Dispersion-theoretical analysis
of wmw and 7n rescattering effects
in strong three-body decays

Dissertation
zur
Erlangung des Doktorgrades (Dr. rer. nat.)
der
Mathematisch-Naturwissenschaftlichen Fakultat
der
Rheinischen Friedrich-Wilhelms-Universitat Bonn

vorgelegt von
Tobias Isken
aus

Koln

Bonn, Juli 2021



Angefertigt mit Genehmigung der
Mathematisch-Naturwissenschaftlichen Fakultat der
Rheinischen Friedrich-Wilhelms-Universitidt Bonn

Diese Dissertation ist auf dem Hochschulschriftenserver der ULB Bonn unter
https://bonndoc.ulb.uni-bonn.de/xmlui/ elektronisch publiziert.

Promotionskommission
1. PD Dr. Bastian Kubis
2. Prof. Dr. Dr. h.c. Ulf-G. Meifiner
3. Prof. Dr. Ulrike Thoma

4. Prof. Dr. Alexander C. Filippou

Tag der Priifung
29.09.2021

Erscheinungsjahr
2021


https://bonndoc.ulb.uni-bonn.de/xmlui/

Abstract

Employing dispersion theory to analyse hadronic three-body decays is a classic subject.
Based on the fundamental physical principles of analyticity and unitarity, dispersion re-
lations exploit basic theorems of complex analysis to provide a mathematical toolkit that
describes the analytic structure of the amplitude in terms of integral equations. Since the
resummation of the leading final-state rescattering effects among the three decay products
is implemented by construction, an application is of particular interest for processes of
the strong interaction at low energies, where a perturbative expansion of quantum chro-
modynamics fails. In this thesis we present a dispersion-theoretical analysis of hadronic
three-body decays based on integral equations of the KHURI-TREIMAN type.

The ' — 7wy decay offers several features of interest: due to the small available
phase space it can be used to constrain 77 rescattering at low energies, in the soft-
pion limit current algebra predicts two ADLER zeros in the unphysical region, and the
neutral 1’ — 7°7% DALITZ-plot distribution is expected to show a cusp effect at the
7w~ threshold. Restricting ourselves to the dominant S-wave discontinuities, our dis-
persive representation of 7’ — 7wy is based solely on the 77w and 7n S-wave scattering
phase shifts. Isospin symmetry dictates that both the charged and neutral decay modes
n — wtr /7’7 are given in terms of the same amplitude. The subtraction con-
stants contained in the dispersion relation are determined by a fit to experimental data
of the  — 77 ~n DALITZ-plot distribution from the VES and BESIII collaborations. In
accordance with the soft-pion theorem our amplitude exhibits two ADLER zeros. We com-
pare the dispersive representation to variants of chiral perturbation theory and provide a
prediction for the cusp effect in the ' — 7%7%) DALITZ-plot distribution.

Patterns of C- and C'P-violation from mirror symmetry breaking in the DALITZ-plot
distribution of the n — 777 ~7" decay offer an ideal arena in the search for physics be-
yond the standard model. Effects of this kind are particularly interesting as they are
not directly constrained by limits on electric dipole moments. Determined by the isospin
coupling of the three pions in the final state, the amplitude can be decomposed into
an isoscalar, isovector, and isotensor structure. Based on the dispersive framework, we
present a consistent description of these isospin amplitudes allowing for contributions of
mr S- and P-waves to the discontinuities. We compare the dispersive representation to
experimental data of the n — 77~ 7°/37% DALITZ-plot distributions from the KLOE-2
and A2 collaborations as well as constraints of standard chiral perturbation theory. Fur-
thermore, our dispersion relation allows us to give bounds on effective coupling strengths
of the underlying operators beyond the standard model.

Decays of light isoscalar vector mesons into three pions provide an ideal test case for
dispersion relations. Due to BOSE symmetry only odd partial waves are allowed to con-
tribute, so neglecting discontinuities of F- and higher partial waves, the decay is fully
described by the mm P-wave rescattering effects. In the context of two-body resonances,
like the p(770), unitarized versions of chiral perturbation theory offer a way to investigate



resonance properties and their quark-mass dependence. Three-body resonances like the
w(782) cannot be accessed in such a formalism. We study the quark-mass dependence
of w — 37 decays within the dispersive framework, relying on the 7m P-wave scattering
phase shift extracted from unitarized chiral perturbation theory. The described formalism
may be used as an extrapolation tool for lattice QCD studies of three-pion decays, for
which w — 37 serves as a paradigm case.
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Introduction

Ever since the existence of humanity, the description and prediction of natural phenomena
from cosmological scales to the quantum level has been at the heart of our aspiration. In
our strive to discover the elementary building blocks of matter and understand the funda-
mental laws of nature we pushed physics to smaller and smaller dimensions, corresponding
to ever increasing energy scales at which theory has to be probed by experiment.

At present it is believed that the fundamental forces mediating interactions between
the elementary particles fall into four categories differentiated by their strength: strong,
weak, electromagnetic, and gravity. Since its formulation in the second half of the 20th
century the standard model (SM) of particle physics [1-5] has become the accepted theory
unifying three of the fundamental forces (strong, weak, and electromagnetic interactions,
excluding gravity) and classifying all known elementary particles. Verified by direct and
indirect experimental searches over an energy range of many orders of magnitude, the SM
has proven to be extremely successful in describing particle physics processes of the strong
and electroweak interactions. By now, it is regarded as one of the best tested theories
in physics. However, the SM does not explain gravity and so far a consistent unification
with general relativity at the quantum level has not been achieved. Further caveats like
the hierarchy problem or its inconsistency with the Lambda-CDM model of cosmology
indicate that the SM may only be a part of a more fundamental yet to unravel theory of
everything.

As a locally POINCARE and gauge invariant quantum field theory of the underlying

symmetry group
SU@)e x SU2);, x U(L)y, ; (1)

the SM is founded on the principles of special relativity and quantum mechanics. Each
kind of elementary particle is described in terms of its corresponding dynamical field that
pervades space-time. These fields lie in different representations of the various symmetry
groups of the SM, which define their fundamental properties. The dynamics of the fields
are controlled by the LAGRANGIAN of the SM. In its most general form this LAGRANGIAN
depends on 19 a priori unknown parameters not fixed by theory, whose numerical values
have to be determined by experiment.

The matter content of the SM consists of twelve spin-3 fields (FERMIONS) obeying
the FERMI-DIRAC statistics, which can be grouped into six quark fields (charged under
SU(3)., t.e., they interact strongly) and six lepton fields (singlets of SU(3), i.e., they do
not interact strongly). While all quarks also interact weakly and electromagnetically, the
leptons can be further subdivided into electrically charged leptons and neutrinos (they do
not carry electric charge, thus they only participate in weak interactions). Both quarks

7



8 Introduction

and leptons are pairwise grouped into three generations or families, with the second and
third being an exact copy of the first concerning all quantum numbers except for increasing
masses. Each quark and lepton has a corresponding antiparticle.

Apart from the FERMIONIC matter content the SM also contains five elementary fields
with integer spin (BOSONS), which respect the BOSE-EINSTEIN statistics. Four spin-1
gauge fields act as carriers of the fundamental forces mediating the interactions of the
FERMIONS: the gluon (strong), the W and Z (weak), and the photon (electromagnetic).
An auxiliary YUKAWA-type interaction is mediated by the spin-0 Hicas field, the only
elementary scalar field of the SM. Note that BOSONS do not only interact with FERMIONS,
but also among themselves.

Due to gauge invariance of the SM, an explicit inclusion of mass terms for the gauge
fields is forbidden. Thus, the gluon, the W and Z, as well as the photon are required to
be massless. However, it is known from experiment that the W- and Z-BOSONS not only
have mass, but are even among the heaviest particles of the SM. This puzzle has been
solved by the BROUT-ENGLERT-HIGGS mechanism formulated in 1964 [6-8]. According
to this mechanism the masses of the quarks, the electrically charged leptons, as well as
the W-, Z-, and HIGGS BOSONS are all generated through the spontaneous breaking of
electroweak symmetry

SU2), x U(1)y,, = U(1), . » (2)

induced by the non-vanishing vacuum expectation value of the HIGGS field. As its last
missing essential piece, the HIGGS particle was experimentally discovered by the ATLAS
and CMS collaborations at CERN’s Large Hadron Collider in 2012 confirming the SM
prediction [9,|10].

The focus of this thesis is on aspects of quantum chromodynamics (QCD) as the theory
describing strong interactions. While in the electroweak sector of the SM the framework of
perturbation theory allows for precise predictions in the experimentally accessible energy
region, the dynamics of strong interactions are still insufficiently understood at low en-
ergies as its running coupling constant becomes too large for a perturbative description.
At these energies a spectrum of composite hadrons emerges, replacing the quarks and
gluons as the relevant degrees of freedom of the theory. In order to describe the dynamics
of strong interactions in the realm of hadrons alternative solution methods have been
developed. Besides the effective field theory approach or simulating QCD on discretized
space-time lattices, dispersion theory is one of these alternatives. Founded on the fun-
damental principles of analyticity and unitarity, dispersion theory exploits the analytic
structure of scattering processes and relates them to holomorphic functions of complex
variables that can be obtained by solving integral equations. As we will demonstrate
exemplarily in this thesis, the three methods mentioned above are not mutually exclusive
but are particularly strong in their interplay.

As decay and scattering processes of hadrons allow us to uncover essential information
on the structure of QCD and the SM, much has been learned and will be learned by
further investigation of these processes in experiment and theory. In this thesis we employ
a dispersion-theoretical approach to study hadronic three-body decays. Contrary to two-
body decays where the kinematical variables are completely fixed by energy-momentum
conservation, the kinematical structure in three-body decays is more involved, making
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these decays an ideal testing ground for the dynamics of strong interactions at low energies.
In order to obtain a sensible description in the physical decay region of the heavy state,
an accurate control over the final-state interactions of the three light decay products is of
paramount importance. This can be achieved in a dispersive treatment based on integral
equations of the KHURI-TREIMAN type [L1]. One of its main virtues is the fact that the
most important final-state interactions among the three light decay products are fully
taken into account, hence analyticity and two-body unitarity are respected exactly. This
becomes the more important, the higher the mass of the decaying heavy particle, and
therefore the higher the possible energies of the lighter decay products in the final-state
two-body subsystems get.

The outline of this thesis is as follows: in ch. [I| we review the structure of strong
interactions at low energies in more detail. This is followed by a short introduction
into S-matrix theory and its application in scattering processes discussed in ch. 2 We
display the basic concepts of the dispersion-theoretical framework for functions with one
cut in ch. 3] and extend it to functions with two cuts in ch. @l Applications of these
dispersive techniques to hadronic three-body decays in terms of KHURI-TREIMAN-type
equations are presented in the final three chapters. In ch. 5| we study the ' — 7
DALITZ-plot distributions and compare our dispersive representation with experimental
data, a low-energy theorem, as well as variants of chiral effective theories. We analyze
mirror symmetry breaking C- and C P-violating effects of the n — 77~ 7% DALITZ-plot
distribution in ch. [f] and show how the interference of the underlying isospin amplitudes
affect these patterns. A study of the quark-mass dependence of w — 37 decays based on
the dispersion-theoretical framework is presented in ch. [7] The thesis closes with a short
summary and outlook.
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Chapter 1

Theory of the strong interaction

QCD as the theory of strong interactions and one of the pillars of the SM is formulated in
terms of a non-ABELIAN YANG-MILLS gauge theory of the underlying SU(3)s symmetry
group [5/12,/13|. Its fundamental degrees of freedom are the quarks (massive spin—% matter
fields) and the gluon (massless spin-1 gauge field). The quark fields can be grouped into
six different flavors: up (u), down (d), strange (s), charm (c¢), bottom (b), and top ().
Contrary to the theory of quantum electrodynamics (QED), where the uncharged photons
mediate the interactions between electrically charged particles, the quarks and gluons are
carriers of a SU(3)¢ color charge (the QCD analog to the electric charge of QED). While
free quarks or gluons have never been observed in nature, a spectrum of colorless bound
states, so-called hadrons, emerges at low energies, which take the place as relevant degrees
of freedom of the strong interaction, cf. fig.

The mechanism behind this property of QCD is called color confinement: the strong
force between two color charges does not decrease with distance as one would expect
e.g. from electromagnetic interactions. Thus the energy required to separate two quarks
within a hadron ever increases until a quark—anti-quark pair is spontaneously produced
out of the vacuum, resulting in two hadrons instead of an isolated color charge. This
mechanism renders QCD strongly coupled at low energies, and thus a perturbative de-
scription of interactions between quarks and gluons fails. Although color confinement has
not been rigorously proved mathematically, it is well established by lattice QCD simu-
lations and experimental measurements [15]. Its pending analytical proof is one of the
seven Millennium Prize Problems stated by the CLAY Mathematics Institute [16].

Another peculiarity of QCD is asymptotic freedom: the coupling strength of strong
interactions between quarks and gluons decreases as the energy scale increases, i.e., the
p-function of QCD is negative [17-22|. At very high energies (small distances) the strong
interaction becomes weak, thus quarks and gluons start to behave like free particles.
For their discovery of asymptotic freedom GROSS, POLITZER, and WILCZEK have been
awarded the 2004 NOBEL Prize in physics.

Since strong interactions are not discriminating between different quark flavors (the
strong force is flavor blind), QCD exhibits a chiral flavor symmetry in the limit of massless
quarks. In nature the scale separation of QCD dictates that this symmetry is only mean-
ingful for the three light-quark flavors u, d, and s whose masses are small compared to the

13
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Fig. 1.1: Mass spectrum of all established states in the light-meson sector up to 2 GeV
labelled according to the PDG nomenclature [14]. The states are classified by their spin J,
parity P, charge conjugation C', and isospin I quantum numbers: isospin singlets (black),
doublets (red), and triplets (blue). The decay widths of the states are marked by the
boxes.

hadronic scale Apaqr. ~ 1 GeV (e.g. the lightest baryons, i.e., the nucleons, have a mass
of my ~ 939 MeV)@ while the heavy-quark flavors ¢, b, and ¢ are integrated out at low
energies. However, chiral flavor symmetry is spontaneously broken by the non-vanishing
vacuum expectation value of the chiral quark condensate (gq), which results in the emer-
gence of eight massless NAMBU—GOLDSTONE BOSONS [32-35] that can be identified with
the pseudoscalar octet of pions, kaons, and the n [36-41]. Since the physical values of
light-quark masses will cause an additional explicit breaking of chiral symmetry, these
mesons actually acquire a finite mass, but are still significantly lighter than the other
states in the hadron spectrum, cf. fig. The NOBEL Prize in physics has been awarded
to GELL-MANN in 1969 for his work on classifying the ground-state hadron spectrum and
NAMBU in 2008 for the discovery of the mechanism of spontaneously broken symmetry.

#1In fact the trace anomaly of the QCD energy-momentum tensor causes the nucleon to stay massive
even in the limit of vanishing quark masses [23H27]. Moreover, the by far biggest bulk of nucleon mass is
generated by self-interactions of the gluon field, while the light-quark masses turn out to cause only tiny
corrections [28431].
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The outline of this chapter is as follows: in sec. we discuss QCD and its global
symmetries in the chiral limit. We study the main mathematical features of the chiral
SU(3),, x U(1),, flavor symmetry group and its realization in the physical properties of
the pseudoscalar meson nonet in sec. [[.2] A discussion of the mass generation due to
explicit chiral flavor symmetry breaking is given in sec. For further details on QCD
and general aspects of chiral flavor symmetry presented in this chapter we refer to [42-48|.

1.1 The Lagrangian of quantum chromodynamics

The dynamics of the quarks and gluons are controlled by the QCD LAGRANGIAN that is

given by
2

»CQCD = (j(llp — M) q— %tr(FWF‘“’) + 0 1g7'r2
where ¢ = (u,d,s,...)T contains the quark fields transforming under the fundamental
representation 3 of SU(3)c and M = diag(m.,, ma, ms, ...) denotes the quark-mass matrix.
Of course, each component of ¢ introduced here will be the usual four-dimensional DIRAC-
spinor under the LORENTZ group. The adjoint quark field § = ¢+, will transform under
the conjugate representation 3 of SU(3)¢. Since we are interested in strong interactions
at low energies, we will drop the contributions of the heavy-quark flavors ¢, b, and t
to eq. from now on. The vector potential G* = %Xl G*, which lies in the adjoint
representation 8 of SU(3)¢, describes the gluon field. It enters through the covariant
derivative

tr(F,, F"), (1.1)

DF =o' —igGH, (1.2)
and the field-strength tensor

P = 9G¥ — 9" G" — ig [G*, G"] (1.3)

where ¢ is the coupling constant of QCD, \* are the complex 3 x 3 GELL-MANN matrices
and the trace relations in eq. have to be evaluated in color space, cf. app.[A.1] For
completeness, we also included the f-term of QQCD, which involves the dual field-strength
tensor F w = %eu,,agF @8 and is related to strong P- and C P-violation. However, careful
estimations indicate that the f-term is extremely small [49], and therefore we will neglect
it in the following calculations by setting 6 = 0.

1.1.1 Accidental chiral U(3), x U(3)y flavor symmetry

Rewriting the QCD LAGRANGIAN in terms of left- and right-handed chiral fields

1F~
drL/Rr = B s q, (1-4)

the DIRAC part in eq. (1.1)) decomposes into

gD —M)q=qril)qr +qril) gr — Gt M qr — Gr M qyr. . (1.5)
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In the limit of vanishing light-quark masses (m, = my = m,; = 0) it becomes manifest
that the left- and right-handed chiral fields in eq. (1.5 decouple. Accordingly, the QCD
LAGRANGIAN becomes invariant under the transformations

qr. — UL qr, qr — Urqr, Ur/r € U(3)L/R (1.6)

of global U(3), x U(3) flavor symmetry in the so-called chiral limit. Obviously, the mass
term in eq. mixes left- and right-handed fields. Consequently, chiral flavor symmetry
is explicitly broken by the light-quark masses.

The chiral U(3), x U(3), flavor symmetry group can be factorized in terms of

SU(3), x SU(3)z x U(1),, x U(1) ,, (1.7)

where we have introduced vector V = L + R and axial vector A = L — R transformations.
According to NOETHER’s theorem the symmetry group in eq. (1.7)) is related to a total
number of 18 currents given by

VH = qytq, At = qvFysq,
>\a Aa (18)
‘/a'u = q_’yMTQ7 Ag = _7u75TQ7

which are all conserved at the classical level. Under parity the currents V#, VF and A*,
A" transform like vector and axial vectors, respectively. After quantization it turns out
that the singlet axial-vector current A* is anomalous and thus not conserved [50-54]

2

39 ~
8,,/4” = @ tr(FWF”“ ) s (19)

which is known as the U(1)4 anomaly of QCD The transformation corresponding to
A* is therefore not a symmetry of the chiral QCD LAGRANGIAN. However, all the other
currents defined in eq. are still conserved at the quantum level. Thus the symmetry
group that leaves the chiral QCD LAGRANGIAN invariant is reduced to

SU(@3), x SU(3)z x U(1),, . (1.10)

In the presence of the quark-mass term the divergences of the currents defined in

eq. (1.8) are given by

._ 3g° -
('LV“ = O, (‘LA“ = 22(] M’}/5 q+ @ tl"(Fw,F“ ) ,
N ) (1.11)
au‘/au:iq|:7>M:|qa auAg:Zq{gaM}f}%Qa
with [+, -], {-, -} being the commutator and anticommutator, respectively. Hence, only the

singlet vector current V* is conserved, implying that the massive QCD LAGRANGIAN

#2Since the strong coupling constant behaves like g2 ~ Nal with N¢ being the number of colors, the
singlet axial-vector current will be conserved in the limit of No — oc.
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possesses only a U(1)y symmetry.@ By means of eq. (A.10) the quark-mass matrix can
be spit into

My + Mg +Mg o My — Mg 5 1T — My
A+ A%+
V6 2 V3

with m = %(mu +mg) combining the up- and down-quark masses. We note that the term
proportional to A’ in this decomposition acts as identity in flavor space, while the latter
two terms proportional to A* and \® measure the strength of isospin SU(2) and flavor
SU(3) symmetry breaking, cf. sec. If the contributions of A* and A\® are neglected,
i.e., in the limit of equal light-quark masses m, = mgy = ms, the octet vector currents V}
will again be conserved. Contrary, for the conservation of the octet axial-vector currents
A" the anticommutation relations in eq. require all three structures proportional
to A% A3, and MA® to vanish, i.e., the chiral limit.

Since the physical values of the light-quark masses m, ~ 2MeV, my ~ 5MeV, and
ms ~ 93MeV are small compared to Ap.ar. ~ 1GeV, nature is not too far from the
chiral limit@ Thus (approximate) chiral flavor symmetry of the QCD LAGRANGIAN is
only an accidental consequence of the smallness of the three light-quark masses, but not a
fundamental symmetry at all. One would expect that the hadron spectrum at low energies
is organized in degenerate multiplets corresponding to the symmetry group of the chiral
QCD LAGRANGIAN given in eq. . Indeed, the conservation of the baryon number
B, which corresponds to the U(1) symmetry group, induces an ordering principle of the
hadrons: the spectrum can be grouped into states with B = 0 and integer spin (mesons)
as well as states with B = 1 and half-integer spin (baryons). Hence, we are left with the
question whether the remaining chiral SU(3), x SU(3), symmetry group is realized in
the WIGNER-WEYL mode [55],56], i.e., the hadron spectrum is arranged in degenerated
parity multiplets (parity doubling), or in the NAMBU—GOLDSTONE mode [32-35], i.e., a
multiplet of spin-0 massless excitations emerges in the hadron spectrum corresponding to
the generators of the spontaneously broken symmetry (NAMBU—-GOLDSTONE BOSONS).

Phenomenologically, we find the hadron spectrum ordered in (approximate) multiplets
of the SU(3)y symmetry group, while parity doubling is not observed in nature (e.g.
the hadron spectrum at low energies does not contain a baryon octet of negative parity
degenerate with the lowest-lying positive-parity one). Furthermore, the masses of the
ground-state pseudoscalar meson octet, i.e., the states with spin-0 and negative parity
(J¥ = 07), turn out to be exceptionally light (M, ~ 138 MeV, Mg ~ 496 MeV, and
M, ~ 548 MeV) in comparison to those of the corresponding J¥ = 1~ vector mesons, cf.
fig.[1.1] In accordance with these observations, the VAFA-WITTEN theorem [57] demands
the pattern of spontaneous symmetry breaking (SSB) to be

M= A8 (1.12)

SSB

SU(3), x SU®3), =5 sU(3),, . (1.13)

The eight NAMBU-GOLDSTONE BOSONS corresponding to the broken generators of SU(3) 4

#3Note that the conservation of the singlet vector current for any value of the quark masses is a direct
consequence of flavor blindness of the strong interaction.

#4As the quarks are color confined, it is impossible to treat them as free asymptotic states. Accordingly,
their masses turn out to be scale-dependent quantities, which cannot be measured directly. The running
masses quoted here are fixed in the MS-scheme at a renormalization scale of 2 GeV |14].
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should be pseudoscalars, and therefore can be identified with the octet of pions, kaons,
and the 7. Note that the U(1)y symmetry is untouched by the chiral SSB, and therefore
is still preserved. Moreover, the mass gap to the much heavier " meson (interpreted as
the corresponding pseudoscalar singlet state with M,, ~ 958 MeV), can be explained by
the U(1)4 anomaly of QCD , which gives rise to a non-vanishing mass even in the
chiral limit.

1.2 Multiplets of chiral SU(3),, flavor symmetry

As explained in the previous section, the ordering principle of the hadron spectrum at low
energies is directly related to the chiral SU(3),, x U(1),, flavor symmetry group. While
the classification into mesons and baryons according to the conserved baryon quantum
number of U(1)y symmetry is obvious, the identification of the states within multiplets
of SU(3)y is less clear. In the following we want to present the mathematical basis to
classify the states of the pseudoscalar meson nonet.

We begin with three orthonormal vectors |e;) with components defined by

where the indices ¢, k run from 1 to 3. In the three-dimensional flavor space spanned by
these basis vectors the contravariant components ¢° = (e;]|q) of the quark field transform
under the fundamental 3 representation of SU(3)y according to

¢ — Ul d*, U =exp (z'eaLa) (1.15)

with U € SU(3),,, where the real parameters ¢, define the infinitesimal generalized angles
and the summation index a runs from 1 to 8. The eight linearly independent generators
L* = %)\“ fulfill the LIE algebra commutation relations (cf. app. |A.1))

(Lo L] = ifope L°. (1.16)

Contrary, the HERMITIAN adjoint covariant components ¢; of the quark field transform
under the conjugate 3 representation of SU(3)y like

Qi — Qk (UT)ki, Ut = exp (z’ea E“) , (1.17)

where the set of generators is given by L¢ = —%()\“)*. These conjugate generators L®
fulfill the same commutation relations as the L* do in eq. (1.16):

(Lo L] =i fope L°. (1.18)

Introducing a ninth generator L° = 1X° the transformation U € U(1),, of the quark
fields is given in analogy to egs. and . Since the U(1)y symmetry is flavor
blind, A\° has to act like the identity in flavor space and may be given in terms of the
CASIMIR element of SU(3)y

AN = \a)e (1.19)
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where the summation index a runs from 1 to 8. Taking this choice the identities in
eq. (A.8)) will hold for all nine A\*. As already discussed in sec. the baryon number B
is the conserved additive quantum number of U(1)y,, which we identify with the operator

B=/2L". (1.20)
Accordingly, the basis vectors of the quark field in the fundamental representation take
the eigenvalues B = %, while the eigenvalues of basis vectors of the adjoint representation
are found to be B = —1% (anti-quarks). Note that the scalar product (gg) with B = 0
is an invariant of LORENTZ as well as chiral SU(3),, x U(1),, flavor transformations, cf.

eqs. ([-15) and (LT7).

1.2.1 SU(2) subspaces and classification of the light-quark states

Considering the explicit representation of the generators of SU(3)y in the fundamental
representation we directly recognize that the operators L? and L® are diagonal at
the same time. Additionally, in the two-dimensional subspace spanned by the vectors
le;) and |ey) the matrices A!, A2, and A* act like the PAULI matrices o', ¢?%, and o3
of SU(2). Thus, we identify |e;) and |es) as the two components of an isospin doublet,
while |e3) will be considered as the corresponding isospin singlet. Consequently, the first
additive quantum number we introduce in this scheme is the eigenvalue of the third isospin
component I3, which can be taken as coincident with the generator L?. A second useful
quantum number connected to the eigenvalues of the other diagonal operator will be the
hypercharge Y = \%LB

Taking the eigenvalues of the operators (I3,Y") acting on |e;) as components of a two-
dimensional vector in weight space spans an equilateral triangle@ The components of
these weights are interpreted as the quantum numbers suited to identify the basis vectors
uniquely with the light-quark flavor states |u), |d), and |s). A weight diagram of the
fundamental representation is depicted in fig. [[.2] For the conjugate representation the
weight diagram can be obtained by reflecting the weights of the fundamental representa-
tion with respect to the origin, cf. fig. [I.2l Accordingly, the basis vectors of the conjugate
representation are interpreted as corresponding anti-quark states |u), |d), and |3).

Besides the already discussed diagonal operators I3 and Y, we want to construct
ladder operators that allow for a transition between different basis states of the SU(3)y
representation. These will be given by

I#=L'"+il?, VE=L'"4+il°, Ut =L5+il". (1.21)

From these definitions we note that three SU(2) sub-algebras are embedded in the SU(3)y

#5Note that strong interactions will always preserve hypercharge, since it is directly related to the
baryon and strangeness quantum numbers Y = B + S.

#6Using the eigenvalues of (I3,Y) instead of (L3, L?) the weight diagram loses its fundamental symme-
try character. However, for physical applications it is more natural to introduce the operator Y instead
of L®. In order to preserve the symmetry in the (I3,Y) diagrams, different scales of the I3- and Y-axes
are used.



20 Chapter 1 - Theory of the strong interaction

Y Y
-5,
3
L ld) |u) SN
3N 1/ ol
\ 7 2 / v 2
1 1 L v
-3 \\\ /// 5 I3 3-/_________\-8—% I3
WK @) Z1d)
_zy
3
|s)

Fig. 1.2: Weight diagrams of the fundamental 3 (left) and conjugate 3 (right) represen-
tations of chiral SU(3)y flavor symmetry in the (73,Y") plane. The identification with the
light quark and anti-quark states follows the DE SWART phase convention [58].

representation [59|: the I-spin algebra

(1T, 17 =21, (I3, [F] = +£17F, (1.22)
the V-spin algebra
[V V7] =2Vs, Vs, VE] = £V, (1.23)
and the U-spin algebra
Ut U] =2Us, [Us, UF] = £U*. (1.24)

The diagonal operators V3 and Uj defined in the above equations are combinations of I3
and Y given by

Va=1L4+3y,  Us=-1L+3v. (1.25)
Among the different SU(2) subspaces the ladder operators fulfill the commutation relations

1=, VT =FUT, ([, U5 = +£V*, (VE UT) = +£I*F. (1.26)

In each of these sub-algebras an additional combination of I3 and Y plays the role of
a scalar operator for that respective sub-algebra. In case of the I-spin we already know
that Y is this generator, since

[I%,Y] =0, [I5,Y] =0. (1.27)

We conclude that states belonging to the same isospin multiplet share the same hyper-
charge quantum number and the ladder operators I+ obey the selection rule AY = 0, cf.
fig. For this reason the U-spin is of particular interest, since the scalar operator in
this case can be identified with the electric charge operator@

Q=1I;+3iY. (1.28)

#"The quarks are the only particles in the SM whose electric charges are not integer multiples of the
elementary charge e.
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Accordingly, the quark-charge matrix reads Q = ediag(%, —%, —%) Equation (1.28)) is
known as the GELL-MANN-NAKANO-NISHIJIMA formula [60-62|. States belonging to

the same U-spin multiplet have the same electric charge ) given that
UQl =0,  [U5Q=0. (1.29)

Thus the U* ladder operators fulfill the selection rule AQ = 0. Finally, the scalar operator
Qv of the V-spin is defined by
Qv =1Is—3Y. (1.30)

Apart from any immediate deeper physical meaning this operator fulfills

[ViaQV] = 07 [VE’HQV] — 07 (131)

thus states in the same V-spin multiplet share the same value of ()y,. However, strangeness-
changing weak transitions occur inside V-spin multiplets, as they obey the AY = AQ
selection rule like the V* ladder operators.

The previous definitions classify the basis states according to their /-, U-, or V-spin
content. Obviously the classification of a state in terms of |I3,Y), |Us, @), or |V3,Qy) is
an equally good choice. Indeed, the choice is immaterial for the states in the fundamen-
tal or conjugate representation, since each state can be unambiguously identified by its
respective Weight Hence, we are in the position to define the matrix elements of the
ladder operators in the SU(2) subspaces:

FI3,Y) = [l £ 1Y), US|Us,Q) = +|Us £1,Q), V*|V5,Qv) =|Va+1,Qv).
(1.32)
The relative phases within these multiplets are chosen according to the DE SWAT con-
vention [58|, requiring real non-negative coefficients in all /- and V-spin matrix elements.
This directly fixes the coefficients of the remaining U-spin multiplets uniquely by the
commutation relations given in eq. (1.26)).

1.2.2 The pseudoscalar meson nonet

So far we discussed the properties of the three light-quark flavors in the fundamental 3 and
their anti-quark counterparts in the conjugate 3 representation. In the next step we want
to consider states composed out of a quark and an anti-quark, ¢.e., mesons with B = 0,
and study their behaviour within SU(3)y symmetry. Given that 3 ® 3 = 1 ® 8 we can
form nine different orthogonal combinations, i.e. one flavor singlet state and eight states
forming a flavor octet. The quantum numbers I3 and Y are additive, thus the quantum
numbers of mesons can be calculated by vector addition of the respective fundamental
and conjugate weights. The associated weight diagrams of the 1 ® 8 representation can be
found by placing a 3 diagram with its (I3,Y") origin once at each corner of the 3 diagram

#8The fundamental and conjugate representations contain only simple weights. This does not need to
be the case when dealing with states in higher SU(3) representations. Considering a state belonging to a
multiple weight. In such a case a definite I-spin eigenstate will be an admixture of every U- (or V-) spin
eigenstate belonging to that weight.
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and adding up the weight vectors, cf. fig.[I.3} It follows immediately that three states will
be located at the (I3,Y") origin, hence this point is a multiple weight. One of these states
can be identified with the singlet representation which contains only a single point. The
other two states have to be in the octet representation, thus the quantum numbers I3 and
Y are not sufficient to identify the basis states uniquely within this multiplet. In order
to remove this degeneracy we have to introduce an additional new quantum number. We
may choose the square of the total isospin operator

=4It I} +13, (1.33)
as an additional quantum number, which fulfills the constraints
[I%,15] =0 I, Y] =0. (1.34)

Any generic state |1, I3,Y) of a given irreducible representation is uniquely characterised
by the set of eigenvalues belonging to the operators I?, I3, and Y The flavor singlet
will be assigned with |0, 0,0) and identified with the |n;) state. In case of the flavor octet
the degeneracy is now lifted by choosing the respective basis states |7°) and |ng) as |1, 0, 0)
and |0,0,0)[71]

Starting from these states, the repeated application of the ladder operators defined in
eq. (L.21]) allows us to construct all basis states within the octet, cf. fig. These states
can be grouped according to their behavior under isospin transformations: the states |7},
|7%), and |7~) form an isospin triplet, two doublets are consisting of | K*) and |K°) as well
as |[K°) and |K~), and an isospin singlet given by the |ng) state. In some cases it might
be more convenient to work in the HERMITIAN basis of the generators L instead of the
introduced physical basis, cf. eqs. and . For such a change of basis the matrix
elements of the generators and the basis states have to be known. When dealing with
the regular 8 representation of SU(3)y these matrix elements are immediately known,
since they are given by the structure constants of SU(3)y. In order to include the |n;)
singlet state of the 1 representation in this scheme, we have to extend the symmetry back
to SU(3),, x U(1),, by introducing the ninth generator L°, cf. app. . Labelling the
HERMITIAN basis states by |¢®) we find

L |@") =i fape |°) - (1.35)

#9As discussed already earlier, the classification of the basis states according to the transformation
properties under the operations of I-spin subgroup is arbitrarily chosen. In general the sets of the V-spin
operators V2, Vs, and Qv or the U-spin operators U2, Us, and @ would be an equally good choice. The
benefit of I-spin states comes from physical considerations, given the fact that isospin is a good quantum
number when dealing with strong interactions.

#10Note that the physical mass eigenstates |) and [7') are considered as linear combinations of the
flavor octet |ng) and singlet |n;) states according to

In) = cos@|ns) —sind|m), ') = cos@|m) +sinf|ns) .

In general the mixing angle introduced here is considered to be small § &~ —10°... — 20°, thus the physical
mass eigenstates can be identified with |n) ~ |ng) and |n’) ~ |n1), respectively [63].
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Fig. 1.3: Weight diagrams of the 8 (left) and 1 (right) representations of SU(3) in the
(I3,Y) plane. Note that the scales of the I3- and Y-axes are chosen differently to preserve
the symmetric structure. The identification with the pseudoscalar meson nonet follows
the DE SWART-phase convention [58].

Of course we want to identify the HERMITIAN with the physical states. We start with
the assumption |7°) = |p3), suggested by physics. Making repeated use of the ladder

operators ([1.21]) according to eq. (1.35)) leads to the identification

) = — fw Fig), %) =6, |7T>=%!<P1—w2>,
1
KT 1 K™ = —|¢* —ip®),
|[KT) = \/—Iso + %), |[K7) \/ﬁlso ©°) (1.36)
IK°>=—EI¢6+W7>7 |K%) = — \/—Iso — "),
ns) = 1%, Im) = 1"

It might also be of interest to study the quark—anti-quark content of the constructed
meson nonet. Starting at the left edge of the octet weight diagram we identify |7~) = |du)
in fig. . Again using the ladder operators repeatedly on this state we can
generate the whole octet basis. The missing singlet state can then be found by demanding
orthogonality to all other states. This procedure yields

7) = —lud),  |7°) = dd),  |r7)=|du),

r
E|uu—
K"y =—1us), |K")=—d5), |K°)=—|sd), |K")=|su),  (L37)

Ing) = \/_|uu+dd— 255) , Im) = \/_|uu~|—dd+ss)
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Hence, the flavorless physical states |7°), |ns), and |n) are realised as three orthogonal
linear combinations of the light quarkonium states |uu), |dd), and |s§).
Since the representations 1 as well as 8 are self-conjugate, the DE SWAT-phase con-

vention demands

11,15, Y) = (=)9|I, I3, —Y), (1.38)

as link between an arbitrary eigenstate and its conjugate counterpart. This relation can
be interpreted as the charge conjugation operator C' acting on the eigenstate |I,I3,Y).
Considering an isospin rotation with respect to the Ir-axis another useful relation can be
found

exp(inl)|1, I3, Y) = (=) 5|1, 15, Y) . (1.39)

Thus the isospin triplet |7) as well as the two isospin singlets |ns) and |n;) are eigenstates
of the G-parity operator defined by G = C exp(imls) with

Glm)=—Im),  Glng) =1ns),  Glm) = |m). (1.40)

1.3 Current algebra and low-energy theorems

The spontaneous breakdown of approximate chiral flavor symmetry (cf. sec. does not
only require the occurrence of eight NAMBU—GOLDSTONE BOSONS (the pions, kaons, and
the 1), but also governs their dynamical properties. In particular, the analytic structure
of QCD at low energies is dominated by the pole contributions of these mesons. One way
to access the physics of the strong interaction at low energies is provided by statements of
current algebra [64-68|. The resulting low-energy theorems, first studied in the days when
the QCD LAGRANGIAN was unknown, are exclusively based on the symmetry principles
of the hadronic currents in the limit where the involved four-momenta vanish.

According to WEINBERG's conjecture [69-71] the low-energy structure of QCD can
also be analyzed in terms of an effective field theory (EFT). The standard version of this
EFT, known as chiral perturbation theory (ChPT), exploits chiral flavor symmetry and
provides a systematic description of QCD at low energies [72,/73]. Hence, the effective
LAGRANGIAN of ChPT contains the pseudoscalar octet fields as its basic degrees of free-
dom, which are organized in a series of operators suppressed by higher and higher powers
in the expansion of the light-quark masses and involved four-momenta. Moreover, the
fundamental symmetries that ChPT is based on dictate the structure of these operators,
but the strength of their couplings is a prior: unconstrained and encoded in so-called low-
energy constants (LECs). Thus the low-energy theorems formulated in current algebra
can be understood as leading-order expressions in the chiral expansion.

1.3.1 PCAC hypothesis and the meson decay constant

We start by considering the two-point function generated by the time-ordered product of
two flavor octet axial-vector currents (1.8)) acting on the QCD vacuum |0). Separating
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the pole contribution of the involved pseudoscalar meson state (|1.36), the LEHMANN—
SYMANZIK-ZIMMERMANN (LSZ) reduction formula [74] yields

LoV
j / dx exp(ipr) (OIT{ AR (2) AL(O)}0) = —— PP mswy . (141)
p*— Mgg

where T'{...} refers to the time-ordering operator, Mgp to the mass of the octet state and

p the four-momentum flow through the currents. LORENTZ invariance determines the

structure of eq. up to an unknown LEC denoted by Fy. Moreover, the residue in

eq. defines the non-vanishing matrix element of the axial-vector current between
the vacuum and an octet state

(0] Al () |¢"(p)) = ip" o 6° exp(—ipx) (1.42)

in terms of Fy, which is therefore referred to as the meson decay constant in the chiral
limit Thus the octet axial-vector current acts as a so-called interpolating field for
the octet state |¢%(p)). From eq. follows directly that a non-zero value of Fj is a
necessary and sufficient criterion for spontaneous chiral flavor symmetry breaking (lattice
QCD determines Fy ~ 86 MeV [75]). Taking the divergence on both sides of eq.
results in

(010, A%(z)|¢" (p)) = Fo M&g 6™ exp(—ipz). (1.43)

Since the octet axial-vector current given in eq. is a conserved quantity in the chiral
limit, it becomes immediately clear that Mgp is required to vanish (provided that Fj is
finite) and the octet states become massless in this limit. Accordingly, the octet axial-
vector currents reveal a kind of partial conservation related to the small masses of the
octet states, also known as partial conservation of the azial currents (PCAC) hypothesis.

