , b3 (YMM6
) = 104 ,
2
2

MM273
MM273
MM273
WMM12
= NMM273 ⊥e NMM122 : b2 (YMM12
) = 1 , b3 (YMM12
) = 100 ,
2
2
2
MM273
MM273
MM273
WMM21
= NMM273 ⊥e NMM212 : b2 (YMM21
) = 1 , b3 (YMM21
) = 102 ,
2
2
2

(4.24)

MM273
MM273
MM273
WMM32
= NMM273 ⊥e NMM322 : b2 (YMM32
) = 1 , b3 (YMM32
) = 122 .
2
2
2

Analogously, we can construct twisted connected sum G2 -manifolds via orthogonal gluing along
rank one intersection lattices for semi-Fano threefolds with higher rank Picard lattices. In table
4.3 we collect all (resolved) toric terminal Fano threefolds of Picard rank three and four that
allow for a rank one intersection lattice generated by a vector e of length square e2 = −4. The
geometries of these threefolds are again specified by their reference number MM#ρ and/or K#
as arising in the Mori–Mukai and/or Kasprzyk classifications [236, 237, 238]. Notice that the
resulting twisted connected sum G2 -manifolds Y······ obtained from orthogonal gluing along the
rank one intersection lattice R all have the two-form Betti number b2 (Y······ ) = 1 and, therefore, in
table 4.4 we list only their three-form Betti numbers b3 (Y······ ). These Betti numbers are easily
calculated with relations (4.10).
For example, for the first pair between MM273 and MM62 , the third Betti number is computed
MM273
as b3 (YMM6
) = 50 + 32 − 1 + 23 = 104, where the dimensions of the kernels are trivial. Here the
2
50 comes from the third Betti number of the blown-up threefold MM273 from PL = P1 × P1 × P1 ,
which is computed to be b3 (MM273 ) = b3 (PL ) + (−KPL )3 + 2 = 0 + 48 + 2 = 50 with the help of
equation (2.63). This Betti number is also given in table 4.3.
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No.

rk N −K 3

MM273 , K62 (Fano)

3

48

MM253 , K68 (Fano)

3

44

MM313 , K105 (Fano)

3

52

K124 (semi-Fano)

3

48

MM124 , K218 (Fano)

4

46

MM104 , K266 (Fano)

4

42

K221 (semi-Fano)

4

38

K232 (semi-Fano)

4

40

K233 (semi-Fano)

4

38

K247 (semi-Fano)

4

44

K257 (semi-Fano)

4

46

κ


0 2 2


2 0 2
2 2 0
0 2 1 


2 0 3 
1 3 −2
0 2 1 


2 0 3 
1 3 −2
2 4 2


4 2 2
2 2 0


2 4 2 0 
4 2 2 2 


2 2 0 1 


0 2 1 −2


0 2 2 0 
2 0 2 0 


2 2 0 1 
0 0 1 −2


0 
−2 2 0

 2 2 1
1 

 0 1 −2 1 


0 1 1 −2


0 2 2 0 
2 0 2 0 


2 2 0 0 
0 0 0 −2


−2 0 1 0 
 0 −2 1 2 


 1
1 0 2 

0
2 2 −2


4 3 3 2 
3 0 2 0 


3 2 0 0 
2 0 0 −2


0 2 0 3
2 0 0 3


0 0 −2 1
3 3 1 6

e
 
 1 
 
 0 
−1
−1
 1 
 
0
−1
 1 
 
0
−1
 1 
 
0
 
 1 
−1
 
 0 
0
 
 1 
−1
 
 0 
0
 
 0 
−1
 
 1 
 
1
 
−1
 0 
 
 1 
0
 
−1
 1 
 
 0 
 
0
 
 0 
−1
 
 1 
0
 
−1
 1 
 
 0 
0

e2 b3 (Z)
−4

50

−4

46

−4

54

−4

50

−4

48

−4

44

−4

40

−4

42

−4

40

−4

46

−4

48

Table 4.3: The rank three and four (resolved) toric terminal Fano threefolds for an intersection lattice
R generated by a vector of length square −4. The columns show the reference number in the Mori–
Mukai [236] and/or Kasprzyk [238] classification, the rank of the Picard lattice (note that in the semi-Fano
cases this rank as reported in [238] is smaller, since it refers to a singular variety), the triple intersection
of the anti-canonical divisor −K, the intersection matrix κ of the Picard lattice of the K3 surface, the
generator e of the lattice R and its length square, and the three-form Betti number b3 (Z) of the associated
building block Z.

85

Chapter 4 Gauge sectors on twisted connected sum G2 -manifolds
b3 (Y······ ) MM273 MM253 MM313
MM273 122
118
126
MM253 118
114
122
MM313 126
122
130
K124
122
118
126
MM124 120
116
124
MM104 116
112
120
K221
112
108
116
K232
114
110
118
K233
112
108
116
K247
118
114
122
K257
120
116
124

K124 MM124 MM104
122
120
116
118
116
112
126
124
120
122
120
116
120
118
114
116
114
110
112
110
106
114
112
108
112
110
106
118
116
112
120
118
114

K221
112
108
116
112
110
106
102
104
102
108
110

K232
114
110
118
114
112
108
104
106
104
110
112

K233
112
108
116
112
110
106
102
104
102
108
110

K247
118
114
122
118
116
112
108
110
108
114
116

K257
120
116
124
120
118
114
110
112
110
116
118

Table 4.4: The three-form Betti numbers b3 (Y······ ) of the twisted connected sum G2 -manifolds Y······ arising
from the orthogonal pushout N··· ⊥e N··· along the rank one intersection lattice with e2 = −4 from all
pairs of building blocks collected in table 4.3. By construction of gluing along a rank one intersection
lattice, all these examples have the two-form Betti numbers b2 (Y······ ) = 1. The reference numbers MM#ρ
or K# for the rows and columns label the building blocks, and the lines in the table divide between the
examples with rank three and rank four Picard lattices.

4.2 N = 2 gauge theory sectors
We now turn to a careful study of the N = 2 gauge theory sectors, which turn out to be much
richer than the Abelian N = 4 gauge theory sectors studied in the previous section. This
happens because the building blocks (ZL/R , S L/R ) of the twisted connected sum G2 -manifolds
now admit enhancement to N = 2 non-Abelian gauge theory sectors, whereas we have seen
at the beginning of the previous section that, due to the condition required in equation (2.72),
enhancement to N = 4 non-Abelian gauge theory sectors is not possible.
Different points in the Calabi–Yau moduli space associated to a smooth Calabi–Yau threefold
can be connected via deformations of the complex and Kähler structures on the Calabi–Yau
threefold. The boundary points of this moduli space correspond to singular Calabi–Yau
threefolds obtained from some of these deformations. Therefore, we can roll on the moduli space from one of these degenerate Calabi–Yaus to another with a possibly different topology.
These geometrical transitions relating boundary points are called extremal transitions for Calabi–
Yaus threefolds. In this section we see how the N = 2 non-Abelian gauge theory sectors possess
an interesting branch structure geometrically accessible in terms of extremal transitions in the
asymptotically cylindrical Calabi–Yau threefolds XL/R .
We recall from [240] that there is a simple hierarchy of singularities in G2 -manifolds in
real codimension four, six and seven, which respectively lead to non-Abelian gauge groups,
non-trivial matter representations, and chirality of the charged N = 1 matter spectrum. While
our setup admits non-Abelian gauge groups with non-trivial matter representations, we should
not expect singularities inducing chirality, as the trivial S 1 fibration in the non-compact sevendimensional manifolds YL/R prevents the appearance of codimension seven singularities. In order
to see what kind of features we can expect by degenerating the building blocks (ZL/R , S L/R ) in
the twisted connected sum construction of G2 -manifolds, let us first recall the picture proposed
in [240] which leads to the singularities mentioned in the previous paragraph.
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The picture in [240] uses the heterotic/M-theory duality [86], the Strominger–Yau–Zaslow
fibration of Calabi–Yau manifolds [241], and the fact that G2 -manifolds can be locally constructed as degenerating S 1 fibrations3 over Calabi–Yau threefolds [243, 244].
Namely, it starts by considering the heterotic string compactification on the Calabi–Yau
threefold W, which is assumed to admit a geometric mirror4 threefold such that it has a
Strominger–Yau–Zaslow Lagrangian T 3 fibration over a (real) three-dimensional Lagrangian
cycle Q. In the limit where the volume of the base Q is large compared to the volume of
the Lagrangian fibers T 3 , the essential idea is to adiabatically extend the duality5 between the
heterotic string on T 3 and M-theory on K3 over the entire base Q. The M-theory geometries
defined in this way realize the same fibration structure as appearing in the twisted connected
sum G2 -manifolds, namely in the diagram (3.105). In this way, whenever the heterotic string
has a non-Abelian ADE type gauge group G, the dual K3 fibers develop the corresponding ADE
singularity extending over the entire real three-dimensional base Q. In the context of twisted
connected sum G2 -manifolds a possibility to arrive at non-Abelian ADE type gauge theories
has been contemplated in reference [249].
Even though the K3 fibration described in reference [240] is in accordance with the K3
fibration of diagram (3.105) of the twisted connected sum construction, the non-Abelian gauge
theory enhancement we encounter arises from singularities along a three-cycle S 1 × C, where the
curve C of genus g resides in K3 fibers along a circle S 1 in the base Q. Hence, the non-Abelian
gauge group still emerges from a real codimension four singularity as in reference [240], but
here it is such that they arise along different types of three-cycles. In the Kovalev limit, the
three-cycle S 1 × C appears in one of the seven-dimensional manifolds YL/R = XL/R × S 1L/R , such
that the curve C realizes an ADE singularity in one of the asymptotically cylindrical Calabi–Yau
threefolds XL/R . Therefore, the non-Abelian gauge theory enhancement discussed here relates to
non-Abelian gauge groups from curves of ADE singularities in Calabi–Yau threefolds in the
context of type IIA strings [250, 251]. More specifically, in this setting, an ADE singularity
along a curve C yields a four-dimensional N = 2 gauge theory, with the associated gauge
group G together with g hypermultiplets in the adjoint representation. More general matter
representations occur at points along the curve C where the ADE singularity further enhances,
i.e., along real codimension six singularities. For example, at the intersection point of two curves
C and C0 with ADE singularities we encounter matter in the bi-fundamental representation of
the two associated gauge groups G and G0 [252].
In this section we find that the described N = 2 gauge theory spectra of the previous paragraph
can indeed be realized within the N = 2 gauge theory sectors of the building blocks (ZL/R , S L/R ).
Remarkably, even the phase structure of the four-dimensional N = 2 gauge theory sectors,
which connects topologically distinct Calabi–Yau threefolds via extremal transitions, carries
over to the four-dimensional N = 1 M-theory compactifications on twisted connected sum
G2 -manifolds. In the picture of N = 1 M-theory compactifications on twisted connected sum
3
4

5

The S 1 can be identified in a hyper-Kähler quotient construction starting in eight dimensions [240, 242].
Further suggestions on the role of mirror symmetry in the context of G2 -manifolds have been proposed in
references [245, 246].
The proposed construction can be viewed as an N = 1 version of the N = 2 heterotic/type II duality between the
heterotic string on K3 × T 2 and type IIA string on the dual K3 fibered Calabi–Yau threefolds, as proposed in
references [247, 248].
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G2 -manifolds, the gauge theory branches relate topologically distinct G2 -manifolds.
For completeness, the picture presented in references [86, 253] would explain chirality of
non-Abelian matter as a local effect occurring in codimension seven. However, since the twisted
connected sum breaks supersymmetry from N = 2 to N = 1 non-locally via the twisted gluing
recipe, it is much more subtle to realize chiral charged matter. We briefly discuss some ideas that
could help us achieve chiral charged matter, as phenomenologically required by the Standard
Model of Particle Physics.

4.2.1 Phases of N = 2 Abelian gauge theory sectors
Let us focus on twisted connected sum G2 -manifolds with non-trivial N = 2 gauge theory
sectors in the Kovalev limit. According to table 3.2, we have to construct building blocks
with (ZL/R , S L/R ) with non-trivial kernels kL/R as defined in equation (2.59). This is achieved
with the proposal by Kovalev and Lee [207] that generalizes the construction of asymptotically
cylindrical Calabi–Yau threefolds outlined in section 2.2.5. An example on how to realize
N = 2 Abelian gauge theory from this generalized construction appeared in reference [254].
Let us see how this generalization comes about. Consider the semi-Fano threefold P with two
global sections s0 and s1 of its anti-canonical divisor −KP . Instead of choosing a generic section
s0 , we now assume that the global section s0 factors into a product
s0 = s0,1 · · · s0,n ,

(4.25)

where s0,i are global sections of line bundles Li with −KP = L1 ⊗. . .⊗Ln . In consequence of this
factorization, the curve Csing = {s0 = 0} ∩ {s1 = 0} becomes reducible in terms of individually
smooth and reduced curves Ci such that
Csing =

n
X

Ci ,

Ci = {s0,i = 0} ∩ {s1 = 0} .

(4.26)

i=1

Following Kovalev and Lee [207], the building block (Z ] , S ) associated to P are now constructed
by the sequence of blow-ups π{C1 ,...,Cn } : Z ] → P along the individual curves Ci according to
Z ] = Bl{C1 ,...,Cn } P = BlCn BlCn−1 · · · BlC1 P .

(4.27)

Since the curves Ci and the semi-Fano threefold P are smooth, the blow-up Z ] is smooth as well.
As before, the K3 surface S arises as the proper transform of a smooth anti-canonical divisor
S ] = {α0 s0 + α1 s1 = 0} ⊂ P for some coordinates [α0 : α1 ] ∈ P1 . By blowing up a semi-Fano
threefold P, the resulting dimension of the kernel k in equation (2.59) is given by [142]
dim k = n − 1 .

(4.28)

Let b3 (P) be the three-form Betti number of the semi-Fano threefold P, and g(Ci ) the genera of
the smooth curve components Ci . The three-form Betti number b3 (Z ] ) of the blown-up threefold
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Z ] becomes
]

b3 (Z ) = b3 (P) + 2

n
X

g(Ci ) .

(4.29)

i=1

Let Ci .Ci be the self-intersections of the curves Ci in the K3 fiber S . Since all these curves Ci lie
in S , the genus g(Ci ) is readily computed by the adjunction formula
g(Ci ) =

1
Ci .Ci + 1 .
2

(4.30)

For a building block (Z ] , S ] ) constructed following the recipe above, the orthogonal gluing
method of section 2.2.6 can still be carried out in the same way [141, 142].
An observation proves to be very fruitful. From a single semi-Fano threefold P, several
building blocks can often be constructed depending on the properties of the curve C = {s0 =
0} ∩ {s1 = 0}. For smooth irreducible curves C[ , we obtain a smooth building block (Z [ , S [ ) with
vanishing kernel k. For reducible curves Csing with smooth components Ci we arrive, after the
sequence of blow-ups (4.27), at a smooth building block (Z ] , S ] ) with non-vanishing kernel k.
The former building block does not contribute with any vector multiplets to the N = 2 gauge
theory sector, while the latter building block contributes with Abelian vector multiplets to the
N = 2 gauge theory sector. In the sequel we argue that these different possibilities realize
distinct branches of the N = 2 gauge theory sectors.
To arrive at this gauge theory interpretation, let us consider a semi-Fano threefold P with a
curve Csing of the reducible type (4.26) with the factorized global anti-canonical section (4.25).
Performing a blow-up along this reducible curve yields the fibration π : Zsing → P1 with
n
o
Zsing = BlCsing P = (x, z) ∈ P × P1 z0 s0,1 · · · s0,n + z1 s1 = 0 .
(4.31)
In the patch of the affine coordinate t =

z1
z0

we get

s0,1 · · · s0,n + ts1 = 0 .

(4.32)

Therefore, the threefold Zsing becomes singular in the vicinity of the fiber π−1 ([1, 0]). By
assuming transverse intersections among the smooth curves Ci , at the discrete intersection loci
Ii j = {t = 0} ∩ {s1 = 0} ∩ {s0,i = 0} ∩ {s0, j = 0} for 1 ≤ i ≤ j ≤ n with χi j = |Ii j | intersection
points, conifold singularities will appear. The number of intersection points is given by
χi j = Ci .C j ,

(4.33)

in terms of the intersection numbers of the reduced curves Ci and C j within the K3 surface S .
Notice that this singularity structure prevails in the asymptotically cylindrical Calabi–Yau
threefold Xsing = Zsing \ S since, for α1 , 0, the asymptotic fiber S = π−1 ([α0 , α1 ]) is disjoint
from the singular fiber π−1 ([1, 0]).
In the vicinity of the singular fiber π−1 ([1, 0]) ⊂ Xsing , we interpret the dimensional reduction
of M-theory on the local seven-dimensional singular space S 1 ×Xsing as the dimensional reduction
of type IIA string theory on the asymptotically cylindrical Calabi–Yau threefold Xsing , where the
S 1 factor corresponds to the M-theory circle of type IIA string theory. In this type IIA picture,
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the conifold singularities given by equation (4.32) yield an Abelian N = 2 gauge theory with
charged matter multiplets [255, 256].6 Namely, to each curve Ci we assign an Abelian group
factor U(1)i such that the total Abelian gauge group of rank (n − 1) becomes
U(1)n−1 '

U(1)1 × . . . × U(1)n
,
U(1)Diag

(4.34)

where U(1)Diag is the diagonal subgroup of U(1)1 × . . . × U(1)n .
Therefore, in the low-energy four-dimensional effective theory, we obtain (n − 1) fourdimensional N = 2 U(1) vector multiplets, which decomposes into (n − 1) four-dimensional
N = 1 U(1) vector multiplets and (n − 1) four-dimensional N = 1 neutral chiral multiplets.
Furthermore, to each intersection point in Ii j one assigns a four-dimensional N = 2 hypermultiplet of charge (+1, +1) with respect to the U(1)i × U(1) j group factor. Then each of these
N = 2 hypermultiplet of charge (+1, +1) decomposes into two four-dimensional N = 1 chiral
multiplets of charge (+1, +1) and (−1, −1), respectively. The resulting Abelian N = 2 gauge
theory spectrum7 is summarized in table 4.5.
Multiplicity

n−1
χi j

N = 2 multiplets

N = 1 multiplets

U(1)n−1 charges

multiplet

U(1)n−1 charges

multiplet

(0, 0, . . . , 0)

vector

(0, . . . , 0)

vector

(0, . . . , 0)

chiral

(0, . . . , +1i , . . . , +1 j , . . . , 0)

chiral

(0, . . . , −1i , . . . , −1 j , . . . , 0)

chiral

(0, . . . , +1i , . . . , 0)

chiral

(0, . . . , −1i , . . . , 0)

chiral

(0, . . . , +1i , . . . , +1 j , . . . , 0)

hyper

1≤i< j<n

χin
1≤i<n

(0, . . . , +1i , . . . , 0)

hyper

Table 4.5: The spectrum of the Abelian N = 2 gauge theory sector arising from the conifold singularities
in the building block (Zsing , S ). Listed are the four-dimensional N = 2 multiplets and their decomposition
into the four-dimensional N = 1 multiplets together with their multiplicities χi j . The subscripts of the
entries of the U(1) charges indicate their position in the charged vector.

Starting from the Fano threefold P3 , it has also been proposed that the singular building block (Zsing , S ) with
conifold singularities realizes an Abelian gauge theory with charged matter [254].
7
In an alternative picture, by dimensionally reducing M-theory on the local Calabi–Yau fourfold T 2 × Xsing to
three space-time dimensions, the conifold points in Xsing become genus one curves of conifold singularities [257].
The three-dimensional N = 4 gauge theory sectors appearing in this picture agree with the four-dimensional
N = 2 spectrum in table 4.5 upon further dimensional reduction on a circle S 1 . This further justifies that the
local dimensional reduction of type IIA theory on Xsing correctly describes the gauge theory of M-theory on
S 1 × Xsing without requiring that the S 1 factor realizes the M-theory circle for the dual type IIA description.
6
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The Higgs and the Coulomb branches
The described four-dimensional N = 2 Abelian gauge theory now predicts a Higgs branch
H and a Coulomb branch C ] . In the following, we analyse these branches within our context.
[

• The gauge theory perspective
On the one hand, generic non-vanishing vacuum expectation values of the charged N = 2
hypermultiplets break the U(1)n−1 gauge theory entirely and parametrize the Higgs branch
H [ of the gauge theory. As a consequence (n − 1) charged N = 2 hypermultiplets play the
role of N = 2 Goldstone multiplets, which combine with the (n − 1) short massless N = 2
vector multiplets giving rise to (n − 1) long massive N = 2 vector multiplets. According to
the spectrum in table 4.5, we arrive at the Higgs branch H [ of complex dimension h[ [256]


 X

h[ = dimC H [ = 2 
χi j  − 2(n − 1) .
(4.35)
1≤i< j≤n

Here the factor two takes into account that each hypermultiplet contains two complex
scalar fields. This complex dimension readily describes the Higgs branch as parametrized
by the non-vanishing vacuum expectation values of the corresponding charged N = 1
chiral multiplets.
On the other hand, the non-vanishing vacuum expectation values of the neutral complex
scalar fields in the N = 2 vector multiplets furnish the coordinates on the Coulomb branch
C ] such that its complex dimension c] reads
c] = dimC C ] = n − 1 .

(4.36)

In the N = 1 language, the Coulomb branch moduli space is parametrized by the nonvanishing vacuum expectation value of neutral N = 1 chiral multiplets.
• The geometrical perspective
From the geometrical perspective, the Higgs branch H [ arises from deforming the conifold
singularities in Xsing to the deformed asymptotically cylindrical Calabi–Yau threefold X [
[256]. On the level of the semi-Fano threefold P, this amounts to deforming the reducible
curve Csing in equation (4.26) to the smooth irreducible curve C[ such that the building
block (Zsing , S ) deforms to the building block (Z [ , S [ ) of vanishing kernel. According to
equations (4.28), (4.29) and (4.30), this yields for the kernel k[ and the three-form Betti
number b3 (Z [ )
dim k[ = 0 ,
b3 (Z [ ) = b3 (P) + C[ .C[ + 2 .
(4.37)
Furtheremore, the Coulomb branch C ] arises from the resolution of the conifold singularities in Xsing [256]. On the level of the semi-Fano threefold P, this amounts to the sequential
blow-ups in equation (4.27) along the components Ci of Csing to the building block (Z ] , S ] )
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of non-vanishing kernel.8 According to equations (4.28) and (4.29), this yields for the
kernel k] and the three-form Betti number b3 (Z ] )
]

dim k = n − 1 ,

]

b3 (Z ) = b3 (P) + 2n +

n
X

Ci .Ci .

