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Abstract

In standard cosmology it is assumed that dark matter (DM) is thermally produced during the radiation
dominated era after an inflationary period. This has led to the prediction of weakly interactive massive
particles (WIMPs) as the most popular candidates for DM. However, current indirect, direct, and collider
searches for the WIMPs have not found any clear evidence yet. This issue motivates us to investigate
cosmological scenarios with matter domination before big bang nucleosynthesis (BBN). The theories
unifying the four fundamental forces of nature at high energy scales, like superstring theory, can have
proposals for the early universe cosmology after the inflationary reheating and before BBN. In such
cases the universe can be dominated by heavy long–lived fields (moduli) with low reheating temperatures
which can decay to DM and radiation. To explore such scenarios, we precisely compute the degrees of
freedom (DoF) of standard model particles using lattice quantum chromodynamics (QCD) results for
QCD equation of state around the temperature of quark–gluon confinement. Afterwards, we study the
production of DM in an early matter dominated era from the annihilation of thermal bath particles and
decay of moduli, using the computed DoF and assuming initially vanishing and nonvanishing radiation
and DM densities. In that case new production mechanisms for DM beyond the thermal WIMP production
are also possible. Finally, we focus on studying the production of neutralinos, as the most popular DM
candidate in supersymmetric models, in low reheating scenarios and its status in current experimental
searches.
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CHAPTER 1

Introduction

“What hurts you, blesses you. Darkness is your candle. Your boundaries are your quest.”

The Big Red Book
Rumi
Translated by Coleman Barks

“I am part of the part that once was everything, part of the darkness which gave birth to light.”

Faust
Johann Wolfgang von Goethe
Translated by Walter Arnold Kaufmann

1.1 Dark Matter Paradigm

The standard model (SM) of particle physics and general relativity (GR) are two main triumphs of modern
physics in explaining nature. The SM illustrates three out of four fundamental forces (electromagnetic,
weak and strong interactions) which govern the interactions between building blocks of matter (i.e.
elementary particles) in nature. Nevertheless, it does not contain any solution to the dark matter (DM)
paradigm, hierarchy problem in electroweak sector, inflation, neutrino masses, baryon asymmetry, etc.
Beyond the standard model (BSM) physics is an attempt to solve these problems by introducing new
symmetries, particles, etc. The fourth force i.e. gravity is described by Einstein’s theory of general
relativity. GR works well at the scale of solar system to predict the behaviour of massive objects.
However, it fails in the regimes where gravity is strong (e.g. near black holes and the Big Bang) or for
cosmic acceleration scale (dark energy problem). Modified gravity theories that try to solve these issues
using different approaches. The main focus of this thesis is to study the production of a particle dark
matter candidate in the early universe.
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Chapter 1 Introduction

The first evidence for the existence of dark matter came from rotation curves of galaxies which does
not match the prediction of Einstein’s theory of gravity and its Newtonian limit [1, 2]. Observation
of galaxies in the Coma cluster [3] also confirm the presence of an invisible matter component which
influences the gravitational potential without any known interaction beyond the gravity. Moreover, the
predictions of the standard model of cosmology ΛCDM, where Λ stands for cosmological constant and
CDM for cold dark matter, confirm the presence of a non–luminous matter component through its effect
on the cosmic microwave background (CMB) [4–6], which appears in the CMB power spectrum, and the
formation of large structures of the universe (galaxies, clusters, etc.) [7]. Observations of the Bullet [8,
9] and Abell 3827 [10, 11] clusters are other confirmations of DM and putting limits on the interaction of
DM particles due to discrepancies in the motion of visible matter compared to the expectation given by
gravity laws.

Some modified gravity theories have tried to explain the mentioned discrepancies by modifying
the laws of gravity at galactic and cosmic scales without assuming any new invisible matter [12–14].
However, based on our explanation in the previous paragraph and also looking at observational difficulties
of the modified gravity theories, we believe that dark matter is a new type of matter and indeed exists in
the universe. Consequently, it can not be explained only by changing the gravity equations or laws of
motion.

The nature of Dark Matter (DM) has been a mystery for many decades. Most proposals for its
explanation [1] need new particle physics, since astrophysical and cosmological observations imply that
DM consists of cold particles (which were non–relativistic at the begininng of structure formation) [15,
16]. The SM of particle physics does not contain any such particle, while many BSM theories do.

In the ΛCDM, cosmology the universe after Big Bang has developed through inflation, radiation
domination, matter domination, dark energy domination eras [7]. In such models of the universe, DM
particles were in thermal equilibrium with SM particles during radiation domination. When the universe
expanded the temperature decreased. This reduced the probability of annihilation of DM particles to
SM ones and vice versa. Consequently, after some time DM particles started to decouple from the
thermal bath, and afterwards their number became constant (freeze–out). The DM relic density which
is proportional to DM number density after freeze–out and the inverse of radiation entropy density,
should match the observed value at present time. Using this fact, the cross section of thermally produced
DM should be at the order of weak scale [15]. This is the well–known candidate for DM i.e. weakly
interacting massive particles (WIMPs). To compute the relic density for a DM candidate, in addition to
having the details of interaction via the Lagrangian that respects gauge symmetry and renormalizability,
we should consider the precise thermal features of SM particles interacting with DM. These features
appear in the energy and entropy densities of SM particles and become very important in a strongly
interacting fluid regime; especially, around the time quarks and gluons begin to confine inside hadrons.

Supersymmetry (SUSY) is one of the BSM theories that tries to solve some of the problems of SM
like the DM paradigm, hierarchy problem in the electroweak sector, gauge unification, etc. SUSY works
as a symmetry corresponding every SM fermion (boson) to its bosonic (fermionic) superpartner. The
quadratic divergences coming from the top–quark loop contribution to the Higgs mass is cancelled by
that of its superpartner, “s–top”, thereby alleviating the hierarchy problem [17]. Supersymmetric theories
propose different candidates for DM. The highly motivated one which can play the role of WIMP DM is
the neutralino [18].

Many attempts have been made to detect the WIMPs (especially neutralino DM) and other DM
candidates (like axion) in the indirect [19–23], direct [24–29], and collider [30–35] experiments. Indirect
searches can measure the annihilation or decay of DM to SM particles in the halo of our galaxy (or
other astronomical sources). In direct detection, it has been tried to detect a rare scattering of DM off

nuclei at Earth based experiments using the properties of local DM halo. Finally, the collision of SM
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1.2 Thesis Chapters

particles at high energies can produce DM in colliders like the Large Hadron Collider (LHC). However,
unfortunately all efforts to observe the WIMP and other DM candidates have failed so far.

Maybe starting to doubt the naive assumption of a radiation dominated universe after inflation and
thermally produced WIMPs can light our path to find DM and BSM physics. Many BSM theories like
superstring theory propose heavy long–lived fields (moduli) coming from the compactification of extra
dimensions [16, 36]. These fields can dominate the universe after inflationary reheating and before
big bang nucleosynthesis (BBN). This imposes a period of matter domination which does not exist in
standard cosmology. In such a case, DM can also be produced via the late decay of moduli (non–thermal
production) changing the final abundance of DM. As a consequence, new production mechanisms and
ranges of DM mass and cross sections beyond the thermal WIMP, satisfy the observed relic density will
be available [16, 36].

In this thesis we will study the production of particle DM in the early universe especially in scenarios
with low reheating temperatures. The subjects studied in this thesis are briefly mentioned in the next
Section.

1.2 Thesis Chapters

This PhD thesis includes five chapters. The current Chapter is the Introduction of this thesis. In the
next Chapter, the precise calculation of degrees of freedom (DoF) of standard model thermal bath and
its effect on the properties of WIMP dark matter is described (Chapter 2). To compute the DoF of SM
we used the recent result of lattice quantum chromodynamics (QCD) and hadron resonance gas model
for strongly interacting QCD sector around the QCD transition temperature (∼ 150 MeV). Also, we
considered the evolution of neutrino temperature with respect to photon temperature assuming the rest of
particles in the standard model are free. This leads to a precise result for the temperature evolution of
DoF. In the framework of the minimal cosmological model, detailed measurements on the CMB by the
PLANCK collaboration [5] fix the scaled CDM relic density to ΩDMh2 = 0.1193 ± 0.0014, with an error
of less than 1.5%. In order to fully exploit this observational precision, theoretical calculations should
have a comparable or smaller error. In Chapter 2, we use recent lattice QCD calculations to improve
the description of the thermal plasma. This affects the predicted relic density of thermal WIMPs, which
once were in chemical equilibrium with SM particles. We also use these results to compute the thermally
averaged annihilation cross section of WIMP that reproduces the correct CDM relic density, for a large
range of WIMP masses [37].

Chapter 3 is about the production of DM in an early matter dominated epoch assuming the presence
of a heavy long lived (modulus) field. This heavy long–lived particle decays to radiation and DM. In
addition to DM annihilation into, and thermal DM production from, radiation, we include direct DM
production from the decay of the long–lived particle. In contrast to earlier treatments, the temperature
dependence of the number of DoF in the SM plasma is treated carefully. Besides the well–known cases
of thermal hot and cold DM, additional regions of parameter space with the approximately correct DM
relic density appear. In some of these regions the temperature dependence of DoF can change the final
DM density by several hundred percent. Furthermore, we analyze the effect of allowing vanishing and
nonvanishing initial abundances for radiation and DM. We find an upper bound on the mass of the
long–lived particle (modulus) if the DM annihilation cross section is below that corresponding to the
thermal WIMP DM in standard cosmology [38].

In Chapter 4 we discuss the production of neutralino dark matter in scenarios with low reheating
temperatures, are introduced in Chapter 3. In such scenarios, various production mechanisms beyond the
thermally produced WIMPs can happen. This causes different regions of parameter space of neutralinos,
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Chapter 1 Introduction

as the most popular supersymmetric (SUSY) DM, gain the required relic abundance. These regions with
over and under production in thermal scenario which now have obtained the correct relic density can still
respect the constraints from direct, indirect and collider searches. However, their production mechanism
is determined by the type of neutralino. Relaxing the condition on the thermal production of neutralino
shows that low scale SUSY is a phenomenologically viable candidate to explain DM and BSM physics.
The bino–like neutralino DM which is over produced in the thermal scenario and is less constrained by
current experiments can gain the correct relic density in the non–thermal scenario. Also, in case of a
successful detection of a neutralino DM in experiments we can gain information about its production in
the early universe with a low reheating scenario and estimate the reheating temperature of the modulus
field and its corresponding mass [39].

Finally, the last Chapter is devoted to the conclusion of this thesis (Chapter 5).

1.3 List of Publications

This thesis is based on the following papers which are published or in the process of publishing in the
journals:

• “The Effects of QCD Equation of State on the Relic Density of WIMP Dark Matter,” M. Drees,
F. Hajkarim and E. R. Schmitz, JCAP 1506, no. 06, 025 (2015) [arXiv:1503.03513 [hep-ph]] [37].

• “Dark Matter Production in an Early Matter Dominated Era,” M. Drees and F. Hajkarim, JCAP
1802, no. 02, 057 (2018) [arXiv:1711.05007 [hep-ph]] [38].

• “Neutralino Dark Matter in Low Reheating Scenarios,” M. Drees and F. Hajkarim, [arXiv:180X.
XXXXX [hep-ph]] [39].
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CHAPTER 2

Precise Calculation of Degrees of Freedom in
the Thermal Bath of the Early Universe

2.1 Introduction

Einstein’s theory of general relativity and its newtonian limit have been successful in explaining the
gravitational force at the scale of solar system. However, to illustrate gravity in astronomical and
cosmological scales it is required to consider that most of the matter in our Universe consists of invisible
and some neutral matter, called the dark matter (DM). DM encompasses ∼ 85% of all matter [6, 40, 41].
There are different possible candidates for DM [42]. Among which weakly interacting massive particles
(WIMPs) have been the most favorable one. One of the reasons for the popularity of WIMPs is that in
the hot plasma of the early universe they could had been in full chemical equilibrium with the standard
model (SM) particles. This could had happened after the last period of entropy production, when the
maximum temperature of the universe reaches more than about 5% of the WIMP mass. Then in a given
cosmological model, independent of initial conditions, the relic abundance of WIMPs can be calculated
by using only particle physics quantities i.e. masses, couplings and cross sections. The thermodynamic
equation is widely used for this purpose is called Boltzmann equation [7]. Using this equation to compute
the final relic density of WIMPs and compare with its observational value gives the approximate weak
scale interaction for WIMP [43–47]. This shows a possibly deep connection between DM paradigm and
beyond the standard model (BSM) theories like supersymmetry (SUSY) [48–52]. Moreover, it opens the
experimental ways in which WIMPs can be investigated.

Experimental searches for WIMPs have not gained a confirmed signal yet. The WIMP candidates
which satisfy the observational value for thermal relic abundance should also respect the constraints
from direct [53–55] and indirect [19, 56–59] detection experiments. In direct searches, the nuclear recoil
from the interaction of WIMP and detector nucleons can be measured. In indirect detection probes the
interaction of WIMPs with the particles in astronomical objects or the annihilation of WIMPs to SM
particles can be detected.

The metric of spacetime in the standard cosmology is the Friedmann–Robertson–Walker (FRW) metric
[7]. The standard model of cosmology can explain the expansion of the Universe after inflationary period
in the presence of radiation, (baryonic and dark) matter, cosmological constant. In such a scenario the
comoving entropy density has remained constant since the WIMPs were fully in thermal equilibrium with
the SM particles. DM yield (Yχ) is the quantity that we are interested in. It depends on the ratio of the
WIMP number density nχ and the entropy density s. We need to know the precise temperature evolution
of s to estimate the temperature dependence of nχ. Additionally, we know that in FRW framework the
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Hubble parameter H shows the expansion rate of the universe. It is proportional to the square root of
the total energy density ρ of all matter content. To compute the precise value of Hubble rate we need
ρ(T ) at temperature T . These issues were ignored in earlier studies [7, 48] assuming the relativistic
limit for SM particles and neglecting the interaction in the thermal bath although it was a reliable
approximation for almost all temperatures. Using this assumption is wrong for the temperatures close to
QCD deconfinement transtion (∼ 150 MeV). At that time, partons (quarks, gluons) starts to confine and
form the hadrons (pions, kaons, . . . ). This causes a rapid reduction in the relativistic degrees of freedom
corresponding to s and ρ. In recent studies [60, 61] it is also mentioned that for temperatures above
the QCD transition the plasma has strongly interacting effects from quarks and gluons which should be
considered in precise estimations.

This Chapter is based on our published paper titled “The effects of QCD equation of state on the relic
density of WIMP dark matter” [37]. Some details not mentioned in the paper, are addressed here. In
this Chapter we intend to precisely consider the effect of strong interactions on the radiation entropy
and energy densities which depend on the temperature of SM particles in quark–gloun plasma. To that
end, we use the recent calculations of lattice quantum chromodynamics (LQCD) studies [62] which
is smoothly matched to the result of the hadron resonance gas (HRG) [63] model at the temperature
T = 100 MeV. Our results represents the variation of WIMP relic density can reach more than 5% in
comparison with earlier treatments [60, 61, 64] including the effects of QCD part of matter on the SM
thermal plasma.

In order to find the required value of temperature dependent 〈σv〉, the thermally averaged cross section
of WIMPs multiplied by the relative velocity of annihilating DM particles, which satisfies the observed
relic abundance, we use the effects of QCD mentioned in the previous paragraphs. There is an earlier
calculation by Steigman et al. [65] which shows that the deviation in 〈σv〉 for a corresponding WIMP
mass up to ∼ 1.5 from the “canonical” value of 3 · 10−26 cm3s−1. Experiments have begun to probe this
region of cross section. Current experiments like FermiLAT can observe nearby dwarf galaxies in the
gamma ray region and probe the diffusion of gamma ray emission in the galaxy. They have constrained
different sets of WIMP masses and final states of WIMP annihilation cross section to values lower than
the canonical one [56–58].

In the rest of this Chapter (based on [37]) we review the calculations required to find the relic abundance
of thermal WIMPs in Sec. 2.2. We briefly discuss the earlier treatments of s(T ) and ρ(T ) along with
the details of our calculation for these quantities in Sec. 2.3. We show the values of 〈σv〉 based on our
result for energy and entropy densities in comparison with previous ones. The bounds from indirect
detection of WIMP and cosmic microwave background (CMB) anisotropy is considered in Sec. 2.4. The
last Section of this Chapter (Sec. 2.5) is devoted to a summary of our results.

2.2 Boltzmann Equation and the Relic Abundance

2.2.1 Basic Framework

We start our calculation of relic density for particle DM from Boltzmann equation which is widely studied
in the literature [7]. If we consider DM to be a stable particle species χ, which annihilates to a pair of
SM particles, then this equation shows the time evolution of number density of DM nχ [7]

dnχ
dt

+ 3Hnχ = −〈σv〉
(
n2
χ − n2

χ,eq

)
. (2.1)

6



2.2 Boltzmann Equation and the Relic Abundance

The cosmological time is denoted by t. The Hubble parameter is defined as

H =
1
a

da
dt
, (2.2)

where a is the time dependent scale factor in the FRW metric. The thermally averaged product of
WIMP annihilation cross section and Möller1 velocity is shown by 〈σv〉. The number density of χ, at
thermal equilibrium is nχ,eq. Here the χ particles are assumed self–conjugate (Majorana) particles. If
this assumption does not hold, which is the case for particles that are not self–conjugate, one should
consider two sets of separate Boltzmann equations for particles and antiparticles. Assuming the radiation
dominated era without any phase transitions in the FRW framework the total entropy of the universe is
constant i.e.

S = s a3 = const , (2.3)

where s is the entropy density. It is convenient to define a new variable, independent of comoving volume
i.e. a3. It is called DM yield Yχ ≡ nχ/s. Using eq. (2.2) the term 3Hnχ on the left–hand side of the
Boltzmann eq. (2.1) can be cancelled with the other term produced from changing the variable number
density to DM yield.

The derivate in eq. (2.1) is with respect to time, however, the variables s and nχ,eq explicitly depend
on temperature. So we define a new variable x ≡ m/T which depends on temperature and it is in the
direction of time. Then, the entropy density for relativistic particles can be written as

s(T ) =
2π2

45
heff(T )T 3 , (2.4)

which comes from the Stephan–Boltzmann law. In the above formula, heff(T ) is the effective number
of relativistic degrees of freedom (DoF) that appears in the definition of s. For temperatures much
higher than the mass of SM particles, T � mi, the quantity heff(T ) reduces to the sum of all DoF i.e.
heff(T ) →

∑
i gi, where gi’s is the number of internal DoF for each particle species i. For example,

the contribution of a massless photon is gγ = 2. However, for a massless Dirac fermion like electron
(considering both helicities at thermal equilibrium) we have ge = 4 · 7/8 = 3.5. The DoF for all of the
SM particles at very high temeratures are shown in Table (2.1). Using eqs. (2.3) and (2.4) we have

d
dt

[
heff(T )T 3a3

]
= 0 , (2.5)

then the evolution of temperature with respect to time can be deriven as

dT
dt

= −
T H

1 + 1
3

d log heff (T )
d log T

. (2.6)

Moreover, we require to know the dependence of Hubble parameter on temperature. Consequently, we
use the following Friedmann equation

H2 =
8πGN

3
ρtot ,GN =

1
M2

Pl

, (2.7)

where ρtot is the total energy density of the universe, which at the time of radiation domination, is equal
to the radiation energy density i.e. ρ(T ). Newton’s gravitational constant and Planck mass are denoted by

1 The Möller velocity represents the relative velocity between the annihilating WIMPs in the non–relativistic limit.

7



Chapter 2 Precise Calculation of Degrees of Freedom in the Thermal Bath of the Early Universe

GN and MPl, respectively. Then, the radiation energy density in the radiation dominated era where the
universe behaves like a gas of particles can be obtained via

ρ(T ) =
π2

30
geff(T )T 4 . (2.8)

The effective number of relativistic DoF contributing to energy density is denoted by geff(T ). At high
temperatures where all particle masses can be ignored (for SM particles, higher than a few TeV) the DoF
of entropy and energy densities become equal i.e. geff(T ) = heff(T ). However, this is not true in general
for lower temperatures, then they should be calculated separately.

By implementing eqs. (2.8), (2.7), and (2.6) in (2.1) we obtain

dYχ
dx

= λg1/2
eff,∗

1
x2

(
Y2
χ,eq − Y2

χ

)
, (2.9)

where we have introduced
g1/2

eff,∗
=

heff

g1/2
eff

[
1 +

1
3

d(logheff)
d(logT )

]
, (2.10)

and

λ =

√
π

45GN
mχ〈σv〉 , (2.11)

where mχ is the WIMP mass. For a WIMP mass of 1 GeV and thermally averaged cross section of 10−26

cm3s−1 we have the numerical factor λ ≡ 2.76× 109. The DoF geff and heff defined by eqs. (2.8) and (2.4)
appear in g1/2

eff,∗
in eq. (2.10). Since both of these DoF exist in the definition of g1/2

eff,∗
and also they appear

in the scaled equilibrium yield density Yχ,eq, we require the temperature evolution of both to determine
the DM abundance. The decoupling of WIMPs occur when they are non–relativistic and then we have
the following value for Yχ,eq

Yχ,eq(x) =
nχ,eq

s
=

45
2π4

(
π

8

)1/2 gχ
heff

x3/2exp(−x), (2.12)

where for a neutral Majorana fermion gχ = 2. The dependence of Yχ,eq on heff is shown above.

2.2.2 Energy and Entropy Density Degrees of Freedom: geff(T) and heff(T)

In the DM literature, most of the studies concentrate on the annihilation cross section of DM by
introducing new terms in the Lagrangian or adding new symmetries, etc. Here, our focus is instead on
the precise estimation of degrees of freedom during temperature evolution of the thermal bath of the
early universe. These DoF as mentioned in the last section are denoted by geff(T ) and heff(T ). To achieve
our purpose, we should first calculate the energy density ρ(T ) and the pressure p(T ) (it is also shown in
eq. A.9). The entropy density will then be given by

s(T ) =
ρ(T ) + p(T )

T
. (2.13)

We can find the contribution of a particle species i to energy density and pressure by knowing its
distribution function fi(~k,T ) as follows

ρi(T ) = gi/(2π)3 ·

∫
d3kEi(~k) fi(~k,T ) , (2.14)
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2.2 Boltzmann Equation and the Relic Abundance

pi(T ) = gi/(2π)3 ·

∫
d3k(~k)2 fi(~k,T )/(3Ei(~k)) . (2.15)

The number of DoF for species i is denoted by gi and the three momentum is shown by ~k.

Particle Mass Relativistic Degrees of Freedom
γ 0 2
e 0.511 MeV 4 × 7

8
µ 105.658 MeV 4 × 7

8
τ 1776.86 ± 0.12 MeV 4 × 7

8
νe < 2 eV 2 × 7

8
νµ < 2 eV 2 × 7

8
ντ < 2 eV 2 × 7

8
u 2.2+0.6

−0.4 MeV 12 × 7
8

d 4.7+0.5
−0.4 MeV 12 × 7

8
c 1.27 ± 0.03 GeV 12 × 7

8
s 96+8

−4 MeV 12 × 7
8

t 173.21 ± 0.51 GeV 12 × 7
8

b 4.18+0.04
−0.03 GeV 12 × 7

8
g 0 16
h 125.09 ± 0.24 GeV 1

W+ 80.385 ± 0.015 GeV 3
W− 80.385 ± 0.015 GeV 3
Z 91.187 ± 0.0021 GeV 3

Sum of DoF 106.75

Table 2.1: Relativistic degrees of freedom [7] versus masses of SM particles are shown in the above table from the
data of Particle Data Group [42].

For a free (non–interacting) particle with mass mi, the distribution function is the Bose–Einstein or
Fermi–Dirac distribution function. These functions depend on the ratio of the energy of that species

Ei =

√
m2

i + ~k2 and the temperature T [7]. We introduce yi = Ei/mi and xi = mi/T which are
dimensionless quantities to compute the following DoF for each species

gi(T ) =
15gi

π4 x4
i

∫ ∞

1

y2
i

√
y2

i − 1

exp(xiyi) ± 1
dyi ; (2.16)

hi(T ) =
45gi

4π4 x4
i

∫ ∞

1

√
y2

i − 1

exp(xiyi) ± 1
4y2

i − 1
3

dyi . (2.17)

The +1 and −1 in the denominators of the above integrals denote fermionic and bosonic contributions,
respectively [7].

eqs. (2.16) and (2.17) are not good approximations if the thermodynamic system is strongly interacting
like QCD. Before beginning our approach to compute these functions, we review other results briefly as
used in DM packages for studying DM properties like DarkSUSY [66], micrOMEGAs [67] and SuperIso
[68]

Describing the thermodynamics of the early universe around QCD transition requires careful investiga-
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Chapter 2 Precise Calculation of Degrees of Freedom in the Thermal Bath of the Early Universe

tion as had been mentioned in the early works on WIMP properties. Olive et al. in [69] approximated the
interactions between partons and hadrons by simple non–relativistic potentials. However, in ref. [70]
free particles approximation is used. They described the transition temperature from the hadronic to the
partonic phase by the temperature at which the two calculations give the same entropy density. As the
number of hadrons increases with temperature a rapid rising appears in heff(T ). We also use this “hadron
resonance gas model” as it was done in all previous calculations at sufficiently low temperatures.

Assigning a simple definition to the transition temperature is problematic and leads to a discontinuity
in geff(T ) and heff(T ) [70]. Using interpolating functions that smoothly treat the transition between
the hadronic and partonic phases is a possible solution which is done in [71]. Srednicki et al. [71]
also guaranteed that these DoF functions along with their derivatives are smooth without considering
dynamical effects in the thermal bath. Moreover, they assumed two different estimation for QCD
transition temperature, 150 MeV and 400 MeV, to estimate the uncertainty in their calculations. In
ref. [64] the same functions are used which assume a transition temperature of 150 MeV. The computer
packages mentioned in previous paragraphs use their data by default.

The results of lattice QCD calculations were first included in the calculation of DoF by Hindmarsh and
Philipsen [60] when the effects of dynamical quarks were not comprised in the most precise lattice QCD
calculations (Appendix A is about thermodynamic variables and their relation with lattice QCD studies).
Some evidence has been found that the ratio of the true pressure to the corresponding value for free
particles very slightly depends on the number of quark flavors [72]. Hence, Hindmarsh et al. [60] used
the similar correction function to scale the contributions of all strongly interacting quarks and gluons.
This was done by pure glue lattice calculations [72] and being matched to perturbative calculations [73]
at T = 1.2 GeV.

The result of Laine and Schroeder [61] is rather similar. However, they have used two different sets of
pure glue lattice QCD calculations [74–78]. In addition, they have done the matching to perturbative
calculations at a very low temperature of 350 MeV. At the end, their result consists of the quark mass
dependence up to next–to–leading order, O(g2

s), in the perturbative expansion. Particularly, they indicate
that the contribution of charm quarks are not negligible at low temperatures around a few hundred MeV.

