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Summary

The first part of this thesis deals with gluing together several copies of an open sub-
set of a metric measure space along the complement. This construction results in a
metric measure space. We identify the Cheeger energy and the heat flow on the glued
space in terms of the corresponding objects of the underlying space. Surprisingly,
the heat flow on the glued space can be expressed by using the heat flow on the
underlying space and the heat flow on the open subset with homogeneous Dirichlet
boundary conditions. This yields a possibility to deal with the Dirichlet heat flow
in terms of optimal transport theory. When the glued space satisfies a lower bound
on the Ricci curvature, we can infer a gradient estimate and an equivalent Bochner
inequality for the Dirichlet heat flow.

As the Dirichlet heat flow does not preserve mass, we have to deal with measures
of unequal masses. This makes the usual Kantorovich-Wasserstein metric useless.
Instead, using a new heuristic particle interpretation for the Dirichlet heat flow that
also uses antiparticles, we can assume the sum of particles and antiparticles to be
constant and use the Kantorovich-Wasserstein metric on such sums. However, this
only yields a semi-metric (i.e. the triangle inequality might not be satisfied). There
is a standard way to define an induced metric from this, and we will even go a step
further and define the induced length metric from it.

Another related metric is obtained by studying the one-point completion of the open
subset; the added point will serve as a cemetery which makes it possible to view a
subprobability measure on the open set as a probability on the one-point completion
and thus using the Kantorovich-Wasserstein metric on this space.

Deriving some representation formulas in terms of other transport costs, we can com-
pare these metrics and also clarify the relationship to weak convergence of measures.
The most precise results are obtained in the case p = 1. Again under the assumption
that the glued space has a lower bound on the Ricci curvature, we get contraction
results in various of these new metrics.
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Chapter 1

Introduction

The theory of optimal transportation has seen an explosive growth both in content
and popularity over the last 15 years. This is due to close connections with geometry,
analysis, and stochastic processes. Out of these connections in classical settings
like Euclidean spaces and Riemannian manifolds, a synthetic theory of analysis and
geometry in metric measure spaces has evolved.

In this thesis we construct a metric measure space by gluing together several
copies of a given subset of a space and identify its heat flow in terms of heat flows on
the underlying space. This in turn will be used to get a description of the heat flow
with homogeneous Dirichlet boundary conditions on the underlying space. Assuming
a Ricci curvature bound on the glued space, we can infer gradient estimates and
contraction results for this heat flow.

As the heat flow with Dirichlet boundary conditions is not mass preserving, for
the latter we need to introduce a metric between measures of unequal mass. A large
part of this thesis is devoted to study a number of (generalized) metrics on the space
of subprobability measures.

Major results of this thesis appear in the preprint [PS18].

The rest of this chapter will give an informal overview of the involved subjects
and our main results.

1.1 Analysis in Metric Measure Spaces

Among the possible approaches to analysis in metric measure spaces, we focus on
the one by Ambrosio, Gigli & Savaré which was developed in the last ten years (see
[AGS14a, AGS14b]) in the course of studying Ricci curvature bounds in these spaces.
It is built on work by Cheeger [Che99|. Thanks to the works of Gigli [Gigl5h, Gigl§|
it is by now a very elaborate theory that encompasses a full first-order calculus
in metric measure spaces, and a second-order calculus on spaces satisfying a Ricci
curvature bound. We will not need this full apparatus and instead stick to the more
basic notions that have been around since [AGS14a, AGS14b].

Our setting will be the one of a metric measure space (X, d, m) consisting of a
complete, separable metric space and a Borel measure which satisfies an integrability
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condition so that it is in particular finite on bounded subsets. Starting from difference
quotients of Lipschitz functions, a relaxation procedure yields the so-called Cheeger
energy, which mimics the L?-norm of the gradient of a function. Those L?-functions
whose Cheeger energy is finite will constitute the Sobolev space W12, They admit
an integral representation

cn(f) =5 [ 191 dm

of the Cheeger energy with the weak gradient |V f|. This weak notion of a modulus
of the gradient coincides with the usual one in Euclidean space and Riemannian
manifolds, and it satisfies a set of rough calculus rules. However, in general the
Cheeger energy is not a quadratic form, and the Sobolev space equipped with the
norm

| £lwz = /1122 +2Ch(s)

will only be a Banach and not a Hilbert space. Still, this is enough to define a
Laplacian A by means of convex analysis (as the element of minimal L?-norm in the
subdifferential of Ch). Subsequently, the theory of gradient flows in Hilbert spaces
provides us with a heat flow P;, given as the L2-gradient flow of the Cheeger energy.
The lack of Ch being a quadratic form now carries over to the Laplacian and heat flow
not being linear. While for many purposes in connection with studying curvature-
dimension bounds on metric measure spaces this poses no problem, for us it will be
necessary to restrict to spaces whose Cheeger energies are quadratic forms. Those
spaces will be called infinitesimally Hilbertian. In this situation, the quadratic form
& = 2 Ch can be polarized, yielding a strongly local, quasi-regular Dirichlet form

D(&) = w2,
E(f,9) :/ Vf-Vgdm for f,g € W2,
X

The theory of Dirichlet forms provides now close explicit connection between the
form &£, the Laplacian A and the semigroup P;. For instance, the Laplacian is then
a self-adjoint, non-positive linear operator, connected to £ via integration by parts

E(fg) = /X fAgdm,

and the heat flow is the linear semigroup P, = e'2.

If we consider now an open subset Y C X, we can also study the Dirichlet
heat flow P? on Y, i.e. the semigroup associated to the Dirichlet form obtained by
restricting £ to functions that vanish on X \ Y. Both heat flows enjoy nice regularity
properties; through the existence of (sub-)Markovian kernels we can define dual heat
flows for measures, &, corresponding to P;, and &) corresponding to PY. In the
classical setting of a manifold with boundary, taking Y as the interior, P? would be
the heat flow with Dirichlet boundary conditions while P, would be the heat flow
with Neumann boundary conditions.
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1.2 Optimal Transport and Ricci Curvature Bounds

The other ingredient for doing geometric analysis in metric measure spaces is optimal
transport. The theory of optimal transport dates back to 1781, when Gaspard Monge
published the article “Mémoire sur la théorie des déblais et des remblais” [Mon81]
and discussed how to optimally transport soil to a factory. In modern terms the
problem is formulated in the following way: Given a complete, separable metric
space (X,d) and a cost function ¢: X x X — R telling us how expensive it is to
transport mass from a place x € X to a place y € X, and two probability measures
w,v € P(X) representing the pile of soil and its destination, we want to minimize
the transportation cost

/ e, T(x)) du(x)
X

over all maps T: X — X transporting p to v, which means that the push-forward
defined by Ty pu(A) = u(T~1(A)) satisfies Ty = v. This problem is not particularly
well-posed as it is for instance impossible to transport a Dirac mass u = d, to
something that is not a Dirac, so for instance to v = %53/ + %(2 with y, z # x. This
is because a transport map 1" cannot describe how to split mass.

It took quite a while for the theory to grow up and overcome this obstruction.
Monge’s problem got a satisfactory solution only in 1942, when Leonid Kantorovich
relaxed the problem in a way that one easily obtains existence of minimizers (see
|[Kan58| for the English translation of the original Russian [Kan42]). The idea is
to allow mass to split, i.e. the mass given at a point = is allowed to split and be
transported to different points y and z. This however cannot be described by a func-
tion, which to every x associates only one point y. Instead, one takes a probability
measure ¢ on the product space X x X and requires it to have as marginals the
measures p and v, i.e. ¢(A x X) = u(A) and ¢(X x A) = v(A) for measurable sets
A C X. Then one wants to minimize

/ c(x,y)dq(z,y)
XxX

over all such couplings q of ;4 and v. As a minimization problem it has much better
properties than the original problem of Monge. First of all, the product measure
1RV is a coupling, so the set of admissible couplings is non-empty. Furthermore the
problem is linear in ¢ with linear constraints, while the constraint on the transport
map T was nonlinear. Together with Prokhorov’s theorem (i.e. compactness in the
space of probability measures) this makes it easy to prove the existence of minimizers
by use of the direct method of the calculus of variations. Kantorovich’s problem is a
relaxation of Monge’s problem in the sense that each transport map 7" in the Monge
problem induces a coupling (id, T") 4 between p and Tiyp.

Cost functions of particular interest are powers of the distance function, dP with
p € [1,00). They yield the so-called Kantorovich-Wasserstein distances on the set of
probability measures:

W= it ([ e dq@,y));

gEP(X xX)
q(-x X)=p,q(X x-)=v
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To get a finite metric and not just an extended metric, we have to restrict to
probability measures of finite p™ moment, the space Pp(X). The metric space
(Pp(X), W,) (known as p-Wasserstein space) is a complete, separable metric space
and W, metrizes the weak convergence in Pp(X), i.e. the weak convergence of the
measures plus the convergence of their pt" moments. Furthermore, the Wasserstein
space shares some properties of the underlying space; for instance it is a compact
space if and only if X is. For us the basic metric geometry of the space is of im-
portance. A metric space X is said to be a geodesic space, if for any two points
x,y € X there exists a constant-speed, minimizing geodesic connecting them, i.e. a
curve v: [0,1] — X such that v = z, y1 = y and

d(ys; i) = |s — tld(x, y) (1.2.1)

for every s,t € [0,1]. It turns out that the Wasserstein space is a geodesic space if
and only if X is. There is a useful characterization of geodesics in the Wasserstein
space which allows to express them via measures on the space of geodesics on X,
which in turn lets us use (1.2.1) in integrals involving the optimal coupling.

From the point of view of geometry, the special choice p = 2 is the most im-
portant. In Euclidean space and Riemannian manifolds, optimal couplings for the
Wa-metric are characterized quite precisely, and for measures p, v absolutely contin-
uous with respect to the Lebesgue or Riemannian volume measure, respectively, such
optimal couplings are indeed given by transport maps which are induced by a gradi-
ent of a potential ¢. Given a Riemannian manifold (M, g, vol), viewing Ps(M) as a
formal Riemannian manifold whose Riemannian distance is given by the Kantorovich-
Wasserstein distance, a geodesic p; in Po(M) is characterized by two equations, once
the continuity equation

at,ut + div(,uthot) =0

(understood in a distributional sense) telling us that we actually have a continuous
curve of probability measures, and then a Hamilton-Jacobi equation

1
Oy + §’V(Pt‘2 =0

for the potential (or “tangent vector field”) which means that the curve is a geodesic
in the Wasserstein space. Doing formal Riemannian calculations while completely
ignoring integrability and regularity issues, one can easily compute derivatives of
functionals defined on Po(M). This way one can guess for instance that certain
classes of partial differential equations can be described as gradient flows on the
Wasserstein space. A gradient flow is an ordinary differential equation of the form

Ou = —VE(u)

for some energy (or entropy) functional E, see for instance [AG13, AGS08, Ott01].
Heuristically speaking, a gradient flow curve moves in a direction that minimizes the
energy (as the gradient points in the direction of steepest descent). Basic existence
results for gradient flows can be obtained if the functional E is (K-)convex. In that
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case one can also deduce useful contraction results.
The first (and for us most important) result in this direction was the description of
the heat equation as gradient flow of the relative entropy

Ent(f dvol) = / flog f dvol
M

obtained in [JKO98|. If the entropy is convex, then the heat flow exists, and in fact
it is the flow & that one obtains by duality from the heat flow P, connected to a
quadratic Cheeger energy.

Convexity can be formulated in abstract geodesic metric spaces, but assuming this
formal Riemannian structure of P(X), one can heuristically compute the Hessian of
the functional by taking a second derivative along a geodesic py with corresponding
potential ¢y, getting

2

Hess(Bnt) () (1, 1) = 73 Eut) = [ [Fess i+ Ric(Vir, Vi) dval.
The occurrence of the Ricci curvature shows the close connection of the relative
entropy to the Ricci curvature of the underlying manifold. We see in particular that
the entropy is K-convex, K € R, if the Ricci curvature is bounded below by K. In
the seminal paper [vRS05]|, the authors showed that the K-convexity of the entropy
is actually equivalent to a lower bound on the Ricci curvature. The big advantage is
that the K-convexity can simply be formulated as

Bnt(ju) < (1 — 1) Ent(jao) + 1 Bnt(n) — o 11— )Wa(po, i)’

for every Wa-geodesic p, not using any sort of differentiability, but only the geodesics
of the Wasserstein space and the reference measure to define the entropy. One can use
this now as a definition for lower Ricci curvature bounds in metric measure spaces,
the so-called CD(K, c0) condition (“CD” for curvature-dimension). This was done
independently in [Stu06a] and [LV09]. Many geometric and analytic results valid for
Riemannian manifolds whose Ricci curvature satisfies Ric > K have been shown to
hold also in metric measure spaces satisfying the CD (K, co) condition. By using other
entropy functionals, and a more complex notion of convexity, one can also incorporate
an upper bound on the dimension of the space, resulting in more precise estimates.
This was initiated in [Stu06b]. We will not need the dimensional bound in this
thesis, but instead we will use a different reinforcement of the curvature-dimension
condition by adding the assumption that the space is infinitesimally Hilbertian; this
will be called the RCD(K, 00) condition (“R” for Riemannian), and it appeared first
in [AGS14b|. While the class of CD(K, c0) spaces contains also Finsler manifolds
(whose tangent spaces are equipped with norms instead of scalar products as for
Riemannian manifolds), the latter excludes those and enforces the spaces to behave
more Riemannian.

Under some weak technical assumptions, the RCD(K, 0o0) condition is equivalent
to a number of useful inequalities, namely the Bochner inequality

1
SAIVIE =V -VAf > K|V,
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which has to be understood in a weak sense (and which has been the starting point
of defining synthetic Ricci curvature bounds in the setting of Dirichlet forms in the
80s, see [BES5]), gradient estimates

VP fI? <e?KP (|Vf|2) ;
and Wasserstein contraction results
Wg(@tu, @tl/) S G_KWQ(H, l/)

for the heat flows. One of our goals will be to get similar statements for the heat
flow with Dirichlet boundary conditions.

1.3 Gluing of Metric Measure Spaces

Once these basics are settled, one can try to study the corresponding objects on
related spaces, like weighted spaces (i.e. taking a weighted measure e~"'m) [AGS14a),
products [AGS14b|, quotients [GGKMS18|, warped products [Ket13], cones [Ket15],
conformal changes [Stul8, Han19|. Expecting things to be similar to the case of
Riemannian manifolds, the aim is to see if curvature bounds are inherited in the
sense that one can estimate a lower bound of the Ricci curvature of the resulting
space in terms of the lower bound of the original space(s). For this it might be
necessary to identify objects like the Cheeger energy or Laplacian in terms of the
underlying space.

We will be concerned with gluing together spaces. Gluing together topological
spaces along subsets is a well-known construction. Beginning with Alexandrov in the
40s, gluing has been studied in connection with curvature bounds a number of times,
but mostly in Alexandrov spaces (i.e. metric spaces with a synthetic lower bound on
the sectional curvature), see [Aleb5, “Verheftungssatz” Kap. IX, §3], [Pog73, Chapter
I, §11], [Per91, 85|, [Pet97, Theorem 2.1]. When gluing together smooth Riemannian
manifolds, the resulting space is no longer a manifold of the same kind, since the
resulting glued metric will in general only be continuous across the gluing edge,
and not smooth. One can view this space as an Alexandrov space, and indeed this
idea has been exploited to deal with manifolds with boundary, see [Kos02, Theorem
1.1]. More recently, Schlichting [Sch14,Sch12| applied the method of [Kos02] to show
preservation of various curvature bounds (among them Ricci curvature) on manifolds
in an approximate sense which we will use later to give the Riemannian case as an
example. See also [PV16] for a similar result. In [Pau05], metric measure spaces
equipped with Dirichlet forms are glued together and the doubling property of the
glued measure and the Poincaré inequality on the glued space are studied. Apart from
curvature bounds, the doubling of manifolds with boundary has also been applied by
other communities to produce a related manifold without boundary, see for instance
[AB64].

Unlike for Alexandrov spaces and Riemannian manifolds, in metric measure
spaces there is as of yet no notion of boundary. Hence, there is no natural sub-
set at which we can glue together these spaces. Instead, given two metric measure
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Figure 1.1: Gluing two copies of a triangle along a “bad” boundary

spaces, we have to choose isometric subsets at which to glue them together. The
resulting space can easily be turned into a metric measure space. As simple exam-
ples show, it is however not possible to preserve synthetic Ricci curvature bounds
when gluing together metric measure spaces. Take for instance a triangle X in R?
and view it as an abstract metric measure space endowed with the Euclidean dis-
tance and Lebesgue measure. As a convex subset in the Euclidean plane it has Ricci
curvature bounded below by 0. Taking as an open subset Y everything but one of
the sides, the gluing of two copies along X \ Y has Ricci curvature bounded below
by 0 if and only if it is convex. Thus, an example as in Figure 1.1 shows that the
curvature bound is in general not preserved. Also, a recent preprint by Rizzi shows
that gluing in “smooth” metric measure spaces does not preserve the dimension in
the measure-contraction property [Riz18|. We will focus on the special case of gluing
together two copies of the same space along the complement of an open subset. This
allows us to identify the heat flow on the glued space in terms of heat flows on the
separate copies. Let us give a few details.

_,X{}

Figure 1.2: Gluing two copies of Y’

Y CX open
—_—PPPP
Xt

/-\ /-\
s g ~—

It is easy to see that gluing together metric measure spaces results naturally in a
metric measure space: Given a space (X, d, m) and an open subset Y C X, consider
two exact copies of this, named X, Y™ and X~,Y . Then the doubling of Y is the
space X=Xt LI X~/ ~ where we identify points in X\ Y with the corresponding
points in X~ \ Y7, see Figure 1.2. A distance on this space is given by

Al y) = d(z,y), if 2,y € X?
’ inszX\Yd(x7z)+d(z7y)7 ifxEXi,yGXj’i#j.

As a measure we define, for a measurable subset A C X,

1 1
m(A) = §m+(AﬂX+) - 5m‘(AmX‘).
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Being a metric measure space, it possesses a Cheeger energy Ch and the related
Laplacian A and heat semigroup P;. Our first main result will be a characterization
of the heat flow in terms of the heat flows on the single copies X. It will turn out
that the Cheeger energy on Xisa quadratic form because the one of X is, and for
a function u: X — R, its heat flow will be

1 —\ o 1po -
P — {ZPt(u++u )+ 5P (ut —u”), on X (13.1)

P (ut+u")+ 3P (u” —uT), on X~

Ultimately this formula will help us to study the heat flow with Dirichlet boundary
conditions. The occurrence of the heat flow with Dirichlet boundary values on the
glued space may be surprising at first. It is due to the fact that the mass on the
separate copies does not need to be preserved, since it can move to another copy.
There is the following heuristic explanation for this formula in terms of a particle
interpretation. Recall that the heat equation with Neumann boundary conditions
is related to Brownian particles reflected at the boundary, whereas the one with
Dirichlet boundary conditions corresponds to particles killed at the boundary. In
the glued space Y there is no boundary any more, so the heat equation is related to
a Brownian particle in the glued space, which means for instance, if it starts on the
upper half Y+ and approaches the boundary dY ™+, then it can either “return” and
stay on this upper half or it can change to the lower half, meaning it is killed on the
upper half. On the upper copy, this behavior is captured by the terms

1 1,
§Ptu+ + §Pt 'LL+.

But there are also particles on the lower copy which are killed there and move to the
upper copy; those are represented by

1. 1.,
§Ptu —§Ptu

1.4 Transportation Metrics for Subprobabilities

There is an equivalent way to express this intuition, namely instead of having two
copies of the space we can consider two kinds of particles. We will call them particle
and antiparticle. They can change their type when they hit the boundary of Y C X;
half the time they continue with their type, and half the time they change to the
other type. The total number of particles plus antiparticles will stay constant, and
particles and antiparticles staying in the same site will annihilate. To describe such
an ensemble of particles and antiparticles, we consider charged probabilities, couples
(oF,07) of subprobability measures o’ that coincide when restricted to X \ Y, and
the sum of which is a probability.

We will define a “Kantorovich-Wasserstein” metric Wp on the space of charged
probabilities and show that there is an isometry between this space and the Wasser-
stein space (P,(X),W,) over the doubled space. This metric will be the starting
point in our journey to defining a metric on the space of subprobabilities. Along
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Figure 1.3: Geodesic in one-point completion Y’

the way, there will appear numerous almost-metrics. A first attempt to define such
a distance is the following: Given subprobability measures p and v on Y C X (not
necessarily with the same mass), we consider charged probabilities o and 7 such that
their effective measures o = ot T — 77 equal p and v, and as

distance between u and v we take

—o and ™ =7

WO(u,v) = inf W (o, 7)

where the infimum is over all such charged probabilities. Unfortunately, W9 does
not satisfy the triangle inequality. To overcome this difficulty, we introduce the
biggest metric below W9, called W”, and further pass to its induced length metric
WH. For all these functions, we derive various representations that make it possible
to compare them. We will often focus on the case p = 1 since then it is possible to
get more precise results. For instance, we will show that

: [ R
W (p,v) = inf {W1(M1, vi)+5 Wi (o, o) +5 Wi (vo, vo) | 1 = 1 + pio, v = vi + vo,
(1 +ro)(X) <1,
(v + o) (X) <1},

where Wi (1o, po) is the annihilation cost given by the optimal transport problem
with the reflection distance d*(z,y) = inf,cx\y d(z, 2) +d(z,y). This auxiliary cost
measures the distance that is needed to annihilate an ensemble of particles because
they have to travel via the boundary to become antiparticles. Similarly we will get
that

- 1 * 1 *
Wf(,ua V) = mf{Wl(,uL V1)+§W1 (M07H0)+§W1 (vo,v0) | = p1+po, v = V1+V0}'

The proof of this requires more auxiliary costs, and a comparison to the Kantorovich-
Wasserstein metric W, on the so-called one-point completion Y' =Y U {0} of Y.
Intuitively the idea is to contract the topological boundary of the open set Y to one
extra point and define a metric that decides whether it’s shorter to move inside Y
or to move through the “boundary point”, see Figure 1.3. This point will serve as
a cemetery, enabling us to keep the “lost” mass and thus deal with subprobability
measures on Y via probability measures on the one-point completion. In the case
p = 1, the metric W7 interpreted as a metric on the space of subprobability measures
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on Y will equal the above-mentioned metrics W{’ and Wf , while in the case p > 1
we get the ordering W] < Wg < Wg < W,. A consequence will be that for compact,

geodesic spaces X, the metric Wg metrizes the vague convergence of subprobability
measures on Y.

The idea of adding mass at the boundary like we do with WI', has also been used
in [FG10] in the setting of open, bounded subsets of R", where the authors allow to
create and destroy mass at the boundary. While we add up mass to get probability
measures, they more generally allow to create and destroy mass to get measures of
equal mass. They obtain a gradient flow description of the heat equation with strictly
positive, constant Dirichlet boundary conditions. However, it does not apply to the
study of the heat flow with vanishing Dirichlet boundary conditions. See Remark
4.4.4 for more related to their metric. Other approaches to metrics on the space of
finite Radon measures have been taken in [LMS18,PR14, KMV16, Maill].

1.5 The Heat Flow with Dirichlet Boundary Conditions

Finally we want to use the previous results to infer some information about the heat
flow with homogeneous Dirichlet boundary conditions.

For this we will from then on assume that the glued space is an RCD(K, c0)
space. This immediately provides us with a gradient estimate and a Wasserstein
contraction for the heat flow on X. Through formula (1.3.1), from this we can
deduce corresponding inequalities involving the heat flow with Dirichlet boundary
conditions, however also using the “usual” heat flow P;. The gradient estimate for a
function f € Wh2(X) with f =0on X \ Y is

VP fI2 < e2KIP,(|Vf?) m-ae. in X.

This gradient estimate is equivalent to the following weak Bochner inequality: for f
in the domain of the Dirichlet Laplacian A® and such that A°f € W12 with f =0
on X \ Y, and for a bounded, non-negative ¢ in the domain of A:

1
2/A¢\Vf|2dm—/wf.VA0fdmzK/¢\Vf|2dm.

Thanks to the self-improvement property of the Bochner inequality as shown by
[Sav14], both inequalities actually hold in a p-version for every p € [1, 00).

A related aim is to get Wasserstein-contraction-like results for the heat flow with
Dirichlet boundary values. Again, the lower Ricci curvature bound on the glued
space directly supplies the Wasserstein contraction for the heat flow 2 in the metric
W. This lets us deduce contraction results with the same coefficients for the heat
flow with Dirichlet boundary condition in the previously introduced semi-metric WI?:
given subprobability measures p and v, their Dirichlet heat flows satisfy

WP, P00) < 7 W),

and the same with the metrics Wg, W and wy.