1.3.2 The Gell-Mann—Oakes—Renner relation
In the next step we want to extend eq. to
i [ dtzdty explipia) explipay) (OIT{A4(z) A515) HO)) ). (1.44)

by adding an external field H. Using the LSZ reduction formula and the PCAC hypothesis
we find the low-energy theorem

lim (o (p2)[H(0)] " (1)) = —Fig (01194, [Q%. H(O)])10) (1.45)

p1,p2—0

where ()9 is the octet axial-charge operator defined by

QY = /d?’xAg(o,x). (1.46)

#11This identification follows from the fact that eq. (1.42) is responsible for the weak 7+ — I*1; decay.
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Identifying the external field with the quark-mass term of the QCD LAGRANGIAN ([1.1]),
the commutator on the right-hand side of eq. ([1.45]) simplifies to

Q4 1% aMal) = Jal, (¥, Mg, (1.47

On the other hand, the FEYNMAN-HELLMANN theorem [7679] relates the diagonal
elements (a = b) the on left-hand side of eq. ([1.45) to the QCD mass eigenvalue Mgp of
the respective octet state

OM2 _
2= lim (" (p2)|gMale" (p1)) (1.48)

q
8mq p1,p2—

where the derivative has to be taken with respect to the three light-quark masses m,,.
Thus, the QCD mass square@ of the eight NAMBU—-GOLDSTONE BOSONS scale linearly
in m, according to
Mép = = (0la{A", {X*, M} }ql0). (1.49)

0
which is known as the GELL-MANN-OAKES-RENNER (GMOR) relation [80]. Note that
this relation only holds up to corrections of order mg in the expansion of light-quark
masses.

Using the identification for the physical basis of the pseudoscalar octet states given in

eq. (1.36) the GMOR relation yields

~ ~ ~

. 2
M? =2Bym, Mii = By(my+m,), Mzo= By(mg+m,), M3=§Bo(m+2ms),

(1.50)
where By is another LEC related to the scalar quark condensate (gg) in the chiral limit

By = —@ , (qq) = 3(uu) = 3(dd) = 3(5s). (1.51)
3F;
Note that a non-zero value of By or (gq) is a sufficient, but in contrast to a non-vanishing
value of Fj not a necessary, condition for the spontaneous breakdown of chiral flavor
symmetry. Moreover, we find the octet states to become massless in the chiral limit,
which is in agreement with eq. (|1.43).
In the derivation of eq. ((1.49) we only considered the diagonal elements of eq. (1.47]),
but actually we find one pair of non-vanishing off-diagonal elements
_ 1 _ 1
A V3
which generates an isospin breaking mixing of the flavorless triplet |p3) and singlet |¢®)
states. Note that this term will vanish in the isospin limit, i.e., for equal up- and down-
quark masses. However, in general we have to perform a rotation of the flavorless states
given by

oy
AF?

|7%) = cose|@®) —sine|g®),  |n) =sine|p®) + cosep?), (1.53)

712 Any contribution to the masses of the NAMBU-GOLDSTONE BOSONS has to be generated by terms
that break chiral flavor symmetry explicitly. Since all terms of the QCD LAGRANGIAN ([L.1) that involve
the gluon field respect chiral flavor symmetry, their contribution to Mgp vanishes.
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in order to diagonalize of the 7%n mass matrix. At leading order in m,, — my the isospin-
breaking 7’1 mixing angle ¢ is found to be
_ V3my, —my

= . 1.54
¢ 4 m—mg ( )

Moreover, the QCD mass eigenvalues of the flavorless states receive leading corrections

M2, = 2By, + 230 (h—my) e, M= §Bo (i + 2m,) — 230 (i —my) €2 (1.55)
at order €2. Accordingly, the GMOR relation states that pion triplet is mass degenerate
in QCD up to effects of second order in isospin breaking. Since these shifts are tiny, we
can safely ignore them in the following.

However, eq. reveals another quantity that is sensitive to the up- and down-
quark mass difference. The degeneracy of the kaon doublets is already lifted at first order
in isospin breaking. More precisely, the QCD kaon mass splitting reads

M2, — M2, = By (my, —my). (1.56)

Therefore one commonly defines the combined charged and neutral kaon mass, i.e., the
kaon mass in the isospin limit, according to

M2 = By (4 my) . (1.57)

Combining eqs. (1.50) and (1.57)) we recover the GELL-MANN-OKUBO mass formula
[36,[81}182], which relates the QCD mass eigenvalues of the pseudoscalar octet states by

AM}. = 3M? + M2. (1.58)

The light-quark masses appearing in the GMOR relations are fundamental parame-
ters of QCD, thus their values must be known for a complete understanding of the strong
interaction. However, the unknown LEC By in eq. prevents us from a direct deter-
mination of the light-quark masses. But we can turn to an indirect method in which B,
cancels: originally proposed by WEINBERG, we are can form two light-quark mass ratios
solely fixed by the QCD mass eigenvalues of the pseudoscalar octet [83-88]

my _ M, = Mo + M my _ Mo + Mio = M . (1.59)
Mg Mi,— M2, +M2 ma M2, — M, + M2

1.3.3 Dashen’s theorem

In the previous section we have studied the masses of the pseudoscalar octet states within
pure QCD. Since the light quarks carry different electric charges , chiral flavor
symmetry is also explicitly violated by electromagnetic interactions. Accordingly, virtual
photons are allowed to generate non-vanishing contributions to the self-energies of the
pseudoscalar octet states. Similarly to the derivation of the GMOR relation ((1.49), we
want to study the leading electromagnetic effect that yields a non-vanishing contribution
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to the mass eigenvalues of the pseudoscalar octet states. Therefore we can identify the
external field in eq. ([1.44]) with

Hapn(0) = €2 / e T{Ju(x) 1, (0)} D™ (), (1.60)

where D" denotes the photon propagator and the electromagnetic current .J, of the
light-quark fields is defined by
_ 13, 118
Jp=V, + 7§Vu . (1.61)

Here Vlf’ and VH8 refer to the flavor-diagonal octet vector currents ((1.8)).

Inserting Hqgp into eq. the self-energies for the neutral states |7°), |K°), |K?),
and |n) will vanish, since any electrically neutral Q% commutes with J,. Moreover, there
is no contribution to an off-diagonal element that would be relevant for electromagnetic
797 mixing. The question remains how self-energies of the charged pseudoscalar states
relate to each other. Since the positively charged states |71) and |K*) belong to the same
U-spin multiplet (similarly for |[77) and |K 7)), eq. (1.29) demands their electromagnetic
self-energies to be the same

262 C()

Mzi’QED - Mfz(i’QED - 22

(1.62)
The electromagnetic LEC Cy can be expressed as an integral over the difference of the
vector and axial-vector spectral functions [89]. Accordingly, DASHEN’s theorem [90] states
that in the chiral limit the QED mass splittings of the pion triplet and the kaon doublets
are equal

M2, — M2,

|omp = Ma+ = Mo oy - (1.63)

Note that this relation is valid up to corrections of order e*m,,.

Using eqgs. ((1.50)), (1.57)), and (1.63]) we are now able to remove the QED contributions

from the physical masses of the pseudoscalar octet and define the QCD mass eigenvalues

MZ=M%,  ME=o(MEo+ M- M2+ M%), M2=M2,  (1.64)

N | —

which are valid up to corrections of O(mg, €, e*m,). Moreover, the GELL-MANN-OKUBO
mass formula ((1.65)) explicitly written in terms of the physical masses reads

2Mp s 4+ 2Mpo = 3M] +2M2, — M7, (1.65)

and is found to be fulfilled to approximately 7% accuracy in nature. Finally, we find the
improved light-quark mass ratios free of QED effects to be given by
mu MI2(+ - MI2<0 - M7?+ —‘I_ 2M720

= ~ 0.56,
ma MZ, — MZ, + M,

my _ My + My, - M2
ma M2, — M2, + M2, ‘

(1.66)




Chapter 2

Theory of scattering processes

The renormalization procedure in QED dealing with divergences arising in the per-
turbative approach to quantum field theories has been established at the end of the
1940s [91H99]. However, the application of renormalization in QCD was not successful
until the 1970s [17H22]|. In the meantime an alternative approach to strong interactions
was developed, namely the S-matrix theory [100H105]. Since these two concepts are not
in conflict with each other, both can be used to describe the phenomena of the strong
interaction. The link between the S-matrix and perturbation theory is given by the LSZ-
reduction formula [74]. In view of applications to scattering processes in the low-energy
regime, which is the problematic region of QCD (cf. ch. , dispersion theory based on
the concepts of the S-matrix approach can be seen as superior to perturbation theory,
cf. chs. [3land [d] Historically, the S-matrix theory played also a role in the early days of
string theory [106].

The S-matrix can be considered as the scattering operator evolving an arbitrary initial
state in the infinite past into a final state in the infinite future regardless of the number
of interacting particles or precise kind of interaction. Accordingly the S-matrix elements
define the transition amplitudes of a given scattering process without the direct need of
quantum fields or a LAGRANGIAN of the underlying quantum field theory, avoiding the
disadvantages of perturbation theory. For further details on the presented concepts of
scattering theory involving the S-matrix we recommend [107-110].

The discussion of this chapter is organized as follows: in sec. [2.1) we review the conse-
quences of unitarity, analyticity, and crossing symmetry for general S-matrix elements. A
detailed treatment of generic 2 — 2 scattering processes is presented in sec. 2.2} Finally,
we derive the elastic 77 and 77 scattering amplitudes in sec. 2.3

2.1 The S-matrix

In order to define transition amplitudes in this framework consistently, some basic prop-
erties need to be satisfied by the S-matrix [107]:

e the superposition principle of quantum mechanics rendering the S-matrix linear;

29
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e the requirements of special relativity demanding LORENTZ invariance of the S-
matrix elements;

e the conservation of probability implying that the S-matrix is unitary;

e the short-range character of the interaction leading to free and stable particles in
the initial and final asymptotic states

e and causality implemented in the S-matrix element as the real boundary of a
complex-valued analytic function.

The initial and final states can be specified in general by the momenta of particles
forming the state together with a set of discrete quantum numbers, e.g. spin or isospin.
To keep the notation as simple as possible, in the following incoming asymptotic states
will be labelled by |i;in) and outgoing asymptotic states by |f;out) where i, f account
for the respective initial py, ps, ... and final state q1, ¢, ... four-momenta as well as possible
other quantum numbers o, as, ... and f1, Bs, ... of the individual particles. These states
are postulated to satisfy the orthonormality and completeness relations given by

(f;in]i;in) = (27)* b0y, 297 0% (a1 = p1) ijln;mﬂn;inr:n, (2.1)

for the incoming states and accordingly for the outgoing states. In eq. the sum is
meant to run over all possible configurations of multi-particle states while carrying out
an integration over the respective momenta.

The LORENTZ-invariant S-matrix element Sy; is defined as the probability amplitude
for the transition of an arbitrary initial state into an arbitrary final state given by

(f;out|i;in) = (f;in|Si;in) = 27)* 6 (p; — q5) Spi(p1, pas s @1, G5 ---) - (2.2)

Due to POINCARE invariance the total four-momenta of the incoming p; and outgoing
states ¢y are conserved, which is assured by the delta function. The S-matrix in eq. ([2.2))
evolves an incoming into an outgoing asymptotic state by

(f;in|S = (f;out|. (2.3)

Given the fact that incoming and outgoing states form complete sets, the S-matrix cannot
be singular. Accordingly, its inverse must exist transforming an outgoing into an incoming
asymptotic state like

(f;out[S™" = (f;in]. (2.4)

Using the orthonormality and completeness relations (2.1 together with egs. (2.3) and
(2.4) we find

S :I |n;in)(n; out|, S :I |n;out)(n;in|, (2.5)

#1 An extension of this framework to decay processes is addressed at the end of sec. m
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which implies that the S-matrix is unitary
STS =881 =1. (2.6)
Likewise to egs. (2.3)) and (2.4) the unitarity condition of the S-matrix can be used to

relate incoming and outgoing asymptotic states according to

(f;in]S = (f;out|, S'i;in) = [i; out) ,
(2.7)
(fiout|ST = (f;in], Sli; out) = [i;in) .

It follows directly that S-matrix elements expressed in terms of incoming or outgoing
states are equivalent

(f;in|S|i;in) = (f;out|S|i; out) . (2.8)
Thus we are allowed to omit the labels for the incoming and outgoing states safely when-
ever calculating S-matrix elements. In the following we will account for this by labelling
the initial and final states simply by their momenta |py, po, ...) and |g1, g2, ...), respectively.

2.1.1 Consequences of unitarity and the scattering amplitude
Commonly the S-matrix is split into a trivial and non-trivial part
S=1+:T, (2.9)

where the latter part containing the 7T-matrix describes the interactions among the par-
ticles. According to eq. (2.9) the S-matrix element decomposed into

<q17QZ7 "‘|S|p17p27 > = <Q1aq27 "‘|p17p27 > + <Q1a(J27 "'|iT|p1ﬂp2a > ) (210)

defines the LORENTZ-invariant scattering amplitude given by the T-matrix element

<q17 q2, "'|iT|p17p27 > =1 (27T)4 5(4)(pl - Qf) 7;%‘(]717]727 - 41,42, ) . (211)

A diagrammatic sketch of eq. (2.10) is depicted in fig. 2.1 Combining eq. (2.9) with
eq. (2.6) implies the unitarity condition for the T-matrix

i(T'—T)=T'"T=TT". (2.12)
On the amplitude level, the left-hand side of the unitarity condition yields

<Q17q27 |ZTT‘p1>p27 > - <q17 q2, ""iT‘plap27 >
(2.13)

=1 (27T)4 5(4)(177, - Qf) (7?}((]17 q2,---,P1, P2, ) - 7}i(plvp?a -5 41,42, )) .
Inserting a complete set of intermediate states |ky, ks, ...) on the right-hand side of eq. (2.12)
we find??
(@125 [T T |p1, pa, -..) :I(QW)4 5(4)(% — ki) (21)* 6D (p; — k)
n (2.14)
X 7;:}((]17 @2y oy k1, ko, ) Ti(pr, D2, - b1y Koy )

#2By convention we choose the first equality i(Tt — T) = TTT in eq. (2.12), taking the second one
i(TT — T) =TT would lead to a similar result.
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n Q1 P q1 b1 Q1
P2 q2 2] q2 P2 . q2
(9 ) = s + T )

Fig. 2.1: Diagrammatic sketch of the relation between S-matrix and T-matrix elements

as defined in eq. (2.10)).

Using 6@ (q; — k) 6B (pi — ky) = 0W(p; — q7) 0¥ (p; — k) under the integral, both
sides of the unitarity condition given in egs. and contain one delta function
enforcing overall four-momentum conservation in the initial to final state system. In the
following these delta functions will be dropped, assuming four-momentum conservation
in the initial to final state system implicitly. Hence, the unitarity condition for a generic
scattering amplitude reads

i(ﬁj‘(‘]la(ha ooy P1, P2, ) - 7}i(p1ap2a -y 41,42, ))

4 (4) « (2.15)
= (2) 0 (pi — kn) 7;Lf(CI1, Q25 s k1, Koy ) Toi(pr, D2, - Ky Ky )

n

2.1.2 Analyticity and singularities

In this section we want to discuss the consequences of maximal analyticity on the S-matrix.
A general mathematical rigorous proof of analyticity is still pending, but progress has been
made [107,[111-115] showing a close connection to causality. Therefore we will treat the
statement of analyticity as an axiom of scattering theory [107].

On the level of T-matrix elements the statement of maximal analyticity implies that
the scattering amplitude is holomorphic in all its continuous variables, i.e., the four-
momenta of the involved particles. Additionally, only two kinds of singularities are al-
lowed, namely branch cuts and poles, which can be related to intermediate physical states
of the scattering process. In order to study these singularities it is useful to define a
new set of continuous variables. Since overall momentum conservation is implied, not
all momenta in eq. are allowed to be independent. Commonly, the square of the
total energy s in the center-of-mass system (CMS) is chosen as one of these new variables.
Further details on choosing an appropriate set of kinematical variables for the special case
of 2 — 2 scattering will be discussed in sec. [2.2.1]

In accordance to the statement above, the scattering amplitude will be holomorphic
in the variable s. Hence, s is treated to be complex from now on and the amplitude can
be analytically continued into the complex plane. Still for physically allowed scattering
processes, the variable s is bounded to be real and above the respective threshold of the
transition. The domain in which all kinematical variables of the amplitude take physically
allowed values is known as physical region. Since singularities arise from intermediate
physical states, the scattering amplitude will be defined for all values of s in the complex
plane except for the position of these singularities. Intermediate physical states can lead
to two different kinds of singularities: branch cuts appear for multi-particle intermediate
states while poles are connected to bound states, virtual states, or resonances.
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In general multi-particle states, i.e., states consisting of two or more individual par-
ticles, will form a continuum of s values where they are allowed to go on-shell starting
at the respective threshold and extending to inﬁnity.@ This continuum of singularities
manifests as branch cut reaching from the corresponding threshold (branch point) to in-
finity. Consequently, the scattering amplitude has to be a multi-valued function in the
complex s-plane. We will deal with this fact by introducing a RIEMANN surface on which
the amplitude can be interpreted as a single-valued function again. The branch cut then
determines where to cut the surface in different RIEMANN sheets[74 When s is real and
above the threshold, the physical scattering region is reached by evaluating the amplitude
on the first or physical sheet at s + ie and approaching the real axis from above ¢ — 0%.
If a scattering process allows only for one multi-particle intermediate state, its amplitude
possesses two Riemann sheets. Hence, the physical region can also be accessed from the
second or unphysical sheet by approaching the real axis from below s — i€, again taking
the limit € — 07. Any further opening of a multi-particle channel gives rise to additional
unphysical RIEMANN sheets.

Single-particle states associated with poles of the amplitude can be grouped into three
categories [116,[117]: a bound state pole will appear below threshold on the real axis of
the physical sheet at the value of s corresponding to its squared invariant mass. Similarly,
a virtual state appears as a pole on the real axis on unphysical sheets again at the value of
s corresponding to its squared invariant mass. In contrast to these two types the poles
associated with a resonance will appear as a pole in the complex plane of an unphysical
sheet [79 Tts location determines the mass My and width T'z of the resonance according
to

\/SR:MR—%FR, (216)

where the square-root function is chosen such that Mz > 0. As a result of the SCHWARZ
reflection principle (cf. sec.|3.1)) these poles will always appear in complex conjugate pairs
in the complex s-plane, i.e., at sp and s}.

2.1.3 Crossing symmetry

Another useful property of the S-matrix resulting from analyticity is crossing symmetry
[1104118]. On the level of T-matrix elements it states the following: consider an arbitrary
scattering process where one of the incoming particles is denoted by ¢(p) with four-
momentum p. The corresponding T-matrix element can be related to a similar process
where the incoming particle is replaced by its respective outgoing antiparticle ¢(—p) of

#3Consider for simplicity a two-particle intermediate state: its squared center-of-mass energy will be
given by (1/p2 + M} + \/p? + M3 )? where the M; denote the masses of the particles and p = |p,| the
absolute value of the three momentum. Since all values p > 0 are allowed physically, s can take values
from the threshold (M; + M>)? up to infinity.

#4Mathematically speaking the path of the branch cut is arbitrary, only the branch point (threshold)
is fixed. For convenience we will choose the branch cuts to run along the real axis.

#5As example consider proton-neutron scattering, which form an I = % isospin doublet. In nature one
bound state appears identified by the deuteron, an I = 0 isospin singlet state. The corresponding I =1
isospin triplet state is not realized in nature, but can be interpreted as a virtual state.

#6 A common example for such a state is the p(770) resonance appearing in P-wave 77 — 77 scattering.
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opposite four-momentum according to
Tbp)+...—..)=T(..— ...+ d(—p)). (2.17)

Here the dots are meant to represent the remaining incoming and outgoing particles.

In a more formal way the property in eq. can be summarized as: scattering
amplitudes involving antiparticles are given by an analytic continuation in the respective
four-momenta of the corresponding scattering amplitude containing the associate parti-
cles. Note that the energy of each particle p° is defined to be positive, hence the energy
of the antiparticle is continued to —p® < 0. Therefore an antiparticle can be considered
as a particle moving backwards in time.

2.2 The scattering amplitude for 2 — 2 processes

As discussed in sec. the T-matrix element defines the transition amplitude for a
generic scattering process. Now we want to study the properties of 2 — 2 scattering
amplitudes in more detail. Obviously, similar considerations can be made as well for
arbitrary other configurations [117].

Throughout this thesis two different kinds of 2 — 2 scattering processes will be inves-
tigated: transitions involving four pseudoscalar mesons according to the reaction

0" (p1) " (p2) = ©°(p3) " (pa) (2.18)

and processes involving three pseudoscalar mesons and one vector meson given by

VS (p1) ©°(p2) = ¢°(p3) ¢ (pa) - (2.19)

In these reactions ¢®(p;) denotes an arbitrary pseudoscalar meson of species a that carries
the four-momentum p; = (p?, p;)?. Likewise, a vector meson with helicity A is denoted
by V& (pi)-

The LORENTZ-invariant T-matrix element for the former reaction defines
the 2 — 2 scattering amplitude according to

(6°(ps) @ (PO T| 0" (p1) " (p2)) = i(2)* 6 (p1+p2—p3—pa) T (p1, o, s, pa) , (2.20)

where the amplitude 7°%* will only depend on scalar products of the involved four-
momenta. A sketch of the reaction in eq. as well as two examples of possible
contributions to the T-matrix element are depicted in figs. [2.2] and 2.3]

Similarly, the T-matrix element for the latter reaction is defined by

(0%(p3) e (p) [iT|Ve(p1) @b (p2)) = i(27)* 6D (py+pa—ps—pa) T (p1, P2y p3, pa) , (2.21)

where 7j\Cd’ab is a so-called helicity amplitude. The scattering process Vi — pp contains
an odd number of pseudoscalars, i.e. the process is of odd intrinsic parity. Therefore
7j\Cd’“b can be further decomposed into a kinematical prefactor containing the polarization
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©*(p1) ©°(p3)

0’ (p2) ¢ (ps)

Fig. 2.2: Diagrammatic sketch of the T-matrix element for a generic 2 — 2 scattering
process % (p1) ¢*(p2) — ¢°(p3) ¢ (pa) as defined in eq. (2.20).

Fig. 2.3: Two FEYNMAN diagrams that may contribute to the T-matrix element in
eq. (2.20): the two-particle intermediate loop (left) and a resonance exchange (right).

vector n} of the vector meson and a scalar amplitude F°»** accounting for the dynamical
information of the scattering process [119-121]

T (py, o, D3y Pa) = €uas s (1) P 15 Pl FEL (p1, pa, p3, pa) - (2.22)

Like the amplitude 74 of pp — ¢y scattering defined in eq. ([2.20)), the scalar amplitude
introduced in eq. for Vo — @y scattering will only depend on scalar products of the
involved four momenta. Consequently, the dependence of the T-matrix elements on the
kinematical variables for both types of processes can be treated completely analogously.

2.2.1 Kinematics

The following discussion of kinematics for generic 2 — 2 scattering processes will be based
on the example of the interaction of four pseudoscalar mesons as defined in eq. . We
want to stress that the presented framework will also hold for 2 — 2 scattering amplitudes
involving three pseudoscalar mesons and one vector meson as defined in eq. .

In general the four-momenta appearing in eq. can be either timelike, lightlike,
or spacelike, thus in MINKOWSKI space the scalar product (p;)? can take arbitrary real
values. Since each of the four particles will contribute one four-momentum, it seems the
amplitude in eq. contains 16 kinematical degrees of freedom. However, not all of
them are independent: four degrees of freedom are fixed by the on-shell condition

P =\/pi + M7, (2.23)
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where M; denotes the mass of the particle and the square root is chosen such that p? > 0
holds. Moreover, another four degrees of freedom can be eliminated by overall energy-
momentum conservation of the process p; + pa = p3 + p4 fixing one of the four-momenta in
terms of the others. Finally, switching to CMS reveals that further six degrees of freedom
can be removed. In CMS the additional constraints (e.g. choose p; = —ps and p3 = —p4)
for the three-momenta hold. We know already that one of these momenta (e.g. take py)
will be fixed by energy-momentum conservation. The constraints of the three-momenta in
the CMS imply that they have to be located in a plane. Accordingly, the absolute value of
one of the three vectors (e.g. |p1| or |ps|) together with the angle between them Z(py, p3)
will be the only independent kinematical variables. The CMS is an inertial frame and
thus connected to all other inertial frames by an appropriate LORENTZ transformation,
thus the removal of these six degrees of freedom holds in all inertial frames[?’] Hence,
besides the masses of the respective particles any 2 — 2 scattering process will depend
on two independent kinematical variables only.
Conveniently, instead of the four-momenta a set of three LORENTZ-invariant MAN-

DELSTAM variables is defined

s = (pr+p2)* = (s +pa)”,

t=(p—p3)’=(p2—1p1)°, (2.24)

u=(p1— p4)2 = (p2 — p3)2.

Due to energy-momentum conservation it immediately follows that

4
Br=s+ttu=y M (2.25)
i=1
holds. As given by eq. we note that only two MANDELSTAM variables defined in
eq. (2.24]) are allowed to be independent, which is in agreement with the findings of the
previous paragraph. Hence, without any loss of generality the kinematical dependence of
the scattering amplitude given in eq. can also be given in terms of MANDELSTAM
variables.
Especially when dealing with partial-wave amplitudes it turns out to be useful to define
a set of one MANDELSTAM variable and one scattering angle instead of two MANDELSTAM
variables to describe the kinematics. Since we have already seen that in the CMS the
constraints on the kinematical variables take a simple form, we will choose the three-
momenta to be p; = —p2 and ps = —p4. This allows us to rewrite eq. in terms of
the energies p?, masses M;, and three-momenta p; of the involved particles as well as the
scattering angle z, = cosf,:

s= (P} +p9)* = (p3 +1pY)°,
t = M7+ M3 —2p) p) + 2|p1| |ps| 2s = My + M7 — 2p5 p) + 2|po| [pa| 2, (2.26)
u= M;+ M] —2p0p — 2|p1| |pa| 2 = M3 + My — 2p9p5 — 2|pa |P3 2s ,

#7The same result can be obtained as a direct consequence of LORENTZ invariance, since the group of
LORENTZ transformations is six-dimensional.
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where we have chosen 0, = Z(py, ps)@ Equation allows us to identify /s with
the total energy in the CMS of the considered transition and accordingly we will
refer to it as the s-channel scattering process. Taking the on-shell constraint into
account, we find expressions for the absolute values of the three-momenta in terms of s
and M; given by

(s, M2, M2 (s, M2, M?
2 _ A M My) Ipsal? = Als, My, M) (2.27)
4s 4s

P12
Here we introduce the KALLEN triangle function

Nz,y,z) = 2*+y*+2° 2wy +az+yz) = (VY- \/5)2 —x) ((\/§+\/E)2 —xz), (2.28)
which stays unchanged under permutation of its arguments. Inserting eq. (2.27)) into
eq. (2.23)) yields for the energies

0 s+ A12 . s+ A34

_ 0
p1,2_ 2\/5 ) p3,4 2\/5 )

with A;; = M} — M?. Accordingly, the two remaining MANDELSTAM variables ¢ and
can be expressed in terms of s and z, af?|

(2.29)

L 1(3T o Bnlu VA(s, M2, M2) X(s, M2, M3) Zs) |
2 S 5
(2.30)
- l(Br Ces A Ay VA(s, ME, M2) M(s, M2, M3) Zs) |
2 s S
and consequently the scattering angle will satisfy
b= s(t—u)+ A Ay (2.31)

VA(s, M, M3Z) N(s, M3, M3)

Taking eqs. (2.26) and ([2.30) into account it is straightforward to define the physically
allowed values of the MANDELSTAM variables for the considered scattering process (2.18)).
Given that the particle energies (2.23)) have to satisfy p{ > M; we conclude

S Z max((M1 + MQ)Q, (Mg + M4)2) s (232)

thus the scattering process will be allowed as soon as s exceeds the respective produc-
tion thresholds of the incoming (M; + M>)? and outgoing pair of particles (M + M)
Accordingly, we will refer to the right-hand side of eq. (2.32)) as the s-channel scattering

#8The definition of @, is purely conventional, in general any possible pair of an incoming and an
outgoing three-momentum leads to a valid description of the system. Only the sign of 8, might differ
when switching between conventions.

#9In this reduction the square root functions have to be treated with special care. Here and in the
following expressions involving the square root are chosen such that /z > 0 for z € R™ is fulfilled, which
directly implies V22 = |z|.
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threshold. For any given s that fulfils eq. the limits of the other two MANDELSTAM
variables t and u can simply be found by imposing —1 < z, < 1 on the scattering angle
in eq. (2.30).

The amplitude reveals a simple symmetry: under simultaneous exchange of the mo-
menta p; <> po as well as the quantum numbers carried by the particle ¢p® with their
counterparts carried by particle ¢® the T-matrix elements have to satisfy

7-cal,ab(s7 t, U) — Tcd,ba(& u, t) ) (233)

Since a similar interchange is also possible for the outgoing particles ¢¢ and %, we note
that
T (s,t,u) = T (s,1,u), (2.34)

imposed by the definitions of the MANDELSTAM variables in eq. .

So far we considered the s-channel process with the CMS energy given by +/s.
Crossing symmetry dictates that the reaction depicted in fig. 2.2] likewise describes the
scattering processes

" (p1) ¢°(—p3) = @ (=p2) @™ (pa) . ©“(p1) @ (—pa) = & (—p2) ¢°(p3),  (2.35)

in terms of the same T-matrix element as defined in eq. when applying the correct
analytic continuations in the four-momenta, cf. sec. . According to eq. these
continuations will yield v/ as CMS energy in the former process, thus we will refer to it
as t-channel scattering. Since in the latter process of eq. the CMS energy is given
by v/u, it will be referred as u-channel scattering. In accordance to the discussion in the
previous paragraphs, we find for the ¢-channel MANDELSTAM variables

1 A3 A A(t, M2, M2) \(t, M3, M3
<3r—t+ 13 24+\/(, i M3) A(t, M3, 4)Zt)’

2 t t
(2.36)
1 A13 A24 \/A(t7 M127M??) )‘(tu MQQJMZ)
§=3 3r—1t — r — ; Zt |

by interchanging the four-momenta ps <> —p3. Likewise the t-channel scattering angle
will be defined by 6, = Z(p1, —p2) which yields

t(u — S) — Alg A24
VA ME M) Nt M3, M3)

(2.37)

Zt =

By interchange of the four-momenta py <+ —p4, the u-channel MANDELSTAM variables
are given by

2 2 2 2
o %(ST—u— Auly VA (u, ME, M2) Mu, M2, M32) Zu) |
Uu u

1 <3r—u—|— A14A23 _ \/)\(U,M%,MZ))\(U,M%,MP?) Zu) ’

(2.38)

t=—
2 U U
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Fig. 2.4: MANDELSTAM diagram for a 2 — 2 scattering process of particles with equal
mass M, revealing a %’r threefold rotational symmetry. The height of the equilateral
triangle enclosed by the lines of s =0, t = 0, and u = 0 is given by 3r = 4M?. The three
vectors for the s-, t-, and u-axes are pointing to the triangle center at s =t = u = r. Note
that the subthreshold triangle is represented by the dashed lines of s = 4M?2, t = 4M?,
and u = 4M?. Starting at the top in clockwise direction, the physically allowed regions

of s-, t-, and u-channel scattering are denoted by the grey areas.

and the corresponding u-channel scattering angle 6, = Z(p1, p3) defines

. U(S—t)+A14A23
VA (u, M7, M3) Nu, M3, M3)

(2.39)

u

In analogy to eq. (2.32)) the physical regions of the ¢- and u-channel scattering processes
are limited by the conditions

t > max((M; + Ms)*, (Mo + My)®),  w > max((M; + My)?, (Ma + Ms)?),  (2.40)

for the respective CMS energies, together with the bound —1 < z;,, < 1 on the scattering
angles. Hence, eq. defines the t- and u-channel scattering-thresholds, i.e., t and u
exceeding the respective production thresholds of the incoming and outgoing particles.
There is a simple way to represent the kinematics of a 2 — 2 scattering process in
the s-t-u-plane graphically. We start by constructing an equilateral triangle of height 3r,
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where each side of this triangle will represent one of the lines s =0, t = 0, or u = 0, cf.
eq. . For any given point within the triangle the sum of perpendicular distances to
each side of the triangle will be equal to its height, hence this represents the constraint in
eq. . By equipping the perpendicular distance with negative sign to when pointing
to the outside of the triangle, we can extend these findings to any given point in the plane.
Hence, the three perpendicular vectors pointing towards the center of the triangle can be
identified with the s-, t-, and u-axes. An example of such a MANDELSTAM diagram is
depicted in fig. 2.4

We are now prepared to consider the kinematics in the situation where one of the
particles is heavy enough to exceed the production threshold of the other three particles.
Choosing the configuration M; > Ms + M3+ M, the transition shown in fig. will also
allow for a description of the 1 — 3 decay process

@ (p1) = @ (—p2) ¢°(p3) ¥ (pa) - (2.41)

As dictated by crossing symmetry the decay process will again be described by the T-
matrix element defined in eq. when applying the appropriate analytic continuations
of the four-momenta. Clustering the reaction products into two-body subsystems will
allow for a description of the 1 — 3 decay process (three-body decay) in terms of the s-,
t-, and u-channel 2 — 2 scattering kinematics given by egs. , , and .
Hence, the physical region of the three-body decay in terms of the CMS energies in the
two-body subsystems will be bounded by

(M3 + My)* <s < (M — My)?,
(Mg + My)? <t < (M; — M3)?, (2.42)
(My + M3)?* <u < (M — My)?,

and the according scattering angles —1 < z,;, < 1. The thresholds on the CMS energies
can be extracted from eq. by transforming to the rest frames of the respective two-
body subsystems. Accordingly, we will refer to the limits in eq. as the s-, t-, and u-
channel decay- (lower bound) and pseudo-thresholds (upper bound). Eq. constrains
all three MANDELSTAM variables to be positive within the physical decay region, thus in a
MANDELSTAM diagram this region has to be located within the equilateral triangle given
by the lines s = 0, t = 0, and u = 0, ¢f. fig. 2.4, Another useful representation of the
decay region is provided in a DALITZ plot [122H124], ¢f. app.

2.2.2 Unitarity condition

Returning to the unitarity condition of a general T-matrix element derived in sec. 2.1.0]
we are now equipped with the tools needed to further simplify eq. for the special
case of 2 — 2 scattering. As discussed in sec. the T-matrix element for such a
process is a function of the MANDELSTAM variables and obeys the principles of maximal
analyticity, cf. sec. 2.1.2] Hence, in the s-channel above the scattering threshold the
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following identities for the T-matrix elements will hold [125]:

7}i(p17p27P37p4) = lim 7}1(8 + 7:67 tv U) ) 7?;‘(p3ap4ap17p2) = lim 7}7,(8 - iE) ta U’) )
e—0t e—0t
(2.43)
where the amplitude for fixed initial and final state particle content is now holomorphic in
all its continuous kinematical variables as required by analyticity. Equation (2.43)) directly
implies that the left-hand side of eq. (2.15) can be identified with the discontinuity of Ty

along the real s-axis above the scattering threshold

ﬁi(p17p27p37p4) - 7;;(]737]747]717172)

. . (2.44)
= lilgl+ [Tri(s +ie, t,u) — Tpi(s — e, t,u)] = disc, Tpils, t,u).
e—

Accordingly, for a 2 — 2 scattering process eq. (2.15|) simplifies to

disc, Tri(s, t,u) =i (27)4 I(SM)(M +p2 — k1 — k2) 7:}(17371347 k1, ko) Toi(p1, P2, K1, k2)

(2.45)
where the allowed intermediate states are already implicitly restricted to two-particle
states. Thus, every two-particle intermediate state that is allowed to go on-shell will
contribute with a discontinuity in 7;; along the real s-axis above its production threshold,
cf. sec. . The branch cuts induced by eq. are therefore referred to as unitarity
or right-hand cuts.

Invariance under time reversal implies T;; = 7;¢ for the T-matrix elements of 2 — 2
scattering and accordingly
el_izf(]gr Tri(s +ie,t,u) = 61_1)1(151+ Tri(s —ie,t,u) = El_i}]%qr Tri((s —ie)", t,u) . (2.46)
Hence, the amplitude obeys the SCHWARZ reflection principle and the discontinuity
is purely imaginary

discs Tri(s,t,u) = 2¢ im Im Tp;(s + i€, t, u), (2.47)

e—0t

leading to the unitarity condition along the s-channel right-hand cut

lim Im']}l(s + Zf, t,U) = 871'4 I6(4)(p1 +p2 - kl - kg)

= (2.48)
X 72}(‘]17 Q2. k1, k2) Toi(p1, p2, k1, k) -

n

In the following we will call a 2 — 2 scattering process elastic if the particle content in
the initial-, intermediate-, and final-states coincides. Therefore, when speaking of elastic
unitarity we will consider only one two-particle set in the sum over the intermediate states
of the unitarity condition ([2.48]).

#100f course the general unitarity condition for 2 — 2 scattering will allow for any multi-particle
intermediate state in accordance with the considered underlying interaction. But throughout this thesis
we will focus on two-particle intermediate states only.
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We want to stress that that the whole derivation of eq. relies on the assump-
tion that the initial and final states can be represented as asymptotic states, in order to
define the S-matrix elements properly, cf. sec. Since an unstable particle decaying
into three others cannot be treated as an asymptotic state scattering processes that
allow for the possibility of a 1 — 3 decay are by now explicitly excluded in the deriva-
tion of eq. . However, a solution to this problem exists by making use of analytic
continuation: consider a world in which the unstable particle is too light to decay. The
scattering amplitude involving this particle in such a world can be defined properly and
eq. will hold. Now we will treat the scattering amplitude to be also analytic in
the particle’s squared mass M2, hence the amplitude can be analytically continued in /2
to a physical world in which the decay is kinematically allowed. Due to the additional
cut structure in M? opening at the three-particle production threshold, the analytically
continued amplitude spoils the SCHWARZ reflection principle. Thus eq. is no longer
valid, however the unitarity condition in eq. involving the discontinuity along the
s-channel right-hand cut will hold [11,|126,127].

2.3 Elastic ww and 77 scattering processes

Final-state rescattering of m7m and 77 subsystems will play a key role in the description of
the three-body decays studied throughout this thesis. Therefore, a detailed understanding
of mm — mm and 7y — 7n scattering processes will be of major relevance in the later
discussion. In this section we want to present a general treatment of elastic 77 and 7n
scattering in the isospin limi and derive a decomposition of the respective amplitudes
into partial waves of fixed isospin and angular momentum. According to the constraints
of analyticity and unitarity (cf. sec. , along the upper rim of the right-hand cut these
partial waves can be expressed in terms of the corresponding scattering phase shifts only.
These real-valued functions encode the universal information on the 77 and 77 scattering
processes of given isospin and angular momentum.

