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Deutsche Zusammenfassung

Diese Dissertation befasst sich mit dem Thema der singulédren dispersiven stochastischen
partiellen Differentialgleichungen. Genauer gesagt, wird in Kapitel |2 das dem publizierten
Paper [49] im Wesentlichen folgt, zuerst der sogannte “Anderson Hamiltonian” auf sowohl dem 2
als auch dem drei dimensionalen Torus definiert. Formal ist dieser gegeben durch

A:=A+E,

wobei £ das rdumliche weifle Rauschen ist. Die Hauptschwierigkeit ist die schlechte Regularitit
von &, namlich unter —1 in 2 Dimensionen und unter —% in 3. Um diesen Operator trotzdem als
selbstadjungierten und von oben beschrinkten Operator auf L? definieren zu kénnen, nutzen wir
einen parakontrollierten Ansatz (eingefiihrt in [45] und zuerst auf ein solches Problem angewandt
in [3]) zusammen mit einer Renormierung, in diesem Kontext heifit das wir miissen eine
“unendliche Konstante” abziehen, um das Definitionsgebiet des Operators A explizit zu
beschreiben als einen Funktionenraum der dicht in L? ist aber keine glatten Funktionen enthilt.
Danach nutzen wir Spektralkalkiil und Energiemethoden um fiir nichtlineare
Schrodingergleichungen wie

i0pu — Au = —ulul? (S)
oder Wellengleichungen
Ofu — Au = —ulu|®* (W)

mit geeigneten Anfangsdaten Wohlgestelltheit zu zeigen.
In Kapitel das eng dem Preprint [83] folgt) werden sogenannte Strichartzabschitzungen fiir den
Anderson Hamiltonian bewiesen, nidmlich

le™ "] s

1oy bty S llulle,

wobei das zweidimensionale Resultat so stark wie die klassiche Abschétzung [11] fiir den
Laplaceoperator ist, in drei Dimensionen verliert man im Vergleich eine halbe Ableitung. Die
Methodik basiert einerseits auf der parakontrollierten Beschreibung des Operators aus dem
vorigen Kapitel und andererseits auf [17], dessen semiklassische Strategie Strichartzabschdtzungen
zu zeigen hier anwendbar ist. Danach nutzen wir diese Abschétzungen um bessere Resultate fiir
(S) zu beweisen.

In Kapitel [d] dessen Inhalt noch nirgendwo publiziert oder zur Verfiigung gestellt wurde, wird der
variationelle Ansatz fiir Wellengleichungen aus [72] angepasst um energiesuperkritische Versionen
von (W) zu 16sen, das heifit in drei Dimensionen mit Potenzen gréfier als 5 in der Nichtlinearitét.
Die Methode liefert globale Existenz von Losungen (keine Wohlgestelltheit) und basiert auf der
Idee, dass die Losung einer nichtlinearen Wellengleichung formal der Grenzwert von einer Folge
von Minimierern von konvexen Raum-Zeit Funktionalen ist.






Acknowledgements

First and foremost I wish to thank my advisor Massimiliano Gubinelli who was both liberal with
his support and supportively liberal. In addition, I thank him for being an eclectic cornucopia of
knowledge which would frequently be paired with sage advice.

My thanks also go out to Herbert Koch. Firstly because none of this would have to come to pass
if he had not assigned me a Master’s thesis about Rough Paths which initially piqued my interest
in the field and secondly because of the enlightening discussions we had during my PhD.

At this stage I want to express my gratitude to the other members of the group, Francesco, Luigi,
Nikolay, Mattia and Lucio (a.k.a. “the twins”) which has luckily been growing steadily after I
spent the early days of my doctorate quasi-nomadically. Not only did they out up with my antics,
including that concert and Silvio (special shout-out to my office mate and longstanding
partner-in-crime Nikolay), we also shared countless discussions ranging from the ridiculous to the
sublime.

Another individual I want to single out is Angelo with whom I traversed the disreputable
establishments of Bonn; a fellow connoisseur of cacophonous concerts; a purveyor of fine whiskies
and trashy 60s pop culture. The former flowed liberally while consuming the latter along with
countless shared interests ranging from Bukowski and Burroughs to Zappa and Zorn.

Further I would like to acknowledge Chiara, who has been more than a little supportive-helping
to keep and me caffeinated and (somewhat) sane— particularly in these past trying months.

Local legends I want to pay homage to: Jan, ferocious warrior and salt-of-the-earth man of action
rolled into one; Martin, Svengali of Scotch and proprietor of Zone, truly the créme de la créme of
dive bars; Andreas for singing in the most infamous local band and resisting the siren song of
international fame.

Let me also mention my fellow “applied” mathematicians, especially the card sharks who
frequently invited me to join their after lunch Schafkopf/Skat rounds. Moreover, I owe a debt of
gratitude to my friends in the “non-applied” Analysis group with whom I share many fond
memories like the times we were in Kopp together.

There are countless other people which I would and should thank in addition. In fact, I have
written truly marvelous acknowledgments but this page is unfortunately too narrow to contain
them all.

11



Hyperbolic and dispersive singular stochastic PDEs

1A Immanuel Zachhuber



Contents

1

[L1 TIntroductionl. . . . . . . . . . . e 1
I1.1.1  Summary of results|. . . . . . . ..o 9

L2 Preliminariesl . . . . . . . . . e 13
[L.2.1 Paracontrolled calculus/Littlewood-Paley theory| . . . . ... ... ... ... 13

2 Semilinear evolution equations for the Anderson Hamiltonian in two and three |
T Tond 17
2.1 TIntroductionl. . . . . . . . . e 17
2.2 The Anderson Hamiltonian in two and three dimensions . . . . . .. ... ... ... 20
221 The two dimensional casd . . . . . . . ... .. .o oL 21
222 The three-dimensional casel . . . . . .. ... . ... ... ... ... 35

2.3 Semilinear evolution equations | . . . . . . . . ... ... oL 48
2.3.1 Linear equations and bounded nonlinearities| . . .. ... ... ... ... .. 49
12.3.2  Nonlinear Schrodinger equations in two dimensions|. . . . . . . . ... .. .. 53
12.3.3  T'wo and three dimensional cubic wave equations| . . . . . . .. .. ... ... 62

[3 Strichartz estimates and low-regularity solutions to multiplicative stochastic |

74
B.1 Introductionl. . . . . . . . . . e 74
8.2 Classical Strichartz estimates on the torusl . . . . . . .. ... ... ... ... ... .. 77
3.3 The Anderson Hamiltonian in 2 and 3 dimensionsl. . . . . ... ... .... ... .. 81

8.3.1 The 2d Anderson Hamiltonianl . . . . . . . . .. ... ... .. ... 82
8.3.2 The 3d Anderson Hamiltonianl . . . . . ... .. ... ... ... ..., 85
[3.4 Strichartz estimates for the Anderson Hamiltonian| . . . . . . .. ... ... ... .. 89
B.4.1 The2dcasel . . .. ... . . e 89
B.42 Theddcasel . ... .. .. . . e 92
3.5 Solving stochastic NLS|. . . . . . . . .. . 93
3.6 Results for general rough potentials and the whole space| . . . . .. ... ... ... 95

|4  Variational approach to stochastic wave equations| 102
4.1 _Introductionl. . . . . . . . . . e 102
4.2 The variational approach to Anderson wave equations| . . . . . .. ... ... .. .. 106

4.2.1  The approximate energy| . . . . . . . . . . .. Lo e 109




Hyperbolic and dispersive singular stochastic PDEs

4.2.2  Proving the apriori estimates| . . . . . . . . ... ... Lo 113
4.2.3  Passing to the limit and energy inequality| . . . . . . . . . ... ... ... 115

VI Immanuel Zachhuber



Chapter 1

Introduction and Preliminaries

1.1 Introduction

The topic of singular hyperbolic and dispersive stochastic PDE lies, as the name suggests, at the
confluence of the topics of singular stochastic PDEs and dispersive PDEs. It is a fairly recent with
the papers [47] and [30] perhaps marking the starting point for this particular type of problem,
namely that of analysing dispersive PDEs with an additive or multiplicative stochastic forcing
term, which is so irregular that it becomes classically ill-posed. In the years since, there have been
a multitude of new results about stochastic nonlinear wave(SNLW) [46], [80] [68], stochastic
nonlinear Schrédinger(SNLS) [35], [67] to name but a few. The main challenge of these equations
is the dual difficulty of having severely irregular noise terms(spatial or space-time white noise is
usually the most interesting) on the one hand and the lack of regularising effects coming from the
linear part of the equation on the other hand. In some sense, the study of singular dispersive
SPDEs is philosophically related to the study of dispersive PDEs with low-regularity inital data
pioneered by Bourgain [11] and perhaps, more intimately, the study of dispersive PDEs with
randomised(and rough) initial data, see [13] |12], which has seen a considerable growth in recent
years following [19] and [20].

The field of singular stochastic PDEs (SSPDEs) has seen a meteoric rise in the past couple of
years chiefly due to the emergence of the theories of Regularity Structures of Hairer [54] and
Paracontrolled Distributions due to Gubinelli, Perkowski, and Imkeller [45] (which was later
extended by Bailleul and Bernicot [8]). Alternative approaches include the renormalisation group
approach of Kupiainen [61] and the one by Otto and Weber [69] which is in some sense a hybrid.

In several ways this development can be traced back to the theory Rough Paths due to

Lyons [64](see also [36] for a pedagogical introduction), which provides a pathwise setting of
solving SDEs. The central idea, which also pervades the later theories, is that if one solves an
SDE like

Y(t):a+/0 F(Y(s)dX (s), (1.1.1)
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where a is the initial condition, f is a sufficiently regular function and the driving signal X is a
Brownian motion, the It6 solution map

d:(a,X)—=Y

is mot continuous in X with respect to the C* norm with o < % However, if one endows the path
X with more information to an object X = (X, X?), called a Rough Path, where X? contains some
“second-order properties” of the path, then it turns out that the solution map

U:(a,(X,X?) =Y

is now in fact continuous with respect to the Rough Path topology. Thereafter, one can prove
that Brownian motion, even fractional Brownian Motion with Hurst parameter in the correct
range, has an almost sure lift to the Rough Path space. This allows to solve an SDE like in
a pathwise sense s.t. the solution depends continuously on the driving signal. There are of course
some caveats, namely that the lift X — X is not unique, which is related to the question of It vs
Stratonovich integration, see [36]. The field of Rough Paths is still an active research area, in
particular since it has been shown to have some real world applications, see e.g. [24] for some
applications to machine learning.

An important development to this theory was made by Gubinelli [42] in the form of Controlled
Paths, which is a reformulation as well a generalisation of Lyons’ theory of Rough Paths. The
main difference is instead of the SDE (|L.1.1)), one considers a more general equation like

Y(t) = a+ /Ot Z(s)dX (s), (1.1.2)

where X is again the first component of a (fixed) Rough Path (X, X?), the difference being that
now Z is just some path that should locally look like Y in the sense that

(Z(t) — Z(s)) — Z'(s)(Y () — Y (5)) = o]t — s|) for all s <, (1.1.3)

where Z’ is sometimes called the Gubinelli derivative and the couple (Z, Z') is called a controlled
path w.rt. Y. Clearly Z = f(Y),Z’ = f/(Y) for good enough f satisfies when Y is not too
irregular. Then one solves for Y in the space of paths controlled by the Rough Path

(X, X?), usually denoted by Dx. This is done by rewriting as a finite difference equation
and invoking the sewing lemma. A few advantages of this approach are firstly that the space Dx
of Controlled Paths is actually a Banach space, whereas the space of Rough Paths is not even a
linear space; secondly, the fact that Z does not need to be a function of Y allows to treat other
interesting cases, for example if there is some non-local dependence; thirdly, this theory was used,
employing an infinite dimensional Controlled Path approach, to solve some early examples of
singular SPDEs like Burgers |52, KPZ [53] which were instrumental in the further development.
See [36] for an accessible introduction to the theory.

The paradigm of having, on the one hand, the underlying Rough Path space which contains the
driving signal X with some higher-order information and, on the other hand, the controlled path
space Dx as “dual” objects is central to both the theory of Regularity Structures and
Paracontrolled Distributions. In Regularity Structures the Rough Path is replaced by a model and
the Controlled Paths are replaced by modelled distributions. In this theory all the “real” objects,

2 Chapter 1 Immanuel Zachhuber
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i.e. the driving noise and the solution of the equation are replaced by local descriptions thereof,
e.g. a function f:R? — R is replaced by an object F : R? x S(R?) — R s.t.

F.(05) — f(x) with z € R (65) € S(RY) s.t. 65 — J,

as well as a continuity condition of F' in the first coordinate. Of course the choice of such an F is
highly non-unique, but it is usually dictated by the singular operations one wants to perform.
Subsequently one has to define the analogues of the necessary operations on such objects, i.e.
multiplication, convolution etc. One then obtains the solution via fixed point in the space of local
descriptions which has to be defined up to high enough precision. Lastly, in order to re-obtain the
“real” object from its local description one has the Reconstruction Theorem which does precisely
that and can be seen as a generalisation of the sewing lemma of the Controlled Path theory.

See [54] or |55] for details.

The theory of Paracontrolled Distributions [45], on the other hand, is based on paraproducts as
introduced by Bony in [10] which have found myriad applications in nonlinear PDEs, see e.g. [5].
The observation is that when considering a rough ODE like (1.1.1)) or similarly a PDE like

Ou—Au=u-¢, (1.1.4)

where £ has regularity worse than —1; The obstruction to solving it is the ill-definedness of the
product which appears. This is because of the well-known result about the product between a
function and a distribution being extendable continuously to the situation where the sum of the
regularities is strictly positive. This should be thought of as being analogous to the condition for
the Young integral to exist namely the maps

C*xC? 3 (u,v) »u-v and CY xC°% 3 (X,Y) —>/ X(s)dY (s) (1.1.5)
0

extend continuously to the cases where a4+ 5 > 0 and v+ d > 1 respectively. See Chapter for
the definition of the Hélder-Besov spaces we use here. The approach of Paracontrolled
Distributions employs the tool of paraproducts to isolate the worst part of the product so as to
treat it appropriately.

It is well known that any distribution can be decomposed via Littlewood-Paley decomposition
into an infinite sum of smooth functions which have almost disjoint Fourier support

u = Z Aju Ay~ F 'ponF, Aj~F pe2+)502)7F;
i>—1
with smooth cut-off functions instead of indicator functions to be precise. Then one formally
splits the product in the following way

u-v = Z Ajulju = ZAiuAjv + ZAiuAjv + ZAiuAer =v<utvout+u=<u,
hiz—1 iZJ invj Jzi
where v < u is called paraproduct and is dominated by the high frequencies of u, whereas u o v is

called resonant product and contains the interaction between the same frequencies of u and v. The
point is that these objects satisfy the following bounds

[u < vllcatons S luflesvlles for a, f e R

~

luovleass S ulleslvllen for a,8 € R:a+8>0,

~

Chapter 1 Immanuel Zachhuber 3
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which immediately gives us the aforementioned result about the product in and tells us
that the paraproduct is always defined and contains the most irregular part of the product. The
resonant product, on the other hand, only makes sense when the sum of the regularities is strictly
positive but then it is regular.

Thus, if one decomposes the product in that way for, say, (1.1.4)) one gets
ou—Au=u<E+uol+u>¢E,

which has two fundamental problems: firstly the paraproduct u < £ has very bad regularity (in
fact just worse than —1), which means that u is at best 1 — e for € > 0. The second problem is
that if v indeed has regularity 1 — € then the resonant product w o £ is not well-defined. The idea
is then to consider u in such a space that simultaneously mitigates the effect of the irregularity of
& and allows the resonant product with ¢ to be defined as a continuous operation. The ansatz one
considers is

u=mu < (d — A)7rE+uf, (1.1.6)

where uf is a smoother remainder term. This is motivated by the approximate identity
(O — A)(u<v)=u=< (0 — A,

which is strictly speaking only true if we modify the paraproduct in time, see [45]. This says that
if u satisfies (1.1.6)) then the remainder u* satisfies the equation

ot — Aut = (u < (9, —A) M) ol +uf ol +u €,

which implies that uf has better regularity—as it should— given that we are able to make sense of
the term

(u< (9 —A)7HE) o€,

This term is then finally treated by using the commutator lemma, see |[45] which says
(f<g)oh= f(goh)for feC¥geC’ heCac(0,1),a+B+v>0,8+~<0,

which says we are able to close the equation if we can make sense of ((9; — A)71) o €. Since this
is not a continuous function of ¢ in the range we are interested in, this means we have to include
this object in our data. The couple (&, ((9; — A)~1E) o €) is precisely the analogue of the Rough
Path and the model in the Controlled Paths and Regularity Structures theories respectively.

The ansatz (1.1.6) is called paracontrolled ansatz, we say that u is paracontrolled by (9; — A)~L¢,
which is to say that at high frequencies u behaves like (9; — A)~1£. More generally, one considers

v=1u <X +ut,

where u plays the role of the Gubinelli derivative, see . More abstractly, u lives in a space
which is parametrised by the couple (u/,u*) which is analogous to the space of controlled paths
and modelled distributions and one can see as a “change of unknown” which is continuous
w.r.t. the driving noise and the “new variable” is u* which is a posteriori the correct one to solve
since its equation is classically solvable if one is given the additional information about the
noise.

4 Chapter 1 Immanuel Zachhuber
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The last issue which appears when one tries to solve in the relevant case of £ being the
spatial white noise on the 2- or 3-dimensional torus is that the object ((9; — A)71€) o € actually
does not exist a.s. but instead only if one “subtracts an infinite constant”. This phenomenon is
known as renormalisation and in this situation means that for a sequence of smooth functions
& — & there exist diverging constants c¢. — 0o s.t.

(8 — A)71e)obe —c. = By in C° for 6 > 0,

for a limit = which is independent of the approximating sequence. This leads us to modifying

(1.1.4)) to read
Ou — Au=u-§ — oou, (1.1.7)

which of course has no intrinsic meaning. This is further evidence for the fact that is the
“wrong” way to write the SPDE and the change of variables to uf leads to the “correct”
formulation of (1.1.7)), which is in addition continuous w.r.t. the enhanced noise by construction.
More precisely, on the level of regularised noise one considers the shifted equation

Orue — Aue = ue - & — Celle,
for which we make the “change of unknown”
uf = u. —u. < (8, — A)7LEL
which leads for an equation for u? of the form
Opuf — Auf m (9 — A) Mo b — ) tul o & +ue - &, (1.1.8)

where upon inspection one realises that the right hand side is continuous in C=% as € — 0. The
last point is that one needs to “invert” the paracontrolled expansion so as to express u in terms of
uf. This is discussed in some detail in Chapter [2{ and for simplicity we say that u = T'u® and

Ue = F5u§ for invertible transformations I', ', for which I'. — I" in an appropriate sense. Thus we
can pass to the limit in and get that u! satisfies

ot — Auf ~ TuPZy 4+ uf o € + T > ¢, (1.1.9)

which is classically solvable by fixed point assuming that I" has good properties. Now, the logical
way to make sense of a solution u to (1.1.7) is to say that u = I'uf, where u? is the solution to
(1.1.9). This is made rigorous in [49] or Chapter

A wide-ranging generalisation to this “first-order” Paracontrolled Calculus was developed by
Bailleul and Bernicot in [8]. Their theory allows for higher order expansions, meaning that it is
possible to treat a larger class of noises and nonlinearities, as well as being applicable on general
manifolds. This theory is not required for the topics treated in this thesis, although one could
employ it for an alternative construction for the domain of the 3 dimensional Anderson
Hamiltonian from Chapter [3.3.2]

In the years since their introduction, these theories have come to fruition, now being applicable to
very large classes of locally subcritical — meaning that locally the solution is a perturbation of the
solution of a linear problem — semi-linear SSPDEs. Prominent examples include the dynamical
3 [54], [22], [65], [44], KPZ [48], Sine Gordon [57] and others including [74], [9], [43] etc.

Chapter 1 Immanuel Zachhuber 5
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Moreover, there have been wide-ranging extensions including quasilinear SSPDEs [37], [40], |7],
SSPDEs on Manifolds [6], with boundary conditions [39] etc. The drawback of all these results is
that they can not be applied to SSPDEs which are not parabolic (or elliptic); There have,
however, been some notable developments in this direction with the papers of Gubinelli, Koch,
and Oh [47] |46] , on the 2- and 3-dimensional stochastic wave equation with additive space-time
white noise being perhaps the most prominent. In particular their work on the 3-dimensional
stochastic wave equation with quadratic nonlinearity — which introduces the concept of
paracontrolled operators and requires some subtle computations with oscillatory integrals —
indicates that some fundamentally new ideas are needed to deal with these types of equations. In
fact, solving the 3-dimensional stochastic wave equation with cubic nonlinearity (which is akin to
®3) is an intriguing open problem.

The field of dispersive PDEs has a long and illustrious history the recounting of which is beyond
the scope of this thesis; See e.g. |76] and [23] for good textbooks on the topic. Let us instead focus
on the major differences with respect to parabolic/elliptic PDEs and how to nonetheless obtain
results, as this is the crux of the thesis. The primary difference is, of course, that one does not
have smoothing properties of the linear propagator (or less smoothing in the case of the wave
equation). Even the fact that one can solve the linear Schrodinger equation

WOiu—Au = 0
u(0) = wuge L?
is due to the fact that we can define the unitary group e~ which is a bounded operator on L?
that is strongly continuous in ¢ € R, giving a solution via u(t) = e""**ug € C;L%. As an
important generalisation of this, one gets the exact same type result, if one has instead
iOu—Au = 0 (1.1.10)
U(O) = upg € L2,
for any A which is self-adjoint on L? as a result of Stone’s theorem, see |71, Theorem VIIL.7]. This
will be of importance in Chapter [2] since we are able to define the operator

A+,

where £ is a very irregular potential, as a self-adjoint operator. This then directly allows us to
solve the linear equation ((1.1.10) in L2, i.e. in a space which is independent of how irregular £ is
(within reason).

Another crucial concept is that of conserved quantities. The linear Schrodinger equation conserves
e.g. the quantities

m(t) ::/|u(t,x)\2d:c and E(t) ::/\Vu(t,x)|2dx,

i.e. the mass and the energy, meaning that they are constant in time. These are particularly
useful as they provide uniform in time bounds on the H' norm of the solution in terms of the #!
norm of the initial data. Moreover, there are analogous quantities which are conserved for more

6 Chapter 1 Immanuel Zachhuber
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complicated PDEs, as long as their nonlinearities are of the correct form. A prominent example
which will be of interest to us is the so called cubic nonlinear Schrodinger equation(NLS)

i0u— Au = —ulul? (1.1.11)
w(0) = wuo,

where we have chosen to only consider the defocussing nonlinearity(the focussing case being the
one where the nonlinearity has the opposite sign). This PDE also has a conserved mass and an
energy, given by

m(t) :=/|u(t,x)\2da: and  E(t) = %/|Vu(t,x)\2+i|u(t,x)|4das,

respectively. Broadly speaking, when one has conserved quantities one can extend a local in time
solution to a global in time one. Another immediate generalisation is that if one considers the
linear PDE for a general self-adjoint, negative definite operator A one gets the conserved
mass and an energy given by

1
m(t) ::/|u(t,x)\2d$ and E(t):= §(u(t,-),(—A)u(t7~)),
and for the corresponding cubic-A—NLS

i0u— Au = —ulul? (1.1.12)
u(0) = wo,

one gets (formally at least)
m(t) == / lult, 2)|2ds and  E(t) = %(u(t,-),(—A)u(t,))+i|u(t,x)\4dz

which are also conserved in time. Thus one gets a uniform in time bound for the “square

root”-norm of A i.e.
HU”D(M) = ”v”L2 + v/ (v, —Av),

which is of course just the ! norm in the case of the Laplacian. Let us mention here that in
many cases one does not have an exact conserved quantity, but only an almost conserved quantity,
meaning broadly that its time derivative is not equal to zero but rather “lower order”, leading to a
bound using Gronwall-type arguments. This is then often still enough to deduce global
well-posedness. The construction of such quantities is the objective of the celebrated I-method,
see [26], [25] etc.

The aforementioned points do not significantly depend on the domain of definition for the
function (self-adjointness of A notwithstanding) and hold in very general settings with few
caveats. However, one is often interested in more subtle questions of solvability, e.g.
well-posedness in low-regularity spaces (local and global), behaviour at criticality,
ill-posedness/blow-up etc. One property of the (linear) Schrodinger equation on the Euclidean
space R? is dispersion, which is usually motivated by saying that there are cancellations between
“wave packets” of different frequencies. Due to the infinite speed of propagation this is a priori

Chapter 1 Immanuel Zachhuber 7
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something which is particular to the Euclidean space, in other domains/manifolds there can be
non-trivial self-interactions and/or boundary effects. Rather than working with this somewhat
nebulous concept, we are instead interested in so-called Strichartz estimates, which give a
quantitative result due to dispersion. Roughly speaking this type of result says that solutions of
the linear eqaution satisfy additional integrability in space if one gives up integrability in time. If
we consider, for simplicity, the linear Schrédinger equation on R?, one gets the bound
—itA

le™*uollzs o, < luollze,
in other words, one gains integrability in space while giving up integrability in time, seen by
comparing it to the bound
—itA

le™ P uollLps, 22, S lluollz2-

A related result is the inhomogeneous Strichartz estimate
’ / e_i(t_s)AF(s)ds
s<t

which is useful when trying to solve e.g. the cubic NLS. Of course analogous results are true for
general exponents in general dimensions, see [76]. The chief reason why these bounds are
(comparatively) easy to obtain on R? is the presence of a dispersive estimate

S HF”LéLE ;

4 4 2
LigpLis,

—itA _4a

le™ P uollree, < 1= lluoll ,»

which is simply not true in most other situations. Therefore extensions of these types of results to
other situations, such as tori, see [11], [14], [60], or manifolds [17] are more involved. We
indisciminately call a bound a “Strichartz estimate”, if it is of the form

“uglpr_ ra S lluollwe (1.1.13)

e
tel

1

for some exponents 2 < p,q¢ < 0o and s < d (% — q), i.e. we allow a loss of derivates so long as the

result is strictly better than what one obtains from the Sobolev embedding. Also, we allow for the
bound to hold only on a finite time interval I C R, rather than for all times. In Chapter [3| we will
furthermore investigate a bound like for operators other than the Laplacian. Moreover we
explain in more detail how such bounds lead to local well-posedness in low-regularity regimes. If
one wants to further decrease the regularity one is considering, even more subtle tools such as
multilinear estimates and Fourier restriction spaces are required see e.g. [11] or [82].

Let us also mention at this point that there has been a philosophically somewhat related
development concerning low-regularity well-posedness of dispersive PDE with randomised initial
data. Its study was initiated by Bourgain in the 90s [12], [13] but received more widespread
attention after a series of papers by Burg-Tzvetkov [19,20] about random data supercritical wave
equations, see also the notes [81] and [78] for the analogous result for Schrodinger equations. The
idea, broadly, is that while a (possibly supercritical) PDE might be ill-posed in a space, it might
still be well-posed for “almost every” element of that space meaning that one constructs a
measure with respect to which the set of initial data for which one can solve the PDE has full
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measure. Roughly speaking, one gains integrability from the fact that the random data, in the
form of, say, Gaussian coefficients, have a lot of integrability in the probability space, leading to
improved “randomised” Strichartz estimates. This is related to the construction of invariant and
quasi-invariant measures, which are also active research areas, see e.g. [79] and [51] and the
references therein.

1.1.1 Summary of results

We now give a concise overview of the main results of the thesis. In some cases we will sacrifice
rigour in favour of readability.

Chapter

The aim of this chapter, which very closely follows [49], are twofold: The construction of the
continuum Anderson Hamiltonian on the 2- and 3-dimensional torus via Paracontrolled
Distributions and proving well-posedness results for semilinear evolution equations(Schrodinger
and wave) whose linear part is given by the Anderson Hamiltonian.

The continuum Anderson Hamiltonian on the torus T is the operator formally given by
A=A+E, (1.1.14)

where £ is spatial white noise, which is the Gaussian random field with covariance

E(£(f)€(9)) = (f,9)r2 for f,g € C(T?),

which has regularity ¢ € C‘g_(we use this notation to mean € C~2 ¢ for any € > 0). See Chapter
for the definition of the Besov-Hélder spaces we employ here.

One sees that A can be defined as an operator from H*¥ — H~%~ for some large enough k,
keeping in mind that the product between an H" and a C* function can be defined
unconditionally as long as « + r > 0. This is, however, not so useful and we aim here to define it
as a self-adjoint operator on L2. This was first achieved by Allez and Chouk in [3] on T2, after
suitably renormalising A, which in this case amounts to “subtracting an infinite constant”. They
are able to construct an explicit domain for this operator using the theory of Paracontrolled
Distributions, introduced in [45]. We look for u € L? s.t.

Au+§¢-ue L2

and one observes that both terms can not simultaneously be in L?, but rather that there has to be
a cancellation between them. In order to quantify the idea that the worst contribution of the
Laplacian should cancel the worst contribution one is led to an ansatz for u like

u = ug + H?,

where u¢ is chosen in such a way that Aue should cancel the worst part of - §. This is done by
using a paracontrolled ansatz for u and ue can be chosen(upto higher correction terms) as the
paraproduct

ug = u < (=) +H,
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which means that Aue cancels v < £, which is the most irregular contribution of the product u - §.
In order to actually have Au € L?, one needs to make a slightly more subtle ansatz. Moreover,
one needs to control a second-order object related to £ which makes the renormalisation necessary
(the resonant product & o (1 — A)~1¢ can only be made sense of after formally subtracting a
constant). In Chapter we recall the construction of Allez-Chouk in two dimensions and
prove a couple of novel results about the domain and the form-domain(domain of the square root)
of A as well as some related functional inequalities, self-adjointness, and norm resolvent
convergence of smooth approximations of A to A.

