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Abstract

In strongly correlated many-body quantum systems, the complex interplay between a large
number of degrees of freedom and the presence of various competing energy scales leads to rich
phase diagrams, but also renders these systems extremely susceptible to external perturbations.
Engineering couplings to external �elds, or environments, o�ers the possibility of controlling
the behavior of these quantum systems. This has opened up the door for the preparation of
quantum phases of matter and light with sought-after properties, both in ultracold atoms and
solid state platforms.

This thesis explores two directions for externally controlling many-body quantum systems,
aiming to steer systems towards non-trivial quantum phases, or to investigate complex quan-
tum phase transitions. First, we consider ultracold bosonic atoms coupled to a dissipative op-
tical cavity. The interplay between the kinetic motion, atomic short range interactions and the
global coupling to the lossy cavity mode provides a perfect platform for the study of many-body
aspects of the self-ordering processes. In this thesis, we present several methodological devel-
opments for atoms-cavity coupled systems, going beyond the usual mean �eld methods. These
novel methods allow us to show the crucial role of the �uctuations in the atoms-cavity coupling,
which give a mixed state character to the self-organization phase transition. Furthermore, we
investigate the presence of a strong symmetry which leads to the existence of conservation laws
and the coexistence of multiple steady states in the open system. We analyze the many-body
dynamics after slightly breaking this symmetry. Additionally, we show that by engineering the
coupling to a cavity we realize a dynamically induced spin-orbit coupling. We �nd that a Meiss-
ner super�uid steady state exhibiting a non-trivial chiral current can be stabilized in the coupled
system. Secondly, we study the excitation spectrum of the one-dimensional XXZ spin chain
with a position dependent magnetic �eld, across a magnetic quantum phase transition. We
show that at high magnetic �elds the dynamics of single magnons dominate the low-frequency
excitations and that states of two con�ned magnons are present at large frequencies. Our re-
sults are in very good agreement with measurements performed on the BaCo2V2O8 compound
in high magnetic �elds.
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Chapter1
Introduction

Enormous progress has been realized towards one of the central goals of modern condensed
matter physics, that of realizing quantum materials [1]. An intricate balance between the com-
peting energy scales and degrees of freedom exists in the strongly correlated many-body sys-
tems, which makes them extremely susceptible to external perturbations. Thus, one can en-
vision the external perturbation of the microscopic interaction parameters in order to control
the evolution of the quantum material towards the desired ground, or metastable state, or for
inducing quantum phase transitions between competing quantum phases. This further moti-
vates the need of an understanding of the properties of quantum materials, and the studies of
the phase diagrams and the quantum critical regimes associated to the quantum phase transi-
tions in interacting many-body quantum systems [2, 3]. A paradigmatic example are the mag-
netic phase transitions, in these situations the electronic degrees of freedom in the material
are directly manipulated using external magnetic �elds. The use of high magnetic �elds have
allowed the realization of phase transitions such as those between high-Tc superconducting
and charge density wave ordered phases [4], or of one-dimensional quantum phase transitions
[5–7] in Ising-like spin chains. Beside the fundamental interest, e�orts are made in develop-
ing devices based on the exotic properties the new phases of matter [1, 8]. Furthermore, one
can make use non-equilibrium phenomena in order to control the quantum states, for exam-
ple by driving the system via coherent interaction of the quantum matter with light [9–13], by
strongly coupling the matter degrees of freedom to quantum light [14–17], or by coupling the
light to the phononic modes of the lattice [18, 19]. In particular, photoinduced enhancement of
superconducting correlations has been shown [20, 21].

The philosophy of controlling quantum systems and preparing quantum states on demand
is deeply ingrained in the �eld of ultracold quantum gases. This is in line with Feynman’s vi-
sion [22] of investigating complex quantum systems by simulating them with the help of other
quantum systems [23, 24]. Rapid experimental progress in techniques of cooling and trapping
atoms with laser light led to remarkable possibilities of tunability and control of cold atomic
gases. The milestone achievements range from the �rst realizations of Bose-Einstein conden-
sation (BEC) in dilute quantum gases [25, 26], and of a degenerate quantum gas of fermions
[27], to the con�nement of ultracold quantum gases in tailored optical potentials [28, 29]. The
versatility of these systems has allowed for the exploration of complex many-body phenom-
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CHAPTER 1. INTRODUCTION

ena, as synthetic analogs of solid-state systems [28–31]. Numerous successful demonstrations
of condensed matter phenomena has been realized [32, 33], as for example the quantum phase
transition between a super�uid and a Mott-insulator [34], as predicted by the Bose-Hubbard
Hamiltonian [35, 36], quantum magnetism and gauge potentials [37, 38], or topological quan-
tum matter [39]. The long coherence times in these systems has facilitated also the study of the
quantum dynamics [40–45], and the investigation of non-equilibrium processes [44, 46–49].

In the experimental realizations the system of interest is typically coupled to external en-
vironments. Having such a dissipative coupling to an environment appears as a challenge that
one has to overcome in order to prepare entangled states of matter. Nevertheless, as it turns
out, the non-equilibrium dissipative e�ects can be also utilized constructively. In this novel
approach, by engineering the coupling of an open many-body system, complex quantum states
can be generated [50–53]. One can tailor the interplay between the dissipative coupling to the
environment and the coherent driving of the system in order to obtain the desired quantum
state as a steady state, or as a state in the decoherence free subspace, of the open quantum
system [53–55]. The non-equilibrium dynamics of an open system assures that the dynamics
towards the steady states is exponentially fast in the presence of a dissipative gap [56], such
that the steady states are stabilized against perturbations. This has been proven as a further
successful approach in the quest for producing quantum materials exhibiting sought-after prop-
erties. For example, several theoretical proposals exist by now for the dissipative preparation
of topological states of matter [57–63]. However, to describe these systems theoretically is very
challenging. New simulation tools have been required to simulate open quantum many-body
systems [64], as the methods developed for closed system cannot be easily applied.

A paradigmatic example of an open system is given by a many-body quantum system glob-
ally coupled to a dissipative quantum light �eld, which can be realized with ultracold atoms
coupled to optical cavities [65, 66]. The potential of this platform has been highlighted with
the seminal experimental demonstration of the supperradiant self-organization transition of
a transversely driven BEC [67]. An interesting development in this �eld were the proposals
of additionally con�ning the atomic gas with external optical lattice potentials, which leads
to Hubbard models with cavity-mediated long-range interactions, for both bosons [68] and
fermions [69]. The phase diagram of the extended Bose-Hubbard model with long-range in-
teractions has been experimentally studied [70–73], showing besides the super�uid and Mott
insulating phases, charge density wave and supersolid phases. Further theoretical proposals
used the attractor dynamics of the open system in order to stabilize complex quantum phases
[74–77], including topologically non-trivial phases [61, 78–85]. By designing speci�c couplings
of the cavity �eld to the internal spin degrees of freedom of atoms, one can simulate a wide
class of long-range quantum spin Hamiltonians [86–88]. This has opened the possibilities of
the realization of dissipation-induced instabilities [89–91] and dynamical spin-orbit coupling
[92, 93]. Recent achievements also include studies of the chaotic dynamics [94–97] and the
realization of time crystals [98, 99]. A large part of the theoretical treatments of coupled atoms-
cavity systems were performed, until now, in the framework of the mean �eld decoupling of
the cavity �eld and the atoms [65, 66, 100, 101]. Numerous technical di�culties introduced by
the atom-photon coupling are simpli�ed in the mean �eld approach. However, deviations from
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the mean �eld approach can already be found in small systems of one or two atoms, or two
sites, if the exact coupling between the atomic and photonic states is fully taken into account
[102–107]. This called for new methods which can also treat larger atomic ensembles globally
coupled to bosonic �elds, which we developed in parts of this work [108–110].

In this thesis we present two instances of quantum many-body systems with external con-
trol. First, we consider bosonic atoms con�ned to quasi-one-dimensional optical lattices glob-
ally coupled to the �eld of an optical cavity. We investigate several self-organization transitions
protected by the attractor dynamics, given by the dissipative nature of the photon �eld. We
present several novel methodological developments which allow us to identify drastic devia-
tions from the mean �eld approaches extensively used in the literature. In particular, we show
that the phase transitions have a mixed state character, being dominated by the �uctuations in
the atoms-cavity coupling. Secondly, we study the BaCo2V2O8 compound in a transverse mag-
netic �eld. At large intensities of the magnetic �eld this material realizes the one-dimensional
XXZ spin chain model with a position dependent magnetic �eld. The model exhibits a phase
transition as a function of the magnetic �eld. We show a very good agreement between exper-
imental measurements and our numerical and analytical results.

The outline of the thesis is as follows

Chapter 2: We begin by introducing the theoretical models used for the description of the
quantum many-body systems considered in this thesis. First, we present the case of ultracold
atoms coupled to optical cavities. As this is a dissipative system, we o�er a short introduction to
the framework of Markovian open quantum systems and afterwards we sketch the derivation
of the model for an one-dimensional chain of bosonic atoms globally coupled to the photonic
mode. We describe the phase diagram of this system at the level of a mean �eld decoupling
between the atoms and the cavity �eld, as we will contrast this to the methods which go beyond
the mean �eld approximation later in the thesis. Secondly, we present the phase diagram of the
one-dimensional XXZ spin chain model in the absence of a magnetic �eld and the lowest
energy excitations for the di�erent phases.

Chapter 3: One of the central elements of this thesis is the matrix product state (MPS) for-
malism which allows us to perform numerically exact simulations of low-dimensional many-
body quantum systems. We give a short introduction into how one can �nd the ground state,
or perform the time evolution, of a Hamiltonian system. In the second part of the chapter we
go beyond the usual implementation of time-dependent matrix product state method (tMPS)
approaches and develop a tMPS method for the combined atom-cavity system. This new and
e�cient implementation allows us to deal with the global coupled of the cavity �eld to the
atoms, the very large dimension of the cavity Hilbert space and the dissipative nature of the
system. We present extensive convergence checks of the method in order to prove its applica-
bility to the considered systems. The second part of this chapter, which constitutes one of the
main methodological developments performed in this thesis, is based upon results published in
Ref. [109],
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CHAPTER 1. INTRODUCTION

Chapter 4: In this chapter, we present one of the main analytical approaches used in this
thesis, namely the many-body adiabatic elimination. This method is in essence a perturbation
theory which allows us to eliminate the fast decaying subspaces of a many-body open quantum
system, obtaining an e�ective dynamics valid at long times. After the derivation of the equa-
tions of motions for a general open system described by a Liouvillian, we extend this approach
for atoms-cavity coupled systems. This is the second methodological development performed
in this thesis. We consider two possible perturbations, either the kinetic energy of the atoms,
or the �uctuations on top of the mean �eld decoupling of the cavity and the atoms, and we
compute the steady state in both situations. This chapter is based upon results published in
Refs. [109, 110].

Chapter 5: We present the properties of a chain of interacting bosonic atoms coupled to
an optical cavity, obtained with the newly developed numerical exact and analytical methods,
which go beyond the mean �eld description. This coupled atoms-cavity system exhibits a phase
transition between a normal state and a self-organized state, characterized by the presence of a
�nite cavity occupation and the atoms forming a density wave. We observe important devia-
tions from the mean �eld results in both our numerical exact time-evolution and the analytical
many-body adiabatic elimination approaches. Our results show that the self-organization tran-
sition has a mixed state character, in contrast to the pure state transition obtained in the mean
�eld description. In certain regimes the atoms can be described by a �nite e�ective temperature.
In particular, we show that in the self-organized phase the steady state consists in a mixture
of the mean �eld predicted density wave states and excited states with additional defects. The
deviations become even more prominent when the strength of the dissipative processes is large,
in this case the atomic steady state is characterized by a very large e�ective temperature. This
chapter is based upon results published in Refs. [108, 110].

Chapter 6: Once the bosonic atoms are non-interacting a strong symmetry is present in
our coupled system. The existence of a symmetry in a quantum system has crucial implications
on its behavior and dynamics. In dissipative quantum systems, in contrast to closed system,
it is not always true that a symmetry implies a conserved quantity. Only the so-called strong
symmetries lead to the existence of multiple steady states and conservation laws. We show with
the beyond mean �eld methods developed in the previous chapters how the strong symmetry
a�ects the dynamics of the atoms coupled to the cavity. We observe the phenomenon of dis-
sipative freezing, which consists in the breaking of the conservation law at the level of single
stochastic quantum trajectories in the presence of the strong symmetry. We analyze how the
presence of a small interaction term breaks the strong symmetry and provokes a transition from
multiple steady states to a unique steady state. This chapter is based upon results published in
Ref. [111].

Chapter 7: We present a theoretical proposal in which the coupling between bosonic atoms
trapped in a one-dimensional wire and the cavity is designed in such a way that a spin-orbit cou-
pling is dynamically induced. The spin-orbit coupling is induced via Raman transitions between
two internal states of the atoms, which employ the cavity mode and a transverse running wave
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pump beam, the transitions imprint a spatial dependent phase onto the atomic wavefunction.
Due to the complexity of the coupling between the atoms and the cavity �eld, in this chapter we
take the �rst steps in analyzing this system, by computing the mean �eld phase diagram. We
show that we can stabilize the exotic Meissner super�uid in the bosonic wire. In the Meissner
phase the spin of the particles and their momentum direction are locked to each other, such
that the two spins are propagating in opposite directions, giving rise to persistent chiral spin
current. Our analysis is performed both in a homogeneous system, or with a parabolic trap, for
experimentally feasible parameters. This chapter is based upon results published in Ref. [93].

Chapter 8: In this chapter, we investigate the one-dimensional XXZ spin chain model
in the presence of a spatially dependent magnetic �eld with four-fold periodicity. We unveil
a quantum phase transition as we increase the magnetic �eld, which we determine to belong
to the Ising universality class. We perform time-dependent matrix product states simulations
to compute the dynamical spin structure factor. This allows us to investigate the excitation
spectrum across the phase transition. We complement our numerical simulations with analyt-
ical approaches and we identify that above the critical �eld the relevant excitations are single
magnons and two-magnon bound states. We show that our theoretical results agree very well
with experimental data obtained for the BaCo2V2O8 compound in a transverse magnetic �eld.
This chapter is based upon results soon to be published in Ref. [112].

We conclude our discussions in Chapter 9 with a brief summary of our results and an
outlook onto future research directions.
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Chapter2
Theoretical models for quantum
many-body systems

In this chapter, we give a brief presentation of the theoretical quantum many-body models we
employ in this thesis. Sec. 2.1 is focused on ultracold atoms coupled to optical cavities. We
present the framework of the Lindblad master equation for open quantum systems. We sketch
the derivation of the model for atoms coupled to an optical cavity which we will use in Chapters
3 to 6. In Sec. 2.1.3 we discuss the mean �eld diagram of the model. In Sec. 2.2 we present the
properties of the XXZ spin chain in zero magnetic �eld, which we need for our investigation
of the BaCo2V2O8 compound presented in Chap. 8.

2.1 Ultracold atoms coupled to optical cavities
2.1.1 Short introduction to open quantum systems

The paradigm of open quantum systems stems from the situation in which the quantum sys-
tem of interest, S, is in contact with another system E, called the environment. One approach
would be to study the full composite system, but this is usually not feasible as the environment
tends to be much larger than the system of interest. For example, one could have a coupling to
a reservoir with in�nitely many degrees of freedom. Nevertheless, methods in which one can
characterize, under certain assumptions, just the e�ective dynamics of the system of interest
under the action of the environment exist [56]. The Hamiltonian which describes the dynamics
of the full system can be written as

H = HS ⊗ 1 + 1⊗HE +HSE, (2.1)

where HS acts on the system degrees of freedom, HE on the environment and HSE provides
the coupling between the system and the environment. The evolution of the system can be now
computed with the von Neumann equation for the density matrix of the full system

∂

∂t
ρ = − i

~
[H, ρ] . (2.2)
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2.1.1 Short introduction to open quantum systems

We can calculate the density matrix of a sub part of the full system by performing the partial
trace of the complementary part, i.e. ρS = trE(ρ) for the system’s density matrix and ρE =
trS(ρ) for the environment. In the case of a time-independent Hamiltonian one can write the
formal solution for ρS by integrating Eq. (2.2) and tracing out the environment

ρS(t) = trE
[
U(t, 0)ρ(0)U(t, 0)†

]
, (2.3)

with the unitary time-evolution operator U(t, t0) = exp [−iH(t− t0)/~]. As the time evolu-
tion of ρS(t) is given by the trace over the environment, it is no longer unitary. This can be
interpreted as a form of dissipation, justifying the name of open quantum system. Due to the
fact that the full evolution is not feasible to be computed in most cases of interest, we would like
to trace out the environment before integrating the full equation of motion, Eq. (2.2). In this ap-
proach we obtain an equation of motion containing just operators of the system S. To achieve
this we make the assumption of Markovianity [56]. This can be stated as the fact that the time
evolution of the open system depends only on its current state, and not on the past trajectory
of the system in time. This condition is valid if the system-environment coupling induces much
longer time scales than the relaxation time scales of the environment. Markovianity also implies
that the environment has no "memory", such that there is no retroactive e�ect from previous
dissipative events on the current state of the system. Thus, we can also assume that at the initial
time the system and environment are decoupled, ρ(t = 0) = ρS(t = 0) ⊗ ρE . These assump-
tions are reasonable if the environment is large enough to not be a�ected by the dynamics of
the system. But, in general, the condition of Markovianity has to be carefully veri�ed. In the
�elds of quantum optics and ultracold atoms Markovianity is usually well-ful�lled, as the main
dissipation channels are photon or particle losses. The most general equation that satis�es the
previous assumptions is the Markovian quantum master equation in Lindblad form, or simply
the Lindblad equation, which reads [56, 113, 114]

∂

∂t
ρS = L(ρS) = − i

~
[HS, ρS] +D(ρS), (2.4)

with D(ρS) =
1

2

∑
j

Γj

(
2LjρSL

†
j − L

†
jLjρS − ρSL

†
jLj

)
.

The Markovian time evolution is generated by the Liouvillian superoperator L, its �rst term
describes the unitary evolution under the system Hamiltonian and the second, the dissipator
D, the dissipative processes. Lj are called the Lindblad, or jump, operators and model the e�ect
of the environment on the system, each corresponding to a coupling strength Γj . The Lindblad
equation preserves the trace, hermiticity and semi-positivity of the density matrix. Thus, we
are assured that the density matrix remains physical during the evolution [56]. Since in this
work we are only interested in the properties of the open system, we drop the S index and use
ρ ≡ ρS from now on.

The formal solution of Eq. (2.4) can be written as

ρ(t) = eLtρ(0). (2.5)
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2.1 Ultracold atoms coupled to optical cavities

The exponential in Eq. (2.6) can be computed, in principle, by going to the eigenbasis of L,
as L is a linear operator acting on the space of system density matrices. This implies that
we can perform the time evolution by evolving the Liouvillian’s eigenstates, weighted with
their overlap with the initial state. Because L is a non-hermitian operator, its eigenvalues are
in general complex. However, the form of the Lindblad equation, Eq. (2.4), leads to several
restrictions on the eigenvalue spectrum. As the trace of ρ is conserved, this implies that the
real part of the eigenvalues is less than or equal to zero and at least one eigenvalue is zero.
Thus, there exists at least one eigenstate which satisfy the condition

Lρst = 0. (2.6)

These states do not evolve in time and are called steady states. The other eigenstates ρj , with the
corresponding eigenvalues λj = −λRj + iλIj , which have a �nite negative real part are subject
to an exponential decay in time

ρj(t) = e−λ
R
j +iλIj tρj(0)

t→∞−−−→ 0, where λRj ∈ R+
0 , λ

I
j ∈ R. (2.7)

For the unique steady state, regardless of the initial state the system always evolves towards the
steady state exhibiting an attractor dynamics, exponentially fast in the presence of a dissipative
gap. In contrast, in the case of multiple steady states, the long time state is determined by the
overlap of the steady states with the initial state. We note that eigenstates for which λRj = 0,
but λIj 6= 0, are also possible [115], in this case the states do not decay in time and have an
oscillating phase at all times.

2.1.2 Theoretical model of ultracold atoms in optical lattices coupled to optical cavi-
ties

In the following chapters, to a large extend, we study and develop methods to investigate
dissipative systems of interacting particles globally coupled to a bosonic �eld, as sketched in
Fig. 2.1. In such a situation, the particles can for example describe atoms or electrons and the
bosonic quantum �eld can be for example a photonic �eld of a cavity or a long lived phononic
mode. As we saw in the previous section, these systems can be described by a Lindblad master
equation for the density operator ρ, given by [56, 65, 100, 114]

∂

∂t
ρ = − i

~
[H, ρ] +

Γ

2

(
2aρa† − a†aρ− ρa†a

)
, (2.8)

where a and a† are the annihilation and creation operators for the bosonic mode. The dissipa-
tive term proportional to the dissipation strength Γ describes the losses in the bosonic mode.
We consider the Lindblad form of the dissipator, where the jump operator is the annihilation
operator a of the bosonic mode. In a photonic cavity these can be due to the imperfections of
the mirrors and for phononic modes it describes the decay into a bath of phononic modes.

In this section, we want to introduce the model of ultracold bosonic atoms con�ned in a
one-dimensional chain coupled to an optical cavity used throughout this thesis (see Chapters 3,
4, 5 and 6) [108–111]. We sketch the derivation of the model following Ref. [100]. We note
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2.1.2 Theoretical model of ultracold atoms in optical lattices coupled to optical cavities

Figure 2.1: Sketch of a chain of interacting particles (e.g. atoms or electrons) coupled to a single bosonic
quantum mode (cavity �elds or phononic modes) . The bosonic mode has a dissipative nature and it is
coupled to every site of the chain. The coupling strength can vary from site to site. ©2020 American
Physical Society, published in [109].

Figure 2.2: Sketch of the bosonic atoms con�ned in a one-dimensional chain in an optical cavity. The
atoms tunnel with the amplitude J and have an on-site interaction of strength U . The coupling of the
atoms to the cavity is realized with a retrore�ected transverse pump beam. As the lattice spacing is
commensurate with half of the wavelength of the cavity mode, the cavity �eld is coupled to the total
imbalance between the odd and even sites of the chain. The strength of the coupling is controlled by the
pump amplitude Ω. The cavity is losing photons with the dissipation strength Γ, due to the imperfections
of the mirrors. ©2020 American Physical Society, published in [109].

that in Chap. 7 we consider a more complicated model where the cavity induces a dynamical
spin-orbit coupling, which can be derived in a similar manner [93].
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2.1 Ultracold atoms coupled to optical cavities

We start withN two-level bosonic atoms with massm and transition frequencyωeg strongly
interacting with a single standing wave mode of frequency ωc. We also consider a coherent
driving of the atoms at frequency ωp with a transverse pump beam (see Fig. 2.2). A single
atom of this system can be described by a Hamiltonain in which one makes the rotating-wave
and electric-dipole approximations [116] . The many particle version of the Hamiltonian us-
ing second quantization formalism, in the rotating frame of the pump laser beam, includes the
following terms [100]

H = Ha +Hc +Hac +Hap. (2.9)

The atomic Hamiltonian is given by

Ha =

∫
d3x

[
ψ†g(x)

(
− ~2

2m
∇2 + Vg(x)

)
ψg(x) + ψ†e(x)

(
− ~2

2m
∇2 + Ve(x)− ~∆a

)
ψe(x)

]
+
U3D

2

∫
d3x ψ†g(x)ψ†g(x)ψg(x)ψg(x), (2.10)

where ψg(x) and ψe(x) denote the atomic bosonic �eld operator for annihilating an atom at
position x in the ground state and the excited state, respectively. Vg(x) and Ve(x) are external
trapping potentials for the atoms in the ground state and the excited state, respectively. ∆a =
ωp − ωeg is the detuning of the atomic frequency from the pump �eld frequency. The second
line corresponds to the two-body interaction, characterized by the s-wave scattering length as,
where U3D = 4πas~2/m. The cavity part of the Hamiltonian is

Hc = ~δa†a, (2.11)

with a detuning between the cavity mode and the transverse pump beam δ = ωc − ωp. The
coupling of the cavity �eld with the atoms inside the cavity is described by

Hac = −i~
∫
d3x ψ†g(x)g(x)a†ψe(x) + H.c., (2.12)

where g(x) denotes the cavity mode function. The interaction between the atoms and the pump
laser beam is

Hap = −i~
∫
d3x ψ†g(x)h(x)ψe(x) + H.c., (2.13)

where h(x) represents the mode function of the transverse pump �eld.
We want to consider regimes with very low temperatures compared to the internal level

spacing, such that the atomic excitations and spontaneous emission are negligible. In this limit
one can adiabatically eliminate the excited states from the dynamics [100]. This requires large
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2.1.2 Theoretical model of ultracold atoms in optical lattices coupled to optical cavities

atom-pump detunings ∆a. By expanding the equation of motion of ψe(x) in 1/∆a one obtains

ψe(x, t) = − i

∆a

[h(x) + g(x)a(t)]ψg(x, t), (2.14)

where one assumes that the operators ψg(x) and a vary on a much slower time scale than 1/∆a.
One can insert this expression in the equations of motion for ψg(x) and a and obtain that they
can be described by the following e�ective Hamiltonian [100]

He� =

∫
d3x ψ†g(x)

{
− ~2

2m
∇2 + Vg(x) +

~
∆a

[
h2(x) + g2(x)a†a+ h(x)g(x)

(
a+ a†

)]}
ψg(x)

+
U3D

2

∫
d3x ψ†g(x)ψ†g(x)ψg(x)ψg(x), (2.15)

+ ~δa†a.

In the following, we reduce the dimensionality of the system to a one-dimensional chain
along the cavity axis with the help of optical lattices. The mode function of the cavity along
the axis is approximated by g(x) = g(x) = g0 cos(kx), with k the cavity wavevector. As the
transverse beam is a broad standing wave perpendicular to the cavity axis, it is constant for all
sites of the one-dimensional lattice, h(x) = h0 cos(kpy), with kp the pump beam wavevector.
For the trapping potential along the cavity axis we take Vg(x) = V0 cos(kx)2, which is com-
mensurable with the cavity mode [100]. We can now expand the atomic �eld operator ψg(x) in
terms of single atom Wannier functions, w(x) =

∑
h bjw(x− xj), where we restrict ourselves

just to the lowest band of the one-dimensional lattice. The operators bj and b†j are the bosonic
annihilation and creation operators of the atoms on site j. Thus, we obtain the Hamiltonian,
which together with the Liovillian given in Eq. (2.8), describes the one-dimensional chain of
bosonic atoms coupled to an optical cavity (sketched in Fig. 2.2) [65, 66, 100, 101]

H = Hc +Hint +Hkin +Hac (2.16)
Hc = ~δa†a,

Hint =
U

2

L∑
j=1

nj(nj − 1),

Hkin = −J
L−1∑
j=1

(b†jbj+1 + b†j+1bj),

Hac = −~Ω(a+ a†)
L∑
j=1

(−1)jnj,

where nj = b†jbj , L denotes the number of sites of the chain and the total number of bosonic
atoms isN . For the atomic part of the Hamiltonian we haveHkin which describes the tunneling
processes of the atoms with the amplitude J and the term Hint representing the repulsive on-
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2.1 Ultracold atoms coupled to optical cavities

site interaction of strength U > 0. Hac gives the coupling between the cavity �eld and the
total imbalance between the odd and even sites of the chain, with the e�ective pump amplitude
Ω. This coupling is realized due to the assumed commensurability of the cavity mode with
twice the periodicity of the lattice spacing within the chain [100]. We note that for simplicity
in Eq. (2.16) we neglect the frequency shift of the cavity mode induced by a single atom at an
antinode, this is justi�ed for small numbers of photons in the cavity and strong lattice potentials.

The Hamiltonian, Eq. (2.16), exhibits a Z2 symmetry associated with the inversion of the
sign of the cavity �eld, a, and the atomic odd-even imbalance. However, the Z2 symmetry is
only a weak symmetry of the Liouvillian, Eq. (2.8), [115, 117] since the transformation does not
commute with the jump operator a of the Lindblad equation, Eq. (2.8).

2.1.3 Phase diagram in the mean �eld description
For the rest of this section we present the mean �eld approach of eliminating the dynamics

of the cavity �eld [65, 66, 100, 101], for the setup given in Eqs. (2.8)-(2.16). In this approach one
derives an e�ective model for the bosonic atoms employing the adiabatic elimination of the
cavity �eld. Due to the complexity of the models describing atoms coupled to cavities a large
portion of the theoretical studies have been performed in this framework [65, 66].

This approach is based on the mean �eld decoupling of the cavity �eld and the atomic
operators

Hac = −~Ω(a+ a†)
L∑
j=1

(−1)jnj (2.17)

≈ −~Ω(a+ a†)∆− ~Ω〈a+ a†〉
L∑
j=1

(−1)jnj + const.,

where we made the notation ∆ ≡
∑L

j=1(−1)j〈nj〉. After the decoupling one can solve the
equation of motion of the cavity �eld given by

i∂t〈a〉 = −Ω∆ + (δ − iΓ/2)〈a〉. (2.18)

A second assumption is that the cavity �eld has a very fast dynamics, such that we are only
interested in the steady state limit of Eq. (2.18). This is obtained by imposing the condition
∂t〈a〉 = 0. The cavity photons are obtained to be in a coherent state. Using Eqs. (2.8) and (2.16)
this condition becomes

α = 〈a〉 =
Ω

δ − iΓ/2
∆. (2.19)

This equation relates the expectation value of the odd-even imbalance to the value of the cavity
�eld.

After substituting the expectation value for the cavity �eld, Eq. (2.19), into the atomic part
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2.1.3 Phase diagram in the mean �eld description

of the equations of motion, we obtain an e�ective Hamiltonian for the atoms

He� = Hkin +Hint +Himb (2.20)

Hkin = −J
L−1∑
j=1

(b†jbj+1 + b†j+1bj)

Hint =
U

2

L∑
j=1

nj(nj − 1)

Himb = −~Ω (α + α∗)
L∑
j=1

(−1)jnj.

We can see that this e�ective Hamiltonian needs to be analyzed self-consistently as it depends
on the expectation value of the odd-even imbalance ∆, through the cavity �eld.

The usual approach is to describe the atoms by the ground state (zero-temperature state) of
this e�ective model, Eq. (2.20) [65, 66]. Thus, in this approximation, the steady state is a pure
state composed of a product state between the atomic and photonic sector

ρMF = |α(∆e�),∆e�〉〈α(∆e�),∆e�|, (2.21)

where the photonic mode is in the coherent state α(∆e�). The atomic state |∆e�〉 denotes the
ground state of the e�ective Hamiltonian with the self-consistency condition. The e�ective
imbalance ∆e� is de�ned as the expectation value of the odd-even imbalance in the ground
state of the e�ective Hamiltonian.

But this is a rather arbitrary choice, as any eigenstate of the Hamiltonian would solve the
mean �eld equation of motion for the atoms which reads

∂

∂t
ρa = − i

~
[He�, ρ

a] . (2.22)

This stems from the fact that at this level of approximation we are trying to describe an inher-
ently open system just by an e�ective Hamiltonian. In order to solve these problems in this
work we went beyond the mean �eld description by developing novel numerical and analyti-
cal methods that can deal exactly with the atoms-cavity coupling, or including the �uctuations
beyond the mean �eld decoupling, as we will see in Chap. 3 and Chap. 4. In Chap. 5 we present
our results in contrast to the mean �eld approach and we observe that considerable deviations
appear for a wide range of parameters.

We note that the mean �eld approach captures the self-organization transition observed in
this system [65, 66]. Thus, above a certain threshold ΩMF,c

√
N the cavity �eld 〈a〉 takes a �nite

value and the atoms self-organize into a density modulated pattern either on the odd or even
sites of the chain. This spontaneously breaks the Z2 symmetry of the e�ective Hamiltonian.
This is to be contrasted with the full open system, Eqs. (2.8)-(2.16), where we do not expect the
symmetry to be broken for any �nite size system, as the Z2 symmetry is only a weak symmetry
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2.2 Properties of XXZ spin chains

Figure 2.3: The mean �eld value of the scaled photon number, 〈a†a〉/N , as a function of the coupling
strength, ~Ω

√
N/J , for N/L = 1/2, ~δ/J = 2, U/J = 2, and ~Γ/J = 1. The dashed vertical line

marks the self-organization threshold.

[102, 103, 106, 118].
The sudden onset of the cavity �eld is also re�ected in the behavior of the photon number

nMF, as seen in Fig. 2.3, with

nMF = |〈a〉|2 =
Ω2

δ2 + Γ2/4
∆2

e�. (2.23)

2.2 Properties of XXZ spin chains
In Chap. 8 we will investigate the properties of the XXZ spin chain in a transversal mag-

netic �eld, model relevant for the experimental studies of the BaCo2V2O8 compound [5, 119,
120]. In this section, we give a short overview of the equilibrium properties of the XXZ model
without a magnetic �eld [121, 122].

The Hamiltonian for a one-dimensional system of equally spaced spins with spin S = 1/2
is given by

HXXZ =
∑
j

J
[
ε
(
Sxj S

x
j+1 + Syj S

y
j+1

)
+ SzjS

z
j+1

]
, (2.24)

where we have equal interaction strengths Jε for the exchange couplings of neighboring spins
along the x and y spin directions and an interaction strength J for the z direction. The spin−1/2
operators are de�ned as Sα = ~

2
σα, with α ∈ {x, y, z} and σα are the Pauli matrices.

In the following, we present a few details regarding the ground state properties of the
XXZ-model, which can be obtained analytically as the XXZ-model is solvable by Bethe-
Ansatz. The phase diagram of the model exhibits three phases depending on the anisotropy 1/ε,
as seen in Fig. 2.4. The system is in the gapped ferromagnetic phase (Ising FM) for 1/ε < −1,
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Figure 2.4: The phase diagram of the XXZ-model as a function of the anisotropy 1/ε.

the gapped antiferromagnetic phase (Ising AFM) for 1/ε > 1, or the gapless Luttinger liquid
phase, also known as the XY -phase for −1 ≤ 1/ε ≤ 1. We note that at the isotropic points,
1/ε = ±1, the system is a Heisenberg ferromagnet, or antiferromagnet, respectively.

In the Ising ferromagnetic phase, the negative anisotropy favors the parallel alignment of
neighboring spins. This implies that the ground states are given by the fully polarized states
in the z-direction, in two of the possible sectors [123]. For these the ground state magne-
tization in the z-direction is given by 〈Sz〉gs = ±N/2, with N the total number of spins.
The collective low-energy excitations in this regime are the magnons. They can be thought
of being a ’defect’ in the fully polarized state of a spin pointing in the opposite direction
with respect to the surrounding spins. The dispersion relation of the magnons is given by
E(k) = Jε [1− cos(k)− (1/ε+ 1)] [121], yielding an approximately quadratic dispersion for
small momenta on top of a gap of |1/ε|− 1 at k = 0. As we approach 1/ε→ −1 the excitations
become gapless. We note that we can obtain a fully polarized phase also in the presence of a
strong magnetic �eld also for other spin directions, as we will see in Chap. 8.

In the Ising antiferromagnetic phase the positive anisotropy favors the antiparallel spin ori-
entation of the neighboring spins. For a system of �nite size, the ground state is dominated by
the mixing of the two possible con�gurations of alternating spin orientation. But quantum �uc-
tuations have important contributions to the ground state, as the Hamiltonian, Eq. (2.24), does
not conserve the sublattice magnetization, which only takes into account the subset of either
even or odd sites. For strong anisotropy, 1/ε� 1, the excitations on top of the antiferromagnet
can be understood perturbatively by creating domain walls. In this situation, a domain wall
separates regions of alternating spins by a bond with equally aligned spins. If in the ground
state one spin is �ipped, two domain walls arise, which can propagate during the Hamiltonian
time evolution through the system. This results in a continuum in the energy spectrum. The
excitation gap of the antiferromagnet opens for 1/ε > 1 and the dispersion of the excitations
is linear E(k) ∼ k [121]. We note that for the anisotropy values considered in Chap. 8 we are
in the antiferromagnetic phase at zero magnetic �eld.

The third phase in the phase diagram is the XY -phase appearing for small anisotropies
|1/ε| ≤ 1. We can gain some intuition regarding the properties of this phase by employing
the Jordan-Wigner transformation which represents the spins as free spinless fermions and
perturbatively include weak nearest neighbor interactions [122]. In this framework, the ground
state for 1/ε = 0 is a Fermi sea, where, if the system size is large enough, we have particle-hole
excitations with energies that can be arbitrarily small, such that the spectrum is gapless. This
also holds if we include small couplings in the z-direction, |1/ε| � 1.
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Chapter3
Numerical tensor network methods

In this chapter, we �rst present the formalism and theoretical background of matrix product
states (MPS), which allows us to perform accurate simulations of low-dimensional many-body
quantum systems [124]. In the second part we show that matrix product states will also provide
us the framework for developing method suitable for the investigation of open systems with
global range interactions. The main idea of matrix product states is to perform an e�cient
parametrization of the quantum many-body wave function, whose set of degrees of freedom
is growing exponentially with the system size. We aim to capture the essential contributions
by considering just the relevant subspaces of the Hilbert space, such that the representation
of the state can be brought down to a polynomial complexity with respect to the system size.
As we will see, if the targeted quantum state of interest is only moderately entangled upon
any bipartation of the system it can be faithfully represented as a matrix product state. This is
in particular true for the ground states of one-dimensional local gapped Hamiltonians which
obey an area law entanglement spectrum [125], as for example in certain spin chains [126] and
Hubbard models [127, 128]. The algorithm for a variational systematic ground state search has
been originally formulated by S.R. White as the density matrix renormalization group (DMRG)
[129]. This was later cast in the language of matrix product states. A good review can be found,
for example, in Ref. [124]. One can also extend the method to study two-dimensional systems
[130–132]. The further extension to time dependent phenomena (tMPS) [133–135] highlights
the large class of problems that can be tackled within this framework. In this approach the
subspace to which the wave function is constrained is adapted throughout the course of the
time evolution. Recently, a lot of e�ort has been devoted to the e�cient implementation of
MPS techniques as open source tensor network libraries, such as ALPS [136], TeNPy [137],
Open Source MPS [138], and ITensor [139]. In this work we use the ITensor [139], due to its
e�cient implementation and native support of the inclusion of conserved quantities, and as it
o�ers a �exible environment for further development.

In the following, we begin by introducing the concepts on which the matrix product state
formalism relies and the widely used graphical representation, Sec. 3.1.1. The most common
algorithms based on MPS are presented in Sec. 3.1.2, the variational ground state search, and
in Sec. 3.1.3, the time evolution presented, these already allow us to analyze the behavior of
interacting complex quantum systems. In Sec. 3.2 we go a step further and we develop a tMPS
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approach for dealing with the coupled atoms-cavity dissipative system, which we introduced
in Sec. 2.1. This is one of the main methodological developments presented in this thesis. We
explain in detail how we implemented this new algorithm in Sec. 3.2.1 and for the rest of the
chapter, Sec. 3.2.2 to Sec. 3.2.6, we perform extensive convergence checks.

3.1 Backgroundonmatrix product state techniques for one-dimensional
quantum systems

3.1.1 Matrix product state formalism and graphical representation
In this section, we introduce the matrix product state formalism [124] that we employ in

the numerical methods used in this work. We show how to construct and compress a matrix
product state (MPS), and how to compute expectation values using matrix product operators
(MPO). As in the following sections we will heavily use the tensor diagram notation to describe
the algorithms used, we show in Table 3.1 the relation between the basic elements of a tensor
diagram and their mathematical representation.

Table 3.1: Relation between the tensor diagram elements and their mathematical representation.

Diagram Object Mathematical notation

scalar s

vector vi

matrix Aij

rank-3 tensor Aσij

matrix
multiplication

∑
j AijBjk = Cik

The main linear algebra tool used in MPS methods is the singular value decomposition
(SVD). Its associated theorem states that any arbitrary rectangular matrixM of dimension (m×
n) can be decomposed as

M = USV †, (3.1)

where U and V † are unitary matrices of dimension m × min(m,n) and min(m,n) × n. S is
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3.1 Background on matrix product state techniques for one-dimensional quantum systems

a diagonal matrix of dimension min(m,n) × min(m,n), with non-negative entries
√
λi ≥ 0,

called singular values. The Schmidt rank r of matrix M is given by the number of non-zero
singular values,

√
λi > 0.

A �rst application of the SVD is to evaluate the entanglement between two parts of a quan-
tum system by performing the Schimdt decomposition of a quantum state |Ψ〉. Let us consider
a one-dimensional system, which can be divided into two subsystems A and B. The wavefunc-
tion |Ψ〉 describing the full system can be written as

|Ψ〉 =
∑
i,j

Ψi,j|i〉A|j〉B, (3.2)

where {|i〉A} and {|j〉B} are the orthonormal basis of subsystem A, of dimension m, and sub-
system B, of dimension n, respectively. We can rewrite the coe�cients Ψi,j into a matrix Ψ.
By performing the singular value decomposition of the matrix Ψ we obtain

|Ψ〉 =
∑
i,j

min(m,n)∑
a=1

Ui,aSa,aV
∗
j,a|i〉A|j〉B (3.3)

=

min(m,n)∑
a=1

Sa,a

(∑
i

Ui,a|i〉A

)(∑
j

V ∗j,a|j〉B

)

=
r∑

a=1

√
λa|a〉A|a〉B,

where the sum runs only over the non-zero singular values
√
λa > 0, such that the upper

bound is given by the rank r ≤ min(m,n) of S. As the matrices U and V are unitary, the
sets {|a〉A} and {|a〉B} are orthonormal basis sets in the subsystems A and B. We can observe
now the relation between the Schmidt decomposition and the entanglement between the two
subsystems. If the value of the Schmidt rank is r = 1, |Ψ〉 can be written as a product state,
having no entanglement, and the entanglement between A and B is �nite for larger values of
the rank r. We can quantify the entanglement present between the two subsystems with the
von Neumann entanglement entropy, given by

SvN = −
r∑

a=1

λa log(λa). (3.4)

One can also use the Schmidt decomposition in order to approximate the quantum state
|Ψ〉 with a state of a smaller rank. Thus, we want to construct a state |Ψ̃〉 of a maximal rank
D < r, |Ψ̃〉 =

∑D
a=1

√
λa|a〉A|a〉B . We achieve this by minimizing the norm,∥∥∥|Ψ〉 − |Ψ̃〉∥∥∥2

= 1−
r∑

a=D

λa. (3.5)

18



3.1.1 Matrix product state formalism and graphical representation

Where we ordered the singular values λ1 ≥ λ2 ≥ ..., such that we retain the largest D singular
values and discard the smallest r − D singular values. The approximation becomes better if
λa decay quickly for increasing a. Thus, we can approximate our state |Ψ〉 with a state with a
smaller rank at the expense of a truncation error given by sum of the smallest singular values.

Using the described tools we can now exemplify how to construct the matrix product states
[124]. We start from an arbitrary quantum state for a lattice system with L sites and the dimen-
sion of the local Hilbert space d for each site

|Ψ〉 =
∑

σ1,...,σL

cσ1,...,σL|σ1, ..., σL〉, (3.6)

where {|σj〉} is the local basis of dimension d, and |~σ〉 ≡ |σ1, ..., σL〉 ≡ {|σ1〉} ⊗ ... ⊗ {|σL〉}.
We have exponentially many coe�cients cσ1,...,σL , which contain the information of the state.
The collection of the coe�cients cσ1,...,σL can be thought of as a rank-L tensor, which we can
graphically depict as in Fig. 3.1(a). The MPS representation of a state |Ψ〉 reads

|Ψ〉 =
∑

σ1,...,σL

Mσ1Mσ2 ...MσL|σ1, ..., σL〉, (3.7)

where Mσj , j = 1...L, are rank-3 tensors. The contraction of the tensors results in a scalar,
namely cσ1,...,σL , for each state {|σj〉}. The MPS representation can be constructed by perform-
ing the SVD repeatedly, starting from the left or from the right of the matrix product. This
results in the so-called left-canonical or right-canonical matrix product state. In the following
we will exemplify this by constructing the left-canonical matrix product state. The procedure
is graphically represented in Fig. 3.1. We begin by reshaping the dL coe�cients cσ1,...,σL into a
matrix Ψσ1,(σ2...σL) of dimensions

(
d× dL−1

)
and performing the SVD of this matrix

Figure 3.1:Construction of a left-canonical matrix product state by iterative applications of the singular
value decomposition (SVD), see Eq. (3.10).
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3.1 Background on matrix product state techniques for one-dimensional quantum systems

Ψσ1,(σ2...σL) =
∑
a1

Uσ1,a1Sa1,a1V
†
a1,(σ2...σL) ≡

∑
a1

Uσ1,a1ca1,σ2,...,σL , (3.8)

where in the last equality we performed the matrix multiplication and reshaped the result back
into a vector ca1,σ2,...,σL . From this vector we construct Ψ(a1,σ2),(σ3...σL) ≡ ca1,σ2,...,σL . We reshape
the matrix U into a row vector Aσ1 , with Aσ1a1 = Uσ1,a1 . After these operations we have

cσ1,...,σL =
∑
a1

Aσ1a1Ψ(a1σ2),(σ3...σL). (3.9)

Successively performing these steps, SVD and reshaping, we obtain

cσ1,...,σL =
∑
a1

∑
a2

Aσ1a1U(a1σ2),a2Sa2,a2V
†
a2,(σ3...σL) (3.10)

=
∑
a1

∑
a2

Aσ1a1A
σ2
a1,a2

Ψ(a2σ3),(σ4...σL) = ...

