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Abstract

Agglomerative clustering (AC) is a very popular greedy method for computing hierarchical
clusterings in practice, yet its theoretical properties have been studied relatively little. We
consider AC with respect to the most popular objective functions, especially the diameter
function, the radius function and the k-means function. Given a finite set P C R¢ of
points, AC starts with each point from P in a cluster of its own and then iteratively
merges two clusters from the current clustering that minimize the respective objective
function when merged into a single cluster.

We study the problem of partitioning P into k clusters such that the largest diameter
of the clusters is minimized and we prove that AC computes an O(1)-approximation for
this problem for any metric that is induced by a norm, assuming that the dimension d is a
constant. This improves the best previously known bound of O(log k) due to Ackermann
et al. [2]. Our bound also carries over to the k-center and the continuous k-center problem.

Moreover we study the behavior of agglomerative clustering for the hierarchical k-
means problem. We show that AC computes a 2-approximation with respect to the k-
means objective function if the optimal k-clustering is well separated. If additionally the
optimal clustering also satisfies a balance condition, then AC fully recovers the optimum
solution. These results hold in arbitrary dimension. We accompany our positive results
with a lower bound of Q((3/2)9) for data sets in R? that holds if no separation is guar-
anteed, and with lower bounds when the guaranteed separation is not sufficiently strong.
Finally, we show that AC produces an O(1)-approximative clustering for one-dimensional
data sets.

Apart from AC we provide improved and in some cases new general upper and lower
bounds on the existence of hierarchical clusterings. For the objective function discrete
radius we provide a new lower bound of 2 and improve the upper bound of 4. For the
k-means objective function we state a lower bound of 32 on the existence of hierarchical
clusterings. This improves the best previously known bound of 576.

The simplex algorithm is probably the most popular algorithm for solving linear pro-
grams in practice. It is determined by so called pivot rules. The shadow vertex simplex
algorithm is a popular pivot rule which has gained attention in recent years because it
was shown to have polynomial running time in the model of smoothed complexity. In the
second part of the dissertation we show that the shadow vertex simplex algorithm can be
used to solve linear programs in strongly polynomial time with respect to the number n
of variables, the number m of constraints, and 1/, where 0 is a parameter that measures
the flatness of the vertices of the polyhedron. This extends a previous result that the
shadow vertex algorithm finds paths of polynomial length (w.r.t. n, m, and 1/9) between
two given vertices of a polyhedron [I7].

Our result also complements a result due to Eisenbrand and Vempala [25] who have
shown that a certain version of the random edge pivot rule solves linear programs with a
running time that is strongly polynomial in the number of variables n and 1/4, but inde-
pendent of the number m of constraints. Even though the running time of our algorithm
depends on m, it is significantly faster for the important special case of totally unimodular
linear programs, for which 1/ < n and which have only O(n?) constraints.
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Chapter 1

Introduction

Since its first definition in 1971 in a paper by Stephen A. Cook [19], the complexity class
N P has decisively shaped the scientific work in the field of computer science. Cook showed
in his paper that every problem contained in NP can be reduced to the SAT-problem in
polynomial time - this makes SAT the hardest type of problem in NP. Karp followed in
1972 with an extensive work [32], in which he uses polynomial time reductions to prove
for 21 problems, including famous problems like Vertex Cover or Clique, that they are
contained in the group of hardest problems in N P. Since then, research revolves around
the question whether there is an efficient solution for such problems. By efficient we mean
that a solution can be found in polynomial time. Such problems are summarized in the
class P, which is a subclass of NP.

As a consequence one has to deal with the question how to proceed with hard opti-
mization problems, which are of particular interest in practice and where a good solution
has to be computed quickly. A crucial and trend-setting observation is, that we search
in most of the cases for a good solution but not necessarily for an optimum solution.
This introduces the large field of approximation algorithms. An approximation algorithm
searches for a value which differs from the optimal solution by a factor of at most «. In
general one allows « to be a function dependent on parameters like the input size of the
instance.

One popular example for that type of optimization problems is the k-clustering problem
where a finite set of points P shall be divided into a fixed number of clusters. Clustering
is well known to be N P-hard for a large number of objective functions, including the
diameter- or radius-function such as k-means. Since it is indispensable in numerous tasks
in practice one has to find a way to compute good clusterings. Many approximation
algorithms have been developed over the years. In practice greedy methods are very
popular. They are often easy to implement with a small running time and behave naturally
and locally optimal. In terms of clustering a very natural heuristic is to start with P
and proceed with the cheapest possible merge steps one after another until a suitable
number of clusters is obtained. This results in a k-clustering for each integer k € [|P|]|1_-I
where clusterings are refinements of subsequent clusterings. A set of clusterings with
these properties is called a hierarchical clustering. Nevertheless for the most popular
objective functions there are very few results known about approximation guarantees or

'We use the abbreviation [i] = {1,...,i} for i € N.



lower bounds for this greedy heuristic. In Chapter 2 we analyze the existence of such
hierarchical clusterings in general and moreover analyze the greedy heuristic with respect
to the most popular objective functions.

Besides there exist very established problems for which it is still not known if they
are solvable in polynomial time or to belong to the group of NP-hard problems. A
very popular example is the graph isomorphism problem. Another problem for which
the complexity class was unknown for a long time is linear programming. The problem
is to maximize a linear function under a number of linear constraints on the variables.
This turns over to the problem of finding a certain vertex in a polyhedron. The simplex
algorithm was invented by Dantzig in 1947 [2I] and walks along a path of neighbored
vertices until it reaches the target vertex. How the next neighbored edge is chosen in
the path depends on so called pivot rules. There are many pivot rules which are very
popular and perform well in practice, though there exist instances where the running
time is known to be exponential for the most of them. Apart from the simplex method
Leonid Khachiyan proved in 1979 [33] that linear programming is contained in P. He
uses an extension of the ellipsoid method which can be used to solve linear programs in
polynomial running time. Nevertheless the simplex method is still significant in practice.
It is still unknown if there exists a pivot rule which leads to a polynomial running time of
the algorithm. One very popular example for pivot rules is the shadow vertex pivot rule.
The shadow vertex pivot rule visits vertices along the shape of the polyhedron projected
into a 2 dimensional plane from a start vertex to the target vertex. In 2004 Spielman and
Teng proved that the shadow vertex pivot rule has polynomial running time in the model
of smoothed complexity [49] which justifies its relevance in practice. In Chapter 3 we
provide a randomized algorithm based on the shadow vertex pivot rule which has strongly
polynomial running time but depends on a parameter which represents the flatness of the
polyhedron defined by the linear program.

1.1 Hierarchical Clustering

In a typical clustering problem, the goal is to partition a given set of objects into clusters
such that similar objects belong to the same cluster while dissimilar objects belong to
different clusters. Clustering is ubiquitous in computer science with applications ranging
from biology to information retrieval and data compression. As an unsupervised learning
method, it provides an easy way to gain insight into the structure of data without the
need for expert knowledge to start with. A k-clustering C of P is a partition of P into k
non-empty sets C1, ..., Ck. There exist a lot of popular objective functions to measure the
quality of a given clustering C starting with geometric functions like diameter or (discrete)
radius or stochastic functions like k-median and k-means also known under the name sum
of squared errors.

Diameter and discrete radius Let (M, d) be a metric space and P C M denote a finite
set of points. Geometric objective functions consider properties of the convex hull of the
clusters like their diameter but are not interested in properties like the number of points
per cluster. We consider two common variants to measure the quality of a k-clustering C,
which lead to different optimization problems.



e diameter k-clustering problem: Find a k-clustering C with minimum diameter.
The diameter diam(C) of C is given by the maximal diameter max; diam(C;) of
one of its clusters, where the diameter of a set C' C P is defined as diam(C) :=
maxg yec dist(z, y).

e k-center problem: Find a k-clustering C with minimum discrete radius. The
discrete radius drad(C) of C is given by the maximal discrete radius max; drad(C;)
of one of its clusters, where the discrete radius of a set C' C P is defined as drad(C) :=
mingec maxzcc dist(z, y).

In some cases, when the metric is non-discrete, it is crucial to allow any point in M
to be a cluster center. In that case we distinguish between discrete radius and radius
as objective functions. We name the problem of finding a clustering with respect to the
objective function radius as continuous k-center problem.

The approximability of clustering problems is well understood. In general we know that
the k-center problem is N P-hard and it is even N P-hard to find a (2 — €)-approximation
for any € > 0 [28]. The same bounds hold for the diameter k-clustering problem. Feder and
Greene [26] proved that for the Euclidean metric the k-center problem and the diameter
k-clustering problem cannot be approximated better than a factor of 1.822 and 1.969,
respectively.

k-means One of the most popular clustering objectives is k-means: Given a set P of
points in the Euclidean space R, find k centers that minimize the sum of the squared
distances of each point in P to its closest center. The objective is also called sum of
squared errors, since the centers can serve as representatives, and then the sum of the
squared distances becomes the squared error of this representation.

Theory has focused on metric objective functions for a long time: Facility location or
k-median are very well understood, with upper and lower bounds on the best possible
approximation guarantee slowly approaching one another. The k-means cost function is
arguably more popular in practice, yet its theoretical properties were long not the topic of
much analysis. In the last decade, considerable efforts have been made to close this gap.

We now know that k-means is NP-hard, even in the plane [41] and also even for two
centers [4]. The problem is also APX-hard [7], and the currently best approximation
algorithm achieves an approximation ratio of 6.357 [3]. The best lower bound, though, is
only 1.0013 [37]. A seminal paper on k-means is the derivation of a practical approximation
algorithm, k-means++, which is as fast as the most popular heuristic for the problem (the
local search algorithm due to Lloyd [39]), has an upper bound of O(log k) on the expected
approximation ratio, and has proven to significantly improve the performance on actual
data [5]. Due to its simplicity and superior performance, it (or variants of it) can now be
seen as the de facto standard initialization for Lloyd’s method.

Existence of good hierarchical clusterings From a practical point of view, however,
there is still one major drawback of using k-means+-+ and Lloyd’s method, and this has
nothing to do with its approximation ratio or speed. Before using any method that strives
to optimize k-means, one has to determine the number & of clusters. If one knows very
little about the data at hand, then even this might pose a challenge. However, there



is a simple and popular method available: hierarchical clustering. Instead of computing
clusterings for several different numbers of clusters and comparing them, one computes
one hierarchical clustering, which contains a clustering for every value of k. A hierarchical
clustering C of a set P of n objects is a sequence C1,Cs, ..., Cy,, where C; is a clustering of P
into ¢ non-empty clusters and C;_1 results from C; by merging two clusters in C;. Besides the
advantage that the number of clusters does not have to be specified in advance, hierarchical
clusterings are also appealing because they help to understand the hereditary properties
of the data and they provide information at different levels of granularity. A hierarchical
clustering is apparently something very desirable, but the question is: Can the solutions
be good for all values of k7 Do we lose much by forcing the hierarchical structure?

Dasgupta and Long [23] were the first to give positive and negative answers to this
question. Their analysis evolves around the k-center problem. They compare the k-center
cost on each level of a hierarchical clustering to an optimal clustering with the best possible
radius with the same number of clusters and look for the level with the worst factor. It
turns out that popular heuristics for hierarchical clustering can be off by a factor of log k
or even k compared to an optimal clustering. Dasgupta and Long also propose a clever
adaption of the 2-approximation for k-center due to Gonzdlez [28], which results in a
hierarchical clustering algorithm. For this algorithm, they can guarantee that the solution
is an 8-approximation of the optimum on every level of the hierarchy simultaneously. We
improve the known upper bound of 8 for the k-center problem to an upper bound of 4,
though our argument is non-constructive.

Theorem 1.1. For each finite point set P and each metric (M,d) with P C M there
exists a hierarchical clustering with approximation factor 4 on each level of granularity for
the k-center problem.

In a series of works, Mettu, and Plaxton [43], Plaxton [45] and finally Lin, Nagara-
jan, Rajaraman, and Williamson [38] develop and refine algorithms for the hierarchical
k-median problem, which can be seen as the metric cousin of the hierarchical k-means prob-
lem. It consists of minimizing the sum of the distances of every point to its closest center,
and is usually studied in metric spaces. The best known approximation guarantee is 20.06.
However, the quality guarantee vastly deteriorates for k-means: An O(1)-approximation
for the hierarchical k-means problem follows from [45] [43] as well as from [38], but the
approximation ratios range between 961 and 3662. Nevertheless the analysis of Lin, Na-
garajan, Rajaraman, and Williamson [38] includes non-constructive upper bounds for the
existence of a hierarchical clustering with respect to k-median and k-means of 24 and
576, respectively. We improve their upper bounds by providing a better subroutine. The
following theorem improves the upper bound for the k-means problem. We mention that
together with the algorithm in [38] the subroutine can be used to efficiently implement
an approximation algorithm for the hierarchical k-means problem with approximation ra-
tio 32a, given an a-approximation for the k-means problem for arbitrary k. This also
improves the recently known upper bound of 576a.

Theorem 1.2. For each finite point set P € R? there exists a hierarchical clustering with
approrimation factor 32 on each level of granularity for the k-means problem. Moreover
given an a-approzimation algorithm for the k-means problem, a hierarchical clustering
with approximation ratio 32a can be computed.



When talking about upper bounds it automatically raises the question what it the
best hierarchical clustering we can hope for? Das and Kenyon-Mathieu state an instance
for the diameter k-clustering problem in [22] where no hierarchical clustering exists which
is better than a 2-approximation for each level of granularity. We provide a family of
instances (T, )meNm>0 for the k-center problem where no hierarchical clustering has an
approximation factor better than 2 — 1/2™.

Theorem 1.3. For each € > 0 there exists a metric space (M,d) and a finite point set
P C M where the minimum hierarchical clustering for the k-center problem on P has
approzimation factor larger than 2 — €.

‘ k-center  diameter k-means

Constructive Upper Bound | 8 [23] 8 [23] 32a (576 [38])
Upper Bound 4 (8[23])) 823 32 (576 [38])
Lower Bound 2 (-) 2 [22] -

Table 1.1: The table states currently known upper and lower bounds on the hierarchical
versions of the three clustering problems. Whenever we improved one of the bounds we
state the previous known bound in brackets right behind.

The agglomorative clustering greedy Hierarchical clustering algorithms are classi-
fied as divisive or agglomerative. Divisive algorithms work top-down, starting with P as the
first clustering and subsequently dividing it. Agglomerative algorithms work bottom-up,
starting with singletons clusters and subsequently merging them. Agglomerative methods
are more popular because they are usually faster. The Agglomerative Clustering Greedy
(AC) starts with the clustering C,, in which every object belongs to its own cluster. Then
it iteratively merges the two clusters from the current clustering C;11 with the smallest
distance to obtain the next clustering C;. This is a locally optimal choice only, since the
optimal merge in one operation may prove to be a poor choice with respect to a later level
of the hierarchy. Depending on how the distance between two clusters is defined, different
agglomerative methods can be obtained.

A common variant is the complete-linkage method in which the distance between two
clusters A and B is defined as the diameter or the discrete radius of AU B, assuming some
distance measure on the objects from P is given. Which clusters are merged in an iteration
depends on the optimization problem we consider. For the diameter k-clustering problem,
the complete-linkage method chooses two clusters A and B from C;; such that diam(AUB)
is minimized. Similarly, for the k-center problem and the continuous k-center problem it
chooses two clusters A and B from C,;1; such that drad(A U B) or rad(4 U B) is mini-
mized, respectively. Hence, every objective function gives rise to a different variant of the
complete-linkage method. When it is not clear from the context which variant is meant,
we will use the notation CLY?4 CL™4, and CLY*™ to make the variant clear.

The complete-linkage method is very popular and successful in a wide variety of appli-
cations. To name just a few of many examples, Rieck et al. [46] have used it for automatic
malware detection, Ghaemmaghami et al. [27] have used it to design a speaker attribution
system, and Cole et al. [I8] use it as part of the Ribosomal Database Project. Yet the



complete-linkage method is not fully understood in theory and there is still a considerable
gap between the known upper and lower bounds for its approximation guarantee.

Ackermann et al. [2] proved that the complete-linkage method yields an O(log k)-
approximation for any metric that is induced by a norm and constant dimension d. The
analysis of Ackermann et al. proceeds in two phases. The first phase ends when 2k clusters
are left and the second phase consists of the last k merge operations. In the first phase
a factor depending only on d but not on k is incurred. Our analysis begins at the end of
the first phase. We prove that the approximation factor in the last k steps increases by at
most a constant factor. This leads to an improved upper bound for the complete-linkage
method.

Theorem 1.4. Ford € N and a finite point set P C R? the algorithm CLY™ computes an
O(d)-approxzimation for the k-center problem. The algorithm CLY™ computes a 20(d)?_
approzimation for the diameter k-clustering problem.

Using AC for k-means yields Ward’s method [51]. Here the distance between two
clusters A and B is defined as the k-means cost of the clustering C; resulting from C;;1 by
merging A and B. To the best of our knowledge, the worst-case quality of Ward’s method
has not been studied before. In particular, it was not known whether the algorithm can
be used to compute constant-factor approximations. We answer this question negatively
by giving a family of examples with increasing k& and d where the approximation factor of
Ward is ((3/2)%).

To explain the algorithms popularity, we then proceed to study it under different
clusterability assumptions. Clustering problems are usually NP-hard and even APX-hard,
yet clustering is routinely solved in practical applications. This discrepancy has led to the
hypothesis that data sets are either easy to cluster, or they have little interesting structure
to begin with. ‘Well-clusterable data sets are computationally easy to cluster’ [12] and
‘Clustering is difficult only when it does not matter’ [20] are two slogans summarizing this
idea. Following it, many notions have been developed that strive to capture how well a
data set is clusterable. One such notion is center separation [I3]: A data set P C R?
is 0-center separated for some number k of clusters if the distance between any pair of
clusters in the optimal clustering is at least J times the maximal radius of one of the
clusters. It satisfies the similar a-center prozimity [6] for k if in the optimum k-clustering
the distance of each data point to any center except for its own is larger by a factor of
at least o than the distance to its own center. We apply these notions to hierarchical
clustering by showing that if there is a well-separated optimum solution for a level, then
the clustering computed by Ward on this level is a 2-approximation.

Theorem 1.5. Let P C R? be an instance that satisfies weak (2 +2v/2 + €)-center separa-
tion or (34 2v/2+ €)-center proximity for some k € [|P|] and ¢ > 0. Then Ward computes
a 2-approximation on P for that k.

This means that Ward finds good clusterings for all levels of granularity that have a
meaningful clustering; and these good clusterings have a hierarchical structure. For levels
on which the sizes of the optimal clusters are additionally to some extend balanced, we
prove that Ward even computes the optimum clustering.



Theorem 1.6. Let P C R? be an instance with optimal k-means clustering Ox, ..., O
with centers ci,...,c; € R%. Assume that P satisfies (2 + 2+/2v + €)-center separation for
Oy

some € > 0, where v = max; jc JO—J‘ 1s the largest factor between the sizes of any two

optimum clusters. Then Ward computes the optimal k-means clustering Oq, ..., Oy.

Related Work

Let P C R? and a metric dist on P be given and consider an objective function f €
{drad, rad, diam, k-median, k-means}. Let (9,{ be an optimal k-clustering of P with re-
spect to f. For each of these problems, it is easy to find examples where no hierarchical
clustering C = (Cy,...,C|p) exists such that Cj is an optimal k-clustering for every k.
We say that a hierarchical clustering C is an a-approximate hierarchical clustering with
respect to f if f(Cx) < a - f((’),{) holds for every k. In general, we also allow « to be a
function of k£ and d.

Upper and lower bounds on the existence of hierarchical clusterings The de-
sign of hierarchical clustering algorithms that satisfy per-level guarantees started with the
paper by Dasgupta and Long [23] who gave an efficient algorithm that computes 8-ap-
proximate hierarchical clusterings for the diameter k-clustering problem and the k-center
problem, thereby giving a constructive proof of the existence of such hierarchical cluster-
ings. Their result holds true for arbitrary metrics on R? and it can even be improved to
an expected approximation factor of 2e ~ 5.44 by a randomized algorithm. Their method
turns Gonzélez’ algorithm [28] into a hierarchical clustering algorithm. Gonzdilez’ algo-
rithm is a 2-approximation not only for k-center, but also for the incremental k-center
problem: Find an ordering of all points, such that for all £, the first k& points in the ordering
approximately minimize the k-center cost. The idea to make an algorithm for incremental
clustering hierarchical was picked up by Plaxton [45], who proves that this approach leads
to a constant factor approximation for the hierarchical k-median problem. He uses an
incremental k-median algorithm due to Mettu and Plaxton [43]. Finally, Lin, Nagarajan,
Rajaraman and Williamson [38] propose a general framework for approximating incre-
mental problems that also works for incremental variants of MST, vertex cover, and set
cover. They also cast hierarchical k-median and k-means into their framework for incre-
mental approximation. They get a randomized/deterministic 20.06/41.42-approximation
for hierarchical k-median and a randomized /deterministic 151.1a/576-approximation for
k-means, where « is the approximation ratio of a k-means approximation algorithm. The
results include a non constructive proof of the existence of a 576-hierarchical clustering
for k-means clustering.

Das and Kenyon-Mathieu [22] provide a lower bound of 2 for the existence of a hierar-
chical clustering for the diameter k-clustering problem. They state an instance I and prove
that each hierarchical clustering on I has at least approximation factor 2. To our best
knowledge their exist no further lower bounds with respect to other objective functions.

Complete linkage Dasgupta and Long also studied in [23] the performance of the
complete-linkage method and presented an artificial metric on R? for which its approx-
imation factor is only Q(logk) for the diameter k-clustering and the k-center problem.



Ackermann et al. [2] showed for the diameter k-clustering and the discrete k-center prob-
lem a lower bound of Q({/Iogk) for the ,-metric for every p € N, assuming d = Q(k).
Ackermann et al. [2] also showed that the complete-linkage method yields an O(log k)-
approximation for any metric that is induced by a norm, assuming that d is a constant.
Here the constant in the big O notation depends on the dimension d. For the k-center
problem the dependence on d is only linear and additive. For the continuous k-center
problem the dependence is multiplicative and exponential in d, while for the diameter
k-clustering problem it is multiplicative and even doubly exponential in d. The analysis
of Ackermann et al. proceeds in two phases. The first phase ends when 2k clusters are left
and the second phase consists of the last k merge operations. In the first phase a factor de-
pending only on d but not on k is incurred. To make this precise, let Cg};ad, C§Zd, and Cgliﬁam
denote the 2k-clusterings computed by the corresponding variants of CL. Ackermann et
al. prove that for each objective F' € {drad,rad,diam} there exists a function kp such
that
F(C3y) < kr(d) - F(OF). (1.1)

The function Kgraq is linear in d, the function k.,q is exponential in d, and the func-
tion Kqiam is doubly exponential in d. The factor O(log k) is only incurred in the last k
merge operations. Let Cgrad, C};ad, and Cgiam denote the k-clusterings computed by
the corresponding variants of CL. Ackermann et al. show that for each objective F' €
{drad, rad, diam}, it holds

F(Cy) < O(logk) - F(Ci),

where the constant in the big O notation depends again on the dimension d. Addi-
tionally, Ackermann et al. [2] studied the case d = 1 separately and proved that the
complete-linkage method computes 3-approximate hierarchical clusterings for the diame-
ter k-clustering problem and the k-center problem for d = 1.

Ward’s algorithm Balcan, Liang, and Gupta [I1] observe that Ward’s method cannot
be used to recover a given target clustering. We discuss their example and the question
whether Ward can find a specific target clustering, namely the optimum clustering, in
Section To our best knowledge, the quality in terms of approximation ratio of
Ward’s method has not been analyzed theoretically at all previous to our work.

Clusterability assumptions There is a vast body of literature on clusterability as-
sumptions, i.e., assumptions on the input that make clustering easier either in the sense
that a target clustering can be (partially) recovered or that a good approximation of an
objective function can be computed efficiently. A survey of work in this area can be found
in [I12]. Particularly relevant for our results are the notions of d-center separation [I3]
and a-center proximity [6] mentioned above. There are several papers showing that under
these assumptions it is possible to recover the target/optimal clustering if 6 and « are
sufficiently large [6], 10, B6, 42]. Other notions include the strict separation property of
Balcan, Blum, and Vempala [9], the e-separation property of Ostrovsky et al. [44], and the
weaker version of the proximity condition due to Kumar and Kannan [35] which Awasthi
and Sheffet [§] proposed (it is based on the spectral norm of a matrix whose rows are the



difference vectors between the points in the data set and their centers). For all these no-
tions of clusterability, algorithms are developed that (partially) recover the target/optimal
clustering.

Our Contribution

Upper and lower bounds on the existence of hierarchical clusterings We prove
that there exists a family of instances for the k-center problem such that for each ¢ > 0
there is some instance on which no 2 — e-hierarchical clustering exists. This implies a
lower bound of 2 for the existence of hierarchical clusterings for the k-center problem.
On the other side we introduce new augmentation routines which extend and in the case
of k-means replace the augmentation routines used by Lin et al. in [38]. This leads to
significantly better upper bounds for the k-center problem where the upper bound of
Dasgupta and Long decreases to 4 and k-means clustering where we turn the bound of
576 for the existence of a hierarchical clustering into an upper bound of 32.

Ward’s algorithm We show that, in general, Ward’s method does not achieve a con-
stant approximation factor. We present a family of instances (Py)geny with Py € RY on
which the cost of the 2%-clustering computed by Ward is larger than the cost of the optimal
2%-means clustering of P; by a factor of Q((3/2)?). Then we observe that the family of
instances used for this lower bound satisfy the strict separation property of Balcan, Blum,
and Vempala [9], the e-separation property of Ostrovsky et al. [44] for any € > 0, and
the separation condition from Awasthi and Sheffet [8]. Hence, none of these three no-
tions of clusterability helps Ward’s method to avoid that the approximation factor grows
exponentially with the dimension.

Moreover we show that the approximation ratio of Ward’s method on one-dimensional
inputs is O(1). The one-dimensional case turns out to be more tricky than one would
expect, and our analysis is quite complex and technically challenging.

Finally, we analyze the approximation factor of Ward’s method on data sets that
satisfy different well-known clusterability notions. It turns out that the assumption that
the input satisfies a high §-center separation [I3] or a-center prozimity [6] implies a very
good bound on the approximation guarantee of Ward’s method. We show that Ward’s
method computes a 2-approximation for all values of k for which the input data set satisfies
(24 2+/2)-center separation or (34 2v/2)-center proximity. We also show that on instances
that satisfy (2 + 2v/2v)-center separation and for which all clusters O; and O; in the
optimal clustering satisfy |O;| > |O;|/v, Ward even recovers the optimal clustering.

Complete linkage As a part of this thesis we prove that the complete-linkage method
yields an O(1)-approximation for the k-center problem, the continuous k-center problem
and the diameter k-clustering problem for any metric on R? that is induced by a norm,
assuming that d is a constant. This does not contradict the lower bound of Ackermann et
al. because this lower bound assumes that the dimension depends linearly on k. In light of

our result, the dependence of this lower bound on k is somewhat misleading and it could
also be expressed as Q({/logd).



In order to obtain our result, we improve the second phase of the analysis of Ackermann
et al. [2] and we prove that for each objective F' € {drad,rad,diam},

F(C{) < O0(1) - F(C3)-

The constant in the big O notation depends neither on d nor on k. It is 43, 19, and 17 for
the discrete k-center problem, the k-center problem, and the diameter k-clustering prob-
lem, respectively. Together with ([1.1)) this yields the desired bound for the approximation
factor.

1.2 Shadow Vertex Algorithm

Linear Programming (LP) describes an optimization problem where one searches for the
maximum of a linear function while a set of linear constraints is preserved by the solution
vector. LP is probably the most important optimization model. It has an immense
influence on modeling in economics and there exist extensive applications in industrial and
military areas. Besides it plays a major role in the design of approximation algorithms
when translating a hard problem into a suitable Integer Program and using LP to solve a
relaxation to find a good estimation for the optimum value.

For a given matrix A = [a1,...,amn|" € R™*™ and vectors b € R™ and ¢ € R” the
standard form of a linear program is given by max{c'z | Az < b}. The set {z | Az < b}
of linear constraints builds an n-dimensional polyhedron. Since the objective function is
linear, it is geometrically clear that a vertex of the polyhedron takes the optimum value
in the case where the optimum value does not tend to infinity.

Simplex method In 1974 Dantzig introduced the simplex method as a first algorithm
to solve linear programs [2I]. His idea was to start at a vertex of the polyhedron which
has to be identified in a first phase and then walk along the shape of the polyhedron
over a path of pairwise neighbored vertices in the direction of the objective function ¢z
until an optimal vertex or an unbounded ray is found. Up to now the simplex method is
one of the most important methods for solving linear programs and is still widely used
in practice. It is a bit misleading to talk about the simplex method as one algorithm.
In fact, the simplex method is mainly determined by how the next vertex in the path is
selected among all vertices that improve the objective function ¢’ z. As a first pivot rule,
Dantzig proposed to choose the vertex which improves the target function the most. In
the further course, many popular pivot rules have been depeloved which lead to different
behaviors of the path from the start vertex to the optimum vertex and lead to advantages
or disadvantages depending on the applications. A big advantage of the simplex method
is that when additional constraints are added subsequently, a so-called warm start can
be performed instead of calculate a solution right from the beginning. In 1970 Klee and
Minty stated an instance in form of a unit hypercube of variable dimension whose corners
have been perturbed and on which the simplex method in the original form as presented
by Dantzig visits an exponential number of corners before reaching an optimal vertex. The
Klee Minty cube is for many pivot rules an example for their non-polynomial running time
and there are a lot of modifications and further hard instances concerning a large number
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of pivot rules. Up to now, there is no pivot rule for which a polynomial running time
has been proven, although many of them belong to the fastest alternatives in practical
applications.

Shadow vertex algorithm The shadow vertex algorithm is a well-known pivoting rule
for the simplex method. The idea is that linear programming is easy in the two di-
mensions. Assume we have a start vertex zo and an objective function ¢’z. First a
vector u is computed such that z minimizes the function u”z. Then the polyhedron
P = {x € R"| Ax < b} of feasible solutions is projected onto the plane by the projection
vectors u and v. Then one walks along the shape of the shadow from xy to the opti-
mal vertex. The shadow vertex algorithm is known to have an exponential running time
in the worst case. Nevertheless it performs well in practical applications. It has gained
attention in recent years because it was shown to have polynomial running time in the
model of smoothed analysis [49] which justifies its relevance in practice. Brunsch and
Roglin observed that it can also be used to find short paths between given vertices of a
polyhedron [I7]. Here short means that the path length is 0(7%2‘2 ), where n denotes the
number of variables, m denotes the number of constraints, and ¢ is a parameter of the
polyhedron that we will define shortly.

The result left open the question whether or not it is also possible to solve linear
programs in polynomial time with respect to n, m, and 1/§ by the shadow vertex simplex
algorithm. We resolve this question and introduce a variant of the shadow vertex simplex
algorithm that solves linear programs in strongly polynomial time with respect to these
parameters.

For a given matrix A = [a1,...,am,|"T € R™*" and vectors b € R™ and ¢y € R” our goal
is to solve the linear program max{coTz | Az < b}. We assume without loss of generality
that [|co|| = 1 and ||a;|| = 1 for every row a; of the constraint matrix.

Definition 1.7. The matriz A satisfies the §-distance property if the following condi-
tion holds: For any I C {1,...,m} and any j € {1,...,m}, if a; ¢ span{a;|i € I}
then dist(aj,span{a;|i € I}) > 6. In other words, if aj does not lie in the subspace
spanned by the a;, i € I, then its distance to this subspace is at least 6.

We present a variant of the shadow vertex simplex algorithm that solves linear pro-
grams in strongly polynomial time with respect to n, m, and 1/, where § denotes the
largest &’ for which the constraint matrix of the linear program satisfies the ¢’-distance
property. (In the following theorems, we assume m > n. If this is not the case, we use the
method from Section [3.7.1] to add irrelevant constraints so that A has rank n. Hence, for
instances that have fewer constraints than variables, the parameter m should be replaced
by n in all bounds.)

Theorem 1.8. There exists a randomized variant of the shadow vertex simplex algorithm
(described in Section that solves linear programs with n variables and m constraints
satisfying the 0-distance property using O(m(s—g3 -log (3)) pivots in expectation if a basic
feasible solution is given. A basic feasible solution can be found using O(T(’;—: -log (3))
pivots in expectation.
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We stress that the algorithm can be implemented without knowing the parameter 6.
From the theorem it follows that the running time of the algorithm is strongly polynomial
with respect to the number n of variables, the number m of constraints, and 1/§ because
every pivot can be performed in time O(mn) in the arithmetic model of computation (see
Section E|

Let A € Z™*™ be an integer matrix and let A" € R™*" be the matrix that arises from A
by scaling each row such that its norm equals 1. If A denotes an upper bound for the
absolute value of any sub-determinant of A, then A’ satisfies the d-distance property for § =
1/(A%n) [17]. For such matrices A Phase 1 of the simplex method can be implemented
more efficiently and we obtain the following result.

Theorem 1.9. For integer matrices A € Z™*™, there exists a randomized variant of the
shadow vertex simplex algorithm (described in Sectz’on that solves linear programs with
n variables and m constraints using O(mn5A4 log(A + 1)) pivots in expectation if a basic
feasible solution is given, where A denotes an upper bound for the absolute value of any
sub-determinant of A. A basic feasible solution can be found using O(mSA*log(A + 1))
pivots in expectation.

Theorem implies in particular that totally unimodular linear programs can be
solved by our algorithm with O(mn5) pivots in expectation if a basic feasible solution is
given and with O(m°®) pivots in expectation otherwise.

Besides totally unimodular matrices there exist also other classes of matrices for
which 1/6 is polynomially bounded in n. Eisenbrand and Vempala [25] observed, for
example, that § = Q(1/y/n) for edge-node incidence matrices of undirected graphs with n
vertices. One can also argue that § can be interpreted as a condition number of the ma-
trix A in the following sense: If 1/¢ is large then there must be an (n X n)-submatrix of A
of rank n that is almost singular.

Related Work

Shadow vertex simplex algorithm We will briefly explain the geometric intuition
behind the shadow vertex simplex algorithm. For a complete and more formal description,
we refer the reader to [I5] or [49]. Let us consider the linear program max{cy’z | Az < b}
and let P = {x € R"| Az < b} denote the polyhedron of feasible solutions. Assume that
an initial vertex x1 of P is known and assume, for the sake of simplicity, that there is a
unique optimal vertex z* of P that maximizes the objective function coT2. The shadow
vertex pivot rule first computes a vector w € R™ such that the vertex x; minimizes the
objective function wTz subject to € P. Again for the sake of simplicity, let us assume
that the vectors ¢y and w are linearly independent.

In the second step, the polyhedron P is projected onto the plane spanned by the
vectors ¢y and w. The resulting projection is a (possibly open) polygon P’ and one can
show that the projections of both the initial vertex x; and the optimal vertex x* are vertices
of this polygon. Additionally, every edge between two vertices z and y of P’ corresponds

2By strongly polynomial with respect to n, m, and 1/ we mean that the number of steps in the arithmetic
model of computation is bounded polynomially in n, m, and 1/§ and the size of the numbers occurring
during the algorithm is polynomially bounded in the encoding size of the input.
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to an edge of P between two vertices that are projected onto x and y, respectively. Due to
these properties a path from the projection of x1 to the projection of z* along the edges
of P’ corresponds to a path from z1 to x* along the edges of P.

This way, the problem of finding a path from x; to * on the polyhedron P is reduced
to finding a path between two vertices of a polygon. There are at most two such paths and
the shadow vertex pivot rule chooses the one along which the objective coTa improves.
Finding short paths In [I7] Brunsch and Roglin considered the problem of finding a
short path between two given vertices x1 and zo of the polyhedron P along the edges
of P. Their algorithm is the following variant of the shadow vertex algorithm: Choose
two vectors w1, ws € R™ such that z1 uniquely minimizes w; T2 subject to € P and
uniquely maximizes wo ' subject to & € P. Then project the polyhedron P onto the plane
spanned by w; and ws in order to obtain a polygon P’. Let us call the projection w. By
the same arguments as above, it follows that 7(z1) and 7(x2) are vertices of P’ and that
a path from 7(x1) to 7(z2) along the edges of P’ can be translated into a path from z;
to z9 along the edges of P. Hence, it suffices to compute such a path to solve the problem.
Again computing such a path is easy because P’ is a two-dimensional polygon.

The vectors wy and ws are not uniquely determined, but they can be chosen from
cones that are determined by the vertices x; and x2 and the polyhedron P. Brunsch and
Roglin proved in [I7] that the expected path length is O(mTZQ) if wy and wy are chosen
randomly from these cones. For totally unimodular matrices this implies that the diameter
of the polyhedron is bounded by O(mn?*), which improved a previous result by Dyer and
Frieze [24] who showed that for this special case paths of length O(m3n'log(mn)) can be
computed efficiently.

Additionally, Bonifas et al. [14] proved that in a polyhedron defined by an integer
matrix A between any pair of vertices there exists a path of length O(A2n?log(nA))
where A is the largest absolute value of any sub-determinant of A. For the special case
that A is a totally unimodular matrix, this bound simplifies to O(n*logn). Their proof is
non-constructive, however.

Geometric random edge FEisenbrand and Vempala [25] have presented an algorithm
that solves a linear program max{cy z|Az < b} in strongly polynomial time with respect
to the parameters n and 1/§. Remarkably the running time of their algorithm does not
depend on the number m of constraints. Their algorithm is based on a variant of the
random edge pivoting rule. The algorithm performs a random walk on the vertices of
the polyhedron whose transition probabilities are chosen such that it quickly attains a
distribution close to its stationary distribution.

In the stationary distribution the random walk is likely at a vertex z. that optimizes
an objective function ¢z with ||cy —c|| < %. The §-distance property guarantees that x.
and the optimal vertex * with respect to the objective function ¢y’ lie on a common
facet. This facet is then identified and the algorithm is run again in one dimension lower.
This is repeated at most n times until all facets of the optimal vertex x* are identified.
The number of pivots to identify one facet of z* is proven to be O(n!%/8%). A single pivot
can be performed in polynomial time but determining the right transition probabilities
is rather sophisticated and requires to approximately integrate a certain function over a
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convex body.

Let us point out that the number of pivots of our algorithm depends on the number m
of constraints. However, Heller showed that for the important special case of totally
unimodular linear programs m = O(n?) [30]. Using this observation we also obtain a
bound that depends polynomially only on n for totally unimodular matrices.

Combinatorial linear programs FEva Tardos has proved in 1986 that combinatorial
linear programs can be solved in strongly polynomial time [50]. Here combinatorial means
that A is an integer matrix whose largest entry is polynomially bounded in n. Her result
implies in particular that totally unimodular linear programs can be solved in strongly
polynomial time, which is also implied by Theorem However, the proof and the
techniques used to prove Theorem are completely different from those in [50].

Our Contribution

We replace the random walk in the algorithm of Eisenbrand and Vempala by the shadow
vertex algorithm. Given a vertex xg of the polyhedron P we choose an objective func-
tion wrz for which z¢ is an optimal solution. As in [I7] we choose w uniformly at random
from the cone determined by xg. Then we randomly perturb each coefficient in the given
objective function coTz by a small amount. We denote by ¢z the perturbed objective
function. As in [I7] we prove that the projection of the polyhedron P onto the plane

spanned by w and ¢ has 0(7%32) edges in expectation. If the perturbation is so small

that ||co — ¢|| < %, then the shadow vertex algorithm yields with O(mTf) pivots a solu-
tion that has a common facet with the optimal solution z*. We follow the same approach
as Eisenbrand and Vempala and identify the facets of z* one by one with at most n calls
of the shadow vertex algorithm.

The analysis in [I7] exploits that the two objective functions possess the same type of
randomness (both are chosen uniformly at random from some cones). This is not the case
anymore because every component of ¢ is chosen independently uniformly at random from
some interval. This changes the analysis significantly and introduces technical difficulties
that we address in our analysis.