Here we illustrate our treatment for the calculation of DoF using lattice QCD results. We regard
all SM particles without strong interactions at temperature much higher than the electron mass as free
particles and therefore we use eqs. (2.16) and (2.17) for them. These particles consist of the leptons,
the electroweak gauge bosons and the single physical Higgs boson of the SM. We emphasize that in the
Standard Model for the physical Higgs mass, mH ' 125 GeV, the electroweak symmetry breaking is not
a phase transition. However, it is a smooth cross–over transition [79–81]. This causes the comoving
entropy density to remain constant as we supposed in the derivation of eq. (2.9). Consequently, even at
temperatures higher than the transition we assume free massive W± and Z bosons (with three DoF each,
see Table. 2.1) and a single physical Higgs boson 2.

Our main focus in this Chapter is to include the effect of QCD interactions around the deconfinement
transition. This is very important since at that temperature a large reduction in DoF happens. Free quarks
and gluons confine to form hadrons. Based on lattice studies it is known that QCD transition is a smooth
crossover with conserved entropy [82]. In ref. [62] QCD equation of state (EoS) derived by lattice
methods for N f = 2 + 1 active flavors is given which we use in our treatment. The range of temperatures
which this EoS covers is between 100 and 400 MeV. This is consistent with another calculation of DoF
by a different group [83]. Here we use the following parameterized formula for pressure provided by

2 In a more precise calculation massless gauge bosons (with two DoF each) and a massive complex Higgs doublet (with four
DoF) can be used. However, in such a case the relic density of WIMPs with masses above 2 TeV will only be affected. Also,
the final relic density will change very little in these different approaches. So we neglect such effects in our setup.
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2.2 Boltzmann Equation and the Relic Abundance

[62] which includes the effects of u, d, s quarks and gluons in the mentioned range of temperature

p
T 4 =

1
2

[1 + tanh (ct(t̄ − t0))] ·
pid + an/t̄ + bn/t̄2 + dn/t̄4

1 + ad/t̄ + bd/t̄2 + dd/t̄4 , (2.18)

where t̄ = T/Tc and QCD transition temperature is denoted by Tc = 154 MeV. In the above formula,
the ideal gas value of p/T 4 for gluons and three massless quarks is shown by pid = 19π2/36. Table 2.2
shows the numerical parameters in eq. (2.18). Since the function tanh(z) becomes close to unity for large
values of z, eq. (2.18) reaches the ideal gas limit as T � Tc, or t̄ � 1. Additionally, as it is demonstrated
in [62] that at higher temeperatures eq. (2.18) is in agreement with the available perturbative calculations.
Consequently, we use the parameterization of eq. (2.18) to represent the contribution of three light quarks,
i.e. u, d, s, and gluons for temperatures higher than 100 MeV.

ct an bn dn t0 ad bd dd

3.8706 -8.7704 3.9200 0.3419 0.9761 -1.2600 0.8425 -0.0475

Table 2.2: Parameters used in eq. (2.18) to describe the pressure of (2+1)–flavor QCD.

If we have the pressure p of a thermodynamic system, we can find the energy density ρ using the
trace anomaly (Appendix A and eq. (A.9)), which is the relation between trace of the energy–momentum
tensor and the pressure as the following equation shows [62]

I(T )
T 4 =

ρ − 3p
T 4 = T

d
dT

( p
T 4

)
. (2.19)

We can compute the derivative of eq. (2.18) and then by using that we can get the trace anomaly I(T ).
From the first equation in (2.19) and eq. (2.22) one can calculate the energy density ρ(T ). Then, the
entropy density can be found from eq. (A.9).

From the result of [61] we know that the effect of charm quark is not negligible at temperatures near
QCD transition Tc. We considered this effect in the evaluation of DoF functions geff and heff from the
lattice QCD data of Table 6 of [84]. We take the physical ratio of charm and strange quark masses to
be mc/ms = 11.85 which is based on [85]. The data for charm quark contribution to pressure is given
by pc/T 4. Then we use it to compute its contribution to ρ and s which are shown in eqs. (2.19) and
(2.13). This set of data is valid for temperatures up to 1 GeV. For temperatures larger than that we use a
fitting function like (2.18) with pid = 7π2/60 to match it with ideal gas results (2.16) and (2.17). The
interpolating function is given by

p
T 4 =

1
2

[1 + tanh (ct(t̄ − t0))] ·
pid + an/t̄ + bn/t̄2 + dn/t̄3.75

1 + ad/t̄ + bd/t̄2 + dd/t̄4.5 , (2.20)

where different values for coefficients are shown in Table 2.3. This function helps us to have both DoF
(geff and heff) and their derivatives behaving smoothly at all temperatures.
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ct an bn dn

1.0 −7.98258 × 108 3.5261 × 1017 −4.82168 × 1031

t0 ad bd dd

−1.0 −7.08432 × 108 3.68056 × 1017 2.32149 × 1038

Table 2.3: Parameters found for eq. (2.20) to fit the result of [84] for the pressure of charm quark from lattice QCD
calculation.

At high temperatures where the QCD interactions are small the contribution of bottom and top quarks
to DoF is significant. As a consequence we assume them to be free quarks in our calculation using their
on–shell masses provided by the Particle Data Group [42].

Hadron resonance gas model describes the thermodynamic behaviour of QCD at temperatures lower
than Tc, where all hadrons and hadron resonances are assumed as non–interacting particles which
contribute to the thermal bath. This model has been used in the early calculations [69, 70], as mentioned
above. For temperatures between 100 MeV and Tc this model matches well to the parametrization of
QCD equation of state in (2.18) as shown by the authors in ref. [62]. A paramaterized formula for trace
anomaly in this model is computed in ref. [63]

I(T )
T 4 =

ρ − 3p
T 4 = a1T + a2T 3 + a3T 4 + a4T 10 , (2.21)

where the parameters are shown in Table 2.4. The validity range of this equation is 70 MeV ≤ T ≤ Tc. It
will be used to show the contribution of strongly interacting particles for temperatures below 100 MeV.
Using cubic spline interpolation we smoothly match it to the QCD equation of state at T > 100 MeV. We
ignore the effect of charm quark at this temperature since its contribution is negligible below the QCD
transition 3.

a1 a3 a4 a10

4.654 GeV−1 −879 GeV−3 8081 GeV−4 −7039000 GeV−10

Table 2.4: Parameters used in eq. (2.21) to describe the trace anomaly of hadron resonance gas model.

We integrate the two sides of eq. (2.19) to find the following relation for pressure

p(T )
T 4 =

p0

T 4
0

+

∫ T

T0

dT ′
I(T ′)
T ′5

, (2.22)

where p(T0)/T 4
0 = 0.1661 at T0 = 70 MeV is taken from the result of [63]. We can solve the integral

in eq. (2.22) analytically from I(T ) as given by eq. (2.21). Then we have a parameterzied formula for
pressure from which the energy and entropy density can be calculated by using eqs. (2.19) and (2.13).

We intend to include the effect of neutrino decoupling at temperatures below 1 MeV. When the
temperatures of the universe is around several MeV, the decoupling begins. At this point the Hubble
parameter becomes larger than the rate of interactions changing the νµ and ντ number densities. However,

3 We should mention that the contribution of hadrons to geff and heff is exponentially small at T � mπ = 140 MeV. Then
eq. (2.21) is not very precise at very low temperatures. However, it is not important for our goal. Since for T � 100 MeV the
effect of hadrons is very small, it is not required to be treated very carefully.
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at first the expansion of the universe affects the photons and neutrinos in the same way even after neutrino
decoupling, i.e. the photon and neutrino temperatures remain the same. This changes only once e+e−

pairs begin to annihilate, at T ' me. Since neutrinos are already (almost) decoupled by this time, the
entropy that was stored in electrons and positrons gets transferred (almost) entirely to photons, not to
neutrinos. In the limit where neutrino decoupling was complete when electron decoupling began, this
argument shows that for T � me the ratio of relic photon and neutrino temperatures is Tγ/Tν = (11/4)1/3.
Actually (electron) neutrinos were not completely decoupled at T ∼ me, when e+ and e− start to annihilate.
Therefore, some energy and entropy from e+e− annihilation goes to the neutrinos. This effect can be
described by writing

h = 2
[
1 +

7
8

Neff

(
4
11

)]
, (2.23)

g = 2

1 +
7
8

Neff

(
4

11

)4/3 , (2.24)

where the number effective neutrinos in the SM is Neff ' 3.046 [86] 4. We should note that in the above
equations the effect of photons with gγ = 2 is considered. eqs. (2.23) and (2.24) are applicable for
T � me, in practice for T ≤ 50 keV. As mentioned above, for T > 1 MeV we have Tν = Tγ. For 50 keV
< T < 1 MeV we use numerical results from Fig. 1 of [87] to determine the evolution of Tν with respect
to Tγ. This can then be plugged into eqs. (2.23) and (2.24) instead of Tν/Tγ = (4/11)1/3 to compute the
photon and neutrino contribution to geff(T ) and heff(T ). Note that the temperature T is defined to be that
of the photons, T = Tγ.

2.3 Results and Comparison with Previous Studies

Here we present our numerical results for DoF and its consequence on WIMP DM production. Figures 2.1
and 2.2 show the functions heff(T ) (entropy density DoF) , geff(T ) (energy density DoF), and g1/2

eff,∗
(T )

(shows the thermodynamic effects in Boltzmann equation (2.9)) we defined in eqs. (2.4), (2.8), and (2.10).
Our results are shown by black solid curves, while other results from refs. [64], [60], and [61] are drawn
by green dashed, red dot–dashed, and blue dotted curves, respectively 5.

We regard the effect of e+e− decoupling on the neutrino background by Neff ' 3.046 in eq. (2.23). As
a result, we find h

(
Tγ,0

)
= 3.9387 in our calculation where the present photon temperature is Tγ,0 =

2.7255 ± 0.0006 K [42]. Hence, the value we obtained for heff is slightly higher than h
(
Tγ,0

)
= 3.9138

in ref. [60] and h
(
Tγ,0

)
= 3.9139 in ref. [66]. We should mention that the final relic density Ωχh2 is

proportional to h(Tγ,0)T 3
γ,0 for a given value of Yχ(Tγ,0), as eq. (2.25) shows.

4 Since the distribution of neutrinos is non–thermal after electron decoupling, any temperature can not be assigned to them,
though the behavior of the functions geff and heff at T � me is delineated by eqs. (2.23) and (2.24) precisely. Most of energy
that goes to neutrinos from e+e− annihilation goes to the ones with E ' me. Their annihilation also distorts the thermal
spectrum of individual neutrinos.

5 To extract the data from diagrams of [61], which did not exist in micrOMEGAs, and also [65] we used Inkscape and
WebPlotDigitizer (a web based program).
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Figure 2.1: Energy density DoF geff(T ) (up) and entropy density DoF heff(T ) (bottom) defined in eqs. (2.8) and
(2.4). The black solid line represents our result based on lattice calculations with N f = 2 + 1 dynamical quark
flavors [62] plus the result for charm quark effects on the equation of state [84]. The green dashed curve is the
calculation by Gondolo and Gelmini [64], based on results from ref. [71]. The results of refs. [60] and [61] which
are based on pure glue lattice QCD calculations are shown by red dot–dashed and blue dotted curves, respectively.
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This Result
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Figure 2.2: The function g1/2
eff,∗

(T ) defined in eqs. (2.4) and (2.10). The original calculation by Gondolo and Gelmini
[64], based on results from ref. [71], are shown by the green dashed curves. The red dot–dashed and blue dotted
curves show results from refs. [60] and [61], which are based on pure glue lattice QCD calculations. The black
solid curves depict our results, which are based on lattice calculations with N f = 2 + 1 dynamical quark flavors.

As we described in the previous section, both deconfinement of partons and the restoration of the
electroweak gauge symmetry in the SM are smooth cross–over transitions. As a consequence, the DoF
functions geff(T ) and heff(T ) are smooth at every temperature. This could not happen if we had real phase
transitions for QCD and electroweak sectors. The smoothness of these functions are ensured by cubic
spline interpolation between two relevant regions.

Obviously, there are several differences between our calculation and the three others. These differences
are crucial mostly around the deconfinement transition. Furthermore, they appear in the diagram of
g1/2

eff,∗
, largely due to the derivative of heff in eq. (2.10), which makes the discrepancies between various

treatments more noticeable. In Fig. 2.2 we can see the calculation of [71] used in [64]. It overestimates
g1/2

eff,∗
for temperatures around T ' 0.1 GeV, in comparison to all other calculations using lattice QCD

equation of state. A discontinuity at T = Tc appears in the data of ref. [60] which causes a divergence
in the derivative. This is visible as an infinite spike in g1/2

eff,∗
. We took the numerical results of [60] for

heff and geff from micrOMEGAs [67] package. This discontinuity and its consequent spike is smoothed
out there in the thermal relic density calculation. We can still see this noted spike of g1/2

eff,∗
in the Fig. 2.2.

Ref. [60] predicts a smaller value of g1/2
eff,∗

in the range of temperature around QCD transition than we
do, except for the mentioned spike. Eventually as it is shown by blue dotted line in Fig. 2.5 the result of
ref. [61] for g1/2

eff,∗
is the closest one to ours, apart from the oscillatory shape visible just above the QCD

transition temperature.
To understand how the changes in heff and g1/2

eff,∗
affect the WIMP relic density, we must numerically

solve the Boltzmann equation (2.9). When we numerically calculate this equation the final result is
independent of the input value of yield Yχ(xi) for xi . 10, where the initial value of x is denoted by xi.
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Figure 2.3: Energy density DoF geff(T ) (up) and entropy density DoF heff(T ) (bottom) defined in eqs. (2.8) and
(2.4). The black solid line represents our result based on lattice calculations with N f = 2 + 1 dynamical quark
flavors [62] plus the result for charm quark effects on the equation of state [84]. The two different estimations of
DoF based on upper (dashed magenta) and lower (orange dotted dashed line) bounds on lattice QCD studies are
also shown.
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Figure 2.4: The function g1/2
eff,∗

(T ) defined in eqs. (2.10). The black solid curve depict our results, which are based
on lattice calculations with N f = 2 + 1 dynamical quark flavors. This plot also depicts the two different estimations
of g1/2

eff,∗
(T ) based on upper (magenta dashed line) and lower (orange dotted dashed line) bounds on lattice QCD

studies of [62] and [84].

We compute the numerical value of Yχ(x) up to x = 1000, at which the final yield Yχ is going to be
approximately constant.

Ωχh2 =
ρχ

ρcrit
h2 =

mχYχ,0s0

3H2
0/8πGN

(
H0

100 km s−1 Mpc−1

)2

. (2.25)

Here, the present yield, denoted by lower index 0, is assumed to be equal to yield at x = 1000 i.e.
Yχ,0 = Yχ(x = 1000). Also, the entropy of photons in the present time is experimentally obtained as
s0 = 2891.2 cm−3 [42]. Moreover, we should emphasize that H0 on the right–hand side of eq. (2.25)
cancels so the relic density is usually evaluated as Ωχh2. Finally, what we numerically calculate is
Ωχh2 = 2.7889 · 108Yχ,0mχ/(1 GeV).

The effect of our precise treatment for DoF of SM heff , geff , and g1/2
eff,∗

on the relic density is illustrated
in Fig. 2.5. The results for a temperature independent thermally averaged cross section is shown in the
upper frame, whereas, the result for 〈σv〉 ∝ 1/x which is temperature and also velocity dependent is
displayed in the lower frame. These two approaches show 〈σv〉 away from the poles (where the WIMPs
can annihilate into any particle ψ with mψ ' 2mχ) and thresholds (at which the WIMPs are much heavier
than all final–state particles from annihilation) at small velocity, when the initial states are pure S–wave
and pure P–wave, respectively. The examples for P–wave annihilation cross section are the annihilation
of a pair of Majorana WIMPs into light SM fermions or two complex scalars via s−channel exchange of
a gauge boson. As we expect for freeze–out temperatures around the QCD transition which corresponds
to WIMP masses of a few GeV, we see the largest discrepancies between our result and previous studies.
These differences are up to 9% for the pure S–wave cross section, and up to 12% for the pure P–wave
one.
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Figure 2.5: The relative difference between the predicted relic density of a Majorana WIMP between our calculation
and a calculation using the same older results for the functions heff , geff , and g1/2

eff,∗
shown in Figs. 2.1 and 2.2,

as functions of the WIMP mass. The upper frame is for a constant 〈σv〉, chosen such that our prediction for
Ωχh2 = 0.1193, while the lower frame is for a pure P−wave annihilation, with 〈σv〉 = 1.2 · 10−24 cm3s−1 · T/mχ.
These results are almost independent of the numerical size of the annihilation cross section.
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Figure 2.6: This plot shows the relative difference between the predicted relic density for two different estimations
of DoF based on upper (magenta dashed line) and lower (orange dotted dashed line) bounds on lattice QCD studies
[62] and [84]. The data for upper and lower bounds of heff , geff , and g1/2

eff,∗
are shown in Figs. 2.3 and 2.4. In this

frame the constant 〈σv〉 is chosen such that it satisfies the prediction for Ωχh2 = 0.1193 as shown in Fig. 2.7.

Here, we use the approximate analytical solution of Boltzmann eq. (2.9) based on freeze–out approx-
imation which roughly shows the moment that the annihilation rate of WIMP became equal to Hubble
rate (nχ,eq〈σv〉 = H). This is computed in ref. [7] as follows

Yχ,0 ∝
xFO

g1/2
eff,∗

(TFO)〈σv〉(TFO)
, xFO ∝ log

(
mχg

1/2
eff,∗

(TFO)〈σv〉(TFO)/heff(TFO)
)
, (2.26)

where for the relevant range of masses and cross sections for WIMPs the value that approximately
quantifies the freeze–out is xFO ∼ 20. The above equation shows that g1/2

eff,∗
influences the final relic much

more than heff , since the latter one only appears logarithmically in xFO. In eq. 2.26, the DoF are assumed
to be roughly constant around the freeze–out temperature of WIMP TFO = mχ/xFO. However, wherever
this functions change drastically, it is not satisfactory to follow this approximation anymore. This is
the case around QCD transition temperature as Fig. 2.2 shows. Though, this is not important at higher
temperatures, since the yield Yχ does not depend on g1/2

eff,∗
. As the temperature of the universe decreases

below the decoupling temperature TFO, the right hand side of Boltzmann equation (2.9) is suppressed
by a factor 1/x2. In case the cross section is P–wave with 〈σv〉 ∝ 1/x the suppression is stronger when
TFO < T . Consequently, whenever the derivative of heff sharply changes, so also g1/2

eff,∗
does, leading to a

variation in the final relic density larger for the P–wave case than the S–wave case.
We previously pointed out that the result of ref. [64] overestimates g1/2

eff,∗
for temperatures above the

QCD transition Tc. Eq. (2.26) shows that this causes a smaller predicted relic density, as Fig. 2.5 confirms
it. The effect of overestimation in the value of g1/2

eff,∗
extends over a large range of temperatures and thus

is up to around 5% near the peak of the dashed green line shown in Fig. 2.5. There is another peak much
lower than the first one near mχ = 1 TeV which could probably be thanks to lack of knowledge of the top
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quark mass at the time when ref. [64] was written.
The spike in g1/2

eff,∗
predicted by the micrOMEGAs treatment of the results of ref. [60] gives prominent

spikes in the ratios shown in Fig. 2.5. These spikes are numerical artefacts that result from the smoothing
procedure used in micrOMEGAs. As argued in ref. [60], a true δ function spike in g1/2

eff,∗
should not affect

the numerical solution of the Boltzmann equation, which necessarily entails some discretization. The
probability that the program then has to evaluate the right–hand side of the Boltzmann equation at the
precise value of x where the δ function diverges is zero. We nevertheless show results including this
spike since it results from the “standard treatment” encoded in micrOMEGAs. Outside the mass range
affected by this spike, the results of ref. [60] predict a slightly too large relic density, consistent with our
observation that it predicts smaller values of g1/2

eff,∗
and heff than our treatment does. Note that for fixed

g1/2
eff,∗

, reducing heff will (slightly) increase xFO, leading to an increase of the predicted relic density. A

decrease of heff therefore goes into the same direction as a decrease of g1/2
eff,∗

. However, the fact that the
relative difference between our calculation and the prediction based on ref. [60] is almost the same in
both frames of Fig. 2.5 at large WIMP masses shows that the main effect still comes from the change of
g1/2

eff,∗
.

As seen in Fig. 2.2 the prediction of g1/2
eff,∗

from ref. [61] is below ours except for a small range of
temperature around the QCD transition. Therefore, based on eq. 2.5 the predicted relic density from the
treatment of ref. [61] for pure S–wave cross section lies above our result for WIMP masses heavier than
2 GeV. As we noted, this also occurs for pure P–Wave annihilation in a smaller range of temperatures.
This is the reason why in the lower frame of Fig. 2.5 the blue curve for masses around 25 GeV goes
slightly above 1%. We should also note that except for the range of masses between 2 and 20 GeV the
prediction for relic density based on our set of DoF is in agreement with the one from ref. [61] to better
than 1%. For the mentioned range of mass the difference in the relic density reaches 9 (12)% for pure
S − (P−)wave cross section.

Note that the energy and entropy densities from lattice QCD calculation that we included in our work
based on the Table 1 of [62], have large uncertainties which are around 14% at T = 130 MeV to about
3% at T = 400 MeV. This roughly leads to an uncertainty in the relic density up to 2.5% for 2 GeV
≤ mχ ≤ 20 GeV as shown in Fig. 2.6. Eventually, we should mention that neglecting the effect of charm
quark from lattice studies, and assuming it as a free particle increases the relic density up to 2.2% for
dark matter masses around 30 GeV.

As Fig. 2.5 shows, the final results are roughly independent of the WIMP annihilation cross section, as
long as the calculated relic abundance is approximately correct, even though, as in the lower panel of figure
is shown, they are sensitive to the dependency of 〈σv〉 on temperature in P–wave case. Thermodynamic
effects affect the relic density through g1/2

eff,∗
(xFO), and xFO only logarithmically depends on the WIMP

annihilation cross section.
Using the observational value of DM abundance in standard ΛCDM cosmology Ωχh2 = 0.1193±0.0014

[5]; we can precisely determine the value of the annihilation cross section of WIMP, that does depend
on the functions heff(T ∼ TFO) and geff(T ∼ TFO) at TFO, and mostly on g1/2

eff,∗
(T ∼ TFO) due to the

appearance of derivative of DoF in it. To determine the free parameters of thermal WIMPs models we
require to precisely compute this cross section. Besides, indirect detection experiments (see Appendix B)
have started to measure the annihilation cross sections close to values of 〈σv〉 which satisfy the observed
relic density, if it does not depend on the temperature approximately (S–wave).

We display the required value of 〈σv〉 for S–wave annihilation cross section of a Majorana fermion
in Fig. 2.7. This result is obtained by using our interpolated calculation of heff , geff , and g1/2

eff,∗
. It is also

an update on the result of ref. [65] which uses the DoF from the data of ref. [61] to obtain the DM relic
Ωχh2 = 0.11. In that figure the result of ref. [65] scaled by 0.11/0.1193 is also shown, which is based on
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Figure 2.7: The value of 〈σv〉, assumed to be completely independent of temperature, required to obtain a thermal
relic density Ωχh2 = 0.1193 within standard cosmology, as a function of WIMP mass (black solid line). Also, the
result of ref. [65] scaled to Ωχh2 = 0.1193 is shown (purple dash-dash-dotted line).

the different assumptions for DoF to compute Ωχh2.

The “canonical” value of thermally averaged cross section of WIMP is known to be 3 · 10−26 cm3s−1.
However, we see that it is closer to 2 · 10−26 cm3s−1 for masses in the range 10 GeV < mχ < 10 TeV, as
shown by Fig. 2.5. The required cross section is approximately constant over this region of mass due to
an “accidental” cancellation of two effects. We can understand this issue using the approximate solution
of Boltzmann eq. 2.26. For larger DM masses xFO increases, also TFO = mχ/xFO gets bigger, since the
dependence of xFO on mχ is only logarithmic. This increases g1/2

eff,∗
(TFO) which makes the relic density

smaller as Fig. 2.2 shows. At high temperatures (roughly higher than 200 GeV) the function g1/2
eff,∗

gains
its asymptotic value of 106.75, which is independent of T . For WIMP masses larger 10 TeV, in order to
cancel the growth of xFO, the required value of 〈σv〉 should increase logarithmically with mχ. However,
WIMPs with such large masses are problematic, since from dimensional analysis and unitarity arguments
[88] 〈σv〉 ∝ 1/m2

χ, thus finding DM with mass larger than 10 TeV is very difficult.

Alternatively, for WIMP masses below 10 GeV, as TFO decreases, g1/2
eff,∗

(TFO) reduces quickly, as
shown in Fig. 2.2. This needs a rather rapid growth of 〈σv〉, to a maximum value of around 4.5 · 10−26

cm3s−1. The g1/2
eff,∗

(TFO) roughly becomes a constant again for masses below 0.35 GeV. This contains

the contribution of electrons, positrons, neutrinos, and photons to the DoF so that we have g1/2
eff,∗
' 3.29.

When mχ decreases, xFO also keeps decreasing; then as WIMP mass for very light WIMPs reduces, 〈σv〉
should become smaller to keep the relic density constant.

By rescaling the result of ref. [65] we obtain a slightly smaller value of 〈σv〉 with respect to our
calculation for most of the range of WIMP masses. This effect is consistent with the result of geff(T ) and
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heff(T ) done in ref. [61] so that a larger relic density is produced than our treatment 6.

2.4 Experimental Constraints on 〈σu〉

In the next to last section of this Chapter, we have compared our predicted result for 〈σv〉 according to
the observed relic density (shown in Fig. 2.7) against the constraints from indirect searches of WIMP (see
Appendix B) and cosmic microwave background (CMB) studies. The decoupling of CMB happens at
temperatures lower than WIMP decoupling (∼ 0.3 eV rather than ∼ mχ/20). Whereas, the average kinetic
energy of WIMPs in galaxies is ∼ 10−6mχ, only when 〈σv〉 is highly independent of the temperature this
comparison is meaningful. In case of P–wave cross section for which 〈σv〉 ∝ T (also for even stronger
T−dependence) the constraints on 〈σv〉 from indirect WIMP searches and from the CMB are still some
orders of magnitude above the observed value for the correct relic density.