In Chapter we make a similar construction on T3. This was the first time this operator was
constructed; It was independently studied by Labbé using Regularity Structures in [62]. The
results we obtain are quite analogous to the ones we obtain in the two dimensional case, despite
some increased technicality. Since the noise in this case is in C _%_(Whereas in two dimensions it
was C~17) it turns out that a simple paracontrolled ansatz as in two dimensions is insufficient.
The remedy is to introduce an exponential transform inspired by [30] and [56], which removes the
worst terms and creates some more complicated but more regular terms. The relevant
computation associated to this transform is

A("0) + (W) - € =V (Av 4+ 2V - Vo + VIV 20 + (AW )v + v€),

and one chooses W in order to cancel the most irregular terms in the bracket, i.e. £ and the worst
part of [VIW|?2. After choosing W in such a way, we perform a paracontrolled analysis on the level
of v, which will now be controlled by some higher order expressions of &, some of which need to be
renormalised.

Despite requiring this two-step construction, we are still able to prove virtually all the results we
did in the two dimensional setting, i.e. an explicit description/parametrisation of the domain and
the form domain, functional inequalitities, self-adjointness, and norm resolvent convergence.

Using these results, in Chapter 23] we turn to well-posedness questions of multiplicative
stochastic PDEs like

i — Au = u-E&—ulu*on TY (1.1.15)
u(0) = o,
and
#u—Au = u-&—ufu/? on T? (1.1.16)
(u, 0u)(0) = (uo,ua),
which we recast as
i0u — Hu = —ufu|?on T¢ (1.1.17)
u(0) = o,
and
O*u— Hu = —ulu|?on T¢ (1.1.18)

(u7 atu) (O) = (u07 u1)7
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respectively, where H denotes the Anderson Hamiltonian shifted by a constant making it

uniformly negative. The natural spaces in which to study (1.1.17) and (1.1.18)) are D(H) (the
(

replacement of H2, so called strong solutions) and D ( — H ) (the replacement of H!, so called
energy solutions). The functional inequalities

lele S (=) for all p € [2,00),
el S Jullogn

in two dimensions, together with a Brezis-Gallouet-type inequality(see Lemma [2.2.31]) allow us to
prove global well-posedness(GWP) of (1.1.17)) in the space D(H), i.e. a solution

u e C([0,T;D(H))nC*[0,T]; L*) T >0,

for ug € D(H). Using this, we can prove global existence (not well-posedness) of energy solutions,

i.e.
weC ([O,T];D (\/—H)) T>0
for ug € D (\/—H ) , the name coming from the conserved (positive) energy

1 1
E(u) = fé(u,Hu) + 1 / lu|*dz.

Similarly, we get GWP for (1.1.18) for both (u,dyu) € C;D(H) x C;D (v—H) and
(u,0u) € C,D (V—H) x C;L?. In this case the conserved energy is given by

E(u /\6tu| dx — =(u, Hu) + /|u\4da:

On T3, we get the same results for (1.1.18]), however with a smaller range of powers in the
nonlinearity. For (1.1.17) we get local well-posedness in the space D(H).

Chapter

In this chapter, which is based on [83|, we pursue further the study of the equation 7 this
time with some slightly more involved techniques compared to those used the previous chapter,
where we essentially used only the self-adjointness/negativity of the operator H, together with the
LP bounds and the conservation of energy. Here we try to establish Strichartz estimates for the
Anderson Hamiltonian; the bounds we are able to achieve are

—itH*

|le U”L?o JEt, S ||U||H5 for e > 0, (1.1.19)
and -
le™™ 0|l 10 10 Soll 34.fore>0, (1.1.20)
[0,1] 73 Hf]ffi

respectively where H? denotes a suitable transformation of H related to the paracontrolled
expansion. Essentially the idea is that while H acts on paracontrolled functions(which is a
complicated space), while H* acts on the (smooth) remainder of the paracontrolled
functions(which is a simple space). This is possible using the map

I' : “smooth remainder” — “paracontrolled function with smooth remainder”
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introduced in [49], see Chapter which is invertible and parametrises the domain of H. Thus
we are able to use H*, which turns out to be the Laplacian to highest order, instead of H which
corresponds to a “change of unknown” . This change of variables together with the “semiclassical”
approach of Burq, Gerard and Tzvetkov |17] to proving Strichartz estimates—based on the idea
that for an initial datum localised in frequency, upto a short time depending on that frequency
one is morally on the whole space— allow us to prove Strichartz estimates in a perturbative way

for H* using that H* being close to A also gives that e~ ig close to e~*A in some sense.

Note that our result on T? is the same as the one for the Laplacian from [11], the one on T3
however loses half a derivative due to the worse regularity of the noise in this setting.

Furthermore, we employ (1.1.19)) to show low-regularity local well-posedness of (1.1.17)) in H® for
s € (%, 1) as well as global well-posedness in the energy space, solving a problem which had
remained open in [49] where only global existence was proved.

Chapter

This chapter is concerned with solving the PDE

O*u—Hu = —uful’"%on T3 (1.1.21)
(u, 0pu)(0) = (uo,u1),

for general exponents p > 2, including the so-called energy supercritical ones. This nomenclature
refers to the fact that in the energy

E(u /|8tu| dw— —(u, Hu) + /|u|pdx

the “potential energy” i [ lulPdz is no longer controlled by the “kinetic energy”

% [ 0wul*dz — & (u, Hu) via Sobolev embedding for p > 6. One does not expect well-posedness in
this case, we get global in time existence of solutions in the energy space(we have to assume both
the initial data ug and the initial velocity ug to live in the energy space and have LP integrability,
a somewhat unnatural assumption) using the variational approach to wave equations due to Serra
and Tilli [72}/73].

We use the exponential transformation introduced in Chapter to transform from a
PDE on the abstract “energy space” w.r.t. H to a PDE in H#'. In this case the formulation is
considerably simpler than the “full” transformed operator H* we consider in Chapter [3|as we do
not need to perform the paracontrolled expansion. Due to this relatively simple transformation,
we are almost able to apply the results from [72L[73] directly to this setting; We adapt their
method which requires fairly modest modifications.

The variational approach to wave equations due to Serra and Tilli originates from a conjecture of
de Giorgi [28], which was that the minimisers of the space-time functional

R 1 1 1
:/0 e*z/§|afu|2+§|vu|2+5\u|1)dxdt,

which exist and are unique because of its convexity, should converge (in some sense) to a solution
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to the nonlinear wave equation

Ru—Au = —ufuP™?

(uvatu)(o) = (UO7U1)-

The resolution of this problem was achieved in [72] and considerably generalised in [73] and [77].
As the analysis happens entirely in the time variable, making a modification in only the space
variable(as we consider only spatial noise here) barely interferes with the method.

1.2 Preliminaries

We collect some relevant background material. In some cases there will be some overlap with the
material in the appendices of the papers.

1.2.1 Paracontrolled calculus/Littlewood-Paley theory

We introduce the concept of Bony’s paraproducts and how they behave with respect to Sobolev,
Holder and general Besov spaces; we also collect some results about products of distributions. We
work primarily on the d—dimensional torus T := R?/Z? for d = 2, 3, however all the following
analysis works equally well in any dimension as well as on the Euclidean space R?. For any

f € 8'(T?), i.e. tempered distributions on T¢, the Fourier transform of f is denoted by

f:7Z% = C (or Ff) and is defined for k € Z¢ by
F(k) == (f,exp(2mi(k,)) = » f(z) exp(=2mi(k, z))dz.

Recall that for any f € L?(T¢) and a.e. x € T¢, we have

flz) = Z f(k) exp(2mi(k, z)). (1.2.1)

kezd

We define the Sobolev space HY(T?) with index a € R as

HO(TY) = {f € S'(T) = Y (L + k)™ |F(R)* < +o0}.

kezd
Before introducing Besov spaces, we recall the definition of Littlewood-Paley blocks. We denote
by x and p two nonnegative smooth and compactly supported radial functions R¢ — R such that

1. The support of y is contained in a ball {z € R?: |z| < R} and the support of p is contained
in an annulus {x € R?: a < |z| < b};

2. For all £ € R, x(¢) + 2i>0 p(277¢) = 1;

3. For j > 1, xp(279:) =0 and p(27%)p(277-) = 0 for |i — j| > 1.
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For the existence of such functions, see e.g. Proposition 2.10 in [5]. The Littlewood-Paley blocks
(A;)j>—1 acting on f € S'(T?) are defined by

F(A_1f)=xf andfor j >0, F(A;f)=p277)f.

Note that, for f € &'(T¢), the Littlewood-Paley blocks (A, f);>_1 define smooth functions, as
their Fourier transforms have compact supports. We also set, for f € &’ and j > 0,

j—1
Sif =Y Aif

i=—1

and note that S; f converges in the sense of distributions to f as 7 — oo.
We can now introduce the Besov space with parameters p, ¢ € [1,00),a € R whose definition is
given by

1/q
By (TH =S ue 8T |ulpg, = | Y 27%|Aulll, < +00 . (1.2.2)
j>—1
We also define the Besov-Hélder spaces
C* = By,
which are naturally equipped with the norm || f(lce := || fl[Ba = sup;>_4 29| A; f|l L. For

a € (0,1) these spaces coincide with the classical Holder spaces. See the books [32] and [5] for
more information about these types of spaces.
We can formally decompose the product fg of two distributions f and g as

Jao=f<g+fog+fryg

where

f=g=> Si1fA;g and frg=> Si19A;f

j=—-1 j=—1

are usually referred to as the paraproducts whereas

fog=>_ > AifAg (1.2.3)

J2—1]i—j|<1

is called the resonant product.

Moreover we will frequently write f < g:=f <g+ fogand f > g:= f = g+ f o g as short-hand
notations.

The paraproduct terms are always well defined irrespective of regularities. The resonant product is
a priori only well defined if the sum of regularities is strictly greater than zero. This is reminiscent
of the well known fact that one can not multiply distributions in general. The following result
makes those comments precise and gives simple but extremely vital estimates for paraproducts.
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Lemma 1.2.1 (cf. Theorem 3.17 [66]). Let o, a1, € R and p, p1,p2,q € [1,00] be such that

a1 #0 a= (a1 A0)+ay and lzi—ki.
p P11 P2
Then we have the bound
1 < gllzs, < Iflsg_llgllsz.,
and in the case where a1 + as > 0 we have the bound
||f°9||Bg}q+a2 S ||f||B;}11‘Oo||g||B§22,q-

Primarily the cases p = p2 = ¢ = 2 p; = oo(Sobolev times Holder) and p = p; = ps = ¢ = ©
(Holder times Holder) are of interest to us. In particular, one immediately gets conditions for the
“full” product to be well-defined as a continuous bilinear operator.

The next result is Bernstein’s inequality, which gives quantitative bounds for the differentiability
and integrability for functions with compact support in frequency. Note that for functions which
are spectrally supported in annuli one has two sided bounds but for functions spectrally localised
in balls only one-sided bounds.

Lemma 1.2.2 (Bernstein’s inequality, [45]). Let A be an annulus and B be a ball in R%. For any
keN;A>0,and 1 <p<q< oo we have

1. if u € LP(RY) is such that supp(Fu) C A\B then

oH <, AFtd(5-1)
ermax 0% ulze S 7 |ull e

2. if u € LP(R%)is such that supp(Fu) C MA then

Mol < ma OHul|re.
lullze Sk ;LENd:IfL(I:k” 7%

Another useful result is the following embedding result between Besov spaces, which holds on
either T¢ or R?.

Lemma 1.2.3 (Besov embedding, [45]). Let a« < 8 € R and p > r € [1, 0] be such that

5:a+d<1—1>7
rop

then we have the following bound for q € [1, 00|

IfllBg, < Ifllge, -

p,q "

We also cite the following result, which can be seen as a “first-order Taylor expansion”, saying
that—up to a smoother remainder— the nonlinear composition of a smooth function F' with a
function f of limited regularity is given by the paraproduct F'(f) < f.
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Proposition 1.2.4 (Paralinearisation, [48]). Let a € (0,1) and F € C?. Then there exists a
locally bounded map Rp : C® — C?* such that

F(f) = F'(f) < f + Rp(f) forall feC®

The next result, which is quite vital to the theory of Paracontrolled Distributions, is a sort of
“commutator” between the paraproduct and the resonant product.

Proposition 1.2.5 (Commutator lemma, [45], [3]). Given o € (0,1), 5,7 € R such that
B+7<0and a+ 5 +v >0, there exists a trilinear operator C with the following bound

1C(f: 9, ) lassen S N f Nl llglies [[hllen
in either the case
a) f€C* geCPandh€C or
b) fEHY, geCPland h €.

The restriction of C to smooth functions satisfies

C(f,g,h):<f-<g>0h—f(goh)
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Chapter 2

Semilinear evolution equations for
the Anderson Hamiltonian in two
and three dimensions

2.1 Introduction
The aim of this chapter is to study the following random Cauchy problems

i0pu = Hu —ulul?, u(0) = ug (2.1.1)
Ofu = Hu—u’, (u,0pu)li=0 = (uo,u1) (2.1.2)

on the d-dimensional torus T¢ with d = 2,3. Here H is formally the Anderson Hamiltonian
H = A+ &, where € is a space white noise and A the Laplacian with periodic boundary conditions.

The presence of white noise makes this kind of problem not well-posed in classical function spaces.
Indeed, it is well known that white noise is almost surely only a distribution of regularity

—d/2 — ¢ in Holder-Besov spaces, where € > 0. One difficulty that arises from this is the fact that
the above equations have to be properly renormalized by formally subtracting an infinite constant
in order to obtain well defined limits.

In the parabolic setting there is a, by now, well developed theory of such singular SPDFEs, thanks
to Hairer’s invention of the theory of Regularity Structures [54] and the parallel development of
the paracontrolled approach [45] by Gubinelli, Imkeller and Perkowski. The first results for non
parabolic evolution equations have been obtained in [30], where the authors solve the linear and
the cubic nonlinear (with a range of powers) Schrodinger equations with multiplicative noise on
T? by first applying a transform inspired by [56] and then using mass and energy conservation
along with certain interpolation arguments. The wave equations in d = 2 with polynomial
non-linearities and additive space-time white noise have been considered in [47]. The main
difficulty is that the absence of parabolic regularisation makes the control of the non-linear terms
involving the singular noise contributions non-trivial.

17
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Here we exploit the insights of [3] in order to identify an appropriately renormalized version of H
as a self-adjoint operator on L2(T¢) and use the related spectral decomposition to give a meaning
to the above equations as abstract evolution equations in Hilbert space. Our first contribution is
then the study of the Anderson Hamiltonian on T2 and the derivation of some additional results
when d = 2, for example the characterisation of the “form domain” of the operator (the domain of
the operator +/—H ) and some related functional inequalities which are needed in the abstract
treatment of the evolution equations.

For the sake of completeness, and also to illustrate the proof strategy in the d = 3 case, we pursue
a complete treatment of the d = 2 case showing the self-adjointness of the Hamiltonian and the
convergence of suitable regularised operators in norm resolvent sense. Norm resolvent convergence
is used in the second part to “prepare”suitable initial conditions adapted to prove convergence of
approximations. We mention also the proof of a version of the classical Brezis-Gallouet

inequality [15] for the Anderson Hamiltonian in d = 2. For d = 3 we prove that the Anderson
Hamiltonian satisfies an inequality which is analogous to the classical Agmon’s inequality, see
Lemma These functional inequalities are instrumental in the second part of this work in
order to control the non-linear terms of the evolution equations.

An interesting byproduct of our approach is an estimate which expresses the fact that the
paraproduct is “almost” adjoint to the resonant product whose definitions we recall in the
Appendix. This implies in particular that the energy norm with respect to the Anderson
Hamiltonian can be estimated from below in a precise way and allows us to characterise (see
Proposition both the domain and the form domain of H by using certain Sobolev norms.

Section [2.3] is concerned with the solution of the above equations with different regularities of the
initial conditions and with the proof of convergence of solutions of approximate equations where
the noise has been regularised to the singular limit. While the general methodology is the same
adopted in [30], namely the use of conservation laws and functional inequalities to control the
non-linear term, one of the main contributions of this work is to clarify the role of the spectral
theory of the Anderson Hamiltonian and of relative function spaces in the apriori control of the
solutions and in the analysis of the non-linear terms. This simplifies and unifies the analysis of the
d =2 and d = 3 cases.

Thereafter, having all the necessary Sobolev and LP-estimates at our disposal along with an
analogue of the Brezis-Gallouet inequality and proper approximation tools, in Section [2.3] we move
on to the study of the nonlinear Schrédinger and wave equations for the Anderson Hamiltonian
(properly shifted for positivity) in dimensions 2 and 3. One important point is that, after having
performed the analysis of the Anderson Hamiltonian using Paracontrolled Distributions(which
involves dealing with the stochastic terms), we are in a position to address the PDE problems by
using classical techniques, which makes the approach somewhat more transparent.

To recap, we study the well-posedness of the PDEs (2.1.1)) and (2.1.2)) (with a range of powers for
the nonlinearity) with operator domain and finite energy data.

We also work out the convergence of the solutions of regularised equations, obtained by suitable
approximations of the initial data and the Gaussian white noise, to the solutions of the above
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PDEs:
i0pue = Houe — uelue|?, us(0) = ug.

O*ue = Houe —ud on T (ue, Oyue)|i—o = (u§, us). (2.1.4)
In Theorem we establish the well-posedness of with operator domain data in d = 2.
This is achieved, in part, using our version of the Brezis—Gallouet inequality for the Anderson
Hamiltonian. In Theorem we show that the solutions to the regularised equations, namely to
, converge to that of equation . Observe that, in this context, establishing this
convergence is important as the domain of the Anderson Hamiltonian is contained in H!'~
whereas the domain of the approximations lie in 2. So there is a drop in smoothness that needs
to be addressed carefully. Extensions of some of these results to d = 3 and the focusing case are
possible as we prove an analogue of Agmon’s inequality in Lemma to replace the
Brezis-Gallouet inequality, see Remark

Since we characterise the energy domain for the Anderson Hamiltonian in Lemma [2.2.23] we can
also make sense of energy solutions for the NLS . In fact, in Theorem 2.3.11}7 we show the
existence of such solutions. Observe that in this case we were not able to show uniqueness, in fact
one needs Strichartz estimates to get this, see Chapter [3| Furthermore, as in the domain case, we
show in Corollary [2:3.15] the convergence of the regularised solutions.

Being able to characterise the energy domain for the Anderson Hamiltonian both in dimensions 2
and 3 enables us to also treat nonlinear stochastic wave equations in either dimension. In Section
we prove some results regarding the well-posedness of in 2 and 3 dimensions. In
Theorem we obtain the well-posedness with initial data/velocity in the domain/energy
domain. Similarly to the Schrédinger case we also show convergence of regularised solutions in
Theorem [2.3.19] We then conclude by stating Theorem [2.3.20, which details the well-posedness
for initial data/velocity in the energy domain and L? for and whose proof follows from our
earlier considerations in the same section. By our version of Agmon’s inequality and similar
methods, certain extensions to the different power nonlinearities are possible, see Remark
for a discussion on this.

Although we solve the PDEs with an Anderson Hamiltonian which is properly shifted to result in
a positive operator, this does not cause any weaker results. As known, this shift simply causes a
phase shift (i.e. multiplication by €?“* for some constant C) in the NLS case, which one can
simply rotate back to the solution of the original equation. In the wave case one can simply add a
linear term to the equation to undo it.

In the sequel, we use H for Sobolev spaces, L for LP-spaces and C for the Besov-Hélder spaces. As
we work either on T? or T? and it is very clear in what setting we consider throughout the paper,
we drop the domain parameter i.e. for H?(T?) we simply write H?; We denote the Gaussian white
noise by £ and enhanced noise by = (see Definition and Theorem .

We reserve the letter A for the Anderson Hamiltonian and we use the letter H to denote the
operator shifted by a specific constant K=, namely H := A — K=. We denote by Cz the constants
depending on certain norms (which will be clear from the context) of the (enhanced) noise. This
constant may change value from line to line. We use the notation X" for the enhanced noise space
both in d = 2 and d = 3. We will use the phrase “form domain”(or equivalently energy domain) to
refer to the domain of the operator v/—H throughout.
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After the completion of the present work we became aware of recent work of C. Labbé [62] where
he constructs the Anderson Hamiltonian in d < 3 with Dirichlet boundary conditions using
regularity structures and produces some results about the law of its eigenvalues.

2.2 The Anderson Hamiltonian in two and three
dimensions

We collect some concepts and definitions that we will use throughout this section. Firstly we
recall the definition of Gaussian white noise on T¢.

To get an intuitive description, let £ (k) be i.i.d. centred complex Gaussian random variables with
(k) = £(—k) and covariance
E((k)E1)) = G

Formally the Gaussian white noise on the torus can be thought as the following random series

E(x) = E(k)e*mre,

keA

where in this section we will respectively take A to be Z2 and Z3\{0}. That is, in the 3d case we
simply take out the zero mode for ease of computations.

We also define the regularised spatial white noise as

E() = Y mlek)e E ), (2:2.1)

keA

where m is a smooth radial function on R\{0} with compact support such that

limm(z) = 1.
z—0

We also recall the Anderson Hamiltonian, which is formally the following operator
A=A+¢ (2.2.2)

where £ is the Gaussian white noise. As we have articulated in the introduction, this operator can
not be naively defined in L?(T??) because of the low Hélder regularity of £. The Besov-Holder
regularity of Gaussian white noise on T? is —g — 6, that is £ € C—%-9% almost surely, for any
positive § > 0 [45].

Therefore, we will consider a renormalisation of this operator in the context of paracontrolled
distributions which is formally

A=A+£—0 (2.2.3)
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and to which we will give meaning as a suitable limit ¢ — 0 of the regularised Hamiltonians

A=A+ —ce (2.2.4)

for suitably diverging constants c..

Accordingly, in this section, we define the Anderson Hamiltonian and introduce suitable
regularisations in the setting of paracontrolled distributions in two and three dimensional torus,
respectively in the following subsections. Namely, we construct a suitable (dense) domain for the
operator and then show closedness, symmetry, self-adjointness and norm resolvent convergence (of
the regularised Hamiltonians). At the end of both 2d and 3d cases, we prove certain functional
inequalities which we will use in the PDE part of the paper, namely in Section

2.2.1 The two dimensional case

In this part, we work on the 2d torus. We follow the same line of thought as in 3| with important
modifications. In [3] the authors worked in the 2d case but our modifications will enable us to use
similar proofs in Section namely for the 3d case, and also obtain certain functional
inequalities such as the Brezis-Gallouet inequality for the Anderson Hamiltonian. In this section,
for paraproducts we use the notations “<” and “>" and for the resonant product we use “o”;
please see the appendix for precise definitions of the function spaces and concepts from harmonic
analysis that will be used throughout this section.

Enhanced noise, the domain and the I'-map

In order to introduce the paracontrolled ansatz, which will enable us to define the domain of the
operator, we need the following definition.

Definition 2.2.1. For a € R, we define £% := C® x C***2 and X as the closure of the set
{(n,mo(1=A)"In+c):neC®(T?),c € R} w.r.t. the EY topology, where C* = BL _ denotes the
Besov-Holder space.

We refer to X' as the space of “enhanced noise”. In some sense one needs to lift the noise into a
larger space which encodes some higher-order properties. It is desirable that this space contains
both smooth approximations to the singular noise as well as the noise itself, whose lift should be
independent of the approximation. This is the content of the following result, which was proved
in 3} Theorem 5.1].

Theorem 2.2.2. For any o < —1 we have
= (& Lo (1-A) 1 —c) & E=(51,52) € X, (2.2.5)

where the convergence holds as e — 0 in LP(Q;E*) for all p > 1 and almost surely in E<.
Moreover, the limit is independent of the mollifier and =1 = €.

By this result, one can see that
[€llcas  [I1Z2llcza+z, (1= A)THE]lcara < oo ass.

by Schauder estimates.
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Before we introduce the domain of the operator, we give some motivation for the enhanced noise
and the ansatz, which will appear in the following definition. Neglecting the invertibility issues(of
the Laplacian) let us formally write the Anderson Hamiltonian (applied to a domain element) as

Au + &u — oou.

We want to define this expression in L?, where “oou” will be absorbed to the enhanced noise, as
we will demonstrate below. If we write the product u¢ in its paraproduct components we have

u=u<E+u=E+uok.

Recall that the paraproducts are always well defined and have the regularity of their “high” parts.
Namely, in terms of regularity, f < g behaves like g where f only acts as a “modulation” to g in
large scales, as reflected in the paraproduct estimates (see Proposition . But as can already
be seen, the term u < & is problematic: it has the same (low) regularity of the white noise, hence
so does &u.

To get some intuition for the (expected) regularity of u for a domain element, we consider u to
solve the following resolvent equation for some f € L?
Au+ &u — oou = f.
We rewrite it as
u=(=A)"H~f +&u — ocou)

which suggests that u € H~17+2 = H!1=% where —1 — & comes from the Besov-Hélder regularity
of the white noise.

A reasonable first ansatz for such a v is
w=1u < (fA)*lﬁ +

for some uf € H2, since the paraproduct term removes the worst contribution of the product ué.
Then we have (using the notation ~ to mean equal up to regular terms for clarity)

Au+ Eu — oou

=Au < (—A) Y4+ u) ru<E+u>=E+uol —oou

A —u<E+tu<E+tu>E+uol —oou

=Auf —u-E+Eo(u< (A +uf) — oou

~ Auf + Eouf 4 (€0 (—A) T — oo)u+ Clu, (~A)71E,€)
where C(u, (—=A)71E,€) i=¢o (u < (=A)7) — (£ o (—A)7LE)u is the commutator from
Proposition [2.3.23] As seen, the first term in the ansatz basically lead to the cancellation of the
most irregular term u < £. In addition, the singular term € o (u < (—A)71) is dealt with by using
the commutator C, which has better regularity than the terms separately. We also nicely see the

appearance of the second component of the enhanced noise (€ o (—A)~1¢ — 00) in the last step,
which was given in Definition and Theorem

So far, although we got rid of the bad term and defined the term u o £, this basic ansatz alone
does not define the operator in L?, as an inspection of regularities will reveal according to
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Proposition But the rest of the reasoning is similar: one identifies the singular (worse than
L?) terms and includes these terms composed with the Green’s operator in the ansatz (as we
denoted by Bz(u) below in (2.2.6)) which induces further cancellations, similar to the case we
presented above. This way the operator can finally be defined in L?. In conclusion, the ansatz and
the commutator lead to the cancellation of the most singular term and the isolation of the noise
terms which then can be renormalised and defined in the “enhanced noise” space.

We can now recall the following definition which describes the domain of the Anderson
Hamiltonian, first introduced in [3].

Definition 2.2.3. Assume f% <a<-land —5 <y < a+2. Then we define the space of
functions paracontrolled by the enhanced noise = as follows

DY :={ucH s.t. u=u=< X + Bz(u) +uf, foru* € H?} (2.2.6)

where X = (1 — A)~'¢ € C**? and

Bz(u) = (1 -A)""(Au < X +2Vu < VX + £ <u+u < Zp) € H?.

This space is equipped with the scalar product given by, u,w € DL,

<uaw>D% = <u7w>'H7 + <uﬁawﬁ>7-l2~

Several remarks are in order.

Remark 2.2.4. For the rest of the paper, we set
D(A) :=D].

This suggestive notation will be justified in Proposition [2:2.23] which yields the equality of
Banach Spaces (D(A), || - [pca)y) = (D2, || - [|[pz) where || - [|p(a) denotes the standard domain (i.e.
graph) norm.

We make the following modification of the above ansatz (2.2.6) to fit our purposes. Assume u is of
the form

u=Asn(u=< X+ Bz(u)) + uf, (2.2.7)
for 2/3 < <1 and A~y denotes a frequency cut-off at 2%V, more precisely,
Asnfi=F "X s FF,
with N € N which will be chosen depending on the (enhanced) noise =. Where, as above, we define

Bz(u) = (1 - A" (Au < X +2Vu < VX + £ <u+u < o). (2.2.8)

Note that by Schauder estimates we have the following bound for B,
1Bzl s Csllullzeery s € 0,24]

Recall that Cz denotes a constant that depends explicitly on the norm of the realization of the
enhanced noise = and may change from line to line.
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Remark 2.2.5. This modification changes the decomposition by a smooth function so it does not
change the space. Strictly speaking, one obtains a different norm depending on N, which is
equivalent to the D(A) norm above. In fact, assume that for a function f and some N > 1 we have

f=f=<X+B(f)+ f]
and

f=Dsn(f < X +B=(f) + f3.
Then we readily have the estimate
£ a2 =I1f = £ < X + B=(f)llse2
=[If = Asn(f < X + B=(f)) — A<n(f < X + B=(f))lln
<3l + CWN,E)| fllwo

and analogously ||f§||;.[2 < ||ff||;_[z + C(N,Z)||fll3~- This proves the norm equivalence.