The problem when running the simplex method is that a feasible solution needs to be
given upfront. Usually, such a solution is determined in Phase 1 by solving a modified
linear program with a constraint matrix A’ for which a feasible solution is known and
whose optimal solution is feasible for the linear program one actually wants to solve.
There are several common constructions for this modified linear program, it is, however,
not clear how the parameter § is affected by modifying the linear program. To solve this
problem, Eisenbrand and Vempala [25] have suggested a method for Phase 1 for which
the modified constraint matrix A’ satisfies the d-distance property for the same § as the
matrix A. However, their method is very different from usual textbook methods and needs
to solve m different linear programs to find an initial feasible solution for the given linear
program. We show that also one of the usual textbook methods can be applied. We
argue that 1/0 increases by a factor of at most y/m and that A, the absolute value of any
sub-determinant of A, does not change at all in case one considers integer matrices. In
this construction, the number of variables increases from n to n + m.
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Chapter 2

Hierarchical Clustering

In this chapter we deal with the quality of hierarchical clusterings and analyze a popular
greedy heuristic which computes hierarchical clusterings bottom up. Remember that a
hierarchical clustering is a set C of clusterings of a finite point set P which contains
exactly one k-clustering for each k € [|P|]. Moreover each k-clustering for k& € [|P|] is a
refinement of the (k — 1)-clustering contained in C. We mentioned in Chapter that
in general there does not exist a hierarchical clustering which is optimal on each level of
granularity.

a b c d
| —eo— ] —c—o— ] —o

Figure 2.1: The optimal 3-clustering has diameter 1 — ¢ while the optimal 2-clustering has
diameter 1. There does not exist a hierarchical clustering which is optimal on each level
of granularity.

a b c d e
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Figure 2.2: An analogous example for the k-center problem. The optimal 3-clustering has
discrete radius 1 — € while the optimal 2-clustering has discrete radius 1.

Figure and Figure show simple examples where no hierarchical clustering exists
which is optimal on each level of granularity for the diameter k-clustering problem and
the k-center problem.

Definition 2.1. Let (M,dist) be an arbitrary metric space, P C M a finite point set
and cost an arbitrary objective function. We call a hierarchical clustering C of P an a-
hierarchical clustering if for each integer k € [|P|] and for the k-clustering Cy, € C it holds
that cost(Cr) < a-cost(Of), where O is an optimal k-clustering on P with respect to cost.
We call a hierarchical clustering minimum hierarchical clustering if no other hierarchical
clustering with smaller approximation factor exists on that instance.

We deal with the natural question what is the minimum « for which an a-hierarchical
clustering exists. Therefore we provide in Section a first non-trivial lower bound for
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the k-center problem. Moreover we derive upper bounds for the most popular objective
functions diameter, discrete radius and k-means. In addition to that we analyze in Sec-
tion and Section the popular agglomerative greedy algorithm known as Complete
Linkage or Ward depending on the considered objective function.

2.1 Outline of the Analysis

We start with a brief overview about the ideas and main techniques which are used in this
chapter to prove the main results.

2.1.1 Bounds on the Existence of Hierarchical Clusterings

We start with general lower and upper bounds on the existence of hierarchical clusterings.
Remember that a hierarchical clustering C has approximation factor «. on a finite point set
P if on each level on granularity k € [|P|] we have that cost(Cy) < a cost(Oy) where Cy, € C
is the k-clustering in C and Oj is an optimal k-clustering of P. We start with a lower
bound for the k-center problem. Therefore we just state a suitable set of instances. Then
we prove that on a certain set of granularity levels there exists only one unique hierarchical
clustering with approximation factor smaller than two. Moreover this factor tends to two
for large instances. It follows that there does not exist a hierarchical clustering with a
lower approximation factor on all levels on granularity.

We provide improved upper bounds for the k-center problem and the k-means cluster-
ing problem. Therefore we use the algorithm IncApprox(v, ) stated in [38]. The algorithm
requires an augmentation routine which computes for a given k’-clustering C;» and an op-
timal k-clustering Oy (where k' > k) a k-clustering Cj, which is hierarchically compatible
with Cps and the costs of Cy have an upper bound of cost(C)) < «ycost(Cys) + & cost(Ox)
for real values § and « with §,7 > 1. Based on that IncApprox(y,d) computes a hier-
archical clustering with approximation factor 4v5. We provide a simple but new (1,1)-
augmentation for the k-center problem and a (2,1)-augmentation for the diameter k-
clustering problem and the continuous k-center problem. Moreover we improve the (18, 8)-
augmentation with respect to k-means given in [38] to a (4, 2)-augmentation.

2.1.2 Approximation Guarantees for AC

For the rest of the chapter we analyze the Agglomerative Clustering Greedy AC with
respect to different objective functions. The algorithm AC computes a hierarchical clus-
tering starting with | P| singleton clusters. Now iteratively AC merges these two clusters,
which minimize the increase of the objective function. Notice that whenever AC makes
a decision, it is optimal for the clustering in the next step. Where does its error lie? The
problem is that every merge forces the points of two clusters to be in the same cluster for
any clustering to come. In later clusterings, the condition to cluster certain points together
may induce error. The main challenge is now to relate the cost of the k-clustering Cy, com-
puted by AC to the cost of an optimal k-clustering O} without any information about the
structure or geometrical properties of the optimal clustering. The only information given
by Oy is which points may be merged together within costs cost(Of). We use this infor-
mation to provide AC a set M of possible merge steps at the beginning which costs are
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related to the cost of Or. Whenever AC merges two clusters (A, B) ¢ M although there
exists a suitable merge step (C, D) € M (here suitable means that the clusters C' and D
are available for AC in the current step) then we know that cost(A, B) < cost(C, D) holds
because AC behaves optimally in each single step. After the merge step A and B are no
longer available thus we delete all merges related to A or B from M. Moreover we delete
the merge step (C, D) from M which has been used for an upper bound on cost(A, B).
We use this strategy to give an upper bound on the costs of the performed merge steps
and thus on the cost of Cx. However, the objective functions diameter, discrete radius
and radius have a clear contrast in its behavior to k-median and k-means as objective
functions. The reason is that the first three objectives measure the size of a cluster with
respect to the maximum cluster in a k-clustering while the k-means objective is defined as
the sum of the squared distances of each point to its center of all clusters in the clustering.
Especially this means that the sets of merges which are crucial to determine the objective
values differ considerably. Therefore we discuss our idea in the following exemplarily for
the objective functions diameter and k-means.

k-means In terms of k-means clustering AC is well-known as Ward’s algorithm. There-
fore we name the algorithm Ward in the following. The k-means objective function con-
siders for each cluster the sum of the squared distances of each point in the cluster to
its cluster center. Then it sums up these values over all clusters. Especially that means
that we can decompose the costs of a hierarchical clustering C into costs of single steps
as follows: In each step k € [|P| — 1] we perform exactly one merge step (A, B) which
modifies a (k + 1)-clustering C41 into a k-clustering Cy. By that the k-means cost of the
clustering increase and we denote the amount by D(A, B). If our hierarchical clustering

is represented by the sequence of merge steps my,...,mp_; it directly follows that the
k-means cost of Cy, are given by Cy, = Zglfk D(m;). Now we apply the strategy described
above and try to provide upper bounds for all merges my, ..., mp| in M. Our main tech-

nical idea is that we can assemble the optimal k-clustering Oy from a sequence of merge
steps and each merge step has some cost. Thereby we add some hierarchical structure to
Ok. Analogously to Cy the cost of Oy are then just given by the sum of the costs of all
merge steps in the sequence.

In the following we give some technical details how M is chosen. Whenever Ward
merges two clusters which are contained in a common cluster in O we know that the
cost of this merge are included in opt;, = cost(Oy). Thus we are especially interested in
situations where Ward differs in its behavior which means Ward merges subclusters from
different optimal clusters. To focus on that situation we introduce an equivalence relation
where two points pi,ps in P are equivalent if there exists a cluster C' with py,ps € C
constructed by Ward which is contained in some optimum cluster of O;. We call these
clusters inner clusters. The equivalence classes are then given by the largest inner clusters
formed by Ward, right before Ward acts differently and merges equivalence classes from
different optimal clusters. We know that we can build up Oy from that equivalence classes
by defining an arbitrary path for each cluster O; in O containing all equivalence classes
which are subclusters of O;. We save this paths in the so called potential graph. The
vertices are the equivalence classes while the edges save merge costs for the merges of
incident vertices. Note that the sum of all edge weights does not equal opt;, since the
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optimal clustering proceeds the merges in a path one after another which means in a 2-
path of clusters A, B, C' the optimal clustering has cost D(A, B) + D(AU B, C) while our
edge weights are given by D(A, B) and D(B,C) to enable Ward a more generous choice
of possible merges.

To find an upper bound for the sum of the edge weights we decompose an optimal
k-clustering. Consider an arbitrary cluster O; € Oy and let P, .. .,P,{j be the equiv-
alence classes O; consists of. We pretend O; to result from a hierarchical decompo-
sition. Especially we use two different hierarchical decompositions. Consider the set
M; = {{P],P]},{P],P]},..., {ng_l, Pﬂ;j}} of merges. Observe that the merges in M
cannot be applied one after another because after the first merge {Pf , sz } the singleton
class P2j is gone, which is to be merged in the second merge {PQJ , P?f }. But it is possible to
do every second merge of M;, obtaining sets of clusters My = {{P}, Py}, {P],P}},....}
and My = {{Pg,Pg}, {PZ,Pg}, ..., }. Both sets can be hierarchically completed to O;
and thus all merges in M, together cost at most 2A(0;). Now let M = U;M;. Then all
merges in M together cost at most 2opt,. Together this implies that Ward computes a
clustering with cost at most 2 opt,,.

Finally we search for a bijection between the steps of Ward and the edges in the graph.
This bijection has the property that every merge of Ward is at most as expensive as the
edge assigned to it. Since Ward and the optimal clustering proceed the same number of
steps this can only be guaranteed if every merge of Ward decreases the number of available
edges by only 1. One can show that this follows from separation assumptions defined in

Section 2.4.5]

For the one-dimensional case, the basic approach is similar. The main difference is that
without separation, we can no longer guarantee that the number of available merges de-
creases by only 1 with every step of Ward. Indeed, the original set M of good merges may
be empty after n — 2k merges. To bound the cost of the remaining merge steps, we find a
new set of (relatively) good merges, i.e., a set of merges whose costs can be bounded by a
constant times opt;. Again, this set may run dry, and we have to start again. Essentially,
we show that after a constant number of phases (Ward merges that are charged against a
specific set of good merges), Ward has obtained a k-clustering. Although the basic idea is
similar, the technical implementation of the proof for d = 1 is very different from our proof
for well-clusterable data. Every time that Ward does not merge in a way compatible to
the optimum clustering, we have to account for all possible consequences. Techniques like
reordering help us to organize the proof. We also simplify the instance before the actual
proof.

Diameter, Radius and discrete Radius Now we consider exemplarily the objective
function diameter. In literature AC became popular with respect to the diameter k-
clustering problem and the k-center problem under the name Complete Linkage (CL).
The diameter function behaves very differently in comparison with k-means. The reason
is that the objective function diameter considers at most two points in each cluster to
calculate the objective value while k-means takes each point in each cluster into account.
The most conspicuous geometrical consequence is that while k-means takes rather an
outlier than two different dense points in a cluster the diameter objective is not negatively
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affected by that. A theoretical consequence is that separation assumptions lead already
with very small separation parameters to optimal results and are no longer of theoretical
interest. Instead, we derive a general upper bound for all instances depending on the
dimension d as a parameter.

Therefore we base our analysis on results of Ackermann et al. stated in [2]. As written
in the introduction their analysis in [2] proceeds in two phases. The first phase ends
when 2k clusters are left and the second phase consists of the last k merge operations. In
the first phase an approximation factor depending only on d is incurred (even though the
factor is doubly exponential in d). Based on the first phase we give an improved analysis
of the second phase. Let C’ be the 2k-clustering computed by CL. We know that in phase
two only k merge steps are left and again provide a set M of possible merge steps. Unlike
in the case of k-means we are not interested in summing up the costs of all steps in M.
Indeed the diameter of a given k-clustering C refers only to the distance of two specific
points contained in one cluster. Especially the costs of merge steps applied before and
related to other clusters in C are not of special interest for the objective function. Due
to that we define a threshold ¢ related to the cost of Oy such that an adequate number
of merges can be applied to C’ leading to a diameter of at most ¢. Let opt;, = diam(Oy)
be the cost of an optimal k-clustering. Note that each point in P is contained in some
optimal cluster. It follows that each cluster in C’ intersects with at least one optimal
cluster. Moreover there exists an optimal cluster which has common points with at least
two clusters from C’. Using the triangle inequality it follows that two such clusters can be
merged within diameter cost of 2-diam(C’) +opt;. To organize such potential merge steps
we introduce the concept of clustering intersection graphs (CT). The clusters in C’ build
the set of vertices of a CI-graph G while optimal clusters from Oy, form hyperedges which
connect all clusters in C’ which have a common point with the optimal cluster related to
that edge. Then we set ¢t = 2 diam(C’) + opt;, and add k pairs of such incident clusters in
G from C’' to M such that each cluster of C’ is contained in a merge step from M. Note
that the merge steps in M define a subforest ' on G.

Unfortunately CL could merge clusters which do not intersect in a common optimal
cluster and in that case two merge steps are deleted from M (the two merge steps which
contain A or B). We have to deal with the problem that the set of possible merges M
runs empty whereas CL did not terminate. We will fix this by filling up M with new
possible merge steps remembering the number of different fill-up processes (note that each
fill-up process increases the threshold and therefore the diameter of CL). We represent
this process in F. Whenever two clusters are merged we contract the corresponding
vertices in F. When M runs empty for a certain threshold d we know that it may be
filled up with all pairs of vertices neighbored in F' for the new threshold 2d + opt;. To
decrease the threshold to d + opty, +diam(C’) we proceed more carefully and add only
merges of neighbored vertices to M where one of the vertices is a leaf. One can argue
that the corresponding cluster is contained in C’. Finally we argue that we only need 3
fill-up processes until F' has at most k vertices and CL terminates. We obtain our results
by carefully exploiting the structural properties of F'. At the beginning each connected
component is a tree and especially each connected component contains a leaf which means
there is some merge contained in M. We argue that after two fill-up processes for each
connected component either there is a cycle contained or the component is involved in two
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merge steps in the next period. Finally it follows from counting arguments that after a
third fill-up process each component contains a cycle and by that the number of vertices
is at most the number of edges which is k.

2.2 Preliminaries

Our instances are given by a finite point set P C M which is a subset from a metric space
(M,dist). We denote by opt,(P) the value of a k-clustering that minimizes a specific
objective function.

k-means We consider inputs in the Euclidean space R?. The Euclidean distance of
x1, 29 € R? is denoted by ||z1 — 2o|| = ||z1 — 22||2. Let P C R? be a finite set of points.
For any center ¢ € R?, we denote the sum of the squared distances of each point in P
to ¢ by A(P,¢) = > ,cp|lp — ¢|[*. This sum is minimized when the center is the centroid
u(P) = ‘—113| > pep P of P. Weset A(P) := A(P, u(P)). For any set of k centers C' C R?, the

k-means objective cost is A(P,C) =3 pmineec ||[p—c|[®. The 1-means cost of P is A(P).
If P is weighted with a weight function w : P — N1, then we denote the total weight
by w(P) := > ,cpw(x) and extend the above notations by p(P) = ﬁp)zmep w(x)z,
A(Pyc) =3 cpw(@)||z — c]|?, and A(P) = A(P, u(P)). The weighted k-means objective
is A(P,C) =Y ,cpmincec w(z)||z—c||*. We denote the costs of the k-clustering computed
by Ward’s method on data set P by Wardy(P). The following two facts are well known.

Lemma 2.2 (Relaxed triangle inequality). For all z,y,z € RY, ||z —y||? < 2(||z — 2||* +
12 = yl?).

Lemma 2.3. For any finite point set P C R% and any ¢ € RY, A(P,c) = A(P) + |P| -
lle = u(P)|P.

Proof. See for example Lemma 2.1 in [31] or Lemma 2.4.1 in [47]. O

Lemma has the following important consequence. Whenever a set of points P’ is
clustered together, i.e., all points in it are assigned to the same center in a given solution,
then the cost for this assignment can be computed by knowing only the centroid of the point
set and A(P’). Indeed, A(P’) is always part of the cost when the points in P’ end up in the
same cluster, no matter where they are assigned. Consider any bottom-up hierarchical
clustering strategy. As soon as a set of points P’ has been merged by the strategy, it
is clear that all of the points in P’ will be assigned together in all clusterings to come.
Thus, we can treat such a P’ as one weighted point with some additional constant cost.
This view is very helpful to simplify the analysis of agglomerative hierarchical clustering
strategies and we will adopt it whenever convenient.

Diameter and (discrete) Radius If the metric is not specified we consider general
metric spaces (M,dist). Moreover an instance is given by a finite point set P C M.
Especially our upper bounds on the existence of a-hierarchical clusterings in Section [2.3.2]
are true for arbitrary metric spaces (M, dist). Also our analysis for CL in Sectionvvorks
for arbitrary metric spaces. Though one should mention that Lemma [2.77] Lemma [2.79]
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as well as Lemma are based on results from [2] which hold true for all metrics which
are induced by a norm. For a k-clustering C we denote the diameter of C by diam(C) :=
max; yec dist(z,y). The radius of C is given by rad(C) := min,cgs maxzec dist(z,y).
Finally the discrete radius of C is defined by drad(C') := minycc max,cc dist(z, y). When
it is not clear from the context which variant is meant, we will use the notation CL?d,
CL™ and CLY*™ to make the variant clear.

2.3 Existence of Hierarchical Clusterings

In general it is not possible to find a hierarchical clustering which is optimal on every level
of granularity. This fact automatically raises the question which is the minimum approx-
imation factor we can guarantee for a hierarchical clustering at each level of granularity.

a b c d

. T . Y . T —e

Figure 2.3: Figure with more general distances.

Let us consider Figure [2.]] again but try to achieve an approximation factor of the
hierarchical clustering as large as possible. As seen above there exists no hierarchical
clustering which is optimal on each level if y < x. If the hierarchical clustering merges b and
c first it is optimal in the first step but realizes an approximation factor of (x+y)/z in the
next merge. The other way round when the hierarchical clustering starts with merging a
and b it can become an optimal 2-clustering but the approximation factor of the resulting 3-
clustering is given by z/y. Note that the minimal approximation factor min{x/y, (z+y)/x}
is maximized by the the golden cut which is given by (v/5 — 1)/2 ~ 0.618. It follows
an approximation factor of approximately 1.618 for the diameter k-clustering problem.
Analyzing Figure in a similar way we achieve an even smaller maximal approximation
factor for the k-center problem of v/2 ~ 1.42 for a = 1 and b = 1/1/2. The reason is that
the center may be chosen in an optimal way for the objective function which leads to more
conditions on the choice of z and y.

Figure 2.4: An optimal 6-clustering has diameter 1 while the optimal 4 clustering has
diameter 2. The hierarchical clustering either starts with an optimal 6-clustering and
merges two further clusters (but this leads to a diameter of 4) or starts with another
6-clustering but including an edge of weight 2.
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Aparna Das and Claire Kenyon state some instance in [22] where no a-hierarchical
clustering with « smaller than 2 exists. This instance is the first non-trivial lower bound
for the diameter k-clustering problem and is shown in Figure In this section we
introduce the first non-trivial lower bound for the k-center problem. We prove that also
in the case of the objective function discrete radius in general no hierarchical clustering
with approximation factor smaller than 2 exists. In a second step we extend the work
of Lin et al. in [38] which improves several upper bounds on the existence of hierarchical
clusterings.

2.3.1 A Lower Bound of 2 for the Hierarchical k-Center Problem

Our family of instances consists of a finite point set P, with 3™*! points for m > 0 where
the metric on P, is given by a shortest-path metric induced by a tree T, with vertex set
V(T,,) = P Especially the distance between two points v, w € P,, is given by the length
of the unique v — w-path in 7},. It is helpful to spend some time on general properties of
clusterings on tree metrics before we start with the analysis.

Definition 2.4. We call a clustering on a tree metric convex, if each vertex x on a v, w-
path in T, where v and w are part of a common cluster C, is also contained in the cluster

C.

Now we consider a convex k-clustering on a tree. If we build the union of all paths
between all pairs of vertices in a cluster we obtain a subtree 7" by the above definition
and it holds C'= V(T"). This implies that we can identify clusterings in a tree by sets of
edges instead of vertices.

Lemma 2.5. Each forest with m edges on V(T') = P induces a convex |P| —m-clustering
on P: Each of the |P| —m connected components defines a cluster, and the points in these
clusters are just the points of the related connected component. Vice versa, each conver
|P| —m clustering can be represented by a forest in G by connecting all points in the same
cluster.

In each tree metric T" and for each k € [|V(T')|] there exists a convex optimal solution
for the k-center problem. Unfortunately this property does not turn over to hierarchical
clusterings. A simple example is given in Figure [2.5

a b c
2
¢ d
2
‘e

Figure 2.5: An optimal 4-clustering has radius 2 and is given by either {b,d} or {d,e}.
The optimal 3-clustering has also radius 2 and is unique with the clusters {a}, {c}, {b, d, e}.
The optimal 2-clustering which is hierarchically compatible is also unique with radius 3
and given by {a,c},{b,d,e}. Note that it is not convex.
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Nevertheless we use connected components of a forest as representatives for our clus-
ters. We will justify in the analysis, that the minimum hierarchical clustering on a given
set of granularity levels is convex in our family of instances.

The Family of Instances {1}, }m>0 We define {1}, },>0 with P,,, = V(T},,) recursively
as follows: Let Ty be a tree with three vertices connected by a path with two edges of
weight 20 = 1. Then T}, for m > 0 starts with the edge- and vertex set of T},,_; and adds
for each vertex v € V(T,,—1) two copies v' and v” to V(T},,). Moreover we add two edges
(v",v") and (v',v) with weight 2™ to E(T,,). We call the edge (v”,v") outer edge of weight
2™ and the edge (v',v) inner edge of weight 2. Moreover we call v' a designated center
on level m. Figure depicts T, as the left picture.

Note that all edge weights are positive and thus the tree induces a metric on its vertices.
Moreover the most expensive edges in T,, have weight 2"*. The graph Ty has 3 vertices
and in each step the number of vertices increases by a factor of 3. Especially the graph
T, consists of [V (T,,)| = 3™+ vertices. We denote by K; the set of edges with weight
exactly 2¢ for i = 0,...,m. Let k; be the number of edges in K;. Then, ky = 2. Since
for each vertex in Ty, 1 we add two edges with weight 27, k; = 2 - |[V(T;_1)| = 2 - 3' for
1=0,...,m.

Theorem 2.6. For the instance P, = V(1) the optimal hierarchical clustering has an
approximation factor of at least
2m+1 —1 1

® = —2— —,
m om

i.e., for any € > 0, there is an m where the factor is > 2 — €.

Proof. Let n = |P,,| denote the number of points for a fixed parameter m > 0.

Optimal Clusterings on T}, First we consider the costs of optimal clusterings with
(n — k;) clusters for ¢ € [m]. We argue that an optimal (n — k;)-clustering for i € [m] has
cost 2¢. We have to choose k; = 2 - 3! edges in G to obtain an (n — k;)-clustering. We
can just choose all edges from K; and obtain a clustering with cost 2, where the centers
are the designated centers on level i, and each connected component is a path with two
edges of weight 2¢. Thus each cluster has discrete diameter 2°. We argue that there is
no cheaper clustering with (n — k;) clusters. Each forest including an edge with weight
at least 2¢ has discrete radius at least 2!. Thus, to obtain a cheaper (n — k;)-clustering
we have to choose edges with weight smaller than 2. Note that all edges with weight
smaller than 2! are contained in T;_; and moreover Tj_; is a tree. Thus there exist only
\V(T;—1)|—1=3"—1 < 2-3" = k; such edges. It follows that an optimal (n — k;)-clustering
in T}, has cost 2°.

A Hierarchical Clustering 7 on T,, We recursively define a hierarchical clustering
T on T,, which has an approximation factor of 2 — 1/2™. For each level of granularity
n— ko, ...,n — ky, we denote the (n — k;)-clustering from 7 by 7;. Then we argue that 7
is basically the only possible hierarchical clustering with a factor smaller than two on the
specified granularity levels (it is unique up to symmetry).
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The (n — 2)-clustering 7y is given by the forest containing the two edges from Kj.
Note that this is an optimal (n — 2)-clustering on T,,,. Now assume we have a hierarchical
(n— k;)-clustering 7o, ..., T; for i € [m—1]. We define the (n — k;;1)-clustering 7,11 which
is hierarchically compatible as follows: First we add all outer edges with weight 21, Our
forest then contains k; + k;y1/2 =2 - 37 + 3"+ edges. Thus, we have to choose 3¢ further
edges to obtain a forest with k;y1 edges. Notice that it holds 3° = k;/2. The set K; of
edges with weight 2! decomposes into k;/2 many 2-paths consisting of an inner and outer
edge. Thus it is sufficient to choose one further edge from K, for each 2-path in K;. Let
v—2v' —v" be a 2-path in K;. Then its designated center v’ is incident to some inner edge
of weight 27! by construction of T},,. We add this edge to the hierarchical clustering 7;41
(note that these edges are not yet part of the clustering since we only chose outer edges
with weight 2°+! or edges with smaller weight in the recursive step before). We choose the
designated centers on level i + 1 as the centers of 7;;1. Note that this choice is mandatory
for clusters in 7;41 which contain the inner and outer edge with weight 2°*!. Each other
choice would lead to a path of length 2/72 and thus to an approximation factor of at least
two.

Figure 2.6: The picture shows T5, an optimal 9-clustering and the hierarchical cluster-
ing 7Ts.

The Approximation Factor We claim that for each i € [m] the hierarchical clustering
7; is the only one with approximation factor smaller than two on each level n — k; for
J € [i] up to isomorphism. Moreover the cluster centers are the designated centers of level
¢ and the discrete radius is given by a path with weight Zj’:o 2/ containing one edge of
each different weight smaller or equal to 2° outgoing from the cluster centers.

We prove the claim by induction. Furthermore we ensure in each step that the following
property is fulfilled by 7;:

(x): Each connected component in 7; restricted to T; contains either a 2-path of K; or
the component consists of exactly one outer edge of weight 2°.

Base Case: The optimal (n — ko) = (n — 2)-clustering has cost 2° = 1. We have to
proceed two merge steps which lead to a clustering with maximum radius smaller than two
to achieve an approximation factor smaller than two. There are only two paths between
points with suitable length which are each given by one of the two edges of weight 1. Thus
there exists only one unique (n — ko) clustering with the required approximation factor,
namely 7o, which is obtained by choosing the edges of weight 1. Moreover setting the
center to the designated center on level 1 leads to a radius of 1. Obviously (x) is fulfilled.
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Thus, the claim holds for ¢ = 0.

Inductive Step: Assume the claim holds for all j where j < i. We prove that the
claim follows for ¢ + 1. In the i-th step we considered as cluster centers the designated
centers of level ¢. Now we switch to the designated centers on level i 4+ 1 as centers. We
start with an upper bound for the radius of 7;41 which is given by the longest outgoing
path from the cluster center.

Claim 2.7. The (n — k;y1)-clustering Ti+1 has discrete radius Zézo 27,

Proof. Consider an arbitrary cluster from 7;11. There are two cases: FEither the cluster
only consists of the outer edge of K;,;. But then the longest path consists of one edge of
weight 201, Note that (x) is fulfilled in that case. In the second case the cluster contains
both, the inner and the outer edge of weight 2! (also in that case (x) is fulfilled).
By construction the inner edge is then incident to some designated center on level <.
By induction the longest outgoing path of an i-th designated center has length Z;:O 2J
containing one edge of each different weight smaller or equal to 2*. Now it becomes longer
by the inner edge with weight 2°*! to a path of length Z;ﬂ) 2J. All other paths increase
also by an additive factor of 2°*! and thus cannot become longer than the longest path.
All in all we have an upper bound of Z;E} 2/ on the length of a longest path. One
should mention vice versa that by construction for all designated centers of level i the
neighbored inner edge of weight 2:*! is part of 7;,1. Because of (x) each cluster contains
an edge of weight 2¢ which is incident to a designated center. Especially each of the n — k;
clusters gets a new edge of weight 2¢™! in 7;,1. Thus (%) is also true for ;41 restricted to
T;11. Especially the designated center of level ¢ with the outgoing path of length Zé‘:o 2J
becomes a new incident edge of weight 2!*1 which is incident to the new cluster center
c (the designated center of level 2¢*1). It follows that ¢ has an outgoing path of lenght

027 in T O

Since the optimal (n — k;1)-clustering has cost 2°+1, the approximation factor is given
by L
YAy 22

2i+1 - 2i+1 <2

It remains to show that the hierarchical clustering stays unique with this property up to
isomorphism. In that context the isomorphism appears when we have a connected com-
ponent which consists for example of a single outer edge of weight 2¢. It is not mandatory
to choose the inner edge with weight 2¢*1 incident to its designated center on level i. We
could just choose the inner edge incident to the outer vertex and obtain an isomorphic
version of our clustering. By induction, the hierarchical clustering is unique up to iso-
morphism on all previous steps. To prove that the clustering stays unique, it is sufficient
to show that there is no other hierarchically compatible clustering with 7; which has an
approximation factor smaller than two. For the rest of the proof we may restrict our
attention to the subtree T4, since larger edges are not valid for the construction of the
clustering as argued above. By that we shrink the number of points from 3™*! to 312
That means we lose a point set of size 3 *! — 37+2 and we know that each point in that
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point set builds necessarily a singleton cluster in 7;;.1. Thus in the following we search for
n — kipq — (3mTE = 3F2) = 3142 _ 2. 3iFL = 3iFL clusters in Tjyq.

Claim 2.8. Consider a 2-path v,v',v" in K;11 where v is contained in T;. Then v' and
V" are contained in the same cluster of Tit1.

Proof. First note that two different outer vertices (which are incident to outer edges in
K11 and have degree one in Tj4+1) may not be contained in the same cluster. Whenever
a cluster contains such a vertex w the cluster center has to be chosen as the designated
center on level 7 + 1 which has a common edge with w. Otherwise the cluster would have
a path of length at least 2°+2. Since the optimal (n — k; 1)-clustering has radius 2+ this
leads to an approximation factor of at least two. But we may only choose one center and
therefore we cannot have two vertices of that type in one cluster. But since there are 3!
many of that points and we search for 3°*! clusters each cluster contains exactly one of
the outer vertices in K; ;1. Now we argue that v" and v” are contained in the same cluster.
In fact assume v’ is contained in another cluster C'. But C contains also an outer vertex w
and moreover the cluster center is the designated center on level i+ 1 which has a common
outer edge with w. Note that each path from the cluster center passes an inner edge of
weight 2/71 incident to the cluster center. But then the path from the cluster center to v’
contains two edges of weight 2°*! which leads to an approximation factor of at least two.
It follows that all outer edges of weight i + 1 are necessarily contained in ;1. O

Now we show that based on this fact there is essentially only one way to construct ;1.
From Claim it follows that each of the 3'T! outer edges in K11 has to be contained
in its own cluster in 7;4; without another outer edge of weight 2:*!. Since we search for
a 3" _clustering we have to deal with the question how the clusters in 7; |7, are allocated
to the outer edges from K, ;. Especially it holds that if a cluster C' € 7; |7, is contained
in a cluster C’ € T; 41, then C’ also contains some outer edge from K.

Claim 2.9. Assume C € T; |1, and equr € Kiy1 are contained in a common cluster
C' € Tiy1. Let ey, be the corresponding inner edge in K;v1. Then e;, is incident to a
point v contained in C.

Proof. We argued above that necessarily the designated center c on level ¢ 4+ 1 incident to
eout builds the cluster center of C’. Let e;;, be the inner edge incident to c. Note that each
path from ¢ to a point in C' contains e;,, as an edge. By (x) we know that each connected
component of 7; |7, contains an edge of weight 2¢. We consider two cases: Either a pair of
an inner and outer edge of level 2¢ is contained in C. But then the path from the cluster
center must pass an edge incident to the designated center of level 7 to avoid two edges of
weight 2°. Otherwise there exists a path from the cluster center which contains an edge of
weight 2711 and two edges of weight 2! which leads to a radius of at least 271 42.2¢ = 2i+2
and with other words an approximation factor of at least two. But by construction of the
instance there are only inner edges from K4 incident to the designated center. Since we
may not pass two edges of weight 2+! this edge equals e;,. The other case is when C
contains only an outer edge of weight 2¢. Let ¢/ , = (x,y) be that outer edge of weight 2°.
If e;,, is not incident to z or y, then the path from the cluster center to e],,’s outer vertex
passes e;, of weight 271, Then it passes the inner edge of weight 2¢ which lies on the
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Case 1: C contains two vertices of weight 2°. Case 2: C contains one vertices of weight 2°.

c

/ !/
ein; Cout

designated center of level 7 + 1 - 2;+1 git1

~

‘ 2i+1 o * d

. I oi designated center of level ¢ 4 1
€in €out ! 2’i+1 ‘ 2i+1
) €in Cout
N e;n e:mf, 27)
T T ¢ ‘

Figure 2.7: The two cases specify the position of the outer and inner edge with respect
to a merged cluster from C € 7; |,. Here e;, and e, were suitable candidates for outer
edges merged with C' while €], and e, are other candidates. The dotted red edges are
paths from the cluster center of other candidates which lead to a path length of 22+1.
Thus these edges may not be merged with C' to avoid a too large approximation factor.

/

2-path of el in K; and finally e,,;. But then the path contains again an edge of weight
2i+1 and two edges of weight 2¢. Thus e;, is incident to z or y. O

Claimprovides a lot of information how 7;41 has to be built. For a cluster C' € 7; |1,
we know exactly which outer edge from Kj;i; is merged with C'. First we know that
the corresponding inner edge from Kj;;; is incident to a vertex in C'. This provides the
information, that the merge step can be represented by adding an inner edge from K;,; to
T;. Moreover the proof gives us the exact information which inner edge e;, must be chosen.
If C' is not given by a single outer edge then e;, is given by the inner edge incident to the
designated center on level i contained in C. If C' is given by a single outer edge from K;
one can choose between two incident edges from K;,1. We mention that in both cases the
resulting component consists of a path of length 3 which starts with an edge of weight 2°
followed by two edges of weight 2¢1. Thus both versions are clearly isomorphic. Without
loss of generality we may assume that the inner and outer edge from Kj;; are incident to
the designated center of level i. Otherwise we use the isomorphism to map further merge
steps extending the forest later into an isormorphic version with that property. In fact
this is possible because the instance is a symmetrical construction.

Finally a clustering is a partition and thus v € e;,, is only contained in one cluster from
7;. Thus no two clusters from 7; |7, are merged in 7;+1. Up to isomorphism there remains
only one possible (n — kj;1)-clustering which is hierarchically compatible to 7; and has
approximation factor smaller than 2.

O]

Theorem 1.3. For each € > 0 there exists a metric space (M,d) and a finite point set
P C M where the minimum hierarchical clustering for the k-center problem on P has
approzimation factor larger than 2 — €.
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2.3.2 Upper Bounds on the Existence of a Hierarchical Clustering

In this section we give upper bounds on the existence of hierarchical clusterings. Therefore
we improve results stated by Lin et al. in [38] by providing a better subroutine of their
algorithm and extend their results to the k-center problem. We start by restating the
essential framework in terms of clustering.

Definition 2.10 ((0,7)-augmentation). We say that the (d,v)-augmentation property
holds for reals 7,6 > 0 if for each k'-clustering C' of a point set P and for each inte-
ger k' > k there exists an augmented k-clustering C such that C' is a refinement of C and
for the costs of C it holds:

cost(C) < ycost(C’) + 6(cost(Ok)).
Let Augment(C', k,~, ) denote a subroutine that computes such an augmentation.

We state now the algorithm from [38] which computes a hierarchical clustering. Again
for the sake of simplicity we reformulate the algorithm for the special case of clustering.

Algorithm 1 IncApprox(7,d).

1: Initialization: Let Cy be a k-clustering, where k' is the smallest integer for which
cost(Cp) = 0. Set i = 0.

2: Iteration i: C;11 = Augment(C;, k,v,9), where k is the smallest integer for which
cost(Ci11) is at most (27)*+.

3: Termination: If |Cjy1| > 1 set i =i+ 1 and go to Step 2; otherwise return sequence
Co,--,Cit1.

We mention that IncApprox (v, §) does not necessarily compute a complete hierarchical
clustering, which means that there may be some k where no clustering in computed. To
build a complete hierarchical clustering for every level of granularity it is sufficient to
chose the smallest integer k&’ with &’ > k and the largest integer &* with k& > k* for which
IncApprox(7, §) computed a k'-clustering C’ and a k*-clustering C*, respectively. Then one
may chose an arbitrary hierarchical sequence which transforms C’ into C*. Note that this
is possible since C’ is a refinement of C*. The approximation guarantees of the following
theorem remain valid for all such clusterings in between.

Theorem 2.11 (Theorem 2.3 of [38]). If (0,7)-augmentation holds for reals v > 1,0 > 1,
then IncApproxz(vy,d) computes a hierarchical clustering with approzimation ratio 4+9.

One should say that these results are a priori only of theoretical interest. The aug-
mentation routine takes as an input an optimal k-clustering which is clearly unknown.
Lin et. al. provide therefore a variant of their algorithm, which calculates a 4vda-
approximation, for the case where an a-approximation for the optimal clustering is known
for each k € [|P|]. Here we are only interested in theoretically bounds on the existence
of hierarchical clusterings. Thus in the following we derive (6,~)-augmentations for the
objective functions (discrete) radius, diameter and k-means.
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(1,1)-Augmentation for discrete Radius

We start with a simple (1, 1)-augmentation for the case of k-center clustering which directly
leads to the following theorem.

Theorem 1.1. For each finite point set P and each metric (M,d) with P C M there
exists a hierarchical clustering with approximation factor 4 on each level of granularity for
the k-center problem.

Proof. By Theorem it is sufficient to prove that a (1, 1)-augmentation exists. There-
fore assume we have a k-clustering C and an integer ¥’ < k. Let Oy = {O1,...,0x} be an
optimal &’-clustering of P. For each cluster C' € C let z¢ be its center. Note that ¢ is also
contained in an optimal cluster, say O; with its center zp,. Because of triangle inequality
we know that for each point z € C we have dist(z,xp,) < dist(z,z¢) + dist(zc, zo,) <
cost(C) + cost(Oy). Thus merging all clusters from C whose centers lie in a common
optimal cluster of Oy leads to a (1, 1)-augmentation. O

(2,1)-Augmentation for Radius and Diameter

Also there is a natural (2, 1)-augmentation for the objective functions radius and diameter.

Theorem 2.12. For each finite point set P and each metric (M,d) with P C M there
exists a hierarchical clustering with approximation factor 8 on each level of granularity for
the continuous k-center problem and the diameter k-clustering problem.

Proof. By Theorem it is sufficient to prove the existence of a (2,1)-augmentation.
Therefore assume we have a k-clustering C and an integer k' < k. Let Oy = {O1,...,0p }
be an optimal k’-clustering of P. For each cluster C' € C let z¢ be an arbitrary but
fixed point in C. Now merge all clusters from C whose labeled points z¢ lie in a common
optimal cluster of O,,. Denote the resulting k’-clustering by C’. To calculate the objective
let C' € C' be an arbitrary cluster. If the objective function is given by the diameter
of C’ chose two points z,y € C’ which maximize the distance under all pairs of points
in C’. By definition of C’ there exist points p, and p, which are elements in the same
optimal cluster O € Oy and we have that d(z,p,) < diam(C) such as d(y,p,) < diam(C).
Moreover d(ps,p,) < diam(Oj). Using the triangle inequality we obtain diam(C’) <
diam(Oy/) 4+ 2diam(C) which proves the claim. O

(4,2)-Augmentation for k-means

We define a natural (6,~)-augmentation for the k-means clustering problem as follows.
Assume we have a k’-clustering C’ such as centers C' = ¢y, ..., ¢; of an optimal k-clustering
Oy. Note that opt;, = cost(Of) = A(P,C). We allocate each cluster in C’ to the optimal
center which minimizes the 1-means cost of the cluster with respect to that center. The
following Lemma relates the costs of the allocation to the costs of C' and Oy.