(4.38)

i=1

The twisted connected sum G2 -manifolds
Let us now consider two twisted connected sum G2 -manifolds Y [ and Y ] respectively constructed via orthogonal gluing of the left building blocks (Z [ , S [ ) and (Z ] , S ] ) with another right
building block (ZR , S R ).
• The geometrical perspective
From equations (4.37) and (4.38), we use (4.10) to obtain the general expressions for the
two- and three-form Betti numbers
b2 (Y [ ) = δ(2)
R ,
b2 (Y ] ) = (n − 1) + δ(2)
R ,

b3 (Y [ ) = b3 (P) + C[ .C[ + 25 + δ(3)
R ,
 n

X



b3 (Y ] ) = b3 (P) +  Ci .Ci  + 3n + 22 + δ(3) ,
R

(4.39)
(4.40)

i=1

with the contributions from the right building block (ZR , S R )
δ(2)
R = dim kR + rk R ,

δ(3)
R = b3 (ZR ) + dim kR − rk R .

(4.41)

These relations allow us to further define what we call the reduced Betti numbers b[` and
b]` , ` = 2, 3, given by
b[` = b` (Y [ ) − δ(`)
R ,

b]` = b` (Y ] ) − δ(`)
R ,

` = 2, 3 .

(4.42)

Furthermore, using the equivalence C[ ∼ C1 + . . . + Cn on the semi-Fano threefold P and
the definition given in equation (4.33) of the multiplicities χi j , we finally arrive at the
relations
b2 (Y [ ) = b2 (Y ] ) − (n − 1) ,


 X

(4.43)
b3 (Y [ ) = b3 (Y ] ) + 2 
χi j  − 3(n − 1) .
1≤i< j≤n

8

The sequential resolution in equation (4.27) in the Coulomb branch depends on the order of the performed blowups. Changing the order geometrically realizes bi-rational transformations among the resulting asymptotically
cylindrical Calabi–Yau threefolds X ] [254].

92

4.2 N = 2 gauge theory sectors
• The correspondence between the gauge theory and the geometrical perspectives
The non-trivial result is now that the derived change in Betti numbers (4.43) between
the twisted connected sum G2 -manifolds is in perfect agreement with the phase structure
of the proposed U(1)n−1 gauge theory. The change in the Betti number b2 geometrically
realizes the difference of massless four-dimensional N = 1 vector multiplets, whereas the
change of the Betti number b3 geometrically realizes the difference of four-dimensional
N = 1 chiral multiplets. This is in agreement with the gauge theory expectation. In fact,
passing from the Coulomb branch C ] to the Higgs branch H [ via the Higgs mechanism
reduces the vector bosons by the rank (n − 1) of the Abelian gauge group. Furthermore,
the difference in the four-dimensional N = 1 chiral multiplets agrees with the change in
the dimension of the moduli space9 of these Abelian gauge theory phases, i.e.,
b3 (Y [ ) − b3 (Y ] ) = b[3 − b]3 = h[ − c] .

(4.44)

In a similar fashion, we can also establish the correspondence between the phase structure
of the gauge theory and the geometry for mixed Higgs–Coulomb branches, where the
gauge group U(1)n−1 is broken to a subgroup U(1)k−1 with 1 < k < n. The geometries of
such mixed phases are obtained by partially resolving and partially deforming the conifold
singularities in the asymptotically cylindrical Calabi–Yau threefold Xsing . In section 4.2.3,
we illustrate the analysis of mixed Higgs–Coulomb branches with an explicit example.

4.2.2 Phases of N = 2 non-Abelian gauge theory sectors
Let us now turn to the enhancement to non-Abelian N = 2 gauge theory sectors in the context
of twisted connected sum G2 -manifolds, indicated as a possibility in reference [249]. Let us
assume that the anti-canonical line bundle −KP of the semi-Fano threefold P factors as
s
− KP = L̃1⊗k1 ⊗ . . . ⊗ L̃⊗k
s

n = k1 + . . . + k s ,

with

(4.45)

where L̃i are line bundles with global sections s̃0,i . The global section s0 of −KP can further
1
degenerate to s0 = s̃k0,1
· · · s̃k0,ss and the singular building block (4.31) reads
n
o
1
Zsing = (x, z) ∈ P × P1 z0 s̃k0,1
· · · s̃k0,ss + z1 s1 = 0 ,
with the singular equation in the affine coordinate t =

z1
z0

(4.46)

given by

1
s̃k0,1
· · · s̃k0,ss + ts1 = 0 .

(4.47)

In a similar way as performed in the study of Abelian phases of N = 2 gauge theories, we
assume that all curves C̃i = { s̃0,i = 0} ∩ {s1 = 0} are smooth. In the vicinity of the singular fiber
9

Recall from chapter 2 that the dimension of the moduli space for a G2 -manifold Y is given by the three-form
Betti number b3 (Y).
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π−1 ([1, 0]) ⊂ Zsing , the singular building block (Zsing , S ) develops Aki −1 singularities along those
curves C̃i with ki > 1.
To arrive at the gauge theory description, we again analyze the local M-theory geometry on
S 1 × Xsing in terms of its dual type IIA picture on the asymptotically cylindrical Calabi–Yau
threefold Xsing . Type IIA string theory on Calabi–Yau threefolds with a genus g curve of Ak−1
singularities develops an N = 2 SU(k) gauge theory with g four-dimensional N = 2 hypermultiplets in the adjoint representation of SU(N) [250, 251]. Furthermore, each intersection point
of two such curves of Ak1 −1 and Ak2 −1 singularities contributes with a four-dimensional N = 2
hypermultiplet in the bi-fundamental representation (k1 , k2 ) of SU(k1 ) × SU(k2 ) [252].
Putting all these ingredients together and including the U(1) gauge theory factors of the
previously discussed Abelian gauge theory sectors, we propose the following non-Abelian
gauge theory description for M-theory on the local singular seven-dimensional space S 1 × Xsing .
• The singularities along the curves C̃i determine the gauge group
G = SU(k1 ) × . . . × SU(k s ) × U(1) s−1 '

U(k1 ) × . . . × U(k s )
,
U(1)Diag

(4.48)

where any SU(1) factors must be dropped out and U(1)Diag is the diagonal subgroup of
U(k1 ) × . . . × U(k s ).
• For any i with ki > 0, there are g(C̃i ) four-dimensional N = 2 hypermultiplets in the
adjoint representation of SU(ki ).
• There are χ̃i j four-dimensional N = 2 hypermultiplets in the bi-fundamental representation
(ki , kj )(+1i ,+1 j ) of the gauge group factors SU(ki ) × SU(k j ), where the subscripts indicate the
U(1) charges with respect to the diagonal U(1)i and U(1) j subgroups of the respective unitary groups U(ki ) and U(k j ) in relation (4.48). The multiplicities χ̃i j are again determined
by the intersection numbers of the curves C̃i and C̃ j in the K3 fiber S .
The resulting non-Abelian N = 2 gauge theory spectrum is summarized in table 4.6.
The Higgs and the Coulomb branches
From the described spectrum and the results of [251], we are now ready to analyze the
branches of these N = 2 gauge theory sectors. First, we determine the complex dimension h[ of
the Higgs branch


 s

X
 X





h[ = dimC H [ = 2  (g(C̃i ) − 1)(ki2 − 1) + 2 
χ̃i j ki k j  − 2(s − 1) .
(4.49)
i=1

1≤i< j≤s

Here, the first term captures the 2(ki2 − 1) complex degrees of freedom of the four-dimensional
N = 2 hypermultiplets in the corresponding adjoint representations of the SU(ki ) gauge
group factors — reduced by one adjoint N = 2 Goldstone hypermultiplet rendering the
four-dimensional N = 2 SU(ki ) vector multiplet massive. The second term realizes the complex
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Multiplicity

s−1
i = 1, . . . , s
g(C̃i )

N = 2 multiplets
G reps.

multiplet

G reps.

multiplet

1

U(1) vector

1

U(1) vector

1

chiral

adjSU(ki )

SU(ki ) vector

adjSU(ki )

chiral

adjSU(ki )

chiral

adjSU(ki )

chiral

(ki , kj )(+1i ,+1 j )

chiral

(k̄i , k̄j )(−1i ,−1 j )

chiral

(ki , ks )(+1i )

chiral

(k̄i , k̄s )(−1i )

chiral

adjSU(ki )
adjSU(ki )

SU(ki ) vector

hyper

1≤i≤s

χ̃i j

(ki , kj )(+1i ,+1 j )

hyper

1≤i< j<s

χ̃is

N = 1 multiplets

(ki , ks )(+1i )

hyper

1≤i<s

Table 4.6: The spectrum of the N = 2 gauge theory sector with gauge group G = SU(k1 ) × . . . × SU(k s ) ×
U(1) s−1 as arising from the non-Abelian building blocks (Zsing , S ). Here both the four-dimensional N = 2
and the four-dimensional N = 1 multiplet structures are given. The adjoint matter is determined by
the genus g(C̃i ) of the curves C̃i , whereas the bi-fundamental matter is determined by their intersection
numbers χ̃i j within the K3 surface S .

degrees of freedom of the four-dimensional N = 2 matter hypermultiplets in the bi-fundamental
representations of the associated special unitary gauge groups and charged with respect to the
appropriate U(1) factors. The last term subtracts from the second term the N = 2 Goldstone
hypermultiplets for higgsing the (s − 1) four-dimensional N = 2 U(1) vector multiplets.
Next, we derive the complex dimension of the Coulomb branch C [ , in which the maximal
Abelian subgroup U(1)n−1 remains unbroken. It is parametrized by the expectation value of
all four-dimensional N = 2 hypermultiplet components that are neutral with respect to this
unbroken maximal Abelian subgroup. Therefore, the complex dimension c] of the Coulomb
branch becomes
 s

X



c] = dimC C ] = 2  g(C̃i )(ki − 1) + (n − 1) .
(4.50)
i=1

The first term counts the traceless neutral diagonal degrees of freedom of the four-dimensional
N = 2 matter hypermultiplets in the adjoint representation, while the second term adds the
contributions of the complex scalar fields in the four-dimensional unbroken Abelian N = 2
vector multiplets.
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The twisted connected sum G2 -manifolds
The next task is to compute the Betti numbers of the twisted connected sum G2 -manifolds Y [
and Y ] , which geometrically realize the Higgs and Coulomb branches by orthogonal gluing of
the building blocks (Z [ , S [ ) and (Z ] , S ] ) to a common right building block (ZR , S R ).
• The geometrical perspective
We construct the building block (Z [ , S [ ) by blowing-up the semi-Fano threefold P along
the smooth irreducible curve C[ , which — as in the Higgs branch of the Abelian gauge
theories — arises from a generic deformation of the section s0 of the anti-canonical line
bundle −KP . Then, relations (4.39) determine again the two-form and three-form Betti
numbers of the G2 -manifold Y [ . The smooth Coulomb branch building block (Z ] , S ] )
results from the sequence of n = k1 + . . . + k s blow-ups
Z ] = Bl{C̃k1 ,...,C̃ks } P ,
1

(4.51)

s

where each individual curve C̃i is resolved ki times such that dim k] = n − 1. Therefore,
using equations (4.10), (4.29) and (4.30), we arrive at the two-form and the three-form
Betti numbers for the smooth G2 -manifold Y ]
 s

X



(2)

b2 (Y ] ) = (n − 1) + δ , b3 (Y ] ) = b3 (P) +  ki C̃i .C̃i  + 3n + 22 + δ(3) , (4.52)
R

R

i=1

with the definitions as in (4.41). Using the equivalence relation C[ ∼ k1 C̃1 + . . . + k s C̃ s ,
the changes of the Betti numbers are given by
b2 (Y [ ) = b2 (Y ] ) − (n − 1) ,


 s

 X

X

[
]
b3 (Y ) = b3 (Y ) +  χ̃ii ki (ki − 1) + 2 
χ̃i j ki k j  − 3(n − 1)
i=1

(4.53)

1≤i< j≤s

in terms of the intersection numbers χ̃i j = C̃i .C̃ j on the K3 surface S .
• The correspondence between the gauge theory and the geometrical perspectives
The computed change of Betti numbers is also in accordance with the phase structure
of the proposed non-Abelian gauge theory description. Namely, the change of the twoform Betti number conforms with the difference of the four-dimensional N = 1 vector
multiplets in the Higgs and Coulomb branches, given by the rank of the non-Abelian gauge
group (4.48). The difference of four-dimensional N = 1 chiral multiplets is accurately
predicted by the complex dimensions of the Higgs and Coulomb branches. In other words,
with equations (4.30), (4.49) and (4.50), we find for the discussed non-Abelian gauge
theories
b3 (Y [ ) − b3 (Y ] ) = b[3 − b]3 = dimC H [ − dimC C ] .
(4.54)
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The established correspondence between G2 -manifolds and non-Abelian Higgs and Coulomb branches carries over to mixed Higgs–Coulomb branches as well, which we illustrate
with an explicit example in section 4.2.3. The fact that the performed analysis of the
non-Abelian gauge theory sectors closely parallels the study of the Abelian gauge theories does not come as a surprise, because the Abelian gauge group (4.34) arises from
partially higgsing the non-Abelian gauge group (4.48) to its maximal Abelian subgroup.
As a result, the topological data of the G2 -manifolds for the Higgs, Coulomb and mixed
Higgs–Coulomb phases resulting from a given semi-Fano threefold P are the same for
both the discussed Abelian and non-Abelian gauge theory sectors.

4.2.3 Examples of G2 -manifolds with N = 2 gauge theory sectors
Following the general discussion of N = 2 gauge theory sectors in sections 4.2.1 and 4.2.2,
we now illustrate the emergence of N = 2 gauge theory sectors in twisted connected sum
G2 -manifolds with a few explicit examples. Two examples will be described step by step. Since
the reasoning for the remaining examples is similar, we comment on their extra ingredients and
present mainly the results.
SU(4) gauge theory with adjoint matter from the Fano threefold P3
Consider the Fano threefold P3 with the anti-canonical divisor −KP3 = 4H in terms of the
hyperplane class H. Let s̃0,1 be a generic global section of H and s1 be generic global section of
−KP3 . With the affine coordinate t of the factor P1 of the resolved building block Zsing ⊂ P3 × P1 ,
equation (4.46) leads to the hypersurface equation
s̃40,1 + ts1 = 0 .

(4.55)

Therefore, there is only k1 = 4 in equation (4.47). This implies that we are specializing to the
case where there is a curve C̃1 = { s̃0,1 = 0} ∩ {s1 = 0} ∩ {t = 0} exhibiting an A3 singularity. In
particular, this yields a N = 2 gauge theory sector10 with gauge group SU(k1 ) = SU(4).
First of all, notice that, due to equation (4.30), the curves C(k) = (−KP3 ) ∩ (kH) have the
following intersection numbers on the K3 surface S and genera
C(k) · C(l) = 4kl ,

g(C(k) ) =

1 (k) (k)
C · C + 1 = 2k2 + 1 .
2

(4.56)

Furthermore, the equivalence C̃1 ∼ C(1) leads to g(C̃1 ) = 3 four-dimensional N = 2 hypermultiplets in the adjoint representation of SU(4).
• The gauge theory perspective: The first task is to compute the predictions for the Higgs
and Coulomb branches arising from this spectrum. Since we have only a single curve in
this example, the second term in parenthesis of equation (4.49) vanishes and, therefore,
10

Note that for this particular example the deformed phases of the non-enhanced N = 2 Abelian gauge theory
sector have also been discussed in reference [254].
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we obtain for the Higgs branch
dimC H [ = 2 × [(3 − 1) × (42 − 1)] − 2 × (1 − 1) = 60 .

(4.57)

Since n = k1 = 4, with the help of equation (4.50), we obtain for the Coulomb branch
dimC C ] = 2 × [3 × (4 − 1)] + (4 − 1) = 21 .
Therefore, we obtain

dimC H [ − dimC C ] = 39 .

(4.58)

(4.59)

• The geometrical perspective: The next task is to compute the Betti numbers of the
twisted connected sum G2 -manifolds Y [ and Y ] , which geometrically realize the Higgs
and Coulomb branches by orthogonal gluing of the building blocks (Z [ , S [ ) and (Z ] , S ] ) to
a common right building block (ZR , S R ).
As proposed in section 4.2.2, in order to determine the building block (Z [ , S [ ) of the
Higgs branch H [ , we deform the hypersurface equation (4.55) to s0 + ts1 = 0 with generic
sections s0 and s1 of −KP3 . This allows for the blow-up of P3 along the irreducible smooth
curve with C[ ∼ C(4) . For this curve, we use equation (4.56) to obtain
C(4) · C(4) = 4 × 4 × 4 = 64 ,

g(C(4) ) =

1 (4) (4)
C · C + 1 = (2 × 42 ) + 1 = 33 . (4.60)
2

Therefore, since b3 (P3 ) = 0, from equation (4.37), the building block (Z [ , S [ ) has
dim k[ = 0 ,

b3 (Z [ ) = 2g(C[ ) = 66 .

(4.61)

Again, as proposed in section 4.2.2, in order to determine the building block (Z ] , S ] ) of
the Coulomb branch C ] , we sequentially perform n = 4 blow-ups of P3 along the curve C̃1 .
For this curve, we use equation (4.56) to obtain
C̃1 · C̃1 = 4 × 1 × 1 = 4 ,

g(C̃1 ) =

1
C̃1 · C̃1 + 1 = (2 × 12 ) + 1 = 3 .
2

(4.62)

Therefore, since b3 (P3 ) = 0 and all the blow-ups occurs along the same curve C̃1 , from
equation (4.38), the building block (Z ] , S ] ) has
dim k] = 4−1 = 3 ,

b3 (Z ] ) = (2×4) +

4
X

Ci ·Ci = 8+(4× C̃1 · C̃1 ) = 8+(4×4) = 24 .

i=1

(4.63)
Finally, we orthogonally glue the building blocks (Z [ , S [ ) and (Z ] , S ] ) to a suitable right
building block (ZR , S R ). We use equations (4.39), (4.52) and the definition of the reduced
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Betti numbers given in equation (4.42) to find
b[2 = b2 (Y [ ) − δ(2)
R = 0,
3
[
[
b[3 = b3 (Y [ ) − δ(3)
R = b3 (P ) + C · C + 25 = 64 + 25 = 89 ,

b]2 = b2 (Y ] ) − δ(2)
R = (n − 1) = (4 − 1) = 3 ,
b]3 = b3 (P3 ) + 4C̃1 · C̃1 + 3n + 22 = (4 × 4) + (3 × 4) + 22 = 16 + 12 + 22 = 50 .
(4.64)
• The correspondence: This is in accordance with the anticipated gauge theory description
established in section 4.2.2. Indeed, observe that the differences b]2 −b[2 = 3 and b[3 −b]3 = 39
agree with the rank of the gauge group SU(4) and the change in the dimensionality of the
Higgs and Coulomb branches in equation (4.59), respectively.
By partially deforming the first term s̃40,1 in the hypersurface equation (4.55), we can realize
hypersurface singularities describing various Abelian and non-Abelian subgroups of SU(4).
Such partial deformations geometrically realize mixed Higgs–Coulomb branches of the SU(4)
gauge theory. We collect the geometry and phase structure of these mixed Higgs–Coulomb
branches in table 4.7, where the entries of this table are determined by equations (4.28), (4.29),
(4.49), (4.50), and (4.56). Note that — depending on the breaking pattern of SU(4) arising from
partially higgsing — the dimensions of Higgs and Coulomb branches vary because only the
charged matter spectrum of the unbroken gauge group plays a role for the Higgs and Coulomb
branches in this gauge theory sector. For all entries in table 4.7 we indeed find that
b[3 − b]3 = h[ − c] ,

dim k] = rk G .

(4.65)

This agreement confirms nicely the correspondence between gauge theory branches and phases
of twisted connected sum G2 -manifolds.
SU(2) × SU(2) × U(1) gauge theory from the Fano threefold MM482
In the following we quickly present an example where both adjoint and bi-fundamental
matter appear in the spectrum. This examples comes from the rank two Fano threefold W6 with
reference number MM482 . This threefold is a hypersurface of bidegree (1, 1) in P2 × P2 with
b3 (W6 ) = 0 [236]. Let H1 and H2 be the hyperplane classes of P2 ×P2 . By the adjunction formula,
the anti-canonical divisor of W6 reads −KW6 = 2H1 + 2H2 . Furthermore, the self-intersection
numbers of the curves C(k,l) = (−KW6 ) ∩ (kH1 + lH2 ) in the anti-canonical divisor −KW6 and
hence their genera are given by
C(k1 ,l1 ) · C(k2 ,l2 ) = 2(k1 k2 + l1 l2 + 2k1 l2 + 2l1 k2 ) ,

g(C(k,l) ) = k2 + l2 + 4kl + 1 .

(4.66)

With generic global sections s̃0,1 , s̃0,2 and s1 of H1 , H2 and −KW6 , the equation for the singular
building block Zsing ⊂ W6 × P1 becomes, with the affine coordinate t of P1 ,
s̃20,1 s̃20,2 + ts1 = 0 .

(4.67)
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s0 factors Gauge Group N = 2 Hypermultiplet spectrum

h[ c] b[3 b]3 k]

14

60 21 89 50 3

3 × adj

SU(4)

13 · 1
2

2

SU(3) × U(1) 3 × adj; 4 × 3+1
2

54 15 89 50 3

1 ·1

SU(2) × U(1) 3 × (adj, 1); 3 × (1, adj); 4 × (2, 2)+1

54 15 89 50 3

12 · 1 · 1

SU(2) × U(1)2 3 × adj; 4 × 2(+1,+1) ; 4 × 2(+1,0) ; 4 × 2(0,+1)

48 9 89 50 3

1 · 1 · 1 · 1 U(1)

3

4 × (+1, +1, 0); 4 × (+1, 0, +1); 4 × (0, +1, +1); 42 3 89 50 3
4 × (+1, 0, 0); 4 × (0, +1, 0); 4 × (0, 0, +1)

2

2·1

SU(2) × U(1) 3 × adj; 8 × 2+1

2·1·1

U(1)2

4 × (+1, +1); 8 × (+1, 0); 8 × (0, +1)

36 2 89 55 2

SU(2)

9 × adj

48 19 89 60 1

2·2

U(1)

16 × (+1)

30 1 89 60 1

3·1

U(1)

12 × (+1)

22 1 89 68 1

2

2

42 8 89 55 2

Table 4.7: The gauge theory branches of the SU(4) gauge theory of the building blocks associated to
the rank one Fano threefold P3 . The columns list the factorization of the anti-canonical section s0 with
degrees and multiplicities, the gauge group of the gauge theory branch, the matter spectrum of N = 2
hypermultiplets with their non-Abelian representations together with the Abelian U(1) charges, the
complex dimensions h[ and c] of the Higgs and Coulomb branches, the reduced three-form Betti numbers
b[3 and b]3 of the twisted connected sum G2 -manifolds Y [ and Y ] , and the kernel k] of the Coulomb phase
building block (Z ] , S ] ).