With this modification of the ansatz, we can write u as a function of uf. In order to do so, we
define the following linear map I"

f=AnvTf=<X+B=(I'f)) + f,

so that u = I'uf. For N large enough, depending on the realization of Z, we can show that this
map exists and has useful bounds.

In fact, observe that the map that sends u to u? is of the form I'd — “small” in H* for s < a + 2 by
choosing N appropriately. Then it has an inverse on H?®, which we call I, which is in particular
injective on H? and H' and thus it makes sense to define the space I'H? which is by construction
equal to D(A).

Remark 2.2.6. In the following, we will utilize this map I' to show density of the domain,
symmetry and norm resolvent convergence. The key point is the map I' can also be defined in the
3d case and be used there in a similar manner, which we will do in the 3d section.

By these considerations we can bound certain Sobolev norms of u by those of uf, which is the
content of the following result.

Proposition 2.2.7. We can choose N large enough depending only on Cz and s so that

ITfllpe <2/ f]lze, (2.2.9)

ITf I3 < Dzl fllne- (2.2.10)
for some constant Dg for s € [0,7] and Dz = 3 for s € [0,7).

Proof. Let us start with proving the L> bound. Choose > 0 and let g = T'f, we have

|B=(9)llev—s < [[Ag < X|lev-s-2 +2[|[Vg < VX||cr-s-2
+ 1€ < gllev-s-2 +[lg < Ealler-s-2
< 3llglle-s 1 X ller + l€llecr-2llglle-s
+llglle-sl1Z2llev—> < Czllglle-s < CzllgllLe-
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by paraproduct estimates and the fact that ||g|lc-s < ||g]|ze for any small § > 0. Now we can
write,

lgllz= < IA>N(TF < X + Bz(ThH))llz= + £l <207Vl < X + Bz(g)llevs + [If | =
< 207N(Xlgr-s + CsC2)llgllze + [/l < C5C=2C Vgl oo + || £l
and choose N large enough so that 2C5C=20~")N < 1 which implies ||g||z~ < 2||f||Le-

For the H*® bound we can proceed more simply by noting that

1B=(9)ll#r < BlIXller + llEller—= + [1B2ller-2)llgll >

and if s < we have
lgllags < CC=2C"DN| gl L2 + || fl¢e-

If s = 0 we can choose N large enough so that ||g||z2 < 2||f]|z2 and as a consequence we have also
lgllze < 200267V fll 12 + || £l

for all s <. If s <y we can have N large enough (depending on s) so that ||g|lxs < 3| fllas. O

Remark 2.2.8. Note that D] is actually independent of v, since for 7,7’ € (2/3,1) we can
compute

lullzer S Nefllaez S Nl pys
and vice versa, so the DZ and D%l norms are equivalent and we will from now on drop the v and
write simply Dgz. That is, we have D(A) = D=.

As a first step we prove that the domain of A, now defined to be D(A), is dense in L?. Before that
we note the following remark and then a lemma.

Remark 2.2.9. In the sequel, we put
Xe=(1-4A)".
and similar to the operator I' in Lemma we define T'; as follows
Fou:=Asy(Teu < X, + Bz, (Teuw)) + u,
where Z;. — = in X'*. Note that we may choose N to be independent of €.

For the above introduced I'. we prove the following lemma, which will be useful in the sequel.

Lemma 2.2.10. We have that ||Id — T |3y 3+ — 0.

Proof. For f € H", we can write, by using Proposition [2.2.7]

If =TT ()l = ID(f = f < X + B=(f)) = T(f — f < Xe + Bz (/) |2~
= I0(f < (Xe = X) + Bz=—z) (/) e~
< Del|fll3]|2° — Bl xe

which shows that TT'-! converges to Id = I'T ! in operator norm. We even get a Lipschitz
dependence on the noise. O
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Corollary 2.2.11. The space D(A), as defined in Deﬁm’tionm is dense in H", therefore
dense in L?.

Proof. For § >0 and f € H?, we have fs € H? s.t. ||f — f5]lu» < § and by Lemma [2.2.10, we can
find an € = £(9) s.t.

Ifs =TT follpr <0
Since I'1 fs € H? and thus TT 1 fs € D(A) we are done. O

We are now in a position to define the operator A in L? on its domain D(A).
Definition 2.2.12. We define the operator A : D(A) — L? as
Au = AuF + ¥ o €+ G(u), (2.2.11)
where we have defined
Gu) =A<yu<&+u=E+u=Es)

+A>N(fBE(U) —u<X+ux=Zs +C(7.L,X,€) - (ASN(U =< X)) O§+BE(U) Of)

Remark 2.2.13. By using the regularities in Definition [2.2.3] one can easily check, through
Proposition [2.3.22] that Awu is in fact in L2. Then, in Proposition [2.2.16| and Theorem [2.2.26] we
obtain this operator as a norm resolvent limit of A, which motivates the informal identity

A=A+E&—o0.

In the following result, we show that the H2-norm of u* can be bounded above by the (standard)
domain norm of A.

Proposition 2.2.14. There exists a constant Cz > 0 depending on the enhanced noise such that

[l < 2/l Aullzz + C=lull . (2.2.12)

Proof. First, we note that Auf € L? by assumption. For the resonant term we compute

luf o €|z < [[(Acaru®) o Ellze + 1(As aruf) o €]l 2
< C22®M||[uf |l g2 + | As prub[lggrss €]l c-1-2s (2.2.13)

for § sufficiently small, giving, for any M > 0,
luf o €llz Sz (22 [|uf|| g2 + 207 DM [[uf|l32),

where we have used Bernstein’s inequality (Lemma [2.3.24) and Theorem for the noise. Using
again Bernstein’s inequality for the low-frequency terms and the paraproduct estimates for the
high-frequency terms, we obtain the bound

1G(w)llz2 < Czllullnn,
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for v < 1, where the constant can be chosen as
Oz = 02V (€lcs + [Zallczas2)

with o < —1 as before.

By using these, for the H? bound, we compute
1Al 2 < [|Aul g2 + |uf o €]l 2 + |G (u)]| .

Now, as above we have
luf 0 €ll e Sz (22 ||uf) e + 27 |[uf || 2)

and
1G> Sz lullsr S el Sz 1A auf o + [ A<nrvd |3 (2.2.14)

and using again Bernstein’s inequality for the low-frequency part we get
IG()[z2 S C=(2®M [lullre + 277 [[uf[|32)

where we have used the straightforward bound ||u?||z> < Oz|lu| 2. Finally, choosing M large
enough (depending on =), we obtain

[u* |32 < 2]|AullL2 + Cxllul| L2
Hence the result. O

Density, symmetry, self-adjointness and convergence

In the following, we show that A is a closed and symmetric operator on D(A). We first establish
closedness.

Proposition 2.2.15. We have that A is a closed operator on its dense domain D(A).

Proof. Assume (u,) C D(A) is a sequence s.t.

Uy, = U in 2
and
Au, - ¢ in L?

for some g € L2. Then uf := I'"'u,, forms a Cauchy sequence in H? and thus converges to a limit
that we call w®. Moreover I'w* = u, so u € D(A). Thus

[Au — gl| 2 [Au = Aup |2 + [[Aun — g L2

<
<l — ez + Cllu — unllzz + [[Aun — gll 22

where the second step comes from the proof of Proposition [2.2.14] see also Proposition [2.2.23
Since both terms on the right-hand side tend to zero as n — oo we get Au = g, namely that A is
closed.

O
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Now, we are also ready to show the norm convergence of the approximating operators.

Proposition 2.2.16. Let uf € H2, u=Tu! and u. = Toul. We have that
l4u — Acucllze Sz 15 — Ellellufllpe. (2.2.15)

Consequently, this implies that
|AT — AT ||y2—p2 — 0. (2.2.16)

That is to say, A.L'c — AT in norm.

Proof. By using the formula (2.2.11)), we observe that all terms in Au — A.u. are bilinear. For the
upper bound, by addition and subtraction of cross terms, one obtains terms of the form

12 = Ellxa el + [lue — ull2n 2] xa- (2.2.17)
Now, recall that uw = I'uf, u. = T.u?. Then we obtain terms of the form

122 = Zllaca 1z + 1T = llaasrer [ ez [ e (2:218)

By using Lemma [2.2.10| and the estimate in its proof, the result (2.2.15)) is now immediate.

After this we immediately obtain the symmetry of the operator.

Corollary 2.2.17. Let u,v € D(A) and u.,v. € H? be as in Proposition|2.2.16, Then we obtain
(te, Acve) = (Actie, ve) — (Au,v) = (u, Av). (2.2.19)

Consequently, we have that A is a symmetric operator on its dense domain D(A).

Proof. This directly follows from Proposition 2:2.16] Using the symmetry of A. implies the
symmetry of A through the equalities

(u, Av) = lim (ue, Acve) = lim (A ue, ve) = (Au,v).
e—0 e—0

Hence, the result. O

The next result shows that the quadratic form given by —A is, through addition of a constant,
bounded from below by the H' norm of uf. We will later use this estimate to bound certain
norms by a (conserved) energy when dealing with the NLS and the nonlinear wave equations.

Proposition 2.2.18. There exists a constant Cz > 0 such that

1
5<Vuﬁ,w}‘> < —(u, Au) + C=||ul|2,. (2.2.20)
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Proof. Expanding the Ansatz and integrating by parts we get

(u, Au) =(u, Auf) + (u,u® 0 &) + (u, G(u))

=(Asn(u < X), Au¥) + (u?, Au?) + (u,u? 0 €) + (u, G(u)) + (As y B=(u), Au?)
= — (Asn(u < 6),u®) + (Asy(u < X),u") — (Vi Vuf) + (u, uf o &)

+ (u, G(w)) + (As N (Au = X),u?) + 2(A- v (Vu < VX),u?) + (As nBz(u), Au?)
=D(u,&, Asyub) — (Vuf, Vi) + (u, (ASNuu) 0 &) + (Asn(u < X),uf)

+ (u, G(w)) + (Asy(Au < X),uf) + 2(As n(Vu < VX), uf) + (A yB=(u), Auf)

where
D(u, & Asnu®) = (u, (Asyuf) 0 &) — (u < &, As yu?).

Now fix a sufficiently small § > 0, then we bound
[(u, (Axnu?) 0 €)] S 222N Y€ orms|uf]| 2 ull 12 S C=220 2N u)|
since from the ansatz we readily have ||uf||;2 < Czl|lul/2. Moreover

[(u, G| Sz llullZe + e 1F-s
[{Au < X, 1) + [(Vu < VX, 6] S lullya-s | X ler-slluf[lazs < Oslluf|3-5
(As N Bz(u), Auf)| = [(As N ABz (u), uf)| < || Bz (u)lpz-2s 0|32 < Colu s

and similarly we bound the term (A y(u < X),uf). By the proof of Proposition [2.3.26, we have
also

|D(u, & As vuF)| S €lle-1-s [ullpgasorsz | As N llyasasz S C=lluFps

Using that

6 (13-5 S 1A mu? (305 + A< |2ams S 22MED [y 2 +2720M |13,

~

and choosing M large enough we can obtain that
Liout wut 2
§<Vu , Vury < —(u, Au) + Czljul|72-

O

Remark 2.2.19. One can check that the preceding analysis is valid as well for the approximate
Hamiltonians A, given by 7 simply by replacing the noise = by its regularisation =..
Moreover, since all the constants we obtain are polynomials in the X norm of the noise, one sees
that they can be chosen to hold uniformly in €, since ||Z;||xo < ||E||x«. In particular, the result in
Proposition [2.:2.18 is true for A, and Z. for the same constant Cz.

Now we are in a position to define the form domain of the operator. We first shift the operators A
and A. by a constant to obtain a positive operator.
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Proposition 2.2.20. There exists a constant K= which is independent of € s.t.

(K= —A)"': L? = D(H) (2.2.21)
(Kg — A7 L2 = #? (2.2.22)

are bounded.

Proof. We will prove the statement for A using a generalization of Lax-Milgram, see |4]. The
proof for A, follows the same lines with the same constant Kz, in virtue of Remark [2.2.19

Fix the constant Kz > Cz > 0 (Cz as in (2.2.20)) such that

lullz2 < (—(A — Kz)u,u) Yu € D(A),
which is possible by Proposition [2.2.18]
Define the bilinear map

B:DA)xL* — R

B(u,v) = (—=(A - Kzg)u,v),
then B is continuous, namely
1B(u,v)| S lullpeayl[vll 22, Yu € D(A), ve L?,

and it is weakly coercive i.e.

lullpay = Il = (A= K=)ullr2 = sup (—(A— Kz)u,v) foranyu € D(A).

vl L2=1
The last property to check is that for any 0 # v € L2,

sup |B(u,v)| > 0.

lullpay=1
Assume for the sake of contradiction that there is a 0 # v € L? s.t.
|Blu,v) =0, Vu e D(4),

This means that
<uav>D(A),D(A)* =0 forall u € D(A),

i.e. v=0 in D(A)*. But since D(A) is dense in L2, this implies v = 0 in L? which is a
contradiction. Then the Babuska-Lax-Milgram Theorem says that for any f € (L?)* = L? there
exists a unique uy € D(A) with

B(uy,v) = (f,v) forall v € L?
with the bound |luy|pcay < [|f]/z2. In other words
(~A+Kz)"': L? —» D(A)
is bounded. O
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Definition 2.2.21. We define the following shifted operators

He SZAE—KE
HZ:A—KE.

We are now in a position to use the above estimates to give a characterisation of the domain and
the form domain of H in terms of standard Sobolev norms of uf. Firstly, we define the form
domain.

Definition 2.2.22. The form domain of H, that we denote as D(v/—H), is defined as the closure
of the domain under the following norm

lullpy=m) = v/ {u, —Hu).

Proposition 2.2.23.

1. Tuf € D(H) < uf € H2, where T is the map from Proposition . More precisely, on D(H)
we have the following norm equivalence

w22 < 1HTW? |2 < [[uf[lpe. (2.2.23)

2. Tuf € D(vV—H) < uf € H', where the form domain of —H is given by the closure of D(H)
under the norm

ITu || p=gry := / (Cuk, —HTuf). (2.2.24)
We will see in the following that the operator —H 1is self-adjoint and positive, so this is in fact
a norm. Then the precise statement is that on D(H) the following norm equivalence holds
4l S P o=y S 16
and hence the closures with respect to the two norms coincide.
Proof. 1. The first inequality in ([2.2.23) follows directly from (2.2.12)) and the second by first
expanding using (2.2.11}) and then estimating as in the proof of Theorem [2.2.14

2. In ([2.2.24)), the first inequality follows directly from the Proposition [2.2.18] For the second
term, one plugs in the definition (2.2.11)) and then the only non-trivial term is (u? o £, uﬁ).
For this term, we also have

|(uf 0 & uf)| < Czl|uf|3

by similar arguments as in the proof of Proposition [2.2.18§]

In order to show self-adjointness we would like to use the following result.

Proposition 2.2.24. [70, X.1] A closed symmetric operator on a Hilbert space H is self-adjoint
if it has at least one real number in its resolvent set.
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Now, we can show self-adjointness.

Lemma 2.2.25. The operators H : D(H) — L? and H. : H? — L? from Definition (2.2.21] are
self-adjoint.

Proof. This follows from Proposition Observe that Proposition [2.2.20] implies K= is in the
resolvent of A and A.. The result follows. O

Now, in Theorem [2.2.26] we prove the norm resolvent convergence of the operators H, to H. This
result was obtained in [3| Lemma 4.15] but we give a simplified proof in our framework which can
also be applied in the 3d case mutatis mutandis.

Theorem 2.2.26. We have
IH ' = H |2 SIIE — Ecllxe

In other words H. converges to H in the norm resolvent sense.

Proof. Recall that T' : H?> — D(H) and I'. : H? — H? in which case we have I ~! : D(H) — H?
and I'Z! : H? — H? . Recall that in Proposition [2.2.16| we obtained

|HeTe — HT |32 02 S [|E — Eefl e
This implies the bound on the resolvents

TS H =T H e e SIIE — Bl ae

To conclude, by using Proposition we can write the estimate

|H™' = H Y 2emaer SITTPH™ =T H Y 22
SITTPH =T H Y ey + (02 = DY H Y 2

SIE - Eellxe
Hence, the result. O]

We recall a fundamental result about the functional calculus of self-adjoint operators applied to
our situation.

Corollary 2.2.27 (cfr. [71], VIII.20). For any bounded continuous function f :[0,00) — C we get
f(He)g — f(H)g in L?

for any g € L? i.e. strong operator convergence.
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Functional inequalities

In this section, we obtain certain inequalities for the Anderson Hamiltonian which will be crucial
when we study related PDEs.

The first one is an LP-embedding result.

Lemma 2.2.28 (L? estimates). For u € D(v/—H) and p € [1,00) we have
lullzr Sz llullpiy=m)- (2.2.25)
Moreover, for v € D(/—H.) = H', we have

[vllzr <= vllpo/=mm) (2.2.26)

the point being that the constant may be chosen uniformly in €.

Proof. For p < oo and §(p) > 0 small enough we have by Sobolev embedding and Propositions
and 2:2.23]

lullzr S llulls-s S lublla-s S el Sz IV=Hullr2 Sz llullp=m)-
and by Remark [2:2.19] the same computation works for the second inequality with constants
independent of €. O
In light of Proposition [2.2.23] the following result is an analogue of the embedding H? C L* in 2d.
Lemma 2.2.29. For u € D(H) we have
lulle <= [Hullg.
Moreover, for any a < 1 one has

llullce S= (|Hull 2.

Proof. By using the Sobolev to Holder embedding H? C C® and Propositions and [2.2.23| we
have the following chain of inequalities:

lulles Sz luflles Sz lWfllye S= | Hullre,

using that the L* bound is simply the case a = 0.
Hence, the result. O

In addition to the above result, we can also prove an inequality that, in some sense, interpolates
the L°°-norm between the energy norm and the logarithm of the domain norm. Namely, we prove
a version of Brezis-Gallouet inequality for the Anderson Hamiltonian. We first recall below the
original version of the inequality.

Theorem 2.2.30. [15] Let Q be a domain in R? with smooth boundary. Then, for v € H2(Q) we
have

lollz~ < € (14 V1 +1og(T + [oll2))

for every v that satisfies |[v]|31 (o) < 1.
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Our version for the Anderson Hamiltonian is as follows.

Theorem 2.2.31. For v € D(H) we have

||U||D(H)
(vl <= [vllpy=m | 1+ /1 +1log(1+ 7———) |
blv-H) HUHD(\/TH)

As a corollary, we obtain, for v € D(H.) = H?,

[Heol 2
[ollzee S2 [V —Hev|[L2 { 1441 +log(1 + )|
) IV =Hevl 2

where the constant depends on the limiting noise E and can be chosen independently of €.

Proof. After fixing v € H? with ||v]|: < 1 we start by observing that for any M > 0,which will be
fixed later, we have

vl < [A<nrvllzee + [|Asarv]zee.
By Bernstein’s inequalities, Lemma (in d = 2), we can bound

M—-1 M-1

[A<pvllee < Y7 AL + A qv]pe S Y 2 A2 +1
=0 i=0
M-1 M-—1 2
1
S Al +1 5 (Z 1) vl +1 < M7 +1
i=0 =0

On the other hand, one can use the embedding H2 < L> we have

S

[Asmvlzee S |As ol [[v]l92

S0 1 M
[ollzee S 14 M= 4277 [|u]l32.

Now we choose M s.t.

u /1 +1og(1+ [[u]lx2)
1+ Jvflge
since the fraction is clearly less than one this is in fact possible. This leads us to a bound like

M S log(1 + [|vfl2)

9—

and thus we can conclude

[vllzee S 1+ V1 +log(1 + [[v]l32)-
By using this and Propositions 2.2.18], and [2.2.7, we obtain

’Ur‘ H2
[vllpe Sz 1ol Sz 0%l { 144 /1 +log(1+ I ﬂH )
[[0% ][22

vl
Sz lvllpv=m (1 + \/1 +log(1 4+ L PUH)

0]l p(v=m)
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By Remark [2.2.19] the same estimates as for D(H) are also true for D(H.), in particular the
estimates in Proposition [2.2.18| hold with constants independent of ¢. O

2.2.2 The three-dimensional case

In this section we study the Anderson Hamiltonian in 3d. As in the 2d case we will perform a
paracontrolled analysis of the Anderson Hamiltonian, however this case is more technical since the
noise term has the lower Holder regularity of C=3/2~. This means a paracontrolled ansatz as in
the 2-d case is insufficient. We follow a two step procedure for defining the operator. As a first
step, similarly to [30], we perform an exponential transformation depending on the noise and as a
second step we make an ansatz for the transformed operator using Paracontrolled Distributions.

Enhanced noise in 3d

Recall that in the 2d case we needed to define the space of enhanced noise (see Def. , namely
X, for the renormalisation. In this section we define the analogue of this space in the 3d case.

The following results prove that X = (—A)~1¢ can be lifted to an element = in the space X'® of
enhanced distributions such that all the stochastic terms we will need for the ansatz in the next
section exist with correct regularities. In sequel, we construct the enhanced white noise space in
3d and prove related approximation results. In particular, we show that the lifts Z. (of the
regularised noise £.) converge to an element— which we denote by =— in X',

Definition 2.2.32. ForO<a < %

5, we define the space X to be the closure of the set

{(8:6Y.6% 6% 67,900 v0") : (0,) € R, 6 € CX(T*)}

with respect to the C*(T3) x C2¥(T3) x CAFTL(T3) x CO¥TL(T3) x C*(T3) x C2*~1(T?) norm. Here,
we defined

¢y = (1=A)(Ve|* —a)

¢¥ = 201-2) (Ve VeY)

o = (1-2)'(Ve-VeY)

ox (1—2)" (VY2 —b).

Theorem 2.2.33. For & given by we define

X. = (A%

XY = (1-A)Y(VXP -
x¥ = 21— A YvX. VXY)
X¥ = (1-A)7(VX. VXY
XY = 1-8)7Y(VXYP - ),
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where the c. are diverging constants which can be chosen as

2
do y lmehE 1

2
keZ3\{0} I €
2
2 2 2 |k1 - kol 1
cz = |m (k)| |m(cks)] ~ (log .
kl%;&o k1 — k|2 k[ k2|2 €

Then the sequence Z° € X, given by
== (L XY, X X XY vx. o v

converges a.s. to a unique limit = € X | given by

== (x,xY x4 XY XY vxovx Y, (2.2.27)
where
X = (-8
XV = 1-A)1¢|VX]?)
x¥ = 20 -A)Y(vx.-vxY)
XY = (1-a)yivx-vxY)
x¥ = - vxY) ).

Proof. We omit the proof, which goes in a similar way to Theorem 7.11 in [21] (see also Chapter 9
of [48]). Note that their estimates are for the parabolic case, but by using the resolvent identity

/ e~tetdt = (1 - A)7,
0

one can easily adapt their computations to our setting, essentially by multiplying by e~ and

integrating over t. This, in particular, implies that the diverging constants are the same. Note
that the last term in our enhanced noise (2.2.27) is slightly different from the one in [21]. However

one can easily show that the most singular part of VX o VXY(’ is given by VX o V(1 — A)71VX,
which is the term from [21]. In fact, we have

VX oVXY=VXoV(l—A)lL (VX <X+ VXY VX +VXo VX")
=VXo(1-28)" (V(vX < VXV 4+ VX0 vxY) + v2x¥ < V)

FVXo(l-A)! (VX“’ < V2X) :

where first expression makes sense assuming the correct regularity for the other stochastic terms.
For the second term, we apply the commutator Lemma [2.3.28| (or more precisely its Holder
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version) and Proposition [2.3.23] We compute
VX o(l—A)! (VXY’ < V2X> —VXo (VXY’ <(1-A)VEX R (VXY’, V2X>)
= VXY (VX oV(1-A)IVX) +C (VXY’, (1-A)"'v2X, VX)

FVXoR (VXYC v2X) .

This proves that VX o V(1 — A)7'VX € C?*~! which in turn implies that VX o vx¥e gt
Thus our result follows from Theorem 7.11 in [21].

See also Theorems 9.1 and 9.3 in [48] where a similar renormalization was performed with 1d
space-time white noise which has the same regularity as 3d spatial white noise. O

Lemma 2.2.34. Let o, X, XV,XY',XE,X;I,X;O be as above, then
7
eX € Ca,exv €C?,eX et and

eXe = X inC®

v v
eXe 5 X inc*™

7 %
eXe 5 X7 incotl,

Proof. We prove the result for X, the others are proved in the same way. Since o > 0, we use the
equivalent classical Holder norms on C®. One easily sees that the spaces C¢ are Banach Algebras,

soeX =3 LX" e C”and since X. — X in C®, we can estimate
n>0
1
X Xe X _ X=X — [|eX it _ n
le® —e*ellea < fle flealll —e llee = lle” [lea Zn! (Xe = X)
n>1
el CL!
< HeX”Ca(eHXE—XHca —1),
and conclude that eXs — ¢X in C*. O
Lemma 2.2.35. For o, X, X% as above, W := X + XY + XY and
2
Z = (1-A)"! (‘VXY" +ovxY.vx¥ o xV - X"’) +xVyax©

we have ‘
VeX . veX ecol,

which implies that eV (1 — A)Z € C*1L.
Proof. We use paralinearisation, see Lemma [2.3.25] to rewrite

e = X <X +4f
X X
eX = ¥ %X\('—Ffﬁ,
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where gf € C2* and f* € C?**!. Thus,
VeX = (Ve¥) <X +eX <VX + Vg
and

Y \4 Y
veX' = (vex><X‘°+eX < VXY v,

Note that the only problematic term in the product is

A
(X < VX)X < VXY (2.2.28)
More precisely, we only have to make sense of the resonant product in (2.2.28]) since the
paraproducts are always defined. We compute

X X Xr
(eX¥ <VX)o <eX =< VXY'> =eX (VXY’ o(eX < VX)) +C (eX ,VXY', (e* < VX))
— XXV (vx¥ovx)+ XY e (¥, vx,vxY)
A7
+C <eX VXY (eX < VX)) .

Now, since VXY o VX is assumed to be in C%>~1 the above resonant product is also in C2*~1,
Y
This finishes the proof that VeX - VeX " € C*~1. Moreover, by reinserting the definitions we obtain
W1 -0z

¥ 2 2
— e2X+2xV42x <; xV[ 4 oY) s 2vx vV ovx Y vx Yo XY - XY’>
¥ 2 2
— X HxYeax (: VXV |vxY +2vxY vxt - xV - X“')
1

+ 562XVV (62X) \V4 <62X‘6)

by using the previous computations and the fact that all the terms in the first bracket have
regularity at least 2a — 1. We can finally conclude that

[€2V(1 = A)Z][ca-1 S 1€ ||ca [IE]| e

The domain, the I'-map and the definition of the 3-d Hamiltonian

In this section, building on our work in Section [2:2.2] we perform the renormalisation of the
Anderson Hamiltonian in 3d. Recall the following quantities we introduced and justified in
Section 2.2.2]

X = (-A)Yg(x) eC/?
XV=(1-A)"1:|VX?:eCt xV=201-A)" (vx : VXV) €

X¢=(1-A)t (vx : VX") e C3/2- xV=(1-a)t ‘vx\’f € C2
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In the following, we first motivate the ansatz via formal calculations and then conclude rigorously
in Definition

Initially we make the following ansatz for the domain of the Hamiltonian

vV, ¥
u = e XTXT+X ub,

where the form of u” will be specified later. We begin by computing
Au+ uf =X HXVHXE (A (X + XV X“’) w ‘v (X x4 X“') ‘2 u’
£ AW 42V (X x4 X‘(') YV + u*’g)
=X (A 4 (IVX|2— VXt ]vxvf + ‘VXY’)Q
+2vX VXY 2vxV o vxY - XV o x4 w 2w (X4 xV 4 XY) v,
Note that the regularity of XV is too low for the term ‘VX V’2 to be defined so we have to replace

it by by its Wick ordered version, also note the appearing difference |[VX|?— : [VX|? : . Here one
sees the two divergences that arise, since we formally have

— Q.

2 2
(VX = VX - oo, :‘VXV’ = ‘VXV‘

However, this notation is somewhat misleading since the rate of divergence is different in both
cases, recall the constants ¢f and ¢§ from Theorem [2.:2.33] This again suggests that, as in 2d, the
renormalised Hamiltonian can be formally written in the suggestive form

A=A+¢&— 0.

We set .
Au= A v’) = eV (AW +2(1 — AW - Vi’ + (1 — A)Zu’), (2.2.29)

for functions u” for which this expression makes sense, for brevity we have set

W o= X+x¥V4x¥

W = (1-A)7'VW
Z

2
(1—A)! (‘VXV" +ovxY.vxY o xV - XY’) +xYax®
As we have seen in Section [2.2.2] these stochastic terms have the following regularities

X Wec/ xVec x4 xY W, zec¥* and x¥ e

This suggests to make a paracontrolled ansatz for 4’ in terms of Z and W since the products
appearing are classically ill-defined. In fact, we make the following ansatz

W= < Z+ Vi’ < W+ Bz(u) + uf, (2.2.30)
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with uf € H? and for a correction term that we denote by Bz(u). Into the correction term we
will absorb the terms which have regularity not worse than H2~. Similarly to the 2d case, we will
introduce a frequency cut-off that will allow us to write u” as a function of uf but, in order not to
overburden the notation, we will omit this for the time being.

For the remainder of this section, we define
L:=(1-A) and L'=(01-A)"".