Lemma 2.13. Let C = {c1,...c} C R? be any set of k centers, and let M be any subset
of the points P C R¢.

m%ﬁA(M, ¢i) <4AA(M) +2A(M, C).
1€
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Proof. Define
Mi={w € P|lles - all < lle — ll¥j € {2,...., k}}

and
M; = {l‘ S P\(Ml,...,Mi_l) | Hq —QJH < ch —:L'HV] S {2,...,/{:}}

for i € {2,...,k}. Abbreviate n; = |M;|, ;i = p(M;) and p = p(M). Observe that by
Lemma

min A(M, ¢;) = A(M) + min |M| - || — ¢

i€k i€[k]
Thus it is optimal to cluster M with the center ¢; which is closest to p = u(M). Without
loss of generality, assume that the numbering is such that this center is ¢;. The optimal
assignment cost thus is A(M, c1). We rewrite this cost by splitting it up for the points in
the k different subsets M, again using Lemma @
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=

)= (ML) + M) -l — arl )

<
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k
AM;) + D IMi| (ki =l + [ = el])?
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7=1 Jj=1

k k
<D AWM+ D IMi| (i — pll + [ — e ])?

j=1 Jj=1

k k
<D AWM + D IMil(lui = pll + = eil])?

j=1 j—1
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+Z|M\ Al = pll + [ = cill)?

.
Il
-

k
A(M;) +4Z | M| - lps = P+ 2 (M) - || i = il
j=1 =1

<
Il
-

IN
KM?T

The second inequality holds because ¢; is the closest center to u, the other first and third
inequalities are due to the triangle inequality. We know that

k k
)= 2 (AL + M| - [|ui = l?) = 32 AM, +ZrM\ i — il

=1 J =1 =
Furthermore,

k k k

A(M,C) =Y A(Mi,ci) = > A(M;) + Y [ M| - || — el

i=1 1=1 i=1

Thus, we get that
A(M,c1) <AA(M) +2A(M,C).
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Corollary 2.14. LetC' = Cy, ..., Cy be any k'-clustering of P C R? and C = {c1,...c} C
R? be an optimal k-means solution. Then

k,/ k_/
‘ ?llink} A(Cj, ¢5) < 4ZA(C’Z~) +2-A(P,C) = 4cost(C’) + 2 cost(O).
izt 7€ i=1

Proof. We apply Lemma to each C; separately to obtain that min;c A(Cs, ¢j) <
AA(C;) + 2A(C;, C), and then add up the bounds. O

Note that Corollary derives an upper bound for the costs when we allocate each
cluster in C’ to the nearest center of the optimal solution. It follows that the resulting
k-clustering is a (4, 2)-augmentation. We mention that together with the results in [3§]
this directly turns over into a 32a-approximation algorithm for the hierarchical k-center
problem.

Theorem 1.2. For each finite point set P € R there exists a hierarchical clustering with
approzimation factor 32 on each level of granularity for the k-means problem. Moreover
given an «a-approximation algorithm for the k-means problem, a hierarchical clustering
with approximation ratio 32a can be computed.

2.4 Ward’s Algorithm

We come to the analysis of Ward’s Algorithm which computes a solution for the k-means
clustering problem. We motivated above that we will analyze the costs of the algorithm as
the sum of the costs of each single step. Therefore we define the increase of the costs per
step D(A, B) in the next section. After that we state a family of instances of increasing
dimension d where Ward computes for some number k& = k(d) of clusters a k-clustering that
costs ((3/2)? opty,) in Section In Section we analyze Ward for 1-dimensional
instances. Finally in Section and Section we analyze the behavior of Ward’s
Algorithm on well-separated instances with respect to different separation assumptions in
arbitrary dimensions.

2.4.1 Cost of one step

To describe Ward’s method, the easiest way is to define the following quantity that de-
scribes how much the sum of the 1-means costs increases when merging two clusters.

Definition 2.15. Let A, B C R? be two finite point sets. We define D(A, B) = A(AU
B) — A(A) — A(B). If a set contains only one point, e.g., A = {a}, we slightly abuse
notation and write D(a, B) = D({a}, B) (similarly, if A = {a} and B = {b}, we write
D(a,b) = D({a},{b})).

The value D(A, B) plays a central role in the analysis of Ward’s method. By using
Lemma it is easy to show that D(A, B) does not depend on A(A) or A(B). The
following lemma gives an explicit formula, which leads to convenient upper and lower
bounds. These bounds say that the cost of merging two clusters is roughly equivalent to
assigning the points of the smaller cluster to the centroid of the larger cluster.
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Lemma 2.16. Let A and B be two clusters. Then D(A,B) = ‘Jﬁﬂjfa Npa — psl?.

Furthermore, 3 -min{|A|,|B|}-||pa — ppl|*> < D(A, B) < min{|A|, |B|} - ||pa — ps||*. The

left hand side is attained for |A| = |B|, and the right hand side for % — 00.

Proof. Notice that u(AUB) = W and thus p(A) — u(AUB) = 5] (u(A) —

TAHE]
wu(B)) and u(B) — p(AUB) = ﬁ(M(B) — 11(A)), respectively. By Lemmaﬁ we get
that

D(A,B)=A(AUB)—-A(A) — A(B)
=A(A,u(AUB))+ A(B,u(AUB)) — A(A) — A(B)
=A(A) + A(B) + A - [[n(A) = p(AUB)|* + |B| - [|n(B) — (A, UB)|]> = A(A) — A(B)

|BI” A2

WHM(A) — u(B)|[* +|B|- WHN(A) — u(B)|I?
__|AllB]

B A
ALy e (B WY
A+ 1m) A B s A s

which implies the first statement of the lemma. Now we estimate D(A, B). Observe that

=]

[A|[B| _ min{]Al],|B|}
A+ [B] 14 mulAE]
[+ 1Bl 1+ ZRaad

; min{|Al,| B[}
Since 1 <1+ max{[A[[B[} < 2, we get that

IR :
o min{|A[, |B} - [lpa — pell”> < D(A, B) < min{|A[, B} - ||lna — usl*.

The left hand side is attained when |A| = |B|. The right hand side is not attained for finite
|A| and |B|, but when max{|A|,|B|}/ min{|A|,|B} goes to infinity, D(A, B) approaches
the right hand side. O

2.4.2 Monotonicity

Notice that performing arbitrary merge operations is not monotone: Say that a < b < c are
one-dimensional points such that the centroid of a and ¢ is b. Then merging a and c first
results in a point set where merging with b costs nothing; clearly, this is not monotone.
It is natural to assume that costs of the merges of Ward’s method are monotonically
increasing, and it is indeed true. The main technical hurdle to show that Ward is monotone
is contained in the proof of the following decomposition lemma for D(A, B).

Lemma 2.17. Let A, B, and C be clusters. Then

_ A+ C]
D(AUB,C) = o i DAL C)

|B| + |C]
Al +[B| +C]

Cl

D(B R
B O A3 10

D(A, B).

Proof. In the following, we use the abbreviations a = |A|, b = |B|, ¢ = |C|, pap =
p(AUB), pa = u(A) and pup = p(B). In the following calculation, we use the bilinearity
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of the inner product and the fact that paup = ;A + GLH)MBi

las — pell? =(pas — pe, pap — pe) = (pap, pas) — 2{pan, pe) + (uc, pe)
2 2
a ab b

=la g o2 pa) 20 (as i)+ s (e 1)
=2y lmaspe) = 20— s, pe) + (pes pe)
ib(@m,mﬂ — 2(pa, pe) + (ue, pe))
o p\kBo ) = 2us, o) + (e, pe))
" j_bb)g ((kas pa) = 2(pa, pp) + (s, 15))
= i p A — o, pa — po) + ib< — pe 1B — pe)
ab

- (a+b)2(MA—uB,uA—uB)

ab
7)2”,% MBHQ-

= a— el —2 i — el —
b a+b (a+b

It follows from Lemma P.16] that

(a+b)c
D(AUB»C)ZmHHAB—MCHZ
- I 2+ (o L —T N
_a+b+c pa—He +b+ e P A e L
a+c b+c c
= 27°% DAY+ —"% DB.C)- —C_D(A.B). O
a+b+ec (4, )+a+b+c (B,C) +b+c (4, B)

Corollary 2.18. [Monotonicity of Ward’s method] Let D; be the increase of the objective
function in the i-th step of Ward’s method. Then D; < D; fori < j.

Proof. Assume this is not true. Then there exists an ¢ such that D; > D;11. Let A and B
be the clusters merged in the i-th step. In the (i 4+ 1)th step AU B has to be merged with
another cluster C: If the merge in the (i 4 1)th step merges to clusters unrelated to A and
B, then this merge could be done in the ith step, and Ward’s method would have chosen
it. Hence, D; = D(A, B) and D;+1 = D(AU B, C) for clusters A, B,C. Now observe that

4] +[C] B +|C e
AUB,C)= AT poaoyy 2T _pgoy- ML _pa,B)
Dl =B PO A E e B9 T s e
4] +[C] B +|C |
> L papy+ 2L pap - 2L pa, B
A+ B oA AT E e A+ 1B+ 1]
— D(A,B),

where the inequality follows from the choice of Ward’s method. We get a contradiction. [
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Monotonicity is a very helpful property. It allows us to analyze the costs of possible
merge steps at some certain point of the algorithm. Then we can directly derive an upper
bound for the costs of previous performed merge steps. For example in the argument
discussed in Section we use, e.g., that all merges that are possible in the final k-
clustering computed by Ward’s method are at least as expensive as all merges that are
performed before by Ward’s method to obtain the k-clustering.

k-median as an unexpected example

It turns out that different objective functions may not behave monotonously with respect
to agglomerative clustering. Unfortunately k-median is a very famous example of this

type.

Figure 2.8: Merging two arbitrary points of {a, b, c} causes an increase of the costs by 1.
Merging the resulting 2 clusters in a second step increases the k-median costs by an amount
smaller than 1.

Figureshows a simple example from [34] where Ward does not behave monotonously.
It follows that we cannot use our techniques to give a 2-approximation for well-separated
instances with respect to k-median and also the proof of the one dimensional case cannot
be transferred into terms of k-median. However the property that Ward works exact on
balanced, well-separated instances is also true for k-median, which is also derivated in
[34].

2.4.3 Exponential Lower Bound in High Dimension

In the following, we describe a family of instances of increasing dimension d where Ward
computes for some number k = k(d) of clusters a k-clustering that costs Q((3/2)% opty).
Here and in all other worst-case examples, we assume that given a choice between equally
expensive merges, Ward chooses the action that leads to a worse outcome. This is without
loss of generality because we can always slightly move the points to ensure the outcome
we want. However, it greatly simplifies the exposition.

To further simplify the exposition, we start by giving an instance containing points
of infinite weight and assume that the optimal cluster centers coincide with these infinite
weight points. For any finite realization of the example, that is not the case. To ensure
that Ward actually behaves like described in the following, we have to move the high
weight points by an infinitesimal distance. Notice that merging a cluster H of infinite
weight with a cluster A of finite weight costs |A| - ||u(A) — u(H)||* by Lemma m
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Figure 2.9: Point set P; from the family of worst-case examples, drawn for d = 2 and
d = 3. The heavy points are drawn larger.

Lower Bound with Infinite Weights

Let d be given. We construct an instance Py C R? with 2%+ points. For i > 2 let 22 = g:f
and define

Py={(z1,...,xq) |21 € {-1,—(V2=1),vV2 = 1,1}, 2; € {—2;, z} Vi€ {2,...,d}}.

All points from P; whose first coordinate is —1 or 1 have weight oo (we call these heavy
points). All other points have weight 1 (we call these light points). For an illustration of
P, and Ps, see Figure 2.9

We show the following theorem.

Theorem 2.19. The family of point sets (Py)qen satisfies Wardy(Py) € Q((3/2)%opt,(Py))
for k =24,

In the theorem, we use k = k(d) = 2%, i.e., we are interested in finding a 2%clustering
of P;. Observe that in the optimal 2%-clustering of P, the heavy points are in separate
clusters. Due to their infinite weight, they also determine the cluster centers. Hence, in
the optimal solution each light point is in the same cluster as its closest heavy point. Since
each light point is within distance 2 —+/2 of a heavy point, the cost of the optimal solution
is

opt,(Py) = 2% (2 — v/2)2.

Now we look at a run of Ward’s method on P;. We say that phase 1 lasts as long
as there is at least one light point that forms its own cluster. We prove by induction
that during phase 1 the only clusters that occur are singleton clusters consisting of one
light or one heavy point and clusters that consist of two light points that differ only in
the first coordinate. We call the latter pair clusters. At the beginning this is clearly the
case. Now assume that the induction hypothesis holds at some point of time in phase 1.
Merging two heavy points has infinite cost and merging a heavy point with a light point
or a pair cluster has cost at least (2 — v/2)? ~ 0.343 because 2 — v/2 is the minimum
distance between a light and a heavy point. Merging two singleton light points that differ
only in the first coordinate costs § - (2v/2 — 2)? = (2 — v/2)? (observe that the induction
hypothesis guarantees that for any singleton light point the light point that differs only
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in the first coordinate is also a singleton point) Merging two singleton light points that
differ in any other coordinate costs at least (222)2 1, merging a singleton light

1+1
point with a pair cluster costs at least 1 +2 - (229)% = 3, and merging two pair clusters
costs at least 22+22 (222)? = 2. Hence, we can assume that Ward merges two singleton

light points that differ only in the first coordinate. After that the induction hypothesis is
still true. Hence, in phase 1 all 2¢~1 pairs of points of the form (—(V2 —1),29,...,24q)
and (v2 — 1,29,...,24) will be merged. We call the clusters that consist of these points
the (x,z2,...,xq)-clusters in the following.

Then phase 2 starts. Phase 2 lasts as long as there are pair clusters. We show by
induction that the only clusters that occur in phase 2 are singleton heavy points, pair
clusters, and clusters with four points that result from merging two pair clusters that differ
only in the second coordinate. We call the latter quadruple clusters. Merging two pair
clusters of the form (x, —z9,x3,...,24) and (%, 22,3, ...,x4) to form a quadruple cluster
costs 2+—2(2ZQ) = 2. Merging two pair clusters that differ in any other coordinate than
the second is more expensive because their centers are further apart than 2zo. Merging
the (x,z9,...,xq)-cluster with a heavy point costs at least 2 because the center of this
cluster is (0, 3, ..., 2z4), which is at distance 1 from the heavy points. Similarly merging a
quadruple cluster (whose center is (0,0, z3,...,z4)) with a heavy point costs at least 2 4+
22 > 2. Merging a quadruple cluster with a palr cluster costs at least 2 I 4(223)° > 2
and merging two quadruple clusters costs at least ; T 4(223) > 2. Hence, we can assume
that Ward merges two pair clusters that differ only in the second coordinate. After that
the induction hypothesis is still true. Hence, in phase 2 all 242 pairs of clusters of the
form (%, —z9,x3,...,24) and (%, 22,23, ...,24) will be merged. We call the clusters that
consist of these points the (x,*,xs, ..., x4)-clusters in the following.

At the beginning of phase i > 2, there are 2¢ singleton heavy points and 2¢~+1 clus-
ters of the form (*,...,#,;,...,24) with 2=! points each. Phase i ends when there
is no cluster of the form (x,...,*, 2, ...,24) left. One can show again by induction
that Ward merges in phase i all pairs of clusters of the form (x,...,*, —z;, Tiy1,...,2q)
and (*,...,%, 2, Tit1,...,24). The center of the cluster (k,...,*,z;,...,2q) is given
by (0,...,0,2;,...,24), which is at distance \/1 +22+... 4+ 22271 from the heavy points.

Hence, merging such a cluster with a heavy point costs at least 271 (1+ 25 +...+22 |) =
2¢22, where the equation follows from the following observation.

Observation 2.20. It holds that 1 + 23 + ...+ 22 | = 222.
Proof. It holds that

132 12301 1 (23
2 —
1+25+.. +z21_1+22jl_1+322j71 L+3 Zg—l
j=2

1 2 1 1-(3/2)"!
342/ 33 1-(3/2)

2 +

3

2 1 (31 2 32 2 9
373 < ) 3 gz 3T

which proves the observation. ]
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Merging the clusters (x,...,—z;, Tit1,...,2q) and (x,..., 2, Tit1,...,2Tq) costs

2i—l X 22'—1

2 _ ot 2
s (2 =2

Merging two clusters that differ in one of the d — 7 last coordinates costs at least

21'—1 . 2i—1 9 ) 9 -

W@Ziﬂ) =2z > 2.
As a consequence, in phase i all 2477 pairs of clusters of the form (x,..., %, —2;, Zi11,. .., 2q)
and (%,...,%, 2, Zit1,. .., 2q) will merge, which costs in total 2977 - 2¢22.

Phases 2 until d together cost Y%, 2077 21,2 = 24. (223, —1) =2-3%"1 —2¢ where
we used Observation After phase d, all light points will be in the same cluster. Then
the number of clusters is 2¢+1 and in the last step the cluster of light points, whose center
is the origin, will be merged with one heavy point. This costs

20 (1425 4. +23) =202 =2.371
Phase 1 costs in total 271(2 — v/2)2. Thus, the overall cost of Ward’s solution is
Wardy(Py) = 24712 = v2)2 +2. 3¢ £ 2.3 _od — 4. 3d-1  9d=1(9 _ \/3)2 _od,
This implies

Ward,(Py)  4-371 429712 - /2)2 — 24

opty, (Pa) 24 . (2 — /2)2
4 3\¢ 1 1 3\¢
‘3(2_@2'(2) *2‘@_\/5)26”((2) )

Lower Bound with Finite Weights

In this section, we present a version of the lower bound from Section [2.:4.3] in which the
heavy points have a large finite weight m (to be determined later) instead of an infinite
weight. In order to not change the behavior of Ward’s method by this adaption of the
weights, we have to move the heavy points slightly further to the outside. For given d, we
construct the set

Pi={(z1,...,2q) | 21 € {~(14€), —(V2-1),V2—1,1+€},2; € {—2;, 2} Vi € {2,...,d}}
where € := %gj—j. All points from P} whose first coordinate is —(1 + €) or 1 + € have
weight m (we call these heavy points). All other points have weight 1 (we call these light
points). We set k = k(d) = 24, i.e., we are interested in finding a 2%-clustering of P,.

We will now argue that the behavior of Ward’s method on the input P} is exactly the
same as on the input P; with infinite weights. Observe that the costs for merging clusters
that do not contain heavy points are the same in P; and P} because the light points are
at the same location in both these point sets. We use the same inductive argument as
for P;. For phase 1 we only need to verify that merging a light point with its closest heavy
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point (which is at distance (2 — v/2 + €)) still costs at least (2 — v/2)2. This follows with
Lemma [2.16] because

m 9 m 9 m
m-(z—\@ﬂ) > — (2 -V2) +m—+1-2-(2—\/§)-e
:L-(z—\/i)ML.z-(z—\@)-zd-?’dj>(2—\/§)2.
m+1 m+1 2d-1
In phase i > 2 we start with 2¢7+! clusters of the form (x,...,*,x;,...,24) and the
heavy points in singleton clusters. We show that merging a heavy point with a cluster
of the form (x,...,%,x;,...,xq) still costs at least Zizg. The center of such a cluster

is (0,...,0,24,...,24). Observe that this is at distance \/(1 +e)2+23+... 422, from
the closest heavy point. Hence, the inequality follows again with Lemma and Obser-
vation [2.20] because

m- 2071 m- 2071
LM g, m 20 37
m + 2i-1 Com+ 2 T 241
m - 21’*1 eil2
> e T 2"z + o— 2Z._12Zzz 2'z;

This proves that Ward’s method behaves identically on Py and Pj. Next we calculate
the cost of an optimal k-clustering and the cost of the k-clustering computed by Ward’s
method. In the optimal 2%-clustering of P}, the heavy points are in separate clusters, and
every light point is paired with its closest heavy point. Each of these clusters costs

(1+e) —(V2-1)%

m
m+1
Thus the optimal solution has a cost of

m m
te(P) =20 —— . (2—V2+e? <2 (2-V2)2+ —— 20 (2 + €%).
opti(Ph) =20+ T (2= VR4 gF < 20 (2 - VP 4 ot 2t )
Now we come to the costs of the k-clustering computed by Ward’s method. After
phase d, all light points will be in the same cluster. Then the number of clusters is 2¢ + 1
and in the last step the cluster of light points will be merged with one heavy point. For
m > 29 this costs

m - 24 2 2 2 m - 24 2 2
m((1+6> +22+...+Zd):m'(22d+1+26+6)
2d 2 2
25'(22d+1+26+6)
3d—1
:2d_1'(2'27d+26+62)

= 3971 2071 (2¢ 4 €2).

Since in the first d phases only light points are involved, the costs for these phases are
the same on P; as on P;. We have seen in Section that phase 1 costs 2971(2 — 1/2)?
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and that phases 2 until d together cost 3%, 2477 . 2,2 = 24 (223, —1)=2-3""1 29
Hence, the total costs of Ward’s method can be written as follows:
Wardy(P)) > 2¢71(2 = v2)2 + 2. 3971 — 2 1 3471 4 991 (9¢ 1 2)
=331 429712 - /2)? — 24 4 2971 (2¢ 4 €2)
=39 — 24H1(\/2 — 1) 4 2971 (2e + €2).

This implies

Wardy,(Py) 38 —2441(\/2 — 1) 4 2971 (2¢ + €2) - 3¢ —2d+1(\/2 — 1)
opt(Py) T 20 (2—v2)2+ 24 (2e 4+ €2) T 29 (2 V2)2 4 120 (2e 4 €2)

Observe that

L.Qd.(26+62)§L.2d.36§
m+1 m+1

1
1-2d-3-2-3d—2.

Thus, by assuming that m 4+ 1 > 4691, we can make sure that e i 24 . (2¢ +€2) < 1,
and then we have

Wardg 3¢ —2d+1(\/2 — 1)

opty — 2¢.(2—-+2)2+1

c2((3/2)%).

2.4.4 Ward’s Method in Dimension One

In this section, we discuss the approximation ratio of Ward’s method for inputs P C R!
and show the following theorem.

Theorem 2.21. Let P C R be an arbitrary one-dimensional instance. Then, for every k,
the k-clustering computed by Ward on P is an O(1)-approzimation with respect to the
k-means objective function.

For the purpose of analyzing the worst-case behavior of Ward’s method, an instance
sometimes also contains an integer k € N in addition to P (even though Ward itself only
takes P as the input). If we specify P and k, then we are interested in the quality of the
k-clustering produced by Ward on P.

We will usually denote the hierarchical clustering computed by Ward on P by W =
Woy ..y Wh—1). Ward’s method always chooses greedily a cheapest merge to perform.
We say that a merge is a greedy merge if it is a cheapest merge; if all merges are greedy,
we call W greedy. Ward’s method computes a greedy hierarchical clustering, and every
greedy hierarchical clustering can be the output of Ward’s method.

Prelude: Reordering

The following statements only hold for d = 1. First we observe that Ward satisfies the
following convexity property.

Lemma 2.22 (Convexity in R'). For any three finite convex clusters A, B,C C R' with
p(A) < u(C) < u(B), we have D(A,C) < D(A, B) or D(B,C) < D(A, B).
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Proof. We observe that D(A,B) = A(AU B) — A(A) — A(B) = |A| - ||u(4) — u(A U
B)||? + |B| - ||u(B) — p(AU B)||?> > |B] - ||u(B) — p(A U B)||?>. Now first assume that
u(AU B) < u(C). Then we conclude

D(A,B) > |B| - ||u(B) — (AU B)||* 2 |B| - ||u(B) — n(C)|] = D(B, C),

where the second inequality follows since u(AU B) < u(C). If u(AU B) > u(C), then we
get D(A,C) < D(A, B) in the same manner. O

Lemma [2.22] means that Ward will always merge A and C or B and C, and never A
and B. This gives us a convexity property: If Ward forms a cluster M, then no other point
or cluster lies within the convex hull of M. Clusters can thus also never overlap, and we
get a concept of neighbors on the line. Thus, the clusterings W; consist of non-overlapping
clusters, which we can thus view as ordered by their position on the line. Ward’s method
always merges neighbors on the line. We will combine it with the following useful corollary
of Lemma It gives a condition under which merging a cluster A with a subcluster
B’ C B is cheaper than merging A with B. Notice that without the condition, the
statement is not true: Imagine that A and B have the same centroid (merging them is
free), but u(B’) # u(B). Then clearly, merging A with B’ is more expensive than merging
A and B.

Corollary 2.23. Assume we have two finite clusters B' C B C R® and a third finite
cluster A C R? such that ||u(A) — u(B)||> < ||u(A) — u(B)||?. Then D(A, B') < D(A, B).

Proof. The statement follows from Lemma since |B'| < |B| and ||u(A) — u(B")||? <
11(A) = u(B)|[*:

1A[- 1B 2 AL B ,
Al 1B 2
<1 ) = (Bl

D(A,B) =
= D(A,B). O

Corollary holds in arbitrary dimension. However, for d = 1, it is much easier to
benefit from it. We get a very convenient tool that we call reordering. Say that Ward
at some point merges two clusters A and B. By Lemma that means that u(A) and
w(B) are neighbors on the line (at the time of the merge). Now assume that A and B are
present for a while before they are merged. Then during all this time, they are neighbors.
Notice that this means that merging A and B will result in a centroid p(A U B) which is
further away from any other cluster than pu(A) and p(B) are. So, clusters that did not
want to merge with A or B would also not merge with AU B by Corollary 2:23] Thus, we
could perform the merge (A, B) earlier without distorting Ward’s course of action at all
(except that the merge (A, B) is at the wrong position). Lemma below formulates
this idea.

Recall that a hierarchical clustering can also be described by the n — 1 merge op-
erations that produce it. We usually denote the sequence of merges by (4, B)(W) =
((A1,B1),...,(Ap—1,Bn_1)). We say that a cluster Q C P exists in W after merge t if
Q € W,. If Q is the result of the merge (4;, B;) (i.e., @ = A; U B;), and it is later merged
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with another cluster in merge (A;, B;) (i.e., Aj = Q or Bj = @), then @ exists as long as
merge i has happened and merge j has not yet happened. All singleton clusters exist in
Wy. After merge n — 1, P is the only remaining existing cluster.

Lemma 2.24 (Reordering Lemma). Let P C R% be an input for which Ward computes the
clustering W with merge operations (A, B)(W). Consider the merge (A¢, By) fort € [n—1].
If both A; and By exist after merge s < t, then

1. The sequence of merge operations (A', B') = (A1, B1), ..., (As, Bs),(At, By),
(As41,Bs+1),- -, (Ai—1,Bi—1), (A1, Biy1), -, (An—1, Bn—1) results in a valid hi-
erarchical clustering W' .

2. Wi =W; forall j >t.
3. All merges except the moved merge (AL, Bi,1) = (A, By) are greedy merges.

Proof. and hold because performing merges in a different order does not change the
resulting clustering, and after merge ¢, all deviations from the original order are done. For
, we have to argue that inserting (A, B;) as step s+ 1 does not create cheaper merges.
For this, we observe that by Lemma A; and B; are neighbors on the line. In the
original sequence, no cluster was merged with A; or B; up to point t. The cluster A; U By
is a superset of A; and of By, and its centroid is further away from all other clusters than
the centroids of A; and B;. Thus by Corollary up to point ¢, merging with A; U B
cannot be cheaper than the merges we do. However, after (A4;_1, B;—1), the clustering is
identical to W; by , thus all remaining merges are also greedy merges. O

Lemma a crucial observation to allow us to systematically analyze Ward’s steps:
We can sort them into steps that depend on each other, and then analyze them in batches
/ phases. Note that when we analyze the costs of a k-clustering computed by Ward we
analyze the sum of the costs of the first n — k steps proceeded by Ward. Using reordering
we change the order of proceeded merge steps which may result in a different sequence of
first (n — k)-merge steps. Using the monotonicity of Ward we ensure that reordering may
only increase the sum of the costs of this sequence.

In R? for d > 1, reordering does not work. Also, we cannot assume that there are no
inner-cluster merges. This can easily be seen from the example in Figure [2.13} Here, Ward
merges ¢ and d, and then ¢ and b, and a and b are input points from the same optimum
cluster. However, moving the merge ({a},{b}) to the front destroys the example; Ward
will just compute the optimum solution then.

Prelude: No Inner-cluster Merges

Reordering also gives us a nice simplification tool. Assume that A and B are in fact
singleton clusters, A = {a} and B = {b}, and they are from the same optimum cluster.
Then they are present from the start; we can reorder the merge (A, B) to be the first
merge Ward does. Indeed, instead of actually doing this merge, we can also simply forget
about it and replace a and b by a weighted point. How does this affect the approximation
ratio? Both Ward’s cost and the optimal cost decrease by A({a,b}), meaning that the
approximation ratio can only get worse. We can now assume that there are no merges
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between inner clusters, since inner clusters arise from merging input points that belong to
the same optimum cluster. We formalize our observation in Lemma [2.25

We directly apply Lemma in order to achieve a simplification method. Recall that
(given an optimal k-clustering) we call a merge (A;, B;) an inner-cluster merge if A; and B;
are inner clusters from the same optimum cluster. For a worst-case instance (P, k) we can
always assume that such inner-cluster merges do not happen, as they are only helpful for
Ward’s method. We formally see this in the next lemma, where we relocate inner-cluster
merges to the front of the hierarchical clustering and then eliminate them.

Recall that Ag(W) = > gepw, _, A(Q) is the cost of the k-clustering contained in W.
For an instance (P, k) and Ward’s resulting clustering W, the approximation ratio of
Ward’s method is Ap(W)/ opt,(P).

Lemma 2.25. Let (P,k) be an instance with P C R? and k € N, for which O =
{O1,...,0} is an optimal k-clustering and for which Ward computes the hierarchical
clustering YW with merge operations (A, B)(W). Then there exists a weighted point set
P’ and a hierarchical clustering W' for P' with merges (A’, B"Y(W') with the following
properties:

1. W' is greedy.
2. No (AL, Bl) is an inner-cluster merge with respect to O.
3. For some o > 0, Ay(W') = Ap(W) — a and opty,(P') < opt,(P) — a.

Proof. Assume that P is weighted; this will be necessary to iterate the following process.
Let ({z},{y}) be a merge operation in (A, B)(W) that merges two points z,y € O; for
j € [k], i.e., two points from the same cluster in the optimal solution. Let their weights be
w(z) and w(y). By Lemma[2.24] we can move the merge ({2}, {y}) to the front. Then we
replace x and y in P by one point z = % with weight w(z) := w(x) + w(y). By
Lemma z behaves identically to {z, y} in Ward’s method. Thus, we can adjust W’ by
removing the merge operation ({z}, {y}), and replacing = and y by z in all further merge
operations of the cluster {z,y}. We see that holds for the new hierarchical clustering.
Our adjustment will change the cost by o := A({z,y}). Similarly, we can replace z and y
in O; by z, which decreases the cost of the clustering induced by O1,...,O; by «a. Since
this is still a possible clustering, the optimal clustering can cost at most opt,(P) — a.
Thus, holds for the new clustering.

Observe that if is not true, then there has to be a merge operation where two points
from the same cluster in the optimum are merged. Thus, we can complete the proof by
repeating the above process until we have removed all pairs with this property. Then
holds. O

Now if Ward performs inner-cluster merges on an instance, we apply Lemma
If this changes the optimum solution, we just apply Lemma [2.25| again, and repeat this
until Ward does not do any inner-cluster merges. We explicitly note the following trivial
corollary.

Corollary 2.26. Assume that W' and (A', B')(W') result from applying Lemmal[2.25 until
Ward does not do inner cluster merges. If a merge (AL, B}) for i € [n — 1] contains an
inner cluster, then this inner cluster is a (weighted) input point.
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Proof. If A resulted from a previous merge, then this merge was an inner-cluster merge,
which is a contradiction. O

Corollary [2.26] implies that we can use the terms inner cluster and input point inter-
changeably.

Prelude: Clustering points together

Crucial in showing the approximation factors of the good merges is the following lemma.
To see its usage, assume that A and B belong to one optimum cluster, and C' and D
belong to another. Then the lemma implies that if Ward has already merged B and C,
but A(B U C) is small, say A(BUC) < ¢- (A(B) + A(C)), then we can still obtain a

7Tc-approximation.

Lemma 2.27. Let A, B,C, D C RY be disjoint sets with |A| < |B| and |C| > |D|. Then
A(AUBUCUD) <A(A)+3-ABUC)+A(D)+4-D(A,B)+4-D(C,D) and
D(AUB,CUD)<3-A(BUC)+3-D(A,B)+3-D(C,D)— A(B) — A(C).
Proof. We find an upper bound on A(AU BUC U D) by computing the cost of clustering
all four clusters with the center of BUC'. Then we decompose the cost and use Lemma [2.3

A(AUBUCUD)
<A(AUBUCUD,u(BUQ))
A(A,u(BUC)+ABUC, u(BUC)) + A(D,u(BUC))
A(A) + A [In(A) = w(BUO)||? + A(BUC) + A(D) + |D| - [|u(D) = (BUO)||*.

Next, we apply the relaxed triangle inequality in Lemma[2.2and use that |A| < |B] to
get

Al []12(A4) = w(B U O <2|A] - ([|u(A) = u(B)IP + |ln(B) — u(B U C)[]?)
<2|A[ - ||u(A) = w(B)II? +2|B| - ||n(B) — u(BUC)|*.
Similarly, we get that
D] ||n(D) = w(BUCO)|* < 2ID| - [|u(D) = w(O)* +2IC] - [|(C) = w(BUO)|P*.
Using Lemma and the fact that |A| < |B|, we observe that

1418
D(A, B) = m : HM(A) - M(B)HQ
& A] - [u(4) - u(B)|? = 'A',*B”B' D(A,B) < 2D(A, B)

holds, and, similarly, |D| - ||u(D) — u(C)||?> < 2D(C, D) since |D| < |C|. Thus, 2|A4] -
(A)—u(B)|[2+21D || [4(D)~u(C)|[2 < 4D(A, B)+4D(C, D). Furthermore, A(BUC) >
D(B,C) = B| - |u(B) — p(B U C)|2 +IC] - |1u(C) — u(B U C)|[%. Together, we get that
Al |ln(A4) = w(BUCO)I* + D] [|u(D) — w(BU C)||”
<4-D(A,B)+4-D(C,D)+2A(BUC),
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which implies that
A(AUBUCUD) <A(A)+ABUC)+A(D)+4-D(A,B)+4-D(C,D)+2A(BUC)
and

D(AUB,CUD)

A(AUBUCUD) - A(AUB) — A(CUD)

A(AUBUCUD) - A(A) — A(B) — D(A, B) — A(C) — A(D) — D(C, D)
A(

< A(A)+3A(BUC)+ A(D)+3-D(A,B)+3-D(C, D)
—A(4) - A(B) = A(C) - A(D)
=3-A(BUC)+3-D(A,B)+3-D(C,D) — A(B) — A(C) O

The analysis

We now analyze the worst-case behavior of Ward’s method. For this, we fix an arbitrary
worst-case example that does not contain inner-cluster merges (we can assume the latter
by Lemma .

The general plan is the following. Whenever Ward merges two clusters, it does so
greedily, meaning that the cost of the merge is always bounded by the cost of any other
merge. Thus, if we can find a merge with low cost, then the merge actually performed
can only be cheaper. We can clearly find cheap merges in the beginning, however, Ward’s
decisions may lead us to a situation where we run out of the originally good options. The
idea of the proof is to find a point during Ward’s execution where

e We still know a bound on the costs produced so far.

e We know a set S of good merges that can still be performed and lead to a good
k-clustering.

e We can ensure that no merge can possibly destroy two merges from S.

At such a point in time, we can use S to charge the remaining merges that Ward does to
compute a k-clustering. We find this point in time by sorting specific merges of Ward into
the front, and bounding their cost. There will be five phases of merges which we need to
pull forward and charge.

The phases We will use the reordering lemma (Lemma to sort the merges into
phases and then analyze the cost of the solution after each phase.

In the following, we call a cluster that contains points from more than one optimum
cluster composed, more precisely, we call it an £-composed cluster if it contains points from
¢ different optimum clusters. Most of the time, we are interested in 2-composed clusters,
and we name such a cluster 2-composed cluster from O; and O;41 if these are the involved
optimum clusters.

The goal of the reordering is simple in nature; we want to collect all merges that create
2-composed clusters and that grow 2-composed clusters. We can think of the phases as
different stages of development of 2-composed clusters. A 2-composed cluster may become
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Figure 2.10: The pricipal phases of development of a 2-composed cluster.

part of the k-clustering computed by Ward’s method, or it may at some point become -
composed for ¢ > 2, at which time we are no longer interested in it. By the final stage of
a 2-composed cluster we either mean how it looks in the k-clustering, or how it looked in
the last step before it became more than 2-composed.

Consider the example in Figure[2.10] where we depict the development of a 2-composed
cluster from O; and Oj41 which in its final stage consists of the input points xy,...,x,.
It undergoes five principal phases: It is created by merging a point from O; with a point
from Oj;1 (phase P1). Then it grows; it is merged with points left and right of itself
(phase P2). We add extra phases for the last points on both sides. In phase P3, the first
side is completed; in the example, it is the left side. This merge is again followed by a
growth phase (phase P4). The final phase P5 consists of the final merge on the other
side; the right side in the example. (We skip some merges in P5, the details of P5 are not
discussed until much later in this proof).

So, we use reordering to pull the following phases of merges to the front.

P1 (Creation phase)
We create 2-composed clusters by collecting the merges ({a;}, {b;}) with a; € Oy,
b; € Oj4q for some j € [k]. The collected merges constitute phase P1. For technical
reasons, we make one exception. If the 2-composed cluster only consists of two input
points in its final stage (i.e., the creating merge is also the last merge), then we defer
the merge to phase P5.

P2 (Main growth phase)
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We now grow the 2-composed clusters initialized during phase P1. For each 2-
composed cluster, we move the growth merges to phase P2, preserving their original
order. We stop right before one side of the 2-composed cluster is done. There may
be many growth merges for a cluster, or none.

P3 (First side elimination phase)
This phase consists of at most one merge for each 2-composed cluster, and this merge
is the last merge on the first side. After phase P3, every 2-composed cluster thus
has one side where it will not be merged with further input points. Notice that a
cluster may skip phase P3 if it only shares one point with O; or Oj; in its final
stage, anyway.

P4 (Second growth phase)
This phase resembles phase P2, however, the growth is now one-sided. For each 2-
composed cluster, we move the growth merges to phase P4, preserving their original
order, and stopping right before the final merge.

P5 (Second side elimination phase)
The last phase consists of at most one merge for each cluster. If the final stage of a
2-composed cluster contains only two points, then the merging of these two points is
done in phase P5. Otherwise, phase P5 may contain the last merge for the cluster,
resulting in its final state. For technical reasons, we have to exclude some merges;
we postpone the details to Definition 2.31]

We now analyze the sum of the 1-means costs of all clusters in the clustering after each
phase. We start with phases P1 and P2.

Lemma 2.28. Let N = {zq,..., 2} with xq,...,Tm € O and Tpmy1,...,2p € Oj41 be a
2-composed cluster after phases P1 and P2. Then

m—1 b

AN)< Y D(@nzngr) + >, D(wp,wpga).
h=a—1 h=m+1

Furthermore, D(N N O;, N N Oj11) < D(xq-1,%q) + D(xp, p41).