Thus, since k1 = k2 = 2, we find A1 singularities along the two curves C̃i = { s̃0,i = 0} ∩ {s1 =
0} ∩ {t = 0} with i = 1, 2.
• First of all, with equation (4.48) in section 4.2.2, we therefore find a SU(2) × SU(2) × U(1)
gauge theory both with adjoint matter and with bi-fundamental matter from the intersection
points C̃1 ∩ C̃2 . Due to equation (4.48), we have the correspondence SU(2)×SU(2)×U(1) '
U(2) × U(2)/U(1)Diag .
• Secondly, there are g(C̃i ) four-dimensional N = 2 hypermultiplets in the adjoint of SU(2)
for each i = 1, 2. Due to the equivalences C̃1 ∼ C(1,0) and C̃2 ∼ C(0,1) and relations (4.66),
we find g(C̃1 ) = g(C̃2 ) = 2.
• Thirdly, since C(1,0) · C(0,1) = 4, we have 4 four-dimensional N = 2 hypermultiplets in
the bi-fundamental (2, 2)+1 where +1 is the U(1) charge with respect to the diagonal U(1)
subgroup of the respective unitary group U(2) in the correspondence SU(2) × SU(2) ×
U(1) ' U(2) × U(2)/U(1)Diag .
In summary, we arrive at the following four-dimensional N = 2 hypermultiplet matter
spectrum
2 × (adj, 1) ; 2 × (1, adj) ; 4 × (2, 2)+1 .
(4.68)
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• The gauge theory perspective: The first task is to compute the predictions for the Higgs
and Coulomb branches arising from this spectrum. Notice that this example has two
curves and not a single one as in the previous example. Using equation (4.49) leads, for
the Higgs branch,
dimC H [ = 2 × [2 × (22 − 1)] + 2 × (χ̃12 k1 k2 ) − 2 × (2 − 1)
= 12 + (2 × 4 × 2 × 2) − 2
= 42 .

(4.69)

Furthermore, using equation (4.50) leads, for the Coulomb branch,
dimCC ] = 2 × [2 × 2 × (2 − 1)] + 3
= 11 .

(4.70)

dimC H [ − dimCC ] = 31 .

(4.71)

Therefore, we obtain

• The geometrical perspective: The next task is to compute the Betti numbers of the twisted
connected sum G2 -manifolds Y [ and Y ] .
For the Higgs branch, we deform the hypersurface equation such that it allows for the
blow-up of P2 × P2 along the irreducible smooth curve C[ ∼ C(2,2) . For this curve, we use
equation (4.66) to obtain C(2,2) · C(2,2) = 48 and the genus g(C(2,2) ) = 25. Therefore, the
building block (Z [ , S [ ) has
dim k[ = 0 ,

b3 (Z [ ) = 2g(C[ ) = 50 .

(4.72)

For the Coulomb branch, we sequentially perform n = 4 blow-ups of P2 × P2 along the
curves C̃1 and C̃2 (two blow-ups along each). For these curves, we find
C̃1 · C̃1 = 2 ,
C̃2 · C̃2 = 2 .

(4.73)

Therefore, since b3 (W6 ) = 0, the building block (Z ] , S ] ) has
dim k] = 4 − 1 = 3 ,
]

b3 (Z ) = (2 × 4) +

2
X

ki C̃i · C̃i = 8 + 2C̃1 · C̃1 + 2C̃2 · C̃2 = 8 + 4 + 4 = 16 .

i=1

(4.74)

Finally, we orthogonally glue the building blocks (Z [ , S [ ) and (Z ] , S ] ) to a suitable right
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building block (ZR , S R ). We use equations (4.39) and (4.52) to find
b[2 = b2 (Y [ ) − δ(2)
R = 0,
3
[
[
b[3 = b3 (Y [ ) − δ(3)
R = b3 (P ) + C · C + 25 = 48 + 25 = 73 ,

b]2 = b2 (Y ] ) − δ(2)
R = (n − 1) = (4 − 1) = 3 ,
b]3 = b3 (W6 ) + 2C̃1 · C̃1 + 2C̃2 · C̃2 + 3n + 22 = (2 × 2) + (2 × 2) + (3 × 4) + 22 = 42 .
(4.75)
• The correspondence: This is in accordance with the gauge theory description. Indeed, the
differences are b]2 − b[2 = 3 and b]3 − b[3 = 73 − 42 = 31.
The resulting correspondence between the gauge theory branches and the phase structure
of the twisted connected sum G2 -manifolds is summarized in table 4.8, where the entries are
computed with the formulas (4.28), (4.29), (4.49), (4.50), and (4.66) — similarly as the explicit
computations for the first example in this section.
N = 2 Hypermultiplet spectrum

h[ c] b[3 b]3 k]

s0 factors

Gauge Group

(1, 0)2 (0, 1)2

SU(2) × SU(2) × U(1) 2 × (adj, 1); 2 × (1, adj); 4 × (2, 2)+1 42 11 73 42 3

2

(1, 0) (0, 1)(0, 1) SU(2) × U(1)2
(1, 0)(1, 0)

U(1)3

·(0, 1)(0, 1)
(2, 0)(0, 1)2

2 × adj; 4 × 2(1,0) ; 4 × 2(0,1) ; 2 × 1(1,1) 38 7 73 42 3
2 × (1, 1, 0); 4 × (1, 0, 1); 4 × (0, 1, 1); 34 3 73 42 3
4 × (1, 0, 0); 4 × (0, 1, 0); 2 × (0, 0, 1)

SU(2) × U(1)

2 × adj; 8 × 2+1

36 6 73 43 2

(2, 0)(0, 1)(0, 1) U(1)

8 × (1, 0); 8 × (0, 1); 2 × (1, 1)

32 2 73 43 2

(1, 1)2

SU(2)

7 × adj

36 15 73 52 1

(1, 1)(1, 1)

U(1)

12 × (+1)

22 1 73 52 1

(2, 0)(0, 2)

U(1)

16 × (+1)

30 1 73 44 1

(2, 1)(0, 1)

U(1)

10 × (+1)

18 1 73 56 1

2

Table 4.8: The gauge theory branches of the SU(2) × SU(2) × U(1) gauge theory associated to the Fano
threefold W6 with Mori–Mukai label MM482 [236]. Listed are the factors of the anti-canonical section
s0 with bi-degrees and multiplicities, the unbroken gauge subgroup, the N = 2 matter hypermultiplets,
the complex dimensions h[ and c] of the Higgs and Coulomb branches, the reduced three-form Betti
numbers b[3 and b]3 of the twisted connected G2 -manifolds Y [ and Y ] , and the kernel k] of the Coulomb
phase building block (Z ] , S ] ).
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Further examples from toric semi-Fano threefolds
Our last class of examples concerns N = 2 gauge theory sectors from toric semi-Fano
threefolds PΣ , where the fan Σ is obtained from a triangulation of a three-dimensional reflexive
lattice polytope ∆. In this toric setup, the anti-canonical divisor reads
− K PΣ = D1 + . . . + Dn ,

(4.76)

where the toric divisors Di , i = 1, . . . , n, correspond to the one-dimensional cones of Σ, i.e.,
to the rays of the lattice polytope ∆. For smooth toric varieties PΣ , the toric divisors Di are
smooth and intersect transversely [210]. As the anti-canonical divisor −KP is base-point free11 ,
we can apply Bertini’s theorem [101] to argue that we can find a smooth global section s1 of the
anti-canonical divisor −KPΣ and further generic global sections s0,i of Di such that the curves
Ci = {s0,i = 0} ∩ {s1 = 0} are smooth and mutually intersect transversely. Hence, the toric
semi-Fano threefold PΣ realizes indeed a U(1)n−1 gauge theory sector. The four-dimensional
matter spectrum is then given by table 4.5, where the multiplicities χi j are the toric triple
intersection numbers
χi j = −KPΣ .Di .D j .
(4.77)
As proposed in section 4.2.1, we construct the building blocks (Z ] , S ] ) of the Coulomb branch
C ] by the sequential blow-ups (4.27) along the curves Ci , while we determine the building block
(Z [ , S [ ) of the Higgs branch H [ by blow-up of a smooth curve C[ = {s0 = 0} ∩ {s1 = 0} obtained
by deforming the singular section s0,1 · · · s0,n to a generic anti-canonical section s0 . Therefore,
we arrive at the twisted connected sum G2 -manifolds Y ] and Y [ by orthogonally gluing these
gauge theory building blocks with a right building block (ZR , S R ) in the usual way.12
Note that, due to linear equivalences among the toric divisors Di , the Abelian gauge theory
can enhance to non-Abelian gauge groups as well. Namely, assume that the anti-canonical
bundle −KPΣ is linearly equivalent to
− KPΣ ∼ k1 D̃1 + . . . + k s D̃ s ,

(4.78)

P
where, for some divisors, there are some equivalences D̃α ∼ i aαi Di with global sections s̃0,α .
Furthermore, we require that the curves C̃α are smooth and mutually intersect transversely.
Following the prescription given in section 4.2.2, we arrive at the N = 2 non-Abelian gauge
theory sector with gauge group
G = SU(k1 ) × . . . × SU(k s ) × U(1) s−1 .

(4.79)

Note that rank of the gauge group (k1 + . . . + k s − 1) is a priori not correlated with the number n
of toric divisors. Instead, it depends on the precise nature of the linear equivalences among the
toric divisors Di , i = 1, . . . , n, and the divisors D̃α , α = 1, . . . , s.
11
12

For a given vector space of global sections, their locus of common zeros is called the base-locus or base-points.
For toric semi-Fano threefolds PΣ , some of the performed blow-ups discussed here and in the following can also
be described with toric geometry techniques [234]. However, the use of the toric description is not an advantage
to extract the relevant geometric data for us.
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Let us give an example by analyzing the four-dimensional N = 2 gauge theory sectors with the
rank two toric semi-Fano threefold PΣ of reference number K32, which was already described
in some detail in section 4.1. The linear equivalences among the toric divisors D1 , . . . , D5 leads
to the anti-canonical divisor
− KPΣ = D1 + . . . + D5 ∼ 3D1 ∼ 3D2 + 3D4 .

(4.80)

With these linearly equivalent representations for −KPΣ , we arrive, for instance, at the gauge
groups U(1)4 of rank four, SU(3) of rank three, or SU(3) × SU(3) × U(1) of rank five. Note that
the phases of the lower rank gauge groups U(1)4 and SU(3) enjoy again the interpretation as
mixed Higgs–Coulomb branches of the SU(3) × SU(3) × U(1) gauge theory of rank five which,
by applying equation (4.77) and equation (4.30), yields the spectrum
1 × (adj, 1) ;

1 × (1, adj) ;

3 × (3, 3)+1 .

(4.81)

In table 4.9 we list the gauge theory sectors of a few toric semi-Fano threefolds PΣ . This table
does not display all mixed Higgs–Coulomb branches. Here, we focus on the resulting twisted
connected sum G2 -manifolds Y [ and Y ] associated to the Higgs H [ and Coulomb branches C ]
of the maximally enhanced gauge group of maximal rank, as obtained by the factorization of
the anti-canonical bundle −KPΣ .
Notice the existence of an N = 2 SU(3) × SU(2) × U(1) gauge theory with adjoint representations in both SU(3) and SU(2) as well as three generations of charged bi-fundamental matter
(3, 2)+1 — this is given in the first row of table 4.9. While this vaguely resembles the content of
the Standard Model of Particle Physics, one still has to take care of supersymmetry breaking by
allowing N = 2 → N = 1.

4.2.4 Transitions among twisted connected sum G2 -manifolds
The proposed correspondence between phases of twisted connected sum G2 -manifolds and
gauge theory branches of the described N = 2 gauge theory sectors is essentially based upon
the correspondence between extremal transitions in the asymptotically cylindrically Calabi–Yau
threefolds XL/R and the Higgs–Coulomb phase structure of the associated N = 2 gauge theories.
In the original type IIA string theory setting, the N = 2 matter spectrum arises from solitons
of massless D2-branes wrapping the vanishing cycles of the singular Calabi–Yau threefolds at
the transition point [255, 256], which become membranes in the discussed context of M-theory.
However, while in the type IIA setting these D2-branes furnish BPS states of the N = 2 algebra,
the corresponding interpretation of membrane states becomes more subtle in the context of
M-theory on twisted connected sum G2 -manifolds because the corresponding membrane states
do not admit a BPS interpretation due to minimal four-dimensional N = 1 supersymmetry.
Therefore, a natural question now is whether the described M-theory transitions are actually
dynamically realized.
As discussed in chapter 3, the semi-classical moduli space MC of M-theory on G2 -manifolds
has the geometric moduli space M of Ricci-flat G2 -manifolds as a real subspace. From the lowenergy effective N = 1 supergravity point of view, this is a consequence of the semi-classical
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No.

ρ Gauge Group

N = 2 Hypermultiplet spectrum

h[ c] b[3 b]3 k]

K24,

2 SU(3) × SU(2)

2 × (adj, 1); (1, adj); 3 × (3, 2)+1

50 14 79 43 4

×U(1)

MM342
2

K32

2 SU(3) × U(1)

(adj, 1); (1, adj); 3 × (3, 3)+1

52 13 79 40 5

K35,

2 SU(5) × SU(2)

2 × (adj, 1); (5, 2)+1

60 22 87 49 6

2 × (adj, 1); 2 × (4, 2)+1

54 17 81 44 5

(adj, 1); 3 × (4, 3)+1

54 12 79 37 6

×U(1)

MM362
K36,

2 SU(4) × SU(2)
×U(1)

MM352
K37,

2 SU(4) × SU(3)
×U(1)

MM332
K62,

(adj, 12 ); (1, adj, 1); (12 , adj); 2 × (22 , 1)(1,1)

3

3 SU(2) × U(1)2

2 × (2, 1, 2)(1,0) ; 2 × (1, 2 )(0,1)

MM273
K68,

3 SU(3) × SU(2)

MM313
K124

(adj, 1); 3 × (3, 2)(1,1) ; 2 × (3, 1)(1,0) ; (1, 2)(0,1)

42 9 69 36 6

2

×U(1)

MM253
K105,

44 11 73 40 5

2

3 SU(3) × SU(2) (adj, 12 ); (1, adj, 1); 2 × (32 , 1)(1,1) ; (3, 1, 2)(1,0) ; 50 15 77 42 7
2

×U(1)2 (1, 3, 2)(0,1)
3 SU(4) × SU(2)2 (adj, 1, 1); 2 × (4, 2, 1)(1,1) ; 2 × (4, 1, 2)(1,0)

48 13 73 38 7

×U(1)2
K218,
MM124
K266,
MM104
K221

(adj, 13 ); (4, 3, 12 )(1,1,0) ; (4, 1, 2, 1)(1,0,1) ;

4 SU(4) × SU(3)

46 16 71 41 10

×SU(2)2 × U(1)3 (4, 12 , 2)(1,0,0) ; (1, 3, 2, 1)(0,1,1) ; (1, 3, 1, 2)(0,1,0)
4 SU(3) × SU(2)3 (1, adj, 12 ); (3, 2, 12 )(1,1,0) ; 2 × (3, 1, 2, 1)(1,0,1) ;

42 10 67 35 8

×U(1)3 2 × (3, 12 , 2)(1,0,0) ; (1, 22 , 1)(0,1,1) ; (1, 2, 1, 2)(0,1,0)
4 SU(3) × SU(2)2 2 × (3, 2, 1)(1,1,0) ; 3 × (3, 1, 2)(1,0,1) ; (3, 12 )(1,0,0)

40 7 63 30 7

3

×U(1) 2 × (1, 2, 1)(0,1,0)
K232

4 SU(4) × SU(2)3 2 × (4, 2, 12 )(1,1,0) ; 2 × (4, 1, 2, 1)(1,0,1) ;

42 9 65 32 9

×U(1) 2 × (4, 1 , 2)(1,0,0)
3

K233

2

4 SU(3) × SU(2)2 3 × (3, 2, 1)(1,1) ; 3 × (3, 1, 2)(1,0)

40 6 63 29 6

2

×U(1)
K247

4 SU(4) × SU(3)2 2 × (4, 3, 12 )(1,1,0) ; 2 × (4, 1, 3, 1)(1,0,1) ;

46 11 69 34 11

×SU(2) × U(1) (1, 3, 1, 2)(0,1,0) ; (1 , 3, 4)(0,0,1)
3

K257

2

4 SU(5) × SU(3)2 2 × (5, 3, 12 )(1,1,0) ; 2 × (5, 1, 3, 1)(1,0,1) ;

48 12 71 35 12

×SU(2) × U(1) (5, 1 , 2)(1,0,0)
3

2

Table 4.9: The N = 2 gauge theory sectors for some smooth toric semi-Fano threefolds PΣ of Picard rank
two and higher. The columns display the number of the threefold PΣ in the Mori–Mukai [236] and/or
Kasprzyk [238] classification, its Picard rank ρ, the maximally enhanced gauge group of maximal rank
by factorizing the anti-canonical bundle, the N = 2 matter hypermultiplets, the complex dimensions h[
and c] of the Higgs and Coulomb branches, the reduced three-form Betti numbers b[3 and b]3 , and the
kernel k] of the Coulomb branch.
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shift symmetries with respect to the real parts of the chiral fields (3.57). However, due to
arguments about the absence of global continuous symmetries in consistent theories of gravity,
see e.g. reference [258], these shift symmetries should be broken non-perturbatively such that the
flat directions of the chiral moduli fields are lifted. In the context of M-theory on G2 -manifolds,
membrane instantons on suitable three-cycles generate non-perturbative superpotential terms
that break these continuous shift symmetries [228]. As these non-perturbative corrections are
exponentially suppressed in the volume of the wrapped three-cycles, the flat directions — as
described by the semi-classical moduli space MC — are expected to be only realized in the large
volume limit of the G2 -compactification. Hence, M-theory transitions among G2 -manifolds
should only occur in the absence of such non-perturbative effects, as for instance in the case of
the large volume limit.13
If we now take both the large volume limit and the Kovalev limit simultaneously, gravity
decouples, and we arrive at a genuine four-dimensional N = 2 gauge theory sector with
eight unbroken supercharges. Then the lower energy dynamics is indeed described as in
references [250, 251, 255, 256], and the gauge theory phases connect asymptotically cylindrical
Calabi–Yau threefolds via extremal transitions. Thus, we claim that, in the large volume and in
the large Kovalev limit, the transitions among the N = 2 gauge theory sectors geometrically
realize the anticipated transitions among twisted connected sum G2 -manifolds.
If we maintain the large volume limit but allow for finite Kovalevton, the situation becomes
more subtle. While the massless spectrum is still N = 2, we expect that the appearance of
further interaction terms breaks N = 2 supersymmetry to N = 1. Then the N = 2 gauge theory
sector is partially broken to a N = 1 gauge theory, whose supersymmetry breaking couplings
are governed by the scale of the Kovalevton. In this N = 1 language, the transition between
non-Abelian N = 2 Higgs and Coulomb branches essentially describes an enhancement to an
Abelian gauge symmetry within the N = 1 Higgs branches. Namely, in the N = 1 language,
the N = 2 Coulomb phase corresponds to the partially higgsing of the non-Abelian group
to its maximal Abelian subgroup. Thus, at low energies, the proposed (non-Abelian) N = 2
Higgs–Coulomb phase transition describes the Higgs mechanism of a weakly-coupled Abelian
N = 1 gauge theory. These observations provide for some evidence that, in the large volume
limit, the anticipated phase structure among the described twisted connected sum G2 -manifolds
is still realized — even for finite Kovalevton.
Geometrically, we therefore propose that in the M-theory moduli space MC the presented
transitions among twisted connected sum G2 -manifolds are indeed unobstructed. In other words,
we conjecture that the construction of orthogonally gluing commutes with extremal transitions
in the asymptotically cylindrical Calabi–Yau threefolds XL/R . Furthermore, our proposal implies
that the moduli space M of Ricci-flat G2 -metrics of the twisted connected sum type should
exhibit a stratification structure as predicted by the phase structure of the analyzed N = 2 gauge
theories sectors. In the context of Abelian gauge theory sectors our proposal conforms with a
similar conjecture put forward in reference [254].

13

In the presence of small non-perturbative obstructions we can still have quantum-mechanical transitions among
four-dimensional vacua. Then the transition probability is governed by the tunneling rate through the barrier of
the non-perturbative scalar potential.
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Part II
Dark matter in the KL moduli
stabilization scenario

Prelude
So far we have studied the formal aspects of a high-energy string/M-theory and obtained a
low-energy effective description from a top-down approach. In part II we are now interested in
more phenomenological/cosmological aspects of compactifications. In particular, we investigate
a scenario in which neutralino dark matter is obtained from a string/M-theory framework.
In chapter 5 we introduce the Kallosh–Linde (KL) moduli stabilization scenario, adding an
F-term dynamical supersymmetry breaking sector motivated by N = 1 SUSY QCD to allow
for an uplifting of the non-positive KL vacuum structure.
In chapter 6 we study the corresponding dynamics after the inflationary phase of the Universe
and impose constraints from both late entropy production and the dark matter relic density.
Firstly, we consider neutralino dark matter thermal production via gravitinos generated during
the reheating phase of the inflaton. Secondly, we consider neutralino dark matter production via
a mixture of thermal neutralino production and also non-thermal production from decays of the
ISS fields.
The novel results presented in this part of the thesis are:
• the use of the Intriligator–Seiberg–Shih (ISS) from the low-energy effective theory of the
magnetic dual of SU(Nc ) N = 1 SUSY QCD as an F-term dynamical supersymmetry
breaking sector to uplift the non-positive vacuum of the KL moduli stabilization scenario;
• the decay rates of the ISS fields into other ISS fields and into MSSM fields;
• the analysis of the dynamics after inflation within the context of KL-ISS-MSSM, obtaining
constraints on late entropy production from the ISS fields and their decay products so that
there is no dilution of products from the Big-Bang nucleosynthesis;
• the achievement of neutralino dark matter candidates compatible with the observed dark
matter relic density (both from thermal and non-thermal processes).
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5

The KL-ISS scenario
In the present chapter we introduce the background setup to investigate the possible emergence
of dark matter candidates from a higher-dimensional string/M-theory perspective.
In section 5.1 we introduce the reader to the Kallosh–Linde (KL) moduli stabilization scenario.
We comment on how it fits into the string/M-theory framework and also on how it deals with
phenomenological issues of the previous semi-realistic moduli stabilization scenario for string
cosmology, the Kachru–Kallosh–Linde–Trivedi (KKLT) scenario. Moreover, we present the
AdS/Minkowski vacuum structure of the KL scenario.
In section 5.2 we introduce the reader to the Intriligator–Seiberg–Shih (ISS) model. We
also comment on how it fits into the string/M-theory framework. After briefly commenting
on the MSSM and the inflationary sectors in section 5.3, we show in section 5.4 how the
ISS model serves as an F-term dynamical supersymmetry breaking sector useful to uplift the
KL AdS/Minkowski vacuum structure to a dS vacuum with positive cosmological constant.
Furthermore, in section 5.4, we see how the gravitino mass is related with parameters of both
the KL moduli stabilization scenario and of the ISS sector.
Finally, in section 5.5 we present the masses of the fields in our general setup and the results
for the relevant decay rates from interaction terms among these fields. These turn out to be
relevant when the production of dark matter is analysed in chapter 6.