10



1.6 Outline of the Thesis

1.6 Outline of the Thesis

In Chapter 2 we collect basic definitions and well-known facts concerning analysis
in metric measure spaces and optimal transport theory. Moreover, we prove basic
results concerning the one-point completion Y’, regularity properties of the heat
semigroups, and the existence of Wi-geodesics that are supported on geodesics.

Chapter 3 discusses the gluing of £ € N copies of the same metric measure
space, and identifies the Cheeger energy and hence also the heat flow in terms of the
Dirichlet and Neumann heat flows on the underlying space.

The following Chapter 4 starts the discussion on transport metrics for subprob-
ability measures. First, by introducing a sort of “Wasserstein” space of charged
measures (which will be equivalent to the Wasserstein space of the doubled space),
and then by successively going to Wz? , WI';, Wﬁ, W; and studying in detail the con-
nections between those functions.

Finally Chapter 5 discusses the implications of a curvature condition on the dou-
bled space, in particular the consequences for the heat flow with Dirichlet boundary
conditions.

11



1 Introduction

1.7 Table of Metrics and Heat Flows

As we will encounter as much as 9 generalized “W-metrics”, let us give a short
overview where to find the definitions:

W, usual Kantorovich-Wasserstein metric on Pp(X), (2.5.2)

W, transportation metric on P,(Y|X), Def. 4.1.2

Wz[a) transportation-annihilation pre-metric on Plf“b (Y), Def. 4.2.1
Wg pseudo-metric on P;“b(Y), (4.3.1)

Wg transportation-annihilation metric on P;“b(Y), Def. 4.3.2

W, Kantorovich-Wasserstein metric on P,(Y”), based on shortcut metric d’,
Def. 4.4.1

Wg transportation cost “over the boundary” on measures on Y of the same
mass, Def. 4.4.1

W, annihilation cost; meta-metric on measures on X of the same mass, Def.

4.2.3

Wp Kantorovich-Wasserstein metric on ’Pp(f( )

Since a similar number of heat flows is turning up, we give an overview; their defini-
tions can be found in Section 2.3:

12

P, heat flow for functions on X with “Neumann boundary conditions”
P, heat flow for measures with “Neumann boundary conditions”

Pt0 heat flow on Y with “Dirichlet boundary conditions”

) heat flow for measures “with Dirichlet boundary conditions”

P, heat flow for functions on the glued space

2, heat flow for measures on the glued space

P, heat flow for charged measures



Chapter 2

Preliminaries

In this chapter we introduce the main objects of study, and give the main properties.
Furthermore we collect some technical results.

2.1 Length Spaces

We start with the study of length and geodesic spaces. They are a natural starting
point for doing geometry in an abstract setting because they allow to measure dis-
tances by the length of curves, and curves are needed to study convexity which in
turn is at the basis of defining synthetic curvature bounds. After introducing some
general notions connected to metric spaces we turn to length and geodesic spaces
and prove some equivalent characterizations of the definitions. Anything not proven
here can be found for instance in [BBI0O1, BH99| (note however that our definitions
sometimes differ from those in [BBIO1]| who for instance allow the value +oo for a
metric).

A metric space is a set together with a function giving distances between points.
The following definition specifies this.

Definition 2.1.1. Let X be a set. A function d: X x X — R is a metric if for all
x,y,z € X:

Positivity:  d(x,y) >0
Vanishing diagonal: d(z,z) =0
Definiteness: d(z,y) > 0 if x # vy,
Symmetry: d(x,y) =d
Triangle inequality: d(z,y) < d
Then (X, d) is called a metric space. The metric d will also be called distance.
Among the possible variations of this definition we will encounter:

Extended metric:  Also the value 400 may be attained.

Pseudo-metric: May vanish also outside the diagonal.
Meta-metric: Not necessarily vanishing on the diagonal.
Semi-metric: Does not need to satisfy the triangle inequality.

13



2 Preliminaries

In Chapter 4, while attempting to define a metric on the space of subprobability
measures, we will encounter a function that does not satisfy the triangle inequality.
There is the following elementary way of producing a metric out of it.

Lemma 2.1.2. Consider a set X and a semi-metric d: X x X — R that might also
vanish off the diagonal (so it is also a pseudo-metric). Then the function & XxX —
R defined by

d’(z,y) := inf {Z d(zi—1,2;) ‘ neN (z), CX, z0=x,2,= y}
i=1

1 a pseudo-metric on X. Furthermore, it is the biggest pseudo-metric below d.

Proof. Obviously d® > 0, d’(x,y) = d’(y,z) and d(z,z) = 0. For the triangle
inequality observe that the infimum only gets worse when restricting to paths forced
to visit a third point: Given z,y,v € X,

db(xjy) =inf {Zd(Zi_l,Zi) ‘ nc N, (Zi),?zl C X, 20 =X,2n = y}
=1

J n
<inf { Z d(zi—1,2) + Z d(zi-1, 2) ‘ neN,(z)i— C X,

i=1 i=j+1

zozazjzn:y,zj:vforsomeje{l,...n—l}}

<inf {Zd(zi_l,zi) ‘ neN, (z)iL, CX,20=2x,2, = v}

=1

i=1
=d(z,v) + d(v,y).

+ inf {Zd(zil,zi) ‘ neN, (%)L, CX, 20 =02, = y}

The maximality is a consequence of two easy facts:

1. Given a (pseudo-)metric d, the above construction yields the same (pseudo-
Jmetric, i.e. & = d. Indeed, trivially d” < d. The other inequality is a
consequence of the triangle inequality: Given € > 0, there are z; such that
20 =1,2, =y and &(z,y) +¢ > 30 d(zi_1,2) > d(z,y).

2. This construction preserves order, i.e. if d; < da, then

d(z,y) :x:ZOinfz L, {Z dl(zi—lazi)}
T =1

< 1 f d i—1, 2 :db 7 )
_IZZO}?,Zn:y{; 2(2 1 2)} 2(([' y)

14



2.1 Length Spaces

Hence, for a function d lacking a triangle inequality and a metric d with d” < d < d,
by applying the construction to these three functions, we get

db _ (db)b < ( )b < db.

O]

Some of the most common (topological and metric) properties we will often im-
pose on a metric space are the following:

Separability: There exists a countable dense subset of X.
Completeness: Every Cauchy sequence converges.

Local compactness: Every point has a compact neighborhood.
Properness: Every closed ball B,(z) is compact.

total boundedness:  For every € > 0 there is a finite cover of X
by open balls of radius ¢.

Let us now turn to more geometric notions. Given two metric spaces (X, dx),
(Z,dz), a function ¢: X — Z is an isometry if dz(p(x),¢(y)) = dx(x,y) for every
z,y € X. Unless otherwise stated, by a curve we mean a continuous map y: [a,b] —
X, and we will usually parametrize it to be defined on [a,b] = [0,1]. Sometimes we
will denote by v: z ~» y a curve v: [0,1] - X with 79 = 2 and 73 = y. The space
C°(]0,1], X) of continuous curves equipped with the supremum-norm de (7!, v?) :=
supye(o.1] (77, 77) is complete and separable. A curve 7: [0,1] — X is a constant-
speed geodesic if for every s,t € [0, 1]:

d(vs,ve) = |s — t|d(v0,71)-

The space of constant-speed geodesics in X is denoted by Geo(X). It is a closed
subset of C°([0,1], X). We call a metric space (X,d) geodesic (or strictly intrinsic),
if for every two points x,y € X there is a constant-speed geodesic v: [0,1] — X
such that vg = z and 71 = y. A generalization of this is given by length spaces. To
introduce them, we need to define the length of curves.

Definition 2.1.3. Let v: [a,b] — X be a curve. Its length is

k
Ld(’)/) .= sup {Z d(’yti,1 ) ’Ytz)
i=1

kEN,a:togtlg...Stk:b}E[0,00].

A curve is called rectifiable if Lg(7y) is finite. In case there is no possibility of confu-
sion, we simply use L() to denote the length of ~.

The length functional L: C%([a,b], X) — [0, 00] has several properties one might
intuitively expect.

Proposition 2.1.4. Let (X,d) be a metric space and v: [0,1] = X a curve. Then

i) For every a € [0,1] we have L(v) = L(v|j0,a]) + L(Va,1])-

15



2 Preliminaries

1) For a rectifiable curve the map (0,1] 5 t — L 1s continuous and
) fi Y, p [0, Yo,
non-decreasing.

i11) L is invariant under reparametrizations of the curve, i.e. given a homeomor-
phism @: [a,b] — [0, 1], then L(yop) = L(7).

w) L(v) > d(v0,71)-

v) L is lower semicontinuous, i.e. given a sequence of curves ¥ € CO([O, 1], X)
converging to v as n — oo with respect to ds, then L(vy) < liminf, . L(y")

Connected to the length of a curve v: [0,1] — X is its metric speed, defined by

d
54| 1= lim sup 20tH1:20)
h—0 |h

This limit for instance exists almost everywhere for Lipschitz curves (which can be
achieved for every rectifiable continuous curve by reparametrization). One can then
compute the length of the curve also by

1
L(y) = /0 5] .

An important class of metric spaces are those in which the distance between points
can actually be recovered by the length of curves.

Definition 2.1.5. i) A metric space (X,d) is a length space if for every z,y € X
d(x,y) = inf {L(’Y) ‘ v e CO([Oa 1]7X)770 =M = y} .

Given € > 0, a curve is called an e-geodesic (between its endpoints), if
IL(y) — d(v0,m1)| < e.
ii) Given a metric space (X, d), its induced length space is (X,dr) with

dp(z,y) :=inf {L(7) |y € C°([0,1], X), 70 = 2,71 =y} -

Remark 2.1.6. In the case of a geodesic space, minimizing curves exist and up to
reparametrization they are geodesics in the sense defined above. Thus, in particular
we can choose them to have constant speed, meaning that they are parametrized
proportional to arc length. In fact, one can reparametrize every curve proportional
to arc length by using as a homeomorphism the map

sl = 0.1, o) = 271

getting the constant-speed curve 7: [0,1] — X, 7, := v o ¢ !(r). Given a constant-
speed curve 7: [0,1] — X and s,t € [0,1], the length of the restriction satisfies
L(¥[is1) = |s = t|L().
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2.1 Length Spaces

Convention: In the following we will always assume our curves to be parametrized
proportional to arc length.

The following lemma shows that constant-speed almost-geodesics are close to a
geodesic also locally.

Lemma 2.1.7. Let € > 0 and ~: [0,1] — X be an e-geodesic. Then for every
s, t €10,1], s <t,
[L(Y]s,) — |s = tld(v0,71)| < |s —tle (2.1.1)

as well as
|d(vs,7e) — |8 — tld(v0,71)] < |s — t]e. (2.1.2)

Proof. Knowing how to compute the length of a restriction of a constant-speed curve,
and using the definition of e-geodesic, we get

ILOVis) = [ = tld(yo,m)| = [s = #] - [L(7) = d(v0, )] < [s = tle.

This then also entails

d(¥s,7t) < L(V|js) = s = t1L(7) < |s = t|d(q0,m1) + |5 — tle.

Since in general |s — t|d(y0,71) < d(7s,7t), we also get the other inequality, so that
finally

|d(vs,71) — [s — tld(70,71)] < |s — tle.
O
Remark 2.1.8. Observe that conversely a constant-speed curve satisfying either of
(2.1.1) or (2.1.2) is an e-geodesic in the sense of Def. 2.1.5.
Under the assumption of completeness there are useful characterizations of length
and geodesic spaces in terms of midpoints.

Proposition 2.1.9. Let (X, d) be a complete metric space.

i) X is a geodesic space if and only if midpoints exist, i.e. if for every xz,y € X
there is z € X such that d(z,z) = 3d(z,y) = d(z,y).

it) X is a length space if and only if for every e > 0 and z,y € X there exist an
e-midpoint, i.e. a point z € X such that

1 1
d(z,z) — 2d(gu,y)’ <e and ’d(y,z) — id(:v,y) <e.

The idea is that for one direction you can take (almost) minimizing curves and
their midpoints, and for the other one you take midpoints and bisect further, getting a
countable number of midpoints of midpoints and by completeness you can extend this
to a curve. Another equivalent definition of (e-)midpoints is given in the following
lemma.

Lemma 2.1.10. Let (X,d) be a complete metric space.

17



2 Preliminaries

i) X is a geodesic space if and only if for every couple of points x,y € X there
ezrists a point z € X such that:

d(xz,z) =d(y, 2) (2.1.3)
and

d(x,z) + d(y,z) = d(z,y). (2.1.4)

i1) X is a length space if and only of for every e > 0 and x,y € X there exists a
point z € X such that:

|d(z,2) —d(y,2)| < e (2.1.5)
and

d(z,2) +d(y,z) < d(z,y) +e. (2.1.6)

Proof. We will show the equivalence to the midpoint-characterization of geodesic
and length spaces.

i) Recall that a midpoint z by definition satisfies d(z,2) = d(z,y) = d(y, 2).
Thus we also have d(z, z) + d(y, z) = d(x,y).
Conversely, the two properties in the statement imply

d(z,y) =d(z, 2) + d(y, 2) = 2d(z, z),

so that we recover the original definition of a midpoint.

ii) From the definition of e-midpoints we see that

do.2) = (. 2)| < [dlo.2) = o) + i) ~ )| < 22

and d(z,2) +d(y, 2) < gd(z,y) + € + gd(z,y) + e < d(z,y) + 2.
For the other direction, let us start with observing that (2.1.5) implies

d(z,z) <d(y,z) +¢ and d(y,z) <d(z,z) +e.
Inserting this in (2.1.6), we get
d(.’E, y) +e2 d(l‘, Z) + d(y7 Z) > d(JJ, Z) + d(.’IJ, Z) -5

so that d(x, z) — %d(:n, y) < e. By triangle inequality and again (2.1.5), we get

1 1 1 1 1 €
- < Z - < Z - e
2d(m,y) < 2d(a:,z) + 2d(y, 2) < 2d(x,z) + 2d(:v,z) + 5

so that we also have 2d(z,y) — d(z,z) <e. O

Remark 2.1.11. It is worth noticing that a complete, locally compact length space is
a geodesic space (see [BBIO1, Thm. 2.5.23]).
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2.2 One-point completion

2.2 Omne-point completion

To deal with non-complete situations and for instance the loss of mass in a flow of
measures it is sometimes useful to pass to the compactification of a set, introducing a
cemetery. But instead of using the one-point compactification (which needs a locally
compact space to begin with and a priori is a topological and not necessarily a metric
space), we will use a one-point completion of an open subset of a complete space. In
Chapter 4 we will compare the Kantorovich-Wasserstein metric over it with metrics
on the space of subprobabilities on the open set.

Definition 2.2.1. Let (X,d) be a metric space and Y C X be an open and non-
trivial subset, where by non-trivial we mean Y # (), X. Then we define the one-point
completion of Y as Y/ :=Y U {0} with the shortcut metric

d'(0,0) := 0,

d(z,0):=d (0 = inf d
(z,0) (0,) LT (,2),

d'(z,y) :=min {d(z,y),d (z,0) + d'(y,9)}
for z,y € Y. We will further denote
d'(z,y) == d'(z,8) + d'(y,9), (2.2.1)
so that d’ = min{d, d'}.
Remark 2.2.2. Observe that in the cases of trivial subsets we get: d' =0 for Y = 0),
and d =donY and d'(-,0) = o0 for Y = X.
By abuse of notation we will often call X \ Y the boundary of Y.

Lemma 2.2.3. Let (X,d) be a complete, separable space, and let Y C X be open
and non-trivial. Then (Y',d') is a complete, separable metric space.

Proof. Symmetry and non-negativity are clear from the definition.

Definiteness: d'(9,0) = 0 by definition and d'(z,z) < d(xz,xz) = 0 for z € Y. Let
now x,y € Y/ with d'(z,y) = 0.

Case 1: y = 0: Then 0 = d'(z,y) = d'(x,0) = inf,cx\y d(z,2). Assume z € Y.
Since Y is d-open in X, there is r > 0 such that the d-ball B,(z) is contained in
Y. In particular, B,(z) N (X \'Y) = 0 and therefore for every z € X \'Y we have
d(x,z) > r. This contradicts inf,c x\y d(z,2) = 0. Hence x = 0.

Case 2: x,y € Y. Then 0 = d'(z,y) = d(x,y) because otherwise we would have
0=d(z,y) =d(x,0) +d'(y,0) which would imply x = 9 = y by Case 1. Hence, by
the definiteness of d we conclude that x = y.

In order to prove the triangle inequality, first observe that x +— d’(z, d) is d-Lipschitz:

Indeed, let z; € X \ 'Y such that d'(x,0) +¢ > d(x, z;). Then d'(y,0) < d(y, z) and,
by the triangle inequality of d,

d'(y,0) — d'(2,0) < e +d(y, z,) — d(z, z;) < e +d(z,y).
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2 Preliminaries

Now we deal with the different cases for the triangle inequality of d’ separately. The
cases wherer =y=z=0,orx =y =09, orx =z =0, or z =0, are trivial. So, let
x =0, vy,z €Y. By the Lipschitz continuity, we have

d/(y7 8) - dl(zv a) < d(ya Z)‘
Together with d'(y,d) — d'(z,0) < d'(y,d) + d'(z,0) we thus have
d (y,0) —d'(z,0) < min{d(y, 2),d (y,0) + d'(2,0)} = d (v, 2).

The remaining case is x,y,z € Y

If d(z,2) =d(z,2) and d'(z,y) = d(z,y), then d'(z,y) < d(z,y) < d(z,z) + d(z,y).
If d(z,2z) = d(z,z) and d'(z,y) = d'(2,0) + d'(y,0), then — using the Lipschitz
continuity again —

d(z,y) <d'(z,0)+d (y,0) <d(z,0)+d(z,z) +d(y,0).

The case d'(z,z) = d'(x,0) + d'(z,0) and d'(z,y) = d(z,y) is analogous.
Finally, if d'(z,2) = d'(z,0) + d'(z,0) and d'(z,y) = d'(z,0) + d'(y, ), then

d(z,y) <d(z,0)+d(y,0) <d(z,0)+d(2,0)+d(z0)+dy,0).

Separability: This is a direct consequence of the separability of X. Let A := {z;} be
the countable dense subset of X. Given x € Y, there is a sequence (z;, Jkeny C ANY
such that d(z;,,x) — 0 as k — oo. Then also d'(z;,,x) < d(z;,,x) — 0 as k — oo.
For the boundary point 0, let (2, )keny C ANY be any sequence converging to some
boundary point z € Y with respect to d. But then d'(z;,,0) < d(z;,,z) — 0.

Completeness: Let (z,) C Y’ be a d’-Cauchy sequence. Then there is either a
subsequence such that d'(zp,,0) > ¢ > 0, or d'(zy,,0) — 0. In the latter case,
by definition x,, — O with respect to d’, and hence the whole sequence converges.
In the former case, there is k* € N such that for every k,¢ > k*: d'(zp,,zn,) =
d(xp,,n,) — 0. Since X is complete, there exists a limit in X \ B.(X\Y)CY. O

Locally in Y, d’ and d coincide.
Lemma 2.2.4. Let x € Y Then there is r > 0 such that for every y,z € Bd(x)
d'(y,z) = d(y, 2).

Proof. Since Y is open, there is r* > 0 such that BL(z) C Y. But then, given
Y,z € By ja(), we have

d(y,z) <r* and d'(y,0)+d(z,0) >r*,
and hence d'(y, z) = d(y, z). O

In general, a subset of a geodesic space is geodesic if and only if it is convex.
However, the one-point completion is intuitively speaking always geodesic.
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Lemma 2.2.5. Assume X is complete and geodesic, Y C X open and non-trivial,
and X \'Y is proper. Then (Y',d') is geodesic.

Proof. We will show the existence of midpoints. Depending on which expression the
distance d'(z,y) takes, this means that we are either taking a midpoint in X and
showing that it is also one in Y”, or using geodesics in X and putting them together
to a curve in Y’ and taking its midpoint as a candidate for a midpoint with respect
to d'.

Case 1: d'(z,y) = d(z,vy)
Let z € X be a midpoint between = and y with respect to d. If z € Y, then

d(z,2) <d(z,2) and d (y,2) <d(y, z), (2.2.2)
so that
d'(z,y) < d'(z,2) +d'(y,2) < d(z,2) +d(y, 2) = d(z,y) = d'(z,y).

Hence we have equality everywhere, which together with (2.2.2) implies that
1
d/(I‘, Z) = d(ﬂ?, Z) = §d,($ay) = d(y’ Z) = d,(ya Z)‘

Now, if z € Y, then z € X \ Y and in this case 0 is a midpoint between z and y
with respect to d’. Indeed, following the same strategy as before, we have that by

definition
d'(z,0) < d(z, 2) and d'(y,0) < d(y, z)

and

d(2,y) < d'(2,0) + d'(y,0) < d(w,2) + d(y, 2) = d(z,) = d'(,).
Again, this being an equality implies

d(2,0) = d(x, 2) = %d(x,y) _ %d'(m,y).

Case 2: d'(z,y) = d'(z,0) + d'(y,0)
Let zg,wr € X \'Y be minimizing sequences for d'(z,d) and d'(y,d) respectively.
They can be chosen such that d(z, z;) and d(y, wg) are monotonically non-increasing.
In particular they are bounded sequences in X \ Y, so by the properness there are
converging subsequences z;, — z* and wy, — w*. Since X\Y is closed, z*,w* € X\Y
and
d'(z,0) = lim d(z,zx,) = d(z, 2¥)

{—00

and
d(y.0) = lim d(y,wr,) = dly,w’).

Let v! be a d-geodesic (in X) connecting = and z*, and 72 a d-geodesic connecting
w* and y, see Figure 2.1. They have d-length d(z, 2*) and d(y, w*) respectively. Let

M = %d'(m,y) = %(d(w, 2*) 4+ d(y, w")).
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1 *
i+ <

Figure 2.1: Geodesics v! and +? in Case 2

Without loss of generality assume that d(z,z*) > d(y,w*), so that M < d(z, z*).
Let t* € [0, 1] be such that the d-length of 71|[0,t*] is equal to M. Now we are going
to show that 4} is a midpoint between x and y with respect to d'.

Claim 1: v1((0,1)) C Y, 72((0,1)) C Y.
If not, then there would be s* € (0,1) such that for instance v € X \ Y. But then,
since 7! is a d-geodesic,

d(z,vL) = s*d(z, 2*) < d(z,2*) = d'(x, D)

which is in contradiction with the definition of d'(x, 9).
Claim 2: d'(z,7}) = 3d'(2,y).
Since y! is a d-geodesic, and d’ < d, we see that
d(z,v5) +d(vh, 2*) = d(z, 2*) =d'(z, 0)
<d'(x,%-) +d (-, 0)
<d(x, ) + d(ype, 27)

so that in fact equality holds everywhere. Thus the trivial inequalities d’(x,v5) <
d(x,v}) and d'(vh, 2*) < d(yk, 2*) are actually equalities and eventually

1
d/(xvfytl*) = d(a:v’)/tl*) = Ld(’Yl‘[o,t*}) =M= §d,(l‘,y)

Claim 3: d'(y,v%) = 3d'(z,y).

Without loss of generality assume that d'(x,y) < d(z,y) (otherwise we are in Case 1).
First observe that d'(vi, ) = d(v}, 2*) because otherwise z* would not be optimal
for the distance d'(z,d). Then

d'(y, ) < d'(y,0) + d' (3, 0) = d(y, w") + (., 2%)
= d(y,w") + (1 = t")d(z, 2")
= d(y,w”) +d(z, 2") — d(, )
N—_——
=M

_|_
+
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2.2 One-point completion

1 1

1

= §d/(CL‘, y)

In fact this is an equality. If it were not, then the inequality would be strict, so that
d'(y,v5) = d(y,~v}) by the definition of d’. Consequently, also incorporating Claim
2

)

d'(z,y) < d(z,y) < d(z,v) +d(v,y) = d'(z,v) + d' (y,v-)

1 1
< §d’(az, y) + §d’(az, y) =d'(z,y).

This contradiction shows that d'(y,vi) = %d’ (z,y), which completes the proof. [

1+

1
n

Figure 2.2: Gluing together countably many intervals. The endpoints are the bound-
ary point in the one-point completion.

Remark 2.2.6. If X is geodesic but X \ Y is not proper, then in general the one-
point completion will not be geodesic. This can be seen by an example suggested
in [BH99, Exercise 5.25(3)]: Let X be a metric graph consisting of countably many
edges all of which are starting in a single vertex, the n-th having length 1 4 % As
Y we take everything but the “free” endpoints of the edges, see Figure 2.2. Then in
(Y',d') the distance between the vortex and the boundary point 9 is 1, but there is
no geodesic between them.

The following elementary lemma will be used several times in the proof of the
subsequent Lemma.