=
∑

a1..aL−1

Aσ1a1A
σ2
a1,a2

...AσL−1
aL−2,aL−1

AσLaL−1

= Aσ1Aσ2 ...AσL ,

where Aσj is a matrix with the elements Aσjaj−1,aj = U(aj−1σj),aj . The maximum dimensions
that the collection of A-matrices can have are (1 × d), (d × d2), ..., (dL/2−1 × dL/2), (dL/2 ×
dL/2−1), ..., (d× 1). We refer to the dimensions of these matrices, which are determined by the
number of non-zero singular values in the SVD, as the bond dimension. The maximum bond
dimensions are reached if in each of the singular value decompositions all singular values are
non-zero. Inserting this result in Eq. (3.7), the new representation of the state reads

|Ψ〉 =
∑

σ1,...,σL

Aσ1Aσ2 ...AσL|σ1, ..., σL〉, (3.11)

with the left normalized matrices
∑

σj
Aσj†Aσj = 1. We depict a MPS in this representation

graphically as in Fig. 3.1(d).
In an analogue way, one can de�ne a right-canonical matrix product state, by starting the
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3.1.1 Matrix product state formalism and graphical representation

Figure 3.2: Construction of a right-canonical matrix product state by iterative appliations of the sin-
gular value decomposition (SVD), see Eq. (3.12).

Figure 3.3: The graphical representation of the mixed canonical matrix product state, see Eq. (3.14).

reshaping procedure from the right (see Fig. 3.2)

cσ1,...,σL = Ψ(σ1...σL−1),σL, = ... (3.12)

=
∑
aL−1

U(σ1...σL−1),aL−1
SaL−1,aL−1

V †aL−1σL

=
∑
aL−1

Ψ(σ1...σL−2),(σL−1aL−1)B
σL
aL−1

= ...

=
∑

a1..aL−1

Bσ1
a1
Bσ2
a1,a2

...BσL−1
aL−2,aL−1

BσL
aL−1

= Bσ1Bσ2 ...BσL ,

where Bσj is a matrix with the elements Bσj
aj−1,aj = V †aj−1,(σjaj)

. In this case the state becomes
the right-canonical matrix product state

|Ψ〉 =
∑

σ1,...,σL

Bσ1Bσ2 ...BσL|σ1, ..., σL〉, (3.13)

with the right normalized matrices
∑

σj
BσjBσj† = 1.

We can also perform a mixed decomposition from both right and left, resulting in a mixed
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3.1 Background on matrix product state techniques for one-dimensional quantum systems

canonical product state

|Ψ〉 =
∑

σ1,...,σL

Aσ1 ...AσlSBσl+1 ...BσL|σ1, ..., σL〉 (3.14)

=
∑

σ1,...,σL

Aσ1 ...Aσl−1MσlBσl+1 ...BσL|σ1, ..., σL〉,

where the A matrices are left-normalized and the B matrices are right-normalized. The S
matrix has the components Sal,al =

√
λal , which represent the singular values on the bond l.

The mixed canonical product state is equivalent to the Schmidt decomposition of a system of
length L divided into a subsystem A from site 1 to l and a subsystem B from site l+ 1 to L. We
can multiply the S matrix with the matrixAσl , obtaining a tensor,Mσl , which is not normalised
on site l, representing the orthogonality center, see Fig. 3.3.

The matrices involved in the representations of a MPS can be, in principle, exponentially
large, as their maximal dimension scales as dL/2, thus their size has to be truncated in order
to be feasible to perform numerical operations on them. When the singular values decay fast
enough, we can perform a compression step during the SVD, by employing a cuto� D in the
number of singular values kept and obtain a state that approximates |Ψ〉 the best, as in Eq. (3.5).
This step can be applied iteratively for the SVDs performed at each bond l = 1..L−1, the error
accumulated at each truncation step is given by Eq. (3.5). Thus, a MPS is characterized by the
bond dimensions used for each matrix. In practice, we monitor the maximal bond dimension
used in the MPS.

Now we can represent our state as a MPS, in the next step we need to see how we can
apply an operator on a MPS. In this respect, we can construct matrix product operators (MPO),
analogue to the procedure presented above [124].

Ô =
∑
~σ,~σ′

c(σ1,...,σL),(σ′1,...,σ
′
L)|~σ〉〈~σ′|, (3.15)

=
∑
~σ,~σ′

W σ1,σ′1 ...W σL,σ
′
L|~σ〉〈~σ′|,

where the matrices W σ,σ′ are analogous to the matrices Mσ, but with two physical indices,
which represent the outgoing and ingoing states.
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3.1.1 Matrix product state formalism and graphical representation

Figure 3.4: Application of a matrix product operator (MPO), to a matrix product state (MPS), as ex-
pressed in Eq. (3.16).

Figure 3.5: Measurement of a local observable for an MPS in the mixed-canonical representation. The
blue (red) circles mark left (right) normalised tensors, while the central green tensor is not normalised.

When we act with a MPO onto a MPS we obtain

Ô|Ψ〉 =
∑
~σ,~σ′

W σ1,σ′1 ...W σL,σ
′
L|~σ〉〈~σ′|

(∑
~σ′′

Mσ′′1 ...Mσ′′L|~σ′′〉

)
, (3.16)

=
∑
~σ,~σ′

W σ1,σ′1 ...W σL,σ
′
LMσ′1 ...Mσ′L|~σ〉,

=
∑
~σ

∑
σ′1

W σ1,σ′1Mσ′1

...
∑

σ′L

W σL,σ
′
LMσ′L

|~σ〉,
=
∑
~σ

Nσ1 ...NσL|~σ〉,

with N
σj
(bj−1a′j−1),(bja′j)

=
∑

σj
W

σj ,σ
′
j

bj−1,bj
M

σ′j
a′j−1,a

′
j

a matrix, such that the result is also a matrix
product state. This is graphically depicted in Fig. 3.4. Note that the dimensions of the new
matrices N are larger than the dimensions of the matrices M , such that we need to perform an
additional step of SVD truncations if we want to revert the MPS to the initial bond dimensions.

In order to compute expectation values we also need to act with the adjoint to the MPS after
we contract the MPS and MPO. The adjoint MPS is generically depicted graphically as a MPS for
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3.1 Background on matrix product state techniques for one-dimensional quantum systems

Figure 3.6: Measurement of a non-local two-point correlator in a mixed-canonical representation. The
blue (red) circles mark left (right) normalised tensors.

which the physical indices are pointing in the opposite direction (as seen in Fig. 3.5 and Fig. 3.6).
If the observable of interest is local, or has a limited extend, further simpli�cations can occur by
employing the normalization properties of the di�erent MPS representations. For example, for a
local operator, as seen in Fig. 3.5 we use a mixed canonical representation [see Eq. (3.14)], where
the tensor corresponding to the site on which we act with the operator is not normalized and
the tensors to the left (right) are left (right) normalized. Due to the normalization conditions the
contractions to the left (right) give identities and we are left only with the tensor contractions
between the single site MPO and the tensors of the MPS of the same site. In the same way, for a
two-point correlator we only need to consider the tensors starting from the �rst site on which
the MPO acts and the last site, as seen in Fig. 3.6.

Figure 3.7: The convention used for the labels of the MPS tensors for keeping track of the quantum
numbers.

Before describing the di�erent algorithms for which we can use the MPS representation,
we comment on how quantum numbers can be implemented in the structure of a MPS [139].
In the models considered in this work we deal with abelian quantum numbers. In order to
keep track of the di�erent quantum numbers, in our implementation we label our tensors with
two additional labels, an incoming and outgoing one, as sketched in Fig. 3.7. Each index has a
quantum number assigned and with the arrows we indicate the ’�ow’ of the quantum numbers.
The local state on site iwill change the incoming quantum number qi by an amount q(σi). Such
that the arithmetic for abelian quantum numbers reduces to the local quantum number fusion
rule qi− q(σi) = qi−1, relating the incoming and outgoing labels. Initializing the �rst quantum
number, by convention, to q0 = 0, the value of the �nal outgoing quantum number, qL, will
identify the considered symmetry sector. Using this procedure one can observe that the non-
trivial entries in the tensors are organized in a block structure. This block structure can greatly
reduce the numerical costs of the tensor operations for large tensors, which we need to perform
in the algorithms that we will describe in the following.
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3.1.2 Ground state search

3.1.2 Ground state search
In this section we discuss how one can use the MPS formalism in order to �nd the ground

state of a quantum system described by a Hamiltonian, H [124]. A �rst question that one could
raise in this regard is to ask why one should expect that a MPS is an e�cient representation of
a ground state. This stems from the fact that the ground states of gapped Hamiltonians with
local interaction obey an entanglement area law [140]. Which implies that the entanglement
entropy between two subsystems, upon a bipartition of the system, only depends on the area
of the boundary, and not on the volume of the total system. For a one-dimensional system this
gives that the entanglement entropy is bounded by a constant. As the entanglement is directly
related to the bond dimension of the MPS, it has been shown that such low-entangled states can
be e�ciently represented as a MPS and the bond dimension only grows polynomially with the
system size [125, 141]. In practice, one uses the MPS representation to search for the ground
state also of gapless Hamiltonian, but in this cases a larger bond dimension may be needed and
more attention has to be payed regarding the convergence of the algorithm.

In the following, we describe the MPS formulation of the density matrix renormalization
group (DMRG) method [124]. This method has been introduced by S. R. White in 1992 for the
study of the static properties of one-dimensional quantum system and was originally formu-
lated as a variational, iterative algorithm using density matrices [129].

In order to �nd the ground state of the system we have to minimize the energy, given by
the expectation value of the Hamiltonian, with respect to the wave function used

Egs = min
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

. (3.17)

We solve this by minimizing the following quantity

〈Ψ|H|Ψ〉 − λ〈Ψ|Ψ〉, (3.18)

where we have introduced the Lagrange multiplier λ. At the end of the optimization procedure
|Ψ〉 will approximate the ground state wave function and λ the ground state energy. This is a
very non-trivial problem, as one has to �nd the optimal value for all entries of the tensors of
the MPS, which appear in a non-linear fashion in the quantity we want to minimize. In order
to address this, we iteratively optimize one matrix Mσj at a time, while keeping all other Mσi ,
i 6= j, �xed. Afterwards, we move to the next site, ’sweeping’ through the entire system. If
the accuracy goal is not reached after optimizing the matrices at the edge of the system, MσL ,
i.e. after performing one sweep, one performs another sweep optimizing again all the matrices,
until the error goal is reached. In this work, the error goal is a 10−8 di�erence in the energy
between two consecutive sweeps. Each local update is performed by constructing an e�ective
eigenvalue equation
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3.1 Background on matrix product state techniques for one-dimensional quantum systems

Figure 3.8: Graphical representation of the ground state search algorithm with single site optimisation.
The method which reduces to an e�ective eigenvalue problem. (a) The original optimisation problem of
Eq. (3.19). (b) Constructing the left and right tensors (L and R in blue and red respectively), using the
normalisation conditions of left- (blue) and right-canonical (red) tensors, Eq. (3.20). (c) Reshaping the
tensorMσl

al−1,al
into a vector v = Mσl,al−1,al and rewriting the optimisation into an e�ective eigenvalue

problem Heffv = λv, Eqs. (3.21) and (3.22).

∂〈Ψ|H|Ψ〉
∂Mσl∗

al−1,al

!
= λ

∂〈Ψ|Ψ〉
∂Mσl∗

al−1,al

, (3.19)∑
σ′l

∑
a′l−1,a

′
l

∑
bl−1,bl

L
al−1,a

′
l−1

bl−1
W

σl,σ
′
l

bl−1,bl
R
al,a
′
l

bl
M

σ′l
a′l−1,a

′
l

= λMσl
al−1,al

, (3.20)

∑
σ′l

∑
a′l−1,a

′
l

He�
(σl,al−1,al),(σ′l,a′l−1,a

′
l)
Mσ′l,a

′
l−1,a

′
l

= λMσl,al−1,al , (3.21)

He�v = λv, (3.22)

where v is the vector representation ofMσl,al−1,al . The steps described above can be graphically
depicted as in Fig. 3.8. In Fig. 3.8(b) we have de�ned the left, L, and right, R, tensors in blue
and red. He� contains both the details of the original Hamiltonian in MPO form and all the MPS
sites excluding site l. At this point we estimate the ground state energy with the lowest eigen-
value obtained from Eq. (3.22) and we update the local tensor Mσl

al−1,al
with the corresponding

eigenvector. As the dimensions of the matrices in the eigenvalue problem are, typically, too
large for exact diagonalization, an iterative eigensolver that aims for the lowest eigenvalue is
used. We note that the dimension of the e�ective Hamiltonian is dD2 × dD2

One problem with this approach is the fact that one cannot change the bond dimension
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3.1.3 Time-dependent matrix product state method (tMPS)

during the sweeps. Thus, one has to choose an initial MPS with a su�ciently large bond di-
mension, which makes the single-site algorithm prone to getting stuck in local minima [124].
This can be remedied by performing a two-site optimization, meaning that we now iteratively
optimize two matricesMσlMσl+1 . In this case the dimension ofHe� is increased to d2D2×d2D2.
This implies that the dimension of the bond l is increased up to dD, which we can truncate up
to the desired new bond dimension. Thus, the advantage of the two-site algorithm is that the
bond dimension can grow during the sweeps and can explore a higher-dimensional manifold
of MPS states, making it less likely to get stuck in local minimum. In this work, we have used
the two-site algorithm for computing ground states.

3.1.3 Time-dependent matrix product state method (tMPS)

Figure 3.9: Time evolution gate, representing the bond evolution operator e−iHdt/~, where the bond
Hamiltonian hj acts on sites (j, j + 1).

In this section, we are interested in performing the time evolution, e−iHt/~, starting from a
given initial state, in the MPS representation. The time evolution is performed using the time-
dependent matrix product state (tMPS) approach [124, 133–135]. This method is suitable for
Hamiltonians with short range interactions, as we employ the Trotter-Suzuki decomposition
[142–144] in order to decompose the time evolution operator e−iHt/~ into operations that act
on just a few sites at a time.

In the following, we consider a Hamiltonian which couples only nearest neighboring sites,
such that we can write our Hamiltonian as a sum over bond terms hj acting on sites (j, j + 1)

H =
∑
j

hj. (3.23)

The �rst step is to discretise the time as t = Ntdt, whereNt is the number of time steps required
to evolve the system up to �nal time t, this evolution being described by the propagator

U(t) = e−iHt/~ =
(
e−iHdt/~)Nt . (3.24)

The second order Trotter-Suzuki decomposition for a single time step reads

U(dt) =
L−1∏
j=1

e−ihjdt/2~
1∏

j=L−1

e−ihjdt/2~ +O
(
Ldt3

)
. (3.25)

We note that di�erent decompositions with the same order of the error are possible. We have re-
duced the procedure of performing a time step to the successive application of operators which
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3.1 Background on matrix product state techniques for one-dimensional quantum systems

Figure 3.10: The full evolution for one time step U(dt) decomposed into two-site gates, for a second
order Trotter-Suzuki decomposition.

act only on two adjacent site in our MPS representation, e−ihjdt/2~, which can be graphically
represented as a two site gate as seen in Fig. 3.9. The full procedure of performing a single time
step is depicted in Fig. 3.10. After the application of a single two site gate onto the MPS a SVD
is performed in order to recast our state in the MPS form and to compress the state back to the
desired bond dimension.

We can observe that the order of the error necessary to reach a time t is given byO(Ldt2),
so naively we could think that by decreasing time step we would reduce the error. However, this
implies more gate applications, which results in more compression steps. Thus, one needs to
pay attention to the nontrivial interplay of the two error sources, due to the �nite time step and
the truncation error, in order to determine the convergence of the method. Furthermore, the
needed bond dimension scales exponentially with the von Neumann entropy,D ∼ exp[SvN(t)],
[145], which is restricted by the Lieb-Robinson bound to a maximally linear growth in time
for local Hamiltonians [146, 147]. This implies that a MPS of a certain bond dimension D can
accurately capture the time evolution only up to a certain time.
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3.2 Time-dependent matrix product state (tMPS) method for combined
atom-cavity systems

In this section, we describe a novel numerical exact method based on matrix product states
(MPS). We developed this method to perform the quantum time evolution of the coupled cavity-
atoms system described in Sec. 2.1 and it is one of the main methodological developments pre-
sented in this thesis. However, the method is very generally applicable to other many-body sys-
tems globally coupled to a dissipative bosonic mode. We follow the description of the method
as we presented it in Ref. [109].

3.2.1 Details of the tMPS method for the coupled photon-atom system
In the following, we want to consider the dissipative system of atoms coupled to an optical

cavity described in Sec. 2.1. This is posing several challenges for its treatment via MPS based
methods. The �rst di�culty is due to the global coupling of the cavity mode to the interacting
atoms. The second stems from the arbitrarily large dimension of the Hilbert space of the cavity
�eld. The third challenge is the dissipative nature of the system due to the photon losses. We
present in the following how our implementation overcomes all these di�culties [109]. We
implement the newly developed algorithm e�ciently using the ITensor library [139].

We start by describing how we deal with the dissipative aspect of the considered models
in the tMPS method [64]. For the numerical simulation of a dissipative many body quantum
system we need to determine the time-evolution of the density matrix given by the Lindblad
equation (see Sec. 2.1). State of the art in this regard are two di�erent routes: the �rst is the
stochastic unraveling of the master equation using quantum trajectories [148, 149]. This ap-
proach has the advantage of simulating the time-evolution of wavefunctions instead of density
matrices at the disadvantage of a stochastic sampling. The second is the puri�cation approach
which relies on the rewriting of the density matrix as a MPS with a larger dimension [150, 151].

In this work, we have implemented the stochastic unraveling of the master equation ap-
proach [109]. We note that this decision was motivated in particular by two reasons: First,
already the representation of the interacting ground state of the bosonic atoms as initial state
in the puri�cation approach would have been demanding. Secondly, the additional presence
of the large Hilbert space of the photons would result in an increasing in the required matrix
dimensions. We take good quantum numbers into account for the atoms in our implementation
of the stochastic unraveling approach, by noting that our system preserves the total number of
atoms (see Sec. 2.1). So far, few e�cient combinations of the stochastic unraveling of the master
equation with the matrix product state methods which take conserved quantum numbers into
account have been realized (see e.g. Refs. [109, 152–158]).

In the stochastic unraveling procedure, one samples the time-evolution of many quantum
trajectories consisting of pure states and, in the end, the results are averaged. The probabil-
ity weights in the initial density matrix determine the initial states for the trajectories. The
stochastic time-evolution which is performed for each quantum trajectory is described in the
following:

• A random number η is drawn from the interval [0, 1).
• For each trajectory, the time evolution is performed for a time step with a non-unitary
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

time evolution operator, corresponding to the e�ective Hamiltonian,

H̃ = H − i

2
~Γa†a, (3.26)

(see Sec. 2.1, Eq. (2.16), for full expression of H).
• Since the e�ective Hamiltonian is not Hermitian, this leads to a decay of the norm of the

state in time. The non-unitary deterministic time evolution is performed until the norm
is smaller than a threshold posed by the random number η.

• A quantum jump is performed by applying the jump operator onto the wavefunction,
after which the state is normalized. In the considered case, the jump operator is the
annihilation operator of the cavity �eld, a.

• The described procedure is repeated until the required �nal time is reached.
It can be shown [148, 149] that taking the Monte Carlo average over all sampled quantum

trajectories the obtained time evolution is reproducing the Lindblad dynamics correctly up to
the �rst order in the chosen time step. Many trajectories are required in order to achieve con-
vergence in this method and, furthermore, the time step has to be chosen in such a way that it
is small enough, in order to avoid multiple jumps within one time step. In our case, because the
jump operator only acts on the photonic space, we need to sample several hundred trajectories,
as we discuss in the Sec. 3.2.2.

In the next step, we want to perform the time evolution of one such quantum trajectory
[109]. We perform the time evolution of the wave function within the MPS formalism, by rep-
resenting it as a MPS [124]. We choose in the MPS representation the �rst site to be initially
corresponding to the cavity mode and the rest to the atomic lattice using a Fock basis for each
site (see Fig. 3.11). We deal with the Hilbert space of the photonic mode, which can be in prin-
ciple arbitrarily large, by introducing a cuto� for its dimension. We dynamically adapt the local
Hilbert space of the photonic site during the time evolution. This is done by setting a truncation
goal of the photonic distribution, the details are given in Sec. 3.2.5. In order to benchmark our
results we also present results in which a �xed dimension of the photonic Hilbert space is used.

Because the cavity mode is globally coupled to all the atomic sites, we cannot make the
use of the tMPS implementation for short-range Hamiltonians based on the Trotter-Suzuki
decomposition as it was described in Sec. 3.1.3. Thus, we develop a variant of the tMPS [109]
which can tackle both the global coupling between photons and atoms and the short range
interaction of the atoms into account, it is based on the dynamical deformation of the MPS
structure. The dynamical deformation allows one to alter the order of the sites in the MPS
representation as needed using swap gates [124, 155, 159]. MPS time evolution with swap
gates has been used previously to deal with short-range interaction in two dimensional models
[159], or spin-boson models [155, 160]. In contrast, our implementation can e�ciently deal
with interacting bosonic models globally coupled to the dissipative photonic �eld [109]. Based
on this implementation one can adapt it for fermionic and spin systems coupled to photonic,
or phononic, modes in a straightforward manner.

In the following, we describe our procedure for performing a time step dtwith the e�ective
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3.2.1 Details of the tMPS method for the coupled photon-atom system

Figure 3.11: The graphical representation of one time step based on the Trotter-Suzuki decomposition
described in Eq. (3.27). The �rst (red) site in the graphical representation of the MPS structure corre-
sponds to the cavity mode and the rest to the atomic sites. To be noted that the cavity mode index
marked with a red line has a large local dimension. Green boxes represent the application of the two
site gates of the atomic terms of the time-evolution after Trotter-Suzuki decomposition followed by an
SVD compression step. With orange we depict the large tensor corresponding to the time evolution of
the cavity and cavity-atoms coupling terms of the Hamiltonian. Its application is detailed in Fig. 3.13.
©2020 American Physical Society, published in [109].

Hamiltonian, H̃ , Eq. (3.26). This is based on the Trotter-Suzuki decomposition of the time
evolution propagator in combination with swap gates. We split the terms in order to separate
the contributions containing the cavity �eld operators and the remaining terms

e−
idt
~ H̃ ≈ (3.27)

e−
idt
2~ (Hkin+Hint)e−

idt
~ (Hac+Hc− i

2
~Γa†a)e−

idt
2~ (Hkin+Hint).

This decomposition is valid to the order O(dt3) in the time step. The evolution given by the
operator e− idt2~ (Hkin+Hint) which only contains the atomic operators is computed as in the standard
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.12: The graphical representation of the application of the swap gate procedure: (a) The two
site MPS with the physical indices s, corresponding to the cavity site, and σ, corresponding to the atomic
site, and the swap gate with the indices (s, σ, σ′, s′). (b) The application of the swap gate onto the MPS
by contracting the indices s, σ and the MPS bond index. (c) Restoring the MPS structure by performing a
SVD and renaming the indices σ′ → σ and s′ → s.©2020 American Physical Society, published in [109].

Figure 3.13: The graphical representation of application of the Trotter-Suzuki decomposition of the
terms containing the cavity �eld, Eq. (3.28). Swap gates are needed to bring the initially distant sites
close to each other. ©2020 American Physical Society, published in [109].

tMPS algorithm for short-range interactions [133, 134] by a further decomposition into two site
gates (see Sec. 3.1.3). The two site gates are applied to the MPS followed by a compression step
via a singular value decomposition (SVD) in the order sketched in Fig. 3.11.

For the operator which contains the global coupling to the cavity �eld, e−
idt
~ (Hac+Hc− i

2
~Γa†a),

we make use of the fact that we can decompose Hac such that each term only acts on two sites
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3.2.2 Numerical convergence

–even though distant ones–

e−
idt
~ (Hac+Hc− i

2
~Γa†a) = (3.28)

=
1∏

j=L

e−
idt
2 {−Ω(a+a†)(−1)jnj+

1
L(δ− i

2
Γ)a†a}×

L∏
j=1

e−
idt
2 {−Ω(a+a†)(−1)jnj+

1
L(δ− i

2
Γ)a†a} +O(Ldt3).

Meaning that we need to apply two-site operators where the two sites are not neighbors in
the initial MPS representation. In order to overcome this problem, we modify the structure of
the MPS while applying the time evolution gates in such a way that the two sites on which
the operator acts are brought together. This approach is implemented using swap gates, the
action of the swap gates consists in the swapping of the physical indices of two neighboring
MPS matrices, i.e.

Ss,σi (Mσ1 ...M sMσi ...MσL) (3.29)
= Mσ1 ...(MM)σi,s...MσL

= Mσ1 ...MσiM s...MσL .

HereSs,σi is the swap operator and the state |σ1, ..., s, σi, ..., σL〉 has a weightMσ1 ...M sMσi ...MσL

in the MPS form with s the index of the cavity mode site and σi the index for the bosonic atoms.
In Fig. 3.12 we sketch how the swap gate acts on two MPS sites and changes their order. The
swap gates are constructed from two Kronecker delta functions, each between indices of the
same nature, but di�erent sites, i.e. in Fig. 3.12(a) we have a Kronecker delta from the cavity
index s at the �rst site to the cavity index s′ at the second site (red curve) and a Kronecker delta
from the atomic index σ at the second site to the atomic index σ′ at the �rst site. The next step
is the application of the swap gate onto the MPS wavefunction and obtaining a two-site tensor
with swapped indices [Fig. 3.12(b)]. Finally a SVD decomposition is performed to restore the
MPS structure. Thus, using the swap gates we can apply the operator e−

idt
~ (Hac+Hc− i

2
~Γa†a) onto

the wavefunction as a series of two-site gates, as depicted in Fig. 3.13. No additional error is
introduced by the application of a swap gate, except the SVD truncation error.

As we described all steps out of which our time evolution method consists, we can now
evaluate the order of the errors involved. The implemented method has an error of the order
O(Ldt2) at a certain �nal time t, stemming from the Trotter-Suzuki decomposition. However,
the stochastic unraveling is only valid up to �rst order to dt, such that we expect that this
further limits the choice of the time step.

3.2.2 Numerical convergence
In this section, we discuss the convergence of the numerical method, which is controlled by

several parameters [109]. Firstly, the stochastic unraveling of the master equation with quan-
tum trajectories requires an averaging of a su�ciently large number of trajectories. Addition-
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.14: The dependence of the Monte Carlo average of the photon number as a function of the
number of quantum trajectories sampled. We present the behavior for two parameter sets, L = 10,
N = 5, ~δ/J = 2, U/J = 2, the truncation error is ε = 10−12, (a) ~Ω

√
N/J = 3.35, ~Γ/J = 1,

dtJ/~ = 0.0125 and (b) ~Ω
√
N/J = 4.47, ~Γ/J = 10 , dtJ/~ = 0.01. The error bars represent the

standard deviation of the mean of the Monte Carlo average and in the insets we represent the relative
error as a function of the number of trajectories.

ally, the time step dt must be chosen small enough in order to avoid the occurrence of multiple
jumps in one time step. Secondly, a di�erent source of error comes from the Trotter-Suzuki
decomposition of the time evolution operator. This also requires that the time-step dt is small
enough. Finally, we introduce an additional error by representing our wave functions as a MPS
with �nite local and bond dimensions. This implies a cut-o�, Npho, of the local Hilbert space of
the photons and in some situations also for the bosonic atoms. The procedure to dynamically
adjust the cut-o�, Npho, will be presented in Sec. 3.2.5. Additionally, the introduction of the
�nite bond dimension in the MPS representation, using SVD, leads to the so-called truncation
error. To control the bond dimension of the MPS we impose a truncation error goal ε, thus, in
each compression step, after the application of a time evolution or swap gate onto the MPS,
the number of states kept is such that the truncation error is smaller than ε. We note that as
in the case of the time-dependent MPS [133, 134], the arising errors are not independent and
therefore, a careful analysis needs to be performed.

In the following, we give the typical values of the convergence parameters and analyze
their in�uence on the results. The discussion of the truncation error and the von Neumann
entanglement of the trajectories is presented in Sec. 3.2.3. We note that the values of the
physical parameters correspond to the model presented in Sec. 2.1 and are closely related to
the ones used in Chap. 5 and Chap. 6.

Stochastic error: We want to estimate the error of having a �nite number of quantum
trajectories included in the Monte Carlo average, for this we compute the standard deviation
of the mean for the measured expectation value of an operator E

σ (E(t)) =

√√√√ 1

R(R− 1)

R∑
r=1

(〈ψr(t)|E|ψr(t)〉 − 〈〈E〉〉)2, (3.30)
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3.2.2 Numerical convergence

Figure 3.15: The time evolution of the photon number for di�erent cut-o�s of the photonic Hilbert
space, Npho. We present the behavior for two parameter sets, L = 10, N = 5, ~δ/J = 2, U/J = 2, the
truncation error is ε = 10−12, (a) ~Ω

√
N/J = 3.35, ~Γ/J = 1, dtJ/~ = 0.0125 and (b) ~Ω

√
N/J =

4.47, ~Γ/J = 10 , dtJ/~ = 0.01. The error bars represent the standard deviation of the Monte Carlo
average over 500 trajectories for (a), and 750 trajectories for (b). ©2020 American Physical Society,
published in [109].

whereR is the total number of samples, |ψr(t)〉 the time evolved wave function of the trajectory
labeled by r, and 〈〈E〉〉 the statistical average over all quantum trajectories. For the numeri-
cal data presented, in this and the following chapters, we show this error as the error bars.
Typically, we average over at least 500 trajectories, this ensures that for the physical parame-
ters considered in this work the relative error in the expectation value of the photon number
is smaller than 1% [see, for example, Fig. 3.14 (a)]. For the cases when the photon number is
small, 〈a†a〉 . 1, either at small coupling Ω or large dissipation strengths Γ, we average over
750 trajectories to obtain a relative error smaller than 3%, as the �uctuations have a greater
in�uence [see Fig. 3.14(b)].

Cut-o� of the dimension of the local Hilbert spaces: As the number of photons in the
considered model is not conserved, the dimension of the local Hilbert space can be in�nite and
thus, a cut-o� for its dimension is needed in the numerical implementation. In the following,
we denote the cut-o� Npho, referring to the maximal number of photons that we can capture
and we note that this means that we use Npho + 1 Fock states, as we also have to include the
vacuum state. In this section, we used a �xed cut-o� for the photonic site, to identify more
clearly the in�uence of the cut-o� on the results. However, in Sec. 3.2.5 we present a more
e�cient approach by implementing an adaptive photonic local dimension, since the required
cut-o� can vary considerably in time and with the trajectories. Examples with di�erent �xed
cut-o�s and all other convergence parameters �xed are shown in Fig. 3.15. For a given set
of parameters we observe that above a certain value of the cut-o� Npho the average value of
the photon number is only slightly varying with increasing the cut-o�. In particular for the
presented situation its variation for Npho ≥ 35 (or Npho ≥ 8) becomes lower that the error bars
of the Monte Carlo averaging. However, choosing a too low cuto� e.g. Npho ≤ 25 (or Npho ≤ 4)
in Fig. 3.15, leads to misleading results for both the time-evolution and the values reached at
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.16: The boson number distribution, Pm = tr (〈m|ρ|m〉), in the middle of the chain, for site
5, at tJ/~ = 49.75. We present the behavior for two parameter sets, (red dots) ~Ω

√
N/J = 3.35,

~Γ/J = 1, dtJ/~ = 0.0125, Npho = 40 and (blue dots) ~Ω
√
N/J = 4.47, ~Γ/J = 10 , dtJ/~ = 0.01,

Npho = 10. We use L = 10, N = 5, ~δ/J = 2, U/J = 2, and ε = 10−12. ©2020 American Physical
Society, published in [109].

long time. We observe that because typically the photon number exhibits large increase at
short times, we cannot decide the value of the cut-o� just by looking at the long time values.
Furthermore, the required cut-o� depends very much on the physical parameters. Therefore,
one needs to consider each parameter set separately, as they can result in very di�erent values
for the cut-o�.

Since we consider bosonic atoms and the total number of atoms is conserved in the model,
the maximal possible local dimension for the atomic sites equals the total atom number plus
one for the possibility to have an empty site. We found that in many situations this very large
local dimension is needed, which can strongly restrict the total number of atoms that can be
e�ciently simulated. However, for some physical parameter sets a reduced dimension of the
local bosonic site can be taken. In Fig. 3.16 we compare the occupations of each bosonic number
state for a site in the middle of the chain. We can observe that for the parameter set with
~Γ/J = 1 the occupations of the states with a large boson number are a few times smaller than
for the parameter set with ~Γ/J = 10. This is due to the fact that at large dissipation strengths
we expect that the atomic steady state is close to an in�nite temperature state (see Chapter 4).
We note that the other sites in the chain have even smaller occupations of the states with three
or four bosons, for ~Γ/J = 1. Therefore, we can reduce the local dimension to a maximal of
�ve instead of six states in the cases in which we consider a lower dissipation strength Γ.

Influence of the time step: Since time step controls both the convergence of the stochastic
sampling process and the Trotter-Suzuki decomposition, the dependence of the results on the
value of the time step can be more involved. Furthermore, as in the normal time-dependent
MPS, the time step interplays with the truncation error in a non-trivial fashion. This is due to
the fact that a smaller time-step requires the application of more time-evolution gates, hence
more truncations, and therefore results in an increased truncation error [133]. Such that the
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3.2.3 Entanglement of quantum trajectories

Figure 3.17: (a)-(b) The time evolution of the photon number for di�erent time steps dt. The black
dots represents the extrapolated value in the limit dtJ → 0 at tJ/~ ∈ {1.75, 12, 25, 49.75}. (c)-(f) Con-
vergence of the photon number with the time step at several chosen times. The dashed line represents
a linear �t of the dependence on dtJ , for (c) and (e) the �t is done for the data taken at tJ/~ = 49.75.
We present the behavior for two parameter sets, (a), (c), (d) ~Ω

√
N/J = 3.35, ~Γ/J = 1, Npho = 40

and (b), (e), (f) ~Ω
√
N/J = 4.47, ~Γ/J = 10 and Npho = 10. The error bars represent the standard

deviation of the Monte Carlo average over 500 trajectories for (a), (c), (d) and 750 trajectories for (b), (e),
(f). We use L = 10, N = 5, ~δ/J = 2, U/J = 2, and ε = 10−12. ©2020 American Physical Society,
published in [109].

values used for the time step need to be controlled very carefully depending not only on the
physical timescales, but also on the other convergence parameters of the model.

In Fig. 3.17 we show an example of the dependence on the time step dt obtained �xing all
other parameters. A relatively rapid convergence is seen using time steps between dtJ/~ =
0.01− 0.05 for the considered parameters. In particular, the convergence is in agreement with
the expected linear behavior in the time-step dt which suggests a well justi�ed extrapolation
method. For smaller values of Γ, here ~Γ/J = 1, the error induced by the time-step remains
larger than the error of the statistical error, for the number of quantum trajectories considered.
As we can observe that the extrapolated value lies a bit above the shown results at a �nite time
step at intermediate and long times. In contrast, for the case of large Γ, here ~Γ/J = 10, the
statistical error is dominating the results and the extrapolated values are within the statistical
error bars of the smallest time steps.

3.2.3 Entanglement of quantum trajectories
One of the most important convergence parameters in MPS methods is the bond dimension,

m. Which corresponds to the number of states kept within the SVD compressions as we saw in
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.18: The time evolution of the photon number for di�erent truncation errors, ε and bond
dimensions, m. We present the behavior for three parameter sets, (a) ~Ω

√
N/J = 3.35, ~Γ/J = 1,

L = 10 sites, N = 5 particles, (b) ~Ω
√
N/J = 4.47, ~Γ/J = 10, L = 10 sites, N = 5 particles and (c)

~Ω
√
N/J = 2.46, ~Γ/J = 1, L = 14 sites, N = 7 particles. We use ~δ/J = 2 and U/J = 2. In the

inset of (c) the photon number is taken at tJ/~ = 49.75. The error bars represent the standard deviation
of the Monte Carlo average. The numerical parameters used in the tMPS method are the following: the
time step is dtJ/~ = 0.0125 in (a) and (c), dtJ/~ = 0.01 in (b), and the cut-o� of the local dimension
for the photon mode isNpho = 40 in (a), Npho = 10 in (b) and dynamically adapted in (c) (see Sec. 3.2.5).
The Monte-Carlo average contains 500 trajectories for (a) and (c), and 750 trajectories for (b). ©2020
American Physical Society, published in [109].

Sec. 3.1.1. In order to control its impact, one can monitor the truncation error ε, representing
the sum of the neglected eigenvalues of the reduced density matrix in the SVD compression.
Alternatively, one can use a measure of the decay of the eigenvalues, represented by the von
Neumann entropy, SvN. We analyze in the following the behavior of these two quantities for
di�erent parameters [109].

We �rst look at the dependence on the truncation error ε of the SVD performed in the time-
evolution gates and swap gates shown in Fig. 3.18. As the truncation error is chosen relatively
small for a system size of L = 10 [Fig. 3.18(a)-(b)], the results only weakly depend on the
value of the maximal truncation error ε. In the case of L = 14 [Fig. 3.18(c)], where we control
the truncation error by using �xed bond dimensions, we can observe that the obtained photon
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3.2.3 Entanglement of quantum trajectories

Figure 3.19: The time evolution of the maximal bond dimension for di�erent truncation errors, ε (a),
(b), and the time evolution of the truncation error ε for di�erent bond dimensions, m. We present the
behavior for three parameter sets, (a) ~Ω

√
N/J = 3.35, ~Γ/J = 1, L = 10 sites, N = 5 particles, (b)

~Ω
√
N/J = 4.47, ~Γ/J = 10, L = 10 sites, N = 5 particles, and (c) ~Ω

√
N/J = 2.46, ~Γ/J = 1,

L = 14 sites, N = 7 particles. We use ~δ/J = 2 and U/J = 2. The numerical parameters used in the
tMPS method are the following: the time step is dtJ/~ = 0.0125 in (a) and (c), and dtJ/~ = 0.01 in (b),
and the cut-o� of the local dimension for the photon mode is Npho = 40 in (a), Npho = 10 in (b) and
dynamically adapted in (c) (see Sec. 3.2.5). The Monte-Carlo average contains 500 trajectories for (a) and
(c), and 750 trajectories for (b). ©2020 American Physical Society, published in [109].

numbers are consistent with each other for a wide range of bond dimensions, except for the
case withm = 40, which corresponds to ε ≈ 10−6 at tJ/~ = 49.75. In particular, the deviations
induced by the di�erent truncation errors seem to be of the order to the statistical error. Thus,
we can be con�dent that a truncation error of . 10−7 provides an accurate description of the
considered states in the matrix product form.

As the numerical e�ort of a MPS method is closely related to dimension of the matrices
used, we also monitor the maximal bond dimension needed in the MPS representation in order
to achieve the set truncation error goal, as depicted in Fig. 3.19 (a)-(b), or the largest truncation
error obtained for a �xed bond dimension in Fig. 3.19(c). We observe that the maximal bond
dimension increases considerably with lowering the truncation error. However, for the smallest
chosen truncation errors the maximal bond dimension saturates. The bond dimension needed
to describe the system is between 100 and 300 even for a relatively small system of size L = 10.
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.20: (a) The graphical representation of the MPS structure denoting the bonds for which the
von Neumann entropy was computed, for a bipartition between the cavity site and the atomic sites with
l = 1, a bipartition in the middle of the atomic chain, with one half also containing the cavity site
l = L/2 + 1, and a bipartition between the last atomic site and the rest of the chain, l = L. (b)-(d) The
time evolution of the von Neumann entropy, SvN, of a few single trajectories, the Monte Carlo average
and the maximum value over di�erent trajectories for (b) l = 1, (c) l = L/2 + 1 and (d) l = L. The
parameters used are L = 10, N = 5, ~δ/J = 2, U/J = 2, ~Ω

√
N/J = 3.35 and ~Γ/J = 1. The

Monte-Carlo averages contain at least 500 trajectories. In (b) the black dashed line indicates the value
log(2). ©2020 American Physical Society, published in [109].

For a system of size L = 14 [Fig. 3.19(c)] one needs to increase the bond dimension with more
than an order of magnitude, fromm = 40 tom = 750, in order to decrease the truncation error
from ε ∼ 10−6 to ε ∼ 10−9 at long times.

In the following, in order to monitor the coupling of the photonic and atomic sectors and
the correlations within the atomic chain, we turn to the von Neumann entropy of the quantum
trajectories. We note that the entanglement entropy of the quantum trajectories is not a direct
measure of the entanglement present in the density matrix resulting from the Monte Carlo
averaging process. However, we need to make sure that our MPS method captures well the
entanglement present in the trajectories and the von Neumann entropy, SvN, provides valuable
information in this regard.

We consider three di�erent bipartitions of the MPS, as presented in Fig. 3.20(a), between
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3.2.4 Finite size e�ects

Figure 3.21: The time evolution of the von Neumman entropy SvN for l = 1, l = L/2 + 1 and (a)
di�erent truncation errors and (b) bond dimensions The parameters used are ~δ/J = 2, U/J = 2, (a)
~Ω
√
N/J = 3.35, ~Γ/J = 1, L = 10 sites, N = 5 particles and (b) ~Ω

√
N/J = 2.46, ~Γ/J = 1,

L = 14 sites, N = 7 particles. The Monte-Carlo averages contain at least 500 trajectories. The black
dashed line indicates the value log(2). ©2020 American Physical Society, published in [109].

the cavity site and the rest of the atomic chain, bond l = 1, in the middle of the atomic chain,
where one half also contains the cavity site, bond l = L/2 + 1, and the last bond l = L. This is
motivated by the fact that the �nal atomic site is the furthest apart from the cavity site, and our
�nding that the maximum of SvN throughout the atomic chain occurs at the bond l = L/2 + 1.
In Figs. 3.20(b)-(d) we present the time evolution of the entropy for the Monte Carlo average,
the maximum entropy of the sampled quantum trajectories and for a few single trajectories, for
the three considered bipartitions. We observe that for all bipartitions SvN saturates to a �nite
value in time, both for the average and maximum values. At long times the von Neumann
entropy takes �nite values for all bipartitions and parameter sets considered. In Fig. 3.20(b) we
see that at low dissipation strength the average entropy computed between the photon mode
and the atoms (l = 1) becomes close to log(2) (black dashed line) at long times. This points
to a coherent superposition of two states, we attribute this to a superposition of states with a
di�erent sign of the photon �eld [108]. The value of the entanglement within the chain is larger
than log(2), signaling to contributions from several states in the superposition.

In Fig. 3.21(a) we see that the values of SvN only vary within the Monte Carlo averaging
uncertainty for all considered truncation errors for L = 10. Thus, we can be con�dent that our
method captures the dynamics of our system correctly up to the long times considered. In the
case of L = 14, Fig. 3.21(b), we can observe that the von Neumann entropy, SvN, computed in
the middle of the chain is accurately described for a bond dimension larger thanm ≥ 240. This
bond dimension corresponds to ε ≈ 10−7 at tJ/~ = 49.75 [Fig. 3.19(c)]. As most results in this
work, including the ones presented Chapter 5 and Chapter 6, were computed with a truncation
error goal of 10−12, we can envision that the numerical simulations of the cavity-atoms system
can be pushed towards larger systems and longer times by considering a larger truncation error.
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.22: (a) The scaled photon number, 〈a†a〉/N , as a function of the scaled atoms-cavity coupling
~Ω
√
N/J for L ∈ {10, 14}. We compare our numerical results with the mean �eld approach. The

dashed vertical line marks the self-organization threshold as obtained from the mean-�eld approach for
L = 10 sites. The black vertical line represents the interval between the two possible extrapolations
depicted in (b). (b) The scaled photon number, 〈a†a〉/N , as a function of the inverse system size, 1/L,
for ~Ω

√
N/J = 2.46. The black curves represent a linear and a quadratic �t. The parameters are

n = N/L = 1/2, ~δ/J = 2, U/J = 2, ~Γ/J = 1, and tJ/~ = 49.75. The point for L = 4 is obtained
by the exact diagonalization of Eqs. (2.8)-(2.16) from Sec. 2.1. The numerical parameters used in the
tMPS method are the truncation error ε = 10−12 for L = 10 and ε = 10−9 for L > 10, the cut-o� of the
local dimension for the photon mode between 10 and 25, adapted to the average photon number, and
dtJ/~ = 0.0125. The Monte-Carlo averages contain at least 500 trajectories. ©2020 American Physical
Society, published in [109].