Proof. We show the statement by induction on the number of points in N. The base case
is the merge done in phase P1. By the way we defined phase P1, we know that when x,,
and x,,+1 were merged in the original order, either z,,_1 or z,,42 were also present. Thus,

A(l’m, xm—i—l) < maX{D(xm—lv .’Em), D(mm—i—l; xm+2)} < D(xm—ly wm) + D<xm+1a xm+2)-

Now say that at some point, the cluster is N’ = {z,, ..., x4}, and it is expanded by one
point. Without loss of generality, say it is expanded by z._1 by the merge {N Ze—1} (the
other case follows symmetrically). By the induction hypothesis, A(N") < Y27 " | D(xp, p41)+
Zh ma1 D(xnh, xp41). By the definition of phase P2, .3 is also present durlng the merge,
meaning that D(N',x.—1) < D(x¢—1, Zc—2), and that A(N'U{z.—1}) < Zh oo D(xh, xpy1)+
Zh:m—l—l D(xp,xpe1), which proves the induction step.

The second statement follows since A(NﬂO )= A({za, .y zm}) > S D(ay, 2pg),
A(N NO;11) = A{@mi1, .- - xp}) > 20! a1 D(Th, Thy) and D(NNOj,NNOji1) =
A(N)—=A(NNO;) —ANNOj41). O
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In phase P3, Ward’s method faces the first situation where it may run out of good
merge options and has to resort to more expensive merges. Notice that by the definition
of our phases, each cluster has one side where after phase P2, there is exactly one point
left which has not been added to the cluster.

In the following, we will again and again use the following statement which follows
directly from Lemma [2:27]

Corollary 2.29. Let A, B, and C be three disjoint sets of points with |A| < |B| (or
w(A) < w(B), for weighted sets). Then A(AUBUC) < A(A)+3-A(BUC)+4-D(A, B)
and D(AUB,C) < 3-A(BUC) +3-D(A, B) — A(B) — A(C).

Proof. O

We need the following interpretation of Corollary [2.29] If we have a 2-composed cluster
M = AU B which consists of a lighter cluster A C O’ for an optimum cluster O’ and a
heavier cluster B C O for another optimum cluster O”, then merging AU B with another
cluster C' C O” basically costs as much as A C O’ and BUC C O” cost individually, plus
what merging A and B costed us already (up to constant factors). We now analyze the
1-means costs of the clusters after phase P4

Lemma 2.30. Let F = {zy,...,x.} be the final state of a 2-composed cluster, with
Tpy.. . Ty € 05 and Tyg,-.., 2 € Ojy1. The state of the cluster after phase P4 is
either N = {xg,...,xp_1} or N ={xp_1,...,2,}. In both cases,

AN) <8 (A({ze, . zm}) + Al{zmit, ... z,})).

Proof. During phase P2, N grew to the penultimate point on one side, and is now merged
with the last point on this side in phase P3. Without loss of generality, we assume that
this is the left side. This means that N = {xy,...,z,_1} will be the state after P4. The
state after P2is N = {xpi1,...,2q} ford € {m+1,...,7—1}. Phase P3 does the merge
{N', {z}}.

There are two cases for how to charge this merge. First, assume that w(N' N O;) >
w(N' N Oj41), i.e., x, lies on the heavier side of N. This allows us to use Corollary
with A = N'"NOj;1, B=N'NO;j and C = {z,} to obtain
A(N/ U {.%'g}) < A(N/ N Oj+1) +3- A((N, N OJ) U {Z’g}) +4- D(N, N Oj, N'Nn Oj—i—l)
< A({xm—i-l, s .I'd}) +3- A({I’g, s 7':Um}) +4- (D(.ﬁbg, $E+1) + D('ivda xd-i—l))
<4 (AU )+ Amin, - 701 }) + Des zenr) + Dlas zarn),

where the second inequality follows from Lemma [2.28

Now assume w(N' N O;) < w(N' N Oj41). We can still apply Corollary but
with reversed roles. We know that x4y is still present by the definition of phase P3.
Thus, we charge the merge {N’, {z¢}} to the merge {N’, {z441}}. By Corollary [2.29 with
A=N'N0Oj, B=NNO0Oj4 and C = {z441}, we get

A(N/ U {md+1}) < A(N/ N O]) +3- A((N/ N Oj+1) U {$d+1}) +4- D(N/ N Oj, N'nN Oj+1).
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Thus, D(N',x441) = AN U{z441}) — A(N’), which implies that

A(N"U {x})
=A(N') + D(N', {z})
<A(N') + D(N", {za+1})
<AN'NO;)+3-A((N'NOj11)U{zgs1}) +4-D(N'NO;,N'NO;j41)
<A{@et1, - wm}) + 4 A{Tmas - 2ag1}) + 4 (D(wg, 2041) + D(2a, Tat1))
<4-(A({ze, . zm}) + Al{zmits - 2as1}) + D(ze, 2e41) + D(2d, Tat1)).

We see that we bounded the cost by the same expression in both cases. After phase P3,
there are possibly additional merges in phase P4, which extend N’ U {zy} to the right.
More precisely, P4 extends the cluster from {zy,..., x4} to {xy,...,z,—1}. Similarly to
Lemma we can show that this extension increases the cost of N U {x,} by

r—1
Z D(zp, xpi1).
h=d+1
Finally, notice that
r—1
4-(A{ze, - wm}) + A{@mer, - - xar1}) + D(@e, 2e41) + D(xa,2a41)) + Y D(n, 1)
h=d+1
r—1
<4-(A{ze, - 2m}) + Al{@mis - wara}) + D(@e, o)) +4- > D(wn, Thia)
h=d
<8 - (A{xy, ...y zm}) + A{zmst, - 20 })),
which concludes the proof. O

Now we come to phase P5, which we haven’t completely defined yet. The problem
with phase P5 is that we can no longer charge all clusters ‘internally’. To see what the
issue is, first notice that we say that a 2-composed cluster F' from O; and Oj41 points to
cluster A if

o w(FNO;)>w(F NOjt1) and A is the cluster left of F', or
o w(FNO;) <w(FNOj41) and A is the cluster right of F.

We define a lopsided cluster to be a 2-composed cluster F' = {xy,...,x,} for which the
last merge is {F\{z}, {z}}, but at the time of this merge, F = F\{z} does not point to
{z}. This means that we cannot use Corollary (directly) to charge this merge. As a
technicality, we also call a 2-composed cluster lopsided if it only contains two points in its
final state; again, we cannot use Corollary 2.29]in this case.

We have to pay attention to one more detail when defining phase P5. When charging
2-composed clusters internally, we could always be sure that the clusters that are involved
are part of one of the two optimum clusters that the 2-composed cluster intersects. That
is because the 2-composed cluster by definition only contains points from two optimum
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clusters, and we only dealt with points and subclusters of such a 2-composed cluster.
However, in the following arguments, we will have to argue about clusters neighboring a
2-composed cluster. These may or may not belong to one of the optimum clusters. Let A
and B be two clusters that are neighbors on the line such that A lies left of B. We say
that there is an opt change between A and B if the last point in A and the first point in
B belong to different optimum clusters.

Now we define phase P5. Let Y be the cluster that lies on the other side of F’ than z
at the time of the merge {F',{x}}. Let Z be the cluster that lies ‘behind’ z from the point
of view of F’ at the time of the merge {F’,{x}}. By behind from F’s point of view we
mean that if x lies left of F, then Z lies left of z, and if z lies right of F’, then Z lies right
of z.

Definition 2.31 (Phase P5). Phase P5 contains the final merge {F',{z}} of a cluster
F = F'U{x} if any of the following conditions applies.

1. F is not lopsided (phase Pba),

2. F is lopsided, there is mo opt change between Y and F', and Y is an inner cluster
(phase P5b),

3. F is lopsided, there is no opt change between {x} and Z, and Z is an inner cluster
(phase P5c),

4. F is lopsided, there is no opt change between {x} and Z, Z is 2-composed, and points
to {x} (phase P5d).

The next lemma deals with merges in P5a.

Lemma 2.32. Let F = {xy,...,x.} be the final state of a 2-composed cluster, with
Zpy .. Ty € O5 and Typg1, - .., € Ojy1. Assume that F' is not lopsided. Then

A(F) <35 (A({ze, - s zm)) + A{@ma1, - - 20 })).

Proof. Let {F\{z},{z}} be the final merge in P5. Without loss of generality, assume that
x = x,, i.e., the final merge happens at the right end of F. Set F’' = F\{x}, so the final
merge is {F’,{z,}}. By Lemma we know that

D(F' N0;,F' N0j1) < AF) <8 (A({wes .., 2m}) + A{@mar, - 20 }))

is true after P4. By our assumption that the final merge is not lopsided, we know that
F\{z} points to {z}. So, we can apply Corollary with A = F/'NO; = FnNO;,
B=F'N0j41 =(FNOj11)\{zr} and C = {x,}. We get:

A(F"U{z})
SAFNO;) +3- A((F N O\ n}) U{a}) +4- DF 0105, F' 1 Oj41)
<B-(A({xey .-y zm}) + A zmtts -2 }) +4- 8- (A{zey -y 2m}) + A{@mi1, - 20 })))
<35 (A({ze, -y zm}) + Al{@mat, .-, 2 })). O

Now we consider the merges in phase P5b.
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Lemma 2.33. Let F = {xy,...,x.} be the final state of a 2-composed cluster, with
Zoy.. T € 05 and Typy1,..., T, € Ojp1. Assume that F is lopsided. Assume that
at the time of the merge {F\{z},{x}}, the cluster on the other side of F' = F\{x} is an
inner cluster Y, and there is no opt change between F' andY . Then if v = xy, we have

A(F) <35 - (A{ze, .y xzm}) + A{@ms1, - Tri1})),
and if x = x,, then
A(F) <35 (A({xp-1,-- -y xm}) + A{@ms1, .- 20 })).

Proof. W.l.o.g. assume that F = {xy,...,2,}, that x = x, lies left of F’ and that the
cluster Y is thus {z,+1}. Then we can still use Corollary with A = F'N0O;, B =
FNOj41 and C = {z,41} (notice that w(F' NO;) < w(F NOjt1) because F is lopsided),
and obtain that A(F) < A(F' U{z,11}) < AF' NO;) +3-A((FNOjq1) U{zri1}) +
4-D(F'NOj,FNOjq1). Since F' results from P4, we know from Lemma that
D(F'N0O;,FNOj11) <A(F') <8 - (A({xe, ..., xm}) + A({@m41, ..., 2r})). That means
that

A(F) SA(F’ M O]) +3- A((F M Oj+1) U {xTJrl}) +4- D(F/ M Oj, FnN Oj+1)
<A{xp, ..., 2m}) + BA{Tmpt1s s Xrg1}) + 32(AKxy, - . sz }) + A Tmg1s - 20 }))
<35 (A({mpy -y xm}) + A{@mt1y - Tri1)-

Notice that the upper bound involves z,1, which is not part of the final state F' of the
2-composed cluster. In the symmetric case that x = x,, the upper bound involves x;_1
instead of x,41. O

We are ready to show the main lemma about the phases.

Lemma 2.34. Let C5 be the clustering after phase P5. Then

Z A(A) <O(1) - opty, .
AeCs

Proof. Let Cf be the clustering that arises from performing P1-P4 and finishing phases
Pba and P5b. By Lemma we know that for any non-lopsided cluster in CY, its 1-
means cost is at most 35 times as much as the cost of its points in the optimal solution.
By Lemma we know that for any lopsided cluster in Cf resulting from phase P5b,
nearly the same holds, except that the upper bound involves one more point. However,
by the definition of phase P5b, this point is in one of the two optimum clusters that the
lopsided cluster intersects. All other 2-composed clusters in Cf cost at most 8 times their
optimum cost by Lemma The inner clusters cost nothing (they are input points).
Now we consider phases P5c¢ and P5d. Let F = {xy,...,z,} = F' U {x,} with
zg, ... Ty € O and Tpyq1, ..., 2, € Ojyq be lopsided with final merge {F’, {z,}}. We
know that at the time of the final merge, the cluster M right of x, is either an inner cluster
or it is a 2-composed cluster that points to z,. In the first case (phase P5c), we observe
that the merge {{x,}, {x,+1}} is available, which costs at most D(x,, z,4+1). Thus, in this
case D(F',z,;) < D(xy,x,4+1). At this point, it is important that we assumed that there is
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no opt change between {z,} and its neighboring cluster, here {z,4+1}: Thus, z, and z,41
are in the same optimum cluster, and D(x,,x,+1) is part of the optimum cost. Notice
that D(x,,x,41) has not been charged before.

Now assume that M is 2-composed and points to x,.. Note that M is in its final state,
since any merge of M with a possible additional inner cluster right of M would happen in
Phase P5b. This is a tricky technical detail: We need that M, the cluster next to {z,} at
the time of the merge {F',{xz}}, is finished after phase P5b, such that we know that its
cost is bounded and can use this cost bound in the following charging argument. Indeed,
this is the sole purpose of phase P5b.

We now charge the merge {F’,{z,}} to the possible merge {M,{z,}}. By Corol-
lary 2.29 with A = M N Oj12, B=MNOjy; and C = {z,},

D(F',z,) < D(M,z,) < AM U {z,})
<AM N Oji2) + 3A((M N Oj11) U{wn}) +4- D(M N Ojer, M N Ojy).

Notice that even though we charge a merge with F’ to a merge with M, A(F) + A(M)
increases by a factor of at most 7 compared to A(F’) + A(M). Since no M can be part
of two such charge operations, we know that the overall sum of all 1-means costs of all
clusters increases by a factor of at most 7 when we process all the remaining lopsided
clusters. Thus, the final cost after phase P5 is at most 245 - opty,. O

Good merges for the final analysis In general, the clustering of Ward after phase P5
has still more than k clusters. It remains to analyze the merges after phase P5 that reduce
the number of clusters to k. For the final charging argument, we need four types of good
merges. Good merges are not necessarily merges that Ward’s method does, instead, it’s a
collection of merges that are possible and can be used for charging. Indeed, good merges
include merges that would not be present anymore if Ward did them, since then we would
move them to the phases. But if Ward never uses them, they may still be present for us
to charge against.

The whole point of the phases is to ensure that any merge that Ward may still do
does not destroy two good merges. The final arguments of the proof will be to count good
merges and to show that no two good merges can be invalidated simultaneously by one of
Ward’s merges.

Recall that Wy, ..., Wy is the current Ward solution, and Oy, ..., Oy is a fixed optimal
solution, numbered from left to right. The following merges are good merges in the sense
that we can bound the increase in cost. Of course, the result of the merge only forms a
cluster of low cost if the participating clusters had low cost beforehand.

Type 1: Two inner clusters W;, W; 1 of the same optimal cluster Oj;, i.e., W;, W;11 C O;.
This type of merge is never actually applied by Ward on simplified examples, but
we need it for charging.

Type 2: A 2-composed cluster W; C O; UQO;41 for some j and an inner cluster W1 C Oj11,
with the condition that W9 is an inner cluster of O;11 as well. Also: The symmetric
situation of a 2-composed cluster W; C O; U O;41 for some j and an inner cluster
Wi_1 C Oj with the condition that W;_o C O;.
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Figure 2.11: Different types of good merge situations. A part of a Ward cluster that is
filled with gray contains more points than the white part of the same Ward cluster.

Type 3: A 2-composed cluster W; C O; U Oj41 for some j and an inner cluster W;_1 C Oj,
with the condition that W; points to W;_;. Also: The symmetric situation of a
2-composed cluster W; C O; U Oj41 for some j and an inner cluster Wi C Oj11
with the condition that W; points to Wy, .

Type 4: Two 2-composed clusters W; C O; U Ojy1 and Wiy C Ojy1 U Ojyo that point at
each other.

We already know Type 1 merges (inner-cluster merges), type 2 merges (growth phase
and phase 5¢) and type 3 merges (merges chargeable with Corollary . We know that
applying them increases the cost by at most a constant factor. We also know that these
merges cannot happen anymore: Type 1 merges are inner-cluster merges, which Ward
does not do on our example. Type 2 merges happen either in the growth phase, or in
phase 5¢c. Type 3 merges merge non-lopsided clusters, which happens in phase 5a.

Type 4 is a type of merge that we did not yet consider, and which Ward can still do.
Indeed, to charge it, we need the general charging statement in the below Lemma [2.27]
from which Corollary [2.29] follows.

Lemma 2.27. Let A, B,C, D C R? be disjoint sets with |A| < |B| and |C| > |D|. Then
A(AUBUCUD) <A(A)+3-ABUC)+A(D)+4-D(A,B)+4-D(C,D) and
D(AUB,CUD)<3-A(BUC)+3-D(A,B)+3-D(C,D)—A(B) — A(C).

Let W; and Wi, constitute a type 4 merge as described above. Then Lemma [2.27]
with A =W; N Oj, B=W;nN Oj+1, C=W;z1nN Oj+1 and D = W;y1 N Oj+2 implies that

A(W; UWitq)
< A(Wi N Oj) +3A(0j41) + A(Wit1 N Oji2)
+ 4D(Wi N Oj, W;nN Oj+1) + 4D(Wi+1 N Oj+1, Wiy N Oj+2).

Thus, if A(W;)+ A(W;41) was bounded by a constant factor times the optimal cost of the
points in W; U W;41, then this is still true after the merge of W; and Wj;1 (with a higher
factor).
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Counting inner clusters Observe that the only merges that delete more than one
inner cluster are the merges in phase P1. All other merges remove either exactly one inner
cluster, or none at all. In phase P2-P5, every merge eliminates exactly one inner cluster.
In the beginning, there are n inner clusters. So if phase P1 has n; merges and P2 until
P5 together have n, merges, then we have n — 2n; —n, inner clusters after phase P5, and
we have nq 2-composed clusters. The total number of all clusters is n — nqy — n,..

Consider the Ward clustering W7, ..., Wy after phase P5. We split the clustering into
blocks, based on the inner clusters. More precisely, we get n — 2n; — n,, — 1 blocks that
start with an inner cluster, possibly has some 2-composed clusters and ends with another
inner cluster. The blocks overlap in the inner clusters.

We argue that there is at least one good merge in every block except for k —ny — 1
blocks. The exceptions are the blocks where the optimum cluster changes between start
and end, but the change happens between the clusters (not in a 2-composed cluster). This
can only happen & — n; — 1 times because n; of the £ — 1 cluster borders are within
2-composed clusters. For the remaining blocks, we argue the following. If there are no
2-composed clusters in the block, then the two inner clusters are neighbored and form a
type 1 merge. If there is only one 2-composed cluster in the block, then it has to point
at an inner cluster and thus there is a type 2 or a type 3 merge. If there are multiple 2-
composed clusters, we argue as follows. The first 2-composed cluster either points left and
thus there is a type 2 or a type 3 merge, or it points to the right. Any further 2-composed
cluster either points to the one before it, forming a type 4 merge, or it points to the right.
This goes on until we either find a merge, or we find the last 2-composed cluster, which
then has to point at the second inner cluster, forming a type 2 or 3 merge.

We collect one good merge from every block and call the resulting set of merges S.
Observe that the cost of all merges in S together is a constant factor of the cost that we
have so far, so all merges together cost O(1) opty,.

This argument alone is not enough. The main feature of S is that every merge that
Ward actually performs can make at most one merge from our set invalid. This means
that we can charge n —2n; —n, —1 — (k —n; — 1) merges to S.

Notice that our merges are disjoint except for possible overlap at inner clusters. Assume
that a merge of Ward invalidates two merges from our set. There are two ways how this can
happen. Case one is that Ward’s merge is one of the two good merges that are invalidated.
Say this merge is called (A, B). Then the second merges involves either A or B, say it
involves B. Thus, there is another cluster C' next to B, and the merge (A, B) invalidates
itself and (B, C). This in particular means that (A, B) is a good merge. Since Ward does
not do inner-cluster merges, either A or B has to be 2-composed, since (A, B) is a merge
of Ward. If they are both 2-composed clusters, then A and B are in the same block, thus
(A, B) and (B, C) cannot both be in §. Thus, one is 2-composed and the other is an inner
cluster, i.e., they form a type 2 or 3 merge, since (4, B) is supposed to be a good merge.
If it is a type 3 merge, then (A, B) is not lopsided, and would have happened in phase
P5a. If it is a type 2 merge, then it is either not lopsided (phase P5a), or it is lopsided,
but has an inner cluster behind its inner cluster (phase P5c). We conclude that a good
merge (A, B) cannot invalidate another good merge.

Case two is that the two good merges are disjoint, and Ward does a merge that overlaps
with both of them. Thus, we have two good merges (A, B) and (C, D), and Ward performs
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merge (B, ). Since Ward does not do inner-cluster merges, either B or C' is 2-composed,
w.l.o.g. say that C is 2-composed. If B is 2-composed as well, then (A, B) and (C, D) are
in the same block, so they would not both be in §. So B is an inner cluster. If C points
to B, then (B, () is not lopsided and would have happened in phase P5a. Thus, C' points
to D. If A is an inner cluster, then (B,C) is a type 2 merge and would have happened
in phase P5c. So say that A is 2-composed. (A, B) is a good merge. It is not a type 2
merge since C' is 2-composed. It has to be a type 3 merge, thus, A points to B. Thus,
(B, C) would have happened in phase P5d: It is a lopsided merge with B left of C, and
the 2-composed cluster left of B points to A.

We have seen that no merge of Ward can invalidate two merges from S. Thus, we can
now charge in the following way. The cost of the performed merge is bounded by the cost
of any available merge. For each Ward step, we look whether it invalidates a merge from
S. If so, then we charge the performed merge to this good merge. If Ward’s merge does
not invalidate any merge from S, we just arbitrarily charge a merge in S and mark it as
invalid. In this manner, we can pay for n—2n; —n,—(k—nj;—1)—1 merges, i.e., we can pay
until the number of clusters is reduced to n—ny —n, —(n—2n1 —n, —(k—n; —1)—1) = k.
That completes the proof of Theorem [2.21]

2.4.5 Separation Conditions and Well-Clusterable Data

Clustering suffers from a general gap between theoretical study and practical application;
clustering objectives are usually NP-hard to optimize, and even NP-hard to approximate
to arbitrary precision. On the other hand, heuristics like Lloyd’s algorithm, which can
produce arbitrarily bad solutions, are known to work well or reasonably well in practice.
One way of interpreting this situation is that data often has properties that make the
problem computationally easier. Indeed, for clustering it is very natural to assume that
the data has some structure — otherwise, what do we hope to achieve with our clustering?
The challenge is to find good measures of structure that characterize what makes clustering
easy (but non-trivial).

Many notions of clusterability have been introduced in the literature and there are also
different ways to measure the quality of a clustering. While traditionally a clustering is
evaluated on the basis of an objective function (e.g., the k-means objective function), there
has been an increased interest recently to study which notions of clusterability make it
feasible to recover (partially) a target clustering, some true clustering of the data. For this,
the niceness conditions imposed on the input data are usually some form of separation
condition on the clusters of the target clustering. We study the effect of five well-studied
clusterability notions on the quality of the solution computed by Ward’s method.

d-center separation and a-center proximity First we study the notions of §-center
separation and a-center proximity, which have been introduced by Ben-David and Hagh-
talab [I3] and Awasthi, Blum, and Sheffet [6], respectively.

Definition 2.35 ([I3]). An input P C R? satisfies 0-center separation with respect to some
target clustering C1, ..., Cy if there exist centers ci,...,c; € R such that lef —cill > 6+
maXeck, MaXzec, ||x —cj|| for alli # j. We say the input satisfies weak 0-center separation
if for each cluster Cj with j € [k] and for alli # j, ||c; — c;|| > ¢ - maxzec; ||z — .
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Kushagra, Samadi, and Ben-David [36] show that single linkage and a pruning tech-
nique are sufficient to find the target clustering under the condition that the data satisfies
d-center separation for § > 3.

While the goal of Ben-David and Haghtalab [13] is to recover a target clustering,
we focus on approximating the k-means objective function. Hence, in the following we
will always assume that the target clustering C, ..., C} is an optimal k-means clustering
(which we usually denote by Oy, ..., Oy) and the centers ¢, ..., c; € R? are the optimal k-
means centers for this clustering. We will make this assumption also for all other notions of
clusterability that are based on a target clustering and that we introduce in the following.

Definition 2.36 ([6]). An instance P satisfies a-center proximity if there exists an optimal
k-means clustering O1, ..., Oy with centers ci,...,c}, € RY such that for all j # i, € [k]
and for any point x € C; it holds ||z — cj|| > allz — c}]|.

Awasthi, Blum, Sheffet [6] introduced the notion of a-perturbation resilience and
showed that it implies a-center proximity. They show that for o > 3, the optimal cluster-
ing can be recovered if the data is a-perturbation resilient. This was improved by Balcan
and Liang [10] and finally by Makarychev and Makarychev [42], who show that it is pos-
sible to completely recover the optimal clustering for a = 2. The latter paper shows that
the results even hold for a weaker property called metric perturbation resilience. We show
that for large enough § and a, Ward’s method computes a 2-approximation if the data
satisfies d-center separation or a-center proximity.

Theorem 2.37. Let P C R? be an instance that satisfies weak (2 + 2v/2 + €)-center
separation or (3 + 2v/2 + €)-center prozimity for some ¢ > 0 and some number k of
clusters. Then the k-clustering computed by Ward on P is a 2-approximation with respect
to the k-means objective function.

We also show that on instances that satisfy (2 + 2v/2v + ¢)-center separation and for
which all clusters O; and Oj; in the optimal clustering satisfy |O;| > |O;|/v, Ward even
recovers the optimal clustering.

It is interesting to note that the example proposed by Arthur and Vassilvitskii [5]
that shows that the famous k-means++ algorithm has an approximation ratio of Q(log k)
satisfies d-center separation and a-center proximity for large values of § and «, and has
balanced clusters, i.e., v = 1.

Observation 2.38. There is a family of examples where k-means++ has an expected
approximation ratio of Q(log k), while Ward computes an optimal solution.

In contrast we will see that the instances that we use to prove our exponential lower
bound on the approximation factor of Ward’s method (Theorem satisfy d-center
separation and a-center proximity for 6 <1+ /2 and a < 1 + /2. We will also see that
even for arbitrary large d and « there are instances that satisfy J§-center separation and
a-center proximity and on which Ward’s method does not compute an optimal solution.

Strict separation property Balcan, Blum, and Vempala [9] introduce the strict sep-
aration property. In [I], this property is defined as followsﬂ

n [9], the property is defined for similarity measures.
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Figure 2.12: Redrawing of Figure 16 in [I1]. There are three groups of points A, B and C
at the locations a, b and ¢. The numbers indicate the sizes of the groups, the total number
is n = 6m.

Definition 2.39 ([1, 9]). An instance P with target clustering Ci,...,C} satisfies the
strict separation property if for all z,y € C;,i € [k], and every z € C; for j € [k] with
J# i, |lx—yll <|ly—z||. It satisfies v-strict separation if there is a subset of P of size
at least (1 — v)|P| for which the property is satisfied.

Balcan et al. show that if the clusters in the target clustering are of sufficient size
and the instance is v-strict separated, then one can correctly classify all but vn points
(correctly with respect to the target clustering). Indeed, if all points satisfy the property,
then the target clustering can be completely recovered.

Balcan, Liang, and Gupta [II] have already studied Ward’s method on strictly sepa-
rated instances. They present the instance shown in Figure (In §C, Figure 16). Given
the target clustering AU B, C, the example clearly satisfies strict separation for all points.
However, Ward will compute the clustering A, BUC": It will start by merging all points at
the same location, resulting in three weighted points pg, pp, pc at a, b, and c. But then it
will merge py, and p. because this is cheaper than merging p, and p: It costs .62 = 18m,
while the alternative merge costs %m - 5% = 20m. The resulting clustering is then judged
to be very bad since it misclassifies m = %n points.

Now one can argue that this judgment is overly critical because Ward actually achieves
its design goal on this instance: it computes a solution with minimal k-means cost. Hence,
in this thesis we study the behavior of Ward when the target clustering is an optimal k-
means clustering. We will see that also in this case the strict separation property does not
help Ward to compute a good clustering.

ORSS-separation Another line of work on niceness conditions for clustering investi-
gates conditions that help to find a low-cost clustering with respect to the k-means objec-
tive function, usually a (14 €)-approximation. For this area, conditions that ensure a cost
separation between different solutions are helpful. We will see that the strongest among
these conditions, namely e-separation [44] (we will also use the term e-ORSS-separation),
does not help Ward to avoid the worst-case example from Theorem [2.19]

Definition 2.40 ([44]). An instance P satisfies the e-ORSS-separation property for some
number of clusters k if opty(P)/optj_,(P) < €2.

Ostrovsky et al. [44] show that a variant of Lloyd’s method with the right seeding
computes a (1 + e)-approximation for the k-means problem on instances that satisfy e-
ORSS-separation.

AS-separation For the following separation condition, it is convenient to denote the
point set by a matrix A, where row ¢ contains point A;. Let C1,...,Cy be a target
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clustering for A and let p1, .. ., ug be the corresponding centroids, i.e., p; = u(C;). Assume
that C € R"*4 is a matrix where the ith row contains the centroid of the cluster that A;
belongs to. Then ||A — C||% is the k-means cost of the clustering C1, ..., Cy, where || - ||¢
is the Frobenius norm. Let || - || denote the spectral norm.

In a seminal paper, Kumar, and Kannan [35] defined a proximity condition and showed
that if all points satisfy this condition, then the target clustering can be reconstructed (and
if only a fraction satisfies it, then the target clustering can be mostly recovered). The
proximity condition states that the projection of a point onto the line joining its cluster
center ; with another cluster center j; is closer to j; than to u; by at least a value A,
where A;; depends on the number of points in the two clusters, and on k||A — C|| (and
a big constant). Here, we consider the weaker center-based condition due to Awasthi and
Sheffet [8], which was developed in follow-up work. We call it AS-center separation to
distinguish it from the above d-center separation.

Definition 2.41 ([8]). Let A and C be as defined above and define

1
A, = Wmm{mm ~ClILI1A=Cl|F}.

Then the instance A satisfies AS-center separation with respect to the target cluster-
ing Ci,...,Cy if for alli # j, i,7 € [k], it holds that

i = pjll = c(Ai + Aj)
where ¢ is a fixed constant.

Again, if all points satisfy AS-center separation, then the target clustering can be
recovered [§]. We will see that the exponential lower bound instances satisfy AS-separation
when the target clustering is the optimal k-means clustering.

Corollary 2.42. For any ¢ > 0, there is a family of point sets (Py)qeny with Py C R?
that are e-separated and that satisfy 1 4 \/2-center separation, 1 + /2-center prozimity,
the strict separation property and the AS-center separation property where Wardy(Py) €
Q((3/2)¢ - opty(Py)) for k = 2%. Furthermore, for any 6 > 1 and any o > 1, there exists
a point set that satisfies §-center separation and a-center proximity and for which Ward
does not compute an optimal solution.

2.4.6 Bounds for /-center separation and a-center proximity

In this section, we analyze the behavior of Ward on J-center separated instances and
instances that satisfy a-center proximity for some number k of clusters. Before we will
prove Theorem [2.37] we start by giving a simple example that shows that Ward does not
necessarily compute an optimal solution for instances that satisfy d-center separation and
a-center proximity for arbitrary § and «. After that we show that nevertheless Ward
works well on such instances and even computes an optimal clustering if the clusters in
the optimal clustering are balanced with respect to its size.
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Figure 2.13: Family of instances for £ = 2 that shows that Ward does not necessarily
compute an optimal solution for instances that satisfy d-center separation and a-center
proximity for arbitrary ¢ and a.

Center Separation and Center Proximity do not Guarantee Optimality

In this section we give an example that shows that not even for arbitrary large § and «,
d-center separation and a-center proximity guarantee that Ward’s method computes an
optimal clustering. Figure [2.13] depicts a family of instances for k¥ = 2. The idea of
the example is that Ward’s method merges the lone point d with the points at ¢, which
is inconsistent with the optimum clustering. We first compute merge costs for different
possible merges.

D(ab, c) < ms.

Proof. By Lemma D(c,d) = m”:jrl -2y2 = m., since the squared distance between

c and d is 2¢2. The squared distance between a and b is 2 + €, and the squared distance

between a and c as well as between b and ¢ is 2. Thus, Lemma implies that D(a,b) =
2 2

%(2 +¢€) = my(1 + §) and that D(a,c) = D(b,c) = 2%’7 -2 = m,, and D(c,d) =

M~y 2 _
mat1 Y 2=my.

Next, we show that D(a,cd) = D(b,cd) > D(a,b). We have that

my(my + 1)

1
2m + 1 || pta — ,ucdH2 > My | tta _/icdHQ‘
-

D(a,cd) =

Note that picq is given by g = ¢+ ( \/ﬁ, 0). Using Pythagoras we obtain
Y

llta = ptedl * = llia — (0, 0)[* + (0, 0) — preal

1
> —(0,0)||? 0,0) — ¢||?
H:u’(l (7 )H +H( 9 ) CH +m’y+]—
1
= lla—cl*+
m7+1
=2+e
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Thus, D(a,cd) > $m. - (2+ €) and we obtain D(a,cd) > D(a,b) (and D(b,cd) > D(a,b)).
Finally,

2 2 3 €
D(ab.c) = Sy - le = 0.0 = S, - (3= 5) <.

which completes the proof. O

As announced above, we assume that Ward’s method chooses to merge ¢ and d in
the first step, which is one of the cheap merges. In the second step, it will then merge
a and b, since D(a,cd) = D(b,cd) > D(a,b). The resulting clustering {a,b}, {c,d} costs
D(c,d) + D(a,b). This is strictly more than the cost of the clustering {a, b, ¢}, {d}, which
costs D(a,b) + D(ab,c) < D(a,b) + m, = D(a,b) + D(c,d). Thus, Ward’s method does
not compute an optimal solution.

Lemma 2.44. All instances of the family in Figure satisfy yv/2-center separation
and v\/2-center proximity.

Proof. The optimum 2-clustering for an instance from the family is {a,b, c}, {d} with
centers p = (1/% — 35,0) and pz = d. The point d has distance 0 to its center jz, the

point ¢ has distance \/% -5 \/% — 35 < \/g— \/é — % < 1 to u1 and using Pythagoras
again a and b have distance \/% + % — 3—66 < \/% + % —1—% < 1 to p1. The distance
between g7 and jip is more than y4/2. Thus, the instance satisfies yv/2-center separation.
It also satisfies vv/2-center proximity, since the distance between any point in {a,b,c} and
Lo is at least /2. O

Corollary 2.45. For any § > 0 and any « > 0, there is an instance with k = 2 that
satisfies d-center separation and a-center proximity and for which Ward does not find an
optimum clustering.

The approximation ratio between Ward’s solution and the optimum solution in Fig-
ure [2.13] is relatively small. Notice, however, that this is a family for examples that shows
that Ward is not optimal for any possible § and «.

The upper Bound

We are only interested in the k-clustering computed by Ward. Hence, in the following we
assume that k is fixed and that Ward stops as soon as it has obtained a k-clustering. First
we prove that center proximity implies weak center separation. Hence, it suffices to study
instances that satisfy weak center separation.

Lemma 2.46. Let P C R? be an instance that satisfies a-center prozimity. Then P also
satisfies weak (oo — 1)-center separation.

Proof. Let O1, ..., O} be an optimal k-means clustering for P with cluster centers cj, ..., c;.
Fix arbitrary j € [k] and i € [k] with ¢ # j. For & € O; we have |z — ¢]|| >
allz — ¢;||. Moreover, we have that ||z — cf|| < |[z — ¢f[| + [|¢] — ¢}||. Together this
implies (o — 1)|[z — ¢j[| < |[|ef — ¢f[|. Since this is true for all z € Oj, we get that
et — i1l > (0= 1) - miaxseo, [z — 4. 0
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In the following we call a cluster A that is formed by Ward an inner cluster if A is
completely contained within an optimum cluster. We start our analysis with the following
lemma, which states one very crucial property of Ward’s behavior on well-separated data.
It implies that Ward does not merge inner clusters from two different optimal clusters as
long as there exists more than one inner cluster in both of these optimal clusters.

Lemma 2.47. Let P C RY be an instance that satisfies weak (2-42+v/2+¢)-center separation
for some € > 0. Assume we have two optimal clusters O1 and Oy and each of them contains
at least two inner clusters Ay, By and A, By, respectively, directly after the i-th step of
Ward. Then, in step i + 1, Ward will not merge an inner cluster of O1 with an inner
cluster of Os.

Proof. To prove the lemma, we assume w.l.o.g. that merging A; and As is the merge
operation with minimum increase under all operations containing exactly one inner cluster
of O1 and one inner cluster of Oy. We prove that min{D (A1, By), D(Ag, B2)} < D(A;, Ag).
Thus, Ward will not merge Ay and As. Due to the choice of A7 and A, this implies that
Ward will not merge an inner cluster of Oy with an inner cluster of Os.

Let r; = maxzeo, || — p(O;)|| be the radius of cluster O;. Since A; is contained in O;,
we have ||u(A;) — 1(0;)|| < rs. From the triangle inequality and the weak (2 + 2v/2 + ¢)-
center separation it follows that

n(Ar) = p(A2)|| = [|1(O1) = w(O2)|| =11 — 72
> (24 2V2 +€) - max{ry, o} — 11 — 7o
> (2+2V2+€) -max{ry,ro} — 2max{ry,r}
> 2v/2max{ry,r}.

For symmetry reasons we may assume |A;| < |As|. Then with the above bound for ||u(A;)—
1(Az)|| we obtain the following lower bound for D(A;, As):

|A1| - [Ag| 2
D(A,Ay) = — . A — (A
( 1 2) |A1’ + ’A2| H,U( 1) p’( 2)H
|A1] - [Ag| 2
— == A — (A
A
> B u(an) - wan)?
| A4 2
> T(2\/§max{r1,r2})
24|A1‘ -T%.

Now we compare this to D(Aj, By). Since A; and B; are both contained in Op, we have
[|(A1) — p(B1)]| < 2r1. In accordance with Lemma this implies

A B

D(A.B) = ———M—M—
e B) = 1315 By

i(AD) —p(BOIP < ALl [(A) —p(B)l]? < 4]A1|-r§ < D(A1, As).
O
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Inner-cluster merges In the following let P C RY be an arbitrary instance and let
O1,...,0f be an optimal k-clustering of P with objective value opt = opt;(P). Our goal
is to show that the k-clustering Wy, ..., W, computed by Ward on P is worse by only a
factor of at most 2 if P satisfies weak (2 + 2v/2 + ¢)-center separation for some € > 0.

Observe that Lemma does not exclude the possibility that Ward performs inner-
cluster merges on P, i.e., it might merge two inner clusters from the same optimum
cluster at some point during its execution. While we will see that in the one-dimensional
case one can assume that such inner-cluster merges do not happen, we cannot make this
assumption in general (see Figure where the counterexample crucially needs an inner-
cluster merge). In our analysis, we bound the costs of the inner-cluster merges separately
from the costs of the other merges, which we call non-inner merges in the following.

We define an equivalence relation r on P as follows: two points x1 and xo € P are
equivalent if and only if there exists an inner cluster C' constructed by Ward at some point
of time with x1,xz9 € C. We denote the equivalence classes of r by P/r = {C1,...,Cp}.
The following observation is immediate.

Observation 2.48. If Ward merges in any step an inner cluster C with another cluster
that is not an inner cluster of the same optimal cluster, then C € P/r is an equivalence
class.

This means that the equivalence classes represent inner clusters of Ward right before
they are merged with points from outside their optimal cluster. With other words, if we
perform all inner cluster merges that are performed by Ward and leave out all non-inner
merges, we get the clustering represented by P/r. '

Consider an arbitrary optimal cluster O; and let Py, ..., P,Zj denote the inner clusters
of O; in P/r. We assume that these inner clusters are indexed in the order in which they
are merged with other clusters by Ward. To illustrate this definition, consider the step
in which P/ is merged by Ward with some other cluster Q. Since P/ € P/r, this step is
a non-inner merge and in particular @ is not equal to any of the clusters Pin, . ,P,{J,.
At the time this merge happens, the indexing guarantees that the cluster PZ-jJrl is either
present or there exist multiple parts Ci,...,Cp of Pi]%l that are only later merged by

inner-cluster merges to Pijﬂ. Since Ward merges P/ and @, we know that D(Pz»j ,Q) <

1
D(Pl-j ,Ch) for any h € [¢]. We will use this fact to give an upper bound for the costs of
the clustering W1,..., Wy.
It might be that some inner clusters of O; in P/r are not merged at all by Ward and
contained in the clustering Wy, ..., Wi. These inner clusters are the last in the ordering,
i.e., they are PJ, ... ,P,{j where n; —a + 1 is the number of such clusters.