Currently the strongest and most robust upper bounds on 〈σv〉 from indirect WIMP searches come
from searches for hard γ rays by the FermiLAT collaboration [19, 56–58]. Photons travel in straight lines
through our galaxy, whereas charged particles get deflected by the galactic magnetic field. This not only
introduces a sizable uncertainty, since our knowledge of this magnetic field is far from perfect, it also
isotropizes the arrival directions of the charged annihilation products of WIMPs, making it impossible
to focus on regions of space where the WIMP signal should be particularly strong. Another advantage
of γ rays is that they are present in nearly all possible final states: hard photons can be emitted directly
off final or intermediate state particles, can originate from the decay of neutral pions and other hadrons
that result from the hadronization of qq̄ final states or the decay of τ leptons, and can be produced from
energetic electrons or positrons through “inverse Compton” upscattering of ambient photons.

We anticipate to observe the strongest WIMP signal from the center of the Milky Way galaxy, since it
is the closest dense region to us where DM particles have high chance to meet each other. However, lots
of backgrounds in this region in the form of point sources and also extended emission make the detection
difficult. There are some claims about the evidence of an additional component in the GeV γ flux near
the center of our galaxy which could be explained through the annihilation of WIMPs [89–92]. However,
refs. [93–95] interpret this observation differently . Moreover, we should mention that there is not any
published analysis of the data on the galactic center by the FermiLAT collaboration itself.

Hence, in this Chapter we focus on the observations of nearby dwarf galaxies by FermiLAT [19, 56–58].
The mass density of dwarf galaxies contrary to large galaxies like the Milky Way should be dominated
by dark matter even in the central region, thus it gives a significantly better signal–to–background ratio
for indirect searches of WIMPs. We illustrate our result based on the recent 6–year “Pass 8” analysis
[19]. We should mention no signal from WIMP has been found yet.

We show the experimental results in Fig. 2.8. The strongest upper bound on 〈σv〉 comes from
predominant annihilation of WIMPs into uū final states while the bound for the bb̄ final state is only a
little weaker. The upper bound on the 〈σv〉 is similar for WIMP masses lighter than 40 GeV if WIMPs
annihilate to τ+τ− final state; however, it is slightly weaker for heavier WIMPs. For larger DM masses
the γ flux per WIMP annihilation is higher for hadronic final states because of higher multiplicity. But the
photon multiplicity is independent of the WIMP mass for the τ+τ− final state. The S–wave annihilation
of WIMPs (〈σv〉 independent of T ) into hadrons or τ leptons is excluded for masses in the range mχ ≤ 70
to 100 GeV.

As already stated, the annihilation of WIMPs into e+e− results hard photons (through upscattering
of ambient, e.g. visible sector particles, photons). This gives an upper bound on 〈σv〉. However, this bound

6 Since we required to read the data from ref. [65] and we used scaling based on Ωχh2 ∝ 1/〈σv〉, comparing the results in
Fig. 2.7 is not as precise as Fig. 2.5.
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Figure 2.8: The result of Fig. 2.7 is compared with several observational upper bounds on 〈σv〉, which is assumed to
be independent of temperature. The cyan, green and magenta curves follow from the FermiLAT upper bound [19]
on the γ flux from dwarf galaxies, for different dominant WIMP annihilation channel (uū, bb̄ or τ+τ−), whereas
the red curve results from an upper bound on spectral distortions of the CMB, assuming WIMP annihilation into
e+e− pairs.

is worse than the one from the annihilation of WIMPs into τ+τ− by a factor of about two to three [19].
It is known that the annihilation of WIMPs has an important impact on CMB. Actually, their annihila-

tions increase the temperature of CMB plasma during the “recombination” epoch (when neutral atoms
are first formed) [96, 97] which postpones the decoupling of the CMB photons and causes the distortion
of the pattern of CMB anisotropies. This puts the strongest limit on 〈σv〉. Such limit for the WIMP
annihilation cross section into e+e− pairs is shown in Fig. 2.8. These limits are from the analysis of data
from the WMAP and ACT collaborations [59]. This constrains a thermal WIMP masses lighter than
8 GeV.

The data of PLANCK can give much better constraints [5, 98]. However, the mentioned papers only
consider the multiplication of the efficiency factor feff and the WIMP annihilation cross section. This
factor measures the amount of absorbed energy by thermal bath particles from the WIMP annihilation.
The results of ref. [99] along with PLANCK put some constraints on dark matter annihilating into e+e−

pairs with an S–wave cross section (temperature independent). For our calculation of 〈σv〉, the bound is
effective for masses below 50 GeV, see also the paper by Steigman et al. [100]. In fact the difference
between our result and [100] is due to different values of efficiency factor we take f ' 0.8, following
ref. [99], while in [100] f = 1 is assumed.

Since the efficiency factor should be similar for the other final states considered in Fig. 2.8, the CMB
constraint should also be similar for all channels. The current CMB constraint is thus weaker than the
bounds derived from the most recent FermiLAT data if WIMPs mostly annihilate into qq̄ or τ+τ− final
states, but is stronger for WIMPs annihilating predominantly into e+e−. However, one should keep in
mind that the CMB constraint is less direct. It is conceivable that additional non–standard ingredients
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to the CMB fit – e.g., the presence of sterile neutrinos, a significant running of the spectral index of
inflation, and/or a large contribution from tensor modes – can (partly) compensate the distortions caused
by early WIMP annihilation, thereby weakening the constraint on 〈σv〉. On the other hand, the constraint
derived from the observation of dwarf galaxies depends on the assumed dark matter distribution [56].
In any case, it is encouraging that recent astrophysical and cosmological observations begin to probe
relatively light thermal WIMPs with temperature independent annihilation cross section.

2.5 Summary and Conclusions

In this Chapter we used the QCD equation of state from results of lattice QCD with dynamical quarks
to obtain the DoF of SM for energy and entropy densities. Our emphasis is on temperatures around the
QCD deconfinement transition at Tc = 154 MeV. The functions geff(T ) and heff(T ) explain the evolution
of DoF of SM with temperature. The quantity g1/2

eff,∗
defined in eq. 2.10 is particularly important for the

calculation of relic density, since the derivative of heff(T ) appears in it, which the effect of QCD transition
highly affects it and also the relic density of WIMPs. At the time of writing our paper [37] we suggested
that these DoF functions can be embedded in computer packages for dark matter [66–68] 7.

The WIMP relic density we calculated for various masses based on our treatment of heff and geff differs
from earlier DoF results using phenomenological models or pure glue lattice QCD calculations. The
difference between previous results and ours is noticeable for WIMP masses between 3 and 15 GeV
where the error reaches up to 9% for a constant 〈σv〉 (S–wave), and up to 12% if 〈σv〉 ∝ T as in pure
P–wave annihilation cross sections away from poles and thresholds. The source of difference is somewhat
due to a sharp change in the data of heff(T ) leading to a sharp spike or divergent behaviour in its derivative
which also appear as spike in the previous treatments of g1/2

eff,∗
. This makes important to consider the

continuity of heff(T ) at all temperatures, especially around the times that cosmological transitions occur
like QCD transition, which we considered here, and electroweak transition around 100 GeV, which we
essentially ignored it in our calculation.

We should note that there are some uncertainties in the lattice QCD result that we used. We should
emphasize that these uncertainties cause up to 2.5% difference in the predicted relic density for the
WIMP masses between 3 and 10 GeV which is significantly larger than the observational value (in the
framework of the standard ΛCDM cosmology) as Fig. 2.6 shows. Nonetheless, our result for mχ > 20
GeV is in agreement with the best former of result ref. [65] to better than 1%.

We used our improved treatment of the thermodynamics of the very early universe to update the
calculation of the WIMP annihilation cross section required to reproduce the observed dark matter
relic density, assuming the thermal average 〈σv〉 to be independent of temperature [37]. We found
that this cross section is indeed nearly constant for 10 GeV < mχ < 10 TeV, thanks to a fortuitous
cancellation between two competing effects; however, as also pointed out in ref. [65], the required value
is closer to 2 · 10−26 cm3s−1 than to the often–cited “canonical” value of 3 · 10−26 cm3s−1. On the other
hand, for mχ . 3 GeV the required value of 〈σv〉 exceeds 4 · 10−26 cm3s−1. Producing a sufficiently
large annihilation cross section for such light WIMPs typically requires the introduction of new light
“mediators” between the WIMPs and SM particles. If the mediator mass is . mχ/10, the contribution of
the mediator particles to the entropy and energy densities should be included, slightly modifying our
results for the required annihilation cross section shown in Fig. 2.7.

Moreover, we used the upper bounds on 〈σv〉 from probes of energetic γ rays produced in WIMP
annihilation and from CMB constraints to compare with the required value that satisfies the observed
relic density. The strongest upper bound comes from the PLANCK data for WIMPs annihilating into

7 Currently, two of these codes i.e. DarkSUSY [66] and SuperIso [68] have added these set of DoF to their routine.
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e+e− 8. In addition, the bounds from γ ray searches, give stronger limits for WIMPs annihilating into
hadronic or τ+τ− final states. These are more important than the CMB bound based on standard ΛCDM
cosmology which can easily be avoided. If most of the WIMPs annihilate into neutrinos, all of these
constraints can be avoided [101–103].

It should be noted that both our calculation of the required WIMP annihilation cross section and
our analysis of observational upper bounds on this quantity assumed that the thermal average 〈σv〉 is
independent of temperature, or, equivalently, that the annihilation cross section is independent of the
invariant center–of–mass energy. Theoretically this assumption is not well motivated. For non–relativistic
WIMPs the annihilation cross section can usually (but not always [104]) be expanded in terms of the
relative velocity v, σv = a + bv2 + · · · . Even if the constant term a is not suppressed, i.e. if annihilation
from an S−wave is allowed, one would generically expect b to be of the same order as a. This would
reduce the required value of 〈σv〉 in today’s universe by about 10%. If the constant term in σv is
suppressed, the upper bounds on 〈σv〉 that follow from observations in today’s universe do not constrain
thermal WIMP models significantly [37].

However, even in this case it is important to calculate the relic density as accurately as possible. This
leads to a constraint on the free parameters of the underlying WIMP model, which can hopefully one day
be compared to direct measurements at colliders. Only then we will be able to say with some confidence
that this WIMP model is indeed correct. This Chapter of my thesis based on this paper [37], makes a
small contribution to this ambitious long–term program.

In the next Chapter (chapter 3) the production of dark matter in an early matter dominated epoch will
be discussed. We intend to use the result of this Chapter along with other assumptions to verify the
effect of evolution of degrees of freedom in a non–thermal period of cosmology dominated by a heavy
long–lived scalar field. Also, the effects of assuming different initial conditions for the dark matter and
radiation densities will be studied there.

8 Although a dedicated analysis for specific final states still had not been performed at the time of publication of our paper [37].
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CHAPTER 3

Dark Matter Production in an Early Matter
Dominated Era

3.1 Introduction

Weakly Interacting Massive Particles (WIMPs) are the most extensively studied class of DM candidate
particles [15]. These particles are theoretically assumed to be thermally produced in the early universe.
They had been produced when they were in thermal equilibrium with the plasma (thermal bath) of SM
particles at an adequately high temperature. However, WIMP abundance reduced when the universe
expanded and temperature decreased, until their annihilation rate became equal to the Hubble expansion
rate. At the moment of this equality WIMPs roughly decoupled (“froze out”) which means that their co–
moving density basically became a constant. This mechanism in the standard cosmology approximately
needs a value for the thermally averaged WIMP annihilation cross section (the so called “canonical”
value) in order to yield the observed value of DM relic density. This canonical cross section is roughly of
the order of typical weak interaction cross section; the term “weakly” in WIMP’s name corresponds to
this fact. Supersymmetric (SUSY) extensions of the SM include WIMP candidates such as neutralino
DM [105].

Since the thermal WIMPs can be probed in different types of experiments, they are the most interesting
DM candidates. However, none of the current direct detection [24–26, 106] and indirect [19–21] WIMP
experiments have observed any signal so far. Moreover, collider searches for particles beyond the standard
model have not provided any positive evidence as yet except some new constraints on the parameter
space of attractive models. Overall, having no evidence in WIMP experiments have caused renewed
interest in DM scenarios beyond the thermal WIMP.

There are some possibilities to consider DM production beyond the naive assumption of thermal WIMP
in standard cosmology. One of them is to modify the expansion history of the universe using theoretical
motivations. In the standard cosmology it is assumed that the universe is radiation dominated after the
inflationary era until the temperature reaches about 1 eV (radiation–matter equality time), and afterwards
matter (mostly dark one) starts to dominate the universe. However, UV–complete theories like string
theory suggest that there may have been an epoch of early matter domination after inflationary reheating
and before Big Bang Nucleosynthesis (BBN), which must have occurred in a radiation–dominated era.
The mentioned period of early matter domination is formed by heavy long–lived scalar particles (moduli)
with the longevity due to very weak couplings to SM particles. In string theory the vacuum expectation
values (VEVs) of such (heavy) “moduli” fields control the couplings of the low energy theory [107, 108].
In fact, supergravity theories contain scalar (“Polonyi” [109]) fields with similar properties so that these

27



Chapter 3 Dark Matter Production in an Early Matter Dominated Era

fields gained mass by the mechanism that caused supersymmetry breaking in a hidden sector. Moduli
fields obtained large values during inflation, if their mass was smaller than the Hubble scale during
inflation [110–114]. They began to oscillate coherently later, which mimicks an ensemble of scalar
particles at rest in the cosmic rest frame. Since supersymmetry, supergravity, and superstring theories are
vastly studied in the literature [17, 115–120], we do not discuss their details in here.

The decay of moduli fields after dominating the energy density of the universe can produce a large
amount of entropy which affects the thermal history afterwards via the dilution of all particles produced
before. Additionally, their decay can influence the (to high extent) successful predictions of standard
BBN if it happened very late; this is the so called cosmological moduli (or Polonyi) problem [121–125].
The detailed analysis [126, 127] showed that the reheat temperature, i.e. the highest temperature of the
radiation dominated epoch, must have been at least ∼ 4 MeV in order not to threaten the success of
standard BBN; this bound has more recently been confirmed in [128]. In this Chapter we have shown
that the scalar mass should be heavier than 100 TeV to have a reheat temperature above 4 MeV. The
existence of such a heavy particle is a problem if visible sector superparticle masses are also at this
mass scale, since we expect that SUSY effects, as a solution to hierarchy problem should appear at TeV
scale. However, large superparticle masses are still acceptable for “split” Supersymmetry [129, 130].
Consequently, any DM model that assumes its production during an early epoch of matter domination by
a heavy scalar [131, 132] should respect the BBN bound on the reheat temperature.

Some possible scenarios for non–thermal production of DM particles with emphasis on the reheating
era after inflationary period are studied in the literature by several authors [133–136]; more recently in
[137].

If the gravitino (the super partner of graviton) in supersymmetric or superstring theories decays at early
moments of the universe, this can also affect the production of baryons during BBN (gravitino problem).
This problem can be solved in some models that predict an early matter dominated era due to the presence
of a heavy long–lived modulus [138]. In other scenarios gravitino decays do not overproduce DM [139],
or the gravitino is itself a stable DM candidate [140, 141]. There are some supersymmetric scenarios
where gravitinos can be produced via the decay of modulus so that the gravitino should be heavy enough
not to decay at BBN time (moduli-induced gravitino problem) [125, 139, 142]. On the other side as noted
in [138, 143, 144], if the gravitino is heavier than the moduli fields, finding a solution of moduli problem
can automatically solve the gravitino problem as well. In this Chapter we will not consider the gravitino
and its possible effects on BBN, so in practice we assume that one of the above solutions for gravitino
problem implicitly works in our scenario.

In general, there are two mechanisms for DM to be produced thermally. We described the WIMP DM
production scenario via freeze–out (FO) mechanism briefly above and in more details in previous Chapter
(Chapter 2). This mechanism happens when the expansion of the universe reduces the temperature
to around 5% of the WIMP mass; this is the so called freeze–out temperature. However, dark matter
production occurs at temperatures above the mass of the DM particle in the freeze–in (FI) mechanism.
As an example, this scenario can happen due to the decay of a heavier particle. In such a case DM
thermally averaged cross section is very small that DM annihilation to SM thermal bath is negligible
[134, 145]. In this Chapter we intend to consider DM production in an early matter dominated epoch
where both of these two general scenarios can happen. FI and FO can occur in matter domination and
radiation domination produced after the decay of the heavy scalar (modulus), respectively. Nevertheless,
other DM production mechanisms are possible during modulus domination. These other scenarios are
investigated in [146] along with considering the decay of a visible sector particle (which is WIMP–like)
into a lighter DM particle that exists in a dark (hidden) sector and DM annihilates only to dark sector
particles (radiation). However, in this paper [38] which is the main source of this Chapter we assume
that DM particles interact with SM particles and finally annihilate to them and not to other particles in a
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possible hidden sector.
Our analysis in this Chapter is based on our paper [38] titled “Dark Matter Production in an Early

Matter Dominated Era” motivated by the work of Kane et al. [146] on non–thermal cosmological history
and DM production. Here, unlike ref. [146] we do not consider the presence of dark radiation since
it is strongly constrained by current experimental data. However, in our analysis we only assume DM
interacts with the visible sector particles. Moreover, we concentrate on the details of thermal history of
the universe. Our study includes the effects coming from the temperature dependence of the effective
number of relativistic degrees of freedom for energy and entropy density of radiation which are shown
by geff and heff . We will use the results of [37] (Chapter 2 of this thesis is about this paper and its
details), which assumes free electroweak gauge and Higgs bosons, as appropriate for a smooth crossover
electroweak transition [79–81]. Moreover, it uses results from lattice QCD around the QCD transition
temperature, matched to a hadron resonance gas at lower temperatures [62, 63]. Additionally, the effect
of neutrino decoupling at MeV temperatures is included using the study of Lesgourgues et al. [87].
Eventually, we investigate scenarios with non-vanishing radiation and DM densities at the beginning of a
period of early matter domination.

The remainder of this Chapter is organized as follows. In the next Section we describe the general
formalism for computing the DM relic density in a cosmology with an early matter dominated epoch.
Here we largely follow ref. [146], but with improved treatment of the radiation component using the data
of [37]. In Sec. 3.3 we map out regions of parameter space giving the correct DM relic density assuming
initially vanishing DM and radiation content, with special emphasis on the effect of the temperature
dependence of geff and heff . In Sec. 3.4 we then consider non–vanishing initial radiation and DM density.
Finally, we summarize the outcome of our work and conclude in Sec. 5.

3.2 The General Framework for Non-Thermal Dark Matter Production

In this Section we describe the calculational framework for computing the DM relic density in a scenario
with an early epoch of matter domination. In the first Subsection we define the variables we use, and the
equations that determine their evolution during the early universe. Our analysis is model–independent in
the sense that all relevant particle physics quantities – particle masses, the DM annihilation cross section
and the decay width of the heavy scalar particle – are assumed as free parameters. This approach is based
on ref. [146], but we extend it by correctly considering the temperature dependence of the number of
relativistic degrees of freedom in the thermal plasma of the early universe. In the second Subsection we
briefly describe the numerical solution of the evolution equations, and the relation of the dimensionless
quantities introduced in the first Subsection to the scaled DM relic density [38].

3.2.1 Evolution Equations

In the standard thermal DM production scenarios (both freeze–in and freeze–out) one only needs to solve
a single evolution equation, namely the Boltzmann equation for the number density of the DM particles.
In these scenarios all the relevant dynamics happens during the radiation dominated epoch, so the state
of the universe is essentially determined uniquely by the temperature T . In particular, both the Hubble
parameter and the entropy density are functions of T only; moreover, the co–moving entropy density is
constant in this case, since the universe evolves adiabatically.

This is no longer true in the case we are interested in, where the energy density of the universe was
dominated for a while by slowly decaying scalar φ particles 1. We therefore need to track three coupled

1 The spin of the decaying particles is not relevant for us. However, the by far best motivated particle physics examples of this
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Chapter 3 Dark Matter Production in an Early Matter Dominated Era

evolution equations: for the DM particles, for the φ particles, and for the radiation content.
Following [108, 134, 146] we introduce dimensionless quantities in order to describe the evolution of

the universe. To this end all dimensionful quantities are divided by appropriate powers of the “reheat
temperature”, defined as

TRH =

√
ΓφMPl

(
45

4π3geff(TRH)

)1/4

. (3.1)

Here MPl ' 1.22 × 1019 GeV is the Planck mass, Γφ is the total decay width of the φ particles, and geff is
the number of relativistic degrees of freedom in the thermal plasma (numerically computed in Chapter 2),
defined via the energy density of radiation [7]:

ρR(T ) =
π2

30
geff(T )T 4 . (3.2)

We should note that the TRH is defined to some extent ideally. It is the temperature the universe would
have if all the energy stored in φ was instantaneously transformed into radiation at the time

HRH = Γφ, H2
RH =

8π
3M2

Pl

ρR(TRH) , (3.3)

where the Hubble rate at reheating is denoted by HRH. This equation is computed under the assumption
that φ particles completely dominated the energy density of the universe before their decay [36, 108, 128,
133, 136]. Nevertheless TRH is a good estimate of the highest temperature of the radiation–dominated
epoch that begins after most φ particles have decayed. Note, however, that the thermal bath during moduli
domination can be considerably hotter than TRH; we will illustrate this point below.

The decay width of moduli (or Polonyi) fields φ are Planck suppressed, but the precise coupling
strength is model dependent. Therefore, we write

Γφ = α
M3
φ

M2
Pl

, α =
C
8π

= constant , (3.4)

where Mφ is the mass of φ, and C is a constant whose value depends on the UV–complete theory. The
value of TRH is obtained by computing Γφ (which requires fixing Mφ and C or α), and inserting this into
eq. (3.1). Note that this is an implicit equation, since the right–hand side (rhs) depends on TRH via geff .
We use results from ref. [37] to compute the temperature dependence of geff .

As noted above, the success of standard BBN requires TRH & 4 MeV. This implies Mφ & 100 TeV
for α ∼ 1 [126–128]. In Fig. 3.1 the dependence of the reheating temperature on the modulus mass
according to eq. (3.1) is shown for different couplings α between 10−4 and 1. Here we have assumed that
only SM particles contribute to geff . If some new particles are found, as predicted e.g. by supersymmetric
extensions of the SM, this figure will definitely change at higher reheating temperatures, i.e for larger
Mφ. For comparison, Fig. 3.1 also shows results for fixed geff(TRH) = 10.75, as appropriate for the
SM at temperatures before BBN but after the decoupling of muons. In this plot, with its logarithmic
axes, the differences between the two sets of curves become apparent only for TRH of order the QCD
transition temperature Tc ∼ 150 MeV [62] or higher2. However, this is by far not the only way in which
the temperature dependence of geff affects the final result.

mechanism use scalar moduli or Polonyi fields, as discussed in the Introduction.
2 The curves also differ slightly for TRH below the electron mass, where the actual geff(TRH) is less than 10.75. However,

scenarios with such a low reheat temperature will not reproduce standard BBN.
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3.2 The General Framework for Non-Thermal Dark Matter Production

The set of Friedmann–Boltzmann equations we use in this Chapter to study the production of dark
matter in an early matter dominated era are

ρ̇φ + 3Hρφ = −Γφρφ ,

ρ̇R + 4HρR = (1 − B̄)Γφρφ + 2EX′〈σv〉
′
(
n2

X′ − nX′,EQ
2
)
, (3.5)

ṅX′ + 3HnX′ =
BX′

Mφ
Γφρφ − 〈σv〉

′
(
n2

X′ − nX′,EQ
2
)
,

H2 =
8π

3M2
Pl

(
ρφ + ρR + ρX′

)
. (3.6)

Here ρφ = Mφnφ is the energy density stored in φ particles, nX′ is the number density of the DM
particles and ρX′ = MX′nX′ is their energy density, which we call X′ following ref. [146]. Moreover,
the Hubble rate for all contents of the universe is shown by H and defined in eq. (3.6). Moreover,
EX′ ≈ (M2

X′ + 3 T 2)1/2 is the average energy per X′ particle; this approximation is sufficient for our
purposes since the contribution of DM particles to the total energy density is always subdominant in the
epoch we are interested in3.

As in ref. [146] we assume that φ particles can decay into X′ particles with effective branching ratio
BX′ ; the average energy per φ decay that goes into DM particles is then given by B̄Mφ, with

B̄ =
EX′BX′

Mφ
. (3.7)

A fraction 1− B̄ of the φ energy will then go into SM particles, i.e. into radiation. In many cases a discrete
symmetry ensures that X′ particles can only be produced pairwise. If φ → X′X′ is the dominant X′

production mode from φ decays, then BX′ = 2Γ(φ→ X′X′)/Γφ.4 Note that we will mostly be interested
in scenarios where BX′ � 1, i.e. B̄� 1; the exact expression for EX′ is then again not important.

In the following analysis we assume that the decay products of φ thermalize immediately, i.e. radiation
always refers to a relativistic plasma in full thermal equilibrium, again following ref. [146]. This is
an idealization. If φ particles decay into two body final states, these final state particles will initially
have energy Mφ/2, which can be much higher than T . These energetic SM particles could produce
DM particles before they thermalize. This has been analyzed in [148], where it was shown that this
source of X′ particles can be significant if MX′ is relatively close to Mφ. We are mostly interested in
MX′ � Mφ, in which case the approximation of instantaneous thermalization of the φ decay products
should be applicable. Recently, it has been claimed that considering the details of thermalization process
can change the maximum temperature of the universe and affect the process of DM production during
and after early matter domination [149–151]. We postpone to consider these details for future studies.

Finally, the equilibrium number density of DM particles nX′,EQ is given by

nX′,EQ ≡
gX′T MX′

2

2π2 K2

( MX′

T

)
→

 g̃X′ ζ(3)T 3

π2 if T � MX′

gX′
(

MX′T
2π

) 3
2 exp(−MX′/T ) if T � MX′ .

(3.8)

3 This ansatz implicitly assumes that X′ particles are at least in kinetic equilibrium with the SM radiation. Note that kinetic
equilibrium is much easier to attain than full chemical equilibrium.

4 φ particles might decay predominantly into heavy SM particles, e.g. top quarks or Higgs bosons, with masses larger than
the temperature. However, these heavier SM particles will then decay almost immediately into light SM particles, i.e. into
radiation. φ particles could also decay into some partners of X′, e.g. a pair of gluinos in supersymmetric models, which then
decay almost immediately into X′ (e.g. neutralino) plus radiation [147]. All these cases are covered by this formalism.

31



Chapter 3 Dark Matter Production in an Early Matter Dominated Era

Here gX′ counts the internal degrees of freedom of X′, g̃X′ = gX′ (3gX′/4) for bosonic (fermionic) X′, and
K2 is the modified Bessel function of second kind. In our numerical calculations we assume gX′ = 2, as
appropriate for a spin−1/2 Majorana (self–conjugate) fermion.