2.3.1 The 7 scattering amplitude

In sec. we have deduced that the pions form a triplet of the third isospin component
I3 with total isospin of I = 1. Accordingly the three pion flavors of the physical basis can
be represented uniquely as states of |1, I3) given by

7Ty =11,1), 17 = [1,0), |mT7) =|1,—-1). (2.49)

In the following it will be convenient to work with the pion state of the HERMITIAN basis.
These states |7?) can be related to the physical ones by

+ __iﬂ-l im2 7 = |73 T :iﬂl—iﬂj
m) = \@! +ir), ) =17, ) \/5\ ) (2.50)

#11Note that in principle there is an exception to this statement, if the lifetime of the decaying particle
is much larger than the timescale of the considered type of interaction |109].
#12We will treat the pion triplet as mass degenerated M, = M§+ = M.
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It follows directly that the states |r') and |72) of the HERMITIAN basis lack a defined
third isospin component.

Out of the three physical one-pion states nine different two-pion states can be con-
structed. Their CLEBSCH-GORDAN decomposition [117] in terms of isospin states is given

N ia

oy n 1 1 1
|TF) = |2, +2), |77 T) = —\/6|2,O) j:—\/ill,0> ~|——\/§\0,0>,
+ 0 1 0+ 1
[mot) = \/5(|2,i1>i!1,i1>), mm) = ﬂ(\27i1>$|1,i1>), (2.51)

070y — \/§|2,0> _ %m,()).

We note that only two of these states have a defined total isospin component. However
all two-pion combinations are eigenstates of the third isospin component, using the fact
that I3 is an additive quantum number. Inverting eq. leads to the decomposition
in terms of definite isospin multiplets according to

1
2, £2) = |[7F7F) | 2, £1) = — 77" + 707F) |
V2
1
12,0) = %|7r+7r_ +r t +27070)
(2.52)

1
11, £1) = £—|7*7° — 7%7F), 11,0) = -y,
V2

1
—l|rtr™
V2 |

1
0,0) = —=|rT7 + 7 7t —7%7%),

V3

and similarly we find by inserting eq. (2.50)) into eq. (2.52)) the decomposition in terms of
the HERMITIAN states

1 1
12, £2) = §|7T17T1 +in'r? £irint — 7?n?) ) |2,41) = :|:§]7T17r3 + mint £irtnd £antn?)

1
2,0) = ——=|r'7" + 7°n® — 21°7°)
V6
1 7
1,4+1) = —=|n'n® — n! & in?nd 7 indn?), 1,0) = —|r'n? — 771! |
1, £1) = —3 F ) 1,0) \/§| )

|070> -

7l 4+ a4 w3nd)

L
\/g T
(2.53)

Thus a general two-pion system can form an [ = 0, 1,2 isospin state. Since the pions
are BOSONS, they have to obey BOSE symmetry whereby the isospin wave function is

#13Here, the CONDON-SHORTLEY phase convention is applied [128].
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required to be even (odd) under the exchange of the pions if the angular momentum
quantum number ¢ is even (odd). It follows immediately that the I = 0 and I = 2 states
require even ¢, while the I = 1 states are connected to an odd value of ¢. Additionally,
we note that all two-pion isospin states I = 0, 1,2 are even under G-parity .

We want to investigate the behaviour of the pion states under isospin symmetry a bit
more formally: an arbitrary one-pion state transforms under the D' representation of the
SU(2) isospin algebra according to

x) 5 B [ (2.54)

with R € SO(3) being an orthogonal 3 x 3 matrix with unit determinant describing a
proper rotation in the three-dimensional isospin space [129]. The two-pion state has to
transform like a rank-two tensor under the D! ® D! representation of SU(2) given by

[Ty s R, Ry |mhaty (2.55)

Since the isospin rotation operation performed in egs. and only changes the
third isospin component without affecting the total isospin, the isospin states of fixed
I have to transform among themselves, cf. eq. . Therefore, the space of two-pion
states contains three subspaces that are closed under isospin rotations. From eq.
it follows directly that the I = 0 state forms a singlet, the I = 1 states a triplet, and
the I = 2 states a quintet of isospin, which transform under SU(2) according to the
D' ® D' = D° @ D' @ D? representations, respectively.

According to eq. the T-matrix element for the scattering process 7(p;) 7/ (ps) —
7 (p3) 7! (p4) will be defined by

(7" (ps) ' (pa)liT |7 (p1) 7 (p2)) = i (2m)* 6 (p1 + pa — p3 — pa) T (s, t,u) . (2.56)
The MANDELSTAM variables in the s-channel of this scattering process will be given by
s =4(p* + M?), t=—2p%(1—2,), u=—2p*(1+ z2,), (2.57)

in the CMS as discussed in sec. [2.2.1 where p = |p;| denotes the absolute value of the
CMS three-momentum and z; = cos 5 defines the s-channel scattering angle.
Since the function 7*% has to obey isospin symmetry, a further reduction in terms

of one single scalar amplitude can be obtained [68,/130]. We note that T*"¥ has to stay
invariant under SU(2) isospin transformations (2.54)

TH6 = RF. Ry R, R, TE000 (2.58)

Now we define row vectors of R according to w, = R¥,, x4 = Ry, yo = R',, and z, = R7,

and define the function f in order to rewrite the right-hand side of eq.
f(W,%,y,2) = wetaya 2 T . (2.59)
Performing a second isospin rotation on f yields
f(W,X,y,2) = We xq Yo 2 R R R*, RV, TR
= (R" w)y (R x)g (R" y)m (R ), TEI™ (2.60)
= f(R"w,R"x,R"y,R" 2),
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which imposes a rotation by RT of the arguments in f. Again using the fact that f has
to stay invariant under isospin rotations we can conclude: f is only allowed to depend
on scalar products of the introduced vectors and each term has to contain all of them
linearly. This leads to the decomposition

fw,x,y,z) = (Ww-x)(y-2z) A(s, t,u)+(w-y)(x-z) B(s, t,u)+(w-z)(y-x)C(s,t,u), (2.61)

where the functions A, B, and C can be interpreted as the s-, t-, and u-channel scattering
amplitudes, respectively. Using the characteristic properties of the rotation matrices R,
which simplifies the scalar products according to

(vox)y z) = 6T, (wey)xea) =616, (wea)yox) = 9O, (262)
reduces the expression in eq. (2.61)) to
TE (st u) = ¥ 69 A(s,t,u) + 67 6" B(s, t,u) + 6% 6" C(s,t,u). (2.63)

As the last step in the reduction of 7% we want to show that the three functions A,

B, and C can be related to each other using the invariance of the process under crossing

symmetry, cf. sec. m The simultaneous exchange of i <+ j and p; <> py (or t <> u)
yields

A(s, t,u) = A(s,u,t), B(s,t,u) = C(s,u,t). (2.64)

Similarly, we find

A(s,t,u) =C(u,t,s), B(s,t,u) = B(u,t,s), (2.65)
for i < k and p; <> —ps3 (or s <> u) as well as

A(s,t,u) = B(t,s,u), C(s,t,u) =C(t,s,u), (2.66)

when exchanging ¢ <> [ and p; <> —py (or s <> t). Hence, the symmetry in the argu-

ments of the three functions obtained in eqgs. (2.64)), (2.65)), and (2.66)) allow us to rewrite
eq. (2.61)) in terms of one single function only:

TH (s, t,u) = 6 67 A(s, t,u) + 07 6™ A(t, u, s) + 677 6" A(u, s, ), (2.67)

which by convention will be the s-channel scattering amplitude.
In eq. (2.53]) we have seen that the two-pion states can be decomposed into the total
isospin combinations of I = 0,1,2. By defining amplitudes of definite total isospin

275 (ps3) T (pa) |iT |7 (p1) 7 (p2)) 1 = i (27)* 5(4)(]91 +po—p3s —pa)drg P?l’ij T (s, t,u),
(2.68)

" we can decompose the scattering

and corresponding isospin projection operators P?l
amplitude 7*% in terms of

Tax (s, t,u) = P T5 (s, t,u) + Py T (s, u) + Py T3 (s, ). (2.69)
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The isospin projection operators can be constructed exploiting the transformation prop-
erties of the two-pion states under isospin rotations . We know that the I = 0
singlet state has to transform like a scalar, thus the corresponding projector needs to be
fully symmetric in the isospin indices. The I = 1 triplet states must transform antisym-
metrically under isospin rotation, hence their projector needs to be odd under exchange
of © > j or k <» [. On the other hand the I = 2 quintet states are again symmetric under
the transformation, thus the projector has to be even under i <+ j or k <> [. Removing
the scalar part from the I = 2 component and adjusting the normalizations properly, the
isospin projection operators are given by

klij _5kl 54 klij _ = 5zk 5]1 o 5zl 5]k klij _ = 5zk 5]1 5zl 5]19 _ _5kl 54
730 3 ’ Pl 9 ( ) ) PQ 9 ( + ) 3 )
(2.70)
and obey the projector identities
,P;cl,ab P;b,ij — 5, ,P;cl,ij 7 P}ﬂl,ij _ ,P;‘j,kl ’ Z ,P?l,ij _ ik 5il (2.71)
1

Comparing eqs. (2.67) and (2.69) we find
T (s, t,u) = 3A(s, t,u) + A(t,u, s) + A(u, s, 1),
T (s, t,u) = A(t,u, s) — A(u, s,t) , (2.72)
TS (s, t,u) = A(t, u, s) + A(u, s, 1) .

Now we want to make use of the unitarity condition of the scattering amplitude as
discussed in sec. 2.2.2] We will treat the w7 scattering to be elastic, since the first physical
allowed intermediate stat@ contributing will be four pions. Thus strictly speaking
the elastic approximation holds only for CMS energies s < 16M?2 below the four-pion
threshold [77%] In this low energy region the intermediate states are given by |7%(ky) w°(ks))
and the integral sum in eq. can be replaced by

A3k, A3k,
2.73
i =y Z/ 2k0 )3 ng ) ( )

where the sum over the intermediate states a, b runs from 1 to 3 and the symmetry factor
in front compensates for the double counting of identical states. Making use of isospin
projection operators the unitarity condition can be given directly in terms
of the definite isospin amplitudes by

1 d’k; d’k,
1672 /

Im 7,7 (s, z5) = 5(4)(]91 +po — k1 — ko)

K0 2kY (2.74)
X 7—1 (p17p27 kh k?) (7}7”1—)*(]{;17 k27p37p4) )

714 A5 long we restrict ourselves to G-parity conserving strong processes, only even multiplets of pions
are allowed to contribute as intermediate states in 7w — 7w, ¢f. ch.

#15In practice it turns out that the four-pion-state contribution can be safely neglected even up to
s > 1GeV? due to the soft opening of the four-particle phase space, cf. [120,/131]. Actually, KK systems
for energies above s > 4M% will be the dominant inelastic effects in I = 0 S-wave 7 — 7 scattering
[132/134).
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where the left-hand side is implicitly understood to be evaluated for s + ie in the limit of
e — 01 along the right-hand cut. Choosing the CMS fixes the three-momenta p; = —p»
and accordingly ps = —py allows us to split the delta function into 6(y/s—k?—£9) 6@ (k; +
ky). The evaluation of the first integration over ko will fix the momenta k; = —k, and
energies kY = kY, thus we define k = |k;| = /(k?)? — M2. Switching now to spherical
coordinates in the remaining integral with d’k; = d€0, dk k? = dQ, dk¥ k9 k the unitarity
condition in eq. simplifies to

T ]‘ dle dko T / T * 7
I 77" (s, 2) = gy | ot ()7 — M2O(YS = 20) 777 (s 20) (777 (s 20
1

1 T T\ *
— 1353 0= [ AT, 20 (777 (5,2,
(2.75)
where 0,(s) = /1 — 4M?2/s defines the two-pion phase-space function. The introduced

scattering angles z,, 2., and z” are defined in the initial-to-final Z(py, ps), the initial-

to-intermediate Z(p1,k;), and the intermediate-to-final Z(ky, p3) systems, respectively.
Accordingly, the solid angle d€?, is defined in the initial to intermediate system. Expanding
both sides of eq. (2.75)) in terms of partial waves

T/ (s,2,) = 321 Y _(20+ 1) Py(2,) 77 (s) | (2.76)
=0

and using the properties of the LEGENDRE polynomials P, (cf. app. |A.2) we arrive at the
unitarity condition of the /-th partial-wave amplitude

lim Im#57 (s +i€) = lim o, (s) |£57 (s + i€)|?, (2.77)

e—0t e—0t
valid for real values of s > 4M?2. In other words, the partial-wave amplitude along the
upper rim of the right-hand cut has to be of the form (cf. app. [A.3)

lir(lgl+ t77 (s +i€) = o, '(s) sindj/ (s) exp[id]7 (s)] (2.78)
e—

where the real-valued functions 67/ define the w7 scattering phase-shifts of isospin I
and angular momentum ¢. As already stated earlier, I and ¢ have to be both even
or odd in order to fulfil the constraints of BOSE symmetry on the T-matrix element.
This property is now encoded in the behaviour of the isospin-projection operators and
LEGENDRE polynomials, which map the system under simultaneous interchange of the
pion isospin indices i <+ j and momenta p; <> pe (or zz — —z5) to

P o (<) PRI, Pz o () Puz). (279

Truncating the sum in eq. (2.76)) after S- and P-waves we obtain the isospin amplitudes of
elastic w7 scattering in the isospin limit along the upper rim of the unitarity cut according

to

lim 777" (s + i€, z,) = 32w 0, (s) sindg (s) exp[idgg (s)]
e—0t+

lim 77" (s + i€, z,) = 967 2, 0, ' (s) sin {7 (s) exp[id]] (s)] (2.80)

e—0t

lim 7,7 (s + i€, z,) = 32w 0, ' (s) sin 035 (s) exp[ids] (s)] -

e—0T
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2.3.2 The mn scattering amplitude

In an analogous fashion to sec. 2.3.1] we want to decompose the scattering amplitude for
the mn — 71 process. The 1 can be identified as the I = 0 isospin singlet counterpart of
the pion I = 1 isospin triplet, cf. sec. m Hence, in terms of a |I, I3) state it can be
represented by

n) = 10.0). (2.81)

Accordingly, three different two-particle states of total isospin I = 1 can be formed out
of a 7y pair

|7T+77> - ‘17 1>7 |7T07]> = |170>7 |7T_77> = |17 _1>’ (282)

which can be identified by their third isospin component I3 uniquely. Considering the
G-parity transformation properties of the pions and the 1, we note that the |7n)
states will be odd under G.

The T-matrix element for the 7*(p1) n(p2) — m (p3) n(ps) scattering process will
be defined by

(77 (ps) (pa)|iT |7 (p1) n(p2)) = i(2m)* 6 (p1 + p2 — p3 — pa) T (t, 20) (2.83)

where the MANDELSTAM variables are chosen according to

s=(p—p)?, t=m+p)? u=(p—p3)?, (2.84)

and z; denotes the scattering angle in the t-channel, cf. sec. 2.2.1} Since the T-matrix
element obeys isospin symmetry, we have to ensure identical pion-isospin indices for the
considered initial and final states. Therefore, the scattering amplitude is given in terms
of one single I = 1 isospin amplitudd”'

Tt z) = 67 T(t, 2) . (2.85)

Under the assumption of elastic scattering[7"| only |7(ky) n(ks)) are allowed to con-
tribute as intermediate states in the unitarity condition for the scattering amplitude, cf.

sec. [2.2.2] Replacing the integral sum in eq. (2.48) by

d’k, d’k,
2.
I Z/ 27)3 2k (2m)3 2k’ (2.86)

#16The t- and u-channel both equally define the 71 — mn scattering amplitude while the s-channel
amplitude can be identified with 1 — 77 scattering, which is not of interest here. Nevertheless we want
to point out that the s-channel, where isospin conservation forces the |wim7) state to be of total isospin
I =0, gives rise to inelastic contributions in the unitarity conditions of 77 — 77 and nn — nn.

#17Under the assumption of isospin symmetry two-pion states are not allowed to contribute as interme-
diate states in this process. This can be seen easily considering the opposite transformation properties
under G-parity of the respective two-particle systems. Hence, the first reasonable contribution in the
7n S-wave will come from K K-systems for energies ¢t > 4M2% [135,[136]. For the higher partial waves
the first inelastic contribution to nn scattering will stem from three-pion states above the threshold
t > 9M?2 |137-139]. It is worth to mention that this transition is of odd intrinsic parity and therefore
governed by the chiral anomaly of QCD [140}141].
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where the sum over the isospin index a runs from 1 to 3, unitarity demands the isospin
amplitude to fulfil

1 3k, P’k
Im 77 20) = g / zkz?l 2k82 R )

(2.87)
X 7TT”<p17p27 klu kQ) (711”>*(k17 k2ap3ap4) )

where the left-hand side is implicitly understood to be evaluated for ¢ + ie in the limit
of € — 0% along the right-hand cut. The integrals over the intermediate-state momenta
will be treated in a similar manner as discussed in sec. for the mm scattering am-

plitude. Choosing the center-of-mass frame p; = —ps and p3 = —p4 allows us to split
the four-dimensional delta function. The three-dimensional part of the delta function will
fix k; = —ks when performing the first integral over ky. Accordingly, the leftover one-

dimensional delta function demands that k{ = \/k? + M2 and k3 = /K2 + M2, where
k? = [k > = A(t, M2, M?)/(4t) as given in eq. (2.27) yields the correct 77 phase-space
factor when integrating over d*k; = d€, dk k%. This simplifies eq. (2.87) to

t]\/.l'2 M2)

Im 7,;7"(t, 2

vt z) 64 2
where the scattering angles z;, z;, and 2] are chosen in the initial to final Z(p1, p3), the
initial-to-intermediate Z(pi,k;), and the intermediate-to-final state systems Z(ky, p3),
respectively. The solid angle df2; is defined analogously in the initial-to-intermediate
system. We define the partial wave decomposition of the isospin amplitude according to

/ A9 Tt 21 (T (8, 1) (2.88)

Tt 2) = 167 > (204 1) Po(z) £7](1), (2.89)
=0
and using the properties of the LEGENDRE polynomials P, (c¢f. app. [A.2)) directly reduces
eq. (2.88)) to the unitarity condition for the partial-wave amplitudes given by

X AYERTE)
lim Im ¢}/ (t + ie) = lim \/ ————=

e—0t e—0F 12

T2t +ie) | (2.90)

valid along the upper rim of the unitarity cut for real values of ¢t > (M, + M,)?. Hence, in
terms of the real-valued 77 scattering phase-shifts 07, elastic unitarity states (cf. app.|A.3)

12
lim ¢7/(t + i€) =

ot W sin (Sir;(t) exXp [2(5%7(15)} . (291)

Restricting ourselves to S- and P-wave contributions only, the isospin amplitude for elas-
tic 7 scattering in the isospin limit along the upper rim of the unitarity cut can be
decomposed into

12

lim 777"(t + i€, z;) = 167y | ———— (sin 10 (t) exp[idig (¢)]

0+ A(t, M2, M7) (2.92)

+ 32 sin o077 (t) exp [zéfﬁ(t)]) :
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Chapter 3

Dispersion relations for functions with
one cut

As discussed in ch. 2] S-matrix elements share certain powerful analytic constraints on
which dispersion theory is founded. Exploiting basic theorems of complex analysis, disper-
sion relations connect the discontinuity of a function along its branch cuts to the function
itself via an integral equation, and therefore provide an analytic continuation into the
entire complex plane. In this chapter we focus exclusively on these mathematical aspects
of dispersion theory. We want to introduce these fundamental concepts on a couple of
examples for complex-valued single-variable functions f possessing only a right-hand cut.
An application of this framework to physical 2 — 2 scattering amplitudes will be discussed
in ch. 4l

This chapter is structured as follows: the spectral representation of f is discussed in
sec. [3.1] In sec. we introduce the OMNES function (2 and the OMNES representation
of f in terms of this function. A matching scheme for a change between the two repre-
sentations is described in sec. [3.3] In sec. the concept of basis functions is introduced.
Finally, a comment on the possibility of allowing for polynomial shifts in the OMNES
representation of f is given in sec. [3.5] For further details on general aspects of dispersion
theory we suggest [44,(107,/108,111,142,|143|. A highly recommended comprehensive and
mathematically rigorous formulation of the subjects of this chapter can be found in [144].

3.1 Spectral representation of dispersion relations

In order to introduce the mathematical concepts of dispersion relations we start with a
basic example. Consider a complex-valued function f(s) that fulfills the following prop-
erties:

e f is a holomorphic function in the cut complex plane C\ B, excluding a branch cut
B, = [sg,00) along the positive real axis starting at some value sq > 0;

e f takes real values for any s € R\ B,;
o f(s) < s" with n € R, s.e., f will not grow faster than some power n of s when

taking the limit of |s| — oc.

93
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Fig. 3.1: Sketch of the imaginary part of f(s) = —y/sp — s in the complex s-plane in
arbitrary units. The real and imaginary s-axes are pointing from the left to the right and
from the front to the back, respectively. The branch point sy > 0 is marked by the black
dot and the thick black line marks s + ie for s € R in the limit of ¢ — 07. Evaluating
Im f(s) for complex values of s yield the function on the first (red) and second RIEMANN
sheet (blue), which are smoothly connected along the branch cut.

A function that obeys these properties satisfies the SCHWARZ reflection principle

F1(5) = £(s"), (3.1)

for any given s € C \ B,. This principle allows us directly to relate the discontinuity of
f to its imaginary part
disc f(s) = lm [f(s +ie) — f(s —ie)| = 2i lim Im f(s + ie) (3.2)
e—0t e—0t
since f(s —i€) = f*(s + ie) holds for s € R according to eq. (3.1)).

We want to give a simple example of a function fulfilling the properties discussed in
the previous paragraph. Consider the equation s = w? which has two solutions w = #++/s.
Hence, the square root is a multivalued function yielding two distinct RIEMANN sheets
representing the two solutions +4/s. Since we have chosen /s > 0 for s > 0 in ch. ,
a valid example will be given by f(s) = —y/so — s. By definition f will represent the
function f; evaluated on the first RIEMANN sheet, while f;;(s) = /so — s will yield f on

the second RIEMANN sheet. A sketch of this example function in the complex s-plane is
given in fig.

3.1.1 Unsubtracted spectral representation

According to CAUCHY’s integral formula any given function f holomorphic in the complex
s-plane enclosed by the contour C can be represented by

f(s)= ZLm ]idx%, (3.3)

where the integration path has to be taken in a counter-clockwise sense. Given that f
possesses a right-hand cut as defined in sec. [3.1] a valid integration path that avoids this
branch cut needs to be defined. Apart from this limitation the contour is allowed to be
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Imzx

Rex

Fig. 3.2: Choices of the integration contour (blue) in the complex z-plane. The dashed
path depicts a closed circular contour of CAUCHY’s integral formula (3.3)), while the solid
path represents the enlarged contour enclosing the cut complex plane C\ B, . Starting at
sp > 0, the branch cut (red) extends to infinity along the positive real axis. The integration
contour will avoid this cut by running along the upper and lower rims according to the
prescription z = ie in the limit € — 0.

chosen freely as long as the point s is encircled, a proper choice of such a path is shown
in fig. 3.2, This allows us to split eq. (3.3]) into three contributions

1 o ' 1 o —1 1
271 =0t g T —Ss 271 =0+ g r—Ss 2 ), T—s (3.0
3.4
T e=0t [ r—S 2mi )y, T —S

According to eq. the numerators of the former two integrals can be identified with
the imaginary part of f evaluated on the upper rim of the cut. The latter part in eq.
contains the contribution of the integral along the complex arc parameterized by the path
v of radius A%. In order to account for any given value of s € C\ B, this radius A% needs
to be sent to infinity.

We want to study the behavior of the second integral of eq. in more detail. Along
the complex arc the path y4 can be parameterized by a circular segment

v4(¢) = ¢+ A? exp(igp) (3.5)

of radius A2 > 0 and origin ¢ € C \ B,. The integral along the path v, is then given by

P(z—ie) (xz—ie)
/ dz h(z) = / Ao h(v(9)) Yale) = Z/¢ dp A’ h(y4(9)) exp(ig),  (3.6)

74 p(atie) (z+ie)

where we introduced the function h(z) = f(z)/(x — s). Provided that h asymptotically
falls off fast enough, i.e., h(s) < 2" ! with n < 0 when taking the limit |z| — oo, the
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contribution along an infinite arc will vanish:

lim [ dxh(z)=0. (3.7)

2
A?—o0 YA

Accordingly, the asymptotic behavior of f(s) =< s™ needs to be restricted likewise. Since
in such a case the integrand in the first term on the second line of eq. vanishes
asymptotically faster than s~!, the integral along the branch cut will converge. This
allows us directly to relate the function f with n < 0 for any s € C\ B, to

f5) = L tim [ ap St (3.8)

T =0t Jo r—S

which is a dispersion relation for f or, to be more precise, this special case is known as
the unsubtracted spectral representation of f . Note that eq. provides an analytic
continuation of f into the complex plane determined entirely by the information on its
imaginary part along the upper rim of the branch cut.

3.1.2 Subtracted spectral representation

We would like to allow for a less restrictive asymptotic behavior of the function f according
to f(s) < s" with n > 0 in the limit of |s| — oo. Therefore, we introduce a new
function [145]

f(x)

90 = o e =s)

where @, is a polynomial of degree m = [n] + 1 with real coefficients s; < s¢ of the form

(3.9)

Qn@)=(r—3s1) (x —82) .- (T — ) - (3.10)

Accordingly, the function g is meromorphic on C\ B, i.e., it exhibits isolated poles at
the zeros of the denominator in eq. (3.9). As a more generalized version of eq. (3.3)) we

consider the residue theorem

S res(g, ;) = %édx#@_s), (3.11)

J

where the residue of g at an isolated pole (; of degree k is given by

res(0.;) = Gy im0 = ) o). (3.1

The integration contour will be chosen as depicted in fig. such that all singularities
apart from the branch cut are enclosed by the path c.

#1Dispersion relations are commonly stated in the form of an integral over the imaginary part of f.
However, we want to stress that the derivation will also hold for functions that do not obey the SCHWARZ
reflection principle. In such a case the imaginary part of f in eq. needs to be replaced by the
discontinuity of f.



3.1 Spectral representation of dispersion relations o7

Imx --s

Fig. 3.3: Choices of the integration contour (blue) in the complex z-plane. The dashed
paths depict closed circular contours around the isolated poles s, s1, $o, ..., S, in the residue
theorem (eq. ), while the solid path represents the enlarged contour enclosing C\ B,
running along the upper and lower rim of the cut according to the prescription x =+ i€ in
the limit of € — 0T. Starting at sg > 0, the branch cut (red) extends to infinity along the
positive real axis.

In order to solve the left-hand side of eq. (3.11) we assume that all poles are of
degree one, i.e. the denominator of eq. (3.9)) exhibits m + 1 separated zeros at s, $1, ..., S
Therefore we can apply eq. (3.12) with & = 1 on the left-hand side of eq. (3.11]) resulting
in

e fs1)
; (9.65) Qm(s) + (s1—8) (51— 82) oo v (81— Sm)

f(s2)
+ (32—3) (82_31) (SQ—Sm) + ...
- le(s) [(f(s) a (S : Z; E;—_S;n"{) f(s1) (3.13)
(S — 81) c (S — Sm)
(s9—81) oo (S2— Sm) fls2) +
1
= G )~ Pl

where P,,_; is a polynomial of degree m — 1. We want to stress that this is only one
possible choice on the location of sy, s9, ..., s,,. In fact any other arrangement of the zeros
in @, will yield a similar result as given in eq. , although the coefficients of P,
might depend on the exact choice of s1, so, ..., Spp,.

In accordance with eq. the right-hand side of eq. can be rewritten as

S (PR C R ood 1 flatie) /

2mi J, Qm(r)(x —5) 70t Qum(z) (z —5) 27'("2' /, Qm Qum(z) (z—s)’

(3.14)

where we used the fact that @), a real-valued polynomial along the real axis and free of
any cuts. Taking the limit A2 — oo we note that the integrand falls off fast enough such
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that the former integral in eq. (3.14]) along the branch cut will converge while the latter
integral along the complex arc vanishes (3.7). Hence, for any s € C\ B, the function f
is given by the dispersion relation

Qum(s) lim °°d Im f(x + ie)

T 0t J, v Qm(x)(x—3s)’

f(s) = Pna(s) +

(3.15)

which is the so-called m-times subtracted spectral representation of f @ In contrast to
eq. , f is not entirely determined by its imaginary part along the upper rim of the
branch cut, since eq. contains an additional subtraction polynomial P,,_, that needs
to be fixed. The coefficients of P,,_; corresponding to the subtraction points s; are called
subtraction constants. As f obeys the SCHWARZ reflection principle it follows immediately
that the subtraction constants have to be real, cf. eq. .

By comparing eqgs. and we note that the minimal number of subtractions
m needed in order to obtain convergence of the dispersive integral is given by

{UU+L if n>0
m =

(3.16)
0, ifn<0

for any function f possessing a branch cut along s € B, that grows asymptotically like
f(s) < s" with n € R as |s| — co[7¥] Of course it is always possible to over-subtract the
dispersion relation in eq. (3.15)) with m’ > m according to
k 00 ;
st Im f(z + ie)
s) = P_1(s) + — lim de —————=
f( ) 1( ) m (CE — S)

T e=0t Jg

, (3.17)

0

where for the sake of simplicity all subtraction points are set to zero. Accordingly, the

asymptotic behavior of the polynomials P,,_; and P,,_; differs drastically, as they are of

different degree in s. Since both eqgs. and describe the same function there

needs to be a relation between the subtraction polynomial and the dispersive integral.
In order to study this in more detail we choose m’ = m + 1, thus the relation

Sm Sm Sm+1
- 3.18
am(x—s) amt! M (z — s) (3.18)
allows us to rewrite the m-times subtracted spectral representation according to
£(5) = Poy(s) + o tim [ dp S E 00
T e—0t 50 rm (.ﬁE — S)
41 (3.19)
= Poa()+ St [ PRIEEID ST gy [, I
T e—0t S0 xrmt T es0t s pmtl (l’ . 8)

#2Like for the unsubtracted case, the derivation of the dispersion relation in eq. will also hold for
a more general case where f does not fulfil the SCHWARZ reflection principle. In such a case the imaginary
part in eq. needs to be replaced by the discontinuity of f and the subtraction polynomial is allowed
to contain complex-valued subtraction constants.

#3We want to stress that eq. even applies to functions without a cut. In such a case the dispersion
integral will be zero, thus f is an entire function given in terms of the subtraction polynomial of degree
n € Np.
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A comparison of egs. (3.17)) and (3.19) yields

m S .
Po(s) = Ppa(s) + 5 tim [ da Im f(x + ic)

T =0t Jo xmtl

, (3.20)

where the remaining integral is independent of s. Thus it can be absorbed in the polyno-
mial. By repeated use of eq. (3.18) we are able to generalize the relation in eq. (3.20)) for

m' > m to

Po_1(s) = Pp_1(s) + Z - 61_1>%1+ dz it
j %0

, (3.21)

m’ —m—1 Sm+j 0o Imf(x + ZE)
=0

which is a so-called sum rule.

Hence, the interplay between the subtraction polynomial and the remainder of the
dispersion integral is balanced in such a way that the asymptotic behavior of f remains
unchanged if the number of subtractions is increased. More precisely, the additional
subtraction constants that appear when raising the number of subtractions are directly
fixed by eq. . Thus, an improvement of the convergence behavior of the dispersion
integral is only possible when violating the sum rule at the cost of introducing
additional subtraction constants and a less restrictive asymptotic behavior of f.

3.2 The Omnés function

In addition to the functions considered so far (cf. sec. [3.1)), it turns out to be useful to
investigate the properties of a more special type of functions. This new type of complex-
valued function €2 will obey the following additional requirements:

e log (2 is a holomorphic function in the cut complex plane C \ B, i.e. Q does not
possess any zeros;

e () is normalized according to the condition ©(0) = 1;
e arg (2 is bounded along the branch cut B, thus
lim arg Q(s + ie) = 0(s) < km (3.22)

e—0t
with & € R will hold when taking the limit s — +o00["]
Since the logarithm of €2 can be expressed as
log Q(s) = log |Q(s)| + i arg Q(s), (3.23)
we note that the discontinuity can be related to

disc [log Q(s)] = 2 1_1>1g£L Im [log Q(s + i€)] = 2 4(s). (3.24)

#40bviously, identifying arg Q(s+ie) with a real-valued function §(s) along the right-hand cut does not
happen without an ulterior motive. Its physical importance arises when setting it equal to a scattering

phase shift, cf. sec.
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Accordingly, we are allowed cast eq. (3.24]) into a once-subtracted spectral representation

(3-15) given by
> J
log Q(s) = c+ i/ dx&
m

s0

, 3.25
x(r—s) (3:25)
where the subtraction polynomial reduces to a constant ¢ and the subtraction point is
chosen to be s; = 0. Given that the normalization condition 2(0) = 1 needs to be fulfilled,
the subtraction constant c is fixed to zero. Thus 2 is represented by the dispersive integral

Q(s) = exp F / " ﬂ} . (3.26)

T /), w(r—s5)

Any function €2 that meets these requirements is called OMNES function [146,[147]. We
note that €2 is fixed as soon as its argument along the upper rim of the cut is known.
In case that the discontinuity vanishes, i.e., §(z) = 0 for all z € R, eq. directly
requires Q2(s) =1 for all s € C.

We already know the asymptotic behavior of arg {2 along the cut. However, we should
also investigate the behavior of 2 in the limit of |s| — oco. Given that the argument of
Q) approaches a constant asymptotically, we introduce a cutoff A? above which we will
assume 6(x) = km. Thus the integral in eq. can be split into two parts:

(9] A2 00
f/ dxﬂ:—l/ dxM—i—sk/dx;, (3.27)
/), x(x—s) T S x a2 (z—s)

where we already imposed the limit |s| — oo under the former integral. Accordingly, this
part is independent of s and yields a constant only. The latter integral can be solved
analytically resulting in

sk/oodx;—klo A—2 (3.28)
a2 x(r—3s) A5 '

Inserting egs. (3.27) and (3.28]) into eq. (3.26) we conclude that the OMNES function
behaves asymptotically like

Qs) < s7", (3.29)

taking the limit |s| — oo.
Next to the normalization condition 2(0) = 1, it might be also of interest to study
the next coeflicients of the TAYLOR expansion around s = 0 given by

Qs) =1+ Q(0)s + %Q”(O) s% + éQ'"(O) 2+ 0(sh). (3.30)

Given that €2 possesses a branch cut this expansion will only be valid for |s| < so. The
first three derivatives of the OMNES function at zero are given by

Q0) =w, Q"(0) = 2wy + w?, Q"(0) = 6(ws + wawy) +w?, (3.31)

where we introduced the function

P / “a0 28) (3.32)

xritl
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3.2.1 Homogeneous Omnés problem

Now that we have introduced the OMNES function €2, we would like to return to a more
general type of function f. Therefore we soften the constraints on f and demand the
following properties:

e f is holomorphic on C \ B, ;

e f obeys the SCHWARZ reflection principle;

e f(s) =< s" with n € R when taking the limit |s| — oo;
e arg f is bounded along the branch cut B, , accordingly

lim arg f(s +ie) = 6(s) < krm (3.33)

e—0T

with k£ € R will hold when taking the limit s — 4oc.

The problem of finding a general solution for the function f with the given requirements
is known as the (homogeneous) OMNES problem.

However, it is possible to find a solution to this problem. Since f satisfies the SCHWARZ
reflection principle, its discontinuity can be represented in the form (cf. app.

disc f(s) = 2i lim Im f(s + i€)

e—0t

= 2i lim f(s + ie) sind(s) exp [ —id(s)] .

e—0t

(3.34)

Casting eq. (3.34)) into an m-times subtracted spectral representation (3.15)) results in

lim

™ e—0t

o Q@) (7~ 9) ’

where the minimal number of subtractions m needed is given by eq. . The function
f appears on both sides of eq. (3.35)), thus the dispersive representation can be seen as
integral equation that determines f.

In addition to eq. an alternative way of solving the homogeneous OMNES prob-
lem exists. We consider the function

/ *  flz +ie) sind(x) exp [ — id(w)] (3.35)

f(s)
h(s) = 3.36
)= gy (3.36)
where we made use of the fact that there exists an OMNES function 2 for which
lim arg f(s + i€) = lim arg Q(s + ie) (3.37)
e—0t e—0T

holds along the branch cut, cf. sec. . Given that both f and €2 are holomorphic on C\B
and (2 is free of any zeros, the function A introduced in eq. (3.36)) will be holomorphic on



62 Chapter 3 - Dispersion relations for functions with one cut

C\ B, as well. In addition both functions f and € fulfil the SCHWARZ reflection principle,
accordingly the discontinuity of h will be given by

dise h(s) = 2 lim Tm h(s + i) = 2i lim Tm [M]

e—0t e—0+ Q(S + ie)
— i lip I | Ll exp (fare (s +i)) 1 — 2i lim Im {“f(s—+ el ] _
=0+ Qs 4 i€)| exp (i arg Q(s + ic)) =0+ Qs + ie)|

(3.38)
Thus h is free of any branch cuts, i.e. it must be an entire function. Since the asymptotic
behavior of f(s) < s™ and Q(s) < s % is known, h has to be a polynomial of degree |n+k|
and the solution of the homogeneous OMNES problem given by

F($) = Pluay () 9(s). (3.39)

This solution is called OMNES representation of f. We note that the coefficients of the
polynomial P,; are required to be real, otherwise f would spoil the SCHWARZ reflection
principle. In addition we want to stress that the polynomials appearing in eqs. and
(13.39) might differ, cf. sec. .

3.2.2 Inhomogeneous Omnés problem

Given the discontinuity of f in the homogeneous OMNES problem (3.34)), we would like
to relax the constraints on f to the inhomogeneous OMNES problem. Therefore we will
consider a function f with the following requirements:

e f is holomorphic on C\ B ;
o f(s) = s" with n € R when taking the limit |s| — oo;
e the discontinuity of f along the cut is given by

disc f(s) = 2i lim [f(s +ie) + j:(s)} sind(s) exp [i6(s)] ; (3.40)

e—0t

e the real-valued function ¢ is bounded on B, i.e. §(s) < kr with k& € R for s — +o0;

e the hat function f might take complex values and the discontinuity equation of f
implies f(s) < s" for s — +oc.

We note that neither arg f(s+ie) = d(s) in the limit of ¢ — 0" along the branch cut will
hold, nor the SCHWARZ reflection principle needs to be satisfied. Casting eq. (3.40) into
an m-times subtracted spectral representation (3.15)) yields

Qm_(s) lim Ode [f(a: + i€) + f(:c)} sin§(x) exp [— 25(3;)]
T 0t Jy Qm(z) (z — 5) ;

(3.41)

where the appropriate minimal number of subtractions m is given by eq. (3.16]).
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In accordance to sec. we want to study the function h defined in eq. (3.36)) again.
Still A will be holomorphic on C\ B, as f and 2 are holomorphic on C\ B, and 2 does
not possess any zeros. Its discontinuity along B, is given by

disch(s) = lim [ f(s + ie) f(s—iE)] = tim [f(s+z'e) B f<s—¢e)]

o+ | Q(s +1i€) Qs — ie) Q(s+1e)  Q*(s+ ie)

— lim [ f(s+i€) exp [ — ié(s)} — f(s —ie) exp [15(5)}]
e—0t | |Q(S+i€)’ -
— lim _[f(8+i6)—f(s—ze}exp[z5 ]—QZfS—l-ZG sin (s )} ’
e—0t L ‘Q s+ i€ ‘
= 2¢ lim M

—0+ | Qs +ie)|

where we employed the fact that ) satisfies the SCHWARZ reflection principle, although
it might be spoiled by f. Note that in the last equality we made use of eq. -
Accordingly, the discontinuity of h - will only depend on f and ¢, but not on f
itself. Equipped with the asymptotic behavior of h(s) < s"*, we are allowed to cast the
discontinuity of A into an m-times subtracted spectral representation (3.15]) given by

B Qm(s) - Oox f(x) sind(z)
h(s) = P (s) + =——— lim, / Od 00 On@) =9 (3.43)

Again, the minimal number of subtractions m needed for convergence of the dispersion
integral is given by eq. (3.16)). Solving eq. (3.43) for f we find its OMNES representation

Qum(s) .. /00 f(x) sind(z)
=Q(s)| Pp_i1(s) + —= lim d ) 3.44
f(s) () 1(s) T o0t s ’ 1z + i€)| Qu(x) (x — s) (3.44)
In fact eq. (3.44)) is the most general solution of the inhomogeneous OMNES problem.
This can easily be proven by considering a function v being a solution to the homogeneous
OMNES problem ({3.39)) with v(s) < s™ for |s| — oo and argv(s+i€) = §(s) along the cut.
According to egs. (3.34)) and (3.40) the discontinuity of f + v will be given by

disc [f(s) +v(s)] = 2i El_i}é}r [f(s +i€) +v(s +ie) + f(s)] sind(s) exp [ —id(s)] . (3.45)

It follows immediately that f+ v will be a solution of the inhomogeneous OMNES problem
if f is one. The polynomials in eqgs. and are both of degree m — 1 = [n+ k],
thus the sum of them will be of the same degree. Consequently, the representation given
in eq. (3.44)) is indeed the general solution of the inhomogeneous OMNES problem.