Note that the ansatz ([2.2.30) directly implies u* € H?/2~ by the paraproduct estimates in Lemma
2.0.22

We want to determine the form of the corrector term Bz (u”) in (2.2.30). We first compute

AW =AW < Z+ 2V’ < VZ+u’ < AZ + VAL < W +2V2” < VW
+ VU’ < AW + AB= + Aut
=AW < Z 42V <VZ -’ < (LZ — Z) + VAW < W + 2V < VIV
— VU’ < (LW — W) — LB=(u") — B=(u’) + Aut.

By using the paraproduct decomposition, we obtain
Au’ 4+ 2LW -V + LZu’ = Auf + G(u’) + 2LW o V' + LZ o u”, (2.2.31)
where we have defined

GW) :=Au’ < Z+2Vi <VZ 4+’ < Z+ VAW < W 42V’ < VW + Vi’ < W
— LB=(u") — B=(u") + 2LW <V’ + LZ < u".

These are the “non-problematic” terms that can also be absorbed into B=. We still have to take

care of the resonant product LW o Vu”, which is not a priori defined and the other resonant
product which is actually defined as is, but we shall see at a later time that it is necessary to
decompose it further. To be precise, we insert the ansatz and use Proposition [2.3.23
LW oV’ =LW o (Vu’ < Z + 14’ < VZ 4 V2’ < W + Vi’ < VW + VBz(u’) + Vuf)
=V’ (LW 0 Z) + C(Vu’, Z,LW) +u" (LW 0 VZ) + C(u’, VZ, LW)
+ LW o (V2 < W) + Vi’ (LW o VW)
+C(Vu?, VW, LW) + LW o (VB=z(v’) + Vut).

In section [2.:2.2) we have seen that the following stochastic terms can be defined and have regularity

IWoZ € C'
ILWoVZ € ¢
L/V\V/OVW e (.
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We furthermore expand the products appearing above as
LW o V!
=V’ < (LW o Z) + Vu’ = (LW 0 Z) + C(Vu’, Z,LW) + v’ < (LW 0 V.Z)
+u” = (LW o VZ) 4+ C(u’,VZ,LW) + LW o (V21> < W) + Vi’ < (LW o VIV)
+ VU = (LW o VW) + C(VW!, VW, LW) + LW o (VBz(u") + Vul).
For the other resonant product in (2.2.31]), we do the same and get
LZow =u’ < (LZoZ) 4+’ = (LZo Z) + C(u’, Z,LZ) + Vu’ < (LZ o W)
+ VU = (LZo W)+ C(Vu’,W,LZ) 4+ LZ o (B=(u") + ut).

Now we are in a position to give the precise definition of the correction term; we put

B=(u) == L [Aub S Z 42V K VZ+uw < Z+ VAL < W+ 2V’ < VIV
— Vi < W +2LW <V’ + LZ <’
+ 2V < (LW 0 Z) + 2V’ > (LW o Z)
+ 20" < (LW o VZ) + 20" = (LW 0 VZ) 4+ 2Vu’ < (LW o VW)
+2VU = (LW o VW) + 1’ < (LZo Z)+u" = (LZ o Z)
F VW < (LZoW)+ Vi = (LZOW)} .

(2.2.32)

Using again the paraproduct estimates from Lemma [2:3.22] one sees that the terms in the
brackets are at least of regularity H°~, which implies Bz (ub) € H?~. We make this precise in the
following result.

Lemma 2.2.36. Let Bz be defined as above, then we have the following bounds for o < 2 and
e>0

1 ||B=(0)|lne < Czllvllpgo-1/2+
2. [[Bz(v)lles < C=llvflca-1/2,
where for the the constant we can choose Cz = C||E|| yo-3/2, see Definition for the precise

definition of the norm and C > 0 is an independent constant.

Proof. This follows from the paraproduct estimates, Lemma [2.3.22] for the first case. The second
case works precisely in the same way using the paraproduct estimates for Besov-Hélder spaces and
Schauder estimates, see e.g. [45]. O

Finally we collect everything in the following rigorous definition which describes the domain of the
Anderson Hamiltonian.

Definition 2.2.37. Let VV,W,Z be as above. Then, for 1 <y < 3/2, we define the space

W2 ="l =W e HY st w’ =0’ < Z+ Vi < W—FBE(ub) +u¥, for uf € H?},
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where Bg(ub) s as in .We furthermore equip the space with the scalar product given by,

Jor u,w e W2,

(uwwy = (W@ w0 )+ (uf, wh)gee.

Given u = eV € W2 we define the renormalised Anderson Hamiltonian acting on u in the
following way

Au = eV (Aub + LZ o uf + 2LW o Vuf + G(u1)), (2.2.33)
where
G(W’) :=Bz(u’) + 2V’ o (LW 0 Z) 4+ 2C(Vu’, Z, LW) + u’ o (LW 0 V Z)
+C(u,VZ,LW) + 2LW o (V20> < W)
+ 2V’ o (LW o VW) + 2C(Vu’, VW, LW) 4 2LW o V Bz (")

and C denotes the commutator from Proposition [2.5.23. Note that this definition is equivalent to

by construction.

After this definition, some remarks are in order.
Remark 2.2.38. In view of , for regularised white noise ., we set
Acu = eV (AU +2(1 - AW, - Vi’ + (1 — A)Zu) (2.2.34)
= Au+téu—(ct+ A, (2.2.35)
where we have defined
W. =X. + XY + XY
Xe =(-4)7'¢
XY =(1 - 2)" (VX ~ <)
x¥ =21 - 8)7 (VX. - vXY)
W =(1-A)7'VI,
Z.=(1—A)" <|VXQ’|2 — 24 |VXY2 4 2VX, VXY +2vXY  vXY - XY - X;")

jol

arn

W =e Ve

u.

Recall that the renormalisation constants, from Theorem [2.2.33] are
ct=0(") and ¢ = O(loge).

Observe that this now makes the constant c. in (2.2.4]) precise as c. = ¢! + 2.

Remark 2.2.39. As in the 2d case, the space W is actually independent of v and we will denote
it simply by W=. Moreover, one can introduce a Fourier cut-off A y at level 2V and write

W= Aoy’ < Z+ Vi’ < W+ Bz(u")) + uf. (2.2.36)

This again does not change the space, see Remark [2.2.5 for the analogous argument in 2d.
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We set up some suggestive notation in the following remark, namely that Wz will turn out to be
the domain of A.

Remark 2.2.40. Similarly to Remark we introduce the notation
D(A) := W=

which will be justified later.

We can furthermore introduce the 3d-version of the I'-map; we use the same notation since there
is never any danger of mistaking the two. We define the linear map I' as

Tf=Asn(Tf < Z+V([f) <W + B=(T'f)) + f, (2.2.37)

i.e. the inverse of the modified paracontrolled ansatz. This allows us to write u” = T'u?. Similarly
to the 2d case, for N large enough depending on the X'* norm of =, we can show this map exists
and has useful bounds and obtain the following generalisation of Proposition 2.2.7] to 3d.

Proposition 2.2.41. We can choose N large enough depending only on = and s so that
ITfllze <2 fllze, (2.2.38)
(T fll2s < 2] fll3ees (2.2.39)

forse [O, %)

Proof. With slight modifications, the proof is basically the same as in the 2d case, namely
Propostion m For ([2.2.38]), choose again a small § > 0, then

ITfllze < flle + AN < Z+V(If) < W + Bz(Tf))es
< lflee +27N0F < Z 4+ V(Df) < W + B=(T'f) ¢z
and
ITf < Zllezs < Tfle=sl1Zless S C=lITf]lne
IVDf < Wllezs < VT le-r-s[Wlersas S C|[Tf|e
IB=(Cf)llczs < C=l0fllgos-12 S ColTf ||,

which allows us to conclude by choosing N large enough depending on the norm of the enhanced
noise Z. The proof of the Sobolev case is similar. O

Remark 2.2.42. Analogously to Remark we define I';, using the approximations in
Theorem [3.6.5]

By using the map I'" we can obtain an analysis very similar to the 2d case. To begin with, we state
the following result about the convergence in norm of the I'. to I' and conclude this section.

Lemma 2.2.43. Let 7 be as in Definition [2.2.37 We have that ||id — TT 1|3+ 3~ — 0.

Proof. The proof is very similar to that of Lemma [2.2.10] O
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Density, symmetry and self-adjointness
Firstly, we prove the density of the domain of A, as stated in Definition [2:2.37}

Proposition 2.2.44. Let § < 1/2, then the space W=, as introduced in Definition is dense
in HP and thus dense in L2.

Proof. For an element g € H” we first approximate it by

Ve Weg,

next we approximate e " g by an H? function f5 s.t. |[e="eg — f5]|lys < 6. Lastly we
approximate f5 by
IT fs,

which is close to fs in H®. Hence, for arbitrary g € H” we can construct the element eV TT ! f;
which is close to g in HP.

O

The following is an analogue of Theorem for the 3d Hamiltonian.

Theorem 2.2.45. The renormalised Anderson Hamiltonian A : D(A) — L? is a bounded operator
and we get the following H? bound for u®

lub]l22 < lle™™ Aul| 2 + Cz||u’|| 2. (2.2.40)
Similarly we get the bound
|Aullz2 S C= (w32 + ullz2).

Proof. By the definition of A we have
e WAu=Aut + LZ out + 20LW o Vu! + G(v’),
then we estimate

ILZowlze S [|Zllcsraslufllpsasas < CesCell’||ze + elluf|z

and
ILW o Vublle < [Wllesses U [lggs/2425 < CesCallt’[|z2 + €lluf]| 2

~

for any € > 0 using Young’s inequality, Sobolev interpolation, and the straightforward bound
|lu¥|| 22 < C=l|lu’||L2. Moreover we bound G(u’) via
IGW)ze < Cxllu’llanss < CesCollu’ |12 + ellut a2,

where the first estimate follows from the paraproduct estimates, Proposition 2.3.22] and the
commutator bounds (Proposition [2.3.23]). This allows us to conclude

1Aullzz = e e Aul| 2 < [le" ||z lle™™ Aull 2 < C=(l[ufllaz + [[u’ ] 2), (2.2.41)
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and, in a similar manner,

[utle < lle™W Aull> + | LZ o uf 4+ 2LW o Vul|| 2

A

- 1
™" Aull2 + C [’ 2 + S |u a2,

using the above bounds. O
Proposition 2.2.46. We have that A is a closed operator over its dense domain D(A).

Proof. For u,, € D(A), suppose that

Up —> U

Au, — g.

Then, by (2.2.40)), we have that u! is a Cauchy sequence and |Jw — u, |32 — 0 for some w. We
observe that then u = e"T'w, that is u € D(A). After that, writing the same estimate in the end
of the proof of Proposition |2.2.15| concludes the proof, this time utilising (2.2.41]) instead. O

For the domain what we know is D(A) C e 7. But in the sequel we will need a precise
approximation by smooth elements in 2.

Proposition 2.2.47. For every u € D(A) there exists u. € H? such that
" = wlllaer + [[uf = ulllpz — 0
as € — 0. For u,v € D(A), with approximations u.,v. as above, we obtain
(Acue,ve) — (Au,v).

Consequently, A is a closed symmetric operator.

Proof. The proof is similar to that of 2d case, this time using Proposition In this case, for
uf = uf € H?, we take u? = I'.uf and u. = e"=T'.u* for the approximations. We omit the
details. O

Before we introduce the resolvent and the form domain we need the following result.
Proposition 2.2.48. Let W be as above, then there exists a constant Cz > 0 such that
IV |32 < lle™ llzoe (= (u, Au) + Czllul|2),
where u = e u’ € D(A).
Proof. Using (2.2.29)), we write
(u, Au) = (W, Au’ + 2VU’VW + LZu’)

= (V' , Vi) + (Vb LZu"),
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where the gradient term disappeared because we integrated by parts. Thus

IVe'|lZ: < eV |l e Va2,
= |le™ ="’ LZu’) — (u, Au))
< eVl zoe (1 lpgrrase €27 L2 [gr/2-e — (u, Au))
< ez (103 /2ve €7 LZ llg-1/2-2 = (u, Au))
< e pee (C2 €W llere—e 14”151 22 — (us Au)),

where we have used Lemma [2.2.35] Using again Sobolev interpolation and Young’s inequality we
can conclude by choosing € > 0 small enough and pick a proper constant C= > 0 for the
conclusion. O

After this, we are ready to conclude the self-adjointness of the operator.

Theorem 2.2.49. The operator A with domain D(A) is self-adjoint.

Proof. Choosing C= > 0 (using Proposition [2.2.48)) large enough, we again want to prove that
(Cz— A"t :D(A) — L? is bounded.

This can be done in precisely the same way as the 2d case, similar to the proof of Proposition
2.2.20] by applying again the Babuska-Lax-Milgram theorem to the the bilinear map

B:DA)xL* — R

B(u,v) = {(Cz— A)u,v).
Afterwards, one concludes self-adjointness by using Proposition O

Observe that the Proposition [2.2:48) implies the positivity of the form for Cz — A. Accordingly, we
introduce the shifted operators.

Definition 2.2.50. For a constant Kz > Cz, where C= is as in the proof of Theorem|2.2.49, we
define the following shifted operators

HEZZAE—KE
HZ:A—KE

where in the future the constant K= may be updated to be larger, if needed.
Now we define the form domain.

Definition 2.2.51. From Proposition recall that u = eVTu!. We define the form domain
of H, denoted by D(/—H), as the closure of the domain under the following norm

lullp=m) = v/ {u, —Hu).

We furthermore have the following classification for the domain and the form domain of H; this is
the 3d version of Proposition [2.2:23]
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Proposition 2.2.52. We have the following characterisation for the domain and the form
domain:

1. Tuf € e WD(H) < uf € H?. More precisely, on D(H) = WUz we have the following norm
equivalence
lufllaee S= 1 HTw L2 Sz [lu [,

2. u€ D(V—H) < e Wu e HL. Then the precise statement is that on D(H) the following norm
equivalence holds

le™Vulla Sz llull =g S= lle”™ ullw,
and hence the closures with respect to the two norms coincide.

Proof. This follows from Theorem [2.2.45| and Proposition [2.2.48| similarly to the proof of
Proposition [2.2.23 O

Norm resolvent convergence

In this section, we address the resolvent convergence results for the regularised operators as
introduced in Remark [2.2.38| and Definition [2.2.50 We first address the norm convergence of

approximating Hamiltonians composed with the I'-maps.
Proposition 2.2.53. Let uf € H?, u = VT, v’ =Tt and u. = eV=ul. We have that

e €

|Hu — Houel| 2 <z ||Ze — Z||xe ||t |2 (2.2.42)

~

Consequently, this implies that
|HeVT — HoeWeT.||y212 — 0. (2.2.43)

That is to say, H.eW-T. — He" T in norm.

Proof. The proof is similar to that of Proposition [2.2.15] This time one uses the formula ([2.2.33))
and then proceeds in the same way by using Lemma [2.2.43 instead. Hence, the result. O

In the following results, using the techniques we have used in the 2d part, we address the notions
of strong resolvent and norm resolvent convergence.

Theorem 2.2.54. Let (8 be as defined in Proposition|2.2.44. Then, we have
IH™ = H Y p2sps Sz |IE — Eellxe

~=

for e > 0. In particular H, converges to H in the norm resolvent sense.

Proof. This proof is similar to that of Theorem [2.2:26f We only mention the points where it
differs.

By Proposition [2:2.53] we have that

HIJ&GWEFEUti - HeWFuﬁHer_mz Se |2 - Eel|xa HuﬁH?P
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This implies
IT-te™™eH Y T e ™ WH Y 12np2 <= |2 — Bl xe.

By using the same tricks as in the proof of Theorem [2.2.26] this time using Proposition [2.2.41] and
Lemma |2.2.43] one obtains

leeWeH ' —e W H Y 12ams Sz IE — Ecl|xe.

~=

We can write the estimate

le™ W B H oy g = [V (VT — eV HT) o s

< e Naesmelle™ H = eV H |2y g
which allows us to conclude. O

Lastly, we give a version of Agmon’s inequality which can be seen as a 3d analogue of Theorem

2237
Lemma 2.2.55. Foru € D(H) and D(H.) respectively, we have the following L bounds

1/2 1/2
ull Lo Sz [|Hull}22 IV =Hul|

1/2 1/2
lullp Sz [|Heul 22 |V/—Heull )2

Let us mention again, that the point of the latter bound is that the bound is independent of €.

Proof. The classical version of Agmon’s inequality [1] gives the bound

1/2 1/2
V]l S ol3E vl

Now we compute

1/2

1/2
lullzee < lle™ |l 1Tl Sz llufllne Sz lufl307 e 503

1/2 1/2
Sz | Hull 21V =Hul 2,
where we have used Propositions [2.2.41] and 2.2.52] in addition to Agmon’s inequality and the

straightforward bound |[u®||1 <z ||u”||#:. The second inequality follows by the same argument
noting that the constant is independent of e. O

2.3 Semilinear evolution equations

To recall, in the previous section we have introduced the operators H and H. (Definitions [2.2.21
and respectively) along with their domains D(H), D(H.) = H? (Remarks [2.2.4] and [2.2.40)
respectively) and energy domains D(v/—H ), D(v/H.) = H' (Definitions [2.2.22| and [2.2.51]
respectively). We have also studied their resolvents and the norm resolvent convergence of
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regularised operators (Theorems [2.2.26| and [2.2.54] respectively). Furthermore we have obtained
some functional inequalities which will be useful in the present section.

In this part we utilise this preceding analysis in the study of some semilinear PDEs, more
precisely nonlinear Schréodinger and wave-type equations with the linear part given by the 2-d and
3-d Anderson Hamiltonian. As a preliminary, we derive and record some simple results for the
corresponding linear equations as well as for PDEs with sufficiently nice nonlinearities.

2.3.1 Linear equations and bounded nonlinearities

In this section, before proceeding with the nonlinear PDEs, we first give some straightforward
results about the linear evolution and PDEs with bounded/Lipschitz nonlinearities. We also
obtain convergence of the solutions to the regularised equations in an appropriate sense.

Abstract Cauchy theory for the linear and bounded nonlinear equations

We want to apply Theorem 3.3.1 from Cazenave [23]. This proves global well-posedness of
0w = Qu+ g(u)
u(0) = up€D(Q)

in the strong sense, meaning u € C(R; D(Q)) N C*(R; X), for a sufficiently nice nonlinearity g and
Q self-adjoint on some Hilbert space X.

Theorem 2.3.1. Consider the abstract Cauchy problem

i0ru = Qu + g(u)
{ 2(0) = 1o (2.3.1)
where Q) is a self-adjoint operator on a Hilbert space X. Then we have the following two results for

Schridinger and wave equations respectively.

1. Assume (Qu,u) <0 for u € D(Q) and g : X — X is Lipschitz on bounded sets as well as
(g9(z),iz)x =0 for all z € X and g = G" where G € C*(D(/—Q)). Concretely, if we fix
Q=H, X =L*T% d=2,3 up € D(H)and g(u) := Kzu + up'(|u|?) where ¢ € C% we get a
unique global strong solution of

u € C([0,00); D(H)) N C([0,00); L?).

We can also relax this slightly if we ask for ug € D(v/—H). We get a unique global energy
solution

u € C([0,00); D(V—H)) N C([0, 00); D* (V—H)).
In both cases conservation of mass and energy holds for all times.

2. For the wave equation, with d = 2,3, we set
. I
@=i( gy ¢ ). P@ =)DV
X = (AT, gw)=(
9 —K=u /-~
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Then the abstract linear wave equation

(o )= (o) o ) ()
(aqfu)t_oz(zﬁ)

has a unique global strong solution (u,dyu) € C([0,00); D(H)) x C1([0,0); L?) i.e.
u € C([0,00); D(H)) N CL([0,00); D(v/—H)) N C?([0,00); L?) and energy conservation holds.

Proof. 1. The properties of the Hamiltonian have already been verified, it remains to check that
the nonlinearity g satisfies all the conditions. We claim that

4(v) = G'(v) with G(v / LETNE / o(v?) € C{(D(V=T)R).

Moreover g : L? — L? is locally Lipschitz and (g(u),iu) = 0 for u € L%

By construction we have
(9(u),iu) = Rei / Klul? + [ul2¢ (Ju]?) = 0.

Next we show the differentiability of G. Let u,v € D(v/—H), then
G(u) — G(v) = G'(v)(u —v)
K= 1 Kz 1
- / SE 5/@(|U|2) - [ TFe =5 [ eter) - o) u o)
KM lu —v|* + /f — f'(v)(u =)

< (K= H@HcZ)Hu — vz

< (K= + llelle2)llw = vl =)

with f(u) := ¢(Ju|?). This proves the differentiability. Lastly we prove the L? local Lipschitz
property of g. Fix v € L? and u € By (v), for some M > 0. Then

lg(w) = g(v)[| 2 Kzllu—vl[g2 + [lug’ ([ul*) — v’ (Ju]*)]| 2
Kzllu = vz + 1 llocllu = vllz2 + v z2lle’ (Jul*) = &' (J0]*)]| 2

Kzllu—vllzz + [[¢'llsc v = vllL2 + vl 2 ll" oo lu — vl 2

INIA A

hence g is locally Lipschitz as a map from L? to L2.

2. See |70, Chapter X.13].
O
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The linear multiplicative Schrodinger equation

In this part, we discuss the solution to the linear Schréodinger equation
idyu = Hu on T¢, (2.3.2)

with initial data in the domain of H. A simple but important observation is that the Schrodinger
equation conserves the L? norm. Also observe that 0;u formally satisfies

i@tatu = H(@tu),
so it solves the same equation and in particular we have that ||Oyu(t)| 2 is conserved and that
[Hul 2 = [0cu(t)]| 22 = [|0su(0) |22 = [|Hu(0)[| L2,

which we will assume to be finite. This gives us quite a natural condition that the initial data
should satisfy. Therefore we will assume ug € D(H) which implies ||Hug||r2 < oo by Theorem
[2:2.014]. To make this precise, we write

u(t) = ey,
d

u(t) = —ie” " Huy

=
d
U@ = lHuollp2 = [Hu(t)]l 2.
L2

So ||0u(t)|| 2 is conserved for for the solution u as above. For the regularised equation, the
unique solution is given by ‘
ue(t) = e Heys € 12,

where u§ € H? is the regularised initial datum. If we choose the regularisation
u§ =H'Huy € H?,

then we have H.ug = Hug and we readily get ug — uo in L? by norm resolvent convergence,
namely Theorem [2.2.26| By [71, Theorem VIII.21], e~#H= — e=#H strongly for any time ¢, which
implies

e—th6 ug _)e—thuO
and

e~ MHe [ e —e~"H Huy
in L? for any t € R.
We summarize these results in the following theorem
Theorem 2.3.2. Let T > 0, ug € D(H). Then there exists a unique solution
ue C([0,T); D(H)) N CH[0,T]; L?) to the equation

on [0,7] x T

10yu = Hu
U(O, ) = Uo
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Moreover, this agrees with the L?—limit of the solutions u. € C([0,T]; H?) N C*([0,T); L?) to

{ i0cue = Heue on [0,T] x T¢

with the reqularised data given as
u§ := H- " Hug € H?.

One also obtains the convergence of Oyue and H.u. to Oyu and Hou in L2.

Remark 2.3.3. One could also get global well-posedness for the equation with initial data in
D(v/—H) or in L2. Moreover, one could treat a bounded nonlinearity as above.
The linear multiplicative wave equation
Similarly to the Schrodinger case, we now consider the linear wave equation
0?u = Hu
with initial data (ug,u1) € D(H) x D(v/—H). For the regularised equation
8t2u5 = H.u,
(te, Optue ) |1—o = (uf, us) € H* x H'
the solution is given by

i uE cos(ty/—He)ug i 0 1
(i) (5)- (). e a3 1)
tUe ul \/TH&‘ U1 8

and the sin, cos objects are defined via functional calculus. We again choose the same
approximation for ug as in the Schrodinger case

ug == (—H.) " (—H)ug € H?
u§ == (v/—H.)"'V/—Hu, € H*
for initial data (ug,u1) € D(H) x D(v/—H). Then we again have
ug — o in L?
Hou§ —  Hug in L2
For the initial velocity, we also have
u§ — uy in L.
Then for any time t we get as in the Schrédinger case
) e . cos(tv—H)u
( us(t)t ) = e ( b ) et ( uo ) - Lin(uﬁ—m) R
( ) vV—H Ui

and q 0
Ue t o itQe Ug - itQ ug . 2
T ( dru. (1) ) = ite Qa( us ) — te'™*Q w in L.
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Moreover, we have that the convergence of the energies, namely

s (it ) (5 1) (il )
(s )- (2 (s )y =0

for any time ¢ and thus in particular the energy conservation passes to the limit. We record these
observations in the following theorem.

Theorem 2.3.4. Let T > 0 and (ug,u1) € D(H) x D(v/—H). Then there exists a unique solution
(u, Opu) € C([0,T); D(H) x D(v—=H)) N CL([0,T); D(v—H) x L?) to the equation

0*u = Huin (0,T) x T?
(u, 0¢u)t=0 = (uo,u1)

moreover it is equal to the L°°((0,T); L>(T%) x L?(T%)) limit of the approzimate solutions
(ue, Opue) to

d?u. = H.u. in (0,T) x T
(uEa atu6)|t=0 = (u’87 u§)7
and moreover we have the following convergence at any fized time t
ue(t u(t) in L*
H.u.(t) — Hu(t) in L*

)=
)
V—H_.0u.(t) — V—Hoyu(t) in L?
Ouc(t) — O2u(t) in L?

with (u§, u$) as above. Also, the energies converge and are conserved in time.

Proof. The computations above prove that the L? limit of the solutions we obtain is equal to the
solution of the abstract Cauchy problem in Theorem [2.3.1] for all times. Hence, the two are
equal. O

2.3.2 Nonlinear Schrodinger equations in two dimensions

In this section we are interested in solving the following defocussing cubic Schrédinger-type
equation

i0yu = Hu — ulul?, (2.3.3)

with domain and energy space data.

Recall that for the operator H we have

(u,—Hu) > 0 for all w € D(H).
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We consider the mild formulation of (2.3.3))

t
u(t) = e Mg 44 / e CTDHy(5)|u(s)|?ds (2.3.4)
0
Furthermore, we introduce the energy for u as
1 1
E(u)(t) :== f§(u(t),Hu(t)> + 1 / lu(t)|*. (2.3.5)

Using the equation one sees that the energy is formally conserved in time.

Solutions with initial condition in D(H)

In this section we assume ug € D(H). This is similar in spirit to the global strong well-posedness
of the classical cubic NLS with initial data in 2, which was solved in [15]. We obtain global in
time strong solutions in our setting, which is the best one can hope for in view of the classical
result. We regularise the initial data in the following way

us = H-'Huy € D(H.)
so that by the norm resolvent convergence of H. to H (see Theorem [2.2.26)) we have
: € __ 2
il_r,% ug=ug € L

H.u§ = Hug € L?.

Note that D(H.) = H? so there exists global solutions u. € C([0,T], D(H.)) N C*([0,T], L?).
While this follows as in [15], it is also an immediate consequence of the following result which says
that for the operators H, and H we obtain global in time strong solutions of the associated cubic
NLS on T2.

Theorem 2.3.5. For an arbitrary time T > 0, there exist unique solutions
ue € C([0,T]; H*) N CH([0,T); L?) and u € C([0,T); D(H)) N C([0,T7]; L?) to

t
ue(t) = e "Heys + z/ e~ Hey |u | (t — s)ds, (2.3.6)
0
and
. t .
u(t) = e "oy + z/ e Hoylu|?(t — s)ds (2.3.7)
0

respectively, with initial data u§ € H* and up € D(H).

Before we prove the theorem, we need the following technical lemmas which will be used
throughout the proof. The first one is a logarithmic Gronwall lemma.

Lemma 2.3.6. Let Cy,logCh > 1 and 0(t) > 1 satisfy

0(t) < Ci + Csy /Olt 0(s)log(1 4 0(s))ds = h(t).

Then we have
h(t) < exp(log h(0)e®?!) — 1.
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Proof. We have that h is a subsolution of the equation
O:h(t) = Caf(t)log(1 4+ 6(t)) < Ca(h(t) +1)log(h(t) +1).

So taking p(t) to be a solution of 0:p(t) = Ca(p(t) + 1)log(p(t) + 1), p(0) = h(0), we have
p(t) > h(t). Indeed p(0) = h(0) and whenever we have p(t) = h(t) then

9e(p(t) — h(t)) = Ca(p(t) +1)log(p(t) + 1) — C2(h(t) + 1) log(h(t) + 1) = 0.
Observe moreover that
dlog(p(t) +1) = Czlog(p(t) + 1) = log(p(t) + 1) = (log h(0))e“>".

O

Lemma 2.3.7. Forv € C([0,T];H?) N C*([0,T); L?), f(v)(t)
N

|v(t)|?v(t) is C' as a map from
[0,T] to L?. The same is true for v € C([0,T); D(H)) 2

Proof. We write
ot + h)Po(t + h) — [v(®)*v(t)

h
and add and subtract the term v?(t + h)v(t) which yields

o(t+ h)(v(t + h))v(t + h) —v*(t+ h)o(t) + v2(t + h)o(t) — v(t)v(t)v(t)
; .