5.1 The Kallosh–Linde (KL) moduli stabilization scenario
In the original work of KKLT [153], it was shown that all moduli are stabilized in a controlable
way in the context of compactifications of type IIB string theory on Calabi-Yau threefolds with
the presence of fluxes. To be more precise, the starting point is F-theory compactified on an
elliptically fibered Calabi-Yau fourfold X — see e.g. Calabi-Yau fourfold constructions for
F-theory in [105]. The manifold M of the fibration encodes the data from the type IIB geometry
whereas the type IIB axiodilaton τ is to be associated with deformations in the complex structure
of the elliptic fiber.
In the absence of fluxes, this setup has a certain locus in the moduli space which is of type
IIB compactified on an orientifolded Calabi-Yau threefold M [259]. Moreover, the focus is on a
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setup with only one1 Kähler modulus ρ, from the Hodge number h1,1 (M) = 1 as in [260]. In
the presence of fluxes, the superpotential takes the familiar form of the Gukov–Vafa–Witten
superpotential [231]
Z
W=

G3 ∧ Ω ,

(5.1)

M

where Ω is a holomorphic (3, 0)-form on M, and G3 = F3 − τH3 depends on the three-forms
from RR and NS fluxes in type IIB — F3 and H3 , respectively — and on the axiodilaton τ.
Furthermore, the tree-level Kähler potential reads
!
Z
K = −3 ln(ρ + ρ̄) − ln(τ + τ̄) − ln −i
Ω ∧ Ω̄ .
(5.2)
M

Let the covariant derivative be Di W = ∂i W + (∂i K)W and the moduli space metric Ki j̄ = ∂i ∂ j̄ K,
with i and j running over all moduli fields. It follows that the four-dimensional effective N = 1
supergravity scalar potential,
V = eK (K i j̄ Di WD j̄ W − 3|W|2 ) ,

(5.3)

leads to a positive semi-definite contribution. This is characteristic of no-scale models since the
superpotential given in equation (5.1) is independent of the modulus ρ. Note that in part I of
this thesis we obtained explicitly a scalar potential for M-theory compactifications on twisted
connected sum G2 -manifolds with the same no-scale structure, see section 3.4.3 in chapter 3.4.
Furthermore, it was shown that all complex structure moduli from F-theory on an elliptically
fibered Calabi-Yau fourfold are fixed at the mass scale m ∼ α0 /R3 , where α0 ∼ T −1 with the
string tension T , and R is the radius of the orientifolded Calabi-Yau threefold M. However, the
volume modulus ρ was left unfixed. Therefore, in the following, we study the four-dimensional
N = 1 effective supergravity theory associated to this particular modulus only.
Notice that there can be non-perturbative corrections to the superpotential2 , either from
Euclidean D3-branes or from gaugino condensation from stacks of D7-branes wrapping fourcycles in M. For both cases, the corrections follow a similar behaviour, namely, there are
exponential corrections to the superpotential for ρ at large volume [261].
Including these contributions, the analysis of the vacuum structure follows from the treelevel Kähler potential — now only for the volume modulus ρ — and the superpotential with
non-perturbative corrections, respectively given by
KKKLT = −3 ln(ρ + ρ̄) ,
WKKLT = W0 + Ae−aρ ,

(5.4)

where W0 < 0 is a tree-level constant contribution from fluxes and A, a > 0 are coefficients
determined by either of the two non-perturbative corrections mentioned in the previous paraThe generalization to several Kähler moduli ρi is also discussed in [260], but does not pose new aspects compared
to what is presented here.
2
Corrections to the Kähler potential have been neglected due to stabilization of ρ at large values compared with
the string scale, but there would still be an AdS supersymmetric vacuum [153].
1
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graph. At a supersymmetric vacuum one requires Dρ WKKLT = 0. Therefore, the scalar potential
given in equation (5.3) has now a negative value. It is in this sense that the volume modulus ρ is
stabilized in an AdS supersymmetric vacuum.
The KKLT moduli stabilization scenario was very successful in its attempt to construct the
first semi-realistic models for string cosmology. However, it had some issues [154]. Firstly,
the gravitino mass is extremely large in this scenario, namely m3/2 ∼ 6 × 1010 GeV. Secondly,
the gravitino mass has to satisfy a relation H . m3/2 , due to the fact that the height of the
potential stabilizing the modulus turns out to be related with the mass m3/2 , where H is the
Hubble parameter during inflation. In other words, we have two possible cases: either we have
high-scale inflation with a large gravitino mass or low-scale inflation with a ‘small’ gravitino
mass of O(TeV). A large gravitino mass implies that supersymmetry is broken at very highenergy scales. This is not desired if we consider supersymmetry as a potential solution to the
hierarchy problem. However, if this is not the case and other mechanisms are found to solve
the hierarchy problem in the lines of, for example, reference [262], high-scale supersymmetry
is still possible. Therefore, the first case is only a mild issue. However, the second case is a
bit more severe as it indicates the necessity of string theory inspired models with stable extra
dimensions for a very low-energy scale of inflation, H . 10−15 MP , which have proven to be
very difficult to construct.
These issues were later dealt with in the new KL scenario for moduli stabilization [154]. The
KL scenario is a consistent framework where the gravitino mass is small — in other words,
supersymmetry breaking happens at low-scales — and inflation takes place at high-scales.
This happens because the gravitino mass is no longer related to the height of the potential
and, therefore, to the Hubble parameter during inflation. Compared to the original KKLT,
the following modifications were performed in the KL scenario. Firstly, one now allows for
stabilization of the volume modulus in a supersymmetric Minkowski vacuum and, secondly, the
superpotential is modified to a racetrack expression, namely
WKL = W0 + Ae−aρ − Be−bρ ,

(5.5)

where W0 < 0 is a tree-level constant contribution from fluxes and A, B, a, b > 0 are coefficients
determined by non-perturbative corrections. The Kähler potential is still the same as in the
KKLT scenario, namely
KKL = −3 ln(ρ + ρ̄) .
(5.6)
At a supersymmetric Minkowski vacuum, both WKL = 0 and Dρ WKL = 0 must be satisfied.
This implies that the scalar potential in equation (5.3) vanishes, and we have a supersymmetric
Minkowski minimum with a vanishing gravitino mass. Moreover, since the gravitino mass
does not depend on the height of the potential, any possible uplifting of the Minkowski vacuum
to de Sitter would not give a contribution depending on the Hubble parameter. Therefore, it
would still be possible to have high-scale inflation without necessarily constraining the gravitino
mass to be also large. Notice that it is also possible to find AdS vacuum with WKL , 0 and
Dρ WKL = 0. In this case it is also found that the gravitino mass does not depend on the Hubble
parameter.
In both moduli stabilization scenarios, uplifting of the AdS/Minkowski vacuum can be per-

113

Chapter 5 The KL-ISS scenario
formed by explicitly breaking supersymmetry with non-perturbative terms from the addition of
several anti-D3-branes that, however, do not add further moduli to the discussion. For a sufficient warped background, such anti-D3-branes give a small contribution to the AdS/Minkowski
vacuum turning it to a small positive value without compromising the mechanisms that stabilized
the moduli in the first place.

5.2 The Intriligator–Seiberg–Shih (ISS) sector
In contrast to the uplifting via explicit supersymmetry breaking from anti-D3-branes, in this
thesis we perform the uplifting with a dynamical supersymmetry breaking sector provided by
the so-called Intriligator–Seiberg–Shih (ISS) model [176]. In this section we present the details
of the ISS model.
Sufficient conditions for the occurrence of dynamical supersymmetry breaking were suggested in [169, 170, 171, 172]. On the one hand, the theoretical requirement from the non-zero
Witten index of N = 1 Yang–Mills theory immediately implies that any N = 1 supersymmetric
gauge theory with massive vector-like matter has supersymmetric vacua. On the other hand,
theories with no supersymmetric vacua must either be chiral or massless non-chiral. Satisfying
the requirements for no supersymmetric vacua in a stable ground state from dynamical supersymmetry breaking have not only proven to be complicated but also posed various issues for
phenomenology — see reviews [173, 174, 175]. In the original work of the ISS model [176],
much simpler and phenomenologically viable models were constructed by allowing dynamical supersymmetry breaking to happen in metastable vacua. The background for metastable
dynamical supersymmetry breaking in this thesis is provided by supersymmetric QCD, which
allows for both supersymmetric vacua with massive vector-like matter as well as long-lived
non-supersymmetric vacua.
Supersymmetric QCD is based on SU(Nc ) N = 1 with scale Λ coupled with N f chiral multiplets (flavours) Qi in the Nc representation and N̄ f chiral multiplets Q̃ĩ in the N̄c representation,
where i, ĩ = 1, . . . , N f [263]. The anomaly free global symmetry of SUSY QCD is
SU(N f )L × SU(N f )R × U(1)B × U(1)R .
The transformations for the quarks Q and Q̃ are given by


Q
N f , 1, 1, 1 ,


Q̃
1, N̄ f , −1, 1 .

(5.7)

(5.8)

The original supersymmetric QCD theory has a non-Abelian Coulomb phase at the origin of its
moduli space [264]. In the regime 3Nc /2 < N f < 3Nc , the non-Abelian Coulomb phase is a
conformal field theory of interacting quarks and gluons which possesses two dual descriptions.
The original description is in terms of electric variables, and it is an SU(Nc ) gauge theory with
N f chiral multiplets (flavours). The dual description is in terms of magnetic variables, and it is
an SU(N) theory with N f flavours and N 2f massless fields. When one phase is weakly coupled,
the other phase is strongly coupled in the sense of Seiberg S-duality [265]. For N f ≥ 3Nc ,
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the original theory is not asymptotically free. The electric variables are free in the IR and the
magnetic ones are infinitely strongly coupled. Therefore, we call this the free non-Abelian
electric phase. For Nc + 1 ≤ N f < 3Nc /2, the magnetic theory is not asymptotically free,
the magnetic variables are free in the IR and the electric ones are infinitley strongly coupled.
Therefore, we call this the free non-Abelian magnetic phase. While these two phases are dual to
each other, the interacting theory in 3Nc /2 < N f < 3Nc is self-dual.
Therefore, we define the ISS model to be the IR free, low-energy effective theory of the
magnetic dual of SU(Nc ) N = 1 supersymmetric QCD in the range Nc + 1 ≤ N f < 3Nc /2 with
N = N f − Nc . It consists of the ISS fields φISS , which colectivelly denote the fields qai , q̃bj , S ij ,
where i, j = 1, . . . , N f are flavour indices, a, b = 1, . . . , N, and N f > N = N f − Nc [176]. With L
and R standing for the left and right SU(N f ) sectors, U(1)B for the baryon symmetry, and U(1)R
standing for the R-symmetry, the anomaly free global symmetry group is
SU(N) × SU(N f )L × SU(N f )R × U(1)B × U(1)0 × U(1)R .
The transformations for the fields q, q̃ and S are given by


S
1, N f , N̄ f , 0, −2, 2 ,


q
N, N̄ f , 1, 1, 1, 0 ,


q̃
N̄, 1, N f , −1, 1, 0 .

(5.9)

(5.10)

Following notation in [266], the Kähler potential and the tree-level superpotential — without
gauging SU(N) — are respectively given by
KISS = |q|2 + |q̃|2 + |S |2 = qai q̄ia + q̃ia q̃¯ ai + S ij S̄ ij ,
WISS = h(Trq̃S q − M TrS ) =
2

h(q̃ia S ij qaj

−M

2

S ij δij )

(5.11)
.

(5.12)

Here h is a dimensionless coupling and M  MP is the energy scale of the ISS model. Both
parameters h and M will be constrained in our phenomenological and cosmological analysis
in section 6.2 of chapter 6. The second term in equation (5.12) explicitly breaks the global
symmetry group to SU(N)× SU(N f )V × U(1)B × U(1)R . Moreover, if the supergravity embedding
is taken, U(1)R is explicitly broken.

5.3 The MSSM and the inflationary sectors
After introducing both the KL moduli stabilization scenario and the ISS model, we comment on
the standard MSSM and the inflationary sectors.
We call the MSSM fields collectively by φ and adopt the canonical Kähler potential for them,
KMSSM = φφ̄ .

(5.13)

Moreover, when mentioning the MSSM superpotential, we refer to the tree level superpotential
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WMSSM = W(φ). We also consider the so-called Giudice-Masiero term [267]
KGM = cH H1 H2 + h.c. ,

(5.14)

where H1 and H2 are the Higgs superfields of the MSSM and cH is a constant with no mass
dimension. This term is required in order to have acceptable phenomenology from both tanβ
and the µ-term in the four-dimensional low-energy effective theory context [266, 268, 269].
We adopt the following general behaviour for the Kähler and the superpotential for the inflaton
field η, as in reference [270],
Kη = K((η − η̄)2 , s s̄) ,
Wη = s f (η) ,

(5.15)

where s is a stabilizer field and f (η) is an arbitrary holomorphic function. Since the explicit
expressions in equation (5.15) are not used in this thesis, we only mention that the requirements
are such that the field η indeed accomplishes inflation and it does not decay into gravitinos. The
last point will be made clear in section 6.1 when analysing the dynamics after the inflationary
phase.

5.4 F-term uplifting in the KL-ISS scenario
Let us now discuss how the ISS sector is used to perform the uplifting of the vacuum in the KL
scenario, from the most non-positive Minkowski solution, i.e., with a vanishing cosmological
constant Λ, to a positive3 de Sitter (dS),4 with a positive cosmological constant. Furthermore,
we comment on the dependence of the gravitino mass on the KL-ISS parameters.
Let us review the vacuum structure of the KL scenario. We give a vacuum expectation value
(VEV) to the real part of the Kähler modulus only, i.e., we let Imρ = 0 and Reρ = σ for
simplicity [266]. Furthermore, let σ0 be the value of ρ at its minimum. The supersymmetric
Minkowski vacuum VKL (σ0 ) = 0 in the KL scenario must satisfy
Dρ WKL |σ=σ0 = [∂ρ WKL + (∂ρ KKL )WKL ]|σ=σ0 = 0 ,
WKL (σ0 ) = 0 .

(5.16)

If we allow WKL (σ0 ) ≡ ∆ , 0, the minimum now shifts to an anti-de Sitter (AdS) minimum
VKL (σ0 ) ' −3m23/2 ' −

3∆2
.
8σ30

(5.17)

In order for the vacuum to stay supersymmetric, one requires Dρ WKL |σ=σ0 +δσ = 0, where
δσ  σ0 [272].
Let us now see how the ISS sector helps to uplift the non-positive vacuum structure of the
3
4

Recall that the cosmological constant is measured to be Λ ∼ 10−120 MP2 .
For a systematic procedure of building locally stable dS vacua in N = 1 supergravity models motivated by string
theory see reference [271].
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KL scenario. This uplifting is called an F-term uplifting [273, 274, 275, 276, 277, 278] as it is
accomplished via F-terms in the scalar potential given by equation (5.3).
We start with a combination of the KL scenario and the ISS model, which means that we
consider the following combination of Kähler potential and superpotential, respectively,
KKL-ISS = − 3 ln(ρ + ρ̄) + |q|2 + |q̃|2 + |S |2 ,
WKL-ISS = W0 + Ae

−aρ

−bρ

− Be

(5.18)

+ h(Trq̃S q − M TrS ),
2

(5.19)

where W0 < 0 and A, B, a, b > 0.
By working out the first derivative of the four-dimensional effective N = 1 supergravity scalar
potential (5.3), namely ∂φISS VKL-ISS = 0, the metastable ISS vacuum (S 0 , q0 , q̃0 ) is given by
(S 0 )ij = 0 ,
(q0 )ai = Mδai ,
(q̃0 )bj = Mδbj .

(5.20)
(5.21)
(5.22)

From a matrix viewpoint, q0 and q̃0 can be written as
!
MIN×N
q0 =
,
0(N f −N )×N


q̃0 = MIN×N 0N×(N f −N ) .

(5.23)

These are the VEVs responsible for the spontaneous symmetry breaking in the ISS model that
allow for the uplifting of the non-positive vacuum in the KL scenario — given in equation (5.17).
In fact, from terms eKKL-ISS ∂{q,q̃,S } WKL-ISS ∂{q̄,q̃¯ ,S̄ } W KL-ISS in the four-dimensional scalar potential,
these VEVs imply that the minimum of the KL-ISS potential is given by
Vmin

!
2
2

4
e2N M /MP  2
M2
2M
=
∆ −3 + 2N 2 + h 4 (N f − N) .
(2σ0 /MP )3
MP
MP

(5.24)

Unless a huge N = N f − Nc of O(1010 ) is taken — which is physically unlikely —, we neglect
the term 2N M 2 /MP2 in the first parenthesis since M  MP due to the dynamical nature of the
ISS sector. Together with the fact that the scalar potential minimum
must equal the small but

positive contribution from the cosmological constant MP4
constraint for the parameter ∆, namely5
r
|∆| '

5

Nf − N
M
h
3
MP

Λ
MP2

∼ 10−120 MP4 ' 0, we obtain a

!2
.

(5.25)

The cosmological constant is set to approximately zero by positive values which, therefore, is in agreement with
the fact that we have uplifted the KL vacua to positive values. We choose here the extreme case of a vanishing
cosmological constant only to get a lower bound constraint for the superpotential ∆ that is necessary to perform
the uplifting.
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Restoring the reduced Planck mass MP , the gravitino mass is given by
r
!2
D
E
Nf − N
M
|∆|
1
K/2
N M 2 /MP2
m3/2 ≡ e W '
h
MP ,
e
'
3
MP
(2σ0 /MP )3/2
(2σ0 /MP )3/2

(5.26)

where in the last step we set eN M /MP = 1 since M  MP . Notice that this is written in terms of
the parameters h and M of the ISS sector as well as the VEV of the Kähler modulus ρ, which
is given by σ0 = Reρ. Furthermore, since σ0 is obtained from WKL , which in turn depends on
a, b, A and B, the gravitino mass becomes a function of a, b, A, B, h and M.
2

2

5.5 Properties of the KL-ISS-MSSM setup
In the previous section we focused on the direct consequences of F-term uplifting in the KL-ISS
scenario. Now we focus in discussing the properties of the modulus ρ and the ISS fields φISS ,
such as their masses (section 5.5.1) and the relevant decay rates (section 5.5.2). These will be
used in the phenomenological and cosmological analysis in chapter 6. From this section on, we
write the ISS fields only with lowered indices for simplicity.

5.5.1 Masses
To obtain the masses for the ISS and the modulus fields, we diagonalize the 8 × 8 mass matrix
for ρ, ρ̄, S , S̄ , q, q̄, q̃, q̃¯ obtained from the scalar potential given in equation (5.3). Namely,
V = eK (K i j̄ Di WD j̄ W − 3|W|2 ) ,

(5.27)

K ≡ KKL-ISS + KMSSM + KGM ,
W ≡ WKL-ISS + WMSSM .

(5.28)

with

The modulus field ρ
We start the analysis with the modulus field ρ. After diagonalization of the mass matrix, we
obtain its squared mass for both the real and imaginary components to be
m2ρ

 aA 
 aA  −a−b
 
a−b
2
ln
= AaBb (a − b)
+ O M2 .
9
bB
bB

(5.29)

This result was also obtained in reference [272]. A simple choice of parameters a = 0.1, b =
0.05, A = B = 1 gives mρ ' 2.19 × 10−3 MP . This value is much larger than the inflaton
reference mass adopted here, namely mη = 10−5 MP — for example, in the simplest chaotic
inflation models, mη ∼ 6 × 10−6 MP . As shown in [270], this allows us to ignore the dynamics of
the modulus field during inflation. The modulus and the inflaton decouple and can be studied
separately. In particular, the modulus field potential does not receive contributions from the
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inflaton during inflation. Therefore, the VEV of the modulus has the same value both during
and after inflation, leading to a vanishing post-inflationary oscillation amplitude. We will return
to this point in section 6.1. Recall that the ρ value at the minimum of the potential
 is given
 by
aA
1
the VEV of its real part Reρ, namely σ0 , which we compute to be σ0 = a−b
ln bB
+ O M2 .
Again using a = 0.1, b = 0.05, A = B = 1, we obtain
σ0 ' 13.86 MP .

(5.30)

The ISS scalar fields

For the ISS scalar fields, we replace the scalar components of the chiral superfields q, q̄, q̃, q̃¯
by linear combinations6 Q1 , Q2 , Q3 , Q4 . For i = 1, . . . , N and a = 1, . . . , N,
1
(qai ± q̄ai + q̃ia ± q̃¯ ia ) ,
2

1
Re, Im [Q2 ] =
qai ± q̄ai − q̃ia ± q̃¯ ia ,
2
Re, Im [Q1 ] =

(5.31)
(5.32)

and, for i = N + 1, . . . , N f and a = 1, . . . , N,
1
(qai ± q̄ai ± q̃ia + q̃¯ ia ) ,
2

1
Re, Im [Q4 ] =
qai ± q̄ai − ±q̃ia + q̃¯ ia .
2

Re, Im [Q3 ] =

(5.33)
(5.34)

In table 5.1 we show the number of real and imaginary components, as well as their mass
eigenvalues, for each of the six kinds of mass eigenstates constructed from the ISS fields
S , S̄ , q, q̄, q̃, q̃¯ after diagonalization of the mass matrix.

6

Compare with the parameterizations given in reference [176]. Note our abuse of notation, as here q, q̄, q̃, q̃¯ are
the scalar components of the chiral superfields represented by these same letters. We have also omitted the
indices i and a in Qs.
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ISS scalar mass eingenstate


S 1 ≡ S i j i ⊗ j ∈ N2


S 2 ≡ S i j i ⊗ j ∈ N 2f − N 2



Q1 ≡ Lc qai , q̃ia i ⊗ a ∈ N 2



Q2 ≡ Lc qai , q̃ia i ⊗ a ∈ N 2



Q3 ≡ Lc qai , q̃ia i ⊗ a ∈ N f N − N 2



Q4 ≡ Lc qai , q̃ia i ⊗ a ∈ N f N − N 2

NumberRe/Im
N2



Nf + N Nf − N

q

Mass
M 

6
N f −N


O m3/2
q
M 
6
N f −N

N2
N2



P

M



Nf − N N

Nf − N N

q

6
N f −N

P

M

0
M 
P

M

m3/2
m3/2
m3/2

0

Table 5.1: The ISS scalar mass eigenstates (first column), their corresponding number of real or imaginary
components (second column) and their largest tree-level mass contributions (third column). The notation
is such that N f N is the cartesian product N f ⊗ N with N = {1, . . . , N} and N f = {1, . . . , N f }, and similarly
for N 2 and N 2f . Lc stands for the linear combinations given in equations (5.31) to (5.34).