The reason why we use the above equation even at relativistic limit is that the number density of
a particle species at temperature T in the context of quantum mechanics should be computed from
Fermi–Dirac or Bose–Einstein distributions for fermions and bosons, respectively. However, the integral
for such number density does not have any analytical solution for all range of temperatures except in
the relativistic and non–relativistic limits. As a consequence, to avoid more numerical calculations for
finding nX′,EQ(T ), which is time consuming, we use the above definition for the equilibrium number
density of DM which is based on Maxwell–Boltzmann distribution. This function behaves smoothly at
all temperatures and is a very good approximation.

Our main interest is the calculation of the Dark Matter relic density, by deriving and solving the above
set of Boltzmann equations. To that end, we use TRH to define the dimensionless scale parameter

A ≡ aTRH ; (3.9)

multiplying the scale factor in the Friedmann–Robertson–Walker metric a with TRH improves the stability
of the numerical solution [108]. This in turn allows us to define co–moving densities for φ particles,
radiation and DM particles in the following

Φ ≡
ρφA3

T 4
RH

, R ≡ ρR
A4

T 4
RH

, X′ ≡ nX′
A3

T 3
RH

. (3.10)

Note that R and X′ approach constants when φ decays (Φ vanishes) as well as the pair production
and annihilation of X′ particles can be neglected. Finally, we use the co–moving densities to define a
co–moving Hubble parameter

H̃ ≡
(
Φ +

R
A

+
EX′X′

TRH

)1/2

. (3.11)

H̃ is related to the usual (dimensionful) Hubble parameter in eq. (3.6) via

H = H̃T 2
RHA−3/2c−1/2

1 M−1
Pl , (3.12)

where we have introduced the constant c1 = 3/(8π). Using eqs. (3.2) and (3.10) we find

T =

(
30

π2geff(T )

)1/4 R1/4

A
TRH , (3.13)

The effective number of degrees of freedom geff , defined via the radiation energy density as in eq. (3.2),
depends on the temperature, since only particles with mass of order of or less than the temperature
contribute significantly [7]. In the SM the temperature dependence is not severe for T & 1 GeV. As a
first approximation one can therefore ignore terms proportional to the derivative dgeff/dT . This allows to
derive an evolution equation for R from energy conservation. Therefore, the set of equations one needs to
solve is then as follows

H̃
dΦ

dA
= − c1/2

ρ A1/2Φ,

H̃
dR
dA

= c1/2
ρ A3/2(1 − B̄)Φ + c1/2

1 Mpl

[
2EX′〈σv〉

′

A3/2

(
X′2 − X′EQ

2
)]
, (3.14)
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geff[TRH]=10.75 , α=1
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geff[TRH], α=0.01
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Figure 3.1: Reheating temperature TRH as function of the mass Mφ of the particle whose energy density dominates
in the early matter dominated epoch, for different coefficients α defined in eq. (3.4). The solid curves have been
obtained including the temperature dependence of geff as predicted by the SM, whereas the dashed curves are for
fixed geff(TRH) = 10.75.

H̃
dX′

dA
=

c1/2
ρ TRHBX′

Mφ
A1/2Φ + c1/2

1 MplTRHA−5/2 〈σv〉′
(
X′EQ

2
− X′2

)
.

Here c1 is as in eq. (3.12), and we have defined a second constant cρ =
π2geff (TRH)

30 .
The first eq. (3.14) describes φ decays. Unfortunately it is not entirely straightforward to see in this

formalism that Φ becomes constant when φ decays can be neglected. Eq. (3.1) shows that TRH → 0 as
Γφ → 0, so eqs. (3.10) become ill–defined in this case. Note, however, that initially Φ, and hence H̃, are
much bigger than unity if moduli are to dominate the universe for an extended epoch. Initially dΦ/dA is
thus much less than Φ. One can show that AdΦ/dA becomes of order ΦI only when H ' Γφ.

In the second eq. (3.14) we recognise a positive contribution to the rhs proportional to Φ stemming
from φ decays, and a contribution describing the pair production from and annihilation of X′ particles
into radiation. A similar term appears on the rhs of the third equation with opposite sign; this third
equation also features a positive contribution from direct φ→ X′ decays.

In order to follow the evolution of the universe more accurately we must consider the precise evolution
of geff (and related quantities) in the thermal bath. As shown in ref. [7] the evolution of the radiation
component is then more easily described via the entropy density, which is given by

sR(T ) =
ρR(T ) + pR(T )

T
=

2π2

45
heff(T )T 3 . (3.15)

The second equation defines heff(T ), which is another measure of the effective number of relativistic
degrees of freedom; in the SM, geff(T ) ' heff(T ) before neutrinos decouple at MeV temperatures. In
standard cosmology, the co–moving entropy density is constant after the end of inflation. However, in
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the scenario considered here φ decays lead to entropy production. This is described by the evolution
equation in the following

d sR

dt
+ 3HsR =

1
T

[
(1 − B̄)Γφρφ + 2EX′〈σv〉

′
(
n2

X′ − nX′,EQ
2
) ]
. (3.16)

The factor (1 − B̄) in the first term of the rhs of eq. (3.16) should not be there if T > MX′ ; recall, however,
that B̄� 1 in cases of interest, so that we make only a small mistake by including this factor. The second
term describes entropy production from out–of–equilibrium annihilation of X′ particles; we find that
this term is always numerically insignificant. Also, this is true for the last term on the rhs of the second
eq. (3.14).

This leads to the following equation describing the evolution of the temperature

dT
dA

=

(
1 +

T
3heff

dheff

dT

)−1 [
−

T
A

+
15T 6

RH

2π2c1/2
1 MPlHT 3heffA

11
2

(
c1/2
ρ A3/2(1 − B̄)Φ

+c1/2
1 Mpl

2EX′〈σv〉
′

A3/2

(
X′2 − X′EQ

2
) )]

. (3.17)

Note that the rhs of eq. (3.17) depends both on heff(T ) and (via cρ) on geff(T ). We will use the results of
[37] for them which were also represented in Figs. (2.1) and (2.2) of Chapter 2. This equation replaces
the second eq. (3.14); the first and third of these equations remain unchanged. We also need eq. (3.2) to
compute the radiation density from T , and eqs. (3.11) and (3.10) to compute the scaled Hubble parameter
H̃. This is a closed system of equations.

As mentioned above, in the early epoch of matter domination the radiation component can be much
hotter than TRH. If terms proportional to the derivative of heff or geff with respect to temperature are
ignored, the evolution of the temperature for H � Γφ can be computed analytically. If initially ρR = 0,
using the third equation of (3.14) and assuming H̃ ≈ Φ

1/2
I in early matter domination one can find [134]

R '
2
5

(
π2geff(T )

30

)1/2 (
A5/2 − 1

)
Φ

1/2
I , (3.18)

where we neglected the contribution of annihilation of DM to radiation, since it is negligible at that time
and also afterwards. By applying eq. (3.13) the following equation for temperature evolution can be
obtained

T '
(

88

3355

)1/20 (
geff(Tmax)
geff(T )

)1/4

Tmax
(
A−3/2 − A−4

)1/4
. (3.19)

The temperature reaches its maximum at Amax ≡ (8/3)2/5 which can be deriven by computing the
derivative of above equation [134]. The maximum temperature during modulus domination Tmax is given
by [134]

Tmax =

(
3
8

)2/5 (
5
π3

)1/8 (
geff(TRH)1/2

geff(Tmax)

)1/4

(MplHIT 2
RH)1/4 . (3.20)

Using HI = Φ
1/2
I T 2

RH/(c
1/2
1 MPl) we find Tmax ∼ TRHΦ

1/8
I , up to O(1) factors, where ΦI is the initial

co–moving density of φ. The assumption of vanishing initial ρR is reasonable only if the matter dominated
epoch lasts sufficiently long to basically erase all clues of possible earlier radiation dominated epochs.
This requires HI � Γφ, and hence

√
ΦI � 1. In consequence, even if TRH is well below the temperature

Tc of the QCD transition, frequently Tmax > Tc, in which case an accurate treatment of the temperature
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dependence of geff and heff becomes important.

3.2.2 Dark Matter Abundance in an Early Matter Dominated Epoch

As in case of standard cosmology, the dark matter annihilation cross section plays an important role.
Here we will not consider specific particle physics candidates for X′. Instead we use the standard
parametrization,

(σv)′ = a + bv2 , (3.21)

which is applicable for particles whose final relic density is set at temperature T < MX′ . Here a is
nonzero only if X′ particles can annihilate from an S−wave initial state, whereas a non-vanishing b can
be generated also by annihilation from the P−wave. Thermal averaging then gives [64, 118]

〈σv〉′ = a + 6b
T

MX′
. (3.22)

In the following sections we will present exact numerical solutions of the evolution equations discussed
in the previous subsections. These have been obtained with the help of Mathematica. We found it
convenient to rewrite the equations in terms of the logarithmic derivative d/d(log A) = Ad/dA, i.e. we
multiplied eqs. (3.14) and (3.17) with A 5. We always use initial conditions

A = 1, Φ = ΦI =
3H2

I M2
pl

8πT 4
RH

; (3.23)

in the next Section we will follow ref. [146] in initially setting 6

RI = X′I = 0 . (3.24)

The assumption of initial density for radiation and dark matter particles can be reasonable if φ particles
completely dominate the universe for some time after inflationary reheating, so that all dependence on
conditions before the φ dominated epoch is erased. Recall that in the absence of φ decays the ratio of
radiation and matter densities scales like 1/A. A possible initial radiation component can then become
irrelevant if Adecay � 1, where Adecay is the value of the dimensionless scale factor where most φ particles
decay. Until this time to good approximation HI = constant. The first eq. (3.14) can then be solved
analytically [146]

Φ(A) = ΦI exp

−2
3

(
cρ
ΦI

)1/2 (
A3/2 − 1

) , (3.25)

where we have used the initial value A = 1. Most moduli particles decay when Φ ' ΦI exp(−1), which
occurs at A ' Adecay with

Adecay =

3
2

(
ΦI

cρ

)1/2

+ 1

2/3

. (3.26)

5 Actually, for very stiff Riccati type differential equations which is the case for Boltzmann equation it would be better to
consider higher powers of variable under integration (here A) instead of only considering exponential. Here a large factor
which depends on Planck mass, DM cross section, and mass appears in the equation which makes the integration process
time consuming over the large interval of integration for A. Changing the variable A reduces the length of integration interval
by some orders of magnitude.

6 Practically, in the initially vanishing radiation density case we consider the numerical value for the initial temperature to be
TI = 10−13 GeV.
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Writing
HI = γΓφ , (3.27)

and using the fact that HI ∝
√

ΦI , it is easy to see that Adecay � 1 requires γ � 1.
In this case, and with eqs. (3.24) imposed, the final computed relic dark matter abundance will be

essentially independent of the initial ΦI , or, equivalently, of γ. Note that the final scaled densities
introduced in eqs. (3.10) do depend on ΦI . For example, again setting H̃ =

√
ΦI = constant, a good

analytical approximation for the final value of R can be derived [146]

RF ≡ R(AF) ' L
(
ΦI

cρ

)1/3

ΦI , (3.28)

where we have defined

L ≡ (1 − Beff) Γ

(
5
3

) (
3
2

)2/3

with Beff ≡
BX′

(
MX′

2 + 3TRH
2
)1/2

Mφ
. (3.29)

Here AF should be so large that the co–moving abundances of radiation and matter have become constant
and φ decays have been completed, i.e. AF � Adecay with Adecay given by eq. (3.26). On the other hand,
AF should still be within the radiation dominated epoch.

Evidently RF ∝ Φ
4/3
I . This dependence cancels once we normalize the final dark matter density to

today’s energy density carried by photons, which is known very well from measurements of the Cosmic
Microwave Background (CMB). We thus compute the final X′ relic abundance from the following relation
[38]7

ΩDMh2 =
ρX′(Tnow)
ργ(Tnow)

Ωγh2 =
ρX′(TF)
2ρR(TF)

geff(TF)heff(Tnow)
heff(TF)

TF

Tnow
Ωγh2

= MX′
X′(TF)
R(TF)

AFTFgeff(TF)heff(Tnow)
2TnowTRHheff(TF)

Ωγh2 . (3.30)

Here ΩDM is the dark matter mass density in units of the critical density, h is today’s Hubble constant in
units of 100 km/(s ·MPc), and TF = T (AF) is in the radiation dominated era, as mentioned above. In the
second step we have written ργ = 2ρR/geff , and used the fact that the matter density ρX′ scales exactly
like the entropy density sR for A ≥ AF , i.e. after all φ decays and X′ annihilations ceased. Note also that
heff becomes constant after electrons decoupled, i.e. for T � me. The present observational values of the
current temperature and density of (CMB) photons, as collected by the Particle Data Group [42], are:

Ωγh2 = 2.473 × 10−5 ; (3.31)

Tnow = 2.7255 K = 2.35 × 10−13 GeV .

We use these values in our numerical calculations. Cosmological observations also determine the total
present density of non-baryonic dark matter quite accurately [42]

ΩDMh2 = 0.1186 ± 0.002 . (3.32)

7 In ref. [146] the final DM relic density is expressed via today’s radiation density. The latter is, strictly speaking, not known
very well, since we do not know whether the lightest neutrino is still relativistic, and hence contributes to radiation, or not.
Alternatively we could normalize to the entropy density, which was co–moving constant for A ≥ AF ; this closely mirrors the
usual treatment of thermal WIMPs. Note also that we do know today’s entropy density of neutrinos, which also remained
co–moving constant for T � 1 MeV.
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This can be used to effectively reduce the dimension of the allowed parameter space by one. However, in
this paper we are more interested in mapping out the predicted relic density as function of the relevant
free parameters. These include the reheat temperature, the branching ratio for φ → X′ decays, the X′

annihilation cross section as parameterized in eq. (3.22), and the masses of the φ and X′ particles. In
Sec. 3.4 we will in addition allow non–vanishing initial values for the radiation and X′ densities.

In the next Section we will compute the dark matter abundance numerically. To that end, first we
require to have an analytical understanding of different parameter regions that satisfy the relic density.
To achieve that we use eqs. (3.28), (3.30) and (3.31) to obtain the approximate relic density in an early
matter dominated epoch as follows [38, 146]

ΩDMh2 ≈
MX′X′(TF)

L3/4 ΦI

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 . (3.33)

The details of different DM production mechanisms are given in the following Section.

3.3 Dark Matter Relic Density for Initially Vanishing Radiation

In this Section we show numerical results for the predicted X′ relic density for vanishing initial radiation
and X′ densities, i.e. for initial conditions given by eqs. (3.23) and (3.24). All X′ particles – and all
other particles in today’s universe – then originate from φ decay, either directly or via the radiation that
originates from φ decay.

Before presenting numerical results, it is useful to briefly discuss the different DM production mechan-
isms in non–thermal cosmology. Here we again closely follow ref. [146], where analytical approximations
based on eqs. (3.14) were developed. As discussed in the previous Section, these equations ignore terms
that depend on the derivative of geff or heff with respect to temperature. While our numerical treatment
fully includes these effects, the analytical approximations remain useful as a guide to the (quite large)
parameter space. We also remind the reader that, unlike ref. [146], we do not include a dark radiation
component.

It should be clear that the usual thermal WIMP scenario can also be reproduced in our framework, if
TRH is above the conventional decoupling temperature TFO defined in the radiation dominated epoch.
This requires rather large reheat temperatures, and hence very large φ masses as shown in Fig. 1, or else
quite small masses for the dark matter particle X′. In the latter case one would typically need additional
light mediators in order to achieve a sufficiently large X′ annihilation cross section. Of course, here we
are mostly interested in scenarios that differ from this standard thermal WIMP scenario.

A first important observation is that for not too small X′ annihilation cross section, the rhs of the
third eq. (3.14) essentially vanishes over an extended range of A. In the absence of φ→ X′ decays this
corresponds to X′ particles being in full thermal equilibrium, but in the present context this “quasi–static
equilibrium” (QSE) can also be obtained through a balance between X′ production from φ decay and X′

annihilation, with negligible X′ production from the thermal plasma. Using eq. (3.14) the general QSE
solution can be found as

X′QSE(A) =

 A3

〈σv〉′

 c1/2
ρ BX′

c1/2
1 MφMPl

Φ

 + X′EQ
2

1/2

. (3.34)

QSE will be maintained only if the reaction rate nX′〈σv〉
′ is larger than the Hubble expansion rate. Clearly

37



Chapter 3 Dark Matter Production in an Early Matter Dominated Era

QSE can only be achieved if X′QSE > X′crit so that we have

X′crit ≡ (nX′)crit
A3

T 3
RH

=
HA3

〈σv〉′T 3
RH

=
H̃A3/2

c1/2
1 MPlTRH〈σv〉′

. (3.35)

This leads to a lower bound 〈σv〉′crit on the thermally averaged X′ annihilation cross section. This lower

bound depends on the temperature. If TRH is much smaller than MX′ , the term ∝
(
X′EQ

)2
in eq. (3.34)

can be ignored. On the other hand, for sufficiently high temperature 〈σv〉′crit can be calculated from
X′QSE = X′EQ. The critical thermally averaged cross section can be computed as below using the mentioned
assumptions [146]

〈σv〉′crit ≡
8πMφ

3T 2
RH MPlBX′

(
45

4π3geff(TRH)

)1/2

; MX′ � TRH (3.36)

〈σv〉′crit ≡

(
2
3

)1/4 (
4π3geff(TRH)

45

)1/2
π2

ζ(3)g̃X′Γ(5/3)3/8TRH MPl
; MX′ � TRH . (3.37)

One can classify different regions of parameter space according to whether the thermally averaged
X′ annihilation cross section is above or below the critical one for T ' TRH; this is called efficient and
inefficient annihilation.

Let T̂FO be the X′ freeze–out temperature, computed in a radiation dominated universe. If T̂FO > TRH
then X′EQ ∼ 0 for T & TRH. In the efficient annihilation case (〈σv〉′ > 〈σv〉′crit), before the reheating
DM co–moving density follows X′QS E ∝ Φ1/2 but around the reheating time and afterwards the ratio of
X′QS E/X

′
crit decreases exponentially. At scale factor Acrit they become roughly of the same order which

can be written as [146]

X′QS E(Acrit) =
1
λ

X′crit(Acrit) , (3.38)

here λ is an O(1) constant. Using eqs. (3.34) and (3.35) leads to(
Φ

H̃2

)
Acrit

=
〈σv〉′crit

λ2 〈σv〉′
. (3.39)

Since this happens in the transition between modulus and radiation dominated eras, we use H̃ ≈ Φ1/2(Acrit)
and eq. (3.25) and also R(Acrit) ≈ RF to calculate Acrit in the following

log
(
Ãcrit

)
=

2
3

c1/2
ρ Ã 3/2

crit + log

c−1/3
ρ

(
3
2

)2/3

Γ

(
5
3

) − log
(
λ2 〈σv〉′

〈σv〉′crit
− 1

)
, Ãcrit =

Acrit

Φ
1/3
I

. (3.40)

We used these approximations e
− 2

3

(
cρ
ΦI

)1/2

≈ 1. In the last log we can remove the −1 since it is negligible
with respect to the first term in it. Then we try to find Ãcrit from the following equation

log
(
b1Ãcrit

)
≈ b2Ã3/2

crit , b1 = c1/3
ρ

(
3
2

)−2/3

Γ

(
5
3

)−1
λ2 〈σv〉′

〈σv〉′crit
, b2 =

2
3

c1/2
ρ . (3.41)

Then in the limit 〈σv〉′ � 〈σv〉′crit we get Ãcrit ≈
(
−2
3b2

)2/3
[
Productlog

(
−3

2
b2

b3/2
1

)]2/3
≈ b−1

1
8, which can be

8 This type of function is called “Lambert W function” or “product logarithm” which is defined as f (z) = w so that the relation
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written as

Ãcrit ≈
Γ( 5

3 )
(

3
2

)2/3
c−1/3
ρ

λ2

〈σv〉′crit

〈σv〉′
. (3.42)

Based on our numerical calculation [38] and the result of [146] we can approximately choose λ ≈ 2.

Consequently, using eqs. (3.33), (3.38), (3.42) for “non–relativistic quasi static equilibrium” case the
relic abundance can be approximated by

Ωh2[QSEnr] ≈
21/2π3/4

31/251/4

geff(TRH)1/4B1/2
X′ MX′ Ã

3/2
crit e−

1
3 c−1/2
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2Tnowheff(TF)

Ωγh2 (3.43)

≈ 24/351/6π1/6Γ
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λL3/4geff(TRH)1/6MPl〈σv〉′TRH

geff(TF)heff(Tnow)
2Tnowheff(TF)
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(
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λ3L3/4geff(TRH)BX′M2
Pl〈σv〉

′2T 3
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geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2.

In this case the final dark matter density depends on φ properties only via TRH. Here, the relic density
is proportional to the X′ mass and also proportional to the reversed squared of its thermally averaged
annihilation cross section.

If X′ annihilation is efficient at TRH and T̂FO < TRH we are back in the standard scenario. In such
case the freeze–out happens when Hubble rate becomes equal to the annihilation rate of DM particles at
relativistic and non–relativistic regimes. After freeze–out the abundance of DM will be roughly constant.
Using H ≡ nX′,EQ 〈σv〉

′ (Hrad ∝ A−2 in radiation dominated epoch and H̃rad ' R1/2) and eq. (3.8) for
non–relativistic number density, we can derive the approximate relic density of DM in the standard
freeze–out scenario. The relic density for non–relativistic and relativistic dark matter particles in the
radiation domination period can then be estimated as [7, 146]

Ωh2[FOrad
nr ] ≈

4
√

5
√
π

x̂′FO

geff(T̂FO)1/2MPl〈σv〉′
geff(TF)heff(Tnow)

2Tnowheff(TF)
Ωγh2 , (3.44)

x̂′FO ≡
MX′

T̂FO
= log

 3
8π3

√
10

geff(T̂FO)
〈σv〉′gX′MX′MPl(x̂′FO)1/2

 ; (3.45)

Ωh2[FOrad
r ] ≈

30ζ(3)
π4

g̃X′MX′

geff(T̂FO)
geff(TF)heff(Tnow)

2Tnowheff(TF)
Ωγh2 . (3.46)

If the annihilation of DM particles is inefficient at TRH, the DM relic will be affected by X′ production
during the early matter dominated era and the branching ratio for φ→ X′ decay. Since most φ decays
occur at T ∼ TRH when X′ annihilation is assumed to be inefficient one can write [146]

ΩX′h2 = Ωannh2 + Ωdecayh2 . (3.47)

Using the third equation in (3.14) and eq. (3.25) along with ignoring the annihilation term of DM particles

and assuming the approximation e
− 2

3

(
cρ
ΦI

)1/2

≈ 1 after integration we can compute the contribution Ωdecayh2

between w and z is z = w ew. In the limit z � 1 we have f (z) ≈ z.
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from φ decays which is given by

Ωdecayh2 ≈
BX′TRHMX′

L3/4Mφ

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 . (3.48)

The first contribution to the rhs of eq. (3.47) stems from the interactions of X′ particles with the
thermal plasma during the matter dominated epoch. Recall that we are assuming these interactions to
be negligible at T ∼ TRH. However, this does not exclude the possibility that X′ might have been in
equilibrium at higher temperatures, still in the matter dominated epoch, and decoupled at temperature
TFO with Tmax > TFO > TRH. This can happen only for dark matter particles that were non–relativistic
at decoupling [146, 152], i.e. MX′ > TFO. Using Hmod ≡ nX′,EQ 〈σv〉

′ (H ∝ A−3/2 in the early matter
dominated epoch and H̃mod ' Φ

1/2
I ) and eq. (3.8) for non–relativistic equilibrium number density, we can

derive the approximate relic density of DM produced via freeze–out during φ domination. This “modified
non–relativistic freeze–out” scenario [38, 146] leads to

Ωannh2[FOmod
nr ] ≈

8
√

5π

geff(TRH)1/2

L3/4geff(TFO)

T 3
RHx′FO

4

MX′
3MPl〈σv〉′

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 , (3.49)

x′FO ≡
MX′

TFO
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geff(TFO)
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MX′
〈σv〉′ T 2

RH x′FO
5/2

]
. (3.50)

Note that here the contribution to the relic density is again inversely proportional to the annihilation cross
section, as in the case of standard thermal WIMPs. However, the dependence on TRH and MX′ is quite
different (and stronger) than in scenarios where X′ annihilation is still efficient at T ∼ TRH, c.f. eq. (3.43).

On the other hand, for sufficiently small annihilation cross section the X′ density never reached
equilibrium. As long as this cross section is not zero, there will nevertheless be a contribution to the dark
matter relic density from X′ pair production from the thermal plasma [38, 146]. This can be computed
from

X′(AF) ≈
c1/2

1 MPl 〈σv〉
′

T 5
RH

∫ AF

Amax

dA
A7/2n2

X′,EQ

H̃
, (3.51)

where Amax ≡ (8/3)2/5. Using eq. (3.8) and assuming x = MX′/T we obtain [146]

X′(AF) ≈
192

(125π7)1/2

T 7
RH MPl 〈σv〉

′ΦI

M12
X′

g3/2
eff

(TRH)

g3
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(T∗)

∫ MX′
TF

MX′
Tmax

dx′ x′11n2
X′,EQ , (3.52)

where T∗ is the temperature at which the integrand reaches its maximum. For non–relativistic X′ the
equilibrium number density can be treated as Maxwell–Boltzmann distribution so in this case the integral
is [146] ∫ MX′

TF

MX′
Tmax

dx′ x′11n2
X′,EQ =

g2
X′M

6
X′

4π4

∫ MX′
TF

MX′
Tmax

dx′ x′9K2(x′)2 . (3.53)

This integrand peaks at x ' 3.6 and T∗ ' 0.28MX′ . In the limits Tmax � TRH (Tmax → ∞) and TF � TRH

(TF → 0), we have the following estimation for the integral of eq. (3.53)
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χ ≡

∫ MX′
TF

MX′
Tmax

dx′ x′9K2(x′)2 ≈

∫ ∞

0
dx′ x′9K2(x′)2 ' 292.571 . (3.54)

When the DM is relativistic and produced via inverse annihilation of SM particles we can compute the
following integral using the assumption T∗ ≈ TRH/2 [38, 146]

∫ MX′
TF

MX′
Tmax

dx′ x′11n2
X′,EQ =

ζ(3)2g̃2
X′M

6
X′

π4

∫ MX′
TF

MX′
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dx′ x′5 ≈
26ζ(3)2g̃2

X′M
6
X′

6π4T 6
RH

, (3.55)

where the degrees of freedom for the number density of relativistic bosons (fermions) is denoted by
g̃X′ = gX′(3gX′/4) as before. Using eqs. (3.30), (3.52), (3.53), and (3.55) the relic abundance of DM in
case produced inversely from SM bath can be computed. As a consequence, the “inverse annihilation”
contribution both for relativistic (MX′ � TRH) and for non–relativistic (MX′ � TRH) X′ particles [38,
146]

Ωannh2[IAnr] ≈
48 χ g2

X′

53/2π15/2L3/4

geff(TRH)3/2T 7
RHMPl〈σv〉

′

geff(T∗)3MX′
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geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 ; (3.56)

Ωannh2[IAr] ≈
32ζ(3)2g̃2

X′2
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53/2π15/2L3/4

TRH MX′MPl〈σv〉
′

geff(TRH)3/2

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 . (3.57)

Note that this contribution is directly proportional to the annihilation cross section (which equals the X′

pair production cross section); this is true also in standard cosmology if the dark matter particles never
attained equilibrium, e.g. because the temperature was too low [153]. In the non–relativistic case the
dependence on TRH and MX′ is very strong. The production of X′ particles that were non–relativistic at
TRH peaks at T∗ ' 0.28MX′ , when the dark matter particles were in fact semi–relativistic. Note that eq.
(3.56) is valid only if Tmax is larger than T∗; otherwise this contribution is exponentially suppressed. In
contrast, the production of relativistic X′ particles peaks at T∗ ' TRH/2.