This can be rearranged as

024 m) 20O ) (e 4y 4+ ofayy) L = 00)

where all the terms converge individually in L? as h — 0. Indeed, one can easily check that the
multiplication map (f,g) — f - g defines a continuous map H? x L? — L2. This follows from the
embedding H? < L* in 2d. Since, by Lemma we also have the embedding D(H) — L,
the same holds in this case. O

Proof of Theorem[2.3.5 This is a fixed point argument which is essentially the same in both cases
so we only treat one of them. For fixed ug € D(H), we define the operator

¢
®(u)(t) == e Hyy 4 z/ e Hylu*(t — s)ds
0

and claim that is in fact a contraction on X = C([0,Tg]; D(H)) N C* ([0, Tg]; L?), where the time
Tg > 0 depends on the initial data and the energy, which is conserved. This will allow us to
obtain a global in time solution.

We bound, for ||ul|x < M with M chosen below, using Theorem [2.2.31
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t
10:®(w)l| L2 () <[[Huoll 2 +/0 10 (ulul?)(s)|[ 2 ds +Cluo| Zs

t
<[[Huol|> +/ 1u(s)l| 2 ]lu(s) 7o ds +ClluollZs
0

t
M
<||Hug|| 2 +/ CME(u)(s)(1 4 log(M 4 1)) ds +C|uo|3 6 < 5
0
for t < T small enough such that
Tg M 3
CME(u)(s)(1+1log(M +1))ds < 5 - (1Huoll 2 + Clluoll7s)
0
and M such that & — (| Huol|r2 + C|luo||3s) > 0.
Analogously, we compute
t d )
[H®(u)l|r2(t) <[[Huol|z2 + H/O $(€”H)\U|2U(f — s)ds|| Lz
¢ M
<||Huo|| 2 +/ CME(u)(s)(1 4 log(M 4 1)) ds +C/|ugl|36 < 5
0

since we can integrate by parts in the integral. Furthermore, Stone’s theorem |71, Theorem
VIIL.7] implies the time regularity of ®(u). For the contraction property, we need to estimate

0@ (u)(t) — 0:@(v)(¢t) = /o e 19, (ulu)? — v|v|?)(t — s) ds.

We obtain, by using Theorem [2.2.31] and Lemma [2.2.29
[0:®(u)(t) — 0, ®(v)(t)]| 2> <

t
§3/ lu(s)I7 10su — Oevll e L2 + [10evl| L 2 [ Hu — Hollpoe 2 ([Ju(s) || Lo + [lv(s)][ o) ds
0

S?’HU_UHXA E(u)(s)(1+log(1+M))—I—M\/(l+log(M—|—1))(E1/2(u)(s)—|—E1/2(U)(5))ds

<Jlu —vlx

for t < Tg by possibly making T smaller depending on F(u). This gives us short time
wellposedness, but since the time span depends only on the energy and the initial data, this can
be iterated to yield a global strong solution. In fact, the only thing that is left to show is that
|Hu(Tg)||L2 can be bounded by ||Hug||r2, i-e. a priori bounds. This allows us to choose a global
M and then also a fixed time span T which immediately implies a global solution. For the
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solution that exists up to time Tg, we have the estimate

T
[Hu(Tg)| 2 < [|[Huol L2 + [luolZe +/ 18su(ful®)(s)]| 2ds
0
T
< [ Huollz> + lluollzs +A 10¢u(s) | 2 [u(s) |7 < ds

T
S [ Huollo + Juallbe + [ (1Hu(o)]12
0

+ EY/2(u0)) (o) (1 + log(1 + || Hu(s)] =) ds,

where we have used again Theorem [2.2.31| and the fact that one can estimate ||Opul|r2 by ||[Hul 2
using the equation. Now, we can conclude by using Lemma This gives us a bound, by
possibly taking larger constants, of the form

|Hu(Tg)| 2 < C=E3?(ug) + exp(ecE0)T 1og[C= E3/%(ug) + ||Huol|12) — 1, (2.3.8)

where T is the maximum time of existence. Hence M, and therefore T, can be chosen globally
which means that we can solve the cubic NLS on the whole interval [0, T] by iterating. The proof
for the regularised Hamiltonian follows the same lines with the crucial note that the inequality
constant in Theorem does not blow up, namely the constant does not depend on ¢ but only
on =. O

Remark 2.3.8. One sees from the proof that the same remains true for NLS with lower power
nonlinearity, i.e.
i0pu = Hu — ulu[P~1,

with p € (1,3). The result will also remain true in the focussing case under some suitable
smallness conditions on ug.

We will moreover prove that the approximate solutions u., which are strong solutions of
i0pue = Houe — ue|ue|?, (2.3.9)
u.(0) = ui € D(H.) = H>.

converge to the solution w of the limiting problem. We prove the following result.

Theorem 2.3.9. Let ug € D(H) and T > 0 be an arbitrary time. Solutions to the regularised
equations with initial data uf := (—H.)"Y(—H)ug € H?, (the unique global strong solutions u. of
[2.3.9) ) converges to the unique global strong solutions u € C([0,T]; D(H)) N C([0,T]; L?) of

i0pu = Hu — |ul?u,
u(0) = uyg,
which is obtained in Theorem[2.3.5 In fact, we get the following convergence results
ue(t) = u(t) in L?
H.u.(t) — Hu(t) in L?
Opue(t) — Ogu(t) in L2
for all t € [0,T].
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Proof. We know that the u. satisfy the mild formulation

t
ue (t) = e Heys + 2/ e ey (5)|ue(s)]?ds
0

and u satisfies

t
u(t) = e”"Hyy + z/ e = Hy () |u(s)|ds.
0

We compute

Hu(t) — Houe(t) =
t t
e = e g+ [ e (ufuf(9)ds — [ e, ()
0 0

+ulul(t) = ue|ue*(2)

(et _ omitHey Fry +/t(€_i(t_s)H — e =), (ulul?(s))ds
0
- [ a0 - DGl

[ 0alul?(9) = Dl o)+ uolul® ~

Therefore, we have

[ u(t) — Heue(t)l|z2 Sl (e — e™") Hugl| 2 + [[uoluo|* — uf|ug ||| 2

t
[ e O ), (ufuf(5) s
/ 10s (uluf2(5)) — s (uzue?(5)) | z2dls,

where the first three terms converge to zero by norm resolvent convergence and Theorem VIII.21
in [71]. For the last term we can bound similarly to the proof of Theorem m

t

105 (ulul*(5)) — Os (e |ue [*(5)) | L2ds

S | 105u(s) — Osue(s)ll L2 (el Zoe oo + lluelFoc L)
+ llu(s) = ue(s)l| Lo 10sull oo L2 (ull oo oo + [lue || Lo~ £o<)ds
SC(T, w0, B) /Ot 10su(s) — Osue(s)l| L2 + [Hu(s) — Heue(s)| L2
+ llu(s) = ue(s)]|L2ds + C(T', uo, B)||E - Ec|[xe,

where we have used the a priori bounds obtained in the proof of Theorem [2.3.5] and the bound

lu(s) = ue(s)llze Sz lluf(s) — ub(s)]lne
= [[Hu(s) = Heue(s)l| 22 + [[u(s) — ue(s)l[L2 + C(T, uo) |E — Ec e
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which can be proved in the same way as Theorem [2.2.14] using Proposition and the

embedding H?2 < L.

Similarly we can bound (by O(e) we denote terms that converge to zero as € — 0)
[[0ru(t) — Opue(t)|| L2

Sl(e™™ = e™* ) Hug | L2 + [le™" T uoluo|* — e ug|ug|? 2

¢ ¢
+ ‘ / e 19, (ulu|*(t — s5))ds — / e 19, (uclus 2 (t — 5))ds
0 0

L2
t
<O(e) + O(T, uo,E)/ 195u(s) — Borie (5)]| 12
0
+ |Hu(s) — Heue(s)|| 22 + [Ju(s) — ue(s)][z2ds
and we have
lu(t) — uc(t)] L2

t t
5 He—thuO _ e—thEUSHL2 + H/ e—l(t—s)H(u|u|2(S))d8 _/ e—l(t—s)Hg (U5|UE|2(S))dS
0 0

L2

< 0() + O(T, uo, E)/O u(s) — ue(s)| 2ds.

Thus, for ¢.(t) := ||u(t) — ue(t)|| L2 + ||Oru(t) — Opue(t)|| L2 + [|Hu(t) — Houe(t)|| 2 we have

6:() SO(e) + / be(5)ds

and by Gronwall we can conclude that ¢.(t) — 0 for all ¢t as ¢ — 0.

This finishes the proof. O

Remark 2.3.10. Observe that the above also works in three dimensions. The only difference
being that one uses Lemma instead of Theorem But note that this gives only local
in time strong solutions and as in Theorem we also obtain the convergence of solutions to
the approximated PDEs. This is due to the fact that, unlike the 2d case, one uses a polynomial
type Gronwall [31], as opposed to a logarithmic Gronwall, which leads to an estimate that blows
up in finite time. In fact, this can be formulated as a blow up alternative (with respect to the
L*-norm) similarly to the classical case of H2-solutions [23].

Energy solutions

In this section we solve in the energy space. For the global well-posedness of (standard)
cubic NLS on the 2d torus see |11]. Note that the result we get here is somewhat weaker, since we
obtain only existence and partial regularity in time. This is as good as what one would get in the
classical case without the use of Strichartz estimates, see [17] and references therein for further
information. This issue is addressed in Chapter [3| where Strichartz estimates are proved and
applied to well-posedness in different low-regularity regimes which include energy solutions in 2
dimensions.
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In this section we denote the dual of D(v/—H) by D(v/—H)*; We naturally have
D(V—H) C L? C D(v—H)".

Theorem 2.3.11. For ug € D(vV/—H), the equation (2.3.3) has a solution u such that
u € C2([0,T]; L*) N C([0, T); D(V=H)).

For the initial datum wug, we construct the following approximation
u§ = (1+evV—H) tug € D(H).
Note that by continuous functional calculus the operator (vV—H)~!: L? — D(v/—H) is bounded
and we have u§ — ug in D(v—H).
Lemma 2.3.12. For ug,u; as above, we have the following convergence of energies.

1 1 1
B(u§) =~ (uf Huf) + 1 [ 1l = 3

1
2<UQ,HUO> + Z / ‘u0‘4 — E(Uo)

Proof. By the above observation the first terms converge. For the L* terms, we can conclude

using Lemma [2.2.28 and the D(v/—H) convergence.

Consider the nonlinear Schrédinger equation

i0pue = Hue — uc|uc|? (2.3.10)
ue(0) = ug € D(H).

As we have seen in section [2:3.2] there exists a unique solution u. to this equation in
C([0,T); D(H)) N CL([0, T); L?) which conserves the energy

1 1 .y
E(ue(0)) = B(ue(t)) = 5 (ue(t), Hue(t)) + 7 lJue(t)||La-

Lemma 2.3.13 (A priori bounds). For solutions u. to (2.3.10), we have the following uniform
bounds.

[uellpoerz < fluollz2
IV=Hucl|p~r2 S EY?(uo)
I(V=H) " Opuc| o> Sz BV (u0) + B/ (ug)
Proof. Since we have conservation of mass and energy, the first and second follow directly, using
also Lemma [2.3.12| and the positivity of the energy. For the third bound, we use the equation and

the fact that
luellfe <= B3 (uo),

which follows from Lemma [2.2.28]
O
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Lemma 2.3.14 (Compactness). Given u. as above, we can extract a subsequence u., and obtain
a limit uw € L>=([0,T); D(vV—H)) s.t.

ue, (t) — u(t) in L? (2.3.11)
V—=Hu,, (t) — v/—Hu(t) in L* (2.3.12)

for all times t € [0,T].

Proof. By weak compactness in the Hilbert space D(v/—H) we obtain a subsequence u., and a
limit u s.t.

ue, (t) — u(t) in L?,
e, (t) = u(t) in D(V—H),

for a dense set of times and using the third a priori bound from Lemma [2:3.13] we can extend this
to all times ¢ € [0,T]. In particular get the L> bound in time. Lastly, we can use the convergence
of energies to deduce the convergence of the D(v/—H) norms of u. and thus conclude that in fact
strong convergence holds.

O
Now we can conclude this section by proving Theorem [2.3.11

Proof of Theorem[2.3.11, We prove that the limit we obtain in the previous lemma solves the
mild formulation of (2.3.3). We have by construction that the u. solves

t
ue(t) = e "Hys + z/ Ty _(8)|ue(s)|?ds
0

for all ¢ € [0,7]. Now we can prove that this converges in L? as ¢ — 0 for all times. The first term
converges precisely as in the linear case from section For the nonlinear term the
convergence follows from the fact that u.(t) — u(t) strongly in LS for all times. This is due to the
fact that the embedding D(v/—H) < H'~° is continuous and the embedding H'~% < LS is
compact (in fact this is true for any L? with p < c0).

For continuity in D(v/—H), we simply observe

|V —=Hu(t) — vV—Hu(s)||> < H\/ju(t) - \/juen (t)||L2 + ||\/juen (t) — \/juen ()|l 2
+ IV=Hue, (s) — V—Hu(s)| 2.

By using Lemma [2.3.14] for a given § > 0 we can choose N large such that
sup ||V—Hu(r) = V—Hu (7)||L2 < /3

for this chosen N we can choose k > 0 such that; |t — s| < k implies

IV =Huey (t) = V=Hue, (s)l| 12 < §/3.
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That is, we have found a k > 0 for arbitrary 6 > 0. Hence, the continuity.

Next, we prove the time regularity. By using Lemma we can write
lu(t) = u(s)[2 < IIV=H (u(t) = u(s)) | 2| (vV=H) " (ul(t) - u(s))l| 2
t
/ (V—H) ' ou(r)dr

/S ‘

St —sl.
L2

So we can conclude that u € C'/2([0,T], L?) N C([0, T]; D(v/—H)). O

In the following corollary, we show that a solution can be obtained by solving the approximating
PDEs.

Corollary 2.3.15. Consider the following PDE

i0iue = Houe — ug|ue)?
with initial data u§ = H-'H(1 —ev/—H) tug, where ug € D(v/—H) and 0 < & < 1. There exists a
subsequence ey, such that u., — u and \/—H,, ue, — /—Hu in L?. In addition, u solves (2.3.3)).

Proof. Consider the initial data u5® = HZH(1 — §y/—H) Yug. Then, by Theorem m taking
€ — 0 we obtain us € D(H) which solves the equation

10yus = Hug — U,5|U5|2

with initial data ud = (1 — §v/—H) 'uo € D(H). For this solution, we also have

v—H: u., s & +v—Hus in L? and in particular Ue,,s — Us. Now, as in Theorem [2.3.11} we take
0 — 0 and obtain an energy solution to (2.3.3). Taking a diagonal sequence yields the stated
result. O

In the following remarks, we compare those results with the ones in domain case.
Remark 2.3.16. Note that the solution we obtain is not necessarily unique, as opposed to the
solution with initial data in D(H), however see Chapter
2.3.3 Two and three dimensional cubic wave equations
In this section we consider the cubic wave equations
O?u =Hu —u® on T? (2.3.13)
(u, Opu)|t=0 =(uo, u1),
in two and three dimensions simultaneously.

We are interested in the case

(ug,u1) € D(H) x D(V—H).
However as we shall see, in a similar way we can also treat the case

(UO,Ul) S D(\/j) x L2.
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We refer to |76] and [33] for classical results about well-posedness of semilinear wave equations.
We obtain global strong well-posedness for a range of exponents including the standard case

p = 3, which we will consider in detail for simplicity. Also in 3d, the range of exponents which are
covered by our methods is as good as what one can achieve in the classical case with similar
methods.

We fix an approximating sequence (u§,u5) € H? x H! such that

H.ug — Hug in L2,
(uf, Heuf) — (uy, Huy).

To be precise, we may choose
u§ = H- ' Huyg
u§ = (V/—H.) *V—Hu,.
We will- as in the NLS case— prove that the solution to (2.3.13)) is given by the limit of the
solutions of regularised equations (for d = 2, 3)
OPu. =H.u. —u? on T¢ (2.3.14)

(u87 atua)|t:0 :(u67 Ui),

in an appropriate sense.

We begin by proving global strong well-posedness of (2.3.13)) and (2.3.14)) by a fixed point
argument as in Section 2.3.2]

Theorem 2.3.17. For (ug,u;) € D(H) x D(\/ H) and (u§,us) € H? x H!, there exist unique
global in time solutions u € C([0, T],D(H)) NCY([0,T); D(v—H)) N C?([0,T]; L?) and
ue € C([0,T]; H2) N CH([0,T); HY) N C2([0, T); L?) satisfying

u(t) = cos <t\/j) uy + Sin(t\/?[f)th +/O sin ((t\;%\/j) u3(8) ds
and
0) = cos (/=T ) g+ ST = W2V )
respectively.

Before we come to the proof, we prove some auxiliary lemmas. We define the conserved energies

for (2.3.13)) and ([2.3.14)) respectively as
1
E(u) := §<8tu, Opu) — —(u, Hu) /|u|4

and

1 1 1
Bw) = 30, dh) — 3 (o, How) + 7 [l
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Also, we introduce the almost conserved energies for the time derivatives

_ 1 3
E(0wu) = ={(0%u, 0%u) — §<8tu,H8tu> + B / |u|?|0pu)?,

DN | =

and

~ 1 1 3
E(@tug) = §<8t2u5,3t2u5> — §<8tUE,H58tU5> + 5 / \u5\2|8tu5|2.

We clarify what we mean by almost conserved in the following lemma.

Lemma 2.3.18. Let u € C([0,T);D(H)) N CL([0,T); D(v—H)) ﬂCz([O T); L?) and
ue € C([0,T);H?) N CH([0, T); HY) N C*([0,T); L?) be solutions of (2.3.13) and (2.3.14)
respectively. Then the energies E(atu) and E(@tue) satisfy the followmg bounds
E(u1))E(uo),

E(uf))E(ug),

E(0yu)(t) < exp(tC
E(0yu)(t) < exp(tC
for some universal constant C' > 0.
Proof. We give the proof only for the regularised case. The other case can be done analogously by

replacing H? by D(H) and H' by /—H.
First note that d;u. solves the equation

020u. = H.0pue — 30ucu? in C([0,T); H™1).

Then one can formally compute
&E(atug)(t) = (0%u,0u. — H.0pu. + 30pu-u >+3/u58tu5|8tu5\2
= 3/u58tug|8tu5|2.

and conclude by Gronwall. However, since E(d;u.) is not C'' in time, this is not justified. But one
can argue that this computation is true in the integrated version. We claim that we get the
following weak differentiability, for any ¢ € C.([0, c0))

/ ¢ () B(Opuc)(t) dt = —3 / ot / weByuel Oy 2 (£) db + E(Oruz (0))$(0). (2:3.15)
Moreover, this also holds in the integrated form

E(0yue)(t) = E(dyuc)(0) + 3/0 ueOpue|Opuc|?(s) ds, (2.3.16)

for any t € [0,7]. We prove this by a spectral approximation. For, consider (e,)nczs € H? an
orthonormal eigenbasis of H, with eigenvalues {),} and set

év(tax) = Z (ue(tv')ven)en(x)'

[n|<N
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Then one has

OFul — OFu. in C([0,T); H>F)

for 0 < k < 3, which in turn implies that
Eul) - E(u.) and E(0;ul) — E(dwu.).
One also directly deduces

BulN = Houl -3 Z (Orucu(t), en)en(z).

[n|<N

Thus, we have

/¢ (o) /<z> )5 (O ) 1) dt+B(01-(0))6(0)

—/qs(t) (020, 03u ) () — (02u, Hoopu) (1)

(af N0l (u)?) (1) + 3(0ul, (Oul jull) (1)) dt
+ B(Oyue (0))#(0)
/ ()32, 0uY ()2 = 3 (G, en)en(@))(t)
In|<N

+3(8tu5 (0wl )?ul) (1) dt +E(0,us(0))$(0).
Now we have

5‘tuév(u£v)2 — 5‘tus(u5)2 in L2
and

Z (Opucu? en)en(z)  —  Owue(us)? in L2
In|<N

(2.3.17)

(2.3.18)

Therefore, we see that for N — oo (2.3.18)) converges to (2.3.15)). To prove (2.3.16), it suffices to

take a sequence ¢, in ([2.3.15) that converges to the characteristic function x[o; monotonically.

We can thus compute
t
B(Oue)(t) <B(uf) +3 / / i (5) |t (5) | By [ s) ds
0
t
<B(uf) +3 / 1Bt | e o | Bre |26 (5) ds
0

<E(uf) + 3CE(ul) /0 B(Oyuc)(s) ds,
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where we have used the bounds

|0cuclfe < B(ue),  luelZo S2 Blue),  [0ruele Sz B(Oeue).

~= ~=

From this, we conclude by using Gronwall. O

Proof of Theorem[2.3.17 This is similar to the NLS case (Section , except that the time Tg
is going to depend on the conserved energy E(u) and the almost conserved energy E(d;u). We
again give the proof only for the D(H) case, as the H? case can be proved in a similar way.

We claim that for (ug,u1) € D(H) x D (v/—H) there exists a unique fixed point of

sin (tv/—H) bsin ((t—s)V—H) ,
V- ul—i—/o Nt u’(s)ds

in X = C([0,T]; D(H)) N C* ([0, T); D (V—=H)) N C2([0, T}; L?).

For the contraction property, we compute the following, for ||Jul|x < M with M > 0 fixed later,
[H®(u)(t) = HE(v)(t)|22 =
t
- / VH sin((t — s)V_H)((s) — v (s)) ds | 2
0

®(u)(t) = cos (t\/j) ug +

=1 [ cosl(t = IV TRLA) ~ 2(6)) ds +a2(0) - )

<2/ [|0:( ud — ()2

<6 [ 1000~ 3l ool 6) + 10l 5o vl ol () + ol (5 s
<Cllu=vlx [ (B@(6) + ME2(0(6) + ME2(0)(s) s

<gllu=vllx

for small enough time depending on the energy and M. Here we have used the bounds
|Opull e < H\/—HatuHL2 and ||u|zs+ < EY?(u). For the other terms, we similarly compute

|v=Ha@ @) - v-Ha <2/ 190 — v%)(s)]| 2

*Hu—vllx
and

10 2()(t) — 3 B(e) ()12 <5l — vl x.
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Lastly, we argue that ® maps a ball to itself. Let ||u|]|x < M for M specified below, then we have

t
[H®(w)()]|> SIHuollL2 + [V —Hual L2 +/ 10eull o (5)[lull s (s) ds
0

< Huol 2 + [V~ || 2 + / FY2(0yu) () B (u) (5) ds

M
< —
-3
for large M depending on the data and ¢t < Tj, small depending on E(u) and E(du).
Analogously, we also have
M
< —.
Ly L2~ 3
Moreover, the time regularity is again a consequence of Stone’s Theorem. Thus there exists a
unique strong solution up to the time 7% that depends on (almost) conserved quantities and we
can conclude that this yields a strong solution up to any time. More precisely, we get a priori
estimates that allow us to choose a globally valid M > 0 and then iterate the solution map to
obtain a solution up to any given time 7" > 0.
Assuming we have a solution on the interval [0, Tx], then we can estimate similarly to above as,

M
2
”at (I)(u) ||L[°OC,T]L2 < ?

and H\/jat@(u)u

Tg N
[Hu(Tr)llz2 SIHuollL2 + IV —Hual| 2 +/ EY2(0pu)(5) B (u)(s) ds
0

SIHuol 2 + |[V—Hua |2 + T exp(CTE(u1)) E*/* (up)

and also similarly for ||[v/—HO:u(Tg)| 2. Thus we can choose M globally and solve on the interval
[Tg,2Tg] and so on.

O

From the above considerations, we obtain a priori bounds for the quantities

el e

[0,T1L2’||H5u5||L[°5,T]L2 and sup (Opue, H.Oue),

te[0,T]

independently of . By the same arguments, as in the previous sections, we can also prove
convergence of the approximate solutions.

Theorem 2.3.19. Assume we are in the above setting, i.e. we have unique global strong solutions
to and and the initial data are given by (ug,u1) € D(H) x D(v—H) and

u§ = HZ'Hug

ui = (V—H:)"'V=Huy.
Then the solutions u. converge to u in the following way

ue(t) — u(t) in L*
H.u.(t) — Hu(t) in L*

V—H_.0uc(t) = V—Hou(t) in L*
(t)

Ouc(t) — Ofu(t) in L?
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for all t € [0,T).

Proof. The proof is similar to that of Theorem [2.3.9] Since we have strong convergence for the
initial data, together with the fact that Smfﬁi‘ BN Smi;f“ ) strongly, we can compute for any

fixed time ¢ € [0, 7] using the mild formulation for v and u.

|Hu(t) — Houe (1))
6) + / 104 (5)(5) — Ba(u3)(s) | 2dls

t
SO(e) + ; 195u(s) = Dsue()lzoullz | 1o

+ lluls) = ue(s)ll e (lull g, o + Hue||L°gT]L6)||3tUa||L°°L6dS

<O(e) + C(T, up, u1 / IV—=HOsu(s) — /—H:0sucs(8)||r2 + [[Hu(s) — Heue(s)]|p2ds.

Here, we have used the a priori bounds obtained in Theorem [2.3.17] and the estimate

10vu(s) — Brue(s)llLe <z l|0vu(s) - 3tuu( )l
Se [[V=Howu(s) — / —H:0uuc(s)| 2 + C(ug, u1, T)||E — Ec || xe,
where the first estimate follows by Sobolev embedding and Proposition 2:2.7 and 2.:2.41] The

second one can be proved analogously to Proposition [2.2.18| and [2.2.48| for 2 and 3d respectively.
In a similar manner, we have the bound

lu(s) — uc(s)||Ls Sz |Hu(s) — Heue(s)|| 2 + Cluo, ur, T)||2 — Ee xe.
Analogously we can also write
IV=Houu(t) — V/=H.0u.(t) 1> SO() + C(T, ug, us / IV=Hosu(s) — v/~ He0s(s) |12
+ [Hu(s) — Heue(s)||r2ds,
102u(t) — Buc(t) 12 SO(E) + C(T, up, ur) / IV=T0,u(s) — v/—Ho0su ()12
+ [ Hu(s) — Heue(s)||2ds
|u(t) —ue ()|l SO(e) + C(T, u(),’ul)/olt |Hu(s) — Houc(s)||z2ds.
Thus, by defining

0e(t) = | Hu(t) — Heue(t)| L2 + |V =HOyu(t) — /= H:Opue (t)| 2
+ 107 ult) — Ofue(t)llze + llu(t) — ue(t)] e,

we can rewrite the above estimates as

o (t) <O(e) + C(T, uo,ul)/o o<(s)ds
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and conclude by Gronwall that ¢.(t) — 0 as ¢ — 0 for all ¢t € [0, T.
Hence, the result. O

Lastly, we state the analogous result for the energy space, i.e. with data (ug,u;) € D(v/—H) x L2.
In a nutshell, one can repeat the above arguments. For global well-posedness, one can use a fixed
point argument in the space C([0,T]; D(v/—H)) N C([0,T]; L?) N C?([0,T]; D(v/—H)*) together
with energy conservation and convergence can also be proved as above. We omit the proofs.

Theorem 2.3.20. Let (ug,u1) € D(v—H) x L? and T > 0, then (2.3.13) has a unique solution
u € C([0,T);D(v/—H))NCL[0,T]; L?) N C?([0,T); D(v/—H)*). Moreover, (2.3.14) has a unique
solution u. € C([0,T]; H') N CH([0,T); L?) N C3([0, T); H™1) with initial data (u§,ui) € H' x L?,
where uf == (—H.)~?(—=H)Y?uy and the following convergence holds
ue(t) — u(t) in L*
V—H.u.(t) — v/ —Hu(t) in L*
Opuc(t) — Oyu(t) in L?
for allt € [0,T].
Remark 2.3.21. The same result is also true in 2d for any power p € (1,00) both for the domain
and energy space case. In 3d, our proof for global wellposedness also works for powers up to 5 in
the domain case using an analogue of Agmon’s inequality, which we included for completeness as
Lemma [2.2.55] See also Chapter [4 for the a treatment of energy supercritical powers.
Paracontrolled distributions and function spaces
We recall the definitions of Bony paraproducts, Besov and Sobolev spaces and collect some results
about products of distributions. We work on the d-dimensional torus T¢ := R¢/Z< for d = 2, 3.

For any f in the space S’(T¢) of tempered distributions on T¢, the Fourier transform of f will be
denoted by f : Z% — C (or sometimes Ff) and is defined for k € Z¢ by

F(k) = (f,exp(2mi(k,-)) = 5 f(x) exp(—2mik, ))dz.
Recall that for any f € L?(T¢) and a.e. x € T¢, we have

Z f(k) exp(2mi(k, z)). (2.3.19)

kezd
The Sobolev space H*(T¢) with index o € R is defined as

HA(T) o= {f € S'(THR) - Y (L4 [KP) [F (k)P < 400} .

keza

Before introducing Besov spaces, we recall the definition of Littlewood-Paley blocks. We denote
by x and p two nonnegative smooth and compactly supported radial functions R — R such that
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1. The support of y is contained in a ball {z € R : |z| < R} and the support of p is contained
in an annulus {x € R?: a < |z| < b};

2. For all € € RY, x(§) + ijo p(277€) = 1;
3. For j > 1, xp(279.) =0 and p(27%)p(277-) = 0 for |i — j| > 1.
The Littlewood-Paley blocks (A;);>_1 acting on f € S'(T?) are defined by

F(A_1f)=xf andfor j >0, F(A;f)=p277)f.