3.2.4 Finite size e�ects
In this subsection, we compare the values at late times for di�erent system sizes in order

to evaluate the �nite size e�ects in our simulations [109]. We consider the values at late time,
tJ/~ ≈ 50, to be good approximations of the steady state values for the parameter regimes used
as the considered quantities have become almost constant in time. Typically, such a regime is
reached before tJ/~ ≈ 50, as shown in the time evolution plots, for example Fig. 3.15 for the
photon number, or Fig. 3.20 for the von Neumann entropy.

We �rst evaluate the �nite size e�ects by analyzing how the transition from the normal
state to the self-organized state takes place for two system sizes. In Fig. 3.22(a) we scale the
photon number and the atoms-cavity coupling with the number of particles. For a comparison
we show both the mean �eld (see Sec. 2.1) and the numerically exact tMPS method results.
Only small deviations with increasing the system size are observed. In particular, in the mean
�eld results the transition to the self-organizes phase starts later and becomes steeper with
increasing system size. In the tMPS results, the rise of the photon number seems to occur for a
bit larger scaled pump strength and the scaled photon number is slightly lower for L = 14.

The next step is to perform an extrapolation in the thermodynamic limit, L → ∞, by
computing the scaled photon number for multiple system size [see Fig. 3.22(b)]. We note that
the point at L = 4 is obtained by the exact diagonalization of Eqs. (2.8)-(2.16) from Sec. 2.1 and
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Figure 3.23: The dependence of the scaled photon number 〈a†a〉/N , on 1/L. The parameters used
are N = L/2 particles and ~Γ/J ∈ {10, 11, 12, 13}. The behavior is consistent with a L−1 scaling of
〈a†a〉/N . ©2020 American Physical Society, published in [109].

Figure 3.24: The time evolution of the von Neumman entropy, SvN, of the Monte Carlo average for
di�erent system size, L ∈ {10, 12, 14}, for two bipartitions l = 1 and l = L/2 + 1. The parameters
used are N = L/2, ~δ/J = 2, U/J = 2, (a) ~Ω

√
N/J = 1.6 and ~Γ/J = 1, (b) ~Ω

√
N/J = 4.47

and ~Γ/J = 13. The Monte-Carlo averages contain at least 500 trajectories. ©2020 American Physical
Society, published in [109].

taking the expectation value of the photon number in the steady state, the points for L ≥ 8
were obtained using the tMPS method. We observe a monotonically decreasing dependence for
larger L for the photon number, but the functional form of the system size dependence is not
unambiguous, as both a linear �t of the points with L ≥ 8 and a quadratic �t of all points can
describe the behavior. However, as the extrapolated values are not far from the �nite size results
and they seems to move away from the mean �eld results (see black vertical line in Fig. 3.22),
it leads us to the expectation that our main �ndings presented in Chapter 5 and Chapter 6 will
remain valid for large systems [108, 109].

We further support our �ndings by comparing the dependence of scaled photon number
with L with the many body adiabatic elimination results (method which is going to be intro-
duced in Sec. 4.2). We perform this comparison at large dissipation strengths. We observe in
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Fig. 3.23 that the agreement is very good at large dissipation strengths for all values of L and
dissipation strength Γ considered. The scaled photon number is slightly decreasing for larger
systems sizes in both approaches. This is consistent with the expected vanishing of the scaled
photon number in the thermodynamic limit behavior for the many-body adiabatic elimination
state. We note that for parameters considered together with the large dissipation strengths we
are not in the self-organized state. This will be discussed further in Chapter 5.

In Fig. 3.24 we analyzed the behavior of the von Neumann entropy for di�erent system
sizes, for two di�erent parameter sets. We see that in both cases the entanglement present in
the quantum trajectories between the photon mode and the atoms remains stable for di�erent
the system sizes. This further supports the claim that a coherent superposition of two system
size independent states contribute, as it is the case for the states with the di�erent sign of the
photon �eld [108, 109]. For the bond in the middle of the atomic chain, l = L/2+1, we observe
that the value at which the entropy saturates is increasing with the system size, which indicates
either that the system might be in a gapless phase, or that the system size is too small to cover
the correlation length of a gapped state.

3.2.5 Dynamically adapted cut-o� of the local dimension for the cavity site
As we have seen in Sec. 3.2.2, we need to be careful with respect to the cut-o� of the local

Hilbert space for the photons in order to obtain convergence in the numerical simulations. In
particular, a su�ciently large Npho is required to capture the dynamics correctly (see Fig. 3.15).
Typically we take about triple the average value, this being justi�ed by the fact that the photonic
state is close to a coherent state (see Chap. 5) for which the variance of the photon number
distribution is the same as its mean. Furthermore, during the time evolution the photon number
often varies considerably, as for example for the case in Fig. 3.15(a). In particular, in this case
at short times, tJ/~ . 5, there is a sudden increase of the number of photons in the cavity,
larger than the value at late times. This implies that we need a much larger Npho to accurately
capture the evolution of the photonic state at short times, than we would need at later times.
Therefore, we tried to optimize our implementation by adapting the local dimension for the
cavity site during the time evolution [109].

The spirit of this improvement is similar with the recent developments regarding the time-
dependent MPS methods with local basis optimization. Refs. [161, 162] apply the local basis
optimization idea [163] to the time evolution of the Holstein model of fermions locally coupled
to phononic modes. In this approach one rotates the local Hilbert space adaptively into an
optimized basis that can be truncated. In our case we �nd that we can dynamically adapt the
number of states considered, even without changing the Fock basis for the photons. It would
interesting to see if one can optimize the photonic basis before the truncation step, but this is
left for future implementations.

The �rst step in the implementation of the adaptive cut-o� is to monitor the evolution of
the photon number distribution, this is done by measuring the occupation Pm of the photonic
Fock states with photon numbers m close to the cut-o� value at each time step. The cut-o� is
adapted based on thresholds for the photonic state occupation. To be more precise, we use the
following procedure: At a certain time in the evolution of a single quantum trajectory we have
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Figure 3.25: The time evolution of (a) the photon number, 〈a†a〉, and (b)Npho. We compare the results
corresponding to an adapted cut-o� for di�erent pi and pd with the Monte Carlo average of two di�erent
sets of sampled trajectories with a �xed cut-o� Npho = 40. (c) The photon number distribution, Pm =
tr (〈m|ρ|m〉), at tJ/~ = 49.75 for the data presented in (a) and (b), and at tJ/~ = 1.75 with a �xed cut-
o�. The parameters used are L = 10, N = 5, ~δ/J = 2, U/J = 2, ~Ω

√
N/J = 3.35 and ~Γ/J = 1,

time step dtJ/~ = 0.0125 and the truncation error ε = 10−12. The Monte-Carlo averages contain 500
trajectories. ©2020 American Physical Society, published in [109].

a cut-o� Npho(t). Depending on the behavior of the photon number we need to either increase,
or decrease the cut-o�, thus we can encounter three di�erent situations:

(a) The occupation PNpho of the photonic Fock states with the largest photon number is
smaller than a chosen threshold pd. This signals that the cuto� can be decreased. In
order to do this, we �nd the photonic Fock state m∗ ≤ Npho with the largest photon
number whose occupation is above the threshold, i.e. Pm∗ ≥ pd. We change the cut o� of
the local dimension of the cavity site of the MPS such that the maximal photon number
is Npho(t+ dt) = m∗ + 1 the for the time step t+ dt.

(b) The occupation PNpho of the photonic Fock states with the maximum photon number is
larger than a second chosen threshold pi ≥ pd, i.e. PNpho ≥ pi. This signals that the
photon number should increase. We increase the local dimension of the cavity site of the
MPS at the next time step Npho(t + dt) = Npho(t) + 2. We note that we also tried to
increase the cut-o� even more drastically and we obtained consistent results.
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.26: The time evolution of (a) the photon number, 〈a†a〉, and (b)Npho. We compare the results
corresponding to an adapted cut-o� for di�erent pi and pd with the Monte Carlo average of two di�erent
sets of sampled trajectories with a �xed cut-o�. (c) The photon number distribution, Pm = tr (〈m|ρ|m〉),
at tJ/~ = 49.75 for the data presented in (a) and (b), and at tJ/~ = 2.25 with a �xed cut-o�. The
parameters used are the same as Fig. 3.25, with ~Ω

√
N/J = 2.23. ©2020 American Physical Society,

published in [109].

(c) When the occupation PNpho of the photonic Fock states is in between the two thresholds,
pd < PNpho < pi, we do not change the local dimension of the cavity site.

We control now the convergence of the method with the two threshold values, pd and pi.
We check our procedure of adapting the local dimension for the cavity site by comparing

with the results for a �xed converged cut-o�, as seen in Fig. 3.25 and Fig. 3.26. In Fig. 3.25(a) and
Fig. 3.26(a) we represent the Monte Carlo average of the photon number for two di�erent sets
of sampled trajectories with a �xed cut-o� and the Monte Carlo average of the photon number
with an adapted cut-o� for di�erent pi and pd. We can observe that, except for the case with
pi = 5× 10−2 and pd = 10−3, the results for an adapted cut-o� agree, within the Monte Carlo
averaging error, with the ones for a �xed cut-o�. The evolution in time of the cut-o� can be
seen in Fig. 3.25(b) and Fig. 3.26(b). We note that at short times, tJ/~ < 4, we always keep
the photonic cut-o� �xed and relatively large in order to capture the sudden increase in the
number of photons in the cavity. But at later times we can observe that in all considered cases
the cut-o� is approximately 25% smaller than the initial value. As the large local dimension of
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the cavity site being one of the bottlenecks of the method, this implies a signi�cant speed up
of the tMPS method. As a rough estimate, for the parameters used in Fig. 3.25 the runtime was
with 50% smaller compared with the case with a �xed cut-o� and for the parameters used in
Fig. 3.26 with 25% smaller. We check the agreement of the entire photon number distribution in
Fig. 3.25(c) and Fig. 3.26(c) by plotting the occupation of the photon number states at the �nal
time, tJ/~ = 49.75. As in the case of the photon number average, a very good agreement is
found except for the case with pi = 5 × 10−2 and pd = 10−3. In order to show that at short
times many photon number states are occupied we also plot in Fig. 3.25(c) and Fig. 3.26(c) the
photon number distribution at tJ/~ = 1.75, close to the peak in the photon number. We note
that we also veri�ed the accuracy of this method at the level of single quantum trajectories, not
only by analyzing the Monte Carlo average. This is an important check as in certain trajectories
a sudden increase in the photon number occurs even at later times, thus, once needs to make
sure that the dynamical adaptation of the cut-o� can reproduce this behavior.

The improvement brought by the development presented in this section has a strong depen-
dence on the physical parameters of the model. We have observed that it has a more important
impact, roughly, when the average photon number is larger, as the di�erence between the max-
imum photon number at short times and the steady state value is larger. For example for the
parameters in Fig. 3.25 we manage to lower the local dimension of the cavity site with more
than 10 states compared to the �xed cut-o� previously used, but for the parameters in Fig. 3.26
we have lowered the local dimension with 5 states, due to the lower photon number in the
cavity.

3.2.6 Alternative MPS geometry
As we have mentioned previously we have used a MPS geometry in which the cavity site

was positioned at the edge of the atomic chain, depicted in Fig. 3.20(a). Also the results pre-
sented in Chapter 5 and Chapter 6 are obtained with this geometry. The question that we try to
answer in this section is whatever a di�erent MPS geometry, in which the cavity site starts in
the middle of the atomic chain [see Fig. 3.27(a)], can improve our implementation [109]. This
question is motivated by the desire to minimize the occurring entanglement during the evolu-
tion of the quantum trajectories. If the cavity site is positioned in the middle of the chain the
average distance between the cavity site and the atomic sites is lower, than in the case when
the cavity site is at the edge of the chain. This could imply that the entanglement might be
reduced and the geometry with the cavity site in the center would be a more e�cient MPS
representation. However, we show that in the considered cases, our approach based on swap
gates is not improved this alternative geometry.

The implementation of the new position of the cavity �eld in the center of the atomic chain
requires some adaptations compared to the implementation presented in Sec. 3.2.1. First, we
slightly alter the decomposition of the time evolution with the atomic part of the Hamiltonian,
given by e− idt2~ (Hkin+Hint), depicted in Fig. 3.11, as the atomic sites from the middle of the chain
are no longer neighbors in the MPS representation. We solve this by using swap gates to bring
the two atomic sites next to each other before the application of the time evolution gate. But,
the main di�erence comes from the application of the operator e−

idt
~ (Hac+Hc− i

2
~Γa†a). We use
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3.2 Time-dependent matrix product state (tMPS) method for combined atom-cavity systems

Figure 3.27: (a) The graphical representation of an alternative MPS structure with the cavity site in the
middle of the chain. The bonds for which the von Neumann entropy was computed are marked. (b) The
atomic density pro�le, 〈ni〉, at time tJ/~ = 99.75. The inset contains the time evolution of the atomic
density 〈n6〉. (c)-(d) The time evolution of the von Neumann entropy, SvN for the Monte Carlo average
and the maximum value over di�erent trajectories for (c) l = L/2 + 1 and (d) l = L. We compare the
two di�erent MPS geometries, with the cavity site at the edge of the atomic chain and the cavity site in
the middle of the chain for di�erent time steps dt. The parameters used are L = 10, N = 5, ~δ/J = 2,
U/J = 2, ~Ω

√
N/J = 2.46 and ~Γ/J = 1. The Monte-Carlo averages contain at least 500 trajectories.

©2020 American Physical Society, published in [109].

the decomposition that minimizes the number of swap gates used and leaves the cavity site in
the center of the chain, given by

e−
idt
~ (Hac+Hc− i

2
~Γa†a) = (3.31)

=

L/2∏
j=1

e−
idt
2 [−Ω(a+a†)(−1)jnj+

1
L(δ− i

2
Γ)a†a]

1∏
j=L

e−
idt
2 [−Ω(a+a†)(−1)jnj+

1
L(δ− i

2
Γ)a†a]×

L∏
j=L/2+1

e−
idt
2 [−Ω(a+a†)(−1)jnj+

1
L(δ− i

2
Γ)a†a] +O(Ldt2).
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The �rst thing that we can notice is that the MPS structure with the cavity site in the center
the Trotter-Suzuki decomposition has a larger error compared to the one used for the geometry
with the cavity site at the edge, Eq. (3.28). Thus, we expect that we need a smaller time step,
dt, in this case. We note that one could use a di�erent Trotter-Suzuki decomposition at the
expense of more swap gates.

In Fig. 3.27(b) we compare the density pro�le at time tJ/~ = 99.75 obtained with the
two geometries. We can observe that in the case with the cavity site at the center the density
pro�le is highly asymmetric using the same time step as for the cavity site at the edge. As we
expect that the density pro�le of the atoms to stay symmetric throughout the time evolution
this signals important errors due to the time step. If we decrease the time step the density
pro�le approaches the one obtained by the implementation with the cavity site at the edge. For
a time step of dtJ/~ = 10−3 the di�erences are within the Monte-Carlo error for short times,
tJ/~ . 20, but the deviations at long time are still important, even though for the case with
the cavity site at the edge the time step was more than 10 times larger. We see that the di�erent
order in the expected error due to the �nite time step plays a very important role, as in order to
obtain the same accuracy the implementation with the cavity site in the center needs a much
smaller time step.

As the motivation for this alternative geometry was to reduce entanglement, one could
naively expect that additional numerical e�ort induced by the smaller required time step might
be compensated. We show in Figs. 3.27(c)-(d) the von Neumann entropy. For the two bipartition
considered the von Neumann entropy has very similar values for the two geometries, showing
no decrease in the entanglement caused by the shift of the cavity site. We attribute this to
fact that the dominating contribution to entanglement could be the correlations of the atomic
chain. Therefore, we also expect that the system size dependence is similar to the one found in
Fig. 3.24 and, in particular, is dominated by the increase of the entanglement of the atoms.

Therefore, we can draw the conclusion that we do not expect, as long as we use swap gates,
to gain a lot by using di�erent initial geometries and we expect that this further holds for larger
system sizes.

3.3 Short summary
In conclusion, we presented the basic building blocks of MPS and the algorithms for com-

puting the ground state and the time evolution of one-dimensional systems.
In the second part of the chapter, we developed a quasi-exact tMPS method in order to

determine the full quantum evolution towards the steady state of the interacting bosonic chain
coupled to the cavity. This implementation deals with all the challenges posed by the atom-
cavity system: We employ the stochastic unravelling of the master equation to simulate the
Lindblad equation (see Sec. 2.1). The global coupling of the cavity to the atoms is tackled via
the dynamical deformation of the MPS structure with swap gates. The e�cient simulation of
the very large photonic Hilbert space is ensured by its dynamically adapted cut-o�. We analyze
carefully the convergence of the method for di�erent parameter sets and two di�erent MPS
geometries. In particular, we monitored the time dependence of the von Neumann entropy of
the quantum trajectory in order to ensure that we properly capture the entanglement between
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3.3 Short summary

the cavity and the atoms and within the atomic chain.
The newly developed numerical method is a milestone in the �eld of many-body systems

coupled to a dissipative bosonic mode, giving the possibility to treat them exactly. The pre-
sented algorithm is widely applicable, as it can be easily adapted to fermionic or spin many-
body systems. These developments allowed us to tackle important questions regarding the
self-organization phase transition and to obtain crucial deviations from the often used mean
�eld methods, as we will see in Chap. 5 and Chap. 6.
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Chapter4
Many-body adiabatic elimination
technique for atoms-cavity coupled
systems

In this chapter, we develop analytical methods which can capture the behavior of a coupled
atoms-cavity dissipative system beyond the mean �eld approach which we discussed in Sec. 2.1.
The methods which we will present are based on the many-body adiabatic elimination tech-
nique [56, 114, 164–168]. This technique is a perturbation theory for density matrices around
the decoherence free subspace, where the decoherence free subspace contains the states of the
unperturbed system which no longer decay under the e�ect of dissipation. This allows us to
understand the behavior of our system close to the steady state, since for relatively long times
the dynamics is dominated by virtual processes around the decoherence free subspace.

In Sec. 4.1 we present the general framework of the many-body adiabatic elimination and
the e�ective equations of motion, which capture the quantum �uctuations around the decoher-
ence free subspace. In the rest of the chapter, we show how to extend this method for the case
of a lossy photonic mode coupled to interacting atoms. This is one of the main methodologi-
cal developments presented in this thesis. In Sec. 4.2 we take the kinetic energy of the atoms
as a perturbation [109] and in Sec. 4.3 the �uctuations on top of the atoms-cavity mean �eld
decoupling [110].

4.1 Derivation of the e�ective equations of motion
This section gives an introduction into the many-body adiabatic elimination formalism,

by deriving the perturbative equation of motion. We follow the notations and derivation of
Ref. [168]. We start by considering a generic Lindblad equation

∂

∂t
ρ = L(ρ) = − i

~
[H0 +Hν , ρ] +

1

2

∑
m

Γm
(
2LmρL

†
m − L†mLmρ− ρL†mLm

)
, (4.1)

where H0 +Hν gives the Hamiltonian evolution and Lm are the jump operators describing the
dissipation. We perform a perturbation theory by assuming that V(ρ) = − i

~ [Hν , ρ] is weak and
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4.2 Perturbation in kinetic energy

that we can compute the eigenvalues and the eigenvectors for L0 = − i
~ [H0, ·] +D(·),

L0ρλ = (−λR + iλI)ρλ. (4.2)

If the dissipation strength, Γ, is large enough the real part of the eigenvalues λR ≥ 0 will either
vanishing or lie in bands, separated by gaps of order O(Γ). One can de�ne Λα as the subspace
of the right eigenvectors with the same λRα . For λR0 = 0 we have the decoherence free subspace
Λ0. The states which belong to the higher subspaces Λα 6=0 will decay exponentially in time with
a rate of the order O(Γ). Thus, at long times, t � Γ−1, the dynamics will be con�ned to the
decoherence free subspace. To determine this e�ective dynamics one adiabatically eliminates
the decaying subspaces Λα 6=0 and obtains [167, 168]

∂

∂t
ρΛ0 = L̃Λ0

(
ρΛ0
)
, (4.3)

L̃Λ0 = LΛ0
0 −

∑
α 6=0

VΛ0Λα
(
LΛα

0

)−1 VΛαΛ0 ,

The projection of the density matrix into a subspace X was de�ned by ρX = PX(ρ) and the
reduction of a superoperator O as OXY = PXOPY , and OX = PXOPX .

If we consider the contributions only from the lowest lying subspace we can rewrite this
equation as

∂

∂t
ρ0 = λ0ρ

0 +
1

~2
P0

[
Hν ,

(
LΛ1

0

)−1
P1

[
Hν , ρ

0
]]
, (4.4)

where ρ0 ≡ ρΛ0 , P0 and P1 are the projectors to the decoherence free subspace and the excited
subspace, respectively.

4.2 Perturbation in kinetic energy
In this section, we use the framework described in Sec. 4.1 in order to understand the long-

time behavior of the coupled atom-cavity system (see Sec. 2.1) in the strongly dissipative regime.
We describe how to apply the many-body adiabatic elimination formalism in the case of the
photon mode coupled to the interacting atoms, by taking the kinetic energy as a perturbation.
We follow Ref. [109] where we have introduced this approach, the physical results have been
described in Refs. [108, 111] and will be presented in Chap. 5 and Chap. 6.

We begin by reiterating the model for coupled atoms-cavity system (see Sec. 2.1), which
can be described by a Lindblad equation for the density operator ρ given by [56, 65, 100, 114]

∂

∂t
ρ = − i

~
[H, ρ] +

Γ

2

(
2aρa† − a†aρ− ρa†a

)
, (4.5)

where a and a† are the annihilation and creation operators for the cavity mode. The dissipative
term proportional to the dissipation strength Γ takes into account the losses from the photonic
mode, due to the imperfections of the mirror.
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For interacting bosons con�ned to a chain coupled to a single cavity mode transversely
pumped with a standing-wave laser beam (see Fig. 2.2 from Sec. 2.1), the Hamiltonian has the
form [65, 100, 101]

H = Hc +Hatom +Hac (4.6)
Hc = ~δa†a,
Hatom = Hint +Hkin,

Hint =
U

2

L∑
j=1

nj(nj − 1),

Hkin = −J
L−1∑
j=1

(b†jbj+1 + b†j+1bj),

Hac = −~Ω(a+ a†)O, O =
L∑
j=1

(−1)jnj.

L denotes the number of sites of the chain and the total number of bosonic atoms is N . The
term Hc describes the cavity mode in the rotating frame of the pump beam, with a detuning
between the cavity mode, ωc, and the transverse pump beam, ωp, δ = ωc−ωp. The operators bj
and b†j are the bosonic annihilation and creation operators of the atoms on site j and nj = b†jbj .
For the atomic part of the Hamiltonian we have the termHkin giving the tunneling processes of
the atoms with the amplitude J and the termHint representing the repulsive on-site interaction
of strength U > 0. The term Hac describes the coupling between the cavity �eld and the total
imbalance between the odd and even sites of the chain, with the e�ective pump amplitude Ω. We
make the following notation for the expectation value of the odd-even imbalance, ∆ = 〈O〉 =∑L

j=1(−1)j〈nj〉. The form of the coupling is realized due to the assumed commensurability of
the cavity mode with twice the periodicity of the lattice spacing within the chain [100].

We consider the kinetic energy term,Hkin, as a perturbation (~Γ� ~Ω, ~δ � J ) compared
to the other terms in the Liouvillian

L0 = − i
~

[Hc +Hint +Hac, ·] +D(·). (4.7)

If we consider only contributions from the �rst excited subspace, Λ1, that can be accessed via
one hopping event, the e�ective dynamics, Eq. (4.4), for the elements of the decoherence free
subspace is given by [109, 167, 168]

∂

∂t
ρ0 ≈ λ0ρ

0 +
1

~2
P0

[
Hkin,L−1

0 P1

[
Hkin, ρ

0
]]
, (4.8)

where ρ0 ∈ Λ0 is an eigenstate of L0 with vanishing real part of the eigenvalue, i.e. L0[ρ0] =
λ0ρ

0 with Re(λ0) = 0. The operators P0 and P1 are the projectors onto the subspaces Λ0 and
Λ1, respectively. In Fig. 4.1 we sketched the action of the Liouvillian L0 and the perturbation
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4.2 Perturbation in kinetic energy

Figure 4.1: Sketch of the spectrum of the Liouvillian L0. The subspaces Λα are spanned by the eigen-
states of L0 which have eigenvalues with the same real part. The subspace Λ0 is the decoherence free
subspace of L0, containing only states with a vanishing real part of the eigenvalues. While the evolution
given by L0 is contained within a subspace, the Liovillian Lkin = − i

~ [Hkin, ·] can induce transitions
between the di�erent subspaces Λα. ©2020 American Physical Society, published in [109].

Lkin = − i
~ [Hkin, ·] onto the decoherence free subspace Λ0 and two di�erent subspaces Λ1 and

Λ2.
Next step is to determine the elements of the decoherence free subspace Λ0 and of the

subspace Λ1. Solving the eigenvalue equation belonging toL0 is already complex for the system
we consider. However, we �nd that a set of right eigenstates of L0 is given by the following
Ansatz

ρ = |α(∆);n1, . . . , nL〉〈α(∆′);n′1, . . . , n
′
L|. (4.9)

The atomic part is given by Fock states, with the local densities ni and n′i. The the odd-even
imbalances are ∆ =

∑
j(−1)jnj and ∆′ =

∑
j(−1)jn′j and the total interaction energies are

u = U
2

∑
j nj(nj − 1) and u′ = U

2

∑
j n
′
j(n
′
j − 1). The photons are in a coherent state which

depends on the atomic imbalance

α(∆) =
Ω

δ − iΓ/2
∆, (4.10)

We note that at this point we do not assure that these states are physical density matrices.
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Inserting the state given by Eq. (4.9) in the eigenvalue equation

L0ρ = λρ, (4.11)

we obtain

− i
{
δ(n−m)ρn,m + Ω

(
∆
√
n+ 1ρn+1,m + ∆

√
nρn−1,m −∆′

√
m+ 1ρn,m+1 −∆′

√
mρn,m−1

)
(4.12)

+ (u− u′)ρn,m
}

+
Γ

2

{
2
√

(n+ 1)(m+ 1)ρn+1,m+1 − (n+m)ρn,m

}
= λρn,m,

where ρn,m are the matrix elements of the photon coherent state in the Fock basis. Thus the
corresponding eigenvalues for the right eigenvectors in Eq. (4.9) are given by

λ(∆, u,∆′, u′) = −1

2

Ω2Γ

δ2 + Γ2/4
(∆−∆′)2 (4.13)

+ i

[
Ω2δ

δ2 + Γ2/4
(∆2 −∆′2)− (u− u′)

]
.

We observe that for ∆ = ∆′ the real part of the eigenvalues is zero. Thus, the states in Eq. (4.9)
with ∆ = ∆′ lie in the decoherence free subspace of L0. It is interesting to note that the
eigenstates with ∆ = ∆′, but with di�erent interaction energies u 6= u′ have purely imagi-
nary eigenvalues. The excited subspace which can be accessed via a hopping event from the
decoherence free subspace is given for the states in which ∆ = ∆′ ± 2. By performing exact
diagonalization of the full Liouvillian, Eqs. (4.5)-(4.6), for a small system of N = 2 particles in
L = 4 sites, we observe that for large dissipation strengths the excited subspace mentioned is
the lowest subspace that our perturbation couples to starting from the decoherence free sub-
space.

In the following, we de�ne the two projectors from Eq. (4.8) onto the decoherence free
subspace, P0, and the excited subspace, P1. As they mainly depend on the details of the pho-
tonic state we keep track of the atomic state only via its odd-even imbalance ∆. For P0 we
need to project states of the form |α(∆′),∆〉〈α(∆),∆| or |α(∆),∆〉〈α(∆′),∆| on the state
|α(∆),∆〉〈α(∆),∆| (see Appendix A), so the action of P0 is given by

P0 (|α(∆′),∆〉〈α(∆),∆|) = 〈α(∆),∆|α(∆′),∆〉|α(∆),∆〉〈α(∆),∆| (4.14)

= e−
|α0|

2

2
(∆−∆′)2|α(∆),∆〉〈α(∆),∆|,

with α0 ≡ Ω
δ−iΓ/2 .

In a similar way, for P1 we need to project states of the form |α(∆),∆′〉〈α(∆),∆| or
|α(∆),∆〉〈α(∆),∆′| on the states {|α(∆′),∆′〉〈α(∆),∆|, |α(∆),∆〉〈α(∆′),∆′|} (see Appendix A),
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so the action of P1 is given by

P1 (|α(∆),∆′〉〈α(∆),∆|) = 〈α(∆′),∆′|α(∆),∆′〉|α(∆′),∆′〉〈α(∆),∆| (4.15)

= e−
|α0|

2

2
(∆−∆′)2|α(∆′),∆′〉〈α(∆),∆|.

We are now able to write explicitly the equations of motion, Eq. (4.8), for the elements of
the decoherence free subspace [109] (see Appendix A for the derivation)

∂

∂t
ρ0 = −i(u− u′)ρ0 + J2e−4|α0|2

{
(4.16)

∑
i odd

∑
j odd

[
−

√
(ni + 1)ni+1

λ(∆− 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆− 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆− 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆− 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆− 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−
√

(ni + 1)ni−1

λ(∆− 2, u+ U(ni − ni−1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆− 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆− 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆− 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆− 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−

√
(n′i + 1)n′i+1

λ(∆, u,∆− 2, u′ + U(n′i − n′i+1 + 1))
×(√

(nj + 1)nj+1|α(∆− 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆− 2); . . . , n′i + 1, n′i+1 − 1, . . . |

+
√

(nj + 1)nj−1|α(∆− 2); . . . , nj+1 − 1, nj + 1, . . .〉〈α(∆− 2); . . . , n′i + 1, n′i+1 − 1, . . . |

)

−

√
(n′i + 1)n′i−1

λ(∆, u,∆− 2, u′ + U(n′i − n′i−1 + 1))
×(√

(nj + 1)nj+1|α(∆− 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆− 2); . . . , n′i−1 − 1, n′i + 1, . . . |

+
√

(nj + 1)nj−1|α(∆− 2); . . . , nj+1 − 1, nj + 1, . . .〉〈α(∆− 2); . . . , n′i−1 − 1, n′i + 1, . . . |

)]
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+
∑
i odd

∑
j even

[ √
(ni + 1)ni+1

λ(∆− 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(nj + 1)nj+1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(nj + 1)nj−1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(ni + 1)ni−1

λ(∆− 2, u+ U(ni − ni−1 + 1),∆, u′)
×(√

(nj + 1)nj+1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(nj + 1)nj−1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(n′i + 1)n′i+1

λ(∆, u,∆− 2, u′ + U(n′i − n′i+1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)

+

√
(n′i + 1)n′i−1

λ(∆, u,∆− 2, u′ + U(n′i − n′i−1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)]

+
∑
i even

∑
j odd

[ √
(ni + 1)ni+1

λ(∆ + 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(nj + 1)nj+1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(nj + 1)nj−1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(ni + 1)ni−1

λ(∆ + 2, u+ U(ni − ni−1 + 1),∆, u′)
×(√

(nj + 1)nj+1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |
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+
√

(nj + 1)nj−1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(n′i + 1)n′i+1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i+1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)

+

√
(n′i + 1)n′i−1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i−1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)]

+
∑
i even

∑
j even

[
−

√
(ni + 1)ni+1

λ(∆ + 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆ + 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆ + 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−
√

(ni + 1)ni−1

λ(∆ + 2, u+ U(ni − ni−1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆ + 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆ + 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−

√
(n′i + 1)n′i+1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i+1 + 1))
×(√

(nj + 1)nj+1|α(∆ + 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆ + 2); . . . , n′i + 1, n′i+1 − 1, . . . |

+
√

(nj + 1)nj−1|α(∆ + 2); . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆ + 2); . . . , n′i + 1, n′i+1 − 1, . . . |

)
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−

√
(n′i + 1)n′i−1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i−1 + 1))
×(√

(nj + 1)nj+1|α(∆ + 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆ + 2); . . . , n′i−1 − 1, n′i + 1, . . . |

+
√

(nj + 1)nj−1|α(∆ + 2); . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆ + 2); . . . , n′i−1 − 1, n′i + 1, . . . |

)]}
.

In order to identify the steady states we need to solve ∂
∂t
ρ0 = 0. By looking at the coe�-

cients of the diagonal terms of the decoherence free subspace, |α(∆);n1, . . . , nL〉〈α(∆);n1, . . . , nL|,
in Eq. (4.16), we observe that their sum is zero, thus the mixed state given by

ρmix =
1

N
∑
{nj}

|α(∆);n1, . . . , nL〉〈α(∆);n1, . . . , nL| (4.17)

is a steady state of the system. Here the sum runs over all possible density con�gurations {nj}
and N is the number of these con�gurations, being the number of ways one can arrange N

identical particles in L sites, N =

(
L+N − 1

N

)
.

Figure 4.2: The dependence of the scaled photon number 〈a†a〉/N , on the dissipation strength, ~Γ/J ,
using tMPS and many-body adiabatic elimination (AE), for ~δ/J = 2, U/J = 2 and ~Ω

√
N/J = 4.47,

L = 10, N = L/2. Figure adapted from Ref. [109].

We illustrate the range of validity of the many-body adiabatic elimination approach, by
comparing its results with the numerically exact tMPS method, which we introduced and dis-
cussed in Sec. 3.2. We observe that the scaled photon number computed with ρmix, depicted in
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Fig. 4.2, is in agreement with the tMPS results in the regime where the dissipation strength is
larger than the other parameters, for ~Γ/J & 9, and the agreement continues as we increase
the dissipation strength. The properties and nature of the steady state, ρmix, will be discussed
in Chap. 5. In Chap. 6 we will see how this procedure is a�ected by the existence of a strong
symmetry in the dissipative many-body system.

In Ref. [169] the authors consider the same model, for which they obtain a state with a fully
mixed atomic sector as the steady state. In contrast with our approach, they eliminate the cavity
�eld and analyze the obtained e�ective Liouvillian in the atomic sector. As the e�ective jump
operators are Hermitian in this case, it follows directly that the fully mixed state is a steady
state. In our analysis we consider the full Liouvillian Eqs. (4.5) and (4.6), including the photonic
degrees of freedom, the jump operator, which is annihilation operator of the cavity mode, a, is
not Hermitian, thus we need to perform the many body adiabatic elimination in order to obtain
insights into the nature of the steady state.

4.3 Mean �eld decoupling with thermal �uctuations
We follow the approach we introduced in Ref. [110] and perform a mean �eld decoupling

of the coupling term Hac [see Eq. (4.6)]. We consider the �uctuations in the coupling as the
perturbation in the many-body adiabatic elimination derivation of the e�ective equations of
motion presented in Sec. 4.1. This approach is based on a novel idea of Achim Rosch [110],
which I reformulated in the framework of many-body adiabatic elimination technique. In this
situation we have

Hac = HMF
ac + δHac + const., (4.18)

HMF
ac = −~ΩλO − ~Ω(a+ a†)∆,

δHac = −~Ω(a+ a† − λ)(O −∆),

with

λ = 〈a+ a†〉c, (4.19)

O =
L∑
j=1

(−1)jnj,

∆ = 〈O〉a.

The expectation values are taken either with respect to the the atomic density matrix, 〈·〉a, or
the cavity density matrix, 〈·〉c, and they need to be evaluated self-consistently.

We note that by performing a mean �eld decoupling we assume a �nite expectation value
of the cavity �eld λ in the self-organized phase. This breaks the weak Z2 symmetry of the
Liouvillian associated with the change of the sign of the cavity �eld (see Sec. 2.1). For any
�nite system size we expect that the expectation value of the cavity �eld is zero and only in the
thermodynamic limit the weak Z2 symmetry is broken at the self-organization phase transition
and λ acquires a �nite value.
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In the mean �eld approach the photonic mode in the superradiant phase has an expectation
value λ = 〈a + a†〉c ∼

√
L. The contributions of the �uctuations, δHac, are small, ∼ 1/

√
L,

but we show that they become important in the long-time limit [110] . We de�ne the following
decoupled mean-�eld Hamiltonians

Ha(λ) = Hkin +Hint − ~ΩλO, (4.20)
Hcav(∆) = Hc − ~Ω(a+ a†)∆.

In this case our unperturbed Liouvillian is given by

L0ρ ≡ −
i
~

[Ha(λ) +Hcav(∆), ρ] +
Γ

2

(
2aρa† − a†aρ− ρa†a

)
. (4.21)

The solutions to the equation L0ρ
0 = λ0ρ

0, with Reλ0 = 0, are given by the factorized states

ρ0 = ρ0
a ⊗ ρ0

c (4.22)
ρ0
a = |n1(λ)〉〈n2(λ)|,
ρ0
c = |α(∆)〉〈α(∆)|,

where the atomic part is given all combinations of the eigenstates Ha(λ)|n(λ)〉 = En(λ)|n(λ)〉
and the cavity part is in a coherent state with the �eld

α(∆) =
Ω

δ − iΓ/2
∆. (4.23)

Thus, a general state in the decoherence free subspace is

ρ0 = |α(∆)〉〈α(∆)| · ρa(λ), with ρa =
∑
n1,n2

c(n1, n2)|n1(λ)〉〈n2(λ)|. (4.24)

The expectation values in the de�nitions of λ and ∆ are taken with respect to ρ0 and are, thus,
determined by the unknown parameters c(n1, n2). Therefore the density matrix of the atomic
part of the system is not uniquely �xed by the mean �eld master equation, ∂

∂t
ρ = L0(ρ). As

described in Sec. 2.1 the usual approach [65] was to consider simply the ground state ofHa. We
resolve the arbitrariness of this choice by taking the �uctuations perturbatively into account
using the perturbation

L1ρ = − i
~

[δHac, ρ]. (4.25)

This is justi�ed by the fact that L1 scales with 1/
√
L. We expect that this is the relevant per-

turbation in the thermodynamic limit. The perturbative approach then determines the time
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evolution of the density matrix [110, 167, 168]

∂

∂t
ρ0 = L0ρ

0 +
1

~2
P0

[
δHac,L−1

0 P1

[
δHac, ρ

0
]]
. (4.26)

where P0 is the projection to the decoherence free subspace of L0 and P1 is the projection to
the �rst excited subspace.

In the following, we will determine the states that span the decoherence free subspace and
the excited subspace, and arrive at an explicit form of the equation of motion, Eq. (4.26). In
order to simplify the following calculation, we transform our basis for the cavity operators to
the shifted oscillator basis and make the following notations

a = ã+ α, (4.27)
a† = ã† + α∗,

a+ a† − λ = ã+ ã†,

|0〉 ≡ |α〉,
ã|0〉 = 0,

|1〉 ≡ ã†|0〉, with 〈0|1〉 = 0.

In this basis we can �nd some of the eigenstates of L0

L0(|n, 0〉〈m, 0|) = −i∆En,m
~
|n, 0〉〈m, 0| (4.28)

L0(|m, 1〉〈n, 0|) =

[
i

(
∆En,m

~
− δ
)
− Γ

2

]
|m, 1〉〈n, 0|,

L0(|n, 0〉〈m, 1|) =

[
−i
(

∆En,m
~

− δ
)
− Γ

2

]
|n, 0〉〈m, 1|,

L0(|n, 0〉〈m, 2|) =

[
−i
(

∆En,m
~

− 2δ

)
− Γ

]
|n, 0〉〈m, 2|,

L0(|n, 0〉〈m, 0| − |n, 1〉〈m, 1|) =

(
−i∆En,m

~
− Γ

)
(|n, 0〉〈m, 0| − |n, 1〉〈m, 1|)

with ∆En,m = En − Em the energy di�erence between two atomic eigenstates. We observe
that states of the form |n, 0〉〈m, 0| are spanning the decoherence free subspace, Λ0. We note
that the non-diagonal eigenstates, for n 6= m, which are not degenerate in energy have a purely
imaginary eigenvalue. The excited subspaces are spanned by states that contain excitations in
the cavity �eld state. Now we can compute the commutator[

δHac, ρ
0
]

= −~Ω
[(
ã+ ã†

)
Õ, ρ0

]
(4.29)

= −~Ω
∑
n1,n2

c(n1, n2)
[(
ã+ ã†

)
Õ, |n1, 0〉〈n2, 0|

]
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= −~Ω
∑
n1,n2

c(n1, n2)
(
Õ|n1, 1〉〈n2, 0| − |n1, 0〉〈n2, 1|Õ

)
= −~Ω

∑
n1,n2

c(n1, n2)
∑
m

(
Õn1,m|m, 1〉〈n2, 0| − Õm,n2 |n1, 0〉〈m, 1|

)
,

where Õ = O − ∆ = O − 〈O〉a and Õm,n its matrix elements in the eigenbasis of Ha. As
the the states |m, 1〉〈n, 0| are already eigenstates of L0 in an excited subspace the projector P1,
in Eq. (4.26) becomes the identity and the action of L−1

0 gives the inverse of the eigenvalues
computed in Eq. (4.28). Thus, in the next step we need to compute the action of the second
commutator from Eq. (4.26)[(
ã+ ã†

)
Õ, |m, 1〉〈n2, 0|

]
=
∑
k

(
Õm,k|k, 0〉〈n2, 0|+ Õm,k|k, 2〉〈n2, 0| − Õk,n2|m, 1〉〈k, 1|

)
,

(4.30)[(
ã+ ã†

)
Õ, |n1, 0〉〈m, 1|

]
=
∑
k

(
Õn1,k|k, 1〉〈m, 1| − Õk,m|n1, 0〉〈k, 0| − Õk,m|n1, 0〉〈k, 2|

)
.

We need now to determine the action of the projector P0 on the states which are not in the
decoherence free subspace. Since |n, 1〉〈m, 1| = |n, 0〉〈m, 0| − (|n, 0〉〈m, 0| − |n, 1〉〈m, 1|) we
obtain that

P0|n, 1〉〈m, 1| = |n, 0〉〈m, 0|. (4.31)
P0|n, 0〉〈k, 2| = 0.

The states |n, 0〉〈k, 2| and |n, 0〉〈m, 0| − |n, 1〉〈m, 1| are projected out by P0 as they are eigen-
states ofL0 with non-zero real part of the eigenvalues [see Eq. (4.28)]. Using the previous results
Eq. (4.26) becomes

~
∂

∂t
ρ0 = −i

∑
n1,n2

∆En1,n2c(n1, n2)|n1, 0〉〈n2, 0| (4.32)

+~2Ω2
∑
n1,n2

c(n1, n2)
∑
m,k

[
1

i (∆En2,m − ~δ)− ~Γ/2
Õn1,mÕm,k|k, 0〉〈n2, 0|

− 1

i (∆En2,m − ~δ)− ~Γ/2
Õn1,mÕk,n2|m, 0〉〈k, 0|

− 1

−i (∆En1,m − ~δ)− ~Γ/2
Õm,n2Õn1,k|k, 0〉〈m, 0|

+
1

−i (∆En1,m − ~δ)− ~Γ/2
Õm,n2Õk,m|n1, 0〉〈k, 0|

]
.
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The solution for the steady state, ∂
∂t
ρ0 = 0, is given by

0 = −i∆En1,n2c(n1, n2) + ~2Ω2
∑
m,k

[
c(k, n2)

1

i (∆En2,m − ~δ)− ~Γ/2
Õk,mÕm,n1 (4.33)

−c(m, k)
1

i (∆Ek,n1 − ~δ)− ~Γ/2
Õm,n1Õn2,k

−c(k,m)
1

−i (∆Ek,n2 − ~δ)− ~Γ/2
Õn2,mÕk,n1

+c(n1, k)
1

−i (∆En1,m − ~δ)− ~Γ/2
Õm,kÕn2,m

]
.

As Eqs. (4.32)-(4.33) are obtained via a perturbative expansion they no longer assure that the
solutions are physical density matrix, since the condition of positive de�niteness might not be
ful�lled [170]. In principle Eqs. (4.32)-(4.33) can be solved using algebraic means. However, this
is a di�cult task, as the number of parameters c(n1, n2) is given by the square of the dimension
atomic many-body Hilbert space.