Altogether one can thus distinguish seven different X′ production mechanisms: QSEnr, FOrad
nr , FOrad

r ,
φ−decay, FOmod

nr , IAr, and IAnr. They dominate in different regions of parameter space. Of course, these
regions are smoothly connected, i.e. one can interpolate between these different regions.

Parameter regions where these different X′ production mechanisms are dominant are indicated in
Fig. 3.2 (and also 3.3, 3.4, and 3.5). Here and in the subsequent figures we use eq. (3.4) with α = 1 to
compute the total φ decay width, which in turn determines the reheat temperature via eq. (3.1). In this
figure we have assumed a rather heavy φ particle, and hence a value of TRH well above the temperature
of the QCD deconfinement transition. Moreover, we have assumed a constant (S−wave) X′ annihilation
cross section, and fixed B(φ → X′) = 10−5. We do not consider values of MX′ below 10 MeV, since
for MX′ � TRH the early φ−matter dominated epoch becomes essentially irrelevant. On the other hand,
we restrict ourselves to MX′ values below a few percent of Mφ, since otherwise the approximation of
instantaneous thermalization of φ decay products might loose its validity as remarked above.

We see that for MX′ ≤ TRH one recovers the results of standard cosmology. In particular, in the top–left
part of Fig. 3.2 one recognizes the usual WIMP strip, where ΩDMh2 comes out near the desired value if
〈σv〉′ ∼ 10−8 GeV−2. Recall that the freeze–out temperature in the radiation dominated epoch T̂FO is
about MX′/20; for 〈σv〉′ & 10−15 GeV−2 large deviations from standard cosmology therefore become
evident only for MX′ ≥ 10 GeV, which corresponds to T̂FO & TRH.
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Figure 3.2: The dark matter relic density for Mφ = 5×106 GeV, corresponding to reheating temperature TRH = 848.5
MeV, geff(TRH) = 73.46, and branching ratio B(φ → X′) = 10−5. The dark matter mass MX′ and the S−wave
annihilation cross section 〈σv〉′ = a are given on the x− and y−axis, respectively. The colored regions represent
different bins of the final dark matter relic density, computed including the full temperature dependence of geff and
heff , whereas the solid lines are contours of constant ΩX′h2 = 0.12 (deeper inside the yellow region) and 0.012,
respectively, under the approximation geff = heff = geff(TRH).

Still in the region of small MX′ another region with roughly correct DM relic density can be seen for
much smaller cross sections. In this “inverse annihilation” region there is sufficient X′ pair production
from the thermal plasma, but the X′ density never reaches thermal equilibrium. The results of standard
cosmology are now only recovered for MX′ . TRH; in this part of parameter space the “inverse annihila-
tion” mechanism can be considered to be an example of the freeze–in mechanism [145]. A review of
models and constraints on DM produced via freeze–in mechanism is done in [154].

For larger MX′ the standard WIMP region merges into a region where the correct relic density is
acquired via thermal freeze–out in the φ matter dominated epoch. Note that this requires significantly
smaller X′ annihilation cross section than in the WIMP region. The reason is that here the X′ density
keeps getting diluted by the entropy produced by φ decays; recall that the relic density is inversely
proportional to the annihilation cross section in both freeze–out regions, see eqs. (3.44) and (3.49).

The latter of these equations also shows that in this region the cross section required to obtain the
desired relic density scales like M−3

X′ . As MX′ is increased the cross section therefore rather quickly
becomes too small for X′ to achieve full thermal equilibrium. We should remember that the Hubble
parameter in the φ dominated epoch is (much) larger than in the radiation dominated epoch at the same
temperature, requiring a correspondingly larger cross section to obtain equilibrium. Nevertheless in
Fig. 3.2 the region where the DM density for X′ masses in the typical WIMP region (between 100 and
1000 GeV) comes out roughly correctly extends to very small cross sections, the dominant production
mechanism being “inverse annihilation” or, for even smaller 〈σv〉′, direct φ→ X′ decays.

Finally, there is another region with roughly correct relic density in Fig. 3.2, where the X′ annihilation
cross section is significantly larger than that required for thermal WIMPs in standard cosmology. Here
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Figure 3.3: The dark matter relic density for reheating temperature TRH = 10 MeV, corresponding to Mφ = 1.88×105

GeV, geff(TRH) = 10.84, and branching ratio B(φ→ X′) = 10−5. The x− and y−axis represent the dark matter mass
MX′ and the S−wave annihilation cross section 〈σv〉′ = a, respectively. The details of colored regions are shown in
the legend in the right hand side of figure. The solid lines are contours of constant ΩX′h2 = 0.12 (deeper inside the
yellow region) and 0.012, respectively, under the approximation geff = heff = geff(TRH) (like Fig. 3.2).

quasi–static equilibrium between X′ production from φ decays and X′ annihilation is attained. Eq. (3.43)
shows that here the required cross section scales like MX′ . This region therefore merges with the
“modified freeze–out” region for MX′ ' 100 GeV, but allows to reproduce the correct relic density for
very large X′ annihilation cross sections if the X′ mass is sufficiently large9.

Note that in Fig. 3.2 the DM relic density comes out roughly correctly for MX′ of a few hundred GeV
almost independently of the X′ annihilation cross section, as long as the latter does not exceed a few
times 10−7 GeV−2. This remains true [146] also for lower TRH, corresponding to lower α and/or lower
Mφ; however, the φ decay region then directly merges into the QSEnr region. Moreover, in Fig. 3.2 all
regions with approximately correct relic density are continuous. This is no longer the case for lower TRH,
where thermal effects are important only for smaller X′ masses; if the effective branching ratio Beff is
kept fixed, there is then an extended region of X′ masses where the X′ relic density is always too low,
independent of the X′ annihilation cross section [146].

Similar regions for different production mechanisms like the ones in Fig. 3.2 are shown in Figs. 3.3,
3.4, and 3.5 for reheating temperatures 10 MeV, 40 MeV, and 150 MeV (corresponding to moduli masses
Mφ = 1.88 × 105 GeV, Mφ = 4.94 × 105 GeV, and Mφ = 1.34 × 106 GeV), respectively. Other features of
these last three figures are the same as Fig. 3.2.

These gross features are not affected by an accurate treatment of the number of degrees of freedom in
the thermal plasma. However, the solid contours in Fig. 3.2 show that simply taking geff = heff = geff(TRH),
which seems to have been the approach used in ref. [146], can lead to sizable errors of the final DM
relic density. This is further illustrated in Fig. 3.6, where we show the predicted DM relic density as

9 The possibility to obtain the correct relic density in moduli–dominated scenarios where the annihilation cross section is too
large for the normal thermal WIMP scenario was to our knowledge first discussed in ref. [155].
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Figure 3.4: The dark matter relic density for reheating temperature TRH = 40 MeV, corresponding to modulus
mass Mφ = 4.94 × 105 GeV, geff(TRH) = 13.84, and branching ratio B(φ → X′) = 10−5. The x− and y−axis
represent the dark matter mass MX′ and the S−wave annihilation cross section 〈σv〉′ = a, respectively. The
details of colored regions are shown in the legend in the right hand side of figure. The solid lines are contours
of constant ΩX′h2 = 0.12 (deeper inside the yellow region) and 0.012, respectively, under the approximation
geff = heff = geff(TRH) (like Fig. 3.2).

function of MX′ . The solid, dashed and dash–dotted curves have been obtained by correctly treating the
full temperature dependence of geff and heff , by keeping geff and heff dependent on temperature but setting
d heff/d T = 0 in eq. (3.17), and by setting geff = heff = geff(TRH) everywhere, respectively.

We see that this last choice can over–predict the relic density by as much as two orders of magnitude;
see the blue (top) curves for MX′ ' 3 GeV. Here the relic density is determined by freeze–out during
the φ matter dominated epoch, with TFO not far from the QCD transition temperature where geff and heff

vary quickly. In this example, TRH = 40 MeV is well below the QCD transition, with geff(TRH) = 13.84.
Above the QCD deconfinement transition the actual geff is much higher, which means that the actual
temperature is lower than that predicted in the approximation geff = heff = geff(TRH).

Moreover, setting the dheff/dT = 0 over–predicts the relic density by about a factor of three even
for large X′ masses, where the relic density is set by direct φ → X′ decays, which are independent of
the thermal plasma. The reason is that the final physical DM density is obtained by normalizing the
dimensionless co–moving density X′ to the radiation energy density (or, equivalently, to the entropy
density). Unlike in standard cosmology, the co–moving entropy density is not constant during the epoch
of φ matter domination; the actual temperature, or entropy density, depends on the number of degrees of
freedom in the thermal plasma. Moreover, if one uses eq. (3.15) to compute the entropy density, including
the T dependence of heff but setting dheff/dT = 0 or, equivalently, if one uses the second eq. (3.14) to
describe the evolution of the radiation component, the entropy density sR will not be conserved in the
radiation–dominated epoch after φ decay.

This is further illustrated by Fig. 3.7, where we plot the rescaled dimensionless temperature T̄ =
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Figure 3.5: The dark matter relic density for reheating temperature TRH = 150 MeV, corresponding to Mφ =

1.34 × 106 GeV, geff(TRH) = 27.82, and branching ratio B(φ→ X′) = 10−5. The x− and y−axis represent the dark
matter mass MX′ and the S−wave annihilation cross section 〈σv〉′ = a, respectively. The details of colored regions
are shown in the legend in the right hand side of figure. The solid lines are contours of constant ΩX′h2 = 0.12
(deeper inside the yellow region) and 0.012, respectively, under the approximation geff = heff = geff(TRH) (like
Fig. 3.2).

T A/TRH as a function of A for TRH = 40 MeV and HI = 1015Γφ, which determines ΦI via ΦI =

3H2
I M2

Pl/(8πT 4
RH). Note that T̄ approaches a constant in the radiation dominated epoch if geff and heff are

constant. Since we assume initial temperature TI = 0, 10 see eq. (3.24), the universe goes through the
QCD transition twice in this example: once early on, during the rapid heating phase which peaks at the
maximal temperature estimated in eq. (3.20), and then again for much larger A, but (in this example) still
in the φ matter dominated epoch. The case of A < Amax for different evaluation of degrees of freedom is
shown in Fig. 3.8, all parameters are chosen like Fig. 3.7. This effect for very small scale factors is not
visible in Fig. 3.7. Since dheff(T )/dT ≥ 0 everywhere, the prefactor on the rhs of eq. (3.17) always tends
to slow down the evolution of T , or T̄ , with A. This implies a slower increase of T , and hence a reduced
Tmax, during reheating, but also a slower decline of T when the universe undergoes the QCD transition
for a second time. In particular, the simplified treatment with geff(T ) = geff(TRH) will considerably
overestimate the temperature, and hence thermal X′ production, as long as T > TQCD, as remarked above.

Note that in the φ matter dominated epoch the radiation content of the universe is basically determined
by φ decays occurring in the previous O(1) Hubble times; the radiation produced even earlier is quickly
redshifted and becomes irrelevant after a few Hubble times. Hence ρR(T ), or T itself, basically depends
on geff and heff only at temperatures T ' TRH . Therefore the curves in Fig. 3.7 essentially coincide in the
range of temperatures where geff(T ) ' geff(TRH).

Finally, the curves diverge again at very large A, well after all φ particles have decayed. This is
due to the decoupling of e+e− pairs, which increases the photon temperature by a factor 1.4 relative to

10 Effectively, the numerical value of initial temperature is TI = 10−13 GeV.
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TRH=40 MeV, a=10-13 GeV-2, geff=heff=geff[TRH]
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TRH=40 MeV, a=10-13 GeV-2, geff[T], heff[T]

TRH=40 MeV, a=10-8 GeV-2, geff=heff=geff[TRH]

TRH=40 MeV, a=10-8 GeV-2, dheff/dT=0

TRH=40 MeV, a=10-8 GeV-2, geff[T], heff[T]

TRH=150 MeV, a=10-5 GeV-2, geff=heff=geff[TRH]

TRH=150 MeV, a=10-5 GeV-2, dheff/dT=0

TRH=150 MeV, a=10-5 GeV-2, geff[T], heff[T]

10-2 10-1 100 101 102 103 104 105
-8

-6

-4

-2

0

2

4

6

MX′(GeV)

Lo
g 1
0
[Ω
X

′ h
2
]

Figure 3.6: The predicted DM relic density as function of the DM mass MX′ . Different colors refer to different
choices of input parameters, as indicated in the frame. The dot–dashed curves have been obtained by setting
geff = heff = geff(TRH) everywhere. The other curves use a temperature dependent geff when calculating ρR, but the
dashed curves have been obtained by setting dheff/dT = 0.

a calculation where this effect is ignored. Of course, in the case at hand one could have chosen to
terminate the numerical solution of the evolution equations at a value of AF such that TF > me while
still satisfying TF � TRH. Still, this feature shows that an accurate description of the evolution of the
universe in scenarios with a φ matter dominated epoch requires a careful treatment of the temperature
dependence of geff and heff over the entire range of temperatures.

The outcome of this discussion is that a simplified treatment that ignores the temperature dependence
of geff and heff will produce reliable results only if the final temperature TF is chosen that geff(TF) '
geff(TRH), and if thermal X′ production mechanisms are irrelevant at all temperatures T where geff(T ) ,
geff(TRH). The former condition can only be satisfied if geff remains essentially constant for an extended
range of temperatures around TRH, which in particular is not the case if TRH is near the QCD transition
temperature. Since the “(modified) freeze–out” and the “inverse annihilation” contributions to the X′

relic density depend on some range of temperatures T > TRH the question whether the second condition
is satisfied depends on several parameters (TRH,MX′ , 〈σv〉

′, BX′) in a rather complicated manner.
So far we have assumed the thermally averaged X′ cross section to be a constant. This is a good

approximation for non–relativistic X′ particles annihilating dominantly from S−wave initial states. In
Fig. 3.9 we compare this to results assuming 〈σv〉′ = 6bT/MX′ with constant b. This reproduces the
correct temperature dependence for non–relativistic particles annihilating from a P−wave initial state.
Since T/MX′ ' 0.05 for freeze–out in the radiation–dominated epoch, 6b needs to be more than one
order of magnitude larger than a in order to obtain the correct relic density in the usual WIMP scenario.
The difference between the allowed regions is much less in the green strip to the right, where thermal
effects are either irrelevant (φ−decay region) or peak at temperatures not far from MX′ (inverse anni-
hilation region); the one exception occurs in the QSE region, where the relevant temperature again satisfies
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Figure 3.7: Evolution of the scaled temperature with A.
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Figure 3.8: Evolution of temperature with A for very small scale factors which follows the evolution of degrees of
freedom even before the temperature reaches Tmax.
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Figure 3.9: Contours of different values of the DM relic density with mass Mφ = 5 × 106 GeV, corresponding to
TRH = 848.5 MeV. The dashed lines correspond to ΩX′h2 = 0.12 (for the lines deeper inside the yellow region) and
0.012 assuming a constant cross section 〈σv〉′ = a, whereas the colored regions have been obtained assuming a
constant parameter 6b in 〈σv〉′ = 6bT/MX′ .

T � MX′ . The biggest change occurs in the relativistic inverse annihilation region. In fact, using a
constant (T−independent) annihilation cross section for MX′ � T is unphysical; if X′ particles annihilate
via the exchange of mediators whose mass exceeds T , one instead expects 〈σv〉′ ∝ T 2, i.e. an even
stronger T−dependence. The difference in slope between the green strip and the region between the
dashed curves at small X′ masses and small cross sections therefore indicates that the treatment used in
ref. [146] is not reliable in our discussion. However, since this concerns the region of parameter space
that is not affected by the early φ−dominated epoch, we will not pursue this issue any further.

In Figs. 3.10 we explore the dependence of the DM relic density on the φ mass and the effective
branching ratio for φ→ X′ decays. In these figures the temperature dependence of geff and heff has been
treated carefully, but for simplicity we have assumed 〈σv〉′ = a to be independent of temperature; the
six frames correspond to different values of a, with fixed MX′ = 100 GeV (a typical value for a WIMP).
Note that we have used eq. (3.4) with α = 1 to compute the total φ decay width, which in turn determines
the reheat temperature via eq. (3.1); hence TRH scales like M3/2

φ in these figures.
In frame (a) we have chosen a rather large X′ annihilation cross section. Consequently the relic density

is very low, unless Mφ is rather small (so that TRH is well below T̂FO) and BX′ is sizable. One is then in
the QSEnr region of parameter space, where the relic density scales like T−3

RHMφ or M−7/2
φ , see eq. (3.43).

Note that the cross section required to achieve quasi–static equilibrium scales like 1/B1/2
X′ .

Recall that in this region of parameter space the relic density is proportional to the inverse squared of the
X′ annihilation cross section. Hence the region with too high relic density is considerably larger in frame
(b), which has one hundred times smaller 〈σv〉′. In fact, now the relic density is in the cosmologically
interesting range even in standard cosmology, which explains the large green region at large Mφ, where
TRH ≥ T̂FO.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.10: Contours of different values of DM relic density in the plane spanned by the modulus mass Mφ and the
φ→ X′ decay branching ratio BX′ . We have fixed the dark matter mass to MX′ = 100 GeV and different thermally
averaged cross sections, taken to be independent of temperature. The thermally averaged cross section 〈σv〉′ in
the figures is a) 10−6 GeV−2, b) 10−8 GeV−2, c) 10−9 GeV−2, d) 10−14 GeV−2, e) 10−20 GeV−2, f) 10−25 GeV−2,
respectively. These results have been obtained using a careful treatment of the temperature dependence of heff and
geff . The colors are as in Fig. 3.2.
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In the four remaining frames the X′ annihilation cross section is below that required for a thermal
WIMP in standard cosmology. The final DM density will then always be too large if BX′ > 10−4; for
these small cross sections, there is no mechanism to sufficiently reduce a large X′ density produced
directly from φ decays. Note that even if φ particles do not directly couple to X′ particles, φ decays
into two SM particles plus two X′ particles (or an X′X̄′ pair, if X′ is not self–conjugate) will in general
still occur [148]. However, the resulting branching ratio is expected to correlate with 〈σv〉′, so that a
small cross section also implies a small branching ratio for these four–body modes, since both processes
depend on the coupling of X′ to SM particles.

Even if BX′ < 10−4, the relic density will be too large for X′ particles with annihilation cross section
below that of standard thermal WIMPs if Mφ is too large. Recall that large Mφ implies large TRH and
hence (too) large contribution to the X′ density either from inverse annihilation or, for yet larger Mφ,
from the standard thermal freeze–out scenario.

The former dominates in the green regions at small BX′ in the last three frames of Fig. 3.10. For the
chosen DM mass MX′ = 100 GeV, we see that Mφ . 107 GeV is required, unless the X′ annihilation
cross section is many orders of magnitude below that of thermal WIMPs. For non–relativistic X′ particles
the annihilation cross section often scales like M−2

X′ . In this case we find numerically that the upper bound
on Mφ scales roughly like M2/3

X′ . This agrees with the estimate of eq. (3.56) for the contribution to the
DM relic density from inverse annihilation during the φ matter dominated epoch. The same equation
also shows that the upper bound on Mφ will scale like M10/21

X′ , or roughly like
√

MX′ , if we keep the
annihilation cross section independent of MX′ ; whereas for fixed X′ mass, the lower bound on Mφ will
scale like (〈σv〉′)−2/21, which explains why the blue region in the last three frames of Fig. 3.10 only grows
rather slowly even though the annihilation cross section is reduced by more than 10 orders of magnitude.

3.4 Dependence on Initial Conditions

In the previous Section we had assumed that the radiation and X′ densities initially vanish exactly. This
is completely realistic only if φ is a (weakly coupled) inflaton decaying purely perturbatively into X′

particles and/or radiation. In contrast, in moduli cosmology one assumes that inflaton decay first reheats
the universe as usual. However, φ attains a large value during inflation, so that eventually its density
dominates the total energy density. In this case the temperature will not be zero at any time after inflaton
decay. Of course, it stands to reason that if the epoch of φ domination is sufficiently long, the initial
temperature will not matter, so imposing eqs. (3.24) will be a good approximation. In this Section we
investigate quantitatively what impact a non–vanishing radiation content can have.

Even if at some sufficiently early time the universe is radiation dominated, ρR > ρφ, eventually these
two densities will become equal if φ particles are sufficiently long–lived, since the ratio ρφ/ρR (ρφ ∝ a−3

and ρR ∝ a−4) increases proportional to the scale factor a. For a short time after this, the total radiation
density will still be dominated by the “primordial” component. In this “adiabatic regime” (in the notation
of ref. [156]) the temperature T ∝ a−1 because of entropy conservation. In the subsequent “non–adiabatic
regime”, most radiation already comes from φ decay and T ∝ a−3/8 as in eq. (3.19). Note that (after
inflaton decay) the temperature of the universe never increases in this scenario, as already pointed out in
ref. [7].

It would be tempting to simply define our “initial” time, and “initial” scale factor, such that ρφ,I = ρR,I .
However, the case with initially vanishing radiation density could then not be covered. Moreover, at
this initial time our dimensionless scale factor A would usually not be equal to 1. We therefore prefer
to define our initial conditions such that A = 1, and describe the initial radiation density through the
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dimensionless parameter

µ =
ρR,I

ρφ,I
. (3.58)

The case covered in the previous Section obviously corresponds to µ = 0, but very large (positive) values
of µ are in principle possible which leads to radiation domination. We assume that the energy density of
dark matter particles is initially negligible compared to ρφ + ρR. This should be a good approximation
even if the initial temperature TI ≥ MX′ and X′ particles were in full equilibrium, simply because the total
number of relativistic degrees of freedom should be much larger than g̃X′ . The initial Hubble parameter
is then given by

H2
I =

8π
3M2

Pl

(
ρφ,I + ρR ,I

)
=

8πΦIT 4
RH

3M2
Pl

(1 + µ) . (3.59)

In the second equality of above equation we changed the variables as introduced in eq. (3.10). In our
numerical examples we take HI (in units of Γφ) and µ as free parameters. The initial co–moving densities
of scalar and radiation can then be written as

ΦI =
3M2

PlH
2
I

8πT 4
RH (1 + µ)

,

RI = µΦI . (3.60)

So using eq. (3.13) we define the initial temperature as

TI = TRH

(
30

π2geff(TI)
RI

) 1
4

. (3.61)

In our numerical analyses we take geff(TI) = 106.75 (Table 2.1 of Chapter 2), which is the total number
of degrees of freedom in the Standard Model if T � mt (top quark mass).

After the initial time, but before most φ particles have decayed, the dimensionless Hubble parameter
H̃ can be estimated as

H̃ ' Φ
1
2
I

(
1 +

µ

A

) 1
2
, (3.62)

where we again have neglected the contribution from X′ particles. Evidently the second term on the
rhs of eq. (3.62) becomes negligible once A � µ; in this epoch the universe is again matter dominated.
Recall, however, that φ particles do eventually decay at A ' Adecay, see eq. (3.26). For µ & 1, the φ matter
dominated epoch therefore occurs for

µ � A .
(
3
2

γ

(1 + µ)1/2 + 1
)2/3

, (3.63)

where γ = HI/Γφ, see eq. (3.27). If µ > 1, an extended period of φ matter domination therefore requires
µ2 � γ.

On the other hand, γ cannot be arbitrarily large in the post–inflationary universe. We certainly need
H < MPl in order to treat gravity classically, see e.g. [157]. In inflationary cosmology the smallness of
the density perturbations, and the upper bound on primordial gravitational waves, requires H . 10−5MPl
during inflation [7], and hence also afterwards. We therefore adopt the bound HI < 10−5MPl, which by
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using eqs. (3.4) and (3.27) implies

γ <
10−5

α

(
MPl

Mφ

)3

. (3.64)

The rhs of (3.64) is therefore also an upper bound on µ2 if the universe is to undergo a φ matter dominated
epoch.

Since X′ production or annihilation has little effect on the thermal plasma, the final radiation density is
simply given by

RF ' RI + RF(µ = 0) , (3.65)

where RF(µ = 0) has been given in eq. (3.28). If µ2 � γ, the first term on the rhs of eq. (3.65) is
negligible, i.e. if the universe underwent an extended period of φ matter domination, the final radiation
density will come mostly from φ decays.