The fields ImQ2 , ReQ4 and ImQ4 are massless Goldstone modes [176], thereby accounting
for N 2 + 2(N f − N)N = 2N f N − N 2 degrees of freedom. The field ReQ2 is actually a pseudoGoldstone, whose mass is given by higher order corrections, as we show in the next paragraph.
The reason why the scalar mass spectrum yields 2N f N − N 2 massless bosons is that the VEVs of
(q, q̃) break the original symmetry SU(N)× SU(N f )V × U(1)B , with N 2 + N 2f − 1 generators, down
to SU(N)V × SU(N f − N)V × U(1)B0 , with N 2 + (N f − N)2 − 1 generators. SU(N f )V breaks down to
SU(N)V × SU(N f − N)V × U(1)B0 and the original SU(N)× U(1)B is completely broken — since
in the region i ⊗ a = N 2 , there exists Q2 with null VEV. Furthermore, the S field transforming
as a singlet under SU(N f )V gives no contribution to the massless Goldstone mode analysis.
Quantum
to the masses via one-loop calculations in [176] generate an additional
 corrections

mass of O m3/2 MMP to ReQ2 as well as to the real and imaginary parts of a subset of S 2 , namely
0
S i j with indices i, j > N, which we refer to as S 2 . More precisely,
e

K/2

m1-loop
0
S2

eK/2 m1-loop
Q2

!1/2
√ 2
ln (4) − 1
=e
Nh M
8π2
!1/2 s
M 
3 (ln (4) − 1)
N
P
=
h
m3/2 ,
2
8π
Nf − N
M
!1/2
p
K/2 ln (4) − 1
=e
N f − Nh2 M
2
8π
!1/2 
3 (ln (4) − 1)
MP 
=
h
m3/2 .
8π2
M
K/2

(5.35)

Since M  MP , we can safely consider the one-loop contributions as the leading order masses
0
0
of ReS 2 , ImS 2 and ReQ2 .
The mass matrices for the ISS fields S and Q after diagonalization are diagramatically
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displayed as, respectively,
S =
Q=



(S 1 )N×N
(S 2nd )N×(N f −N)
nd
(S 2 )(N f −N)×N (S 20 )(N f −N)×(N f −N)

!

(Q1 & Q2 )N×N (Q3 & Q4 )N×(N f −N)

,


(5.36)
.

(5.37)

Here we explicitly see the splitting of S 2 into the non-diagonal pieces (S 2nd )N×(N f −N) , (S 2nd )(N f −N)×N ,
and the subset S 20 which receives mass through one-loop calculations beyond its tree-level mass
of O(m3/2 ), as presented above. Furthermore we see that Q1 and Q2 as well as Q3 and Q4
mix in the block forms sketched above. The indices here refer to the dimensionality of their
corresponding blocks in terms of the cartesian product space.
Notice that when one considers the ISS model alone, the VEVs given in equations (5.20),
(5.21) and (5.22) render ∂VISS /∂φISS = 0. However, when the modulus field contribution is
included, i.e., Wρ min = ∆, the first derivatives of the combined potential with respect to the ISS
fields change according to


∂VKL-ISS /∂ (q, q̃)ia = O m23/2 MP hq, q̃iia ,


(5.38)
∂VKL-ISS /∂S i j = O m23/2 MP δi j .
If we still want to mantain ∂VKL-ISS /∂φISS = 0, assuming the VEVs of qia , q̃ai , and S i j to be the
diagonal ones, they should obtain the corrections



hqia , q̃ai i = M − O M 3 MP−2 δia ,


D E  M !2


4
−3

S i j = 
MP + O M MP  δi j for i, j ≤ N ,
MP




!2
(5.39)


D E  16π2 N f − N
M
4 −3 

M
+
O
M
M
S i j = 
δ

P
i
j
P 
3 (ln4 − 1) Nh2 MP


!


 N f − N 408.79 M 2
4
−3
MP + O M MP  δi j for i, j > N .
' 
3N
h2
MP
The last correction is dominated by one-loop contributions. Notice that equation (5.24) would
not contain the term 2N M 2 /MP2 for these modified VEVs.
An observation about the sign of ∆ must be made. When we calculate the modified VEVs,
written in equation (5.39), one must assume either that h < 0 or ∆ < 0 in order to obtain
∂VKL-ISS /∂φISS = 0. We choose to restrain the sign freedom of ∆ and take it to be negative, while
opting for h > 0.
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The ISS fermion fields
We now present the masses and eigenstates of the ISS fermionic fields7 . For i ⊗ a ∈ N 2 and
i ⊗ j ∈ N 2 , i = a and i = j, the eigenstates are
χB1 =
χB2 =
χS 1 =


√
1 √
2qai + 2q̃ia + S i j + O (M) ,
√
5

√
1 √
2qai + 2q̃ia − S i j + O (M) ,
√
5
1
√ (qai − q̃ia ) .
2

(5.40)
(5.41)
(5.42)

For i , a and i , j, one finds
χS 3 =
χS 4 =
χB3 =
χB4 =
χB5 =
χB6 =

1
(qi>a + q̃a<i − qi<a − q̃a>i ) ,
2
1
(qi>a − q̃a<i + qi<a − q̃a>i ) ,
2
1 
√ qi>a − q̃a<i − qi<a + q̃a>i −
2 2
1 
√ qi>a + q̃a<i + qi<a + q̃a>i −
2 2
1 
√ qi>a − q̃a<i − qi<a + q̃a>i +
2 2
1 
√ qi>a + q̃a<i + qi<a + q̃a>i +
2 2

(5.43)
(5.44)
√

2S i< j +


√
2S i> j + O (M) ,

(5.45)

2S i< j −


√
2qi> j + O (M) ,

(5.46)

2S i< j −


√
2S i> j + O (M) ,

(5.47)

2S i< j +


√
2S i> j + O (M) .

(5.48)

√
√
√

For example, if N = 2, we have (χS 3 )N=2 = 12 (q21 + q̃12 − q12 − q̃21 ), and similarly for the other
states. For i ⊗ a ∈ N f N − N 2 and i ⊗ j ∈ N 2f − N 2 , we have
1
√ (qia − q̃ai ) ,
2
1
= √ (qia + q̃ai ) ,
2



S i j  , for i , j ,
= 

 √1 S kk − S i j , for i = j ,
2

χ M1 =

(5.49)

χ M2

(5.50)

χS 2

(5.51)

where k ≡ N + 1. As√an example, for √
N = 2 and N f = 5 and i = j, we obtain the possibilities
χS 2 = {(S 33 − S 44 ) / 2, (S 33 − S 55 ) / 2}.

7

Note our abuse of notation, as here q, q̄, q̃, q̃¯ , S i j are the fermionic components of the chiral superfields represented
by these same letters.
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The Goldstino, which has been neglected in the above considerations, is given by
χGoldstino = p

1
Nf − N

Nf
X

 
S ii + O M 2 .

(5.52)

i=N+1

With G = K + ln(W W̄), the main contribution to the mass of the above eigenstates comes from
W
the term eG/2 Wi j χ̄R χL + h.c.. In tables 5.2 and 5.3 we collect the ISS fermion mass eigenstates
as well as their corresponding quantity and leading order mass contributions.
ISS fermion mass eigenstate
h
i

χB1 ≡ Lc S i j , qai , q̃ia i ⊗ a ∈ N 2
h
i

χB2 ≡ Lc S i j , qai , q̃ia i ⊗ a ∈ N 2 , i ⊗ j ∈ N 2



χS 1 ≡ Lc qai , q̃ia i ⊗ a ∈ N 2 , i ⊗ j ∈ N 2



χS 3 ≡ Lc qai , q̃ia i ⊗ a ∈ N 2



χS 4 ≡ Lc qai , q̃ia i ⊗ a ∈ N 2
h
i

χB3 ≡ Lc S i j , qai , q̃ia i ⊗ a ∈ N 2 , i ⊗ j ∈ N 2
h
i

χB4 ≡ Lc S i j , qai , q̃ia i ⊗ a ∈ N 2 , i ⊗ j ∈ N 2
h
i

χB5 ≡ Lc S i j , qai , q̃ia i ⊗ a ∈ N 2 , i ⊗ j ∈ N 2
h
i

χB6 ≡ Lc S i j , qai , q̃ia i ⊗ a ∈ N 2 , i ⊗ j ∈ N 2

Number
N

q

N

q

Mass
M 

6
N f −N
6
N f −N

N
N (N − 1) /2
N (N − 1) /2
N (N − 1) /2

q

N (N − 1) /2

q

N (N − 1) /2
N (N − 1) /2

P

M

M 
P

M

m3/2
m3/2
m3/2
M 

6
N f −N

M

6

M 

P

P

q N f −N  M 
M
6
N f −N

q

6
N f −N

P

M

M 
P

M

m3/2
m3/2

m3/2
m3/2
m3/2
m3/2

Table 5.2: The ISS fermion eigenstates within the index spaces i ⊗ a ∈ N 2 and i ⊗ j ∈ N 2 (first column),
their corresponding quantity (second column) and their leading order mass contributions (third column).
The notations i ⊗ a and i ⊗ j are of the same type as the ones for the ISS scalar masses table 5.1. Lc
stands for the linear combinations given from equations (5.40) to (5.48).

ISS fermion mass eigenstate



χ M1 ≡ Lc qai , q̃ia i ⊗ a ∈ N f N − N 2



χ M2 ≡ Lc qai , q̃ia i ⊗ a ∈ N f N − N 2
h i

χS 2 ≡ Lc S i j i ⊗ j ∈ N 2f − N 2

Number


N Nf − N


N Nf − N
N 2f − N 2 − 1

Mass
16π2
m
(ln[4]−1)h2 3/2
16π2
m
(ln[4]−1)h2 3/2

0

Table 5.3: The ISS fermion eigenstates within the index spaces i ⊗ a ∈ N f N − N 2 and i ⊗ j ∈ N 2f − N 2
(first column), their corresponding quantity (second column) and their leading order mass contributions
(third column). The notations i ⊗ a and i ⊗ j are of the same type as the ones for the ISS scalar masses
table 5.1. Lc stands for the linear combinations given from equations (5.49) to (5.51).

5.5.2 Decay rates
Here we present the reader with the results of the largest decay rates needed in chapter 6. We
refer the reader to the full publication [196] for a detailed account of all the interaction terms and
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associated decay rates of the ISS and the MSSM fields. In appendix B we give the interaction
terms as well as the computation of decay rates for those yielding the largest results, whereas
only the interaction terms are given for those which do not lead to the largest decay rates.
In section 6.1 we will see that the imaginary components of the ISS scalar fields do not
oscillate after inflation. Therefore they do not contribute significantly to the post-inflation
dynamics. It is for this reason that, in the present section, we give the decay rates of only
some of the real components of the ISS scalars. The largest decay rates, or the ones with
non-vanishing oscillation amplitude, are obtained from ReQ1 and ReQ2 within the set of the
(q, q̃) ISS fields, as well as from ReS 1 and ReS 2 within the set of the S ISS fields. We use the
short notation Q1 , Q2 , S 1 and S 2 for them. Despite the oscillation amplitude of ReQ2 being
zero, its decay rate is important since it is a decay product of ReQ1 itself.
To compute the decay rates, we consider both two-body decays (φISS → 1 + 2) and three-body
decays (φISS → 1 + 2 + 3), and use
12

12

dΓφISS
dΩCM
123
ΓφISS

=

MφISS
64π2

2

S 12
s,
m3φISS
Z mφ2ISS

1
=
mφISS 64π3

(5.53)
Z
dE2

0

mφ
ISS
2
mφ
ISS
2

−E2
12

123 2

dE1 MφISS

,

(5.54)

123

where dΩCM is the phase space differential element, MφISS (MφISS ) is the amplitude of the
h
i1/2 h
i1/2
two(three)-body decay, S 12 = m2φISS − (m1 − m2 )2
m2φISS − (m1 + m2 )2 , mφISS is the mass
of the decaying ISS particle, and s is the symmetry factor for indistinguishable final states. Here
we denote decay rates where helicities were summed over by the overline above Γ. Since the
ISS fields are much heavier8 than the gravitino, the MSSM fields, and the ISS products, we
consider all final particles to be massless for simplicity.
Assuming9 N = 1 and N f = 4, the largest contributions to the total decay rates of the ISS
fields originate from their decays
• to gravitinos via (S 2 , Q1 , Q2 ) → ψ̄3/2 ψ3/2 ;
• to two ISS fermions via S 1 → χ̄S 1 + χS 1 ;
• and to two ISS fermions plus one ISS scalar via both Q1 → χS 1 + χ̄S 1 + Q2 and Q2 →
χS 1 + χ̄S 1 + ImQ2 .
8

Exceptions are the fields ImQ2 and Q4 . However these fields do not oscillate after inflation, thus they do not
yield important contributions to the energy content of the Universe and would be neglected after all.
9
Remember that this is the minimal choice for N f > 3N — equivalent to N f < 32 Nc —, which is required for the
ISS model to be infrared free in the magnetic range.
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In other words,
χχ

Γtotal
' ΓS 1 ,
S1
Γtotal
'
S2
Γtotal
'
Q1
Γtotal
'
Q2

(5.55)

2ψ3/2
ΓS 2
2ψ3/2
Γ Q1
2ψ3/2
Γ Q2

,
+
+

(5.56)
χχReQ2
Γ Q1
χχImQ2
Γ Q2

+

χχImQ2
Γ Q1

,

.

(5.57)
(5.58)

Notice the short notation Q1 , Q2 , S 1 , S 2 for ReQ1 , ReQ2 , ReS 1 , ReS 2 for the initial states.
Furthermore, χS 1 and χ̄S 1 are represented by10 χχ. Each of the partial decay rates are computed
to be
χχ
ΓS 1
ψ3/2

ΓS 2

2ψ3/2

Γ Q1

χχReQ2

Γ Q1

2ψ3/2

Γ Q2

χχImQ2

Γ Q2

m33/2  MP 5
' 5.63 × 10
,
MP2 M
m3 h5  MP 5
−9 3/2
' 2.31 × 10
,
M
MP2
m3  3
−3 3/2 MP
' 3.13 × 10
,
MP2 M
−2

m33/2 h2  MP 5
,
M
MP2
m33/2 h5  MP 3
,
' 1.44 × 10−8
M
MP2
m3 h5  MP 5
−14 3/2
' 2.57 × 10
.
M
MP2
2
= ΓχχImQ
' 4.90 × 10−11
Q1

(5.59)
(5.60)
(5.61)
(5.62)
(5.63)
(5.64)

Let us now present the decay rates of the remaining subsequent products in the decays of the
ISS fields, namely the gravitino ψ3/2 and the ISS fermion χS 1 . We assume m3/2  mMSSM with
mMSSM being the mass of any MSSM particle. The gravitino decay rate is given by [279]
3


193 m3/2
Γ3/2 ψ3/2 → MSSM =
.
384π MP2

(5.65)

The gravitino decays predominantly into an R-parity even MSSM particle and its supersymmetric

10

They should not be confused with the neutralino, which will appear later in this thesis.
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partner11 , since it possesses R = −1 [280]. The χS 1 decay rate is
ΓχS 1 (χS 1 → ImQ2 + χMSSM + φMSSM ) = 2.38 × 10−4

m53/2

MP4
(5.66)
!4
m3
−8 3/2 2 M
h
' 1.12 × 10
,
MP
MP2


MSSM
+ Kq̃ia KMSSM χ̄ia
in the scalar potential
R χL

 
which is obtained from the term eG/2 13 Kqia
with cH = 1 from the Giudice-Masiero term.
Let us now make some general comments regarding these decay rates and their impact on
the thermal history of the Universe. These will be relevant for the phenomenological and
cosmological analysis in chapter 6.
First of all, for late decay rates of the ISS fields into other ISS fields or into MSSM fields —
i.e., for small values of the decay rates — the ISS fields will decay after the inflaton in a Universe
with low temperature and will, therefore, generate some reheating. If these decays happen
after Big-Bang nucleosynthesis (BBN), when the temperature of the Universe is T ∼ 1 MeV,
they can lead to unacceptable production of entropy, which would dilute the BBN products.
Furthermore, these decays can give rise to a large number of unstable gravitinos or lighter ISS
fields, which can then decay into lightest supersymmetric particle (LSP) in the MSSM, with a
corresponding large dark matter relic density overclosing the Universe. These are the so-called
moduli12 and gravitino problems [144, 145, 146, 147, 148, 149]. In order to avoid these issues,
we must guarantee that the ISS fields and their decay products decay before BBN.
In the scenario of decays before BBN, one could generate the observed baryon asymmetry
(nB − nB̄ )/s0 ∼ 10−10 via the Affleck–Dine baryogenesis mechanisms [281, 282] only if the
entropy production from ISS sources is sufficiently large, thus compensating the large entropy
dilution necessary in this mechanism. Alternatively, baryogenesis can also be accomplished for a
small ISS entropy production through other mechanisms, such as electroweak baryogenesis [283,
284].
In the next chapter 6, we obtain constraints in order to avoid the moduli and the gravitino
problems, and — assuming some non-Affleck–Dine baryogenesis mechanism — to have entropy
production from the ISS fields smaller than the entropy from the inflaton η. Furthermore, we
investigate whether an acceptable dark matter relic density can still be obtained within this
scenario.

The decay channels are given by ψ3/2 → λ + Am , ψ3/2 → φm + χ̄m and ψ3/2 → φ∗m + χm , where λ are gauginos,
Am are gauge bosons, φm are scalars, and χm are left-handed fermions.
12
Notice that the term moduli here refers to all the scalar fields acquiring mass after supersymmetry breaking, that
is, the modulus field ρ and the ISS scalar fields in our scenario.

11
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CHAPTER

6

Dark matter in the KL-ISS-MSSM
scenario
In this chapter we study the post-inflationary dynamics of the Universe in the KL-ISS-MSSM
scenario, imposing constraints from late entropy production in section 6.1 and from the dark
matter relic density in section 6.2. We also show that neutralinos are good dark matter candidates
in this setup, both from thermal and non-thermal processes.

6.1 Post-inflation dynamics
6.1.1 Oscillations and decays
We begin with a study of oscillations from the modulus ρ, the ISS fields and from the inflaton
field η. Let ϕ be some generic field and H the Hubble parameter H := Ṙ/R, where R denotes
the cosmological scale factor in the FLRW metric and Ṙ its derivative with respect to time t.
The field ϕ starts oscillating at mϕ ∼ H when it possesses a non-vanishing difference between
its VEV during inflation, hϕiins , and its VEV at the offset of inflation, hϕimin , i.e.,
|hϕi|amp = |hϕiins − hϕimin | , 0 .

(6.1)

First of all, recall from section 5.5 that the modulus ρ is much heavier than the inflaton,
implying that they decouple from each other. Therefore, the modulus will have the same VEV
both during and after inflation, leading to a vanishing post-inflationary oscillation amplitude.
Hence, it is justified to neglect the evolution of the modulus ρ after inflation.
As for the inflaton field η, after the end of inflation it starts to oscillate about its true minimum
√
when mη ∼ H [285, 286, 287]. At the end of inflation we have hηiamp = hηiins = 8/3MP
because hηimin = 0 at the offset of inflation. Let Rη denotes the cosmological scale factor at the
onset of the η oscillations. The energy density of the inflaton η and the Hubble parameter after
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inflation are given by
!
!
Rη 3 4 2 2 Rη 3
1 2 2 1 2 2
ρη =
m η = mη hηiamp
= mη M P
,
2 η
2
R
3
R
s
!
Rη 3/2
1 Ω 2
H =
= mη
,
3
R
MP2 3

(6.2)
(6.3)

where Ω is the density parameter Ω = ρ/ρc = 8πGρ/3H 2 = ρ/3H 2 MP2 defined as the ratio
between the actual density ρ and the critical density (closure) ρc of the FLRW Universe. Since
the energy density of the inflaton η dominates the energy density of the Universe after inflation,
we enter into a matter-dominated period — actually, the so-called reheating phase.
Let us now determine which of the ISS fields start to oscillate after inflation. To do so, we
need to add the inflaton contributions to the ISS model, which so far have been neglected in our
analysis.
Recall the VEVs of the ISS fields without contributions from the inflaton η,
hqia , q̃ai i ' Mδia ,
!2
D E
M
S ij '
MP δi j for i, j ≤ N ,
MP
D E N f − N 408.79 M !2
S ij '
MP δi j for i, j > N .
3N
h2
MP

(6.4)

The contributions from the inflaton η modify the ISS scalar potential by addition of a term1
[147, 281, 285]

∆V φISS , φ̄ISS ∼ eK (φISS ,φ̄ISS ) V (η) = cH 2 φISS φ̄ISS + · · · ,

(6.5)

where H is the Hubble parameter, and generically c = 3 for KISS = φISS φ̄ISS [285], which
is the case for the ISS fields φISS = {S i j , qia , q̃ai } —Drecall
E equation (5.11). The effect of

∆V φISS , φ̄ISS is to make the VEVs during inflation, S i j
and hqia , q̃ai iins , assume smaller
ins
values
D E compared with their true minima given in equation (6.4), which we call from now on
S ij
and hqia , q̃ai imin . Indeed, assuming high-scale inflation, i.e., H  M, one has for S ,
min

D E
S ij

D E
' S ij

D E
S ij

D E
' S ij

ins

ins

1

min

min

!−1

D E
2h2 M 4

S ij
for i, j ≤ N ,
min
cH 2 MP
!−1
D E
8π2 cH 2
2h2 M 4
1+
'

S ij
for i, j > N .
min
(ln(4) − 1) h4 M 2
cH 2 MP

cH 2
1+ 2 2
2h M

'

(6.6)
(6.7)

√
The inflaton potential introduces a mass contribution ∼ cH to all ISS fields during inflation with H  M,
including the mass of the Goldstone modes ImQ2 , ReQ4 and ImQ4 . Although the S i j retain a small VEV, the
Goldstone particles cannot be prevented from becoming massive.
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Furthemore, for qia and q̃ai , one has
hqia , q̃ai iins

 √


 h1 h2 M 2 − cH 2
' 

0

for cH 2 ≤ h2 M 2 ,
for cH 2 > h2 M 2 .

(6.8)

D E
D E
The S i j
and hqia , q̃ai iins now evolve into the direction of the minima S i j
and hqia , q̃ai imin .
ins
min
Therefore, from equation (6.1), we notice that there are N f oscillating fields in the S i j sector, N
for i, j ≤ N and (N f − N) for i, j > N. The linear combinations responsible for their oscillations
are ReS 1 and ReS 2 . Furthermore, since q and q̃ must have the same VEV due to the symmetry
of the superpotential, there are no oscillations for Q2 as can be seen from its definition in
equation (5.32). Since Q3 and Q4 are defined in the region i ≤ N and N < a ≤ N f , by the first
equation in (6.4) and their definition in equations (5.33) and (5.34), they also do not contribute
with any oscillation. Therefore, there are only N oscillating fields from q and q̃, corresponding
to the mass eigenstate ReQ1 . In summary, the ISS fields that start oscillations after inflation are
given in table 6.1.
Oscillating ISS fields
Quantity

ReS 1
N

ReS 2
Nf − N

ReQ1
N

Table 6.1: The ISS fields responsible for oscillations after inflation as well as the number of oscillating
fields for each type.