An important simpli�cation occurs when the atomic system described byHa(λ) is interact-
ing and has the property that it thermalizes. In such a case, we can describe local observables
by approximating the density matrix by a thermal state [110],

ρa ∼ exp{−βHa(λ)}. (4.34)

This argument is justi�ed when the thermalization time of the atomic system is short compared
to the time-scale induced by scattering from photon �uctuations. This is the case for the relevant
observables in the thermodynamic limit L→∞. Furthermore, by considering this Ansatz the
positive de�niteness is automatically ful�lled. Thus, we have reduced the problem to �nding
the temperature, T = 1/kBβ. For this we compute the time dependence of the energy of the
atomic system〈

∂

∂t
Ha

〉
= Tr

(
Ha

∂

∂t
ρ0

)
= (4.35)

~Ω2
∑
n1,n2

c(n1, n2)
∑
m

[
1

i (∆En2,m − ~δ)− ~Γ/2
∆En2,m

− 1

i (∆En1,m − ~δ) + ~Γ/2
∆En1,m

]
Õm,n2Õn1,m.

Assuming c(n1, n2) = cn1δ(n1, n2), with cn = e−βEn/Z , with Z the partition function, then the
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energy transfer becomes〈
∂

∂t
Ha

〉
=

~Ω2

Z

∑
n,m

|〈n|O −∆|m〉|2e−βEm∆En,m
~Γ

(∆En,m + ~δ)2 + (~Γ/2)2 . (4.36)

We can rewrite this equation as [110]〈
∂Ha

∂t

〉
= 2~Ω2

∫
dω(1 + nB(~ω))ω ImχR(ω)δΓ(ω + δ),

δΓ(ω) =
Γ/(2π)

ω2 + (Γ/2)2
(4.37)

where δΓ(ω+δ) describes the spectral function of the cavity mode broadened by the dissipation
strength, Γ, and χR(ω) is the retarded correlation function of the operator O calculated for a
thermal state of the Hamilitonian Ha,

ImχR(ω) =
∑
n,m

|〈m|O|n〉|2 e
−βEm − e−βEn

Z
πδ

(
ω − En − Em

~

)
. (4.38)

In order to determine the steady state we solve
〈
∂
∂t
Ha
〉

= 0 and the mean �eld equations,
Eq. (4.19), to obtain both the temperature T and the odd-even imbalance, ∆, or, equivalently,
the cavity �eld λ. Thus, in this approach we have reduced the problem of solving the Liouville
equation, Eqs. (4.5)-(4.6), to the computation of the dynamical susceptibility χR(ω) and the
expectation value of energy for a thermal state of the Hamiltonian Ha(λ) [110]. In practice,
we use exact diagonalization to determine both

〈
∂Ha
∂t

〉
and ∆ [110]. It is important to note

that the mean �eld approximation is valid in the thermodynamic limit, but we perform the
exact diagonalization of Ha for rather small systems (see Sec. 5.4), which will induce �nite size
errors. Luckily, for the parameters considered in Chap. 5, the �nite size errors are very small, as
they are strongly suppressed due to the broadening induced by the dissipation and the relatively
high temperatures which we will obtain.

The properties of the steady state, Eq. (4.34), and how it compares with our numerical
results will be discussed in Chap. 5. In Chap. 6 we will see how this procedure is a�ected by
the existence of a strong symmetry, which prevents the atoms from thermalizing.

4.4 Short summary
To summarize, in this chapter we described in detail two analytical approaches based on

the many-body adiabatic elimination formalism capable of tackling both short and global range
interactions of an interacting many-body system coupled to a single dissipative bosonic mode.
This is the �rst time this technique has been applied to atoms-cavity systems and provides a
framework for investigating a wide class of open many-body systems beyond the often em-
ployed mean �eld approaches. We analyzed with the newly developed analytical methods the
example of a Bose-Hubbard chain coupled to an optical cavity. We will show in the following
chapters that the obtained steady state in both cases has a very di�erent nature compared to
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4.4 Short summary

the expected mean �eld state. Both methods can be generalized to higher dimensional systems
relevant to experimental setups [70, 71]. In Chap. 6, we extend the methods for the case in
which a strong symmetry is present in the considered open system.

The �rst approach is a perturbation theory in the kinetic energy and applicable for strong
dissipation strength [109]. We show how to derive the steady state of the system in the limit of
large dissipation strength within the many-body adiabatic elimination formalism. The resulting
state is a highly mixed state and the reduced density matrix in the atomic sector corresponds
to an in�nite temperature state.

The second approach is a perturbation theory in the �uctuations on top of the atoms-cavity
mean �eld decoupling. The atomic state is described by a thermal state with an e�ective temper-
ature. The computation of the temperature is based on two equilibrium quantities: the thermal
expectation value ∆ = 〈O〉 and the linear-response susceptibility χR(ω) [110]. Thus, it can also
be combined with a wide range of analytical and numerical approaches developed for closed
quantum systems in equilibrium as, for example, Monte Carlo techniques.
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Chapter5
Fluctuations e�ects in many-body
self-organization in a cavity

In recent years, an important experimental progress was the achievement of strong coupling of
quantum matter to quantum light. Realizations of such systems nowadays reach from ultracold
atomic gases strongly coupled to optical cavities [65, 67, 171] to the electron gas in solids cou-
pled to THz cavities [172–174]. These realizations have opened exciting possibilities and have
allowed the studies of self-organization phenomena and dissipative phase transitions, and the
stabilization of exotic quantum phases due to the coupling with the quantum light [65, 175, 176].

The element of external control in the systems where the quantum matter is coupled to a
cavity is two-fold. First, we have the classical transverse pump laser beams which realize the
coupling between the particles and the cavity photons. By varying the intensity of the pump
beams we can change the atom-photon coupling strength. This allows one to control dissipative
phase transitions and to explore di�erent steady state phases. Secondly, the dissipative coupling
of the quantum light is crucial. The open character of the system is due to the photon losses
via the cavity mirrors, which couple the cavity light to an external bath of electromagnetic
modes. This ensures that the stabilization of complex states of light and matter is realized via a
dissipative attractor dynamics. The steady state of the open system is approached exponentially
fast, in the presence of a dissipative gap, which assures stability against perturbations.

One further advantage of the coupling of quantum matter to quantum light is the presence
of the cavity induced long-range interactions, which assures a fast self-organization dynamics.
The cavity induced long-range interactions have been experimentally realized in atomic gases
with external optical lattice potentials coupled to the optical cavities [70–72]. These systems can
be described by an extended Bose-Hubbard model. In this context the e�ect of the long-range
interactions on the super�uid to insulator transition [100, 177–186] and the out-of-equilibrium
dynamics [169] have been studied.

Due to the complexity of the models required to describe the coupled atomic cavity systems,
theoretical treatments were to a large extent performed using a mean �eld decoupling of the
cavity �eld and the atoms [65, 66, 100, 101]. These usually assume an e�ective ground state
for the particles, as seen in Sec. 2.1. Recently e�orts are made to go beyond the mean �eld
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5.1 Atoms-cavity coupled system

description [118, 155, 187, 188]. So far the exact coupling between the atomic and photonic
states has been included only for small systems of one or two atoms, or two sites [102–107],
non-interacting two-level atoms [189–191], or in closed systems [192].

In the work presented in this chapter, we go beyond the mean �eld approximation and in-
vestigate the combined atom-cavity system with the help of the several new methods developed
in this thesis. We employ the quasi-exact numerical simulations based on matrix product states
(cf. Sec. 3.2) and two many-body adiabatic elimination approaches (cf. Chap. 4) [108–110]. All
these methods overcome the arbitrariness of the mean �eld approach, either by treating the
atoms-cavity coupling exactly, or by taking �uctuations induced by the light-matter coupling
perturbatively into account. These methods enable us to analyze the many-body aspects of
the self-ordering processes of the interacting bosonic atoms coupled to the optical cavity. We
investigate the nature of the arising steady states for a wide range of parameters. We show
that the admixture of excited states beyond the mean �eld steady state plays an important role
for all parameters considered. We �nd that the �uctuations beyond the mean �eld descrip-
tion are crucial in order to determine the mixed state (�nite temperature state) character of
the self-organization phase transition and steady states. In particular, we show that, in cer-
tain regimes, the atoms are described by large e�ective temperatures and in the limit of very
lossy cavity mirrors the atomic sector approaches the in�nite temperature state. Our �ndings
question the nature of the pure steady states and phase transitions previously predicted by the
zero-temperature mean �eld theories [108, 110].

Throughout this chapter we present results obtained with our newly developed tMPS method
for coupled cavity-atoms systems, which we described in Sec. 3.2. In Sec. 5.3 we also consider
the many-body adiabatic elimination approach with the kinetic energy as a perturbation and
in Sec. 5.4 the many-body adiabatic elimination approach with the �uctuations in the atom-
cavity coupling as the perturbation, methods described in Chap. 4. Sec. 5.2 and Sec. 5.3 will
follow the presentation given in Ref. [108] and Sec. 5.4 the results from Ref. [110]. The work
presented in the current chapter (based on Refs. [108, 110]) has been performed in collaboration
with Achim Rosch, Alla Bezvershenko and Helmut Ritsch. In this work, I performed the tMPS
numerical simulations and derived the equations of motion, with their respective steady states,
within the many-body adiabatic elimination framework. The numerical results of the mean
�eld with thermal �uctuations represented in Fig. 5.7 and Fig. 5.8, and the analytical results
from Eqs. (5.9)-(5.11) were obtained by Alla Bezvershenko and Achim Rosch [193].

5.1 Atoms-cavity coupled system
In the following, we consider the system we described in Sec. 2.1 of interacting bosons

con�ned to a one-dimensional chain coupled to a single cavity mode and transversely pumped
with a standing-wave laser beam [108] (see Fig. 2.2 in Sec. 2.1). To make this chapter self-
contained we repeat brie�y in the following the Lindblad equation for the density operator ρ
given by [56, 65, 100, 114]

∂

∂t
ρ = − i

~
[H, ρ] +

Γ

2

(
2aρa† − a†aρ− ρa†a

)
. (5.1)
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where the bosonic operators a and a† are the annihilation and creation operators for the photon
mode of the cavity and Γ the dissipation strength. The corresponding Hamiltonian is given by
[65, 100, 101]

H = Hc +Hkin +Hint +Hac (5.2)
Hc = ~δa†a

Hkin = −J
L−1∑
j=1

(b†jbj+1 + b†j+1bj)

Hint =
U

2

L∑
j=1

nj(nj − 1)

Hac = −~Ω(a+ a†)O, O =
L∑
j=1

(−1)jnj.

The termHc describes the cavity mode with a detuning between the cavity mode and the trans-
verse pump beam δ = ωc − ωp, in the rotating frame of the pump beam. The operators bj and
b†j are the bosonic annihilation and creation operators of the atoms on site j and nj = b†jbj .
L denotes the number of sites of the bosonic chain and the total number of bosons is N . Hkin
describes the tunneling processes of the atoms along the chain with the tunneling amplitude J
and the term Hint represents the repulsive on-site interaction of strength U > 0. The coupling
between the atoms and the cavity �eld is described by Hac. This form of the coupling, with
the e�ective pump amplitude Ω, stems from the assumed commensurability of the cavity mode
with twice the periodicity of the lattice spacing within the chain, where ∆ = 〈O〉 is the total
imbalance between the odd and even sites of the chain. In the following we scale the coupling
strength as Ω

√
N , in order to make our results independent of the particle number.

Whereas already to determine the time-evolution of the atomic Bose-Hubbard model alone
is very involved, here additional complications arise due to the large and, in principle, unlimited
dimension of the Hilbert space of the photonic mode, as we have noted in Sec. 3.2. This chal-
lenge is typically addressed by the adiabatic elimination of the cavity �eld, using a mean �eld
decoupling for the atoms and the cavity mode [65], as we saw in Sec. 2.1. Within this crude
approximation one obtains a zero-temperature self-organization transition. Above a certain
threshold ΩMF,c

√
N of the pump power Ω

√
N the cavity �eld 〈a〉 takes a �nite value, either

±α, and the atoms self-organize into a density modulated pattern either on the odd or even
sites of the chain, depending on the sign of α. The corresponding density matrices are the ones
of pure zero temperature states

ρMF = |α(∆e�),∆e�〉〈α(∆e�),∆e�|, (5.3)

with α(∆) = Ω
δ−iΓ/2∆ and ∆e� is the expectation value of the odd-even imbalance in the ground

state of an e�ective atomic model, solved together with a self-consistency equation (see Sec. 2.1).
For large coupling strengths Ω

√
N the e�ective imbalance tends towards its maximal value
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5.2 Weak dissipation regime: mixture of density wave states

|∆e�| ≈ N . As for our comparisons we look at the photon number, we mention that within the
mean �eld theory, the sudden onset of the cavity �eld is also re�ected in the behavior of the
photon number nMF, since nMF = |〈a〉|2 = Ω2

δ2+Γ2/4
∆2

e� [blue line in Fig. 5.1 (a)].
The appearance of two steady states with±αwithin the mean �eld analysis is due to spon-

taneous breaking of the Z2 symmetry of the Hamiltonian, Eq. (5.2), at the phase transition
threshold. This Z2 symmetry is associated with the inversion of the sign of the cavity �eld, a,
and the atomic odd-even imbalance, ∆. However, the Z2 symmetry is only a weak symmetry of
the Liouvillian [115, 117], since the transformation does not commute with the jump operator
a of the Lindblad equation, Eq. (5.1). Thus, for any �nite system we expect a zero expectation
value for the cavity �eld and the atomic state in a mixture of being either on the odd or on the
even sites in the steady state, in the self-organized phase [102, 103, 106, 118].

In the following, we present our results in which we take the �uctuations beyond the mean
�eld decoupling of the atom-cavity coupling into account, either exactly [108, 109] or pertur-
batively [110]. All these approaches o�er new insights into the self-organization of interacting
particles and quantum light, which we contrast with the mean �eld results.

The numerical tMPS results which we present in this chapter, if not stated otherwise, they
are taken at long times tJ = 49.75~. We found that these long time values are in many cases
already close to the steady state values [108, 110]. As shown in Sec. 3.2 the convergence of
our results is su�cient [109] for at least 500 trajectories, the truncation error goal of 10−12, the
time-step of dtJ/~ = 0.0125 or smaller, a cut-o� of the local Hilbert space of the photon mode
between Npho = 55 and Npho = 10. The error bars in all �gures in this chapter represent the
standard deviation of the Monte Carlo average.

5.2 Weak dissipation regime: mixture of density wave states
We begin by analyzing the behavior of the system across the self-organization phase tran-

sition. We want to characterize the nature of the light and matter states in the presence of
dissipation and identify deviations from the mean �eld approach. In this section, we choose a
regime with relative weak dissipation strength, ~Γ/J = 1, which should be favorable to the
mean �eld treatment.

We look at the photon number in the cavity as a function of the pump strength Ω
√
N ,

as seen in Fig. 5.1 [108]. We observe the self-organization transition from an empty cavity
〈a†a〉/N ≈ 0, to an occupied cavity as we increase the pump strength. In our numerical tMPS
results for the photon number, depicted by red symbols in Fig. 5.1 (a), we see a smooth increase
across the self-organization threshold predicted by the mean �eld treatment. The smooth in-
crease is expected for the system of �nite size. However, the values of our numerical results
remain a bit below nMF for all considered coupling strenghts, this is a �rst indication of devia-
tions from the mean �eld state. We will show later in this section that this has its origin in the
admixture of states with a reduced photon number.

In order to get more insight into the obtained photonic state, we study the phase space
distribution of the cavity �eld, represented by the Q-function Q(α) = tr (〈α|ρ|α〉), where |α〉
is a photonic coherent state. We can see in Fig. 5.1(b), that for ~Ω

√
N = 1.12J , which is below

the mean �eld threshold ΩMF,c
√
N , the Q-function Q(α) has a maximum at α = 0 resembling
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Figure 5.1: (a) The scaled photon number, 〈a†a〉/N , as a function of ~Ω
√
N/J , for N/L = 1/2,

~δ/J = 2, U/J = 2, and ~Γ/J = 1. The purple symbols (below the red symbols) represent a time
average for tJ ∈ (44.75~, 49.75~). For the orange symbols the trajectories are averaged depending on
the �nal photon number. The blue (green) curves represent the mean-�eld value of the photon number
for the imbalance ∆e� (∆e� − 2). The vertical dashed line marks ΩMF,c

√
N . Lines joining the symbols

and are guide to the eyes. (b)-(e) The Q-function for ~Ω
√
N/J ∈ {1.12, 1.79, 2.24, 3.35}, L = 10,

N = 5, ~δ/J = 2, U/J = 2, ~Γ/J = 1, and tJ = 49.75~. ©2019 American Physical Society, published
in [108].

a coherent state with zero photons. In contrast, above the threshold (Ω
√
N > ΩMF,c

√
N ) the

Q-function develops two maxima, as seen in Fig. 5.1(c). If we increase Ω
√
N further the Q-

function indicates the photonic state consisting of a superposition of two states with opposite
cavity �elds and a small overlap, Fig. 5.1(d)-(e). This indicates that the Z2 is not broken at the
transition. For the mean �eld coherent state, which breaks the Z2 symmetry, we would expect
a single peak in Q-function centered at a �nite value of the cavity �eld, either α or −α. We see
that the tMPS state has a dominant contribution which resembles the mixture of both mean �eld
states. However, we observe that both peaks in Q(α) deviate from the circular shape expected
for a coherent state and states with a lower photon number are also populated.

It is interesting now to investigate the corresponding nature of the atomic states and to
determine deviations from the mean �eld predicted density wave [108]. Above the mean �eld
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5.2 Weak dissipation regime: mixture of density wave states

Figure 5.2: (a) The averaged contrast of the density-density correlation as a function of ~Ω
√
N/J ,

for N/L = 1/2, ~δ/J = 2, U/J = 2, and ~Γ/J = 1. The purple symbols (below the red symbols)
represent a time average for tJ ∈ (44.75~, 49.75~). For the orange symbols the trajectories are averaged
depending on the �nal photon number. (b) The von Neumann entropy, SvN, as a function of ~Ω

√
N/J ,

for two bipartitions of the system, between the cavity site and atomic chain (bond l = 1) and in the
middle of the atomic chain (bond l = L/2 + 1). The circles represent the average over all trajectories
and the squares the maximum among the trajectories, for L = 10. The dashed line represents log(2).
©2019 American Physical Society, published in [108].

Figure 5.3: The atomic density pro�le for ~Ω
√
N/J = 3.35, L = 10, N = 5, ~δ/J = 2, U/J = 2,

~Γ/J = 1, and tJ = 49.75~.

threshold, we observe the characteristic staggered density wave in the density-density correla-
tions. We quantify this staggering by computing the average contrast between the maxima and
the minima 1

L−2

∑
j (〈njnj+2〉 − 〈njnj+1〉) as a function of the scaled coupling Ω

√
N , presented

in Fig. 5.2(a). We see that as we increase the pump strength Ω
√
N across the self-organization

threshold the staggering increases. This indicates that the density wave builds up in the system.
This modulation cannot be seen in the density pro�le, Fig. 5.3. This further supports the fact
that the Z2 symmetry is not broken spontaneously in our �nite system and the atoms are in a
mixture of either being on the odd, or the even sites. Compared to the mean �eld state, above the
self-organization threshold the staggering contrast rises already below the mean �eld threshold.
However, above the threshold our numerical results remain below the mean �eld prediction.
The spatial dependence of the density density correlations 〈n2nd+2〉 for ~Ω

√
N/J = 3.35 and
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Figure 5.4: (a) Photon number distributions, pn = tr (〈n|ρ|n〉), and (b) the density-density correlations,
〈n2nd+2〉, for ~Ω

√
N/J = 3.35, L = 10, N = 5, ~δ/J = 2, U/J = 2, ~Γ/J = 1 and tJ = 49.75~,

full average and with the trajectories averaged separately depending on the �nal photon number. In (a)
the continuous lines show the Poisson distributions with the corresponding average photon number. (c)
Sketch of the atomic sector of states with perfect imbalance, ∆ = N , and states with a reduced imbalance
due to a defect, ∆ = N − 2. ©2019 American Physical Society, panels (a)-(c) published in [108].

~Γ/J = 1 is shown in Fig. 5.4(b) (purple line). The fact that at odd distances the correlations are
not exactly zero even at relatively large values of the pump strength hints that states without
a perfect imbalance are admixed into the state.

The von Neumann entropy SvN in the quantum trajectories [Fig. 5.2(b)] [109] measures the
entanglement present in each trajectory. We note that the von Neumann entropy averaged over
the quantum trajectories is not a measure of the entanglement present in the resulting density
matrix. As we saw in Sec. 3.2, the von Neumann entropy is one of the crucial convergence
parameters of MPS methods [124], since the presence of entanglement typically limits the pos-
sible compression. We observe that SvN is �nite and saturates in time (see Sec. 3.2) [108, 109].
Thus, we can be con�dent that our approach captures the dynamics of the system correctly.
In Fig. 5.2(b) we see SvN computed between the photon mode and the atomic chain seems to
be independent of Ω above the threshold and close to log(2). We attribute this value to the
coherent superposition of the two states corresponding to a di�erent sign of the photon �eld
in each quantum trajectory.

In order to analyze the origin of the deviations from the mean �eld approach we consider
the single quantum trajectories sampled in our Monte Carlo procedure. We observe that the
trajectories stabilize at two di�erent photon numbers. Thus, we implemented a conditional
averaging process, depending on the �nal photon number. The two obtained photon number
distributions [Fig. 5.4(a)], agree well with a Poisson distribution with the corresponding average
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5.3 Large dissipation regime: towards the fully mixed state

photon number, as expected for a coherent state. In contrast to the full average, the expectation
value averaged over the �rst class of trajectories of the photon number [Fig. 5.1(a)] and the
staggering contrast [Fig. 5.2(a)] agree with the mean �eld prediction. Thus, the state resembles
a good charge density wave in the �rst class of trajectories. This is further con�rmed by the
density-density correlations, which for the �rst class of trajectories are very close to zero at odd
distances, Fig. 5.4(b).

In contrast, we attribute the second class of trajectories to states which have an additional
defect due to the tunneling of an atom. In the limit of perfect imbalance ∆e� = N , these states
would have only one atom at the "wrong" site [Fig. 5.4(b)]. More generally, the reduced average
value of the photon number can be well explained assuming that the imbalance is reduced as
∆ ≈ ∆e�−2 [Fig. 5.1(a)]. The photon number distribution resembles a coherent state with this
lower photon number [Fig. 5.4(a)]. Due to the extra defect, the contrast of the density-density
staggering is reduced as seen in Fig. 5.2(a) and Fig. 5.4(b).

In certain trajectories we observe transitions between the two classes of states, character-
ized by the tunneling process of an atom, correlated with a sudden increase, or decrease, of the
photon number. However, due to the suppression of the tunneling in the self-organized phase
and the small overlap of the two corresponding photonic states for large Ω

√
N these processes

become very rare. For the parameters of Fig. 5.4 we observe such transitions in the time interval
30 < tJ/~ < 50 in 22 trajectories out of 600. We further note that we can distinguish between
the two distributions only for ~Ω

√
N/J ≥ 2.68, as for lower pump strengths the individual

quantum trajectories are too noisy due to the low photon number.
The presence of the trajectories which belong to two states di�erent in nature strongly

suggests that the numerically observed steady state is a mixture of several states with these
two dominant contributions. This is further con�rmed by exact diagonalization studies on small
systems which show a unique steady state being the mixture of the identi�ed states. Therefore,
we identify a crucial deviation from the mean �eld predictions of a pure state phase transition
[108].

5.3 Large dissipation regime: towards the fully mixed state
The deviations from the mean �eld predictions become even more prominent in the regime

of strong dissipation [108]. In this regime, we can employ the many-body adiabatic elimination
approach with the kinetic energy as a perturbation [109]. As we saw in Eq. (4.17) in Sec. 4.2 the
steady state for �nite interaction is given by

ρmix =
1

N
∑
{ni}

|α(∆), n1, . . . , nL〉〈α(∆), n1, . . . , nL|, (5.4)

[109]. The sum runs over all possible density con�gurations {ni} with N the total number of
atomic con�gurations, and the coherent state is set by α(∆) = Ω

δ−iΓ/2∆, where the value ∆

is set by {ni}. This state, ρmix, is very distinct from the mean �eld state and is fully mixed in
the atomic sector. This very distinct nature of the steady state is also re�ected in the physical
observables. ρmix has a zero expectation value of the cavity �eld, 〈a〉 = 0, capturing the weak
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Figure 5.5: (a) The scaled photon number, 〈a†a〉/N and the averaged contrast of the density-density
correlation, 1

L−2

∑
j (〈njnj+2〉 − 〈njnj+1〉), as a function of ~Γ/J using tMPS, mean-�eld (MF) and

many-body adiabatic elimination (AE). (b)-(c) The full photon number distribution, pn = tr (〈n|ρ|n〉)
for (b) ~Γ/J = 7.5 and (c) ~Γ/J = 10. The insets present the corresponding Q-function determined by
tMPS. The parameters are chosen to be L = 10, N = 5, ~Ω

√
N/J = 4.47, ~δ/J = 2, U/J = 2 ©2019

American Physical Society, panels (a)-(c) published in [108].

Z2 symmetry of the system [109], but has a �nite expectation value of the photon number. The
average photon number for the state ρmix is given by

〈a†a〉 =
∑

∆

(Ω
√
N)2

δ2 + Γ2/4

c∆

N
∆2

N
, (5.5)

where the sum is taken over the set ∆ ∈ {−N,−N+2, . . . , N−2, N} and c∆ being the number
of states with a certain imbalance ∆, given by

c∆ =

(
1
2
(L+N + ∆)− 1

1
2
(N + ∆)

)(
1
2
(L+N −∆)− 1

1
2
(N −∆)

)
. (5.6)

In the following, we attribute the strong deviations from the mean �eld state to the ad-
mixture of states which correspond to more and more defects until in the limit of very large
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5.3 Large dissipation regime: towards the fully mixed state

Figure 5.6: The dependence of the scaled photon number 〈a†a〉/N , on 1/L. The parameters used are
N = L/2 particles, ~Γ/J ∈ {10, 11, 12, 13}, ~δ/J = 2, U/J = 2 and ~Ω

√
N/J = 4.47. The behavior

is consistent with a L−1 scaling of 〈a†a〉/N . In the inset we have the dependence of the photon number,
〈a†a〉, on the system size, L, which seems to saturate at large L. ©2020 American Physical Society,
published in [109]

dissipation Γ the state ρmix is reached. We can observe that for a large Γ the photon number
computed with tMPS deviates strongly from the mean �eld value, but matches fairly well with
the value computed for ρmix [Fig. 5.5(a)]. In particular, whereas the mean �eld approach pre-
dicts that at ~Γ/J ≈ 11.6 a transition back to the normal phase occurs, we do not observe this
transition, as the photon number remains �nite in the numerical results [108, 109]. The very
good agreement with the adiabatic elimination results can be also seen in the distribution of
the photon number [Fig. 5.5(b)-(c)]. Where at ~Γ/J = 7.5 still small deviations are present at
low number states, the distribution for ~Γ/J = 10 agrees almost perfectly. The Q-function no
longer has two maxima at large Γ, plotted in the insets of Figs. 5.5(b)-(c), but only one maximum
at α = 0 and a squeezed pro�le.

The same agreement of our numerical results and the many-body adiabatic elimination
state can be seen in the staggered contrast of the density-density correlations. For ρmix the
contrast in the staggering vanishes. Increasing Γ, we see that the contrast of the numerical re-
sults approaches zero, Fig. 5.5(a). Thus, at large values of the photon losses, the self-organized
steady state no longer resembles a staggered density wave state. It is a mixture with a contri-
bution from many atomic and photonic states. The steady state, ρmix, is a mixture of separable
states, thus, no entanglement is present between the photons and the atoms. However, the
strong cavity-atoms coupling is re�ected in the fact that in each of the pure states present in
the mixture the cavity �eld is fully determined by the atomic density pro�le.

In the thermodynamic limit the adiabatic elimination state, ρmix, predicts that the scaled
average photon number 〈a†a〉/N goes to zero [109]. By plotting the scaled photon number
〈a†a〉/N at a �xed �lling N/L, Fig. 5.6, we can see that this quantity vanishes as L−1 at large
L. We observe a good agreement between ρmix and the tMPS results for di�erent system sizes
regarding the scaling. This implies that even though the scaled photon density per atom is
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�nite for any �nite size system, it goes to zero in the thermodynamic limit, L → ∞. Thus,
the many-body adiabatic elimination method tells us that in the thermodynamic limit at large
dissipation strengths the system is no longer in a superradiant state with a �nite 〈a†a〉/N , but
in a state with an average number of zero photons and a fully mixed atomic sector [109]. This
is very distinct to the normal state predicted by the mean �eld approach. Despite the fact that
in both states the average photon number vanishes, the atomic part of the mean �eld state is a
pure state and not the in�nite temperature state.

Our �ndings presented so far rise the question regarding the nature of phase transition in
the thermodynamic limit [108, 109]. In particular, our results suggest that the nature of this
transition would not correspond to a zero-temperature phase transition, but that the transition
would be dominated by the admixture of excited states. We will see in the following section that
the phase transition has indeed a �nite temperature character. Assuming a fast thermalization
of the atoms, including the �uctuations on top of the cavity-atoms mean �eld decoupling leads
to a �nite temperature character of the phase transition [110].

5.4 Thermal �uctuations in the thermodynamic limit

Figure 5.7: Phase diagram as function of the dissipation strength Γ and the coupling strength ~Ω
√
N/J

for ~δ/J = 2, U/J = 2, N = L/2. The color and contour lines encode 〈a†a〉/L, which vanishes in the
disordered phase and is �nite in the self-organized phase. Remarkably, the photonic density, 〈a†a〉/L,
reaches the universal value 3/8 = 0.375 deep in the ordered phase due to a heating e�ect, see Eq. (5.8).
The dashed line corresponds to the zero temperature mean �eld result of the threshold. The green lines
mark the cuts through the phase diagram plotted in Fig. 5.8. Figure adapted from Ref. [110].

In this section, we want to characterize the nature of the admixture of the excited states
which we identi�ed in the previous sections. For this we employ the perturbation theory in the
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5.4 Thermal �uctuations in the thermodynamic limit

Figure 5.8: The dependence of the (a)-(b) photon number and (c)-(d) the e�ective temperature on the
coupling strength and dissipation strength. The parameters considered are for U/J = 2, ~δ/J = 2,
N = L/2, ~Ω

√
N/J = 4.47 and ~Γ/J = 1. We compare the results of our mean �eld with thermal

�uctuations approach with the numerical exact tMPS results and the zero temperature mean �eld. The
vertical dashed line corresponds to the transition threshold computed with the mean �eld with thermal
�uctuations approach. Figure adapted from Ref. [110].

�uctuations on top of the mean �eld decoupling, which we developed in Sec. 4.3 [110]. In this
approach we obtain that the photons are in a coherent state and we assume that the atoms in a
thermal state

ρthermal = |α(∆)〉〈α(∆)| · exp{−Ha(α)/kBT}, (5.7)

where the cavity �eld and the temperature of the atoms are determined self-consistently from
the perturbative equations of motion (see Sec. 4.3). One can observe that for T → 0 one recovers
the mean �eld state (see Sec. 2.1). In the following, we will refer to the mean �eld approach as
the zero temperature mean �eld to avoid confusion.

We start by analyzing how the phase diagram changes within the mean �eld with thermal
�uctuations approach, as presented in Fig. 5.7. In the normal phase the photon number vanishes.
Once we go above the threshold, Ω

√
N > Ωc

√
N , to the self-organized phase the photon

density, 〈a†a〉/L, grows proportional to Ω
√
N−Ωc

√
N close to the transition. Surprisingly, we
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�nd that the photon density saturates for large coupling strengths, Ω
√
N → ∞. Analytically,

we see that deep in the superradiant phase the e�ects of heating compensate exactly the increase
due to a higher coupling strength in the photon number [110]

〈a†a〉
L
≈ 1

2
n(1 + n) for Ω

√
N →∞, (5.8)

such that the photon density acquires a universal value which only depends on the atomic
density. For the parameters used in Fig. 5.7 we considered a density of n = 1/2 and, therefore,
we obtain 〈a†a〉/L = 3/8. In contrast, the zero-temperature mean �eld theory predicts a photon
number which grows quadratically with the coupling strength.

One other important deviation from the zero-temperature mean �eld that we observe in
Fig. 5.7 is the di�erent position of the transition threshold. We see that the critical coupling
Ωc

√
N deviates stronger from the zero temperature mean �eld prediction (white dashed line)

as we increase the dissipation strength Γ. This explains why in the previous section we did
not observe the phase transition at the value predicted by the zero-temperature mean �eld (see
Fig. 5.5). Analytically, it can be obtaned from a high-temperature expansion for large Γ or δ
that [110]

Ωc

√
N ≈ δ2 + (Γ/2)2

δ
√

8n(1 + n)
for ~Γ� J, U or ~δ � J, U. (5.9)

Within the zero-temperature mean �eld approximation, in contrast, the critical coupling is pre-
dicted to grow proportional to

√
1 + Γ2

4δ2
instead.

In the following, we look at two cuts through the phase diagram in Fig. 5.8 [110], the pa-
rameters correspond to the two green lines in Fig. 5.7 and to the parameter sets used in Sec. 5.2
and Sec. 5.3. The photon density and the e�ective atomic temperatures are shown in Fig. 5.8.
Upon increasing the coupling strength in the mean �eld with thermal �uctuations approach
[see Fig. 5.8 (a)], a �nite photon number 〈a†a〉/L arises for above a critical value, which signals
a transition to the self-organized phase. If we compare the behavior with the T = 0 mean
�eld the increase of 〈a†a〉 is strongly suppressed for large couplings. The reason is the strong
increase of the e�ective temperature in the ordered phase shown in Fig. 5.8 (c). Note that T is �-
nite at the critical value of the coupling and even below the transition threshold the �uctuations
beyond mean �eld induce a temperature of kBT/J ≈ 1.

The strong in�uence of the temperature is very evident also when we study the transition
as a function of dissipation strength, in Fig. 5.8 (b) and (d). For the considered parameters, the
transition to the self-organized states is considerably shifted from approximately ~Γ/J ≈ 12
for the T = 0 result to ~Γ/J ≈ 8 for the �nite temperature mean-�eld method.

We compare the results of the mean �eld with thermal �uctuations approach with our nu-
merical exact tMPS calculation for system sizes up to L = 14 [108–110]. Close to the transition
thresholds, we �nd a very good agreement between the two methods, which further strength-
ens our previous �ndings that in tMPS results excited states play an important role in the steady
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5.4 Thermal �uctuations in the thermodynamic limit

state. We can also extract an e�ective temperature from our tMPS result, as discussed in Ap-
pendix B, which reproduces in Fig. 5.8 (d) the characteristic minimum of T (Γ) at the transition
threshold, and the scaling at large Γ.

We observe that deep in the self-organized phase, for large Ω, or small Γ, we �nd deviations
between the tMPS results and the mean �eld with thermal �uctuations approach. We attribute
these to the fact that the mean �eld method characterizes the steady state in the thermodynamic
limit and our tMPS results are obtained for a �nite system size and time [109, 110]. As we saw
in Sec. 3.2.4 as we increase the system size the photon density in the tMPS results decreases,
thus we expect that for larger system sizes the agreement would become better. We note that
as we consider the exact coupling in the tMPS method for any �nite system size �uctuations
which go beyond the ones considered in the perturbation theory on top of the mean �eld could
play an important role at long times.

In important limits it is possible to calculate the steady-state temperature analytically, their
derivation can be found in Ref. [110], and it is given by

kBT ≈


~δ

ln(1+Γ0/Γ)
for ~Γ� ~δ, J, U

~(Γ/2)2+~(2λΩ
√
N−δ)2

4δ
for ~Ω

√
Nλ� J, U or ~δ � J, U

~κ2
δ

for 0 < ~δ � ~Γ, J, U

(5.10)

with

Γ0 =
2πδ ImχR(δ)∫∞

0
dω ω

(ω+δ)2
ImχR(ω)

κ2 =

∫
ωdω

ω2+(Γ/2)2
ImχR(ω)∫

ωdω
(ω2+(Γ/2)2)2

ImχR(ω)
, (5.11)

where χR(ω) is the retarded correlation function of the imbalance operatorO, Eq. (4.38). These
analytical expression can give an intuition on the behavior of the temperature shown in Figs. 5.8
(c)-(d). Thus, the strong increase of T in the ordered phase, Fig. 5.8(c), is mainly driven by the
increase of coupling strength, second line of Eq. (5.10). If we go to lower values of Γ, Fig. 5.8
(d), T �rst decreases as T ∼ Γ2 in this regime. Then it increases again because the cavity �eld,
λ = 〈a + a†〉, grows rapidly in the ordered phase. In the limits of large detuning, δ, and large
dissipation strength, Γ, we �nd similar scalings as in previous semiclassical approaches [194–
196]. Finally, for ~Γ . J and ~δ = U , a strong drop of the temperature can be seen, associated
with a strong increase of photon number.

Thus, we have obtained in this section that the �uctuations in the atoms-cavity coupling
determine a large temperature for the atoms throughout the phase diagram. The large temper-
ature implies important deviations compared to the zero-temperature mean �eld approach. In
particular, when the �uctuations e�ects are included, the self-organization phase transition has
a �nite temperature character.

80



5.5 Short summary
In summary, we performed the full quantum time-evolution towards the many-body steady

state of a chain of interacting bosonic atoms coupled to an optical cavity. Our results show that
by including the coupling between the atomic degrees of freedom and the photonic �eld the long
time state of the system exhibits important deviations from the zero-temperature mean �eld
approach. We observe that in the self-organized phase the steady state consists of a mixture
of the mean �eld predicted density wave states and excited state with defects which reduce
the density imbalance. Other states without density ordering become more prominent in the
mixture as we increase the dissipation strength, such that in the large Γ limit the atomic sector
becomes fully mixed, but with a strong coupling between the atomic and the photonic sector
Furthermore, we have shown that in the thermodynamic limit the unique steady state solution
can be obtained only when �uctuations e�ects beyond the mean �eld decoupling are taken
into account. When the timescale for thermalization is shorter than the timescale for heating
or cooling by the �uctuations of the cavity �eld the state of the particles can be described by
an e�ective temperature. We obtain that for most parameters that we consider the e�ective
temperature is large in the steady state.

Our results question the picture established by zero-temperature mean �eld theories which
assume pure state transitions and replaces it by transitions of a mixed state character, occur-
ring at a �nite temperature in the atomic sector. We expect that many of our �ndings remain
una�ected if instead of one-dimensional interacting bosons higher-dimensional realizations of
our model [70, 71] are considered.

As the deviations from the zero-temperature mean �eld are consistent for a wide range
of parameters, we veri�ed that in the experimental parameter regimes of the current realiza-
tions, Refs. [70–72, 87], the predicted mixed character of the transition and steady states occurs.
Thus, one can think about what are the signatures of these mixed states in the experimental
measurements. A �rst sign of the mixed state transitions would be the observation of single
experimental runs which stabilize at di�erent photon numbers. By having access to the photon
number distributions via the photons leaking out of the cavity one could observe the deviations.
In particular, for ρmix the second order correlation function, g(2)(0), has large values, g(2)(0) > 2,
showing the importance of �uctuations in this regime. However, in order to correctly identify
the mixed state character the measurement of an additional observable in the atomic sample
is required, like the direct measurement of the even-odd-site imbalance, or the density-density
correlations of the atoms. This can by now be measured in optical lattice experimental setups
in the absence of a cavity and we expect that our �ndings motivate the experiments to imple-
ment this in the atoms coupled to cavity setups. Recent experiments have also analyzed the
dynamics of atoms-cavity coupled systems by monitoring in real time the photons leaking out
of the cavity [72, 89, 197–200].
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Chapter6
Symmetry e�ects in many-body
self-organization in a cavity: breaking a
strong symmetry

Symmetries play a key role in classifying and unifying the physics occurring in di�erent micro-
scopic systems. One of the famous examples is the universal behavior which arises at (quantum)
phase transitions. This universality implies an independence from the microscopic details of
the system, such that the behavior of the system can be classi�ed by the symmetries which
are spontaneously broken at the transition [2]. In a Hamiltonian system, each symmetry im-
plies a conservation law. This has the crucial consequence for the dynamics of the system, as
the long time state remembers the initial conditions. Furthermore, the conservation laws need
to be considered in the construction of thermal ensembles [201]. The ensemble taking these
conservation laws into account has been called the generalized Gibbs ensemble [202].

Surprisingly, in contrast to the case of closed systems, for open systems described by the
dissipative Lindblad master equations ∂

∂t
ρ = L(ρ), where ρ is the density matrix and L the

Liouvillian, a symmetry of the Liouvillian does not always imply a conserved quantity and mul-
tiple steady states [115, 117]. Let the Hermitian operator O be the generator of the symmetry
U = exp(iφO), with real φ. If the symmetry operator satis�es the condition

L
(
UρU †

)
= UL(ρ)U †, (6.1)

we have only a so-called weak symmetry. The weak symmetry condition implies a block struc-
ture of Liouvillian with di�erent symmetry sectors, but it is not su�cient to imply the existence
of a conserved quantity or multiple steady states. This is in contrast to the Hamiltonian case.
Additionally we need that the generator of the symmetryO is commuting with both the Hamil-
tonian and all jump operators Lm

[O, H] = [O, Lm] = 0, (6.2)

then a so-called strong symmetry exists which implies conservation laws. For a strong sym-
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metry, in each symmetry sector resulting from the block diagonalization at least one steady
state exists. Thus, this gives a lower bound on the number of steady states. Furthermore, the
quantity 〈O〉 = tr(ρO) is conserved,

∂

∂t
〈O〉 = 0. (6.3)

In recent years a signi�cant amount of work has been devoted to go beyond the typical
situation of a unique steady state in experimentally relevant systems that can be described by a
Lindblad master equation. Such experimental setups are very frequent in the area of quantum
optics and solid state systems coupled to light. This e�ort led to the study of the coexistence
of several steady states in such Lindblad systems [203–215]. In this context, the phenomena of
bi-/meta-stability have been investigated in various systems [72, 212, 216–224]. Additionally,
experiments tried to identify the coexistence of phases by the phenomenon of intermittency
[210–212, 222, 225]. Intermittency implies the random switching between two distinct exper-
imental measurement outputs in a single experimental run. However, one has to take care
concerning the interpretation of the occurrence or absence of intermittency, as we will also see
in this chapter. A system with a unique steady state can show intermittency if the measurement
targets di�erent diagonal components as, e.g., shown for the stochastic unravelling for the sys-
tem considered in Chap. 5 [108]. Even if we have multiple steady states intermittency can be
absent if the timescale for the transition between the states diverges, or in the case of discon-
nected multiple steady states. The latter can occur due to the presence of a strong symmetry
[226].

Furthermore, by employing the symmetries of the system steady states with exotic proper-
ties have been constructed, such as steady states with η-pairing correlations [153], states with
enhanced currents [227, 228], or in weakly driven systems [229]. Recently, the consequences
of the weak and strong symmetries in open systems were also discussed in the context of error
correction for quantum information theory [230].

We investigate in this chapter the e�ects of the presence of a strong symmetry on the many-
body self-organization phenomena of a quantum bosonic gas coupled to a dissipative cavity
(see Sec. 2.1). In this chapter, we follow the results we presented in Ref. [111]. In this work, I
performed the tMPS numerical simulations and extended the many-body adiabatic elimination
approach to atoms-cavity system for strong symmetries.

In Sec. 6.1 we identify the strong symmetry present in the considered system and its genera-
tors. In Sec. 6.2 we extend the many-body adiabatic elimination framework which we presented
in Chap. 4 in the presence of the strong symmetry. Next, we show in Sec. 6.3 how the symmetry
can lead to the occurrence of multiple dissipative phase transitions in the di�erent symmetry
sectors. Additionally, in Sec. 6.4 we show the absence of intermittency, the dissipative freezing
phenomena [226], in the presence of the strong symmetry in single trajectories obtained by the
stochastic unravelling of the master equation. We �nd that this behavior of the absence of in-
termittency can approximately survive for an intermediate time when adding a small symmetry
breaking term in Sec. 6.5. Whereas for a larger symmetry breaking term the di�erent symmetry
sectors are no longer a good description of the system. We further investigate in Sec. 6.5 how
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6.1 Symmetries of the model

in the situation of the weak breaking of the strong symmetry by an additional term in the Liou-
villian the unique steady state is recovered. Thus, the weak breaking causes a drastic response
of the system and we analyze the timescales associated to the process of reaching the steady
state.

6.1 Symmetries of the model
In this chapter, we consider the model which we introduced in Sec. 2.1, of ultracold bosons

con�ned to a one-dimensional chain coupled to a single cavity mode and transversely pumped
with a standing-wave laser beam [108, 111]. As we have already seen in the previous chapters,
the dynamics of the coupled cavity-atom system is described by the Lindblad equation in which
the excited internal state of the atoms is adiabatically eliminated [56, 65, 100, 108, 111, 114]

∂

∂t
ρ = L(ρ) = − i

~
[H, ρ] +

Γ

2

(
2aρa† − a†aρ− ρa†a

)
, (6.4)

where L(ρ) is the Liouvillian. The bosonic operators a and a† are the annihilation and creation
operators for the photon mode of the cavity and Γ the dissipation strength. We consider the
losses from the cavity due to the imperfections of the mirrors described by the dissipator. Com-
pared to the previous chapter we give now the Hamiltonian in the atomic momentum basis
[65, 100, 101]

H0 =Hc +Hkin +Hac, (6.5)
Hc =~δa†a,

Hac =− ~Ω(a+ a†)
∑
k

b†kbk+π (mod 2π),

Hkin =− 2J
∑
k

cos(k)b†kbk,

Hint =
U

2

∑
j

nj(nj − 1).