However, the initial conditions may affect the final DM relic density even if there is an epoch of φ
matter domination. So far we have only specified the initial radiation density in terms of µ. In complete
generality the initial X′ density is another free parameter. However, we wish to avoid the proliferation of
parameters, and therefore write the initial (co–moving) X′ density as

X′I =

(
1

TRH

)3
gX′TI MX′

2

2π2 K2

(
MX′

TI

)
. (3.66)

We use the above equation in our numerical calculation. This is based on the Maxwell–Boltzmann
distribution, but it is still a reasonably good approximation for bosons and fermions from relativistic to
non–relativistic limits, as long as X′ is (approximately) in full thermal equilibrium with the hot plasma.
This in turn should be true if TI & MX′ unless the X′ annihilation cross section is very small: equilibrium
should be reached if nX′,EQ(TI)〈σv〉′ & HI , which by putting nX′,EQ(TI) (the relativistic case is appropriate
at TI) from eq. (3.8) and HI from eq. (3.59) we have

gX′〈σv〉
′ &

(
4geff(TI)(1 + µ)

45µ

)3/4

π17/4 1√
αγM3

φMPl

, (3.67)

where we used the approximation g̃X′ζ(3) ' gX′ . Here we have again considered HI = γΓφ and used
eq. (3.4) for Γφ. The condition (3.67) can only be violated if either µ or 〈σv〉′ is very small. In the former
case eq. (3.66) in any case predicts a very small initial X′ density, so it doesn’t matter that this small
number may not be correct. In the latter case interactions of X′ with the thermal plasma will certainly
remain negligible at later times, so we can write the final X′ as sum of the initial value (which may not be
given by eq. (3.66) then) and a possible contribution from direct φ→ X′ decays

X′F ' X′I + X′F(,Br), with X′F(,Br) =
BX′TRHΦI

Mφ
. (3.68)

We are now ready to present some numerical results. In Fig. 3.11 we show the final DM relic density
for the same φ mass and BX′ as in Fig. 3.2. We chose two different values of the initial radiation (and
X′) density, parameterized by µ: µ = 10−5 (left column) and µ = 1 (right column). Moreover, we
chose three different values for the initial Hubble parameter, parameterized by γ: γ = 1010 (first row),
γ = 1015 (second row), and γ = 1020 (third row). Since µ ≤ 1, in all examples the universe is dominated
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(a) (b)

(c) (d)

(e) (f)

Figure 3.11: Contours of constant relic density for different initial conditions. The meaning of the differently
colored regions is as in Fig. 2; note that we only show results where the evolution of the number of degrees of
freedom with temperature has been treated carefully. We have taken Mφ = 5 × 106 GeV and α = 1, leading
to TRH = 848.5 MeV, and BX′ = 10−5. The six frames are for different combinations of γ and µ: (γ, µ) = a)
(1010, 10−5), b) (1010, 1), c) (1015, 10−5), d) (1015, 1), e) (1020, 10−5), f) (1020, 1).
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by φ matter for all A between 1 and Adecay defined in eq. (3.26). Note that condition (3.63) is satisfied in
all these cases.

We see that the initial conditions do not affect the final DM density if the X′ annihilation cross section
is sufficiently large. We saw in the previous Section that X′ particles then achieve full thermal equilibrium
with the hot plasma during the epoch of φmatter domination; for sufficiently high TRH, X′ will drop out of
equilibrium only after all φ particles have decayed. Adding a non–vanishing initial radiation component
increases the temperature relative to the case µ = 0, making it easier for X′ to attain thermal equilibrium.
Hence any scenario that leads to X′ freeze–out for µ = 0 will have X′ in thermal equilibrium also for
some time during φ domination. This period of thermal equilibrium will wipe out any dependence of the
final X′ density on the initial conditions. For the parameters of Fig. 3.11 this is true for 〈σv〉′ & 10−12

GeV−2.

Hence the initial conditions can affect the final DM density only if for µ = 0 the latter is determined by
the “inverse annihilation” or “φ decay” mechanisms discussed in the previous Section, see eqs. (3.48),
(3.56) and (3.57). The results obtained for µ = 0 will then only be approximately correct if the initial
value X′I is much less than the final value of X′ produced during the epoch of φ matter domination. From
these equations and the initial condition (3.66) we find that the initial contribution is negligible if

µ3/4(1 + µ)1/4

γ1/2 � κφ−decayBX′

(
αMφ

MPl

)1/2

,

κφ−decay ≈

(
π5geff(TI)3

26 32 53

)1/4
π2

g̃X′ζ(3)
; (3.69)

µ3/4(1 + µ)1/4

γ1/2 � κIAnr

α1/2M3/2
φ M1/2

Pl T 6
RH〈σv〉

′

M6
X′

,

κIAnr ≈

(
π5geff(TI)3

26 32 53

)1/4 48χg2
X′geff(TRH)3/2

53/2π11/2ζ(3)g̃X′geff(T∗)3 ; (3.70)

µ3/4(1 + µ)1/4

γ1/2 � κIArα
1/2M3/2

φ M1/2
Pl 〈σv〉

′ ,

κIAr ≈

(
π5geff(TI)3

26 32 53

)1/4 211ζ(3)g̃X′

53/2π11/2geff(TRH)3/2 . (3.71)

The inequality in (3.69) applies if X′ production in the epoch of φ domination is from direct φ → X′

decays, while the inequalities in (3.70) and (3.71) apply if the main X′ production mechanism for µ = 0
is inverse annihilation, with X′ being non–relativistic and relativistic, respectively. In these inequalities
we have only displayed the dependence on the free parameters; numerical coefficients and degrees of
freedom are collected in the κ’s. Altogether the initial contribution to the X′ density will be negligible if
the lhs (left hand side) is (much) less than the largest of the right–hand sides of three inequalities.

When deriving these inequalities we have assumed that the initial temperature is larger than MX′ , so
that X′I ∝ T 3

I is not exponentially suppressed. Moreover, we have assumed that the condition (3.63) is
satisfied, so that the universe underwent an extended period of φ matter domination. Finally, we have
used eq. (3.4) to compute Γφ; this is needed, since we express the initial Hubble parameter, and hence ΦI ,
in terms of γ defined in eq. (3.27).

The inequality in (3.69) is relevant for MX′ & 10 GeV and 〈σv〉′ . 10−18 GeV−2. For the parameters
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-13 GeV-2, dheff/dT=0, MX′=5 GeV

TRH=40 MeV, a=10
-13 GeV-2, geff=heff=geff[TRH], MX′=5 GeV

TRH=40 MeV, a=10
-13 GeV-2, geff[T], heff[T], MX′=5 GeV

10 104 107 1010 1013 1016
100

104

106

108

1010

A

T
[A
]×
A
/T
R
H

Figure 3.12: Evolution of the scaled temperature with respect to A for non–vanishing dark matter and radiation
densities with µ = 1 and γ = 1015.

used in Figs. 3.11 the rhs amounts to about 3 × 10−10. The values of the lhs in the six frames are almost
of order 2 × 10−9 in (a), 10−5 in (b), 6 × 10−12 in (c), 4 × 10−8 in (d), 2 × 10−14 in (e), and 10−10 in
(f). Correspondingly in the lower–right parts of the plane shown in Fig. 3.11 the initial contribution X′I
dominates in (a), completely dominates in (b) and (d), is subdominant but not completely negligible in (f)
(in this case the rhs of the inequality of (3.69) is larger than the lhs but not much larger than that) and can
be neglected in (c) and (e). The regions with approximately correct final DM density which is dominated
by X′I are labeled as X′Init in Figs. 3.11.

The situation is a bit more complicated in the part of parameter space where X′ production is dominated
by inverse annihilation if µ = 0, since the rhs of the inequalities in (3.70) and (3.71) explicitly depend on
the annihilation cross section and – for the inequality in (3.71) – the mass of the DM particle. Let us
focus on the region near the center of the plots, with MX′ ' 50 GeV and 〈σv〉′ ' 10−17 GeV−2, where
the inverse annihilation process produces approximately the correct relic density for µ = 0, with the
DM particles being non–relativistic already at production. The rhs of the inequality in (3.70) is of order
4 × 10−10 here. The lhs are like the ones explained in previous paragraph. Correspondingly in this central
part of the parameter plane X′I to some extent dominates in (a) (again in this case the rhs of the inequality
of (3.70) is larger than the lhs but not much larger than that), completely dominates in frames (b) and (d),
is negligible in (c) and (e), and contributes about equally in (f).

To verify the inequality of (3.71) in the relativistic inverse annihilation case we consider 〈σv〉′ ' 10−24

GeV−2. We do not need to consider the DM mass, since the rhs of this inequality (3.71) does not depend
on it. Using this thermally averaged cross section the rhs is of order 3 × 10−7. This value causes the left
lower part of Fig. 3.11 which corresponds to IAr dominates in all frames except in frame (b) where the
value of lhs of inequality (3.71) is of order 10−5.

We thus see that for small DM annihilation cross section, one may need γ > 1020 in order to be
independent of the initial conditions, even if we require the initial radiation density to be not larger
than the initial φ mass density. In contrast, for µ = 0 the final DM relic density is independent of γ
once γ & 107. Note that for µ = 1, TI ∼

√
γTRH. Since BBN constraints imply TRH ≥ 4 MeV and TI
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should be smaller than the reheat temperature after inflation, the latter would have to be at least 108

GeV if γ ∼ 1020. For the parameters of Fig. 3.11, γ > 1020 with µ = 1 implies TI & 1010 GeV. Note,
however, that possible problems from a high post–inflationary reheat temperature, e.g. overproduction of
gravitinos, are alleviated by the huge amount of entropy produced during the very long epoch of φ matter
domination and out–of–equilibrium decay of φ particles.

Finally, we should mention that considering the evolution of degrees of freedom is also important for
non–vanishing initial DM and radiation densities in an early matter matter dominated epoch. This case is
shown in Fig. 3.12, where the initial DM and radiation densities are equal (µ = 1 and γ = 1015), with three
approaches to the treatment of degrees of freedom of SM. These cases are geff = geff(TRH) = heff(TRH)
(dashed dotted line); geff(T ), heff(T ) and dheff/dT = 0 (dashed line); geff(T ) and heff(T ) (solid line). The
plot of Fig. 3.12 shows T [A]A/TRH versus A. For scale factors A . 106 and A & 1010 the universe is
radiation dominated; however, for 106 . A . 1010 is matter dominated. As Fig. 3.12 shows T [A]A/TRH

is almost constant in radiation domination and T [A]A ∝ A5/8 in matter domination. In Fig. 3.12 in
contrast to Fig. 3.8 the diagram passes the QCD transition only once; due to this fact the effect we
showed in Fig. 3.8 for very tiny scale factors is not present here. However, consideration of the evolution
of degrees of freedom represents itself in Fig. 3.12 at very large scale factors for the three cases we
mentioned.

3.5 Summary and Conclusions

In this Chapter which is based on our paper [38], we studied the production of DM particles in non–
thermal cosmological scenarios with an early matter dominated era. Such scenarios can naturally occur
in inflationary cosmology when a UV–complete theory contains a scalar particle φ (modulus) with mass
smaller than the Hubble scale during inflation. This scalar is heavy with respect to SM particles and
long–lived due to greatly suppressed couplings, coming from the presence of Planck mass squared in the
denominator of its decay width, to SM particles. We used the evolution of relativistic degrees of freedom
for energy and entropy density (geff in eq. (3.2) and heff in (3.15)) with respect to temperature, to improve
previous analyses of this non–thermal DM production scenario. We calculated these degrees of freedom
in Chapter 2. Moreover, we have investigated the effect of a non–vanishing initial radiation and DM
density.

Our study shows that a careful treatment of the temperature dependence of heff is very important for
different DM production mechanisms over large regions of parameter space as it can be seen in Figs. 3.2,
3.3, 3.4, and 3.5. In fact, this generally contradicts with the usual WIMP freeze–out scenario in standard
cosmology. In such case the evolution of entropy degrees of freedom heff is only important when the
temperature changes rapidly around the decoupling temperature. Even then, the effect does not exceed the
10% difference in relic density for S–wave annihilation cross section (Fig. 2.5 of Chapter 2). The main
reason is that we always normalize the DM density to the radiation density, or equivalently to the entropy
density. In the absence of any phase transition or heavy particle decay the co–moving entropy density of
the universe in the standard cosmology is constant after inflationary period. However, in the scenarios
we considered in this Chapter this is not true, where the decay of φ particles have produced almost all
of the entropy density. This fact causes a significant error in the predicted final DM relic density. In
addition, the sensitivity of different production mechanisms with respect to various treatments of degrees
of freedom variates. Especially relativistic and non–relativistic “inverse annihilation” in ref. [38, 146] are
more sensitive than others.

We mentioned earlier in the non–thermal scenario that we consider here the final relic density variates
with respect to standard cosmology, depending on the choice of different free parameters. As we
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know WIMPs with annihilation cross section lower than the required value of the thermal production
are overabundant. However, our results in Fig. 3.10 represents if DM particles are produced non–
thermally with annihilation cross section below the canonical value for WIMPs, the relic density is too
high except for the cases where the branching ratio of direct decay of modulus to DM (φ → X′) is
below 10−4(MX′/100 GeV), and the φ particles are not too heavy, Mφ . 107 GeV(MX′/100 GeV)2/3.
Remembering eq. (3.4) the moduli decay width is suppressed by M−2

Pl , it is the case in almost all moduli
or Polonyi models, then Mφ < 107 GeV implies a reheat temperature much lower than 1 GeV (TRH . 1).
We can avoid this bound only if the DM annihilation cross section is more than 10 orders of magnitude
below the cross section of thermal WIMPs. In such a case the current DM searches (direct, indirect and
at colliders) can not probably find a signal of DM particles. We found this bound by assuming that the
initial radiation and DM abundance are negligible. Avoiding this assumption only affects the final relic
density of DM so this bound will be valid in general.

Moreover, we studied the effect of non–vanishing initial radiation and DM density. The ratio of initial
radiation and φ matter (modulus) densities are parameterized by µ . Also, we argued that due to high
temperatures at early times the initial density of DM particles is non–zero and we can estimate it from the
equilibrium number density of DM (eq. 3.8). If the DM annihilation cross section is (very) large so that
DM particles reached thermal equilibrium during modulus domination epoch and possibly afterwards, the
initial radiation density does not affect the final relic density. However, for small DM annihilation cross
section a small non–zero value of µ parameter can influence the relic abundance significantly, in case the
φ matter dominated era does not last very long. The interval of early matter domination is parameterized
by the ratio γ of initial Hubble rate to the total decay width of modulus φ (eq. 3.27). Finally, we find that
only if γ > 1020µ3/2

√
1 + µ(10−5/BX′)2(107 GeV/Mφ) (Fig. 3.11), where BX′ is the branching ratio for

direct decays of modulus φ to DM particles X′, the final relic density of DM does not depend on µ values.
Besides, a long enough period of modulus domination occurs only if γ � max(1, µ2).

On scales smaller than the Hubble scale density perturbations will increase linearly with the scale factor
during the early period of φ matter (modulus) domination [7]. In fact, this improves the perturbation
spectrum at very small scales relative to radiation domination era in standard cosmology. Even though,
in most cases we studied here for non–thermally produced DM particles, they will quickly thermalize
with SM particles to reach the kinetic equilibrium. This leads to the fact that their free–streaming length
becomes much larger than the size of the density perturbations that are enhanced during the time of early
matter domination, this phenomenon causes the effective erasure of these perturbations again. Similar
consequence occurs for very weakly coupled DM particles that did not thermalize after being produced.
They would have to be produced predominantly directly from φ decay. Except for DM particles that
are produced non–relativistically, e.g. DM mass of the order MX′ ' Mφ/2 from direct modulus decay
φ→ X′X′, the free–streaming length of X′ particles are too large for the early “minihaloes” to form and
survive [158, 159]. Consequently, the framework we studied in this Chapter in almost all production
mechanisms replicates the predictions of standard cold dark matter regarding structure formation issues.

As we noted earlier, the presence of an early period of matter domination by a heavy scalar with
Planck suppressed decay rate can yield the correct relic abundance for different regions of DM mass and
annihilation cross section parameter space. These sets of valid 〈σv〉′ can be smaller or larger than that
required for thermal WIMPs produced in a radiation dominated era. Essentially, we can determine the
annihilation cross section of DM particles by their annihilation in today’s universe; this is possible when
we can quantify the density of DM (knowing the parameters) in the location of annihilation event. In
addition, we can measure the coupling the DM particles from collider physics experiments [160–162].
By having the couplings one can calculate the annihilation cross section and check if it is in agreement
with the thermal WIMP scenario, or if it has smaller or larger value than the WIMP one which we studied
in our non–thermal cosmology framework. Eventually, we should emphasize that since the φ modulus
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particle are significantly heavy, and feebly coupled, we will not be able to directly observe them in the
foreseeable future.

In our (to some extent) simple scenario for non–thermal production of DM we had to solve the set
of Friedmann–Boltzmann differential equations numerically for modulus (φ matter), radiation, and
DM. This calculation is done over a large range of Hubble parameter, time, or scale factors which is
computationally rather expensive11. Consequently, in this Chapter (based on ref. [38]) we chose the
thermally averaged annihilation cross section of DM particles to be constant in most cases; which is the
simplest approximation.

In the next Chapter we intend to use the results of this Chapter on DM production in an early matter
(φ) dominated epoch, including the full energy (or temperature) dependence of the annihilation cross
section, along with the numerical values of evolving degrees of freedom, from Chapter 2 to study the
production of the well–motivated DM candidate particle i.e. neutralino in non–thermal scenarios with
low reheating temperatures.

11 The calculation is done on the “BAF” cluster of Physikalisches Institut. We used Mathematica program to do the scan over
the parameter space of DM mass and cross section (colourful figures) for about 50000 points in each figure.
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CHAPTER 4

Neutralino Dark Matter in Low Reheating
Scenarios

4.1 Introduction

Neutralino as a weakly interacting massive particle (WIMP), and the most favourable supersymmetric
DM candidate has been widely studied in the last years [163, 164]. However, recent direct [24–29],
indirect [19–23] and collider searches [30–35] have not found any evidence for it assuming it is produced
thermally in the early universe i.e. a thermal WIMP.

TeV scale supersymmetry until the second run of large hadron collider (LHC) was the most well–
motivated theory to explain DM, hierarchy problem, gauge unification, etc [17, 118]. Since no new physics
signal have been found yet, it might seem that SUSY is becoming less attractive among phenomenologists.
However, it is still possible to have a slightly fine–tuned SUSY theory with masses heavier than TeV scale
[165]. Also, if one should sacrifice the TeV scale SUSY as a natural solution to hierarchy problem and
naturalness, there is still hope to have DM and grand unification in a supersymmetric theory assuming
the mass of scalar partners is split from fermion partners at lower energy scale [129, 130].

One alternative solution to have a viable DM candidate in a SUSY theory may be to relax the condition
on the required relic abundance for WIMP DM and to go beyond the thermal WIMP assumption [16].
This can happen by considering SUSY as an effective theory of a UV-complete one like superstring
theory or its supergravity version [131, 143, 144]. This can be one of the correct ways to look at DM
paradigm and beyond the standard model physics. In such a scenario the early moments of cosmology
between the inflationary era and BBN can be different from the standard approach where only radiation
dominates the universe.

In the standard cosmology when the temperature of the universe goes below 5% of WIMP mass the
freeze–out happens [163, 164]. However, this scenario can change in the presence of an early epoch of
matter domination. It is also quite possible that due to lack of our knowledge about the pre big bang
nucleosynthesis (BBN) era of cosmology the production mechanism of dark matter (DM) can be different
from that of the thermal WIMP. UV-complete theories like superstring theory propose the presence of
some heavy long–lived scalar fields (due to Planck suppression in their decay width) i.e. moduli which
dominate the energy density of the universe [109–114, 122–125]. The decay of these fields can affect
the thermal history after inflation by producing radiation and DM [38, 146]. However, the reheating
temperature at the time of their decay should be higher than 4 MeV not to spoil the success of BBN [121,
126–128].

Different types of neutralino DM in low reheating scenarios are studied in the literature [108, 131, 132,
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138, 166–169]. However, the details of Friedmann–Boltzmann equations are not considered in [107, 170,
171]. In [166] the effects of degrees of freedom are not included properly due to neglecting the equation
regarding entropy production. Moreover, different regions with correc relic density are not illustrated.
In [168] different production mechanisms and the effects of initial dark matter and radiation densities
are not discussed. Also, the degrees of freedom used in the calculation have not treated the QCD effects
properly.

In this Chapter which is based on paper [39] we study the production of neutralino DM in scenarios
with low reheating temperature with considering the properties which are ignored in the previous studies.
In Sec. 4.2, we illustrate the minimal supersymmetric standard model (MSSM) and consider neutralino
DM in such context. Afterwards, we illustrate our set of Friedman–Boltzmann equations in a universe
dominated by a heavy scalar field (which we studied in Chapter 3) to compute the DM relic density
(Sec. 4.3). Then, we briefly review neutralino properties in thermal scenario (Sec. 4.4). Moreover, we
show the regions where different neutralino types can be produced non–thermally to match the observed
DM yield (Sec. 4.5). By using the modified version of micrOMEGAs code [172] we compute its relic
abundance in different SUSY scenarios. In Sec. 4.6 we discuss experimental constraints on neutralino
DM and different low reheating scenarios which can yield the correct relic density for neutralino. These
scenarios match with the ones shown in Sec. 4.5 for various choices of moduli masses and branching
ratios. Finally, we summarise our results in Sec. 4.7.

4.2 Minimal Supersymmetric Standard Model

Since the details of derivation of SUSY Lagrangian is beyond the scope of this thesis and is already
widely studied in the literature [17, 115–120], we will only mention the superpotential and soft breaking
terms which are relevant for our discussion. The superpotential for the MSSM which respects gauge
symmetry, renormalizability, and R–parity conservation is given by [17]

WMSSM = yuūHu · Q − ydd̄Hd · Q − yeēHd · L + µHu · Hd , (4.1)

where “·” means iσ2 and σ2 is the second Pauli matrix. Also, Yukawa matrices are shown by y’s. The
chiral superfields for Higgses, left and right (up and down) handed quarks, left and right handed leptons
are denoted by Hu and Hd, Q and ū and d̄, L and ē, respectively. SUSY should be broken at some scale,
since we do not see any SUSY particle around with a mass similar to its SM partner. Consequently,
we mention the “Soft SUSY breaking terms” which are added to the SUSY Lagrangian to prevent the
appearance of quadratic divergences [17] in the following

Lsoft = −
1
2

(
M3g̃g̃ + M2W̃W̃ + M1B̃B̃ + c.c.

)
(4.2)

−
(
auũ†HuQ̃ + add̃†HdQ̃ + aeẽ†HuL̃ + c.c.

)
−

(
Q̃†m2

Q̃Q̃ + L̃†m2
L̃L̃ + ˜̄u†m2

˜̄u
˜̄u + ˜̄d†m2

˜̄d
˜̄d + ˜̄e†m2

˜̄e
˜̄e + m2

Hu
H∗uHu + m2

Hd
H∗dHd

)
− (BµHu · Hd + c.c.) .

In WMSSM and Lsoft we consider all three generations of fermions 1. In eq. 4.2, the terms include M3,
M2, and M1 denote gluino, wino, and bino mass terms, respectively. The parameters au, ad, and ae are
complex 3 × 3 matrices in family space for trilinear couplings. Sfermions mass 3 × 3 matrices are shown

1 Here c.c. means the complex conjugate of previous terms in the parantheses.
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by m2
Q̃

, m2
L̃

, m2
˜̄u
, m2

˜̄d
, and m2

˜̄e
. The doublets of left handed squarks and sleptons by Q̃ and L̃, and singlets

of handed up and down–type squarks, and sleptons by ˜̄u, ˜̄d, and ˜̄e are shown, respectively. Masses, m2
Hu

and m2
Hd

, and bilinear terms, Bµ, are for the up and down Higgs doublets.
In MSSM with R–parity conservation the lightest supersymmetric particle (LSP) can be neutralino (as

a Majorana fermion) which may also be the DM candidate [18]. The neutralino mass matrix in the flavor
basis can be written as [17]

Mχ̃ =


M1 0 − cos β sin θW mZ sin β sin θW mZ

0 M2 cos β cos θW mZ − sin β cos θW mZ

− cos β sin θW mZ cos β cos θW mZ 0 −µ

sin β sin θW mZ − sin β cos θW mZ −µ 0

 . (4.3)

The mass matrix can be diagonalized with a matrix N in the following way to get the mass eigenvalues
[17]

χ̃i = Ni jψ
0
j ,

4∑
j=1

N2
i j = 1 . (4.4)

Neutralino mass matrix is a combination of bino, wino, and higgsinos, i.e. χ̃i = Ni1B̃ + Ni2W̃0 + Ni3H̃0
1 +

Ni4H̃0
2 [17]. We have the masses of different neutralinos in the following [17]

N∗Mχ̃N−1 =


mχ̃1 0 0 0
0 mχ̃2 0 0
0 0 mχ̃3 0
0 0 0 mχ̃4

 . (4.5)

In the following limit
mZ � |µ ± M1|, |µ ± M2|, (4.6)

the mass eigenstates of neutralino can be considered as a “bino–like” χ̃1 ≈ B̃, a “wino–like” χ̃2 ≈ W̃0,
and “higgsino–like” χ̃3, χ̃4 ≈

(
H̃0

u ± H̃0
d

)
/
√

2, where the mass eigenvalues are given by [17]

mχ̃1 = M1 −
m2

Z sin2 θW(M1 + µ sin 2β)

µ2 − M2
1

+ . . . , (4.7)

mχ̃2 = M2 −
m2

W(M2 + µ sin 2β)

µ2 − M2
2

+ . . . , (4.8)

mχ̃3 ,mχ̃4 = |µ| +
m2

Z(I − sin 2β)(µ + M1 cos2 θW + M2 sin2 θW)
2(µ + M1)(µ + M2)

+ . . . , (4.9)

|µ| +
m2

Z(I + sin 2β)(µ − M1 cos2 θW − M2 sin2 θW)
2(µ − M1)(µ − M2)

+ . . . , (4.10)

where I = ±1 denotes the sign of µ parameter. After diagonalising the neutralino mass matrix depending
on the values of M1, M2 and µ different types of neutralino can be dominant in every four mass eigenstates.
However, the lightest neutralino will play the role of DM [17].

The MSSM formalism given by eqs. (4.1) and (4.2) has 105 free parameters in addition to 19 free
parameters of SM. To be consistent with the phenomenological observations at the weak scale, no flavor
changing neutral current, no new source of CP–violation, and universality in first and second generations
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can be assumed [173]. Using these assumptions the number of SUSY parameters can be reduced to 19
parameters as inputs for further studies of this kind of model. This model is called phenomenological
MSSM (pMSSM) with the set of parameters given below [173]

tan β: the ratio of the vev of the two–Higgs doublet fields,

MA: the mass of the pseudoscalar Higgs boson,

µ: the Higgs–higgsino mass parameter,

M1, M2, M3: the bino, wino and gluino mass parameters,

mq̃, mũR , md̃R
, ml̃, mẽR : first/second generation sfermion masses,

mQ̃, mt̃R , mb̃R
, mL̃, mτ̃R : third generation sfermion masses,

At, Ab, Aτ : third generation trilinear couplings.

Also, we will use the above parameters at the weak scale to do the phenomenological study of SUSY in
pMSSM. In such case the LSP can be any of neutralino types i.e. bino, wino, and higgsinos.

In minimal supergravity (mSUGRA) or constrained MSSM (CMSSM) gaugino masses unify at the
GUT (grand unified theory) scale, MGUT = 1.5 × 1016 GeV, so we can have the following prediction at
the weak scale [17, 117]

M3 : M2 : M1 ' 7 : 2 : 1 . (4.11)

In mSUGRA or CMSSM to find the SUSY spectra of masses at the weak scale we also require to assume
the following set of boundry conditions at GUT scale for gaugino masses, sfermion masses, Higgs masses,
and trilinear couplings [17, 117].