Since this representation will be of crucial importance in the following chapters, we
want to study its properties in more detail. First of all, the minimal number of subtrac-
tions m needed to obtain convergence of the dispersion integral will be given by

In+k|]+1, ifn+k>0
m= (3.46)

0, ifn+k<0
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given that the asymptotic behavior on f and § is assumed to be f(s) = s" and 6(s) < k.
A comparison of egs. and reveals that the inhomogeneous solution reduces
to the homogeneous solution if the hat function f is set to zero and arg f(s + i€) equals
d(s) along the cut. Moreover, if f is real-valued and the subtraction constants as well as
the subtraction points are real, f will satisfy the SCHWARZ reflection principle. On the
other hand, as soon as f develops a non-vanishing imaginary part, f immediately spoils
the SCHWARZ reflection principle.

Equation might lead to a misunderstanding in the special case of k € Z. In
this scenario the asymptotic behavior of the function § dictates §(s) = kr for s > A2
Accordingly the sine function in the discontinuity will vanish, which introduces a cutoff
in dispersion integral at A2. It might be tempting to reduce the number of subtractions
in such a case, since the convergence behavior of the dispersive integral is now controlled
by the cutoff. Nevertheless, an approach with less subtractions than required by the
asymptotics will not yield a legitimate solution. Recalling the derivation of the spectral
representation this becomes immediately clear, since the minimal number of subtractions
are needed as well to get rid of the contributions from the complex arc, cf. sec.|3.1.2

In accordance to the discussion in sec. [3.1.2] we are allowed to over-subtract the OMNES
representation. Taking m’ > m subtractions yields the sum rule

m’'—m—1 :
smMtI
=0

A, ooda: f(x) sind(z)

. - )
Tt fy QU +de) | am it

Pm/,l(s) = mel(S) + _2:

J

(3.47)

where for the sake of simplicity all subtraction points are chosen to be zero. The derivation
proceeds in the same way as discussed for eq. .

Finally when considering the OMNES representation as an integral equation that
fixes f, it turns out to be superior to the spectral representation . This becomes clear
when studying the following example with n > 0 and k£ > 0: the OMNES representation
needs a minimal number of m = [n+k |+ 1 subtractions, thus the subtraction polynomial
contains m subtraction constants as degrees of freedom. On the other hand, the spectral
representation of the same function f needs |n] + 1 subtractions and therefore exhibits
|n| + 1 subtraction constants as free parameters. Accordingly, in the case of k < 1 both
representations yield an equal number of parameters. However, if e.g. £ = 1 the OMNES
representation will contain one parameter more than the spectral representation, i.e., solv-
ing eq. (3.41]) cannot be unique and it will allow for a one-parameter family of solutions.
Given that the OMNES representation is the general solution of the inhomogeneous OMNES
problem, the solution of eq. has to be unique. Accordingly, eq. will always
be used when dealing with inhomogeneous OMNES problems [120}/121],127,148-156].

3.3 Matching of dispersive representations

In sec. we discussed two different dispersive representations for the function f. The
considered function will behave asymptotically like f(s) =< s" with n > 0. Accordingly,
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the function in the spectral (3.41]) and the OMNES representation ((3.44)) is given by

Zoz J + " hm Oodl' [f(x+ie) +f(x)} sind(x) exp [—z&(x)]

e—0t Jo ™ (z —s)

A (3.48)
Z 8, i hm Oodx f(z) sind(z)

T o0t o |Qa +de)| 2 (z — )

Y

where the minimal numbers of subtractions needed to achieve convergence of the dis-
persion integrals are given by m = |n| + 1 and m’ = |[n + k] + 1. The subtraction
polynomials are given explicitly in terms of the subtraction constants a; and 3;. For the
sake of simplicity all subtraction points are equal to zero in both representations.

We want to relate the subtraction constants of the two different representations given
in eq. (3.48). Considering the specific case of k& > 0 with m’ > |n] 4+ 1 subtractions,
the TAYLOR expansions of both representations will not yield any contribution from the
dispersive integrals up to order |n]. Performing an expansion around s = 0, which will
converge as long as |s| < sg, allows us directly to match the first |n| + 1 subtraction
constants of both representations. In the OMNES representation 2 is expanded according
to eq. . As an example with fixed n = 3, we find

ag = [, o = Po + 2612(0) + 5o 2 (0),

(3.49)
o =P+ B '(0), az = B3+ 302 ' (0) + 35, 2"(0) + 5, 27(0) .

3.4 Basis functions

We want to consider the solution of the inhomogeneous OMNES problem in a more re-
stricted system. Therefore the following requirements will hold:

e f1, f5 are solutions of the inhomogeneous OMNES problem:;
e f will depend lincarly on f, thus f(s) = f[f](s) will satisfy
FIMSL A+ Xafol(5) = M FIAD () + A FLA2(s), (3.50)

where \;, Ay € C denote some arbitrary constants.

To illustrate the impact of this additional constraint on the inhomogeneous OMNES prob-
lem we decompose f and f in the following form:

D=NA6), U = S A ). (35)

where fj will be a short hand notation for f| f;] and m denotes the number of subtractions
needed in the OMNES representation of f. It is always possible to find such a decomposi-
tion so that without loss of generality eq. (3.44]) holds for the individual f;, given that f is
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a solution to the inhomogeneous OMNES problem. Choosing the coefficients A; identical
to the subtraction constants in the OMNES representation of f reveals

Qu(s) - o0 () siné(x)
T el—>0+ /50 d 1z + i€)| Qu(x) (x — s)

In contrast to f, the basis functions f; defined in this way will be independent of the
subtraction constants [157,[158]. Accordingly once the dependence f[f] is fixed, eq.
can be used as an integral equation determining the basis functions of f for any given §.

The decomposition into the basis functions given in eq. can also be used to
generate the basis functions of the spectral representation. Using the matching constraints
discussed in sec. [3.3| we can relate the basis functions of the OMNES representation directly
to the ones of the spectral representation. For instance, consider the casen =1 and k < 1

with all subtraction points set to zero, cf. egs. (3.48) and (3.49)):
f(s) = Bo fo(s) + B1 fi(s) = ao fo(s) + [041 — Q/(O)} fi(s)

= ag [fo(s) = Q(0) fi(s)] + au fis) = ao [ (5) + an [T (s),
where fo® = fo(s) — (0) fi(s) and fP* = f; define the basis functions of the spectral
representation)?3| Using the linearity of the hat function f[f$8] = f[fo] — (0) f[f1], the
OMNES representation of & will be given by

s > fSR (1) sin & (x)

§R<8):Q(s) {1_9’(0)3+;61_i>r51+ dx}Q(a:—l—k)‘ﬂ?Q(f’:_S)

fi(s) = Q(s) {sj + (3.52)

(3.53)

(3.54)

Thus eq. (3.53)) defines the change of basis from f; in the OMNES representation to ijR
in the spectral representation, or accordingly the exchange of the subtraction constants

3.5 Polynomial shifts

In order to investigate the transformation properties of the dispersive representation for
f under polynomial shifts, the function f is satisfies the following constraints:

e f is a solution of the inhomogeneous OMNES problem;

e Af and A f are polynomials whose degree is at most |[n], given that f behaves
asymptotically like f(s) < s™ with n > 0;

e fand f transform under the polynomial shift according to

f(s) = Fs) = f(s) + Af(s),  f(s) = F(s) = f(s) + Af(s), (3.59)

where F' is a solution of the inhomogeneous OMNES problem with the corresponding
hat function F.

#5In the case at hand, the number of subtraction constants in the OMNES and spectral representations
are equal, i.e., there is no ambiguity present in the latter representation. Of course when constructing
a case that is not unique in the spectral representation, the identification of basis functions encounters
this ambiguity, too.
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The idea of this investigation goes back to [159]. Note that Af as defined above will
neither alter the asymptotic behavior nor the analytic structure of the transformed func-
tion F. Since Af is an entire function its discontinuity will vanish, thus the shifted
discontinuity will be given by

disc f(s) > disc F'(s) = disc f(s). (3.56)

Equation (3.40)) infers directly that f has to transform opposite to f under the polynomial
shift

f(s) = F(s) = f(s) = Af(s). (3.57)
Accordingly, f and F' both can be given in terms of a m-times subtracted spectral rep-
resentation with the only difference that the subtraction polynomial for F' will be
given by P,,_1(s) + Af(s), where P,,_; denotes the respective subtraction polynomial in
the representation of f.
However, in the OMNES representation of f given in eq. this transformation
behavior is not immediately evident. We want to study this issue in more detail by
considering the OMNES representation of the shifted function F' given by

f(s) + Af(s) = Qs) | Pma(s) + AP(s)

@m(5) lim

T e—0t

(3.58)

d

+ . o ’Q(x—i—zeﬂ@m(x) (x —s)

/ ~ [f(x) — Af(2)] sind(x)

in terms of the same 0 as for the representation of f. Thus we need to tackle the question
whether AP, i.e., the shift of the subtraction polynomial P,,_, can be given as a polyno-
mial of degree m — 1 at most. Ignoring the contributions to f for now, a rearrangement

of eq. yields
Af(s) N Qm(s) o0 Af(x) sind(x)

lim dx

A= e I L Y e i) Q) -9

(3.59)

According to the requirements on {2 given in sec. the inverse of the OMNES function
will satisfy

1 inod
disc —— — _9; Jim S100) (3.60)
Q(s) 0+ |Q(s + ie)
which allows for spectral representation with m = |n+ k| +1 > | k| + 1 subtractions
1 m & in d
_p2 ()= D) e sind(z) . (3.61)
Q(s) T et Sy QU+ ie)| Qulz) (z — 5)

Correspondingly, the subtraction polynomial denoted by PS!_, is of degree m — 1. There-
fore eq. (3.59)) can be rewritten as

@m(s) lim

™ e—0+

AP(s) = P (s) Af(s) + dx

o |Qa +ie)| Qu(e) (= s)

/°° [Af(x) — Af(s)] sin 0 (x) (3.62)
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Given that Af is a polynomial of degree |n] it can be represented by

Ln)

Af=> ¢, (3.63)
=0

where ¢; € C denote the expansion coefficients. Inserting eq. (3.63)) into eq. (3.62) and
use the identity in eq. (A.24)) yields

ln] ln) j 00 o
x' sind(z)
AP(s) =P (s)) ¢80+ c; s lim [ dw ,
D L JR

(3.64)
Since the remaining dispersion integral collapsed to a constant, AP is indeed a poly-
nomial. However, the right-hand side of eq. seem to imply that AP is of degree
m + [n] — 1 instead of m — 1, which would lead to a contradiction for n > 1. A closer
look at eq. reveals that this conclusion is wrong. Since the asymptotic behavior
of 1/ is given by 1/€(s) = s*, its spectral representation needs a minimal number of
= |k] + 1 subtractions, cf. eq. (3.29). Thus with the chosen m = |n + k] + 1 sub-
tractions the representation for 1/€) is over-subtracted, accordingly there has to be a sum
rule dealing with the additional |n| subtractions and renders AP to be of degree m — 1.
In order to prove this we choose all subtraction points equal to zero and n > 1. Thus
the m-times subtracted spectral representation of 1/(2 satisfies the sum rule (3.21)

[n]—1
Py y(s) = Pr% ln)— 1(s) = Z gLt Hm—|n|+j+1 5 (3.65)

j=0
where we introduced the short-hand notation for the remainder of the dispersive integral

sin d(x)

1
=lim - | de +—F—F"F— 3.66
Hi= A% T 0 Qx4 ie)| s (3.66)
Accordingly, eq. (3.64) reads
(] [n] [n]-1
AP(s) = P nj-a( ZCJ 5! — Z cjs™ el Hom—n]+i+1
=0 j=0 1=0
(3.67)
[n) j-1 |
j=1 1=0

Performing an index shift of [ — |n| —1 — 1 in the second term on the right-hand side,
it can be split into

[n] [n]-1 In] j—1 J )1

ZZC gmti— - 1/Lm l_zzcjsm-w —l— 1,Um Z+ZZC gmti— ll s (368)

7=0 [=0 7j=1 1=0 7=0 I=j
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Inserted back into eq. (3.67)) yields

Ln) ln) [n]—1

AP(s) = Pﬁfwfl(s) Z c; s+ Z Z c; 8T (3.69)

7=0 j=0 I=j

where it is now explicitly shown that the highest power of s appearing on the right-hand
side is given by m — 1 in the case of j = [.
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Chapter 3

Dispersion relations for functions with one cut



Chapter 4

Dispersion relations for functions with
two cuts

In this chapter, we broaden the discussion on the mathematical concepts of dispersion
theory to describe T-matrix elements for arbitrary 2 — 2 scattering processes. The
scattering amplitude for a process involving altogether four particles in the initial and
final state will depend on the three MANDELSTAM variables variables s, t, and u, of
which only two are independent, cf. ch.[2] Since the dispersive framework introduced in
ch. [3] is developed for functions that depend on one complex variable only, it cannot be
applied to 2 — 2 scattering amplitudes without further ado. In the following we will
derive a more general dispersion-theoretical framework that allows for a description of
2 — 2 scattering amplitudes. Applications of this dispersive framework in the analysis
of physical 1 — 3 decay processes, based on equations of the KHURI-TREIMAN type, are
discussed in chs. [5| [6] and [7]

This chapter is organized as follows: in sec. [4.1] we introduce the fixed-t dispersive
representation for the 2 — 2 scattering amplitude and discuss its analytical properties.
Combining this dispersive formalism with the constraints on the discontinuities of the am-
plitude demanded by two-body unitarity, we derive its reconstruction theorem in sec. 4.2
For further details on fixed-t dispersion relations we suggest [142}|143,|160]. A highly
recommended pedagogical discussion can also be found in [144].

4.1 Fixed-t dispersion relations

We denote the T-matrix element of an arbitrary 2 — 2 scattering process involving four
particles of fixed species by ./\/l. According to sec. [2.2.1] M can be expressed in terms
of the MANDELSTAM variables

M(s,t) = M(s,t,u) = M(s,t,3r —s—t), (4.1)

#11n cases of 2 — 2 scattering amplitudes involving three pseudoscalar particles and one vector particle
we are interested only in the analytic structure of the scalar amplitude F containing the dynamical
information, accordingly in such a case M will refer to F instead of the full T-matrix element, cf.

sec. [2;2}

71
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Imx -

7/
Sleft Seoe” Nele? sl Sthr Rex

Fig. 4.1: Choices of the integration contour (blue) in the complex z-plane. The dashed
paths depict closed circular contours around the isolated poles s, s1, so, ..., S;, in the residue
theorem (3.11]), while the solid path represents the enlarged contour enclosing C\ (B, UB_)
running along the upper and lower rim of the cuts according to the prescription = + e
in the limit of ¢ — 0F. Starting at sy, > 0, the right-hand cut (red) extends to infinity
along the positive real axis. The left-hand cut (red) starts at sjer = 37 — t — wg,, and
extends to minus infinity along the negative real axis.

where we made use of eq. , which states that only two of them are independent,
1.e., we have chosen s and t. Of course we assume that the squares of the involved four-
momenta are known. Given that M(s,t) as a function of two variables would require
a more sophisticated mathematical framework than discussed in ch. 3] we simplify the
problem by fixing one of the MANDELSTAM variables. Accordingly, the amplitude is a
function of the variable s only

M(s) = M(s,1), (4.2)

for ¢ being fixed. The analytic structure of M(s) can now be studied by extending the
concepts introduced in ch. [3

We choose t to be real and below any t-channel production threshold ¢t < #,. In
the s-channel we allow for an intermediate multi-particle state to go on-shell for s > sy,
leading to a right-hand cut B, = [sy,,, 00). Moreover, there might also be an intermediate
multi-particle state contributing in the u-channel above the threshold v > wu,,. Using
eq. we can relate the unitarity cut in the u-channel to a left-hand cut in the complex
s-plane given by B_ = (—00, Sjeg] with

s < 3r —t — Uthy = Slefs - (4.3)

For the following discussion to apply we need to require sjef < Sipr, 4-€., the branch cuts
are not allowed to overlap. Accordingly, the lower bound on ¢ is given by

t > 3r — Sihy — Uthy - (4.4)

In the MANDELSTAM plane a valid line of fixed ¢ needs to be parallel to ¢t = 0 and is
demanded to cross the subthreshold diagram twice, cf. fig. 2.4

Given these constraints, the considered amplitude M is a holomorphic function in s on
C\ (By UB_). Assuming an asymptotic behaviour of M =< s" with n € R, the amplitude
can be treated in a similar manner to eq. when choosing the integration contour as
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depicted in fig. [L.1] In accordance to the derivation of the spectral representation we find
the fized-t dispersion relation for M given by

_ 5 Qm(s) Oox disc M(z) Qm(s) SIE“I disc M ()
M) = Pacs(6) + 5 [ ar BT S0 [ g e

271
where the subtraction points s; in the polynomials (), need to lie between the two cuts
s; € R\ (B4 UB_). The adequate minimal number of subtractions m will be given by
eq. (3.16) as derived for the spectral representation in eq. . It turns out to be useful
to define
disc, M(z,t,3r —t — z) = lim [M(z + i€, t,3r — t — x — i€)
e—0t (4.6)
— M(z —ie, t,3r —t — x + i€)]

for t kept fixed. Since the discontinuity, sjs, and the subtraction polynomial P,,_; depend
on the choice of ¢, the dispersion relation given in eq. changes for different ¢. In order
to allow for a variation in ¢ within its given bounds, we write

Qm(s) /°° disc, M(x,t,3r —t — x)

, (4.5)

M(s,t,3r —s—t) =P _(s)+

27i thtdx Qm () (x —3)

Sleft (1) ; o
n Qm—(f9> / dz disc, M(x,t,3r —t — x)
2m J_ o Qm(z) (x — 5)

Still the subtraction polynomial P!, _, is of order m — 1 in s, but its coefficients ¢; might
depend on t, i.e.

(4.7)

Ply(s) =3 ei(t) s (4.8)

Note that this dependence of the coefficients on ¢ is not required to be of polynomial form.
We want to comment on the analytic structure of the fixed-t dispersion relation for
M given in eq. : according to the statement of maximal analyticity, the amplitude
M is holomorphic in both s and ¢, ¢f. sec.[2.1.2] In the dispersion relation at hand, these
two variables are treated on an unequal footing. By construction the right-hand side of
eq. will be holomorphic in s on C\ (B, UB_). However, this does not apply for
t, given that t is constrained to take real values bounded by ¢ < ¢y, and eq. . But
within the values under consideration the right-hand side will be a smooth function in ¢
(i.e. a C™ function), since the left-hand side is holomorphic in ¢ and therefore C* in ¢.
We want to draw the attention to the second dispersion integral along the left-hand
cut in eq. . Performing a change of variables
=3r—t—ux, dr = —dy, r—s=u-—vy,
(4.9)
y(sleft) = Uthr y(—OO) =00,

and using eq. (4.6) to derive
disc, M(z,8,3r —t — z) = lim [M3r —t — y + i€, t,y — ie)

e—0F
— M@Br —t —y —ie t,y +ie)] (4.10)
—disc, M(3r —t —y,t,y),
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we find
Qum(s) [3®)  disc, M(z,t,3r —x —t)
2mi de Qm(x) (z — s)
- " (4.11)
_ Qum(Br—t—u) /oody disc, M(3r —t —y,t,y)
2 v QmBr—t—y)(y—u)
According to eq. ({A.26)) the polynomials @,, fulfil the relation
Qm(3r—t—u Qm(u
: )= Ol g (). (1.12)

Qu(Br—t—y)  Qu(y)

with ¢¥,_; being another polynomial in u of degree m — 1 whose coefficients depend on .
Combining eqgs. (4.11]) and (4.12)) yields

Qm(s) /Sle“(tzi disc, M(x,t,3r —x —t)

21 Jwe  Qul@) (@ —s)
Qm(u) /°° disc, M(3r —t —y,t,y)
_ ' q 4.13
21 Sy, Y Qm(y) (y —u) )
1o[>< .
+ 5 dy g, (u) disc, M(3r —t —y,t,y).

Uthr

Since the coefficients of ¢¥,_; are of order O(y~™1), the second integral converges and
reduces to a polynomial in u of degree m — 1. The polynomial in u is absorbed into the
subtraction polynomial by a redefinition of P!,_; when eq. (4.13)) is inserted into eq. (4.7)),
which yields

M(s,t,3r —s—t) =Pl (s)+

ori ), YT Q) (@ —9)

+Qm(u) /°° disc, M(3r —t — a,t, )

Qm(9) /OO disc, M(x,t,3r —x —t)

(4.14)

omi ST Qu) (—u)

Comparing eqs. with we note that the dispersion integral along the left-hand
cut can be rewritten as a dispersion integral along the right-hand cut of the crossed chan-
nel. This is an important feature of the fixed-t dispersion relation, since the constraints
of unitarity yield a direct access to the hight-hand cuts of the amplitude, cf. sec. [2.2.2]
In general this does not apply for left-hand cuts.

In practice the information on the discontinuities of a scattering amplitude M along
the right-hand cuts is limited and not available to infinite energies. Since the fixed-t
dispersive representation requires knowledge of the discontinuities up to infinity, we have
to make assumptions on their high-energy behaviour or introduce a cutoff in the inte-
gration. Moreover, the maximal number of needed subtractions m is restricted by the
FROISSART-MARTIN bound, stating that the scattering amplitude behaves asymptoti-
cally like M =< slog®s. However, a formal proof of this statement is only available for
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2 — 2 scattering processes involving four scalar particles [161}/162]. Thus in general the
FROISSART-MARTIN bound will serve as an additional constraint that can be imposed on
the amplitude. Nevertheless, in some cases it might be wise to oversubtract the dispersive
representation to suppress the contributions of the high-energy region, i.e., the scattering
amplitude will grow asymptotically faster than required by the FROISSART-MARTIN. The
additional subtraction constants arising in this way can be understood to parameterize
the lack of knowledge on the discontinuity at high energies. Therefore, they are very
similar to the LECs introduced in effective field theories, cf. sec. [[.3]

4.1.1 Symmetric fixed-t dispersion relation

We want to investigate the behaviour of eq. (4.14)) for a special type of amplitudes. Con-
sider an amplitude which is symmetric under exchange of s <+ u, i.e.

M(s,t,3r —s—1t) = M@3r —s—t,t,s), (4.15)
and Sgn, = . Thus, for the discontinuities in eq.
disc, M(z,t,3r —t — x) = disc, M(3r —t — x,t, x) (4.16)
will hold@ The symmetric fixed-¢ dispersion relation for M reads

Qm(s) [, disc, M(z,t,3r —x —1t)
2ri /d T Q@) (=)

Qm( )/ da:dlscx./\/l(x,t,?)r—t—x)‘

M(s,t,3r —s—t) =Pl _(s)+
(4.17)

2mi Qm(z) (x —u)

In order to maintain the symmetry given in eq. (4.15]), the right-hand side of eq. (4.14))
must be symmetric under interchange of s <» w for t fixed. Since the two dispersion
integrals are invariant under this symmetry, it is clear that the subtraction polynomial
has to P!,_; has to obey

P (s)=P, _(3r—s—t). (4.18)

Inserting eq. (4.8)) into the symmetry constraint yields

m—1 j—1
0= (2s+t—3r) ch )z:sj_l_1 (3r —s—1t), (4.19)
1=0

Jj=1

where we applied eq. (A.24). Given that eq. (4.19) has to hold for all s € C\ B, UB_,
it can be used to constrain the coefficients c; of the subtraction polynomial, e.g. m = 2
results in ¢ (t) = 0. Thus for m = 1 and m = 2 the polynomial is independent of s and

#2Note that eq. (4.16]) is not in contradiction with eq. (4.10). The former equation relates s- and
u-channel discontinuities along the right-hand cuts, while the latter one links the s-channel discontinuity
along the left-hand cut to the u-channel discontinuity along the right-hand cut.



76 Chapter 4 - Dispersion relations for functions with two cuts
fully determined by ¢o(t). However, for m > 2 the symmetry condition relates ¢; to all
other ¢; with j > 1 and P!,_, in general depends on s, e.g. m = 3 yields
0=ci(t)+ (3r —1t) caft). (4.20)
Thus, P»(t) will be given by
Py(t) =co(t) +ca(t) s(s+t—3r) =co(t) — cat) su, (4.21)
where eq. is used.

4.1.2 Antisymmetric fixed-t dispersion relation

In analogy to consideration of a symmetric amplitude (4.15)), we want to study an ampli-
tude that is antisymmetric under interchange of s <> u, i.e.

M(s,t,3r —s —t) = —M(3r —s—t,t,s), (4.22)
and Sg, = Une. Inserting the discontinuity relation for eq. given by
disc, M(x,t,3r —t — x) = —disc, M(3r —t — z,t, x) (4.23)
into the general fixed-t dispersion relation (4.14)) results in

Qm(s) [, disc, M(x,t,3r —x —1t)
2 lth?x Qm(x) (SU — S)

Qum(u) /°° disc, M(z,t,3r —t — x)

M(s,t,3r —s—t) =Pl _(s)+

(4.24)

@)

Accordingly, eq. (4.24) fulfils the antisymmetry relation defined in eq. (4.22)), if the

subtraction polynomial P, ; is antisymmetric under interchange of s <> u, i.e.

271

Pt

m—1

Casting the general form of P! | given in eq. (4.8)) into eq. (4.25) yields
0="> ¢(t)[s+Br—s—t)], (4.26)

J

relating the coefficients ¢;. In the special case of m = 1 eq. (4.26]) results in ¢y(t) = 0,

thus Py(t) has to vanish. For any given m > 1 the antisymmetry condition allows us to
relate ¢y to all other coefficients ¢; with j > 0, e.g. m = 3 yields

(s)=—P!,_(3r—s—t). (4.25)

3

Il
=)

0=2co(t) + c1(t) Br —t) + co(t) [s° + Br — s — 1)°] . (4.27)
Hence, using eq. ([2.25)) the subtraction polynomial P} is given by

(s — )
2

(2s+t—3r)

Pi(s) = =

|:Cl (t) + Co (t) (3T — t)} =

[e1(t) + co(t) Br —t)] . (4.28)
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4.2 The reconstruction theorem

To proceed with the dispersive treatment of 2 — 2 scattering processes we want to recall
the analytic properties of the fixed-t dispersion relation given in eq. . The right-
hand side of this equation is holomorphic in s apart from the branch cuts starting at the
production thresholds sy, and wg,, but the derivation of the fixed-t¢ dispersion relation
relies on real values of t. Therefore the right-hand side of the equation is only a smooth
function in ¢. However, maximal analyticity states that the left-hand side is holomorphic
in both s and ¢ up to the branch cuts of the different channels, cf. sec. [2.1.2]

In the following we want to derive a dispersive representation for M satisfying the
constraints of analyticity such that the amplitude is a holomorphic function in both s
and ¢t up to the branch cuts. In order to achieve this we expand the amplitude into
partial waves inside the fixed-t dispersion relation to find explicit expressions for the
discontinuities. However, several kinematical requirements have to be satisfied. First, for
eq. to hold, t is constrained by eq. and t < ty,. Second, the partial-wave
expansion is defined in the scattering region, e.g., s > s¢,, in the s-channel expansion.
If we consider processes for which none of the particle masses exceed the production
threshold of the other three particles (i.e., we exclude the possibility of 1 — 3 decays),
we can find kinematical regions where both requirements are met.

This so-called reconstruction theorem states that a given 2 — 2 scattering amplitude
M can be reconstructed just from the information on the discontinuities of the partial
waves under consideration and some polynomial contributions obeying the exact same
symmetries as M. It was first derived for the n7 scattering amplitude [163,[164] and
later generalized to arbitrary 2 — 2 scattering processes of spin-zero particles [165]166].
Since this dispersive representation relies on the partial-wave expansion of the considered
amplitude, we begin the discussion by restricting ourselves to amplitudes involving four
pseudoscalar particles. An extension to amplitudes containing one vector particle will be
considered at the end of this section.

In the specific case of 2 — 2 scattering processes involving only spin-zero pseudoscalar
particles, the amplitude M can be expanded in terms of ordinary LEGENDRE polynomials.
The s-channel partial-wave expansion of M reads

M(S, Zs) = Z [)‘(S’ MIQ’ M22) )‘(Sv M327 MZ)V/Z PK(ZS) f@(s) : (429)

where f, defines the ¢-th partial-wave amplitude Note that the factor in the square
bracket is purely conventional and only introduced to avoid possible kinematical singu-
larities arising from eq. . Similar expressions can be obtained for the t- and
u-channels , where we will denote the partial-wave amplitudes of these channels by
ge and hy, respectively.

In the following we will truncate the expansion of the discontinuities after S- and
P-waves, thus we assume that contribution of D- and higher partial waves to the discon-

#3For the sake of simplicity possible contributions of different isospin combinations to the same angular
momentum ¢ are subsumed in the partial-wave amplitudes fj.
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tinuities can be neglected, .e.,

discs M(s, z5) = disc fo(s) + 25 \/)\(s, M2, M3Z) N(s, M2, MZ)disc f1(s), (4.30)

for the s-channel and similarly for the ¢- and u-channels. Accordingly, the fixed-t disper-
sion relation reads

M(s,t,3r —s—t) =P _(s)

N Qm(s) /Ood disc fo(z) + [:c (t—y)+ A A34} disc fi(z)

2mi Sthr ) Qm(x) (.T — 8)
Qm—(u) < disc ho(x) + [I (y—t) + Ay Agg] disc hy ()
" "oni /d ’ Om(@) (@ =) =
(4.31)

with y = 3r —t — x = s + u — x in the integrals for the P-wave contributions. The
s-channel P-wave dispersion integral can be further simplified to

Qm(s) o [513 (513 -5+t — U) + A12 A34} disc fl(x)
omi /dx Oml@) (= 3)

Qm—2(s) ‘X’d disc f1(z)

27 st o Qm_o(x)(x—35)

(4.32)
= [S (t — U) + Alg A34}

where the dots represent polynomial contributions in s of degree m — 1 that can be
absorbed into the subtraction polynomial P! ;. Note that we reduced the number of
subtractions by two in the remaining dispersion integral, cf. eq. . This dispersion
integral will still converge, since f(s) < s"2 as defined in eq. , if behaves asymp-
totically like M(s,zs) =< s™. A similar decomposition can be found for the u-channel
P-wave contribution. Inserting these findings into the fixed-t dispersion relation yields

M(s,t,3r —s—t) =P _(s)

Qu(s) [~ disc fo(x) Qm(u) [ disc ho(z)
o ) YO =) " 2mi /dx Q@) (@ — )
+ [S (t—u)+ A A34] —Qn;:z(s> S::da: Qmis(;{l((xx)_ ;

Qm-2(u) [ disc hy ()
+ [u(s = t) + Ay Ags] B /umdx RROICEE

(4.33)

Thus an expansion of the discontinuities into partial waves renders the dispersion integrals
free of any t dependence.

Analogously to the derivation of the fixed-t¢ dispersion relation it is also possible to

write down a fixed-u or fixed-s dispersion relation of M. Following the steps of the
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derivation described in sec. [£.1] with keeping u fixed, we find
M@Br —t —u,t,u) = P (1)

Qum(s) [~ disc fo(x) Qum(t) [ disc go(x)
o /dx Q@ =) " 2mi S, Qula) @ —1)

Qm—_2(s) [ disc fi(x)

+ |:5 (t - U) + A12 A34] m sthrdx Qm_g(l‘) (ZL‘ N S)
Qm_s(t) [ disc g1 ()
n [t (u—s)— Ay Agd T omi tthrdx Qm—o(x) (x—1)"

(4.34)
The dispersion integrals for the s-channel contribution are the same as in eq. , but
the integrals for the u-channel are replaced by integrals for the ¢-channel. Moreover, the
P" | is now a polynomial in ¢ of degree m — 1 whose coefficients depend on u. Similarly,
the fixed-s dispersive representation will be given by

M(s,3r — s —u,u) = P _(u)

N Qm(t) [ disc go() N Qm (1) /Ood disc ho(x)

ori ), @) @ —0) T 2ni L om(@) (x —u)

Qm_g(t) o disc g1 (l’)

+ [t (1= 5) = Aiz Agy 270 tthrdx Qm—2(z) (x — 1)
Qm-a(u) [ disc b (x)
+ [u(s —t) + Arg Ags] Tomi /uth:ix Qm—2(v) (v —u)’

(4.35
containing the same dispersion integrals for the ¢- and u-channels as given in eqgs. (4.33))
and (4.34)), while the coefficients of P? _, will depend on s.

Therefore we combine eqs. (4.33)), (4.34), and (4.35)) to

_ Qm(s) [, disc fo(z)
Mot = Poclssto) + 5505 | oG 056
Qm(t) > discgo(®)  Qum(u) [, discho(x)
: ’ " /d Q@) (z — u)

~—

2w Jy,, ‘ Qm(z) (x —1t) 27

+ [S (t — U) + Alz A34] CQMTQZ(S) /SOOdJZ Qmﬁls(.crfl(i‘x)— S) (436)
N e disc g1 (z
+ [t (U — S) — Alg Agd QTZ(t)/t dx Qm_2<x‘§ ((,j(] )_ t)

+ [U (8 — t) + A14 Agg] Qm_—Q(U) /uoodl‘ Qm(ills((;?l(:(L‘z)— u) s

2mi
where P,,_1 is now a polynomial in all three MANDELSTAM variables. Since the non-
polynomial parts of the dispersion relation depend on one MANDELSTAM variable only,
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we introduce a set of single-variable amplitudes. In the s-channel these amplitudes will
be given by
Quls) [, disc fo(a)

Fols) = Pha(s) + 222 [ d

o Qul@) (x—s)

1 Qm-2(s) [~ disc fi(z)

Fi(s) = Fy_s(s) + os Sth:ix Oma(@) (7 —3)
Likewise, we define single variable amplitudes for the ¢- and u-channel denoted by G, and
H,. Assuming that the contributions of the subtraction polynomial P,,_; in eq. (4.36]) can
be fully absorbed in the polynomials defined along with the single-variable amplitudes,

we arrive at the decomposition

(4.37)

M(S, t, U) = F()(S) + g(](t) + /H()(U) + [S (t — u) + Au A34] fl(S) (4 38)
+ [t (u—s) = A3 Doy Gi(t) + [u(s — t) + Ay Ags] Hy(u), |

which is the reconstruction theorem for M.

4.2.1 Symmetric and antisymmetric decompositions

Following the discussion of the symmetry behaviour of the fixed-¢ dispersion relation (cf.
sec. 4.1.1)) we want to investigate these symmetries within the reconstruction theorem.
We start by considering an amplitude that is symmetric under interchange of ¢ <+ u, i.e.

M(s,t,u) = M(s,u,t), (4.39)

and tg, = Uy Thus two of the involved particles must have equal masses, e.g. we choose
M3 = M,. According to the symmetry properties of the partial wave decomposition given

in eq. (4.29) and the scattering angle z; (2.31)), the discontinuity of the s-channel (4.30)

is only allowed to contain even partial waves, i.e.
discs M(s, z5) = disc fy(s) . (4.40)

Similar considerations for the scattering angles z; (2.37) and z, (2.39) yield the disconti-
nuity of the ¢-channel

15Cy t,z;) = disc hg(t) — 2z t, , t, , 1sc hq(?), .
disc; M disc h A(t, M2, M2) X(t, M2, M2) disc h (4.41)

in terms of the u-channel partial-wave amplitudes. Repeating the steps performed in the
derivation of eq. (4.38) we find the reconstruction theorem

M(S, t, U) = fo(s) —f- Ho(t) + HO(U) —f- [t (S — u) —|— Alg Agg} Hl(t)

(4.42)
+ [u(s —t) + A1z Aog) Hi(u),

which respects the symmetry behaviour defined in eq. (4.39)).
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Analogously to the discussion started in sec. 4.1.2 on the antisymmetric fixed-t dis-
persion relation, we want to study an amplitude that is antisymmetric under interchange
of t &> u, i.e.

M(s,t,u) = —M(s,u,t), (4.43)

and ty, = uge. Again we will fix the particle masses M3 = My. In contrast to the
previous case, an antisymmetric behaviour as given in eq. (4.43)) demands

disc, M(s, 22) = 2o/ A(s, MZ, MZ) A(s, M3, M3) dise f1(s) (4.44)

for the discontinuity of M in the s-channel. The S-wave amplitude has to vanish, since
only odd s-channel partial-wave amplitudes obey the correct transformation behaviour
under t <> u (2.30)). Likewise the t-channel discontinuity has to satisfy

dise, M(t, z) = —dise ho(£) + 2 (/M. M2, MZ) Mt M3, M) disc (1), (4.45)

i.€., it can be expressed in terms of the u-channel partial-wave amplitudes. Restricting
to these discontinuities in the derivation of the reconstruction theorem (4.38)) yields

M(s,t,u) = Ho(u) - Ho(t) + (t — U) ,/—"1(8) - |:t (S — U) + Alg Agg} Hl(t)

(4.46)
+ [U (8 — t) -+ Alg A23} Hl(U) s
which obeys the antisymmetry behaviour demanded in eq. . Note that in eq.
we absorbed a factor of s into F; by redefinition of eq. (4.37]).
Finally, consider an amplitude that is antisymmetric under pairwise interchange of all
MANDELSTAM variables, i.e.

M(s, t,u) = —M(s,u,t) = M(t,u,s) = —M(t,s,u) = M(u,s,t) = —M(u,t,s).
(4.47)
Accordingly, the thresholds obey si,, = tin = Ui and three of the particles have equal
masses, e.g. we choose My = M3 = M,. Given the transformation properties of the
scattering angles zg, z;, and z, defined in eqs. , , and , we conclude for the
fully antisymmetric discontinuities depending solely on the s-channel P-wave amplitude
given by

disc, M(z, 2z,) = 2, \/)\(x, M2, M2) X(x, M2, M2)disc fi(x), (4.48)
with x € {s,t,u}. Therefore the reconstruction theorem yields
M(s,t,u) = (t —u) Fi(s) + (u—s) Fi(t) + (s — t) Fi(u), (4.49)

which is indeed fully antisymmetric under pairwise interchange of the MANDELSTAM
variables.
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4.2.2 Analytic properties of the decomposition

Although the derivation of the reconstruction theorem for M relies on “fixed-t” dispersion
relations in the three channels, eq. will apply also if the MANDELSTAM variables are
complex. Moreover, the single-variable amplitudes introduced in eq. posses right-
hand cuts only. They are holomorphic on C except for a branch cut along the positive
real axis starting at the respective threshold s, tinr, Or uinr, and therefore allow for a
continuation of M to complex values in all three MANDELSTAM variables. Note that the
cuts in the single-variable amplitudes result in the correct cut structure for M required by
analyticity. Accordingly, the right-hand side of eq. is holomorphic in all MANDEL-
STAM variables up to the cuts. On the other hand the dynamical information included in
the reconstruction theorem is limited by the number of partial-wave amplitudes consid-
ered in the expansion of the discontinuities. Hence, the reconstruction theorem provides
only a valid description of the scattering process in the region where the contributions of
higher partial waves to the discontinuities can be safely neglected.