Within the period after inflation with dominant oscillations from η, the ISS fields adiabatically
track their instantaneous minimum given by equations (6.6) and (6.8). This happens until they
reach the point H = 23 mφISS , where they start damped oscillations about their true minimum2
given in equation (6.4) [285, 286, 287].
The cosmological scale factor at the onset of φISS oscillations is given by
RφISS

mη
=
mφISS

!2/3

M mη
MP m3/2

!2/3

M mη
MP m3/2

!2/3

Rη .

(6.9)

Rη ,

(6.10)

Rη ,

(6.11)

For ReQ1 , ReS 1 and ReS 2 , this becomes

2

!1/3

R Q1 =

Nf − N
6

!1/3

RS 1 =

Nf − N
6

!1/3

RS 2 =

Nf − N
3N

8π2
(ln (4) − 1) h2

!1/3

M mη
MP m3/2

!2/3
Rη .

(6.12)

The condition h2 M 2 & c H 2 H=2m /3 implies that hqia , q̃ai iins > 0 and consequently q and q̃ can indeed start to
qia
oscillate. This condition is satisfied for any h and M, with the generic c = 3.
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Plugging in the oscillation amplitudes from equations (6.4), (6.6) and (6.8), as well as their
corresponding masses as given in chapter 5, the energy densities for the N oscillating fields
ReQ1 , and the N f oscillating ReS 1 and ReS 2 are given by
ρ Q1
ρS 1
ρS 2

!
!3
!2
R Q1 3
N 2
12N m3/2
2
4 R Q1
=
m hQ1 iamp
=
,
MP
2 Q1
R
N f − N MP
R
!3
!3
!2
RS 1
N 2
12N m3/2
2
4 R Q1
=
m hS 1 iamp
=
,
MP
2 S1
R
N f − N MP
R
!3
Nf − N 2
RS 2
2
=
mS 2 hS 2 iamp
2
R

2
!
!
!
!
Nf − N
m3/2 2 M 2 4 RS 2 3
16π2
=
.
MP
N
3 (ln (4) − 1) h2 MP
MP
R

(6.13)
(6.14)
(6.15)
(6.16)

Notice that the start of oscillations from the ISS fields after inflation may happen before or
after the inflaton oscillations have decayed.
Furthermore, reheating after inflation leads to coupling of the inflaton η with matter via
gravitational interactions. Under the conditions that the gauge kinetic function depends linearly
on the inflaton [270], the latter couples to two MSSM gauge bosons with coupling dη , yielding
a decay rate
3
m3
m3
3 2 mη
−2 2 η
2 η
d
Γη =
∼ 10 dη 2 = aη 2 .
(6.17)
64π η MP2
MP
MP
Here the coupling aη is defined as

aη ≡ 10−1 dη .

(6.18)

This decay rate is extremely small [270], a reminiscent of no-scale supergravity models [288].
When presenting the constraints from late entropy production (section 6.1.2) and from dark
matter relic density (section 6.2 ), we give them for two realistic values of the coupling aη ,
namely for aη = 10−3 and aη = 10−1 .

6.1.2 Evolution of the Universe and entropy production
We now turn to the evolution of the oscillations presented in the previous section and to entropy
production from the decays of the inflaton, the oscillating ISS fields and the gravitinos. For
this purpose, we remind the reader of equation (6.17) for the decay of the inflaton, equations
(5.59) to (5.64) for the relevant decay rates of the ISS fields ReQ1 , ReS 1 and ReS 2 as well as
equations (5.65) and (5.66) for their subsequent decay products — into the gravitino ψ3/2 and
the ISS fermion χS 1 .
The list below summarizes the assumptions necessary for the ISS fields not to drastically
alter the thermal history of the Universe. We will then work out the corresponding constraints,
indicating the regions in the parameter space where they hold.
(i) We assume that the energy of the Universe after the end of inflation is dominated by η
oscillations and by the decay products of η.
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(ii) If the ISS fields decay after the inflaton, the entropy they generate should not dominate
over the entropy from reheating, in order not to spoil successful production of later relics.
(iii) It is also possible that the relativistic decay products of the ISS fields may turn nonrelativistic as the Universe cools down, thereby changing the evolution of their energy
densities according to ρrad /ρnon ∼ R−1 . This would have an impact on the results for item
(ii) above, which we also take into account.
Furthermore, the following experimental constraints must also be satisfied.
(iv) Massless particles from decays of the ISS fields must be in agreement with observable
relativistic degrees of freedom Neff = 3.15 ± 0.23 as measured by the Planck collaboration [16].
(v) Decay products with small decay rates must not decay after the BBN epoch — this will
be treated in section 6.2.
Let us start by working out the constraints coming from the first (i) and the second (ii) points.
The energy density from oscillations of the ISS fields are given by the combination
ρφISS = ρQ1 + ρS 1 + ρS 2

!
!3
!2
!3

m3/2 2 4 
RS 1
M
 12N RQ1
MP 
+N
=

Nf − N R
MP
MP
R


2
!
!2
!3 
Nf − N

RS 2 
16π2
M

+
.


3N
3 (ln (4) − 1) MP
R 


(6.19)

In order to compare ρφISS and ρη , we rearrange the above expression in terms of quantities for
the inflaton. With the use of N f = 4 and N = 1 — as already adopted to compute the decay rates
— we find

!2
!4
!4 
!3


5


1
M
2.51
×
10
M
M
 Rη

2 2
2
+
+
.
(6.20)
ρφISS = mη MP 


 R
 MP
2 MP
h4
MP 
We compare this expression with the energy density from oscillations of η given in equation (6.2),
which yields ρη > ρφISS at the end of inflation only if
M < 4.80 × 10−2 hMP .

(6.21)

This requirement will be displayed in figures 6.3 and 6.4 where the parameter space (h, M) is
also constrained by entropy production from ISS decays and the subsequent decays of their
products.
Now, let RdφISS be the scale factor at decay of φISS and Rdη be the scale factor at decay of η.
Depending on whether the φISS decays before or after decays of η, these scale factors satisfy,
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respectively,
RdφISS
Rdη
RdφISS
Rdη

MP
ΓφISS

!2/3

=

a4/3
η

=

2
MP
√ aη
ΓφISS
3

!2

mη
MP

!1/2

,

mη
MP

(6.22)

!3/2
.

(6.23)

To obtain the decay epochs we used H = kΓφISS with k = 2/3 for matter domination (before
reheating) and k = 1/2 for radiation domination (during reheating). Furthermore, we have also
used the following relation, with H = (2/3)Γη ,
Rη /Rdη =

a4/3
η

mη
MP

!4/3
.

(6.24)

On the one hand, if RdφISS /Rdη < 1, φISS decays before the inflaton — otherwise it decays after.
In figure 6.1 we show how the parameters M and h of the ISS model, which are implicit in ΓφISS ,
determine the time of ISS decays. We should now analyse how this information on the time of

Figure 6.1: The curves of ΓiφISS = Γη , where i = S 1 , S 2 , Q1 , for small (large) coupling aη = 10−3
(aη = 10−1 ). Above these curves, the ISS decay rates ΓiφISS become larger, implying a smaller scale factor
at the time of their decays. In other words, each of the ISS fields decays before (after) the inflaton above
(below) their curves.

ISS decays translate into energy density and entropy production. Since we want η oscillations
or decay products of η to dominate the energy of the Universe after inflation — see point (i) —,
production of entropy from φISS will only be problematic if one or more of them decays after η
has already decayed, as this can wash out the contributions from η. Let ρdη be the energy density
at the moment of η decay. The energy density of the decay products of η is given by
ρrη (R)
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= ρdη

Rdη
R

!4

mη
4
= a4η MP4
3
MP

!6

Rdη
R

!4
.

(6.25)

6.1 Post-inflation dynamics
Furthermore, ρrφISS is the energy density of the decay products of S 1 , S 2 and Q1 , given by
ρrφISS

(R) = ρdQ1

RdQ1
R

!4
+ ρdS 1

RdS 2
R

!4
+ ρdS 2

RdS 2
R

!4
.

(6.26)

We can define a scale factor R1 where ρrη (R1 ) = ρrφISS (R1 ). Since for any field i the relation

3/4
si /s j ∼ ρri /ρrj
holds, finding an R1 means that there exists a limit on the entropy produced
by the ISS fields sη > sφISS such that this production is not problematic for any time after R1 . In
other words, if ρrη (R1 ) > ρrφISS (R1 ), then most entropy comes from η decays. Otherwise, the ISS
decays would provide the most entropy. When ρrφISS is evaluated at R1 , R1 is necessarily equal to
the scale factor of the last decaying field. This happens because ρrad /ρmatter ∼ R−1 in a mixture
of radiation from decays and matter and, if we look into an ISS field decaying before R1 , this
would mean that the associated energy density ρr and entropy would become larger.
In our scenario, S 2 is the last decaying particle. Therefore,
ρrφISS (R1 )

= ρdQ1

RdQ1
R1

!4
+ ρdS 1

RdS 2
R1

!4
+ ρdS 2 .

(6.27)

In figure 6.2, we use ρrη (R1 ) > ρrφISS to plot numerically the bound for entropy production from
decays of the ISS fields, i.e., sη > sφISS . For the region at which the curve is drawn, S 2 dominates
the energy density compared to either Q1 or S 1 because its VEV is the largest of them. Both
Q1 and S 1 become important only for smaller M and larger h, i.e., in the lower right corner of
both figures. In addition to that, there is a noticeable dip at the right upper corner for both cases
aη = 10−1 and aη = 10−3 . They form at the point at which S 2 turns from decaying after η to
decaying before η. This introduces a steep in the energy density function. The dip is quite steep
only because our analysis assumes instantaneous decays.
Let us now discuss point (iii) in the above list, that is, we must add the behaviour of the decay
products of Q1 , S 1 and S 2 . These decay products can turn from relativistic to non-relativistic at
some point, which could render their energy density larger than ρrη . Below we find constraints
such that their energy densities do not surpass ρrη . We start by displaying the decay products of
each ISS field,
ReS 1
ReS 2
ReQ1
ReQ2

: (χS 1 + χ̄S 1 ) ,

: ψ3/2 + ψ3/2 ,

: ψ3/2 + ψ3/2 , χS 1 + χ̄S 1 + ImQ2 , χS 1 + χ̄S 1 + ReQ2 ,

: ψ3/2 + ψ3/2 , χS 1 + χ̄S 1 + ImQ2 .

(6.28)
(6.29)
(6.30)
(6.31)

Furthermore, recall the masses of the final particles
mχS 1 = m3/2 ,
r
3 (ln (4) − 1)  MP 
mReQ2 =
h
m3/2 ,
8π2
M
mImQ2 = 0 .

(6.32)
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Figure 6.2: The curve of sφISS = sη numerically obtained from equations (6.25) and (6.27) at the decay
epoch of the last decaying ISS particle S 2 , for small (large) coupling aη = 10−3 (aη = 10−1 ). Above the
curve, the energy density ρrφISS becomes larger than ρrη , implying also a larger entropy production at the
decay time of S 2 than the entropy from decay products of η.

Since mImQ2 = 0, it can never become non-relativistic. For massive particles, the scale factor at
which they become non-relativistic Rnon is related to the scale factor at the decay of the initial
particle. We have the following relations3
2mχS 1
RdS 1
,
χS 1 =
Rnon mReS 1
2mψ3/2
RdS
,
ReS 2 : ψ 2 =
3/2
mReS 2
Rnon
2mψ3/2
RdQ
ReQ1 : ψ 1 =
,
3/2
mReQ1
Rnon
2mψ3/2
RdQ
ReQ2 : ψ 2 =
,
3/2
mReQ2
Rnon
ReS 1 :

3mχS 1
RdQ1
RdQ
3mReQ2
, ReQ1 =
,
χS 1 =
mReQ1 Rnon 2
mReQ1
Rnon
3mχS 1
RdQ2
.
χS 1 =
mReQ2
Rnon

(6.33)

On the one hand, if the decay rate of a particle is sufficiently large, it decays before it can turn
non-relativistic. In that case, there would be no change to the curve presented in figure 6.2. On
the other hand, if its decay rate is small, the energy density equations must change accordingly,
ρnon
=
i

X
j

3

ρdi

!4  j 3 X
!
 Rnon 
Rdi  Rdi 3


ρdi j
,

 =
j
R
Rnon
Rnon R
j
Rdi

(6.34)


4
i
These were computed via fΦϕi · ρdΦ RdΦ /Rϕnon
= ρϕi |T =mϕi , where Φ is the mother-particle which decays into
ϕi
ϕi + ϕ j (+ϕk ), and fΦ is the share of the energy of each Φ particle given to a product-particle ϕi . For example,
fΦϕi = 1 for Φ = ReQ2 and ϕi = ψ3/2 . We have also considered that the masses of the products are much smaller
than the masses of the decaying particles, which leads to the numerical factors in these expressions.
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where i stands for any of the ISS decaying particles. Notice that the decay rate of the product
ReQ2 — from the decay of ReQ1 — has already been obtained in equation (5.58).
We calculate again the entropy production bound, now taking into account the non-relativistic
behaviour of the products χS 1 , ψ3/2 , and ReQ2 . This is shown in the red curve of figure 6.3. It
was obtained numerically from equations (6.25) and (6.34). As one can notice, the deviation
from the blue curve becomes more pronounced for lower values of M and h. This is because
the products from ISS decays become non-relativistic earlier in this case. At h & 0.1 and for
aη = 10−3 , the ISS products decay when they are still relativistic and, therefore, there is an
agreement between the blue and the red curves. The same happens for h & 0.4 in the case
aη = 10−1 . Since the red curve constrains more the parameter space, we consider it for later
analysis.

Figure 6.3: The curves of sφISS = sη (red-dashed and solid blue) and ρφISS = ρη (magenta dot-dashed) for
small (large) coupling aη = 10−3 (aη = 10−1 ). The blue curve is evaluated at the decay epoch of S 2 , the
last decaying ISS particle, as already seen in figure 6.2. The red curve is evaluated at the decay time of
χS 1 , which is the last product to decay. Legends are shown only for the latter because for the blue curve
it is the same as in figure 6.2.

Now we address point (iv), considering that the only massless product from ISS decays is
ImQ2 . First of all, its energy density is given by

!4
!4 ReQ2 !3
!4 
χχImQ2
2

ΓχχReQ
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R
R
R
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Here the ratios 1/3 and 1/3 · 1/3 correspond to the energy share carried by ImQ2 from its
two respective sources, Q1 → χ̄S 1 + χS 1 + ImQ2 and Q1 → χ̄S 1 + χS 1 + ReQ2 followed by
ReQ2 → χ̄S 1 + χS 1 + ImQ2 , where we assumed massless products when compared to ReQ1 .
2
From the second to the third line, we used4 RdQ2 /RReQ
non > 100. From the third to the fourth line,
2
we used the maximum values for the branching ratios for simplicity, i.e., ΓχχReQ
/Γtotal
Q1 = 1/2
Q1
χχImQ2
total
and ΓQ2
/ΓQ2 = 1.
Dark radiation energy density accounts for the total relativistic energy density in neutrinos
plus other unknown degrees of freedom, and is parametrized by the effective degrees of freedom
Neff . Let ργ be the photon energy density. For times much earlier than BBN, i.e., for T  1 MeV,
the energy density for dark radiation is given by
ρdark = Neff

7 4
8 11

!4/3
ργ

,

(6.36)

The contribution from the three SM neutrinos to this radiation density leads to Nν ' 3.046 [289].
On the other hand, the observational parameter Neff = 3.15±0.23 [16] allows for some additional
radiation density. We check that ρImQ2 < ρdark − ρSM ν is indeed satisfied in the parameter space
we consider, i.e., M/MP ∈ (10−6 , 1) and h ∈ (10−3 , 1).
The constraints regarding entropy production obtained in this section, which are relevant for
section 6.2, are collected in table 6.2. They are depicted in figure 6.4.

Eq. (6.21)

Constraint
M < 4.80 × 10−2 hMP

Eq. (6.27)

Numerical

Eq. (6.27)

Numerical

Meaning
ρη > ρφISS
at the end of inflation
sη > sφISS at decay epoch
of last decaying particle S 2
sη > sφISS at decay epoch
of last decaying product χS 1

Legend
magenta curve
blue curve
red curve

Table 6.2: The constraints on the ISS parameters M and h obtained in this section 6.1.2, their location in
the text, their meaning, and their depiction in the figures of this section.

For the figures in the next section we will present the combined red and magenta curves in
figure 6.4 as a new red curve, which we will label as entropy.

6.2 Dark matter production
After finding a protocol for constraining the parameter space of solutions such that ISS entropy
production is negligible, in this section we turn to the production of dark matter.
4

This can be proven for the parameter space we consider, i.e., M/MP ∈ (10−6 , 1) and h ∈ (10−3 , 1).
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Figure 6.4: The curves sφISS = sη summarizing the constraints obtained in this section — see table 6.2 —
for small (large) coupling aη = 10−3 (aη = 10−1 ). The allowed region is shaded in blue.

We consider both thermal and non-thermal production [290] of dark matter, adopting the
natural candidates for dark matter in supersymmetric scenarios, namely the stable5 lightest
supersymmetric particles (LSPs), the neutralinos referred to in this thesis as χ [53].
In the first case we consider gravitinos thermally produced in the reheating phase6 of the
inflaton η to be the source for neutralinos. They can constitute dark matter when decaying
at freeze-out, i.e., when the energy density for the gravitinos evolves constantly after their
decoupling from the thermal bath at H ∼ Γ3/2 . Notice that, in principle, there can also be
gravitinos produced from direct decays of the inflaton. However, we show in section 6.2.1 that
this is negligible.
In the second case we consider the chain of decays from the ISS fields ReS 1 , ReS 2 and ReQ1
into gravitinos ψ3/2 , and small massive fermions χS 1 and ReQ2 . For ReQ2 , it subsequently
decays into gravitinos, and small massive fermions χS 1 and ImQ2 . We recall here the decay
channels from equations (6.28) to (6.31),
ReS 1
ReS 2
ReQ1
ReQ2

: (χS 1 + χ̄S 1 ) ,

: ψ3/2 + ψ3/2 ,

: ψ3/2 + ψ3/2 , χS 1 + χ̄S 1 + ImQ2 , χS 1 + χ̄S 1 + ReQ2 ,

: ψ3/2 + ψ3/2 , χS 1 + χ̄S 1 + ImQ2 .

Therefore, ψ3/2 and χS 1 products can then decay into neutralinos. We have the following relation
between the number density of ISS particles niφISS and the number density of the final gravitinos,
5
6

These are guaranteed to be stable in conserved R-parity models [48, 57, 58, 59, 60, 61].
When the ISS fields decay, they could generate a thermal bath with temperature T RISS , which would produce
gravitinos. Therefore, in principle, an exact treatment should also consider the reheating phase of ISS fields
besides the reheating phase of η. However, since we constrain the entropy production from ISS decays and from
the subsequent decays of their products to be smaller than the entropy production from decays of η (see section
6.1.2), we do not have to be concerned with gravitino production within a reheating phase of ISS fields.
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niφISS = (n3/2 )/2. Each ψ3/2 in turn contributes to the production of one neutralino at the epoch
H ∼ Γ3/2 . Furthermore, we have distinct relations between the number density of ISS particles
and the number density of χS 1 . For decays from S 1 we have nχS 1 /2. For decays from Q1 we
have nχS 1 /2 or nχS 1 /4, where the last case occurs when there is a subsequent decay from its
product ReQ2 . Finally, for decays from Q2 we have nχS 1 /2. Each χS 1 in turn contributes to the
production of one neutralino at the epoch H ∼ ΓχS 1 . Within this second case of non-thermal
production of neutralinos, we also study the possible late thermalization of neutralinos.
Since the overproduction of dark matter is a delicate issue within the scenario of non-thermal
production, as already mentioned at the end of chapter 5, we discuss how to take care of this
issue within our context.

6.2.1 Thermal gravitino production
Let us start the analysis of dark matter production via its thermal gravitino source, from the
thermal plasma created by the decay of the inflaton7 [291]. This production depends on the
reheating temperature8 of the universe dominated by the inflaton after its decay. Let gη be the
number of thermal relativistic degrees of freedom from decays of η. The reheating temperature
is given by
!1/4
!
mη 3/2
40
TR = 2
aη
MP .
(6.37)
π gη
MP
Assuming that the gaugino masses m1/2 satisfy m1/2  m3/2 , the ratio of the gravitino number
density to the entropy density in the reheating phase is given by [292]
n

3/2

s


rh

= 2.3 × 10

−12




mη
TR
= 2.5 × 10−11 aη g−1/4
η
10
−5
10 GeV
10 MP

!3/2
.

(6.38)

For high values of T R , this ratio may potentially overclose the universe.
Today’s
density of photons
is related to today’s entropy density via 7nγ ' s0 . Let hd =


−1
−1
H0 / 100 km s Mpc be today’s dimensionless Hubble parameter. If one assumes that the
number density of neutralinos χ is given by9 nχ ' n3/2 , its energy density ratio will be given by
2
Ωrh
χ hd
7

 m
 n 
7nγ mχ n3/2 2
χ
3/2
10
'
hd ' 2.78 × 10
.
s
ρc
100 GeV
s rh

(6.39)

We assume the inflaton to decay mainly into MSSM particles.
Notice that the ISS and the MSSM sectors do not have sizeable interactions with each other. If this were the
case, this would mean the ISS fields could thermalize with a temperature T RISS and we should consider thermal
production of gravitinos within this reheating phase as well. Furthermore, if T R > MP , the condensate ISS sector
would melt — recall that the ISS sector is a description of SQCD at low temperatures — and the description
should be in terms of quarks, squarks, gauge bosons and gauginos. Moreover, also notice that T R . 10−9 MP
for aη ≤ 10−1 , gη = 100 and mη = 10−5 MP . Therefore, T R is below the energy scale of M/MP considered in our
parameter range M/MP ∈ (10−6 , 1).
9
This assumption is feasible. Since R-parity of the gravitino is odd, its largest decay rates are into channels
odd
odd
odd
φodd
+ φeven
+ φeven
+ φeven
+ φodd
i
j , φi
j
j + φk . Given a number n of final particles, (2n − 3) final particles
k , φi
can be fermions since ψ3/2 has mass dimension 3/2. The lowest order process is ψ3/2 → φodd
+ φeven
i
j , which
leads to nodd = n3/2 .
8
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2
Therefore, to have an acceptable dark matter relic density — i.e., Ωrh
χ hd > 0.12 —, the allowed
gravitino to entropy ratio must be
!
n 
3/2
−12 100 GeV
> 4.32 × 10
.
(6.40)
s rh
mχ

By combining equations (6.38) and (6.40), we have the lower bound
aη g−1/4
η

mη
10−5 M p

!3/2 

mχ 
> 0.17 .
100 GeV

(6.41)

This bound can be evaded in the following three distinct situations.
• When the inflaton decays into a gravitino plus an inflatino. However, this channel
may be kinematically forbidden if mη − mη̃ < m3/2 , where η̃ is the inflatino, or kinematically suppressed

 if the inflaton(ino) scale is much higher than the gravitino scale,

O m3/2  O mη , mη̃ [293].
• When the inflaton decays into a pair of gravitinos through the interaction term


i µνρσ
∗
∗ ∂σ η
=
−
L3/2

ψ̄
γ
ψ
G
∂
η
−
G
µ
ν
ρ
η
σ
η
η
8
!
i
W (η)
+ (1 + K (η, η̄)) m3/2 2 +
MP ψ̄µ σµν ψν ,
4
W

(6.42)

where W = WKL-ISS + WMSSM + W(η) is the total superpotential, Gη is the derivative of
G = K + ln(WW) with respect to η and K = K (η, η̄) + KKL-ISS + KMSSM is the total
Kähler potential. We have already mentioned earlier in section 5.3 that our choice for the
Kähler potential and the superpotential in the inflationary sector are such that there are no
interaction terms in (6.42) between the inflaton and the gravitinos, thereby yielding a null
decay rate for η → 2ψ3/2 [270].
• When gravitinos decay at a higher temperature than the freeze-out temperature for neutralinos, T χf ∼ mχ /20.
Equation (6.41), which has to be satisfied in order to have acceptable dark matter relic density
without overclosing the universe, is valid if none of the conditions discussed above applies. As
we have already seen, the first two points are satisfied with the considerations of this thesis. We
will see in section 6.2.2 how we can also satisfy the third point above. We will also discuss the
same issue for the ISS fermion χS 1 which constitutes another candidate to decay to neutralinos.
Therefore, thermal gravitinos can give rise to an acceptable dark matter relic density.