The cavity mode is described by the �rst term in H0, in the rotating frame of the pump beam,
where δ = ωc − ωp is the detuning between the cavity mode and the transverse pump beam.
The operators bk and b†k are the bosonic annihilation and creation operators of the atoms with
the unitless momentum kj = 2πj

L
and j = 1, . . . , L, assuming periodic boundary conditions.

We note that in the results presented we considered open boundary conditions, the model and
its symmetries for open boundary conditions are given in Appendix C. L denotes the number
of sites of the bosonic chain and the total number of bosons is N . The second term gives the
coupling between the atoms and the cavity �eld, introducing a coupling between the momen-
tum k and k + π (mod 2π). These two momenta are coupled due to the periodicity of cavity
mode, which has twice the periodicity of the lattice spacing of the chain. The last term describes
the kinetic energy of the atoms along the chain with the tunneling amplitude J . The repulsive
on-site interactions of strength U ≥ 0 are written in position basis in the term Hint, where j
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denotes the site of the chain and nj the atomic density.
We can observe in Eq. (6.5) that in the non-interacting case,U = 0, only transitions between

the occupation of the momenta k and k + π (mod 2π) of the atoms are possible. This implies
that in the single particle case L/2 independent symmetry sectors exist, each spanned by the
momentum states |kj〉 and |kj + π (mod 2π)〉, j = 1, . . . , L/2. These correspond to a strong
symmetry, which has as generator the atomic number operators in each symmetry sector

Okj = b†kjbkj + b†kj+π (mod 2π)bkj+π (mod 2π) (6.6)

and their average values are conserved quantities, mkj = 〈Okj〉. Due to the strong symmetry,
already for a single particle multiple steady states exist.

In the case of N atoms, the symmetry sectors can be constructed from the di�erent combi-
nations in which one can arrange the atoms in the single particle sectors. Thus, we label each
symmetry sector by K ≡

(
mk1 , ...,mki , ...,mkL/2

)
, with

∑L/2
i=1 mki = N . Even though the

atoms can be arranged independently in the single particle sectors, they are coupled via the
photon �eld.

6.2 Many-body adiabatic elimination with a strong symmetry
In Chap. 4 we described the many-body adiabatic elimination framework in the presence of

interactions, which we used in Chap. 5 to determine the phase diagram of steady states in this
case [108–110]. Now we want to see how these approaches change in the presence of a strong
symmetry, when the dynamics decomposes in di�erent symmetry sectors [111].

As a short reminder of Chap. 4, we decompose the Liouvillian as L = L0 − i
~ [Hν , ·] into

an unperturbed Linbladian L0 and a perturbative contribution given by Hν . We have seen that
this approach captures the e�ective dynamics of the density matrix in the decoherence free
subspace of L0. The resulting e�ective dynamics in the decoherence free subspace is given by
[109, 111, 164, 165, 167, 168]

∂

∂t
ρ0 = L0ρ

0 +
1

~2
P0

[
Hν ,L−1

0 P1

[
Hν , ρ

0
]]
, (6.7)

where ρ0 lies in the decoherence free subspace of L0 and P0 and P1 are the projectors onto
the decoherence free subspace and the �rst excited subspace, respectively. In the following,
we show the results of this approach in the presence of the strong symmetry [111]. In 6.2.1
we consider the perturbation as the �uctuations around the mean-�eld theory and in 6.2.2 the
perturbation is the kinetic term of the atoms.

6.2.1 Mean �eld decoupling with thermal �uctuations
In the following, we follow the approach introduced in Ref. [110] and described in Sec. 4.3

for interacting particles, to deal with the non-interacting case [111]. First, we perform a mean
�eld decoupling of the term coupling the cavity and the atoms, Hac, and only consider the �uc-
tuations in the coupling as the perturbation in the many-body adiabatic elimination derivation
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6.2 Many-body adiabatic elimination with a strong symmetry

of the e�ective equations of motion. This gives

L0 = − i
~

[Hc +Hkin +HMF
ac , ·] +D(·), (6.8)

Hν ≡ δHac

where D(ρ) = Γ
2

(
2aρa† − a†aρ− ρa†a

)
, and

HMF
ac =− ~Ω(α + α∗)

∑
k

b†kbπ−k − ~Ω(a+ a†)∆, (6.9)

δHac =− ~Ω
(
a+ a† − α− α∗

) [∑
k

b†kbπ−k −∆

]
.

As we have seen in Sec. 2.1 the mean �eld value α = 〈a〉 depends on the mean �eld value of
the imbalance ∆,

α(∆) =
Ω

δ − iΓ/2
∆, (6.10)

∆ =

L/2∑
j=1

〈Okj〉 =
∑
j

(−1)j〈nj〉.

At the mean �eld level the atomic and photonic contributions decouple beside the self-
consistent determination of the parameters. Thus, an arbitrary state in the decoherence free
subspace of L0 is given by [110, 111]

ρ = |α(∆)〉〈α(∆)| · ρb, with ρb =
∑
n,m

cn,m|n(α)〉〈m(α)|, (6.11)

where |n(α)〉 are eigenstates of the atomic mean �eld Hamiltonian Ha = Hkin + HMF
ac and

the cavity is in a coherent state. If we plug in ρ given by Eq. (6.11) in Eq. (6.7) we obtain the
equation of motion for the entries cn,m of the density matrix, as we obtained in Sec. 4.3. In order
to obtain a substantial simpli�cation, we generalize the thermal Ansatz introduced in Ref. [110]
and given in Sec. 4.3. However, in the considered non-interacting case, we cannot assume
that the atomic sector thermalizes as a whole, as we only have cavity mediated interactions.
But we can make the assumption that the particles in each single particle symmetry sector can
thermalize, such that the behavior in each single particle sector will be described by an e�ective
inverse temperature βj associated with this sector [111], i.e.

ρb ∼
L/2∏
j=1

exp [−βjHa(kj, π − kj)] , where (6.12)

Ha(kj, π − kj) = −~Ω(α + α∗)
(
b†kjbπ−kj + b†π−kjbkj

)
− 2J cos(kj)

(
b†kjbkj − b

†
π−kjbπ−kj

)
.
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6.2.2 Perturbation in kinetic energy

This implies that, for the sectors chosen below in Fig. 6.1, the state from the symmetry sector
(mk1 = 5) is described by a single temperature as all particles are in the single particle sector
with momentum k1, but the state from the symmetry sector (mk2 = 3,mk4 = 2) is described
by two temperatures as we have 3 particles in the single particle sector with momentum k2 and
2 particles in the single particle sector with momentum k4.

This procedure, together with the Ansatz given in Eq. (6.12), is analogous to considering
the case of conservation laws in closed systems, which are described by generalized Gibbs
ensembles [201, 202]. Let us note that a generalized Gibbs ensemble was previously used to
describe weakly open systems in the presence of approximate conservation laws in Ref. [229].

We have reduced our problem of computing the density matrix to the determination of a
smaller number of parameters, the inverse temperatures βj . For this it is enough to consider
the equations of motion of a reduced number of observables. Thus, we describe the steady state
of the system with the temperatures for which the Ansatz given by Eqs. (6.11)-(6.12) satis�es
the equations 〈

∂

∂t
Ha(kj, π − kj)

〉
= 0 (6.13)

for all momenta kj and the mean �eld self-consistency condition Eq. (6.10).

6.2.2 Perturbation in kinetic energy
In this section, we consider the perturbation to be given by the kinetic energy, Hν ≡ Hkin,

as we saw in Sec. 4.2 this approach is valid in the regime ~Γ� ~Ω, ~δ � J and we have that
L0 is given by [109, 111]

L0 = − i
~

[Hc +Hac, ·] +D(·), (6.14)

where we considered non-interacting atoms, with D(ρ) = Γ
2

(
2aρa† − a†aρ− ρa†a

)
the dissi-

pator.
In Sec. 4.2 we obtained that states of the form ρ = |α(∆); ∆, u〉〈α(∆′); ∆′, u′|with ∆ = ∆′

lie in the decoherence free subspace of L0, and that the contributions which are coupled to the
decoherence free subspace via the perturbation Hkin come from the excited subspaces spanned
by the states in which ∆ = ∆′± 2. In the case with �nite interactions the mixed state given by
[109]

ρmix =
1

N
∑
{nj}

|α(∆);n1, . . . , nL〉〈α(∆);n1, . . . , nL| (6.15)

was a steady state of the system. Here N is the number of ways one can arrange N identical

particles in L sites, N =

(
L+N − 1

N

)
.

As we are now in the non-interacting case with the momentum labeling the di�erent sym-
metry sectors, we need to initially restrict ourselves to a certain symmetry sector. In the fol-
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6.2 Many-body adiabatic elimination with a strong symmetry

lowing, we �rst compute the steady state of one particle in a certain symmetry sector and,
afterwards, generalize this result to the case of N particles in a certain many-body symmetry
sector. We consider a single particle in the symmetry sector K = (mk = 1), in this situation
the steady state is given by [111]

ρk,st =
∑
i,j odd

sin(ki) sin(kj)| − α; i〉〈−α; j|+
∑
i,j even

sin(ki) sin(kj)|α; i〉〈α; j|. (6.16)

The derivation of the steady states for the one particle and two particles cases can be found in
Appendix C. We can observe that this state has a fully mixed atomic sector in the momentum
basis.

If we generalize the one and two particle steady states (see Appendix C) to the N particle
case, we obtain that for N particles the steady state will also be the fully mixed state in the
di�erent symmetry sectors. For the N particle case the symmetry sectors can be constructed
from di�erent combinations in which one can arrange the particles in the single particle sectors.
Thus, the state with a fully atomic sector for N particles distributed in the L/2 single particle
sectors, K =

(
mk1 , ...,mki , ...,mkL/2

)
, is given by [111]

ρK,st =
1

N0

mk1∑
i1=0

· · ·
mkL/2∑
iL/2=0

|nk1 = i1, nπ−k1 = mk1 − i1; · · · ;nkL/2 = iL/2, nπ−kL/2 = mkL/2 − iL/2〉

〈nk1 = i1, nπ−k1 = mk1 − i1; · · · ;nkL/2 = iL/2, nπ−kL/2 = mkL/2 − iL/2|,
with (6.17)
|nk1 = i1, nπ−k1 = mk1 − i1; · · · ;nkL/2 = iL/2, nπ−kL/2 = mkL/2 − iL/2〉 ≡

≡ 1

M

L∑
j11 ,...,j

1
mk1

=0

· · ·
L∑

j
L/2
1 ,...,j

L/2
mkL/2

=0

[
sin
(
k1j

1
1

)
... sin

(
k1j

1
mk1

)
(−1)

ji1+1+...+jmk1
+(mk1−i1)

]
× · · ·

×
[
sin
(
kL/2j

L/2
1

)
... sin

(
kL/2j

L/2
mkL/2

)
(−1)

jiL/2+1+...+jmkL/2
+(mkL/2−iL/2)

]
×

×
√

(n1)!...(nL)! |α(∆); j1
1 , ..., j

1
mk1

, ..., j
L/2
1 , ..., jL/2mkL/2

〉,

where nki is the number of particles with momentum ki, N0 =
∏L/2

i=1

(
mki + 1
mki

)
, the posi-

tions of the N particles are j1
1 , ..., j

1
mk1

, ..., j
L/2
1 , ..., j

L/2
mkL/2

, and ni is the occupation number
of each site in real space and the even-odd imbalance is given by ∆ =

∑mk1
p=1 (−1)j

1
p + ... +∑mkL/2

p=1 (−1)j
L/2
p , and the normalization constant is

M =

(
L+ 1

2

)N/2√
(nk1)!(nπ−k1)!...(nkL/2)!(nπ−kL/2)!. (6.18)
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Thus, we have obtained that in each symmetry sector the steady state has a fully mixed
atomic sector [111], which is very di�erent in nature compared to the steady state ρmix in the
presence of interaction. In the following, we �nd that slightly breaking the strong symmetry
can lead to drastic e�ects in the nature of the steady state.

6.3 Properties of the multiple steady states at U = 0

Figure 6.1: The scaled photon number, 〈a†a〉/N , as a function of ~Ω
√
N/J , for di�erent symmetry

sectors. We compare the values obtained with tMPS at tJ/~ = 200 with the generalized Gibbs ensemble
within the mean �eld approach including thermal �uctuations. The parameters used areL = 10,N = 5,
~δ/J = 2, U/J = 0, and ~Γ/J = 1. At the dashed vertical line, the nature of the obtained steady states
reaches from states with an empty cavity (red symbol/line) to the self-organized states (remaining ones).
We note that not all possible symmetry sectors are depicted here. Figure adapted from Ref. [111].

We show in Fig. 6.1 the steady state diagram of the coupled atom cavity system using two
di�erent methods. The �rst method is the mean �eld decoupling of the atomic and the pho-
tonic sector considering the �uctuations as a perturbation together with the assumption that
within each symmetry sector the atoms thermalize as described in Sec. 6.2.1 [110, 111]. For this
approach we compute the photon number of the state given in Eq. (6.12).

The second approach is the time-dependent matrix product state (tMPS) method developed
[109] for the numerically exact simulation of the time-evolution of the dissipative master equa-
tion, which we described in Sec. 3.2. For the time-evolution we have chosen the empty cavity
and the ground state in a certain symmetry sector for the atoms as the initial state. Regarding
the numerical parameters, the convergence of our results is su�cient for at least 500 quantum
trajectories in the Monte Carlo sampling, the truncation error goal of 10−12, the time-step of
dtJ = 0.0125~ for the parameters used in Fig. 6.1 and dtJ = 0.00625~ for the other parame-
ters considered in the rest of the chapter, and an adaptive cuto� of the local Hilbert space of the
photon mode betweenNpho = 20 andNpho = 10. The convergence behavior for the parameters
considered in this chapter is similar to the one presented in Sec. 3.2.
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6.4 Dissipative freezing

Both approaches give in each considered symmetry sector of the strong symmetry a tran-
sition from the empty cavity state to the self-organized state with �nite cavity occupation as
we increase the coupling strength. However, importantly, in each symmetry sector the transi-
tion takes place at distinct critical values of the coupling strength Ωc. This situation could be
explained by the following argument: the self-organization transition in this model arises due
to the competition between the ordering of the atoms in a density wave, which is induced by
interaction with the photon mode, and the kinetic energy of the atoms. As the kinetic energy
depends on the momentum of the atoms and in each symmetry sector the atoms have di�erent
momenta, this gives rise to a di�erent critical values of the coupling strength for the transition.

Thus, even if we take the same physical parameters and a �xed coupling (see vertical line
in Fig. 6.1) multiple steady states arise depending on the projection of the initial state to the
symmetry sectors. Each steady state can have very di�erent nature. We observe that it can occur
that one sector is still in the disordered phase with an empty cavity, whereas another sector
already is deep in the self-organized phase, with a �nite cavity �eld. This is to be contrasted
to the meta-stable states arising for the weak Z2 symmetry present in our system (see Sec. 2.1),
which are connected to a unique steady state in the case of a �nite system.

6.4 Dissipative freezing
As we presented in Sec. 3.2 in our numerical simulations we deal with the dissipation by the

stochastic unraveling of the master equation with quantum trajectories [111]. This allows us to
study the e�ect of the existence of a strong symmetry in a system described by a Liouvillian on
the time evolution of the quantum trajectories. Recently, the existence of the phenomenon of
’dissipative freezing’ was shown in such an analysis, for systems in which the Lindblad operator
is proportional to the Hamiltonian (H ∝ L) [226]. Dissipative freezing is the phenomenon that
single realizations of the quantum trajectories can break the strong symmetry. If a trajectory is
purely in one symmetry sector, it will stay in that sector for the rest of the time evolution and,
thus, obey the symmetry of the system. However, if one starts with an initial state such that a
trajectory consists of a superposition with contributions from multiple symmetry sectors, each
individual trajectory will randomly select one of the sectors and remain there for the rest of
the evolution. Further, the trajectories will show no behavior of intermittency in between the
di�erent sectors. Thus, even though the expectation value of the generator of the symmetry
given by Monte Carlo average is a conserved quantity, this is no longer true at the level of
single trajectories. The single trajectories can break ’spontaneously’ the strong symmetry of
the model. This is an interesting e�ect which might have relevance in analyzing the single
realizations of experiments. Furthermore, as the steady state is unique the interpretation of
quantities measured in the quantum trajectory method which stabilize at di�erent values does
not imply di�erent steady states.

In order to obtain further intuition in how the phenomenon of dissipative freezing occurs
we look at the time-evolution of a single quantum trajectory. This is given by the following
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Figure 6.2: Time evolution of Ok for the single quantum trajectories sampled in the Monte
Carlo average for di�erent interaction strengths U , with k = k1 and k = k4. The
initial state consists in an equal superposition between states for the sectors (mk1 = 5) and
(mk1 = 1,mk2 = 1,mk3 = 1,mk4 = 1,mk5 = 1). In each panel there are 1000 trajectories plotted, the
black, or blue, curves represent the Monte Carlo average, either for the full set of trajectories, or aver-
aged separately depending on the �nal value, we shade the interval of one standard deviation away from
the average, with light blue for the full average and light gray for the separate averages. The parameters
used are L = 10, N = 5, ~δ/J = 2, ~Ω

√
N/J = 4.47, and ~Γ/J = 15. Figure adapted from Ref. [111].

time-evolution operator

U(t, t0) =
1

M
e−iH̃(t−tN )/~

1∏
j=N

L e−iH̃(tj−tj−1)/~, (6.19)

91



6.4 Dissipative freezing

whereM is the normalization constant, L the jump operator, and {t1, ..., tN} are the stochasti-
cally sampled times when a quantum jump occurs. The e�ective non-Hermitian Hamiltonian is
H̃ = H− i

2
~ΓL†L, as de�ned in Sec. 3.2. Thus the time-evolution operator also commutes with

the symmetry generators, Ok. To analyze the phenomenon of dissipative freezing we should
look at the evolution of one of the symmetry generators Ok for a single quantum trajectory,

〈Ok(t)〉traj = 〈ψ0|U †(t, t0)OkU(t, t0)|ψ0〉 = 〈ψ0|U †(t, t0)U(t, t0)Ok|ψ0〉, (6.20)

with |ψ0〉 the initial state. If |ψ0〉 is within one symmetry sector and is an eigenstate of Ok, we
can observe that the expectation value within the single trajectory 〈Ok(t)〉traj will not evolve
in time, as neither the jump operator, nor the e�ective Hamiltonian can change the symmetry
sector. In contrast, if the initial state is taken as a superposition with contributions from more
than one symmetry sector, then, in principle, both the jump operator or the evolution with
the e�ective Hamiltonian could change the weights of the contribution of the di�erent sectors.
This implies that 〈Ok(t)〉traj will evolve in time for a single quantum trajectory and only the
Monte Carlo average will be constant.

In the special case in which the system satis�es
[
H,L†L

]
= 0 one can get a better insight

as

U †(t, t0)U(t, t0) = e−ΓL†L(t−t0)(L†L)n, (6.21)

with n the number of quantum jumps that occur up to time t. Here the evolution ofOk will only
depend on the number of quantum jumps that occur up to time t. This includes the particular
case of L†L = I when U †(t, t0)U(t, t0) = I and 〈O(t)〉traj is trivially constant in time. This
situation also includes the system considered in Ref. [226], as the authors prove that dissipative
freezing always occurs if H ∝ L ∝ O, as the quantum trajectory is always projected to a
symmetry sector after a su�cient number of quantum jumps.

For the coupled atom-cavity system that we consider in this chapter, Eqs. (6.4)-(6.5), the con-
dition

[
H,L†L

]
6= 0 is not satis�ed and the arguments given above are not directly applicable.

Nevertheless, we numerically show, in Fig. 6.2(a)-(b), that even in a system that goes beyond the
special case (H ∝ L) of Ref. [226], dissipative freezing can occur [111]. In Fig. 6.2(a)-(b) we plot
the expectation value of two of the generators of the strong symmetry, 〈Ok1〉 and 〈Ok4〉, in time
for 1000 single trajectories. The evolution of the other symmetry generators is presented in Ap-
pendix C and supports the same conclusions. The initial state is an equal superposition of a state
from the sector (mk1 = 5) and the sector (mk1 = 1,mk2 = 1,mk3 = 1,mk4 = 1,mk5 = 1). For
the sector (mk1 = 5) the generators of the symmetry have the values 〈Ok1〉 = 5 and 〈Ok4〉 = 0,
and for the sector (mk1 = 1,mk2 = 1,mk3 = 1,mk4 = 1,mk5 = 1) the values 〈Ok1〉 = 1 and
〈Ok4〉 = 1. At intermediate times 10~ . tJ . 30~ we observe that the trajectories approach
one of the two sectors, signaled by the decrease of the standard deviation of the separate aver-
ages (shaded in gray). At long times, tJ & 40~, we can see that all trajectories evolved to one
of the two symmetry sectors, as 〈Ok〉(t) equals the expected occupation in those sectors. The
Monte Carlo average of the trajectories stays constant throughout the following time-evolution,
up to a numerical error, showing that the strong symmetry is broken only at the level of the
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quantum trajectories.

6.5 Breaking of the strong symmetry
If any �nite interaction, U > 0, is included in the model the operators Ok, Eq. (6.6), will

no longer commute with the Hamiltonian, Eq. (6.5), which means that the strong symmetry of
the Liouvillian is broken. In the following, we analyze how the system passes over from having
multiple steady states in the presence of the strong symmetry to a unique steady state as the
on-site interaction is slightly turned on [111]. We focus on the limit of large dissipation as
in this limit we have analytical expressions of the expected steady states. For large dissipation
strength the many-body adiabatic elimination with the kinetic energy as a perturbation predicts
the steady state transition between the multiple steady states at U = 0, ρK,st, Eq. (6.17) derived
in Sec. 6.2.2, to a single steady state ρmix, Eq. (6.15) [109].

In Fig. 6.3(a)-(b) we plot the behavior of the expectation value of the photon number and the
conserved quantities of the symmetry at �xed time tJ = 49.75~ as a function of the interaction
strength U . We consider initial states in di�erent symmetry sectors mentioned in the legend.
For the considered sectors we observe that atU = 0 multiple steady states are obtained signaled
by distinct expectation values, agreeing well with the expected values. However, as we increase
the interaction strength the values of the photon number and 〈Ok〉 for the di�erent initial states
start to be more and more similar until they agree with each other and with the values expected
for the state ρmix, for large values of interaction U . The deviations from the predicted unique
steady state ρmix for small interaction strength are due to the fact that the results are taken at
a �nite time for which the system has not yet reached its steady state. This can be observed
in time-evolution plots given in Fig. 6.3(c)-(d) for the photon number and 〈Ok〉 − 〈Ok〉ρmix for
di�erent interaction values. The expected steady state value for 〈a†a〉/N is represented with a
magenta line in Fig. 6.3(c) and 〈Ok〉ρmix = 1. We present the time evolution of the considered
observables for other initial states in Appendix C.

In order to quantify the time-evolution we �tted the time dependence of 〈a†a〉 − 〈a†a〉ρmix

and 〈Ok〉 − 〈Ok〉ρmix with an exponential function, ∝ e−t/τ , and extracted the timescales for
reaching the steady state. The �ts describe very well the numerical data, which gives strong
support that at in�nite time the steady state is given by ρmix. Additionally, the dependence of
the timescale on U is represented in Fig. 6.3(e)-(f) in log-log plots. The timescales exhibits an
algebraic dependence on 1/U2. We compare the scaling behavior of the timescales with results
from two other approaches performed for a small system of L = 4. First, we perform the
exact diagonalization (ED) of the full Liouvillian, Eqs. (6.4)-(6.5). In this case, we compute the
eigenvalues corresponding to the left eigenstates of the Liouvillian. In the second approach,
we diagonalize the the many-body adiabatic elimination equations of motion, with the kinetic
energy as a perturbation [109], (AE), Eq. (4.16) of Sec. 4.2. In both cases, we determine the
timescale as the inverse of the real part of the �rst excited eigenvalue. For both approaches, we
obtain an algebraic dependence ∝ U−α with α ≈ 2 con�rming the tMPS results.

We observe that the timescales for 〈Ok〉 are consistently larger than the timescales for the
photon number. This signals that in our simulation the photon state is reaching the steady state
before the atomic one. We can attribute this to the spatial extend of the atomic system.
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6.5 Breaking of the strong symmetry

Figure 6.3: The dependence on the interaction strength U of (a) the scaled photon number, 〈a†a〉/N ,
and (b) the expectation value of Ok4 using tMPS at time tJ = 49.75~ and many-body adiabatic elim-
ination, using the kinetic energy as a perturbation (AE). The time evolution of (c) the scaled photon
number, 〈a†a〉/N , and (d) the expectation value of Ok4 for di�erent values of U . For �nite U we �t
the time evolution with an exponential decay (black dashed lines) the di�erence between the tMPS data
and the expected steady state value, obtained from many-body adiabatic elimination. The timescales
obtained from the exponential �ts as a function of U for (e) 〈a†a〉/N and (f) Okj . In (f) we compare the
timescales ofOkj with the longest timescale of a small system of N = 2 particles in L = 4 system com-
puted with exact diagonalization (ED) and many-body adiabatic elimination (AE). We �t the timescale
dependence on the interaction with an algebraic decay ∝ U−α and obtain the following exponents: (e)
(mk1 = 5), α = 1.86± 0.07; (mk1 = 1,mk4 = 4), α = 1.73± 0.08; (f) j = 2, α = 1.92± 0.06; j = 3,
α = 1.77 ± 0.09; j = 4, α = 1.78 ± 0.03. The red lines are a guide to the eye of an algebraic decay
∝ U−2. The parameters are chosen to be L = 10, N = 5, ~Ω

√
N/J = 4.47, ~δ/J = 2, and Γ/J = 15.

Figure adapted from Ref. [111].
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Thus, we see that the time-evolution at short times remembers well the strong symmetry
and the mixing of the di�erent symmetry sectors only occurs on timescales∝ 1/U2 associated
with the scattering of the atoms.

We can ask now the question regarding how the breaking of the symmetry a�ects the phe-
nomenon of dissipative freezing discussed in the previous section. We analyze how this phe-
nomenon is a�ected by the presence of a weak interaction, which breaks the strong symmetry.
We observe in Figs. 6.2(c)-(d) (see also Appendix C) that at U/J = 0.01 the time evolution
found for the single trajectories resembles at early time the one at U/J = 0. This implies that
the single trajectories break the approximate strong symmetry and approach the two di�erent
symmetry sectors. At intermediate time, 20 . tJ/~, many of the quantum trajectories spend a
long time near the two values expected from the U = 0 symmetry sectors. Only few of the tra-
jectories directly show deviations from these values or intermittency between the values such
that the phenomenon of dissipative freezing also occurs here to an approximate extend. One
has to be careful not to misinterpret this absence of intermittency as the existence of multiple
steady state. We observe that only starting from U/J & 0.25 the e�ect of the strong symmetry
washes out in the considered time interval.

6.6 Short summary
To summarize, our methodological developments made possible one of the �rst studies

regarding the dynamics of a many-body open system in the presence of a strong symmetry. In
this chapter, we analyzed the e�ects of a strong symmetry and the breaking of this symmetry
on the self-organization phenomena and dynamics of a system consisting of bosonic atoms
coupled to an optical cavity [111].

The strong symmetry implies the existence of multiple steady states. We showed that the
dissipative phase transition to the self-organized state can occur at di�erent thresholds in dif-
ferent symmetry sectors. We describe the atomic part of the steady states by generalized Gibbs
ensembles. We analyzed how the nature of the steady state changes drastically when a small
term that breaks the strong symmetry is introduced. The timescales towards the new unique
steady state where found to be proportional to 1/U2, associated with the scattering between
the di�erent momentum states of the atoms. We have shown that even for a many-body system
with a strong symmetry the phenomenon of dissipative freezing can occur when one considers
the behavior of individual quantum trajectories. We observe that, at intermediate time, one
can still identify the e�ect of dissipative freezing even if the strong symmetry has been slightly
broken. Our work rises the open question whether a spontaneous symmetry breaking can also
be observed in single trajectories of an experimental measurement. This would question the
interpretation of the absence of intermittency in experimental measurements.
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Chapter7
Cavity-induced spin-orbit coupling in an
interacting bosonic wire: a mean �eld
study

In this chapter, we consider a model in which a complicated coupling between the atoms and
the cavity allows for the realization of exotic phases of the atoms. Thus, in the following, we
study interacting bosons con�ned to a one-dimensional wire, where we show that the coupling
to a cavity mode can dynamically induce spin-orbit coupling [93]. The �rst step in the analysis
is to investigate the steady state phase diagram of this model at a mean �eld level, as we did in
Sec. 2.1 for the simpler atoms-cavity coupling. We show that at this level of approximation the
dynamic stabilization of a state with a persistent chiral spin current, the Meissner super�uid, in
the coupled atomic cavity system is possible. As an outlook for this chapter, the natural question
arises if the non-trivial Meissner super�uid steady state survives once the �uctuations beyond
the mean �eld are correctly taken into account with the methods we developed in Chap. 3 and
Chap. 4.

In recent years, a signi�cant amount of experimental progress has been realized in the
creation of ultracold atomic gases subjected to synthetic magnetic �eld or spin-orbit coupling
[92, 231–242]. This has opened new and exciting possibilities for the realization of exotic quan-
tum phases such as Meissner phases or topologically non-trivial phases in a well controlled
way. In the case of cold atoms loaded into an optical lattice one can use a pair of Raman beams
in order to induce a tunneling process between neighboring lattice sites. If one of the Raman
beams has a running wave nature the wavefunction of atoms accumulates a position depen-
dent phase. The imprint of such a phase can be interpreted as the analog of an Aharanov-Bohm
phase of charged particles in a magnetic �eld. In a continuum system the spin-orbit coupling
of atoms has been realized using two-photon Raman transitions which couple internal states
of the atoms for bosons [233, 243] and fermions [244, 245]. The realized spin-orbit coupling
couples the particle’s spin, which is represented by the internal state of the atoms, with its
momentum, this induces chiral currents or topological e�ects [246, 247]. One example of such
a non-trivial state is the Meissner state, which corresponds to a helical liquid. In this state

96



the spin and the momentum directions of the particles become locked to each other, this gives
rise to the propagation of the two spins in opposite directions, which induces a chiral current
[248–252].

The gauge �elds which appear in high-energy and condensed-matter physics models are
dynamical quantum degrees of freedom, such that going beyond the statically induced gauge
�elds [236–239] is of great interest. The dynamic generation of gauge �elds by a cavity-assisted
tunneling has been proposed for cold atoms subjected to an optical lattice, where the arti�cial
magnetic �eld is induced dynamically via the feedback mechanism between the cavity �eld
and the motion of atoms [61, 79–83, 93]. We note that a di�erent approach for realizing dy-
namical gauge �elds uses Floquet driving [240–242, 253]. Phases for which the cavity mediated
spin-orbit coupling plays an important role have been considered for standing-wave cavities
[74, 88, 254–257], or ring cavities [75, 258, 259]. Experimentally cavity mediated spin-dependent
interactions [86] and spinor self-ordering of bosonic atoms coupled to a cavity [87] have been
realized, which led to the demonstration of dynamical spin-orbit coupling [92]. Theoretically,
the steady state phase diagram has been determined for a ladder geometry in the case of nonin-
teracting fermions [78–80] and interacting bosons [83], where states with �nite chiral currents
have been found, or non-trivial topological properties in two dimensions [61].

This chapter is organized as follows, following Ref. [93], in Sec. 7.1.1 we describe the setup
of the interacting bosonic wire placed into the optical cavity. In Sec. 7.1.2 we derive the mean
�eld e�ective model for the atomic degrees of freedom and a stability condition by eliminating
the dynamics of the cavity �eld. In Sec. 7.1.3 we discretize our continuum model in order to
simulate the system on a lattice. Next, in Sec. 7.1.4 we present the observables of interest for
the characterization of the Meissner super�uid state. We consider a set of parameters close
to the ones of existing experimental setups and we show that the dynamical stabilization of
the Meissner super�uid as a self-organized state with a �nite cavity occupation is possible in
Sec. 7.2. In this work, I derived the e�ective mean �eld model and performed the numerical
ground state simulations using MPS.

7.1 Model
7.1.1 Description of the setup

In this chapter we investigate an ultracold bosonic gas placed in an optical cavity con�ned
to a one-dimensional wire as sketched in Fig. 7.1 [93]. In order to create the spin-orbit coupling
three internal states of an atom are used [see Fig. 7.1(b)]. The states from the lower energy
manifold, | ↑〉 and | ↓〉, di�er in energy by ~ωz , and can be coupled using two balanced Raman
transitions. Each of the Raman transitions involves a transverse running-wave pump laser and
the standing-wave cavity mode (Fig. 7.1). The transverse pump laser beams have the frequencies
ωp,i=1,2, the Rabi frequencies Ωp,i=1,2 and the wave-vectors kp,i = kpex, along the x-direction,
where the unit vectors along the three spatial directions are {ex, ey, ez}. The di�erence in
frequency between the two pump beams is ~(ωp,2 − ωp,1) ≈ 2~ωz . The cavity mode has the
frequency ωc, vacuum Rabi frequency g0 and the wave-vector kc = kcey. As we use only one of
the cavity modes, we assume that all the other cavity modes are far detuned from the possible
transitions. We choose the detuning between the cavity mode and the �rst pump beam such
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Figure 7.1: (a) Sketch of the setup. The bosonic atoms in an optical cavity are con�ned in a one-
dimensional wire. (b) Level scheme of the cavity-induced Raman coupling: | ↑〉 and | ↓〉 denote two
internal states, and |e〉 the excited internal electronic state. The energy o�set between the two states
is ~ωz . The spin-orbit coupling is realized by two Raman processes each of which involve the cavity
mode with vacuum Rabi frequency g0 and one of the two transverse running wave pump beam with
Rabi frequency Ωp,i=1,2. δep and δcp are the frequencies of the excited state and the cavity mode in the
rotating frame. ©2019 American Physical Society, published in [93].

that it is close to the o�set, ~(ωc − ωp,1) ≈ ~ωz , furthermore the cavity and pump modes are
considered to be far detuned from the internal atomic transition to the excited state, i.e. ωe �
ωc, ωp,i=1,2, thus, the excited state population is negligible and can be adiabatically eliminated.
In the following we will use the rotating frame with the frequency ωp = (ωp,2 + ωp,1)/2.

We obtain the spin-orbit coupling with the help of the cavity-induced Raman tunneling
[93]. During the Raman transition a spatially dependent phase factor e−i∆k·r is imprinted onto
the atomic wavefunction, where ∆k = kpex ± kcey and r = xex. This corresponds to a
dynamically induced spin-orbit coupling. As the cavity mode does not give a contribution, the
imprinted �ux is ϕ = kp, de�ning a corresponding length-scale lϕ ≡ 2π/ϕ. The strength of
the spin-orbit coupling can be varied, in an experimental realization, by tilting the pump beams
away from the ex direction.

The Hamiltonian, which describes the e�ective description for the atoms after the adiabatic
elimination of the excited state, derived similarly to Refs. [65, 101], is given by

H = Hc +Hkin +Hint +Htrap +Hac (7.1)
Hc = ~δcpa†a

Hkin = − ~2

2m

∑
σ=↑,↓

∫
dx ψ†σ(x)∂2

xψσ(x)

Hint =
U

2

∑
σ=↑,↓

∫
dx ψ†σ(x)2ψσ(x)2
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+ V

∫
dx ψ†↑(x)ψ↑(x)ψ†↓(x)ψ↓(x)

Htrap =
4Vtrap
L2

∑
σ=↑,↓

∫
dx (x− x0)2ψ†σ(x)ψσ(x)

Hac = −~Ω̃(a+ a†)(K↑↓ +K†↑↓)

K↑↓ =

∫
dx eixϕψ†↑(x)ψ↓(x).

Hc describes the cavity mode in the rotating frame, where δcp = ωc − ωp and a and a† are the
bosonic annihilation and creation operators for the cavity mode. The bosonic �eld operators
ψσ(x) and ψ†σ(x) are the annihilation and creation operators of the atoms in the wire for the
spin state σ =↑, ↓. The length of the one-dimensional system is denoted byL. The total number
of bosonic atoms is N , with the mean inter-particle spacing d = L/N and the density of the
wire ρ = d−1. Hkin describes the kinetic term for the atoms along the direction of the wire,
with m the mass of the atoms. Hint gives the repulsive contact interaction, where the strength
of the interaction of the atoms with the same spin is spin independent and denoted by U and
between atoms with di�erent spin is V , (U, V > 0). In current experimental setups an external
harmonic trapping potential is often present. We included this e�ect by adding the term Htrap,
with x0 = L/2. The coupling between the atoms and the cavity �eld is described byHac, where
the creation or annihilation of a cavity photon is accompanied by a spin �ip. As the imprinted
phase during the spin �ip has a spatial dependence it follows that a dynamically induced spin-
orbit coupling for the atoms is realized. We prevent a privileged spin state by coupling the
spin �ip in each direction to both the creation and the annihilation operators of the cavity
�eld, using two pump laser beams [260]. The strength of this process is given by the amplitude
Ω̃ = Ωp,1g0

ωe−ωp,1 , where g0 is the Rabi frequency of the cavity mode. We �x the Rabi frequency of
the second pump beam to Ωp,2 = Ωp,1

ωe−ωp,2
ωe−ωp,1 , in order to realize the balanced Raman scheme.

The coupled atoms-cavity system is an open system, as we have losses due to the imper-
fections of the cavity mirrors. We include the dissipative nature of the cavity with a Lindblad
equation, as mentioned in Sec. 2.1. The evolution of an arbitrary operator O is given by [56]

∂

∂t
O =

i

~
[H,O] +D(O), (7.2)

with the dissipator D(O) = Γ
2

(
2a†Oa−Oa†a− a†aO

)
, which describes the loss of cavity

photons. We mention that our model, Eqs. (7.1)-(7.2), has been recently realized experimentally
in Ref. [92].

7.1.2 Mean �eld treatment of the cavity �eld
In this chapter, we adiabatically eliminate of the cavity �eld at a mean �eld level [65, 78,

83, 93]. We described this approach in Sec. 2.1 and we used it to contrast our newly developed
methods presented in Chapter 5. Within this approximation, the cavity �eld is replaced with
its steady state value, computed from the condition ∂t〈a〉 = 0 and an e�ective model for the
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bosonic atoms is derived. Using the equation of motion Eq. (7.2) this condition becomes

i∂t〈a〉 = −Ω̃〈K↑↓ +K†↑↓〉+

(
δcp − i

Γ

2

)
〈a〉 = 0. (7.3)

This relates the expectation value of the cavity �eld to the expectation value of the observ-
able K↑↓ by

〈a〉 =
Ω̃

δcp − iΓ
2

〈K↑↓ +K†↑↓〉. (7.4)

The model exhibits a weak Z2 symmetry, associated with the inversion of the sign of both the
cavity �eld, a+ a†, and of K↑↓+K†↑↓. As we saw in Sec. 2.1 and Sec. 4.3 mean �eld approaches
break the Z2 symmetry at the transition. In the following we look at the mean �eld solutions
which have 〈K↑↓ +K†↑↓〉 > 0.

The mean �eld decoupling of the atomic and cavity degrees of freedom leads to the follow-
ing equations of motion for the atomic operators

i~∂t〈ψσ(x)〉 = − ~2

2m
∂2
x〈ψσ(x)〉+ U〈ψ†σ(x)ψσ(x)ψσ(x)〉

+ V 〈ψσ(x)ψ†σ(x)ψσ(x)〉 − ~Ω̃〈a+ a†〉e±iϕx〈ψσ(x)〉

+
4Vtrap
L

(x− x0)2〈ψσ(x)〉, (7.5)

with σ =↑ or ↓ and the sign in the exponential is positive for the spin state σ =↑ and negative
for σ =↓. We substitute the expectation value of the cavity �eld, Eq. (7.4), into the equations
of motion of the bosonic operators, Eq. (7.5). Thus we obtain that the e�ective dynamics of the
atom can described by the following Hamiltonian [93]

Heff = Hkin +H↑↓ +Hint +Htrap (7.6)
H↑↓ = −J↑↓(K↑↓ +K†↑↓).

In this e�ective Hamiltonian, Eq. (7.6), J↑↓ gives the amplitude of the spin-orbit coupling. J↑↓
has to be computed self-consistently because it depends on the occupation of the cavity �eld
and thus on the expectation value of 〈K↑↓〉. The self consistency condition is given by

J↑↓ = A〈K↑↓〉, with A =
4~Ω̃2δcp
δ2
cp + Γ2/4

. (7.7)

We will callA, loosely, the pump strength, since it is one of the experimental knobs used to tune
A. Depending on the parameters non-trivial self consistent solutions can be typically found for
a continuous range of values ofA. We will obtain the solutions of this mean �eld as the ground
state of the e�ective Hamiltonian, Eq. (7.6). This is a rather arbitrary choice as any eigenstate of
the e�ective Hamiltonian would be a solution of the mean �eld equations of motion, as we saw
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in Sec. 2.1 and Sec. 4.3, and in Ref. [110]. However, it is important to �rst understand the nature
of the phases that can be realized in the ground state of the e�ective atomic Hamiltonian before
considering the e�ects of the �uctuations beyond the mean �eld decoupling of the atoms and
the cavity.

We determine stability of the non-trivial mean �eld solutions in the self-organized phase
by considering perturbations around the mean �eld steady state [65, 83, 261]. We follow an
analogous stability analysis as performed in Ref. [83]. By looking at the behavior of linear
�uctuations around the stationary solutions of the equations of motion for the cavity �eld,
Eq. (7.3), we obtain the following stability condition

d〈K↑↓〉
dJ↑↓

<
1

A
. (7.8)

We note that for the rest of this chapter by stable solutions we mean solutions for which the
condition given by Eq. (7.8) is satis�ed, but which do not take into account the �uctuations
beyond the mean �eld decoupling of the atoms and the cavity.

7.1.3 Discrete lattice model
As the matrix product state method for ground state search (see Sec. 3.1.2) that we want to

employ to determine the self-consistent solutions is designed for discrete Hamiltonian, we dis-
cretise the spatial dimension with a spacing ∆x. This maps the e�ective Hamiltonian, Eq. (7.6),
to the corresponding model on a lattice, which reads [93]

HBH = Hkin +H↑↓ +Hint +Htrap (7.9)

Hkin = − J

∆x2

∑
l,σ=↑,↓

(b†σ,lbσ,l+1 + b†σ,l+1bσ,l)

H↑↓ = −J↑↓(K↑↓ +K†↑↓)

K↑↓ =
∑
l

eiϕ∆xlb†↑,lb↓,l

Hint =
U

2∆x

∑
l,σ=↑,↓

nσ,l(nσ,l − 1) +
V

∆x

∑
l

n↑,ln↓,l

Htrap =
4Vtrap
L2

∆x2
∑
l,σ=↑,↓

(l − l0)2nσ,l.

The bosonic operators bσ,l and b†σ,l are the annihilation and creation operators of the atoms
where σ =↑, ↓ labels the legs of the ladder and l = 1, ..., L the rungs of the ladder. L denotes
the number of the rungs of the ladder and it is related to the physical size of the system by
L = L

∆x
+ 1. The operator nσ,l = b†σ,lbσ,l is the number operator and J = ~2

2m
. HBH corresponds

to a Bose-Hubbard ladder in a magnetic �eld, where the two spins states represent the two legs
of the ladder and spin �ip processes are equivalent to the tunneling along the rungs of the ladder.
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This model has been studied previously in Refs. [262–266] and compared to our previous work
from Ref. [83] on the bosonic ladder in a magnetic �eld, here we have the additional non-local
interaction along the rungs of the ladder, given by V . The parameters of the ladder model are
renormalized such that in the continuum limit, ∆x → 0, we would recover the Hamiltonian
given by Eq. (7.6).

The procedure of determining the stable steady states of the model, Eq. (7.1), consists in
four steps [93]:

1. First, we compute the ground state of the e�ective discrete model, Eq. (7.9), using a MPS
method, for a �xed discrete spacing ∆x and physical parameters of the continuum model:
system size L, particle number N , magnetic �ux φ, and interactions U/J and V/J , while
varying J↑↓/J .