Lemma 2.2.7. Let a,b,a’,b',c € [0,00) and € > 0 with
d<d+V<a+b<d+e

and
a <a and bV <b.

Then
ad>a—¢c and b >b—e.
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2 Preliminaries

Proof. Assume for the sake of a contradiction that instead, say, ¢’ < a — . Then
d<d+bV<a—ec+b<a+b—ec<d4+ec—ec=/,
which is a contradiction. O

Considering length spaces, we do not need the extra assumption that the com-
plement is proper.

Lemma 2.2.8. Let (X, d) be a complete length space. Then (Y',d') is also a length
space.

Proof. This proof is an adaption of the one for geodesic spaces.

Case 1: d'(z,y) = d(z,vy)
Let z € X be an e-midpoint between x and y with respect to d. Assume first that
z €Y. Then

d(z,y) <d(x,2)+d(y,2) < d(z,2) +d(y,2) < d(z,y) +e=d(z,y) +e. (2.2.3)

Although we cannot conclude that d'(x, z) and d(z, z) are equal, one can show that
they actually do not differ much. Indeed, by definition of d’, we have d'(z,z) <
d(z,z). And the previous Lemma 2.2.7 applied to (2.2.3) yields that d'(z,z) >
d(z,z) —e and d'(y, z) > d(y, z) — e. So we finally get

d(z,2) —d'(y,2) <d(z,2) —d(y,z) + & < 2

and
d'(y,2) —d(z,2) <d(y,z) —d(z,2) + & < 2,

which proves that z is a 2e-midpoint between z and y with respect to d'.
This proof works exactly in the same way in the case z € X \ Y, showing that 0 is
a 2e-midpoint between z and y with respect to d’.
Case 2: d'(z,y) = d'(z,0) + d'(y,0)
Given € > 0, let z*,w* € X \ Y such that

d(z,2*) < d'(x,0) + g and  d(y,w*) <d'(y,0) + % (2.2.4)

Further, take two d-almost-geodesics, i.e. curves v1,72: [0,1] — X with 7} = 2,71 =
2,9 = w,ni =y and

La(yY) < d(z, 2*) + g and  La(+?) < d(y, w*) + g (2.2.5)

Claim 1: Without loss of generality for every § > 0 it holds v!((0,1—6)),~72((0,1—
J)CY.

Contrary to the previous proof, it is not clear if these curves stay in Y. But in fact
we can assume they almost do, because in the case they don’t, we take the restriction
of the curves to the first time they leave Y. Let us discuss it in detail for v!. Let
s* :=inf{s > 0|~} € X \ Y}. Since we don’t know if the infimum is attained, take
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2.2 One-point completion

§ > 0 and consider the restriction 3! := 'yl|[075*+5]. Then 71((0,s*)) C Y, and there
is s € [s*,5* 4+ 6) such that 4} € X \ Y. The d-length of ! is at most the one of the
original curve, so we possibly reach a closer boundary point.

Now let us assume without loss of generality that d(z,z*) > d(y,w*). Then let
€ [0,1] be such that Lq(y*|jo,4+) = $(La(v") + La(v?)). A candidate for being an
e-midpoint is now .

Claim 2: |d'(z,v%) — 3d'(z,y)| < 2e.
Using the additivity of the lengths of curves and (2.2.5), (2.2.4), we see that
d(z, ) + d(v, 2%) < La(¥o,049) + La(y e 17)
= La(~")

< d(x,2*) + =

2
<d(x,0)+¢

< d'(w,7) +d (4, 0) + &
S d(zar)/tl*) + d(vtl*a'Z*) +e.

By Lemma 2.2.7 we get that
d'(z, v > d(z, 7)) —e. (2.2.6)

A similar further application of that Lemma also yields that restricted almost-
geodesics are still almost-geodesics between their endpoints, i.e.

La(vYjo,) < dl@, %) +e. (2.2.7)

Now we can complete this step by observing that thanks to (2.2.5) and (2.2.4)

—_

1
d(z,%-) < d(z,%.) < La(v o) = 5(La(v') + La(v)) < 5d' (2,9) +¢,

[\)

and by (2.2.7) and (2.2.6)
1 1
(e < 5(Lml) +La() = La o) < d(r.3b) +2 < d e, 9f) + 22

Claim 3: !d’ Y, 7)) — 2d (z,y ’

We can assume that d’ (x y) < d(z, ) because otherwise we are in Case 1. Observe
that d'(vf,0) > d(vh,2*) — £ (i f not, then we would agam find a closer boundary
point). Using that Lg(y! le=,1) = $(La(v") + La(¥?)) — La(¥*), and once more (2.2.5)
and (2.2.4), we obtain

d/(’Ytl*’ ) < d,(’Ytl*va) + d/(y7 a)
< d(yp, 2%) + d(y, w*)

< La(Y' 1)) + La(?)
- %(Ld(’Yl) + Lq(7v*)) — La(¥*) + La(?)
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2 Preliminaries

- %(Ld('Yl) + La(7?))
< %(d’(m,(‘?) +d(y,0)) +¢

1
= §d’(m, y) +e.

Finally, we have to show that also 1d'(z,y) < d'(v}~, y)+e. For the sake of contradic-
tion, let us assume that this is not the case, so that instead 2d'(z,y) > (v}, y) +e.
Using Claim 2, this leads to

d(z,y) < d'(z,v0) +d (v, y)

1 1 1
< d'(yf,z) + §d’(w,y) —e< §d’(x, y) —e+ §d’(m, y) +e,

which is a contradiction.

Thus we have found a 4e-midpoint between z and y with respect to d'. ]

Remark 2.2.9. For X = R, Y = (0,27), the completion Y’ is isometric to the one-
sphere S'. However, for X = R2Y = B;(0), the resulting space is not isometric
to a standard sphere, since locally d’ = d, which yields that locally the curvature of
(Y’ d’) in the sense of Alexandrov is zero, whereas the sphere has constant positive
curvature. Furthermore, the completion is in general branching as can be seen from
the disk example since every geodesic to the boundary point @ can branch at this
point in any direction while staying a geodesic.

Lemma 2.2.10. Let (X, d) be a complete metric space, andY C X open, non-trivial
and totally bounded. Then (Y',d’) is compact.

Proof. Due to the metric version of the Heine-Borel theorem, a metric space is com-
pact if and only if it is complete and totally bounded. O

Remark 2.2.11. A somewhat similar metric has been studied in [Man89] in connec-
tion with the one-point compactification. However, the one-point completion will in
general not be compact, even if we start with a locally compact space (as is necessary
for the one-point compactification). Taking for instance the half-plane, its one-point
completion is still an unbounded space.

2.3 Analysis in Metric Measure Spaces and Heat Flows

This section is devoted to the analysis in metric measure spaces. We use the recent
approach developed in [AGS14a, AGS14b|, and for the later part on Dirichlet forms
we refer to [FOT94, MR92]|.

Let us introduce our main object of study.

Definition 2.3.1. A metric measure space is a triple (X, d, m) consisting of a com-
plete, separable metric space (X, d) and a o-finite Borel measure m with full support
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2.3 Analysis in Metric Measure Spaces and Heat Flows

suppm = X, that satisfies the exponential integrability condition
/ e~ cd(@w0)® dm(z) < o0 (2.3.1)
X
for some ¢ > 0,29 € X. In particular, every bounded set has finite measure, and

hence m is locally finite.

To do some sort of calculus, it is a good idea to start with difference quotients.
We denote by Lip(X,d) the space of Lipschitz continuous functions f: X — R.

Definition 2.3.2. i) The slope, or local Lipschitz constant, of a function f: X —
Rat xe X is

li x) = limsup ——————

p(f)(x) s

ii) The Cheeger energy is the functional Ch: L?(X, m) — [0, o],
1
Ch(f) := inf {likminf2/ |lip(f)|> dm | (fr)ren C Lip(X,d), fr — fin L2} .
—00 X
We denote its domain by W?(X,d, m) := D(Ch) = {f € L*(X, m) | Ch(f) <
Theorem 2.3.3. Let f € W12(X,d, m).

i) The collection of weak gradients of f,

{G e L*(X,m) | 3 fr € Lip(X,d) : fr = [ in L*(X,m),
lip(fx) = G in L*(X, m)},

is a non-empty, closed, conver subset of L?(X, m) and thus contains a unique
element of minimal L?-norm, which we will call the minimal weak gradient of
f and denote by |V f|. The minimal weak gradient |V f| is also minimal in the
m-a.e. sense.

i1) This minimal weak gradient provides an integral representation of the Cheeger
energy, i.e. for f € Wh2(X,d, m) we can write

Chi(f) = 3 /X IV /2 dm.

i11) The Cheeger energy is a 2-homogeneous, lower semicontinuous, convex func-
tional on L*(X,m).

iv) Equipped with the norm

1f [z = ILF13 + IV £1I3 = 1113 +2 Ch(f)

the space (W12(X,d,m), | - |lw12) is a Banach space.
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Remark 2.3.4.  a) The Cheeger energy will in general not be a quadratic form,
and in consequence W2 will in general only be a Banach and not a Hilbert
space.

b) In the sequel, we will omit the “minimal” and just speak of the weak gradient
or even just the gradient.

A useful property is the locality of weak gradients in the sense that computing
Cheeger energies and weak gradients in a sub-metric measure space yields the same
as restricting to the subset:

Lemma 2.3.5 ([AGS14b, Thm. 4.19]). Let (X, d, m) be a metric measure space, and
2 C X an open subset with m(Q2) > 0 and m(9Q2) = 0. Let f € Wh2(X,d,m). Then
f = f|§ (S Wl’z(Q,d|§X§,m|§) and

IVflg = (Vf)lg m-a.e. inQ,
where |Vf|§ is the weak gradient given in the space (Q,d|q, g, m|q)-

Already in this generality one gets many properties for the weak gradient, and
one could define a Laplacian and a heat flow by means of convex analysis and the
theory of gradient flows in Hilbert spaces. As can be seen for example in Finsler
manifolds, these operators might not be linear (see for instance [Giglh, Sec. 1.1]).
For us, however, it will be necessary to restrict to those metric measure spaces in
which these operators are indeed linear. In this case, one can use the theory of
Dirichlet forms and give more convenient definitions.

Definition 2.3.6. A metric measure space (X, d, m) is called infinitesimally Hilber-
tian if the Cheeger energy is a quadratic form, i.e if it satisfies the parallelogram
identity

Ch(f + g) + Ch(f — g) = 2Ch(f) + 2Ch(g) for every f,g € W1?(X,d, m).

Remark 2.3.7. This is equivalent to requiring the Sobolev space W12(X,d, m) to be
a Hilbert space.

By polarization, this makes it possible to define a symmetric bilinear map which
takes the role of the scalar product between the gradients of two functions.

Definition 2.3.8. Let (X, d, m) be infinitesimally Hilbertian, f,g € W%2(X,d, m).
Then we define (Vf,Vg): X — R by

1
ViVgi= (VU + 9 = V(= 9)P).
Weak gradients satisfy the expected calculus rules.

Theorem 2.3.9. Let (X,d, m) be infinitesimally Hilbertian. Then
W (X, d,m) x WH(X, d,m) — LY(X,m), (f.g) = Vf- Vg

1s a symmetric, bilinear, continuous map, and further satisfies:
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2.3 Analysis in Metric Measure Spaces and Heat Flows

i) Cauchy-Schwarz: For f,g € WH2(X,d, m):

IVf-Vg| <|Vf|[Vg| and Vf-Vf=I|V[*

ii) Chain rule: For f,g € WH2(X,d,m),¢: R — R Lipschitz it holds ¢ o f €
Wt2(X,d,m) and

V(o f)-Vg=¢'ofVf-Vyg
and in particular
V(g o /)l =g o fIIVFI.
(Where we set ©'(f(x)) = 0 if ¢ is not differentiable in f(z).)

i) Leibniz rule: Given f,g,h € WV2(X,d,m) N L=(X,m), we have that fg €
Wh2(X, d, m) and

V(fg)-Vh=gVf-Vh+ fVg-Vh

as well as
IVl < IfIIVgl + gl V f].

Theorem 2.3.10. Let (X,d,m) be an infinitesimally Hilbertian metric measure
space. Then

E(f,9) =[x Vf-Vgdm, fgeD()
D(E) := W'2(X,d, m)

is a Dirichlet form on L?(X, m), which means that D(E) is dense in L*(X,m), and &
is a symmetric, bilinear form, that is additionally non-negative definite (i.e. E(f, f) >
0 for every f € D(E)), closed (i.e. D(E) is complete when equipped with the Sobolev
norm || - |le == || - |lw12), and Markovian (i.e. for every 1-Lipschitz ¢: R — R with
©(0) =0 and f € D(E) we have E(po f) < E(f)).

Furthermore, it is strongly local, meaning that for f,g € D(E) such that g is constant
on {f # 0}, we get E(f,g) = 0.

The closedness follows from the lower semicontinuity of the Cheeger energy in
L?, while the Markovianity follows from the chain rule for weak gradients. Finally,
the strong locality follows from a similar property of the weak gradient.

Remark 2.3.11. By abuse of notation, we will write £(f) := E(f, f) = 2Ch(f) for
the quadratic form associated to the Dirichlet form. From this one can go back to
the Dirichlet form by polarization.

Using Dirichlet form theory, we can easily define the Laplacian (by integration
by parts) and heat flow associated to the Cheeger energy.

Theorem 2.3.12. Let (X,d,m) be an infinitesimally Hilbertian metric measure
space.
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i)

iii)

There is a densely defined, non-positive, self-adjoint operator (A, D(A)), called
Laplacian, connected to the Dirichlet form wvia integration by parts: for every

feD(A), ge WH(X,d,m)

- / Afgdm = E(f.g).
X

There is a strongly continuous contraction semigroup (Pi)i>o on L?*(X,m)
whose generator is the Laplacian, i.e. for every f € D(A):

Aleimptf_f

t—0 t ’

where the limit is taken in L?. Conversely, by the spectral theory for self-adjoint
operators it is rigorous to write Py = eld.

Fort >0 and f,g € L*(X, m) let

i(f.9) =~ [ a(Pis = f)dm

be the approximate form associated to P;. Then we can recover the correspond-
ing Dirichlet form by

{D(E) = {f € LA(X) | lim;0 &(f, f) < o0} (2.3.2)

g(faQ) = 1imt—>0£t(f79)7 fO?” f?g € D<g)

Furthermore, for f € L*(X,m) the map (0,00) 3 t — &(f, f) is non-increasing
and non-negative.

Remark 2.3.13. We will sometimes call P, and A the heat flow and the Laplacian
with Neumann boundary conditions. In the case where X is a closed, bounded subset
of R™, it actually is the classical heat flow with Neumann conditions (meaning that
the normal derivative at the boundary vanishes).

Since we are particularly interested in heat flows, let us give some more properties

OfPt.

Theorem 2.3.14. Let f,g € L?>(X,m), and P,f, Pig the corresponding heat flows
starting at f,g respectively. Then:

i)

i)
iii)

30

Maximum/Comparison principle: Let C € R. If f < C, then P.f
every t > 0. Analogously, if f > C, then P.f > C for every t
f<g+C, then P.f < Pyg+ C for everyt > 0.

C for

<
> 0. If

Mass-preservation: For every t > 0 it holds fX P, fdm = fX fdm.
P, is a contraction in every LP(X, m),p € [1,00], i.e.

1Pfllp < W fllp for every f e L*(X,m)N LP(X, m).
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iv) The heat flow P; is an analytic semigroup; in particular P, (L2(X, m)) C
D(A™) for everyt >0 and m € N.

Remark 2.3.15.  a) The mass-preservation is due to the exponential integrability
of the measure.

b) Since L?(X,m) N LP(X,m) is dense in LP(X, m), one can extend P; to a con-
tinuous contraction semigroup in every LP(X, m).

The Dirichlet form enjoys some further regularity property. Let us recall some
definitions: given an open set U C X, its capacity is defined by

cap(U) = inf{||f[|Z| f € D(E), f > 1 m-ae. on U},
and for an arbitrary set A C X
cap(A) := inf{cap(U) | U open,U D> A}.

Given a subset F' C X, define D(Er) := {f € D(E)| f =0 a.e. on X\ F'}. A sequence
of subsets Fy, C X,k € N, is an £-nest, if the Fj, are closed, F, C Fyy1, and

U D(EF,) is dense in D(E).
keN

A set N C X is called E-polar if cap(N) = 0. A property is said to hold quasi-
everywhere if there is an £-polar set N C X such that the property holds everywhere
in X\ N. Functions f: X — R are quasi-continuous if there exists an E-nest (Fj)xen
such that for every k € N, f|g, : F, = R is continuous.

Theorem 2.3.16. The Dirichlet form (£, D(E)) is quasi-regular, i.e.
i) there is an E-nest consisting of compact sets, and
i) there is a dense subset of D(E) admitting quasi-continuous representatives, and

iii) there is an E-polar set N C X and a countable set of quasi-continuous functions
in D(E) that separates the points of X \ N.

The quasi-regularity is a consequence of the density of Lipschitz functions in
D(&) and it uses the exponential integrability of the reference measure. A proof of
this can be found in [Sav14, Thm. 4.1] (which assumes a curvature bound for the
theorem that is not needed in the proof of quasi-regularity).

There are many further regularity properties of the heat flow. We will not state
them here right now. Instead, we will introduce the heat flow with Dirichlet boundary
values (which in contrast is not mass-preserving) and then prove those properties for
this flow in the next section, noting that everything works the same for P;.

Theorem 2.3.17. Let (X,d,m) be an infinitesimally Hilbertian metric measure
space, let Y C X be open with m(0Y) = 0. Then

{D(EO) ={feD)| f =0 quasi-everywhere on X \ Y}
EV(f) = E(f) for f € D(EY),
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where f 1 a quasi-continuous representative of f, is a strongly local, quasi-regular
Dirichlet form on L?(Y,m|y).

As such, it has an associated generator (A%, D(A?)), semigroup (PY)i>0 and approx-
imate form

&f.0) =~ [ a(PF = f)dm

all with the same properties as the ones for £ presented in Theorem 2.8.12.
Furthermore, the heat flow P satisfies the same properties from Theorem 2.3.14
except the mass-preservation.

Remark 2.3.18. One can identify L?(Y,m|y) with {f € L?(X,m)|f =0 a.e. on X \
Y'}. Thus, we will extend functions defined on Y by zero to all of X without explicitly
mentioning it. One could even define the heat flow with Dirichlet boundary values
for every function in L?(X, m) by saying P’f = 0 on X \ Y. However, for those
functions the heat flow will not be continuous in ¢t = 0.

Thanks to the quasi-regularity of the Dirichlet form, there exists an associated
stochastic process which can be used to define a Markov kernel representing the heat
semigroup. Let us avoid giving details about the process and let us instead refer to
[FOT94]. The result being the following:

Proposition 2.3.19. Let (X, d,m) be an infinitesimally Hilbertian metric measure
space. Then there exists a semigroup of sub-Markovian kernels associated to the
Dirichlet form (€, D(E)), i.e. for everyt >0 a map p;: X x B(X) — [0,1] such that

i) pi(x,-) is a Borel measure on X for every x € X,
ii) pi(-, A) is a Borel-measurable function for every A C X Borel,

i11) pipsf = piysu for every s,t > 0 and every bounded, Borel-measurable f: X —
R, where we write

pef(x / f()pe(z, dy). (2.3.3)

This kernel provides a version of Py, i.e. P.f = pf m-a.e.

Analogously we get a sub-Markovian kernel p corresponding to EV.

These kernels provide us with a tool to extend the heat flow to bounded Borel-
measurable functions by (2.3.3) on the one hand, and to define a dual heat flow for
measures on the other hand: for p € P(X) let

Pi(A) :—/Xpt(x,A) dp(z).

The heat semigroups P; and &2 are dual in the following sense: For f: X — R
bounded Borel, and p € P(X) we have

/Bf //f y)pie(, dy) dp(z) (2.3.4)
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= [ 1w [ e dne) = [ 10)azum. @35

In the same way we define P f for f bounded, Borel, and 2P for p € P*“0(Y).
They also satisfy the duality relation (2.3.5).

Remark 2.3.20. With the help of the sub-Markov kernels, all of these heat flows of
measures can be extended to signed, finite Borel measures.

2.4 Regularity Properties of the Heat Flows

For the proof of an equivalence of a Bochner inequality and a gradient estimate (in
which both Laplacians A and A°, or heat flows P; and P appear, respectively; see
Proposition 5.2.1) we need some further convergence results for the Laplacians and
the heat flows. We will state and prove them for the Dirichlet boundary values.
However, the statements and proofs are literally the same for the “Neu-
mann boundary value” objects, replacing all P?,A° &% by P, A €&, and
every (Y,mly) and m(Y) < co by (X, m) and m(X) < oo, respectively.

In this section we continue to assume that (X, d, m) is an infinitesimally Hilbertian
metric measure space. These results are only needed for the proof of Proposition
5.2.1 and can be skipped on first reading.

Lemma 2.4.1. i) The semigroup PP satisfies a Jensen inequality for power func-
tions, i.e. for every p € [1,00) and f € LP(Y,m|y) we have

‘Ptof‘p < Pt0|f‘p mly-a.e.
ii) We can estend P to a strongly continuous contraction semigroup in every
LP(Y,mly), p € [1,00), and to a weakly-+-continuous semigroup in L*° (Y, m|y).
i) Given f € D(AY) N LP(Y,m|y) with AYf € LP(Y,m|y), then for p € [1,00)

Pf—f
t

— A% in LP ast — 0,

whereas for p = oo we have weak-x-convergence in L.

Proof. i) Since p?(z,-) is a finite measure, we get a probability measure pY(x, A) :=

mpg(az, A). As such, it satisfies Jensen inequality, so that for a convex function
t )

¢ : R — R we have

o (P1@) = ¢ ([ 108ean)) = o () [ sei.a)

S/ @ (P (x,Y) f(y)) PP (x, dy)
Y

- pg(;y)/YsO(p?(I,Y)f(y))Pg(%dy)'
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For the power functions ¢(a) = |a|P with p > 1 we thus get
1
pi(x,Y)
=@ [ 1) o) < POISP(2).

PO s < /Y 10, Y) £ () P 0z, dy)

ii) The proof works as in the case of P;. For f € L? N LP(Y, m|y), we have by
Jensen’s inequality

1POfIE, = /Y PPFPdm < /Y PY|fPP dm < /Y PP dm = /Y P dm = [ £l

By density of L2 N LP in LP, we extend P to a contraction in LP(Y,m|y).

To show the strong continuity in LP, let us first consider the case p > 2. Take
f € LP. Further take ¢ > 0, ¢ > p and a function g € LYNL? such that || f —g||zr < €.
Then

IPYf — flle < |1PPf — PPglle + |1PPg — gllee + lg — fllzw
< 2 +||P’g - g|L»,

by the contraction in LP. Since 2 < p < ¢, there is A € (0,1) such that p =
2A 4 (1 — A)g. Using an interpolation Holder inequality, we get

Y
1P = gllhn < 1P — gl 21 PPg — gll " (24.1)
As P? is also a contraction in L9, ||Pg — gH(qu_A)q is bounded. Hence the strong
continuity in L? yields the strong continuity in L?.
For 1 < p < 2 we use the same strategy with a ¢ € (1,p). The case p = 1 is

shown in [BH91, Prop.2.4.2]. For p = oo, we can define P?: L>® — L™ via duality.
Then, for ¢ € L*® and f € L' we have

t—0

[ st dm1 _ ' JAGEE f)sodm‘ < ol BOF = Fll =30
Y Y

by the strong continuity of P in L.

iii) Consider the case p < oo first. By strong continuity of P in LP, we have
1 t
t/ POAYfdr — A%f in LP. (2.4.2)
0

Then

Pf—f

_AO
t AT

t p
/PﬁAofdr—AOf dm — 0.
0

p
1

/ an= |

Y vyt

For p = 0o we have weak-*-convergence in L* in (2.4.2), so the proof works analo-
gously. O
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Thanks to the analyticity of the heat semigroups, we get continuity and other
properties in the corresponding Sobolev spaces. Recall that for analytic semigroups
one has P?(L3(Y, m|y)) C D((A°%)™) for every t > 0 and m € N.

Lemma 2.4.2. Let f € L*(Y,m|y), t > 0. Then
i) PY.f — P2f in D(E%) ase — 0. The same is true for t =0 if f € D(EY).
i) ”Sf ikl — AOPOf in D(E°) as e — 0. The same is true for t = 0 if
fe D(AO) wz’th A%f € D(&9).
i) If fn — f in L2(Y,ml|y), then PXf, — P2f in D(EY).

Proof. 1) Let us check that the weak gradients of the semigroup are strongly contin-
uous. For ¢ > 0 the proof is easy because we can use integration by parts:

| V(PO f— POS) |3 = - /Y (PO} — PP)AYPL,. f — POf)dm

_ /Y (PY,.f — POF)(PPACPOf — APOf) dm
— 0

by the strong continuity of PC.