The reconstruction theorem provides a drastic simplification of the dispersive repre-
sentation for M. It reduces the investigation of M, which depends on two independent
MANDELSTAM variables and possesses several cuts, to the single-variable functions of sim-
pler analytic structure. However, it is important to realise that in general the absorption
of the subtraction polynomial P,,_; in eq. (4.36) into the single-variable amplitudes is not
unique. Due to eq. it is possible to find polynomial shifts given by

fg(s) —> fg(S) + A]:g(s) (450)

for the s-channel single-variable amplitudes (similarly for G, and H,), which leave M
unchanged. As an example, consider the reconstruction theorem given in eq. (4.42), the
most general polynomial shifts meeting the requirement

0= AFo(s) + AHo(t) + AHo(u) + [t (s — u) + A1z Das] AH4 (1)

(4.51)
+[u (s — £) + Ags Agg] AH; (u)
are given by
AFo(s) =2a+b(r—s)+c[28+9r(r—s)] +d[25° +27r* (r — 5)],
AHo(t) = —a+b(r—t) — c(t® + A3 Agg) — d [t° + 3215 Ao3 (3r — 1)] , (4.52)

AHl(t) =c+ 3d(37“ — t) .

Accordingly, eq. reveals a four-parameter ambiguity with a,b,c,d € C.@

By definition the single-variable amplitudes share the same discontinuity as the
partial-wave amplitudes along the right-hand cuts. However, the partial-wave amplitudes
possess left-hand cuts as well. Thus a single-variable function and its respective partial-
wave amplitude do not coincide in general. We want to investigate the partial-wave

#41f the considered amplitude M is required to fulfil the SCHWARZ reflection principle, the ambiguity
parameters need to be real.
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amplitude in more detail. Using the orthogonality relation of the LEGENDRE polynomials
(A.12) we can project eq. (4.29)) onto distinct partial-wave amplitudes in the s-channel
by

20+1

fi(s) = — [A(s, M7, M3) A(S,M??,Mf)]_e/z /_1 dzs Po(zs) M(s, 2s) - (4.53)

Separating the contributions of F; as given in eq. (4.38) defines the hat functions Fo
according to

. e

fo(s) — 5 /1 dZs [M(S,Zs) - ‘FO(S)} ) (4 54)
SN 1 M(s, z5) — [s(t — u) + Ago Agy] Fi(s) |
Fi(s) = 2 /1 Az % VA(s, ME, M3) (s, M3, M) |

Thus the partial-wave amplitudes are given by

fo=Fu(s) + Fuls). (4.55)

Analogous expressions can be found for the t- and u-channel partial-wave projections.
Since Fp contains the complete information of f, along the right-hand cut, Fy is de-
manded to possess the left-hand cut of f,. In particular F, is free of any right-hand cuts.
Moreover, by definition eq. is independent of the polynomial shifts , thus the
hat functions need to obey

Fu(s) = Fuls) — AF(s). (4.56)

Note that the partial waves given in eq. will contain contributions to the right-
hand cuts only for S- and P-waves, since in the derivation of eq. we truncated the
expansion of the discontinuities for D- and higher partial waves. However, note that this
only accounts for the right-hand cuts. In general the right-hand side of eq. will not
vanish for ¢ > 2.

4.2.3 Extension to amplitudes involving a spin-one particle

We want to extend the reconstruction theorem to amplitudes involving three spin-zero
pseudoscalar particles and a spin-one vector particle. In the following we will work on the
level of the scalar amplitude defined in eq. after the separation of the kinematical
prefactor, which is a polynomial in the momenta and therefore does not contribute to the
discontinuity of the amplitude. Thus M will refer to this scalar amplitude. Due to the spin
structure of this scattering process, the expansion is performed in terms of derivatives of
the LEGENDRE polynomials [120,/167]. Thus the s-channel partial-wave expansion
is given by

(5,20) = Y [A(s, M2, M) A(s, M2, M) TV Pl(z,) fuls) | (4.57)
/=1
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where the /-th partial wave is denoted by f,. Similarly, the ¢- and u-channel partial waves
will be denoted by g, and hy. As in the spin-zero case, the factor in the square bracket
is purely conventional to absorb possible kinematical singularities arising from eq. .
Note that the expansion in this case starts at P-waves, since the spin structure of the
considered process does not allow for S-wave contributions.

We truncate the expansion of the discontinuities after P- and D-waves, i.e., contri-
butions of F- and higher partial waves will be neglected. Thus the expansion in the
s-channel reads

discsM(s, zs) = disc f1(s) + 3z \/)\(s, M2, M32) N(s, M2, MZ) disc fa(s), (4.58)

and analogously for the ¢- and u-channels. Casting these discontinuities into fixed-t, fixed-
u, and fixed-s dispersion relations and following the steps in the derivation of eq. (4.36)
we arrive at

M(s,t,u) = Pp_1(s,t,u) + @m(s) /ood disc f1(z)

20 Sy Q@) (2= 5)

Qm(t) Ooda; disc g1 () +Qm(u) /Ood disc hy ()

20y Qu(@) =1 270 oy Qule) (@ —u)

R

+ [t (u—s) — A3 Azd —3Qg;z2(t) t Oodx delzs((;§2((j)_ 9

+ [u(s —t) + Ay Ags] —SQm_?(m /uood:t: Qmis((;;b?;x)— i

2mi
The non-polynomial contributions are now given explicitly in terms of the dispersion
integrals, while P,,_; is a polynomial in all three MANDELSTAM variables. Since the
dispersion integrals depend on one MANDELSTAM variable only, we define single variable

functions - )
Qm(s) disc f1(z)

o ) Q@) (o —5)

SQm_Q(S) Ood,]j‘ disc fg(l’)

2w o Quale) (= 9)

for the s-channel and similarly for the t- and wu-channels, which will be denoted by G,
and H,. Under the assumption that P,,_; can be fully absorbed into the subtraction

polynomials given in eq. (4.60)), we find
M(s,t,u) = Fi(s) + Gi(t) + Ha(u) + [s(t —u) + Arz Asy] Fo(s)

+ [t (’LL — S) — Alg A24j| gg(t) + |:U (S — t) + A14 Agg] %Q(U) .

This is the reconstruction theorem of the scalar amplitude M taking P- and D-wave
contributions to the discontinuities into account. It fulfils the analytic properties discussed
in sec. 4.2.2

+

(4.59)

Fi(s) = Ppy(s) +
(4.60)

Fa(s) = Pp_s(s) +

(4.61)
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As in the spin-zero case, we can use the orthogonality relation of the derivatives of
the LEGENDRE polynomials (A.18]) to project onto the ¢-th partial-wave amplitude in the
s-channel

1
[A(s,Mf,Mg)A(S,Mg,Mf)](l‘@/Q/ Az, [Py (20) + Prya(24)] M(s, 25) -
-1

(4.62)
Accordingly, the hat functions F, can be found by separating the contribution of F,
yielding

N | —

fo(s) =

1

.7:"1(3) = 2/_ dz, (1 — 22) [/\/l(s, Z5) — .7-"1(5)] ,

1

(4.63)
. 1 M(s, zs) — |s(t — Aqg Agy| F
F9 15 [ gy M) B 7
4 -1 \/)\(S7M127M22) A(SngvMé%)
and the partial-wave amplitudes are given by
« 1 «
fi(s) = Fi(s) + Fils), fa(s) = g[}—2(5)+]‘—2(5)} : (4.64)

Again, similar expressions can be found for the ¢- and u-channels.

Continuing the discussion on symmetry and antisymmetry behaviour of M under
interchange of the MANDELSTAM variables (cf. sec. , we want to consider a scalar
function completely symmetric under pairwise interchange of the MANDELSTAM variables

M(s, t,u) = M(s,u,t) = M(t,u,s) = M(t,s,u) = M(u,s,t) = M(u,t,s).  (4.65)

The thresholds have to be identical s, = tinr = U, Which forces three of the particle
masses to be equal, e.g. we choose My = M3 = M,. According to the transformation
properties of the scattering angles given in eqs. , , and only odd partial
waves are allowed to contribute to the discontinuities in such a system, thus forcing the
D-waves to vanish. The discontinuities in all three channels will be given by

disc, M(z, z,) = disc fi(z), (4.66)

where x € {s,t,u}. Hence, the reconstruction theorem of a fully symmetric scalar function
will be given by
M(s, t,u) = Fi(s) + Fi(t) + Fi(u) . (4.67)

Furthermore, we want to consider a scalar amplitude M antisymmetric under inter-
change of t <+ u, i.e.

M(s,t,u) = —M(s,u,t), (4.68)

and ty,, = ue. Accordingly, two of the particle masses need to be identical, e.g. we choose
Mj; = M,. Since the scattering angle z, is odd under exchange of ¢ <+ u, we find for the
s-channel discontinuity

discs M(s, z5) = 32, \/)\(5, MZE M2) N(s, M2, M3) disc fo(s) . (4.69)
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For the t-channel discontinuity the antisymmetry behaviour of M yields

disc, M(t, 2) = —disc by (1) + 3z \ /Mt ME M) A(t, M, M3) disc ga(t),  (4.70)

in terms of the u-channel partial-wave amplitudes. Therefore the reconstruction theorem

for M is given by
M(s,t,u) = Hi(u) — Hi(t) + (t — u) Fals) — [t (s — u) + Az Aos] Ha(t) )
+ [U (8 — t) + Alg A23} HQ(U) . .

Note that a factor of s is absorbed in the definition of F.
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Chapter 5

Dispersion relations for n’ — 71'71'17{%%1

The decay ' — wmn has received considerable interest in past years for several reasons.
Due to the U(1)4 anomaly the 7" is not a NAMBU-GOLDSTONE BOSON and therefore
“standard” ChPT based on the spontaneous breaking of SU(3), x SU(3) chiral symmetry
fails to adequately describe processes involving the 7/, ¢f. ch.[1] In the limit of the number
of colors N¢ becoming large (“large-N¢ limit”) the axial anomaly vanishes, which leads
to a U(3), x U(3), symmetry, so that a simultaneous expansion in small momenta, small
quark masses, and large N¢ gives rise to a power counting scheme that in principle allows
one to describe interactions of the pseudoscalar nonet (7, K, 7n,7n'). However, the question
whether this framework dubbed large-No ChPT [168,/169] is actually well-established
remains under discussion, mainly due to the large n" mass. This is an issue that can in
principle be addressed by a study of ¥ — 7an. So far there are indications that a large- N¢
ChPT treatment alone is not sufficient to describe the decay, as final-state interactions
play a rather important role, cf. refs. [169,/170].

Furthermore, the ' — w7y decay channel could be used to constrain 77 scattering: the
1’ mass is sufficiently small so that the channel is not polluted by nonvirtual intermediate
states other than the rather well-constrained 7m scattering. In the past claims were made
that the mechanism via the intermediate scalar resonance a¢(980) — 71 even dominates
the decay [171-173|. These claims are based on effective LAGRANGIAN models with the
explicit inclusion of a scalar nonet incorporating the ag(980), f5(980), and o/ fy(500)
resonances. They were further supported by refs. [174,/175]: a chiral unitary approach
shows large corrections in the 77 channel and there is a dominant low-energy constant
in the U(3) ChPT calculation that is saturated mostly by the a(980). The mn P-wave,
however, was found to be strongly suppressed [176-178|.

The 1 — 7°7% decay channel is expected to show a cusp effect at the charged-
pion threshold [178| that in principle can be used to obtain information on 77 scattering
lengths. So far this phenomenon has not been observed: the most recent measurement
with the GAMS-47 spectrometer did not have sufficient statistics to resolve this subtle
effect [179).

The extraction of 7n scattering parameters such as the scattering length and the
effective range parameter is a more complicated subject compared to 77 scattering. There

#1The contents of this chapter have been published in [154].
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is no one-loop cusp effect as in the 77 channel, since the 77 threshold sits on the border
of the physical region and not inside. The hope of extracting scattering parameters from
a two-loop cusp is shattered likewise: there is a rather subtle cancellation of this effect at
threshold (cf. refs. [180L|181] for an elaborate discussion).

Measurements of the DALITZ plot of the charged channel have been performed by
the VES [182] and BESIII [183] collaborations, while earlier measurements at rather low
statistics have been reported in refs. [184}/185]. The more recent measurements seem to
disagree considerably with regard to the values of the DALITZ-plot parameters, and also
in comparison with the GAMS-47 measurement [179] the picture remains inconsistent.

In this chapter we present the dispersion-theoretical analysis of ' — w7y decays
by employing integral equations of the KHURI-TREIMAN type [11]. The discussion is
structured as follows: we will start by defining the necessary kinematical variables as
well as describing the resulting analytic structure of the ' — 77n matrix element in
sec. before deriving and analyzing dispersion relations of KHURI-TREIMAN type for
the decay amplitude in sec.[5.2] The results of the fits to data will be discussed in sec. [5.3]
Predictions for higher order DALITZ-plot parameters, the occurrence of ADLER zeros close
to the soft-pion points, and the decay into the neutral final state ’ — 7%7% are discussed
in sec. 5.4 Finally, we perform a matching of the free parameters to U(3) extensions of
ChPT in sec. 5.5 Some technical details are relegated to the appendices.

5.1 Kinematics and the matrix element

We define transition amplitude and kinematic variables of the ' — nmm decay in the

usual fashion (cf. sec. 2.2)),
(7" (p2) 7 (ps) n(pa) [T |17 (pr)) = @ (27T)45(4) (p1 — P2 — s — pa) 87 M(s,t, 1), (5.1)

where i, j refer to the pion isospin indices. We define the MANDELSTAM variables for
the three-particle decay processes according to

s = (p2 +p3)2 , t=(p +]94)2, u = (ps +p4)2 ; (5.2)
which fulfill the relation
3r=s+t+u=M,)+ M +2M:. (5.3)

The process is invariant under exchange of the pions, i.e., under ¢t <> u the amplitude
obeys the symmetry property

M(s,t,u) = M(s,u,t). (5.4)
In the CMS of the two pions, one has
1
t(s, zs) = u(s, —zs) = 5(37“ — S+ Krr(S) zs) : (5.5)

#2In the following, we will consider both the charged decay channel ' — 7+7 77 and the neutral
channel ' — 797, They differ only by isospin-breaking effects.
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where z; = cos 6, refers to the s-channel scattering angle,

- A2, M2, ) (M2, M3, 5)

) /ﬁmr(s) = (5'6)

'Liﬂ'ﬂ'(s) S

Similarly, in the CMS of the t-channel, one finds

Zg =

1 A 1 A
s(t, z) = 3 (37’ —t— - Ko (t) zt) , u(t, z) = 3 <37’ —t+ n + Koy (1) zt) . (5.7)

with A = (M2 — M2)(M2 — M2) and

VA2 AL ) AM2, M3, 1)

Km(t) = " : (5.8)

tu—s)—A
thm(t)

Due to crossing symmetry, the u-channel relations follow directly from t <> u, 2z; <> —z,.
The physical thresholds in the three channels are given by

Zt =

Sthr = 4M73 s tthr = Uthr = (M7r + Mn)2- (59)

5.2 Khuri-Treiman equations for n’ — wnn

In this section, we set up dispersion relations of KHURI-TREIMAN type for the decay
process 1 — 7y, in analogy to previous work on different decays into three pions |11
1201|127,|186]. The idea is to derive a set of integral equations for the scattering processes
nn — 7w and 7’ — wn with hypothetical mass assignments that make these (quasi-)
elastic: in such a kinematic regime the derivation is straightforward. The dispersion
relation for the decay channel is then obtained by analytic continuation of the scattering
processes to the decay region.

5.2.1 Reconstruction theorem and Omnés representation

We will begin our discussion by decomposing the amplitude according to the reconstruc-
tion theorem in terms of functions of one MANDELSTAM variable only, cf. sec. 4.2} This
form will prove very convenient in the derivation of the integral equations and their nu-
merical solution at a later stage. Given the smallness of the available phase space, the
partial-wave expansion is truncated after S- and P-waves. Furthermore, a P-wave contri-
bution to 77 s-channel rescattering is forbidden by charge conjugation symmetry. Thus
the s- and ¢-channel discontinuities read??|

disc, M(s,t,u) = disc f3(s), disc; M(s,t,u) = disc gy (t) — 2¢ t Ky (t) disc g1 (2),
(5.10)

#3Here and in the following, relations that involve the discontinuity are always thought to contain an
implicit 6-function that denotes the opening of the respective threshold, i.e. (s — sty ) for the 77 channel
and 0(t — t¢p,) for the 7 channel.
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where f] and g} refer to the partial-wave amplitudes of angular momentum ¢ and isospin
I: isospin conservation of the decay constrains the total isospin of the final-state pion pair
to I = 0, while the 71 system always has I = 1. Since M obeys the symmetry property
given in eq. , the u-channel discontinuity follows directly from ¢ <> u, z; <> —z,. In
analogy to the derivation of eq. we find the reconstruction theorem for M to be
given by

M(s, t,u) = F(s) + Go(t) + Go(u) + [t (s —u) + A]Gi(t) + [u(s —t) + A]Gi(u), (5.11)

where F! and G/ are functions of one variable that only possess a right-hand cut. We stress
that the truncation of higher partial-wave amplitudes in the derivation of eq. only
neglects the discontinuities or rescattering phases in partial waves of angular momentum
¢ > 2: projecting M on the 7w D-wave (in the s-channel) yields a non-vanishing result,
however, this D-wave is bound to be real apart from three-particle-cut contributions.

We will briefly discuss the final-state scattering amplitudes that are involved in the
n — mrn decay, namely 7w — 77 and 7 — 70, cf. sec. 2.3} Given again the maximum
energies accessible in the decay, both rescattering channels are treated in the elastic
approximation, such that the corresponding partial waves can be parametrized in terms of
a phase shift only, without any inelasticity effects. The 77 scattering amplitude (confined
to I = 0) is approximated as

TI™ (s, 25) = 32w 0. (s) sin 09 (s) exp [2’58(5)] , (5.12)

with 6) denoting the S-wave phase shift. Analogously, the 77 scattering amplitude can
be represented, neglecting D- and higher waves, according to

t2

Ytoz) =1 —_—
T ( 7Zt) 67 )\(ME’Mg’t)

(sin do(t) explidg(t)] + 3z sindi(t) exp [15}(75)}) , (5.13)

where 4, is the 77 phase shift of angular momentum /.
The unitarity condition for the decay of the 1’ to a generic three-body final state n
can be written as

dise M., = i (27 j: 5D (D — pu) T M (5.14)

m

where M,,, denotes the ’ — m decay amplitude and 7, ,, describes the m — n transition,
while the sum runs over all possible intermediate states m, cf. sec.[2.2.2] The integration
over the intermediate-state momenta is implied in this short-hand notation. Limiting the
sum to 7w and 77 rescattering, carrying out the phase-space integration, and inserting

the partial-wave expansion for the 77 and 77 amplitudes egs. (5.12]) and ([5.13)), we find

discs M(s,t,u) = %/dQ’S sin 6(s) exp[ — idg(s)] M(s,t', '),

™

disc, M(s, 1, ) — 2i / sy, (sinah(t) exp [ — idh(1)] (5.15)

™

+ 3z, sin §1(t) exp [ — id; (t)D M(s' '),
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and similarly for the u-channel. Here, d€, denotes the angular integration between
the initial and intermediate state of the respective s- or ¢-channel subsystem, while 2,
refers to the CMS scattering angles between the intermediate and final state. Finally, we
can insert the expansion on the left- and the reconstruction theorem of the decay
amplitude ((5.11)) on the right-hand side of eq. and find the unitarity relations for
the single-variable functions F! and G:

disc F(s) = 2i[F(s) + Fy(s)] sin 69(s) exp[ — idh(s)] ,

disc G} (t) = 2i[Gi(t) + Gi(1)] sin 0y (t) exp[ — 04 (t)]

where we used the fact that the inhomogeneities F I and QAﬁ given by

(5.16)

2

FY5) =20 + | 305 = r)6r = 5) + 286D + sher (201 + 757 (21,

i) = (7 + (G + 5 30— 06— 0+ A2~ ) oy

_ P [t n é} (2 Ghy* = T 2 gy

2 t 4
51 3 70y g 1 A ot
Gi(t) = —— (= Fo)” — (2 Go)" — |30 =)Br =) + A{ 2= 5 | [ {2 G1)
e
Ko A K2
+ il 2] ah - S,
(5.17)
are free of right-hand cuts. Here we used the short-hand notation
n I " 3r — s+ 2Kqr(9)
(z B£>::§/_ldzz Bé( 5 ),
1 (5.18)
" 1 " 3r —t+ zha(t) £ A/t
(2" B})* :25/_1dzz Bé( 2" :

Note that the analytic continuation of egs. (5.17) and (5.18) both in the MANDELSTAM
variables and the decay mass M, involves several subtleties. This is discussed in detail
in refs. [127,/157,|186-188] for ") — 37, as well as in ref. [120] for w/¢ — 37 and in
ref. [158] specifically for ' — nmm. One important consequence is the generation of
three-particle-cut contributions in the decay kinematics considered here.

The unitarity relations given in eq. are an inhomogeneous OMNES problem for
the single-variable amplitudes F} and GI with inhomogeneities 7} and GI, cf. sec. .
Accordingly, the solution can be written as

Sthr

v — i prp o 1 [ 4 Ghw)sindl @)
g0 =kl P+ [~ ST

(5.19)

thr
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The order n of the subtraction polynomials in the dispersion relations is determined such
that the dispersion integrals are convergent. However, we can always oversubtract the
dispersion integral at the expense of having to fix the additional subtraction constants
and possible ramifications for the high-energy behavior of our amplitude, cf. sec. @
To study the convergence behavior of the integrand we have to make assumptions about
the asymptotic behavior of the phase shifts. We assume

6o(s) =, &) =7, 01(t) =0, (5.20)

as s, t — oo. Note that an asymptotic behavior of §(s) — km implies that the corre-
sponding OMNES function behaves like s7 in the same limit, cf. sec. .

Finally, we assume an asymptotic behavior of the amplitude inspired by the FROISSART—
MARTIN bound [161},162],

My(s) = O(s), My(t) =0(t), Mi(t)=0("), (5.21)
which allows the following choice for the subtraction polynomials:
0 8 s? 1 t? 1
PO(S):Oéo—i-ﬁOW-F’YQW, Po(t):al‘i‘ﬁlm +’)/1W, Pi(t) =0. (5.22)
n’ n’ n’ n’

The subtraction constants thus defined are correlated since the decomposition eq.
is not unique. By virtue of eq. , there exists a four-parameter polynomial transforma-
tion of the single-variable amplitudes 7/ and G! that leaves M invariant, cf. eq. .
Restricting the asymptotic behavior to eq. reduces it to the following two-parameter
transformation:

s—rT t—r
M2 Go(t) = Go(t) —c1 + ¢y SV (5.23)

n n

Fo(s) = Fo(s) + 2¢1 + ¢

which can be used to set the first two coefficients in the TAYLOR expansion of G}(t)
around ¢ = 0 to zero. Since the transformation polynomial is a trivial solution of the
dispersion relation (with vanishing discontinuity), the transformed representation still
can be cast in the form of eq. . Relabeling the transformed subtraction constants
and inhomogeneities to the original names, we obtain the following form of the integral
equations:

o g 5y [l B)sin &)
Fols) = QO(S){O‘O i M2 T M}, i / 2" |5 (2)| (z — s)
12 3 [ dx Ql(l“) Siﬂél(x)
1 — Ol — + — == -
Go(t) = Qo“){”l TP / 2 @) (@~ 1) } | o

o OO [ Gw)sindl(e)
gl =" [ argin s

#4Each additional subtraction constant contributes an additional power of s to the asymptotic behavior
of the amplitude if the corresponding sum rule for the subtraction constant is not fulfilled exactly. This
can lead to a violation of the FROISSART—MARTIN bound.
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In the following, we will neglect the P-wave in 77 scattering as it is strongly suppressed
with respect to the S-wave of 7w and 77 scattering, cf. e.g. ref. [178,/189]. In fact, the P-
wave in 71 scattering has exotic quantum numbers, such that the phase shift is expected
to be very small at low energies. In ChPT, this phase (or the corresponding discontinuity)
only starts at O(p®) (three loops) and is therefore, in this respect, as suppressed as all
higher partial waves.

The decomposition of the amplitude in this case simply reads

M(s, t,u) = Fo(s) + Got) + Go(u) . (5.25)

We will call the dispersive representation as outlined above “DR,”, as it depends on
four subtraction constants. In our numerical analysis, we compare it to a representation
where we further reduce the number of free parameters by assuming a more restrictive
asymptotic behavior of the amplitude: M(s,t,u) = O(s°,t° u°) for large values of s, t,
u, respectively. In this case, the symmetrization procedure in the reconstruction theorem
is possible for S-waves only and the single-variable functions fulfill the integral equations

P =0l + & [ G OS],

M? 22 |Q0(2)] (z — s)

o /“@ Gé(sc)sinéé(x)}
My T Sy, 2 Q@) (z—1) )

thr

(5.26)

G = 24(0){

thr
Note that the transformation still allows us to set the first subtraction constant
in G} to zero. The second subtraction constant cannot be removed without changing the
asymptotic behavior. As there are three subtraction constants «, 3, and v, we refer to
this setup as “DR3".

The representation DR, with 6}(¢) = 0 is equivalent to DR; (5.26)), provided
that the subtraction constants v, and 7, fulfill a certain sum rule in order to guarantee
the constraint of the asymptotic behavior. Explicitly, the relation between the DR, and
DRj3 subtraction constants is given by

3r
Oéo=a+’YM—2/, Bo=B—~(1+3rwp),
! (5.27)
3r .
w=Tr sy (- Fat) . m=Tea e,

where w! = Q!'(0), ©f = QI"(0) - 2(Q1'(0))?, and the sum rule is encoded by the integrals

70 M, /°° da FO(z) sin 89(z) 7 M_;l/ > da Gh(x) sin 6} (z)

Q@) Yo S @ (Q5()]

(5.28)

T thr

Since the FROISSART-MARTIN bound is strictly valid only for elastic scattering, a
pragmatic approach concerning the number of subtractions is advisable. On the one
hand, we try to work with the minimal number of subtractions allowing for a good fit of
the data. On the other hand, additional subtractions help to reduce the dependence on
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the high-energy behavior of the phase shifts. Therefore, in our analysis we compare both
representations DRz and DRy.

As we will show, the representation DRj3 of egs. and indeed allows for a
perfect fit of the data from the VES [182] and BESIII [183] experiments. With data of
even higher statistics, it might become possible to include the P-wave in the fit. In this
case, one needs to determine the four subtraction constants of the DRy representation in
eq. (5.24). A fifth subtraction constant would be introduced if we assumed a different high-
energy behavior of §1: if a resonance with exotic quantum numbers 1¢(J7¢) = 17(1~7)
coupling to 7 exists (the search for which seems inconclusive so far [190,/191]) and we
assume the P-wave phase to approach 7 instead of 0 asymptotically, the P-wave would
allow for a non-vanishing (constant) subtraction polynomial in eq. , which cannot
be removed by the transformation (}5.23]).

The inclusion of a D-wave contribution in 77 rescattering, which has been suggested
in ref. [169] (in the form of the f5(1270) resonance) would require even higher-order
subtraction polynomials, cf. also ref. [192].

5.2.2 Numerical solution of the dispersion relations

The numerical treatment of the integral equations or is a rather nontrivial
matter, and specific care has to be taken in calculating the OMNES functions, the inhomo-
geneities with their complicated structure, as well as the dispersion integrals over singular
integrands. All the details can be found in [119,[157,|158) 187 188|.

The solution of the integral equations is obtained by an iteration procedure: we start
with arbitrary functions F§ and G§, which we choose to be the respective OMNES functions
Q) and Q}; the final result is of course independent of the particular choice of these startlng
points. Then we calculate the inhomogeneities .7:0 and Qo according to eq. , and
insert them back into the dispersion integrals - or . This procedure is repeated
until sufficient convergence with respect to the input functions is reached. The iteration
is observed to converge rather quickly after only a few steps.

The integral equations have a remarkable property that greatly reduces the numerical
cost of the calculations: they are linear in the subtraction constants, cf. sec. [3.4 Thus
we can write (for the DR3 representation)

M(s, t,u) = aMy(s, t,u) + S Mg(s, t,u) +yM.,(s,t,u), (5.29)
where we have defined

M (s, t,u) = M(s,t, u)| (5.30)

a=1, f=y=0"

and analogously for the remaining basis amplitudes. FEach basis amplitude fulfills the

decomposition (5.25), and we denote the corresponding single-variable amplitudes by
Fo(s), GL(1), ete., ie.

M(s,t,u) = F2os) + GL(t) + GL(u). (5.31)

We can perform the iteration procedure separately for each of these while fixing the
subtraction constants after the iteration.
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5.2.3 Phase-shift input

The crucial input in the dispersion relation consists of the 77 and 7 S-wave phase shifts
89 and ). Below the threshold of inelastic channels, the dispersion relation correctly
describes rescattering effects according to WATSON’s final-state theorem with phases )
and 0} that are equal to the phase shifts of elastic scattering. In principle, a coupled-
channel analysis could be used to describe the process above the opening of inelastic
channels, e.g. the explicit inclusion of KK intermediate states would provide a fully
consistent description in the region of the f;(980) and a¢(980) resonances; such a coupled-
channel generalization of the KHURI-TREIMAN equations has recently been investigated
for n — 3w |151]. Alternatively, the single-channel equations remain valid if we
promote d) and d) to effective phase shifts for this decay. As a full coupled-channel
analysis is beyond the goal of this work, we construct effective phase shifts and quantify
the uncertainties above the inelastic threshold. In such an effective one-channel problem,
there are two extreme scenarios of the phase motion of §) at the f,(980) resonance,
depending on how strongly the system couples to strangeness [193,/194]: large strangeness
production manifests itself as a peak at the position of the f;(980) in the corresponding
OMNES function, and thus the phase shift is increased by about 7 while running through
the resonance (this scenario is also realized in the elastic 77 scattering phase shift). If
the coupling to the channel with strangeness is weak, the corresponding OMNES function
has a dip at the resonance position and the corresponding phase shift decreases (this
is realized in the phase of the nonstrange scalar form factor of the pion). Scenarios in
between these two extremes are conceivable.

For the input on the elastic 7w phase shift, we use the results of very sophisticated
analyses of the ROy (and similar) equations [133,/134]. As both analyses agree rather
well, we only take one of these parametrizations |133| into account. In fig. , we show
our phase §)(s), which agrees with the ROY solution [133| below the inelastic threshold.
The uncertainty due to the variation of the parameters in the ROY solution is shown as
a red band labeled “low-energy uncertainty.”

Now, the continuation into the inelastic region is modeled as follows. We calculate
the S-waves for nn’ — 7w and 7’ — KK in large-No ChPT at next-to-leading order
(tree level) and unitarize this coupled-channel system with an OMNES matrix taken from
ref. [195]. The large-N¢o ChPT representation depends on the LECs Ly and Ls. We take
their values from the most recent dispersive analysis of K,y decays [196],

Ly =0.63(13) x 1073, Lj = —2.63(46) x 1073, (5.32)

and vary each of them within its uncertainty. Adding the variations of the phase shift in
quadrature generates the broad blue band labeled “high-energy uncertainty” in fig. [5.1]
This treatment correctly generates a smooth phase drop by n with respect to the elastic
77 scattering phase, and the uncertainty band covers a broad energy range for the po-
sition of this decrease. Still, the phase drops at sufficiently high energies such that the
corresponding OMNES function, shown in fig. [5.2] exhibits a peak at the position of the
f0(980) resonance. Asymptotically, we smoothly drive 63 to a value of 7. We wish to
emphasize that the role of the large- Ny input is not essential and only that of an aux-
iliary tool, which allows for a smooth construction that obeys the two desired features:
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s [GeV?] s [GeV?]
60 0.5 1 1.5 2 0 40.08 0.1 0.12 0.14 0.16
higll—CIléI'gy uncortéinty — ‘ l ‘ ‘ ‘
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Fig. 5.1: The isospin-zero 7w S-wave effective phase shift 63, constructed with input
from [133]. In the left panel, the physical region of the decay n' — mwmn between the
thresholds s = 4M?2 and s = (M,, — M,,)?* is indicated by the gray area. The right panel
shows a magnification of the physical decay region.

s [GeV?] s [GeV?]
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; ;
uncertainty
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|20(s))

uncertainty
19 central value
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s [M2] s [M2]

Fig. 5.2: The absolute value of the OMNES function |Q|, calculated from the 77 S-wave
effective phase shift 6. The uncertainty band includes both uncertainties in the phase,
combined in quadrature.

the occurrence of an f3(980) peak in accordance with expectations from scalar-resonance
models (cf. e.g., sec. , and an asymptotic phase of 7 (as opposed to 27, say). The
large high-energy uncertainty in fig. [5.1] should safely cover a large variety of phases obey-
ing these constraints. Note, finally, that in the physical region of the decay n" — 7mn, the
uncertainties of the phase and the OMNES function are small.

In the same spirit of an effective one-channel treatment, we consider isospin-breaking
effects. In the isospin limit, our formalism applies identically to both the charged and the
neutral processes f’ — w77 nand n’ — 7°7%). In order to account for the most important
isospin-breaking effects, we construct effective phase shifts for the neutral decay mode that
have the correct thresholds and reproduce the expected nonanalytic cusp behavior, as we
explain in detail in app. [C.J]
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t [GeV?] t [GeV?]
5 0.6 1.2 1.8 2.4 3 0.08 0.5 0.55 0.6 0.65
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Fig. 5.3: The 7 S-wave effective phase shift §} . In the left panel, the physical
region of the decay i’ — 7 between the thresholds ¢t = (M, + M,)? and t = (M, — M, )?
is indicated by the gray area. The right panel magnifies the physical decay region. The
restricted high-energy uncertainty band is generated by varying the parameter in the
range 105° < d15 < 125°, while the full uncertainty band is obtained from the parameter
range 90° < 019 < 125°.
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Fig. 5.4: The absolute value of the OMNES function |Q}|, calculated from the 7n S-wave
effective phase shift ;. The uncertainty band corresponds to the full parameter variation,
90° < d19 < 125°.

For the 77 phase shift d3, we take the phase of the scalar form factor F§" of ref. [135]
as input, shown in fig. In that reference, a 7mn-KK S-wave coupled-channel T-
matrix has been constructed, to which chiral constraints have been imposed as well
as experimental information on the a(980) and a¢(1450) resonances. The remaining
model uncertainty has been subsumed in the dependence on one single phase d;5. The
“central” solution corresponds to a parameter value of 415 = 107.5°, while the uncertainty
band is generated as an envelope of the solutions obtained by varying the parameter in
the restricted range 90° < 015 < 125° that is compatible with chiral predictions for the
scalar radius. The largest part of the high-energy uncertainty is generated by values of the
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parameter in the range 90° < d;5 < 105°, as shown in fig. [5.3} while for all §;2 > 105°, the
phase approaches its asymptotic value of 7 very quickly above the ay(1450) resonance, this
convergence becomes very slow and is extended over a vast energy range for 15 < 105°.
As this high-energy behavior turns out to affect the uncertainties in some (but not all)
quantities extracted from data fits rather strongly, we will occasionally also refer to the
reduced uncertainty, induced by the more restricted range 105° < d15 < 125°. The OMNES
function with an uncertainty band generated by the full variation 90° < 15 < 125° is
shown in fig. In particular, we observe a pronounced peak at the position of the
a0(980) resonance for all parameter values.

5.3 Determination of the subtraction constants

After having solved the integral equations numerically, we have to determine the free
parameters in the dispersion relation, i.e. the subtraction constants «, 3, and 7 in the
case of the DR3 representation, or ag, 5o, Yo, and 7, in the case of DRy. We summarize
the experimental situation on ' — 77 DALITZ plots in sec. [5.3.1 In sec. [5.3.2] we
discuss the results of fitting the subtraction constants to the most recent data sets.

5.3.1 Sampling of experimental Dalitz plots

In experimental analyses of the ' — wwn DALITZ plot, one defines symmetrized coordi-
nates x and y according to

V3 (M, — M,)? — s
=2 (t—u), y = (M, + 2M,) ~—L ! -1
2Mn/Qn,< ) (M )

2M, My Qy !

x (5.33)

where Q,y = M,y — M, — 2M,, cf. app. B} The squared amplitude of the decay is then
expanded in terms of these variables,

| Mexp(z,9) > = |/\/exp\2(1 +ay+by*+cx+da’+ ) , (5.34)

and the parameters a, b, ¢, d are fitted to experimental data. Note that a nonzero value
for the parameter ¢ (in ' — 777~ n) would indicate violation of charge conjugation
symmetry; there is no indication of a nonzero ¢ up to this point, ¢f. ch.[6] In the following
we consider two recent measurements of the charged final state 7 — 777~ 1n. These
determinations of the DALITZ-plot parameters by the BESIII [183] and the VES [182]
collaborations currently feature the highest statistics. In tab. we have summarized
some details and results of the two experiments.

For our analysis, we have generated pseudodata samples from the DALITZ-plot dis-
tributions as measured by the two groups [198]; the resulting DALITZ-plot distributions
are shown in fig. . To check our results we have refitted the parametrization (5.34)) to
the synthesized data sets, and find agreement with the fit parameters of tab. within
statistical uncertainties, as well as with the correlation matrix quoted in ref. [183]. We
note that the two data sets disagree on the parameter a at the 20 level; of course, it would
be desirable that this experimental disagreement be resolved by future measurements.
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Fig. 5.5: DALITZ-plot samples for ' — 77 1 from the experimental DALITZ-plot
distribution in tab. [5.1] for the BESIII (left panel) and the VES (right panel) experiment.
BESIII uses a 26 x 22 grid with 438 bins in total and VES uses a 8 x 8 grid with 50 bins

in total.

5.3.2 Fitting experimental data

We proceed by fitting the subtraction constants, which are the free parameters in our
dispersive representation of the amplitude, to the following data.

e DALITZ-plot distribution for the charged channel from BESIII [183] and VES [182]
experiments.

e The partial decay width I'(/ — =7 ~n) [197].

Note that we use real fit parameters: in principle the subtraction constants can have
imaginary parts due to the complex discontinuity . However, since the imaginary
parts of the subtraction constants are proportional to three-particle-cut contributions,
and the available decay phase space of ' — 7an is small, the imaginary parts are so tiny
that—given the precision of the data sets—their effect is entirely negligible (this is not
the case for processes involving the decay of heavier mesons, compare e.g. refs. [120/[155]).

a b c d # events

BESII [183] —47(11)(3)  —69(19)(9)  +19(11)(3) —73(12)(3) 43826(211)
VES [182]  —127(16)(8) —106(28)(14) +15(11)(14) —82(17)(8)  ~ 8623

Tab. 5.1: DALITZ-plot parameter measurements by the BESIIT and VES collaborations
in units of 1072. The first error on the DALITZ-plot parameters is always statistical,
the second systematic. We have estimated the number of ' — 771 events for the
VES collaboration from the total number of selected 1’ events and the branching ratio
BR(# — ntm™n) = (42.94+0.7)% [197].



102 Chapter 5 - Dispersion relations for ' — 7y

In the following, we set up a scheme that allows us to fit both the experimental
DALITZ-plot distribution and the partial decay width simultaneously and avoids some
strong correlations between the fitting parameters@

First, we perform the following transformation of the fit parameters:

a=Na, B=Np, v=N7. (5.35)
Hence, we write the squared amplitude as
M(s,t,u)[2 = N2 | M(s, 1, u)]? /dx WMy =1, (530
where
M(s,t,u) = aMqy(s, t,u) + BMgs(s,t,u) +5 M, (s, t,u). (5.37)

The normalization condition of M defined in eq. results in a quadratic equation
for the rescaled subtraction constants @, /3, and 7. We choose to express 7 in terms of &
and . The experimental partial decay width now directly determines the normalization
N and has no influence on the parameters & and J.