Potential graph In order to bound the costs of the clustering W1, ..., Wy produced by
Ward we introduce the potential graph G = (V, E) with vertex set V' = P/r. The edges E
of G are directed and there are only edges between inner clusters of the same optimal
cluster. Consider an arbitrary optimal cluster O; with j € [k] and let P ... PTJL'], be the
inner clusters of O; in P/r indexed as above in the order in which they are merged with
other clusters by Ward. Then for every ¢ € [n; — 1] the set E contains the edge (PZJ ) sz+1)
Both the vertices and the edges are weighted and we denote the sum of all vertex and
edge weights by w(G).
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The weight of a vertex @ € P/r is defined as w(Q) = A(Q), i.e., the weight of vertex @
equals the costs of forming the inner cluster (). We will now define weights for the edges
such that the sum of all vertex and edge weights in the potential graph is at most 2 opty,.
After that we prove that there is a one-to-one correspondence between the non-inner
merges of Ward and the edges in the graph such that the costs of each non-inner merge
of Ward are at most the weight of the associated edge. Together this proves that Ward
computes a solution with costs at most 2 opty.

To define the weight of the edge (P7, P/ /1), we first consider the case that P/ is merged
at some point of time with another cluster @Q by Ward. Then let C1, ..., Cy again denote the
parts of P, that are present at that point of time. The edge weight w(P PZJ +1) is defined

as maxhe[g] D(P Ch l Observe that since Ward performs greedy merges, this definition
guarantees that the merge of P/ and @ costs at most the edge weight fw(Pj Pf /q). If P}
is not merged at all by Ward, we set the weight w(P/, Pz]—i-l) to D(P?, Pl+1)

Lemma 2.49. Let P C R? be a finite point set and let Q1,...,Qy denote an arbitrary
partition of P into pairwise disjoint parts. Then A(P) > A(Q1) + ...+ A(Qy).

Proof. The lemma follows from the following calculation:

A(P) = = llz = u(@)IP

zeP

—ZZIISC— P)|?

i=1z€Q;

1
=2 AQi,u(P
i=1
l

¢
> AQi, u(Qi) =D A(Qi). =

i=1 =1

Lemma 2.50. The weights in the potential graph satisfy w(G) < 2opty,.

Proof. Since there are no edges between inner clusters of different optimal clusters, we
can analyze each optimal cluster separately. Let O; be an arbitrary optimal cluster and

let Plj, . ,ng denote the inner clusters of O; in P/r. Then the graph G contains for
each i € [n; — 1] the edge (P] Pz]—l—l) Let us denote the set of these edges by E;. We
partition F; into two disjoint matchings E;dd and E7Y" where Eded = {(Pj PZjJrl) |
.. _ dd
iis odd} and E5Y" = Ej \ E79C. '

Let i € [n; —1]. We first consider the case that P/ is merged by Ward at some point of
time with some other cluster. We denote by Ci, .. Cg the parts of P/ i1 that are present
at that point of time. Let Qz+1 denote a part C}, of P z+1 for which D(Pf C},) is maximal.

*When reading the proof the reader might notice that our definition of w(Pf , Pl"_,_l) is to some extend
arbitrary. Instead of defining it as maxycgg D(P},Ch), we could also define it as minye(q D(P/,Ch) or as

D(P?,Cy) for any h.
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If Pf is not merged by Ward, we set QZ 1= PZJrl Then by the definition of the potential

graph, in both cases, the edge (P}, sz+1) has weight D(P?, gﬂ) and Qerl Pl ..
Let us first assume that n; is even. Then we obtain with Lemma

A0z Y. A(PuPL)

(PJ sz+1) Eodd

> Z A(P] U Qz-H)
(PJ PJ ) Eodd
(

7+1

- > A Pz]) ( z+1> +D(P] z+1)
(PJ P' )EEOdd

= w(P’L]) + w(Pj sz+1>
(P!,P}, )eEgdd

k3

An analogous bound holds true for EZ¥". In fact, since we assumed n; to be even, the
last vertex PJ, is not covered by Ee"en. This yields by the same reasoning as above the
following shghtly stronger 1nequahty

AOp=Aa(P)+ > A(PURL)
(P!,P},  )eEsven
Su(r) e X () e(rrt)
(P!,P},  )eEsven

Adding the inequalities for E;’dd and E7Y" yields

S w(R) e X (PR (21)
Jj=1 (P) ,PZH) €E;

In the case that n; is odd, we obtain the same inequality by adding the last vertex Pﬂ;j
to the inequality for EJ‘»’dd instead of ESV*". Observe that the right-hand side of
equals the sum of all vertex and edge weights in the component of the potential graph
that corresponds to O;. Adding up the inequalities for every j proves the lemma:

20pt:2<zk:A(Oj))2 Z )+ Z O

Jj=1 QeP/r (P,Q)EE

Bijection between non-inner merges and edges We have seen that the total weight
of the potential graph is at most 2opt;. Our goal is now to find a bijection between the
non-inner merges of Ward and the edges of the potential graph such that the costs of
any non-inner merge are bounded from above by the weight of the edge assigned to it
in the bijection. The existence of such a bijection implies that also the costs of the
solution W7, ..., Wy computed by Ward are at most 2 opt,,.
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Now we construct this bijection. Let us first consider non-inner merges in which at least
one of the clusters is an inner cluster contained in P/r. Let this be the inner cluster Pj of
some optlmal cluster O; and assume further that 7 < n;. Then P] has an outgoing edge

P +1 We denote by @ the cluster with which Pl s merged and we assign the merge

7

of P with Q to the edge (P/, PfH) in the bijection.

7

Lemma 2.51. Let P C RY be an instance that satisfies weak (242+v/2+4¢)-center separation
for some e > 0. Consider a non-inner merge of Ward between two inner clusters from P/r.
Then at most one of these inner clusters has an outgoing edge in G.

Proof. Let Plj1 ! and Pij; be the two clusters from P/r that are merged. From the definition
of P/r it follows that j; # jo. Assume for contradiction that both P/' and P]} have
outgoing edges in G. Then i1 < nj, and iz < n;,. Hence, when Pijl1 and Pf; are merged

there exist two other inner clusters Pfll 1 and PZJ; "1 of Oy, and Oj,, respectively. This is
a contradiction to Lemma [2.47] O

Observe that it cannot happen that the same edge is assigned to two different merges
by the construction described above because an edge (P}, P; +1) can only be assigned to a

step in which Pij is merged with some other cluster and there can only be one such merge.
Let L C E denote the set of edges that are not assigned to a step of Ward by the
above construction. The potential graph G contains |V| = |P/r| vertices and |V| — k
edges. Since the number of non-inner merges of Ward is also |V| — k, there are also |L|
non-inner merges that are not yet assigned to an edge. We finish the construction of the
bijection by assigning the unassigned non-inner merges arbitrarily bijectively to L.

Lemma 2.52. The costs of each non-inner merge of Ward are bounded from above by the
weight of the assigned edge in the potential graph.

Proof. First we consider steps in which one of the clusters is an inner cluster Pij with i < n;
contained in P/r. Let @) denote the cluster with which Pj is merged At the point of time
at which this merge happens, let C, ..., Cy denote the parts of P, +1 that are present. The
merge of Pj and (@ is assigned to the edge (P] PZJ ',1) in the potential graph. The weight of
this edge is defined as maxpe|] D(P Ch). Since the merge of PJ and @ is a greedy merge,
it must be D(P] Q) < D(Pf Cy,) for all b € [f]. Hence, the weight of the edge (P/, PH—I)

7

is an upper bound for the costs of the merge of PZ-] and Q.

It remains to consider the steps in which no inner cluster Pij with ¢ < n; is involved.
These steps are assigned arbitrarily to the set L of unassigned edges at the end. For
these steps we can use the monotonicity of Ward (Corollary [2.1§ - Observe that an

edge (P!, P; +1) belongs to L if and only if the inner cluster P/ is not merged at all by
Ward. Due to the ordering of the inner clusters this implies that also the cluster p’ >t 1 1s not
merged by Ward. Hence, both P] and P] ',1 are clusters in the final clustering Wy, ..., W.
Hence, in this clustering the costs of a greedy merge are at most D(PJ Pg 1) Due to
Corollary 2.18] this implies that all merges performed by Ward to obtain the Cluster-
ing W1, ..., W} have each costs at most D(Pj PZJH) Hence, the weight of any edge in L
is an upper bound for the costs of each merge of Ward. O
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Now the following theorem follows easily.

Theorem 1.5. Let P C R? be an instance that satisfies weak (2+ 2v/2 + €)-center separa-
tion or (34 2v/2+ €)-center proximity for some k € [|P|] and ¢ > 0. Then Ward computes
a 2-approximation on P for that k.

Proof. First we consider instances that satisfy weak (2 + 2v/2 + €)-center separation. The
costs of the k-clustering W1, ..., W) computed by Ward equal the sum ZQG P/r AQ) =
>-0Qc P/Tw(Q) plus the costs of all non-inner merges performed by Ward. In accordance
with Lemma [2.52] the sum of the costs of the non-inner merges is bounded from above by
the sum of edge weights in the potential graph. Hence, the costs of Wy, ..., W} are upper
bounded by the sum of vertex and edge weights in the potential graph. This sum is at
most 2opt due to Lemma [2.50

For instances that satisfy (3 + 2v/2 4 €)-center proximity the theorem follows from the

first part of the theorem and Lemma [2.46] O
Theorem 1.6. Let P C R? be an instance with optimal k-means clustering Ox, . ..,O
with centers ci, ..., ci € RY. Assume that P satisfies (2 + 2+v/2v + €)-center separation for
some € > 0, where v = max; je[x] % is the largest factor between the sizes of any two
optimum clusters. Then Ward computes the optimal k-means clustering Oq, ..., O.

Proof. Assume that there are merges between inner clusters of different optimum clusters,
and let (A1, A2) be the first such merge. That means that A; and Ay are two inner clusters
from O; and O; for some 4, j € [k], i # j. They are merged by Ward’s method, and before
their merge, all merges were inner-cluster merges. Since the instance is (2 + 2v/2v + ¢)-
center separated, the triangle inequality implies |[u(A1) — u(A2)|] > (2v/2v + €)r for
7 = maxye[y MaxXgec, ||z — ¢j|| (cf. proof of Lemma . Hence, we get by Lemma
that

1
D(A;, Az) > min{|A1], |A2|} - 5(81/ +e3)r? > min{| Ay, |As|} - dvr?.
If there are two inner clusters By # A; and By # A with By € O; and By € O; at the
time of the merge (A1, A2), then A; and Ay will not be merged by the same argument as

in the proof of Lemma [2.47] If only B; exists, but Ay is the only inner cluster in O;, then
|A2| = 10;| > |0;]/v. We know that

_ A 1B
|A1| + | B1|

If min{|A1],|A2|} = |A1|, then D(Ay, Ay) > |Ay| - 4vr? > D(Ay, By). Furthermore, if
min{|A;], [Az[} = |A2| = |O4] /v, then

D(Ay, By) [l (Ar) = ¢*(B)I]* < min{| Ay, [ By} - 4%,

1
D(A;,Az) > |0y - o 4ur® > min{| Ay, | By |} - 4r°.

Thus, the merge (A1, A2) will not happen. Lastly, assume that both A; and As are the
last inner cluster. Then we either have only k clusters left, or there are two inner clusters
C and D in some other optimum cluster Op. We also know that |A;| = |O;| > |O|/v
and |Az| = |0;| > |O|/v, implying that D(A;, Az) > % -8vr? > min{|C|, |D|} - 4r% >
D(C, D), and we get a contradiction to the assumption that A; and Az are merged. [
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Figure 2.14: The left and right points (a and d) have weight m, while b and ¢ have weight
1. This has the effect that Ward merges b and ¢ (for ¢ = 1/y/m), and then ends with
either {a, b, c},{d} or {a}, {b, ¢,d}. The optimum clustering is {a, b}, {c,d}, and the factor
between the two clusterings converges to 2 + v/2 ~ 3.41.

We conclude this section by showing that Theorem [I.5] does not hold for significantly
smaller 0 and «. Consider the one-dimensional example in Figure from [48]. Ward
may compute the clustering {a,b,c}, {d}, while the optimal clustering is {a, b}, {c,d},
and the approximation ratio of this example is 2 4+ v/2 ~ 3.41. Notice that this example
is (3 4 v/2)-center separated (this is ~ 0.414 smaller than the & in our upper bound) and
it satisfies (1 + /2)-center proximity.

2.4.7 Exponential Lower Bound for Well-Clusterable Data

First we have a closer look at the construction of the lower bound in Theorem 2.19 and show
that it satisfies the clusterability notions ORSS-separation, the strict separation property
and AS-center separation. For the sake of simplicity we first look at the simplified version
where the weight of the heavy points is infinite. After that we do a more careful calculation
for the case that all weights are finite.

For the version with infinite weights ORSS-separation follows easily for any € > 0. For
this observe that if the instance was to be clustered with 2% — 1 = k — 1 clusters, then at
least two heavy points would need to be merged, which generates infinite costs, while the
costs of the optimal k-clustering are finite.

Now we come to the strict separation property. Notice that the distance between a
light point and its closest heavy point is 2—+/2 < 0.59. The minimal distance of two points
from different optimal clusters is realized for clusters that differ only in the first coordinate.
The two light points from two such clusters have a distance of v/2 -1 —(—/2—1) > 0.82.
Points from two clusters that differ in any other coordinate than the first one have a
distance of at least 225 = /2 > 1.4. Thus, the exponential lower bound example satisfies
the strict separation property.

Next we discuss the AS-center separation property for the instances from the lower
bound in Theorem Let the matrices A and C have the same meaning as in the
definition of the AS-center separation property, where C encodes the optimal k-means
clustering. In order to apply Definition [2.41] we replace each heavy point with m — oo
many unweighted points at the same location. To keep the description simple, we will
also call these unweighted points heavy points. in the following. Since the number m
of heavy points goes to infinity, the cluster centers coincide with the locations of the
heavy points. Hence, there are only two types of rows in the matrix A — C: the rows
for heavy points have only zero entries and the rows for light points have £(2 — v/2)

as first entry and zeros at all other positions. Let ai,...,a, € R denote the entries in
the first columns of A — C. Then it follows from basic linear algebra that ||[A — C||% =
I|JA — C||> = 3", a?. Furthermore, since |[|[A — C||% coincides with the costs of the
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optimal k-means clustering C, we obtain||A — C||% = 2¢71(2 — v/2)2. Every cluster i in
the clustering C4,...,C, contains m + 1 points, one light and m heavy points. Hence in
accordance with Definition we obtain

1 .
A, = Wmm{\/EHA—CH,HA_CHF}
1 TR
=—— _||[A-C||r =
vVm+1 m+1

for every i € [k]. For m — oo, A; becomes arbitrarily small. On the other hand, the
distance between two different cluster centers is at least 229 = v/2, which does not change
with m. Hence, the condition [|p; — pj|| > c¢(A; + A;) for i # j is satisfied for every
constant c if m is chosen sufficiently large.

Corollary 2.53. For any e > 0, there is a family of point sets (P)gen with Py C R® which
are e-ORSS-separated, satisfy the strict separation property and the AS-center separation
property, and where Wardy(Py) € Q((3/2)% - opty,(Py)) for k = 2.

It remains to study for which values of § and « the lower bound construction satisfies
d-center separation and a-center proximity. For this we study again the idealized construc-
tion in which the heavy points have infinite weight and hence the centers of the optimal
clustering coincide with the heavy points. The radius of each cluster is then the distance
between its light and its heavy point, which is 2 — v/2 for each cluster. The minimum
distance between two centers is 220 = /2. Hence, the lower bound construction satisfies
d-center separation for any ¢ < 2:(2/5 =1+ /2. A short calculation shows that the min-
imum distance of a point from one cluster to a center of a different cluster is realized for
clusters that differ only in the first coordinate and that it is v/2. Hence, the lower bound
construction also satisfies a-center separation for any o < 21(2/5 =142
Corollary 2.54. There is a family of point sets (P)gen with Py C R? that satisfy 6-center
separation and a-center proximity for any § < 14+ /2 and any o < 14 /2 and where
Wardy(Py) € Q((3/2)% - opty,(Py)) for k = 2.

Exponential Lower Bound with Finite Weights First we consider ORSS-separation.
Assume we want to find a (2¢ — 1)-clustering. Then there exists a cluster containing two
heavy points with weight m. The distance between two different heavy points is at least
2 - 29 = v/2. Thus, the 1-means cost of that cluster is at least % . (\/5)2 = m. Hence,
opted_; = m. On the other side, we have seen in the case with infinite weights that
optoa < 24 (2 —+/2)2 + 1 if we choose m + 1 > 4691 Hence, also in the case of finite
weights, ORSS-separation follows for any € > 0 by choosing m larger by m > 261.(2—67\2/5)%1‘

Now we come to the strict separation property. The distance between a light point
and its closest heavy point is 2 — v2 4+ ¢ < 0.59 + € with € = %:;Zj = %3‘1_2. Notice that
€ tends to zero for large values of m. The minimal distance of two points from different
optimal clusters is realized for clusters that differ only in the first coordinate. The two
light points from two such clusters have a distance of V2—-1-— (—\/5 — 1) > 0.82. Points

from two clusters that differ in any other coordinate than the first one have a distance of
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at least 225 = /2 > 1.4. Thus, the exponential lower bound example satisfies the strict
separation property by choosing m large enough.

Last we consider the AS-center separation property for the lower bound instances with
finite weights. We calculate more carefully the rows of the matrix A — C. The optimal
clusters consist of one heavy point with weight m and one light point. The first coordinate

of the centroid of the i-th optimal cluster is given by p; = i%ﬂfﬁ_l). The other
coordinates equal the corresponding coordinates of the points in the corresponding optimal
cluster. Thus, the rows of the heavy points have (1 +€— p; 1) as first entry and zeros at
all other positions. According to that the rows for the light points have £ (u;1 — v2 + 1)
as first entry and zeros at all other positions. Let a1, ...,a, € R denote the entries in the
first columns of A — C'. Since all other entries equal zero, we obtain like in the case with
infinite weights that ||A — C||% = ||A — C||? = 31, a?. Again, since ||A — C||% coincides
with the costs of the optimal k-means clustering we get that ||A—C||% < 2¢-(2—1/2)2+1
for m+1>4-641. We obtain

V272 - v2)2 +1
- m-+1

A;

for i € [k]. If m tends to infinity, A; becomes arbitrarily small. Like in the instance with
infinite weights, the distance between two different cluster centers is at least 2z = V2
independently from m. Hence, the condition ||u; — p;|] > c(A; + Aj) for i # j is satisfied
for every constant ¢ if m is chosen sufficiently large.

2.5 Complete Linkage

In this section we analyze the approximation factor of the Complete Linkage Algorithm.
Our analysis gives an upper bound how the approximation factor may increase by the
execution of k-merge steps by CL. This matches a result in [2] which states an upper
bound on the approximation factor or the first n — 2k steps. In Section [2.5.1] we intro-
duce formally the concept of clustering intersection graphs and prove some elementary
properties. In Section [2.5.2] we provide a short analysis of the one-dimensional case be-
fore we consider a more general case under the assumption of the existence of certain
subgraphs in Section 2.5.3] In Section [2.5.3] we combine our analysis with the result of
Ackermann et al. about the first phase to prove that the complete-linkage method yields
an O(1)-approximation.

2.5.1 Clustering Intersection Graphs

Our analysis is based on studying the clustering intersection graph induced by CL at
certain points of time. Before we introduce the concept of clustering intersection graphs
formally, we will define these points of time. Let P C R? be arbitrary but finite and
let O, denote some arbitrary optimal k-clustering of P (w.r.t. the chosen objective function
diameter or (discrete) radius). By scaling our point set we may assume that the objective
value of Oy equals 1. We define t<, to be the last step before some cluster reaches an
objective value (w.r.t. the chosen objective) of more than x and denote the clustering of
CL at time t<, by A,. The following lemma is crucial for our analysis.
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Lemma 2.55. Let z > 0. In A, there do not exist two clusters a1 and as such that
diam (ay)+ dist (a1, az) + diam(ag) < z, for CLY®™,
rad (a1 )+ dist(ar, az) + 2rad(ag) < z, for CL™,
drad(a;)+ dist(a1, ag) + 2drad(az) < z, for CLY¥?4,

where dist(ay,az) is defined as the minimum distance between two points p1 € a1 and
D2 € az.

Proof. Let a1 and as be clusters that satisfy the stated inequality. Clearly we have
diam(a; Uag) < diam(aq) + dist(a1, az) + diam(az) < x because of the triangle inequality.
But that means CLY™ will not merge two clusters obtaining a cluster of diameter larger
than x in the next step, contradicting the definitions of t<, and A,.

Cluster a
Cluster as !

< dist(a1,a2)

Figure 2.15: All points are contained in a cluster of radius at most r; + dist(a, ag) + 2ra.

For the objective functions rad and drad we use an analogous argument based on
the inequalities rad(a; U ag) < rad(a;) + dist(ai,as) + 2rad(ag) and drad(a; U ag) <
drad(a;) + dist(a1, a2) + 2drad(az) (see Fig. [2.15)). O

This implies that if we have at t<, two clusters a;,as € A, and some cluster o € O
with a; No # 0 and az No # 0, then at t<gzy1 or t<sy+1 (depending on the objective
function) not both a; and as can be present anymore, i.e., either a; or as or both were
merged.

The fact that we can guarantee for certain pairs of clusters that one of them is merged
at a certain point of time motivates us to define a clustering intersection graph (which
is in general a hypergraph) with the clusters from A, as vertices, where two vertices are
neighbored if and only if there exists a cluster o € O with which both have a non-empty
intersection.

Definition 2.56. Let O, be an optimal k-clustering of some finite point set P C R%,
Let A, be the clustering of P computed by CL at time t<,. We define the clustering
intersection graph (Cl-graph) G, = G( Ay, Ok) at point of time t<, as a hypergraph with
vertex set A,. A set of vertices N = {vy,...,v¢} forms a hyperedge if there exists some
cluster o € Oy, such that for each cluster v; we have that v; Vo # O and furthermore there
does not exist a cluster v € N with vNo # .

In general, the Cl-graph is a hypergraph with exactly k edges and |A,| vertices. Fig-
ure [2.16] gives an example of a Cl-graph. If a statement holds for arbitrary points of time
or the point of time is clear from context we omit the index x and just write G. Note
that for each cluster a € A, each point p € a in the cluster is contained in some optimal
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Figure 2.16: Example of a clustering instance with an optimal clustering and a clustering
computed by CL (left side) and the corresponding Cl-graph (right side).

cluster o. Thus, the Cl-graph does not contain isolated vertices where isolated means that
the vertex has no incident edge. We call a vertex £ a leaf if £ is incident to exactly one
edge e and moreover £ is not the only vertex incident to e. Moreover an edge e is called a
loop if e is only incident to one vertex. We define the degree of a vertex v to be number of
non-loop edges that contain v plus twice the number of loops that consist of v.

The CI-graph has the crucial property that merging two clusters in A, corresponds to
contracting the corresponding vertices in the Cl-graph. Assume that two clusters a; and
as are merged in a step of CL. Then all clusters o € O that have a nonempty intersection
with a; or as clearly have a nonempty intersection with a; U as. Let G and G’ denote
the Cl-graph before and after this merge operation, respectively. Then it is easy to see
that G’ is obtained from G by contracting the two vertices v; and vy corresponding to a;
and ao. The vertex that results from this contraction is incident to exactly those edges
that were incident to v; or vy before. In particular, any edge {v1,v2} becomes a loop that
consists of the new vertex.

r=01 — 7, T 09 L s P
| 1 :\ 2 (. 3: 01 02 03
| t —

| |
e [ e e
l_ _ _ - —C T — —— a1 a9
r=—o01 — 7, T 09 — L s P 0
\ ! :\ 2 o 3: 01 3
| Tt +—+ ‘
| ’ L ap Uag! ! “ <> - - - a1 Uas
| _ T —— + t——

02

Figure 2.17: Example of a merge step computed by CL (left side) and the corresponding
merge step of vertices in the Cl-graph (right side).

To prove that the approximation factor of CL is at most x, it is sufficient to show that
at time t<, the Cl-graph G contains at least as many edges as vertices. Clearly this is
equivalent to |A;| < k, which means that CL has terminated.
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Figure 2.18: Each component of G consists of vertices and edges of the above form.

2.5.2 The One-Dimensional Case

In this section we prove that CL yields a constant approximation factor for all finite point
sets P C R, all metrics dist: R x R —+ R>g and all £ € N using the CI-graph. The result
is known for the diameter k-clustering problem and the k-center problem [2]. Our result
also holds for the discrete k-center problem and it demonstrates how the analysis of CL
benefits from considering the CI-graph at certain points of time t<,.

Theorem 2.57. For d =1 and arbitrary k,

CLY™ computes a 3-approzimation for the diameter k-clustering problem,
CL™ computes a 5-approzimation for the k-center problem,
cLdrad computes a 5-approximation for the discrete k-center problem.

Proof. At the beginning, we start with the Cl-graph Gy with vertex set V = P and we
have k hyperedges, each of which corresponds to a cluster o € Q. Moreover in dimension
one we have the additional property that at any point of time only clusters can be merged
that are neighbored on the line. At t<; there do not exist two clusters ai, a2 € A, such
that a1,as C o for some o € O because such clusters could be merged to form a new
cluster with size at most 1, contradicting the definition of t<;. Note that this is true for
all objective functions. This implies the following claim.

Claim 2.58. Fach hyperedge in GG1 contains at most one leaf and hence, each hyperedge
contains at most 3 vertices.

Figure shows an example that contains essentially all possibilities how hyperedges
in G can look like. In the following, we call hyperedges with 3 incident vertices true
hyperedges. Observe that the number of incident vertices of the hyperedge that belongs
to a certain cluster of Oy cannot increase during the course of CL.

Next we show the following claim.

Claim 2.59. Let e; and eg be hyperedges that are incident to a common vertex and that
contain each a unique leaf at t<i. Then either e; or ez or both contain no leaves at t<o
for the objective function diam and at t<3 for the objective functions rad and drad

Proof. Assume that there are two hyperedges e; and es that are incident to a common
vertex and that contain each a unique leaf ¢; and ¢, respectively, at t<;. Then there exists
a unique common vertex v. The cluster corresponding to v must be directly between the
clusters corresponding to ¢; and ¢ on the line. This implies that as long as ¢; and ¢
are not merged, also v cannot be merged. Merging v and ¥¢;, for i € {1,2}, results in a
cluster of diameter at most 2 because each vertex at t<; has diameter at most one and
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since leaves are fully contained in the incident optimal cluster and the optimal cluster also
has at most diameter 1 (for an example see Figure [2.19)).

2 Ly

01 02 &> ‘fl [

v T L
diam(v)<'1
diam(o1)< 1

Figure 2.19: The cluster #; U v has at most diameter 2.

Moreover we can argue that for the objective functions drad and rad merging v and /;,
for ¢ € {1,2}, results in a cluster of (discrete) radius at most 3. Indeed, the clusters
0; can be covered by a ball with (discrete) radius 1. Moreover at t<; also the cluster v
can be covered by a ball with (discrete) radius 1 and thus has a diameter of at most 2.
Additionally v has a common point with o;. Thus, if we increase the radius of the ball
covering o; by 2 then v is also covered (for an example see Figure [2.20)).

51 52 \
P | R |
SR I 'Hﬁ( SN
01 ,,,{Y/,,,OQ
v
? diam(v)< 2

(d)rad(o1)< 1

Figure 2.20: The cluster ¢; Uv has at most (discrete) radius 3.

From this observation we may conclude that either e; or es or both contain no leaves
at t<g for the objective function diam and at t<3 for the objective functions rad and drad:
If v is merged, then v is merged with ¢; or ¢». If w.l.o.g. v is merged with ¢; then e;
contains no longer a leaf and thus is either a simple edge or a loop. If v was not merged
at t<o (or t<s, respectively) then clearly ¢; and ¢3 were both merged with other clusters
and e; and ey do not contain leaves. ]

Claim 2.60. For diam, at t<a two hyperedges that each contain a leaf either cannot be
neighbored or the common vertex is incident to a loop. The same is true for rad and drad
at t<3 instead of t<o.

Proof. For the objective function diam consider at time t<s two hyperedges e; and e
that each contain a unique leaf ¢; and {5, respectively. If e; and ey contain a common
vertex v at time t<g, then from the previous argument it follows that v does not yet
exist at time t<j. It is created between t<; and t<2 by some merge operations. In these
merge operations there must be two vertices v; and vy involved that are contained in e
and eg, respectively, at time t<;. In particular v; and v are no leaves, otherwise e or es,
respectively, would have contained 2 leaves at t<j. Since all vertices on the line between
v and v are contracted, their incident edges became a loop incident to v at t<o. Hence,
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at t<o two hyperedges containing a leaf either cannot be neighbored or the common vertex
is incident to a loop (for an example see Figure [2.21]). The same is true for rad and drad
for t<3 instead of t<o. ]

Point of time t<1:

él V4 Zz

e v e V2 €2
Point of time t<z: Contraction of ¢ and v2 leads to a simple edge between two hyperedges.

12 4 12 123
'—OL—EQ—T—O—Q '—OLO—Q—T—O—Q

€1 v e V2 €2 €1 €2
Point of time t<z: Contraction of ¢1,v and further vertices leads to a loop between two hyperedges.

2 V4 Lo 2 2

e e

'—OJ—Q/—'EQ—T—O—. '—M’—'

er V1 e V2 ey [ T €2

v=v; UlUvs

Figure 2.21: Depending on how many vertices are contracted between t<; and t<s we have
that at t<o between two true hyperedges there exists at least a simple edge or a loop.

Claim 2.61. For diam at t<s all neighbors of leaves are incident to some loop. The same
is true for rad and drad at t<s instead of t<s.

Proof. First consider the objective function diam. Assume that there exists some neighbor
vy of a leaf ¢ that is not incident to a loop at t<2. Since v; is no leaf it is incident to
another hyperedge es (otherwise e; contains 2 leaves which is a contradiction to t<;) and
since vy is not incident to a loop at t<o we know that es contains no leaf by the previous
claim. Using the argument shown in Figure we know that at t<g either ¢; or v; has
been merged. If /; was merged, e; has no leaves at t<3. If /1 has not been merged at t<3
then v9 has and therefore was merged with its other neighbor contained in es;. But then
a loop was built. The same is true for rad and drad for t<s instead of t<s. O

Finally, we argue that at t<z (or t<s) the number of vertices is bounded from above by
k, which equals the number of edges in the hypergraph G3(G5). We prove this bound for
each connected component separately. Consider some arbitrary connected component C'
of G3(Gs5). If C' is a path we have clearly |E(C)|+1 vertices in C. For each true hyperedge
in C, there exists one additional leaf. We will argue, that if we have j true hyperedges in
C, then C' contains j 4 1 loops. Thus, we have at least as many edges as vertices. Indeed,
assume that there are j true hyperedges left at t<z (or t<s). Each of them contains exactly
one leaf. The right neighbor of this leaf is then incident to some loop at t<gz (or t<s) as
argued above. Thus, there are at least j loops in the edge set. Moreover consider the
leftmost hyperedge with its leaf £. The left neighbor of £ is also incident to some loop.
But then we have at least j + 1 loops. Note that if j = 0 the arguments above still hold
for the leaf of the leftmost edge in a component. Thus, we have at least one loop at t<s
(OI‘ t§5).
O
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2.5.3 The General Case

In this section, we prove that CL computes an O(1)-approximation for any constant
dimension d € N. In the following, we assume that x > 1 is fixed arbitrarily and we
analyze the Cl-graph G = GG, and how it changes over time. Later we will choose x such
that G, contains at most 2k nodes.

Completion of the CI-Graph

In the one-dimensional case one has the crucial property that all vertices of a Cl-graph can
be arranged in increasing order on a line such that only neighbored vertices on the line may
be contracted. Additionally, it follows from Lemma that at least one vertex of every
neighbored pair must be contracted until a certain time step. This implies that each edge
is incident to at most 3 vertices at t<j, which is essential in the proof of Theorem
This property is not true anymore in higher dimensions.

Given a Cl-graph G = G,, we construct a weighted graph I'(G), which we call the
completion of G. The graph I'(G) has the same vertex set as the Cl-graph G. For
every hyperedge {v1,...,v¢} in G, we introduce a clique with edge weights 1 in I'(G). In
particular, for £ = 1 we introduce a loop at node v; with weight 1.

Definition 2.62. Let G = (V, E) be a hypergraph and let v,w € V be two vertices in the
same connected component of G. A path p between v and w is a sequence v = vg, ...,V =
w of vertices such that v; and viy1 are adjacent in G for all i € {0,...,0 —1}. We call ¢
the length of path p. A shortest v-w-path in G is a v-w-path ps such that no v-w-path p
with length less than the length of ps exists.

For each pair of vertices v and w from the same connected component that are not
adjacent, we add an edge (v, w) to I'(G). If p denotes the length of a shortest v-w-path
in G then the weight of the edge (v,w) in I'(G) is set to p + (p — 1)z for the objective
function diam and p + (p — 1)2x for the objective functions rad and drad. The next
lemma shows that this construction ensures the following important property: the weight
of every edge (v,w) in I'(G) is an upper bound for the distance of the corresponding
clusters (remember that the distance of two clusters is defined as the smallest distance
between any pair of points from these clusters).

Lemma 2.63. Assume that a v-w-path in a Cl-graph G has length p. Then the smallest
distance between two points in v and w is at most p+ (p — 1)x for the objective function
diam and p+ (p — 1)2x for the objective functions rad and drad.

Proof. Let P = v,v1,...,vp—1,w be a v-w-path of length p in the Cl-graph G. Due to the
definition of G, we can find a sequence of points (for a geometric intuition see Figure [2.22))
s1,t1, 82,12, ..., Sp, tp with the properties

i) sy €vandt, € w,
ii) ti, Si+1 € v; for1<i<p-1,

iii) dist(s;,t;) < 1for 1 <i<p.
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Figure 2.22: We can choose points in the clusters corresponding to the path in G.

For the objective function diam, we can additionally ensure
iv) dist(t;, 8i41) <z for 1 <i<p-—1
while for the objective functions rad and drad, we can only additionally ensure
iv’) dist(t;, $i41) <2z for 1 <i<p-—1.
From this the claim follows by the triangle inequality. O O

Our analysis is based on studying subgraphs of I'(G) that satisfy certain properties.
The following lemma shows how subgraphs change during the course of CL. In order
to state the lemma, let us define what we mean by contracting two nodes v and w in a
multi-graph. It means that v and w get replaced by a new node and that all edges that
were incident to v or w are now incident to the new node instead. In particular, all edges
between v and w become loops. Hence, contraction operations do not change the total
number of edges in the graph, and each such operation reduces the number of vertices by
one.

Lemma 2.64. Let G be a Cl-graph at some point of time t<,, and let H, be a subgraph
of I'(Gg) with V(H;) = V(Gg). Now consider the Cl-graph G,/ for some point of time
t<y with x’ > x. Let Hy be the multi-graph that arises from Hy by performing the same
contractions that are made between Gy and G,. Then V(G,) = V(H, ) and moreover
the weight of any edge (v,w) in H, is an upper bound for the distance of the clusters
corresponding to v and w.

Proof. By definition of H,/ it is clear that V(H,/) = V(G,/). Let e = (v, w) be an arbitrary
edge in H,/. Then there exist vertices vy, ...,vn, € V(Hy) and wy, ..., wy, € V(H,) that
were contracted to v and w, respectively, between H, and H,/. Since e = (v, w) is an edge
in H,s, there exist two vertices v; and w; such that the edge ¢ = (v;, w;) is contained
in H, and has the same weight as the edge e. Hence, according to Lemma the
distance between v; and w; is at most the weight of edge €’. Since the distance between
two clusters is defined as the smallest distance between any pair of points from these
clusters, this implies that also the distance between v and w is bounded from above by
the weight of edge €/, which equals the weight of edge e. O O
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Subgraphs at Different Points of Time

Now we study Cl-graphs that contain certain subgraphs. Assume that there exists a
subgraph H, of I'(G,) that satisfies the following properties:

i) V(Hz) = V(Gm)a
ii) |E(Hg)| < F,

iii) no vertex in H, is isolated (i.e., every vertex in H, has at least one incident edge,
which might also be a loop).

Let ¢ denote the largest edge weight in H,. By Lemma [2.64] ¢ is an upper bound for
the distance between any pair of clusters that are adjacent in H,. For i € Ny, we will
analyze time steps t<, ;s4s) for the diameter k-clustering problem and t<, 542, for
the k-center and discrete k-center problem and denote them by ¢;. In accordance to that,
we define z; = z + i(6 4+ x) for CLY*™ and 2; = z + (6 + 2z) for CL™! and CL¥24,
respectively.

Lemma 2.65. If there exists a subgraph H, of I'(G,) that satisfies properties i), ii), and
iti), then Gy,, G, and Gy, contain at most k nodes for criiam - opdrad - gnd L™,
respectively.

Under the assumption that a subgraph H, with properties i), ii), and iii) exists,
Lemma [2.65] implies that the approximation ratio of CL is bounded by x4, 7 and, x3,
respectively. Hence, it is constant if both z and § are constant. In order to prove the
lemma, we will prove that Hy,, H;,, and Hy,, respectively, contain at least as many edges
as vertices. As the number of edges is at most k and V(H;,) = V(GYy,), this proves the
lemma.

In the following we denote H, by H if the point of time is clear from context or if
a statement holds for all H, with 2’ > z. First note that H is a multi-graph. Multi-
graphs have the crucial property that a connected component has at least as many edges
as vertices if and only if it contains a cycle (where a loop is considered as a cycle).

Definition 2.66. We call a connected component of H tree-component if the component
15 a tree.

Observation 2.67. If H, has no tree-component, then H, contains at most k nodes.

Leaves of H and their neighbors play a key role in the analysis of the algorithm. We
will show that between certain time steps either a leaf or its unique neighbor is merged.

Definition 2.68. We call a vertex p € H in a tree-component of H a leaf-parent if p is
the neighbor of some leaf and has at least degree 2.

At the beginning of our analysis in H, = H,, there does not necessarily exist a
leaf-parent in each tree-component because there could be tree-components that consist
only of two vertices that are connected by an edge. These are the only possible tree-
components without a leaf-parent (remember that in H there exist no isolated vertices
by property iii); any connected component that consists of a single vertex must contain a
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loop). Furthermore it follows easily that any other tree-component does not only contain
a leaf-parent but that the unique neighbor of every leaf is a leaf-parent. Analogously to
dimension one we show that at point of time ¢; for each tree-component by CL either one
vertex was merged with a vertex from another component and thereby some vertex with
degree 2 is built or two vertices from one component were merged. The latter means that
a cycle was built and the component is no longer a tree.

Lemma 2.69. Fach tree-component C of H that contains a vertex v of degree 2 contains
at least one leaf-parent p. Furthermore Hy, contains at least one leaf-parent in each tree-
component.

Proof. Since C is a tree-component, we know that C is a tree. If v is a leaf-parent itself
then we are done. Otherwise v has no leaf as a neighbor. Thus C'\ {v} defines two trees T}
and T5 that each contain at least two vertices and one leaf. In particular, we can choose
leaves ¢1 € T and fo € T, that are no neighbors of v. Let ¢1,p1,...,v,...,p2, € be the
unique ¢1-fo-path in C. Then p; and ps have degree at least 2 and a neighbored leaf.
Therefore both vertices are leaf-parents.