2. We compute the expectation value 〈K↑↓〉 as a function of J↑↓/J and solve the self-consistency
equation. The self-consistency condition, Eq. (7.7), can be interpreted graphically, using
the reformulation

〈K↑↓〉
Ld−1

=
J

ALd

(
J↑↓
Jd−2

)
. (7.10)

The self-consistent solution correspond to the intersectionof the two curves. The slope
of the right-hand side depends on the pump strength A. Thus, the solutions have to be
determined for each value of the pump strength A.

3. The stability of the non-trivial solutions is inferred by comparing the slopes of the left-
hand and right-hand sides of Eq. (7.10). The stability condition, Eq. (7.8), tells us that a
solution is stable if the slope of 〈K↑↓〉 is smaller than J

ALd .
4. The last step is to verify the convergence of the results in the continuum limit ∆x → 0

by considering smaller values of ∆x.

7.1.4 Observables in the Meissner phase
We show how a Meissner super�uid can be dynamically stabilized in the cavity, at mean

�eld level, for the parameters considered in this work [93]. In this section, we describe the
observables that we use to characterize the non-trivial stable steady states of the system and
how we can identify them with the corresponding observables computed on the ladder. We
focus the observables which can be used to characterize the properties of the Meissner super-
�uid. The Meissner state can be thought as a "zero momentum" state, because close to the
non-interacting regime the bosonic quasiparticles are condensed in the single-particle disper-
sion minimum at momentum k = 0. It corresponds to a helical liquid, where the spin and the
momentum directions of the particles lock to each other and with the two spins propagating in
opposite directions [248–252], which gives rise to a chiral current.

We analyze the local densities and currents, as their con�gurations can point towards the
Meissner or vortex nature of the chiral phases. The local density nσ(x), the local current jσ(x),
and the spin �ip current j↑↓(x) are de�ned and computed as

nσ(x) = ψ†σ(x)ψσ(x) ≈ 1

∆x
b†σ,lbσ,l
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jσ(x) = −iJ
[
ψ†σ(x)∂xψσ(x)− (∂xψ

†
σ(x))ψσ(x)

]
≈ −i J

∆x2

(
b†σ,lbσ,l+1 − H.c.

)
,

j↑↓(x) = −iJ↑↓
(
eiϕxψ†↓(x)ψ↑(x)− H.c.

)
≈ −i J↑↓

∆x

(
eiϕ∆xlb†↓,lb↑,l − H.c.

)
, (7.11)

with x = l∆x. From the local currents, one can compute global observables as the chiral current
Jc, which is a persistent spin current

Jc =
1

L

∫
dx 〈j↑(x)− j↓(x)〉. (7.12)

In an in�nite homogeneous system in the Meissner state we have zero spin �ip currents in
the bulk and a �nite value of the chiral current. We compute the values of the chiral current
and of the expectation value of 〈K↑↓〉 by approximating the integrals with sums performed on
the lattice,

∫
dx O(x) ≈ ∆x

∑
l O(l∆x).

We characterize the super�uid nature of the obtained states with the help of the decay single
particle correlation. An algebraic decay is a characteristic feature of the standard Luttinger
liquid paradigm [122]. Here we use 〈ψ†σ(x0)ψσ(x0 + x) + H.c.〉 ≈ 〈b†σ,l0bσ,l0+l + H.c.〉 ∝ l−α.
In the Meissner super�uid phase the central charge c, which can be interpreted as the number
of gapless modes, is c = 1, as this phase has a gapless symmetric sector due to the super�uid
nature of the state and a gapped antisymmetric sector. We extract the central charge from the
scaling of the von Neumann entropy SvN(l) of an embedded subsystem of length l in a system
of length L. We compute SvN(l) for a bipartition into two subsystems of length l and L − l.
We note that we use open boundary conditions, for which the von Neumann entropy for the
ground state of gapless phases scales as [145, 267, 268]

SvN =
c

6
log

(
L

π
sin

πl

L

)
+ s1, (7.13)

where s1 is a non-universal constant and we have neglected oscillatory terms [269] due to the
�nite size of the system and logarithmic corrections [270].

In the numerical simulations performed we observe oscillations in the local density and
currents, which are algebraically decaying away from the boundaries, due to the lattice dis-
cretization and the open boundary conditions. We try to reduce the in�uence of these bound-
ary e�ects on the computed observables, such that we extract the values of Jc and 〈K↑↓〉 from
the average around which the oscillations occur, by �tting the density and currents in the cen-
ter of the system, with the oscillating function f(x) = a + b cos(cx+ φ). We observe that in
the Meissner phase the amplitude of these oscillations decreases in the continuum limit and
vanishes in the thermodynamic limit.
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7.2 Results
In the following, we present our numerical results following Ref. [93]. They were obtained

using a �nite-size density matrix renormalization group (DMRG) algorithm in the MPS repre-
sentation [124, 129, 271–273], implemented using the ITensor Library [139]. This method was
described in Sec. 3.1.2. We compute the ground state of the discrete model Eq. (7.9) for ladders
with a number of rungs between L = 125 and L = 275, depending on the chosen discretisation
∆x, and with a maximal bond dimension up to 1500. This ensures that the truncation error is
at most 10−12. More in depth convergence checks regarding the in�uence of di�erent bond
dimensions are truncation errors on the observables of interest for the bosonic ladder in an
arti�cial magnetic �eld are done in Ref. [274]. Since we are considering a bosonic model with
�nite interactions the local Hilbert space is very large, thus, a cuto� for its dimension is needed.
We use a maximal local dimension of three bosons per site, justi�ed by low density of particles
on the ladder. The higher cuto� of four bosons per site gives consistent results. We make use
of good quantum numbers in our implementation as the number of atoms in conserved in the
considered model.

7.2.1 Identifying the stable stationary states in the homogeneous system
In the following, we solve the self-consistency condition and identify the mean �eld steady

states which can be stabilized for di�erent values of J↑↓, for magnetic length lϕ = 2π/ϕ = 0.8d,
interaction U = 32.5Jd−1 and V = 30Jd−1 in a homogeneous system, Vtrap = 0 [93]. The
results show that the dynamic stabilization of a Meissner super�uid state is possible. We begin
by calculating the expectation value 〈K↑↓〉/Ld−1 in the ground state of the e�ective model. We
determine the self-consistent solutions by intersections of this curve with the linear function
J

ALd

(
J↑↓
Jd−2

)
, as presented in Fig. 7.2(a) for L = 32d and di�erent values of ∆x. In order to

check the stability of the solutions we compare the slopes of the two curves, Eq. (7.10). As we
stated above, if the derivative of 〈K↑↓〉/Ld−1 is less than the slope of the linear function, the
solution is stable. We observe that for the considered parameters (Fig. 7.2), we can �nd stable
solutions for J↑↓ & 18.75Jd−2, for all considered values of discretization ∆x.

As our simulations are for �nite values of ∆x, the results also imply that the stabilization of
the Meissner super�uid state is possible in a system which has an underlying lattice potential,
as also shown in Ref. [83] for a di�erent set of parameters. We perform an extrapolation of our
data for �nite ∆x in order to estimate the value of 〈K↑↓〉/Ld−1 in the limit ∆x → 0, this is
shown in the inset of Fig. 7.2(a) for J↑↓ = 62.5Jd−2. In the plots depicted Fig. 7.2(a) the value
of 〈K↑↓〉/Ld−1 in the continuum limit is labeled by ∆x → 0. We see that the extrapolation
∆x → 0 also leads to a stable solution, such that we are con�dent that the solutions remain
stable in the continuum limit, ∆x→ 0.

In contrast, we observe that for small values of J↑↓, marked by the grey region in our plots,
we cannot make a conclusive statement about the stability, due to the fact that 〈K↑↓〉/Ld−1 has
an almost linear behavior, as we seen in Fig. 7.2(a). This linear behavior would suggest that
any small change in the numerical determination and the extrapolation could render the stable
behavior unstable and vice versa. We can also obtain some information about the stability of
the system in the thermodynamic limit. Thus, we performed the above procedure for di�erent
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Figure 7.2: Graphical interpretation of the self-consistency condition for the parameters lϕ = 0.8d,
U = 32.5Jd−1, V = 30Jd−1 and Vtrap = 0. The expectation value 〈K↑↓〉/Ld−1 is represented for (a)
L = 32d and multiple values of ∆x, together with an extrapolation to the limit ∆x→ 0, (b) for multiple
system sizes in the continuum limit, and the extrapolation to the thermodynamic limit 1/L → 0. The
straight (red) lines represent the right-hand side of the self-consistency condition, Eq. (7.10), which is a
linear function with slope J

ALd , for one chosen value of A. The intersections of the two curves give the
solutions of the self-consistency condition. In the insets the extrapolations (a) ∆x→ 0 and (b) 1/L → 0
of 〈K↑↓〉/Ld−1, for J↑↓ = 62.5Jd−2, are depicted. The purple shaded area marks the regime in which
for a certain value of A a stable solution can be found and the grey shaded area the regime in which
our results are not accurate enough in order to determine the stability conclusively. ©2019 American
Physical Society, published in [93].

Figure 7.3: The solutions J↑↓/Jd−2 of the self-consistency equation which are proportional to the
cavity �eld Re(α) versus the pump strength ALd/J , for multiple L, in the continuum and thermody-
namic limits. In the grey area the stability of the solutions is not clear. ©2019 American Physical Society,
published in [93].

system sizes and we performed an extrapolation to L → ∞, as exempli�ed in the inset of
Fig. 7.2(b) for J↑↓ = 62.5Jd−2. The values of 〈K↑↓〉/Ld−1 in the continuum limit are plotted in
Fig. 7.2(b). This shows us that for J↑↓ & 18.75Jd−2 the self-consistent solutions remain stable
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also in the thermodynamic limit.
The non-trivial stable solutions obtained in the continuum limit are plotted in Fig. 7.3, for

multiple system sizes. All the nontrivial stable solutions have a �nite occupation of the cavity
�eld, independent of the discretization or system size, thus, they describe the behavior of the
system in the self-organized phase. Our results suggest a sudden onset of the occupation of the
cavity mode above a certain threshold of the pump strength [93], this is due to the fact that
J↑↓/Jd

−2 is proportional to the cavity �eld Re(α) [see Eqs. (7.4)-(7.7)].

7.2.2 Characterization of the Meissner super�uid steady state in the homogeneous
system

Figure 7.4: (a) The local current j↑(x) for the parameters lϕ = 0.8d, U = 32.5Jd−1, V = 30Jd−1,
Vtrap = 0, L = 32d, J↑↓ = 62.5Jd−2 and ∆x = 0.12d. The red curve represents the �t of the central
part of the system, with the function Jc/2 + a cos(bx+ φ). (b) The chiral current Jc for the same
parameters as a function of J↑↓ for di�erent values of the discretization and the extrapolation to the
continuum limit. In the inset the extrapolation is shown for J↑↓ = 62.5Jd−2. (c) The chiral current
in the continuum limit for di�erent system sizes and extrapolated to the thermodynamic limit. The
extrapolation for J↑↓ = 62.5Jd−2 is shown in the inset. ©2019 American Physical Society, published in
[93].

We focus now on the states which are stable both in the continuum and thermodynamic
limit and analyze their nature [93]. We show that the stable steady states, for J↑↓ & 18.75Jd−2,
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Figure 7.5: (a) The local current j↑↓(x) for the parameters lϕ = 0.8d, U = 32.5Jd−1, V = 30Jd−1,
Vtrap = 0, L = 32d, J↑↓ = 62.5Jd−2 and ∆x = 0.12d. The red line represents the �t w↑↓ cos(ax+ φ)
in the center of the system. (b) The amplitude of the oscillations in the spin �ip current, w↑↓, for the
same parameters as a function of J↑↓ for di�erent values of the discretization and the extrapolation
to the continuum limit. In the inset the extrapolation is shown for J↑↓ = 62.5Jd−2. (c) w↑↓ in the
continuum limit for di�erent system sizes and the extrapolation to the thermodynamic limit. In the
inset the extrapolation is shown for J↑↓ = 62.5Jd−2. In order to obtain an estimation of the spin
�ip current we enforce that it maintains a non-negative value in the 1/L → 0 limit. ©2019 American
Physical Society, published in [93].

correspond to the Meissner super�uid phase, by focusing on the behavior of the observables
we introduced in Sec. 7.1.4. We observe that all stable solutions, J↑↓ & 18.75Jd−2, have a �nite
value of the chiral current, as shown in Fig. 7.4. In Fig. 7.4(a) we plot the local current along the
wire for one spin state, j↑(x). We exemplify here the procedure for the extraction of the value
of the chiral current. We �t the oscillations, which are caused by the boundaries, in the center
part of the system for each leg, with the function Jc/2 + a cos(bx+ φ). We extract the chiral
current as a function of J↑↓ for di�erent values of ∆x [see Fig. 7.4(b)], obtaining its behavior
in the limit ∆x → 0. We observe that as we go to smaller discretizations we obtain a larger
value for the chiral current, thus, we expect that it will have a �nite value in the continuum. We
perform this for multiple sizes of the system, as shown in Fig. 7.4(c), and we obtain consistent
results, which indicates that the �nite chiral current survives also in the thermodynamic limit.
As we increase J↑↓ and go deeper into the Meissner phase, the chiral current seems to saturate.
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Figure 7.6: (a) The amplitude of the oscillations in the local density, for the parameters lϕ = 0.8d,
U = 32.5Jd−1, V = 30Jd−1, Vtrap = 0, L = 32d as a function of J↑↓ for di�erent values of the
discretization and the extrapolation to the continuum limit. In the inset the extrapolation is shown for
J↑↓ = 62.5Jd−2. (c) The amplitude of the oscillations in the local density in the continuum limit for
di�erent system sizes and the extrapolation to the thermodynamic limit. In the inset the extrapolation
is shown for J↑↓ = 62.5Jd−2. We enforce that the extrapolated values are non-negative in the 1/L → 0
limit.

Furthermore, the Meissner state is also characterized by balanced spin �ip processes in the
bulk of the system. In the lattice representation this implies that there are no currents on the
rungs of the ladder. The behavior of this observable is shown in Fig. 7.5. We plot �rst the
site-resolved spin �ip current in Fig. 7.5(a), together with the �t function w↑↓ cos(ax+ φ), from
which we extract the amplitude of the oscillations, w↑↓. The results presented in Fig. 7.5 are
computed by �tting the central 1/5 part of the system. We note that this di�ers with at most
6% compared to the case if we would have considered a larger region, namely the central 2/5
of the system, x ∈ (L/2−L/5,L/2+L/5). As a function of J↑↓, we observe that the amplitude
of the spin �ip current, w↑↓, �rst increases with J↑↓. The maximum around J↑↓ ≈ 12.5Jd−2

lies in the region where the stability is not clari�ed and then decreases for larger values of
J↑↓ [see Fig. 7.5(b)]. The �nite spin �ip currents at low values of J↑↓ could indicate that a
vortex state might be present. A phase transition may occur in the e�ective model between the
Meissner state and a vortex state, close to the stability threshold. In Fig. 7.5(c), we extrapolate
the amplitude of the spin �ip current in the continuum limit and represent it as a function of
J↑↓ for di�erent system sizes. In the thermodynamic limit the spin �ip current vanishes deep in
the Meissner phase, as expected. However, in the intermediate regime for 18.75Jd−2 . J↑↓ .
35Jd−2 the amplitude of the spin �ip current is larger than zero in the thermodynamic limit.
This might be caused by �nite size e�ects, or the extrapolation being too rough in this regime.
The amplitude of the oscillations in the particle density also goes to zero deep for large values
of J↑↓, after taking both the continuum and thermodynamic limit, as seen in Fig. 7.6.

Next we compute the central charge. In the Meissner super�uid the central charge has the
value, c = 1. Our numerical data agrees with this value within the uncertainties as shown in
Fig. 7.7. Furthermore, we observe that for J↑↓ . 12.5Jd−2 the central charge has a value c ≈ 2,
which is consistent with the assumption of having a vortex state. It can be seen that close to
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7.2.2 Characterization of the Meissner super�uid steady state in the homogeneous system

Figure 7.7: The central charge for the parameters lϕ = 0.8d, U = 32.5d−1J , V = 30Jd−1, Vtrap = 0,
L = 32d and multiple values of ∆x, as a function of J↑↓. The central charge is extracted �tting the
scaling of the entanglement entropy. The errorbars represent the �t error. The dashed horizontal line
indicates the constant value 1. ©2019 American Physical Society, published in [93].

Figure 7.8: The absolute value of the single particle correlations 〈ψ†σ(x0)ψσ(x0 + x) + H.c.〉 in a log-
arithmic plot for the parameters lϕ = 0.8d, U = 32.5d−1J , V = 30Jd−1, Vtrap = 0, L = 32d,
∆x = 0.12d for J↑↓ = 62.5Jd−2, in the Meissner super�uid phase. The correlations show an algebraic
decay with distance, which corresponds to the super�uid phase. The straight (red) line is a �t of the
function ∝ x−α, where α = 0.563± 0.002. ©2019 American Physical Society, published in [93].

the stability threshold both the error bars due to the �t error and the di�erence between the
values of the central charge computed for di�erent discretizations are larger.

The super�uid nature of the stable stationary state solutions is also con�rmed by the al-
gebraic decay of the single particle correlations, shown in Fig. 7.8 for J↑↓ = 62.5Jd−2. We
mention that, in the weakly interacting limit, a non-Luttinger liquid has been predicted [275]
at the critical point of the transition between the vortex and Meissner super�uids, where an
exponential decay of the single particle correlations is expected.
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7.2 Results

Figure 7.9: (a) Graphical interpretation of the self-consistency condition for the parameters N = 32,
lϕ = 0.8d, U = 32.5Jd−1, V = 30Jd−1 and Vtrap = 5Jd−1. The expectation value 〈K↑↓〉/L is
represented for multiple values of ∆x and an extrapolation to the limit ∆x → 0. The straight (red)
line represents the right-hand side of the self-consistency condition, which is a linear function with
slope J

ALd . The crossings of the two curves give the solutions of the self-consistency condition. (b) The
local currents j↑(x) and j↑↓(x) for the same parameters and J↑↓ = 62.5Jd−2 and ∆x = 0.12d. ©2019
American Physical Society, published in [93].

7.2.3 The e�ect of the parabolic trap on the steady states
As an external trapping potential is common in current experimental setups we analyze

the e�ects of the harmonic trapping Htrap on the dynamically organized steady states. In the
following, we show that the Meissner state is stable also in the presence of a harmonic trap
of strength Vtrap = 5Jd−2, for lϕ = 0.8d, U = 32.5Jd−1, V = 30Jd−1. As the trap induces
a varying density, a coexistence of di�erent states is possible across the trap. However, in
determining the stability of the dynamically organized states one has to consider all regions, as
〈K↑↓〉/L, which enters the self-consistency condition, is a global observable. In the following,
we focus in the characterization of the nature of the states that are present in the center of the
trap, where the gradient of the trapping potential is the smallest.

In Fig. 7.9(a), the expectation value 〈K↑↓〉/L as a function of J↑↓ is plotted across the trap.
The stable steady states are obtained for J↑↓ & 12.5Jd−2. In the following, we focus on sta-
tionary state for J↑↓ = 62.5Jd−2. For this value the steady state is stable for all values of ∆x
computed and in the extrapolation to the continuum limit. Due to the trapping potential, the
large oscillations at the boundaries are partially suppressed compared to the homogeneous case,
as seen in Fig. 7.9(b). We identify the state realized for these parameters in the center of the trap
as a Meissner super�uid, due to its �nite chiral current, small values of the spin �ip current and
the algebraic decay of correlations (shown in Fig. 7.10). The local spin current j↑(x) has a max-
imum in the center of the trap [Fig. 7.9(b)], di�erent from the homogeneous case where j↑(x)
has a plateau-like behavior, as we can see Fig. 7.4(a). Because j↑(x) and j↑↓(x) are related via a
continuity equation, at the edges of the trap the spin �ip current has mostly negative values, for
x . 10d, or positive values, for x & 22d. This implies that the amplitude of the oscillations of
j↑↓(x) is small only in the central region of the trap. We note that the oscillations present in the
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Figure 7.10: The absolute value of the single particle correlations 〈ψ†σ(x0)ψσ(x0 + x) + H.c.〉 in a
logarithmic plot for the parameters N = 32, lϕ = 0.8d, U = 32.5Jd−1, V = 30Jd−1 and Vtrap =
5Jd−1, ∆x = 0.12d for J↑↓ = 62.5Jd−2, in the Meissner super�uid phase. The correlations show an
algebraic decay with distance, which corresponds to the super�uid phase. The straight (red) line is a �t
of the function ∝ x−α, where α = 0.512± 0.003.

spin �ip currents are due to the �nite size of the system and boundary e�ects. Thus, we have
shown that also in the presence of a harmonic trapping potential the dynamical stabilization of
the Meissner super�uid is possible.

7.3 Comments on the experimental realization
As the parameters used in this chapter have been chosen such that they are close what is ex-

perimentally achievable, we shortly comment on the possibility of the experimental realization
and how the Meissner state could be identi�ed.

An experimental realization could use 87Rb atoms in an optical cavity [67, 276, 277] sub-
jected to additional optical lattices which con�ne the atoms to one-dimensional structures.
Previous experiments of ultracold bosonic atoms in a cavity [65] observed the Dicke phase
transition [67, 101, 171, 192, 260, 278] and an optical lattice has been added to investigate
the in�uence of interaction [70–72]. Typical cavity parameters are κ = 2π × 4.5 kHz and
g0 = 2π × 0.76 MHz [276]. The cavity-induced spin-orbit coupling could be implemented us-
ing for example the two states from the 87Rb 5S1/2 F = 1 manifold, | ↑〉 ≡ |F = 1,mF = 0〉 and
| ↓〉 ≡ |F = 1,mF = −1〉 as used in Ref. [243]. The scattering lengths of the two 87Rb states
are a↑↑ = 100.86aB and a↓↓ = 100.4aB [279], with aB the Bohr radius.

We propose di�erent measurements in order to infer the nature of the steady state. A
non-destructive measurement is the occupation of the cavity �eld by observing the leaking of
the photons of the cavity. A �nite occupation of the cavity �eld will identify the dynamically
organized spin-orbit coupling and decide between the trivial and non-trivial steady states. In
order to identify the state of the atomic component of the system, the measurement of the local
density can be used to distinguish between a Meissner and a vortex state. In the Meissner case
a density plateau in the center part of the wire is present, in contrast to a vortex state which
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7.4 Short summary

has density modulations. Furthermore, from the momentum distribution obtained in a time-of-
�ight experiment, one can check the dependence of the peak in the momentum distribution and
the momentum transferred by the spin-orbit coupling. In Ref. [265] the connection between the
peak in the momentum distribution and the imprinted phase is made in the context of bosonic
ladders.

7.4 Short summary
To summarize, we show the dynamical stabilization of the Meissner super�uid of bosonic

atoms con�ned in a one-dimensional wire coupled to an optical cavity [93]. In the proposed
setup, the bosonic atoms are prepared in two hyper�ne states coupled to each other via Raman
transitions, which involve the creation or annihilation of a cavity photon and a position depen-
dent momentum transfer. With this coupling a cavity mediated spin-orbit coupling is induced
if a �nite cavity occupation forms. Above a certain pump strength a nontrivial chiral state is
realized as a steady state of the dissipative attractor dynamics. The dissipative dynamics takes
place due to the leaking of photons out of the cavity mirrors.

The analysis in this chapter has been done at the level of the mean �eld decoupling of
the cavity and the atoms. Thus, it would be interesting to see of the Meissner super�uid state
survives once we include the �uctuations beyond mean �eld, as we performed in Chap. 5 and
Chap. 6 for the models with a simpler coupling to the cavity �eld. This represents one of the
outlooks of this chapter and will be treated in future work.
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Chapter8
Understanding the excitation spectrum
across a phase transition: the
XXZ-model in a transverse magnetic
�eld

One class of quantum materials, which very often host interesting quantum states, are the low-
dimensional quantum magnets [5, 122, 280–288]. Such systems show rich phase diagrams due
to their enhanced quantum �uctuations, typical for low-dimensional systems. Considering the
behavior of the spin degrees of freedom is often crucial to understand the properties of quan-
tum phases with an insulating nature. In such systems, the interactions between neighboring
spins are generally due to the superexchange coupling. Generically in quantum spin systems,
one can couple the spin degrees of freedom of the material to an external magnetic �eld. Exper-
imentally, the realization of quantum magnets that have a relatively weak magnetic exchange
has opened the possibility of manipulating these systems with realizable magnetic �elds. Thus,
one can use the external �eld to induce and probe quantum phase transitions between phases
with very di�erent natures. Understanding quantum phase transitions is one of the most lively
topics in condensed matter physics [2, 289–291]. Successful experimental investigations of low-
dimensional magnets are, for example, the quantitative tests of Tomonaga-Luttinger liquid the-
ory [292–294], the studies of scaling properties at quantum critical points [295, 296], or the
observation of fractionalized excitations [297, 298], and other exotic excitations [6, 299, 300].

In this work, we consider the BaCo2V2O8 compound, which exhibits several unique fea-
tures [119, 120, 301–304]. This material realizes an Ising-like spin-1/2 chain, due to a strong
Ising-like anisotropy in a XXZ-type chain. Furthermore, due to its particular crystallographic
structure, applying an uniform magnetic �eld creates staggered �elds both in the direction of
the external �eld and perpendicular to it. This has sparked a lot of theoretical and experimental
interest in this material, and in the closely related SrCo2V2O8 compound [6, 286, 305]. For a
longitudinal magnetic �eld [288, 306, 307], a commensurate-incommensurate phase transition
has been observed [307] and high-energy many-body string excitations [288, 308]. When the
�eld is applied transversally in the [100] crystallographic direction [5, 309], a topological quan-
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8.1 Modeling the BaCo2V2O8 compound in a magnetic �eld

tum phase transition has been seen, described by a double sine-Gordon model [310]. For a �eld
in the [110] transversal direction, which we will consider in the following sections, it has been
shown that one can use the external magnetic �eld to suppress the three-dimensional order-
ing present at small temperatures for small values of the magnetic �eld [7]. Thus, one can use
high magnetic �elds in order to access the one-dimensional physics. For this direction of the
external �eld the low-lying excitations have been analyzed in Ref. [311], but several questions
remain regarding the nature of the excitations close to the phase transition and the high-energy
excitations, which we will address in this chapter [112].

In the following, we start by brie�y describing the BaCo2V2O8 compound and the XXZ-
model in a transverse magnetic �eld used for its description (see Sec. 8.1). In Sec. 8.2 we analyze
the ground state properties of the considered model using density matrix renormalization group
(DMRG) simulations in the matrix product state (MPS) representation. We identify a phase
transition between antiferromagnetic ordering in the z-direction and ferromagnetic ordering
in the x-direction as a function of the magnetic �eld. In order to elucidate the mechanisms
underlying the phase transitions one usually has to investigate the quantum excitations which
exist around the quantum critical point. For this we compute numerically the dynamical spin
structure factor from the dynamic correlations. In Sec. 8.3 we explain how we employ the time-
dependent matrix product state (tMPS) method for computing the dynamic correlations and
dynamical structure factor. We discuss the numerical tMPS results in Sec. 8.4. In Sec. 8.5 we
develop several analytical approaches to further understand the nature of the excitations, and
we compare the analytical and numerical results in Sec. 8.6. We compare our theoretical results
with experimental data obtained from terahertz spectroscopy experiments [112] and we observe
a very good agreement (see Sec. 8.6). In particular this allows us to identify in the experimental
results high-energy two-magnon bound states [112]. Several theoretical studies exist in the
literature regarding the XXZ-model in a transverse magnetic �eld, see for example Refs. [310,
312–314], but to our knowledge none considered both a uniform and a staggered contribution
to the magnetic �eld as present in our analysis. This chapter is closely related to Ref. [112],
in this work I performed the numerical tMPS simulations and the analytical calculations. The
experimental results presented below were provided by Zhe Wang and Thomas Lorenz.

8.1 Modeling the BaCo2V2O8 compound in a magnetic �eld
In this section, we describe the model of the BaCo2V2O8 compound in a transverse magnetic

�eld, shown in Fig. 8.1(a). The cobalt oxide BaCo2V2O8 exhibits screw chains of Co2+ rotating
around the four-fold c direction of its tetragonal structure [120, 301, 315] [see Fig. 8.1(a)]. The
exchange interactions between the magnetic moments of the Co2+ ions can be described by an
e�ective spin-1/2 antiferromagnetic chain model, namely theXXZ-model [119, 286, 288, 305].
Because of the crystallographic structure the magnetization local easy axes of the Co2+ ions are
tilted from the chain c axis by an angle of θ ∼ 5◦ and rotated by 90◦ when moving along the
four-fold axis [119, 120]. This leads to an anisotropic g-tensor, which implies that additional
e�ective �elds are created perpendicular to an applied transverse magnetic �eld. In zero mag-
netic �eld, a 3D long-range antiferromagnetic ordering along the c axis is stabilized below the
critical temperature TN ∼ 5K by weak interchain couplings [301–303]. For a transverse �eld
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Figure 8.1: (a) The structure of a single Co2+ screw chain of BaCo2V2O8, where blue and red spheres
are Co and O respectively. The blue arrows show the zero-�eld magnetic arrangement. The local
anisotropy axis is plotted with a red dashed line for the bottom CoO6 octahedron [5]. (b)-(c) The site-
dependent magnetic �elds induced by a transverse external �eld in the direction [110], Eqs. (8.2)-(8.3).
Here hx1 = hgxx1 , hx2 = hgxx2 , hz = hgxz1 = −hgxz3 . In (b) we neglect the �eld in the z-direction. Panel
(a) reprinted with permission from Springer Nature Customer Service Centre GmbH: Nature, Nature
Physics, 14(7):716–722, Topological quantum phase transition in the Ising-like antiferromagnetic spin
chain BaCo2V2O8, Q. Faure et al., © (2018).

along the crystallographic [110] direction, which will be considered in the rest of this chap-
ter, the 3D order is destroyed at µ0H

c,3D = 21.4 T [7], for the considered temperature. Hc,3D

is smaller than the corresponding one-dimensional critical �eld marking the end of the Néel
phase, µ0H

c = 40 T [119, 120, 316]. This will allow us to study the one-dimensional quantum
phase transition in an experimentally realizable system. The e�ects of the coupling between
di�erent chains are negligible around the transition. In contrast, we note that for the [100]
direction a phase transition occurs at lower �eld, µ0H

c = 10 T. Thus, for the [100] direction,
the interchain coupling plays an important role [5, 119].

The adequate model to describe the experiments we are interested in is the XXZ-model
in an external magnetic �eld

H = J

L∑
j=1

[
SzjS

z
j+1 + ε

(
Sxj S

x
j+1 + Syj S

y
j+1

)]
(8.1)

−
L∑
j=1

∑
α∈{x,y,z}

hαj
{
gαxj Sxj + gαyj S

y
j + gαzj S

z
j

}
,
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8.1 Modeling the BaCo2V2O8 compound in a magnetic �eld

describing L spins with S = 1/2, see Sec. 2.2, with J the intrachain exchange interaction, ε the
anisotropic parameter, hj the magnetic �eld, and gαβj the elements of the g-tensor. We note that
we did not include the interchain coupling between the di�erent one-dimensional chains, as it
does not play an important role for the �eld direction and the parameter regimes considered in
the following.

In this study, we consider a transverse external �eld in the direction [110]. We take the
�eld direction as our x-direction such that hj = (h, 0, 0), corresponding to the a+b crystal axis
[see Fig. 8.1(a)]. The z-direction in our model is along the c axis of the crystal. In this case the
Hamiltonian reads [119]

H = J
∑
j

[
SzjS

z
j+1 + ε

(
Sxj S

x
j+1 + Syj S

y
j+1

)]
(8.2)

− h
∑
j

(
gxxj S

x
j + gxzj S

z
j

)
.

Here the magnetic �eld h has units of energy, as in the following we give the magnetic �eld in
Tesla we can make the conversion as follows h = µBµ0H , where µB is the Bohr magneton, µ0

is the vacuum permeability and the magnetic �eld µ0H has units of Tesla. The entries of the
g-tensor are given by [119]

gxxj =
(
g1 cos2 θ + g2 sin2 θ

)
cos2

(π
2

(j − 1)
)

+ g3 sin2
(π

2
(j − 1)

)
, (8.3)

gxyj = 0,

gxzj = (g2 − g1) cos θ sin θ cos
(π

2
(j − 1)

)
,

where θ is the tilt from the c axis. In all generality, the tilt θ can be site-dependent, however for
the compound we consider it is uniform. g1, g2, and g3 are the values of the g-tensor along the
magnetic principle axes [119], and we use them as the parameters of our model. We observe that
gxx has di�erent values on the odd than on the even sites, this giving a staggered contribution
on top of a constant �eld, as we depicted in Fig. 8.1(b). The �eld in the z-direction has a four-
fold periodicity, as gxz is non-zero only on the �rst and third sites of the unit cell, but with
di�erent signs [see Fig. 8.1(b)].

For completeness we also give the other non-zero elements of the g-tensor which do not
enter the expression of the Hamiltonian

gyyj =
(
g1 cos2 θ + g2 sin2 θ

)
sin2

(π
2

(j − 1)
)

+ g3 cos2
(π

2
(j − 1)

)
, (8.4)

gzzj = g1 cos2 θ + g2 sin2 θ,

gyzj = (g2 − g1) cos θ sin θ sin
(π

2
(j − 1)

)
.

For the calculations presented in the following, we will consider the following parameters,
unless stated otherwise, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB , with kB
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the Boltzmann constant. We will see that this parameter set exhibits a good agreement with
the experimental data. For these parameters the site dependent values in the unit cell of the
g-factors are gxx = (3.52, 2.1, 3.52, 2.1) and gxz = (0.23, 0,−0.23, 0). Due to the complexity of
the model it is not an easy task to �nd the best values of the several independent parameters for
the direct comparison with the experimental results. Such that in the di�erent studies existent
in the literature, e.g. see Refs. [5, 112, 119, 311], the parameters used are slightly di�erent
depending on the observables and regimes of interest. We note that our choice of parameters
shows the main features found both in the experimental terahertz spectroscopy results and the
measurements of the magnetization.

8.2 Ground state properties
In this section, we look at the properties of the ground state of the Hamiltonian given

in Eq. (8.2) as a function of the applied external magnetic �eld, in order to understand the
nature of the phase transition. Our results are similar to previous studies of the ground state
magnetization of the BaCo2V2O8 compound in a transverse magnetic �eld [119, 311].

We compute the ground state of the model, Eq. (8.2), for a system of size L = 200. The
results were obtained using a �nite-size DMRG algorithm in the MPS representation [124, 129],
implemented using the ITensor Library [139]. This method was described in Sec. 3.1.2. The
convergence is ensured by a maximal bond dimension up to 300, for which the truncation error
is at most 10−12.

In Fig. 8.2(a) we compute the magnetization in the ground state in the direction of the �eld,
which we de�ne as

Mx =
1

L

L∑
j=1

gxxj 〈Sxj 〉. (8.5)

We observe a steady increase in theMx as a function of the magnetic �eld and a saturation above
the critical value µ0Hc ∼ 40T . A similar behavior is found also in the local magnetization 〈Sxj 〉,
shown in Fig. 8.2(b). However, 〈Sxj 〉 for j odd is consistently larger than for j even, due to the
stronger local magnetic �eld. Such that for j odd we observe a smoother behavior close to the
transition threshold, compared to a steep increase in the magnetization on the even sites as we
go near the critical point. Above the transition we see that for all sites in the unit cell 〈Sxj 〉 ∼ 0.5,
thus we can approximate well the ground state of the system with the fully polarized state in the
x-direction for large magnetic �elds. In order to validate our choice of parameters we compare
our ground state results with experimentally measured values [112], as presented in Fig. 8.2(a).
We can observe a very good agreement for all values of the magnetic �eld considered, only
around the phase transition threshold the experimental curve has a smoother behavior. We
note that because of the fact that the model used, Eq. (8.2), has several independent parameters,
one can obtain a similar agreement also for a slightly di�erent set of parameters [112].

The local magnetization in the z-direction, 〈Szj 〉, presented in Fig. 8.2(c), shows that the
antiferromagnetic ordering in the z-direction found at zero magnetic �eld persists up to the
phase transition threshold. The �nite values of 〈Szj 〉 for the odd sites in the unit cell for large
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8.2 Ground state properties

Figure 8.2: (a) The magnetization Mx as a function of the magnetic �eld (blue circles) in comparison
with the experimentally measured magnetization line [112]. We note that from the raw experimental
data we subtracted a linear contribution corresponding to the Van-Vleck susceptibility. The expectation
values of the spin operators, 〈Sαj 〉 for (b) α = x and (c) α = z, where j represents one of the four sites
of the unit cell. We note that the results for j = 2 are identical with the ones for j = 4 in panels (b)
and (c). The red line represents the critical �eld, marking the phase transition, determined as the �eld
for which the staggered magnetization vanishes (see Fig. 8.3). The results where obtained in the ground
state for the following parameters, L = 200, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .

magnetic �eld is associated to the induced magnetic �eld which is non-zero on these sites.
From the ground state results we see that we have a transition from an antiferromagnetic

ordering in the z-direction to a ferromagnetic ordering in the x-direction as we increase the
external magnetic �eld. This resembles the phase transition which occurs in the transverse-�eld
Ising model. In order to understand the nature of the phase transition we look at the staggered
magnetization in the z-direction, which acts as an ordered parameter for the transition. The
staggered magnetization is de�ned as

mz =
1

L

L∑
j=1

(−1)j〈Szj 〉. (8.6)

We can see that for �elds lower than the critical value µ0Hc ∼ 40T , Fig. 8.3(a), it has a �nite
value due to the antiferromagnetic ordering, and it vanishes for larger magnetic �elds. Thus, the
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Figure 8.3: The staggered magnetizationmz as a function of (a) the magnetic �eld and (b) the distance
from the critical �eld. In (b) the black line in the log-log plot represents and algebraic �t ∝ (Hc −H)β ,
withβ = 0.123±0.001 The red line represents the critical �eld, marking the phase transition, determined
as the �eld for which the staggered magnetization vanishes. The results where obtained in the ground
state for the following parameters, L = 200, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .

staggered magnetization has the behavior of the order parameter for this phase transition. By
looking at the algebraic scaling of mz as a function of the distance from the critical magnetic
�eld, depicted in Fig. 8.3(b) we obtain a exponent of β = 0.123 ± 0.001. The value of the
extracted exponent is close to the value of 1/8 expected from a phase transition belonging to
the Ising universality class [2, 310]. We note that also the situation of the transverse Ising
model in a uniform magnetic �eld [2], and the XXZ-model with a fully staggered transverse
�eld [310] show the same value of the exponent β and belong to the Ising universality class.

8.3 Dynamic correlations
In order to capture the properties of the quantum phase transition and the spin excitations

occurring in our system, we compute in our calculations the dynamical spin structure factor.
This is not only of theoretical interest, but it can be directly compared to the experimental
results of the terahertz spectroscopy technique, or with other experimental methods as inelastic
neutron scattering, electron spin resonance, and nuclear magnetic resonance. The �rst step in
the calculation of the dynamical spin structure factor is to compute the two-point correlation
functions at di�erent points in time given by

Sαβj,l (t) = 〈0|Sαj (t)Sβl |0〉 = 〈0|eitHSαj e−itHS
β
l |0〉, (8.7)

with |0〉 the ground state of the spin chain, α and β the two spin directions. The sites for
which we compute the correlations are j = 1 . . . L, and l ∈ {L/2− 1, L/2, L/2 + 1, L/2 + 2},
corresponding to the central 4-site unit cell. We compute numerically the correlations using
the time-dependent matrix product state method (tMPS) for Hamiltonians with short range
interactions [124, 133, 134] which we described in Sec. 3.1.3. We perform the time-evolution of
the ground state |0〉 and the excited states |ψl〉 = Sβl |0〉 using tMPS. Afterwards the overlap of
Sαj |ψl(t)〉 and e−itE0 |0〉 is evaluated to obtain the correlation function from Eq. (8.25), with E0

the ground state energy.

119



8.3 Dynamic correlations

The dynamical structure factor is obtained via a numerical Fourier transform to the frequency-
momentum space

Sαβl (q, ω) =
1√
NtL

Nt−1∑
n=0

L∑
j=1

ei(ωnδt−qj)Sαβj,l (nδt), (8.8)

with the discrete momenta q = 2πk
L

, k = 0 . . . L − 1 and frequencies ω = 2πf
Ntδt

, with Nt

the number of the time measurements and δt the time between them, f = 0 . . . Nt − 1. The
momentum q has the reciprocal units of the lattice spacing a, which we set to a = 1. In order to
reduce the e�ects of the open boundary conditions, we apply a Gaussian �lter to the correlations
before the numerical Fourier transform

Sαβj,l (t)f(j)→ Sαβj,l (t), with f(j) = e−4(1− 2j
L−1)

2

. (8.9)

The e�ect of this �lter is a convolution of the correlations with a Gaussian function in momen-
tum space. This minimizes the numerical artifacts due to the open boundary conditions, but on
the same time reduces the momentum resolution. The width of the Gaussian �lter was chosen
to balance between these two e�ects.

After checking the convergence, the typical parameters used in our simulations of dynam-
ical quantities are system sizes of L = 124 sites with a bond dimension up to m = 300 states.
This ensured that the truncation error at the �nal time tJ/~ = 110 is ε . 10−7. We note that at
large magnetic �elds, above the phase transition, the truncation error at the �nal time is smaller,
ε . 10−10. We limited the �nal time to be smaller than the time necessary for the excitations
to reach the boundaries in order to minimize the boundary e�ects. The chosen time step was
dtJ/~ = 0.05 and the measurements where performed every fourth time step.

In the following we want to understand better the connection between the dynamical struc-
ture factor, Eq. (8.8), and the experimental measurements, and to see which spin directions
contribute most. For this we employ linear response theory [317]. In this approach, one con-
siders that the system is subject to an external perturbation and its response is measured. The
response is in general a functional of the exerted perturbation on the system, and for a su�-
ciently weak perturbation, one can evaluate the response from the linear terms in a perturbation
theory [317].

In the experimental setup considered in the following chapter [112], the THz �eld is in
the y-z plane, for a circular polarization this is then given by hTHz = (0, hTHz, hTHz). The
electromagnetic wave couples with the spin operators as∑

l

∑
α,β

hTHz,αgαβl Sβl = (8.10)

= hTHz
∑
l

[
gzxl S

x
l + (gyyl + gzyj )Syl + (gyzl + gzzl )Szl

]
≡ hTHzO,
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where O =
∑

l

[
gzxl S

x
l + (gyyl + gzyj )Syl + (gyzl + gzzl )Szl

]
is the operator which couples to the

THz �eld, and we sum over the four sites of the unit cell. We look at the linear response of the
system after the perturbation Hpert = O hTHzeiωt. We are interested in the change of energy of
the system, as in the experiment one measures the absorption coe�cient,

dE(t)

dt
= iω〈O(t)〉hTHzeiωt, with (8.11)

〈O(t)〉 =

∫
dt′
[
χOO(t− t′)hTHzeiωt

′
+ χOO†(t− t′)

(
hTHz)∗ e−iωt′] .

Thus, the average change in energy is then given by

dE(t)

dt
= iωχOO†(ω) |hTHz|2, (8.12)

with the susceptibility

χOO†(ω) = −i
∫
dt〈[O(t),O(0)]〉eiωt. (8.13)

From Eq. (8.13) we can see that, in principle, for the dynamical structure factor we need to
consider all pairs of operators which appear in the commutator [O(t),O(0)]. But if we evaluate
the coe�cients given by the g-factors, for the parameters considered in this chapter, we observe
that for the spin directions SySy, SySz , SzSz the coe�cients are one order of magnitude larger
than in the case of the spin directions SxSy, SxSz , and two orders of magnitude compared with
the case of SxSx. Thus, we expect that by computing Sαβl (q, ω), Eq. (8.8), for α, β ∈ {y, z} we
can capture the main features relevant to the experimental measurements.

As we observe from Eq. (8.10) and Eq. (8.13) we have to include the g-factors to properly
capture the response of the system. Thus, we modify the dynamical structure factor computed
in Eq. (8.8) to

(gS)αβl (q, ω) =
1√
NtL

Nt−1∑
n=0

L∑
j=1

ei(ωnδt−qj)Gαj G
β
l S

αβ
j,l (nδt), (8.14)

where Gxl = gzxl , Gyl = gyyl + gzyl , Gzl = gzzl + gyzl . As the experimental measurements are not
sensitive to the di�erent sites of the unit cell and the spin directions, we compute the following
quantity to compare with the experimental results

S(q, ω) =

L/2+2∑
l=L/2−1

[
|(gS)zzl (q, ω)|2 + |(gS)yyl (q, ω)|2 + |(gS)zyl (q, ω)|2 + |(gS)yzl (q, ω)|2

]
.