On the other hand, the experimental DALITZ-plot distribution has again an

arbitrary normalization. Hence, we have to fit the DALITZ-plot data according to

(M?
Mz =y =0)
The DALITZ-plot distribution therefore determines the fitting parameters @, 3, and the
irrelevant normalization Moy, or N

Note that the experimental DALITZ-plot distribution is effectively described by three
DALITZ-plot parameters a, b, and d. In the representation DRg, the shape of the DALITZ-
plot distribution depends only on the two fitting parameters @ and 5. Therefore, the
parametrization DR3 has predictive power. The representation DR, describes the shape
of the DALITZ-plot distribution again in terms of three parameters.

The result of the fit to data provides us with a representation of the amplitude that
fulfills the strong constraints of analyticity and unitarity. This will be an essential input
for a forthcoming dispersive analysis of ' — 37 [199]@

The experimental partial decay width [197]

1
/ +, _— _ 2
F(?? — T 77) = W/deﬂM(S,t,U”
e
128+/373 M,y (M, + 2M,)

[(Mexpl* = Woxp|? = IV IMPP. (5.38)

/dx dy |[M(z,y)|> = 84.5(4.1) x 107° GeV
(5.39)

#5We write down formulae for the DR3 representation with subtraction constants «, 3, and 7. The
fitting procedure for the DRy representation is completely analogous.

#6Notice that the decay n' — 37 can proceed via 1’ — 771 and isospin-breaking rescattering 71 — 7
(which can be extracted from analytic continuation of the dispersive amplitude n — 37 [200]) and direct
isospin breaking 1’ — 3.
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Fig. 5.6: Error ellipses for the DRj fits to BESIII and VES in the plane of the rescaled
subtraction constants (&, ), corresponding to 68.27% confidence regions.

fixes the normalization to

N = 13.88(34). (5.40)
For the rescaled subtraction constants in the DR3 representation, the fit of the dispersive
representation with central values of the phase input to the BESIII data sample [183]
leads to

«a

~2.34(26) | .00 —1.00 (6.8) = 112014 5.41)
= 6.70(83) o0 0 \BEITE ’ '
while the fit to the VES data [182] gives
a=—2.63(54) | 1.00 —1.00 _
! S(a, B) = 1.29(29). 5.42
3 = 7.41(1.73) oo @A) (29) (5.42)

DREFSIT 33(4)(1) 15, 93(12)(3) 115,  16(2)(1) 13, 459/435 ~ 1.06
DRY®S  36(7)(1) 135 103(24)(5) [10s 18(4)(0) 14 43.1/47 ~ 0.92

Tab. 5.2: Fit results for the DR3 subtraction constants for the BESIII and VES data
samples. The first error gives the combined uncertainty of the DALITZ-plot data and the
partial decay width of ' — 77 ™, while the second (asymmetric third) error gives the
uncertainty due to the w7 (7n) phase input.
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The uncertainties and correlations are the statistical ones due to the fitted data. We
observe a strong anti-correlation between & and 3. Note that choosing one or the other
of the two solutions of the quadratic constraint on 4 just results in an irrelevant overall
sign change of the amplitude.

Similarly, the fit of the dispersive representation DR, to BESIII results in

ap= —0.84(8)|1.00 —0.86 0.28
By = 2.01(46) 1.00 —0.73 , Y1 (@0, Bo, J0) = 0.38(5), (5.43)
Fo = 1.79(1.25) 1.00

while the DRy fit to the VES data gives

ap = —0.79(16) | 1.00 —0.85  0.19
By = 1.03(86) 1.00 —0.67 , Y1 (&, Bo, Jo) = 0.40(10) . (5.44)
Fo = 5.02(2.34) 1.00

Table[5.2|shows the x?/ndof and the absolute subtraction constants obtained from the
DR fits to the sampled BESIII and the VES data sets. The first error is the statistical
fit uncertainty. It is dominated by the experimental uncertainty in the DALITZ-plot
distribution, while the uncertainty due to the partial decay width is small. The second
error is the systematic uncertainty due to the 77 phase input. The very asymmetric third
error is due to the 77 phase input with a parameter variation in the range 90° < 615 < 125°.
The upper error corresponds to d;o > 107.5°, while the lower error corresponds to di5 <
107.5°. If the mn phase variation is restricted to a parameter range of 105° < §15 < 125°,
the large lower error is much reduced and the uncertainty is covered by a symmetric error
with the magnitude of the upper error.

The variation of the 71 phase input for 65 < 105° has some small effect on the x?:
for BESIII, the variation is x? € [1.05,1.09], for VES we find x* € [0.90,0.93]. One
might be tempted to minimize the x? with respect to d;5 and try to extract information
on the parameter in the 7 phase shift. However, such an attempt is futile. Figure [5.3
shows that the variation of the phase mostly affects the high-energy region above 1 GeV.

—ay Bo Y0 " x*/ndof
DREFSTT 11.2(1.0)(4) 07 24(3)(1) 15, 36(5)(5) 1%  5.1(7)(2) 105  459/435 ~ 1.06
DREFSIT 11.6(1.1)(1) 792 28(6)(3) 15 25(17)(6) 15  5.3(7)(1) 1535 459/434 ~ 1.06
DRYES  11.9(2.0)(2) *19  24(6)(1) 17, 42(10)(7)3%, 6.0(1.4)(1)51s 43.1/47 ~0.92
DRY®S  11.0(2.2)(1) 53 14(12)(4) 1o 70(33)(7) 33 5.5(1.5)(1) 53 42.4/46 ~ 0.92

Tab. 5.3: Fit results for the DRy subtraction constants for the BESIII and VES data
samples, obtained from the three-parameter fits via the sum rule and directly from
the four-parameter fits. The first error is the fit uncertainty, the second (third) error is
the systematic uncertainty due to the w7 (7n) phase input.



5.3 Determination of the subtraction constants 105

The variation in the parameter region 90° < 415 < 105° mainly controls how fast the
phase reaches 7 in the “asymptotic” region. It would certainly be illusionary to extract
information on the phase at such high energies from n" — 7wwn DALITZ-plot data. Hence,
the variation of the phase parameter d;5 simply has to be treated as a source of systematic
uncertainty.

The x?/ndof is close to 1 in both fits, even though compared to the phenomenological
DALITZ-plot parametrization, the dispersive representation DR3 needs one parameter less
to describe the experimental data (disregarding the C-parity violating parameter c). At
first sight, the obtained values for the subtraction constants in the DRj3 scheme seem
to be compatible between the fits to the two experimental samples. In fact, there is a
rather strong tension between the fits to the two experiments, disguised by the strong
anti-correlation between @ and 3. The error ellipses in the (@, 3)-plane reveal that the
two fit results are not compatible with each other, cf. fig. 5.6

Tableshows the x?/ndof and a comparison of the absolute subtraction constants in
the DRy scheme, obtained directly from the DRy fits as well as extracted from the DRj fits
via the sum rule . Due to correlations, the large systematic uncertainty from the 7n
phase variation, which is visible in all DR3 subtraction constants «, 8, and v, prominently
shows up in the transformed constant vy, while we observe a cancellation of this systematic
uncertainty in the other constants, especially in oy and ;. The main conclusion is,
however, that tab. demonstrates the full consistency of the two subtraction schemes
with each other already within the statistical (fit) uncertainties alone.

DR?ESIII DREESIH DR;IES DRXES
—a 41(9)(1) 37 42(10)(1)(0)  148(18)(1) 13 145(18)(1)(0)
—b 88(7)(10) *5, 76(18)(0)(0) 82(14)(12)*I, 110(34)(0)(0)
—d  68(11)(2) Y7 69(11)(0)(0) 86(22)(1) 115 85(22)(0)(1)

(
(

rosly’] 8(D(@2) T T)MO0)  16(3)B) s 20(5)(2)(0)
—rnlya®]  12(2)(0)1)  11(O)(1) 92O 10(2)(0)(1)
raly’] 3MM T 300  2(1)(1) 5(2)(0)(0)
raly?2?] 3(D0)F1 2(1)(0)(0)  5(2)(1) 3 6(2)(0)(0)
raol’]  0(1)(0)(0)  0(1)(0)(0)  0(1)(0)(0) 0(1)(0)(0)

Tab. 5.4: DALITZ-plot parameters obtained from a TAYLOR expansion of the dispersive
amplitude according to eq. , using the best fitting values of the subtraction constants
for the BESIII and VES data samples as input. All values are given in units of 1073, The
values shown here are to be compared with tab. 5.1} The first error is the fit uncertainty,
the second (third) error is the systematic uncertainty due to the 77 (7n) phase input.



106 Chapter 5 - Dispersion relations for ' — 7y

1.2 1.2
1.1+ 1
S S
el El
=09 + =09 f +
’ fit uncertainty fit uncertainty
phase uncertainty phase uncertainty
08l central value 0.8 central value |
BESIII data BESIII data
-12 -08 —-04 0 0.4 0.8 1.2 —-12 —-08 —-04 0 0.4 0.8 1.2
T x
1.2 1.2

fit uncertainty ’ fit uncertainty
phase uncertainty phase uncertainty
0.8 central value 08 L central value —— |
BESIII data BESIII data ——
—0.8 —0.4 0 0.4 0.8 —0.8 —-0.4 0 0.4 0.8
) Y
1.2 1.2
1.1 1.1+ 1
3 S
2
fit uncertainty 0.9 / fit uncertainty \
phase uncertainty phase uncertainty
0.8 central value 08 L central value |
VES data VES data
-1.2 —-08 —-04 0 0.4 0.8 1.2 -1.2 —-08 —-04 0 0.4 0.8 1.2
x x
1.2 1.2
1.1 1.1 1
EERY! EER! ,
N &
512 E|<]
— 09 . — 09 . 1
fit uncertainty fit uncertainty
phase uncertainty e phase uncertainty s
0.8 1 central value 08 L central value N
VES data VES data ——
—0.8 —0.4 0 0.4 0.8 —0.8 -04 0 0.4 0.8
) Y

Fig. 5.7: Decay spectra for ' — w77 n integrated over the variable y and divided by
the integral over the normalized phase space d®(x,y) (first and third rows) and for z <> y
(second and fourth rows). We show the sampled data sets for the BESIII (first
and second rows) and the VES experiments (third and fourth rows). The DR (left
column) and DRy fits (right column) are shown.
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In fig. we display the decay spectrum integrated over the DALITZ-plot variables
x or y, respectively. The results of the two subtraction schemes DR3 and DR, are very
similar. The DR, scheme leads to a much smaller systematic uncertainty due to the phase
input at the expense of a larger statistical fit uncertainty.

By expanding the fitted dispersive representations around the center of the DALITZ
plot, we extract the DALITZ-plot parameters a, b, and d listed in tab.[5.4] The values of the
polynomial fit to the DALITZ plot of tab. are well reproduced within the uncertainties.
Note that this is a nontrivial observation, as the dispersive amplitude obviously is no
polynomial in the MANDELSTAM variables.

By comparing the two subtraction schemes DR3 and DRy, we see that the additional
parameter in DR, has basically no influence on the x? of the fits. From the point of view
of the goodness of fit, the additional parameter in DRy is unnecessary. In other words,
the subtraction constants extracted in the DRy fit are compatible within errors with
the more restrictive high-energy behavior imposed on the DR3 amplitude, and fulfill the
corresponding sum rule , as can be seen in tab. However, by comparing the
systematic uncertainties, we see that the DRg3 representation is rather strongly affected by
the uncertainties of the 71 phase shift in the high-energy region, especially the extracted
DALITZ-plot parameters. The additional subtraction in DR, suppresses the influence of
the high-energy phase uncertainty significantly. The price to pay is a larger (statistical)
fit uncertainty due to the additional fit parameter. Forthcoming data of even higher
statistics could reduce this fit uncertainty.

5.4 Predictions of the dispersive representation

With the subtraction constants of the dispersive representation fitted to experimental data
onn — 77N, we are in the position to make certain additional predictions. In sec.[5.4.1]
we quantify the nontrivial constraint between the leading DALITZ-plot parameters a, b,
and d that exists in the three-parameter scheme DR3. In sec. [5.4.2] we discuss higher
terms in the polynomial expansion of the DALITZ-plot distribution. We study the issue
of ADLER zeros of the dispersive amplitude in sec. [5.4.3] Finally, in view of upcoming
high-precision measurements of the neutral decay channel, we specify predictions for the
same in sec. taking into account the dominant effects of isospin breaking.

5.4.1 The a-b-d constraint

Provided that the dispersive representation DR3 with a more restrictive high-energy be-
havior and fewer subtractions than DRy allows a good fit to data, it is possible to formulate
a relation between the three parameters a, b, and d, since in this scheme the DALITZ-plot
distribution only depends on two parameters. Although this relation is nonlinear and
cannot be easily given in closed form, we provide an approximate form of the constraint
between a, b, and d valid in the vicinity of the BESIII DRy fit values in tab. [5.4] Defining

#7If the DRy subtraction constants are extracted from the DRg fit, the integral (5.28)) leads to a tiny
imaginary part in vy and ~; that we neglect.
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Aa = a — aggs , Ab = b — bpgs, Ad = d — dggsm , (5.45)
we write the a-b-d constraint expanded to second order as
Ad = Cyp Aa + Coy Ab+ Coy Aa® + Oy Aa Ab + Cpy Ab? (5.46)
and find the following results for the coefficients Cj;:
Cio= 0217553 [1.00 835 09 0% —ow
Cor= 171708 1.00 2160 OB oz
Cao = —0.43 1534 100 Zox0 027 (5.47)
Cy = —0.00 700 100 933
Coe = —0.02 001 1.00

where the uncertainties and correlations are due to the variation of the phase shifts,
calculated from covariance matrices based on finite differences and an asymmetry due to
the mn phase variation.

Inserting the differences Aa and Ab between the VES and BESIII fits from tab.
into the a-b-d constraint and propagating the uncertainties from eq. leads to

Ad=—(1813) x 1072, (5.48)

in agreement with the actual difference Ad. The systematic uncertainty of the difference
Ad is reduced compared to the uncertainties of the two determinations of the parameter
d, since these variations are correlated. Restricting the variation of the mn phase to
105° < 915 < 125° further reduces the lower asymmetric error to a value smaller in
magnitude than the upper error.

The relation could be used in forthcoming experiments to perform a phenomeno-
logical fit of the DALITZ-plot distribution, where the number of free parameters is reduced
by one. Alternatively, the consistency with this constraint may be checked a posteriori.
We emphasize, though, that the relation is based on parameters extracted from fits using
the dispersive representation, which has a more physical energy dependence than just a
polynomial; as the example of the VES data demonstrates, it is not guaranteed that a
direct polynomial fit leads to identical results (cf. again tabs. and . In the case of
the neutral decay channel n — 7%7%n, the DALITZ-plot parametrization might differ by
an isospin-breaking effect, which should be corrected for before the constraint is applied;

cf. sec. [p.4.4]

5.4.2 Higher order Dalitz-plot parameters

From the result of the dispersion relation fitted to data, we can extract not only the
DALITZ-plot parameters a, b, and d, but also the coefficients of higher terms in the
expansion around the center of the DALITZ plot. We define these coefficients as follows:

|-/\/lexp‘2 = ‘-/\/’exp|2 Z Rij xi yj ) (549)

i.j=0
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where ko9 = 1, ko1 = a, ko2 = b, and Ky = d. C-parity implies x;; = 0 for odd .
The values for the parameters r;; with ¢ +j < 4 are listed in tab. for the fits of the
dispersion relation to the BESIIT and VES data sets. We observe a clear hierarchy

a,b,d> ﬁij‘i+j=3 > Kij itj=d>

(5.50)

with k;];4;=4 an order of magnitude smaller than the parameters a, b, and d. The results
extracted from the DR3 and DRy schemes are compatible with each other. In the case of
DR3, the systematic uncertainties from the variation of the 77 phase shift dominate, while
in the case of DRy, the main uncertainties are the statistical fit errors and the systematic
uncertainties are suppressed. There are, however, some deviations between the fits to
the two different experimental data sets, mainly in kg3, which are a consequence of the
observed tension in the leading DALITZ-plot parameters.

If forthcoming experiments reach significantly higher statistics, it might become pos-
sible to extract these parameters directly in a phenomenological polynomial fit to data
and compare with our predictions.

5.4.3 Adler zeros

In the limit of one of the pion momenta going to zero, p; — 0 or p, — 0, current algebra
predicts two ADLER zeros of the amplitude |66,/67,(170]. These soft-pion theorems are
protected by SU(2), x SU(2), symmetry, hence they only receive corrections of O(M2),
cf. sec. [[.3] While the off-shell continuation of the amplitude cannot be defined unam-
biguously, the ADLER theorem implies that the on-shell amplitude is of O(M?) at the
two soft-pion points

81:2M7%, tleS/, Uleg,
(5.51)
82:2M5, tQZMg, UQ:Mg/.

In the past, claims have been made that the a¢(980) resonance removes the ADLER zeros
based on the explicit inclusion of a scalar resonance propagator [171]. Let us study this
issue within our dispersive framework.

In fig. 5.8 we show the result for the dispersive amplitude fitted to data, evaluated
along a line of fixed s = 2M?2. Both subtraction schemes DR3 and DR, lead to very
similar results. We encounter zeros in both the real and imaginary part of the amplitude
at positions close to the soft-pion points, but for slightly smaller values of |t — u|. At the
resonance positions

|t —u| ~2M. — M}, — M} (5.52)

which are also close but outside the soft-pion points, we observe a large peak in the
imaginary part and another zero in the real part. We conclude that the dispersive repre-
sentation refutes the resonance argument of ref. [171] that for 7 — 77y the low-energy
theorem does not result in an ADLER zero of the amplitude. Although the corrections at
the soft-pion points are of O(M7/(My, — M )), which is not a small quantity, the zeros
of the amplitude survive and are just shifted to smaller values of |t — u|.
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Fig. 5.8: Real and imaginary part of the amplitude along a line of fixed s = 2M?2. The
upper two panels give the fit of the dispersive representation to the BESIII, the lower
two panels to the VES data set. The DR3 (left column) and DRy fits (right column) are

shown.

5.4.4 Neutral channel

So far, we have analyzed experimental DALITZ-plot data sets for n’ — 77~ 1. To deduce
a comparably precise prediction for the neutral final state n’ — 7%7%, we have to consider
potentially enhanced sources of isospin-symmetry violation. The consideration of isospin
breaking, in particular due to the pion mass difference, in DALITZ-plot studies is a rather
subtle affair, which has recently received some attention in the context of n — 37 decay
studies [150,[201,202]. While a correction for phase space alone is straightforward, it is
often less so to construct an amplitude that accordingly has all the thresholds in the right
places. This is particularly true in the context of dispersive analyses, as the ubiquitous
phase shifts are typically derived from a formalism (the ROY equations) that incorporates
isospin symmetry in an essential manner. Isospin-breaking effects are bound to affect
neutral-pion final states more strongly, as the isospin-symmetric phase shifts use the
charged pion mass as their reference scale. Furthermore, the pion mass difference induces

OO ~ threshold [203,204], a nonanalyticity

a cusp in w7V invariant mass spectra at the 7+
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that cannot be approximated by a polynomial DALITZ-plot distribution. Such a cusp is
known to appear more strongly in 7’ — 707 [178] than, e.g., in n — 37° [205][7F

As we want to avoid the complications to solve KHURI-TREIMAN equations with
coupled channels [151,1206], we once more follow the strategy proposed in sec. and
construct effective single-channel phase shifts, to be used as input for the corresponding
Omneés functions, from the phases of certain scalar form factors. We observe that the cusp
structure of the decay amplitude for p — 7%7%n is very similar to that of the neutral-pion
scalar form factor

Fg(s) = (m"(p1) 7" (p) i (@u + dd)[0) , s = (p1 +p2)°, (5.53)

in particular given that crossed-channel effects in 7' — 7%7% have a negligible influence
on its strength [178]. We will therefore employ arg Fo as the input 77" S-wave phase
shift.

The precise construction of the effective 7%7° phase shift from the corresponding scalar
form factor is discussed in [C.I] It takes into account the analytic structure near the two-
pion thresholds, where isospin breaking is enhanced due to the proximity of (S-wave)
threshold cusps, and scales effectively like /M2 — M?,, where we denote by M, the
charged and by Mo the neutral pion mass. Regular, polynomial isospin-breaking effects
of order M? — Mzo are still neglected and assumed to be very small. Similarly, we show
there how a simple rescaling can be used to adapt the 7¥n phase shift to 7% in such a
way as to put all thresholds into the right places.

Our prediction for the decay  — 779 is therefore based on the subtraction constants
as extracted from 7' — 7771, but with 7%7% and 7y phase shifts adapted as compared
to the 7¥7~ and 7%7n ones; in this way, the dominant effects of isospin violation due to
the charged-to-neutral pion mass difference are taken into account. The resulting decay
spectrum projected on the y direction is shown in fig. [5.9) where the nonanalytic structure
of the 77~ cusp is clearly visible.

Another rather strong isospin-breaking effect appears in the change of coordinates
from the MANDELSTAM variables to the DALITZ-plot variables x and y if the neutral pion
mass is used in eq. for the parametrization of the neutral DALITZ plot, cf. app. .
As such this effect has nothing to do with the decay amplitude itself but it affects the
DALITZ-plot expansion parameters. We introduce the isospin-breaking parameter

0
€iso = (M, 1+ 20M) Moo @y 4.7%, (5.54)
(M, + 2M0) My Q,y
where Qg, = M,y —M,—2M, 0. Given the phenomenological observation that 1 > a,b,d >
kij for i + 7 > 3, we neglect terms of O(eis0 a?, €50 b, €iso a d, €iso k;j) and of second order
in isospin breaking and find the following relation between the DALITZ-plot parameters
in the charged (no superscript) and the neutral system (superscript “0”):

0\ 2
a’ = a + e (a + 20), b’ =b(1+ 2e), d=d (%) . (5.55)
1
0.0

#8 At two-loop order, the lower 7°7° mass induces an anomalous threshold in the 1’ — 77~y ampli-
tude. We have checked, though, that this does not lead to any enhanced isospin-breaking effect, using
the representation of ref. [178]. We thank M. Mikhasenko for suggesting this check.




112 Chapter 5 - Dispersion relations for ' — 7y
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Fig. 5.9: Decay spectrum for ' — 7°7%n integrated over the variable z and divided
by the integral over the normalized phase space d®(z,y), where both are individually
normalized as given in eq. (5.36). The prediction is based on the BESIII fit result for
subtraction constants of the charged decay, cf. tabs. and [5.3] The DR3 (upper panel)
and DRy fit results (lower panel) are shown. The two error bands in each figure give the
uncertainties resulting from the fit to data and originating from the variation of the phase
input, respectively.

For parameters comparable to the BESIII fit results, this amounts to a sizeable correction:
we find @ ~ 1.25a, b° ~ 1.09b, d° ~ 1.15d.

In particular, this correction has to be taken into account if the a-b-d constraint
formulated in the charged system is employed for neutral DALITZ-plot parameters. For
convenience, below we provide the explicit form of the a-b-d constraint for the neutral
system. We apply the isospin correction to the BESIII fit values to define the reference
point in the neutral system:

Aa’ = a’ — appsi » AV =1 — by Ad’ = d” — dpggy (5.56)
where
aype = —b1 x 1072 bpsm = —96 X 107° ) dpg = —78 x 1073, (5.57)

Then the a-b-d constraint reads again

Ad” = CYy Aa® + CY, AV + CS, (Aa®)? + CF, Aa® AB® + CF, (ABY)? (5.58)
where the neutral coefficients are given by
QA 0\
C?o = (Q_n> (1 = €is0) Co 081 = (Q_n) (001 — 2650 (Co1 + Clo)) )
U n
QO/ 2 QO/ 2
C = (Q_'n) (1 = 2¢€550) Co Ch = (Q_n) (Ci1 — €50 (3C11 + 4Cx0))
7 n’

QO/ 2

Cpy = (Q_n> (Coa — 26150 (2C02 + C11)) -
77/

(5.59)
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With the values for the charged coefficients C;; given in eq. (5.47)), this results in

Clo= 0237005 [ 1.00 83§ 055 oor —o4ds
Coo= 175%05 100 T 100 —o3
Co = —0.44 7553 100 it o2 - (5.60)
C% = 0.09%55 1.00 597
Cg, = —0.02 501 1.00

5.5 Comparison to chiral approaches

As we have seen in sec. 5.3}, our dispersive amplitude allows a good fit to both DALITZ-plot
data and the partial decay width. In a next step, we compare the dispersive amplitude
with predictions from extensions of ChPT (cf. sec. [1.3)); we choose next-to-leading order
large-No ChPT and resonance chiral theory (RChT) for that purpose. The results for
the amplitudes in both frameworks, taken from the analysis described in ref. [169], are
discussed in sec. We decompose these amplitudes into forms amenable to a com-
parison to the dispersion relations and perform the matching in sec.[5.5.2] This allows us
to obtain chiral predictions for the subtraction constants and to compare them with the
fits to data.

5.5.1 Amplitudes from large-N¢c ChPT and RChT

Large-N¢ chiral perturbation theory allows the explicit inclusion of the 1’ meson in an
effective-LAGRANGIAN framework. It is founded on the notion that as No — oo, the
U(1) 4 anomaly and thus the chiral-limit mass of the 7 vanishes: the 1’ becomes a NAMBU—
GOLDSTONE BOSON as the U(3), xU(3) g symmetry is spontaneously broken to U(3)y |73,
168]. At leading order (LO) the n° — mmn amplitude is given as [169,/172,207-212]

2
s

612

MEBPT (s, u) = [2v/2 cos(20p) — sin(260p)] (5.61)
where 0p is the nn’ mixing angle that relates the flavor octet and singlet states to the
physical states n and 7’ at leading order, and F; is the pion decay constant. At next-
to-leading order (NLO) loop contributions are still suppressed in the large-N¢ counting
scheme, and the full amplitude can be derived from the NLO LAGRANGIAN [169)],

M?  2(3Ly+ L3)
Miio (s,t,u) = Coo |5 T 2 (32 + 17+ u? — M#’ — M;l — QM;‘;)

2L
FZ

2
+ qu g/\g Mg ,

24Lg

(M2 + M2 4 2MZ) M? + T

M+ A2 M?| (5.62)
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where c,, and ¢, are functions of the octet and singlet decay constants Fy/g, as well as of
the two mixing angles g,y required in the 77’ mixing scheme at NLO [213,214]:

_Fy So — 2F2 S + 2v/2F3 Fy Cos B _\/§F0250+\/§F8258+F0F8008
‘a0 = 3FZ F§ cos?(bs — 6y) ’ foa = 3FZ F§ cos?(6s — by) ’
(5.63)
where we defined Sy = sin 26, Sg = sin 20g, and Cys = cos(fy + 0g). Numerically, we use
Cag = 97.6(7.1) GeV™? and c,, = 4.4(2.9) GeV 2 [169,215] (cf. also ref. [216]).
For the low-energy constants Ly and L3, we use again the values from ref. [196], given
in eq. (5.32)), while for L5 and Lg, we use the results of the global BE14 fit [217]:

Ls = 1.01(06) x 107%,  Lg = 0.47(10) x 1073, (5.64)

and finally Ay = 0.3 [169].

The second chiral approach that we consider is resonance chiral theory, which describes
the interactions between NAMBU—-GOLDSTONE BOSONS and resonances explicitly [218|
219]. RChT finds its most prominent application in the estimate of low-energy constants
by means of resonance saturation. It can, however, also be used to directly derive the
n' — wrn decay amplitude from the RChT LAGRANGIAN [169]|. To properly match it to
the dispersive amplitude, it is useful to write it in the form

M?2 2 A S
MRChT<87 ta U) = Cqq |: . (p d - P >

M2—s\" F2MZ " M3
Mg M3 M3 £ ¥ 5\ Mg
+<M§—3+M§—t+M§—u METaE ) 2
(5.65)
where

§= (M2 + MZ2)(M?+ M?2) i —6MZ2rcqcm +4M; ¢,
M2 2 (/2 (5.66)

b = =3rci+4AMZ o cq, pzT’T—?jw“d;f”).

Here ¢4 and ¢, describe the coupling between the scalar resonances and the NAMBU—
GOLDSTONE BOSONS, and Mg = 980 MeV is the mass of the scalar multiplet. We will
use ¢g = 0.026(9) GeV and ¢,, = 0.080(21) GeV, which fulfill the theoretical constraint
4¢g ¢y = F? rather well [169)].

In the limit of large scalar masses, that is s, ¢, u, M2, M7, M}, < M3, the low-energy
expansion of the amplitude agrees with eq. for [218|

3Lyt Ly — - L= Galm Ay =0 (5.67)
2 3_2M§7 5 — M§7 8_2M§7 2 — U. .

We note that these relations are not at all well fulfilled for the values of the constants
we employ, as cited above: in contrast to vector or axial-vector quantities, resonance
saturation of low-energy constants by narrow scalars is problematic at best.
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5.5.2 Matching chiral approaches with the dispersion relation

We perform the matching to the dispersion relations as follows: we decompose the chiral
amplitudes into single-variable amplitudes and require that the TAYLOR coefficients of
the latter agree between chiral and dispersive representations. This allows us to extract
chiral predictions for the subtraction constants. The derivation of the explicit matching
equations can be found in app. [C.2]

In the case of large-No ChPT, it is not possible to match directly to the three-
parameter representation , because the asymptotic behavior of the amplitude vi-
olates the condition that was used to fix the ambiguity of the decomposition. Therefore,
one has to match the chiral amplitude to the four-parameter representation . In the
case of RChT, the situation is different, because the asymptotic behavior allows a match-
ing to the three-parameter representation DR3. Hence, we have two possibilities: either
we perform the matching with the DR3 representation and require that the constant and
linear terms of the TAYLOR expansion agree between RChT and dispersive representation,
or we can also perform the matching with the DRy representation and match constant,
linear, and quadratic terms in the expansion.

The results of the matching are shown in tab. and should be compared to tabs.
and [5.3] In order to compare the chiral predictions with the fits to data, we define the
quantity

ALy =D (L FE)C )yt FE®), (5.68)

i?j

where ¢; stands generically for the TAYLOR coeflicients used in the matching equations
and Cy; is the covariance matrix of ¢; F ¢;, including both statistical and systematic
errors. We choose the sign that leads to the smaller value of A (the minus sign for
RChT and the plus sign for large-No ChPT)—we stress again that the dispersive fits
to data determine the amplitude only up to an overall sign. In eq. , we choose to
compare the TAYLOR coefficients instead of the subtraction constants, because their chiral
prediction only depends on the model input and is not entangled with OMNES expansion

parameters.

(o) By Y(0) M Afpsm AYgs

DRECYT  —7(4)  16(10)  0.8(4) - 18 17
DRECMT  —6(4) 12(9)  24(17)  0.8(4) 145 116
DR{MPT 17(13)  —42(32) —73(57) —14(12) 451 343

Tab. 5.5: Results of the matching between the dispersive amplitude and the large-N¢g
ChPT and RChT representations. In the case of RChT, the uncertainties are due to cyq,
cq, and ¢,,, while for large-No ChPT, the errors are due to ¢y, ¢sq, L2, L3, Ls, and Lg.
The quantity A2 is defined in eq. (5.68).

exp
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The analogous quantity for the DRj fits to BESIII and VES is
A2BESIH,VES =22, (5.69)

which quantifies again the tension between the two experiments. The values listed in
tab. show that for both chiral approaches the four-parameter matching involving the
quadratic TAYLOR coefficients does not work at all. The fact that the DR3 matching to
RChT gives smaller values for Agxp is explained rather by the larger systematic uncer-
tainties in this setup than a better agreement of the central values.

Given the tension between the two experiments, it is difficult to draw a conclusion

concerning the two chiral approaches. We observe mainly two problems in the matching.
1. The overall normalization is not well reproduced.

2. While the matching in both DR3 and DRy schemes leads to reasonable relative
values of B/a or 5y/ay, the predictions for the relative values of the terms 7/« or
Y01/ a0 do not work at all.

In the case of large- No ChPT, the amplitude scales with (3Ly+Ls), up to terms suppressed
by M2. On the one hand, the direct insertion of the phenomenological SU(3) LECs
could be problematic: e.g. we have not taken into account additional uncertainties due
to the scale dependence of the SU(3) LECs, which does not appear at NLO in large-N¢
ChPT. On the other hand, we cannot exclude that higher-order effects in the chiral and
large- N¢ expansion (i.e. effects only entering at one loop) produce large corrections.

5.6 Summary and conclusion

In this chapter we have presented a dispersive analysis of the decay ' — 7wwn. We
have derived a set of integral equations on the grounds of unitarity for the corresponding
scattering process and performed an analytic continuation to the physical region of the
three-particle decay. The integral equations depend on 77 and 77 scattering phase shifts
as well as on a set of subtraction constants. The phase shift of m7 scattering is strongly
constrained by chiral symmetry and ROY equations |133|. For the nn phase shift, the
phase of the scalar form factor Fd" of ref. [135] is used as input.

Within two different subtraction schemes, the free constants have been fitted to data
sets of the DALITZ-plot distribution, sampled from the experimentally measured polyno-
mial DALITZ-plot parametrizations of the VES [182] and BESIII [183| experiments, as
well as the partial decay width [197]. The fits to data require a smaller number of free
parameters than a polynomial DALITZ-plot parametrization and still exhibit a good 2.
Therefore, we have been able to derive a constraint between the DALITZ-plot parameters
a, b, and d from one of the two dispersive representations. Furthermore, we have made
predictions for higher-order polynomial parameters that have not been measured experi-
mentally so far. By taking into account the leading isospin-breaking effects, we have also
provided predictions for the neutral decay channel. We have further observed that the
amplitude exhibits ADLER zeros despite the presence of the nearby ao(980) resonance,
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which only shifts the position of these zeros somewhat compared to the prediction of the
soft-pion theorem.

Matching to large-No ChPT we find large deviations for the subtraction constants,
rendering this approach unfit to be used in an attempt to extract information on 77 scat-
tering. When matching to RCh'T, the deviations are a bit smaller. However, the matching
in the three-parameter scheme shows less tension mainly because of the larger systematic
uncertainties. Furthermore, the RChT framework does not easily allow for systematic
improvements. Therefore, the theoretical prediction of the subtraction constants with
chiral models as opposed to fitting them to data currently does not seem to be a viable
option.

In the minimally subtracted dispersive amplitude representation, we have observed a
rather significant dependence of the subtraction constants on the assumed high-energy
behavior of the 7n phase shift input. More precise experimental data than the one avail-
able to us in this study is required to come to definite conclusions about the sensitivity
of the " — w7y decay to low-energy 71 scattering.

The derived amplitudes, compatible with the fundamental principles of analyticity and
unitarity, provide ideal tools to analyze forthcoming high-precision DALITZ-plot data, in
particular also for the neutral channel, by the A2 and BESIII collaborations [220}221];
cf. also ref. [222] for a possible measurement at CB-ELSA. As a further theoretical devel-
opment, the fitted dispersive parametrization will be used as an input in a forthcoming
analysis of inelasticity effects in " — 37 [199)].
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Chapter 6

C-violation and Dalitz-plot mirror

symmetry breaking in n — ata—x0

Since the flavorless isoscalar 1 meson and the isovector pions have opposite G-parity,
the decay process of n — 37 is flavor-diagonal and only allowed to occur when isospin
I- and/or charge-conjugation C-symmetry are broken, cf. ch. . Moreover, parity P is
always conserved in 7 — 3m, since the 1 as well as the pions are pseudoscalar particles.
This directly implies C' P-violation if C' is broken in 7 — 37. BOSE symmetry demands the
three-pion system of total isospin I to be an eigenstate of C' = (—1)! [223]. Consequently
n — 3w in general can be mediated by three different operators: if C' is conserved the
process can only happen through an isovector AI = 1 transition. When we allow for
C-violation two further decay mechanisms are possible, via isoscalar AI = 0 or isotensor
AT = 2 operators [223-226]. As a further consequence of BOSE symmetry, the C-violating
operators can only contribute to n — 7+7~7° but not to n — 37°.

In general the Standard Model (SM) allows for transitions mediated by a C-conserving
isospin-breaking Al = 1 operator of either electromagnetic or strong origin, while flavor-
diagonal C-violating AI = 0,2 operators are forbidden.@ According to SUTHERLAND's
theorem, a statement of current algebra, electromagnetic contributions in n — 37 are
negligible [229,230]. Thus the process has to be driven by the strong Al = 1 operator
generated by the difference of the up- and down-quark masses [88,231},232|. Indeed, as
confirmed by ChPT calculations, the strong interaction provides the dominant contri-
bution to n — 37 [233-235|, while electromagnetic effects are found to add only tiny
corrections |201}236]. Therefore modern dispersion-theoretical studies of n — 37 focus
on a consistent description of the final-state interactions driven by the SM strong Al =1
operator in order to extract the light-quark mass double ratio @* = (m? —m?2)/(m2 —m?)
precisely [127,[148-152].

However, beyond the Standard Model (BSM) we are allowed to add the two C-violating
Al = 0,2 operators that, besides the SM strong Al = 1 operator, can contribute to
n — wrr~ 7%, These additional contributions will become visible as breaking of mirror

#1Since only flavor-changing elements of the CABIBBO-~KOBAYASHI-MASKAWA matrix [227,228] con-
tain the non-zero phase that leads to C- and C P-violation, the contribution of SM weak interactions to
C- and C'P-violating n — nt 7~ 70 transitions invariably associated with strongly suppressed loop effects.

119
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symmetry of 7+ <+ 7~ in the DALITZ-plot distribution, which are generated by interference
of the AT = 0,2 BSM operators with the Al = 1 SM operator. In contrast to other C-
violating BSM processes, like the n — 37 decay, the breaking of mirror symmetry in
n — wrr 70 is linear in the BSM operators. For a detailed review on C- and CP-
violating processes in the n and 1’ sector we suggest ref. [237]. Already in the 1960s it
was claimed that n — 77~ 70 is far more sensitive to AI = 2 than to Al = 0 transitions,

since the latter is suppressed by a large angular momentum barrier [224]. Effective BSM

0 are given by

XT ~ e (8,0,0,m) (040" 7Y (9 7") 1,

operators X¢ for n — wtr 7

(6.1)
X§ ~ s (9,70) (0" %) 7,
involving at least six derivatives for a Al = 0 transition, while for Al = 2 only two
derivatives are required. This implies a strong kinematic suppression of the Al = 0
transition compared to Al = 2 across the DALITZ plot given the small available phase
space in n — w7, as long as the respective coupling strength of both operators is of
similar size.