M3 = M2 = M1 = m1/2 , (4.12)

m2
Q̃ = m2

˜̄u = m2
˜̄d

= m2
L̃ = m2

˜̄e = m2
01 , (4.13)

where 1 shows unit matrix,

m2
Hu

= m2
Hd

= m2
0 , (4.14)

au = A0yu, ad = A0yd, ae = A0ye , (4.15)

a’s and y’s are 3 × 3 matrices for trilinear couplings and Yukawa’s.
Generally, we can parameterize the above universal soft terms at the GUT scale as scalar mass m,

gaugino mass M, the trilinear coupling A, and the bilinear Higgs mixing B. Radiative electroweak
symmetry breaking (REWSB) condition imposes the following initial parameters at the GUT scale to be
sufficient for finding SUSY spectra at the weak scale [17, 118]

tan β, m0, m1/2, A0, sign(µ) , (4.16)

where the ratio of vacuum expectation values of up and down neutral Higgses is given by tan β =

〈Hu〉/〈Hd〉 and the sign of µ parameter is shown by sign(µ). As a consequence, using the above
parameters we can do the scan over CMSSM/mSUGRA parameter space. In such scenarios the lightest
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neutralino is bino or higgsino [117]. We will study MSSM approaches explained in this Section in low
reheating scenarios in the next Sections.

4.3 Neutralino Relic density in an Early Matter Dominated Epoch

To compute the final DM relic density in an early matter dominated era we use the result of [38], which
was also the subject of previous Chapter to have a correct estimation which is more precise than earlier
results. To do an accurate calculation of relic density the result of [37] for precise evolution of degrees of
freedom is used.

The set of Friedmann–Boltzmann equations in the early stages of the universe dominated by a modulus
field φ with energy density ρφ can be written as follows (like eq. (3.5))

d ρφ
dt

+ 3Hρφ = −Γφρφ , (4.17)

d sR

dt
+ 3HsR =

1
T

[
(1 − B̄)Γφρφ + 2 〈E〉eff 〈σv〉eff

(
n2 − neq

2
)]
, (4.18)

d n
dt

+ 3Hn =
Bχ
Mφ

Γφρφ − 〈σv〉eff

(
n2 − neq

2
)
. (4.19)

The radiation energy density of thermal bath is given by

ρR(T ) =
π2

30
geff(T )T 4 , (4.20)

and geff is the relativistic energy density degrees of freedom (DoF). The entropy density for radiation
comes from

sR(T ) =
ρR(T ) + pR(T )

T
=

2π2

45
heff(T )T 3 , (4.21)

where heff is the entropy DoF. We use the result of Chapter 2 for heff and geff . The part of energy due to
DM branching from modulus is

B̄ =
〈E〉eff Bχ

Mφ
. (4.22)

The number density of the odd sector (SUSY) particles are shown as n where n =
∑

i ni and neq =
∑

i neq,i
is the number density in equilibrium. Then, the thermally averaged cross section and the portion of
energy injected to the thermal bath by the annihilation of SUSY particles can be written as [50, 166]

〈σv〉eff =

N∑
i=1

N∑
j=1

〈σi jvi j〉
neq,i

neq

neq, j

neq
, (4.23)

〈E〉eff 〈σv〉eff =
∑
i=1

∑
j=1

(
〈Ei〉 + 〈E j〉

)
〈σi jvi j〉

neq,i

neq

neq, j

neq
. (4.24)

The relative velocity of i and j particles with mass Mi, j, momentum pi, j and energy Ei, j can be obtained
from

vi j =

√(
pi · p j

)2
− M2

i M2
j

EiE j
. (4.25)
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The total annihilation rate of χiχ j is given by

σi j =
∑

X

σ(χiχ j → X) , (4.26)

where X is the set of standard model particles [15, 50]. The thermally averaged cross section is defined
by

〈
σi jvi j

〉
=

∫
d3 pid3 p j fi f jσi jvi j∫

d3 pid3 p j fi f j
, (4.27)

here fi’s are approximated by Maxwell–Boltzmann distribution [50].
At reheat temperature the energy density of the universe becomes equal to the Hubble rate of a radiation

dominated universe

TRH =

√
ΓφMPl

(
45

4π3geff(TRH)

)1/4

. (4.28)

The decay width of a long–lived modulus field Γφ coming from a supergravity theory is given by

Γφ = α
M3
φ

M2
Pl

, α =
C
8π

= constant , (4.29)

where C is a constant depending on the final products of scalar decay. All the parameters we did not
explain here are defined the previous Chapter. In the rest of this Chapter we assume α = 1. To find the
numerical value of relic abundance we use the following changes of variables for densities to work in the
comoving frame

Φ ≡
ρφA3

T 4
RH

, R ≡ ρR
A4

T 4
RH

, X ≡ nχ
A3

T 3
RH

, A ≡ aTRH , (4.30)

here nχ is the neutralino number density. As the temperature reduces n will be equivalent to nχ, since all
SUSY particles finally decay to LSP that is neutralino in our study. Then, the Hubble variable can be
written as

H = H̃T 2
RHA−3/2c−1/2

1 M−1
Pl , (4.31)

where c1 = 3
8π and the Hubble rate in the comoving volume H̃ is

H̃ ≡
(
Φ +

R
A

+
〈E〉effX

TRH

)1/2

. (4.32)

By changing the variables according to eq. (4.30), we will have the Friedmann equations for evolving
degrees of freedom in the comoving frame [38]

H̃
dΦ

dA
= − c1/2

ρ A1/2Φ , (4.33)

dT
dA

=

(
1 +

T
3heff

dheff

dT

)−1 [
−

T
A

+
15T 6

RH

2π2c1/2
1 MPlHT 3heffA

11
2

(
c1/2
ρ A3/2(1 − B̄)Φ

+c1/2
1 Mpl

2 〈E〉eff 〈σv〉eff

A3/2

(
X2 − Xeq

2
) )]

, (4.34)
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H̃
dX
dA

=
c1/2
ρ TRHBχ

Mφ
A1/2Φ + c1/2

1 MplTRHA−5/2 〈σv〉eff

(
Xeq

2 − X2
)
. (4.35)

In the above differential equations we have cρ =
π2geff (TRH)

30 . We solve the above set of differential
equations with the following initial conditions [38, 134, 146]

XI = 0, RI = 0, ΦI =
3H2

I M2
Pl

8πT 4
RH

, HI = γΓφ
2. (4.36)

The case of considering non–vanishing initial densities for DM and radiation are studied in [38]. Also,
we discussed it in Chapter 3 and the outcome will be similar for neutralino so we will not mention it in
this Chapter.

To compute the final numerical value of relic abundance, we use the following relation for relic density
in a non–thermal cosmology as mentioned in [38]

Ωχh2 =
ρχ(Tnow)
ργ(Tnow)

Ωγh2 =
ρχ(TF)

2ρR(TF)
geff(TF)heff(Tnow)

heff(TF)
TF

Tnow
Ωγh2

= Mχ
X(TF)
R(TF)

AFTFgeff(TF)heff(Tnow)
2TnowTRHheff(TF)

Ωγh2 , (4.37)

where Tnow and Ωγh2 are the current temperature of cosmic microwave background (CMB) photons and
radiation density of CMB. As provided by Particle Data Group[42], they take the following numerical
values

Ωγh2 = 2.473 × 10−5 , Tnow = 2.7255 K = 2.35 × 10−13GeV. (4.38)

The present relic density of DM is also determined by current observations[42]

ΩDMh2 = 0.1186 ± 0.002. (4.39)

In this analysis the details of thermalization process [149–151] which may affect the thermal production
of neutralino from SM particles are not considered. We may consider such effects in the future studies.
Also, we do not consider the production of neutralino from energetic thermal bath particles [148], since it
is important only for neutralino mass near the modulus mass which is not the case in our setup. Since
all SUSY particles ultimately decay to the LSP, n will reduce to nχ and 〈E〉eff will be equivalent to

〈E〉eff ≈

√
M2
χ + 3T 2. Also, from our previous result [38] we know that the effect of DM annihilation to

radiation is negligible on the final radiation density and thus the term containing this effect can be ignored.
Additionally, we should mention that the 〈σv〉eff reduces to 〈σv〉 for the lightest neutralino. Moreover,
in MicrOMEGAs the thermally averaged cross section is a function of temperature T . This function can
be efficiently calculated at temperatures much lower than Mχ. In our numerical calculation we assume
〈σv〉 (T ≥ Mχ/13) = 〈σv〉 (T = Mχ/13) and 〈σv〉 (T < Mχ/13) = 〈σv〉 (T ) which helps to increase the
speed of calculation without losing the accuracy in the final result 3.

2 In the rest of this Chapter, we consider γ = 1015 for our numerical calculations.
3 To solve eqs. (4.33), (4.34), and (4.35) we used CVODE package to change the routine in micrOMEGAs for solving Boltzmann

equation and computing relic density.
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4.4 Relic Density of Thermally Produced Neutralino Dark matter

In this section we briefly mention the cross section and the approximate relic density of thermally
produced neutralino. If M1 � M2, µ then LSP will be bino. Its approximate cross section and thermal
relic density come from [18, 174]

〈σB̃v〉 =
3g4 tan4 θWr(1 + r2)

2πm2
l̃R

x(1 + r)4
, x ≡

M1

T
, r ≡

M2
1

m2
l̃R

, (4.40)

ΩB̃h2 ∝

m4
l̃R

M2
1

, (4.41)

where as it is shown they depend on the mass of right handed sleptons ml̃R
,which are almost mass

degenerate [18]. Here θW is the weak mixing angle and g is the electroweak coupling of S U(2)L gauge
group. In case µ � M1,M2 the LSP is higgsino–like and by neglecting the terms including MW (the
mass of W boson) and considering the coannihilation effects from higgsino like charginos [64, 104, 175],
since their mass can be close to neutralinos, we have thermally averaged cross section and thermal relic
density as [174]

〈σH̃v〉 =
g4

512πµ2

(
21 + 3 tan2 θW + 11 tan4 θW

)
, (4.42)

ΩH̃h2 ∝ µ2 . (4.43)

Bino and higgsino like neutralinos can appear in mSUGRA (CMSSM) where SUSY is broken by gravity
mediation effects [18].

Wino–like neutralino is possible in anomaly mediation SUSY breaking [155]. In this case M2 � M1, µ.
Considering the limit M2 � MW and the coannihilation effects from wino–like charginos [64, 104, 176]
the thermally averaged cross section and thermal abundance are given by [174]

〈σW̃v〉 =
3g4

16πM2
2

, (4.44)

ΩW̃h2 ∝ M2
2 . (4.45)

4.5 Neutralino Production in a Non–thermal Cosmology

We are interested in neutralinos with thermally averaged cross section smaller or larger than thermal
WIMP, since interesting regions which satisfy thermal relic density are excluded already or will be
probed by ongoing experiments. This can be satisfied by different production mechanisms with smaller
cross sections which are shown in [38, 146] i.e. for modified non–relativistic freeze–out (FOmod

nr ),
non–relativistic inverse annihilation (IAnr) 4, relativistic inverse annihilation (IAr) 5 , and from modulus
branching ratio (Φ–decay). The quasi static equilibrium (QS Enr) and Φ–decay regions can give the relic
density for neutralinos with 〈σv〉 larger than thermal WIMP [38, 146].

4 This scenario is like freeze-in DM (the so called FIMP) which is first mentioned in [145]. For a review on FIMP models and
constraints look at [154].

5 This mechanism is not interesting for neutralino DM case since it will not be relativistic in the low reheating scenarios that
we consider here.
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Assuming the massless limit of final states of neutralino thermal annihilation leads to eqs (4.40), (4.42),
and (4.44) for thermally averaged cross section of bino–, higgsino–, and wino– like neutralino DM,
respectively. Depending on the mass and cross section of DM which can be determined by the type of
neutralino, different production mechanisms in low reheating temperature scenarios can yield the final
abundance of DM to satisfy the observed value i.e. Ωχh2 ' 0.12 [42].

Quasi static equilibrium (QSE) mechanism happens when the terms correspond to DM from branching
ratio of moduli and annihilation of SM particles cancel out each other (on the right hand side of eq.
(4.19)). Then the relic density (from eq. (3.43)) will be [38]

Ωχh2[QSEnr] ≈
120 Γ

(
5
3

)3/2

π

MχMφ

λ3L3/4geff(TRH)BχM2
Pl〈σv〉

2T 3
RH

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 , (4.46)

where λ ≈ 2 in eq. (3.38) and L is a constant depending on branching ratio of DM, modulus mass, and
reheating temperature, and given by [38, 146]

L ≡ (1 − Beff)Γ
(
5
3

) (
3
2

)2/3

, Beff ≡
Bχ

(
M2
χ + 3T 2

RH

)1/2

Mφ
, (4.47)

where Beff is a very small number since Mφ should be larger than the order of 100 TeV to avoid the BBN
bound, and Mχ is relatively smaller than modulus mass.

The usual non-relativistic freeze–out during radiation dominated era occurs also for DM masses with
the freeze-out temperature below the reheat temperature and following relic density (like eq. (3.44))

Ωχh2[FOrad
nr ] ≈

4
√

5
√
π

x̂FO

geff(T̂FO)1/2MPl〈σv〉

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 , with x̂FO =
Mχ

T̂FO
. (4.48)

If the 〈σv〉 < 〈σv〉crit (c.f. [38, 146] and eq. (3.36)) then the relic abundance will be given by the sum
of the contribution of branching from moduli and production mechanisms in the inefficient annihilation
regime [38, 146]

Ωχh2 ≈ Ωχ,annh2 + Ωχ,decayh2 . (4.49)

The contribution Ωχ,decayh2 comes from φ decays and obeys [38, 146] (like eq.(3.48))

Ωχ,decayh2 ≈
BχTRHMχ

L3/4Mφ

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 , (4.50)

The relic abundance for non–relativistic freeze–out during modulus domination (FOmod
nr ) is given by [38,

146] (like eq.(3.49))

Ωχ,annh2[FOmod
nr ] ≈

8
√

5π

geff(TRH)1/2

L3/4geff(TFO)

T 3
RHxFO

4

Mχ
3MPl〈σv〉

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 , with xFO =
Mχ

TFO
.

(4.51)
The relic density of DM in non–relativistic inverse annihilation scenario which can be relevant to
neutralino DM is [38, 146] (like eq.(3.56))

Ωχ,annh2[IAnr] ≈
48 χ g2

χ

53/2π15/2L3/4

geff(TRH)3/2T 7
RHMPl〈σv〉

geff(T∗)3Mχ
5

geff(TF)heff(Tnow)
2Tnowheff(TF)

Ωγh2 , (4.52)
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where for neutralino (a Majorana fermion) we consider gχ = 2. The factor χ is a numerical factor which
is around 292 (computed in eq. (3.54)), T∗ ≈ 0.28Mχ for Mχ . TRH , and T∗ ≈ TRH/2 for Mχ & TRH [38,
146].

In these calculations we assumed the rapid thermalisation process of decay products of modulus φ
which causes the DM particles reach equilibrium fast. In the regime Mχ � Mφ the approximation of
instantaneous thermalisation can be ideally considered [38].

4.5.1 Parameter Regions with Correct Relic Abundance

If the freeze–out of neutralino happens before reheating, cross sections less or greater than typical WIMP
can accomplish the valid relic density. In such a case (i.e. T̂FO & TRH) DM with 〈σv〉 & 10−8GeV−2

can be produced from Φ–decay or QS Enr to satisfy the relic abundance bound. However, for 〈σv〉 .
10−8GeV−2 the valid range of relic abundance can be satisfied by Φ–decay, FOmod

nr , IAnr.
To find the regions that match well with the observed value for relic density, i.e. Ωχh2 ≈ 0.12 [42], we

require to illustrate the boundaries of different DM production mechanisms shown in Fig. 3.2. This helps
to have an analytical understanding of which mechanism can give the suitable relic density for a specific
kind of neutralino in case of a low reheating temperature.

The two freeze–out mechanisms in radiation and matter dominated era can meet each other for tiny
Bχ (� 10−7 based on our analysis in Chapter 3 and Figs. 3.2 and 3.10) at a specific mass or freeze-out
temperature which comes from

˜̃TFO

TRH
≈

(
2
5

)1/3 1
L1/4

geff(TRH)

geff( ˜̃TFO)

1/6

, (4.53)

where we used eqs. (4.48) and (4.51). Also, we assumed TFO ≈ T̂FO to find ˜̃TFO. If we consider˜̃TFO ≈
˜̃Mχ/20, then for different moduli Mφ ≈ 5× 105, 5× 106, 5× 107 GeV the specific DM mass ˜̃Mχ ≈

5.8× 10−1, 1.2× 101, 3.6× 102 GeV. For very small Bχ (� 10−7) the modified freeze–out and the inverse
annihilation regions (eqs. (4.51) and (4.52)) can coincide for a mass fixed by relic density i.e. M̃χ given
by

〈σv〉FOIA ≈

(
5

3χ

)1/2 (2π)7/2

gχ

geff(M̃χ/4)
geff(TRH)1/2

M̃χ

T 2
RH MPl

, (4.54)

where we used T∗ ≈ TFO which is a very good approximation for masses around M̃χ in FOmod
nr scenario.

For different set of moduli masses Mφ ≈ 5 × 105, 5 × 106, 5 × 107 GeV (TRH ≈ 4.068 × 101, 8.486 × 102,
2.549×104 MeV), there are 〈σv〉FOIA ≈ 10−13, 10−14, 10−15 GeV−2 , and M̃χ ≈ 3.5 GeV, 100 GeV, 3 TeV,
respectively.

For tiny Bχ (� 10−7) if the thermally averaged cross section can satisfy the following inequality

〈σv〉 < 〈σv〉FOIA , (4.55)

which shows values lower than WIMP range and FOmod
nr , then neutralino is produced in non–relativistic

inverse annihilation IAnr scenario. Moreover, for Bχ � 10−7 if the neutralino cross section is smaller
than the required value for WIMP but larger than 〈σv〉FOIA, the dominant mechanism is the modified
freeze–out.

In addition, if we consider for M̃χ the branching of scalar to DM gives the correct relic density, we can
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find that specific branching ratio from eq. (4.50) which we call B̃χ. Then we have these values of B̃χ ≈
4.5 × 10−3, 7.6 × 10−5, 8.5 × 10−7 for moduli masses Mφ ≈ 5 × 105, 5 × 106, 5 × 107 GeV, respectively.
Moreover, IAnr and Φ–decay regions will match to each other when Bχ is larger than B̃χ. Consequently,
using eqs. (4.52) and (4.50) for cross sections lower than the following one

〈σv〉IAΦ ≈
53/2π15/2

48g2
χ χ

geff(Mχ/4)3

geff(TRH)3/2

BχM6
χ

T 6
RH MPlMΦ

, (4.56)

where the DM production will happen in IAnr or Φ–decay mechanisms, for the second one the relic
abundance is independent of 〈σv〉. For a fixed neutralino mass if the cross section is smaller than 〈σv〉IAΦ

then the correct relic density will be satisfied by Φ–decay scenario.
If Bχ is smaller than B̃χ then the equality between the regions of correct relic density for QS Enr and

Φ–decay production mechanisms (eqs. (4.46) and (4.50)) occurs. So we gain the following cross section

〈σv〉QS EΦ ≈
31/251/2Γ

(
5
3

)3/4

π1/2

Mφ

Bχgeff(TRH)1/2T 2
RH MPl

, (4.57)

which shows that if the thermally averaged cross section is larger than that DM can be produced in QS Enr

region. However, if 〈σv〉WIMP . 〈σv〉 . 〈σv〉QS EΦ it can be produced via Φ–decay. For Bχ > B̃χ and
〈σv〉 > 〈σv〉WIMP DM should be produced via QS Enr to satisfy the correct yield. In Sec. 4.6 and plots of
Figs. 4.1, 4.2, 4.3, and 4.4 we see how the mentioned parameter regions in this section give correct relic
density to bino, higgsino, and wino DM in a non–thermal cosmology.

4.5.2 The Scan over SUSY Parameter Space

The scan in pMSSM [173] is done over the p10MSSM parameter space (based on [166]) shown in table
4.1 6. In pMSSM the SUSY parameters are considered at TeV scale. In such a case all three different
types of neutralinos appear in the final result.

We also have done another scan over the parameter space of CMSSM where the universal gaugino
and scalar masses, trilinear couplings, and ratio of vacuum expectation values of Higgs doublets are
considered at GUT scale, where the gauge forces unify 7. In such scenario the neutralino can be bino or
higgsino like [18]. The range of parameters we used are shown in the table 4.2.

To calculate the relic density, direct detection (DD) and indirect detection (ID) cross sections of
neutralinos we use MicrOMEGAs v4.3.5 [172]. We apply SuSpect v2.41 [177] as a SUSY spectrum
generator which computes SUSY parameters (masses and couplings, etc.) at weak scale with the initial
values at a given scale using renormalisation group equations (RGEs). We do not discuss the details of
RGEs for SUSY here, since it is beyond the scope of this thesis. Interested reader should look at ref. [17].
To do the scan we used T3PS v1.0 program where the computation can be performed faster by using
the parallel processing in it [178]. The only constraint we used in our scan is the nuisance parameter for
the 125 GeV Higgs mass i.e 122 GeV ≤ mh ≤ 128 GeV [179, 180]. This constraint is sufficient for our
purpose, since we basically require to produce some valid points in the SUSY parameter space and study
the production of neutralino in low reheating scenarios.

The relic abundance of bino–like DM depends not only on (bino–like) neutralino mass but also on
sfermion masses (also chargino’s and sfermion’s in case of coannihilation) as it is shown in eq. (4.41)

6 The number of random points for our scan in pMSSM is 4000. The number of points that satisfy the Higgs mass range are
around 800.

7 Our scan CMSSM is done over 2000 points. After imposing the Higgs mass constraint around 700 points are left.
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[18, 181, 182]. So for a specific Mχ there is a degeneracy in the thermal relic density of bino DM.
This shows itself in the red points in Fig. 4.1 (a) (4.3 (a)) for relic density versus neutralino mass in
pMSSM (CMSSM) scan. Due to different initial parameters in random scan, sfermion and chargino
masses derived by RGEs do not follow a specific pattern which shows itself in the scattered shape of
points in Figs. 4.1 (a) (4.3 (a)) and 4.5 (b) (4.6 (b)) for the thermal relic density and velocity independent
thermally averaged cross section of bino–like neutralino. However, the relic density of higgsino–like and
wino–like neutralinos are scaled by the squared of their masses i.e. µ and M2 as eqs. (4.43) and (4.45)
show. These are displayed by green and blue points in Fig. 4.1 (a) (Fig. 4.3 (a)).

In our numerical calculation we do not consider the effect of Sommerfeld enhancement since it mostly
affects winos with large masses due to the appearance of Yukawa–like potential via the exchange of
weak gauge bosons in their massless limit [183, 184]. However, we included coannihilation effects
[64, 104] in our scan using the relevant features in micrOMEGAs8. Our focus is mostly on the dilution
or concentration of neutralino DM in the low reheating scenario where its effect can be sizeable in
comparison to coannihilation and Sommerfeld enhancement contributions.

Lightest neutralinos with Mχ . 100 GeV are severely constrained from the large electron–positron
collider (LEP). Consequently, we represent the result of our scan only for Mχ & 100 GeV. This constraint
is considered in our calculation using micrOMEGAs [172]. Also, the result of large hadron collider (LHC)
searches mostly satisfy this constraint [30–35].

Parameter Range
bino mass 0.1 < M1 < 5
wino mass 0.1 < M2 < 6

gluino mass 0.7 < M3 < 10
stop trilinear coupling −12 < At < 12
stau trilinear coupling −12 < Aτ < 12

sbottom trilinear coupling Ab = −0.5
pseudoscalar mass 0.2 < mA < 10

µ parameter 0.1 < µ < 6
3rd generation soft squark mass 0.1 < mQ̃3

< 15
3rd generation soft slepton mass 0.1 < mL̃3

< 15
1st/2nd generation soft squark mass mQ̃1,2

= M1 + 100 GeV
1st/2nd generation soft slepton mass mL̃1,2

= mQ̃3
+ 1 TeV

ratio of Higgs doublet VEVs 2 < tan β < 62

Table 4.1: The parameters of the p10MSSM and their ranges used in our scan. All masses and trilinear couplings
are given in TeV, unless indicated otherwise. All the parameters of the model are given at the SUSY breaking scale.
The range of parameters in this Table are similar to Table 1 of ref. [166].

8 The coannihilation effects can be quantified using the following parameter [172]

BFO =
K1

( Mi+M j

T̂FO

)
K1

( 2Mχ

T̂FO

) ≈ e
X̂FO(Mi+M j−2Mχ)

Mχ , (4.58)

where i and j denote the particles with closest mass to lightest neutralino (like charginos or sfermions in some scenarios [175,
181, 182, 185]) . For X̂FO = Mχ/T̂FO ∼ 25 if we choose BFO ∼ 10−5, then it implies Mi + M j . 2.46 Mχ. In micrOMEGAs, Bε

parameter is a limit defined by user to consider coannihilation channels in WIMP annihilation. It means that in computing
the relic density the channels with BFO smaller than Bε will be included. As Bε is smaller the contribution of coannihilations
are calculated more precisely. For Bε = 1 there would not be any coannihilation assumption. Here we choose Bε = 10−5 in
our calculations.
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Parameter Range
scalar mass 0.1 < m0 < 6

gaugino mass 0.1 < m1/2 < 6
trilinear coupling −12 < A0 < 12

ratio of Higgs doublet VEVs 1 < tan β < 60
sign of µ parameter µ > 0

Table 4.2: The range of CMSSM parameters we used in our scan are given at GUT scale. The unit for masses and
trilinear couplings is TeV.

4.6 Experimental Constraints and Motivation for Non–thermally
Produced Neutralino

In indirect direction, thermally averaged cross section 〈σv〉 appears in computing the flux of DM
annihilation products (Appendix B.1). Since the intergalactic medium can resemble the thermal bath
of the early universe due to high density and pressure, DM particles can meet each other with higher
probability than any other place. So the possibility of DM annihilation to SM particles is more than
any where else. The exclusion bounds on the 〈σv〉 (up to 95% limit) provided by the combined analysis
of MAGIC and FermiLAT results [21] on dwarf satellite galaxies for annihilation cross section of DM
particles to W+W−, b+b−, τ+τ−, and µ+µ− pairs are shown in frame (b) of Fig. 4.5 (4.6) for pMSSM
(CMSSM) scan. As the cyan line in these frames represents winos with masses lower than 800 GeV,
which annihilate dominantly to W+W− final state, are excluded by indirect detection [21]. Also, the
dominant annihilation channel of higgsino–like neutralino is W+W− (also ZZ̄) which based on frame
(b) of Fig. 4.5 (4.6) should be heavier than 350 GeV. This range encompasses a considerable range of
thermally produced higgso–like and wino–like neutralino DM in pMSSM scan (only higgsino–like in
CMSSM) which could approximately match with the thermal WIMP, shown in Fig. 4.1 (a) (4.3 (a)), and
different non–thermal production scenarios shown Figs. 4.1 and 4.2 (Figs. 4.3 and 4.4). As Fig. 4.5 (b)
(4.6 (b)) shows bino–like neutralinos evade the constraints on annihilation to f f̄ shown by yellow, pink,
and light green lines, and respectively for b+b−, τ+τ−, and µ+µ− final states [21]. This happens, since
their thermally averaged cross section is below the canonical value ∼ 3 × 10−26 cm3/s for WIMP and
follows the pattern of eq. (4.40).