Using the same arguments as for the one-dimensional case, we can argue that at
time t<; each tree-component contains a vertex with degree at least 2: We have argued
above that the only tree-component for which this is not the case consists of two connected
vertices and it must have been present at t<, already. Hence the clusters corresponding
to these vertices have both objective value at most x and their distance is at most 6.
According to Lemma [2.55] and the definition of x1 this implies that one of these clusters
must have been merged at time #;. O O

The proof of Lemma [2.69] gives a hint that we have in most cases at least two leaf-
parents in each tree-component while components with exactly one leaf-parent are of a
special form. We will use this structure later on to prove that if each tree-component
contains at least 2 leaf-parents then the algorithm terminates. For this we need some
statement counting the number of remaining contractions depending on the number of
leaf-parents. First, we need some statement how often contraction steps are performed in
each component.

Lemma 2.70. Let ¢ be some leaf in H,, at an arbitrary point of time t; with i > 0. Then
the leaf ¢ is also contained in H,, and it is not contracted between ty and t;. Moreover
between two steps of time t; and t;y1 where ¢ € N we have that for each leaf ¢ either the
leaf ¢ or its corresponding leaf-parent py is contracted.

Proof. We do not have any vertices with degree 0. Thus, a vertex is a leaf if and only if
it has degree 1. Moreover by the contraction of two vertices the degree of the contracted
vertex equals the sum of the degrees of the two vertices contracted. Since both vertices
have degree at least 1 the contracted vertex has degree at least 2 and is therefore no leaf.

To prove the second claim we note that the distance between any leaf and its leaf-
parent is at most § because ¢ is an upper bound for the weight of any edge in H,, for
any 7 € Ng. Since all leaves in H,, for any ¢ € Ny are already contained in H,,, they have
an objective value of at most x = zy. Moreover each leaf-parent p, has an objective value
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of at most x; at ¢;. But that means for a leaf ¢ and the corresponding leaf-parent p, we
have for CLY*™ that

diam(py) + § + diam(¢) < z; + 6 + =
<z4+i(d+x)+0+a
<+ (i 1)(6+2) = T,

and for CL*¢ (analogously for CLY®d) we get that

rad(pg) + 6 + 2rad(¥) < z; + 6 + 2z
<x+i(d+2x)+0+2x
<z+(i+1)(042z) = xi41.

Thus by Lemma ¢ and p, cannot be both present at t<,, , anymore. O O

We denote the number of leaf-parents of H,, at time ¢; for a connected component C' by
nep(C). Since in each tree-component the number of leaf-parents is at most the number of
leaves, we may conclude that the algorithm performs at least ng,/2 contractions between

,
t; and t;41 where ng, = Y- nyp(C;) is the sum over the number of leaf-parents in the tree-
i=1

components. Now we count the number of leaf-parents contained in one tree-connected
component. The idea is that if each tree-component contains at least two leaf-parents
then we have at least as many contractions as tree-components and can conclude that the
algorithm will terminate. Therefore we show that at a certain point of time every tree-
component must contain at least two leaf-parents. First we will show that if the number
of leaf-parents in a tree-component is at least two, then after contraction the number of
leaf-parents does not decrease below two.

Lemma 2.71. Assume that two vertices vi and vy from two different components Ci
and Co that contain each at least one leaf-parent are contracted in H. If the resulting
component C'= CLUCs is a tree then C has at least as many leaf-parents as the maximum
Of Cl and CQ, i.e., ngp(C) > HlaX{ngp(C1),ngp(Cg)}.

Proof. Assume w.l.o.g. that the number of leaf-parents in C] is larger than or equal to the
number of leaf-parents in Cy. We claim that ng,(C) > ngp(C1). If vq is no leaf, then by
contraction all leaves in C; are still leaves in C' and the number of leaf-parents will not
decrease in C. Thus ng,(C) > ng(Cr). We may assume that vg is a leaf and moreover
it is the only leaf neighbored to its leaf-parent (otherwise the leaf-parent still remains a
leaf-parent after the contraction). By that choice of v; we ensure that after contraction C'
contains ng,(C1) — 1 leaf-parents of C;.

There are three possibilities for the choice of vy (leaf, leaf-parent, or an inner node). If
v9 is a leaf-parent or an inner node, then all leaves in C remain leaves and thus all leaf-
parents of Co are leaf-parents in C. But then we have ng,(C) = ng,(C1) — 1 4 ng,(C) >
nep(Ch) by assumption. Finally, we analyze the case where v and vy are leaves and their
leaf-parents have only one leaf as a neighbor. Let ps denote the leaf-parent corresponding
to vg. Since py has degree two there exists another neighbor v. By assumption v is no leaf
(otherwise we are done). But in that case, there exists at least a second leaf-parent p in C.

79



Thus, p remains a leaf-parent in C' and again we have ng,(C) = ngy(C1) —14+n4(C2) —1 >
nep(Ch), which proves the claim. O O

We may conclude that the only possibility to obtain a tree-component with just one
leaf-parent is that we contract vertices from two different components that each contain
only one leaf-parent. In particular for two such components C; and Cs, we have to contract
the leaf-parents p; and py. If another vertex and therefore a leaf of C is contracted another
component Cy U Cy with at least two leaf-parents is built.

Lemma 2.72. For CLY™ cach tree-component contains at least 2 leaf-parents at point of
time ts. For CL'™ each tree-component contains at least 2 leaf-parents at to. For CL4
each tree-component contains at least 2 leaf-parents at tg.

Proof. We have proven in Lemma [2.69] that at point of time ¢; each tree-component
contains at least one leaf-parent. By Lemma this is also true for any point of time
after t;. Let ¢ € N and assume that there exists a tree-component C' at time ¢; that has only
one leaf-parent pc. Again from Lemma [2.71] it follows that C' was either already present
at t1 or that it was created by merging the leaf-parents of components that contained
exactly one leaf-parent at ¢;. This implies that C' must contain two leafs ¢; and ¢ that
were already leaves at ¢; and that were furthermore contained in the same component C’
at t1. From the discussion above it follows that the component C’ contains at t; exactly
one leaf-parent pcr. Hence we can bound the diameter of £1 U £s from above by

diam(¢; U ¢3) < diam(¢y) + dist(¢1, ¢2) + diam(4s)
< diam(4;) + § + diam(pcr) + 6 + diam(l2)
<z+d+(x+(0+x)+d+zx
:$+3(5+$) = I3.
Again by Lemma [2.55 we may conclude that at ¢3 either ¢1, ¢2 or both leaves were merged

by CLY™  contradicting the existence of C' at time t3.
Analogous to CLY2™ e can bound the discrete radius of 1 U £y from above by

drad(¢; U £3) < drad(¢y) + dist(¢1, £2) + 2 drad(¢s)
< drad(4) + 0 4+ 2drad(pcr) + § + 2drad(l2)
<z+0+2@+ 0 +) 4642
=2+ 6(0 +2z) = zs.

In case of CL'™™ we find the following upper bound. For each of the leaves ¢; and #5 it
holds that pcr U¥; is contained in a ball with radius rad(pcr) 4+ d 4+ 2rad(¢;) with i € {1,2}
around the center of por. Thus, we may bound the radius of ¢ U {5 from above by

rad(¢; U l2) <rad(pcr) + 0 + 2 max{rad(¢;),rad(f2)}
<z1+0+2x<x+(0+22)+ 0+ 2z = x9.

We may conclude that at t<,, = ta either ¢; or /3 or both were merged by cL™. O O
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It remains to prove that CL terminates if each component contains at least two leaf-
parents.

Lemma 2.73. If at t; each tree-component of H,, contains at least two leaf-parents then

CL has terminated at ;11 (i.e., Hy, , contains alt most k nodes).

Proof. Assume that at ¢; there exist j tree-components, each of them containing at least
two distinct leaf-parents p, and pj. Clearly the sets of corresponding leaves are disjoint.
According to Lemma [2.70] that means that for each connected component at least two
vertices will be contracted up to point of time ;1. In each tree-component the number
of vertices equals the number of edges plus one. Thus if F is the set of edges in H we have
at most |F| + j vertices. Moreover 2j vertices will be contracted. This requires at least
j contractions and by each contraction the number of vertices decreases by one. Finally,
after j contractions we have at most |E| vertices and the algorithms terminates. [ [

Now we are ready to prove Lemma,

Lemma [2.63. Tt follows from Lemmal[2.72|that each tree-component contains at least 2 leaf-
parents at point of time 3, to, and tg for CLY*™ CL™4 and CL9, respectively. Now
Lemma implies that Hy,, Hy,, and H,., respectively, contain at most k¥ nodes. [

Subgraphs with Small Edge Weights

Our goal in this section is to find a subgraph H, of I'(G,) that satisfies properties i)-iii)
and whose maximum edge weight is small. Note that properties i), ii), and iii) imply
V(Gz)| = |V(Hy)| < 2|E(Hy)| < 2k = 2|E(Gy)|, which means |V(Gy)| < 2|E(G;)] is a
necessary condition to find a subgraph H,.

In the following we will assume that |V (G,.)| < 2|E(G,)| and that G, is connected.
We will prove that, under this assumption, we can always find a subgraph H, of I'(G,)
that satisfies properties i)-iii) and has the following additional property:

iv) For each edge ¢/ = (v,w) € E(H,), the vertices v and w have distance at most 2
in G, i.e., either there is an edge e € FE(G;) with {v,w} C e or there are two
edges e, € E(G;) and e, € E(G,) with v € e,, w € ey, and e, N ey, # 0.

In accordance with the definition of I'(G,), property iv) implies that the maximum edge
weight & in H, is bounded from above by 2 + z for CLY*™ and by 2 + 2z for CL™!
and CL¥?! Using this we will prove that CL terminates at time t<o(e) if for each
connected component C' of the Cl-graph G, we have that |V (C)| < 2|E(C)].

In order to find a subgraph H, of I'(G,) that satisfies properties i)-iv) we let T' be
a spanning tree of I'(G;) that uses only edges of weight 1. Such a spanning tree is
guaranteed to exist because we assumed G, to be connected. Such a spanning tree satisfies
all properties except for ii) because the number of edges in T is |V (G)| — 1 and |V (Gg)|
can be up to 2k.

However, any perfect matching in the spanning tree 7" is a subgraph H that satisfies
the properties i)-iv). If T" does not contain a perfect matching, we show how to find a

perfect 2-matching (according to the following definition).
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Definition 2.74. An a-matching in a graph G is a matching M in the complete graph
with vertex set V(G) such that for each matching edge (v,w) € M the distance of v and w
i G is at most a. Moreover we call an a-matching perfect if M contains for edge vertex
from V(G) an incident edge.

Lemma 2.75. Fach tree T with an even number |V(T)| > 2 of vertices has a perfect
2-matching.

Proof. We prove the claim by induction on the height of the tree. Since the tree T contains
at least 2 vertices, its height is at least 1. If the height is exactly 1, we have some root r

with an odd number vy, ...,v, of sons. Then clearly {(r,v1), (v2,v3),..., (Vn—1,vp)} is a
2-matching.

Now assume we have some tree of height j with an even number of vertices. For each
vertex v in layer j — 1 let vq,..., v, be its children. We distinguish 3 different cases:
Case 1: n = 0. That means v has no sons and we do nothing.

Case 2: n is even. In that case we add the edges (v1,v2),..., (vn—1,vn) to M and delete

all children from T'.

Case 3: n is odd. In that case we add the edges (v,v1), (v2,v3),..., (Vn—1,vn) to M and
delete all children and v from 7.

Thus we end up with a tree of height j — 1. Moreover we deleted in each case an even
number of vertices from 7. Thus the number of vertices in 7" remains even and hence we
can apply the induction hypothesis. This proves the claim. ] ]

We construct a graph H, that satisfies the properties 1), ii), iii), and iv) as follows.
First we compute an arbitrary spanning tree 7" of I'(G) that uses only edges of weight 1.
If |V(Gy)| = |V(Hy)| is even, then the graph H, is chosen as a perfect 2-matching of 7.
Then the properties i), iii), and iv) are satisfied by construction and property ii) is satisfied
because of |E(H,)| = |V(H;)|/2 < k. If |[V(G,)| is odd, we choose some leaf v from the
spanning tree 7. Then we find a perfect 2-matching M in T\ {v}. Since |[V(G3)| <
2| E(Gy)| we have that the matching contains at most |E(Gg)| — 1 edges. Thus we set H
to M and may add the edge from T that is incident to v to H, such that property iii)
becomes true.

Now we have a graph H, fulfilling properties i), ii), iii), and iv). Property iv) and
Lemma imply that 6 < 2 + x for the objective function diam and § < 2 + 2x for the
objective functions rad and drad. We conclude with the following theorem.

Theorem 2.76. Assume that the Cl-graph G, is connected and contains k edges and at
most 2k vertices at some point of time t<,. Then CLY™™ computes a 9z+8 approzimation
for the diameter k-clustering problem. Moreover CL*™ computes a 13z +6 approzimation
for the k-center problem and CLY¥™ computes a 29z + 14 approzimation for the discrete
k-center problem.

Proof. We conclude from Lemma that CLY*™ has terminated at 4. In addition to
that we can bound the diameter of clusters at t4 from above by

r+4(0+2z)<z+42+x+2x) <9r +8.
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For the objective function discrete radius CL¥ has terminated at tg. Again we can
bound the discrete radius of clusters at ¢7 from above by

r+700+422) <z+ 72+ 22+ 2x) <29z + 14

Finally for the objective function radius CL™ has terminated at t3. We can bound the
radius of clusters at t3 from above by

x+3(0+22) <z +3(2+2x+2x) <13z +6. O

Approximation Factor of CL

In this section we combine our analysis with the result of Ackermann et al. [2] for the
first phase of CL (i.e., the steps until 2k clusters are left) in order to prove the main
theorem. From the analysis of Ackermann et al. it follows that there is a function
such that for x = k(d) the Cl-graph G, contains at most 2k vertices. We consider the
completion I'(G,) of G, and assume that it is connected. This is not necessarily the case
but we will see later that this assumption is without loss of generality because our analysis
can be applied to each connected component separately. In fact, the result of Ackermann
et al. implies that for each connected component of G, the number of vertices is at most
twice the number of edges.

Now for each version of the algorithm CLY*™ CL™! and CLY*! we combine our
analysis with the special result of [2] corresponding to each of the methods. We state the
following lemma from [2] deriving an upper bound for a point of time = where |V (G5)| <
2k.

Lemma 2.77 ([2]). Let P C R? be finite. Then, for all k € N with 2k < |P|, the partition
A of P into 2k clusters computed by CLY?? satisfies

max drad(a) < 20d - drad(Ogr2d).

Combining this result with Theorem yields the following theorem.

Theorem 2.78. For d € N and a finite point set P C R the algorithm CLY™ computes
an O(d)-approximation for the k-center problem.

Proof. Define x = 20d and consider the point of time t<,. Then either CLd hag
terminated in case when the number of clusters A, is at most k. But then the theorem is
proven.

Otherwise assume we have a Cl-graph with connected components C1,...,C,. By
Lemma we have that for each component C; with k; edges there are at most 2k;
vertices. In fact this is true since each connected component at t<, can be seen as a single
clustering instance and then one can apply Lemma to each instance separately. But
then we have a Cl-graph of the form claimed in Sect and CLY terminates after
at most O(x) steps according to Theorem [2.76] O O
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Lemma 2.79 ([2]). Let P C R? be finite. Then, for all k € N with 2k < |P|, the partition
A of P into 2k clusters computed by CL'™ satisfies

max rad(a) < 24d - €4 . rad(O529).

Combining this result with Theorem [2.76] yields the following theorem.

Theorem 2.80. For d € N and a finite point set P C R% the algorithm CL™ computes

an e _approzimation for the continuous k-center problem.

Lemma 2.81 ([2]). Let P C R? be finite. Then, for all k € N with 2k < |P|, the partition
A of P into 2k clusters computed by CLY™™ satisfies

max diam(a) < 23(42d)d(28d + 6) - diam(Oga™),

Analogously to CLY* and CL'™ we can conclude the following theorem.

Theorem 2.82. For d € N and a finite point set P C R® the algorithm CLY*™ computes
a QO(d)d—approzimation for the diameter k-clustering problem.
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Chapter 3

The Shadow Vertex Algorithm

The shadow vertex pivot rule is a popular pivoting rule for the simplex algorithm. Though
it has no polynomial running time in general it is arguable fast. It was also shown to have
polynomial running time in the model of smoothed complexity. In this chapter we provide
a randomized variant of the shadow vertex algorithm which can be used to solve a linear
program max{c} x| Az < b} in strongly polynomial time with respect to the dimension of
the polyhedron, the number of constraints and a parameter 1/ where 6 somehow measures
the flatness of the polyhedron.

3.1 Outline of the Analysis

To analyze the shadow vertex algorithm remember that it is a modification of an algorithm
by Eisenbrand and Vempala [25] which solves a linear program max{c} z| Az < b}. For a
feasible solution x( they perturb ¢y by a small amount. Let ¢ be the perturbed objective
and x. be an optimal solution with respect to ¢. Then they determine a path along the
edges of the polyhedron P of feasible solutions from xg to z.. If the amount of perturbation
is small enough they argue that z. and x., have a common facet which is then identified.
Then they reduce the dimension of P by one and repeat their algorithm on the facet
starting with x.. We borrow their algorithm but replace the subroutine searching for a
path from zg to x. by a variant of the shadow vertex algorithm introduced by Brunsch
and Roglin in [17].

The algorithm finds a path between two vertices, say x1 and x2, on a polytope by
determining their cones and choosing a random vector w;, respectively ws, from each
cone. Note that because of their choice the vertices x1 and zo are optimal with respect
to the objectives w; and wo, respectively. We project the polyhedron P onto the plane
spanned by wi and ws in order to reduce the problem to finding a path between vertices on
a 2-dimensional polygon P’, which is easy by walking along the edges. We want to adapt
the algorithm to find an optimal solution = of P with respect to ¢g, which is an element of
x’s cone. Anyway, to start the shadow vertex algorithm we need a randomly chosen vector.
Therefore we perturb all entries of ¢y a little bit and denote the perturbed objective by
c. Unfortunately the vectors wy and ¢ are chosen by different types of randomness which
changes the analysis in [I7] significantly. Nevertheless, we adopt a lot of ideas and the
main structure of the analysis. Notice that in general it may happen that by perturbation
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¢ is no longer an element of x’s cone. We denote by x. an optimal solution with respect
to the perturbed objective c.

From the description of the shadow vertex algorithm it is clear that the main step in
proving Theorem is to bound the expected number of edges on the path from 7(z)
to m(z.) on the polygon P’. In order to do this, we look at the slopes of the edges on this
path and prove that the slopes are pairwise distinct with probability one. This makes it
possible to count the number of slopes in the interval [0, 00) instead of counting the number
of vertices on the path from 7(zg) to m(z.). Therefore we partition the interval [0,n]
into small subintervals such that with high probability, none of them contains more than
one slope. Then it is sufficient to bound the probability for each interval [¢,¢ + €), that
a slope is contained: By the choice of the projection vectors the sequence of slopes is
monotonically decreasing and together with the above argument it follows that it is even
strictly decreasing with probability one. Now we use a similar technique to the principle
of deferred decisions motivated by [I7]. We consider the unique leftmost vertex p on the
path, which slope is bigger than ¢ (see Figure . Note that this is the only chance for
a slope in [t,t + €). Since P is non-degenerated each two neighbors on the path differ in
their basis elements by exactly one element. Let a; be the element which is not part of
the basis of p but in the basis of its left neighbor. It turns out that by switching w to an
arbitrary vector on the ray {w —~-a; |y > 0} the vertex p is invariant with that property.
Now we split the random draw of the vectors w; and ¢ in the shadow vertex algorithm
into two steps. In the first step the vector ¢ is completely revealed while instead of w;
only an element w; from the ray {w; + - a;|v > 0} is revealed. By that we get enough
information to identify the candidate p. Even though p is determined in the first step,
its slope is not. The only randomness left in the second step is the exact position of the
vector wy on the ray {ws — 7 - a; |y > 0}, which suffices to bound the probability that the
slope of e lies in the interval (¢,t + €.

To count all slopes between zero and infinity we use a trick and switch the order of
the projection vectors wy and ¢. By that each slope of size m turns into a slope of size
1/m. Again we count the expected number of slopes in the interval [0,1/n] and obtain
the expected number of slopes in general which directly turns into the number of expected
edges on the path.

We will describe our algorithm in Section [3.3.3] where we assume that the linear pro-
gram in non-degenerate, that A has full rank n, and that the polyhedron P is bounded. It is
already described in Section 3 of [I7] that the linear program can be made non-degenerate
by slightly perturbing the vector b. This does not affect the parameter § because ¢ de-
pends only on the matrix A. In Section we discuss why we can assume that A has full
rank and why P is bounded. There are, of course, textbook methods to transform a linear
program into this form. However, we need to be careful that this transformation does not
change 0. In Section [3.4] we analyze our algorithm and prove Theorem [I.8 In Section [3.5
we discuss the runtime of the algorithm and analyze the number of random bits necessary
to run the shadow vertex method. In Section we discuss how Phase 1 of the simplex
method can be implemented. In Section [3.7] we argue how to cope with unbounded linear
programs and linear programs without full column rank.
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3.2 Preliminaries

We assume that we are given a linear program max{co z | Az < b} with vectors b € R™
and ¢y € R" and a matrix A = [ay,...,a,]" € R™*". Moreover, we assume that ||co|| =
|la;|| = 1 for all i € [m], where [m] := {1,...,m} and || - || denotes the Euclidean norm.
This entails no loss of generality since any linear program can be brought into this form by
scaling the objective function and the constraints appropriately. For a vector x € R™\ {0"}
we denote by N (z) = ||71H -z the normalization of vector .

For a vertex v of the polyhedron P = {x € R™ | Az < b} we call the set of row indices
B, ={ie{l,...,m}|a;-v = 0b;} basis of v. Then the normal cone C, of v is given by
the set

Co=19 > Xiai|Xi >0
1€By,
Before we start with the algorithm we give an alternative and more general definition
of § and discuss some properties of this parameter.

3.2.1 The Parameter §

In [17] Brunsch and Réglin introduced the parameter § only for m X n-matrices A with

rank n. This was the only interesting case for the type of problem considered there. Here

we cannot assume the constraint matrix to have full column rank. Hence, in Definition

we extended the definition of ¢ to arbitrary matrices (as Eisenbrand and Vempala [25]).

We will now give a definition of ¢ that is equivalent to Definition and allows to prove

some important properties of 9.

Definition 3.1.

1. Let z1,...,2, € R" be k > 2 linearly independent vectors and let ¢ € (0,5] be the

angle between zj, and span{z1, ..., zp_1}. By 6({z1,...,2k_1},2x) = sing we denote
the sine of ¢. Moreover, we set

S(ers-r2e) = mind({z i € K\ (1)),

2. Given a matriz A = [ay,...,am|T € R™™ with rank r = rank(A) > 2, we set

0(A) = min{d(ai,,...,a;. )| ay,...,a, linearly independent} .
Note that for the angle ¢ in Definition [3.1I] we obtain the equation

@ =min{Z(2k, 2) | z € span{z1,...,zx—1}} .

Furthermore, the minimum is attained for the orthogonal projection of the vector z; onto
span{zi,...,2x—1} when we use the convention Z(z,0) := 7 for any vector z € R". For
this reason the sine is given by the length of the orthogonal projection divided by ||zx||. In
the case where ||zx|| has length 1 this equals the length of the orthogonal projection and
thus the d-distance of zj to span{zi,...,z;_1} as defined in Definition
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Lemma 3.2 (Lemma 5 of [17]). Let z1,...,2, € R"™ be linearly independent vectors of
length 1, let A € R™ "™ be a matriz with rank(A) = n, and let § := §(A). Then the
following properties hold:
1. If M is the inverse of [z1,...,2,|T, then
1
(21,0 y2n) = < v ;
MaXpe[y) [[mell — maxpep, [ Mgl
where [m1,...,my] = M and [My,...,M,] = MT.

2. If Q € R™ " 4s an orthogonal matriz, then 6(Qz1,...,Qzn) = 6(z1,...,2n).

3. Let y1 and yo be two neighboring vertices of P = {x € R"| Az < b} and let a;* be a
row of A. If a; ¥ - (y2 — 1) # 0, then |a;* - (y2 —y1)| > 6 - |ly2 — v1]|-

4. If A is an integral matriz, then % < nA1AL_1 < nA?, where A, A1, and A,_1 are
the largest absolute values of any sub-determinant of A of arbitrary size, of size 1,
and of size n — 1, respectively.

3.2.2 Some Probability Theory

In this section we state and formulate the corollary about linear combinations of random
variables used in Section [3.4] and Appendix [A] This theorem follows from Theorem 3.3
of [16] which we will recite here in a simplified variant.

Theorem 3.3 (cf. Theorem 3.3 of [16]). Let € > 0 and ¢ > 1 be reals, let I1,...,1, C
[—1,1] be intervals of length 1/¢, and let X1, ..., X, be independent random variables such
that Xy, is uniformly distributed on I for k = 1,...,n. Moreover, let A € R™*™ be an
invertible matriz, let (Y1,..., Y 1,Z2)T = A-(X1,...,Xn)7T be the linear combinations of
X1,..., X, given by A, and let I: R"!' — {[z,x +¢]||z € R} be a function mapping a
tuple (y1,...,Yyn_1) € R" 1 to an interval I(yy,...,yn_1) of length e. Then the probability
that Z falls into the interval I(Y1,...,Yn_1) can be bounded by

det Ay, ;i

Pr(Z c I(Y1,...,Yn 1)] <26 Z’\th\

where Ay, ; is the (n—1) x (n—1)-submatriz of A obtained from A by removing row n and
column 1.

Now we can state

Corollary 3.4. Let e, ¢, X1,..., Xy, A, Y1,...,Y,1,Z, and I be as in Theorem [3.3
Then the probability that Z falls into the interval 1(Yy,...,Y,—1) can be bounded by

2neg
PI‘ZGIYl,...,Y_l < - s
[ ( n-1)] day,...,an) “Mmingep ||lak|]
where a1, ...,a, denote the columns of matrix A. Furthermore, if A is orthogonal, then

even the stronger bound
Pr(Z € I(Yy,...,Y,1)] < 2vne¢
holds.
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Proof. In accordance with Theorem it suffices to bound the sum » 7 ; % from

above. For this, consider the equation Ax = e, where ¢, = (0,...,0,1) € R™ denotes the
n'™™ unit vector. Following Cramer’s rule and Laplace’s formula, we obtain
|x’ _ | det([al, ey A1, By Ty ,an])| _ | det(A,m‘N
! | det(A)] | det(A)]
Hence, applying Theorem [3.3] yields

Pr(Z e I(Y1,.... Yo 1)] €26 Y o5 =226 - |Jaf|y < 2vneg - ||z .

Recall, that by ||z| we refer to the Euclidean norm ||z||2 of . The claim for orthogonal

matrices A follows immediately since ||z|| = [|[A ™ e,|| = |len]] = 1 because A=t = AT is
orthogonal as well.
For the general case we consider the equation AZ = e,,, where A = [N'(a1),...,N(ay)]

consists of the normalized columns of matrix A. Vector & = A_len is the nt" column of
the matrix A~!. Thus, we obtain

2] < max |lr] <

1 5 L an)’
e B an)
where second inequality is due to Claim!of Lemma Due to A = A-diag(||ai]], ..., [|an]),
we have
_ 1 A 1 .
= A" te, = diag —— ). A, = diag T
Jlax ]l 1H lan]] [lax ]l 1H 7 Jlanll
Consequently, ||z[| < [|2[|/ mingep, [|ax|| and, thus,
(y 2
Pr(Z e I(Vi,... Yo 1) < 2vineh- — I~ neg. . O
mingey, llakl] = d(a1,...,an) - mingey, ||lak|]

3.3 Algorithm

Given a linear program max{cy’ x| Az < b} and a basic feasible solution zg, our algorithm
randomly perturbs each coefficient of the vector ¢y by at most 1/¢ for some parameter ¢
to be determined later. Let us call the resulting vector c. The next step is then to use
the shadow vertex algorithm to compute a path from xy to a vertex z. which maximizes
the function ¢z for € P. For ¢ > 2";/2 one can argue that the solution x has a
facet in common with the optimal solution z* of the given linear program with objective
function coTx. Then the algorithm is run again on this facet one dimension lower until all
facets that define x* are identified.

This section is organized as follows. In Section We repeat a construction from [25]
to project a facet of the polyhedron P into the space R"~! without changing the parame-
ter . This is crucial for being able to identify the facets that define x* one after another.
In Section we also repeat an argument from [25] that shows how a common facet
of . and z* can be identified if z. is given. Section presents the shadow vertex
algorithm, the main building block of our algorithm. Finally in Section we discuss the
running time of a single pivot step of the shadow vertex algorithm.
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3.3.1 Reducing the Dimension

Assume that we have identified an element a;, ¢ € [m], of the optimal basis z* (i.e.,
a;x* = b;). In [25] it is described how to reduce in this case the dimension of the linear
program by one without changing the parameter . We repeat the details. Without loss
of generality we may assume that a; is an element of the optimal basis. Let Q € R™*"
be an orthogonal matrix that rotates a; into the first unit vector e;. Then the following
linear programs are equivalent:

max{cl x|z € R", Az < b} (3.1)

and
max{cj Qz |x € R", AQz < b}.

In the latter linear program the first constraint is of the form z; < b;. We set this con-
straint to equality and subtract this equation from the other constraints (i.e., we project
each row into the orthogonal complement of e1). Thus, we end up with a linear program
of dimension n — 1. Lemma [3.2] shows that the d-distance does not change under mul-
tiplication with an orthogonal matrix. Furthermore, Lemma 3 of [25] ensures that the
d-distance property is not destroyed by the projection onto the orthogonal complement.

3.3.2 Identifying an Element of the Optimal Basis

In this section we repeat how an element of the optimal basis can be identified if an optimal
solution z.. for an objective function etz with ||co — ¢|| < §/(2n) is given (see also [25]).

Lemma 3.5 (Lemma 2 of [25]). Let B C {1,...,m} be the optimal basis of the linear
program (3.1) and let B" be an optimal basis of the linear program (3.1) with ¢y being
replaced by ¢, where ||co — c|| < §/(2n) holds. Consider the conic combination

c= Y uja;.
jEB!
For k € B'\ B, one has ||co —¢|| > 0 - pg.

The following corollary whose proof can also be found in [25] gives a constructive way
to identify an element of the optimal basis.

Corollary 3.6. Let ¢ € R" be such that ||[co—c|| < §/(2-n) and let uj, B, and B’ be defined
as in Lemma [3.5 There exists at least one coefficient py, with pp > 1/n- (1 —68/(2-n))
and any k with this property is an element of the optimal basis B (assuming ||col| = 1).

The corollary implies that given a solution x. that is optimal for an objective func-
tion ¢z with |lcg — || < §/(2n), one can identify an element of the optimal basis by
solving the system of linear equations

[a),...,a] -p=c,

where the a) denote the constraints that are tight in z..
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3.3.3 The Shadow Vertex Method

In this section we assume that we are given a linear program of the form max{co x|z € P},
where P = {z € R"| Az < b} is a bounded polyhedron (i.e., a polytope), and a basic
feasible solution zp € P. We assume |cg|| = ||a;|| = 1 for all rows a; of A. Furthermore,
we assume that the linear program is non-degenerate.

Due to the assumption ||cg|| = 1 it holds ¢y € [—1, 1]™. Our algorithm slightly perturbs
the given objective function co’x at random. For each component (cg); of ¢ it chooses an
arbitrary interval I; C [—1,1] of length 1/¢ with (¢o); € I;, where ¢ denotes a parameter
that will be given to the algorithm. Then a random vector ¢ € [—1,1]" is drawn as follows:
Each component ¢; of ¢ is chosen independently uniformly at random from the interval I;.
We denote the resulting random vector by pert(cg, ¢). Note that we can bound the norm

of the difference ||cy — c|| between the vectors ¢y and ¢ from above by %

The shadow vertex algorithm is given as Algorithm [2| It is assumed that ¢ is given to
the algorithm as a parameter. We will discuss later how we can run the algorithm without
knowing this parameter. Let us remark that the Steps[5and [6]in Algorithm 2] are actually
not executed separately. Instead of computing the whole projection P’ in advance, the
edges of P’ are computed on the fly one after another.

Algorithm 2 Shadow Vertex Algorithm

: Generate a random perturbation ¢ = pert(cg, @) of co.

. Determine n linearly independent rows uy* of A for which ug Tzg = by.

: Draw a vector A € (0, 1]" uniformly at random.

c Set w=—[ug, ..., uy| - A.

: Use the function 7 : x — (ch, wTa;) to project P onto the Euclidean plane and obtain
the shadow vertex polygon P’ = 7(P).

6: Walk from 7(zo) along the edges of P’ in increasing direction of the first coordinate

until a rightmost vertex Z. of P’ is found.
7: Output the vertex x. of P that is projected onto Z..

Ot W N

Note that . .
Jwll <7 Ak lurll < DA <,
k=1 k=1

where the second inequality follows because all rows of A are assumed to have norm 1.

The Shadow Vertex Algorithm yields a path from the vertex zg to a vertex z. that
is optimal for the linear program max{c x|z € P} where P = {x € R"| Az < b}. The
following theorem (whose proof can be found in Section bounds the expected length
of this path, i.e., the number of pivots.

Theorem 3.7. For any ¢ > \/n the expected number of edges on the path output by
Algom'thm@ is O(ﬂ%2 — 5n¢).

Since |[|co — || < % choosing ¢ > 2”2/2 suffices to ensure [|cy — ¢|| < . Hence, for

such a choice of ¢, by Corollary the vertex x. has a facet in common with the optimal
solution of the linear program max{cy x|z € P} and we can reduce the dimension of
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the linear program as discussed in Section This step is repeated at most n times.
It is important that we can start each repetition with a known feasible solution because
the transformation in Section [3.3.1] maps the optimal solution of the linear program of
repetition i onto a feasible solution with which repetition ¢+ 1 can be initialized. Together
with Theorem this implies that an optimal solution of the linear program can be

found by performing in expectation O(md—g*‘ + %ﬂd’) pivots if a basic feasible solution g

and the right choice of ¢ are given. We will refer to this algorithm as repeated shadow
vertex algorithm.

Since 4 is not known to the algorithm, the right choice for ¢ cannot easily be computed.
Instead we will try values for ¢ until an optimal solution is found. For i € Nlet ¢; = 2in3/2,
First we run the repeated shadow vertex algorithm with ¢ = ¢y and check whether the
returned solution is an optimal solution for the linear program max{co 'z |x € P}. If this
is not the case, we run the repeated shadow vertex algorithm with ¢ = ¢, and so on. We
continue until an optimal solution is found. For ¢ = ¢;» with ¢* = [log, (1/0)] + 2 this is

2n3/2

the case because ¢ >

Since ¢« < 8";/2 , in accordance with Theorem each of the at most i* = O(log(1/9))
calls of the repeated shadow vertex algorithm uses in expectation

o+ ™) = o)

52 ) 52

pivots. Together this proves the first part of Theorem The second part follows
with Lemma which states that Phase 1 can be realized with increasing 1/6 by at
most y/m and increasing the number of variables from n to n +m < 2m. This implies
that the expected number of pivots of each call of the repeated shadow vertex algorithm
in Phase 1 is O(m(n + m)3y/m>/8%) = O(m®/62). Since 1/ can increase by a factor
of \/m, the argument above yields that we need to run the repeated shadow vertex algo-
rithm at most i* = O(log(y/m/d)) times in Phase 1 to find a basic feasible solution. By
setting ¢; = 2°/m(n + m)®/? instead of ¢; = 2/(n + m)3/? this number can be reduced
to i* = O(log(1/9)) again.

Theoremfollows from Theoremusing the following fact from [I7]: Let A € Z™*"
be an integer matrix and let A" € R™*" be the matrix that arises from A by scaling each
row such that its norm equals 1. If A denotes an upper bound for the absolute value
of any sub-determinant of A, then A’ satisfies the d-distance property for § = 1/(A%n).
Additionally Lemma [3.30] states that Phase 1 can be realized without increasing A but
with increasing the number of variables from n to n +m < 2m. Substituting 1/6 =
A?n in Theorem almost yields Theorem except for a factor O(log(A%n)) instead
of O(log(A 4 1)). This factor results from the number i* of calls of the repeated shadow
vertex algorithm. The desired factor of O(log(A + 1)) can be achieved by setting ¢; =
2in%/2 if a basic feasible solution is known and ¢; = 2*(n 4 m)®? in Phase 1.

3.4 Analysis of the Shadow Vertex Algorithm

For given linear functions L;: R" — R and Ly: R — R we denote by 7 = 7, 1, the
function 7: R® — R2, given by 7(x) = (L1(x), L2(z)). Note that n-dimensional vectors
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(z0)

Figure 3.1: Slopes of the vertices of R

can be treated as linear functions. By P’ = P}q, L, we denote the projection 7(P) of
the polytope P onto the Euclidean plane, and by R = Ry, 1, we denote the path from
the bottommost vertex of P’ to the rightmost vertex of P’ along the edges of the lower
envelope of P’.

Our goal is to bound the expected number of edges of the path R = R, ,,, which is
random since ¢ and w are random. Each edge of R corresponds to a slope in (0, 00). These
slopes are pairwise distinct with probability one (see Lemma . Hence, the number of
edges of R equals the number of distinct slopes of R.

Definition 3.8. For a real ¢ > 0 let F. denote the event that there are three pairwise
distinct vertices z1, 29, z3 of P such that z1 and z3 are neighbors of zo and such that

T.( T.(

23 — 22)
ct (29— 21) el (23 — 29)

w 29 —21) W

Note that if event F. does not occur, then all slopes of R differ by more than e.
Particularly, all slopes are pairwise distinct. First of all we show that event F. is very
unlikely to occur if € is chosen sufficiently small. The proof of the following lemma is
almost identical to the corresponding proof in [I7] except that we need to adapt it to the
different random model of ¢. The proof as well as the proofs of some other lemmas that
are almost identical to their counterparts in [I7] can be found in Appendix |A|for the sake
of completeness. Proofs that are completely identical to [17] are omitted.

Lemma 3.9. The probability of event F. tends to 0 for ¢ — 0.

Let p be a vertex of R, but not the bottommost vertex m(zg). We call the slope s of
the edge incident to p to the left of p the slope of p. As a convention, we set the slope of
7(xp) to 0 which is smaller than the slope of any other vertex p of R.

Let t > 0 be an arbitrary real, let p* be the rightmost vertex of R whose slope is at
most t, and let p be the right neighbor of p*, i.e., p is the leftmost vertex of R whose slope
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exceeds t (see Figure . Let 2* and & be the neighboring vertices of P with 7(x*) = p*
and 7(#) = p. Now let i = i(z*,2) € [m] be the index for which a;T2* = b; and for
which # is the (unique) neighbor z of #* for which a;Tx < b;. This index is unique due to
the non-degeneracy of the polytope P. For an arbitrary real v > 0 we consider the vector
Wi=w — - a;.

Lemma 3.10. Let @ = 7.5 and let R = R. be the path from 7(xg) to the rightmost
vertex p, of the projection w(P) of polytope P. Furthermore, let p* be the rightmost vertex
of R whose slope does not exceed t. Then p* = 7w(x*).

Let us reformulate the statement of Lemma [3.10| as follows: The vertex p* is defined
for the path R of polygon 7(R) with the same rules as used to define the vertex p* of the
original path R of polygon 7(P). Even though R and R can be very different in shape,
both vertices, p* and p*, correspond to the same solution x* in the polytope P, that is,
p* = m(z*) and p* = 7(z*).

Lemma holds for any vector @ on the ray 7 = {w —~y-a;|7>0}. As ||lw|]| <n
(see Section[3.3.3), we have w € [—n,n]". Hence, ray 7 intersects the boundary of [—n, n]"
in a unique point z. We choose @ = w(w, i) := z and obtain the following result.

Corollary 3.11. Lel T = 7, g(w,i) and let p* be the rightmost vertex of path R= Re i (w,i)
whose slope does not exceed t. Then p* = w(z*).

Note that Corollary only holds for the right choice of index i = i(z*, ). However,
the vector w(w,i) can be defined for any vector w € [—n,n]"™ and any index i € [m]. In
the remainder, index i is an arbitrary index from [m)].

We can now define the following event that is parameterized in 4, ¢, and a real € > 0
and that depends on ¢ and w.