Studying the charge asymmetry of the n — 7t7~ 7% DALITZ-plot distribution of-
fers an ideal stage in the search for BSM physics. The simplest observable that can be
probed experimentally is the left-right asymmetry A,z that compares the two halves of
the DALITZ-plot distribution divided along the 7 <+ 7~ line of reflection [23§]. It is also
possible to construct more sophisticated quadrant and sextant asymmetry parameters Ag
and Ag that allow us to disentangle the contributions of the BSM Al = 0,2 operators,
respectively [223]225,238]. The KLOE and KLOE-2 collaborations report all three asym-
metry parameters to be consistent with zero [239,[240|. Alternatively, C-violation in the
phenomenological expansion of the DALITZ-plot distribution can be studied by allowing
for both C-conserving and C-violating terms, cf. app. Bl Until now the KLOE-2 collab-
oration has probed the first four C-violating terms of this parameterization, which again
are all consistent with zero [240|. Thus, experimentally there is no evidence found for
C-violation in n — 7+7 70,

After the discovery of C'P-violating K? — 77 decays in the 1960s [241/)242|, theoretical
studies of C-violation in n — 777~ 7° first came to prominence |223}225/238|. Since then
C-violation in this decay has been neglected by theory until recently a new theoretical
formalism was proposed in ref. [243]|. In this framework the decay amplitude is decom-
posed into three contributions that can be associated with the Al = 0,1,2 operators.
The additional BSM amplitudes involve two complex-valued normalizations that fix the
individual strengths of the Al = 0,2 transitions, respectively. Physically this approach
is more meaningful compared to the simple phenomenological parameterization, as it al-
lows for a direct extraction of the coupling strengths to the underlying BSM operators.
However, the construction of the BSM amplitudes in ref. [243] is inconsistent at a certain
level, since the description of crossed-channel final-state interactions is missing. Ref. [243]
finds the BSM normalization of the Al = 0 amplitude to be between two and four orders
of magnitude larger than the Al = 2 one, lifting the predicted kinematic suppression of
the AT = 0 transition [224], but again there is no hint for C-violation in  — 77~ 7% as
both BSM normalizations are consistent with zero.
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In this chapter we generalize the dispersion-theoretical analysis of C-conserving SM
n — 3w decays to additional C-violating BSM contributions. Accordingly, the presented
dispersive representation of n — 37 accounts for a consistent description of the final-state
interactions among the pions in the AT = 0, 1,2 transitions, cf. chs. [l and 5] The discus-
sion is organized as follows: we start with the definition of the T-matrix element and the
general kinematics of this process in sec. In sec. we discuss the dispersive repre-
sentation of the C-conserving and C-violating parts of the amplitude. The determination
of the subtraction constants, i.e., the free parameters of our dispersive representation,
by a x2-fit to data is described in sec. . Afterwards we compare our representation of
the n — 37 amplitude to measurements of the DALITZ-plot distribution and theoretical
constraints in sec. [6.4, We conclude with a short summary in sec. [6.5

6.1 Kinematics and the matrix element
The T-matrix element of the 7(p;) — 7 (ps) 7 (p3) 7™ (p4) decay will be defined by

(7 (p2) ™ (p3) 7 (pa) |iT|n(p1)) = i (20)* 6 (p1 — po — ps — pa) T*(s, t,u),  (6.2)

where 7¢ denotes a pion state in the HERMITIAN basis (2.50). In general the ampli-
tude 7% will contain contributions generated by either C-conserving AI = 1 SM or
C-violating AI = 0,2 BSM operators, which we split according to

M]?(Jr - M?(O
3vV/3F2

Conventionally the SM strong isospin-breaking normalization in terms of the QCD kaon
mass splitting is factored out from the C-conserving part of the amplitude [150,152].
In the following we refer to this normalization factor as &.

We treat the pion triplet as mass degenerated, i.e., M, = M+ = M o, accordingly
the MANDELSTAM variables (cf. sec. will be given by

T (s,t,u) = T (s, tu) + T (st u). (6.3)

s = (p2+ps)?, t = (p2+pa)®, u= (ps+ps)°, (6.4)
and obey the identity
M} +3MZ2=s+1t+u=3r. (6.5)
In the s-channel (2.30)) we will make use of
1
t(s,2s) = u(s, —z) = 5(37“ — s+ k(s) z) (6.6)

where z; = cos 6 defines the s-channel scattering angle (|2.31])

o \/)\(s, M2, M2) A(s, M2, M2)
Zg =

k(s) =

k(s) "’ s

Analogous relations hold for the ¢- (2.36]) and u-channels (2.38)).
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Next we want to discuss the isospin structure of the pions in T4k For the C-conserving
SM part 77 * the decompositio

T (s,t,u) = 679 6% M (s, 8,0) + 6™ 6 M (t,u,5) + 67 0F M (w,5,8)  (6.8)
holds, where we introduced the isovector amplitude M¢ that fulfils the symmetry property

M (s, t,u) = M (s,u,t). (6.9)

On the other hand the isospin structure of the pions in the C-violating BSM part ’Téj F
can be separated according to

T (s, t,u) = €78 M (5,1, 1) +65 M (5,8, 1) +07 M (¢, 1, 5)+6% M (u, 5,1)], (6.10)

governed by the totally antisymmetric LEVI-CIVITA tensor, cf. eq. (6.1). Under pair-
wise interchange of the MANDELSTAM variables the isoscalar amplitude /\/lg is totally
antisymmetric

./\/l(?(s,t, u) = Mg(t,u, s) = Mg(u, s, 1)

(6.11)

= —Mg(s,u,t) = —Mg(t, s,u) = —M?(u,t,s),

while the isotensor amplitude Mg obeys the antisymmetry property
Mg(s,t,u) = —Mf(s,u,t). (6.12)

In nature two versions of the n — 37 decay are realized: a charged n — 777~ 7" and
a neutral n — 37° decay mode. We will describe these two modes by the amplitudes
M, and M,,. According to the decomposition of 7%* given in egs. and ((6.10]) these
amplitudes are given by
Me(s, t,u) = M (s, t,u) + €7 [ME (s, t,u) + M (s, 8,u)] 613
6.13
Mo (s, t,u) = MG (s,t,u) + M (t,u, 8) + M (u, 5,t) .

6.2 Dispersion relations for n — 37

Following the steps described in ch. {4, we briefly want to discuss the dispersive framework
for MY, M? , and Mg based on KHURI-TREIMAN equations, cf. also sec. . According
to analyticity the three amplitudes are holomorphic in the MANDELSTAM plane up to
branch cuts starting at the two-pion production threshold in all channels

Sthr = tthr = Uthr = 4M7% . (614)

#2The derivation of this decomposition follows the same ideas as already discussed for the 77 scattering
amplitude in sec. with keeping [ = 3 fixed.
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We relate these branch cuts in MY, M(?, and ./\/lg to the discontinuities of the partial-
wave amplitudes b/ in each channel, respectively. Here and in the following ¢ and I refer to
the angular momentum and isospin quantum numbers of the two-body subsystems in the
s-, t-, and u-channel expansions. Since the available phase space of n — 3 is small, we can
safely neglect D- and higher partial-waves in these expansions, i.e., only discontinuities of
S- and P-waves will be considered. Accordingly, the reconstruction theorem allows us to
decompose MY, /\/l0¢, and Mf in terms of single-variable amplitudes B/ containing the
information on the discontinuity of b} along the right-hand cut, cf. sec. . Contributions
to the left-hand cuts of b} reside entirely in the crossed-channel projections 5’({ . Thus the
partial-wave amplitudes will be given by

bl(s) = Bl(s) + Bi(s). (6.15)

6.2.1 Reconstruction theorems for Mf, MO¢, and Mg

We define the expansion of the isovector amplitude M¢ into partial-wave amplitudes f?
in analogy to eq. (4.29). Since M{ has to obey the symmetry relation given in eq. ,

the s-channel expansion allows only for contributions of even partial-wave amplitudes to

the discontinuity[”]
2
disc, M$ (s, z,) = disc f5(s) — gdisc fi(s). (6.16)

Similarly, the ¢- and u-channel discontinuities read

disc; MS(t, z,) = disc f2(t) — 2z w(t) disc f1(t),
6.17
disc, MS (u, z,) = disc f2(u) + 2, #(u) disc f1(u). (647

The numerical prefactors of the allowed two-body isospin combinations in these expansions
can be extracted from the CLEBSCH-GORDON decomposition |14].

Following the steps in derivation of eq. by using the discontinuities of eqs.
and the reconstruction theorem for the isovector amplitude yields

M (s, t,u) = FO(s) + (s —u) Fi(t) + (s — t) Fi(u) + F2(t) + Fi(u) — %]—“3(3) . (6.18)

where F! denotes the single-variable amplitude. In accordance with eq. this decom-
position of M is symmetric under interchange of ¢ <+ u. Moreover, the decomposition is
unaffected by a polynomial shift of the single-variable amplitudes F/ — F7 + AF} given
by

AF)(s) = —4a+b(5s—9r) —3c(s—r) —27dr (s — 1)

+4ds* —162e7r? (s — 1) — de s* (s — 9r),
(6.19)
AFi(s) =c+3ds+9es?,

AFZ(s) =3a+3bs —3ds®>+3es* (s — 9r),

#3Here and in the following relations that involve the discontinuity are always meant to be valid along
the right-hand cut only, which starts at the two-pion threshold in the respective channel.
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revealing a five-parameter ambiguity. Performing a partial-wave projection (4.53)) of the
decomposition given in eq. (6.18) we find

FR(5) = S [BUFD) +9(s — ) (L) + 3w(s) (= FL) + 10(F)]
Fi(s) = 2/-@1(3) (625 FO) 4+ 9(s — 1) (2. F1) + 36(s) (22 F1) — 10(z, F5)] . (6.20)

F3(5) = S [678) — (s — 1) (F1) — 3w(s) (= FD) + 2(F)]

where we used the short-hand notation for the angular integrals

1 1
F) =5 [ e Filts. ). (6.21)

In accordance with eq. the expansion the isoscalar amplitude ./\/lg into partial
waves allows only for terms that are antisymmetric under any pairwise interchange of
MANDELSTAM variables. Hence, only odd partial-wave amplitudes g/ will contribute to
the discontinuity in all three channels z € {s,¢,u} with

disc, Mg(m, Zy) = 2z k() disc gl () . (6.22)

Repeating the steps in deriving eq. (4.49) with these discontinuities the reconstruction
theorem for the isoscalar amplitude reads

M (s, t.u) = (t—u) Gi(s) + (u— 5) GL(t) + (s — ) Gi(u), (6.23)

which indeed is fully antisymmetric under pairwise interchange of the MANDELSTAM
variables. Likewise to eq. the decomposition into the single-variable amplitude G/
is not unambiguous, in fact eq. stays invariant under a three-parameter polynomial
shift Qé — Qg + AQ£ given by

AGi(s)=a+bs+cs®(3r—s). (6.24)

A partial-wave projection (4.53) of the decomposition given in eq. ((6.23)) reveals
Gi(s) = —— = [3(s =) (2, G1) + K(s) (21 G1)] | (6.25)

where the angular integrals contained in the projection QAé are defined in analogy to
eq. (620).

Since the isotensor amplitude ./\/lé¢ has to fulfil the antisymmetry property derived
in eq. (6.12), a s-channel expansion of /\/lg is not allowed to contain even partial-wave
amplitudes h}. Accordingly, the s-channel discontinuity of Mg reads

disc, ./\/lg(s, zs) = 2z, k(s) disc hi(s), (6.26)
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while for the ¢- and u-channel discontinuities we find

disc, M?(t, z) = disc hg(t) — 2 K(t) disc hi(t),
(6.27)
disc, Mg(u, z,) = —disc hi(u) — 2, r(u) disc hy(u) .

In analogy to egs. and the CLEBSCH-GORDON decomposition [14] of the
allowed two-body isospin combinations in these expansions determine the numerical pre-
factors.

Recapitulating the steps in deriving eq. by using the discontinuities given in
eqs. and the reconstruction theorem for the isotensor amplitude in terms of
the single-variable amplitudes H! yields

MY (s,t,u) = 2(t —u) Hi(s) + (t — ) HE(w) + (s — u) HE(t) + HA() — H2(u).  (6.28)

As required this decomposition of Mg is antisymmetric under interchange of ¢ < wu.
Moreover, we note that the decomposition into the single-variable functions reveals a
four-parameter ambiguity that allows for a polynomial shift H} — H! + AH/ according

to
AHi(s)=a+bs+cs?,

(6.29)
AH3(s)=d—3as+3bs(s—3r)+9crs(s—2r) —cs>.
Performing a partial-wave projection (4.53)) of eq. (6.28]) we find
~ 3
Hi(s) = [3(s = 7) (zs Ha) + w(s) (22 Hi) + 2(zs H5)]
2k(s) (6.30)

Hi(5) = 5 [90s — ) (1) + 3i(s) (= H1) — 2(H3)
in terms of the angular integrals (6.21)).

Finally, we would like to address the leading corrections of the reconstruction theorems
for MY, M?, and Mg' stated in egs. , , and . The next partial-wave
amplitudes that will contribute to the discontinuities are coming from D- (I is even) and
F-waves (I is odd). Since the symmetry structure of the isoscalar amplitude does not
allow for even partial waves, it is obvious that eq. actually holds up to corrections
of F- and higher partial-waves. Moreover, possible D-wave contributions to the discon-
tinuity of the isotensor amplitude are only allowed to stem from [ = 2. Apart
from these effects, which should be tiny compared to a I = 0 D-wave channel that will
appear in eq. , the isotensor amplitude is also free of D-wave contributions to the
discontinuity. In contrast to the C-conserving amplitude M¢ we conclude that the re-
construction theorems for the C-violating amplitudes /\/l(? and Mf will not receive any
(important) corrections from D-wave discontinuities of the partial-wave amplitudes.

6.2.2 Unitarity condition and the Omnés representation

It has been shown in many dispersion-theoretical analyses of SM 1 — 37 decays that the
dominant contributions to the branch cuts of the partial-wave amplitudes b} € {f1, g, hl}
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Fig. 6.1: The S- and P-wave 77 scattering phase shifts 67 at low energies as determined
by ROY equation analysis [132,[133]: &) (red), §1 (green), and §3 (blue). The gray region
marks the phase-space boundaries of the n — 37 decay.

stem from elastic 77 final-state rescattering 127, 1487152]@ According to the elastic
approximation the unitarity condition of b} along the right-hand cut reads [127,244]

disc by (s) = 2i by (s) sindy(s) exp| — idy(s)] (6.31)

determined by the information on the 77 scattering phase shifts §7 solely, cf. sec. .
Since discb! = disc B} along the right-hand cut we notice that eq. (6.31) results in
an inhomogeneous OMNES problem for the single-variable amplitude B! with the inho-
mogeneity Bﬁ , cf. sec. .

In order to assure convergence of the OMNES representation for the single-
variable amplitudes B} we need to fix the subtraction scheme. To that end we have
to make some assumptions on the high-energy behaviour of B! and the 77 scattering
phase shifts 7. We force the amplitudes M, Mg , and M? to scale asymptotically like
constants, i.e., we are even more restrictive than demanded by the FROISSART-MARTIN
bound [161}/162], to keep the number of unknown subtraction constants as low as possible.

In accordance with the reconstruction theorems derived in egs. (6.18]), (6.23), and (6.28])

the single-variable amplitudes will behave like
Bi(s)<1, Bixs?', Bxl1 (6.32)

in the asymptotic limit s — oo. For the 77 scattering phase shifts 6] we rely on a
representation using a ROY equation analysis [132,/133], which determines the behaviour

#4We want to mention that a more elaborate formalism accounting for 7 initial-state rescattering as
well as coupled channel KK contributions has been investigated in [151].
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of 07 at low energies very precisely, cf. fig.|6.1] However, at high energies these equations
do not impose strong bounds on the behaviour of df. Therefore we continue the phase
shifts by demanding

6o(s) =, 51(s) =, 52(s) — 0, (6.33)

when approaching the asymptotic limit s — oo.

With these considerations made we will use a twice-subtracted OMNES representation
for BY, while Bi and B are given by once-subtracted OMNES representations. Thus the
single-variable amplitudes F/ appearing in the decomposition of the isovector amplitude
MY are given by

]:8<S) = Qg(s) -oz +Bs+—

™

w2 7% [Q(z)| (z — )

s? /°° dz Fi(z) sinég(as)]
4 )

ﬂ@pﬂm@5+f/mdwﬂ@”m&@q, (6.34)

S @ Q@) (@ — )

Fifo) = aio)[2 [ Qe THD S]]

(
|7 Janz @ [Q(2)] (2 — 5)

where we used eq. and the result of sec. to eliminate the subtraction constant
in F3.

Similarly, the single-variable amplitude G} contained in the decomposition of the
isoscalar amplitude /\/l(? reads

Gi(s) = O(s) [e+ : " de Gi(o) sindy(@) ] (6.35)

S @ [Q)] (@ —s)

According to the ambiguity shift defined in eq. the representation for Gi is special:
without spoiling the constraint on the high-energy behaviour of /\/lg we are allowed to
write down twice- or even three-times subtracted OMNES representations for Gi, which
still depend on one subtraction constant only. Since the subtraction constants of these
three representations are connected by a sum rule , the isoscalar amplitude ./\/lg
remains unchanged.

Finally, the single-variable amplitudes H} appearing in the decomposition of the
isotensor amplitude /\/lg satisfy

,H@%ngp+féwdﬁﬂmhmﬂ@q’

Sz @ Q@) (z = 9)

) (6.36)
s [ dx Hi(z) sindd(z)

Mo =002 [ e

where we made use of eq. (6.29) to eliminate the subtraction constant in Hz.
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We want to draw the attention to a powerful property of the integral equations derived
so far: the OMNES representations of the single-variable amplitudes B{ and the angular
projections Bé are linear in the subtraction constants. Accordingly, as discussed in sec.
we can solve for basis amplitudes of MY ./\/l(()g , and M? that are independent of the sub-
traction constants by construction. It becomes immediately clear that the two subtraction
constants € and 1} introduced in egs. and will serve as overall normalizations
of isoscalar and isotensor amplitudes, while their energy dependence (or the DALITZ-plot
distribution) is a theoretical prediction solely determined by the 77 final-state dynamics.
We want to emphasize that the two BSM amplitudes Mg and ./\/lg contain only one
subtraction constant each. On the other hand the representation of the SM isovector am-
plitude given in eq. involves three subtraction constants «, 8, and v, which contain
the normalization as well as information on the energy dependence of M¢. In general all
five subtraction constants «, 3, 7, €, and ¥ are allowed to be complex-valued.

6.2.3 Taylor invariants

As discussed in sec. @ the decomposition of the amplitudes MY, M? , and M? given in
egs. (6.18)), (6.23)), and (6.28)) in terms of the single-variable amplitudes Bf € {F?!, GI H]}
are not unique as they remain invariant under the polynomial shifts of eqs. , ,
and , respectively. Hence, the free parameters of the dispersive framework (the
subtraction constants) are not unique, as they depend on the chosen ambiguity shifts.
Additionally the subtraction scheme, i.e., the introduced number of subtractions to the
dispersive relations, adjusts when changing the high-energy behaviour of the amplitudes.
For this reason the subtraction constants defined in egs. , , and them-
selves do not form a suitable set of parameters that can be compared to e.g. chiral effective
theories directly. However, it is possible to construct linear combinations of the subtrac-
tion constants that are invariant under the respective ambiguity shifts. These TAYLOR
invariants are built upon a series expansion of the single-variable amplitudes B/ in the
unphysical region at s = 0 given by

Bi(s)= Al + Bl s+ CLs* + Dl s 4 ..., (6.37)

where the convergence behaviour of chiral effective theories should be best.

The idea of introducing TAYLOR invariants goes back to the dispersive analysis of
ME in refs. [150,]152]. According to eq. (6.20) the terms up to chiral order p® in the
expansion of F! as defined in eq. (6.37) are not unambiguous. Inserting this expansion

into eq. (6.18)) reveals
M (s, t,u) = Fy+ Fy (25 —t —u) + Fy 8> + Fy[s (t +u) — 2tu] + Fy s°

+ Fy %(253 — 7 —w?) + 5% (t+u) + s (P +u®) = 2u(t+u)| + 00,
(6.38)
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where we find a set of six TAYLOR invariants F; defined by[™|

0 0, 440 2 L0 1 21 _ Do 2
Fy=A)+rBy+ §(A0+rBO) , B= 5BO+A1 —3r*C — B0 —3rCh,

F2:08+§C§, Fy=Bi+Cy+9rDg, F4:D8+§D§, Fy=C1—3Dj.
(6.39)
Note that the coefficient Fj, contains only contributions up to p? in the chiral expansion,
while [} is fully determined by contributions of chiral order p*. Commonly, terms involv-
ing D), C1, and D3 are dropped as they are beyond the reach of one-loop ChPT [152].
Thus a reduced set of only four TAYLOR invariants Fy, Fy, F5, and F3 remains, while F}
and Fj vanish completely@
In a similar fashion we want to introduce TAYLOR invariants for the isoscalar and
isotensor amplitudes. Since the reconstruction theorem for ./\/lg defined in eq.
allows for an ambiguity shift of chiral order p®, we find

M (s, t,u) = —Go (s — t)(u — s)(t —u) + O(p') (6.40)
depending on a single TAYLOR invariant
Go=C1 +3r Dy (6.41)

fixed by the expansion of G} according to eq. (6.37). Likewise, the ambiguity shifts ([6.29)
for the reconstruction theorem of isotensor amplitude Mf (6.28]) demand

MY (s, t,u) = (t —u) [Ho + Hy (25 — t —u) + Hy (2 + 0> + tu)] + O(0®),  (6.42)

when inserting the expansion of H/ given in eq. (6.37) up to chiral order p°. The corre-
sponding TAYLOR invariants of this expansion are given by

1
Hy = 3A1+3r Bl + B +2r C}, leB}+3r0}—§(Jg, Hy =C}+Dj. (6.43)

Note that H contains only contributions up to p* in the chiral expansion.

6.3 Determination of the subtraction constants

In the previous section we derived dispersive representations for the M¢, /\/l((f , and /\/lé¢
components of the n — 37 amplitude that obey the fundamental properties of analyticity
and unitarity. However, the five subtraction constants «, [, v, €, and ¢ appearing in

egs. (6.34), (6.35)), and (6.36) are not fixed by unitarity. In order to determine these

#5Since eq. allows only for shifts up to chiral order p® all higher terms in eq. will not be
affected by the ambiguity. Without further treatment these terms can be considered as TAYLOR invariants
directly.

#60bviously, this reduced set of TAYLOR invariants allows only for ambiguity shifts of eq. where
terms of chiral order p® are dropped.
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free parameters we have to resort to external information on the n — 37 amplitude.
We choose to take three different sources of input into account: binned DALITZ-plot
distributions stemming from high-statistics measurements of the charged and neutral
decay modes provided by the KLOE-2 (4.7 x 10° selected events of n — 77~ 7%) [240] and
A2 collaborations (7 x 10° selected events of n — 37°) [245] as well as ChPT constraints
on the TAYLOR invariants estimated from the C-conserving one-loop n — 37 amplitude
[150L(152[233]. We want to emphasize that in principle each of the three different sources
of input allow us to determine the C-conserving subtraction constants a, 3, and =, but
only the KLOE-2 data contains information on the C-violating effects needed to constrain

e and 977

6.3.1 Total number of free parameters

At one loop ChPT predicts the numerical values of the C-conserving TAYLOR invariants
as defined in eq. (6.39)) (contributions above chiral order p* are dropped) to be

Fy=1.176(53), fi =4.52(29)GeV 2, f, =16.4(4.9)GeV™?*, f3=16.3(2.0)GeV*,

(6.44)
where the invariant F{ will be used to parameterize the normalization of the C-conserving
amplitude M{ while the reduced invariants f; = F;/F, determine its energy dependence.
Note that in accordance with the definitions in sec. the estimations given in eq.
are valid in the isospin limit. Furthermore, we want to stress that all invariants at one
loop are real-valued.

A TAYLOR expansion of the OMNES representation for M¢ performed in ac-
cordance with the prescription given in eq. reveals that the contributions from the
OMNES functions are real, but the dispersion integrals will render the coefficients complex.
Thus, the linear relations between the TAYLOR invariants and the subtraction constants
a, (3, and 7 involve complex coefficients. Since the dispersion integrals arise from the
crossed-channel discontinuities and we evaluate their TAYLOR coefficients at s = 0 below
the two-pion threshold, the contributions of the dispersion integrals are small. Thus the
TAYLOR invariants will only pick up tiny imaginary parts if we assume «, 3, and ~ to be
real—valued.@ Accordingly, the number of independent parameters needed to fix M¢ is
halved from six to three.

Since we are yet missing any chiral effective theory approach that allows for an anal-
ogous extraction of C-violating TAYLOR invariants and (6.43)), there is no known
restriction from theory, which states that the normalizations of the C-violating ampli-
tudes Mg and ./\/lg should be real-valued. Thus, the subtraction constants ¢ and ¢ will
be treated as complex-valued increasing the total number of free parameters needed to be

fixed by four.

#7Since the provided experimental DALITZ-plot distributions are arbitrarily normalized, it is only pos-
sible to fix the relative sizes of the subtraction constants. Furthermore the DALITZ-plot distributions are
proportional to the squared modulus of the 7 — 37 amplitude, which means that using the experimental
data alone we also loose the information of an overall phase.

#8Note that first contributions to the imaginary parts of the TAYLOR invariants will appear at two
loops in the chiral expansion [152,/235].
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6.3.2 Electromagnetic corrections to n — 3w

Up to now we have assumed the pion triplet to be mass degenerate, i.e., the amplitude
given in eq. relies on kinematical variables in the isospin limit. However, in the
physical world the degeneracy is lifted by the electromagnetic contributions to the self-
energy of the charged pions, cf. sec. [[.3.3] Since the physical phase space of n — 37 is
small, the pion mass difference yields a relevant impact on the size of the physical region
and of course the correct position of the respective two-pion thresholds, which must be
accounted for. Similarly to the identity fulfilled by s, t, and u in the isospin limit,
the MANDELSTAM variables s, t., and u,. for the charged as well as s, t,,, and u, for the
neutral decay mode obey the relations

M?+2M2 + M2 = sc+te+uc =3re,  M;+3MZ% = s, 4ty + u, = 3r, . (6.45)

Accordingly, any comparison of our amplitude in the isospin symmetric world with experi-
ment requires the application of an appropriate kinematic map relating the MANDELSTAM
variables of the physical world to the ones in the isospin limit.

In general, the construction of such a kinematic map for n — 37 is all but unique.
However, the difficulty is to find an acceptable choice for this map, which on the one
hand yields a meaningful prescription of the complete DALITZ plot within its phase space
boundary and on the other hand is easy to handle. Therefore, we will adopt the choice
proposed in ref. [152| that bares the following properties: the mapping is boundary pre-
serving, i.e., the DALITZ-plot boundary of the physical phase space is mapped onto the
boundary of the isospin symmetric phase space, and the identity 3r = s 4+ ¢t + u remains
conserved . Furthermore, the map is chosen in such a way that it does not generate
any fictitious singularity structure within the DALITZ plot. We find this kinematic map
for s., — s, tcn — t, and u., — u to be given by the prescriptions

5= UC,"[SC,TL] ’ (t - U) = (tC,n - uc,n) Tc,n[sc,n] )
1

t = 5 (37’ — Uc,n[sc,n] + (tc’n - U/c,n> Tc,n[sc’n]) , (646)
1

u = 5 (3T - UC,”[SC,H] - (tc,n - uc,n) Tc,n[sc,n]) .

Since we require the mapping to be boundary preserving, the conditions

VM (50 M2 M) N5 M2, M)

TC[SC] = %7 Hc<sc) = s )
o ‘ (6.47)
k(0 [5n]) \/)\(Sn,Mzo,Mzo)/\(sn,Mzo,Mg)
Talsn] = m> Kn(sn) = 5 )

will hold, which fix the functions o., and 7., in terms of each other. The kinematical
function k defined in the isospin limit is given in eq. (6.7). Except for the boundary
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conditions on o, imposing
4M? = o [AM2], (M, — M)? = o.[(M, — M),
4M? = o, [AMZ)], (M, — My)? = 0, [(M,, — My0)?,

the functions o., can be chosen freely. Adding a fixed DALITZ-plot center as further
constraint (2., = Yen = 0 = = = y = 0) the functions 0., can be parameterized by
parabolas going through these three points, respectively.@ The explicit expressions of
0cn can be found in ref. [152]. Obviously, the deformation of the decay region imposed
by the kinematical map is strongly energy dependent. However, throughout the entire
DAvLITZ-plot the deformation is small, at maximum we find a deviation of 3.3% for the
charged and 5.8% for the neutral mode in the respective sets of MANDELSTAM variables.

So far we discussed the purely kinematic deformation of the physical DALITZ plot
arising from the electromagnetic pion mass difference. This deformation affects the C-
conserving and C-violating contributions of the amplitude M¢, /\/l(? , and M;” in the same
manner and will be compensated by the kinematic map specified in eq. . However,
the C-conserving part MY is affected by a second, qualitatively different contribution,
stemming from electromagnetic 7 — 37 transitions. In order to correct for this effect we
will again make use of the approach proposed in ref. |[152].

ChPT allows us to study the electromagnetic corrections in n — 37 systematically by
comparing the one-loop representation of GASSER and LEUTWYLER (GL) [233] worked
out in the isospin limit with the one of DITSCHE, KUBIS and MEISSNER (DKM) [201] that
accounts for electromagnetic effects including contributions of order e? (m,, —mg). Based
on the assumption that the electromagnetic effects in 7 — 37 approximately factorize we

form the ratiod? 1]

(6.48)

MB;(M (Sc,na tc,na uc,n)

MEL (s, ey Uen)

which will serve as correction factors for M¢{ appearing in the amplitudes for the charged
and neutral decay modes . Within the entire physical region these correction factors
vary in the tight ranges 1.031 < |K.|*> < 1.078 and 0.972 < |K,|> < 0.978. Accordingly,
they affect the energy dependence of DALITZ-plot distributions only little. However,
these corrections have an important effect on the decay rates (and therefore on the rate
BR(n — 37%)/BR(n — m 7 7°) of the branching ratios), as |K.|*> will increase the
amplitude modulus square of the charged mode | M.|? on average by 7.2%, whereas |KC,, |*
reduces the amplitude modulus square of the neutral mode |M,,|? on average by 2.6%.

lcc,n(sc,ny tc,na uc,n) = (649>

#9Note that the straightforward application of the kinematical map for the neutral n — 37°
decay mode meets a technical problem: since s, t, and u are treated on an unequal footage, the map
does not respect BOSE symmetry. However, this shortcoming is easily cured by applying three crossed
versions of the mapping according to

Mn(snytnyun) = %{MH(Un[SnL (tn - un) Tn[Sn]) + M” (0'”[?5"]7 (u” - Sn) Tn[tnD
+ Mn (Un [un]7 (Sn - tn) Tn[u”])} :

#10Note that the COULOMB pole is subtracted from the representation of MPXM thus the ratio (6.49)
is finite across the entire DALITZ plot, cf. ref. [152].
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6.3.3 Fit setup

In the next step we want to determine the free parameters of our dispersive representation
of n — 3w by a x2-fit to the three sets of available data: the experimental measurements of
the n — 777~ 7% and  — 37° DALITZ-plot distributions as well as the theory constraints
on the TAYLOR invariants of M{ in the isospin limit. As discussed in sec. the
amplitudes MY, /\/l? , and M;‘” together contain seven real-valued subtraction constants
a, B, 7, Ree, Ime, Red, and Im ) we have to fix in the following.

First of all we recognize that the reduced TAYLOR invariants of M¢ as well
as the experimental measurements of the DALITZ-plot distributions do not constrain
the physical normalization of the amplitude. Accordingly, the normalization of the C-
conserving amplitude MY is solely fixed by the information on Re Fy, which links «, 3,
and 7 in a linear relation, cf. eq. . Note that this condition imposed on «, 3, and ~
fixes the strength of the C-violating parts of the amplitude ./\/lg, and M;” determined by
Ree, Ime, Red, and Im ¥ relative to the C-conserving normalization of M{. Tt also be-
comes immediately clear that the number of independent parameters needed to describe
the reduced TAYLOR invariants and DALITZ-plot distributions is effectively reduced to
SiX.

The experimental measurements of the DALITZ-plot distributions provided by the
KLOE-2 and A2 collaborations [240,245| are given in terms of the dimensionless DALITZ-
plot coordinates

V3 3

em = =7 (ten — cn) s cn T Sar A~
fen = 9, Qe T el Y S 5a g,

where Q. = M, —2M + — Mo and Q,, = M, —3Mo are the available kinetic energies, cf.
app. . KLOE-2 split the phase space of n — 777~ 7" into a total of 371 rectangular bins
(bins overlapping with the phase space boundary were disregarded), whereas A2 provides
altogether 441 rectangular bins for one DALITZ-plot sextant exploiting the symmetry
behaviour of 7 — 37° (bins overlapping with the phase space boundary were accepted).
We label the i-th bin with the coordinates z,,,y., at its center and use DI, ADSP for
the bin content and its uncertainty. These values will now be compared to the DALITZ-
plot distributions DBTP} obtained by an integration of our dispersive amplitudes M.,
over the respective bin

[(MU - Mﬂo)z - Sc,n} - 1, (650)

D55<x2,n7 yz,n) - / d‘rC,n dyc,n |M07n<xc,m yc,n)|2 . (651)

bin #i
Since the experimental distributions involve arbitrary normalizations, we have to intro-
duce two additional parameters N.,, that need to be fixed. The discrepancy functions are
then defined by

D?;F(xZn?yén)_'/\/’077’&2)?71}(1‘7&71’?%;71) ?
O ptemtin)) (652

ADeR (T s Yen)

where the sum extends over the 371 bins for the KLOE-2 and 441 bins for the A2 data
sets, respectively.
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For the ChPT constraints on the C-conserving reduced TAYLOR invariants we will use
the discrepancy function

» N~ (ST~ Re fPR>2 653
Xo ; ( A fiChPT ) ( )
where the summation index 7 runs from 1 to 3, f**FT denote the central values given in
eq. (6.44), and AfF*PT their respective uncertainties. The invariants Re fP® are obtained
from eq. by a TAYLOR expansion of the OMNES representation for M¢ (6.34)).
Accordingly, the subtraction constants of our dispersive representation and the additional
normalizations N, are determined by the minimum of the total discrepancy function

Xtot = Xo + Xz + X - (6.54)

6.4 Comparison with experimental measurements and
theoretical constraints

In the following we want to present the results of our dispersion theoretical analysis
of n — 3m. We consider four different scenarios for the x%fit described in sec. [6.3.3}
two exclusive fits to the charged DALITZ-plot distribution from KLOE-2 as well as two
combined fits to all three sets of data. For both cases we perform individual fits taking
only the C-conserving part of the amplitude M, into account (/\/lg and M? are tuned
to zero) as well as the explicit consideration of C-violating effects in M. (contributions
from MY, ./\/lg , and Mg are allowed), cf. eq. (6.13). We label the different fit scenarios
by: FIT1 (exclusive, C-conserving), FIT2 (exclusive, C-violating), FIT3 (combined, C-
conserving), FIT2 (combined, C-violating). A summary of the individual x? contributions
to the four scenarios is given in tab. 6.1}

We find for all considered fit scenarios a good agreement of our dispersive amplitude
with data. Overall the individual parts of the discrepancy function 2, x?, and x2 in the

Xo X2 X dof  x2,./dof  p-value

FIT1  (1.222) 3878 (509.5) 368  1.054  22.9%
FIT2  (1.222) 3817  (509.5) 364  1.049  251%
FIT3 1247 3879 5093 811  1.108 1.7%
FITA 1247 3818 5093 807  1.106 1.9%

Tab. 6.1: Summary of the four considered fit scenarios: FIT1 (exclusive, C-conserving),
FIT2 (exclusive, C-violating), FIT3 (combined, C-conserving), FIT2 (combined, C-
violating). For fits obtained by dropping the contributions of x2 and x2 to the total
discrepancy function 2., their values are put in brackets.
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four different scenarios are almost identical. In fact the dispersive representation is already
perfectly fixed by the KLOE-2 data on n — 777~ 7" alone with the n — 37° DALITZ-plot
distribution and the TAYLOR invariants for M{ being a prediction in excellent agreement
with data. Accordingly, the differences between the results for the exclusive and combined
fits are marginal, i.e., comparing FIT1 vs. FIT3 and FIT2 vs. FIT4. Taking the C-
violating contributions into account, we find a slight improvement of x? by 6.1 units
whereas x2 and x? do not change at all, i.e., comparing FIT1 vs. FIT2 and FIT3 vs. FIT4.
Consequently, adding the contributions of /\/lg and M;ﬁ to our dispersive representation
for M, has no visible effect on the determination of M{. Furthermore, comparing the
resulting discrepancy functions of the KLOE-2 and A2 data sets, we notice a slightly worse
description of the DALITZ-plot distribution for the neutral n — 37° mode. This small
tension of the dispersive representation for M, and the experimental measurement from
A2 has also been observed in ref. [152]|. Nevertheless, the experimental data of both the
charged and neutral mode together are well described by our dispersive representation.

Based on the findings discussed in the previous paragraph, the results presented below
will be taken exclusively from FIT4. Moreover, the quoted total uncertainties of the in-
vestigated observables draw from the following sources: the experimental errors from the
KLOE-2 and A2 DALITZ-plot distributions@ the uncertainty originating from ChPT
constraints including the TAYLOR invariants for M{ (6.44) and the electromagnetic cor-
rection factors K, (6.49), and the uncertainty resulting from the variation of the phase
shift input in the low- and high-energy region, cf. fig. [6.1 We will treat all these sources
of error as symmetric and GAUSSIAN distributed. Accordingly, the combined total uncer-
tainties are found by adding the individual contributions in quadrature and the presented
correlation matrices are calculated from the respective total covariance matrices of the
investigated observables.

6.4.1 Dalitz-plot distributions of M, and M,,

Considering the tiny influence on the discrepancy function when allowing for the effects
of the C-violating amplitudes M? and M;” we already note that their contributions to
the n — 777~ 7% DALITZ-plot distribution is marginal, cf. tab.[6.1l A comparison of the
dispersive DALITZ-plot distributions of the full amplitude M, and the C-conserving part
only M¢ with the experimental measurement from KLOE-2 is depicted in fig. .

According to the definition of M, given in eq. we can decompose its DALITZ-plot
distribution into

| Me(2e,y0)|* = [ME| + 2Re [MT (67 ME)*] + 2Re [MT (67 ME)"]

+ € MEL + [ MET + 2Re [ ME (€M),
(6.55)
where for the sake of simplicity dependencies on x. and y. are dropped on the right-hand
side. Note that the terms are ordered according to their powers in the C-violating effects

#11The A2 collaboration provided us with three independent sets of their data, so we gained control on
the statistical and systematical uncertainties of their analysis. In case of the KLOE-2 data set we will
consider only the statistical errors.
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Fig. 6.2: Comparison of the dispersive DALITZ-plot distribution for n — 7 7~ 7% to
experimental data. The distributions are normalized to one at the DALITZ-plot center
. = Y. = 0. From the top to the bottom we depict slices through the DALITZ plot
given for y™m = —0.95 to y™* = (.85 at distances of Ay, = 0.1. We show the modulus
square of the full amplitude | M_|? with its uncertainty band covering the statistical and
systematical errors added in quadrature (red) as well as the central solution for the C-
conserving part |[M¢|? (blue). The 371 data points with error bars (black) were provided
by the KLOE-2 collaboration [240].

/\/lg' and Mf Since we have full control on the amplitudes MY, ./\/lg7 and M? appearing
in eq. , we can study their disentangled contributions to the DALITZ-plot distribution
individually, cf. fig. We observe a clear hierarchy of these contributions: obviously,
the C-conserving SM part determined by MY is dominating. The two terms linear in
the C-violating amplitudes M(()Z and ./\/l;¢ are suppressed by three orders of magnitude,
while all remaining terms quadratic in C-violation are suppressed by five to six orders
of magnitude. We want to emphasize that only the two contributions linear in the C-
violating effects determine the size of the mirror symmetry breaking of the DALITZ-plot
distribution under ¢ <+ u. Furthermore, we find both contributions to be of similar size,
i.e., the interference effect of M{ with M(‘? compared to the interference M{ with M;”
Accordingly, /\/l(? and /\/lf are of the same order of magnitude. Like the SM contribution
|IME|?, all effects quadratic in C-violation are symmetric under ¢ <+ u and will therefore
not contribute to the mirror symmetry breaking. As these effects are suppressed by five
to six orders of magnitude compared to |[M§|?, we can safely neglect them from now on.