In direct detection experiments the detector measures the recoil energy of nuclei of heavy stable
elements when possible DM particles interact with them (Appendix B.2). These experiments provide
some exclusion curves for the plane of DM mass and spin independent cross section of their interaction
with detectors protons in the nuclei (σS I

p ). The cross sections above these curves are excluded with the
probability of 90% confidence level. The elastic scattering of nucleon with DM (χ N → χ N) can be
explained by the spin independent four fermion term χ̄χN̄N in the effective interaction Lagrangian. The
dominant mediator for such interaction can be the Higgses or squarks. The σS I

p will depend on the type
of mediator, neutralino and N1i’s [184, 186, 187]. We will not discuss the details of such interactions
here; they are extensively studied in the literature for different types of neutralinos [186, 188–191]. We
have only computed them numerically using micrOMEGAs to verify the current limits of neutralino in the
DD expeiments. Fig. 4.5 (a) (Fig. 4.6 (a)) is the plot for spin independent cross section of neutralino and
nucleon in direct detection experiments with respect to DM mass in pMSSM (CMSSM) scan, respectively.
It includes all three kind of neutralino (only bino and higgsino in CMSSM). The constraints provided
by XENON1T [28] and PandaX–II [29] experiments are shown in Figs. 4.5 (a) (4.6 (a)) by solid black
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Figure 4.1: The plots of relic density Ωχh2 versus DM mass Mχ based on the scan over pMSSM parameter space
(Table 4.1) in different cosmological scenarios before radiation domination are shown above. The first top left figure
(a) is for the relic density of thermally produced DM. The rests are for different low reheating setups with moduli
masses Mφ and branching ratios Bχ, (Mφ, Bχ): b) (5 × 105 GeV, 10−3), c) (5 × 105 GeV, 10−5), d) (5 × 105 GeV,
10−7), e) (5 × 106 GeV, 10−3), f) (5 × 106 GeV, 10−5).
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Figure 4.2: These plots also like the last 5 plots of Fig. (4.1) are for different (Mφ, Bχ): a) (5 × 106 GeV, 10−7), b)
(5 × 107 GeV, 10−1), c) (5 × 107 GeV,10−3), d) (5 × 107 GeV, 10−5), e) (5 × 107 GeV, 10−7), f) (5 × 107 GeV, 10−9).
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Figure 4.3: The plots of relic density Ωχh2 versus DM mass Mχ based on the scan over CMSSM parameter space
(Table 4.2) in different cosmological scenarios before radiation domination are shown above. The first top left figure
(a) is for the relic density of thermally produced DM. The rests are for different low reheating setups with moduli
masses Mφ and branching ratios Bχ, (Mφ, Bχ): b) (5 × 105 GeV, 10−3), c) (5 × 105 GeV, 10−5), d) (5 × 105 GeV,
10−7), e) (5 × 106 GeV, 10−3), f) (5 × 106 GeV, 10−5).
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Figure 4.4: These plots also like the last 5 plots of Fig. (4.3) are for different (Mφ, Bχ): a) (5 × 106 GeV, 10−7), b)
(5 × 107 GeV, 10−1), c) (5 × 107 GeV,10−3), d) (5 × 107 GeV, 10−5), e) (5 × 107 GeV, 10−7), f) (5 × 107 GeV, 10−9).
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Figure 4.5: In the left panel spin–independent cross section for proton and neutralino σS I
p is shown for different

neutralinos with mass Mχ. The magenta line is for PandaX–II exclusion limit [29]. However, the exclusion limit
from XENON1T experiment is shown via black line [28]. The right panel represents the s–wave thermally averaged
cross section 〈σv〉 for various neutralino masses Mχ. The lines with colors cyan, yellow, pink, and light green are
the constraints from the combination of MAGIC and FermiLAT results for the annihilation of a pair of Majorana
DM to W+W−, b+b−, τ+τ−, and µ+µ− final states [21]. The scan is done in pMSSM based on the parameters of
Table (4.1).
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Figure 4.6: In the left panel spin–independent cross section for proton and neutralino σS I
p is shown for different

neutralinos with mass Mχ. The magenta line is for PandaX–II exclusion limit [29]. However, the exclusion limit
from XENON1T experiment is shown via black line [28]. The right panel represents the s–wave thermally averaged
cross section 〈σv〉 for various neutralino masses Mχ. The lines with colors cyan, yellow, pink, and light green are
the constraints from the combination of MAGIC and FermiLAT results for the annihilation of a pair of Majorana
DM to W+W−, b+b−, τ+τ−, and µ+µ− final states [21]. The scan is done in CMSSM based on the parameters of
Table (4.2).
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and magenta curves, respectively. These curves exclude DM particles with spin independent cross sections
larger than 10−10 pb for mass 100 GeV and 2.5 × 10−9 pb for mass 3 TeV. It includes a considerable
amount of higgsinos. However, a large portion of binos and winos are below this limit.

Adding the result of ID and DD in previous paragraphs generally yields binos still considerably having
the chance to play the role of neutralino DM. However, their thermal relic density is much above the
observational value Ωh2 ' 0.12 [42] which can cause the overclosure of the universe. This problem
can be solved by assuming the production of neutralinos in an early matter dominated epoch which is
explained in Sec. 4.5. In such a case to achieve the correct relic density of binos, FOmod

nr , IAnr, and
Φ–decay production mechanisms can help. Moreover, there are regions of parameter space for winos
and higgsinos which are not excluded by ID and DD constraints. However, in these regions they have a
thermal relic density different from observational one, they can gain the correct relic via the presence of
modulus dominated era. Since for them 〈σv〉 is larger than the thermal WIMP, production mechanisms
that efficiently produce the sufficient DM abundance are QS Enr and Φ–decay. In Figs. 4.1, 4.2, 4.3, and
4.3 we have considered three different reheating models with moduli masses 5 × 105, 5 × 106, 5 × 107

GeV, and reheating temperatures 4.068 × 101, 8.486 × 102, 2.549 × 104 MeV, repectively to depict our
results.

The regions where neutralino in pMSSM is produced by Φ–decay are in Figs. 4.1 (b) (all binos,
higgsinos and winos with Mχ & 200 GeV), 4.1 (c), 4.1 (d), 4.1 (e) (almost all binos; higgsinos and winos
with Mχ & 2.5 TeV), 4.1 (f) (bino and higgsinos with Mχ & 200 GeV, and winos with Mχ & 400 GeV),
4.2 (a) (all winos and higgsinos; binos heavier than 400 GeV), 4.2 (b) (all higgsinos and winos; binos
with Mχ & 400 GeV).

Quasi static equilibrium production mechanism is efficient for winos and higgsinos, due to the fact that
their 〈σv〉 is larger than the thermal WIMP, in Figs. 4.1 (b) (Mχ . 200 GeV), 4.1 (e) (Mχ . 2.5 TeV), 4.1
(f) (higgsinos with Mχ . 200 GeV and winos with Mχ . 400 GeV), 4.2 (b) (with Mχ & 200 GeV), and
4.2 (c) (with Mχ & 200 GeV). Also, in Fig. 4.2 (d) for Mχ & 400 GeV the sum of Φ–decay and QS Enr

mechanisms gives the final relic density for higssinos and winos.
Modified non–relativistic freezeout occurs mostly in Fig. 4.2 (b) (binos with 200 GeV . Mχ .

400 GeV), and in Figs. 4.2 (c), 4.2 (d), 4.2 (e), 4.2 (f) (binos with Mχ & 200 GeV).
The production of DM via IAnr is dominant in Figs. 4.1 (f) (binos with Mχ . 100 GeV), 4.2 (a) (binos

with 100 GeV . Mχ . 200 GeV).
One should note that in Figs. 4.2 (e) and 4.2 (f) since the branching ratio is very small, the QS Enr is not

efficient. Then the production of winos and higgsinos heavier than 500 GeV will be diluted with respect
to their thermal relic abundance. The above results match with the approximate analytical equations in
Sec. 4.5.1.

The discussion we have done in the last five paragraphs for the range of DM mass and different
production mechanisms is also true for neutralino in CMSSM except there is not any wino–like neutralino
in such a scenario. The frames in Figs. 4.3 and 4.4 have similar results to Figs. 4.1 and 4.2 for the same
set of branching ratios and modulus masses.

There is one more issue regarding bino–like neutralino production in a non–thermal scenario. Non–
thermally produced DM particles with cross sections lower than WIMP which satisfy the relic abundance
can enhance the growth of structures. This shows itself by boosting the formation of microhalos due
to the linear growth of perturbations during early matter domination rather than logarithmic growth in
radiation domination [36, 159]. These micro halos can compensate for the low annihilation rate of DM,
here bino dark matter, by increasing its self-annihilation (enhancing the J–factor (B.4)) which is invisible
to the current direct detection experiments [158, 192, 193] (the cross section is close or below the neutrino
floor [194]). However, this kind of DM is potentially observable in indirect detection experiment like
future probes of FermiLAT.
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4.7 Summary and Conclusions

In this Chapter, we studied the production of neutralino DM in a non–thermal cosmological model
dominated by a heavy long lived scalar field i.e. modulus. According to previous studies [38, 146], such
a scenario provides different possible production mechanisms for DM particles (Sec. 4.5). In the SUSY
context with R–parity conservation the lightest neutralino can play the role of DM (Sec. 4.4). However,
since a neutralino is a mixture of bino, higgsino, and wino in the SUSY parameter space, the real nature
of it can be dominated by any of these three types depending on SUSY breaking scenario. Particularly,
this causes the under–abundance or over–abundance of a specific kind of neutralino DM (Fig. 4.1 (a)).
Considering the domination of the universe by a modulus before BBN can compensate the difference
between the observed relic density of DM and theoretically predicted one for neutralino DM (Sec. 4.5.1).

We studied SUSY parameter space by scanning over it in two versions of MSSM: pMSSM and
CMSSM. This produced different neutralino masses and cross sections which necessarily do not give
correct thermal relic density (Sec. 4.5.2). Also, the low mass regions of higgsino and wino like neutralino
are constrained by different DM experiments (Sec. 4.6). Higgsinos lighter than 350 GeV and winos lighter
than 800 GeV are constrained by ID experiment. Moreover, the DM cross section with σS I

p & 5×10−10 pb
are excluded via PandaX–II [29] and Xenon1T [28] experiments. Then, we investigated the non–thermal
production in a modulus dominated era where radiation and neutralino can be produced from scalar
decay parameterized in eqs. (4.17) – (4.19). The plots of relic density with respect to DM mass for
different moduli masses and branching ratios are shown in Figs. 4.1 (b)–4.2 (f) (pMSSM) and 4.3 (b)–4.4
(f) (CMSSM). In Sec. 4.6 we discussed the different production mechanisms i.e. QS Enr, FOmod

nr , IAnr,
Φ–decay that appear in these non–thermal plots. We also found analytical expressions for the boundaries
of different production mechanisms, where the values of two of them become equal. These boundaries can
be exploited to show through which mechanism a given DM particle could be non–thermally produced
to gain the observed relic density, as we explained in Sec. 4.5.1. The regions of parameter space for
winos and higgsinos which are not excluded by ID and DD experiments and underproduced in thermal
production, it can gain the correct relic abundance in branching from modulus and quasi static equilibrium
case. The bino–like neutralino due to its small 〈σv〉 (smaller than the canonical value) is not constrained
by ID. However, it is overproduced in the thermal WIMP scenario. Even in DD the σS I

p of binos on
average is lower the PandaX–II and Xenon1T limits (more close to neutrino floor [194] or below it) as
Figs. 4.5 (a) and 4.6 (a) show. If bino is produced in an early matter dominated epoch can gain the
correct relic density through branching from the scalar field, inverse annihilation, or freeze–out in matter
dominated era. Since the bino is less constrained by experiments among other types of neutralino and its
overproduction can be explained in a universe dominated by a heavy modulus, it is still a suitable DM
candidate.

If we find the neutralino DM as a best motivated DM candidate in the ongoing or future experiments, in
case its thermally averaged cross section do not match with the thermal WIMP, assuming its production
in a non–thermal scenario will be an appropriate explanation. Also, this will give us more information
about the early universe cosmology through determining the correct mass for modulus and its branching
ratio to DM and other particles (based on our discussion in Sec. 4.5.1).
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CHAPTER 5

Conclusions and Outlook

We are convinced by the results of cosmological and astrophysical observations that dark matter (DM)
should undoubtedly exist in the universe. This issue has led to an outburst of interest among theoretical
and experimental physicists. Many attempts on both theory and experiment sides are currently being
made to understand the real nature of dark matter. In this thesis, we studied the production of dark matter
in the early universe especially in the scenarios with low reheating temperature.

In Chapter 2, we used the result of lattice quantum chromodynamics (QCD) for the equation of state of
up, down, charm, and strange quarks and gluons that matches the result of hadron resonance gas model
around QCD transition temperature. We also considered the effect of neutrino decoupling on radiation
energy and entropy densities. This led to the precise calculation of degrees of freedom (DoF) of standard
model. The effect of our precise treatment of DoF on the relic density of WIMP (weakly interacting
massive particle) DM is up to around 10% difference for DM masses between 3 to 15 GeV with respect
to previous studies for both S–wave and P–wave cross sections.

In Chapter 3 we studied the production of DM in an early matter dominated epoch with low reheating
temperature using our treatment of DoF in Chapter 2. The scenarios with early matter domination
can happen after the inflationary reheating and before the domination of the universe by a radiation
component. These types of models are motivated by unified theories like superstring theory, so that after
the compactification of extra dimensions some new scalar fields (moduli) appear that can gain mass
through Higgs–like mechanisms. These fields can couple to standard model particles and dark matter.
Due to their longevity via the Planck mass suppression in their decay width, they can dominate the
early moments of the universe after inflation until their decay at reheating time, where they can produce
radiation and dark matter. This kind of scenario leads to new production mechanisms beyond the thermal
WIMP; particularly for DM candidates with thermally averaged cross section smaller than WIMP. We
showed that a precise treatment of the evolution of DoF improves the estimation of DM relic density, in
such scenarios, by several hundred percent. We have also found an upper bound on the modulus mass in
case thermally averaged cross section is smaller than the canonical value for WIMP. The lower bound
on modulus mass comes from the lowest reheating temperature which is around 4MeV not to spoil the
success of big bang nucleosynthesis (BBN); that imposes Mφ & 100TeV. Moreover, we investigated the
effect of initially vanishing and non–vanishing DM and radiation densities on the non–thermal production
mechanisms. Depending on initial conditions and parameters, non–vanishing initial densities can cause
the DM relic density to exceed the observed value of ΩDMh2 ' 0.12 in non–thermally produced regions
of parameter space with the previously correct relic abundance; something that would not have happened
with initially vanishing densities.

Supersymmetry (SUSY) is an appropriate candidate for beyond the standard model physics, since
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it solves various problems like DM, hierarchy in the electroweak sector, gauge unification, etc. in one
framework. Moreover, it can be the low energy limit of a unified theory like superstring theory. SUSY
has been widely studied in the literature and probed in different experiments; however, without any
empirical evidence. Neutralino as the most popular candidate for WIMP in supersymmetric models is
constrained severely by the experiments. The relic density for neutralinos in regions of SUSY parameter
space avoiding the constraints, does not match the thermal WIMP prediction. This can be solved in low
reheating scenarios. In Chapter 4 we considered neutralino production in a period of modulus domination
which can give the correct relic density to different types of neutralinos via new production mechanisms
mentioned in Chapter 3.

Direct detection experiments like Xenon1T, PandaX–II, and SuperCDMS are approaching the regions
of cross section (σS I

p ) smaller than ∼ 10−10 pb. Below and near this region the effect of neutrino
background appears which makes the detection very difficult. Direct detection probes may in the future
overcome this problem for such low σS I

p to probe the DM candidates that are produced non–thermally
e.g. bino–like neutralino in supersymmetry.

Current indirect detection experiments can probe thermally averaged cross sections around the ca-
nonical value for thermal WIMPs (3 × 10−26cm3/s), but have not given any confirmed evidence yet.
Assuming non–thermal production of DM particles to satisfy the relic density, leads to cross sections
smaller or larger than that of the thermal WIMP. These new cross sections can be probed or ruled out
by experiments like FermiLAT, HESS, AMS–02, and DAMPE. As we explained at the end of Sec. 4.6,
the production of DM during modulus domination can enhance the growth of perturbations linearly
instead of the logarithmic growth in a radiation dominated era. This in turn increases the production of
micro halos after the time DM particles are kinetically decoupled during matter domination. These micro
halos can elevate the self interaction rate of DM particles, that avoid the present experimental limit by
indirect detection experiments via increasing the chance of detectability of DM with small annihilation
cross section. This is another reason that makes DM production in an early matter dominated epoch
phenomenologically motivating, especially for DM particles with cross sections lower than the thermal
WIMP.

Producing and measuring the properties of a very massive moduli–like particle is not accessible in
future colliders (at least in the current century), since their mass should be larger than ∼ 100 TeV to
avoid the conflict with BBN constraints. But current and future gravitational wave and cosmic microwave
background (CMB) experiments, in case of having an adequate level of precision, may measure the
possible effects of an early matter domination in the universe, and the consequent decay of a heavy
long–lived particle to DM and SM particles. Even though we can not produce such heavy particles,
which could dominate the universe at early times, it is in principle possible to produce and search for the
trace of non–thermally produced DM particles with tiny couplings to SM at the Large Hadron Collider or
future colliders like the International Linear Collider, Future Circular Collider, Compact Linear Collider,
etc.

Finally, I hope that my attempts during my PhD and in this thesis have been a small step toward
unraveling the mysteries of dark matter and the cosmos.
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APPENDIX A

Thermodynamics and Lattice Quantum
Chromodynamics

Quantum chromodynamics is the fundamental theory of strong interactions and nuclear matter. In
quantum field theory (QFT) we can illustrate the thermodynamics of a system using grand canonical
ensemble. This ensemble is defined by the density operator and partition functions [195, 196].

ρ = e−
1
T (H−µiNi) , Z = T̂ rρ , T̂ r(...) =

∑
n

〈n|(...)|n〉 . (A.1)

Then all other thermodynamic variables are computed from the partition function. In QFT the partition
function can be computed from the path integral of that specific QFT (here QCD).

In lattice quantum chromodynamics (LQCD) the thermodynamic variables are calculated using the
discretization of the space–time to a hyper cubic lattice with volume N3

s × Nτ where L = aNs and
T−1 = aNτ are spatial and temporal length of lattice, respectively. The methods and numerical details of
LQCD is beyond the scope of this thesis. Interested reader should look at these references [195, 196].
However, we briefly explain the thermodynamic equations that are connected to the result of LQCD and
their relation with QCD field theory.

Using the partition function we can drive the free energy and entropy of a thermal system.

F = −T log Z , p =
∂(T log Z)

∂V
, S =

∂(T log Z)
∂T

. (A.2)

Also we can write the second law of thermodynamics using the number of similar particles in each energy
state (N̄i) as follows

N̄i = −
∂(T log Z)

µi
, E = −pV + TS + µiN̄i . (A.3)

The following quantities are extensive and we are interested in the thermodynamic limit of them. Then
we consider them in the unit of volume

f =
F
V
, s =

S
V
, ni =

N̄i

V
, ρ =

E
V
, (A.4)

where by using eq. (A.2) we obtain

p = − f , ρ =
T 2

V
∂ log Z
∂T

= −
1
V
∂ log Z
∂T−1 . (A.5)
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Energy momentum tensor of a relativistic system of fluid is given by

T µν = (p + ρ)uµuν − pgµν , (A.6)

where gµν is the Minkowski metric with diagonal components (1,−1,−1,−1). The unit four vector of
velocity in that fluid rest frame is

uµ = (1, 0, 0, 0) . (A.7)

Another quantity which has a great interest in LQCD and thermal field theory studies is trace anomaly

I(T ) ≡ T µµ(T ) = T 5 ∂

∂T
p(T )
T 4 , (A.8)

where Einstein summation rule is used in above. There are the following relations between above
quantities

I = ρ − 3p , s =
ρ + p

T
, c2

s =
dp
dρ

, (A.9)

and cs is the sound speed in the fluid. When a system is in thermal equilibrium the relation between
different thermodynamic variables is called the equation of state,

f (p,V,T, µi) = 0 , (A.10)

which provides the information to study that system further.
The grand canonical ensemble of QCD can be quantified by the partition function which is widely

studied in the literature [195, 196]. This partition function is

Z(V, µ f ,T ; g,m f ) = T̄ r
(
e−(H−µ f Q f )/T

)
=

∫
DADψ̄Dψe−S gs [Aµ]eS f [ψ̄,ψ,Aµ] , (A.11)

where the Euclidean 1 action for gauge bosons and fermions are denoted by

S gs[Aµ] =

∫ 1/T

0
dτ

∫
V

d3x
1
2

TrFµν(x)Fµν(x) ,

S f [ψ̄, ψ, Aµ] =

∫ 1/T

0
dτ

∫
V

d3x
N f∑
f =1

ψ̄ f (x)
(
γµDµ + m f − µ fγ0

)
ψ f (x) ,

Dµ = (∂µ − igsAµ), Aµ = TaAa
µ(x), a = 1, ...,N2 − 1 , Fµν(x) =

i
gs

[Dµ,Dν] , (A.12)

By considering the infinity limit of spatial volume V → ∞ the thermodynamic limit in the above
integrals can be obtained. The following quantity shows the conserved quark numbers operator for the
relevant chemical potential µ f defined as

Q f = ψ̄ fγ0ψ f . (A.13)

The dependency on thermodynamic variables i.e. µ f , V and T appears in the eq. (A.11) for partition
function. Also, it depends on quark mass (m f ) and strong coupling constant (gs). In the last line of

1 It refers to considering the imaginary time (τ → i t) in field theory which causes similarity between time and spatial
coordinates.
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eq. (A.12) N shows the order of SU(N) gauge group. For QCD N = 3 and a = 1, ..., 8 denotes the index
of group generators T a.

The limit T → 0 of above equations corresponds to the vacuum QCD in infinite four dimentional
spacetime volume. In lattice gauge theory considering Bose–Einstein statistics for bosons and Fermi–
Dirac for fermions (including Pauli exclusion principle) the following boundary conditions can be
used

Aµ(τ, x) = Aµ(τ + 1/T, x) , ψ(τ, x) = −ψ(τ + 1/T, x) , (A.14)

for bosons and fermions, respectively [195, 196].
In QCD studies N f shows the number of quark flavors. In case it is an explicit sum of numbers, it

represents that the masses are different. For example, N f = 2 + 1 denotes the up and down quark masses
(mu and md) are equal but not with the strange quark mass (ms). If it is written as a single number, it
means that the masses of all quarks are equal (e.g. N f = 3 i.e. mu = md = ms) [195, 196].
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APPENDIX B

Indirect and Direct Detection Experiments

B.1 Indirect Detection

The center of our galaxy as the closest dense region with high probability of accumulation of dark matter
(DM) particles due to large gravitational effects is one of the most interesting regions for indirect searches.
One way to observe the annihilation of dark matter particles indirectly is through the detection of gamma
rays from the center of our galaxy [15, 105, 187, 197]. These gamma rays can be from the annihilation
of a pair of dark matter particles

χχ→ γγ , (B.1)

or from annihilation of their charged products

χχ→ µ+µ−, τ+τ−, bb̄,W+W− → γ + ... . (B.2)

The flux of such events per energy bin can be calculated from the following formula [15, 105, 187, 197]

dΦγ

dEγ
=
〈σv〉

8πm2
χ

dNγ

dEγ

∫
∆Ω

dΩ

∫
line of sight

ds ρ2(r) , r =
√

s2 + d2 − 2sd cos θ , (B.3)

where the distance from Earth to the center of the source is denoted by d. The ρ(r), Nγ and mχ are the
local density of DM at source place, number of detected photons and DM mass, respectively. Also, r
shows the distance from the location of annihilation to the Earth. The so called J–factor is given by

J =
1

8π

∫
∆Ω

dΩ

∫
line of sight

ds ρ2(r) . (B.4)

There are several DM density profiles [198–200] based on simulation of the distribution of matter in the
galaxy which are generally parameterized as

ρ(r) =
ρ0(

r
R

)γ [
1 +

(
r
R

)α] β−γα , (B.5)

where α, β, and γ can be specified for each profile. The characteristic length for each profile is denoted by
R [198–200]. As a consequence, the computation of flux is model dependent. There are some experiments
to measure such gamma ray events like FermiLAT [19–23, 57, 58], etc. These experiments can probe
different regions of mχ and 〈σv〉 parameter space to detect events like what are shown in (B.1) and (B.2)
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or provide some exclusion curves where the regions above them are mostly excluded at 95% confidence
level.

B.2 Direct Detection

In direct detection experiment the event rate of DM interaction with the nuclei in the detector is given by
[15, 105]

R ≈
ρχ�σχ,N〈vχ〉

mχmN
, (B.6)

where ρχ� is the local energy density of DM near our solar system in the galaxy and σχ,N is the elastic
scattering cross section of DM and nucleon. The average velocity of DM (χ) with respect to target
nuclei (N) is denoted by 〈vχ〉. The mass of DM and nuclei are written as mχ and mN , respectively. If the
distribution of speed of dark matter is purely Maxwellian the event rate can be approximated as follows 1

R ∝
ρχ�σχ,N

mχmN
v� exp

(
−

ET mN

2µ2

)
, (B.7)

where the circular speed of the Sun around the Milky Way center is denoted by v� = 220 km·s−1. ET is
the threshold of the recoil energy that can be measured by the detector and the reduced mass of nucleon
and DM system is defined by 1/µ = 1/mχ + 1/mN [15, 105]. If a direct detection experiment puts an
upper limit on the event rate then we can interpret it as an upper limit on ρχ� and/or σχ,N which behaves
like [187]

mχ exp
(

ET mN

2µ2

)
, (B.8)

so that at small mχ it behaves exponentially and at large DM mass it increases linearly. This leads to the
known exclusion curves over the parameter space of cross section and dark matter mass; provided by
direct detection experiments like Xenon1T [28], PandaX–II [29], etc. These curves exclude the regions
above them at 90% confidence level.

1 The details of derivation are beyond the scope of this thesis. Interested reader should look at [105].
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