6.2.2 Mixture of thermal and non-thermal production
Let us now analyze dark matter production via a mixture of thermal and non-thermal processes,
from neutralinos produced during the reheating phase of η and from φISS decays, respectively.
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First of all, consider the production of neutralinos from decays of ψ3/2 or χS 1 . The number
density of neutralinos χ differs whether RdφISS > Rdη or RdφISS < Rdη , since in the former scenario
these decays happen within the η-reheated universe, and in the latter case the universe is
dominated by matter from η oscillations. However, the same ratios of number densities for ψ3/2
or χS 1 to entropy density s are produced in the end. These are given by, respectively,
!3/2
!
!3
n3/2
MP
M
−1/4 mη
= aη gη
s
MP
m3/2 MP
 2ψ3/2

χχReQ2 2ψ3/2 

 ΓQ
Γ
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(6.43)

2
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Γχχ

S1 
.
total 

ΓS 

(6.44)

1

To obtain these expressions we used
 2ψ

n3/2 ' 2 ΓφISS3/2 /Γtotal
φISS nφISS ,


total
nχS 1 ' 2 Γχχ
/Γ
φISS nφISS ,
φISS

(6.45)
(6.46)

2
2
' ΓReQ
where nφISS = ρφISS /mφISS . Furthermore, we have assumed that ΓImQ
Q1
Q1 , and we have also
taken into account the possibility that ReQ2 also decays to χS 1 , thereby generating the following
term in equation (6.43),
2ψ
2
ΓχχReQ
ΓQ23/2
Q1
.
(6.47)
Γtotal
Γtotal
Q1
Q2

Now, with nχ ' n3/2 and nχ ' nχS 1 applied, respectively, in (6.43) and (6.44), the neutralino relic
densities from both ψ3/2 and χS 1 sources are given by
7nγ mχ n3/2 2
hd
s
ρc
 a 
η
' 0.12 ×
10−2
7nγ mχ nχS 1 2
'
hd
s
ρc
 a 
η
' 0.12 ×
10−2

2
Ω3/2
χ hd '

ΩχχS 1 h2d
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(6.48)

mχ 
fχ (h, M) ,
100 GeV S 1

(6.49)

6.2 Dark matter production
where the functions fi for i = {ψ3/2 , χS 1 } are defined as
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(6.51)

From these equations and with the use of gη = 100, mη = 10−5 MP and mχ = 100 GeV, we
obtain the curves Ωiχ h2d = 0.12 in terms of the parameters h and M. Notice that we also replaced
m3/2 = m3/2 (h, M) via equation (5.26). We plot these curves later in figures 6.5 and 6.6 when all
the constraints from entropy production and possible subsequent annihilations are considered —
χS 1
they are labelled as DM3/2
dec and DMdec and the arrows indicate the allowed regions for acceptable
dark matter relic density satisfying Ωiχ h2d . 0.12. In appendix C we present a solution for these
equations in order to obtain Ωiχ h2d = 0.12 as a matter of illustration. There, we also explain why
there are three distinct possible curves of Ωiχ h2d = 0.12 in the case of χS 1 when aη = 10−1 .

Let us now obtain constraints such that both decays from ψ3/2 and χS 1 happen before BBN,
−1
−1
i.e., when Γ3/2 > tBBN
and ΓχS 1 > tBBN
where tBBN is the time associated with the occurrence of
BBN at a temperature of T ∼ 1 MeV. For ψ3/2 we have
M
& 3.82 × 10−6 h−1/2 MP ,
MP

(6.52)

whereas for χS 1 we have

M
& 1.75 × 10−3 h−1/2 .
(6.53)
MP
Notice that equation (6.53) implies a quite heavy gravitino mass — recall equation (5.26). If
χS 1 is allowed to decay after the present time, a dark matter relic density from χS 1 that does not
close the universe can only be obtained for M/MP values which do not satisfy equation (6.52)
within the parameter range we consider. Therefore, we neglect this scenario in the following
and use the constraints given by equations (6.52) and (6.53) such that both ψ3/2 and χS 1 can
only decay before BBN.

Let us now check whether neutralinos are mainly produced from thermal gravitinos ψ3/2
within the reheating phase of η or from decays of gravitinos ψ3/2 and ISS fermions χS 1 . To do
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so we compare the number densities for each of these processes, which gives
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(6.54)

η reheating

χχReQ2
Here we have replaced ΓQ13/2 = Γtotal
and neglected the last term in equation (6.44)
Q1 − 2ΓQ1
when compared to equation (6.43). It turns
 out
 that, unless M assumes very small values
violating the bound from equation (6.52), nχ /s
is dominant over thermal gravitinos.
φISS decays
Therefore, we assume the neutralino number density to be given by decays of ψ3/2 and χS 1 from
now on.
2ψ

An important issue we have to tackle now is the annihilation of neutralinos after their
production [147]. If the number density of neutralinos produced from ψ3/2 or χS 1 decays is
large enough, they can mutually annihilate, thus decreasing their number density. Technically
stated, the neutralino number density is governed by the Boltzmann equation
dnχ
+ 3Hnχ = − σann vMøl n2χ ,
dt

(6.55)

where σann vMøl is the thermally averaged annihilation cross section of the neutralinos with
vMøl being the Møller velocity involving the initial particles. A possible equilibrium number
density nχ,eq of neutralinos in this expression was neglected since we look at the epoch soon
after they decouple, for which nχ > nχ,eq is satisfied.
For nχ > H/ σann vMøl , the neutralino annihilates after ψ3/2 or χS 1 decays, and eventually
freezes-out when nχ ∼ H/ σann vMøl , where the Hubble term 3Hnχ and the annihilation term
σann vMøl n2χ are of the same order of magnitude. On the other hand, for nχ < H/ σann vMøl , the
neutralino density is given at the time of decay of the ψ3/2 or the χS 1 .
Let us study the approximate expression for the relic density abundance of the neutralino
given by [294, 295, 296]
 n −1
χ

s

'

 n −1
χ

s

decay

+

H
s σann vMøl

!−1
.

(6.56)

decay

Here the lower index decay means evaluation at the time of ψ3/2 or χS 1 decay. Therefore, we
have an upper limit on nχ /s, i.e., nχ /s . H σann vMøl −1 /s. The following ratio compares both
quantities on the right-hand side of equation (6.56), both for the gravitino ψ3/2 and for χS 1 ,
H hσvi−1 /s
n3/2 /s

H hσvi−1 /s
nχS 1 /s
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10−2
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!

'

10−2
aη

!
ψ3/2

!
χS 1

10−5 MP
mη

!3/2

10−5 MP
mη

!3/2

!
10−7 GeV−2 −1
wψ3/2 (h, M) ,
hσvi
!
10−7 GeV−2 −1
wχS 1 (h, M) ,
hσvi

(6.57)
(6.58)
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with the definitions
wψ3/2 (h, M) = 6.64 × 10 h

3/2

wχS 1 (h, M) = 2.49 × 10 h

5/2

12

16

M
MP

!3

M
MP

!5

fψ3/2 (h, M) ,

(6.59)

fχS 1 (h, M) .

(6.60)

For σann vMøl = 10−7 GeV−2 and mη = 10−5 MP , the curves (n3/2 /s = H hσvi−1 /s) ψ3/2 and
(nχS 1 /s = H hσvi−1 /s) χS 1 are obtained in terms of the parameters h and M. Notice that
we also replaced m3/2 by its function depending on both h and M via equation (5.26). For
(n3/2 /s < H hσvi−1 /s) ψ3/2 and (nχS 1 /s < H hσvi−1 /s) χS 1 , the neutralinos do not annihilate and
(nχ /s)decay stays constant. In this case equations (6.48) and (6.49) are valid for obtaining the
neutralino relic density Ωiχ h2d . For (n3/2 /s > H hσvi−1 /s)ψ3/2 and (nχS 1 /s > H hσvi−1 /s)χS 1 , the
neutralinos annihilate until they reach nχ /s ∼ H hσvi−1 /s. In this case, the neutralino relic
density Ωiχ h2d must satisfy a different equation, namely
Ωiχ h2d

7nγ mχ niχ 2
=
h
s ρc d
!
!1/4  c /2 i
!c i
100
αh i ε M MP  mχ  10−7 GeV−2
,
' 0.12
gη
h
M
100 GeV
hσvi

(6.61)

where ci stands for the exponents associated with ψ3/2 or χS 1 and assumes the values cψ3/2 = 3
or cχS 1 = 5. The parameters εi respect the equations


ψ3/2 −3
3.33 × 10−16 α1/2
ε
= 1
M
h
 1/2 χ −5
7.25 × 10−8 αh ε MS 1
= 1

,

(6.62)

.

(6.63)

The curves labelled as n3/2 and nχS 1 in figures 6.5 and 6.6, when all the constraints are considered,
separate the regions of validity of equations (6.48) and (6.49) or equation (6.61). Each region
represents different processes for dark matter production. Moreover, with the use of gη = 100,
mχ = 100 GeV and σann vMøl = 10−7 GeV−2 , we obtain the curves Ωiχ h2d = 0.12 in terms of the
parameters h and M for processes considering possible annihilations of neutralinos, i.e., those
for which equation (6.61) should be satisfied. Notice that we also replaced m3/2 by its function
depending on both h and M via equation (5.26). We plot the curves Ωiχ h2d = 0.12 for processes
with annihilation of neutralinos in figures 6.5 and 6.6 when all the constraints are considered
χS 1
— they are labelled as DM3/2
ann and DMann and the arrows there indicate the allowed regions for
acceptable dark matter relic density satisfying Ωiχ h2d . 0.12.
Recalling the third point in section 6.2.1, we now discuss how to make both the gravitinos ψ3/2
and the ISS fermions χS 1 decay after neutralino freeze-out. To do so, let us consider the fact that
there are four types of neutralinos, namely Winos, Binos and two neutral Higgsinos. Wino pairs
annihilate into W ± pairs through the mediation of charged Winos10 . Bino pairs annihilate into
10

We disregard coannihilations. If one does consider them, they end up increasing σann vMøl — though not
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lepton pairs via right-handed slepton mediation11 . Finally, Higgsinos pairs annihilate mainly
into W ± and Z pairs. These possess the thermally averaged annihilation cross sections12
σann vMøl

Wino

σann vMøl

Bino

σann vMøl

Higgsino


3/2
2
mχ =100 GeV
g42 1 1 − xW
'
−→ 3.33 × 10−7 GeV−2 ,

2
2
2π mχ 2 − x2
W
!
4
mχ =100 GeV
g1 1 6T χ
'
−→ 1.79 × 10−9 T χ GeV−3 ,
2
16π mχ mχ

3/2
2
mχ =100 GeV
g42 1 1 − xW
'
−→ 2.08 × 10−8 GeV−2 ,

2
2
32π mχ 2 − x2

(6.64)

(6.65)

(6.66)

W

where xW ≡ mW /mχ , and g1 and g2 are the couplings of the U (1)Y and S U (2)L .
For the thermal cross sections of the Wino, Bino and Higgsinos, we know that they freeze-out
at the values T χf ' (3.69, 4.27, 4.10) GeV, respectively [298]. With a typical reference value
σann vMøl = 10−7 GeV−2 , one finds T χf = 3.86 GeV. Therefore, for both ψ3/2 and χS 1 to decay
after the neutralino freeze-out, M must assume the values, respectively13 ,
M . 2.56 × 10−5 h−1/2 MP ,
M . 9.12 × 10−3 h−1/2 MP .

(6.67)
(6.68)

These two constraints for ψ3/2 and χS 1 to decay after neutralino freeze-out, together with the
bounds from equations (6.52) and (6.53) for ψ3/2 and χS 1 to decay before BBN, form a range
in which the particle decay is non-negligible and safe. They are given by yellow bands in the
figures of this section.
In table 6.3 we collect all constraints on the parameter space obtained in section 6.1 and in
the current section. We take them into account for the figures we present momentarily in this
section.
In figures 6.5 and 6.6, we draw the following curves:
χS 1
i 2
• DM3/2
dec and DMdec when Ωχ hd = 0.12 without further annihilations of neutralinos, obtained
from equations (6.48) and (6.49) — these are represented by black solid lines;
χS 1
i 2
• DM3/2
ann and DMann when Ωχ hd = 0.12 with further annihilations of neutralinos, obtained
from equation (6.61) — these are represented by green solid lines;

necessarily for Winos —, which in turn decreases their relic density.
We defined the right-handed slepton mass ml˜R to be equal to mχ . Considering a greater ml˜R decreases its
σann vMøl , which in turn increases its relic density.
12
The Wino thermal cross section can be found from anomaly mediated SUSY breaking [296], while the Bino and
the Higgsinos cross sections have been given in [297].
π
13
These results come from ρrη (Rdψ3/2 or RdχS 1 ) = 30
gη (T χf )4 . One should replace the left-hand side by either

4

4
ρη Rdη /Rdψ3/2 or ρη Rdη /RdψχS 1 , and the M dependence will show up once we replace Rdη /Rdψ3/2 ∝
(Γ3/2 /Γη )1/2 or, similarly, Rdη /RdχS 1 ∝ (ΓχS 1 /Γη )1/2 .
11
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Fig. 6.4
Eq. (6.52)
and
eq. (6.67)
Eq. (6.53)
and
eq. (6.68)

Constraint
Numerical
and
M < 4.80 × 10−2 hMP
M & 3.82 × 10−6 h−1/2 MP
and
M . 2.56 × 10−5 h−1/2 MP
M & 1.75 × 10−3 h−1/2 MP
and
M . 9.12 × 10−3 h−1/2 MP

Meaning
sη > sφISS
and
ρη > ρφISS
ψ3/2 decays before BBN
and
ψ3/2 decays after neutralino freezeout
χS 1 decays before BBN
and
χS 1 decays after neutralino freezeout

Legend
blue shaded region

lower yellow band

upper yellow band

Table 6.3: All constraints on the ISS parameters M and h. Their location in the text, their meaning, and
their depiction in the figures of this section are also given. Notice that the blue shaded region enlarges for
the figures corresponding to χS 1 , when the entropy production from ψ3/2 should not be considered, so
that the red curve obtained in section 6.1 must be replaced by the orange curve labelled entropy w/o ψ3/2 .

• n3/2 and nχS 1 separating the parameter space into a region where the neutralinos do and do
χS 1
not annihilate. Above n3/2 and nχS 1 we should consider DM3/2
ann and DMann , respectively,
χ
S1
whereas below n3/2 and nχS 1 we should consider DM3/2
dec and DMdec , respectively. These
are represented by blue dashed lines.
Apart from these curves, we also depict the constraints summarized in table 6.3, some of which
must be taken into account for avoiding cosmological issues such as the gravitino or the moduli
problems. In figure 6.5 we adopt σann vMøl = 10−7 GeV−2 , and in figure 6.6 we adopt a lower
thermal cross section for annihilations of the neutralinos given by σann vMøl = 10−10 GeV−2 for
comparison. The upper plots in both figures are for χS 1 and the lower plots in both figures are
for ψ3/2 .
First of all, notice that when the blue region and the yellow bands intersect they yield a green
region, which highlights the allowed parameter region for acceptable dark matter production.
Notice that the yellow band for χS 1 does not appear separately from the green region, but is
essentially hidden behind the green region. For ψ3/2 one can still see part of its yellow band
because the red curve which applies for ψ3/2 is more constrained than the orange curve for χS 1 .
Let us start by discussing the meaning of the yellow bands. They stand for the region where
ψ3/2 or χS 1 decay before BBN and after neutralino freeze-out. While the former condition
must be respected, the latter is somewhat a weaker condition, since its violation does not pose
problems to cosmological evolution. In fact, if ψ3/2 or χS 1 decays before neutralino freeze-out,
the neutralino relic density is given by standard thermal production. Notice that the yellow
band for ψ3/2 is located well below the yellow band for χS 1 , therefore in a region where χS 1
decays after BBN. Since χS 1 decaying after BBN could dilute the BBN products, sufficient dark
matter production from ψ3/2 decays can never be achieved. Inverting the perspective, the yellow
band for χS 1 is located well above the yellow band for ψ3/2 in a region where ψ3/2 decays before
neutralino freeze-out, thereby neutralino production from ψ3/2 decays is negligible. This implies
that we should replace the red curve, which considers the entropy production from decays of
ψ3/2 , by a curve without this contribution. This is the orange curve labelled by entropy w/o
ψ3/2 in the upper plots for aη = 10−1 . A similar curve would also appear in the figure for χS 1
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at aη = 10−3 , however it shows up at even larger values of M/MP and lower values of h and is
therefore beyond the bounds of the figure.
Now that there is an allowed parameter region in green from the constraints in table 6.3, let
χS 1
χS 1
3/2
us see how the curves DM3/2
dec , DMdec , DMann , DMann , n3/2 and nχS 1 enter into this discussion.
As already stated, in the region above n3/2 and nχS 1 , we should consider processes from ISS
χS 1
fields decay followed by annihilation of their products, i.e., the green lines DM3/2
ann and DMann ,
respectively. In the region below n3/2 and nχS 1 , we should consider processes without further
χS 1
annihilation but from ISS decays only, i.e., the black lines DM3/2
dec and DMdec , respectively. Once
the region of validity is selected from n3/2 and nχS 1 , we should further look into the arrows for
the selected DM curves, which single out the dark green regions where an acceptable dark
matter relic density of Ωiχ h2d ≤ 0.12 is possible. Notice that we hatch differently the regions
where Ωχ h2d ≤ 0.12 can be achieved from either the first or the second type of processes. In the
first case we use diagonal lines inclined to the right and in the second case we use diagonal lines
inclined to the left.
Summarizing our results, we find that a correct dark matter relic density of Ωχ h2d ≤ 0.12 from
non-thermal processes can be obtained in the following cases:
• from decays of χS 1 for both aη = 10−3 and aη = 10−1 , for a thermal cross section
σann vMøl = 10−7 GeV−2 ;
• from decays of χS 1 followed by annihilations for both aη = 10−3 and aη = 10−1 , for a
thermal cross section σann vMøl = 10−7 GeV−2 .
• from decays of χS 1 for both aη = 10−3 and aη = 10−1 , for a thermal cross section
σann vMøl = 10−10 GeV−2 ;
In the first case, the allowed region for aη = 10−3 is below the blue line of nχS 1 and below the
black lines. For aη = 10−1 , this region is below the blue line of nχS 1 , below the upper black line
and above the middle black line.
In the second case, the allowed region for aη = 10−3 is above the blue line of nχS 1 and above
the green line. For aη = 10−1 , this region is above the blue line of nχS 1 and above the green line.
In the third case, the allowed region for aη = 10−3 is below the blue line of nχS 1 and below the
black lines. For aη = 10−1 , this regions is below the blue line of nχS 1 and below the upper black
line and on/above the middle black line.
Notice that, if we consider the two lower plots alone, we could have dark matter production
from ψ3/2 decays either followed by annihilations or not. These happen because parts of the
black and green lines and their corresponding arrows are within the allowed green shaded region.
However, we recall that this green region is below the yellow band for χS 1 , for which it would
decay after BBN. Since this can pose issues for BBN, we neglect production of dark matter
from ψ3/2 decays and subsequent annihilations and we, therefore, do not hatch any dark green
region as done for the upper plots considering χS 1 .
Along with non-thermal production of neutralinos, it remains to discuss their thermal production from freeze-out. The contributions, due to purely thermal neutralino freeze-out from the η
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plasma, assumes the values for Wino, Bino and Higgsino [298, 299]
Ωfreeze-out
h2d ' 7.03 × 10−4 ,
Wino
Ωfreeze-out
h2d ' 0.0261 ,
Bino
2
Ωfreeze-out
Higgsino hd ' 0.010 .