Definition 3.12. For an index i € [m] and a real t > 0 let p* be the rightmost vertex of
R = R_ pw,i) whose slope does not exceed t and let y* be the corresponding vertex of P.
For a real € > 0 we denote by E; ;. the event that the conditions

e a;Ty* =b; and

° % € (t,t + €], where § is the neighbor y of y* for which a; 'y < b;,
are met. Note that the vertex § always exists and that it is unique since the polytope P is
non-degenerate.

Let us remark that the vertices y* and ¢, which depend on the index i, equal * and &
if we choose ¢ = i(x*, &). For other choices of i, this is, in general, not the case.

Observe that all possible realizations of w from the line L := {w + x - a; |z € R} are
mapped to the same vector w(w,i). Consequently, if ¢ is fixed and if we only consider
realizations of A for which w € L, then vertex p* and, hence, vertex y* from Definition |3.12
are already determined. However, since w is not completely specified, we have some
randomness left for event E;; . to occur. This allows us to bound the probability of event
E; . from above (see proof of Lemma . The next lemma shows why this probability
matters.
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Lemma 3.13 (Lemma 12 from [I7]). For anyt > 0 and € > 0 let A;. denote the event
that the path R = R., has a slope in (t,t +¢]. Then, Ay CUiZ  Eite.

With Lemma we can now bound the probability of event A;.. The proof of the
next lemma is almost identical to the proof of Lemma 13 from [I7]. We include it in the
appendix for the sake of completeness. The only differences to Lemma 13 from [I7] are
that we can now use the stronger upper bound ||c|| < 2 instead of ||c[| < n and that we
have more carefully analyzed the case of large t.

Lemma 3.14. For any ¢ > /n, any t > 0, and any € > 0 the probability of event A is
bounded by
2mn’e dmne
Pr[A,.] <
el S e S R

Lemma 3.15. For any interval I let X denote the number of slopes of R = R, that lie
in the interval I. Then, for any ¢ > /n,

E [X(Om}] = 47?;2

Proof. For a real € > 0 let F. denote the event from Definition [3.8] Recall that all slopes
of R differ by more than ¢ if F. does not occur. For t € R and € > 0 let Z; . be the random
variable that indicates whether R has a slope in the interval (¢,t+ €] or not, i.e., Z;. =1
if Xtt4e] >0 and Z; . = 0 if Xtt+e) = 0.

Let k > 1 be an arbitrary integer. We subdivide the interval (0, n] into k subintervals.
If none of them contains more than one slope then the number X, of slopes in the
interval (0,n] equals the number of subintervals for which the corresponding Z-variable
equals 1. Formally

f__ol Z;n n if Fn does not occur,
= ko k
m

otherwise .

This is true because (nrfl) < m" is a worst-case bound on the number of edges of P and,
hence, of the number of slopes of R. Consequently,

B[ Xo.] < k_:E Zigp] + Pr|Fy]m = %_:Pr Aigp| +Pr |7y m
1= 1=
Sk_lw+Pr []:%} -m" = 47;;2 +Pr {fﬂ -m™.
=0 2

The second inequality stems from Lemma Now the lemma follows because the bound
on E {X(Om]} holds for any integer & > 1 and since Pr[F.] — 0 for £ — 0 in accordance
with Lemma [3.9 O

In [I7] Brunsch and Roglin only compute an upper bound for the expected value
of X(g,1j- Then they argue that the same upper bound also holds for the expected value
of X(1,00)- In order to see this, simply exchanged the order of the objective functions in

95



the projection m. Then any edge with a slope of s > 1 becomes an edge with slope % < 1.
Hence the number of slopes in [1,00) equals the number of slopes in (0, 1] in the scenario
in which the objective functions are exchanged. Due to the symmetry in the choice of the
objective functions in [I7] the same analysis as before applies also to that scenario.

We will now also exchange the order of the objective functions w'z and ¢’z in the
projection. Since these objective functions are not anymore generated by the same random
experiment, a simple argument as in [I7] is not possible anymore. Instead we have to go
through the whole analysis again. We will use the superscript —1 to indicate that we are
referring to the scenario in which the order of the objective functions is exchanged. In
particular, we consider the events F. !, A, 51, and Ezt . that are defined analogously to
their counterparts without superscript except that the order of the objective functions is

exchanged. The proof of the following lemma is analogous to the proof of Lemma
Lemma 3.16. The probability of event F- ! tends to 0 for ¢ — 0.

Lemma 3.17. For any ¢ > \/n, any t > 0, and any € > 0 the probability of event At_g1 18
bounded by

2mn3/2e¢ 2mn3/2e¢
max {1,2}.§ ~ )

Proof. Due to Lemma (to be precise, due to its canonical adaption to the events with
superscript —1) it suffices to show that

Pr [At 51} <

2mn3/ e 23/ 2e¢)

1
E'max{l,%t}-é_ max {1,%} -0

Pr[ Lt,a} <

for any index i € [m].

We apply the principle of deferred decisions and assume that vector w is already fixed.
Now we extend the normalized vector a; to an orthonormal basis {q1,...,¢n—1,a;} of R"
and consider the random vector (Y1,...,Y,_1,Z)T = Q%c given by the matrix vector
product of the transpose of the orthogonal matrix @ = [q1,...,¢n—1,a;] and the vector
c= (c1,...,c,)". For fixed values yi,...,yn_1 let us consider all realizations of ¢ such
that (Y1,...,Y,-1) = (y1,--.,Yn—1). Then, c is fixed up to the ray

n—1

C(Z):Q(ybaynflaZ)Tzzy]QJ“‘ZG/@:’U—FZG@
j=1

for v = Z;le yj - q;. All realizations of ¢(Z) that are under consideration are mapped to
the same value ¢ by the function ¢ — ¢é(c, i), i.e., é(c(Z),i) = ¢ for any possible realization
of Z. In other words, if ¢ = ¢(Z) is specified up to this ray, then the path Rz )., and,

hence, the vectors y* and ¢ from the definition of event E:,"_, are already determined.

zta?

Let us only consider the case that the first condition of event E; t%g is fulfilled. Other-
wise, event Fj ;. cannot occur. Thus, event EZ_ t%a occurs iff

(J-y)
(J—y

T N
(t,t+¢] > T *)_wT-((gj—ggJJ*))—i_Z'
=« =8
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The next step in this proolf will be to show that the inequality |3| > max {1,/n -t} - %
is necessary for event E; ;. to happen. For the sake of simplicity let us assume that
|9 —y*|| = 1 since 3 is invariant under scaling. If event E, t%a occurs, then a;Ty* = b;, ¢ is

a neighbor of y*, and a; ' # b;. That is, by Lemma Claimwe obtain |a; T (§—y*)| >
0 ||y — y*|| = ¢ and, hence,

T

>

)
181 = W G-

a; -
wT -
On the one hand we have [wT - (§ - y*)| < [Jw]| - | — y*I| < ( £y Jwill) - 1 < n. On the

T (f_a*
other hand, due to ;T(yiy*)) >t we have

(9-y
T (5 _ o A4 agx 1+ﬁ
Rt BTy T vl t¢>§f’

where the third inequality is due to the choice of ¢ as perturbation of the unit vector ¢y
and the fourth inequality is due to the assumption ¢ > y/n. Consequently,

‘B’ > 5_max{1’nt}.5.
min{n,%} 2 n

Summarizing the previous observations we can state that if event £, t%g occurs, then |5| >
max {1, %t . % and a + Z - B € (t,t + ¢]. Hence,
Z-Bett+e—a,

i.e., Z falls into an interval I(yi,...,yn—1) of length at most e/(max {1,%} - §/n) =
ne/(max {1, %t} - §) that only depends on the realizations y1,...,yn,—1 of Y7,...,Y, 1.
Let B;'. denote the event that Z falls into the interval I(Y7,...,Y;,_1). We showed that

1,t,€
E;, t%a C B;, t}g. Consequently,
_ _ 2y/nned 2n3/2e¢
1 1
; < ; < <
Pr {Elatve} = Pr [Bl’t’g} ~ max{1,%} T max{1,%} -5’
where the second inequality is due to Theorem [3.3] for the orthogonal matrix Q. O

Lemma 3.18. For any interval I let XI_1 denote the number of slopes of Ry, . that lie in
the interval I. Then i
2my/n
-1
B Xghm) = =5
Proof. As in the proof of Lemma [3.15] we define for ¢ € R and € > 0 the random vari-
able Z, ! that indicates whether R, . has a slope in the interval (¢,t + ] or not. For any
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integer k > 1 we obtain

e[ty = Spp e o] o] o

= i=0 kn’kn

k—1

= Z Pr [A._ll 1 ] + Pr []—"_11] -m"
— "Ekn o kn &n
=0
k—1 3/2

2 2

< Wmlﬂ ].mn: mﬁhprlu ]m

i—0 k?’L(S kZZ\/E 6 kZZ\/E

The second inequality stems from Lemma Now the lemma follows because the
bound holds for any integer k¥ > 1 and Pr[F_ 1] — 0 for ¢ — 0 in accordance with
Lemma [3.16] O

The following corollary directly implies Theorem [3.7]

Corollary 3.19. The expected number of slopes of R = R, s
dmn?  2m~/né
2 T T s

Proof. We divide the interval (0, 00) into the subintervals (0, n] and (n, 00). Using Lemma
Lemma [3.18] and linearity of expectation we obtain

E {X(Om)} -

E [X(0.00)| = E [X(0.0)] + E [X(100)| = B [X (0| + B

4mn?  2my/né
< .
S g2 + 5

X(olyz]]

In the second step we have exploited that by definition X, = X (_1}17 1/a) for any inter-
val (a,b). O

3.5 Running Time

So far we have only discussed the number of pivots. In this section calculate the actual
running time of our algorithm. For an initial basic feasible solution zy the repeated
shadow vertex algorithm repeats the following three steps until an optimal solution is
found. Initially let P’ = P.

Step 1: Run the shadow vertex algorithm for the linear program max{c'z |z € P},
where ¢ = pert(cg, ¢). We will denote this linear program by LP’.

Step 2: Let x. denote the returned vertex in Step 1, which is optimal for the objective
function cTz. Identify an element @’ of x. that is in common with the optimal
basis.
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Step 3: Calculate an orthogonal matrix Q € R™™ "™ that rotates a into the first unit
vector ey as described in Section and set LP’ to the projection of the
current LP’ onto the orthogonal complement. Let P’ denote the polyhedron
of feasible solutions of LP’.

First note that the three steps are repeated at most n times during the algorithm. In
Step 1 the shadow vertex algorithm is run once. Step 1 to Step 4 of Algorithm [2] can be
performed in time O(m) as we assumed P to be non-degenerate (this implies P’ to be
non-degenerate in each further step). Step 5 and Step 6 can be implemented with strongly
polynomial running time in a tableau form, described in [I5]. The tableau can be set up in
time O((m—d)d?®) = O(mn?) where d is the dimension of P’. By Theorem 1 of [I5] we can
identify for a vertex on a path the row which leaves the basis and the row which is added
to the basis in order to move to the next vertex in time O(m) using the tableau. After
that, the tableau has to be updated. This can be done in O((m — d)d) = O(mn) steps.
Using this and Theorem we can compute the path from zg to x. in expected time
O(mn3 + mn - (”?5’2‘2 + Do)y — O(mgrfs + mzn;/%). Using that ¢ < 8”2/2, as discussed
above, yields a running time of O(m§§3).

Once we have calculated the basis of x. we can easily compute the element a; of the
basis that is also an element of the optimal basis. Assume the rows af,...,a, are the
basis of z.. As mentioned in Section [3.3.2] we can solve the system of linear equations
[d},...,al]p = ¢ and choose the row for which the coefficient y; is maximal. Then a
is part of the optimal basis. As a consequence, Step 2 can be performed in time O(n?).
Moreover solving a system of linear equations is possible in strongly polynomial time using
Gaussian elimination.

In Step 3, we compute an orthogonal matrix @ € R?*¢ such that e;Q = a;. Since Q is
orthogonal we obtain the equation e; = a;QT. It is clear that the first row of Q is given
by a;. Thus, it is sufficient to compute an orthonormal basis including a;. This is possible
in strongly polynomial time O(d®) = O(n?) using the Gram-Schmidt process.

Since all Steps are repeated in this order at most n times we obtain a running time
O(m;f) for the repeated shadow vertex algorithm.

Theorem 3.20. The repeated shadow vertex algorithm has a running time of O(m(:2"4).

The entries of both ¢ and A in Algorithm [2]are continuous random variables. In practice
it is, however, more realistic to assume that we can draw a finite number of random bits. In
Appendixwe will show that our algorithm only needs to draw poly(log m, n,log(1/0))
random bits in order to obtain the expected running time stated in Theorem |1.8]if § (or a
good lower bound for it) is known. However, if the parameter ¢ is not known upfront and
only discrete random variables with a finite precision can be drawn, we have to modify the
shadow vertex algorithm. This will give us an additional factor of O(n) in the expected
running time.

3.5.1 An Upper Bound on the Number of Random Bits

For our analysis we assumed that we can draw continuous random variables. In practice
it is, however, more realistic to assume that we can draw a finite number of random bits.

99



In this section we will show that our algorithm only needs to draw poly(log m, n,log(1/0))
bits in order to obtain the expected running time stated in Theorem [I.8] However, if
the parameter ¢ is not known to our algorithm, we have to modify the shadow vertex
algorithm. This will give us an additional factor of O(n) in the expected running time.

Let us assume that we want to approximate a uniform random draw X from the interval
[0,1) with k£ random bits Y7,...,Y;, € {0,1}. (A draw from an arbitrary interval [a,b)
can be simulated by drawing a random variable from [0,1) and then applying the affine
linear function z — a + (b — a) - z.) We consider the random variable Z = Y°5_, v, . 27¢.
We observe that the random variable Z has the same distribution as the random variable
g(X), where g(x) = |x-2¥|/2¥. Note that |g(X)— X| < 27*. Hence, instead of considering
discrete variables and going through the whole analysis again, we will argue that, with
high probability, the number of slopes of the shadow vertex polygon does not change if
each random variable is perturbed by not more than a sufficiently small €. If we have
proven such a statement, this implies that we can approximate our continuous uniform
random draws as discussed above by using O(log(1/¢)) bits for each draw. Recall that
our algorithm draws two random vectors A € (0,1]™ and ¢ € [—1,1]" that we have to deal
with in this section.

For a vector z € R™ and a real € > 0 let U.(z) C [—1,1]" denote the set of vectors 2’ €
[—1,1]™ for which ||2' — z||c < &, that is, 2/ and «x differ in each component by at most e.
In the remainder let us only consider values ¢ € (0, 1].

Whenever a vector ¢ € [—1,1]" and a vector ¢ € Uc(c) are defined, then by A, we
refer to the difference A, := ¢ — ¢. Observe that [|A.|| < y/ne. The same holds for the
vectors A € (0,1]", A € U.()\), and Ay := A — A\. When the vectors A and X are defined,
then the vectors w and @ are defined as w = —[u1, ..., up] - A and @ := —[ug, ..., un] - A
(cf. Algorithm [2). Furthermore, the vector Aw is deﬁned as Ay =0 — w. Note that
lwl| = [, . un] - A < S0 |Jue]l < n as the rows w1 T, ..., u,T of matrix A are
normalized. Similarly, ||@| < n and ||Ay| < ne. We will frequently make use of these
inequalities without discussing their correctness again.

If P denotes the non-degenerate bounded polyhedron {x € R™ | Az < b}, then we de-
note by Vi (P) the set of all k-tuples (z1,. .., z;) of pairwise distinct vertices z1, ...z of P
such that for any ¢ = 1,...,k —1 the vertices z; and z;;1 are neighbors, that is, they share
exactly n — 1 tight constraints. In other words, Vi (P) contains the set of all simple paths
of length k — 1 of the edge graph of P. Note that [Vi(P)| < (') -nF~1 < m™nk=2. For our
analysis only V5(P) and V3(P) are relevant.

The following lemma is an adaption of Lemma [A ] for our needs in this section and
follows from Lemma [A.T]

Lemma 3.21. The probability that there exist a pair (z1,22) € Vo(P) and a vector é €
U.(c) for which é¥ - (29 — 21) = 0 is bounded from above by 2m™n®/%c¢.

Proof. Let ¢ € [—1,1]" be a vector such that there exists a vector é € U.(c) for which

¢l (22 — 21) = 0 for an appropriate pair (21, 22) € Vo(P). Then

Tz —z) =" (22— 21) — AT - (22 — 21))]
<A - |22 — 21|

< Vne-|lz2 — 2]

lc
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In accordance with Lemma the probability of this event is bounded from above by
2m"n3/%e . O

A similar statement as Lemma [3.21] can be made for the objective w. However, for our
purpose we need a slightly stronger statement.

Lemma 3.22. The probability that there exist a pair (z1,22) € Va(P) and a vector Ae
U.(\) for which |07 - (22 — 21)] < ne'/3 - ||za — 21|, where © = —[uy,...,u] - A (cf.
Algorithm @), is bounded from above by 4m”n261/3/6.

Proof. Fix a pair (z1,22) € Va(P) and let A, := z5 — z;. Without loss of generality let us
assume that ||A,| = 1. The event ©TA, € [—ne'/3, nel/?] is equivalent to

wrA, € [—n51/3,n51/3] —A,TA, .
This interval is a subinterval of [—2ne'/3, 2nel/3] as
A0 TA < Ayl A < ne - 1< nel/?
when recalling that ¢ < 1. Since
w'A, € [—2ne'/3 2ne' 3] —= (UNTA, € [-2ne'/3, 2ne'/3)
— Ty e [-2ne'/3, 2ne'/3)

for U = [u1,...,u,] and y = UTA,, in the next part of this proof we will derive a lower
bound for ||y||. Particularly, we will show that ||y|| > §/\/n.

Let M :=[my,...,m,]:=(UT)"!. Dueto A, = My, we obtain 1 = ||A.|| < [|M]|-|lyl],
which implies ||y|| > 1/||M]|. In accordance with Lemma Claim (1, we obtain

1
max ||mg|| =

— <
ke[n) S(uy ..o un) —

SR

Consequently,

n

- 1 lzlls _ V-l
[Mall <D mgll - Jael < D75 - lawl = <
k=1 k=1 0 Y g

for any vector z # 0, i.e., |[M| = sup,g [|[Mz|/[|z| < /n/d. Summarizing the previous
observations, we obtain ||y|| > 1/||M]|| > 6/+/n.

For the last part of the proof we observe that there exists an index i € [n] such that
lyi| > 6/n. We apply the principle of deferred decisions an assume that all coefficients A;
for j # i are fixed arbitrarily. By the chain of equivalences

Ay e [—2nel/3, 2nel /3]

— i YRR . l_2n51/3 2n51/3]

)

i i lvil "yl
2nel/3 2nel/3 Ak
=\ € |- , -> ko Yk
il 7yl =z v
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we see that the event ATy € [—2ne!/3, 2ne!/3] occurs if and only if the coefficient \;, which
we did not fix, falls into a certain fixed interval of length 4ne'/3/|y;|. The probability for
this to happen is at most 4ne'/3/|y;| < 4n%e'/3/5. The claim follows by applying a union
bound over all pairs (21, 22) € Va(P), which gives us the additional factor of m™. O

The next observation characterizes the situation when the projections of two linearly
independent vectors in R” are projected onto two linearly dependent vectors in R? by the
function x > (¢Tx, wTx).

Observation 3.23. Let (21, 22,23) € V3(P), let Ay :=2z9 — 21 and Ag := z3 — 22, and let
¢, € R™ be vectors for which WAy # 0, wT Ay #0, and

DTA;  ©TA,

¢TA;  eTAy

Then ¢Yx =0 for x:= Ay — - Ay, where p = WAy /0T As.

Note that, by the definition of x, the equation @'z = 0 trivially holds. For the
equation éTz = 0 we require that the projections of A; and A, are linearly dependent
as it is assumed in Observation [3.23] Furthermore, let us remark that in the formulation
above we allow ¢XA; = 0 or éTAy = 0 using the convention z/0 = +oo for x > 0 and
z/0 = —o0o for x < 0.

Proof. The claim follows from

T AT AT T WA AT
Cx=¢ A1 —pu-¢Ay=2¢ AQ‘ATA o VRaAY)
w*Ag
~T
:ATA.M'w AQ_ éTA: OJ
2 TOTA, © 2 .

We are now able to prove an analog of Lemma [3.9]

Lemma 3.24. The probability that there exist a triple (z1,22,23) € V3(P) and vectors
A € Uc(A) and é € Us(c) for which

DTA;  ©TA,

¢TAL  eTAy

where A1 :=2z9 — z1, Ag:=23 — 22, and W = —[uy,..., U] - 5\, is bounded from above by
12m"™n2e'/3¢/8.

Proof. Let us introduce the following events:

e With event A we refer to the event stated in Lemma [3.241

[T - (22 — 21)| < nel/? ||z — 21| (cf. Lemma

e Event B occurs if there exist a pair (21, 22) € Va(P) and a vector A € U.()\) such that
H

e Event C occurs if there is a triple (21, 29, 23) € V3(P) such that |cTz| < (4y/ne'/3/6)-
|||, where x = x(w, 21, 22, 23) := A1 — pu - Ay for Ay := 29 — 21, Ay := 23 — 23, and
p=wT A /wT Ay if wTAg # 0 and p = 0 otherwise (cf. Observation [3.23)).
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In the first part of the proof we will show that A C B U C'. For this, it suffices to show
that A\ B C C. Let us consider realizations w € (0,1]" and ¢ € [—1,1]" for which event A
occurs, but not event B. Let (21, 22, 23) € Va(P), A € U-(\), and & € U,(c) be the vectors
mentioned in the definition of event A. Our goal is to show that |¢Tz| < (4y/ne'/3/8) - ||z
for © = x(w, 21, 22, 23). As event B does not occur, we know that

[w Ay > nel3 A, [T Ay > nel3 Ay,

lwTAg| > ne'/3 || Ag], and [0TAy| >ne'/? .| Ay.
Furthermore, note that
~T T
WAL —w Ay < Ay [AL]] < ne - || A

and, similarly,
]wTAg — wTA2] < ne-|Aq|l.

Therefore,

[0TA; —wTAL| < ne-||A1]| <¥? - jw"A,| and
[T Ay — wT Ag| < ne - ||Ag]| <2/ [T Ay,

and, consequently

[TA [ _ (1423) - JwTA| a3z WA o3y WA

- < =(1+e772)"- < (1+3e%7) - and
[T A 1%%/3 - |wT Agl [wT Ay [wh Al

[T Ay > (1- 52/3) |w A —(1— 82/3)2 ) [wh Ay > (1— 362/3) ) lwT Ay _
”IDTAQ‘ - 175%/3 . |wTA2| ‘wTA2’ - \wTA2|

Here we again used ¢ < 1. Observe that both, @TA; and wTA;, as well as wTAy and
wT Ay, have the same sign, since their absolute values are larger than ne'/3 - |A;|| and
nel/3 - || Agl|, but their difference is at most ne - ||Ay|| and ne||Aq||, respectively. Hence,

UA}TAl wTAl
UAJTAQ 'U)TAQ

T A
WTAg

wTA1
wTA2

- . ‘UJTA2| )

As event A occurs, but not event B, Observation yields éTa(w, 21, 20, 23) = 0. With
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the previous inequality we obtain

|eT 2 (w, 21, 29, 23)| = ‘@T (x(w, 21, 22, 23) — 37(117,21,22,23))‘

<|lell - |z (w, 21, 22, 23) — @(W, 21, 22, 23) |
wTA1 ’LZ}TAl
wTAQ '(Z)TAQ
lwT Ay
|wTA2\
[wll - [[A]] ™
nel/3 - [| A
LRIANY|

< /n-3g2/3 . 1=
<vn nel/3 || Aq| 1]

= 3yme3 Ay

= [léf] -

[l Az]l

< Vn-3e23.

[ Azl

< /n-3e2/3.

In the remainder of this proof, with x we refer to the vector x(w, z1, 22, 23) (and not to,
e.g., v(, 21, 22,23)). Now we show that ||z|| > 6 - [|A1]|. For this, let a;* be a row of
matrix A for which a;Tz1 < b;, but a; Tz = a; 23 = b;, i.e., the i'" constraint is tight
for z9 and z3, but not for z;. Such a constraint exists as z; and z3 are distinct neighbors
of zo. Consequently, a; T A1 > 0 and a;T Ay = 0. Hence,

jaite] = Ja;it - (A —p- Do) =ait - Ag| 26 A
where the last inequality is due to Lemma Claim |3} As [[a;|| = 1, we obtain

aiTaz
|ai” ]

] =
[lasl

=lai"z| > 8- A

Summarizing the previous observations yields
3y/nel/?
] < 3yt < 2 e
Now that we have bounded |¢Tx| from above, we easily get an upper bound for |c'z|.

Since
T — ez <A - ||=]] < Ve - |z,

we obtain

3ﬁ51/3
0

4\/551/3

lcTe| < |e%a| + |cTe — éTa) < 5

]l + v/ne - ||| < (eI

i.e., event C occurs.
In the second part of the proof we show that Pr[C] < 8m"n?c'/3¢/5. Due to A C
BUC, ¢ > 1, and Lemma it then follows that

Pr [A] < 4mnn251/3/6+ 8mnn2€1/3¢/5 < 12mnn2€1/3¢/5'
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Let (z1,22,23) € V3(P) be a triple of vertices of P. We apply the principle of deferred
decisions twice: First, we assume that A\ has already been fixed arbitrarily. Hence, the
vector x = x(w, 21, 22, 23) # 0 is also fixed. Let z = (1/||z]|) -  be the normalization of x.
As |cTz| < (44/ne'/?/8) - ||z|| holds if and only if |cTz| < 4y/ne'/?/§, we will analyze the
probability of the latter event.

There exists an index ¢ such that |z;| > 1/4/n. Now we again apply the principle of
deferred decisions an assume that all coefficients c; for j # i are fixed arbitrarily. Then

n ) 1/3 1/3
]CTz] §4\/ﬁ€1/3/5 — ch_% c [_4\/718 4/ne ]
j=1

; 0-lzi| 7 0zl

4 1/3 4 1/3 ,
= _Ane : Ve —Zc]wﬁ.

5‘ZZ| 5|Zl| i 23

Hence, the random coefficient ¢; must fall into a fixed interval of length 8v/ne'/3 /(3 - |z|).
The probability for this to happen is at most

8y/ne'/3 < 8y/nel/? b= 8nel/3¢

-l T o 5
A union bound over all triples (z1, 22, 23) € V3(P) gives the additional factor of V3(P) <
m"n. O

Lemma 3.25. Let us consider the shadow vertex algorithm given as Algorithm [3 for
¢ > \/n. If we replace the draw of each continuous random variable by the draw of at least

B(m,n,¢,0) := [6nlogym + 6logyn + 3logy ¢ + 3logy(1/6) + 12]

random bits as described earlier in this section, then the expected number of pivots is
O(mn2 + m nd))
62 0 :

Proof. As discussed in the beginning of this section, instead of drawing k& random bits to
simulate a uniform random draw from an interval [a,b), we can draw a uniform random
variable X from [0,1) and apply the function g(X) = h(| X - 2¥]/2¥) for h(z) = a + (b —
a) - x to obtain a discrete random variable with the same distribution. Observe, that
|X — g(X)| < (b—a)/2*. In the shadow vertex algorithm all intervals are of length 1 or
of length 1/¢ < 1. Hence, |X — g(X)| < 27%. As we use k > B(m,n, ¢,9) bits for each
draw, we obtain g(X) € U (X) for

53 1) 3
e = 2fB(m:n7¢76) < g .
= 212mpbnpb6p3 16m2mn2¢

Now let ¢ and A denote the continuous random vectors and let ¢ € U.(c) and A € U.(\)
denote the discrete random vectors obtained from ¢ and A as described above. Further-
more, let w = —[uy,...,u,]- X and @ = —[uy, ..., u,] - A. We introduce the event D which
occurs if one of the following holds:

1. There exists a pair (z1,22) € Va(P) such that ¢'z; and c¢'zy are not in the

same relation as Xz and ¢¥z29 or ¢Yz; = ¢Y 29 or L2y = L 2,.
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2. There exists a triple (z1, 22, 23) € V3(P) such that Z)TT"((ZZ;__Z)) and fTT"((js__j;))
ST

w- - (z3—22)
(z2—21) and cli(z3—22) "

are not in the same relation as %
Here, a and b being in the same relation as @ and b means that sgn(a — b) = sgn(a — b),
where sgn(z) = —1 for z < 0, sgn(z) = 0 for x = 0, and sgn(z) = +1 for z > 0.

Let X and X denote the number of pivots of the shadow vertex algorithm with con-
tinuous random vectors ¢ and A and with discrete random vectors é and )\, respectively.
We will first argue that X = X if event D does not occur. In both cases, we start in the
same vertex xg. In each vertex x, the algorithm chooses among the neighbors of x with a
larger c-value (or ¢-value, respectively) the neighbor z with the smallest slope fTT_'((j:;)) (or

5T (2—
g’T. ((;_f)), respectively). If event D does not occur, then in both cases the same neighbors

of = are considered and, additionally, the order of their slopes is the same. Hence, in both
cases the same sequence of vertices is considered.

Now let Y be the random variable that takes the value m” if event D occurs and the
value 0 otherwise. Clearly, X < X 4+ Y and, thus,

E[X| <E[X]+E[Y] gO(”}ZgJFm\fQS

>+m”~Pr[D],

where the last inequality stems from Theorem [3.7] In the remainder of this proof we show
that the probability Pr[D] of event D is bounded from above by 1/m™. For this, let us
assume that the first part of the definition of event D is fulfilled for a pair (21, 22) € Va(P).
If ¢T2; and ¢T 2y are not in the same relation as &' z; and ¢ 2o, then there exists a € [0,1]
such that

po(ctzy —ctz) +(1—p) (T2 —ct29) =0.
If we consider the vector ¢:=p-c+ (1 — ) - ¢ € U-(c), then we obtain

AT_(

¢ T

22—21):,u-cT-(zg—zl)—i—(l—,u)f 29— 21)=0.

Hence, the event described in Lemma, occurs. This event also occurs if ¢ z; = ¢ 29
T, _ =T
orcrzy =c z.
Let us now assume that the second part of the definition of event D is fulfilled for a
triple (21, 22, 2z3) € V3(P), but not the first one, and let us consider the function f: [0,1] —

R, defined by

= et Ao o)t (@ mz) (et (L) D)7 (s 2)
(pec+X—p)-&)T- (22— 21) (-c+(1—p)-0)T- (23— 22) .

The denominators of both fractions are linear in p and, since the first part of the definition
of event D does not hold, the signs for 4 = 0 and g = 1 are the same and different from 0.
Hence, both denominators are different from 0 for all p € [0, 1]. Consequently, function f
is continuous (on [0,1]). As we have




and
wh (20 —21)  wT- (23— 22)

£ = -

cl(zg—2z1) T (23— 29)

and these differences have different signs as the second part of the definition of event D is
fulfilled, there must be a value p € [0, 1] for which f(u) = 0. This implies

’LZ)T- (22—21) _ UA}T'(Zg—ZQ)

éT- (22—2’1) o éT'(Zg—ZQ)

for é:=p-c+(1—p)-c€Udfc), \i=p- A4+ (1—p)- A € Us(N), and = —[uy, ..., uy]-A =
p-w~+ (1 —p)-w. Thus, the event described in Lemma occurs.
By applying Lemma [3.2I and Lemma [3.24] we obtain

12m"n2el/3¢ < 4mnn2et3¢  12m"n2el/3¢

Pr[D] < 2m™n*/%e¢ +

) - 0 0
Ny 2
0 mn
This completes the proof. O

Lemma states that if we draw 2n- B(m,n, ¢, 0) random bits for the 2n components
of ¢ and A, then the expected number of pivots does not increase significantly. We consider
now the case that the parameter ¢ is not known (and also no good lower bound). We will
use the fraction § = §(n, ¢) := 2n3/2/¢ as an estimate for d. For the case ¢ > 2n3/2/5, in
which the repeated shadow vertex algorithm is guaranteed to yield the optimal solution,
this is a valid lower bound for 8. For the case ¢ < 2n3/2 /9 this estimate is too large and we
would draw too few random bits, leading to a (for our analysis) unpredictable running time
behavior of the shadow vertex method. To solve this problem, we stop the shadow vertex
method after at most 8n - p(m,n, qﬁ,g(n, ¢)) pivots, where p(m,n, ¢,0) = O(mTQQ + m\é/%)
is the upper bound for the expected number of pivots stated in Lemma When the
shadow vertex method stops, we assume that the current choice of ¢ is too small (although
this does not have to be the case) and restart the repeated shadow vertex algorithm with
2¢. Recall that this is the same doubling strategey that is applied when the repeated
shadow vertex algorithm yields a non-optimal solution for the original linear program. We
call this algorithm the shadow vertex algorithm with random bits.

Theorem 3.26. The shadow vertex algorithm with random bits solves linear4p7’09mms
with n variables and m constraints satisfying the 6-distance property using O ("3 -log (3))
pivots in expectation if a feasible solution is given.

Note that, in analogy, all other results stated in Theorem and Theorem also
hold for the shadow vertex algorithm with random bits with an additional O(n)-factor (or
O(m)-factor when no feasible solution is given).

Proof. Let us assume that the shadow vertex algorithm with random bits does not find
the optimal solution before the first iteration i* for which ¢ > 2n3/2/8. For iterations
i > i* we know that the shadow vertex algorithm will return the optimal solution (or
detect, that the linear program is unbounded) if it is not stopped because the number of
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pivots exceeds 8n - p(m,n, ¢;, ) (n, ¢;)). Due to Markov’s inequality, the probability of the
latter event is bounded from above by 1/8n (for each facet of the optimal solution) because
p(m,n, ¢;, S(n, ®i)) = p(m,n, ¢;,6) due to S(n, ¢;) < d and p(m, n, ¢;, ) is an upper bound
for the expected number of pivots. As n facets have to be identified in iteration ¢, the
probability that the shadow vertex method stops because of too many pivots is bounded
from above by n-1/8n = 1/8. Hence, the expected number of pivots of all iterations
1 > 1*, provided that iteration ¢* is reached, is at most

yk

S (87 Lonsnptmn 6160600

i=1*

<1 2n®/2
:7n2'287;j p(mngbz, n )

i=1*

=0 (8@'%2 8l mgf) (8’ = m¢2>

Y 1 1
O(S’n-z:8Z - (2'n 3/2)>—O<8’n-z2i-mn3>

% 4
=0(4"mn*) =0 <ng7;> .

Some equations require further explanation. The factor n - 8n - p(m,n, ¢;, 6(n, ¢;)) stems
from the fact that we have to identify n facets, and for each we stop after at most 8n -
p(m,n, ¢;,0(n, ¢;)) pivots. The second equation is in accordance with Lemma which

states that p(m,n, ¢,0) = O(T’g’f m‘é/%). As the term mn?/§? is dominated by the term
my/n¢/d when ¢ > n3/2/3, it can be omitted in the O-notation for such values. Above
we only consider iterations i > i*, i.e., ¢; > ¢+ > 2n%/2 /5. The last equation is due to the

fact that

. 3/2
9i*—1,,3/2 _ bin_1 < 2n ’
)
i.e., 2" <4/ and, hence, 4" = O(1/6?).
To finish the proof, we observe that the iterations i = 1,...,4* require at most
i*—1 i*—1 3/2
2
Zn 8n - pmnd)l, n, @ Zn 8n - p mn,gbl,L
=1 =1 ¢Z

0 iil 2 mn? o[ mn* o1 <1) mn*
e e e —— — fo) — —
i 52 t\s)
pivots in expectation. The second equation stems from Lemma which states that

p(m,n,¢,8) = O(m(s—’;”2 + m\gmp)_ The second term in the sum can be omitted if ¢ =

O(n?/2/§), which is the case for ¢y,...,¢m_1. Finally, i* is the smallest integer i for
which 2'n%/2 > 2n3/2 /5. Hence, i* = O(log(1/4)). O
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3.6 Finding a Basic Feasible Solution

In this section we discuss how Phase 1 can be realized. In general there are, of course,
several known textbook methods how Phase 1 can be implemented. However, for our
purposes it is crucial that the parameter § (or A) is not too small (or too large) for the
linear program that needs to be solved in Phase 1. Ideally we would like it to be identical
with the parameter § (or A) of the matrix A of the original linear program. Eisenbrand
and Vempala have addressed this problem and have presented a method to implement
Phase 1. Their method is, however, very different from usual textbook methods and needs
to solve m different linear programs to find an initial feasible solution for the given linear
program.

In this section we will argue that also one of the usual textbook methods can be applied.
We argue that 1/§ increases by a factor of at most /m and that A does not change at all
in case one considers integer matrices (in particular, for totally unimodular matrices).

Let m and n be arbitrary positive integers, let A € R™*" be an arbitrary matrix
without zero-rows, and let ¢ € R™ and b € R™ be arbitrary vectors. For finding a basic
feasible solution of the linear program

T

max c
(LP)
st. Az < b

if one exists, or detecting that none exists, otherwise, we can solve the following linear
program:

m
minZyi
i=1
st. Ar —y <b
y=>0

(LP)

In the remainder of this section let us assume that matrix A has full column rank, that
is, rank(A) = n. Otherwise, we can transform the linear program (LP) as stated in
Section before considering (LP’). Furthermore, let us assume that the matrix A,
formed by the first n rows of matrix A, is invertible. This entails no loss of generality as
this can always be achieved by permuting the rows of matrix A.

Let b denote the vector given by the first n entries of vector b and let Z denote the
vector for which Az = b. The vector (2/,y') = (Z, max{Az — b,0}) is a feasible solution
of (LP’), where the maximum is meant component-wise and 0 denotes the m-dimensional
null vector. This is true because Az’ —y' < Az — (AZ —b) = b and y > 0. Moreover,
(2',y') is a basic solution: By the choice of Z the first n inequalities of Ax —y < b are
tight as well as the first n non-negativity constraints. For each k > m the k™ inequality
of Az —y < b or the k' non-negativity constraint is tight. Hence, the number of tight
constraints is at least 2n + (m — n) = m + n, which equals the number of variables of
(LP).

Finally, we observe that a vector (z,0) is a basic feasible solution of (LP’) if and only
if x is a basic feasible solution of (LP). Consequently, by solving the linear program (LP’)
we obtain a basic feasible solution of the linear program (LP) (if the optimal value is 0)
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or we detect that (LP) is infeasible (if the optimal value is larger than 0). The linear
program (LP’) can be solved as described in Section m However, the running time is
now expressed in the parameters m’ = 2m, n’ = m+n and §(B) (or A(B)) of the matrix

A —I
_ m (m+m)x (n+m)

mxn _Hm

Before analyzing the parameters §(B) and A(B), let us show that matrix B has full column
rank.

Lemma 3.27. The rank of matrix B is m + n.

Proof. Recall that we assumed that the matrix A given by the first n rows of matrix A
is invertible. Now (zonsider the first n rows and the last m rows of matrix B. These rows
form a submatrix B of B of the form

_ A C
B= lQan _Hm‘|

for C = [~Lnuxn, Onx(m-n)]- As B is a 2 x 2-block-triangular matrix, we obtain det(B) =
det(A)-det(—1,) # 0, that is, the first n rows and the last m rows of matrix B are linearly
independent. Hence, rank(B) = m + n. O

The remainder of this section is devoted to the analysis of §(B) and A(B), respectively.

3.6.1 A Lower Bound for §(B)

Before we derive a bound for the value §(B), let us give a characterization of (M) for a
matrix M with full column rank.

Lemma 3.28. Let M € R™*" be a matriz with rank n. Then

1 {” 1 mY, ..., T linear independent rows }
z

&(M) —i:réz[xxmax of M cmd [./\/( )y N(rp)]T -2 = e

where ey, denotes the k™ unit vector.