Note that, for f € S'(T?), the Littlewood-Paley blocks (A, f);>_1 define smooth functions, as
their Fourier transforms have compact supports. We also set, for f € &’ and 7 > 0,

j—1
Sif =Y Aif

i=—1

and note that S; f converges in the sense of distributions to f as 7 — oo.
The Besov space with parameters p, ¢ € [1,00),« € R can now be defined as

1/q
B (T =S ue ST ullg, = | Y 279 Aull?, <400 (2.3.20)
j>—1
We also define the Besov-Hdélder spaces
C* =By
which are naturally equipped with the norm || fllce == [|f|[Bs . = sup;>_4 299\ A, f|| Lo . For

a € (0,1) these spaces coincide with the classical Holder spaces.
We can formally decompose the product fg of two distributions f and g as

fo=f<g+fog+fryg

where

Jj—2 j—2
F=g=1> Y AifAqg and Frg=2 Y Aigh;f

j>—1li=—1 j>—1li=—1

are usually referred to as the paraproducts whereas

fog=> > AifAg (2.3.21)

i>=1i-jI<1

is called the resonant product.

Moreover, we define the notations f xg:=f <g+ fogand f=g:=f>=g+ fog.

The paraproduct terms are always well defined irrespective of regularities. The resonant product is
a priori only well defined if the sum of regularities is strictly greater than zero. This is reminiscent
of the well known fact that one can not multiply distributions in general. The following result
makes those comments precise and gives simple but extremely vital estimates for paraproducts.
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Proposition 2.3.22 (Bony estimates, |3]). Let «, 5 € R. We have the following bounds:
1. If f € L? and g € CP, then
1F < gllwo-s < Collfllzzllglles for all > 0.
2. if f € HY and g € L™ then

I = gllne < Capllfllnellglles -
3. Ifa<0, feH* and g € CP, then

1f < gllsers < Capllflln=llglles -
4. If g€ CP and f € H™ for B <0 then

1f > gllaars < Capllfllaellgllcs
5 Ifa+B>0and f €H* and g € CP, then

1 0 gllagars < Capll fllnallglles -

where Cq g 15 a finite positive constant.

Proposition 2.3.23. Given o € (0,1), 5,7 € R such that 8+ <0 and a+ 8+~ > 0, there
exists a trilinear operator C' with the following bound

1C(fs g, M llpgeress S N fllaellglles I hller

forall f € H*, g€ CP and h € C7.

The restriction of C to the smooth functions satisfies
C(f7gah) = (f<g)oh_f(goh)

Proof. This is a restatement of the commutator lemma in [3|, and the proof follows along the
same lines.

Lemma 2.3.24 (Bernstein’s inequality, [45]). Let A be an annulus and B be a ball. For any
keN,A>0,and 1 <p<qg< oo we have

1. if u € LP(RY) is such that supp(Fu) C AB then

I < AH(E-3)
uer@:ﬁ:kﬂa ullpe Sk A Pm e

2. if u € LP(R%)is such that supp(Fu) C A\A then

AF < oM )
ullr Sk peI{II‘}:ETZﬁ:k” ul| v

Proposition 2.3.25 (Paralinearisation, [48]). Let o € (0,1) and F € C?. Then there exists a
locally bounded map Ry : C* — C?* such that

F(f)=F'(f) < f+ Rp(f) forall feC®
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Lemma 2.3.26. Let o, 5,7y € R witha+ <0, a+B+~7>0, and f € H*,g € CP,h € H", then
there exists a map D(f,g,h) with the following bound

[D(f> 9, M| S Nlglles [1F e N[ Pall - (2.3.22)
Moreover the restriction of D(f, g, h) to smooth functions f,g,h is as follows:

D(f,g,h) = {f,hog) —(f <g.h).
Proof. We define

D(f,g,h) = - > (Aif, AjhALg).

i>k—1,j—k|<L  i~k,1<|j—k|<L

So we get, for some § > 0,

‘D(fvgah” ,S Z |<Azf’AjhAkg>|

i>k,j~k

< > Aif e lAR] 2 | Argl Lo
i>k,j~k

<lglle-1-s > 25O A £l 2| AR 2

i>k,j~k
< lglle-1-sll fllza+or2[[hllpare 2

and this argument can be adapted to show ([2.3.22)) by simply observing
1 < 2k(Btatn) — gkBok(aty) ‘since B4 a++ > 0 . Moreover, for smooth functions f, g, h; we can
compute

(f.hog)—(f<g.hy= > (Aif.AjhAg) — D (AifArg, Ajh)

ili—k|<1 i<k—1,j

=1 > - > (A fArg, Ajh)

ij—kI<1  i<k—1,)j—k|<L

S D DT D S RV Ny

iJj—kISL i<k—1j—k|<L  §,1<|j—k|<L

= > - > (Aif, AjhARg)

i>k—1,j—k|<L i1<|j—k|<L

— Z — Z (Aif, AjhAkg) = D(f, g, h).

i>k—1,lj—k|<L i~k,1<|j—k|<L

Hence the result. O
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Remark 2.3.27. Proposition [2.3.26] says that the paraproduct is almost the adjoint of the
resonant product, meaning up to a more regular remainder term as is often the case in
paradifferential calculus.

Lemma 2.3.28. Let f € H, g € C?, with o € (0,1), B € R, there exists a bilinear map R(f,g)
that satisfies the following bound

IR Ollparsrz S 3 llglles

and restricts to smooth functions as
R(f,g) =1 =A)""(f=<g)—f=<(1-2)""g

Proof. The proof is basically a straightforward modification of the proof of 3| Proposition A.2],
which has almost the same statement. O
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Chapter 3

Strichartz estimates and
low-regularity solutions to
multiplicative stochastic NLS

3.1 Introduction

This chapter is devoted to proving Strichartz estimates and low-regularity well-posedness of
defocussing cubic NLS(nonlinear Schrédinger equations) with very rough potentials &, so

i0pu — Au = u - € — ulu|?on T? (3.1.1)
u(0) = uyg,

where T4 = R¢ / 74 is the d—dimensional torus. Many results still hold true in the whole space, see
the discussion in section but our chief interest is the case where £ is spatial white noise, which
is a distribution whose regularity is only C ¢ fore > 0, see Definition for the precise
definition of white noise and the appendix for a reminder of the definition of the Holder-Besov
spaces C*.

In the case of the white noise potential there turns out to be a peculiarity in the form of
renormalisation, which means that in order to make sense of one is required to shift by an
infinite correction term, formally “oco - w”. This is reminiscent of the theory of singular SPDEs
which has seen a rapid growth in recent years following the introduction of the theory of
Regularity Structures by Hairer [54] and the theory of Paracontrolled Distributions by Gubinelli,
Perkowski, and Imkeller [45].

The approach we follow in this paper is to put the potential £ into the definition of the operator,
i.e. we try to define the operator
A+¢

as a self-adjoint and semi-bounded operator on L?(T¢). This was first done by Allez and Chouk
in 3], where the operator together with its domain were constructed in 2d with the white noise
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potential-hereafter called the Anderson Hamiltonian—using Paracontrolled Distributions. A
similar approach was used in [49] to construct the operator and its domain in 3d with an eye also
on solving PDEs like (3.1.2)). In Section [3.3] we recall the main ideas of [49] since the results are
integral to the current work. The domain of the Anderson Hamiltonian was also constructed by
Labbé using Regularity Structures [62].

The equation with white noise potential in 2d was solved, but not shown to be well-posed,
by Debussche and Weber [30] and on the whole space with a smaller power in the nonlinearity by
Debussche and Martin in [29]. In [49] global well-posedness(GWP) was proved in the domain of
the Anderson Hamiltonian in 2d, whereas in 3d one gets a blow-up alternative when starting in
the domain analogously to the case of classical H? solutions in [23]. Furthermore, in [49] global
existence in the energy space in 2d was shown, but not well-posedness. Achieving GWP for energy
solutions to is one of the results of this paper.

The (nonlinear) Schrodinger equation with a potential has certain physical interpretations,
see [38] and the references therein. In this paper we are able to treat a large class of subcritical
potentials and all results are continuous w.r.t. the potential in the “correct” topology, see Section
[3:6] for a discussion; Since the chief application is the white noise potential this aspect is not
always emphasised. Some potentials of interest are actually critical in the sense of scaling, like the
Dirac Delta in 2d (see the monograph [2]) or the potential | - |~2 treated in [18]. Our method does
not apply in these cases, but in the aforementioned examples the analysis depends in a crucial
way on the structure of the potential. We stress here that our method relies only on the (Besov)
regularity of the potential and possibly some related objects and does not depend on its sign,
radial symmetry, homogeneity etc.

Stochastic NLS of the form but with different noises(e.g. white in time coloured in space)
have also been considered, see [27], |16], [34] to name but a few. Other stochastic dispersive PDEs
which have been studied in recent years include stochastic NLS with additive space-time

noise [67], [35] and nonlinear stochastic wave equations with additive space-time noise in [47]

and |46]. Let us also mention [41], where the theory of Rough Paths-the precursor to both
Regularity Structures and Paracontrolled Distributions—is used to solve the deterministic
low-regularity KdV equation and which showcases nicely how tools from singular SPDEs can be
applied to non-stochastic PDE problems.

We state the main (shortened) results of the paper relating to the multiplicative stochastic NLS.
H“="A 4 £ — 0o is the Anderson Hamiltonian whose exact definition and properties are recalled
in Section

Theorem 3.1.1. [2d Anderson Strichartz Estimates/Let r > 4, then we have for any § > 0

—itH

le™ ul

Sllull, -1y (3.1.3)

L" L"
;{0,112 "~ o,

Theorem 3.1.2. [2d low regularity local well-posedness] The PDE

(i0; — H)u = —ulul?on T?
u(0) = g

is locally well-posed(LWP) in H®for s € (%, 1).
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Theorem 3.1.3. /Corollary [2d GWP for energy solutions] The PDE

(i0, — H)u = —ulul?on T?
u(0) = g

is globally well-posed(GWP) in the energy space, D (\/—H), whose definition is recalled in Section
[F33

Theorem 3.1.4. [3d Anderson Strichartz Estimates] Let d = 3 and r > 12, then for any § > 0 we
have

—itH"

||€ uﬂHLtT;[O,l]Lq?s 5 ||uﬂ||H2;g+5,
T

where HY is the transformation of the operator H introduced in Section .

The paper is organised as follows: In Section we recall the well-known Strichartz estimates on
the whole space and how their counterparts on the torus differ. Section [3.3|is meant to
recapitulate the construction of the Anderson Hamiltonian and its domain following [49]. In
Section [3.4] we prove the Strichartz estimates for the Anderson Hamiltonian in 2- and
3-dimensions, i.e. Theorems [3.1.1] and [3.1.4] Then in Section [3.5 we utilise these bounds to solve
the multiplicative stochastic NLS. Lastly we outline in Section how the results can
straightforwardly be adapted to other potentials.

Notations and conventions

The spaces we work in are LP-spaces, for p € [1, 0o], meaning the usual p-integrable Lebesgue
functions; H*, WP spaces, with o € R, p € [1, 00| the usual Sobolev potential spaces with

HY = W*2; and By ., the Besov spaces, whose definition is recalled in the appendix and which
cover H® and C%-so called Holder-Besov spaces—as special cases.

Also we write
[ fllxq == I fllx@and [|f#)lx,.c == Iflx@),

where X is a function space and (2 is the domain, the relevant cases being 2 € {R? T4, [0, 7]} for
T>0and d=1,2,3.

We write, as is quite common,
as<b
to mean a < Cb for a constant C' > 0 independent of a, b and their arguments. Also we write

a~beaSband b S a.

For the sake of brevity we also allow every constant to depend exponentially on the relevant
noise norm ||Z]|, see Section [3.6| for the exact definition of the norms; This can be written
schematically as

5<:><:

~=0

this comes with the tacit understanding that everything is continuous with respect to this norm,
see Section [3.6] for a discussion on this. Another convention is that if we write something like

[E(u)llx S llullggase for e >0,

we of course mean
|1 F(u)||x < Cellu||ga+e with Cc — 0o as e — 0.
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3.2 Classical Strichartz estimates on the torus

We start by recalling the well-known Strichartz estimates for Schrodinger equations on RY.

Theorem 3.2.1. [ [76]; Theorem 2.3]Let d > 1 and (p,q) be a Strichartz pair, i.e.

2 d d
=+ - = sand (d,p,q) # (2,2,00),
;g = gemd ([dpa) # ( )

we also take (1',5") to be a dual Strichartz pair, which means that they are Holder duals of a
Strichartz pair (r,s), explicitly

2 d_ d+4

Pty T
then the following are true

i HeitA

ullpe pe Slullzz. “homogeneous Strichartz estimate”
;R pd R

ii. || [z e_itAF(t)dt||L2d < ||F||L§/L;; “dual homogeneous Strichartz estimate”
R

i || [z O F@ar |

. SIFNLy e “inhomogeneous Strichartz estimates”.
R “pd

Next we cite some classical Strichartz estimates on the torus and how they differ from those on

d
the whole space. Moreover we sketch how they allow to solve NLS in spaces below H 2 7€ which is
an algebra.

The first results we state are the Strichartz estimates proved by Burq-Gerard-Tzvetkov in [17].
They hold on general manifolds, i.e. not only the torus. The results are not optimal for the torus
but we nonetheless cite them because the methods we use are strongly inspired by this paper.

Theorem 3.2.2. [Strichartz estimates on compact manifolds, [17] Theorem 1] Let

2 d _d
P oa 2
We have on the finite time interval [0,1]
—itA
e 2ullzp o S lull, 3

and

t
/ eI f(5)ds ds.

0

Sl

1
< / 17(s)]
‘ L2 L 0 H

Note that, as opposed to the whole space, we have a loss of % derivatives. The next result is the
“state of the art” for Strichartz estimates on the torus due to Bourgain and Demeter in [14] which
were refined in [60] by Killip and Visan whose version we cite because it is more amenable to our
situation. With this result we are able to reduce the loss of derivative to be arbitrarily small. The
result is stated for functions which are localised in frequency but the corresponding Sobolev
bound is immediate.
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Theorem 3.2.3. [Improved Strichartz, Theorem 1.2 [60], [14]/Let d > 1 and p > Q(d;rz), then, for
any € > 0 we have

—itA
le™*Pen flice |

_ : _ 10
For d = 2 this means p > 4 and ford=3p > 3.

4_di2
L, SNz JrEHf”Lfrd-

For future reference we state the above result for short times that may depend on the localised
frequency. We write for a function h defined on the torus the short-hand notation

hy := P<yh, where Pcy := F 'I<nF.

Proposition 3.2.4. [Strichartz for short times]

Assume, as above, that f is defined on the interval [0,1]. Let N > 0 an integer and Iy = [to,t1] a

subinterval of [0,1] of length ~ %, D> % and & > 0, then
d_d+2_1
lle ztAuNHLf;INLTd SN R HUNHL;d
and
t
[ e ategas SNEE [ (o)l
to L? LP In L
t;In T 1d
S N%_%_%_HEHJENHLoo L?

In*“rd’

Proof. We prove the first inequality, the second one follows from the first in the usual way. For

definiteness we set
i i+1 .
I .= [N’ N ] and uy := Z Ape2mine,
In|<N

2min-x

The first thing we show is, setting e, (z) :=e¢ ,

le A Nuenllrr = lle” ™ Nuenllzr p» forall 0 < j,k <N —1andn e Z?, (3.2.1)
15 pd 1, Prd

since then we have for any j and n

N
NHeiitAAnen”]zP P = Z ”eiitA)‘nen”iﬁ P
tljrd 15, Lra

||—itA P
=|le )\nen”Lf;[O,l]L;d

d
< ]\TTIJ—(/i—2+:05H/\nenH;de7
T

having used the Strichartz estimate from Theorem in the last step.
We proceed to prove (3.2.1) for 0 = j < k w.lLo.g. Then for t € Iy = [0, ] we have
67itA>\nen _ )\nei(QTrn)zt+27rin.z

=: gn(t,x)
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and for t € I, = [%, %} we have
i i K _ik
e—ltA)\nen — e—z(t— ~ )Ae 1NA/\nen
— e—i(t—%)A)\neQTrin‘(I-&-(Qﬂ)Q%n)

k

so we have
k 2 k
lgn(t = >+ @02 T)llze, = lgn(t = e,

by a change of variables and periodicity. Further, we have

k
_ P
= Hgn(t N)HLZI;C L;d

k ok
”gn(t N -+ (27T> Nn)”Lf;IquI;d
L 7 ;
= 5 Hgn(t*N)Hsz;d t
1
N P
= [ lons) s, s
0 Td
=lle" " un|P, .,
0,41 T

.10, L
t,O,N

which means we have showed the bound

i 1 d_di2
He ZtA)\nen”Lf;IjL;d gN PN2"" +E||)‘nenHL§d

We proceed to sum over the frequencies < N. To do so we first recall the square function estimate

lgllze ~ [[llAz9llellzr,

see e.g. |32] and then we start by bounding

|3 e B aneals, ~ 1 YDl B Al
Td

In|<N

< Z ”eiitA)‘nenH%Fd
In|<N '

InI<N

having used the square function bound and the triangle inequality. Next we take the L% norm in
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time over the interval I;

I Z e enll2e o = Il Z e AN 30 | b
0 pd T L7
In|<N InI<N '
—itA
S0 e ™ heallzs Il 5
In[<N N
—itA
< D0 e Nenlzy 1,
Inl<N -
(d+2)
< N3y K e ST nenll?s
d
[n|<N !
2 _2(d+2)
= NOENTESEE N et
Inl<N ’
in other words ) 1o od_ (d+2)
||67’LtAuN||LflI Lpd S/N_ENE_ ) +5||UN||L2d
GINGT T
as claimed. -

Furthermore, we give a quick sketch about why these kinds of estimates are needed for NLS on
the torus.

Take for simplicity the cubic NLS on the two-dimensional torus.

i0wu — Au = —ulul* on T?
u(0) = wup.
The Duhamel formula reads
t
u(t) = e "Puq +i/ e~ )8y 2u(s)ds. (3.2.2)
0

Since for ug € H? with o € R we have
e "Puy € Cy/HC

it is natural to try to solve (3.2.2)) in a space like CyH? for, say, o > 0. Now, since the unitary
group e~ 2 has no smoothing properties, the “best” possible way to bound the nonlinear

expression in (3.2.2) is

¢ T
|[ e aegas S [ luPuts) e, ds (3:2:3)
0 T

0

Crijo,mHT,
T
S [ 15 o) e, s, (3.2.4)
0 T

where the second inequality follows from the “tame” estimate (see Lemma [3.6.14]). In the case
that o > g(: 1 in 2d) the L* norm is controlled by the H? norm so it is easy to close the fixed

80 Chapter 3 Immanuel Zachhuber



Hyperbolic and dispersive singular stochastic PDEs

point argument. But even in the case of H!, which is natural as it is the “energy space”, one is
not able to close the contraction argument without additional input.

The key observation to make — and to see where the Strichartz estimates enter — is that in (3.2.4)
we can apply Hoélder’s inequality in time to obtain

T
2 2
[ TN g o), s S Wl s s,

and note that we need not control the L L norm of the solution but it suffices to control the
LY L° norm for some suitable 2 < p < oo.

So, if we were able to control the L L% norm of the right-hand side of (3.2.2)) by the CH? norm
of u we would be able to get a local-in-time contraction. Of course, bounding the L> norm
directly is hopeless but recall the Sobolev embedding in d—dimensions

fi 2 1—1
]H% Orp+q_

Wit <y [ for any q € (1,00) and € > 0.

This is the stage where the Strichartz estimates come in, since, for example by Theorem [3:2:2] one
gets the bound
—itA

—itA

le™ P uollzy . L S lle

50,7 p2 ™ ’LL()H » %-Fe,q S_,T ||u0||H%+%+E

[0, 7] "7 T2 T2

for the linear evolution where (p, ¢) is a Strichartz pair. Note that by choosing € small we get

1 2 2 2 1 1
-—+-te=|-+-)—-+e=1--+e<1
p q p q p p

so this is strictly better than what we would get from estimating the L> norm by the H!*¢ norm.

For the nonlinear term we get similarly (assuming for simplicity 7" < 1)

t t
[ o2 s <| [ e upueas
0 Lf;[O,T]L’?‘g 0 LS;[O,T] ]1‘{12 ’
T
< [ lPulds sz
0 He !
< Tllullt-

0,7 *r2

where % + % + € < 6 < 1 can be computed explicitly using the fractional Leibniz rule, see Lemma

B.613

Clearly these bounds can be sharpened in different ways but the important thing is that
Strichartz estimates lead to local-in-time well-posedess for some range of o < 1.

3.3 The Anderson Hamiltonian in 2 and 3 dimensions

The main aim of this work is to establish Strichartz estimates for the Anderson Hamiltonian
which is formally given on the 2-/3-dimensional torus by

H¢="A + 5 — o0,
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where & = £(z) is spatial white noise, see Definition This operator was initially studied by
Allez-Chouk in [3] and later by Gubinelli,Ugurcan and the author in [49] using the theory of
Paracontrolled Distributions which was introduced in [45]. The operator was also studied by
Labbé in [62] using the theory of Regularity Structures introduced in [54]. Naively one might think
that it is simply a suitably well-behaved perturbation of the Laplacian in which case Theorem 6
in [17] would more or less directly apply. However, it was shown that the domain of H in both 2d
and 3d can be explicitly determined and one even has

D(H) N#H* = {0},

S0 it is tricky to directly compare the operators H and A.

3.3.1 The 2d Anderson Hamiltonian

We briefly recall some of the main ideas from [49] in the 2d setting. An observation made in [3]
was that a function w is in the domain of H if

u— (u=<(1—A)"'¢+ Bz(u) € H?, (3.3.1)

see the appendix for the definition and properties of paraproducts. By the paraproduct
estimates(Lemma and the regularity of the noise, the term u < (1 — A)~1¢ is no better than
H!~¢. The “lower order” correction term Bz is also worse than H? (in fact it is H?~¢). This for
example rules out that w is regular, rather it fixes its regularity at #!~¢; See Definition for
the exact definition of the enhanced noise Z.

One of the chief innovations in [49] as opposed to [3] was to observe that the statement (3.3.1)) is
equivalent to
u— Poy(u < (1—A)"r¢ 4 B=(u)) € H?,

where Psy = F Iy F, for any N > 0 and subsequently choosing N large enough depending on
the X norm of Z (see Definition [3.6.2]) one can show that the map

(u) = u—Poye(u=<(1-A)""+ Bs(u))
D(H) — >

which sends a paracontrolled function to its remainder admits an inverse which we call I'; We also
rename ® as I'"!. In the following we use the short-hand notation

u=Tu" = Py ([T < (1-A)'¢+ Be(Tu?)) + o, (3.3.2)
where the term Bz is explicitly given by
Bz(u) = (1 - A" (Au < X +2Vu < VX + £ <u —u < =),

where
X = (1—A)"'¢ and Z; is the second component of Z.

Consistently with our convention, we write N instead of N(Z) in the sequel. Moreover, in the new
coordinates, uf, the operator H is given by

HTu! =Auf +uf 0 € + Peny(Tuf < €4+ T = €)
+ Pon(=Bz(Tuf) =T < X 4+ Tw? = 25 + C(TWf, X, €) + B(Tuf) 0 €). (3.3.3)
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It is also natural to consider the operator H conjugated by T, i.e.
H* :=T7HT, (3.3.4)
which can be expressed as
H* =HTW* — Poy(HTW! < X + B=(HTwf))
=Au? +uf 0 & + Pey(Tuf < €4+ T = €) — Poy(HTW? < X + Bz(HTu?))

+ Pon(=Bz(Tu?) = T < X +Tuf = 25 + C(Tu¥, X, €) + Bz=(Twf) 0 €) (3.3.5)
We remark that while H was shown to be self-adjoint on L?, the conjugated operator H* is not
and in particular the map I' is not unitary.

We now quote some results from [49]; We tacitly assume —H to be positive as opposed to just
being semi-bounded, this can be achieved by adding a finite =-dependent constant.

Theorem 3.3.1. [Proposition 2.27, Lemma 2.33, Lemma 2.34 [49]] We have, writing again
u = Tut,

i | Hull, ~ e,
i, ||V=Hul o) = (= Hu)gz,)E ~ g,
iii. D(H) < L> and D (vV—H) < LP for any p < cc.

The following proposition quantifies the idea that the transformed operator H? is a lower-order
perturbation of the Laplacian.

Proposition 3.3.2. Take u* € H?, then the following holds for any s,e >0 s.t. 1+ 54 <2

I = AYufllee, S b lgrgre-

Proof. This essentially follows by noting that in terms of regularity the worst terms to bound in
(3.3.5) are uf o € and HTw# < X which are bounded by(see Lemma [3.6.8))

I o €llrez, S Nufllpgrgose gl
and

IHT W < X|l3z, S |\Auﬁ||H;21+s+EHX||C;;€

respectively.
The other terms are bounded similarly by H* norms of u? with s < 1 multiplied by Hélder norms
of objects related to £ which appear in the X*-norm, see Definition [3.6.2 O

We collect all relevant results about the map I'.

Lemma 3.3.3. The map T is bounded with a bounded inverse in the following situations(recall
that we think of o as —1 — § for small §.)
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i. T :H® — H® for any s € [0, + 2);

it. T: LP — LP for any p € [2, c0];

iii. T : WP — W*P for any s € [0, + 2) and p € [2,00);
w. F:H1—>’D(\/j);

v. T': H? —» D(H).

Proof. Everything but (ii) and (iii) was proved in Section 2.1.1 of [49]. The cases p = 2, 00 of (ii)
were also already proved. For a different p we note that the result follows by interpolation.
Lastly, (iii) can be proved by using the embeddings

s s,p s
Bp72 — WP — an

see e.g. |32] together with the Besov embedding Lemma [3.6.11] and the paraproduct estimates for
Besov spaces, Lemma In fact, we may bound
I f e < 1w + 10 = 1) fllusg
< Wl + 10 = )l ze
< Il + 1)
S I llwzge + 1]

< fllwep-

B;T; (T2)

B;’p(’ﬂ“?)

Lastly we prove a statement about the “sharpened” group, which is the transformation of the
unitary group e~
e itHP . p=1,—itHp

It is clear that one has the bounds
ulez, S lulis,
le™™ ullpiy S llullo-
We briefly show the analogous results for the transformed group.

Lemma 3.3.4. For s € [0,2] we get the following at any time t € R

—itH*

lle Uﬁ”H;Q S Huﬂ\|7{;2~

Proof. The case s = 0 follows since both I and I'"! are bounded on L?. The case s = 2 can be
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proved using Lemma In fact

i t _ —q
le™ e, = D D,

S [[He "MTuf| 2
T2
~  [le”™ T HTu#| 2
T2
S IHTW g2
T2
#
< el
The case s € (0,2) is proved by interpolation. O

3.3.2 The 3d Anderson Hamiltonian

We recall the main results about the Anderson Hamiltonian in 3d, which are analogous to— yet
slightly more technical than— the 2d case. For definiteness we fix an enhanced white noise = € ‘H®
for a = % — ¢ for small € > 0; see Definition and Theorem where the definition of the
“noise space” is recalled and the fact that almost every realisation of white noise has a lift in it.

The main difference with respect to the 2d case is that due to the higher irregularity of the noise
in 3d (in fact C=3¢ for any € > 0), a simple paracontrolled ansatz does not suffice. Instead, we
first make an exponential transformation as in [56] to remove the most irregular terms. This leads
to some lower-order terms involving gradients and we subsequently perform a paracontrolled
ansatz. As opposed to the 2d case, where there were only two noise terms, in this case there are
more. We give a formal argument, which was made rigorous in [49].

Since this section gives only a formal justification, we use notations like C1~ to mean C° for any
. 3 . . .
o < 1 etc. We start with £ € C™27 and assume that the following objects exist:

X=(-A)lcecr XV=(01-A)":|VX]:eC'
xY¥ =201 -A)? (VX : VXV) eci- X¢=(1-A)t (VX : VXY’> €Ci-
2
and X = (1)t ]vxv‘ e C2,

where the “Wick squares” should be thought of as

VX = |[VX]P- 336
JVXYP: = [9RYP - o (3.3.6)

see [b9] for background information about these objects.

We make the following auxiliary ansatz for the domain of the Hamiltonian which removes the
three most singular terms

vV, ¥
— XXX b,

u )
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where the form of u” will be specified later. We begin by computing
A% 2
Au -+ ug =X+ (A (X + XY+ XY') u + ’V (X + XV 4+ XY')‘ u'+
+Au 2V (X + XV + X¥) v + )

\r 2
=X (A2 4 (J9X2- 5 VX2 Vx|

2
+ ‘VXY”

+ovx - vxYrovxY.vxY o xV - X*’)ub oV (X F XY XY') : Vub),
note that the regularity of XV is too low for the term ’VX V|2 to be defined so we have to replace

it by by its Wick ordered version, also note the appearing difference |[VX|?>— : [VX|? : . Here one
sees the two divergences that arise in the definition of H, since their difference is exactly the

infinite correction term in (3.3.6).