Now for t = 0 we use the proof of [FOT94, Lemma 1.3.3] which makes use of the
spectral representation of the Laplacian. For completeness, we redo the argument
here. Let Eg be the spectral family (also known as resolution of identity) associated
to —A9 ie. (EQ)AE(_OO,OO) is a family of projection operators on L?(Y, m|y) which
satisfy EgEB = E&m{)\’u}, I IBVANGY Eg\’,f = ng, limy oo E()J\f =0, lim)_, ng =
f for every f € L?(Y,m|y). Since —A® is non-negative definite, we have E = 0 for
A < 0. For f,g € L2(Y,m|y), (EVf,g)r2 is of bounded variation in A, so it makes
sense to consider Riemann-Stieltjes integrals of the form

(C(~A%) f,g) 2 = / T ) B g) e
0

for continuous functions ¢ : [0,00) — R. This defines a self-adjoint operator ¢(—AP)
with domain

pic-a%) = { e xm| [T P args e <o)
For short, we will write ((—A%) = [((A\)dEY. Note that —A% = [AdEY, P? =
et = fe_t’\ dES and £°(f) = f)\dE?\f, Frz = [(=A%Y2y|2, for f € D(E°) =
D((—A%)/2). This spectral calculus for instance allows us to prove that POf — f

in D(EY) for f € D(EY):

ENPYf - f) = /OO Me ™ — 12 AEYf, f) 2 — 0 as e — 0.
0
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ii) For t > 0, with the same calculation as above,

PO _PO
H ‘V( t-&—af8 tf —AOPtOf>
2

:_/ (Pto—l—af_PtOf —AOPt0f> (PSAOPtOf_AOPtOf _AOPtOf) dm
Y S e

2

— 0,

as both factors converge to 0 strongly.
For t = 0 we again use the spectral calculus:

2

o] —€A
g0 (PQ];—]’AOf) :/ )\<66_1+>\> AEYf, fype — 0 ase — 0.
0

iii) Thanks to the analyticity of the semigroup and the closed graph theorem,
A°PP: I? — L? is a bounded operator. Hence, for f, — f in L? we also get
A'PPf, — APPPf in L? and thus

|V (P2 — PP |20 = — /Y (PO — BO)APO(f, — f) — 0.
OJ

Without extra assumptions it is difficult to obtain the corresponding results in
the LP-Sobolev spaces, by which we mean the following spaces: For p € [1, co] we set

Dy(E°%) :={f € D(E®) N LP(Y, mly) ||V f| € LP(Y,m|y)}, (2.4.3)
Dy(A%) :={f € D(A") N LP(Y,m|y) | A°f € LP(Y, m|y)}. (2.4.4)
Corollary 2.4.3. Assume that m(Y) < oo and let p € [1,2]. Then for f € L*N
LP(Y,ml]y) and t > 0:
i) If f € Dy(EY), then P2 f € D,(EY).
i) P2 f — PP f with respect to || fllwio = || fllze + || [Vf]|lzr as € = 0. The
same is true fort =0 if f € D,y(EY).
. P)_f-PQf 0 B0 ) .
i) —H=—= — A"P] f with respect to || - |[y1.» as e — 0. The same is true for
t=0if f € Dy(AY).
Proof. It is all based on the fact that the finiteness of m implies that L?(Y,m|y) C
LP(Y,m|y) for every p € [1,2] by Holder’s inequality:
2
Vfe LX(Y,mly) s [IfI7, <m(Y) =" ||f]17.

i) Thanks to the above, we actually have D,(E%) = D(£°). Since the analyticity
of the semigroup yields PP f € D(£°), we're done.

ii) By the Hélder inequality we have ||P . f — P2 fllwi» < C|| P of — P2 fllwre,
so that the assertion follows by Lemma 2.4.2i).

iii) Same as in ii). O
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2.4 Regularity Properties of the Heat Flows

Let us now introduce the semigroup mollification.

Lemma 2.4.4. Letn € C°(0,00) be a non-negative function such that [;° n(r)dr =
1. Given f € LP(Y,m|y),p € [1,00], define fore >0

hlf :=i/ooon(2) P°fdr.

Then:
i) BOf € LP(Y,m|y) and b%f — f in LP(Y,m|y) as € — 0.
i) If fi € LP(Y, m|y) with fy — f in LP(Y,mly), then b2 fi — 62f in LP(Y, m|y).

iii) If f € L2 0 LP(Y,mly), then b2f € D(A%) N LP(Ymly), A%ROf € D(A%) A
LP(Y,mly) and

L[> ,/r
OO0 _ _ — (D 0
A%h2f = 52/0 0 <€)Pder. (2.4.5)
i) If f € D(AY), then A0f — ACf in L2(Y,m|y).
Proof. 1) The mollification is in LP by

27 < [ (E) P2 ar < 2 [T () Uflas ar = 5l

Similarly, convergence in L is obtained by

[0 = 7l < = [0 (5) 1R = flumar

g

IN

— [ H P = flirds — 0 as= 0.
0

ii) Same as i) with using the continuity of f + P?f instead of t ++ PP f.

iii) Since the Laplacian is a closed operator, we can interchange it with the
Bochner integral [EN0O, Prop. C4|. By integration by parts we then have

A%t =2 [T (E)arirar=1 [ o (5 apirar =5 [ of (5) Poran
€ Jo 9 g Jo 19 9 0 9
iv) When f € D(AY), then A°PYf = PPAYf, so convergence in L? follows by
i). O
Lemma 2.4.5. i) Let f € D(EY). Then b%f — f in D(EY).
i) If f € D(AY) with A°f € D(E°), then A0 f — A°f in D(EY).
iii) Let fp, f € L2(Y,m|y) with fi, — f in L*(Y,m|y). Then b%fr — b2f in D(E°)

and A fr, — APHCf in D(E0).
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Proof. 1) We will again make use of the spectral decomposition. This lets us express
the semigroup mollification given f,g € L*(Y, m|y) as

(02f,9) 12 = 1/00077 (g) (Prf,g)p2dr = i/ooo /Ooon (g) e A(EYf, g) 2 dr-.

3

Hence we get

et = [ [ [Tagn(E)n(E) e -0 =) AL drds

—>0ase— 0.

i) It follows directly from i) because for f € D(AY) we have A%hYf = hHOAOf.

iii) Using formula (2.4.5), we have

O~ 1) == [ 020 = AN~ dm
1 [ ,/r 0
== [ o () [ 82— NP~ f)dmar
93 0 £ Y
so that by the L?-convergence of the two factors we have the desired result. The
convergence of the Laplacians is shown analogously. O

Corollary 2.4.6. Assume that m(Y') < oo and p € [1,2]. Then, if the functions are
in Dyp(E%) or Dy(A®) respectively, the convergences in Lemma 2.4.5 hold with respect
to the norm || - ||yyip.

Proof. Follows as in Corollary 2.4.3 directly by Hélder’s inequality. O

2.5 Optimal Transport and Curvature-Dimension Con-
dition

Here we recall the basics of optimal transport theory, discuss some useful characteri-

zations of geodesics in the Wasserstein space and introduce synthetic Ricci curvature

bounds for metric measure spaces. Apart from the books [Vil03, Vil09], a good in-
troduction can be found in [AG13].

Let (X, d) be a complete, separable metric space. Let M(X) be the set of finite
Radon measures on X (a measure for us will always be non-negative and might take
the value +00), and

MY (X) =={p e M(X) | w(X) =a}, aec(0,0),
P(X) = MY(X),
Po(X) = {p e M(X)|u(X) <1}

the sets of measures of mass «, of probability and of subprobability measures, re-
spectively. For p € [1,00), let

PX) = {u € P(X) ‘ Jzp € X : /X d(z, 20)P dpu(z) < oo}
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2.5 Optimal Transport and Curvature-Dimension Condition

be the probability measures with finite p*® moment. Recall that in a complete,
separable space every finite Borel measure is Radon. Let C’I? (X) be the space of
bounded, continuous functions, and C?(X) the space of continuous functions with
compact support. A sequence of measures (i )neny C M(X) converges

o weakly to p € M(X), if

/fd,un—>/fd,uasn—>oo (2.5.1)
X X

for all f € C)(X)
e vaguely to u € M(X), if (2.5.1) holds for all f € C2(X).

While for weak convergence also the total masses converge, in vague convergence
mass can be lost in the limit. Observe that vague convergence only makes sense
in locally compact spaces, since otherwise C?(X) might consist only of the zero
function. If p,, — p weakly in M(X) and Y C X open, then p,|ly — uly vaguely
in M(X) since C2(Y) C C(X).

For u € M(X), a topological space Z, and a p-measurable map 7: X — Z, we
define the push-forward measure Thu on Z by

Tip(A) :== uw(T~1(A))  for every Borel set A C Z.

We denote the natural projections of a product space to its factors by 7%: X x X —
X, 7Ti(£L‘1, .’EQ) = Z;.

Though the theory of optimal transport is often presented for probability measures,
it is actually the same when using finite measures of equal mass. Given two measures
p, v € MY(X), a measure ¢ € M*(X x X) is a coupling of p and v if its marginals
are p and v, respectively, i.e. if ﬂéq =, 7Tj12q = v. The set of all couplings between u
and v is denoted by Cpl(u,v). Using the direct method of the calculus of variations,
one gets the basic existence result for optimal transport problems.

Theorem 2.5.1. Let c: X x X — RU {400} be lower semicontinuous and bounded
from below. Given p,v € M*(X), the variational minimization problem

C(u,v) = inf {/Xxx c(z,y) dg(z, y) ’ q € Cpl(u, V)}

has a solution. Minimizers are called optimal couplings.

Given two measures p, v of the same mass and A > 0, we get the scaling property
C(Au, Av) = XC(p, v).
The most important cost functions are powers of the distance. Let p € [1,00) and
p,v € M*(X). Then the p-Kantorovich- Wasserstein distance between p and v is

W, (1, v) = inf{/X d(z,y)? dq(z,y) ‘ q € Cpl(y, y)}p. (2.5.2)
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These metrics are usually defined for probability measures only, but we will need
them also for measures of other masses. In the case p = 1, there is the following
“translation invariance™ given a further measure &, one has

Wi+ € +€) = Wi (). (2:5.3)
Let us list some of the most important properties.
Theorem 2.5.2. Let (X, d) be a complete, separable metric space, p € [1,00). Then:

i) (Pp(X), W) is a complete and separable metric space, the so-called Wasserstein
space.

ii) (X,d) is compact if and only (P,(X), W)) is.

iii) A sequence pn, € Pp(X) converges to p. € Py(X) with respect to W, if and
only if

W —> s weakly,
/ dP (-, zo) dpen — / dP (-, o) dus for some xy € X.
X X

If p#£ 1, then:
iv) (X,d) is a length space if and only if (Pp(X), W),) is.
v) (X,d) is a geodesic space if and only if (Pp(X), W),) is.

It is interesting to study curves in the space Pp(X), especially in the case it is a
length or geodesic space. Recall the evaluation maps e;: CY([0,1], X) — X, e/(7) :=
v for every t € [0, 1]. Curves of measures can be constructed by taking a measure
on the space of curves, and then push-forwarding it by the evaluation maps: Given
Q € P(C°([0,1], X)), then t = p := (e;)xQ is a curve in P(X). A crucial result
now says that Wj-geodesics (for p > 1) are indeed given that way, and that actually
in this case the measure @) is supported on the geodesics Geo(X). This is a quite
useful feature as it allows to work with geodesics on the base space instead of the
“abstract” curves of measures.

Proposition 2.5.3 (JAG13, Theorem 2.10], [Vil09, Theorem 7.21, Corollary 7.22|).
Let (X, d) be a complete, separable, geodesic metric space, and p € (1,00). Then the
following are equivalent:

(i) The curve (ut)ieo,1) C Pp(X) is a constant-speed geodesic.

(i) There is a measure Q@ € Pp(Geo(X)) such that (eg,e1)#Q is an optimal cou-
pling of po and p1, and py = (e4) 4 Q.

So, roughly speaking, geodesics in the space of measures are measures on the

space of geodesics. Let us show some variants which we will need later in this thesis.

Like the above theorem, they require to take measurable selections. Since we are
going to use it again later, we will cite a useful measurable selection theorem here.
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2.5 Optimal Transport and Curvature-Dimension Condition

Theorem 2.5.4 (|Bog07, Theorem 6.9.13|). Let (22, A, &) be a complete probability
space, let W be a Souslin space, and let G be a multivalued mapping from ) to the
set of non-empty subsets of W such that its graph belongs to A® B(W). Then, there
exists an (A, B(W))-measurable mapping I': Q — W such that I'(w) € G(w) for all
w e Q.

Remark 2.5.5.  a) As can be seen from the proof, it is not necessary to have a
probability measure. One could start with a o-finite measure since this is
equivalent to a probability measure.

b) Complete, separable metric spaces are Souslin.

c¢) To use this theorem, the general strategy is to show that the graph is a closed
set, since then it is in particular measurable.
Most of the time it will be used to get a selection of geodesics or almost-geodesics
on which curves in the Wasserstein space are supported, so let us treat this situation
here.

Lemma 2.5.6. i) Let (X,d) be a complete, separable, geodesic space. Then there
exists a measurable selection T': X x X — C9([0,1], X) such that for every
x,y € X the curve I'(z,y) is a geodesic connecting x and y.

ii) Let (X,d) be a complete, separable, length space and define the set of e-geodesics
between two points as

G5($,y) = {’7 S CO([Ov 1]’X) }70 =7 =Y, |L(’y) - d(fb,y)‘ < 8}‘

Then there ervists a measurable selection Te: X x X — C°([0,1],X) with
Lo(z,y) € Go(x,y) for every z,y € X.

Proof. i) Let Geo(z,y) := {v € C°([0,1],X) | vy geodesic,y9 = z,71 = y} be the
set of geodesics connecting x and y. Since X is a geodesic space, these sets are
non-empty. Let us show that the graph of this multivalued map is closed. Let
(TnyYn,7y"™) be a sequence such that v € Geo(zn, yn), (Tn,yn) — (z,y) in X x X
and 4" converges uniformly to v* € C%([0,1], X). Then 1 = z,7} = y, and

(75, y) = lim d(yy, ') = lim [s —t|d(75,77) = [s = t|d(5, 7/)-

Hence v* € Geo(z,y). Now we can apply the above measurable selection theorem
with Q = X x X, W = C?([0,1], X) and G = Geo, getting a measurable selection as
desired.

ii) Now with G. instead, for a sequence (z,yn, ") with (z,,y,) — (x,y) and
" € Ge(Tn, yn) uniformly converging to a curve v* € C°([0, 1], X), again the end-
points converge, and

IL(y") = d(z,)| < liminf |L(y") — d(z, yo)]| < ¢

thanks to the lower semicontinuity of the length. Thus, also in this case we get the
desired measurable selection. O
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The space (P1(X), W) is always geodesic, since convex combinations between
measures are geodesic curves in this case. However, when the underlying space X is
a geodesic space, then we can actually choose geodesics in P;(X) that are supported
on geodesics in X. This even works in length spaces when taking almost-geodesics
instead of geodesics.

Proposition 2.5.7. i) Let (X,d) be a complete, separable, geodesic space. Then,
given pg, 1 € P1(X), there is a Wi-geodesic connecting them which is sup-
ported on geodesics in X.

it) Let X be a complete, separable, length space. Then, given ¢ > 0 and po, 1 €
P1(X), there exists an e-Wi-geodesic connecting them which is supported on
e-geodesics in X.

Proof. The proof works exactly as in the above Proposition 2.5.3, so let us follow
the one of [AG13, Theorem 2.10].

i) Take an optimal coupling ¢ € Cpl(uo, 1), and a measurable selection of
geodesics I': X x X — Geo(X) such that I'(x, y) is a geodesic between x and y, which
exists by the above Lemma 2.5.6. Then the measure @ := I'xq is in P;(Geo(X))
and ¢ — 1y := (e;)4Q is a geodesic in Pi(X) as can be seen from

W (s1s0 1) < / des(7), (7)) dQ()

Geo(X)

XxX

=|s — t|W1 (o, f1)-

ii) For every € > 0 and z,y € X let

Ge(z,y) == {y € C°([0,1],X) |70 = 2,m =y, |L(y) — d(z,y)| < €}

be the set of e-geodesics connecting x and y. By Lemma 2.5.6 we can take a measur-
able selection of almost-geodesics, i.e. T'.: X x X — C°([0,1], X) such that T'o(z,y) €
G:(z,y). Let ¢ € Cpl(uo, 1) be an optimal coupling. The measure Q. := (I'c)xq is
then supported on e-geodesics. Let us show that the curve ¢ — p; := (e;) 4 Q< is an
almost-geodesic in the space (P1(X), W1):

W (s, 12) < / des(7), (7)) dQ: ()

C9([0,1],X)

< / s — tld(co(), e1(7)) + |s — t} Q= ()
C9(]0,1],X)

:|S_t| d(l‘,y) dQ(may)+’S_t‘5
XxX
s — W3 (a0, 1) + | — tle.

where we used Lemma 2.1.7. O
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Let us now turn to synthetic Ricci curvature bounds. They are defined through
the convexity of the relative entropy.

Definition 2.5.8. The relative entropy is the functional Enty: M(X) — (—o0, o],

/ plogpdm, if p=pm
X

400, otherwise.

Enty(p) :=

The domain of the entropy is denoted by D(Ent) := {u € M(X) | Entm () < 00}

By abuse of notation we will sometimes write Enty,(f) instead of Enty(fm) for
a probability density f.

Definition 2.5.9. Let K € R. A geodesic metric measure space (X, d, m) has Ricci
curvature bounded below by K (we also say: is a CD(K,00) space) if the relative
entropy is K-convex in the Wasserstein space (Po(X), Wa), i.e. if for every pair u, v €
D(Enty,) NPa(X) there is a constant-speed geodesic (i4)eo1] C D(Enty) N Pa(X)
with pg = u, pu1 = v such that for all ¢ € [0, 1]:

Bt (1) < (1 — £) Enttes (1) + £ Entes (v) — %t(l W), (2.5.4)

If (2.5.4) holds for every geodesic in D(Enty) N P2(X), then (X, d, m) is called a
strong CD(K, o0) space.

If (X,d,m) is a CD(K,00) space and infinitesimally Hilbertian, then we call it an
RCD(K, c0) space.

There are many important geometric and analytic consequences coming from the
RCD(K, 00) condition, which under some additional technical assumptions are even
equivalent to it.

Theorem 2.5.10. Let (X,d,m) be an RCD(K, c0) space. Then:

i) The heat flow &, coincides with the EVIg flow of the entropy in the Wasser-
stein space, i.e. Py for u € Pa(X) satisfies that for every a € Pa(X) and
almost every t € (0,00):

d1 K
35 V3 (Pu; @) < Entw(a) = Bnte(Pep1) = 5 W3 (Pups, o).
i1) The heat flow satisfies the Wasserstein contraction result: for every t > 0 and
1, v € P2(X)
Wa( Py, Pov) < e EWa(u, v).

i11) The heat flow for functions satisfies the gradient estimate: for everyt > 0 and
fewh3(X,d,m)
VP fI? < e 2P (IVf]?).

iv) The Bochner inequality holds: for every f € D(A) with Af € W12(X,d, m)
and all ¢ € Doo(A) with ¢ > 0

1
/ A<p|Vf|2dm/ gon-VAfdmzK/ 0|V f|2 dm.
2 Jx X X

43






Chapter 3

Gluing of Metric Measure Spaces

3.1 Gluing

Let (X,d,m) be an infinitesimally Hilbertian metric measure space, take an open
subset Y C X and denote Z := X \'Y. We now consider k& € N copies of X,
denoted by X',..., X* and identify these spaces with the original one via maps
1 X — X'i=1,...,k which send points z € X to the corresponding points
in X?. Each X’ is equipped with the metric d; := d o (LZ-_I, Li_l) and the measure
m' = tixm, but we will usually suppress the indices and write d and m on every X i
Let Y := 1;(Y), Z% := 1;(Z). We define an equivalence relation by identifying the
points in the Z%s:

X'sz~yeX! & (i=jandxz=y) or <Ll_1(x) € Z and 1 () :Lj_l(y)>.

Definition 3.1.1. Given a metric measure space (X, d, m), the k-gluing of X along Z
is now obtained as the quotient of the disjoint union of the X* under this equivalence

relation L
X = <|_| XZ> [ ~.
=1

Define a metric d: X x X - R by

) inf (d;(z,0i(p)) +d;j(;(p),y)), HzeX ,yeX) i#j
d(z,y) == ¢ "<* .
di(z,y), if x,y e X°.
For points in p € Z we will subsequently drop the isometries ¢; and for instance write
d;(z,p) instead of d;(x, t;(p)).
As a measure we use m := %Zle m’, meaning that for a Borel set A C X, we
consider the restrictions to the copies and set

k
B(A) = % S mi(An XY,
=1

For the special case of gluing together only two copies, we also call the resulting
space the doubling of Y in X, and as indices we will use i € {+, —}.
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Remark 3.1.2. a) We can view X' as a subset of X , since the canonical map L; X* —
X restricted to X" is injective.
b) In the following, we will also make use of the partition

k
X:(Uyﬁuz
=1

c) As we are gluing together copies of the same space, we have that for z,y € X!
and j # i
di(,y) = dj(1; (7 (@), ¢5(; ()

Proposition 3.1.3. Let (X, d) be a complete, separable metric space. Then:
i) (X, cf) is a complete, separable metric space.
it) If X is a geodesic space and Z = X \'Y is proper, then X isa geodesic space.
i11) If X is a length space, then X isa length space.

Proof. 1) The construction is classical and can for instance be found in [BH99, p.67f,
Lemma 5.24] and |[BBIO1, Chapter 3|. For sake of completeness, we redo the proof
here.

The function d is obviously non-negative, has a vanishing diagonal and is sym-
metric.

For the triangle inequality, let us start with the case that z,y € X* Then if
2z € X', we have

d(z,y) = di(z,y) < di(,2) + di(z,y) = d(x, 2) + d(z,y).
If on the other hand z € X7,j # i, let ¢ > 0 and take p,q € Z such that
d(z,2) > di(w,p) + dj(p,2) —¢  and d(z,2) > di(q,y) + dj(g,2) — .
Then, since d;(p, z) = di(p, Li(Lj_l(z))),

~ ~

)+ di(a,y) + dila, (1 (2))) — 2
1(2),y) — 2¢

The other cases are similar.

Let z,y € X with cZ(:L“,y) =0. In case z,y € X?, then = y by the definiteness
of d. Assume for a contradiction that z € Y%,y € Y7,i # j. Then for every n € N
there is z, € Z such that d;(z, z,) + dj(2n,y) < % In particular z, converges both,
to z in (X*,d;) and to y in (X7,d;). Since the copies Y*, Y7 are open and disjoint
in X , this is a contradiction.
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3.1 Gluing

Separability is clear by taking the union of the separable sets of the different
copies.

Turning to completeness, let (zy)neny C X be a Cauchy sequence. Since we are
gluing together only finite number of copies, there is ¢ € {1,...,k} such that there is
an infinite subsequence with (z,,)seny C X?. This is a Cauchy sequence with respect
to d;, hence there is a limit z* € X which is also a limit in (X, d).

ii) Let z,y € X. Then we have to find a midpoint. If z and y are in the same
copy, then we can just take the midpoint we get from that copy being a geodesic
space. So assume that z € Y,y € Y7, i # j. Then there are z, € Z such that
di(x, zm) + dj(zm,y) — d(z,y). Hence (2,)men is a bounded sequence in the proper
space Z, so we can extract a converging subsequence z,,, — z* in d;. But since
1j(1;1(2)) = z for 2 € Z, we also get the convergence d;(2m,,y) — d;(2*,y). Thus 2*
is a minimizer in the definition of d(z, y), i.e. d(x,y) = di(x, z*) + dj(2*,y). Assume
without loss of generality that d;(z,2*) > d;(2*,y). Then we can take a geodesic
7:[0,1] = X% 49 = 2,71 = 2* and a time ¢* € [0, 1] such that

d(xafyt*) = dl(ma’)/t*) = (j(l’,y) = di(/yt*az*) + dj(Z*ay)

DN |

By a simple contradiction argument one sees that d;(y-, 2*) + d;j(z*,y) = d(ye,y),
meaning that we have found a midpoint.

iii) Let x,y € X and £ > 0. Now we have to find an e-midpoint. If z and y are
in the same copy, then we can just take the almost-midpoint we get from that copy
being a length space. So assume that x € Y,y € Y7 i # j. Then there is z € Z
such that

di(z,2) + dj(z,y) < d(z,y) +e.