(8.15)
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8.4 Numerical tMPS results

8.4 Numerical tMPS results
In this section, we analyze our numerical tMPS results for the dynamical structure factor

S(q, ω), Eq. (8.15), as presented in Fig. 8.4 and Fig. 8.5. We focus on the features which are
present in the experimental results shown in Sec. 8.6, labeling them in Fig. 8.5.

In the numerical tMPS calculation of the dynamical structure factor S(q, ω), Eq. (8.15),
we obtain its full dependence on the momentum q and frequency ω. We show the obtained
spectra in Fig. 8.4 for several values of the magnetic �eld. We label the three main bands which
we see in Fig. 8.4 in order to better track their evolution as we vary the magnetic �eld. We
observe that the minimum of the lowest band decreases as the transition is approached from
below. This minimum reincreases as the �eld is increased beyond the transition. The lowest
band corresponds to M ′

π and M ′
π/2 of Fig. 8.5. The shape of the second band [seen at around

ω ≈ 1.2 THz in Fig. 8.4 (b)] seems to change quite drastically in between 20 T and 40 T. The
frequency of both its peaks around q = 0 (Mu

0 of Fig. 8.5) and q = π is increasing with the
�eld, while the peak at q = π/2 (Mu

π/2) remains almost constant. This induces a change of
curvature of the second band around q = π/2. Above the critical �eld, this band is shifting
monotonously with the magnetic �eld to higher frequencies. The third band [seen in between
ω ≈ 1.5 THz and ω ≈ 2.4 THz in Fig. 8.4 (b)] increases in frequency with the magnetic �eld,
but its intensity is decreasing as we get close to the critical �eld, such that at µ0H = 40 T we
can only distinguish it if we increase the visibility of the high-frequency region in the density
plot [Fig. 8.4 (f)]. This band corresponds to Dπ in Fig. 8.5. Between 20 T and 32 T [Fig. 8.4
(b)-(d)] we can also distinguish some high-frequency features close to q = π/2 if we multiplied
S(q, ω) with a factor of 10 above a certain value of ω.

As the terahertz spectroscopy experiment is only sensitive to the values of momenta q ∈
{0, π/2, π} [112], we analyze how the excitation modes captured by the dynamical structure
factor at these values of momenta behave as a function of the magnetic �eld, Fig. 8.5. The main
features that we can observe, also seen in the experimental data in Sec. 8.6, are the following:

• The lowest excitation mode at q = 0 and q = π, M ′
π, which shows the gap closing at

the critical value of the magnetic �eld, signaling the phase transition [see Fig. 8.5(a) and
Fig. 8.5(c)]. We analyze later in detail the nature of this mode, above the transition it
stems from the dynamics of a single mode in a staggered magnetic �eld.

• We observe q = π/2 a mode softening as we increase the magnetic �eld, M ′
π/2, but

it maintains a �nite gap. The frequency of the mode increases with the magnetic �eld
above the transition [see Fig. 8.5(b)].

• Similarly, also the frequency of the modeMu
π/2 is increasing with the magnetic �eld above

the phase transition, but under the threshold it seems to be independent of the value of
the magnetic �eld [see Fig. 8.5(b)].

• For q = 0 we see a mode, Mu
0 , which exhibits a relatively smooth increase in frequency

with the magnetic �eld across the phase transition. Close in frequency is the mode Dπ

which has a similar behavior, but seems to be only visible up to the critical magnetic �eld
[see Fig. 8.5(a) and Fig. 8.5(c)]. We will show that this mode corresponds to a two-magnon
bound state.
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Figure 8.4: The dynamical structure factor for di�erent values of the external magnetic �eld as a func-
tion of momentum q and frequency ω. In each panel we normalized the maximum of S(q, ω) to 1. Above
the horizontal yellow dashed line we multiplied S(q, ω) with a factor of 10 in order to increase the visi-
bility of the high-frequency modes. The results where obtained for the following parameters, L = 124,
g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .
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8.5 Analytical understanding of the excitations

Figure 8.5: (a)-(c) The numerical results for the dynamical structure factor S(q, ω), Eq. (8.15), as a
function of the magnetic �eld for three values of the momentum, q ∈ {0, π/2, π}. We marked the
modes that can be observed in the experimental results in Fig. 8.11 below. We normalized the maximum
of S(q, ω) to 1 for each considered value of the magnetic �eld. For q = π/2, above the horizontal
yellow dashed line we multiplied S(q, ω) with a factor of 5 in order to increase the visibility of the high-
frequency modes. The vertical red line marks the critical magnetic �eld. The results where obtained for
the following parameters, L = 124, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .

• We also capture the high-frequency modes Dπ/2 and Tπ/2, but they appear more faintly
in the numerical data in comparison with the lower frequency features [see Fig. 8.5(b)].

Until now we observed that the model we consider, Eq. (8.2), has a complex excitation
spectra, shown in Fig. 8.4 and Fig. 8.5. Thus, in the following, we want to understand the nature
of the di�erent excitations modes which we identi�ed in our numerical tMPS simulations.

8.5 Analytical understanding of the excitations
In this section, we want to gain an analytical understanding of the nature of the features

present in the dynamical structure factor which we computed in the previous section.
In Sec. 8.1 we have seen that for the parameters we consider the site dependent values in

the unit cell of the g-factors are gxx = (3.52, 2.1, 3.52, 2.1) and gxz = (0.23, 0,−0.23, 0). We
can observe that the values corresponding to the x-direction are one order of magnitude higher
than for the z-direction. This justi�es the �rst approximation that we make by neglecting the
magnetic �eld induced in the z-direction from Eq. (8.2) [see Fig. 8.1(c)]. The results obtained
within this approximation are, in a wide region around the transition, in good agreement with
our numerical results considering all terms of the Hamiltonian, Eq. (8.2). Thus, the Hamiltonian
from Eq. (8.2) becomes

H̃ = J
∑
j

[
SzjS

z
j+1 + ε

(
Sxj S

x
j+1 + Syj S

y
j+1

)]
−
∑
j

[
hu + (−1)jhs

]
Sxj , (8.16)

where we separated the uniform part of the magnetic �eld hu = h
2

(gxx1 + gxx2 ) from the stag-
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8.5.1 Transverse-�eld Ising model

gered contribution hs = h
2

(gxx1 − gxx2 ). The site dependence of the magnetic �eld in this case
is sketched in Fig. 8.1(c). We checked that the numerically computed dynamical spin struc-
ture factor for this reduced Hamiltonian reproduces all the important features we observed in
Sec. 8.4.

We begin our analysis by performing a rotation to the Hamiltonian given in Eq. (8.16), in
order to simplify our calculations. This rotation aligns the new z-direction along the direction
of the external magnetic �eld

Sx → Sz (8.17)
Sy → Sx,

Sz → Sy.

Our Hamiltonian now reads

H̃ = J
∑
j

[
Syj S

y
j+1 + ε

(
SzjS

z
j+1 + Sxj S

x
j+1

)]
−
∑
j

[
hu + (−1)jhs

]
Szj . (8.18)

8.5.1 Transverse-�eld Ising model
In a �rst approach, we aim to derive a model similar to the transverse-�eld Ising model [2],

which one can solve exactly. This is justi�ed by the fact that the phenomenology of the phase
transition we described in Sec. 8.2 resembles the one found in the transverse-�eld Ising model.
Thus, we expect that also the behavior of the excitations close to the transition might be well
described. The main approximation that we make in this subsection is to neglect the interaction
term SzjS

z
j+1 from Eq. (8.18). This leads to the following Hamiltonian

H̃TI = J
∑
j

(
εSxj S

x
j+1 + Syj S

y
j+1

)
−
∑
j

[
hu + (−1)jhs

]
Szj , (8.19)

which we are able to solve exactly. Compared to the usual transverse-�eld Ising model [2], we
also consider the Syj S

y
j+1 term and the space dependence of the magnetic �eld, which will prove

crucial in reproducing the features of the full model, given in Eq. (8.2). In order to �nd the exact
spectrum of H̃TI, Eq. (8.19), we employ the Jordan-Wigner transformation [2, 318, 319]. This
maps our Hamiltonian to a quadratic model of spinless fermions, which we can diagonalize.
More details regarding this calculation are found in Appendix D.

In Fig. 8.6 we compare the exact spectrum of the non-interacting Hamiltonian H̃TI, Eq. (8.19)
and the dynamical structure factor, S(q, ω), of the full Hamiltonian, Eq. (8.2), for several values
of the magnetic �eld. We monitor the gap corresponding to the minimum of the �rst band of
H̃TI and identify the critical magnetic �eld of the phase transition for which this gap closes.
Due to the approximation we employ in the derivation of H̃TI we obtain a lower value of the
critical �eld than we have in the full model. To correct for this deviation we shift the results for
the spectrum of H̃TI presented in Fig. 8.6 by 16 T. We �nd that the behavior around the critical
�eld is captured by H̃TI. We observe that away from the transition threshold for low values of
the magnetic �eld, Fig. 8.6(a)-(b), H̃TI only captures the behavior of the �rst band around q = π
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8.5 Analytical understanding of the excitations

Figure 8.6: Comparison between the exact spectrum of the non-interacting Hamiltonian H̃TI, Eq. (8.19)
depicted with magenta lines and the dynamical structure factor, S(q, ω), of the full Hamiltonian, Eq. (8.2),
for several values of the magnetic �eld. The spectrum of H̃TI has been shifted with a �eld of 16 T in order
to recover the critical �eld of the full model. The results where obtained for the following parameters,
L = 124, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .

and the second band for momenta close to q = 0 and q = π. We attribute the discrepancies
mainly to the interaction term SzjS

z
j+1 which we neglected in H̃TI. Close to critical �eld the

spectra of H̃TI agrees well with the features of the dynamical structure factor of the full model
[Fig. 8.6(c)-(d)], up to a small frequency shift in the second band. Moreover, the agreement
remains if we increase the magnetic �eld to larger values, Fig. 8.6(e)-(f).

Thus, we have seen that in this approximation, neglecting the interactions in the �eld di-
rection, Eq. (8.19), we can capture the behavior of the mode closing at the critical point and one
of the high-energy modes present in the full calculation. In the transverse-�eld Ising model one
can associate the excitations at low �elds to domain walls in the antiferromagnetic state and
at high �elds to defects in the fully polarized state [2]. We expect that a similar interpretation
is valid also in our case and that the two bands seen above the critical �eld would correspond
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8.5.2 Large magnetic �eld limit - magnon states

to the dynamics of a single magnon in the staggered magnetic �eld. However, we cannot �nd
an analytical expression for the spectrum, only a numerical one. Thus, in order to gain more
insights, we employ a di�erent approximation in the following subsection to identify the nature
of the excitations above the critical magnetic �eld.

8.5.2 Large magnetic �eld limit - magnon states
In the following, we focus on the regime above the phase transition threshold for large

magnetic �elds, µ0H ≥ 40T . In this case, the ground state of the system can be approximated
well by a fully polarized state in the direction of the magnetic �eld, as we saw in Sec. 8.2. We
rewrite Eq. (8.18) as

H̃ = J
∑
j

[
εSzjS

z
j+1 +

1

4
(ε− 1)

(
S+
j S

+
j+1 + S−j S

−
j+1

)
+

1

4
(ε+ 1)

(
S+
j S
−
j+1 + S−j S

+
j+1

)]
(8.20)

−
∑
j

[
hu + (−1)jhs

]
Szj ,

where we used Sxj = 1
2

(
S+
j + S−j

)
and Syj = 1

2i

(
S+
j − S−j

)
. In the limit of large magnetic �elds

the ground state is approximated by the fully polarized state | ↑ · · · ↑〉 in the z-direction. In
Sec. 8.3 we saw that the operators of interest in the dynamical correlations are the spin operators
corresponding to the directions perpendicular on the magnetic �eld direction. The application
of the operators Sy or Sx onto the fully polarized state will produce a spin �ip defect

Syi | ↑ · · · ↑〉 ∝ | ↑ · · · ↓ · · · ↑〉. (8.21)

This also corresponds to having a magnon excitation on top of the fully polarized state. In
our analysis of the transverse-�eld Ising model we have seen that in this regime we expect to
be able to describe the excitations as magnons, but in the Hamiltonian given in Eq. (8.20) the
term (S+

j S
+
j+1 +S−j S

−
j+1) does not conserve the number of defects on top of the fully polarized

state. Thus, in order to restrict our analysis to sectors with well-de�ned numbers of defects, we
neglect the term (S+

j S
+
j+1 + S−j S

−
j+1) from the Hamiltonian. This is the main approximation

performed in this subsection, our Hamiltonian is now given by

H̃magnon = J
∑
j

[
εSzjS

z
j+1 +

1

4
(ε+ 1)

(
S+
j S
−
j+1 + S−j S

+
j+1

)]
(8.22)

−
∑
j

[
hu + (−1)jhs

]
Szj ,

To consider the sectors with a �xed number of magnons it is convenient to write the Hamil-
tonian in terms of fermionic operator using the Jordan-Wigner transformation [2, 318, 319]

Szj =
1

2
− c†jcj, (8.23)
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8.5 Analytical understanding of the excitations

S+
j = cje

−iπ
∑j−1
l=1 c

†
l cl ,

S−j = eiπ
∑j−1
l=1 c

†
l clc†j,

where c†j and cj are fermionic operators which satisfy the anticommutation relations. Using
this rewriting, a magnon, or defect, at site j corresponds to the presence of a fermion at this
site, and the fermionic Hamiltonian is given as

H̃magnon = J
∑
j

[
ε

(
1

2
− c†jcj

)(
1

2
− c†j+1cj+1

)
+

1

4
(ε+ 1)

(
c†jcj+1 + c†j+1cj

)]
(8.24)

−
∑
j

[
hu + (−1)jhs

](1

2
− c†jcj

)
.

One magnon states: We �rst consider the case of a single magnon, corresponding to a
single fermion in the Hamiltonian given in Eq. (8.24). In this case we look at how the dynamical
spin structure factor captures the excitations from the ground state to the one-magnon sector

Sα,βj (q, ω) ∝
∑
e1m

〈0|Sα(q)|e1m〉〈e1m|Sβj |0〉δ(ω + E0 − E1m) (8.25)

where |0〉 is the ground state with energy E0, |e1m〉 are the one-magnon eigenstates with the
corresponding eigenenergies E1m, and Sα(q) = 1√

L

∑
l e
−iqlSαl . The direction for which we

can have the transition between the sectors are α, β ∈ {x, y}, in the rotated basis, Eq. (8.17).
The derivation of Eq. (8.25) for two arbitrary sectors is given in Appendix D. We can observe
that Sα,βj (q, ω) can be non-zero only in the case in which ω + E0 − E1m = 0, and because
E0 is a constant, this implies that we can capture the structure of Sα,βj (q, ω) by computing the
dispersion relation E1m(k) of one magnon under the action of the Hamiltonian from Eq. (8.24).

We �rst compute the ground state energy of the Hamiltonian, Eq. (8.24), to obtain the en-
ergy shift. The ground state of the fermionic Hamiltonian is the state with zero fermions.

E0 = L
Jε

4
− Lhu

2
. (8.26)

We can project H̃magnon to the subspace of a single fermion and obtain

H̃1 magnon − E0 =hu − Jε+
∑
j

J

4
(ε+ 1)

(
c†jcj+1 + c†j+1cj

)
+
∑
j

(−1)jhsc
†
jcj. (8.27)

The dispersion of this single particle Hamiltonian is given by

E±1m(k) =hu − Jε±
√
ε0(k)2 + h2

s (8.28)
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8.5.2 Large magnetic �eld limit - magnon states

Figure 8.7: Comparison between the numerical computation of the dynamical structure factor S(q, ω),
Eq. (8.15), for the full Hamiltonian, Eq. (8.2), the one magnon analytical dispersion (blue curves),
Eq. (8.28), and the spectrum of the non-interacting Hamiltonian H̃TI (magenta curves), Eq. (8.19), for
di�erent values of the magnetic �eld. The spectrum of H̃TI has been shifted with a �eld of 16 T in order
to recover the critical �eld of the full model. The results where obtained in the ground state for the
following parameters, L = 124, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .

=
gxx1 + gxx2

2
h− Jε±

√(
J

2
(1 + ε) cos(k)

)2

+

(
gxx1 − gxx2

2
h

)2

,

where the dispersion of the kinetic part is ε0(k) = J
2
(1 + ε) cos(k). We observe that we obtain

two distinct bands due to the staggered contribution hs to the magnetic �eld.
In Fig. 8.7 we compare the numerical results of the dynamical structure factor S(q, ω),

Eq. (8.15), which we computed for the full Hamiltonian, Eq. (8.2), and the one magnon analytical
dispersion, Eq. (8.28), computed for the reduced Hamiltonian, Eq. (8.22). We observe a very good
agreement for both bands, for di�erent values of the magnetic �eld. Our analytical expression
for the dispersion E−1m(k) shows the gap at k = 0 closing at the a critical �eld very close to
our full calculations and the same scaling behavior as we increase the magnetic �eld. Thus,
the very good agreement between the two approaches, once we go above the critical value
of the magnetic �eld, implies that the two bands what we observe in our numerical results
are indeed due to having one magnon delocalized in our system. In particular, we note the
importance of having a staggered contribution to the magnetic �eld in order to obtain two
distinct bands separated by a gap. The behavior of the single magnon in the staggered magnetic
�eld is equivalent with the dynamics of a single particle in a staggered potential, as seen from
Eq. (8.27).

In the regime of high magnetic �eld we can compare the two analytical approaches, in
Fig. 8.7 we depict the dispersion of one magnon with blue curves, Eq. (8.28), and the shifted
dispersion of the transverse-�eld Ising model with magenta curves, Eq. (8.19). We see a good
agreement of the two approaches in the shape of the two bands and their dependence of the
magnetic �eld. The small deviations present, the shift present of the second band and the devi-
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8.5 Analytical understanding of the excitations

Figure 8.8: The two-magnon contribution to the dynamical structure factor, Eq. (8.29), for di�erent
magnetic �elds and l0 ∈ {26, 27}, we take j = l0 + 1. The blue line corresponds to the single magnon
dispersion, Eq. (8.28). We note that the color scale of the plotted points is logarithmic. The results where
obtained for the following parameters, L = 52, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46,
J = 61kB .

ations around q = π/2 for the lower band, we attribute to the fact that we neglected di�erent
terms in the two approaches compared to Eq. (8.18). Thus, for the transverse-�eld Ising model,
Eq. (8.19), we neglected the interaction term SzjS

z
j+1, and for the single magnon dispersion we

neglected the term (S+
j S

+
j+1 +S−j S

−
j+1), whose contribution is most important around q = π/2.

Twomagnon states: In the experimental results presented in Sec. 8.6 beside the two bands
we observe in the numerical results, which we identi�ed as being due to the single magnon
dynamics, a mode at even higher frequencies is present above the critical magnetic �eld. As the
experiment is performed at a �nite temperature, contributions from excited states are already
contained in the thermal equilibrium. Thus, a reasonable candidate for this higher mode would
include more than one magnon. One of the simplest cases to consider is to have one magnon in
the initial state and to create a second magnon via the operator we apply at time t = 0 in our
dynamic correlation function, Eq. (8.25). This is the situation which we analyze in the following
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8.5.2 Large magnetic �eld limit - magnon states

Figure 8.9: (a) The average value of the distance between the two magnons for the computed two-
magnon eigenstates in a semi-log plot. The black horizontal lines are a guide to the eye for distance 1, 1.5
and 2. The gray dashed vertical lines represent the bands identi�ed in Fig. 8.9. (b)-(c) The contribution
to the dynamical structure factor of eigenstates with an average distance between the magnon of (b)
1 ≤ d < 1.5, (c) 1.5 ≤ d < 2. The blue line corresponds to the single magnon dispersion, Eq. (8.28). We
note that the color scale of the plotted points is logarithmic. The results where obtained for the following
parameters µ0H = 54.5T, L = 52, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .

and has a contribution to the dynamical structure factor of the form

Sα,βl0,j
(q, ω) =

∑
e1m

∑
e2m

〈l0|e1m〉〈e1m|Sα(q)|e2m〉〈e2m|Sβj |l0〉δ(ω + E1m − E2m), (8.29)

where |l0〉 is the initial state of a localized magnon at site l0, |e1m〉 are the one-magnon eigen-
states with the corresponding eigenenergies E1m, |e2m〉 are the two-magnon eigenstates with
the corresponding eigenenergies E2m and Sα(q) =

∑
l e
−iqlSαl . For the calculations presented

in the following, we considered α = β = y in the rotated basis. We compute the eigenstates
|e1m〉 and |e2m〉 numerically by performing exact diagonalization of the Hamiltonian H̃magnon,
Eq. (8.22), in the subspaces of one and two-magnons.

If two magnons in the fully polarized background are far away from each other we ex-
pect that their dynamics under the Hamiltonian H̃magnon, Eq. (8.22), to be the same as for
single magnons. Such that in the non-interacting limit, where in H̃magnon the interaction is
given by the SzjSzj+1 term, the dispersion relation for two magnons would show three bands
E2m ∈ {2E−1m, E−1m + E+

1m, 2E
+
1m}. We note that the three bands exhibit gaps in between

them only if the staggering in the magnetic �eld is strong enough, as the gap between E−1m
and E+

1m depends on the staggering. Thus, without interaction, the main frequencies for which
Sα,βl0,j

(q, ω), Eq. (8.29), is non-zero will be ω = E±1m, meaning that the most important features
seen in the dynamical structure factor are the same as for one magnon. This implies that SzjSzj+1

interaction term is necessary in order to observe higher mode in the dynamical structure factor
beyond the single magnon bands. We would also expect this from the fact that two-magnon
bound states exist at zero magnetic �eld on top of the ferromagnet in interacting spin chains
[320].
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8.5 Analytical understanding of the excitations

Figure 8.10: (a) The energies of the two-magnon eigenstates, we can identify four distinct bands sep-
arated by gaps. The dashed vertical lines mark the boundaries between the two-magnon bands. (b)
The behavior of the energy and the average distance between the magnons around the 3rd band. (c)-(f)
The contribution to the dynamical structure factor of eigenstates from each of the four bands. The blue
line corresponds to the single magnon dispersion, Eq. (8.28). We note that the color scale of the plotted
points is logarithmic. The results where obtained for the following parameters µ0H = 54.5T, L = 52,
g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB .

In Fig. 8.8, we plot the two-magnon contribution to the dynamical structure factor for dif-
ferent values of the magnetic �eld. For the initial state, we choose the state of a localized defect
at l0, in Fig. 8.8(a)-(c) l0 is even, corresponding to the minima of the staggered potential, and in
Fig. 8.8(d)-(f) l0 is odd, corresponding to the maxima of the staggered potential. As we want to
analyze the e�ects of the interaction, we create the second magnon on the next site j = l0 + 1.
We can observe that beside the expected bands, which show the same behavior as the single
magnon dispersion, depicted with blue in Fig. 8.8, we also obtain contributions at higher fre-
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quencies, or in the gap between the single magnon bands. Since our aim is to understand the
high frequency modes occurring in the experimental results, in the following, we focus on the
characterization of the states which have a higher frequency than the second single magnon
band and look in more detail at the results for l0 = 26. In particular, we will see that the inten-
sity peak occurring for q = 0 or π [at ω ∼ 3THz for µ0H = 54.5T in Fig. 8.8(b)], and at upper
edge of the band for q = π/2 [at ω ∼ 3.5THz for µ0H = 54.5T in Fig. 8.8(b)], agree well with
the numerical results performed without approximations, as seen in Fig. 8.11.

In order to understand better the nature of the two magnon states of interest, in Fig. 8.9(a)
we plot the average distance between the two magnons for each two-magnon eigenstates of
H̃magnon, Eq. (8.22). We observe that for most eigenstates the average distance is d ∼ L/2 = 26,
showing that the magnons behave as non-interacting, but we also observe states for which
the magnons are close to each other. In particular, we see that there are states for which the
average distance, d is close to one, signaling that the two magnons are next to each other, thus
the interaction e�ects play an important role. In Fig. 8.9(b)-(c), we look at the contribution to
the structure factor only considering the states for which the two magnons are close to each
other, either 1 < d < 1.5, or 1.5 < d < 2. We observe that these states contribute mostly to
the high frequency features of the dynamical structure factor. This implies that the peaks in
the dynamical structure factor for frequencies larger than the single magnon energy are due to
states for which the two magnon are con�ned next to each other.

In Fig. 8.10(a) we plot the eigenenergies of the two-magnon states. As stated above, without
interactions we would expect three bands, but we observe four bands. In particular, the third
band, which is separated by a small gap from the second band and contains the least number
of states, has mostly states for which the average distance between the two magnons is small,
d < 2, as seen in Fig. 8.10(b). In Fig. 8.10(c)-(f) we compute the contributions of each band to
the dynamical structure factor. We observe that the weight for the �rst and the fourth band is
along the single magnon dispersions. We see that the interaction plays a role for the second
band as peaks which are at a higher frequency than the single magnon bands are obtained. The
third band is fully dominated by the con�nement of the two magnons, as the features obtained
are distinct from the single magnon bands.

We note that the staggering of the magnetic �eld plays a crucial role in the con�ning e�ects
for the two magnons and in our ability to distinguish the high frequency band. If one would
have a weaker hs, see Eq. (8.22), the gaps we observed in Fig. 8.10 would close, we would have
less states with a average distance d < 2 and the weight of peaks of interest for q = 0, π/2, π
will be much lower. In contrast, for a larger value of hs, the gaps in the two magnon bands are
larger, we have more states for which the two magnons are con�ned and the high energy peaks
become more prominent. We present additional data to support these claims in Appendix D.

8.6 Comparison between theoretical and experimental results
In the previous section we performed several analytical calculations in di�erent limits. We

show the comparison between the full numerical results and these di�erent analytical limits in
Fig. 8.11(a)-(c). Afterwards, we compare our results with experimental results obtained using
terahertz spectroscopy in magnetic �elds [112] [see Fig. 8.11(d)].
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8.6 Comparison between theoretical and experimental results

Figure 8.11: (a)-(c) Comparison between the numerical computation of the dynamical structure factor
S(q, ω), Eq. (8.15), for the full Hamiltonian, Eq. (8.2), and the exact spectrum of the Hamiltonian H̃TI,
Eq. (8.19), (magenta curves), the one magnon analytical dispersion, Eq. (8.28), (blue curves), and the q = π
and q = π/2 peaks of the two-magnon states contribution to the dynamical structure factor (green lines).
The spectrum of H̃TI has been shifted with a �eld of 16 T in order to recover the critical �eld of the full
model. The vertical red line represents the value of the critical magnetic �eld. For q = π/2, above the
horizontal yellow dashed line we multiplied S(q, ω) with a factor of 5 in order to increase the visibility of
the high-frequency modes. The results where obtained for the following parameters, L = 124, g1 = 3.5,
g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46, J = 61kB . (d) The experimental results obtained using terahertz
spectroscopy for various magnetic �elds [112]. The points represent the position of the absorption peaks
and the error bars their width. The momenta attributed to the di�erent observed modes, represented with
di�erent colors, is based on the comparison with the theoretical results. The vertical black dashed line
marks the critical magnetic �eld.

The initial approximation made was to neglect the induced magnetic �eld in the z direction,
Eq. (8.16). From here we developed two di�erent approaches. First, we neglected the interac-
tion between neighboring spins in the direction of the magnetic �eld, in order to obtain an
extension of the exactly solvable transverse-�eld Ising model, containing the staggered mag-

134



netic �eld, Eq. (8.19). We observe in Fig. 8.11(a)-(c) that this approach, depicted with magenta
lines, captures the slopes around the closing of the gap at the critical value of the magnetic
�eld for q = 0 and q = π and of the mode Mu

0 . For q = π/2 we see that the right behavior is
captured only above the critical �eld.

In our second analytical approach, we make use of the fact that above the critical �eld the
ground state of the system can be approximated by a fully polarized state in the direction of
the external �eld. Thus, we derive a Hamiltonian which conserves the number of defects, or
magnons, given in Eq. (8.22), but contains both the interaction between neighboring spins in
the �eld direction and the staggering of the magnetic �eld. Within this approximation we could
consider the contribution of the subspaces with a �xed number of magnons to the dynamical
structure factor separately. We focused on the cases of one magnon and two magnons. In
Fig. 8.11(a)-(c), we plot with blue lines the one magnon results and we see that they agree very
well with all modes that can be identi�ed in the full numerical calculation. A crucial ingredient
in obtaining all the di�erent modes is the presence of the staggered magnetic �eld. In the case of
two magnons, we saw that, due to the interaction and �eld staggering, states in which the two
magnons are con�ned next to each other are present. The contributions of these two-magnon
bound states to the dynamical structure factor are depicted with green lines in Fig. 8.11(a)-(c).
We see that they are in good agreement with high-frequency features of the numerical results.

Furthermore, we also compare our results with experimental results obtained using tera-
hertz spectroscopy in magnetic �elds on the BaCo2V2O8 compound [112] , which are presented
in Fig. 8.11(d). The high-�eld electron-spin-resonance spectroscopy in a pulsed magnetic �eld
up to 61 T experiment was performed at Helmholtz Zentrum Dresden Rossendorf. Absorption
spectra of quasi-monochromatic THz electromagnetic waves were measured as a function of
the pulsed magnetic �eld for frequencies above 1.2 THz using a free electron laser and below
0.6 THz generated with THz transmitter sources [321, 322]. Additionaly, terahertz broad-band
transmission measurements were performed for static magnetic �elds up to 32 T using a Bitter
electromagnet at the High Field Magnet Laboratory in Nijmegen.

We can see that all the modes observed in the experiment are very well captured by the
theoretical results. We note that the attributed momenta to each mode in Fig. 8.5(a) is performed
by comparison with the numerical results. For the modes present for both q = 0 and q = π
we attribute the momenta for which the intensity of the dynamical structure factor is higher
for that certain mode. For clarity, we repeat the interpretation of the modes observed in the
experimental results:

• The lowest excitation mode at q = 0 and q = π, M ′
π, exhibiting the closing of gap closing

at the phase transition threshold, is well described by the shifted excitation spectrum of
the transverse-�eld Ising model and the lower one-magnon band above the critical point.

• M ′
π/2, which softens as we increase the magnetic �eld under the threshold, is continued

by the lower one-magnon band for high magnetic �elds.
• Above the critical magnetic �eldMu

π/2 corresponds to the second band of the one-magnon
dispersion. Similarly, for q = 0, Mu

0 is also described by the second band of the one-
magnon dispersion.

• The two-magnon bound states correspond in the experimental data to the modes Dπ and
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8.7 Short summary

Dπ/2.
• We expect that the features at a even higher frequency for q = π/2, marked with Tπ/2 in

Fig. 8.11, are due to states with three con�ned magnons [112].
We note that in the experiment the multi-magnon states at high frequencies have a larger am-
plitude due to the �nite temperature [112].

8.7 Short summary
In this chapter, we investigated the excitation spectrum of theXXZ-model in a transverse

magnetic �eld with a four-fold periodicity, Eq. (8.2). We show that our numerical tMPS cal-
culations of the dynamical structure factor agree well with experimental measurements of the
BaCo2V2O8 compound in a strong magnetic �eld [112]. Via the application of high magnetic
�elds BaCo2V2O8 e�ectively becomes a one-dimensional system. As we increase the external
magnetic �eld, we unveil the presence of a phase transition between antiferromagnetic order-
ing in the z-direction and ferromagnetic ordering in the �eld direction. By performing ground
state calculations we determined that the phase transition seems to belong to the universality
class of the one-dimensional Ising model. We note that for magnetic �elds lower than the ones
studies in this chapter, . 20 T, three-dimensional order is dominant and one needs to include
the coupling between the di�erent one-dimensional spin chains in the theoretical analysis [5, 7].

Furthermore, through the analytical approaches we showed the importance of the presence
of the staggered term originating from the four-fold periodicity of the magnetic �eld for recov-
ering the features seen in the experimental results [112]. We observed that for high magnetic
�elds, above the critical �eld, the low-frequency excitations are dominated by the dynamics
of single magnons present in the system under the in�uence of the staggered �eld. For large
frequencies we identi�ed the contributions stemming from states of two con�ned magnons,
arising from the interplay of interaction e�ects between the magnons and the staggering of the
magnetic �eld, in contrast to previously studied two-magnon states [320]. The understanding
gained in this work opens future possibilities of designing quantum magnets with sought-after
excitations.
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Chapter9
Conclusion and Outlook

In this thesis, we investigated two classes of many-body quantum systems with external control.
We showed that by the application of external �elds, or by engineering a coupling with an
external environment, one can steer the system towards interesting quantum phases and unveil
quantum phase transitions.

The �rst class of many-body quantum system which we consider is that of bosonic atoms
con�ned to low-dimensional optical lattices and globally coupled to the �eld of a dissipative op-
tical cavity. Such systems show a self-organization phase transition to a non-trivial steady state
protected by a dissipative attractor dynamics. Our results are obtained via two main method-
ological developments. We developed a time-dependent matrix product state method (tMPS)
for the combined atom-cavity system. This is the �rst numerically exact method that can deal
with a one-dimensional many-body interacting system globally coupled to a dissipative bosonic
�eld and it is applicable to a wide class of models. It allowed us to numerically perform the full
quantum evolution of ultracold interacting bosonic atoms on a chain and coupled to an opti-
cal cavity. Analytically, we extended the many-body adiabatic elimination framework to such
atom-cavity systems. Within this approach, we can take into account the �uctuations of the
coupling between the atoms and the photons. These two newly developed methods go beyond
the extensively used mean �eld decoupling of the cavity and the atoms, allowing us to answer
questions regarding the nature of the steady states and the phase transition. We showed that
throughout the phase diagram, and, in particular, close to the phase transition threshold, the
steady states have a mixed state character, in contrast to the pure steady states predicted by the
often used mean �eld methods.

The newly developed methods made it possible to study the e�ects of a strong symmetry
on the self-organization phase transition and the dynamics of the many-body open system of
bosonic atoms coupled to the optical cavity. Multiple steady states appear due to the strong
symmetry and in each symmetry sector the dissipative phase transition occurs at a di�erent
critical point. We showed that the phenomenon of dissipative freezing can occur, represented
by the breaking of the conservation law at the level of individual quantum trajectories in the
presence of the strong symmetry. An important contribution to the �eld of symmetries in open
systems, which is still in its infancy, is our investigation of the dynamics of the system when a
term that slightly breaks the strong symmetry is introduced. Such a symmetry breaking term
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CHAPTER 9. CONCLUSION AND OUTLOOK

implies that the system goes from multiple steady states to a unique steady state.
We demonstrated how the dissipative character can be used for the preparation of inter-

esting quantum states. We engineer the coupling between a one-dimensional bosonic wire and
the cavity �eld to realize a dynamically induced spin-orbit coupling. Due to the dissipative
dynamics a Meissner super�uid phase is stabilized as a steady state in the system. This states
exhibits a persistent chiral spin current, with atoms in di�erent spin states propagating in op-
posite directions.

Many recent exciting developments are occurring in the �eld of ultracold atoms coupled to
optical cavities [66], with several interesting research directions. In the following, we present
a short outlook into the directions for which we believe that these newly developed theoretical
methods could have a strong impact. In this thesis, we mainly analyzed the nature of steady
states of atom-cavity coupled systems. Thus, a natural extension of the current work would be
to analyze the stability of the exotic phases predicted at a mean �eld level, for example, the vor-
tex and Meissner states occurring due to the cavity-induced gauge �eld, or spin-orbit coupling
[83, 93]. However, the novel tMPS method performs the full quantum time evolution of the
coupled system, such that it is a perfect tool for the characterization of the out-of-equilibrium
dynamics of both the atoms and the photons. Also the many-body adiabatic elimination ap-
proaches we developed can be employed for capturing the long-time dynamics of the system
towards the steady state. Steps in the understanding of the non-equilibrium dynamics have been
taken both theoretically [169, 323, 324] and in recent experimental realizations [72, 89, 197–200].
As we have seen, by coupling the atoms to a cavity mode, a global range interaction can be en-
gineered. The atom-cavity interaction can be further controlled if one considers several cavity
modes [325–327]. In such a multimode optical cavity a photon-mediated Peierls transition has
been proposed [328], thus, it would be interesting to extend these results beyond mean �eld.
The methodological developments presented here are not limited to bosonic degrees of free-
dom. Thus, they can be extended to consider fermionic atoms coupled to an optical cavity, as
recently realized experimentally [329, 330], or towards solid-state systems of an electron gas
coupled to THz cavities [14–16], or phononic modes.

The second many-body quantum system considered in this thesis is the one-dimensional
XXZ spin chain model with a spatially dependent magnetic �eld. We show that this model
describes very well the BaCo2V2O8 compound in the high-�eld regime, by comparing our theo-
retical results with experimental data. We identi�ed a phase transition between antiferromag-
netic ordering in the z-direction and ferromagnetic ordering in the �eld direction as we in-
crease the strength of the magnetic �eld. We employed time-dependent matrix product states
(tMPS) numerical simulations to investigate the excitation spectrum across the phase transi-
tion. Our understanding of the excitations was further strengthened by analytical approaches
which helped us identify that above the critical �eld the low-energy sector is dominated by the
dynamics of single magnons in a staggered magnetic �eld and that for higher energies one can
�nd two-magnon bound states.

As a �rst perspective, the excitations in the low-�eld regime of the BaCo2V2O8 compound
would be of interest, as in our work we focused on magnetic �eld & 20 T. However, in this
regime one needs to go beyond the one-dimensional XXZ-model and include the e�ects of
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the coupling between the di�erent one-dimensional chains. Furthermore, our study of the ex-
citations of the spin degrees of freedom can be seen as a step towards the understanding of the
interplay between the spin, charge, and phononic degrees of freedom. The coupling or compe-
tition between various orders in such quantum materials presents an avenue for manipulating
their properties by means of external perturbations. For example, the phononic modes of the
lattice could be excited with the help of optical pulses [18, 19, 331]. In the case of the BaCo2V2O8
compound, the activation of a phononic mode could modify the coupling between the di�erent
one-dimensional spin chains. This could o�er the possibility of performing a dimensionality
quench and to analyze its subsequent non-equilibrium dynamics. These situations can be en-
visioned due to recent developments in the �eld of ultrafast spectroscopic probes [332]. Such
probes o�er a platform for understanding the light-matter interaction at the shortest times and
a way for the study of the dynamics of charges, spins, and atoms down to femtosecond and
attosecond timescales.
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AppendixA
Appendix for Chapter 4

A.1 Explicit derivation of the equations of motion and steady state for
perturbation in kinetic energy

In this section, we present the intermediate steps necessary to arrive at Eq. (4.16) from
Eq. (4.8), as discussed in Sec. 4.2. We begin with a general state from the decoherence free
subspace, ρ = |α(∆);n1, . . . , nL〉〈α(∆′);n′1, . . . , n

′
L|, Eq. (4.9), and we apply successively each

operator of the second term of Eq. (4.8).

[
Hkin, ρ

0
]

= (A.1)

−J

[∑
i odd

(√
(ni + 1)ni+1|α(∆); . . . , ni−1, ni + 1, ni+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(ni + 1)ni−1|α(∆); . . . , ni−1 − 1, ni + 1, ni+1, . . .〉〈α(∆); . . . , n′i, . . . |

−
√

(n′i + 1)n′i+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1, n
′
i + 1, n′i+1 − 1, . . . |

−
√

(n′i + 1)n′i−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, n′i+1, . . . |
)

+
∑
i even

(√
(ni + 1)ni+1|α(∆); . . . , ni−1, ni + 1, ni+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(ni + 1)ni−1|α(∆); . . . , ni−1 − 1, ni + 1, ni+1, . . .〉〈α(∆); . . . , n′i, . . . |

−
√

(n′i + 1)n′i+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1, n
′
i + 1, n′i+1 − 1, . . . |

−
√

(n′i + 1)n′i−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, n′i+1, . . . |
)]
,

P1

[
Hkin, ρ

0
]

= −Je−2|α0|2
[

(A.2)

140



∑
i odd

(√
(ni + 1)ni+1|α(∆− 2); . . . , ni−1, ni + 1, ni+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(ni + 1)ni−1|α(∆− 2); . . . , ni−1 − 1, ni + 1, ni+1, . . .〉〈α(∆); . . . , n′i, . . . |

−
√

(n′i + 1)n′i+1|α(∆); . . . , ni, . . .〉〈α(∆− 2); . . . , n′i−1, n
′
i + 1, n′i+1 − 1, . . . |

−
√

(n′i + 1)n′i−1|α(∆); . . . , ni, . . .〉〈α(∆− 2); . . . , n′i−1 − 1, n′i + 1, n′i+1, . . . |
)

+
∑
i even

(√
(ni + 1)ni+1|α(∆ + 2); . . . , ni−1, ni + 1, ni+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(ni + 1)ni−1|α(∆ + 2); . . . , ni−1 − 1, ni + 1, ni+1, . . .〉〈α(∆); . . . , n′i, . . . |

−
√

(n′i + 1)n′i+1|α(∆); . . . , ni, . . .〉〈α(∆ + 2); . . . , n′i−1, n
′
i + 1, n′i+1 − 1, . . . |

−
√

(n′i + 1)n′i−1|α(∆); . . . , ni, . . .〉〈α(∆ + 2); . . . , n′i−1 − 1, n′i + 1, n′i+1, . . . |
)]
,

L−1
0 P1

[
Hkin, ρ

0
]

= −Je−2|α0|2
[

(A.3)

∑
i odd

( √
(ni + 1)ni+1

λ(∆− 2, u+ U(ni − ni+1 + 1),∆, u′)
×

|α(∆− 2); . . . , ni−1, ni + 1, ni+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+

√
(ni + 1)ni−1

λ(∆− 2, u+ U(ni − ni−1 + 1),∆, u′)
×

|α(∆− 2); . . . , ni−1 − 1, ni + 1, ni+1, . . .〉〈α(∆); . . . , n′i, . . . |

−

√
(n′i + 1)n′i+1

λ(∆, u,∆− 2, u′ + U(n′i − n′i+1 + 1))
×

|α(∆); . . . , ni, . . .〉〈α(∆− 2); . . . , n′i−1, n
′
i + 1, n′i+1 − 1, . . . |

−

√
(n′i + 1)n′i−1

λ(∆, u,∆− 2, u′ + U(n′i − n′i−1 + 1))
×

|α(∆); . . . , ni, . . .〉〈α(∆− 2); . . . , n′i−1 − 1, n′i + 1, n′i+1, . . . |

)

+
∑
i even

( √
(ni + 1)ni+1

λ(∆ + 2, u+ U(ni − ni+1 + 1),∆, u′)
×

|α(∆ + 2); . . . , ni−1, ni + 1, ni+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+

√
(ni + 1)ni−1

λ(∆ + 2, u+ U(ni − ni−1 + 1),∆, u′)
×

|α(∆ + 2); . . . , ni−1 − 1, ni + 1, ni+1, . . .〉〈α(∆); . . . , n′i, . . . |
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−

√
(n′i + 1)n′i+1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i+1 + 1))
×

|α(∆); . . . , ni, . . .〉〈α(∆ + 2); . . . , n′i−1, n
′
i + 1, n′i+1 − 1, . . . |

−

√
(n′i + 1)n′i−1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i−1 + 1))
×

|α(∆); . . . , ni, . . .〉〈α(∆ + 2); . . . , n′i−1 − 1, n′i + 1, n′i+1, . . . |

)]
,

P0

[
Hkin,L−1

0 P1

[
Hkin, ρ

0
]]

= J2e−4|α0|2
{

(A.4)

∑
i odd

∑
j odd

[
−

√
(ni + 1)ni+1

λ(∆− 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆− 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆− 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆− 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆− 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−
√

(ni + 1)ni−1

λ(∆− 2, u+ U(ni − ni−1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆− 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆− 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆− 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆− 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−

√
(n′i + 1)n′i+1

λ(∆, u,∆− 2, u′ + U(n′i − n′i+1 + 1))
×(√

(nj + 1)nj+1|α(∆− 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆− 2); . . . , n′i + 1, n′i+1 − 1, . . . |

+
√

(nj + 1)nj−1|α(∆− 2); . . . , nj+1 − 1, nj + 1, . . .〉〈α(∆− 2); . . . , n′i + 1, n′i+1 − 1, . . . |

)

−

√
(n′i + 1)n′i−1

λ(∆, u,∆− 2, u′ + U(n′i − n′i−1 + 1))
×(√

(nj + 1)nj+1|α(∆− 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆− 2); . . . , n′i−1 − 1, n′i + 1, . . . |
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+
√

(nj + 1)nj−1|α(∆− 2); . . . , nj+1 − 1, nj + 1, . . .〉〈α(∆− 2); . . . , n′i−1 − 1, n′i + 1, . . . |

)]

+
∑
i odd

∑
j even

[ √
(ni + 1)ni+1

λ(∆− 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(nj + 1)nj+1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(nj + 1)nj−1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(ni + 1)ni−1

λ(∆− 2, u+ U(ni − ni−1 + 1),∆, u′)
×(√

(nj + 1)nj+1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(nj + 1)nj−1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(n′i + 1)n′i+1

λ(∆, u,∆− 2, u′ + U(n′i − n′i+1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)

+

√
(n′i + 1)n′i−1

λ(∆, u,∆− 2, u′ + U(n′i − n′i−1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)]

+
∑
i even

∑
j odd

[ √
(ni + 1)ni+1

λ(∆ + 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(nj + 1)nj+1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(nj + 1)nj−1|α(∆); . . . , ni + 1, ni+1 − 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(ni + 1)ni−1

λ(∆ + 2, u+ U(ni − ni−1 + 1),∆, u′)
×
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energy

(√
(nj + 1)nj+1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆); . . . , n′i, . . . |

+
√

(nj + 1)nj−1|α(∆); . . . , ni−1 − 1, ni + 1, . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆); . . . , n′i, . . . |

)

+

√
(n′i + 1)n′i+1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i+1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i + 1, n′i+1 − 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)

+

√
(n′i + 1)n′i−1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i−1 + 1))
×(√

(n′j + 1)n′j+1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆); . . . , ni, . . .〉〈α(∆); . . . , n′i−1 − 1, n′i + 1, . . . , n′j−1 − 1, n′j + 1, . . . |

)]

+
∑
i even

∑
j even

[
−

√
(ni + 1)ni+1

λ(∆ + 2, u+ U(ni − ni+1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆ + 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆ + 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−
√

(ni + 1)ni−1

λ(∆ + 2, u+ U(ni − ni−1 + 1),∆, u′)
×(√

(n′j + 1)n′j+1|α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆ + 2); . . . , n′j + 1, n′j+1 − 1, . . . |

+
√

(n′j + 1)n′j−1|α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆ + 2); . . . , n′j−1 − 1, n′j + 1, . . . |

)

−

√
(n′i + 1)n′i+1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i+1 + 1))
×(√

(nj + 1)nj+1|α(∆ + 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆ + 2); . . . , n′i + 1, n′i+1 − 1, . . . |
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+
√

(nj + 1)nj−1|α(∆ + 2); . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆ + 2); . . . , n′i + 1, n′i+1 − 1, . . . |

)

−

√
(n′i + 1)n′i−1

λ(∆, u,∆ + 2, u′ + U(n′i − n′i−1 + 1))
×(√

(nj + 1)nj+1|α(∆ + 2); . . . , nj + 1, nj+1 − 1, . . .〉〈α(∆ + 2); . . . , n′i−1 − 1, n′i + 1, . . . |

+
√

(nj + 1)nj−1|α(∆ + 2); . . . , nj−1 − 1, nj + 1, . . .〉〈α(∆ + 2); . . . , n′i−1 − 1, n′i + 1, . . . |

)]}
,

from where Eq. (4.16) follows.
Finally, we want to check that the state given by Eq. (4.17) is the steady state of Eq. (4.16).