So we can summarise the above by saying that for
Wi=X+XxV+ XY,
we “almost” can define the operator A 4+ ¢ — oo on functions of the form e"«”. In fact
Hu := H(e"u’) = eV (Au’ +2(1 — A)W -V’ + (1 — A)Zu’), (3.3.7)
makes sense for u” in, say, H?, where we have defined
W = (1-A)7'VW
Z

2
(1-A)~1 (‘vx‘" rovxY.vx¥ o xV - XY’> + XY pax¥
and the regularities are

x,wect ,xVec,x¥ xY\ W, zect andxV e >

The problem with (3.3.7) is of course that the right hand side will not be in L2, since both the
noise terms have negative regularity, so for any u” € %2 we have

AW e L
21— AW Vi, (1-A)Zu’ € H 2.

The remedy is once again a paracontrolled ansatz, this time of the form
b _ b b T b f
w=vu <Z+Vu <W + Bz(v) + v,

with u* € H? and the correction term Bz(u’) € H?~ defined below.

We cite the rigorous definition of the operator and its domain; we use the short-hand notation

L:=(1-A)and L7 :=(1-A)"".
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Definition 3.3.5. Let W, W, Z be as above. Then, for 0 <~ < %, we define the space
W2 i=eVUl =V {ub EH v’ =u’ < Z+ Vi’ < W + B=(u’) + uF with u* € 7-[2},

where B=(u®)is given as
B=(v’) == LN AW < Z 42V’ < VZ 4+’ < Z+ VAL < W + 2V’ < VIV — Vv’ < W+
F2LW < VU’ + LZ <’ +2Vu® < (LW o Z) 4+ 2V’ = (LW o Z)+
+2u” < (LW o VZ) 4 2u” = (LW 0 VZ) 4 2Vu’ < (LW o VIV )+
+2Vu’ = (LW o VW) + 4’ < (LZ o Z) 4+’ = (LZ o Z)+
+Vu’ < (LZoW)+Vu’ = (LZ o W)).

Given u € W2 we define the renormalised Anderson Hamiltonian acting on u in the following way
Hu := e (AU + LZ o uf + LW o Vuf + G(u)), (3.3.8)
where
G’) :=Bz(u’) + 2V’ o (LW o Z) 4+ 2C(Vu®, Z, LW) +u® o (LW o V.Z)+
+C(u’,VZ,LW) 4+ 2LW o (V2u’ < W) +2Vu’ o (LW o VIW)+
+20(Vu’, YW, LW) + 2LW o VBz(u")

and C denotes the commutator from Proposition[3.6.12. Note that this definition is equivalent to
by construction, we have merely defined u® in the proper way.

Remark 3.3.6. As was seen in [49], the space W32 = eWUg does not really depend on ~y in the
sense that if one equips the space U2 with the norm

b b
1w, ) g == 1l + Il a2,

then these norms are equivalent for different values of v. This is because the paracontrolled
relation enforces a certain regularity, i.e. if

v=0v<Y +oF
for vt € H? and Y € C*, a > 0, then v € H® but not better.
As in 2d, we introduce a Fourier cut-off and obtain the map I" given by
If=ANTf=<Z+V(If)<W+Bz(Tf)+f, (3.3.9)

choosing N large enough depending on the norm of Z. This again allows us to write u = "' T'uf.
It is straightforward to adapt the above definition of H to involve the Fourier cut-off but we do
not spell this out as the only thing we care about is the fact that

He" ! = e (Auf + LW o Vu* + lo.t.)

We collect the results about T', this is analogous to Lemma [3.3.3]
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Lemma 3.3.7. We can choose N large enough depending only on = and s so that we have

ITfllzsg < If1leeg (3.3.10)
IS e, < 1 lles, (3.3.11)
3
for s e [O, 5).
ITAllwze S 1 llwzge (3.3.12)

for s¢€ [O,%) and 2 < p < o00.

In all cases I' is invertible with a bounded inverse.

Proof. ([3.3.10)) and ([3.3.11]) were proved in Proposition 2.46 in [49], (3.3.12)) can be proved as in

the 2d case, see Lemma (3.3.3 O

We cite the main result about the domain; We again shift the operator by a constant depending
on the norm of = to make it non-positive, see Definition 2.55 in [49].

Lemma 3.3.8. For the operator H the following holds
i. Tuf € e WD(H) & uf € H2, more precisely on D(H) = W2 = e U2 we have the following
norm equivalence
e, ~ T 2,
. u€eD (\/—H) e WueH!,

where the form domain of H is given by the closure of D(H) under the norm

||UHD(\/W) =/ —(u, HU)L%3 .

Then the precise statement is that on D(H) the following norm equivalence holds

-W
lle™ " ullag, ~ llullp=m)
and hence the closures with respect to the two norms coincide.

Now the only part we truly need is that the transformed operator, the analogue of , is
H =T"teWHe"T
and that it is “close” to the Laplacian in the sense that
Hiw = Auf + LW o Vit + Lo.t.

In fact, we have the following result.
Proposition 3.3.9. For u' € H?, we have the following bounds for s,e > 0 s.t. % +s+e<L2
A [C N T

T3
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it. For s € [0,2] we get the following at any time t € R

”F7167W67itH€WFutiHH;3 < HUﬁH’H;g

Proof. (i) essentially follows by noting that in terms of regularity the worst terms to bound are
LW o Vu!f and V(e=W He"T'u*) < W which are bounded like

1 B, < # T < Nyt
[LW o Vu H%}s < [Vu ||H§3+s+s”LW”c;3%fs S llu HHT%;HE
and
IV(e™V He" Tuf) < Wz, S ||VAUﬂHH73g+S+E||WHC§

T

—e SJ ||ujj ||H§3+5+57

respectively.
(ii) For s = 0 it follows directly by the properties of I' and e"V'. For s = 2 we can, using (i) and
Lemma [3:3.8], compute

I teWe t HeWIuf |l < T te W He #H VT2
HT?’ T3
S |HeVTd 2
3
<

#
e,

The case s € (0,2) follows again by interpolation as in the 2d case. O

3.4 Strichartz estimates for the Anderson Hamiltonian

3.4.1 The 2d case
In this section we prove Theorems 3.1.1] [3.1.2] and 3.1.3]

Proposition 3.4.1. We have the following identity for a reqular function, say uf € H?, and at
any time t € R:

t
(eI — =AYyt = / e IA(HE — A)(e T ut))ds, (3.4.1)
0
moreover, fizing some ty € R, we get a related result
t
(efi(tfto)H” . efi(tfto)A)uﬁ _ z/ efi(th)A((Hti _ A)(efi(sfto)H“uﬁ))ds7 (3.4.2)
to

where we recall, from Proposz’tz'on that there is a cancellation between H® and the Laplacian.
Moreover, on the interval [0,T] with T < 1, we have for any small § > 0 the bounds

_itHY _GitA
e = 2 e e, S Tl s (3.4.3)
and
—i(t—to)HY _ —i(t—to)AN, # . t
||(6 0 e 0 )u ||Lto?[t0,t1]H1?2 < |t1 to‘Hu HH;2+I+J (3.4.4)
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for o €[0,1—=19).

Also, for r > 4 we have

T
_ ittt _J i(e— b
L P (N il ot (3.4.5)
o -
< TNt (3.4.6)
T2
and
t1
—i(t—to)H* _ —i(t—to)AN, # o < —i(s—to)HY 1t
O Y P Ane P psges (B4T)
< ol s (3.4.8)

T2

foro >0 s.t. U+2—%—|—5§2.

Proof. To prove (3.4.1)), note that the Lh.s. solves a PDE. Set V() = et Wh(t) = eIt 8

and v* = vtli — vg. Then

(i0; — At = 0
vi(0) = of
(0, — Aoy = (H*— Ay}
vh(0) = uf
(i0, — Ayt = —(H*— A}
v*(0) 0

From this we deduce that the mild formulation for v! reads
t
V) =i [ e IS - A)e)(5)ds
0

which is (3.4.1)). To prove (3.4.2), we proceed as above, with the difference that we replace ¢ by
t — typ and do a change of variables in the integral.

The bound (3.4.3) is clear using Lemma and (3.4.4) is analogous. For the bound (3.4.6[), we
apply first (3.4.1]) then we use the inhomogeneous Strichartz estimate from Theorem to the

right hand side and then Proposition [3.3.2] to bound the term inside the integral. Subsequently,
(3.4.6]) follows by applying Lemma and noting that the integrand does not depend on s any

more.

The bound (3.4.8]) follows in the same way by using (3.4.2)) instead of (3.4.1)). O

Now we are able to combine the above results to get the first new result.
Theorem 3.4.2. [2-D Anderson Strichartz] Letr > 4,0 > 0,6 >0 s.t. 0 +1— % + 0 < 1.Then

we have on a finite time interval [0,T], T < 1 the following bound

—i #
iy PR L s (3.4.9)
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and

t
/ eﬂ'(t*s)mfﬁ(s)ds

T
S / Hfﬁ(S)H a+1—%+5d5 (3.4.10)
0 o M

T2

o,r
Lito,m) W3

Proof. We start by proving (3.4.9) with o = 0. By Proposition and the Strichartz estimates
in Theorem we can write, setting “gv = PgNuﬂ, I := [to, t1] a subinterval of length ~ % and
0>0

—itHY § —i(t—to)H* —itoH® 4
Pcne uy = Pgne e Uy

—i(t— _ito Ht i(t— # i(t— —itoHY
—e i(t tO)ApgNe itoH u§V+P<N(e i(t—to)H —e i(t tO)A)e ito H Ugv

t
_ efi(tfto)ApgNefitoH”ugv —H’/ Peye =92 (b _ A)(efi(sftO)HﬁutIiV)ds.
to

First we decompose the time interval into slices U;I; = [0, T] with || ~ %

_stHE _atH"
[P<ne o “5\/”2;[01T]LE2 = Z [P<ne o ug\/HE;IJ_L;z
1;=[t],¢]]
< Z ”efitAPSNefitéHuugvHE:I‘L’EQ + HPSN(e*i(tfté)H” _ efi(tfté)A)efit’DHﬁuﬁvHE:I.L%
. . g “iig
I;=[ty,t]]
1| —it)
S Z N 1H€ it) H ugv||;17%+5 + (*)
1;=[t),]] r
SO NI st ()
I;=[t}.]] ™
Syl st 3 ()
TZ L=[t),]]

Here we have used in each subinterval and applied the triangle inequality from the first to
the second line. In the next step we have used the short-time bound from Proposition and
lastly Lemma [3.3.4] and the fact that there are ~ N summands allow us to conclude.

Next we treat the perturbative part.
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T

t
—i(t— £ —i(t—to) Ay, —ito HF T —i(t—s)A —i(s—t])H?
|| P<y (e HEmt0) HE _ oili—to) Ay —ito H “§v||L;1jL;2 = H/tge tE=9Ap_(HY — A)(e st H ut}v)ds

r T
LiiLrs

< (/ NN (1 A)(ei<sté>ﬂ“u§v>|mzds>
I

T
— — y —ils— #
<N 14+r—4+76 (/I lle i(s—t))H ug\]HH;;s)
J

r
< N71+7’74+r6 / i ds
< ; lubvllzzs

<N—1 uﬁ r
<Nl

1-4 4250

T2

having used the second bound in [3:2:4] to get to the second line and thereafter Proposition [3:3.2]
Lemma [3:3.4) and Bernstein’s inequality, Lemma [3.6.10]

Thus we can conclude

—i #t
| Pane™ il layy, oz S IOPIT s

T2
for any § > 0, which directly implies the result. The case ¢ > 0 is analogous.
The second Strichartz estimate (3.4.10)) follows from the first in the usual way. O

Remark 3.4.3. Our estimates are as good as those for the Laplacian, up to a loss of § derivatives.

3.4.2 The 3d case

It turns out that, due to the most part to the lower regularity of the noise, we lose half a
derivative in the Strichartz estimates of the Anderson Hamiltonian compared to those of the
Laplacian. This means that we actually—as opposed to the 2d case—need the full power of the
improved Strichartz estimates, from Theorem [3.2.3] Recall that in three dimensions the
transformation is a bit more complicated, namely

u=eVu’ = ewfuu,

where W € C27¢ is a stochastic term and T is analogous to the map from the 2d case. The
important thing is that

Hiyt =T e WHMTW = Aul +2Vul o LW + Lo.t.

where LW € C~27¢. If we repeat the proof of Theorem we obtain.

Theorem 3.4.4. Letd =3 and p > 13—0, and T < 1 then for any e > 0,0 € |0, % — €], we have

—itH #
[

Wit S HuﬁH o+2-24e

T3
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Proof. Again we consider ¢ = 0 and we consider a frequency localised ug\, = P yu® and
subintervals I; = [t},t]] of length ~ . We again have the representation for ¢ € I;

A t .
PSNe—z'tH”ugv _ e—i(t—tg)APSNe—ztoH”ugv —I—z’/} e—z(t—s)APSN(Hﬁ _ A)(e‘z(s_té)mug\,)ds

J
tO

which leads us, using Proposition [3.3.9] (instead of Proposition and Lemma in the 2d
case) and Proposition to the bound

i tt ) #t
[Pene ™|, = Y [[Pane AR, L,
T3 ;15773

;[0,T] ~
Ij=[ty,t1]

I=[t},t]]

_ 9 gt _ i(s—tIVHt
S 3 NTUPaye WHNANP L 4N (/ (= A) (e =t R )|
H j

Ij:[tg7t{] 3
< D NP %_%+5+N*1HU§VHP2_%+5
Ii=[t,t]) His Hos

A

#
Il o
Mg

which is completely analogous to the 2 dimensional case; The case ¢ > 0 then follows as above by
applying Lemma |3.3.4] O

3.5 Solving stochastic NLS

We turn our attention to “low-regularity” solutions to the stochastic NLS
(i0; — H)u = —ulul® on T? (3.5.1)
u(0) = wuo,

which is formally
(10 — A)u = u - £ + oou — ulul?.

In [49] this PDE was studied in the “high regularity” regime, meaning ug € D(H) or D (vV—H) .
Now we employ the Strichartz estimates to solve it in spaces with less regularity. In particular
now we solve it in a space that does not depend on the realisation of the noise &.

Theorem 3.5.1. [LWP below energy space] Take s € (3,1). Then is LWP in H*.

Proof. The mild formulation is

t
u(t) = ety + z/ efi(th)Hu|u\2(7')dT,
0
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by applying I'"! to both sides and renaming F_lu(o) = “%o) this becomes
t
ul(t) = et yf 4 z/o e =T H P=1((Dy) | Tt 2) (7) dr.

We want to show that this equation has a solution for a short time by setting up a fixed point
argument in the space

CorH* N Lﬁm weod

where o is chosen s.t.
Wt s L

ie o> %, we fix o0 = % + 0 for definiteness. Also we fix s =0+ 4§ = % + 26.
Thus we may bound, using our new Strichartz estimates (also the “tame” estimates— see Lemma
3.6.14- which say that H* N L*is an algebra),

#
el

T
e S bl + [T TR 1) g

T
SVl + [ TR ) r

T
S Ul + [ T 1000 et
Sllubllag, + 1812, rasllvfllzs, , e,

1
< NIz, + T3 HuuHi?OYT]W;;||Uﬁ||Lf§’T]H§2'

For the other term we bound

T

e ey A L T
1

S bl + THA I e oz e,

From here we can get a contraction for small times in the usual way.

Thus we solve the sharpened equation and by applying I we get a solution to the original
equation. 0

Remark 3.5.2. This result is analogous to Proposition 3.1 in [17] and we get the same range of
reqularities despite the presence of the noise. Note however that the classical cubic NLS is
well-posed on the torus in two dimensions for any s > 0, see [11|], but in this case one needs some
multilinear bounds and Fourier restriction spaces. It is not clear at this moment if such a result
can be proved in the current setting.

Remark 3.5.3. The fact that s < 1 as opposed to s > 1 makes the bound for the term T~ (u|u|?)
easier since the paraproducts and other correction terms are actually more reqular than u and uf.
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Theorem 3.5.4. [GWP in the energy space] The PDE

(10, — H)u
uw(0) = weD (\/j)

—ulul?

is GWP.

Proof. In Section 3.2.2 of [49], global in time existence was proved by approximation. Moreover,
we can use the fact that D (\/fH ) < H'~% and applying the previous result we can conclude
(local in time) uniqueness. Lastly, to get the continuous dependence on the inital data, we can
interpolate between H!~% and D(H) = I'H2. O

We conclude this section by noting that it seems plausible to get a result for the Anderson NLS in
the three dimensional case, we have decided to postpone this for future work. The difficulty in
that case, as opposed to the two dimensional case, is that—on the one hand— one has a loss of more
than % derivatives in the Strichartz estimate and—on the other hand— as one sees in the Duhamel
formula

t
V(L) = e b 4 /0 e =5 HE P (2W | 112108 () ds, (3.5.2)

2w

the nonlinearity contains the term e="”, which has strictly less than % derivative.

3.6 Results for general rough potentials and the whole
space

While we have thus far focussed on the case of white noise potential in 2- and 3-d, our results are
applicable to a much larger class of rough potentials. For the sake of completeness we quickly
recall the definition of spatial white noise on the torus here.

Definition 3.6.1. [Spatial white noise on T¢, Definition 2.1 in [49]] The Gaussian white noise &
is a family of centered Gaussian random variables {£(¢), ¢ € L?(T?)}, whose covariance is given

by E(E(p)E(y)) = (SO,Z/J)LZ(W)-

More explicitly, set (§(k))geza to be i.i.d centred complex Gaussian random variables such that

A ~

£(k) = E(=k) and with covariance B(E(k)E(1)) = 6(k —1). Then the Gaussian white noise on T% is
given as the following random series

) =Y E(k)e”mhe,

kezd

of course with the understanding that, despite the notation, & can not be evaluated point-wise.
Note that in the 3d case we actually remove the zero-mode as it simplifies some computations; so
the definition we use in Section[3.3.9 is actually

f)= Y &k

kez3\{0}
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We recall the two dimensional “noise space” with respect to which everything is continuous.

Definition 3.6.2. [2d noise space] For o € R,we define the spaces
EY = CY x C**"2and

G* as the closure of {(£,€0 (1 —A)" 4 ¢): € € C(T?), c € R} w.r.t. the E*topology,
where C* = B, denotes the usual Besov-Hélder space.
The next result tells us that the 2d spatial white noise does in fact a.s. have a lift in G°.

Theorem 3.6.3. [ [5/, Theorem 5.1 | For any oo < —1, the spatial white noise & lies in C* and
the following convergence holds for the enhanced white noise.

B = (& &o(1-A) e +e) » E€ g7,

where the convergence holds as € — 0 in LP(Q; E%) for all p > land almost surely in % and the
limit is independent of the mollifier. However, the renormalisation constant, which can be chosen

as
Z 0(clkD> log (1>
2 b
kez? 1+ |k‘ €

depends on the choice of mollifier. Note that our regularised spatial white noise is given by

=D OelkePm T E (k)

kezZ?

where £(k)are i.i.d. complez Gaussians with E(k) = £(—k) and with covariance

E[E(k)E(W)] = (k1)
and 0 is a smooth function on R\{0} with compact support such that lin})G(z) =1
z—

Next we recall the definition of the “noise space” in three dimensions.

Definition 3.6.4. [3d noise space] Let 0 < o < %, then we define the space T to be the closure
of the set

{(8:6Y,6%6% 67, V60 v6") s (0.0) e R, 6 € CH(T*)}

with respect to the C*(T3) x C2¥(T3) x COFL(T3) x CoTL(T3) x C4(T3) x C2*~1(T?) norm. Here
we defined

oy = (1-A)"Y|V¢]* —a)
¢ = 201-8)7 (V- Vey)
6¢ = (1-A)! (v@;-wﬁ')

o
|

oy = (1-4)7 (

2
M —b).
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And also the corresponding result for the lift of the 3d spatial white noise.
Theorem 3.6.5. [ [49], Theorem 2.38 | For &, given by

Gl@)= Y mleh)ik)emE, (3.6.1)

keZ3\{0}

where m is a radial, compactly supported function with m(0) =1 and we define

Xe = (_A)71£5

XY= (1-8)7H(VX - )
x¥ = 201-2)7" (VX VXY)
x¥ = (-2 (vxvxY)
S )

where the ccare diverging constants which can be chosen as

2
! mek)? 1 2 2 2 |1 - Kol 1
= Y e~ and= Y |m(ek)P|m(eks)| s ~ (log =)
weivey FE € bt [er — Kol Tk [1]ke] :

Then the sequence = € T given by

= = (Xg,X;',X:',X},Xy, VX. o VX;(")
converges a.s. to a unique limit Z € T% which is given by

2= (X, xV x¥ x¥ xY vxo VXY") ,
where

X = (-4)7%¢

XV = (1-A)7(|VX]2)

x¥ = 20-A)! (VX : VXV)

x¢ = a-at (vx-vxY)

xVY = q-a)? ( : ‘VXV‘ :2).
For potentials better than C~! everything works unconditionally, meaning that such potentials
have unique canonical lifts inside our “noise spaces”, whereas if one wants rougher potentials it is
necessary to ensure the existence of certain nonlinear expressions of them. We state the “general”

version of the theorems so as to highlight the fact that we do not use any property of white noise
other than that it has a lift in the correct “noise space”. We omit the proofs since they can be
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carried over verbatim. We further remark on the fact that paraproducts and all related operations
are equally well defined on the whole space and Definitions and clearly still make sense
if one replaces T¢ by R,

For brevity we write
Y4 e {T? RY} with d € {2,3},

in the remainder of the section.
Theorem 3.6.6. [Results for general potentials]

i. Ford=2, and —% < a < —1 the maps
E+s (—Hz) land 2+ I's

are locally Lipschitz as maps from G — L(L?(Y?); H*T272(Y?)) for any € > 0, where I's is
defined as in and Hz= is defined as in . Moreover, we get the following
homogeneous Strichartz estimate for T <1

||F§167”HEFEU||Lf;[U)T]L;l{2 S ||'U||H;21*a+5a

for any 6 > 0. In addition, this bound is locally Lipschitz in = w.r.t. G*and we get LWP of
the PDE

i0u = Hzu—ulu|® on Y?
u(0) = wg
on H® with s € (fa — %, 1).
7. Ford=3 and0<oz<% the maps
E+s (—Hz) tand Z+— T'=

are locally Lipschitz as maps from T® — L(L?(Y3); HY=¢(Y?3)) for any € > 0,where Hs is
defined as in Deﬁm’tz’on and I's as in . Moreover, we get the following
homogeneous Strichartz estimate for T <1

D5t e ErtEatEs) oithz ((E14E24Z) Py | . 1S ||v\|H§{;a+a,

Lo, Lys
for any € > 0.

Remark 3.6.7. The result on the whole space does not apply to the white noise potential, since it
is only in a weighted Besov space, see [44]. However, one can split the white noise into an
irregqular but small part and a regular but large part, as was done in [44)]

§=¢c+&,¢8< € L?.C;a@) EC_%_

for some o > 0 and then the results will apply to the potential -, whose lift can be constructed
analogously.
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Paracontrolled Distributions etc.

We collect some elementary results about paraproducts, see [45], |3], [5] for more details. For the
most part we work on the d—dimensional torus

T¢ =R%/Z? for d = 2,3.

However, to emphasise the fact that most things work equally well on the whole space, see Section
we write Y¢ € {T? R?}. The Sobolev space H*(Y?¢) with index a € R is defined as

HY(Y?) = {ue S (Y [|(1- A)%UHL2 < oo}

Next, we recall the definition of Littlewood-Paley blocks. We denote by x and p two non-negative
smooth and compactly supported radial functions R* — C such that

i. The support of x is contained in a ball and the support of p is contained in an annulus
{reR4:a < |z < b}

ii. For all £ € R, x(&) + . p(279¢) = 1;
j=0

iti. For j =1, x(:)p(277:) =0 and p(277-)p(27%) = 0 for |i — j| > 1.
The Littlewood-Paley blocks (A;);>_1 associated to f € §'(Y?) are defined by
A_if:=F '\Ff and Ajf = F1p(277)Ff for j > 0.

We also set, for f € S'(Y¢) and j > 0

j—1

Sif = > Aif.

i=—1

Then the Besov space with parameters p,q € [1,00],« € R can now be defined as
B;‘,q(Yd) ={uecS(Y: [ullBg, < oo},

where the norm is defined as

lallsg, = | D @**IAzulle)? |

k>—1
with the obvious modification for ¢ = co. We also define the Besov-Holder spaces
C*:= B .
Using this notation, we can formally decompose the product f - g of two distributions f and g as
fr9=f=<g+fog+fryg

where

f=<g:= Z Si—1fAjg and f>g:= Z A;fSi—1g

jz-1 jz—1
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are referred to as the paraproducts, whereas
fog=> > AifAyg
jz=1li—jI<1

is called the resonant product. An important point is that the paraproduct terms are always well
defined whatever the regularity of f and ¢g. The resonant product, on the other hand, is a priori
only well defined if the sum of their regularities is positive. We collect some results.

Lemma 3.6.8. [cf.Theorem 3.17 [66]]Let o, a1, 0 € R and p,p1,p2,q € [1,00] be such that

a1 #0 a=(a; AN0)+as and }:iJri.
p p1 P2
Then we have the bound
1f < gllzs, S Iflss _lgloes.
and in the case where a1 + as > 0 we have the bound
I ogllprems < 1fmss _llgllnss..

Remark 3.6.9. For the majority of the paper we care only about the case where p =py =q =2
and p1 = 00.

We frequently make liberal use of Bernstein’s inequality, so for the sake of completeness we state
it here.

Lemma 3.6.10. [Bernstein’s inequality] Let A be an annulus and B be a ball. For any
ke N, A>0,and 1 < p < q< oo we have

1. if u € LP(R%)is such that supp(Fu) C AB then

max  [[0"ul| e <p NG |lu)
peEN:|u|=k

2. if u € LP(R%)is such that supp(Fu) C \A then

)\kHu”LP ,Sk max ||8"u||Lp.
pEN: | u|=k

Lemma 3.6.11. [Besov embedding] Let « < 8 € R and p > r € [1,00] be such that

1 1
ea(1-1)

r. p
then we have the following bound for q € [1, 00|

Hf”Bg,q(Yd) 5 ”fHBf?yq(Yd)-
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Proposition 3.6.12. [Commutator Lemma, Proposition 4.3 in [3)]]
Given o € (0,1), 8,7 € R such that 8+~ <0 and a+ 5+~ > 0, the following trilinear operator
C defined for any smooth functions f,g,h by

C(f7gah) = (f'<g)oh_f(goh)

can be extended continuously to the product space H® x CP x CY. Moreover, we have the following
bound

NC(f, 9, W)l [3gesora-s S NI fllae=lglles ||Plle

for all f € H*, g € CP and h € C7, and every § > 0.
Lemma 3.6.13. [Fractional Leibniz, [50]] Let 1 < p < oo and p1, pa, Py, 5 such that

1 1 1 1 1
4+ — =4 ==

/ /

P1 D2 V41 D2 p

Then for any s,a > 0 there exists a constant s.t.

(V) (f9)lle < CIVY T f o2 IV gllLer + CIUV)Y " F Nl o V"0l g -

Lemma 3.6.14. [Tame estimate, Corollary 2.86 in [5]] For any s > 0 and (p,q) € [1,00]?, the
space B, . N L*> is an algebra and the bound
lu-vllBg , S llullsg Mol + [lullL<lv]is;

p,q ™

holds.
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Chapter 4

Variational approach to stochastic
wave equations

4.1 Introduction

In Chapter [2| we have seen how to solve the stochastic PDE
O?u—Hu = —ufuP"?2 on Ry x T¢ (4.1.1)
(u, Opu)li=0 = (uo,u1),
in different situations, where H ~ A + £ is the Anderson Hamiltonian, £ being spatial white noise,

which was introduced and discussed in detail in Chapter [2| see also [3] where H was first
introduced in two dimensions.

In fact, for dimensions d = 2, 3, we focussed on proving well-posedness for on the one hand
in the strong regime, by which we mean initial data (ug,u1) € D(H) x D (v/—H) and solutions
(u, Oyu) € CyD(H) x CyD (\/j) , and on the other hand in the energy regime, by which we mean
initial data (ug,u1) € D (vV—H) x L* and solutions (u, dyu) € C;D (vV—H) x C;L*. We primarily
analysed the cubic case, i.e. p =4, but the same analysis works for any energy subcritical power.

The motivation for this terminology comes from the energy which is conserved by (4.1.1) given by
1 1 1
E(u) == |Opu|?dx — = (u, Hu) + ~ |u|Pdz.
2 Td 2 P Jrd
In Chapter we have seen that the same Sobolev embedding is true for D (\/ —-H ) as for H!, i.e.

D(\/fH) — L% for q € [2,2d2} or q € [2,00) for d = 2.

d—

Energy supercritical refers to powers s.t. the potential energy, i.e. % de |u|Pdx, is not controlled
by the kinetic energy i.e. % Jra |0yul?dx — %(u, Hu). In other words if p > dQ—fIQ. Accordingly,
energy subcritical refers to the case p < % and energy critical is the case of equality.
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Now we turn our attention to the problem of solving energy supercritical problems in d = 3 in the
energy regime. In two dimensions all powers are energy subcritical, so we will only work in three
dimensions. We refer to [58] for some well- /ill-posedness results concerning energy super-critical
wave equations.

We briefly recall the definition of the energy domain of H in three dimensions which is
considerably more simple than that of the domain which is rather cumbersome. We are somewhat
formal, see Chapter for the rigorous treatment. We have £ € C~%~ as well as the following
objects:

X=(-A) et~ XV=(1-A) ' |VXPec  x¥=201-4)" (VX~VXV> eci-
2
and XY=(1-A)" (VX : VX“') cci- x¥=@a-at: ‘VXV‘ e C.