Assume without loss of generality that d;(z,z) > dj(z,y). Take a dyadic number
q € (0,1) such that

and ‘ﬂxw)—Kl—qMA%2%+%@4m <

Ci(xay)_qd’i(waz) < 9

N =
N M
N ™

By taking “midpoints of midpoints”, the length property of X* then provides us with
a point v € X* such that

|di(z,v) — qd;(z,2)| < and |d;(v,z) — (1 — q)di(z, 2)| <

| ™
DO | ™

Finally — having in mind that d(z,v) = d;(z,v) for ,v € X’ — this yields

~

o) = o) < i, 0) = adio, )] + 5 <

and

A 1.
d('U,Z) - 2d($7y)‘ < ’di(vaz) + d](Z,y) - qdl(xaz)‘ + % <e.
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3 Gluing of Metric Measure Spaces

The same counterexample as in Remark 2.2.6 shows that we cannot omit the
assumption that X \ Y is proper to conclude that the glued space is geodesic.

The metric properties directly transfer to the Wasserstein space, see for instance
[Vil09].

Corollary 3.1.4. For p € [1,00), the Kantorovich- Wasserstein metric Wp obtained
from d is a complete, separable metric on Py(X). It is a length (resp. geodesic)
metric, if and only if d is.

Lemma 3.1.5. Given an open set A C X, its restriction to a copy AN X' €
{0,...,k}, is open in (X*,d;). Analogously, for a closed set C C X, the restriction
C N X' is closed in (X', d;). In particular, for a Borel set A C X, the restriction
AN X" is a Borel set in (X*,d;).

Proof. Let z € AN X*?. Since A is open in (X, (f), there is £ > 0 such that the e-ball
with respect to d, B-(z), is contained in A. Since d = d; on X* x X*, we get

B.(z) = B.(z)N X' C B.(x)N X' Cc An X',

where B.(r) is the e-ball in (X?,d;) around z.
For closed sets just take complements of open sets. O

Corollary 3.1.6. If X is compact, then also X is compact.

Proof. Let {Ug}geN be an open cover of X. By the previous lemma, UZ = ﬁg N X¢
is an open cover for X*. Hence, compactness of X gives us a finite subcover {U, ;m}m

of X*. Then {U; }m, is a finite subcover for X. O

Corollary 3.1.7. Let (X,d, m) be a metric measure space. Then (X, d, m) is a metric
measure space, i.e. the measure m is a well-defined Borel measure on X satisfying
the exponential integrability condition (2.3.1). In case m is a finite measure, W is

also finite, and hence a Radon measure.

Proof. The above lemma shows that m is a well-defined Borel measure, so we only
need to show the integrability condition. Let ¢ > 0 and zp € X be such that (2.3.1)
holds for m. Note that once (2.3.1) holds for one zy € X, thanks to the triangle
inequality it holds for every other choice of xg, so we can assume without loss of
generality that xg € Z. Then

k
/A e—cd’(@,20) 4@ — ]12/ e o4 (®70) qm; < oo.
X i—1 /X!

Now we introduce some notation for dealing with functions on X.

48



3.1 Gluing

Definition 3.1.8. Let u; : X! = R, i=1,...,k, be given by u; := u|y:. Define the
mean value

1k
u: X = R, a::E g U; O L;
i=1
and the “mean free” functions
o o —
u;: X - R, wu;:=wu;01;—1u.

Observe that since the u; all coincide on Z, the w; are zero everywhere on Z.
Also, we have

> i =0. (3.1.1)

Notation: During the proof of Lemma 3.1.13 we will start to simplify notation,
by mostly omitting the identification maps ¢;. Whenever a function u; now gets an
argument from X, it is understood as w; o ¢; and similar for @, u; with L L

Let ((/JB, F) denote the Cheeger energy of the space (X, d, ).

Lemma 3.1.9. The space X s infinitesimally Hilbertian and for every u € F, the
functions u; o v; are in F and

k
—~ 1
=1
Proof. This follows directly from the locality property of weak gradients in Lemma
2.3.5 by applying it to the open sets Y and Z°. O

In particular, we get a Dirichlet form (£, D(£)) on X by polarizing &(u) :=
2@1(u) and setting D(€) := F. This Dirichlet form has an associated strongly
continuous, contraction semigroup which we will denote by Py. The dual heat flow
on the space of measures will be denoted by Py

Lemma 3.1.10. Ifu € D(E), then @ € D(E) and @; € D(%),i=1,...,n.

Proof. Being in D(fj) means (/JTl(u) < 00. By the previous lemma, this implies

k
Z % Ch(u; ov;) = (/]E(u) < 0.
i=1

Since each term is non-negative, Ch(u; o ;) < oo for every ¢ = 1,...,k. Thus
u; o v; € D(E) and also the linear combination u € D(E).
The other assertion follows from the fact that all the u;’s coincide on Z. O

Now we are going to define a semigroup on X and we will show that it actually
is the one corresponding to £.
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3 Gluing of Metric Measure Spaces

Definition 3.1.11. The glued semigroup PEY : L2(X,t) — L*(X, 1) is defined by
PElu(z) := P (x) + Pa(1; (x), ifre XY i=1,... k. (3.1.2)
Also, define the approzimated glued Dirichlet form E7" L2(X, m) x LQ(X, m) — R,

1
EFL (u,v) := 5 /X v(PEEy — w) din.

Remark 3.1.12. Observe that PPF is well-defined, since u; = u; on Z for every
t,j=1,...,k.

Lemma 3.1.13. The family of operators (PG s0 is a symmetric, strongly contin-

wous contraction semigroup on LQ(X m). In particular, there exists a corresponding
Dirichlet form (ET, D(ECL)) connected to PE* wvia

GL 2 : GL
D(EY") = {ueL (X, 1) %1_1}(1)& (u) <oo}
EGE (u,v) = PH(I] L (u,v), for u,v € D(ECE).
—

Proof. Symmetry: We use that P, and P? are symmetric with respect to m:
/ uPCty din = Z / u; (Po) ot + (PP;) o0 ) dm’
1 _ o 0
= Z — [ 0P(u; 0;) + 0; P (u; 0¢;) dm
— k [x
Z k2 / 0 13) Pr(ui 0 15) + (v 0 1) P (ui 0 15) — (vj 0 1) P (i 0 1) dm

7,j1

Z kQ/ vj 0 1) Pe(ui 0 45) + (vj 0 1) PP (uj 0 1) — (v 0 5) P (uj 0 1) dm

t,j=1

k 1 1 k 1 k
=S4 et S R o) (Fiuyen) 13 Hae) an
j=1 /X i=1 i=1

k
1 . -
=) % /X(Uj o ;) (P + PPij)dm = /X vPf udi,
i=1

From now on we will apply the abuse of notation introduced before. This is in order
to improve readability.

Semigroup property: First observe that on X' we have POGLu = Pyu + P(?ﬁi =
U+ u; — 4 = u. Denote v := PtGLu. Then v; = Pu + Ptofa,;. Now on X*

k

k
Z v]+P V; — ZPOU

PELpEly = PSLy = Po 4+ P9 =

wM—‘
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3.1 Gluing

k k

1 o _ o 1 _ o
== > Pu(Pai+ PPiy) + PY(Pa + PPii;) — - > PP+ Piy)
j=1 j=1
. 1< 1< .
:Ezpsﬂﬂ‘i‘Ezpsptﬁj"‘PBPtﬂ‘FPBH&i_ EZPSPW_ %ZPL‘?H&J'
j=1 j=1 j=1 j=1
5 —

= 0 0 GL
=Lsqtu + Ps—l—tui = Ps+tu7

where we used (3.1.1).

Contraction: To show the contraction property in L? (X' ,m), we first show that
PEL is Markovian (i.e. positivity preserving and L*-contractive in L? N L>). By
symmetry of PtGL, we also get L'-contractivity. Using the Riesz-Thorin interpolation
theorem, we finally get contractivity in L2.

Let u € L2 N L°(X, ) with 0 < u < 1. Then also 0 < u;, % < 1. Then, on X*,

PSPy = Pa+ PP < Pii+ Py, = Py < 1.
For the other side, we have to show PtGLu > 0, which is equivalent to
Pl < P + PPu;.

But this holds true because P f < P,f for every f € L?, and Plu; > 0.

Now we use that L' is a subspace of the dual of L>. For u € L' N L2(X,ﬁ1),
consider the bounded, linear functional ¢ : L>®°(X, ) — R, £(v) := [5 vPELudm.
The dual space norm of ¢ coincides with the L'-norm of P& u, thus

HPtGLUHLl(X) = sup / UPtGLU dm = sup / PtGLUU dm
[0l oo () <1V X [[oll oo (X)<1 Y X
< s [ oudin =l g
0] oo (X)<1 7 X

Here we used the symmetry of PY and the L>-contractivity.
Hence PEL is a contraction in L' N L2 and also in LN L2. By the Riesz-Thorin
interpolation theorem, it is then also a contraction in L?.

Strong continuity: This follows directly from the strong continuity of P; and P?:
k
GL 2 GL 2 . 1 . 0e 2 .
1P U—“HLz(X) _/X (Pt u—u) dm_;k/i (Ptu—i-Ptu,-—ui) dm’
i ]- — — 0o o 2
:Z% X(Ptu—u—i—Ptui—ui) dm
i=1
koo ,
< Z k/ (Ptft — ﬂ)2 + (Ptoﬁi — ZDLZ) dm
=1 /X
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3 Gluing of Metric Measure Spaces

(1P = @2 ) + 1PPéis = Gil3ax) ) — 0

E )

k
=1

ast — 0. O

Lemma 3.1.14. For every u,v € L*(X,m):

EFE (u,v) = &(u, D) th Ui, 0;)- (3.1.3)
Proof. We just compute

1
&0y =7 [ v (PPu—w) i

k
= _ Z % / v; (Ptﬂ + Ptoﬁi — uz) dm’
=1 ’
i
:—Z— ’Uz'(lDtﬂ—ﬂ—i-PtO'&i—&i)dm
P kt Jx

k
1 1 o o
——t/v(Ptu—u)dm—Z v; (PY%; — ;) dm
X i=1

X
k
]‘ o o
—i—Zk/Xv(Ptui—ui)dm
=1

=0 by (3.1.1)
k
— &, 0) + > EX i, ).

=1

o~

Lemma 3.1.15. If u € D(ECTY), then @ € D(E) and 4; € D(EY),i=1,...,k.

Proof. By definition and (3.1.3),
GL IRT GL T _
oo > & (u)—%g%gt (u)-%gl{l}( U, 0) th ul,vz).

Since the sum converges and every term is non-negative and non-decreasing as t — 0,
the terms converge and we can interchange sum and limit to get

0o > ECE(u) = lim & (u, D)
t—0

@ |

1m€ (i, 0;) =

k
§ uw Uz

;wH

||M?r

02



3.2 The Case of Riemannian Manifolds

Now we come to the main theorem of this section, which identifies the semigroup
PEL with the heat semigroup P; associated to &.

Theorem 3.1.16. The semigroups PEL and P, coincide on L2(X, 1) .

Proof. We will proof that the Dirichlet forms (6%, D(EGL)) and (€, D()) coincide.

A~

Let u,v € D(E). By Lemma 3.1.14,
Lk
EF (u,v) = E(u,0) + Z; £ (113, ).

By Lemma 3.1.10, @, 9 € D(€) and u;,0; € D(EY), so that we can take the limit
t — 0. This yields

1< 1211 b
=E(u,0) + ¢ ;go(ﬁi,ﬁz) =£(@,0) + ¢ 2 £, )
1< 1 \
= (u,v)+k;5(uz U, v; — 7) = k;ﬁ(uz,vz) = &(u,v),

where we used that & is an extension of £°. This also shows that D(€) ¢ D(ECL).
The other direction works with the same argument but using Lemma 3.1.15 instead.

O]

3.2 The Case of Riemannian Manifolds

When interested in curvature properties, gluing together Riemannian manifolds is a
delicate issue, since in general the glued Riemannian metric will only be continuous
and so one cannot define the curvature tensors. Schlichting [Sch12, Sch14| showed
that for the Ricci curvature (and various other curvature operators) a lower bound
is preserved under gluing in an approximate sense. We will now use this result to
show that the doubling is an RCD(K, o0) space.

Theorem 3.2.1. Let (M,g) be a complete, n-dimensional Riemannian manifold
with Ricci curvature bounded below by K € R. Let Y C M be an open, bounded,
convex subset with a smooth, compact boundary. We set X :=Y and equip it with
the Riemannian distance d and volume measure m. Then the 2-gluing of (X,d, m)
along OY , denoted by (X, d, m), is an RCD(K,n) space.

Proof. First observe that the gluing of Riemannian manifolds yields a continuous
Riemannian metric

o Jgslp), ifpeYT
g(p) = . B
g-(p), ifpeY™,
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3 Gluing of Metric Measure Spaces

whose Riemannian distance and volume measure are d; = d and m; = 2m in terms
of our metric gluing.

By convexity, the submanifold Y satisfies the same lower bound on the Ricci
curvature and the boundary Y has non-negative second fundamental form. The
result in [Sch12,Sch14| now ensures that there is a sequence of smooth Riemannian
metrics g. on the glued manifold X converging to ¢ uniformly as ¢ — 0 and such
that

Ricg, > (K —¢).

Thus we get a sequence of smooth, compact metric measure spaces (X ,dg.,mg, )
which satisfy the RCD(K —¢, n) condition. The stability of the RCD-condition under
measured Gromov-Hausdorff convergence together with the convergence result in the
following lemma completes the proof. O

Lemma 3.2.2. Let (g:)e>0 be a sequence of smooth Riemannian metrics and g a
continuous Riemannian metric on a compact, smooth manifold M. If g- — g uni-
formly as € — 0, then (M, de,m.) — (M, d,m) in the measured Gromov-Hausdorff
sense, where d., m. and d, m are the distance functions and volume measures obtained
by g- and g, respectively.

Proof. First, we have to show that for every 6 > 0 there is £* = £*(§) > 0 such
that for every ¢ < &* the identity id : (X,d.) — (X,d) is a d-isometry. Being a
d-isometry in this case means that for every z,y € X we have |d.(x,y) — d(z,y)| < ¢
(i.e. uniform convergence).

By the uniform convergence of g. and the uniform continuity of the square root,
we have uniform convergence of \/g.(v,v) =: |v|: — |v| := \/g(v,v), which means
that given § > 0, there is €* > 0 such that for ¢ < €* and all p € M, v € T, we
have

lv| — 0 < |v|e < |v| + 0.

Integrating over the speed of curves v : [0,1] — M yields

1 1 1
/ |y ds — § < / |7]e ds < / || ds + 9.
0 0 0

Now taking the infimum over all curves connecting x and y, we finally have
d(z,y) — 6 < de(z,y) < d(z,y) + 6.

By the uniform convergence of g., this reasoning is independent of the points z and
y, thus we have uniform convergence d. — d which means we found d-isometries.
Now we have to show that the push-forward measures idxm. converge weakly to
m. But this follows by observing that in coordinates the volume measure has the
density /| det gc|, which still converges uniformly. O
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Chapter 4

Transportation Distances for
Subprobability Measures

This chapter aims to introduce a metric on the space of subprobability measures.
Our approach is based on a heuristic particle interpretation that involves also an-
tiparticles. Particles can change to antiparticles when they hit the boundary. In
contrast to the classical particle interpretation of the heat equation with Dirichlet
boundary conditions, the particles do not get killed at the boundary, but reflected
and thereby possibly changing to antiparticles. However, using this intuitive idea,
we only get a function that does not satisfy the triangle inequality. Instead, we will
study the induced metric and the further induced length metric in detail.

In all of this chapter we will assume that (X, d) is a complete, separable metric
space and Y C X a non-trivial, open subset, i.e. such that ) #Y # X. Additional
assumptions are given in the beginnings of the sections, if needed.

4.1 Charged Probability Measures and Identification with
the Doubled Space

By abuse of notation we will often call Z := X'\ Y the boundary of Y despite it being
different from the topological boundary dY in general. While the distance between
two particles — as well as between two antiparticles — at locations z,y € X is d(z, ),

Figure 4.1: Distance between a particle and an antiparticle.
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4 Transportation Distances for Subprobability Measures

Figure 4.2: Decomposition of charged measures.

the distance between a particle at x € X and an antiparticle at y € X is given by

d*(z,y) = s [d(x, 2) + d(z,y)],

see Figure 4.1. This expresses our heuristic idea that particles can change to antipar-
ticles when they hit the boundary. To use the idea of particles and antiparticles, we
use pairs of measures:

Definition 4.1.1. The space of charged probability measures is

75(Y’X) = {U = ( +707) ot € PSUb(X% UﬂX\Y = Uﬁ’X\%

oH(X) 4o (X) = 1}.

The subprobability o' represents a distribution of particles whereas o~ repre-

sents a distribution of antiparticles. When at the same place, they annihilate, so what
is left is the effective measure ot — o~ supported on Y. Denote by 00 := ot — o~
the effective measure and by @ := o+ + 0~ the total measure. Observe that ¢ is in
general a signed measure. However, we will mostly use charged measures with ¢° > 0
since we usually start with a given subprobability u and choose an appropriate o
with ¢% = p.
A problem in defining a “transport” metric for subprobabilities is that it does not
make sense to look for couplings between measures of unequal mass. To overcome
this difficulty we interpret given measures p,v € P (Y) as effective measures of
some o, 7 € P(Y|X). For charged measures, we will now define the LP-transportation
distance. We have to distinguish between transports from particles to antiparticles
(and vice versa), and transports between particles and particles (or antiparticles and
antiparticles), because the former use the metric d* whereas the latter use d. To
do so, given 0,7 € P(Y|X), we take a coupling ¢ € Cpl(7,7) between the total
measures and decompose it in the following way. Since 0! < &, there are densities
such that o' = u'G,i € {4+, —}, and analogously there are functions vj,j € {+,—}
such that 79 = v/7. Setting
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4.1 Charged Probability Measures and Identification with the Doubled Space

g (z,y) := u'(2)v? (y) dg(z, y)
and - -
o) =q(X), 77():=q(X,"),
we obtain a decomposition
G=qtt gt g T4, =0t o, =t

such that ¢“ € Cpl(c¥,7%), 4,5 € {4, —}, see Figure 4.2. Given this decomposition,
we can now give the following definition.

Definition 4.1.2. For p € [1,00), we define the LP-transportation cost between
charged probability measures

Wy(o,7) = inf / d(:c,y)pdq++(:c,y)+/ d*(z,y)P dg* (z,y)
q€Cpl(F,7) XxX XxX

1/p
+Lde*(w,y)pdq_+(:v7y)+/Xxxd(x,y)de"(x,y)} :
(4.1.1)

We further define

1.1

Py(V]X) = {a e P(Y|X) ) W, <a, (5% 5

5 595)) < oo for some/allxeX}.

Lemma 4.1.3. The map p — (34, %u) defines an isometric embedding of Pp(X)
into Pp(Y|X).

Proof. Using that d(x,y) < d*(z,y), we have for every admissible coupling ¢ €
Cpl(3p+ sp, 5v+ v):

/ d(z,y)P dg™ (z,y) + / d*(z,y)P dg* (z,y)
XxX XxX

+/ d*(z,y)? dg~ " (2, y) +/ d(z,y)? dg~ " (z,y)
XxX XxX
Z/ d(ﬂfvy)”dq++(937y)+/ d(z,y)Pdg*~ (z,y)
XxX XxX
+ [ dwyrde @y [ dwgrde @)
XxX XxX

Z/XXx d(x,y)P dg(,y)

> Wy (1,
On the other hand, every coupling ¢ € Cpl(y, ) in the definition of Wj,(, v) is also an
admissible coupling for W), with decomposition ¢g*+ = ¢~ ~ = %q andgt~ =¢ *t =0,
so we also have W), > Wp. ]
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4 Transportation Distances for Subprobability Measures

We will now show that (P,(Y|X),W),) can be isometrically identified with the
Wasserstein space (P,(X),W,) over X. This identification is very useful and for
instance immediately tells us that (P,(Y|X),W,) is a complete separable metric
space. Since we only look at two copies of Y C X, we index the different copies in
the glued space by Y™ and Y~ instead of the numerical indices in Subsection 3.1.
Still, Z := X \Y and X = (XTUX ")/ ~. As we are dealing now with measures
which are not equal on the different copies of X, in this section we do keep track of
the identification maps ¢;,7 € {4, —}. Every subset used in this section is assumed
to be a Borel-measurable set in the space it is taken from.

Lemma 4.1.4. The maps ® : P(Y|X) — P(X) and ¥ : P(X) — P(Y|X), given by
(0T, 0 ))(A) =0t (ZHANY ) + o ((ZHANY )
+oT(TMANZ) +o (1ZHAN 2))
for Ac X and

V(6)'(B) = 6(u(B)NY") + ;A( i(B)NZ), ief{+ -},

for B C X, respectively, are inverse to each other.

Proof. Let us first check that the maps are well-defined. For ® this simply is
(ot o N X)=0" (Y +o (Y )+ (Z)+0 (Z)=0"(X)+0 (X)=1

For ¥ we first observe that

L)+ 6(v) + L6(2) = 6(%) =

V() (X) + U(6)(X) = 6(YH) + :

|

By definition it is clear that U (o +|Z =U(5)" | . Hence both maps are well-defined.

Now let us check that ® o W = idp ). Let 6 € P(X) and A C X be measurable.
Then

Do W()(A) = D((T(6)",(5)7))(A)
)T ANY ) + T (6) (ZHANY )+ U(6)T (111 (AN Z))
+ ()" (1= (AN Z))

=60+ (M ANY TN NY ) + =6 (FHANY )N 2Z)

Fo(_(CHANY ) NY ) + 26(_(ZHANY 7)) N 2)

[\')‘)ﬂ + L\D\»—t

1
27
6 (1THANZ)NY ) + 2604 (1THAN 2)) N Z)
1

+6(_(THANZ)NY ™ )+ 50( (W ZHANZ)NZ)
:&(AmY+)+&(AmY‘)+% (AQZ)—F%&(AQZ)
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4.1 Charged Probability Measures and Identification with the Doubled Space

= 6(A).

We are left with showing that W o ® = idpy y). Let o = (ct,07) € P(Y|X)
and B C X be measurable. Then

W o B(0)"(B) = B(0)(11(B)NY ) + J8(0)(1+(B) N 2)

T B)NYTNY ) +o (I (B)NYTNY )
+ot (I (B)NYT N 2Z))+ o (" e (B)NY T N 2Z))
it B nznY ) + %g—(bjl(b+(3) NZAY))

2

+ %a+(b;1(b+(3) NZNn27) + %a—(L:l(L+(B) nNZn2)

1 1
=o"(BNY)+ 5a+(B nz)+ §a—(B NZ2)
- U+(B)7

since a*‘Z =0~ |,, and analogously for ¥ o ®(c)". O

Lemma 4.1.5. & and U are isometries between (P,(Y|X),W,) and (Py(X),W,)
for every p € [1,00).

Proof. We will show that
Wp(6,7) = Wy(L(5), U(7)).

Let G € Cpl(d, 7). Then we have to construct a coupling ¢ € Cpl(¥(5), U(7)) giving
the same cost. Given a set A C X x X, we will define ¢ by defining the decomposition
¢ by embedding A into the “X* x X7”.

A\
~
X
N

X xX

Y Y xY

Y
Figure 4.3: Decomposition of X x X to define the coupling.

Let A7 := 1;;(A) == {(ti(21),¢j(x2)) | (x1,22) € A}. Then, for i,j € {+,—}, we
define

¢ (A) = GIAN (Y xY)) + %(j”'(Am (Y x Z)) + %dij(Am (ZxY))
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4 Transportation Distances for Subprobability Measures

+ ifjij(Am (Z x Z))

= QAT O (Y X Y7)) 4 SG(AY 01 (YT x 2)) + 2q(A7 1(Z x Y7))

l\.')
N

—_

24(AY N (Z x 2)),

.4;

see Figure 4.3. Observe that ¢ (AN(Y xY)) = §(1;;(AN(Y xY))) = (L;jl)#Q(Aﬂ(Yx
Y)) and similarly for the other terms. This seemingly complicated decomposition
into 4 terms instead of just taking “g(.A%)” is necessary because otherwise we would

count the parts on the boundary wrong. As a candidate for a coupling between ¥ (&)
and ¥(7) we define

g(A) =T (A + (A +q (A +q (A). (4.1.2)

Let us first show that it is a probability measure on X x X:

’ 1
1) — J
Yo xx) = Y [(ny) SA(Y' < 2)
i7je{+7_} ivje{"’_v_}
1 1
+ iqA(Z x Y7)+ ZQ(Z X Z)
=X xX)=1

since the sum is a disjoint partition of X x X = (YT UY - UZ) x (YT UY U Z).