In order to show this, we rewrite Eq. (4.16) by separating the diagonal states of the decoherence
free subspace, ρ0 = |α(∆);n1, . . . , nL〉〈α(∆);n1, . . . , nL|, from the rest.

∑
i odd

(
− (ni + 1)ni+1

λ(∆− 2, u+ U(ni − ni+1 + 1),∆, u)
× (A.5)

|α(∆− 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆− 2); . . . , ni + 1, ni+1 − 1, . . . |

− (ni + 1)ni−1

λ(∆− 2, u+ U(ni − ni−1 + 1),∆, u)
× (A.6)

|α(∆− 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆− 2); . . . , ni−1 − 1, ni + 1, . . . |

− (ni + 1)ni+1

λ(∆, u,∆− 2, u+ U(ni − ni+1 + 1))
× (A.7)

|α(∆− 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆− 2); . . . , ni + 1, ni+1 − 1, . . . |

−
√

(ni + 1)ni−1

λ(∆, u,∆− 2, u+ U(ni − ni−1 + 1))
× (A.8)

|α(∆− 2); . . . , ni+1 − 1, ni + 1, . . .〉〈α(∆− 2); . . . , ni−1 − 1, ni + 1, . . . |

)

+
∑
i odd

(
(ni + 1)ni+1

λ(∆− 2, u+ U(ni − ni+1 + 1),∆, u)
× (A.9)

|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

+
(ni + 1)ni−1

λ(∆− 2, u+ U(ni − ni−1 + 1),∆, u)
× (A.10)

|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

+
(ni + 1)ni+1

λ(∆, u,∆− 2, u+ U(ni − ni+1 + 1))
× (A.11)
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|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

+
(ni + 1)ni−1

λ(∆, u,∆− 2, u+ U(ni − ni−1 + 1))
× (A.12)

|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

)

+
∑
i even

(
(ni + 1)ni+1

λ(∆ + 2, u+ U(ni − ni+1 + 1),∆, u)
× (A.13)

|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

+
(ni + 1)ni−1

λ(∆ + 2, u+ U(ni − ni−1 + 1),∆, u)
× (A.14)

|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

+
(ni + 1)ni+1

λ(∆, u,∆ + 2, u+ U(ni − ni+1 + 1))
× (A.15)

|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

+
(ni + 1)ni−1

λ(∆, u,∆ + 2, u+ U(ni − ni−1 + 1))
× (A.16)

|α(∆); . . . , ni, . . .〉〈α(∆); . . . , ni, . . . |

)

+
∑
i even

(
− (ni + 1)ni+1

λ(∆ + 2, u+ U(ni − ni+1 + 1),∆, u)
× (A.17)

|α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . . |

− (ni + 1)ni−1

λ(∆ + 2, u+ U(ni − ni−1 + 1),∆, u)
× (A.18)

|α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . . |

− (ni + 1)ni+1

λ(∆, u,∆ + 2, u+ U(ni − ni+1 + 1))
× (A.19)

|α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . .〉〈α(∆ + 2); . . . , ni + 1, ni+1 − 1, . . . |

− (ni + 1)ni−1

λ(∆, u,∆ + 2, u+ U(ni − ni−1 + 1))
× (A.20)

|α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . .〉〈α(∆ + 2); . . . , ni−1 − 1, ni + 1, . . . |

)
+
(

o�-diagonal terms
)

= 0.

One can observe that the coe�cients are canceling in pairs, thus, (A.5) has the same value
with opposite sign compared with (A.9), (A.6) with (A.10), (A.7) with (A.11), (A.8) with (A.12),
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(A.13) with (A.17), (A.14) with (A.18), (A.15) with (A.19), and (A.16) with (A.20). This means
that the state give by Eq. (4.17) has the eigenvalue zero and is indeed the steady state of our
system.
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AppendixB
Appendix for Chapter 5

B.1 Characterizing the tMPS results with a �nite temperature

Figure B.1: Extraction of the e�ective temperature from the tMPS data for the parameters L = 10,
N = 5, ~g/J = 4.47, ~δ/J = 2, U/J = 2, ~Γ/J ∈ {5, 10}, tJ = 49.75~. The lines in the T -λ plane are
for constant kinetic energy, (a)Ekin/J = −1.85 and (b)Ekin/J = −1.56, contrast of the density-density
correlations, (a) 1

L−2

∑
j (〈njnj+2〉 − 〈njnj+1〉) = 0.09 and (b) 1

L−2

∑
j (〈njnj+2〉 − 〈njnj+1〉) =

0.03, interaction energy, (a) Eint/J = 2.75 and (b) Eint/J = 3.25. Panel (a) is published in Ref. [110]

In order to the compare the values of the e�ective temperature obtained in the perturbation
theory on top the mean �eld approach we need to extract an e�ective temperature that can
describe the tMPS results, see Fig. 5.8(d) of Sec. 5.4. Thus, we try to �nd the temperature, T ,
and cavity �eld, λ, which determine the density matrix ρ(T, λ) ∼ |α(λ)〉〈α(λ)|e−Hb(λ)/kBT , by
requiring the thermal density matrix to approximately describe the tMPS results. For this we
employ the following procedure. We �rst compute the expectation values of three important
observables of the atomic sector with tMPS, the kinetic energy, Ekin = −J

∑L−1
j=1 〈b

†
jbj+1 +

b†j+1bj〉, the contrast of the density-density correlations, 1
L−2

∑L−2
j=1 (〈njnj+2〉 − 〈njnj+1〉) and

interaction energy, Eint = U
2

∑L
j=1〈nj(nj − 1)〉.

In the next step we compute the expectation values of the mentioned observables using
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ρ(T, λ) and identify the points for which we obtain the same values as in tMPS. In Fig. B.1, we
observe that in the T -λ plane for each observable we �nd a curve along which the expectation
value agrees with tMPS. Thus, by �nding the intersection point of the three curves we obtain
the values of T and λ for which ρ(T, λ) approximates the tMPS state.

As we observe that these curves do not intersect each other in a unique point, but rather
in three distinct ones, we de�ne the area of the triangle as a measure the errors involved in the
determination of the e�ective temperature, see Fig. B.1. Note that the cavity �eld λ used as a
parameter in this procedure does not agree with the tMPS photon number, as in the full quantum
evolution the cavity �eld is not restricted to a coherent state. We note that for ~Γ/J . 5 this
procedure gives unreliable results as the intersection points are far from each other.
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AppendixC
Appendix for Chapter 6

C.1 Open boundary conditions
In Chap. 6 the Liouvillian describing the system, given by Eqs.(6.4)-(6.5), was written in

momentum space, the real space Hamiltonian is given in Sec. 2.1.
In our numerical simulations for �nite size systems we used open boundary conditions.

In the analytical many-body adiabatic elimination calculations, presented in Chap. 6 and this
Appendix, we also use open boundary condition for a direct correspondence. In this case one
uses the Fourier sine transform, de�ned by

bk =

√
2

L+ 1

L∑
j=1

bj sin(kj), (C.1)

b†k =

√
2

L+ 1

L∑
j=1

b†j sin(kj),

and the unitless momenta are given by k = πm
L+1

and m = 1, . . . , L. In this case we also have
L/2 independent symmetry sectors for a single particle, but each is spanned by the momentum
states |kj〉 and |π− kj〉, j = 1, . . . , L/2. As the momenta kj are in the interval [0, π], the values
π − kj will always be inside the �rst Brillouin zone. We can write the symmetry generator as

Okj = b†kjbkj + b†π−kjbπ−kj . (C.2)

C.2 Explicit derivation of the steady states for the one and two particles
cases for perturbation in kinetic energy

In the following we show explicitly how to compute the steady states with the procedure
described in Sec. 6.2.2 for the single particle and two particle cases. In this section we take
~ = 1.
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C.2.1 The single particle case

C.2.1 The single particle case
For a single particle in the symmetry sectorK = (mk = 1) a general state in the dissipation

free subspace which is restricted to this symmetry sector has the form

ρk(b) =
∑
i,j odd

(
1

2
+ b

)
sin(ki) sin(kj)| − α; i〉〈−α; j| (C.3)

+
∑
i,j even

(
1

2
− b
)

sin(ki) sin(kj)|α; i〉〈α; j|,

with b a real parameter, i and j the positions of the particle, and α = Ω
δ−iΓ/2 the cavity �eld.

The equation of motion for a state ρ0 = | ± α; i〉〈±α; j|, with i and j both even or both
odd, from the dissipation free subspace, obtained with the many-body adiabatic elimination is
given by

∂

∂t
| ± α; i〉〈±α; j| = P0

[
Hkin,L−1

0 P1 [Hkin, | ± α; i〉〈±α; j|]
]

(C.4)

=
J2

λ0

e−4|α|2
(

4| ± α; i〉〈±α; j| − 2| ∓ α; i+ 1〉〈∓α; j + 1| − 2| ∓ α; i+ 1〉〈∓α; j − 1|

− 2| ∓ α; i− 1〉〈∓α; j + 1| − 2| ∓ α; i− 1〉〈∓α; j − 1|+ | ± α; i+ 2〉〈±α; j|

+ | ± α; i− 2〉〈±α; j|+ | ± α; i〉〈±α; j + 2|+ | ± α; i〉〈±α; j − 2|
)
,

with λ0 = − 2Ω2Γ
δ2+Γ2/4

. This allows us to write the equation of motion for the state ρk(b), from
which we observe that for b = 0 we obtain the steady state, ∂

∂t
ρk,st = 0, for the one particle case

ρk,st =
∑
i,j odd

sin(ki) sin(kj)| − α; i〉〈−α; j|+
∑
i,j even

sin(ki) sin(kj)|α; i〉〈α; j|. (C.5)

One can see that this state has a fully mixed atomic sector in the momentum basis.

C.2.2 The two particle case
We now consider two particles in the sector K = (mk1 = 1,mk2 = 1). The basis in the

dissipation free subspace in the considered symmetry sector is spanned by

σ0 = 4(s3 − s4 − s5 + s6), (C.6)
σ1 = 4(s1 + s2 − s3 + 2s4 + 2s5 − s6),

σ2 = 4(s1 + s2 − s3 − s6),

σ3 = 4(s1 − s2 + s4 − s5),

σ4 = 4(−s3 − s4 + s5 + s6),

σ5 = 4(s1 − s2 + s3 − s6),
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C.2 Explicit derivation of the steady states for the one and two particles cases for perturbation
in kinetic energy

where we de�ned the states

s1 =
∑

i1,i2,j1,j2 odd

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1| − α; i1, i2〉〈−α; j1, j2|, (C.7)

s2 =
∑

i1,i2,j1,j2 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1|α; i1, i2〉〈α; j1, j2|,

s3 =
∑

i1,j1 odd
i2,j2 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1 |0; i1, i2〉〈0; j1, j2|,

s4 =
∑

i2,j1 odd
i1,j2 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1 |0; i1, i2〉〈0; j1, j2|,

s5 =
∑

i1,j2 odd
i2,j1 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1 |0; i1, i2〉〈0; j1, j2|,

s6 =
∑

i2,j2 odd
i1,j1 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1 |0; i1, i2〉〈0; j1, j2|,

with i1, i2, j1 and j2 the positions of the two particles, and ni the number of particles at site i,
and the cavity �eld is α = 2Ω

δ−iΓ/2

In the following, we give the equations of motion for the states | ±α; i1, i2〉〈±α; j1, j2| and
|0; i1, i2〉〈0; j1, j2| for two particles

∂

∂t
| ± α; i1, i2〉〈±α; j1, j2| = P0

[
Hkin,L−1

0 P1 [Hkin, | ± α; i1, i2〉〈±α; j1, j2|]
]

(C.8)

= J2e−4|α0|2
[√

(ni1+1 + 1)ni1
λ∗1

(√
ni1(ni1+1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj1+1 + 1)nj1 |0; i1 + 1, i2〉〈0; j1 + 1, j2|

+
√

(ni1+2 + 1)(ni1+1 + 1)| ± α; i1 + 2, i2〉〈±α; j1, j2|

−
√

(nj1−1 + 1)nj1 |0; i1 + 1, i2〉〈0; j1 − 1, j2|

−
√

(nj2+1 + 1)nj2 |0; i1 + 1, i2〉〈0; j1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |0; i1 + 1, i2〉〈0; j1, j2 − 1|
)

+

√
(ni1−1 + 1)ni1

λ∗1

(√
ni1(ni1−1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj1+1 + 1)nj1 |0; i1 − 1, i2〉〈0; j1 + 1, j2|

+
√

(ni1−2 + 1)(ni1−1 + 1)| ± α; i1 − 2, i2〉〈±α; j1, j2|

−
√

(nj1−1 + 1)nj1 |0; i1 − 1, i2〉〈0; j1 − 1, j2|
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−
√

(nj2+1 + 1)nj2 |0; i1 − 1, i2〉〈0; j1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |0; i1 − 1, i2〉〈0; j1, j2 − 1|
)

+

√
(ni2+1 + 1)ni2

λ∗1

(√
ni2(ni2+1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj1+1 + 1)nj1 |0; i1, i2 + 1〉〈0; j1 + 1, j2|

+
√

(ni2+2 + 1)(ni2+1 + 1)| ± α; i1, i2 + 2〉〈±α; j1, j2|

−
√

(nj1−1 + 1)nj1 |0; i1, i2 + 1〉〈0; j1 − 1, j2|

−
√

(nj2+1 + 1)nj2 |0; i1, i2 + 1〉〈0; j1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |0; i1, i2 + 1〉〈0; j1, j2 − 1|
)

+

√
(ni2−1 + 1)ni2

λ∗1

(√
ni2(ni2−1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj1+1 + 1)nj1 |0; i1, i2 − 1〉〈0; j1 + 1, j2|

+
√

(ni2−2 + 1)(ni2−1 + 1)| ± α; i1, i2 − 2〉〈±α; j1, j2|

−
√

(nj1−1 + 1)nj1 |0; i1, i2 − 1〉〈0; j1 − 1, j2|

−
√

(nj2+1 + 1)nj2 |0; i1, i2 − 1〉〈0; j1, j2 − 1|

−
√

(nj2−1 + 1)nj2 |0; i1, i2 − 1〉〈0; j1, j2 − 1|
)

−
√

(nj1+1 + 1)nj1
λ1

(√
(ni1+1 + 1)ni1 |0; i1 + 1, i2〉〈0; j1 + 1, j2|

+
√

(ni1−1 + 1)ni1 |0; i1 − 1, i2〉〈0; j1 + 1, j2|

+
√

(ni2+1 + 1)ni2 |0; i1, i2 + 1〉〈0; j1 + 1, j2|

+
√

(ni2−1 + 1)ni2 |0; i1, i2 − 1〉〈0; j1 + 1, j2|

−
√
nj1(nj1+1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj1+2 + 1)(nj1+1 + 1)| ± α; i1, i2〉〈±α; j1 + 2, j2|
)

−
√

(nj1−1 + 1)nj1
λ1

(√
(ni1+1 + 1)ni1 |0; i1 + 1, i2〉〈0; j1 − 1, j2|

+
√

(ni1−1 + 1)ni1 |0; i1 − 1, i2〉〈0; j1 − 1, j2|

+
√

(ni2+1 + 1)ni2 |0; i1, i2 + 1〉〈0; j1 − 1, j2|

+
√

(ni2−1 + 1)ni2 |0; i1, i2 − 1〉〈0; j1 − 1, j2|

−
√
nj1(nj1−1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj1−2 + 1)(nj1−1 + 1)| ± α; i1, i2〉〈±α; j1 − 2, j2|
)
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−
√

(nj2+1 + 1)nj2
λ1

(√
(ni1+1 + 1)ni1 |0; i1 + 1, i2〉〈0; j1, j2 + 1|

+
√

(ni1−1 + 1)ni1 |0; i1 − 1, i2〉〈0; j1, j2 + 1|

+
√

(ni2+1 + 1)ni2 |0; i1, i2 + 1〉〈0; j1, j2 + 1|

+
√

(ni2−1 + 1)ni2 |0; i1, i2 − 1〉〈0; j1, j2 + 1|

−
√
nj2(nj2+1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj2+2 + 1)(nj2+1 + 1)| ± α; i1, i2〉〈±α; j1, j2 + 2|
)

−
√

(nj2−1 + 1)nj2
λ1

(√
(ni1+1 + 1)ni1 |0; i1 + 1, i2〉〈0; j1, j2 − 1|

+
√

(ni1−1 + 1)ni1 |0; i1 − 1, i2〉〈0; j1, j2 − 1|

+
√

(ni2+1 + 1)ni2 |0; i1, i2 + 1〉〈0; j1, j2 − 1|

+
√

(ni2−1 + 1)ni2 |0; i1, i2 − 1〉〈0; j1, j2 − 1|

−
√
nj2(nj2−1 + 1)| ± α; i1, i2〉〈±α; j1, j2|

−
√

(nj2−2 + 1)(nj2−1 + 1)| ± α; i1, i2〉〈±α; j1, j2 − 2|
)]
,

∂

∂t
|0; i1, i2〉〈0; j1, j2| = P0

[
Hkin,L−1

0 P1 [Hkin, |0; i1, i2〉〈0; j1, j2|]
]

(C.9)

= J2e−4|α0|2
[√

(ni1+1 + 1)ni1
λ1

(√
ni1(ni1+1 + 1)|0; i1, i2〉〈0; j1, j2|

+
√

(ni1+2 + 1)(ni1+1 + 1)|0; i1 + 2, i2〉〈0; j1, j2|

+
√

(ni2+1 + 1)ni2 |0; i1 + 1, i2 + 1〉〈0; j1, j2|

+
√

(ni2−1 + 1)ni2 |0; i1 + 1, i2 − 1〉〈0; j1, j2|

−
√

(nj1+1 + 1)nj1 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j1+1α; j1 + 1, j2|

−
√

(nj1−1 + 1)nj1 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j1−1α; j1 − 1, j2|

−
√

(nj2+1 + 1)nj2 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j2+1α; j1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j2−1α; j1, j2 − 1|
)

+

√
(ni1−1 + 1)ni1

λ1

(√
ni1(ni1−1 + 1)|0; i1, i2〉〈0; j1, j2|

+
√

(ni1−2 + 1)(ni1−1 + 1)|0; i1 − 2, i2〉〈0; j1, j2|

+
√

(ni2+1 + 1)ni2 |0; i1 − 1, i2 + 1〉〈0; j1, j2|

+
√

(ni2−1 + 1)ni2 |0; i1 − 1, i2 − 1〉〈0; j1, j2|
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−
√

(nj1+1 + 1)nj1 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j1+1α; j1 + 1, j2|

−
√

(nj1−1 + 1)nj1 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j1−1α; j1 − 1, j2|

−
√

(nj2+1 + 1)nj2 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j2+1α; j1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j2−1α; j1, j2 − 1|
)

+

√
(ni2+1 + 1)ni2

λ1

(√
ni2(ni2+1 + 1)|0; i1, i2〉〈0; j1, j2|

+
√

(ni2+2 + 1)(ni2+1 + 1)|0; i1, i2 + 2〉〈0; j1, j2|

+
√

(ni1+1 + 1)ni1 |0; i1 + 1, i2 + 1〉〈0; j1, j2|

+
√

(ni1−1 + 1)ni1 |0; i1 − 1, i2 + 1〉〈0; j1, j2|

−
√

(nj1+1 + 1)nj1 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j1+1α; j1 + 1, j2|

−
√

(nj1−1 + 1)nj1 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j1−1α; j1 − 1, j2|

−
√

(nj2+1 + 1)nj2 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j2+1α; j1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j2−1α; j1, j2 − 1|
)

+

√
(ni2−1 + 1)ni2

λ1

(√
ni2(ni2−1 + 1)|0; i1, i2〉〈0; j1, j2|

+
√

(ni2−2 + 1)(ni2−1 + 1)|0; i1, i2 − 2〉〈0; j1, j2|

+
√

(ni1+1 + 1)ni1 |0; i1 + 1, i2 − 1〉〈0; j1, j2|

+
√

(ni1−1 + 1)ni1 |0; i1 − 1, i2 − 1〉〈0; j1, j2|

−
√

(nj1+1 + 1)nj1 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j1+1α; j1 + 1, j2|

−
√

(nj1−1 + 1)nj1 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j1−1α; j1 − 1, j2|

−
√

(nj2+1 + 1)nj2 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j2+1α; j1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j2−1α; j1, j2 − 1|
)

−
√

(nj1+1 + 1)nj1
λ∗1

(
−
√
nj1(nj1+1 + 1)|0; i1, i2〉〈0; j1, j2|

−
√

(nj1+2 + 1)(nj1+1 + 1)|0; i1, i2〉〈0; j1 + 2, j2|

−
√

(nj2+1 + 1)nj2 |0; i1, i2〉〈0; j1 + 1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |0; i1, i2〉〈0; j1 + 1, j2 − 1|

+
√

(ni1+1 + 1)ni1 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j1+1α; j1 + 1, j2|

+
√

(ni1−1 + 1)ni1 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j1+1α; j1 + 1, j2|
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+
√

(ni2+1 + 1)ni2 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j1+1α; j1 + 1, j2|

+
√

(ni2−1 + 1)ni2 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j1+1α; j1 + 1, j2|
)

−
√

(nj1−1 + 1)nj1
λ∗1

(
−
√
nj1(nj1−1 + 1)|0; i1, i2〉〈0; j1, j2|

−
√

(nj1−2 + 1)(nj1−1 + 1)|0; i1, i2〉〈0; j1 − 2, j2|

−
√

(nj2+1 + 1)nj2 |0; i1, i2〉〈0; j1 − 1, j2 + 1|

−
√

(nj2−1 + 1)nj2 |0; i1, i2〉〈0; j1 − 1, j2 − 1|

+
√

(ni1+1 + 1)ni1 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j1−1α; j1 − 1, j2|

+
√

(ni1−1 + 1)ni1 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j1−1α; j1 − 1, j2|

+
√

(ni2+1 + 1)ni2 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j1−1α; j1 − 1, j2|

+
√

(ni2−1 + 1)ni2 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j1−1α; j1 − 1, j2|
)

−
√

(nj2+1 + 1)nj2
λ∗1

(
−
√
nj2(nj2+1 + 1)|0; i1, i2〉〈0; j1, j2|

−
√

(nj2+2 + 1)(nj2+1 + 1)|0; i1, i2〉〈0; j1, j2 + 2|

−
√

(nj1+1 + 1)nj1 |0; i1, i2〉〈0; j1 + 1, j2 + 1|

−
√

(nj1−1 + 1)nj1 |0; i1, i2〉〈0; j1 − 1, j2 + 1|

+
√

(ni1+1 + 1)ni1 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j2+1α; j1, j2 + 1|

+
√

(ni1−1 + 1)ni1 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j2+1α; j1, j2 + 1|

+
√

(ni2+1 + 1)ni2 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j2+1α; j1, j2 + 1|

+
√

(ni2−1 + 1)ni2 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j2+1α; j1, j2 + 1|
)

−
√

(nj2−1 + 1)nj2
λ∗1

(
−
√
nj2(nj2−1 + 1)|0; i1, i2〉〈0; j1, j2|

−
√

(nj2−2 + 1)(nj2−1 + 1)|0; i1, i2〉〈0; j1, j2 − 2|

−
√

(nj1+1 + 1)nj1 |0; i1, i2〉〈0; j1 + 1, j2 − 1|

−
√

(nj1−1 + 1)nj1 |0; i1, i2〉〈0; j1 − 1, j2 − 1|

+
√

(ni1+1 + 1)ni1 |(−1)i1+1α; i1 + 1, i2〉〈(−1)j2−1α; j1, j2 − 1|

+
√

(ni1−1 + 1)ni1 |(−1)i1−1α; i1 − 1, i2〉〈(−1)j2−1α; j1, j2 − 1|

+
√

(ni2+1 + 1)ni2 |(−1)i2+1α; i1, i2 + 1〉〈(−1)j2−1α; j1, j2 − 1|

+
√

(ni2−1 + 1)ni2 |(−1)i2−1α; i1, i2 − 1〉〈(−1)j2−1α; j1, j2 − 1|
)]
,
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where λ1 = − 2Ω2Γ
δ2+Γ2/4

+ i 4Ω2δ
δ2+Γ2/4

. The next step consists in deriving the equations of motion
for the states σ1, ..., σ6. From this one can obtain the steady state solution to be

ρk1,k2,st =
1

2
σ0 +

1

4
σ1, (C.10)

=
∑

i1,i2,j1,j2 odd

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1| − α; i1, i2〉〈−α; j1, j2|

+
∑

i1,i2,j1,j2 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1|α; i1, i2〉〈α; j1, j2|

+
∑

i1,j1 odd
i2,j2 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1|0; i1, i2〉〈0; j1, j2|

+
∑

i2,j2 odd
i1,j1 even

sin(k1i1) sin(k1j1) sin(k2i2) sin(k2j2)
√
ni1nj1|0; i1, i2〉〈0; j1, j2|.

We observe that we obtain the same state as in Eq. (6.17) for N = 2, which justi�es our gener-
alization. If we trace out the photon states we obtain a fully mixed atomic sector

trphotonsρk1,k2,st =
1

4
(|k1, k2〉〈k1, k2|+ |k1, π − k2〉〈k1, π − k2| (C.11)

+ |π − k1, k2〉〈π − k1, k2|+ |π − k1, π − k2〉〈π − k1, π − k2|).

C.3 Further comparisons with the numerical exact tMPS
In Figs. C.1-C.4 we present additional data complementing Fig. 6.3. We compare the many-

body adiabatic elimination results taking the kinetic term as the perturbation and the numerical
exact tMPS results at large dissipation strengths.

In Fig. C.1 and Fig. C.2 we show the time evolution of the scaled photon number, 〈a†a〉/N ,
and of the conserved quantities, 〈Okj〉, for two additional symmetry sectors. The dissipation
strength has been chosen large, ~Γ/J = 15, such that we can compare to the results of the
many body adiabatic elimination with the kinetic term as the perturbation. We see a similar
behavior as for the symmetry sector presented in Fig. 6.3, such that, at �nite interaction, the
late time behavior is nicely described by an exponential decay towards the many-body adiabatic
elimination state, ρmix, given in Eq. (6.15). We perform an exponential �t for 〈Okj〉 − 〈Okj〉ρmix ,
∝ e−t/τ . We observe that the �t works very well in most cases supporting the decay towards
the steady state ρmix. The decay time τ gives the timescale for reaching the steady state. The
deviations that we see in the curves for the strongest interaction are of the order of the sta-
tistical uncertainty of the Monte Carlo sampling of the di�erent trajectories. The timescales
corresponding to Fig. C.1 are shown in Fig. 6.3, for the photon number, and in Fig. C.3, for the
conserved quantities, and show the decay of τ ∝ 1/U2.

In Fig. C.4, we look at the �nite time value at time tJ = 49.75~ of the scaled photon
number, 〈a†a〉/N , and all conserved quantities, 〈Okj〉, as a function of the interaction strength
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Figure C.1: The time evolution of (a) the scaled photon number, 〈a†a〉/N , and [(b)-(f)] the expectation
value of Okj for di�erent values of U . For �nite U we �t the time evolution with an exponential decay
(black dashed lines) the di�erence between the tMPS data and the expected steady state value, obtained
from many-body adiabatic elimination. The parameters are chosen to be L = 10, N = 5, ~Ω

√
N/J =

4.47, ~δ/J = 2, Γ/J = 15, and the symmetry sector (mk1 = 5). Figure adapted from Ref. [111].

for di�erent symmetry sectors. Part of the data presented is overlapping with the data in Fig. 6.3
(a) and (b), but here additional symmetry sectors are shown and all conserved quantities 〈Okj〉.

In the presence of the strong symmetry, at U = 0 (marked by a dashed vertical line in
Fig. C.4), we compare the tMPS results with the expectations value computed with the state
ρK,st, Eq. (6.17), and the obtained agreement is very good in all sectors. We note that we observe
that for the state ρK,st the expectation of the photon number depends only on the distribution of
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Figure C.2: The time evolution of (a) the scaled photon number, 〈a†a〉/N , and [(b)-(f)] the expectation
value of Okj for di�erent values of U . For �nite U we �t the time evolution with an exponential decay
(black dashed lines) the di�erence between the tMPS data and the expected steady state value, obtained
from many-body adiabatic elimination. The parameters are chosen to be L = 10, N = 5, ~Ω

√
N/J =

4.47, ~δ/J = 2, Γ/J = 15, and the symmetry sector (mk2 = 3,mk4 = 2). Figure adapted from
Ref. [111].

the particles in the single particle sectors and not the particular momentum values the particles
have, i.e. the sectors (mk1 = 5) and (mk5 = 5) have the same photon number. If we look at �nite
interaction, we expect an agreement between the tMPS results and the state ρmix, Eq. (6.15), as
we can see for U/J & 0.2. The deviations at lower U we attribute to the fact that the numerical
results are taken at �nite time and the steady state has not yet been reached, as we can observe
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C.4 Dissipative freezing

Figure C.3: The timescales obtained from the exponential �ts of Okj as a function of U , for the data
presented in Fig. C.1. The lines represent a �t of the timescale dependence on the interaction with
an algebraic decay ∝ U−α, we obtain the following exponents: j = 1, α = 1.85 ± 0.05; j = 2,
α = 1.84 ± 0.07; j = 3, α = 1.90 ± 0.09; j = 4, α = 1.97 ± 0.06; j = 1, α = 1.95 ± 0.04. The
parameters are chosen to be L = 10, N = 5, ~Ω

√
N/J = 4.47, ~δ/J = 2, and Γ/J = 15. Figure

adapted from Ref. [111].

in Figs. C.1, C.2. This is a reasonable assumption since the exponential �t in Fig. C.1 and Fig. C.2
is approaching the correct steady state value.

C.4 Dissipative freezing
In Fig. C.5 we extend the data presented in Fig. 6.2, by plotting the expectation value of

all the generators of the strong symmetry, 〈Okj〉, j = 1..5, in time for 1000 single trajectories.
We take as the initial state an equal superposition of a state from the sector (mk1 = 5) and the
sector (mk1 = 1,mk2 = 1,mk3 = 1,mk4 = 1,mk5 = 1). We observe in the �rst column of
Fig. C.5 that the phenomenon of dissipative freezing can be identi�ed in the evolution of each
of the symmetry generators, as for times tJ & 40~, all trajectories evolved to one of the two
symmetry sectors and the Monte Carlo average of the trajectories stays constant throughout
the following time-evolution. By slightly turning on the interaction and breaking the strong
symmetry, as seen second column of Fig. C.5 for U/J = 0.01, at short and intermediate time
scales the behavior of the quantum trajectories is very similar to dissipative freezing. Thus we
can infer that the approximate strong symmetry still a�ects the short-time dynamics. When we
increase the interaction even further, U/J ≥ 0.05, the mixing of the trajectories starts earlier
and the dissipative freezing e�ects are washed out.
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Figure C.4: The dependence on the interaction strength U of (a) the scaled photon number, 〈a†a〉/N ,
and [(b)-(f)] the expectation value of Okj , j = 1..5 using tMPS at time tJ = 49.75~ and many-body
adiabatic elimination (AE), for di�erent symmetry sectors. The symbols identifying each symmetry
sector are consistent in all panels. The parameters are chosen to be L = 10, N = 5, ~Ω

√
N/J = 4.47,

~δ/J = 2, and Γ/J = 15. Figure adapted from Ref. [111].
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C.4 Dissipative freezing

Figure C.5: Time evolution of Ok for the single quantum trajectories sampled in the Monte Carlo
average for di�erent interaction strengthsU . The initial state consists in an equal superposition between
states for the sectors (mk1 = 5) and (mk1 = 1,mk2 = 1,mk3 = 1,mk4 = 1,mk5 = 1). In each panel
there are 1000 trajectories plotted, the black, or blue, curves represent the Monte Carlo average, either
for the full set of trajectories, or averaged separately depending on the �nal value, we shade the interval
of one standard deviation away from the average, with light blue for the full average and light gray for
the separate averages. The parameters used are L = 10, N = 5, ~δ/J = 2, ~Ω

√
N/J = 4.47, and

~Γ/J = 15. The standard deviation is de�ned as σ(Ok(t)) =
√

1
R

∑R
r=1 (〈ψr(t)|Ok|ψr(t)〉 − 〈〈Ok〉〉)2,

where R is the total number of trajectories, |ψr(t)〉 the time-evolved wave function of the trajectory
labeled by r and 〈〈Ok〉〉 the statistical average over all trajectories. Figure adapted from Ref. [111].
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AppendixD
Appendix for Chapter 8

D.1 Exact spectrum of the transverse-�eld Ising model
In this section, we want to �nd the exact spectrum of H̃TI, Eq. (8.19). For this we employ

the Jordan-Wigner transformation [2, 318, 319], which maps models with spin-1/2 degrees of
freedom to spinless fermions. In order to do this, we �rst write H̃TI as

H̃TI =
J

4

∑
j

[
(1 + ε)

(
S+
j S
−
j+1 + S−j S

+
j+1

)
− (1− ε)

(
S+
j S

+
j+1 + S−j S

−
j+1

)]
(D.1)

−
∑
j

[
hu + (−1)jhs

]
Szj ,

where we usedSxj = 1
2

(
S+
j + S−j

)
andSyj = 1

2i

(
S+
j − S−j

)
. The Jordan-Wigner transformation

is de�ned as

Szj =
1

2
− c†jcj, (D.2)

S+
j = cje

−iπ
∑j−1
l=1 c

†
l cl ,

S−j = eiπ
∑j−1
l=1 c

†
l clc†j,

where c†j and cj are fermionic operators which satisfy the anticommutation rules {cl, c†j} = δl,j

and {c†l , c
†
j} = {cl, cj} = 0. Using this our Hamiltonian becomes a quadratic Hamiltonian in

the fermionic operators

H̃TI =
J

4

∑
j

[
(1 + ε)

(
c†jcj+1 + c†j+1cj

)
− (1− ε)

(
c†jc
†
j+1 + cj+1cj

)]
(D.3)

+
∑
j

[
hu + (−1)jhs

](
c†jcj −

1

2

)
.

163



D.1 Exact spectrum of the transverse-�eld Ising model

We can observe that the fermionic Hamiltonian has terms as c†jc
†
j+1 that violate the conservation

of the fermion number. This implies that the total magnetization in the �eld direction is not
conserved. Spins can be �ipped in pairs under the time evolution. Thus, the eigenstates of
H̃TI will not have have a de�nite fermion number. But as the Hamiltonian is quadratic we
can diagonalize it by going to momentum space and performing an unitary transformation. In
momentum space the Hamiltonian is given by

H̃TI =
J(1 + ε)

4

∑
−π≤k≤π

cos(k)c†kck −
J(1− ε)

4

∑
−π≤k≤π

i sin(k)
(
c†kc
†
−k − c−kck

)
(D.4)

+ hu
∑

−π≤k≤π

c†kck + hs
∑

−π≤k≤π

c†kck−π,

where we used the transformation cj = 1√
L

∑
k e

ikjck and the the values of the momenta are
k ∈

{
−π + 2πj

L
| j = 1...L− 1

}
. In order to properly count the operators appearing in Eq. (D.4)

we need to fold our Brillouin zone such that 0 ≤ k ≤ π/2,

H̃TI =
J(1 + ε)

2

∑
0≤k≤π/2

cos(k)
(
c†kck + c†−kc−k − c

†
k−πck−π − c

†
π−kcπ−k

)
(D.5)

−J(1− ε)
4

∑
0≤k≤π/2

i sin(k)
(
c†kc
†
−k − c

†
−kc
†
k − c

†
k−πc

†
π−k + c†π−kc

†
k−π

)
−J(1− ε)

4

∑
0≤k≤π/2

i sin(k) (ckc−k − c−kck − ck−πcπ−k + cπ−kck−π)

+hu
∑

0≤k≤π/2

(
c†kck + c†−kc−k + c†k−πck−π + c†π−kcπ−k

)
+hs

∑
0≤k≤π/2

(
c†kck−π + c†−kcπ−k + c†k−πck + c†π−kc−k

)
.

We can recast this Hamiltonian in a matrix form as

H̃TI =
∑

0≤k≤π/2

ψ†Mkψ, (D.6)

with ψ† =
(
c†k c†−k c†k−π c†π−k ck c−k ck−π cπ−k

)
and the entries of the 8 × 8 matrix Mk

taken from Eq. (D.5). As the analytically determination the eigenvalues of Mk is not an easy
task, we numerically diagonalize Mk in order to obtain the dispersion relations presented in
Sec. 8.5.1.
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D.2 Contributions to the dynamical structure factor from excitations
contained in a symmetry sector

In this section, we want to determine the contributions to the dynamical structure fac-
tor given by the excitations contained in a symmetry sector of the Hamiltonian. For this we
assume that the Hamiltonian has an underlying symmetry which constrains the dynamics to
di�erent symmetry sectors and that the operators considered in the correlation function can
induce transitions between these sectors. In the following we consider two such sectors of the
Hamiltonian, which we will denote by s1 and s2. We start from Eq. (8.8)

Sαβl0,l(q, ω) =
1√
NtL

∑
t

∑
j

ei(ωt−qj)〈l0|eitHSαj e−itHS
β
l |l0〉 (D.7)

=
1√
Nt

∑
t

eiωt〈l0|eitHSα(q)e−itHSβl |l0〉,

where |l0〉 is an initial state from sector s1 and Sα(q) = 1√
L

∑
l e
−iqlSαl . We make use of the

Lehmann representation [333] by inserting the identity operators corresponding to each sector
and write Sαβl0,l(q, ω) as

Sα,βl0,l
(q, ω) =

∑
es1

∑
es2

〈l0|es1〉〈es1|Sα(q)|es2〉〈es2|S
β
l |l0〉

1√
Nt

∑
t

eiωteitEs1eitEs2 , (D.8)

where |es1〉 are the eigenstates from sector s1, with the corresponding eigenenergies Es1 , |es2〉
are the eigenstates from sector s2, with the corresponding eigenenergiesEs2 . If we perform the
sum over t we obtain a δ function for the energy

Sα,βl0,l
(q, ω) =

∑
es1

∑
es2

〈l0|es1〉〈es1|Sα(q)|es2〉〈es2|S
β
l |l0〉δ(ω + Es1 − Es2). (D.9)

Thus, we arrive at the expression which we use in Sec. 8.5.2 giving the contributions to the
structure factor for transition between two sectors s1 and s2.

D.3 Additional data for two-magnon states
In Fig. D.1 we present result for a weaker staggering compared to the results presented

in Sec. 8.5.2. We observe that no gaps can be distinguished in the two-magnon eigenenergies,
Fig. D.1(e), and we have less states with a average distance d < 2, see Fig. D.1(d). This leads to
a reduced weight of peaks of interest for q = 0, π/2, π, Fig. D.1 (a)-(c).

In contrast, in Fig. D.2 we present result for a stronger staggering compared to the results
presented in Sec. 8.5.2. We observe that larger gaps can be distinguished in the two-magnon
eigenenergies, Fig. D.2(e), and we have more states with a average distance d < 2, see Fig. D.2(d).
This leads to an increased weight of the features present at high frequency in the dynamical
structure factor.

In Fig. D.3 we plot the the two-magnon contribution to the dynamical structure factor,
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D.3 Additional data for two-magnon states

Figure D.1: (a) The two-magnon contribution to the dynamical structure factor for l0 = 26 and j = 27
in the case of less staggering, gxx = (3.09, 2.53, 3.09, 2.53). (b)-(c) The contribution to the dynamical
structure factor of eigenstates with an average distance between the magnon of (b) 1 ≤ d < 1.5, (c)
1.5 ≤ d < 2. The blue line corresponds to the single magnon dispersion, Eq. (8.28). We note that the
color scale of the plotted points is logarithmic. (d) The average value of the distance between the two
magnons for the computed two-magnon eigenstates in a semi-log plot. The black horizontal lines are
a guide to the eye for distance 1, 1.5 and 2. (e) The energies of the two-magnon eigenstates, we can
identify four distinct bands separated by gaps. (f) The behavior of the energy and the average distance
between the magnons. The results where obtained in the ground state for the following parameters
µ0H = 54.5T, L = 52, ε = 0.46, J = 61kB .
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Figure D.2: (a) The two-magnon contribution to the dynamical structure factor for l0 = 26 and j = 27
in the case of stronger staggering, gxx = (4.21, 1.4, 4.21, 1.4). (b)-(c) The contribution to the dynamical
structure factor of eigenstates with an average distance between the magnon of (b) 1 ≤ d < 1.5, (c)
1.5 ≤ d < 2. The blue line corresponds to the single magnon dispersion, Eq. (8.28). We note that the
color scale of the plotted points is logarithmic. (d) The average value of the distance between the two
magnons for the computed two-magnon eigenstates in a semi-log plot. The black horizontal lines are a
guide to the eye for distance 1, 1.5 and 2. The dashed vertical lines mark the two-magnon bands separated
by gaps. (e) The energies of the two-magnon eigenstates, we can identify four distinct bands separated
by gaps. (f) The behavior of the energy and the average distance between the magnons around the
third band. The results where obtained in the ground state for the following parameters µ0H = 54.5T,
L = 52, ε = 0.46, J = 61kB .
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D.3 Additional data for two-magnon states

Figure D.3: The two-magnon contribution to the dynamical structure factor, Eq. (8.29), for µ0H =
27.2T and l0 ∈ {26, 27}, we take j = l0 + 1. The blue line corresponds to the single magnon dispersion,
Eq. (8.28). We note that the color scale of the plotted points is logarithmic. The results where obtained in
the ground state for the following parameters, L = 52, g1 = 3.5, g2 = 6.1, g3 = 2.1, θ = 5◦, ε = 0.46,
J = 61kB .

Eq. (8.29), for a magnetic �eld value m0H = 27.2 T, lower than the critical �eld. In this regime
the approximations employed in the derivation of H̃magnon, Eq. (8.22), are no longer justi�ed. But
as most high frequency modes in the numerical data for the full Hamiltonian, Eq (8.2), and in
the experimental data seem to have a smooth behavior across the phase transition, we perform
exact diagonalization in the subspaces with a �xed number of magnons also at lower �eld to
extract the position of the high frequency peaks. We can see in Fig. D.3 that the high frequency
features resemble well the ones obtained in Fig. 8.8.
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