Furthermore we set

W o= X+XxVixV¥eci-
W = (1-A)"'VIWecC3

2 1
7 = ‘VXV’ +2vX VXY 4 2vxY vxY - xV o XY (1 a)(xY r2x ) ecin
7 = (1-A)"'Z+Ks,

where we have added constant Kz which may depend on the norm of the enhanced noise Z. This
is done as in Chapter so as to make the operator —H uniformly positive. We can then define
the action of H on a function of the form e"v with v € H? as

H(e"v) := eV (Av+2VIW - Vo + Z'v). (4.1.2)

Moreover, we can write down the associated quadratic form which has a particularly nice form
(compared to the description of the domain)

— (", H(eVv)) = /11‘3 W\ VoPde — (v2, 2V Z)), (4.1.3)
which makes sense for v € H', see Proposition
If we look for solutions to of the form u = " v, the new equation for v reads
ewafv — H(ewv) = —eDWy(-1) (4.1.4)
(0,00)i=0 = (e Wug,e™Wur) =: (vo,v1).
The actual form of the equation we will use henceforth is
eEWoRy—eWH(E ) = —ePWoylrD (4.1.5)
(v,0)|i=0 = (vo,v1),

which is of course simply the previous one multiplied by e". This formulation has a few
advantages, namely the operator e" He" is self-adjoint, while He"is not, further it has the weak
formulation

/ (0, v, 8,V ) + (HeW v, eV ) — (e VW=D Wydt =0 for ¢ € C°(Ry;T?), (4.1.6)
0
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which is equivalent to the weak formulation for (4.1.1)) if we undo the transformation.

We will now sketch the variational approach to solving nonlinear wave equations due to Serra-Tilli
after a conjecture of de Giorgi. To that purpose, we take for simplicity the usual defocussing
nonlinear wave equation

O*w — Aw = — w|w|P~? on R x R?
(w, dyw)|—o =(wo,w1) € (H' N LP)2

Then the observation made by de Giorgi was that, at least formally, the solution w is the limit of
the sequence w. of minimisers of space-time functionals

* . 2 1 1
F.(w):= /0 e = / (62|6t2w|2 + §|Vw|2 + p|w|p) dxdt. (4.1.7)

In fact, one readily checks that the minimisers w. of F. (which exist and are unique by the direct
method of the Calculus of Variations) solve the Euler-Lagrange equation

20tw. — 2603w, + 2w, — Aw, +wP~! = 0. (4.1.8)

Moreover, the way to ensure initial data (w., dswe)|t—o = (wp, w1), is that one puts these as
“boundary conditions” on the set of functions with respect to which one is minimising (this
condition is closed and convex), see Remark 2.1 in [72], where also the somewhat unnatural
assumptions on the initial velocity is discussed.

The approach of Serra-Tilli then allows us to pass to the limit in the PDE (4.1.8)) after taking
subsequences, using compactness which one gains after obtaining uniform in € bounds from the
minimising functional F.. The method relies heavily on deriving a quantity called the approzimate
energy, which is a time-averaged version of the conserved energy of the usual wave equation and is
close to it for small . This approximate energy turns out to be decreasing in time, which is quite
crucial to the argument.

In fact they get a result of the following form.

Theorem 4.1.1. [Theorem 1.1 from [79]] For p > 2 and € > 0 let v. denote the unique minimiser
of the strictly convex functional F. defined as in under the boundary conditions

(w, Opw)|i=o = (wo, w1) € (H' N LP) x (H' N LP).
Then the following statements hold

a) Estimates: There exists a constant C = C(wg, w1, p,d) s.t. for every e € (0,1)

T
/ /(|w€|2 + veP)dazdt < CT VT > ¢,
0

/ |0 (t, ) |2de < C, / lve (t, 2)[Pde < C(1+t%) Vt=0
and for every function h € H* N LP

’/afvs(t,x)h(x)dx < C(|hllLe + IVh|[z2)  for a.e. t > 0.
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b) Convergence: Every sequence v, (with €; | 0) admits a subsequence that converges strongly in
Li((0,T) x A) for any T > 0 any bounded open set A C R? (with q € [2,p) if p > 2 and q = 2
if p=2) almost everywhere on R, x RY and weakly in H1((0,T) x RY) for any T >0 to a
function w such that

we L®(Ry; LP),  Vwe L¥(R,; L?)
Oww € L®(Ry; L?),  we L=((0,T);H') VT >0,

which solves the PDE

w—Aw = —|wlP 2w
(w, dw)|t=0 = (wp,wr)
weakly.
¢) Energy inequality: Letting

1 1 1
&)= [ 't P + 5 [Vult o) + 3 fu(t.)Pds
p
we get that the solution w satisfies the energy inequality

1 1 1
£(t) < £(0) = / Sl @) + 5 Vuo(@) + ~luo(e)ds for et > 0.

Remark 4.1.2. We make a few comments about this result and its scope. The first thing to note
is that one only gets existence of global energy solutions; One has to assume more regularity for
the initial velocity (i.e. H') than one usually would; Although stated on the whole Euclidean
space, the result can be extended to the periodic setting or the setting of a bounded set with
boundary conditions.

Their method works as well for more general hyperbolic PDEs like

OPw = —VW(w) (4.1.9)

for some (fairly general) functional W either on the whole space or the torus, moreover one may
add dissipative terms as well, see [73]. Note that this vast generalisation is possible due to the fact
that the entire analysis happens in the time-direction, while the space-direction is never touched.

In Section we recall their approach since our PDE does not fall into their framework, but we
need to modify it slightly. See also [77] for an extension of the theory to include forcing terms in
the equation which are (locally) in LZL2.

Remark 4.1.3. As was remarked on in [72], one can obtain the existence of solutions to wave
equations with general power nonlinearities by other means, see e.g. [75], [65]. More precisely,
Theorem [{.1.1] can be alternatively proved using finite dimensional approzimation, apriori
estimates and compactness. Similarly one could obtain a result like Theorem [{.2-1] by first proving
global existence for the equation with reqularised noise, i.e. by replacing the Anderson
Hamiltonian by a regularised version of the form (see Chapter@)

HE:A+£E_CE
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and regularising the initial data similarly to Theorem i.e. solving the (classical) PDE

DPue — Aue — Ecue + cote = —ug|u P2
(u57 atus)|t=0 = (U'Sv ui)

by compactness methods. Subsequently one can take a suitable sequence of reqular initial data such
that the energies converge and extract converging subsequences s.t.

ue(t) — u(t) in L?

v —H.u. - vV—Hu

ue(t) — u(t) in LP

for some limit function u. We do not spell out all the details here, but simply mention that the
approach we present here is not the only or, for that matter, shortest way, but rather a “proof of
concept”of applying the variational method of Serra and Tilli to the singular stochastic setting. In
future works we plan to pursue this avenue of research further and hopefully apply the method to
more complicated equations.

4.2 The variational approach to Anderson wave equations

In this section we adopt the same convention for constants as in Chapter [3] namely that every
constant may depend on the enhanced noise =, i.e.

Sels

The most straightforward approach would be to simply try to apply the general theory from |73]

to (4.1.9) with the functional

1 1
W(w) := —§(w,Hw) + o ) |w|Pdz (4.2.1)

and accordingly

[ee] 2 o0
F.(w) ::/ e*i/ E—|8t2w\2d:rdt+/ e =W (w(t))dt.
0 T3 2 0

This almost works, the problem being that the assumption that the domain of W (which is given
by D (\/ -H )) contains smooth functions is not satisfied. This is in principle not an
insurmountable problem, however it does cause some awkwardness when deriving the
Euler-Lagrange equations. So, instead of pursuing this path, we will instead perform the “change
of variables” w = e"v in , where W is defined in (4.1.2). This leads us to a new functional

1
5(1)27 W7z,
(4.2.2)
Now we have a functional (namely W(e"Vv)) whose domain is H' and which is coercive(even
strictly convex if we recall the computation from Chapter [2:2.2] and the fact that we have shifted

o=

e 2 1 1
G-(v) := F.(e"v) := / e / 5—62W|8,52v|2 + =2V | Vo2 + —ePWulP ) —
0 T3 2 2 P
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Z' by a constant depending on the noise) but the leading term, i.e. the one with |9?v|? contains
the function €2V so this is also not a direct corollary of the Serra-Tilli result from [73]. We shall
see that since e2"V is an L> function which is time-independent, uniformly positive and bounded
trivially via

0 < e 2Wllee < 2W < 2Wlleo o0,

this should not cause major problems. We will recall the method of Serra and Tilli and make the
appropriate modifications needed wherever necessary.

The theorem we wish to prove in the end is as follows.

Theorem 4.2.1. Forp > 2 and € > 0 let ve denote the unique minimiser of the strictly convex
functional G, defined in under the boundary conditions

(v,000)]i=0 = (e Wug,e™Wur) =: (vo,v1) € (H' N LP(T3))2.
Then the following statements hold
a) Estimates: There exists a constant C = C(vg,v1,p, =) s.t. for every e € (0,1)

T
/ / (|Vve]? + [ve[P)dzdt < CT VT > e, (4.2.3)
o Jrs
/ |0 (t, ) [Pdx < C, / lve(t, 2)|?de < C(1+t*) V>0 (4.2.4)
and for every function h € H' N LP(T3)

< C(|hllee + IVA|L2)  for a.e. t > 0. (4.2.5)

/3 V@920 (¢, x)h(z)dx
T

b) Convergence: Every sequence v, (with €; | 0) admits a subsequence that converges strongly in
L9((0,T) x T3) for any T >0 (with q € [2,p) if p>2 and q =2 if p = 2) almost everywhere
on Ry x T? and weakly in H1((0,T) x T3) for any T > 0 to a function v such that

ve L®(Ry; LP),  Voe L®(Ry;L?%) (4.2.6)
o € L®(Ry;L?),  wve L®((0,T);H') VT >0, (4.2.7)
which solves the PDE
EVoRv— eV H(E ) = —ePWolp|P? (4.2.8)
(v,00)]i=0 = (e Wug,e™Vur) =: (vo,v1).
¢) Energy inequality: Letting

1 . 1 . 1

Et) := / 562W(“)|6tv(t,m)|2 + =PV @ |y(t, z)[Pdx — i(ewv,H(ewv)) (4.2.9)
T3 p

we get that the solution w satisfies the energy inequality which holds for a.e. t > 0

£(t) < £(0) = / %emw\m(t,x)ﬁ 4 %epw(z)|vo(x)|pdx - %(GWUO, H(eV ). (4.2.10)
'H‘S

Chapter 4 Immanuel Zachhuber 107



Hyperbolic and dispersive singular stochastic PDEs

Following the general approach of |73|, we write (by a slight abuse of notation)

1 1
W) == — =(ev, HeV v) + 7/ e’V v|Pdx (4.2.11)
2 P Jrs
1 2W 2 1 pW . |p 1 2 2W rzt
= [ —e* |Vl + =P u|P — = (v, e* Z7). (4.2.12)
T3 2 p 2

We readily check that we get the following kind of bound
VW) || ernpey- S 14+ (W(0))? for any v € H' N LP (4.2.13)
and consequently also a linear bound
VW ()l ganrey- S 1+ W(v)) (4.2.14)
and “Lipschitz continuity along rays” in the sense that one has

sup W < 1+ W(a) + ||bl|31n1s for any a,b € H' N LP
la,a+b]

and
sup ||[VW||arnrey S 1+ W(a) + ||b]|5pofor any a,b € H' N LP
[a,a+b]
where [a, a + b] denotes all functions f s.t. there exists A € [0,1] with f = a + Ab. This then gives
us by the mean value theorem for § > 0

W(a + 6b) — W(a
@+ = W@ < yins sup VW]
J la,a+5D]

I6ll2¢2 e (1 +W(a) + 62 [1bll3110)

A

A

in particular this implies
W(a + 6b) < W(a) + C=6|bllanre (1 +W(a) + 8 [[bl131L0)- (4.2.15)
Next, we introduce the simpler time-rescaled functional J. given by
T (u) = /O et /T 3 2—;62W($)|8t2u(t,x)\2dx +Wu(t))dt, (4.2.16)
which is equivalent to G, in the sense that
G:(v) = eJ.(u) for u(t,x) = v(et, x). (4.2.17)
The boundary conditions are scaled in the following way
u(0) = vg and Ju(0) = evy (4.2.18)

and the existence of minimisers to J; is clearly equivalent to the existence of minimisers to G..
We have the following first bound.
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Lemma 4.2.2 (cf Lemma 3.1 [73]). For e € (0,1) and vo,v1 € H' N LP the functional J. defined
in has a unique minimiser u. € H2 .(Ry; L?) under the boundary conditions
which satisfies the bound

Je(ue) K W(vg) +Ce <1 (4.2.19)

Proof. This is identical to the proof of Lemma 3.1 in [73]. One observes that the function
P(t,x) := vo(x) + ety (x) is an admissable competitor in the minimisation class of J. for which

921 = 0 and in order to bound W(%) one uses (4.2.15). We omit the details. O

Next we introduce some further notation

Wot) = Walult, )
D) = g [0
Lo(t) = D.(t)+W.(1)
L A

where one may think of L. as being the Lagrangian and K. the kinetic energy.

One gets K. € WH(0,T) with
1
K.(t) = —2/ W dyu.0%u.
9 T3

from Lemma below which is analogous to Lemma 3.4 in [73]. The proof relies on a simple
inequality which we cite here for the sake of completeness.

Lemma 4.2.3. [ [79] Lemma 2.3 ] Let v € H] . (Ry; L?), then

(o] o0
/ /e‘t|v(t,x)\2d:vdt < 2/|v(o,x)\2dm+4/ /e—t|atv(t,x)\2dx.
0 0

Lemma 4.2.4. The minimisers u. satisfy

(o) oo 1
e 'D.(t)dt = el — W 02u.|?dr <1 (4.2.20)
2¢e 3
0 0 T
(e} o0 1
e 'K (t)dt = e t— [ eV |ou|Pdz <1 (4.2.21)
0 0 2e? Jps

Proof. This is again completely analogous to Lemma 3.4 in |73]; The first bound follows from the
bound on J., while the second follows from the first together with Lemma [£.2.3] 0O

4.2.1 The approximate energy

We introduce the following time averaging operator for positive measurable functions
f : RJr - [Oa OO]

Af(s) == /oo e~ f(tydt s> 0 (4.2.22)
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and note that Af is always defined—albeit possibly infinite— and in the case

Af(0) = /OO e L f(t)dt < oo

0
it is absolutely continuous with derivative given by
(Af) =Af - f. (4.2.23)

It turns out to be very convenient to also consider the twice iterated time average operator, i.e.
A2, which is explicitly given by

o0
A2 f(s) = / e=(=3) (¢ — 5) (1)t
S
With this notation in hand we will now introduce a fundamental quantity, namely the approzimate
energy which contains a time-average of W, which can be seen as the “potential energy”.

Definition 4.2.5. Let u. be the minimiser of J.. Then the approzimate energy is the function
E. =K. + A*W.

or more concretely

E.(s) = K.(s) + / h e~ (t — s)W(uc(t))d.

Remark 4.2.6. The name approximate energy is justified by recalling that if one undoes the time
rescaling, one gets

B (2) = / W Dy (s)> + /:O T2 — )W (v. (),

where vz (8) = ue (i) is the minimiser of G.. Now e *(t=%)2(t — s) is a probability kernel on the
set t = s concentrating around s for small €. Thus one can see that E. (f) reasonably
approximates the “real” energy E(s). This approximation means that we get around ever having to
directly take a time derivative of We.

Moreover, we observe that we have have
AW (0) < AL (0) = J.(ue) <1, (4.2.24)
so AW. is well-defined, however we still have to determine whether A?W, is.

In fact, we will show not only that E. is finite but also that it is decreasing which is the crucial
point that then allows us to conclude. The next result is almost verbatim Proposition 4.4

from [73], however we restate it and its proof nonetheless since this is really the crux of the
method.

Proposition 4.2.7. Let u. be a minimiser of J.. For every g € C*(R4) s.t. g(0) =0 and g(t)is
constant for large t we have

/OOO e *(g'(s) — g(s))Le(s)ds — /000 e *(4D.(s)g'(s) + K.(s)g"(s))ds = ¢'(0)R(u:),  (4.2.25)
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where
R(u.) := —E/O e s(VW(ue(s)), wr)ds,

which satisfies the bound
|R(ue)| < Ce. (4.2.26)

Proof. We introduce for § with |§| < 1 the function
p(t) ==t —dg()

for g as above. This is a C? diffeomorphism of R, , we also denote by ) its inverse
(s) = o (s).

Consider the test function
U(t) == uc(o(t)) + tdeg (0)wy

which satisfies the boundary conditions
U(0) = wg and U'(0) = ew;.
Moreover, we have

U'(t) = ul(p(t)e'(t) + deg'(0)uwr
U'(t) = u(e)e'(OF +uzle(t)e" ()

and hence

50 = [t (g e O OF + e (o (0) " O + Wlaelole) + e/ O)u) ) .
Note that for § = 0 J.(U)|s—0 = J (uz).
We change variables in the integral above via £ = 9(s) i.e. s = o(t) and get
0) = [0 (g [P G WP + o
+ W(ue(s) + 1/1(5)569’(0)101))(15. (4.2.27)

As in the paper we note e~ %) < ell9llc =5 to argue the finiteness of the expression.

We use the Lipschitz bound for W in (4.2.15) to get
W(ue(s) + (s)deg’ (0)wr) < C(1+W(ue(s)) + 9(s)?)

This implies the finiteness of the above integral expression and thus it is an admissable
“competitor” for the minimisation of J.. The minimality of u. thus implies

d

S I(U)ls=0 = 0.
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In order to compute this, we first note

& W O)smo = gl)e™ — g/ (s)e™
and p
WD lsm0 = 20/(5), 566 om0 = ~4"(9)

We denote by © the function inside the large bracket in (4.2.27) and note
1
O(s)ls=0 = 5 lle™ ul () |32 + W(s) = Le(s)

and moreover

%e(s)lazo = L l(s)e™, 2l (s)g () + el (s)g” () + €9’ (0)s (VW (1 (), i)

= —4Dc(s)g'(s) — KL(s)g"(s) +£g'(0)s(VW(uc(s)), w1)
combining these two identities we obtain

= LW () O6(s) o=

= ¢ *(g'(s) = 9(s) Le(s) — e *(4D=(s)g'(s) + KL(5)g"(5)) + e~ *(g'(0)s(VW(uc(s)), w1))

0

which yields (4.2.25)) after integrating in s. Lastly we need to prove the bounds for the remainder.
It remains to show the bound (4.2.26)); we compute

| et ds) S Julnes [ eSO loans-
0 0

s [ e (1 vaen?)

0
< 1—|—/ 6_382d8+/ e W(ue(s))ds
0 0
SO+ Je(ue)
S 1

where we have used (4.2.14)) and (4.2.19)). We can thus conclude |R(u.)| < e.
This finishes the proof. O

By monotone approximation the same result is also true for g € C'*!(not necessarily bounded).
This is proved in Corollary 4.5 in [73] whose proof we omit. By inserting the special case g(t) =t
this then yields the identity

A2L.(0) + 4AD.(0) = AL.(0) — R(u.). (4.2.28)
Similarly, for almost every T' > 0, one obtains(see Corollary 4.7 in [73])

A*L(T) — AL.(T) + K.(T) = —4AD.(T) (4.2.29)
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whose proof we also omit since it is a relatively straightforward approximation argument.

Finally, one can conclude that the approximate energy E. is decreasing in time. Recalling the
definition
E. =K.+ A2W5,

we note that, using (4.2.28) and (4.2.24)), we get

E.(0) = ;/62W|’U1|2+/000 e *sW(uc(s))ds

Cllorllze + ALo(0)

Cllvi][r2 = 4AD.(0) + AL.(0) — R(u.)
o112 4+ AL.(0) — R

[villzz + AL:(0) + Ce

[villzz + Je(ue) + Ce

llo1llz2 + W(vo) + Ce.

N

AR UARARIA

This finally justifies why E. is well-defined. Furthermore, the next result gives us that it is even
decreasing in time.

Theorem 4.2.8. The following is true for all T > 0
E(T)<0

and further
E.(T) < llv1llrz + W(vo) +e. (4.2.30)

Proof. The second bound follows from the first together with the preceding computation. To
prove the first, we compute
El = K. — AW, + A*W.

using (4.2.23)). Next, recalling that W. = L. — D, and using (4.2.29)) we deduce
E(T) = —3AD.(T) — A>D.(T) < 0.

4.2.2 Proving the apriori estimates
Now we proceed to show the bounds (4.2.3),(4.2.4),(4.2.5) from Theorem
Firstly we rescale in time, using the relation (4.2.17) between v. and u. to obtain

1 1 t
5/ |atv5(t,$)|2d.’b S 5/ eQW(I)lat'Ua(tvx)'zdx =K. () S, 1,
T3 T3 e

where the last bound follows from the approximate energy bound from Theorem This shows
the first part of (4.2.4)), the second bound in (4.2.4)) follows readily from the first using fact that in
particular wy € L.
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To get the bound (4.2.3)), we first recall that
T T
/ /|w5(t,x)|2 oot @) Pdadt :/ 5/ Ve ()2 + |ue (£, 2)|Pdadt
0 Oz
5/ eW(u(t))dt (4.2.31)
0
then we distinguish two cases: ¢ < T < 2¢ and T > 2¢. In the first case we bound
z 2 2
e2 / Wl (8))dt < / e W(u. (8))dt < / e~ Lo (t)dt < Jo(us) < 1.
0 0 0
For the second case we split the integral
z 2 [E]2 i z
LY
h=hex Lol

where we of course bound the first integral as in the first case. For the remaining terms we
proceed as follows

i+2 i+2
e ? W (t)dt < / (t —i)e TIW(t)dt < A*W.(i) < E-(i) < 1 (4.2.32)
i+1 it+1
and in the same way for the last summand. Finally we can conclude (4.2.3) from (4.2.31)), since
there are ~ L summands.

g

We furthermore note that (4.2.32)) combined with (4.2.13)) gives us the following bound
t+1
/t VW (e ()11 npey-ds ST VE>0, (4.2.33)

which we will employ in proving the next lemma, which is essentially Lemma 5.1 in [73].

Lemma 4.2.9 (Euler-Lagrange equations). Suppose that n(t,z) = @(t)h(zx) with
e CHL(RY), ¢(0) =¢'(0) =0 and h € H* N LP. Then

/Om et (;(eQWafua(t), 2n(t)) + (VW (uc(t)), n(t))) dt = 0. (4.2.34)

The same conclusion holds true for test functions n € C°.

Proof. The Euler-Lagrange equation (4.2.34]) is formally obtained by asking f’(0) = 0 for the
function f(0) := J.(ue + dn). So one needs to justify pulling the derivative into the integral. In

fact, using (4.2.33)) one can conclude that

%W(us(t) + () ]s=0 = (VW (uc(t)),n(t)) = p() (VW (uc(t)), h)

multiplied by e~ is integrable in time. The case of general 1 follows by density, see [73| for

details. O
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Now we come to the proof of (4.2.5). In fact this bound comes from the following representation
formula for 0?u. (actually for e?" 92u.), namely

6iQ(.eQWafue(T), h) = — A (VW(u.(-)), h)(T) for a.e. T > 0,Yh € H' N LP. (4.2.35)

This can be proved by applying (4.2.34) with n(t,z) = gs(¢t)h(z) with gs s.t.
02gs(t) = 6_1X%ﬂT,T+6)(t> and gs — (t — T)*. In fact, inserting this into (4.2.34) and multiplying
both sides by e’ gives

eT T+6 0
25 /T e (0 ue(t), h)dt = — /T e D) gs (1) (VW (uc(t)), h)dt.

We can thus conclude (4.2.35) for a.e. T' > 0 after taking 0 | 0.
Finally, we can use (4.2.35)) to prove (4.2.5)). Using the bound
[(VW(ue (), h)| < VW (e ()l grarey- [1Bl32nze S IRllaeace (1 + W(ue(t)))

as well as recalling A?W, < E. <1 we have
A2 (VW (uc (), h)(T)] < A (VW (ue (), I(T) S 1hllarare,
which allows us to conclude (4.2.5)).

4.2.3 Passing to the limit and energy inequality

In this section we conclude the proof of Theorem [£:2.1] by passing to the limit and proving
(4.2.6),(4.2.7) and (4.2.8)) as well as the energy inequality (4.2.10).

In the following we will extract subsequences via compactness but, as is commonly done, we will
not relabel them, in fact we just write w, for all the subsequences for the sake of brevity.

Firstly we use (4.2.3) and (4.2.4) to deduce the uniform bounds for any 7' > 0

T
lve 2 .= /0 100 (D)]172 + Vv ()12 + [l (B)]|72dt < O(T),

HL((0,7);L2)NL2((0,T);H!

and
T
loelommy = [ le®lfde < @),

i.e. equiboundedness in H} (Ry; L2(T3)) N L (Ry; HY(T3)) N LY

loc loc
to extract a subsequence and a limit s.t. for any 7" > 0

(R ; LP(T3)). This allows us

ve —v in HY(0,T); L*(T?) N L*((0,T); H' (T?)) (4.2.36)
v. —v in LP((0,T);T?) (4.2.37)
ve — v in LY(0,T);T?) for any q € [2,p). (4.2.38)

Note that in the last one we have strong convergence since by the compact embedding H' — L?
we get strong convergence in L?((0,T); T?) and interpolating this with the LP bound, we can
deduce strong convergence in L9((0,7T); T?).
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Now we note that from the uniform bounds in (4.2.4]) and (4.2.5) we get for the limit

O € L (Ry; L?) and 2V 02v € L= (R, ; (H' N LP)%). (4.2.39)

In order to confirm that the limit satisfies the correct initial conditions, we firstly note that the

condition v(0) = v.(0) = vy follows from (4.2.36]). Moreover, the bounds (4.2.4) and (4.2.5))

together with the embedding L? < (H! N LP)* allow us to get a uniform bound
€2V Opvellwioo (s (minLryy S 1.

This allows us to conclude that
e 9,0(0) = 2V 940.(0) = Wy

as elements in (H! N LP)*.

Next, we show that our limit v actually solves the correct equation, i.e. (4.2.8)). Note that the v,
satisfy the Euler-Lagrange equations (4.2.34]) which are —slightly rewritten—

—/ /ezwﬁtvsat (aﬁafn) dzdt Jr/ /67%(32‘/[/(Vv5 VN —venZ' + |veP"%vn) = 0.
0 0
Now we choose 7(t, z) = e~ £ (t, z) for any ¢ € C2° which yields

—/ /62W8tv58t(628t2g0 +e0yp + p)dxdt + / /eQW(Vz;E Vo — 002" + v [P 2v.0) = 0.
0 0

Now we are able to pass to the limit in this formulation, using the fact that

Owe — O in L. (Ry;L?)
Vv, = Vv in L% _(Ry;L?)
ve v in L}, (R+;H%)
ve > v in L{:Cl(R_‘_; P,

The limiting equation is thus

—/ /eQW@v@tapdxdt + / /eQW(VU Vo —vpZ') + e’V u|P2up = 0.
0 0

which is the weak formulation of (4.2.8)) i.e. (4.1.6].
Lastly we prove the energy inequality (4.2.10) as in . This follows from the following lemma.

Lemma 4.2.10 (Lemma 6.1 from ) Let 1(t), m(t) be nonnegative functions in Li. . s.t.
A2I(t) <m(t)  fora.e. t >0,

then for § € (0,1),a > 0 we have

da T+Ha T+a
/ se”*ds / l(t)dté/ m(t)dt VT > 0.
0 T+éa T
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We want to apply Lemma [4.2.10| with [(¢) = W.(¢) and
m(t) = —K.(t) + C(J|v1]l Lz + W(vo) + €),

where C' is the constant from (4.2.30)). This is allowed in light of (4.2.30)) and by recalling the
definition
E. = K.+ A°W..

Thus we have
T+a T+a

Y (da) W.(t)dt < — / K.(t)dt + aCE(0) + aCk,
T+da T

for all T > 0,6 € (0,1) and a > 0, where we have defined Y (s) := [ te~'dt. Now we rescale, i.e.
make the re-substitution u(t, z) = v(et, x), which leads to

5@ T+a T+a 1
Y (> W(v(t))dt + / —||e" 0. ||22dt < aCE(0) + aCe
€ T+da T 2

after having also replaced T by % and a by 2. Now we can take € — 0 in this bound, using that
Y (%‘1) — 1 and lower-semicontinuity /Fatou to obtain

T+a T+a

W(v(t))dt+/ %HeW&UH%thSaCé‘(O),

T+éa T

next we take § — 0, divide both sides by a and take a — 0 to finally obtain
1
W((T)) + S [l dro(T)IIZ: < £(0),

which is precisely (4.2.10]).
This concludes the proof of Theorem [4:2.1]

We have thus constructed solutions to the energy supercritical stochastic wave equation (4.1.1]).
With the same method we are able to prove that for solutions us to the Wave equation with a
smooth approximation to the Anderson Hamiltonian, as in (2.2.35|)

Otus — (A + & — cs) = —uglus|P —2 on Ry x T3 (4.2.40)

(u57atu5)‘t:0 = (ugau(s) = (eW6U0;eW6U1)7

exist globally for (vg,v1) € (H! N LP)2. Moreover, there exists a subsequence which converges to a
solution to (4.1.1) with initial data

((ug,u1) = (ewvo, erl)).
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