Next we show that it is indeed a coupling. Taking a subset A C X and defining
Al = 1;(A), we evaluate (4.1.2) at A := A x X:

g AxX)=q(ATNY ") x YN+ Zg((ATNY ) x 2)+ Z¢((ATNZ) x YT)

1
2

N | —

44T N 2) % 2) +4((AT NV ) x Y7) 4 La((AT 1Y) x 2)
%q((A* NZ)xY) + iq«/ﬁ NZ)x Z)+ (A~ NY~) x Y
%(j((A Y7 x Z) + %Q((A* NZ)x YT + i (A~ Z) x 2)

+4((A"NY ) x Y )+ %q((A* NY ™) x Z)+ ; (A" NZ)xY")
(AN 2) % 2)

=¢((ATNY ) x X)+4((A"NnY ") x X) + %d((/ﬁ NZ)x X)
% (A~ N Z) x X)
_ G(ATAY ) 44 NY )+ % (AT 2) + %&(A‘ n2)

U(6)" (4) + (&) (A) = T(&)(A).
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4.2 Transportation-Annihilation Pre-Distance

This works analogously for A = X x A and (7). We are left to show that this
coupling used in the definition of Wy gives the same value as Wy (4, 7). Let us only
discuss one term in order to simplify the exposition.

/ d(z,y)P dg* (z,y)
XxX

1
— [ dr i )+ [ dwyP g (e)
Y xY Y xZ
1 1
+1 / d(e, y)? dq+ (2, y) + + / d(e, y)? dq+ (2, )
2 ZXY 4 X7

. 1 .
=/ d(z,y)P dq(z,y) + 2/ d(x,y)? dg(z,y)
Y+txY+ Y+xZ

1 X 1 R
+ / d(z,y)? dq(z,y) + / d(z,y)P dq(z,y)
2 Jzxy+ 4 Jzxz

where we abused notation once more by omitting the identification maps ¢;. Taking
into account that d(z,y) = d*(z,y) in case at least one of the two points is lying
ir} Z, and adding all the terms up, we indeed see that with this choice of ¢ we have
Wp(5,7) = Wp(¥(6), ¥(7)).

For the other direction, given ¢ € Cpl(¥(4), ¥(7)) we have to construct a suitable
G € Cpl(6,7). Given a set B C X x X, define BY := BN (X’ x X7) and

iB) =Y a5 (BY)).

Z?]e{—"_v_}

With similar arguments as above one sees that indeed ¢ is a coupling of & and 7 with
the same cost. Hence we also have W,(6,7) < W,(¥(6), ¥(7)). O

Lemma 4.1.6. For each p € [1,00), W, is a complete separable metric on Po(Y]X).
It is a length metric if d is a length metric; Pp(Y|X) is compact if X is compact.

Proof. This is an immediate consequence of the isometry between 75p(Y]X ) and

A

Pp(X), together with Lemma 3.1.3. O

4.2 Transportation-Annihilation Pre-Distance

From now on, we assume our space X to be a length space, so that in particular also

P,(Y|X), W,) is a length space.
(Pp( P )

We will now use the metric for charged probability measures to define a semi-metric
between subprobabilities. The idea is that we interpret a subprobability measure as
a distribution of particles and complete them to a charged probability by adding the
same amount of particles and antiparticles which in the effective measure annihilate,
see Figure 4.4.
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4 Transportation Distances for Subprobability Measures

¥

T/

particles

antiparticles @

T/

Figure 4.4: Charged measures in the definition of the transportation-annihilation
pre-distance.

Definition 4.2.1. For p,v € P*“*(Y) and p € [1,00) we define

W;?(l% v) :=inf {Wp(a, T) ) 0,7 €P(Y|X), 0% =p, " = 1/}
{Wo(+ p.0), (v +0.m) | i € P(X), (4 20) (X) = 1,

(v +2m)(X) =1},

=inf

called the transportation-annihilation pre-distance. Moreover, we put
P;“b(Y) = {pePl(y)| W, (1, 6,) < oo for some/all y € Y'}.

Remark 4.2.2.  a) The infima in the previous Definition will be attained if X is
compact. Observe that without compactness this is not clear because we don’t
know if minimizing sequences (o, )n, (7 )n are tight.

b) If 1 and v are probability measures, then W;? (u,v) coincides with the usual
LP-Kantorovich-Wasserstein metric Wy,(u, v).

c¢) In general, Wz? will not satisfy the triangle inequality. For instance, let X =
R,Y =(-3,3),u = d_2,v =02, = 0. Then

W}?(N’? v) = Wp(5—2752) =4,

but

WE68) = _int (62,00, () < W, (62,00, (50-, 5000 ) ) =1

7=(71,71) 5

i.e.

4= W2, v) £ WO(u, &) + W&, v) = 2.
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4.2 Transportation-Annihilation Pre-Distance

particles

antiparticles P @

Figure 4.5: Decomposition of W (u,v) in Lemma 4.2.5.

This definition is impractical for another reason than just the lack of a triangle
inequality: given a sequence (i), and a measure p, to study Wg(un, 1) we get se-
quences (0 )n, (Tn)n € Pp(Y|X) where 70 = . This means we cannot choose a fized
charged measure representing u, but it also depends on the element in the sequence
we are comparing it with. This makes it hard to extract converging subsequences in
the case that the base space is not compact because in principle the added masses
in 7, could wander off to infinity. The rest of this section will be devoted to de-
rive more useful characterizations of Wg through more conventional terms. In these
descriptions, a related transportation cost appears:

Definition 4.2.3. Given subprobability measures u,v € P***(X) with equal mass
u(X) =v(X), we define the transport cost with respect to d*:

Wil i= _nt [ d () datoy)
q€Cpl(p,v) J X x X
Further, we introduce
* 1 *
Wp (:u) = EWp (,LL, N’)
Both functions will be referred to as annihilation costs.

Remark 4.2.4. W is symmetric in its arguments and satisfies the triangle inequality
but typically Wy (u, ) # 0, so it is a meta-metric.

A first, easy step consists in decomposing the transport between (u + p, p) and
(v +n,n) into nine transports, see Figure 4.5.

Lemma 4.2.5. Let pi,v € P5**(Y). Then

W g1, v)? = inf { Wy (1,00)7 + Wy (jaz i )7 + Wy ()
+ Wil v+ Walpd s ) + Wy (o g "
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4 Transportation Distances for Subprobability Measures

W (07 s vs)” + Wy (s mf )P + Wl 5 )| (4:2.1)

=+ po+p3,p=py +p3 +p3 =pp +py + 3,
v=ui+vatus, n=nf +n5 +nf =0y +n5 +n3,

(1 +20)(X) = 1, (v +20)(X) = 1.

The decompositions implicitly require the coupled measures to have the same mass,
so for instance p1(X) = v1(X) ete.

Proof. Given ¢ > 0, let p,n € P*“*(X) such that W;?(Ma v)+e > Wp((u, p,p), (v+
n,m)). We will switch to the setting of the glued space for convenience. Thus,
we will now consider the measures ®((u + p, p)) and ®((v + 1,7)) on P(X). By
abuse of notation we will stick to the names of the measures and add pluses and
minuses depending on whether they are measures on the upper or lower part of the
glued space. Let g € Cpl(u™ + p™ + p~,vT + 9t +n7) be an optimal coupling for
Wp(u+ +pT+p7, v +nT+n7). Now we disintegrate ¢ with respect to u*+p™ +p7,
getting a family of measures (qz),. ¢ For (u™ + p* 4 p7)-almost every = € X, ¢,
is absolutely continuous with respect to v+ + 1™ + n7: Indeed, given a set B C X
with (v + 7T +77)(B) = 0, we have

0= (40t + 07 )B) = a(X % B) = [ acBYAuT + 97 + ) (o).
thus q,(B) = 0 for (uT 4 pt + p~)-almost every z € X. Denote the density by

)

vt+nt+n7)

o(x,y) = aQq
If we now for instance define

dp(z) = </X p(z,y) dV*@)) du(z), dn(y) = </X p(z,y) du*(ﬂf)) dvt(y),

then ¢(x,y) du™ (z) dvt(y) is an optimal coupling for pq and v1. Analogously defin-
ing the remaining 14 measures in (4.2.1), we get 9 couplings, the sum of which is
the original coupling ¢q. Optimality of these “partial” couplings is inherited because
if there were better ones for the 9 terms, then the sum of those 9 couplings would
be again a coupling for u™ + p* + p~ and v+ + n™ + n~, but with a lower cost,
which is a contradiction to the optimality of ¢. Thus, for every ¢ > 0 we found a
decomposition into 9 terms that is e-close to Wg(u, v). O

For p = 1 many of the a priori possible ways of transporting mass in this formula
are not necessary and we can simplify it to a more convenient representation which
does not need the additional measures p and 1. However, for p > 1 we only get an
upper bound.

Lemma 4.2.6. i) Forp e [l,00) and all p,v € P;“b(Y)
WG, v)? < it {Wy (1, 10)” + W (10)? + Wy (v0)?

= o, v = v+ v, (0 0)(X) €1, (v + uo)(X) < 1}
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4.2 Transportation-Annihilation Pre-Distance

i) For pu,v € P (Y)

WP (u,v) = it { Wi, v1) + W5 (o) + W ()
= g0, v = o1, (+ 0)(X) < 1, (v + uo)(X) < 1}

Remark 4.2.7. As one can see from the proof, part ii) is actually true without as-
suming X to be a length space.

Proof of Lemma 4.2.6. i) In the previous Lemma 4.2.5 choose the decomposition
,0;:772_:,02_:77;:0andp;:n;:pg:n3_,sothat
WO, ) < int {Wy (g, 00)? + Wy pzs 1 VP + W (g, 10 VP + Wit v2)”
+Wolpr,vs)? | (n+202)(X) <1, (v + 2p2)(X) < 1}
Let us first discuss the case p = 1. Then
inf (WG, nf) + WO )| < S (o, pt0) = Wi (o)

n, w2+us=po

\]

by choosing 1 = p2 = pz = %uo. Together with the fact that pi” = py,n =1, we
thus get

WY (p,v) < inf {Wi (1, 1) + Wi (o) + Wi(vo) | (p+10)(X) <1,
(v + 1) (X) < 1}.

For the case p > 1 we are working with optimal transport in the glued space X
using the identification of (P,(Y|X), W,) and (P,(X), W,).
Given an e-W,-geodesic (0t)iejo,1) connecting og := (k9,0) and o1 := (0, uo), we
decompose it into two e-W,-geodesics (01)tei0,1) and (07 )se(o,1) such that
1 -~

~Wp(o0,01) and 01/2(Y_) = 01//2(Y+) = 0.

Wolob,01) = Wylofof) = 5

Choosing us = (o), us = (0])7, and n = (03/2)*' and using that o}, is an
e-midpoint then yields

inf Wy (az, 0t VW ()P

n, pa+us=po
< Wy((a0)™, (019) " ) + Wy (1)), (0)T)”

=W, (06"71/2) (01/2,01)
S 2 <; J 0'070'1 +5>
=2 <i (00,01) +¢€

1 -~ p
< (2W ((70,0'1) + 28)
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4 Transportation Distances for Subprobability Measures

By this we can continue as in the case p = 1.

ii) To prove the “>"- inequality, we assume for simplicity that minimizers in the
definition of WY exist. This is for instance the case when X is compact. For the
general case one has to work with almost-minimizers.

Let subprobabilities p and v be given as well as p and n with (u + 2p)(X) =
1, (v + 2n)(X) = 1 such that

WP(p,v) = Wi((n+ p,p), (v +n,m))
=Wi(p+p+pv+n+n7)

where for the last identity we switched to the picture of the glued space X with
subprobabilities p, v, p,n on the “upper” sheet X+ and their copies p*,n* on the
“lower” sheet X~. We further assume for the moment that all masses are rational
numbers. This is to approximate the measures in a convenient way by sums of Dirac
measures:

Given € > 0, choose n,n1,no € N and x;, y;, ui,v; € X for i = 1,...,n such that
the measures

n—2n1 n—2ns ni ng

anﬁ Z (5114 Vn:% Z 5%‘7 pn:%z&ha nn:%z&,z

i=1 i=1 =1 =1

Wl(/%Mn) <e, Wl(lj’yn) <e, Wl(p,pn) <e, Wl(nann) <e.
To avoid ambiguity, we may assume that the sets {z;} and {y;} are disjoint form each
other. Such an approximation is possible as shown for instance in [Vil09, Theorem

6.18].
Denoting conjugate points by

. im0t (u), ifueXT
u* =
tyot Mu), fue X,

(so that in particular (u*)* = u) we also have
Wilp®,pn) <&, Waln™,m,) <e
for
1 o 1
pi—n;%:, nZ—n;%;"
1= 1=

In particular we have “ = p(X) and so on.
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4.2 Transportation-Annihilation Pre-Distance

Figure 4.6: Chains in Case 1.

Now fix a Wi-optimal coupling g, of pin + pn + py and vy, + ny, + 1) on X. As
shown in [EH15, Lemma 2.6], we can choose this coupling ¢, as a matching (i.e. it
does not split mass), that is,

1
== 0,
=" 0

£€Qn
with suitable @, C Z x W where Z = {z;} U {w;} U{u}} and W := {y;} U
{vi} U {vf}. We consider now chains consisting of a sequence of coupled pairs
(z1,w1),..., (26, w) € Qn, kK € N, with 241 = 2 or wj;1 = w;. This means
that whenever we have a pair that contains an element of {u;} U {u}} U{v;} U {v}},
we also look at the pair containing the conjugated point. Extending these sequences
this way until no further pair can be added satisfying the constraint, we arrive at

three classes of mazimal chains.

Case 1: Chains such that z; € {z;} and wi € {y;}.

See Figure 4.6 for a generic chain in this case. Observe that the constraint on
consecutive pairs tells us that wo; = w3, | and 29,41 = 25, fori =1,..., % Thanks
to the general inequality d(z,y) > d(L{l(a:),Lj_l(y)) forz € Xty € X7,i,j €
{+,—}, we can give a lower bound on the transportation cost of this sequence of
pairs:

CZ(Zl, wl) + CZ(Z’Q, w2)+ 62(2:3, 'wg) + -+ cZ(zk, wk)
= a?(zl,wl) + d(zg,wf) + a?(zz,wg) 4+ 4 cZ(zZ_l,wk)

d(z1,w1) + d(z2, w1) + d(z2, ws3) + - - - + d(2k—1, W)

>
> d(z1,wy).

Here, by abuse of notation, we omitted the identification maps to project the points in
the same copy. Collecting all the initial points z; of chains of this form in X; C {z;}
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4 Transportation Distances for Subprobability Measures

Figure 4.7: Chains in Case 2a.

and the endpoints wy in Y7 C {y;}, the sum of the costs of chains of this type is
bounded below by the cost Wi (uk, v!) with measures

u#:z%Zéz, V&L::%Zdy.

reX yeY

Case 2a: Chains such that z; € {z;} and 2, € {z;}.

Chains in this case look like Figure 4.7. In this case there exists a pair in the
chain that couples points on the different copies of the doubled space, i.e. there is
j« € {1,...,k} such that z;, € X* and w;, € X" with o, 8 € {+, -}, a # 8 and
hence

d(Zj*"lUj*) = d*(zj*’wj*) = d*(Z;*,w;(*)

Without loss of generality we assume that zj, = 27 _; and wj, 41 = wj . Then, as in
Case 1,

d(Zl,’wl) + d(227w2) + dA(Z?,,wS) + -+ J(ZJ*,MJ*) + -+ dA(Zk,7wk)

> d(z1,w1) + d(z2,w1) + d(z2, w3) + -+ d* (25, wj,) + - - + d(2p—1, wg)
(21, 2j,—1) +d" (2], w},) + d(wj, +1, 2x)
(

21, 2j.-1) + d7 (25, -1, wj 1) + d(wj. 41, 2k)

In this case we collect the starting points z1 of chains of this form in the set Xo C {x;}
(which is equivalent to collecting the endpoints zj). Denoting

Ng ::% Z Oz

z€Xo

the sum of the costs of these chains is bounded below by W7 (uS, ud).
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4.2 Transportation-Annihilation Pre-Distance

Case 2b: Chains such that w; € {y;} and wy € {y;}.
This case is completely analogous to Case 2a; we collect the starting points w; of
such chains in Yy C {y;} and define

1
1/2 ::ﬁ Z(Sy.

yE€Yo

Then the sum of the costs of these chains is bounded below by %Wf(ug, V).

Case 3: Chains such that z; € {u;} U {u} and 2z, = 27.

The cost of these cyclic chains is redundant. They can be avoided by an appropriate
choice of the measures py, 7, namely by choosing the points from p,, p;, and n,,n;;
that occur in these chains to coincide so that z; = w;.

Observe that each chain in Case 2a contains at least two points in {v;} U {v}}.
This means that the number of points in X is at most 2no, and hence

—2 2
(v + 10)(X) < n—ingting
n

Analogously for the chains in Case 2b, so that (u, + v9)(X) < 1.
Thus we have a lower bound

) 1 1
Wi (ftn + o + Py Vn + 10+ 1) > Wi (uh, v)) + ST (12, po) + §W1*(V27 V).

Via the optimal coupling of u,, and ju, the decomposition p, = pl + 19 induces a
decomposition = p! 4+ p° such that

Wiu! i) <& Wiul,up) <e,
and similarly for v, = v} + 10 and v = v! 4+ 1. This finally yields

WP (u,v) = Wi(u+p+p*v+n+n7)
> Wi (ftn + P + Py v + 1 + 1) — 62
1, 1.
> Wi (M}Nl/}l) + §W1 (Mguﬂg) + §W1 (1/2,1/2) — be
> Wi (ph vt + %Wl* (1, p®) + %Wl*(yo, 1Y) — 10e. (4.2.2)

Since € > 0 was arbitrary, this proves the claim.

For the general case of real masses, one can approximate Borel measures by sums
of Dirac measures (with rational masses) in the weak topology. By continuity of
Wl, W1 and W with respect to weak convergence, one can apply the rational case
and go to the limit in (4.2.2). O
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4 Transportation Distances for Subprobability Measures

4.3 Induced Length Metric: Definitions

Here, we continue to assume that X is a length space.

In the last section we introduced the function WS as an attempt to define a metric on
the space P (Y"). However, it does not satisfy the triangle inequality. To overcome
this problem, we will pass to the induced metric given by the procedure in Lemma
2.1.2 and further to the induced length metric.

Corollary 4.3.1. The function
n
Wy (u,v) == inf {Z W (ni—1,mi) | n € N, € PsU(Y),m0 = pt, 0 = l/} (4.3.1)
i=1
is a pseudo-metric on P;“b(Y), and it is the biggest pseudo-metric below Wz(}'
This however is only a means to an end, namely to define a length pseudo-metric.

Definition 4.3.2. i) Given a curve (1s)sejo,1] C P;,“b(Y), we define its Wg—length
by

n
L;(n) = sup{ZWIE(nsi_l,nSi) neN0=sy<...<sp,= } )
i=1

ii) For two measures p,v € P;“b(Y), the induced length pseudo-metric is now
obtained by

Wg(u, v) = inf {L;(n) |n:[0,1] — P;“b(Y) I/Vg—contilrluous7 o =, N = y} .
(4.3.2)
It will be called transportation-annihilation distance.

Remark 4.3.3. Both, Wf, and Wﬁ are a priori only pseudo-metrics; the former the

biggest one below Wg, the latter the smallest intrinsic one above Wg. In what
follows, it will turn out however that both indeed are metrics and for p = 1 they
coincide.

Lemma 4.3.4. i) For1<p<q< oo and every pu,v € P“0(Y):
WO(u,v) < WO(s1, ).

The same is true for the distances Wg, ng.

ii) If X is bounded, we additionally have that for 1 < p < q < oo and every
pv € PHUO(Y):

a=p

W(?(,u, v) < Wg(,u, V)g diam(X) » .

The same is true for the distances Wg, W;E-
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Proof. 1) It is a consequence of the same inequality for Wp which in turn is true
because it is (by our identification with Wp) a Kantorovich-Wasserstein metric, for
which this inequality is but an application of Holder’s inequality. Indeed, for 1 <
p < g, Holder’s inequality gives both, P,(Y|X) € P,(Y|X) and

Wp(a, T) < Wq(a, T)

for every o, 7 € P,(Y|X). Hence, it follows that the same is true when taking infima,
so that

Wg(u, v)= inf  Wy(o,7) < inf  W,(o,7) = Wg(u, v).
o,7€Pp(Y|X) 0,71€P,(Y|X)
oV=p,m0=v oV=p,r=v

Now by the same reasoning, we see that also Wg(,u, v) < Wg(,u, v), because
n n
Z W;?(UFM 771) S Z Wg(nifla 777,)
i—1 i—1

and Psu(Y) C Ps“*(Y). Finally, the case W},i follows again in the same way.

ii) This is again true due to the same result for Kantorovich-Wasserstein metrics.
In the case of bounded spaces, all the spaces 75p(Y\X ) for every possible p coincide,
and so do the Pgub(Y)’s, so that we can argue in the same way as in part i), given
the starting point

4—p

. _®
Wy < Wyl diam(X) «
for 1 <p<gq. O

4.4 Induced Length Metric: Comparison

Also here we continue to assume that X is a length space.

Just like the identification of Wp with the Kantorovich-Wasserstein metric Wp on
the doubled space gave us immediately some properties about the space of charged
probabilities, it will now be convenient to compare the previously defined metrics
Wg and Wg to a Kantorovich-Wasserstein metric on the one-point completion we
introduced in Subsection 2.2. We will do so by providing similar representation
formulas as the one in Lemma 4.2.6 for Wz(v) . To state them, let us introduce some
more auxiliary transport cost functions.

Definition 4.4.1. i) W, will denote the LP-Kantorovich-Wasserstein distance on
Pp(Y") induced by the distance d'.

ii) Extending each subprobability measure p € P;Ub(Y) to a probability measure
i € Pp(Y') by pi' := p+ (1—pu(Y))dp induces a bijection between P5“*(Y') and
Pp(Y') (see the lemma below). The induced distance on P;“b(Y) will again be
denoted by W, i.e.

W, v) == W', V).
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4 Transportation Distances for Subprobability Measures

iii) For subprobability measures p, v with equal mass pu(Y) = v(Y) we will also
make use of the transportation cost

Wg(u, v)P:= inf / d'(z,y)? dg(z,y) (4.4.1)
a€Cpl(pv) Jy xy

induced by d (which was defined in (2.2.1)).
iv) For a subprobability u € P**(Y') define

Wy (1, 0)P := W (1, 09)P = /Yd’(a:,ﬁ)p dp(z), (4.4.2)

with 0 denoting the subprobability measure with vanishing total mass.
Lemma 4.4.2. i) The map
Po(Y) = Pp(Y'), p g o= p+ (1= p(Y))dn
1s a bijection, and it is an isometry when we equip both spaces with WI’,.

it) If Y is additionally totally bounded, Wzﬁ metrizes the vague convergence in
P;“b(Y).

Proof. 1) The map is clearly a bijection with inverse P,(Y') > p/ — p = p'ly €
P;“b(Y). By definition of W on Pg“b(Y) it is an isometry.

ii) Let us show that W, metrizes the vague convergence in Pg“b(Y). Given a
vaguely converging sequence i, — fix in P;“b(Y), define p), := pp+ (1 —pn(Y))dg €
Pp(Y'). This is a sequence of probability measures on a compact space; hence, for
every subsequence, Prokhorov’s theorem provides a converging further subsequence.
Since the restriction of all these limits to Y has to coincide with pu,, the whole
sequence j,, converges weakly to ju, := s + (1 — p1(Y"))dp, so that Wy (uy,, pi) — 0.
Then also W, (pin, pts) — 0.

Assume conversely that W;/;(Mm i) — 0. By definition this means that we have
convergence W, (iy,, i) — 0, which in turn assures that p; — p weakly in Y.
Then the restrictions to Y converge vaguely. O

Remark 4.4.3. Note that without the assumption of total boundedness the vague con-
vergence in Y would not imply the weak convergence of the corresponding probability
measures on Y’ since they could lose mass at infinity instead of at the boundary.

Remark 4.4.4. One could equally well define

Wy (1, v) = inf{Wy (i1, 0) | 1, 7 € M(Y"), iy = p, 0]y = v}.

For p = 1 the metrics W] and W] coincide, but for p > 1 this is no longer true.
This is due to the fact that (d(z,0) + d(y,9))? = d(z, )P + d(y, 9)? only for p = 1.
Intuitively speaking, for p > 1, it makes a difference if we transport mass through
the boundary point, or to it — however, for the latter we need to allow for masses
bigger than 1. Take for instance X = R, Y = (=3,3) and u = d_9,v = 3. Then
p' = pand v = v, so that W(u,v)P = d'(=2,2)? = 2P, whereas W}/(u,v)P <
W;;(,U + 09, v+ 09)P = d'(—2,0)P + d'(2,0)P = 2.