Proof. The correctness of the above statement follows from

1 1
5():max{5(r1,...,rn)
1 T
:max{é(N(rl),...,N(Tn)) |r ..
1T, r,T lin. indep. rows of M and
[v1, .. o]t = [N (r1), ..., N(rn)]T }

| T, ... r, T lin. indep. rows of M}

r, T lin. indep. rows of M }
= max < max ||vg|| |
k€[n]

The first equation is due to the definition of §, the second equation holds as ¢ is invariant
under scaling of rows, and the third equation is due to Claim [I] of Lemma [3.2l The
vector vy, from the last line is exactly the vector z for which [N'(r1),...,N(rp)]T - 2 = ep.
This finishes the proof. O
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For the following lemma let us without loss of generality assume that the rows of
matrix A are normalized. This does neither change the rank of A nor the value §(A).

Lemma 3.29. Let A and B be matrices of the form described above. Then

1 < 2vm—n—+1
d(B) — J(A) '

Proof. In accordance with Lemma [3.28], it suffices to show that for any m + n linearly

independent rows 711, ..., 7myn' of B and any k = 1,...,m + n the inequality
2vym—n+1
2]l < ~ 5@
holds, where z is the vector for which [N (1), ..., N (Tmin)]T - 2 = es.
Let m T, ..., 7men® be arbitrary m + n linearly independent rows of B and let k €
[m + n] be an arbitrary integer. We consider the equation B.z = er, where B =
IN(r1), ... ;N (rmsn)]t. Each row 7y is of either one of the two following types: Type 1
rows correspond to a row from A and for these we have ||| = 2 as the rows of A are
normalized. Type 2 rows correspond to a non-negativity constraint of a variable y;. For
these we have [|ry]| = 1. Observe that each row has exactly one “—17-entry within the

last m columns.

We categorize type 1 and type 2 rows further depending on the other selected rows:
Type la rows are type 1 rows for which a type 2 row exists among the rows r1,...,"m4n
which has its “—1”-entry in the same column. This type 2 row is then classified as a
type 2a row. The remaining type 1 and type 2 rows are classified as type 1b and type 2b
rows, respectively. Observe that we can permute the rows of matrix B arbitrarily as we
show the claim for all unit vectors eg. Furthermore, we can permute the columns of B
arbitrarily because this only permutes the rows of the solution vector z. This does not
influence its norm. Hence, without loss of generality, matrix B contains normalizations of
type la, of type 2a, of type 1b, and of type 2b rows in this order and the normalizations
of the type 2a rows are ordered the same way as the normalizations of their corresponding
type la rows.

Let m1, mg, and m3 denote the number of type la, type 1b, and type 2b rows, respec-
tively. Observe that the number of type 2a rows is also mi. As matrix B is invertible,
each column contains at least one non-zero entry. Hence, we can permute the columns
of B such that B is of the form

14, -4, O O

B = 0 _]Im1 @) @) c R(m—i—n)x(m—i—n)
O
—I

)

4y O LI,
0O O 0 s

where A1 and As are m; X n- and mo X n-submatrices of A, respectively. The number of
rows of B is 2mq + mg + m3 = m + n, whereas the number of columns of B is n + mq +
mo + m3 = m + n. This implies m; = n and ms < m — n. Particularly, A; is a square
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matrix. As matrix B is a 2 x 2-block-triangular matrix and the top left and the bottom
right block are 2 x 2-block-triangular matrices as well, we obtain

. 1 - 1\ ™2 ms 1
Due to the linear independence of the rows 1 ,...,7min  we have det(B) # 0. Conse-
quently, det(A;) # 0, that is, matrix A; is invertible.
We partition vector z and vector e into four components z1,..., z4 and eg), e ,61(44),

respectively, and rewrite the system Bz = ¢, of linear equations as follows:

1 1
§A121 g2 = 61(91)
—Z29 = 6;2)
1 1
gA221 — 528 = el
_24 = el(:l)
Now we distinguish between four pairwise distinct cases e,(j) %0 fori=1,...,4. In any

case recall that the rows of A; and As are rows of A, which are normalized. Furthermore,
recall that the rows of Ay are linearly independent.

e Case 1: eg) # 0. In this case we obtain zo0 = 0 and z4 = 0. This implies z; = 22,

where 2 is the solution of the equation A2 = 62‘1) + % 0= e,(cl). As the rows of matrix Ay
are normalized, Lemma yields ||2]] < 1/0(A) and, hence, ||z1]] < 2/6(A). Next, we
obtain z3 = Agz; — 2 - ekg = Asz1 — 0 = Asz1. Each entry of z3 is a dot product of a
(normalized) row from A and z;. Hence, the absolute value of each entry is bounded
by ||z1]] <2/d(A). This yields the inequality

Izl = \Jllzall2 + 22012 + l2sl2 + zall2 < /(1 + mo) - (2/6(A))2
2vm—n—+1

<
I OY)
For the last inequality we used the fact that ms < m — n.
e Case 2: e,(f) # 0. Here we obtain 2z = —egf), z4g = 0, and A1zy = 2 - eg) + 29 =
20— e,(f) = —e,(f), that is, z1 = —Z, where 2 is the solution of the equation A1Z =

e,(f). Analogously as in Case 1, we obtain ||Z|| < 1/§(A) and, hence, ||z1|| < 1/5(A).
Moreover, we obtain z3 = Agz; — 2- e,(j) = Agz1 — 0 = Aszq, that is, the absolute value

of each entry of z3 is bounded by ||z1|| < 1/§(A). Consequently,

vm—n+2 < 2vm —n +1
S ST sA)

2] < 1+ (1+ma) - (1/5(A))2 <
For the second inequality we used mg < m — n and §(A) < 1 by definition of 6(A).
In the last inequality we used the fact that m —n+1 > 1 and x + 1 < 2y/z for all
x>1/3.
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e Case 3: e,(:’) # 0. In this case we obtain zo = 0, z4 = 0, and hence, z; = 0. This yields
(3)

23 =—2-¢;  and
2] = [|23] = 2 < 2vym-—n+1
I R
where we again used 0(A) < 1.
e Case 4: 61(64) # 0. Here we obtain zo = 0, z4 = —e,(f), and hence, z1 = 0 and z3 = 0.

Consequently, we get

2vym—n—+1

= =1<
el = Nl = 1 < 2

which completes this case distinction.

As we have seen, in any case the inequality ||z]| < 2v/m —n + 1/§(A) holds, which finishes
the proof. 0

3.6.2 An Upper Bound for A(B)

Although parameter A(B) can be defined for arbitrary real-valued matrices, its meaning

is limited to integer matrices when considering our analysis of the expected running time

of the shadow vertex method. Hence, in this section we only deal with the case that

matrix A is integral. Unlike in Section [3.6.1], we do not normalize the rows of matrix A

before considering the linear program (LP’). As a consequence, matrix B is also integral.
The following lemma establishes a connection between A(A) and A(B).

Lemma 3.30. Let A and B be of the form described above. Then A(B) = A(A).

Proof. 1t is clear that A(B) > A(A) as matrix B contains matrix A as a submatrix.
Thus, we can concentrate on proving that A(B) < A(A). For this, consider an arbitrary
k x k-submatrix B of B. Matrix B is of the form

. A’ -1
B = ,
[@klx(k@) _IQ‘|

where A’ is a (k — k1) X (k — kg)-submatrix of A and I; and Iy are (k — k1) X ko- and
ki X ko-submatrices of I, respectively. Our goal is to show that |det(B)] < A(A). By
analogy with the proof of Lemma we partition the rows of B into classes. A row of B
is of type 1 if it contains a row from A’. Otherwise, it is of type 2. Consequently, there
are k — kq type 1 and ki type 2 rows.

These type 1 and type 2 rows are further categorized into three subtypes depending on
the “—17-entry (if exists) within the last k2 columns. Type 1 and type 2 rows that only
have zeros in the last ko entries are classified as type 1lc and type 2c¢ rows, respectively.
The remaining type 1 and type 2 rows have exactly one “—17-entry within the last ko
columns. These are partitioned into subclasses as follows: If there are a type 1 row and a
type 2 row that have their “—1”-entry in the same column, then these rows are classified as
type la and type 2a, respectively. The type 1 and type 2 rows that are neither type la nor
type 1c nor type 2a nor type 2c are referred to as type 1b and type 2b rows, respectively.
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Note that type 2c rows only contain zeros. If matrix B contains such a row, then
|det(B)| = 0 < A(A). Hence, in the remainder we only consider the case that matrix B
does not contain type 2c rows. With the same argument we can assume, without loss of
generality, that matrix B does not contain a column with only zeros. As permuting the
rows and columns of matrix B does not change the absolute value of its determinant, we
can assume that B contains type la, type lc, type 2a, type 1b, and type 2b rows in this
order and that the type 2a rows are ordered the same ways as their corresponding type la
rows. Furthermore, we can permute the columns of B such that it has the following form:

4 -1 O O
A4 O O O

B=|0 -1 0 O],
4; O -1 O

O 0 0 -I

where Ay, A, and As are submatrices of A’ and, hence, of A. Iteratively decomposing
matrix B into blocks and exploiting the block-triangular form of the matrices obtained in
each step yields

Al —1I I O A1 —I
|det(B)| = |det | |42 O - |det (l(@ —]I]>| =|det | |A2 O
0O -I 0O -I

) - be ()

The absolute value of the latter determinant is bounded from above by A(A). This
completes the proof. ]

3.7 Justification of Assumptions

We assumed the matrix A € R™*" to have full column rank and we assumed the polyhe-
dron {z € R"| Az < b} to be bounded. In this section we show that this entails no loss
of generality by giving transformations of arbitrary linear programs into linear programs
with full column rank whose polyhedra of feasible solutions are bounded.

3.7.1 Raising the Rank of Matrix A

For the algorithm we have assumed that the matrix A determining the polyhedron P =
{z € R"| Az < b} has full column rank. In this section we provide a solution if this
condition is not met. For this, we describe the transformation of A into a matrix A’
with full column rank by adding new linearly independent rows (we will ensure that the
d-distance property respectively the value of A is not violated by the transformation of A
into A4’).
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Transformation with respect to ¢

Assume that we have an arbitrary matrix A = [a1,...,a,]T € R™*" with rank r =
rank(A) < n. This implies that the polyhedron P = {x| Az < b} has no vertices. Let
c € R™ be an arbitrary vector. Then the linear program max{c'z | Az < b} has either no
solution (this is true if P is empty or ¢’z is unbounded) or infinitely many solutions. We
distinguish two different cases.

Case 1: c € span{ai,...,an}
Let span{ay, ..., a,}" denote the orthogonal complement of span{a,...,a,,}. Further-
more let o1,...,0,—, be an orthonormal basis of span{ay,.. .,am}. Then the set of

solutions I = {argmax clz | Az < b} equals the set
L= {v+argmaxcz|Az < b, Az = Q,v € span{ai, ..., am}},

where A = [o1,...,0,_,]. Thus we can add rows [0y, —01,...,0n_r, —0n_,] and extend the
vector b by zero entries and calculate the set of solutions (note that the d-distance-property
does not change under this extension of A by Lemma . This equals the case where
n — r basis variables are known and we can proceed as in Section by reducing the
polyhedron to dimension r.

Case 2: ¢ ¢ span{ai,...,an}
We maintain the notation from above. Then we have a linear combination

T ')"L*'I"N
c=> Lli-ai+ Y li-o
i=1 i=1

where (), # 0 for at least one k € [n — r]. Without loss of generality we may assume that
/x> 0. But z is not bounded for direction oy by A and thus ox’s coefficient in the linear
combination of  may be chosen arbitrarily large. Thus max{c'z | Az < b} is unbounded.

Finally we prove that adding rows from the orthogonal complement of (ay,...,am)
to A does not change the §-distance property.

Lemma 3.31. Let A = [ay,...,an]T € R™™ be an arbitrary matriz of rank r < n — 1
and ||a;|| = 1 for i € [m]. Let v € R™ be a vector such that ||v|]| = 1 and (v,a;) = 0 for
i € [m]. Then rank(A’) = r+ 1 and furthermore §(A’) = §(A) where A’ = [ay,. .., am,v]T
is defined by adding the new row v* to matriz A.

Proof. First choose r linearly independent rows of A. Without loss of generality we may as-

sume ay, ..., a,. To calculate 6({a1 ...,a,_1},a,) we choose a vertex = € span{ai,...,a,}
with - a; =0 for i € [r — 1] and x - a,, = 1. Let « be the angle between a, and z. Then
0({ay...,ar—1},a,) =sin(n/2 — a) = cos(a) = HHCZ”” = m
Moreover let v,09,...,0,_ be an orthonormal basis of the orthogonal complement
span{ai,...,a;}*. Then z-v = 0 and z - 0,41 = 0 for i € [n —r — 1] because of
x € span{ay,...,a,}. Thus, z is the unique solution of the system of linear equations
[a1,...,ar,v,00,... 00 2 =6,

where e, € R" denotes the r*! canonical unit vector.
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In accordance with Definition and Lemma 1, we obtain §(A) by choosing a
solution with minimum norm over all such systems of linear equations and all vectors
e; € R"™ with i € [r]. Consider now the matrix A" which is obtained by adding the row v
to A. To calculate §(A’) we have to calculate the minimal norm ﬁ of the set of solutions
of the systems of linear equations of the form

I 1 T
[al,...,a.,0,09,...,0n—y] = =€,

with ¢ € [r + 1]. In the case where i < r the set of systems of linear equations equals
the set of systems of linear equation from the case where we calculate 6(A). Thus the
minimum norm does not change and we obtain §(A") = §(A).

In the case where ¢ = r + 1 the solution of the systems of linear equations is given by

x = v and we obtain 1/||z|| = 1. But this is the maximum norm, which can be reached
by a solution x and thus the minimum norm does not change at all which completes the
proof. O

Transformation with respect to A

If we want to ensure that the value A(A) does not change under the tranformation (which
means A(A’) = A(A)) we have to consider a slight modification of the above transforma-
tion. Especially, we will add vectors e; for ¢ € [n] which are part of the canonical basis
of R™ such that e; & span{ai,...,am}.

Again, we know that in Case 1 the polyhedron is either empty or has infinitely many
solutions. Thus, if we find a solution

2’ € {argmaxclz| Az < b, Az = O},

where A = [e;,,...,e;, ] we already know that 2 also maximizes ¢ with respect to P.
Furthermore if we are in Case 2 which means ¢ ¢ span{ay, ..., a;} then the function c'x
is unbounded for elements x € P. It remains to show that A does not change by adding

rows e; to A.

Lemma 3.32. Let A = [a1,...,a,]" € Z™" be an arbitrary matriz of rank r < n — 1.
Let e; € R™ be a vector part of the canonical basis of R™ such that e; € span{ay,...,am}.
Then rank(A’) = r + 1 and furthermore A(A") = A(A) where A’ = [ay,...,am,e]" is
defined by adding the new row e;* to matriz A.

Proof. Let B be a submatrix of A’. Then either B contains no entries from row e;

(which means det(B) < A(A)) or one row of B is a subvector ¢’ of e;T. We distinguish
two different cases:
Case 1: ¢/ = 0. Then B has a zero row and thus det(B) = 0 < A(A).
Case 2: ¢/ # 0. In this case B has a row /T, which is element of the canonical basis.
Then B has the form
()
e/T :

Using the Laplace expansion, the absolute value qf the determinant of B is at most the
absolute value of a determinant of a submatrix of A which is a submatrix of A. We obtain
det(B) < A(A) which concludes the proof. O
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3.7.2 Translation into a Bounded Polyhedron

For the algorithm we have assumed that the polyhedron P = {x € R| Az < b} is bounded.
This may be done because in the case where P is unbounded we tranform P into a
polytope P’ and run the algorithm for P’. If the optimum solution is unique and not a
vertex of P, then we assert that the linear program max{c'x| Az < b} is unbounded. To
transform P we use the construction applied in [25]. First we choose n linearly independent
rows of A. Without loss of generality we may assume the rows are given by ai,...,ay.
If we find a ball B(0) with radius » which contains all vertices of P, then we define a
parallelpiped

Z={zeR"| —r<a;-x<rji€n]}

which contains all vertices of P and does not violate the §-distance property since it is
defined by rows of A. Finally, set P’ = PNZ and start the algorithm on polytope P’. Note
that P’ has d-distance since the set of rows of A did not change during the transformation.

To construct a ball with the desired properties we have to assume A € Q™" such
as b € Q", which means no loss of generality for the implementation of the algorithm.
By a slight generalization of Lemma 3.1.33 of [29] all vertices of the polyhedron P are
contained in a ball B(0) with radius r = /n - 2e0¢(AD)=1" . lem(A)™ if A € Q, where the
function enc returns the encoding length and the function lem(M) for a rational matrix
M € Qm*™ returns the least common multiple of the denominators of the entries of M.
As a convention, the denominator of 0 is defined as 1.

Lemma 3.33. If P = {z € R"| Az < b} for A € Q™ " and b € Q™, then all vertices of
P are contained in a ball B around 0 with radius r = /i - 22°<(A0) =% [jem(A)™.

Proof. We have to calculate an upper bound for the length of all vertices. Thus, for each
submatrix B of A of rank n and the corresponding subvector ¢’ of b we have to bound the
length of the solution z of Bz = V. Applying Cramer’s rule, the components z; of x are
given by
det(Bi)
T, = )
det(B)

where B; equals B after replacing the i*' column of B by . We obtain lem(B)"-det(B) =
det(lem(B) - B) > 1 since lem(B) - B is integral and non-singular. All together we obtain

. det(B,-)
~ det(B)

T < det(B;) - lem(B)"

< 2enc(Bi)—n2 . ICID(B)n

< 2enc(B,b’)—n2 . lcm(B)”

Thus, choosing r = /n - 22240 =1" . Jem(A)™ the ball B(0) with radius r contains all
vertices of P. O
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Chapter 4

Conclusion

Hierarchical Clustering In this dissertation we gave the first known lower bound for
the existence of hierarchical clusterings for the k-center problem. This leaves open a gap
between the lower bound of 2 and the upper bound of 4 also shown in this dissertation.
Moreover it leaves room for further lower bounds with respect other objective functions
like k-means. We have initiated the theoretical study of the approximation guarantee of
Ward’s method. In particular, we have shown that Ward computes a 2-approximation
on well-separated instances, which can be seen as the first theoretical explanation for its
popularity in applications. We have also seen that its worst-case approximation guarantee
increases exponentially with the dimension of the input and that it computes an O(1)-
approximation on one-dimensional instances. These results leave room for further research.
It would be particularly interesting to better understand the worst-case behavior of Ward’s
method. It is not clear, for example, if it computes a constant-factor approximation if the
dimension is constant. Our analysis of the one-dimensional case is very complex and the
factor hidden in the O-notation is large. It would be interesting to simplify our analysis and
to improve the approximation factor. We conjecture that the instance shown in Figure[2.14
is the worst one-dimensional instance for Ward’s method with an approximation factor
of 2+ v/2 ~ 3.41.

We improved the known approximation guarantees for the popular complete-linkage
method which yields an O(1)-approximate hierarchical clusterings for the diameter k-
clustering problem and the (discrete) k-center problem, assuming that d is a constant.
For this it was sufficient to improve the second phase of the analysis by Ackermann et
al. [2] (i.e., the last k merge operations). We used their results about the first phase to
obtain our results. It is a very interesting question if the dependence on the dimension
can be improved in the first phase. If we express the known lower bound of Ackermann et
al. [2] in terms of d then it becomes Q(¥/logd). Hence, in terms of d, there is still a huge
gap between the known upper and lower bounds. Another interesting question is whether
the upper bound of O(log k) holds also for metrics that are not induced by norms.

Shadow Vertex Algorithm We also have shown that the shadow vertex algorithm
can be used to solve linear programs possessing the d-distance property in strongly poly-
nomial time with respect to n, m, and 1/6. The bound we obtained in Theorem
depends quadratically on 1/6. Roughly speaking, one term 1/6 is due to the fact that
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the smaller ¢ the less random is the objective function w™z. This term could in fact be
replaced by 1/6(B) where B is the matrix that contains only the rows that are tight for .
The other term 1/ is due to our application of the principle of deferred decisions in the
proof of Lemma The smaller § the less random is w(Z).

For packing linear programs, in which all coefficients of A and b are non-negative and
one has x > 0 as additional constraint, it is, for example, clear that z = 0™ is a basic
feasible solution. That is, one does not need to run Phase 1. Furthermore as in this
solution without loss of generality exactly the constraints > 0 are tight, 6(B) = 1 and
one occurrence of 1/0 in Theorem can be removed.

119



Bibliography

1]

[10]

[11]

Margareta Ackerman and Shai Ben-David. Clusterability: A theoretical study. In
Proceedings of the Twelfth International Conference on Artificial Intelligence and
Statistics (AISTATS), pages 1-8, 20009.

Marcel R. Ackermann, Johannes Blomer, Daniel Kuntze, and Christian Sohler. Anal-
ysis of agglomerative clustering. Algorithmica, 69(1):184-215, 2014.

Sara Ahmadian, Ashkan Norouzi-Fard, Ola Svensson, and Justin Ward. Better guar-
antees for k-means and euclidean k-median by primal-dual algorithms. In Proceedings
of the 58th IEEE Annual Symposium on Foundations of Computer Science (FOCS),
pages 61-72, 2017.

Daniel Aloise, Amit Deshpande, Pierre Hansen, and Preyas Popat. NP-hardness of
Euclidean sum-of-squares clustering. Machine Learning, 75(2):245-248, 2009.

David Arthur and Sergei Vassilvitskii. k-means++: the advantages of careful seeding.
In Proceedings of the 18th ACM-SIAM Symposium on Discrete Algorithms (SODA),
pages 1027-1035, 2007.

Pranjal Awasthi, Avrim Blum, and Or Sheffet. Center-based clustering under pertur-
bation stability. Information Processing Letters, 112(1-2):49-54, 2012.

Pranjal Awasthi, Moses Charikar, Ravishankar Krishnaswamy, and Ali Kemal Sinop.
The hardness of approximation of euclidean k-means. In Proceedings of the 31st
International Symposium on Computational Geometry (SoCG), pages 754-767, 2015.

Pranjal Awasthi and Or Sheffet. Improved spectral-norm bounds for clustering. In
Proceedings of the 15th APPROX and 16th RANDOM, pages 3749, 2012.

Maria-Florina Balcan, Avrim Blum, and Santosh Vempala. A discriminative frame-
work for clustering via similarity functions. In Proceedings of the 40th Annual ACM
Symposium on Theory of Computing (STOC), pages 671-680, 2008.

Maria-Florina Balcan and Yingyu Liang. Clustering under perturbation resilience.
SIAM Journal on Computing, 45(1):102-155, 2016.

Maria-Florina Balcan, Yingyu Liang, and Pramod Gupta. Robust hierarchical clus-
tering. Journal of Machine Learning Research, 15(1):3831-3871, 2014. Appendix C,
page 4048.

120



[12]

[13]

[17]

[18]

Shai Ben-David. Computational feasibility of clustering under clusterability assump-
tions. CoRR, abs/1501.00437, 2015.

Shai Ben-David and Nika Haghtalab. Clustering in the presence of background noise.
In Proceedings of the 31th International Conference on Machine Learning, ICML
2014, Beijing, China, 21-26 June 2014, pages 280-288, 2014.

Nicolas Bonifas, Marco Di Summa, Friedrich Eisenbrand, Nicolai Hahnle, and Martin
Niemeier. On sub-determinants and the diameter of polyhedra. In Proceedings of the
28th ACM Symposium on Computational Geometry (SoCG), pages 357-362, 2012.

Karl Heinz Borgwardt. A probabilistic analysis of the simplex method. Springer-Verlag
New York, Inc., New York, NY, USA, 1986.

Tobias Brunsch. Smoothed Analysis of Selected Optimization Problems
and Algorithms. PhD thesis, University of Bonn, 2014. http://nbn-
resolving.de/urn:nbn:de:hbz:5n-35439.

Tobias Brunsch and Heiko Roglin. Finding short paths on polytopes by the shadow
vertex algorithm. In Proceedings of the 40th International Colloquium on Automata,
Languages and Programming (ICALP), pages 279-290, 2013.

James R. Cole, Qiong Wang, Jordan A. Fish, Benli Chai, Donna M. McGarrell, Yanni
Sun, C. Titus Brown, Andrea Porras-Alfaro, Cheryl R. Kuske, and James M. Tiedje.
Ribosomal database project: data and tools for high throughput rrna analysis. Nucleic
Acids Research, 2013.

Stephen A. Cook. The complexity of theorem-proving procedures. In Proc. of the 3rd
Annual ACM Symposium on Theory of Computing (STOC), pages 151-158, 1971.

Amit Daniely, Nati Linial, and Michael E. Saks. Clustering is difficult only when it
does not matter. CoRR, abs/1205.4891, 2012.

G.B. Dantzig. Programming in a linear structure. Comptroller, United States Air
Force, Washington DC, 1948.

Aparna Das and Claire Kenyon-Mathieu. On hierarchical diameter-clustering and the
supplier problem. Theory of Computing Systems, 45(3):497-511, 20009.

Sanjoy Dasgupta and Philip M. Long. Performance guarantees for hierarchical clus-
tering. Journal of Computer and System Sciences, 70(4):555-569, 2005.

Martin E. Dyer and Alan M. Frieze. Random walks, totally unimodular matrices, and
a randomised dual simplex algorithm. Mathematical Programming, 64:1-16, 1994.

Friedrich Eisenbrand and Santosh Vempala. Geometric random edge. CoRR,
abs/1404.1568, 2014.

Tomaés Feder and Daniel H. Greene. Optimal algorithms for approximate clustering.
In Proc. of the 20th Annual ACM Symposium on Theory of Computing (STOC), pages
434-444, 1988.

121



[27]

[28]

[29]

Houman Ghaemmaghami, David Dean, Robbie Vogt, and Sridha Sridharan. Speaker
attribution of multiple telephone conversations using a complete-linkage clustering
approach. In Proc. of the 2012 IEEE International Conference on Acoustics, Speech
and Signal Processing (ICASSP), pages 4185-4188, 2012.

Teofilo F. Gonzalés. Clustering to minimize the maximum intercluster distance. The-
oretical Computer Science, 38:293-306, 1985.

Martin Grétschel, Laszlo Lovasz, and Alexander Schrijver. Geometric Algorithms and
Combinatorial Optimization. Springer-Verlag New York, Inc., New York, NY, USA,
1980.

I. Heller. On linear systems with integral valued solutions. Pacific Journal of Math-
ematics, 7(3):1351-1364, 1957.

Tapas Kanungo, David M. Mount, Nathan S. Netanyahu, Christine D. Piatko, Ruth
Silverman, and Angela Y. Wu. A local search approximation algorithm for k-means
clustering. Computational Geometry, 28(2-3):89-112, 2004.

Richard M. Karp. Reducibility among combinatorial problems. Complexity of Com-
puter Computations, pages 85-103, 1972.

Leonid Khachiyan. A polynomial algorithm in linear programming. Dokl Akad Nauk
SSSR, 244:1093-1096, 1979.

Joshua Marc Koehnen. Ward-Verfahren mit k-median Zielfunktion, 2018. Bachelor’s
Thesis, in German.

Amit Kumar and Ravindran Kannan. Clustering with spectral norm and the k-means
algorithm. In Proceedings of the 51th Annual IEEE Symposium on Foundations of
Computer Science (FOCS), pages 299-308, 2010.

Shrinu Kushagra, Samira Samadi, and Shai Ben-David. Finding meaningful cluster
structure amidst background noise. In 27th International Conference on Algorithmic
Learning Theory (ALT), pages 339-354, 2016.

Euiwoong Lee, Melanie Schmidt, and John Wright. Improved and simplified inap-
proximability for k-means. Information Processing Letters, 120:40-43, 2017.

Guolong Lin, Chandrashekhar Nagarajan, Rajmohan Rajaraman, and David P.
Williamson. A general approach for incremental approximation and hierarchical clus-
tering. SIAM Journal on Computing, 39(8):3633-3669, 2010.

Stuart P. Lloyd. Least squares quantization in PCM. Bell Laboratories Technical
Memorandum, 1957. later published as [40].

Stuart P. Lloyd. Least squares quantization in PCM. [EEFE Transactions on Infor-
mation Theory, 28(2):129-137, 1982.

122



[41]

Meena Mahajan, Prajakta Nimbhorkar, and Kasturi R. Varadarajan. The Planar
k-means Problem is NP-Hard. In Proceedings of the 3rd Workshop on Algorithms and
Computation (WALCOM), pages 274-285, 2009.

Konstantin Makarychev and Yury Makarychev. Metric perturbation resilience.
CoRR, abs/1607.06442, 2016.

Ramgopal R. Mettu and C. Greg Plaxton. The online median problem. STAM Journal
on Computing, 32(3):816-832, 2003.

Rafail Ostrovsky, Yuval Rabani, Leonard J. Schulman, and Chaitanya Swamy. The
effectiveness of Lloyd-type methods for the k-means problem. Journal of the ACM,
59(6):28:1-28:22, 2012.

C. Greg Plaxton. Approximation algorithms for hierarchical location problems. Jour-
nal of Computer and System Sciences, 72(3):425-443, 2006.

Konrad Rieck, Philipp Trinius, Carsten Willems, and Thorsten Holz. Automatic
analysis of malware behavior using machine learning. Journal of Computer Security,
19(4):639-668, 2011.

Melanie Schmidt. Coresets and streaming algorithms for the k-means problem and
related clustering objectives. PhD thesis, Universitdt Dortmund, 2014.

Armin Schrenk. Konstruktion unterer Schranken fir die maximale Approximations-
giite von Ward’s method, 2017. Bachelor’s Thesis, in German.

Daniel A. Spielman and Shang-Hua Teng. Smoothed analysis of algorithms: Why the
simplex algorithm usually takes polynomial time. Journal of the ACM, 51(3):385-463,
2004.

Eva Tardos. A strongly polynomial algorithm to solve combinatorial linear programs.
Operations Research, 34(2):250-256, 1986.

Joe H. Ward Jr. Hierarchical grouping to optimize an objective function. Journal of
the American Statistical Association, 58:236-244, 1963.

123



Appendix A

Proofs from Section 3.4

In this chapter we give the omitted proofs from Section These are merely contained
for the sake of completeness because they are very similar to the corresponding proofs
in [17].

Lemma 3.9. The probability of event F. tends to 0 for e — 0.

Lemma A.1. The probability that there are two neighboring vertices z1, zo of P such that
T (20 — 21)| < e ||22 — 21]| s bounded from above by 2m"ne¢.

Proof. Let z1 and 29 be arbitrary points in R™, let v = 2o — 21, and let A, denote the
event that |c' - u| < e |jul|. As this inequality is invariant under scaling, we can assume
that ||u| = 1. Hence, there exists an index ¢ for which |u;| > 1/y/n > 1/n. We apply the
principle of deferred decisions and assume that the coefficients ¢; for j # ¢ are already
fixed arbitrarily. Then event A occurs if and only if ¢;-u; € [—¢,€] =3, ¢ju;. Hence, for
event A, to occur the random coefficient ¢; must fall into an interval of length 2¢/|u;| <
2ne. The probability for this is bounded from above by 2ne¢.

As we have to consider at most (nT1> < m' pairs of neighbors (z1, 22), a union bound
yields the additional factor of m™. O

Proof of Lemma[3.9 Let z1, 22, z3 be pairwise distinct vertices of P such that z; and z3 are
neighbors of 29 and let A, :=29 — 21 and A/, ;=23 — 25. We assume that ||A.] = ||AL]| = 1.
This entails no loss of generality as the fractions in Definition are invariant under
scaling. Let 41,...,i,—1 € [m] be the n — 1 indices for which aiszl = b, = aikTZQ.
For the ease of notation let us assume that i, = k. The rows ai,...,a,_1 are linearly
independent because P is non-degenerate. Since z1, zo, z3 are distinct vertices of P and
since z; and 23 are neighbors of 2y, there is exactly one index ¢ for which a,T 23 < by, i.e.,
agTA; # 0. Otherwise, z1, 29, z3 would be collinear which would contradict the fact that
they are pairwise distinct vertices of P. Without loss of generality assume that £ =n — 1.
Since ar ' A, = 0 for each k € [n—1], the vectors ay, ..., an_1, A, are linearly independent.

We apply the principle of deferred decisions and assume that c is already fixed. Thus,
cTA, and cTA’ are fixed as well. Moreover, we assume that ¢cTA, # 0 and cTA, # 0
since this happens almost surely due to Lemma Now consider the matrix M =
[a1,...,an_2,2,,a,_1] and the random vector (Y1,...,Y, 1,Z)T =M1 .-w=-M"1.
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[ul,...,up] - A. For fixed values yi,...,yn—1 let us consider all realizations of A\ for which
(Y1,...,Y,—1) = (y1,.--,Yn—1). Then

wTAz = (M : (?/17 -y Yn—1, Z)T)TAZ
n—2
= Z Yk - akTAz + Yn—1- AZTAZ +Z- CLn—lTAz
k=1

=Yn—-1,

i.e., the value of wTA, does not depend on the outcome of Z since A, is orthogonal to
all a. For A’, we obtain

TA, ( yla' "7yn717Z)T)TAIZ
n—
Z Y ar AL Ay AN+ Z o an o TAL

= Yn—1" AZTAZ +7Z- anflTAlz
as A/, is orthogonal to all aj except for k = ¢ =n — 1. The chain of equivalences

wTA,  wTAl

A, (TAL =°
T A/ T
wr A wr A,
UV R v
T
wr A
= wTAL € [~ [TA e |cTAL] + A AL
z
wTA

2 CETAL — vy ATAL

T A/ T A/ T A/
= Z-an—1 AZG[—€'|C ALl e e AZ”-FCTAZ

implies, that for event F. to occur Z must fall into an interval I = I(y1,...,yn—1) of
length 2¢ - |cTA”|/|an,—1TA”|. The probability for this to happen is bounded from above

by
cTAL

22 oAy dn - |c" A
6(r1, ...y rn) - mingepy Ikl — 6(re, . rn) - mingep [rell - lan—1TAL| ©
=5
where [r1,...,7,] = =M~ -[uq,...,uy]. Thisis dueto (Y1,...,Yn 1,2)T =[r1,...,7a] A
and Corollary (applied with ¢ = 1). Since the vectors rq,...,r, are linearly indepen-
dent, (r1,...,m,) is a well-defined positive value and mingep, [|[7x[| > 0. Furthermore,

lan—1TA’| > 0 since i,_1 is the constraint which is not tight for 23, but for z;. Hence,
T A/
wid, WA, SE] — 0 fore = 0.

v < 00, and thus Pr [

cTA, cTA/,
As there are at most m3" triples (z1, 20, 23) we have to consider, the claim follows by
applying a union bound. O

Lemma 3.10. Let © = w4 and let R = R be the path from 7(xo) to the rightmost
vertez p, of the projection w(P) of polytope P. Furthermore, let p* be the rightmost vertex
of R whose slope does not exceed t. Then p* = 7w(x*).
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(a) Relation between R and R (b) Relation between R an R

Figure A.1: Relations between R, R, and R

Proof of Lemma[3.10, We consider a linear auxiliary function w: R" — R, given by
w(z) = wls + v -b;. The paths R = R, and R are identical except for a shift by
7 - b; in the second coordinate because for ™ = 7. we obtain

w(e) = (c'z, @'z +7-bi) = (c'z, @ 2) + (0,7 - b;) = 7(x) + (0,7 ;)

for all z € R™. Consequently, the slopes of R and R are exactly the same (see Figure.

Let & € P be an arbitrary point from the polytope P. Then, w'ex = wTa —~v-a;Tz >
w'z — v - b;. The inequality is due to v > 0 and a; 'z < b; for all z € P. Equality
holds, among others, for x = z* due to the choice of a;. Hence, for all points z € P
the two-dimensional points 7(x) and 7(z) agree in the first coordinate while the second
coordinate of 7(z) is at most the second coordinate of 7(z) as w(z) = W o +y-b; > w'z.
Additionally, we have 7(2*) = 7(x*). Thus, path R is above path R but they have point
p* = m(x*) in common. Hence, the slope of R to the left (right) of p* is at most (at least)
the slope of R to the left (right) of p* which is at most (greater than) ¢ (see Figure [A.Th).
Consequently, p* is the rightmost vertex of R whose slope does not exceed t. Since R
and R are identical up to a shift of (0,7 - b;), #(2*) is the rightmost vertex of R whose
slope does not exceed t, i.e., 7(x*) = p*. O

Lemma 3.14. For any ¢ > /n, any t > 0, and any € > 0 the probability of event A is
bounded by
2mn’e dmne
Pr[A;.] <
rldee] = max {2,t} 02 = 42

Proof of Lemma[3.1]. Due to Lemma [3.13] it suffices to show that

l 2mn’e _ 2n2e
m max{%,t}-62 max{Z,t} 02

Pr [Ei,t,e] <
for any index i € [m].
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We apply the principle of deferred decisions and assume that vector c is already fixed.
Now we extend the normalized vector a; to an orthonormal basis {q1,...,¢,—1,a;} of R"
and consider the random vector (Y1,...,Y, 1,Z)T = QTw given by the matrix vector
product of the transpose of the orthogonal matrix @ = [q1,...,¢n—1,a;] and the vector
w = —[uq,...,uy] A For fixed values yi,...,yn—1 let us consider all realizations of A\ such
that (Y1,...,Y,—1) = (y1,...,Yn—1). Then, w is fixed up to the ray

n—1
’LU(Z) :Q(yhaynflaZ)T: ZyJQJ‘FZCLl:U—FZal
j=1
for v = ;‘:_11 yj - qj. All realizations of w(Z) that are under consideration are mapped

to the same value w by the function w — w(w,1), i.e., W(w(Z),i) = @ for any possible
realization of Z. In other words, if w = w(Z) is specified up to this ray, then the path
R i(w,s) and, hence, the vectors y* and § from the definition of event Ej; ., are already
determined.

Let us only consider the case that the first condition of event E; ;. is fulfilled. Other-
wise, event F; ;. cannot occur. Thus, event Ej; ;. occurs iff

T

w .
(t,t+e] > T

@>@

—y") vt
—y*) e

|

%
y*)JrZ,
—y

=« :;5

The next step in this proof will be to show that the inequality |8| > max {2t} - 2
is necessary for event F;;. to happen. For the sake of simplicity let us assume that
|9 — y*|| = 1 since B is invariant under scaling. If event E;; . occurs, then a; y* = b;, § is
a neighbor of y*, and a; ' # b;. That is, by Lemma Claimwe obtain |a;*-(§—y*)| >
0 l§ — y*|| = 0 and, hence,

> .
et (G =)l

On the one hand we have |cT - (§ —y*)| < |lell - |9 — v*|| < (1 + %) -1 < 2, where the

second inequality is due to the choice of ¢ as perturbation of the unit vector ¢y and the
T (f5__a*

third inequality is due to the assumption ¢ > y/n. On the other hand, due to W >t

(9—y*) =
we have .
. 7 —_— * . 7 —_— *
T (G — )] < lw” - @ =yl wll- g =yl 7
t t t
Consequently,
0 n 0
|B] > —————~ =maxq{ —,tp - —.
min {2, % 2 n

Summarizing the previous observations we can state that if event E; ;. occurs, then |3| >
max {5t} - % and o+ Z - B € (t,t + ¢]. Hence,

Z-Bett+e—a,
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ie., Z falls into an interval I(yi,...,yn—1) of length at most e¢/(max {%,t} - d/n) =
ne/(max {%,t} - §) that only depends on the realizations y1,...,yn—1 of Y1,...,Y,_1.
Let B; ¢ denote the event that Z falls into the interval I(Y,...,Y,_1). We showed that
Eii. C Bj.. Consequently,

Pr|E;;.] < Pr[Bis.] < STTE D 2n’e
i,te] = i,tel = 5(QTU1, L ,QTUn) - max{%,t} 627
where the second inequality is due to Corollary (applied with ¢ = 1): By definition,
we have

(Yl, ce ,Yn_l,Z)T = QTU] = QT . —[ul,. . .,un] A= [—QT’U,l, ey —QTun] "
The third inequality stems from the fact that 6(—QTuy, ..., —QTuy,) = 6(uy,. .., un) > 9,
where the equality is due to the orthogonality of —@ (Claim [2| of Lemma . O
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