(6.69)
(6.70)
(6.71)

For mχ = 100 GeV, each of the Bino and Higgsino relic densities yields ∼ 10% of the required
ΩCDM h2d ' 0.12. Therefore, in these cases, in order to obtain Ωχ h2d ' 0.12 for mχ = 100 GeV,
one has to consider (h, M) points that are slightly off the black and green lines such that
ΩχχS 1 h2d ∼ 0.9 · ΩCDM h2d . In the end, summing up both non-thermal processes and thermal
processes from freeze-out must lead to Ωfreeze-out
h2d + ΩχχS 1 h2d ' ΩCDM h2d .
χ
For the case when χS 1 decays above its green band, all dark matter density should come
from its thermal freeze-out, i.e., Ωfreeze-out
h2d ' 0.12. This can be accomplished considering for
χ
example a Bino LSP with a right handed slepton mass ml˜R ' 220 GeV if we take ml˜R = mχ .
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Figure 6.5: All constraints on the ISS parameters M and h for dark matter production from either direct
decays DMdec or decays followed by annihilations DMann for χS 1 and ψ3/2 . A thermal cross section
σann vMøl = 10−7 GeV−2 and a small (large) coupling aη = 10−3 (aη = 10−1 ) are used. The arrows for
the green and black lines point in the directions where Ωχ h2d < 0.12. The dark green regions highlight the
areas where Ωχ h2d ≤ 0.12 for decays before BBN, thereby not posing any cosmological issues.
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Figure 6.6: The same as in figure 6.5 for a thermal cross section σann vMøl = 10−10 GeV−2 .
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CHAPTER

7

Conclusions and Outlook
In this thesis we studied effective actions in the general context of compactifications of higherdimensional string/M-theory with a two-fold perspective. In the first part we adopted a more
formal approach to obtain an N = 1 effective supergravity description from compactifications of
M-theory on G2 -manifolds. In the second part, we adopted a more phenomenological approach,
in which we already start with an N = 1 effective supergravity theory from compactifications of
type IIB on orientifold Calabi–Yau threefolds, and analyse the viability of obtaining neutralino
dark matter candidates in a combined framework with the MSSM and an F-term SUSY breaking
sector, the latter responsible for uplifting the AdS supergravity vacuum.
In the first part we delved into the mathematical machinery of general G2 -manifolds and,
especially, of the Kovalev’s twisted connected sum type, built from suitably gluing together a
pair of non-compact asymptotically cylindrical Calabi–Yau threefolds XL/R in their asymptotic
regions. There were for a long time only about a hundred examples for compact G2 -manifolds
from resolutions of special orbifolds of the seven-dimensional torus. The importance of Kovalev’s construction is that it realizes a large class of about O(108 ng ) compact G2 -manifolds
[141, 234, 254], where ng ≥ 1 is the multiplicity due to the possible gluings. Our identification
of the Kovalev limit, in which the G2 -metric was approximated in terms of the metrics of the constituents of this construction, allowed for the identification of two neutral universal N = 1 chiral
moduli fields associated to a complexified overall volume modulus ν and a gluing modulus —
called the Kovalevton κ. The latter parametrizes the Kovalev limit via Re(κ) → ∞. Furthermore,
this limit allowed for a decomposition of the fields of the N = 1 effective supergravity theory
into N = 1 neutral chiral moduli multiplets, into two N = 2 gauge theory sectors coming from
the two asymptotic regions YL/R , and into one N = 4 gauge sector that comes from the trivial
K3 fibration with fibre S in the gluing region T 2 × S × (0, 1), cf. table 3.2.
This decomposition becomes exact in a controllable way in the Kovalev limit, and yields
a scheme in which the four-dimensional low-energy effective theory can be approximated in
terms of these sectors with small corrections. In particular, we worked out the dependence of the
effective action on these two universal chiral moduli fields, and obtained a phenomenologically
motivated Kähler potential with an intrinsic no-scale structure — therefore, with a non-AdS
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supergravity vacuum. Moreover, the two scales thus obtained also control the behavior of
M-theory corrections.
Due to this decomposition, we could identify Abelian and non-Abelian gauge theory sectors
with various matter content, arising from singularities in the asymptotic cylindrical Calabi–Yau
threefolds XL/R in codimension four and six that occur in the twisted connected sum Y away
from the gluing region. These led to transitions in the threefolds XL/R , whose deformations
and resolutions can be described by methods of algebraic geometry familiar in the context of
N = 2 theories. These transitions commute with the Kovalev limit and the gluing construction
and, therefore, connect G2 -manifolds whose change in the cohomology groups corresponds
exactly to the change in the spectrum of N = 1 vector and chiral superfields as predicted by
the geometrical transitions. This suggests that, in a suitably compactified moduli space of the
Ricci-flat G2 -metrics, there are many new types of singular loci through which it is possible to
reach topological inequivalent G2 -manifolds.
Another interesting physical consequence of the decomposition and the Kovalev limit is that
the more advanced N = 2 techniques — for example, computations of exact gauge couplings
and exact BPS masses from the periods of the holomorphic three-form — serve as a zeroth
order approximation with inverse power laws or exponential corrections in the Kovalevton κ
and the volume modulus ν, similarly as the calculations carried out in the context of local G2 manifolds [243, 244]. Those corrections leading to holomorphic terms in the four-dimensional
N = 1 effective theory are expected to be accessible by techniques similar to the ones used
to calculate four-dimensional N = 1 F-terms in flux and/or brane compactifications of type II
theories.
An attractive feature of the twisted connected sum compactification is that we have algebraic
methods to geometrically engineer gauge groups, spectra and interactions in the two individual
N = 2 gauge theory sectors from XL/R . The examples presented in table 4.9 yield small rank
gauge groups such as the Standard Model group and possible Grand Unification scenarios. The
matter content could in principle be broken into phenomenologically more suitable massless
N = 1 chiral matter multiplets. In fact, the computed N = 2 spectra can be broken to N = 1
multiplets by various non-local effects, for example via the introduction of a flux-induced
superpotential (3.70), which also potentially introduces chirality [231]. Due to the absence of
tadpole constraints for four-form fluxes on G2 -manifolds, the local scenario for fluxes in type II
string theories proposed in reference [300] is readily realized on the level of the non-compact
asymptotically cylindrical Calabi–Yaus XL/R . We expect that non-trivial background four-form
fluxes provides for a much more intricate and genuine N = 1 gauge theory branch structure,
similarly as in references [257, 301]. All these effects would come with different scales —
partially exponentially suppressed — which exhibit potentially attractive hierarchies. While in
type II Calabi–Yau threefold compactifications we arrive at four-dimensional N = 2 effective
supergravity theories with two massless gravitinos realizing extended supersymmetry, breaking
the N = 2 gravity multiplet down to the N = 1 is rather non-trivial, see for instance the
discussion in reference [302]. In our case, however, the obtained four-dimensional supergravity
theory has already minimal supersymmetry. It is only the gauge theory sectors in the Kovalev
limit that approximately exhibit extended global supersymmetries. Therefore, introducing
background fluxes to break supersymmetry in the gauge theory sectors is much simpler than in
the type II Calabi–Yau threefold compactifications. In particular, turning on background fluxes
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resembles to a great extent the type II scenario of reference [300], in which, however, gravity is
decoupled.
Let us point out a further potentially phenomenologically attractive possibility. The separation
of the two sectors XL and XR in figure 2.1 is controlled by the real part of the Kovalevton κ.
Together with the local construction of the spectra on XL/R described in chapter 4, this offers
the possibility to consider a hidden and a visible sector and to employ the mechanism of
mediation of supersymmetry breaking only in the gravitational sector with a controllable
scale set by Kovalevton κ. Or alternatively, as there is an anomaly inflow mechanism in the
local theories [253, 240], one could use the anomaly mediation of supersymmetry breaking as
proposed in [303].
Finally, we comment on the possible relation of the twisted connected sum construction to
other non-perturbative descriptions of N = 1 theories. In lower dimensions, the algebraicgeometrical approach towards the Hořava–Witten setup describes a duality with F-theory [304].
Namely, certain Calabi–Yau compactifications of the heterotic string are dual to F-theory on
elliptically fibered Calabi–Yau fourfolds in a particular stable degeneration limit [305]. To
obtain four-dimensional N = 1 supergravity theory, this heterotic/F-theory correspondence is
realized on the level of elliptically-fibered Calabi–Yau fourfolds. It is intriguing to observe
that such Calabi–Yau fourfolds in the stable degeneration limit are obtained by gluing a pair of
suitably chosen Fano fourfolds along their mutual anti-canonical Calabi–Yau threefold divisor
[306, 307]. This construction of Calabi–Yau fourfolds in the stable degeneration limit shows a
resemblance — yet in one real dimension higher — to twisted connected sum G2 -manifolds in
the Kovalev limit. It would be interesting to see if such a speculation could be made precise,
namely establishing a duality between M-theory on G2 -manifolds in the Kovalev limit and
F-theory on elliptically-fibered Calabi–Yau fourfolds in a certain degeneration limit.
In the second part of this thesis we investigated the emergence of dark matter candidates from
effective actions. Here we already started with a four-dimensional effective action motivated
from F-theory/type IIB string theory on Calabi-Yau manifolds. More specifically, we analyzed
the production of dark matter neutralino candidates (Wino, Bino, and Higgsino) within a setup
mixing the Minimal Supersymmetric Standard Model (MSSM) with the KL moduli stabilization
scenario. The vacuum in the KL scenario is uplifted via the so-called ISS sector, which is based
on the free magnetic dual of N = 1 supersymmetric QCD.
We performed a careful analysis of the interactions between the KL-ISS and the MSSM
sectors. We found that the largest decay rates are related to decays of the ISS fields to gravitinos
via (Q1 , Q2 , S 2 ) → ψ3/2 + ψ3/2 , to χS 1 pairs via S 1 → χ̄S 1 + χS 1 , and to three ISS fields via
Q1 → χ̄S 1 + χS 1 + ReQ2 and Q1 → χ̄S 1 + χS 1 + ImQ2 , and Q2 → χ̄S 1 + χS 1 + ImQ2 .
A detailed study of oscillations from the inflaton η and the ISS fields was then performed,
and we discussed the epochs of the decays of the inflaton η and these ISS fields. We obtain
constraints on the parameter space of the model by requiring the entropy density of the inflaton to
dominate over that of the ISS fields. This enables mainstream baryogenesis mechanisms to work,
besides avoiding possible dilution of Big-Bang nucleosynthesis products. In this calculation,
we also take into account the possible non-relativistic behaviour of the final products from ISS
decays.
Finally, we tackled the production of neutralino dark matter. We provided expressions for
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dark matter production via thermal gravitino production, or via a mixture of thermal production
from neutralino freeze-out and decays of products from ISS decays, followed by annihilations
or not. We set these expressions against the constraints for negligible entropy production, as
well as constraints on the decay epochs of ψ3/2 and χS 1 . The parameter space can accomodate
an acceptable dark matter relic density compatible with observations. While the gravitino could
generate enough neutralinos, the constraint that the ISS fermion χS 1 must decay before BBN
forbids this solution. For χS 1 , sufficient dark matter can be generated, either through direct
decays of χS 1 or through their subsequent annihilation. We concluded that, for mχ = 100 GeV,
the standard thermal scenario yields at most 10% of the required dark matter relic density, while
the non-thermal scenario can provide the remaining 90% dark matter content, in a consistent
framework without moduli and gravitino problems.
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Higher dimensional gamma matrices
In this appendix we spell out definitions and properties of the eleven-, seven- and fourdimensional gamma matrices, following reference [138]. The eleven-dimensional gamma
matrices are represented by 32-dimensional matrices, which satisfy the usual Clifford algebra
{Γ̂ M , Γ̂N } = 2g MN ,

(A.1)

with the eleven-dimensional Lorentzian metric g MN . Furthermore, in the chosen 32-dimensional
Majorana representation, the gamma matrices obey
Γ̂0 · · · Γ̂10 = I ,

(A.2)

in terms of the 32-dimesional identity matrix I. With the compactification ansatz M 1,10 = R1,3 ×
Y, the eleven-dimensional gamma matrices split into two sets of commuting gamma matrices,
Γ̂ M = (Γ̂µ , Γ̂m ) ,

Γ̂µ = γµ ⊗ I ,

Γ̂m = γ ⊗ γm ,

(A.3)

where I is the seven-dimensional identity matrix, γµ , µ = 0, 1, 2, 3, are the four-dimensional
imaginary gamma matrices, γm , m = 4, . . . , 10, are purely imaginary seven-dimensional gamma
matrices satisfying γ4 · · · γ10 = i. Furthermore, we define γ = (i/4!)µνρσ γµ γν γρ γσ as the
four-dimensional chirality matrix, which is purely imaginary and satisfies γ2 = 1.
The four- and seven-dimensional gamma matrices satisfy the Clifford algebra in their corresponding dimensions
{γµ , γν } = 2ηµν ,
{γm , γn } = 2gmn .
(A.4)
Here we use the Minkowski metric ηµν with signature (−1, +1, +1, +1) and gmn denotes the
Riemannian metric of the seven-dimensional compactification space Y.
We define the anti-symmetrized product of eleven-dimensional gamma matrices as
Γ̂ M1 ···Mn = Γ̂[M1 · · · Γ̂ Mn ] ,

(A.5)

and we use the same notation for the anti-symmetrized products of four- and seven-dimensional
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gamma matrices, i.e., γµ1 ···µn = γ[µ1 · · · γµn ] and γm1 ···mn = γ[m1 · · · γmn ] . For the decomposition of
Γ̂ MNP into lower-dimensional gamma matrices we arrive at the useful relation
Γ̂ MNP = (γµνρ ⊗ I) + (γµν− ⊗ γ p ) + (γµ−ρ ⊗ γn ) + (γ−νρ ⊗ γm )
1
+ (γρ ⊗ γmn + γν ⊗ γ pm + γµ ⊗ γnp )
3
+γ ⊗ γmnp ,

(A.6)

where the index ‘−’ refers to the four-dimensional chirality matrix γ.
For the zero mode analysis we record here a few useful identities among products of antisymmetrized gamma matrices
γmnp γq = γmnpq + 3gq[m γnp] ,


γmnp γqr = γmnpqr + 3 gq[m γnp]r − gr[m γnp]q + 6gq[m γn g p]r .
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APPENDIX

B

Relevant decay rates
Here we present the interaction terms associated with the largest decay rates that appear in
section 5.5.2 and give their full result. As explained there, recall that only decays of ISS scalars
turn out to be relevant. Furthermore, for irrelevant decay rates, we list here only their origin for
completeness, referring the reader to the full publication [196] for the full results.
Instead of using the supergravity Lagrangian density that appears in [225], we chose to use
the form in [53] — also found

in [308, 309] — because it is expressed easily in terms of the
combination G = K + ln WW , where the Kähler potential K and the superpotential W are
given in equation (5.28) with respect to the whole KL-ISS-MSSM setup.
In the following, we use the indices
i, j, a, b
m, n, p, q, r, s
α, β
µ, ν, ρ, σ

for ISS fields ,
for MSSM fields ,
for both ISS and MSSM fields without distinction ,
for spacetime indices ,

(B.1)

and similarly for the same indices with an overbar for ISS and MSSM fields, e.g., ī, m̄ and ᾱ.
Recall that δi j = diag(1, . . . , 1) with N f entries. We further define
δ0i j = diag(1, . . . , 1, 0, . . . , 0) .
| {z } | {z }
N

(B.2)

N f −N

The couplings of the ISS fields to the MSSM fields are derived with the simplifications
Km , Wm  1 for the MSSM fields. This can be done because the VEVs of the MSSM fields are
either zero or at most of the weak scale.

• Decays to MSSM gravitinos
Here we consider the interaction Lagrangian between the ISS scalars and the MSSM
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gravitinos ψµ ≡ ψ3/2 [53, 308]
i
i µνρσ
L3/2
ψ̄µ γν ψρGi Dσ φiISS + eG/2 ψ̄µL σµν ψνR + h.c. ≡ X + Y ,
(B.3)
φISS = − 
8
2


where σµν = 2i γµ , γν , and γµ are the usual four-dimensional gamma matrices. Working
out the contributions from the X terms in equation (B.3), we obtain

s
i δ0i j − δi j
3
XS i j =
 µνρσ ψ̄µ γν ψρ ∂σ S i j ,
(B.4)
8MP
Nf − N
!3
M
iδia µνρσ
X(qia ,q̃ai ) ∝

ψ̄µ γν ψρ ∂σ (qia , q̃ai ) ,
(B.5)
MP 8MP
K

 
W(qia ,q̃ai )
(qia ,q̃ai )
3
+ W
where the term O M stems from the function G(qia ,q̃ai ) =
MP . Working
MP2
out the contributions from the Y terms in equation (B.3), we obtain

s
δi j − δ0i j


3 m3/2
S i j ψ̄µ γµ , γν ψν ,
(B.6)
YS i j =
8
N f − N MP
Y(qia ,q̃ai ) =

 µ ν
δia m3/2 M
(q
)
ψ̄
,
q̃
γ , γ ψν .
µ
ia
ai
8 MP2

(B.7)

Since both X and Y terms yield similar contributions, they both must be taken into account
to obtain the decay rate for each of the particles. The largest decay rates are from S 2 , Q1
and Q3 , which are given by



5/2
0
5
δ
−
δ
m33/2  MP 5
ij
2ψ3/2
3  3 (ln (4) − 1) N 
ij
5


  h
,
(B.8)
ΓS 2i j =
18 × 26 π N f − N  8π2 N f − N 
MP2 M
√
!5/2 3  3
m3/2 MP
2ψ3/2
2δia
3
ΓQ1ia =
,
(B.9)
9 × 24 π N f − N
MP2 M
!5/2
m3   3
2ψ3/2
δia
3 (ln (4) − 1)
5 3/2 MP
ΓQ2ia =
h
.
(B.10)
9 × 26 π
8π2
MP2 M
• Decays to ISS fermions
Here we consider the interaction Lagrangian between the ISS scalars
and fermions.
q
 
3 m3/2
G/2 Wi j
i j
The decay rate for S 1 is calculated from e
χ̄R χL + h.c. ⊃
W χ̄i χ j +
W
N f −N hM 2 i j R L


h.c., whereas the decay rates for S 2 , Q1 and Q2 come fom eG/2 Ki K j χ̄iR χLj + h.c. ⊃
m3/2 Ki K j χ̄iR χLj + h.c. . The largest decay rate is from S 1 → χS 1 + χ̄S 1 , which is given by
√
m33/2  MP 5
3 31
1
Γ (S 1 → χS 1 + χ̄S 1 ) = √
,
2
4 2 π (N f − N)3/2 MP M
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where χS 1 is one of the ISS fermions given in table 5.2.

• Decays to two ISS fermions and one ISS scalar
Here we consider the interaction Lagrangian between the ISS scalars with two ISS fermions
and one ISS complex scalar. Two contributions for this kind of process can take place,
namely the contribution from four-point vertices and the contribution with an intermediate
fermion propagator. The largest decay rates are from decays of Q1 and Q2 , with dominant
contribution via fermion exchange. These are given by
√
m53/2 5
27 3 1
1
Γ (Q1 → χS 1 + χ̄S 1 + Q2 ) =
MP
√
215 2 π3 (N f − N)5/2 M 9
(B.12)
m33/2 h2  MP 5
1
−10
' 5.09 × 10
,
(N f − N)3/2 MP2
M
√
5
3
45 3 [ln(4) − 1]3/2 1 m3/2 h 5
Γ (Q2 → χS 1 + χ̄S 1 + ImQ2 ) =
MP
√
π6
N f − N M9
224 2
(B.13)
m3 h5  MP 5
−14 3/2
' 2.57 × 10
.
M
MP2
Here we use the notation Γ (Q1 → χS 1 + χ̄S 1 + Q2 ) to denote the process with an ISS
complex scalar Q2 in the products. In other words, this notation denotes two decays,
namely Γ (Q1 → χS 1 + χ̄S 1 + ReQ2 ) and Γ (Q1 → χS 1 + χ̄S 1 + ImQ2 ).
• Other decays
The computation of the decay rates of the ISS scalars into fields other than the ones
presented above are given in detail in the full publication [196]. Below we list their origin
only.
— Decays to MSSM scalars φm : these originated from the Lagrangian


Lscalars
= Gmn̄ Dµ φm Dµ φ̄n̄ − eG GαGαβ̄Gβ̄ − 3 .
φISS

(B.14)

— Decays to MSSM fermions χ̄m and χn : these originated from the Lagrangian
!
1
fermions
m µ
n
LφISS
= iGmn̄ χ̄R γ Dµ χR + −Gmin̄ + Gmn̄Gi χ̄mR γµ Dµ φiISS χn̄R
2


G/2
+e
−Gmn − GmGn + GmnīG jīG j χ̄mR χnL + h.c. .
(B.15)
— Decays to two MSSM fermions χ̄m and χn and an MSSM scalar φ p : the effective
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Lagrangian for this interaction is given by


! 
! #
 " K
ν
iγ
p
+
m

WφISS µ
ν
χ
1
χ
m

 1 φISS
m
2 f +1s


LISS ' Wmnp   2
+ MP
γ ∂µ φISS χ̄m χn φ p

 ν
2
2
M
W
2
P
pχm − mχm
(B.16)
 χm 
!



K
W
i
φISS
φ
 pν 
'
+ MP ISS Wmnp  χ 2  γν γµ ∂µ φISS χ̄m χn φ p .
4 MP
W
pν m
— Decays to the MSSM gauge sector: it is possible for φISS to decay into two gauge
bosons g or two gauginos g̃ at the quantum level due to anomaly effects [310]. The
corresponding decay rate is given by
2

Γ (φISS → gg, g̃g̃) ∼

Ng α2g KφISS m3φISS
28 π3

MP4

,

(B.17)

where Ng is the number of generators of the relevant gauge group and αg is its
corresponding fine structure constant.
— Decays to ISS scalars: the decay rates for S 1 are calculated from the Lagrangian term

 m2
0
eG KS̄ i j KS i j ⊃ h3/2 WφISS S i j δi j . For S 2 , they stem from
G

e

!
2
 0

WS i j
3 m3/2
KS̄ i j
⊃
WφISS S i j δi j − δi j .
2
W
N f − N hM

For Qi , they are obtained from
s
G

e
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K(q̄,q̃¯ )ia K(q,q̃)ia ⊃

2

3 m3/2
Wφ qia δia .
N f − N hM ISS
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C

Neutralino dark matter solution
In this appendix we show a possible solution to the neutralino relic densities presented in
section 6.2.
For some specific values of the parameters αh , λ M and α M , these yield fψ3/2 (αh , α M MP ) = 1
and fχS 1 (αh , λ M MP ) = 1, where the parameters satisfy the following relations


 2ψ3/2
χχReQ2 2ψ3/2 


2



Γ
Γ
Γ


 Q1
αM 


Q2 
Q1

−1
6


406.56 αh α M 
2.26  total + total
+ 5.72 × 10 5 
= 1 , (C.1)

total


Γ Q1
Γ Q1 Γ Q2
αh 


h=αh , M=α M MP


 χχReQ2  2ψ3/2

χχImQ


2


 ΓQ
 ΓQ

Γ




Q
2
2
1
−1
2








406.56 αh λ M 
2.26
+
2
+
1
+
0.56
λ
= 1 . (C.2)





M






total
total
total


Γ Q1
Γ Q2
Γ Q2


h=α , M=λ M
h

M

P

−8
Numerically,
for αh = 10−2 we obtain α M =

 3.72 × 10 and three possible solutions of
λ M = 1.74 × 10−2 , 1.48 × 10−6 , 2.12 × 10−6 . Also, for αh = 1, we obtain α M = 1.99 ×10−4 as


well as three possible solutions of λ M = 8.05 × 10−2 , 1.48 × 10−4 , 2.12 × 10−4 . Furthermore,
one should use h = αh and M = (α M ; λ M ) MP to obtain Ωiχ h2d ' 0.12, which is already assumed
when writing the relations (6.48) and (6.49). Since there are three distinct values λ M can assume,
together with a value for α M and αh , this leads to three distinct solutions for neutralinos from
χS 1 with Ωiχ h2d ' 0.12. In all the equations above we replaced m3/2 by its function depending on
both h and M via equation (5.26).
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