The metric W§ coincides with Figalli & Gigli’s metric Wb [FG10].
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4.4 Induced Length Metric: Comparison

We start by characterizing the metric Wé in terms of LP-transportation and -
annihilation costs.

Lemma 4.4.5. For all p,v € P;“b(Y)

W, )P = inf{Wp(Mlayl)p + Wi (2, v2)? + W (1o, 0)” + W;(Vo,o)p‘
p= 1+ pe+ po, v=v1+ o+, (p+v)(Y) <1,
(v+ o) (V) 1} (443)

In the case p = 1, contributions from the term Wg(ug, )P can be avoided, in other
words, one can always choose po = vy = 0.

Proof. The derivation of this formula is straightforward. The transport decomposes
into trivial transports within 0 (which do not appear in the formula), transports
between Y and 0 (given by W) (uo, 0)P+W,(10,0)P), and transports within Y, and the

latter ones into transports using d and d' (given by W, (11, v1)P + WJ(M, v2)P). One
can construct these decompositions more explicitly like in the proof of Lemma 4.2.5.
The resulting couplings are still optimal between their marginals. The inequalities
in the constraints are due to the fact that we compose the probability measures p’, v/
instead of the subprobabilities i, ¥ and the trivial transport within 0 can be omitted.

For the vanishing of the W-term note that in the case p = 1 one has [d'(z,d) +
d'(z,0)]F = d'(z,0)P + d'(x,0)P, meaning that the term can be absorbed in the
annihilation terms W, (o, 0)? 4+ W, (v, 0)P. O

The following lemma discusses the connection between our two annihilation costs

W]; and W.

Lemma 4.4.6. i) For all p,v € P1(Y)
Wi (u,v) = inf { W3 (1, €) + Wi (€, 0) | € € POY) .

ii) For allp >1 and all p € Pp(Y)
W, (11,0) = inf {W,(1,€) | € € P(OY)}.
iii) For allp > 1 and all p € Pp(Y)
27V W (1, 0) < Wy (1) < W (1, 0).
In particular, Wi (u) = Wi(u,0).
Proof. 1) By triangle inequality, we have that for every £ € P(9Y)

Wl*(/’év V) < Wl(:uaé) + Wl(gv V)'
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4 Transportation Distances for Subprobability Measures

Making use of Lemma 4.1.5, we consider the measures as given on the different copies,
p € P(YT) and v € P(Y™). Take now a Wi-optimal coupling ¢ € Cpl(u,v) C
PYT xY7). Let e >0 and

Ge(z,y) := {v € C°([0,1], X) |70 = 2,m =y, |L(7) — d(z,y)| <}

be the set of e-geodesics in X connecting x and y. Given a curve 7 in X with
7% € YT and 4 € Y7, define a(y) := inf{s > 0]vs & Y+} and z(y) = Ya(y)-
Then z(v) € dY, and given a measurable selection Tz: X x X — ([0, 1], X) with
I.(z,y) € G:(z,y) (which exists by our measurable selection Lemma 2.5.6), we define
the “boundary crossing points” Z := zol.: YT x Y~ — 9Y. Using the projection
pr;: X x X — X, (z,y) — 2, we get a map

(pr, Z2): YT xY™ = YT x9Y

and define the push-forward measure Q1 := (pry, Z2)zq € P(Y 1 x 9Y).
Let us check that this is a coupling between p and § := Z4q € P(9Y): Given a
measurable set A C YT,

(pr, 2) M (A x 9Y) ={(z,y) e YT x Y| (pry(z,y), Z(z,y)) € A x 9V}
={(z,y) €Y XY | (2, Z(z,y)) €A><8Y}
=AXxY",

which yields that Q1(A x 9Y) = ¢(A x Y ™) = u(A). On the other hand, given
B C 9Y measurable,

(pr, 2) ' (Y x B) ={(z,y) e Y x Y | (pry(z,9), Z(z,y)) €Y' x B}
={(z,y) €Y XY |(z, Z(z,y)) €Y+><B}
=(Y"xY)nz"YB)
=2"1(B),

hence in this case we have Q1 (Y x B) = ¢(Z7%(B)) = £(B). Analogously one sees
that Q2 := (Z, pry)xq as a coupling between ¢ and v.

Now what is left to prove is that £ is an “almost-midpoint”. Since for y € JY we
have d(z,y) = d*(z,y), together with Lemma 2.1.7 we get that

Wi (. €) < /Y @) Ay

/ “(or1(2,9), Z(2, ) dg(z, )
Y+XY*

/ (. T, )t oo o) da (2, 9)
Y+XY*
ZE

/+><Y

IN

Y))d (2, y) + edg(z,y).
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4.4 Induced Length Metric: Comparison

Using in the same way Q2 as a coupling between £ and v, we finally get that

Wie €+ Wilen) < [ alPlay)d(e.) +<da(ey

+/) (1 - a(T(z,y)))d" (2, ) + e da(z, )
Y+xY—

=/ d*(z,y) + 2edq(z,y)
Y+txY—

—Wi () + 2.

ii) Given an arbitrary £ € P(9Y) and a Wj-optimal coupling ¢ € Cpl(y, ), we
get

W6 = [

d(z,y)? dg(z,y) 2/ d'(z,0)P dq(x,y) = Wp(,0)P.
XxX

XxX
For the other inequality, similarly as in part i), we will define a map and use its
push-forward measure. Given x € Y, let

Go(z) = {z c ay‘ d(z, 2) — d'(z,8)| < g}

be the boundary points closest to x. Let us show that the graph of the multivalued
map G. is closed: Take a sequence (zy, z,) with z, € G<(x) that converges to (z, z)
in X x X. Then z € dY by the closedness of the boundary, and

|d(z,2) — d'(z,0)] = le |d(zn, 2n) — d (2, 0)| < ¢,

hence z € G¢(x). Thus we can apply the measurable selection Theorem 2.5.4 and get
a measurable function ®.: Y — 9Y such that ®.(z) € G-(z). Then for the measure
& = (Pc)up we see that

Wy, )P < /

d(xz, P (z))P du(x) S/ (d'(2,0) +¢)" du(z).
X

X

First of all observe that the moment bound of p implies that also the d’-moment
[ d'(-,0)Pdp is finite. Since p is a probability measure, constant functions are in-
tegrable, thus also the sum d'(-,0) + ¢ is in LP(u). This sum converges pointwise
to d'(-,0) as e — 0, and it is dominated by d'(-,0) + 1 € LP(u). By the dominated
convergence theorem we get convergence in LP(u) as € — 0, i.e.

E%%w&VSAJ@®MM@=MWM~

iii) The triangle inequality for d* implies that W, (u, &) + Wp(§, 1) = W (p, 1)
for all £ € P(9Y). Thus Wy (,0) > %W;(u, p) = Wy (). An estimate in the other
direction is obtained as follows

< inf (d(x,z)+d(z,y))>pdq(x,y)

W* ()P = 27 PW* P 9P
(1) o (1, 12) / Ay

XxX
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4 Transportation Distances for Subprobability Measures

p
>9P inf d(z, inf d(w, dq(z,
> /X - <zé§}\y (,2) +wé§1<\y (w y)> q(z,y)

p
221—;7/ < inf dx,z) dg(z,y
o it (z,2) (z,y)
__ol—
=2 pW]/)(:U’aO)p7

where ¢ denotes any W -optimal coupling of p and p. ]

Remark 4.4.7. In general, W () and W (u, 0) will not coincide. Our lower bound for
W (1) /W (1, 0) is sharp. For instance, let Y = (0,2) C X =R and p = (61 + 6¢)
for some € € (0,1). Then Wj(u,0)P = 2(d'(1,0)P + d'(e,0)P) = £(1 + &P) whereas
Wy ()P = (14£)". Thus

w* a1 1 qal
p(M) —21+Pi—>21+p as ¢ — 0.

W;z;(:uv 0) B (1 —|—gp)%

Now we are in position to compare Wg, Wg, WZQ. It turns out that for p = 1 they
all coincide.

Theorem 4.4.8. i) For all pu,v € P{“0(Y)
Wi, v) = Wi, v) = Wi(p,v).
it) More generally, for allp > 1 and all p,v € Pg“b(Y)
Wi(p,v) < Wy(p,v) < Wh(p,v) < Wp(u,v).
In particular, Wg, Wg, WIS do not vanish outside the diagonal.

Proof. 1) According to Lemma 4.4.5 and Lemma 4.4.6,

Wi, v) = inf {Wa (1, ) + Wi (o) + Wi wo) | 1 = g + po, v = w1 + w0 |
(4.4.4)

for all subprobability measures u,v € Pf“b(Y). Together with Lemma 4.2.61) this
implies W/ (u,v) < W(u,v). As W? is the biggest metric below WY, we have
W{ < W}. Using the fact that W7 is a length metric, this yields

n

# . b
W= i, s S
Wi-com, V=0 <on =L iy
n
. /
> _mfw sup Z Wi(ns,_1>Ms;)
,r]'b‘u 0=s50<...<sp=1 i—=1
W?-cont. =
n
. / /
> T]:I/riliu sup Z Wi (7781'—177751) =W (M7 V)'
Wi-cont. 0750 <sn =1y
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4.4 Induced Length Metric: Comparison

Since Wlti is the length metric induced by Wlb, one gets W{’ < I/Vlﬁ

Now we are going to show that Wlﬁ < W{. To do so, starting from an almost-
geodesic in the representation of W7 given by (4.4.4) we define a new curve connecting
w and v and estimate its Wf -length by using a clever decomposition in the represen-
tation formula for WY given by Lemma 4.2.6ii).

Let € > 0 and take a decomposition p = p1 + po, ¥ = 11 + g in (4.4.4) such that

Wi (p,v) + & > Wi(ur, v1) + Wi (po) + Wi ().

Then we take an e-Wip-geodesic (77571)86[071] connecting pp and vy that is supported
on e-geodesics in Y. Define

o (1 =2s)p + 25p0(Y”) do, s €10, 5]
B0 @5 — Do+ 201 — )po(Y) g, s € (5,1

[N

This is a curve connecting o and 1. Take the restriction 750 := 17];70|y and define

Ns 1= Ns,1 + ﬁs,Oa

which is a curve connecting p and v. To estimate the Wlb—length of the restricted
curve 7, it is useful to get a bound on W7 (s, 7). Consider the case 0 < s <t < %:
We can rewrite

s = (Msg +7lo)  +20—s)pg and 7 = (1 + 7o) + 0
ST \Tfﬁ—/ S——— “pyn
“p1”in Lemma 4.2.6 o e 0

This is an admissible decomposition in Lemma 4.2.6ii) as for instance

‘(14 10)(X)” = (s,1 + 7150 +0) (X) = (051 + (1 — 28)po) (X)
< (Mo + po)(X) < p(X) <1,

and similarly for “(v + po)(X)”. Thus, in this case the representation given by
Lemma 4.2.6ii) yields

W(Ts, i) < Wi (s + 7,0, Me1 + 7ie0) + Wi (2(¢ — 8)po)
= Wi(ns,1,me1) + Wi (2(t — s)po)
= [t — s|Wi(no,1,m,1) + [t — sle + 2|t — s|W{ (o),

where we made use of the translation invariance of the Kantorovich-Wasserstein
metric for p =1, see (2.5.3).
In the case % < s <t <1 we analogously rewrite
fls = (Msp +17s0) + 0 and 7 = (me1 + 7s,0) + 2(t — s)10,
E/_/ “ ” -~

“ul” J220) “Vl ” “l/()”

and end up with

W (s, 7e) < [t = s|Wi(no,1, ) + [t = sle + 2[t — s[W7 ().
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4 Transportation Distances for Subprobability Measures

To compute the length of the curve 75, we enforce the partitions to visit the time
step %, and then use the above estimates for W7:

Lg(N) =Ssup {Z Wlb(ﬁsif1 ) 77/82)

neN,Ozso<---<n:1}

1
{ZWl Msi_ 177751> n €N,0=sy < s _§<...<n: }
<su Wl 7781 177751) nEN0—50<Sl*—1<-..<n:1
2
<su {Z |si — si1 Wi (no1,m1) + |si — si—1le + 2|si — si—1| W5 (o)
s<1
+ Z |si — si—1|W1(no,1,m1,1) + [8i — si—sle + 2[s; — Si—1|Wf(Vo)}
51'2%

1 1 ) 1 1 .
= §W1(770,1, 1) + 5€+ Wi (po) + §W1 (n0,1,M1,1) + 3¢ + Wi (vo)

= Wi(u1,v1) + e+ Wi (o) + Wi (w)
< Wi(p,v) + 2.

This finally yields Wf (,v) < L5(7) < Wi(u,v) + 2¢. Since € was arbitrary, this
proves W < W/,

By the fact that VVlb is the biggest metric below W) and we now know that Wf =
W! < WP, we also get W? > Wlﬁ

ii) Thanks to i) and Lemma 4.3.4 we know that W{ = W} < WI';. Further, since
W;E is the length metric induced by Wzb, we also have WI'; < Wg. Hence the only thing
left to show is that W} < Wy,

The idea to do so is that locally (along a geodesic) the contribution of WJ is

negligible, so that we can compare Wz/) and Wg on a small scale and then carry it
over to the induced length metrics.
Let subprobabilities u, v be given as well as an 5—W£—geodesic (n{)te[o’l] connecting
the measures ' := pu+ (1 — u(Y))dy and v/ := v+ (1 — v(Y))ds. By the continuity
of Wé and W with respect to weak convergence we can assume without loss of
generality that p and v have compact supports and for > 0 small

mY)<l-a

for all t € (0,1). Again we use the notation that measures without primes are the
restrictions to Y. We thus have 7,(9) = 0, whereas 7;(9) > «. Choose § > 0 such
that n:(Bj5(9)) < §. Let II be the probability measure on C°([0,1],Y”) supported
on e-geodesics such that 7; = (e;)xII and denote by L the essential supremum of
d' (o, ;yl) under IT (which is finite thanks to the compact supports of p and v). Let

6/ = T
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4.4 Induced Length Metric: Comparison

We consider 1, and 7; for |s —t| < §'. Using that df(x,y)? > d'(z,0)? + d'(y,0)P,
we see that in the decomposition (4.4.3) it is actually cheaper to annihilate mass at
the boundary:

W e, )? =inf {Wyrema)? -+ W (1o, m2)” + Wy (10,0 + Wy (e, 0)” |
Ns = Ms,1 1 Ns,2 +Ns,0, Mt = Ne,1 + N2 + 1,0,
(15 + o) (Y) < 1, (e + 1s0) (V) < 1}
> inf {Wp(ﬂs,l, Ne,1)? + Wy (05,0 + 15,2, 0)P + Wi(ne,0 + 1,2, 0)P ‘
Ns = Ns,1 + Ns,2 + 15,0, Mt = Ne,1 + M2 + N0,
(15 + o) (V) < 1, (1 +7,0) (V) <1}

Since WT only occurs where d is smaller than d, its contribution comes from e-

geodesics in Bj(0), so that by our choice of 0 we know that 7, 2(Y") = 7, 2(B5(9)) < §

and the same for 7, 2. Hence for o small enough we have (ns + (n:2 +n:0))(Y) <1,
so that ny = 751 + 75,0 With 750 := 150 + 75,2 is an admissible decomposition in
(4.4.3). In particular, the above inequality is an equality. Note that we cannot use
this trick for s = 0,¢ = 1 because then the constraint might not be satisfied. Thanks
to Lemma 4.4.6 we thus have

Winosm)? 2 inf { Wy (s, m00)7 + Wy (7 0)” + Wy (7o) |
Ns = Ns,1 + 75,0, M = M1 + 7,05 (Ns + 70)(Y) < 1,
(e +7is0)(Y) < 1}
> W (s, )" > Wy (ns, me)P.

Hence, the Wé—length of the curve (m)te[o’l] dominates its Wg—length. As this curve
is an almost-geodesic for W};, going to the induced length metrics this finally proves

W (i, v) +e > Wh(u,v).

Since € was arbitrary, the proof is finished. O

Remark 4.4.9. As we have seen in the proof of part i), W{ < W}, and in particular
WY does not vanish outside the diagonal.

Let us give some simple examples illustrating Theorem 4.4.8.
Example 4.4.10. Let X =R)Y = (-1,1),p = ,v =0, for x,y € Y. Then

Wy (i) = Wy, v) = |z —yl,
and for every p > 1
Wy, v) =d (z,y) = min{|z —y|,2 — |z — y|}. (4.4.5)

Hence, by the independence on p on the right-hand side of (4.4.5), Theorem 4.4.8
yields
Wy (u,v) = Wh(p,v) = min{|z — y|,2 — |z - y[}.
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4 Transportation Distances for Subprobability Measures

Ezample 4.4.11. Let X =R)Y = (-2,2),u = ﬁé,l/g,u = ﬁfhm for n € N.
Then

1
/ _ —
Taking
1 & 1 & )
o= 0 2k 1, 25 2k 1
(271 +1 g 2 2n+1 ) Wz
and
1 n 1 n—1 >
= (52k+1_;, Z(SZkJrl_l ,
(271 +1 Pt anf1 2 2n+1 — 2nfl 2
we see that
0 D 1 D 1 g
W < Wylor? = (55)
so that

1
W) < W) < (o) < (oo ) = W)
pAmEs = P AT = A on 4+ 1 o2n+1 pAT L

for p > 1, n > 1. In particular, the lower estimate for Wg in assertion ii) of the
previous Theorem is sharp.

Lemma 4.4.12. For all p,v € P{*°(Y)
Wi (p,v) = inf {Wl(m,l/l) + Wi (ko) + Wi(vo) | = p1 + po,v =11+ Vo}-

Proof. This is a result of the identification of I/Vlﬁ with W] done in Theorem 4.4.8
together with the characterization of W] shown in Lemma 4.4.5 and the identification
of the annihilation costs in Lemma 4.4.6. O

4.5 Induced Length Metric: Topology

Here we assume that X is a compact length space. Then it is in particular a geodesic
space.

A useful feature of W]E is that it metrizes vague convergence of subprobability mea-
sures.

Proposition 4.5.1. For every p € [1,00), Wg is a complete, separable, geodesic
metric on P3**(Y).
Furthermore, for p,, u € P}f“b(Y), n € N, the following are equivalent:

(i) wn — pu vaguely on'Y.

(1) Wg(,un,,u) —0 asn— oo
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Proof. By Lemma 4.3.4, on a bounded space all the Wg—metrics are equivalent, so it
suffices to prove the equivalence for p = 1.

(ii) = (i): Given a sequence with Wf(,un,,u) — 0, we know by Theorem 4.4.8
that then also W{(ul,,v') — 0. Since W] is a Kantorovich-Wasserstein metric and
thus metrizes weak convergence, we get u), — p' weakly on Y’. Hence, turning to
the restrictions to Y, we end up with vague convergence p, — .

(i) = (i1): For the sake of a contradiction assume that Wlﬁ(un, ) does not con-

verge to zero. Then we can take a subsequence such that Wf(unk,u) — c € (0,00].
Extending the measures to probability measures on Y’, we can use Prokhorov’s theo-
rem on P(Y”) to extract a weakly converging subsequence M;‘ke — v € P(Y'). Then

v := 1|y is a vague limit of the sequence (Mnkl)feN and we know that
Wi (i, v) = Wity /) — 0 as £ — oo,

In particular, Wlﬁ(u, v) = limy_, Wf(,u, che) # 0, so u # v. Hence there exists a
function f € C(Y) such that

/}/fdu#Lfdvzggglo/}/fdunke,

SO [, cannot converge vaguely to g on Y.

Now with this characterization of vague convergence we can finish the proof.
Since the vague topology is complete, so is (P;“b(Y), ng) By definition, Wg is a
length metric, so let us prove the existence of midpoints to show that it is actually
geodesic. Let u,v € Pg“b(Y) and g, > 0 such that ¢, — 0 as n — co. Then take
en-midpoints 7, € P;“b(Y) between p and v. Again switching to the compact space
Y’, by Prokhorov’s theorem we get a weakly converging subsequence 77;% — 7l in
Pp(Y"). Then the restrictions on Y converge vaguely, which by the above means that

W1, 1, ) — WE (i m4).
But then 7, is indeed a midpoint between i and v. O

Remark 4.5.2.  a) In particular, this implies that u, — p weakly on Y if and only
if W (ttn, 12) = 0 and i (Y) — p(Y).

b) The implication “(ii)=-(i)” holds true for all length spaces X without requiring
their compactness.

The following simple estimate will make it possible to prove the continuity of W]?
with respect to weak convergence plus convergence of moments of subprobability
measures.

Lemma 4.5.3. Let p,v € P{“(Y) with u(Y) > v(Y). Then, for any z € X \ Y,

W90 < it {WaG) 4 [ o) dpole) | = g + o (V) = () }.
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4 Transportation Distances for Subprobability Measures

Proof. Taking a decomposition such that v = v, vy = 0, Lemma 4.2.6 yields
Wk, v) < Wi(p,v) + Wi (ko). Using now

Wi (10, 10) :inf/ d*(z,y)dq(z,y)
9 JXxX

gi%f/XXX [d(z, ) + d(z,y)] dg(z, y)

= 2/ d(z, z) dpo(x),
X
the proof is complete. O
Lemma 4.5.4. For pu(", p* € P (Y) the following are equivalent:
(i) ™ — p* weakly on'Y
(ii) W (™, %) = 0 and pl™(Y) = p*(Y)

Proof. (i) = (ii): Assume p(™ — p* weakly on Y. It again suffices to prove the
result for p = 1. We want to use Lemma 4.5.3 to show continuity. In order to apply
this lemma, we have to decompose the larger measure. We will proceed in three
steps. First we will consider only sequences (u(™) with u(™(Y) > u*(Y) for all

n € N. Define A, 1= 00 and ,ugn) = A, Then ,ugn)(Y) =u*Y), \p — 1,

o ou(Y)
and for f € C’E
4/&J@W—/fmﬁﬁﬂ/fww—/fw*
X X X X

\/fw@—/fw*
X X
#%—qumﬁﬁﬂ/wa—/fw*
X X X
(n)

Hence, we have convergence in the Kantorovich-Wasserstein metric: Wy (pg 7, p*) —

0. Writing ,u(()n) = (1= \,)p™, by Lemma 4.5.3 we finally have

— 0.

WP ) < W)+ [ dte ) au @) — o

Now, for the case that p(™(Y) < p*(Y), let X, := % and i, = A, pt.

Then p3,,(Y) = p™M(Y) and N, — 1. Given f € CY, by

’/deuin—/xfdu*

we see that p , — p*. In a next step this yields

‘/f@h—/fww
X X
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4.5 Induced Length Metric: Topology

s'/deuin—/deu* +‘/deu*—/de,,L<n>

Le. pf, — (™ — 0. Hence, using again Lemma 4.5.3, we see that

— 0,

WE 1) < WA i) + [ (o 2) i () —

Since a sequence converges if and only if every subsequence has a convergent subse-
quence, we now can conclude that a, := W7 (u(”), u*) converges to 0. Indeed, take
a subsequence a,,. Then we can take a further subsequence any,, such that either

p™e) (V) > p*(Y) for every £ € N, or p™)(Y) < p*(Y) for every £ € N. But then
the above ensures convergence of these subsequences to 0.

(ii) = (i): Conversely, now assume that (™ (Y') — p*(Y) and W][,)(,u,(”), p) — 0.
Let p(™ n™ e Psub(X) such that (2p(™ + p™)(X) =1 = (2™ + p*)(X), and
Wg(u("), 1) = W((u™ +p™ | p) (* 5™ 7). Let u(™) be any subsequence
and consider the corresponding subsequences p("), n("s)  Compactness of X implies

that there exists a sub-subsequence (ny, ), such that

*

n(nke) RN Tl* and M(nkg) RN Ia* and p(nkﬁ) —p

with suitable limits points n*, &*, p*. Then we have

Wy (" +p", p%), (1 + 0", n*)) < W, ((ﬂ*+p*, p"), (") 4 p(e) p‘"’“”))
Wp ((M(nkz) + p(nke),p(nkz))’ (N*"‘U(nke)an(nké)))

Wp ((N* + n(nké)’n(nké))a (:U’* + 77*777*)> —0.
Hence p* = n* and in particular i* = p*. This way we see that every subsequence of

1™ has a further subsequence which converges to *, so that also the whole sequence
converges to u*. O

Remark 4.5.5. Without assuming compactness in Lemma 4.5.4, we are still able to
get that ng(u("),u*) — 0 for ™, p* e P;“b(Y) if 4™ — p* weakly in Y and

/d(m,ajo)pd,u(")(a:) —>/ d(z, zo)P dp* ()
Y Y

for some xzg € Y.
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Chapter 5

Heat Flow with Dirichlet
Boundary Conditions

Thanks to the characterization of the heat flow on the glued space as (3.1.2), we
can use the glued space to infer some properties on the heat flow with Dirichlet
boundary conditions. However, since the gluing does not preserve Ricci curvature
bounds, we have to impose the RCD(K, 00) condition on the glued space to get
interesting consequences.

Throughout this chapter we assume that (X,d, m) is an infinitesimally Hilbertian
metric measure space, and Y C X is a dense, open subset with m(9Y’) = 0. Recall
that then also the glued space X is infinitesimally Hilbertian.

5.1 Gradient Flow Description

Let us define an entropy for charged probabilities. It will turn out that it equals the
relative entropy on the glued space up to an additive constant, so that convexity of
this entropy is equivalent to the CD(K, oco) condition on the glued space.

Definition 5.1.1. The charged entropy is
Enty : Py(Y[X) = (—o0, ],
Enty(0) := Entyn(0") 4+ Entm (o).

We will say that (X,Y,d, m) has charged Ricci curvature bounded below by K € R if
the charged entropy is K-convex in (Pa(Y|X), Wa), i.e. if for every o,7 € P2(Y]X)
there is a Wa-geodesic (m:)yep0,1) € P2(Y|X) connecting o and 7 such that

Fte (1) < (1 — )Fnte(0) + tEnte(7) — %tu ) Wa(o, 7).

The identification between the space of charged measures and the probability
measures on the doubled space now yields the comparability of the charged entropy
with the relative entropy on the doubled space, so that the “charged Ricci curvature
bound” is nothing than the Ricci curvature bound on the doubled space.
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5 Heat Flow with Dirichlet Boundary Conditions

Lemma 5.1.2. The charged entropy Enty is K -convez in Po(Y|X) if and only if
the entropy Entg, is K -convex in Po(X) (i.e. X is an RCD(K, 00) space).

Proof. Recall the identifications maps from Lemma 4.1.4. Let ¢ € PQ(X ) with
6 = &m. We will show that the entropy of 6 in Py(X) equals that of ¥(é) in
Po(Y|X) up to an additive constant, and then the result follows by Lemma 4.1.5
and the fact that K-convexity is preserved if you add a constant to the functional.
We have

Entq(6) :/A £log £ dim
X
1 A~ ~ 1 N A R .
=/ Elyslogély dm+ = [ Ely-logély dm+/leogf|zdm
2 Jy+ 2 Jy- z

1 A N 1 ~ .
1 / €|+ log €+ dm + - / élx log s dm
2 [x+ 2 [y

On the other hand, to compute Enty(¥(5)), let us first identify the density of W(6)
with respect to m: For a Borel-measurable set A C X

U(5)(A) =6(u(A) N YY) + %&(Li(A) nZz)

1
—/ do + / déo
L(A)NYi 2 ), nz

so that

Thus

% <é\x+ ° L+) log <; (é\)ﬁ ° L+)) dm

[ 5 (éx-o0)tog (3 (éx-00-) ) am

= X; <A‘X+ OL+> log ((é’)ﬁ OL+>> dm—i—/X; (é’)ﬁ OL+) log <;> dm
1
2

(6 o1 )tos (6 o)) ams [ 3 (6l o0 )i (1) am
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5.1 Gradient Flow Description

—i—lOg;/X; (é|X+ OL+> + % (é‘X* OL—) dm

=1

— 1
=Ent;(6) + log 3
O

Lemma 5.1.3. Assume that (X,Y,d,m) has charged Ricci curvature bounded below
by K € R. Then (X,d,m) is an RCD(K, c0) space.

Proof. Due to the isometric embedding of Py(X) into Po(Y|X), a geodesic (1t)o,1]
in Py (X) yields a geodesic fi; := (%ut, %Mt) in 752(Y]X). Thanks to the charged Ricci
curvature, we know that

. . . K .
Entm (fit) < (1 — t)Entm(fio) + tEntm(fi1) — Et(l — t)Wa(po, in)*.
Thanks to
— 1 1
Enty (fir) = 2 Enty <2,ut> = Entp (1) + log X
this means

K
Entp (1) < (1 — ) Enty (110) 4 ¢ Enty (1) — Et(l — YW (o, p1)-

Y+

Figure 5.1: Branching geodesic in the case that Y C X is not dense.

Remark 5.1.4. If (X, d, m) is infinitesimally Hilbertian and if m has full topological
support then the K-convexity of th\lim actually implies that Y = X. Indeed, it was
shown in [RS14] that the space is then essentially non-branching. If Y would not be
dense, then we could start a geodesic in Z = X \ Y that could split at the gluing
edge into both copies, yielding a branching geodesic, see Figure 5.1.

As an example of a space, whose charged entropy is convex we give convex subsets
of Riemannian manifolds with a Ricci curvature bound.
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5 Heat Flow with Dirichlet Boundary Conditions

Ezample 5.1.5. Let (M, g) be a complete Riemannian manifold with Ricci curva-
ture bounded below by K € R. Take an open, bounded, convex subset ¥ C M
with smooth, compact boundary. Consider the closure X := Y with the Rieman-
nian distance d and the Riemannian volume measure m obtained by restriction to
X. Then the metric measure space (X, d, m) satisfies the RCD(K, co)-condition and
(X,Y,d, m) has charged Ricci curvature bounded below by K. Indeed, as a Rieman-
nian manifold with lower Ricci curvature bound K, M is an RCD(K, c0) space. As
a convex subset, also Y with the restricted distance and measure is an RCD(K, oo)
space. By Theorem 3.2.1, the doubling of the manifold is an RCD(K, 00) space, so
that by the identification of the entropies in the previous lemma we get the convexity
of the charged entropy.

Proposition 5.1.6. Assume that (X,Y,d,m) has charged Ricci curvature bounded
below by K € R.

i) For each o € Py(Y|X), there exists a unique EVIg-gradient flow (o4)i>0 for
the Boltzmann entropy Enty, in (732 (YX), Wg). We will also denote it by Po.

ii) For each pg € Ps"(Y), the heat flow (jy)i>0 on Y with Dirichlet boundary
conditions is obtained as the effective flow

gt _ o
Ht =0y — 0

where (0¢)y>0 is the EVIg-flow as above starting in any oo € Po(Y|X) with
o = 08‘ —0g -

i11) For each vy € Po(X), the heat flow (1)t on X is obtained as the total flow
vy = a;“ + oy

where (04)¢>0 is the EVIg-flow as above starting in any oo € Po(Y|X) with
vy = 0og 0

w) For each og € Po(Y|X), the EVIg-flow (0¢)i>0 from i) can be characterized as

o — (Vt+,ut Vt—,ut>
K 2 72
where (v)i>0 will denote the heat flow on X starting in vy = 0’8_ + o, and

(it )e>0 will denote the heat flow on'Y with Dirichlet boundary conditions start-
mg m,uoza('f—ao_.

In order to prove this proposition, we will provide a simple lemma characterizing
the heat flow of charged measures in terms of the heat flows of their effective and
total measures.

Lemma 5.1.7. Let o € P(Y|X). Then

ot +o0~
2

o
+ PP

N g + 4o +_ g
r@tU:<«@t o ot +o _@?a o )

P
2 Tt 2
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5.1 Gradient Flow Description

Proof. We do the calculation in the equivalent setting of the doubled space X. Let
6 € P(X). Then

/ud@ta—:/ Pudé
X X

+ - + oy + - +_
[ p U ppt T gy [ R p0 T g
X+ 2 2 x- 2 2
+ - + + -
:/ Mdg@tau/ uudgz?UJr_'_/ VA -
x+ 2 x+ 2 )

+ _ —
/ £ -r AP0~
v 2
1 1
/ —utdPo" —I—/ —u dg@ta"'—}—/ u"'d(@toa"'—/ —u~ d@
2 2 i 2 it 2
1, 1 1, B 1 _
+ —u"dPo” + —u dPo — —u"dPo" + —u dPo
) 2 2 2
1 1 1
/ fuJr dPo" —i—/ —u~ d@t0++/ —ut d@?a+—/ —u- d@?aJ“
2 o+ 2 - 2
. 1 1, o 1 -
+ fu dPo™ + —u~ dPo” — —u"dP 0" + —u~ dP o
o+ 2 -2 v+ 2 -2
+ 4 +_g- + 4
:/ U+d%0+0+/ u+d@9“2“+/ T A
X+ -

2
Jr —
_ —qe0? — 9
/u dZ; 5
+ 45 +_ 5
_/ u+d<92ta ;—U —l—@?a 20>
X+

+ - + g
+ / d(@;_yz)

We again relied heavily on the fact that we glue together copies of the same space,
making it possible to “switch” indices when necessary. To do it rigorously, one should
use the identification maps 14+ : X — X+, O

Proof of Proposition 5.1.6. This will follow from the identification with the glued
space and the properties shown in Section 3.1, in particular Theorem 3.1.16. Let us
provide the details.

i) Given og € P(Y\X) consider & := ®(0p) € P(X), with the isometry ¢ given
in Lemma 4.1.4. Since X is an RCD(K, o) space by the convexity of Entm and
Lemma 5.1.2, the EVIg-gradient flow 6; € P(X) (of the relative entropy Emm in
(Pa(X ) Wg)) starting in & exists. Again by the identification of the entropies in
Lemma 5.1.2, the flow oy := ¥(&;) is the EVIx-gradient flow of Enty, in P(Y|X).

i) Let po € P5*(X), and let oq € P(Y|X) such that yp = of — 0. Consider
ot = Prog. By Lemma 5.1.7 we have

+ = _ 0+ =\ _ g0
o —o, =P (0g —oy) =P 1w0.
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5 Heat Flow with Dirichlet Boundary Conditions

This also shows the independence of the chosen o, as the right-hand side is inde-
pendent of it.

iii) As in ii).
iv) Let o9 € Po(Y|X) and define i := of — o0y and v := o + 0, . Then, again
by Lemma 5.1.7,

2 2 2

—(pH0 00 5 O 0@)
_(%2 + PP+ P

_ e+ e e —
2 7 2 ’

Remark 5.1.8.  a) Asin [Savl4, after Cor. 4.3, Thm. 4.4] (based on [AGS15, Prop.
3.2, Thm. 3.5]) one can extend the flow to measures without finite second
moment.

+ — + — + — + —
~ oy + 0 oy + 0 Oy + O oy — O,
Jt==@t00:<e@t 0 0 4 00 0 -9 0—!-327?702 0)

O

b) In t7he situation of Example 5.1.5, the “heat flow on X" will be the heat flow
on Y C M with Neumann boundary conditions at JY".

From the charged Ricci curvature condition we can deduce a number of contrac-
tion results in the various metrics that occurred in Chapter 4.

Proposition 5.1.9. Assume that (X,Y,d, m) has charged Ricci curvature bounded
below by K € R. Then the EVIk-flows (0t)i~0 and (7¢)t>0 of the charged entropy in
Pao(Y|X) are K-contractive in all LP-transportation distances:

Wp(at, ) < e Kt Wp(ao, 70)
for allt >0 and all p € [1,00).

Proof. This is again a direct consequence of the identification, since the glued space
is an RCD(K, 00) space and thus satisfies the desired Wasserstein contraction. [

Theorem 5.1.10. Assume that (X,Y,d,m) has charged Ricci curvature bounded
below by K € R. For all po,vo € P;“b(Y), allt >0 and all p € [1,00)

WS (e, ) < e Kt WS (10, v0)

where g 1= 9?#0 and vy := 3”?1/0 denote the heat flows on'Y with Dirichlet bound-
ary conditions starting in pg and vy, resp.

Proof. Given pg,vg € P;“b(Y) and £ > 0, we may choose og, 7 € 75p(Y|X) with
o = UJ — o, and vg = TS_ — 7, such that

Wp(Uo,To) < Wz?(,uo, V) + €.
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5.2 Gradient Estimates and Bochner’s Inequality

Thus, by the very definition of WS and by the previous proposition,

Wﬁ(ut, y) < Wp(Ut,Tt) < e K. Wp(UOa 70) < e K. (Wz? (,U07 vo) + 5)-

Since € > 0 was arbitrary, this proves the claim. ]

Corollary 5.1.11. Assume that (X,Y,d,m) has charged Ricci curvature bounded
below by K € R. Let pg, vy € Pg“b(Y), and let jy == Puo and vy = PPvy denote
the heat flows on Y with Dirichlet boundary conditions starting in po and v, resp.
Then for allt > 0 and all p € [1,00) we have both

Wy (e, v1) < e 8- W) (o, v0),
and

W}j (Mt» v) < e K. Wg (MO, V).
In particular, W{ (e, vi) < e 50 W1 (o, o).

Proof. Observe that

W (pu, ve) =inf {Z W (ni—1,m:) |n € Nymi € PS™(Y), no = pag, i = Vt}
i=1

<inf {Z W (PP&io1, 20&) In € N, & € PR (Y), & = o, &n = Vo}

i=1

<e Ktinf {Z W(&io1,&) | n €N, & € P™(Y), & = o, én = Vo}

=1
= G_KtWPI? (Mo, 1/0).

This also implies that for a curve (7s)eo,1) C P;“b(Y) its length satisfies L]bj(@m) <
e_KtLE,(n), so that eventually

Wi, v) = inf L)(n) < inf L)(2)
Nt~V §:p0~~10

< e Kt inf L;(f) = G_KtWIE(/J,O7I/0).

§:po~vo

5.2 Gradient Estimates and Bochner’s Inequality

The charged Ricci curvature bound will not only imply the Wasserstein contraction
results for the heat flow with Dirichlet boundary conditions, but also a gradient
estimate which involves both semigroups, P, (with Neumann boundary condition)
and P (with Dirichlet boundary condition), and a Bochner inequality involving
both Laplacians. Before proving them, we will show that they are equivalent to each
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5 Heat Flow with Dirichlet Boundary Conditions

other. We continue to work with an infinitesimally Hilbertian metric measure space
(X, d, m) with dense, open subset Y C X with m(9Y") = 0.

Recall the definitions of D,(E%) and D,(A®) given in (2.4.3) and (2.4.4). In this
section we will extend every function (e.g. in D(A%), D(£°) € L?(Y,m|y)) to X by
Zero.

Proposition 5.2.1. Assume that m(X) < oco. For each p € [1,2], the following
properties are equivalent to each other:

(i) For allt >0, and all f € D,(EY)
‘VPtOf’p < eiKpt'Pt(|Vf\p) m-a.e. in X (“p-gradient estimate”). (5.2.1)
Note that different semigroups appear on the left and right hand side.
(ii) For all f € Dy(A%) with A°f € D,(EY) and every ¢ € Doo(A) with ¢ >0

1
/ A¢|prdm—/ go|pr2Vf-VA0fdm2K/ e|VfIP dm
PJx {IVfI#0} X
(5.2.2)
(“p-Bochner inequality”).

Proof. Given t > 0 and functions f € LP(Y, m|y) and ¢ € L*°(X, m) with ¢ > 0, we
define F': [0,t] — R by

F(s):= /X e KPP p|VPY  fIP dm.
The main task is to show that the derivative of F' is
F'(s) = /X e KPSAP,p| VP, fIP dm
—p/X e KPPy VPL fIP?VPL,f - VAP f dm (5.2.3)
—pK/X e KPsp | VPY  fIP dm.

Inequalities (5.2.1) and (5.2.2) then both express the monotonicity of F' — one time
“by definition”, the other time by positivity of the derivative. This strategy of proof
is given in [Han18, Thm. 3.5|.

Consider the case p > 1 first. Let us carefully compute the derivative. Adding
zeros, we arrive at

F(s+¢)— F(s 1 —Kn(s —Kps
( i = :s/Xe KPPy oo VP (oo FIP = e K7 Pop| VP fIP dm

1

€

(Q*KP(SJFE) — eprs> P(ere)SO’vptO—(s—i-s)ﬂp dm

+

m"_‘><\

/x (Pisroyp — Pap) e P [VPY (o fIP dm
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5.2 Gradient Estimates and Bochner’s Inequality

1 —Kps
2 [ (VP I = IVPE f7) 7 P,
X

The first term yields the derivative of the exponential function. By the weak-x-
convergence in L provided in Lemma 2.4.1iii), we know that the second term con-
verges to

[ nanvr
X

For the last term, we use that by Taylor expansion around the point b € (0,00) of
the function g: (0,00) — (0,00), g(a) := a?,q € (0,00), we get

a? —b? = (a —b) (¢b" ' +0(1)) for a — b.
Applying this to the last term, we can write
1 _
g(’vptof(ere)f‘p - ‘thgsf’p>e KpSPsSO

1 » L o
T e (|vpt0*(8+5)f‘2 - ‘tho—sf’2> <§(IVPt‘)_sf|2)é’ 1 +0(1)) o Kp Py

_ thO—(s-i-a)f_PtO—Sf
€

p p_ _
V(P ooy FHPLS) (BUVPL S5 +o(1)) e P P,
By Lemma 2.4.2 we have convergence m-almost everywhere for a subsequence:

PO (of — PLS
(3

\%

D p_ _
'V(Pt(l(s+e)f + P, f) (5(’vpto—sf‘2>2 t 0(1)) e PPy
— VAP - VP f) SIVPL fIP % 7 P meae.
The limit is integrable since
[ lpe P ASRE £ V(P 1) [P £ dm
X
< pe 5P Pog| oo [ VP 117, VAP £l 10 < o0

Hence we can interchange differentiation and integration, getting the desired deriva-
tive (5.2.3) for s € (0,t). So far we only needed f € LP and ¢ € L*°. To get the dif-
ferentiability also in the end points s = 0 and s = ¢, we need f € D,(A%),p € D(A).

Now, for the case p = 1 we approximate by a sequence pr \ 1 as k — oo. Given
f € LY (X, m) and M > 0, we define the truncated function

far = min{ M, max{f,—M}} € L>(X,m).

Then we have fyy € LP*(X, m) for every k € N and by the continuity of

D / PS‘P|VPt0—sfM|pv
X
we can take the limit pr — 1, and similarly for the other terms, and get the formula

for the derivative of F' for p = 1 for bounded functions. Now we can take the limit
M — oo by the dominated convergence theorem.
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5 Heat Flow with Dirichlet Boundary Conditions

(i)=(ii): Using the gradient estimate on |VP?_ (PP .f)|P, and the symmetry of
P? with respect to m, we see that for 0 <r < s <t

F(r) = / KV P VPY (PO f)P dm
X

< / eprTPT(p epr(Sir)Ps—T’thofsﬂp dm = F(s).
X

As a monotone function, F’ > 0. Evaluating it at s = 0 and taking the limit ¢ — 0
we arrive at the p-Bochner inequality.

(ii)=-(i): First we will make the extra assumption that f € D,(A%) and A°f €
D, (E%).Take ¢ € Dy(A), ¢ > 0. The p-Bochner inequality tells us that F’ is non-
negative, so that F' is monotone. Hence we have the “weak form” of the gradient
estimate, F'(0) < F(t). Since ¢ is arbitrary, we get the pointwise a.e. version.
Now for general f € Dp(E”), we consider the mollified function hYf as defined in
Lemma 2.4.4, for 6 > 0. Thanks to Lemma 2.4.4 and Corollary 2.4.3, this function
satisfies all the additional assumptions, so we get the gradient estimate for f)g f-
The convergence result in Corollary 2.4.6 yields convergence almost everywhere for
a subsequence, so we are finished. O

The main result of this section is that these inequalities indeed hold if we assume
that (X,Y,d, m) has a charged Ricci curvature bound.

Theorem 5.2.2. Assume that (X,Y,d,m) has charged Ricci curvature bounded below
by K. Then:

i) Both properties (i) and (ii) of Proposition 5.2.1 are satisfied, actually for all
p € [1,00) and without the assumption that m(X) < oo.

it) The flows from Proposition 5.1.6 and the heat semigroups for functions are
related to each other by

P = (Pu)m,  PPpo = (Plw)m,
for vy = vm € Po(X) and po = wm € P50 (X).

Proof. 1) Once more switching to the doubled space X, we can use that it is an
RCD(K, co0) space and hence satisfies a gradient estimate with p = 2. By [Sav14, Cor.
4.3] we have the improved gradient estimate for p € [1,2] and by Jensen’s inequality
one easily obtains the gradient estimate for p > 2 from that. Now we take a function

f € D(E% and define
1, on X*
u =
—f, on X~.
Then v € D(E) and [Vu| = |Vf| on each X?. Thus, inserting u in the gradient

estimate on X yields on the upper half X :
|VPt0f|p = |V]3tu|p < eprtPtWU’p = eprtPth’p-

ii) This follows directly from the duality of the heat semigroups (2.3.5). O
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5.3 Halfspaces

5.3 Halfspaces

Let us add an equivalent characterization of the charged Ricci curvature bound which
is more geometric. Given a metric measure space (V,dy, my) we say that an open
subset U C V is a halfspace if there exists a measure-preserving isometry ¢ : V.— V
with invariant set OU = {x € V : ¥ (z) = '} such that ¥ (U) = V \ U. We call two
metric measure spaces (V,dy, my) and (W, dw, my ) mms-isomorphic if there exists
a measure-preserving isometry &: (V,dy, my) — (W, dw, mpy ).

An easy consequence of this definition is that halfspaces are weakly convex; this
observation is due to Martin Kell.

Lemma 5.3.1. Let (V,dy,my) be a geodesic metric measure space and let U C V
be a halfspace. Then U is weakly convex, i.e. for any two points x,y € U there exists
a geodesic staying in U.

Proof. Define p: V — V by

x, ifxeU
p(z) = .
Y(x), otherwise,

where 1) is the measure-preserving isometry in the definition of a halfspace. This
function is 1-Lipschitz. Indeed, given z,y € U or z,y € V \ U, one trivially has
dv(p(x),0(y)) = dv(z,y). For z € U,y € V\ U, let (7)eo,1) be a geodesic con-
necting x and y. Choose t* € [0,1] such that 4+ € OU. Then 9 (y+) = v+ and
hence

dv(p(z), p(y)) < dv(e(x), p(1e-)) + dv (=), p(y))
=dy(z,v+) + dv (=, y) = dv(x,y).

If we now have two points z,y € U and a geodesic (Vt)tef0,1) connecting them, we can
consider the curve 4y := (7). This is a curve lying completely in U and connecting
x and y. It remains to show that it is a geodesic. The Lipschitz-continuity of ¢
implies that '

el < el
so the length of the curve 7 is less than the one of . But since 7 is geodesic
connecting = and y, also 7 is a geodesic. O

Theorem 5.3.2. Let (X,d, m) be a metric measure space, and Y C X an open local
RCD(K, c0) space. The following properties are equivalent

(i) (X,Y,d,m) has charged Ricci curvature bounded below by K.

(i) Y is a halfspace in some RCD(K, 00)-space (V,dy, my) in the sense that there
is a halfspace Y C V' and a measure-preserving isometry &: (Y,d,mly) —
(Y,dy,myly).

(111) QY is covered by open sets X; such that Y N X; for each i is mms-isomorphic
to a halfspace W; in some RCD(K, 0o)-space (V;, d;, m;).
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5 Heat Flow with Dirichlet Boundary Conditions

Proof of Theorem 5.3.2. (i)=(ii): Consider the doubling of X, V := X. Then we
can view Y as an open subset of X by identifying it with Y*. Now define ) : V — V
as the “mirror mapping”

() = {L o Mz), ifzeXt

Ly o M), ifrxe X

It is easy to see that 1) is a measure-preserving isometry. Further, let x € X such
that ¢(z) = z, i.e. t 01! (z) = x. This in particular means = € Z since for v € Y+
we would have (_ o 7' (z) € Y™, which would contradict ¢(z) = z € Y. Finally
observe that (V) =¢(Y )= (Y)=Y =V \Y™ .

(ii)=(iii): Takei =1,V :=V.

(ii)=-(i): Thanks to £, we can define a measure-preserving isometry
2 (Vva dVamV) - (Xa dA’ﬁl)

by mapping Y 2V to Y, (Y) to Y~ and Y to Z = X\ Y C X, where ¢ is the
map given in the definition of a halfspace. Since curvature-dimension conditions are
preserved under measure-preserving isometries, X is an RCD(K, c0) space. Lemma
5.1.2 then tells us that (i) is satisfied.

(iii)=(i): We want to show that X is an RCD(K,c0) space by using the local-
to-global property. Given z € dY, choose ¢ such that z € X;. Then we can identify
Y NX)TU(YNX;)~ c X with W; C V; via &. Given measures pig, 1 € P(X)
supported in (Y N X;)" U (Y N X;)™, then vy := (&)ppme € P(V;),¢ = 0,1, are
supported in W;. Since Vj is an RCD(K, c0) space, there is a geodesic vy, € P(V;)
connecting vy and v; such that the entropy Entmvi is convex. Pulling back this curve

via py = (& ) 4v; provides us with a geodesic in P(X) such that Entg is convex.

Combining this convex optimal transport near the boundary (i.e. the gluing edge)
together with the local RCD property of X (and hence Xt and X ™), we have that X
is a local RCD(K, 00) space and by the local-to-global property also an RCD(K, 00)

space. ]
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