The DALITZ-plot distribution of M, is conveniently parameterized in terms of a poly-
nomial expansion at the DALITZ-plot center z. = y. = 0, ¢f. app. [B] By now the first
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Fig. 6.3: Decomposition of the DALITZ-plot distributions contributing to |M_|? as given
in eq. (6.55)). The normalization of |[M.|? is fixed to one at the DALITZ-plot center. All
panels show the central solution of our dispersive representation. The by far dominant
contribution stemming from the C-conserving part |M¢|? is depicted in the center left
panel. Interference terms of M{ with Mg and Mg' giving rise to the breaking of mirror
symmetry in the DALITZ-plot are displayed in the top and bottom right panels. Note
that the scales of the individual contributions differ by several orders of magnitude.
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seven coefficients of this phenomenological parameterization

IMe(ze,y ) ~1+ay. +by2 +ca.+da?+ex,y. (6.56)
6.56
+fyitgalycthaoyl+iad+ .,

valid up to third order in z. and y., have been studied by the KLOE-2 collaboration [240)].
Note that non-vanishing values of the coefficients ¢, e, h, and [ odd in z. would directly
implicate that C-conjugation symmetry is violated in  — 77~ 7% decays. We perform
a two-dimensional TAYLOR expansion of our dispersive amplitude M, and determine the
C-conserving DALITZ-plot parameters generated exclusively by M¢ to be

a=—10819(14) | 1.00 —0.06 0.39 —0.47 —0.37
b= 0.1487(34) 1.00  0.57 —0.66 —0.60
d=  0.088(13) 1.00 —0.92 —0.99 . (6.57)
f= 0.1131(47) 1.00  0.90
g= —0.068(15) 1.00

The uncertainties of the parameters b, d, and g are completely driven by the variation of
the phase shift input, while the uncertainties of a and f gain sizeable contributions from
all sources of error.

Similarly, for the C-violating DALITZ-plot parameters generated by the interference
effects of M with MO¢ and Mg we find

c=—0.0021(13) | .00 —0.25 —0.20 —0.08

e=0.0034(34) 1.00 —0.44  0.22 (6.58)
h = 0.0053(69) 1.00 —0.75 ° '

[ = —0.0028(21) 1.00

The uncertainties of these four parameters are dominated by the statistical error of the
KLOE-2 data, while all other sources of uncertainty do not yield any significant contribu-
tion to the error budget Accordingly, we can confirm that all C-violating parameters
vanish within 1.60 at most. Furthermore, the C-violating parameters turn out to be one
order of magnitude smaller than d and ¢, which are the smallest coefficients of the C-
conserving part of the parameterization . Separating the individual contributions
to the central values of ¢, e, h, and [ originating from the interference effect of M{ with

./\/lg we find

c = +0.0002, e = +0.0011, h = +0.0055, [ =—-0.0027, (6.59)
whereas the interference of M¢{ with /\/lg yields

c = —0.0023, e = +0.0023, h = —0.0002, [ = —0.0001. (6.60)

A comparison of the extracted DALITZ-plot parameters with the results from KLOE-2 as
well as the two most recent dispersive analyses on C-conserving n — 37 decays [151,/152]
are summarized in tab. [6.2]

#12Note that the estimated correlations between the C-conserving and C-violating parameters given in

eqs. (6.57) and (6.58]) are below 1%.
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For completeness we also want to consider the DALITZ-plot distribution of the neu-
tral n — 37Y mode. In accordance with the discussion in app. [B| the phenomenological
parameterization in terms of the coordinates z, and ¢, is given by

IMo (20, &) |* ~ 1+ 20 2, + 28 25/% sin 3¢, + 27 2% + ..., (6.61)

accounting for terms up to fourth order in x,, and y,,. Again, we perform a two-dimensional
TAYLOR expansion of our dispersive representation yielding

a = —0.0293(31) | 1.00 —0.77 0.87
B = —0.0043(8) 1.00 —0.95 . (6.62)
v= 0.0033(7) 1.00

Our determination of the slope parameter a agrees well with the PDG world average [14].
Similarly, our value of (3 is compatible with the extraction of the A2 collaboration [245|
and the dispersive analysis of ref. [152]. For our value of v we find some tension when
comparing to other determinations, e.g. v = 0.0019(3) taken from ref. [152]. However,
the extraction of this parameter is already far beyond the scope of the present analysis.

Finally, we briefly want to discuss the ratio BR(n — 37%)/BR(n — 7t7 %) that
is used as an internal consistency check for the electromagnetic corrections described in
sec.[6.3.2] The partial decay widths I, of the 7 — 37 process are defined by

o z,n 52 Dc,n
384313 M, Sen

Fc,n(n — 37T> Dc,n - /dmc,n dyc,n |Mc,n<xc,na yc,n>|2 ) (663)
DP

where S, = 1 and S,, = 6 denoting the symmetry factors and D,, the integrals of the
DALITZ-plot distributions over the full phase space. Since contributions antisymmetric
under t <+ u cancel, D, is determined entirely by |M{|2. We extract

BR(n — 37°)
BR(n — ntn—n0)

= 1.423(48) (6.64)

in perfect agreement with the PDG world average |14]. Note that the uncertainty quoted
in eq. (6.64) is totally dominated by the errors on K., (6.49).

—a b —c d e f —g h l

KLOE-2  1.095(3) 0.145(3) 0.004(3) 0.081(3) 0.003(3) 0.141(7) 0.044(9) 0.011(9)  0.001(7)
DR Orsay 1.142  0.172 - 0.097 - 0122  0.089 - -
DR Bern  1.081(2) 0.144(4) - 0.081(3) - 0.118(4) 0.069(4) - -
this work  1.082(1) 0.149(3) 0.002(1) 0.088(13) 0.003(3) 0.113(5) 0.068(15) 0.005(7) —0.003(2)

Tab. 6.2: Comparison of the DALITZ-plot parameters obtained in different analysis of
the KLOE-2 data [240]. The values given in the first row are obtained by a direct fit
of to data. The dispersive analyses from the Orsay [151] and Bern groups [152]
consider the C-conserving amplitude M¢ only.
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Fig. 6.4: Left panel: the illustration of the two-dimensional z.-y. grid used by the
KLOE-2 collaboration for the binned DALITZ-plot distribution. In total this grid contains
371 bins. Note that KLOE-2 disregarded all bins that overlap with the phase-space
boundary. Right panel: the DALITZ-plot geometry split into the sectors needed to probe
its asymmetry parameters. The left-right asymmetry A;r compares the population of the
left and right halves divided by the line of t. = w, (solid vertical line), Ay the quadrants
divided by t. = u. and s. = 7. (solid vertical and dashed horizontal lines), and Ag the
sextants divided by t. = u., s. = t., and s, = u,. (solid vertical and dashed diagonal lines).

In both panels we depict the C-violating interference effects of M¢ with M? and M?

6.4.2 Asymmetries and coupling strengths of M(? and Mf

So far we studied the C-violating effects in the DALITZ-plot distribution by extracting the
x.~odd coefficients ¢, e, h, and [ of the phenomenological parameterization . Besides
these coeflicients, we can also investigate three asymmetry parameters to quantify C-
violating effects in the n — 777~ 7% DALITZ-plot distribution: the left-right A, g, the
quadrant Ag, and sextant Ag asymmetry parameters [223,225,1238]|. These asymmetries
compare the population of the DALITZ-plot distribution in the different sectors defined by
the DALITZ-plot geometry, cf. fig. [6.4, For our dispersive representation of M, we obtain

Apgp = —7.6(4.7) | 1.00 —0.44 0.35
Ag = 4.1(4.3) 1.00 —0.43 , (6.65)

As = 3.7(4.3) 1.00
where all three asymmetry parameters are given in units of 107*. We find Azg, Ag,
and Ag in good agreement with the results reported by the KLOE-2 collaboration [240].
Again, there is no hint for C-violation as all three asymmetries are compatible with zero

in not more than 1.60. Note that the error budget in eq. (6.65) is completely dominated
by the statistical uncertainties of the KLOE-2 datal7"]

#13In fact KLOE-2 reports that the systematic uncertainty of Ay r dominates the statistical one. Like
the results for Ag and Ag, Apg is therefore compatible with zero in less than one-o if systematic effects
are taken into account.
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In contrast to experimental studies of C-violating effects in the n — 777~ 7° DALITZ-
plot distribution, which are limited to the investigation of z.-odd coefficients of the phe-
nomenological parameterization or the probe of the DALITZ-plot asymmetries, our
dispersion theoretical analysis provides us with the tools to disentangle the individual
contributions of Mg and Mf Furthermore, we are in the position to extract coupling
strengths of the underlying isoscalar and isotensor BSM operators. A matching of eq.
to the expansions and allows us to relate these operators to

X0 =-Go(s—t)u—s)t—u), X¢=Hy(t—u), (6.66)

where the TAYLOR invariants G and Hy determined by /\/lg and /\/lf can be identified
with the respective BSM coupling strengths. For our dispersive representation we obtain

§1ReGy/GeV 0 = 23.3(25.6) 1.00 —0.93 0.72 —0.72

1 ImGy/GeV ™0 = —47.7(89.8) 1.00 —0.74 0.74 (6.67)
£ ReHy/GeV 2 = 6.9(109.8) x 1073 1.00 —0.99 ° ‘
£ Im Hy/GeV ™2 = 47.5(298.7) x 1073 1.00

Note that for the central values we find a ratio of |Go/Hy| ~ 10> GeV~*. Since the operator

XO¢ is kinematically suppressed compared to X2¢ at small energies, we conclude that the
magnitudes of Gy and H are tuned such that the kinematical suppression is overcome,
cf. fig. and eq. (6.66)). This behavior of the amplitudes M? and M? has also been
observed in ref. [243].

Carrying out the phase space integrals individually for contributions involving interfer-
ence effects of J\/lg or /\/lg in the DALITZ-plot distribution, we can relate the asymmetry
parameters given in units of 107 to the coupling strengths of the isoscalar and
isotensor BSM operators according to

App = €¢"(0.132Re Gy + 0.042Im Gy — 0.349 Re Hy — 0.131Im Hy) ,
Ag =& (= 0.067Re Gy — 0.062Im Go + 0.075 Re Hy + 0.047Im Hy) (6.68)
Ag =¢7'(0.416 Re Gy + 0.119Im G — 0.008 Re Hy — 0.006 Im Hy) .

In these relations Gy and H, enter in units of 1GeV™° and 1072 GeV 2, respectively.
Equation (6.68]) reveals that especially the sextant asymmetry parameter Ag is sensitive
to contributions generated by Mg, while effects of Mg are surpressed. Separating for
contributions of M? or Mf to the central values of the asymmetry parameters, we find

Aip=11, Ag=14, Ag=40, (6.69)
for interference effects of M¢ with ./\/lg, whereas the interference of M¢ with M;” yields

App=-87, Ag=27, Ag=-03. (6.70)

Once more, all asymmetry parameters are given in units of 107%.
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6.4.3 Taylor invariants and the Adler zero of Mf

Analogous to the extraction of the C-violating TAYLOR invariants Gy and Hy of the
amplitudes ./\/lg, we now want to discuss the C-conserving invariants of the SM part M¢.
First of all, the invariant Fjy used to fix normalization is given by

Fy = 1.176(53) — 0.0094(14) i . (6.71)

Note that only Re Fj is fixed by the imposed normalization condition, while Im Fj is
allowed to vary freely, cf. sec.[6.3.1] Since Im Fj is exclusively generated by contributions
of the dispersion integrals to eq. , it is roughly two orders of magnitude smaller than
Re Fy. For the real parts of the reduced coefficients f; we find

Re fi/GeV™? = 4.34(15) | 1.00  0.24 —0.13
Re fo/ GeV™* = 12.99(52) 1.00  0.03 , (6.72)
Re f3/ GeV™* = 7.54(59) 1.00

which are in good agreement with the prediction of one-loop ChPT . In contrast to
the dispersive representation of ref. [152], which uses a subtraction scheme for M¢ involv-
ing six independent subtraction constants, our minimalistic scheme is extremely
stiff. Therefore it does not allow for a large variation of the reduced TAYLOR invariants,
cf. tab. [6.1} Similar to Im Fj the imaginary parts of the reduced invariants are found to
be small

Im f; = 0.193(29) GeV™?, Im f, = —0.006(85) GeV™*, Im f3 = —0.128(39) GeV*.
(6.73)
Finally, we want to consider the behavior of M{ at its soft-pion point, i.e., in the
limit where the four-momentum of one of the pions vanishes. Since the strong process
n — mimd 4+ wk (p*) is of isospin breaking nature, it has to be mediated by the scalar quark
operator S3 = g\3q, cf. eq. . At the soft-pion point p* — 0 arguments of current
algebra (cf. sec. dictate the behavior of the T-matrix element

Tim TE (s, tu) ~ (' 47 () (X, X psaln) (6.74)
Since the anti-commutator on the right-hand side vanishes except if £ = 3, the amplitude
M exhibits a zero if the momentum of one of the charged pions vanishes. In terms of the
MANDELSTAM variables we will find two ADLER zeros at sy =t4 =0 and s4 = uy =0
connected by crossing symmetry. These zeros are protected by chiral SU(2), x SU(2)g
flavor symmetry, hence their positions are only subject to corrections of order M2 if the
pion mass is turned on again. At tree level the amplitude is given by [246]|

3s — 4M?
n ™

hence it exhibits a zero crossing at s4 = %Mﬁ A study of one-loop ChPT yields a slight
shift of the ADLER zero to s4 ~ 1.4M? [233].
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Fig. 6.5: Comparison of the dispersive amplitude M¢ with the respective tree and one-
loop level expressions obtained from ChPT along the critical line s = u. The real and
imaginary parts of the dispersive amplitude are given by the red and blue bands, which
cover the range of statistical and systematical uncertainties added in quadrature. The
tree level result is depicted by the solid black line, while the one-loop real part is given by
the dashed and the imaginary part by the dotted black lines. The black diamond denotes

the position of the ADLER zero in one-loop ChPT. The physically allowed region for the
n — 37 decay is depicted by the gray area.

In fig. the behavior of our dispersive representation for M¢{ along the critical line
s = u is compared to the tree level and one-loop predictions of ChPT. We extract the
zero crossing of the dispersive representation at

sa/M2= 1.29(13)]1.00 —0.85

(54 —ta)/M? = —0.057(15) 1.00 (6.76)

which is in perfect agreement with the ChPT prediction. Nevertheless, we want to mention
that the Adler zeros are shifted slightly away from the critical lines s = ¢ and s = u. The
dominating error source in eq. stems from the low- and high-energy uncertainties
of the phase shift input, cf. fig. [6.1]

6.5 Summary and conclusion
We analyzed C- and C P-violating effects in n — 777~ 7" decays in a dispersion theoretical

framework. In this framework the amplitude can be decomposed into three contributions
ME, MO¢, and M;”, describing the C-conserving Al =1 SM and C-violating Al = 0,2
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BSM transitions, respectively. Analyticity and unitarity constrain these amplitudes by
the dynamical information on the strong two-body 77 scattering phase shifts and a fixed
number of subtraction constants determine the normalizations of MY, Mg, and ./\/lg
as well as containing some information on the energy dependence of M¢. Therefore
our dispersive representation can be seen as superior compared to a simple phenomeno-
logical parameterization with an a priori unknown number of relevant coefficients. We
demonstrated that our representation allows for a good description of the high-statistics
measurement 1 — 777 DALITZ-plot distribution provided by the KLOE-2 collabora-
tion [240]. Moreover, our framework allows us to disentangle of the individual AT = 0
and Al = 2 contributions systematically. To current precision of experimental data we
are able to limit the patterns of C'- and C'P-violation in the DALITZ-plot distribution
generated by interference effects of M¢ with ./\/l0¢ and M? to the per mille level. These
in turn, allowed us to extract coupling strengths of the underlying effective isoscalar and
isotensor BSM operators. In principle, an identification of these effective operators with
fundamental BSM operators on the quark level, which is still pending, would allow to
predict a scale for BSM physics [247-252]. We conclude that our framework opens a win-
dow on the systematic analysis of C- and C P-violation in  — 77~ 7 decays provided
by future high-statistics experimental measurements [253-256].

Similar considerations could also be made for decays of the heavier 7', which carries
the same quantum numbers as the n. Thus, the n’ — 777~ 7° transition is also mediated
by the C-conserving AI =1 SM or C-violating Al = 0,2 BSM operators. Especially the
increased phase space of this decay process might yield to a resonance enhancement of the
isoscalar amplitude induced by the p(770), which could be tested. However, compared
to n — wtn 7% the experimental data currently available on ' — 7F7~7° is rather
limited [257|, making it impossible to extract any meaningful bounds on C- and CP-
violating operators at this point. Another possible decay of the 7’ that could be tested is
n' — w7~ n. Recently, a high-statistics measurement of this process has been performed
by the BESIII collaboration [221]. Since this transition preserves G-parity, either isospin
and C-conjugation symmetry are simultaneously conserved or violated. Therefore, decays
of ' — w7 n are sensitive to another class of C- and C P-violating BSM operators,
mediating isospin-breaking Al = 1 transitions. A combined dispersion theoretical analysis
of C- and C'P-violating transitions in n and n’ decays is currently in preparation [258|.
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Chapter 7

(Quark-mass dependence in w — 37
de(:ays#1

Despite tremendous progress in simulating QCD on space-time lattices using physical
quark masses, many studies of complicated observables within lattice QCD are still
performed with light quarks that are heavier than they are in the real world (cf. e.g.
refs. [260,261] for reviews). To extrapolate such simulations to the physical point, ad-
ditional theoretical input is required, which should ideally be based on systematically
improvable effective field theories. At low energies, the effective field theory that controls
the quark-mass dependence by construction is ChPT [72,|73|, which describes the inter-
actions of the NAMBU-GOLDSTONE BOSONS of spontaneous chiral symmetry breaking,
the pions as well as kaons and the n, cf. ch. [T}

However, the vast majority of states in QCD are resonances, and to perform chiral
extrapolations for these is less straightforward. A popular tool in this regard has been
to employ unitarized versions of ChPT, such as the inverse amplitude method (IAM)
[262H265]: a resummation of higher-order effects obeying S-matrix unitarity allows one to
generate poles on unphysical RIEMANN sheets in the complex-energy plane, the signatures
of resonances, cf. ch. 2l The TAM can be justified using dispersion theory; scattering
amplitudes constructed via the TAM match smoothly on the ChPT expansion at low
energies. In this manner, the properties of elastic resonances such as the f,(500) and the
p(770) in 77 as well as the K§(700) and K*(892) in mK scattering have been investigated
with respect to their quark-mass dependence [266,267].

Nevertheless, by far not all hadronic resonances appear in two-body scattering pro-
cesses. The lightest resonance that decays only into a three-body final state (in QCD in
the isospin limit) is the w(782), with its dominant decay w — 3w. Clearly, the quark-
mass dependence of the w cannot be assessed within an IAM-type formalism; it could at
best be studied within the appropriate partial wave of the 37 — 37 scattering process,
and the formalism to study such processes on the lattice is currently under intense in-
vestigation [268-274]. In this chapter, we suggest an approach to assess the quark-mass
dependence of the w — 371 decay amplitude based on KHURI-TREIMAN equations, cf.
chs. [l and [5] These equations require the two-body P-wave 77 scattering phase shift as

#1The contents of this chapter have been published in [259)].
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input, which we extract from the known quark-mass-dependent IAM partial wave. While
we still need to rely on effective field theory ideas to describe the variation of the w mass
with the quark masses, the dispersive framework allows us to predict its quark-mass-
dependent width. The idea to employ dispersion theory to extend the applicability of
IAM-generated phase shifts is not new: it has already been applied to describe the pion
vector form factor [275], as well as, in a formalism closely related to what we present here,
to the reaction ym — 7 [144}276].

The outline of this chapter is as follows: we recall the description of w7 scattering with
the IAM formalism in sec. [[.Il The KHURI-TREIMAN formalism for w — 37 is described
in sec. [7.2l Supplementary assumptions to describe the quark-mass dependence of the
w width are collected in sec. [7.3] before we show results in sec. We summarize our
findings in sec. [7.5]

7.1 P-wave mr scattering and the p resonance in one-
loop unitarized ChPT

Before starting with the discussion of the quark-mass dependence of the w as a three-
pion resonance, we briefly summarize the investigation of the quark-mass dependence in
mm — nr scattering. The results of this section will be an essential input for the study of
w — 3m. We follow the formalism introduced in refs. [266,277]. For the later purpose our
investigation will focus on the p(770) resonance, which appears as a pole in the P-wave
scattering amplitude. The 7 — 77 rescattering will be treated as elastic in this whole
section.

As discussed in sec. the mm scattering amplitude can be decomposed into partial-
wave amplitudes ¢} of isospin I and angular momentum ¢. We work with degenerated
pion masses in the isospin limit, i.e., M, = M+ = Mﬂo For center-of-mass energies
s > 4M? and below any inelastic thresholds the partial-wave amplitude is given in terms
of the scattering phase shift 67 soley,

ti(s) =o' (s) sind;(s) exp[id;(s)] (7.1)

where o(s) = /1 —4M?2/s. Since we are interested in P-wave 77 scattering exclusively,
we fix the quantum numbers I = ¢ = 1 from now on.

In ChPT the pion mass is given in terms of the light-quark masses as an expansion
M? = 2By + O(m?), with its leading term known as the GMOR relation, cf. sec. m
The GMOR relation implies that studying the quark-mass dependence is equivalent to an
investigation of the pion-mass dependence. Hence from now on we will refer to the pion-
mass dependence instead. Since we are interested in pion-mass-dependent quantities, it
turns out to be useful to define parameters at the physical point as e.g. M, = MPWs,

The ChPT power counting allows us to expand the P-wave 7m scattering amplitude
up to next-to-leading order in terms of

tonpr(s) = ta(s) + ta(s) + O(p°), (7.2)

#2A brief discussion of the isospin-breaking effects in w — 37 can be found in sec.
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where t; denotes the contribution of chiral order p*. Projecting the expression for the 77
scattering amplitude given in ref. |72] onto the P-wave yields

so?

(7.3)

at tree-level and

tQ(S) - 1 Mfr
ty(s) = 180F% [s (l + §> - 5(41 — 2L, (73 — 2507)

15
+3L%(5 —320% + 304)> — ?Mﬁ] +ioty(s)?,

(7.4)
for the one-loop correction, where we made use of the abbreviation
1 1 1+o
L,=—|=—1 —1]. 7.5
o? <2a ®1 -5 ) (7.5)

The value for the pion decay constant in the chiral limit F' is taken from the ratio Fy/F =
1.064(7) 260L278-282|, where F, = 92.28(9) MeV [117] is the pion decay constant at the
physical point. For our purpose it is beneficial to work with F' instead of F}, since F' is
independent of M,. We treat the combination of LECs [ = I, — [;, which occurs in the
ChPT expression at next-to-leading order, as a free parameter that will be fixed in the
following. Note that [ is also independent of M, since the individual mass dependences
of I; and Iy cancel [72].

This amplitude however cannot capture the effects of the p resonance, which we expect
to be the dominant effect in the P-wave above the threshold region, since unitarity is only
fulfilled perturbatively (Imt4 = olts]?). Furthermore t, and ¢4 are polynomials in s (up
to cuts encoded in the o dependence), thus the analytic structure of the standard ChPT
expression toppr does not allow for any poles on the second RIEMANN sheet.

In order to include the p resonance into our amplitude we will use the TAM. This
method allows us to construct an amplitude that fulfills unitarity exactly. Up to next-to-
leading order the IAM yields

_ ta(s)?
ta(s) —ta(s)’

which is equivalent to tcppr up to corrections of O(p®). Note that crossing symmetry is
now only fulfilled perturbatively.

tIAM(S) (76)

7.1.1 Pole position and residue

The characteristic properties of the p resonance are encoded in the pole position and
residue of the amplitude on the second RIEMANN sheet, cf. sec. 2.1.2] By analytic con-
tinuation the amplitude on the second sheet can be expressed in terms of the amplitude
on the first sheet [283]. We employ the specific representation [284]

t(s) = - 22((2)) ) 6(s) = 1/4]\53 -1, 6(s £ie) = Fio(s), (7.7)
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where #' and #!! denote the amplitudes on the first and second sheets, respectively. Thus
the pole position of the amplitude is determined by

1 — 26 (Spote) t' (Spote) = 0, (7.8)

where spqe corresponds to
i
/Spole = M, — §Fp. (7.9)

This allows us to identify the mass M,, as well as the decay width I', of the p resonance
(that is assumed to be a purely elastic resonance with a single decay channel 77). The
location of the p pole at the physical pion mass stemming from two studies of 77 scat-
tering with ROY-type dispersion relations [132,[285] is used to constrain the up to now
undetermined LEC. This is done in the following way: we minimize the distance of the p
pole position at the physical point of the IAM amplitude with respect to the most pre-
cise extraction of the pole position from the GKPY analysig”J of ref. [285|. This yields
[ =5.73(8).
The pole position of the IAM at the physical point is then given by

Voo = 0.7620(15) GeV — i0.0778(11) GeV (7.10)

which is in good agreement with refs. [266|,277] and the real part of the pole position
coincides with refs. [132,285] within the error bars. Nevertheless we observe a tension
in the imaginary part, which is ~ 4 MeV (~ 2 — 3 standard deviations) larger than the
imaginary parts from the ROY analyses. Thus here we reach the limits of the one-loop
IAM description with only one free parameter; for more elaborate studies with an O(p%)
TAM amplitude containing several LECs, cf. refs. [277,[286]. However, for the purposes of
our study of w — 37, we consider the one-loop IAM a sufficiently reasonable description
of mm scattering.

Since the amplitude is not limited to the physical value of the pion mass, we are able
to calculate M, and I', as a function of M. The trajectory of the pole position on the
second RIEMANN sheet is displayed in fig. [7.I} As expected from its quark content, the
mass of the p increases if the pion becomes heavier. This behavior can be described to
good approximation as a linear function in M? given by

M,(M?2) = M,(0) +a M2, (7.11)

where M,(0) and a can be matched to the pion-mass-dependent pole trajectory extracted
from eq. (|7.8]), which yields

M,(0) = 0.7480(16) GeV,  a =0.719(9) GeV . (7.12)

Similar observations have been made by investigating chiral symmetry constraints [287].
The available phase space for the decay decreases with growing pion mass, since the
p mass increases much more slowly than the pion mass [266]. Thus the width of the p

#3Note that all three determinations of the p pole position in refs. [132,[285] lead to compatible results
for 1.



7.1 P-wave T scattering and the p resonance in one-loop unitarized ChP'T 151

0.1 01 e : : s
&G M,
0.075 \\ My 3
% . r Zﬂ-
2. 3 M =
P g
3 L — 1
E 0.05 S
£ =
10.025 irt
0 ‘ ‘ 0 ‘ -
0.74 0.78 0.82 0.86 0 0.25 0.5
Re /Spole [GeV] s |GeV?|

Fig. 7.1: Left: trajectory of the p pole position of #!! in the complex s plane as given in
eq. for different pion masses. The gray error band is generated by the uncertainty
of F and [. The colored ellipses mark the one-o uncertainty regions of the pole position
for the respective pion mass. Right: phase shift 6] of the IAM P-wave 77 scattering
amplitude for different values of the pion mass using the same color coding as for the p
pole trajectory. Again the error bands result from the uncertainty of F and .

becomes smaller for larger values of M. The coupling g, of the p to the 77 system is
defined via the residue

2 5 S — Spole 11
gp?Tﬂ' = —48T Sl}gf)le mt (3) s (713)

where the normalization factors are chosen such that it coincides with the naive expression

T 2 3/2

T, = %(Mg — M), (7.14)
as obtained from a LAGRANGIAN-based narrow-width approximation or a vector-meson-
dominance (VMD) model. Equation yields a numerical value of |g .| = 6.12(4),
which is in fair agreement with other determinations [277,[285]. Note that the coupling
Gprr €xtracted from the IAM is pion-mass independent to very good approximation. Thus
the pion-mass dependence of I', is driven by the phase space factor only, cf. eq. , as
confirmed by lattice QCD calculations |288].

7.1.2 Scattering phase shift

The I = ¢ = 1 7 system is one of the most widely-studied resonant scattering phase
shifts in lattice QCD [288-299]. As defined in eq. the scattering phase shift of the
IAM amplitude can be extracted via §1(s) = argti(s). The results for different values of
the pion mass are shown in fig. [7.1] As expected, the slope of the phase shift becomes
steeper for heavier pions, while the whole curve moves to the right (decreasing width
and increasing mass of the p). This behavior is also observed by various lattice QCD
calculations carried out at different pion masses [288-299|. At the physical pion mass
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the phase shift is in perfect agreement with the ROY analyses of refs. [133,|134] in the
low-energy regime up to /s ~ 0.8 GeV.

Above this energy the ROY solutions are typically continued to an asymptotic value
of m. The IAM amplitude on the other hand behaves like

3T

s 7.15
6l + 2 + 3mi ( )

g trana(s) =
in the high-energy limit, which depends only on the value of the LEC. Thus the phase
of the TAM amplitude will not reach 7 for all reasonable values of I. Nevertheless the
phase shift gives a reasonable parametrization up to the p resonance region and thus will
be used as a key ingredient for the dispersive representation of the w — 37 amplitude, as
described in sec. [7.2] In order to test the effect of the discrepancy of the IAM compared
to the ROY solution phase shifts, we will also use the parametrization

Oa

1 — -
01(s) = 5y + s/A2

(7.16)
to account for the correct asymptotic behavior. The parameters §, and J, are fixed
by ensuring continuity of the phase shift and its derivative at some high-energy scale
A? ~ 1.2GeV?, at which we switch from the IAM to the asymptotic phase shift. Note that
this high-energy continuation has no relevant influence on the w — 37 amplitude, since its
effects can be fully absorbed by adjusting the unknown normalization of the amplitude,
cf. eq. below. Similarly, any hypothetical, subleading, pion-mass dependence in A2
would be far too small to be of relevance.

7.2 Dispersive representation of the w — 37 amplitude

The dispersive framework to describe the w — 37 decay was already used in previous
studies of this process [120,121] as well as the closely related v*)7 — 77 transition [300}-
304]. We define the T-matrix element for the wy(py) — 7 (p2) 7 (p3) 7*(ps) decay as

(7' (p2)7? (p3) 7" (pa) liT |wa(p1)) = i(27) "8 (p1 — p2 — p3 — pa) €™ Hi(s, t,u), (7.17)

where the helicity of the w meson is labelled with A and 7* denotes a pion state in the
HERMITIAN basis, cf. eqs. (2.21) and (2.50). The totally antisymmetric LEVI-CIVITA
tensor guarantees that the three pions couple to a state of total isospin I = 0, which

in nature can only be realized by w — 777~ 7% In our convention the MANDELSTAM

variables (cf. sec. [2.2.1)) are defined according to

s = (p2 +p3)27 t = (p2 +p4)2, u = (p3 +P4)27 (7.18)

which fulfill the relation
M2+3M?=s+t+u=3r. (7.19)

In the s-channel CMS, ¢ and u can be expressed as (2.30)),

t(s,25) = u(s, —z5) = %(37" — s+ k(s) z) (7.20)
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where z; = cos 6 is the scattering angle ([2.31])

o )= VAR

Similar expressions hold for the ¢- (2.36)) and u-channels (2.38]), respectively. The physical
thresholds in the three channels are

zs = cos by =

Sthr = lthr = Uthr = 4M72 . (722)

Since the transition w — 3m is of odd intrinsic parity, the helicity amplitude H, can
be further decomposed into a kinematic prefactor and a scalar amplitude M containing
the dynamical information ([2.22)),

Ha(s,t, 1) = i€ap 1 (p1) Py 5 P M(s,t,u) . (7.23)

Here n)(p1) denotes the polarization vector of the w meson. The helicity averaged squared
modulus of the amplitude is given by

}1 S Hals. tu)? = 411 [stu — M2(M? - Mg)z} IM(s,t,0)?, (7.24)
A

where the expression in the square brackets is also known as the KIBBLE cubic [305].
BOSE symmetry demands the scalar amplitude M to be fully symmetric under pair-
wise interchange of the MANDELSTAM variables, i.e.,

M(s,t,u) = M(s,u,t) = M(t,u,s) = M(t,s,u) = M(u,s,t) = M(u,t,s). (7.25)

This symmetry reflects the fact that the process is invariant under the exchange of the
pions. Accordingly, only odd partial-wave amplitudes f] are allowed to contribute to the
process and the partial-wave decomposition for M in the s-channel reads

M(s2) = 3 B RO 1), 136 =5 [ de[Pae) = Pena()] M(s.2),

£ odd 1
(7.26)

where P; denotes the differentiated LEGENDRE polynomials, cf. app. As the available
phase space in the w — 37 decay is rather small, the dominant contribution will come
from the I = ¢ = 1 partial wave (cf. ref. |120] for a discussion of potential F-wave
contributions). Neglecting discontinuities from F- and higher partial waves, i.e.,@

disc, M(z, z,) = disc f1(z) (7.27)

for z € {s,t,u}, the reconstruction theorem allows us to decompose the scalar amplitude
into a sum of single-variable amplitudes

M(s, t,u) = Fi(s) + Fi(t) + Fi(u), (7.28)

#4Here and in the following relations that involve the discontinuity are always meant to be valid along
the right-hand cut only, which starts at the two-pion threshold in the respective channel.
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where F7 possesses only a right-hand cut, cf. sec. 4.2.3, Combining eqs. (7.26]) and (7.28)
the partial-wave amplitude f} is given by

fi(s) = Fi(s) + Fi(s). (7.29)

The right-hand cut of f{ is contained in F7}, while its left-hand cut contributions reside
entirely in the projection F} of the crossed-channel single-variable amplitudes

Fl(s) = 3((1 — 22) FLY, <z§ﬂ>:% / A Fi(Hs2).(730)

Restricting ourselves to elastic 77 final-state rescattering , the unitarity relation
for the partial-wave amplitude f1 is given in terms of the P-wave mrm scattering phase
shift 61 only

disc f1(s) = 2i f1(s) sind}(s) exp[ — id;(s)] . (7.31)

Inserting eq. and noting that disc f](s) = disc Fi(s) along the right-hand cut
results in an inhomogeneous OMNES problem for F] with the inhomogeneity F Lo
sec. Assuming the FROISSART-MARTIN bound [161,/162], a solution of eq. ([7.31)
can be written in terms of a single subtraction constant a [120],

s /Oo dz Fl(x) sin 0} (x) (7.32)

1 1

F=ai|a+ 7 [ TS
Since eqs. and are linear in «, we introduce the basis amplitude F1(s)|a=1, cf.
sec. [3.4. By definition this basis amplitude is constructed independently of the numerical
value of a, which therefore can be determined a posteriori. As « serves as an overall
normalization of the amplitude, at physical pion masses it is fixed to the decay width
['(w — 3m), with the energy dependence of the amplitude or the DALITZ-plot distribution
then being a theoretical prediction [120].

7.3 Decay width and pion-mass dependencies

In nature the by far dominant contribution to the total decay width of the w meson
stems from BR(w — 37) = 89.2(7)%. Besides that, the main subleading contributions
are given by BR(w — 7y) = 8.4(2)% (electromagnetic) and BR(w — 7m) = 1.5(1)%
(isospin-breaking). Together these contributions account for more than 99% of the decay
width at the physical point [117]. Accordingly the total decay width is fully driven by
w — 3w, as long as we restrict ourselves to strong interactions in the isospin limit.
Integrating eq. over phase space the decay width T',, = I'(w — 3m) is obtained
by
1
L= 102473 M3

This expression has several M, dependencies besides the explicit ones (integration bound-
aries and MANDELSTAM variables), which will be discussed in the following.

/ds dt [stu — M2 (M2 - M,%)Q} IM(s, t,u)?. (7.33)
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7.3.1 Pion-mass dependence of the w mass

In contrast to the case of the p, for which we can derive the pion-mass dependence of
the complete pole position in the P-wave 7w — 7w amplitude by means of the IAM, we
are not in the position to do the same for the w within some 37 — 37 amplitude of the
appropriate quantum numbers. We will discuss the complicated pion-mass dependence
of the width of the w, or the imaginary part of its pole in the complex plane, which
is the main focus of this study, in the following; for the pion-mass dependence of its
mass, the corresponding real part, we have to resort to symmetry arguments based on
effective LAGRANGIANS. These will relate M, (M2) to M,(M?), which we have discussed
in sec. [[.1.1]

We briefly recapitulate the analysis of the leading symmetry-breaking effects in the
masses of the vector meson nonet [306-308]|. Here, the vector mesons are treated as
static matter fields; the effective LAGRANGIAN is organized in terms of increasing chiral
dimension as well as using the expansion in the inverse number of colors N !, We neglect
isospin breaking and electromagnetic effects [307|, and ignore deviations from ideal mixing.
In this approximation, the symmetry-breaking part of the effective LAGRANGIAN can be
written as

Lon = LW WH) + S0AWE W) + 2 (G + )

(7.34)
+ 50O W) + O(m2, N&?),
where .
den g wp
W, = P _% + % K0 (7.35)
Ky K,? Pu

contains the (nonrelativistic) vector-meson fields, and x = diag(M?2, M2 2M% — M?)
breaks SU(3) flavor symmetry due to the different quark masses. Among the terms in
eq. , the quark-mass-independent operator o< ¢ is N ! suppressed and breaks nonet
symmetry; the term o a is chirally suppressed, but the dominant flavor-breaking term in
the large-N¢ limit; and the operators oc b and o< ¢ are both chirally and N ! suppressed.
The term o ¢ leads to a common shift in all nonet masses and hence cannot be discerned
from the common mass My using experimental data only; on account of the fact that we
can show the operator o< b indeed to be strongly suppressed below, we will neglect the

former in the following.
Equation (7.34]) then leads to the vector-meson masses

5 b
M, = My +a M?, My =My + 2+ (a+ 2 ) (2MF - M2),
g ¢ 2 ) (M = M) (7.36)
M, = My +6 + (a+b)M?2, My~ = My + a M},

which allows us to extract the coupling constants according to

= —= = §=M,—M,—bM?. (7.37
M]Q(_M7%7 M[Q{_ME ’ P s ( )

a
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Fig. 7.2: VMD tree-level diagram for w — 37 given by a w — pm and a subsequent
p — mm decay.

In particular the value for b depends quite sensitively on the precise values inserted for
the masses of the broad p and K* resonances; if we employ the real parts of their pole
positions [285,309], we find a = 0.57(1) GeV ™!, b = —0.045(20) GeV !, § = 20(2) MeV.
We hence conclude that the formal N, 1 suppression of b/a translates, in fact, into a
numerical suppression by more than an order of magnitude; we will therefore neglect b,
too. Furthermore, we observe that the determination of a based on SU(3) symmetry leads
to an estimate that is about 20% smaller than the value deduced from the one-loop IAM
representation, cf. eq. . As we expect that SU(3) breaking effects ought to affect
the relation between p and w observables less, we use the arguments above to employ a
pion-mass dependence of M, that equals the one of M, up to the constant offset ¢, hence

0.719(9)
GeV

At higher orders in the chiral expansion, NAMBU-GOLDSTONE BOSON loops in-
duce nonanalytic dependencies of the vector meson masses of the form O(mg/ %) and
O(m?logm,), which have been studied extensively in the literature [306-308,310/312];
such terms will obviously break the similarity in M,(M?2) and M, (M?) due to the different
coupling of p and w to pions. We ignore such terms in the present study solely based on
the observation in sec. that a linear dependence of M, on M?2 is sufficient to describe
the behavior of the p pole of the O(p*) TAM amplitude.

M, (M?) = M, + (M2 — M2, M, (0) = 0.7686(20) GeV . (7.38)

7.3.2 The subtraction constant

As derived in sec. [7.2], we require one subtraction constant in the dispersive representation
of the w — 37 decay amplitude in order to maintain a convergent integral representation.
Since this subtraction constant is not fixed by unitarity (and, for the process at hand,
cannot be matched to ChPT as for other processes such as yr — 7 [1441276,300]), we
need to fix its pion-mass dependence in a different way.

In sec. we have recounted that the coupling g, at the p — 7w vertex is (essen-
tially) pion-mass independent and in good agreement with a narrow-width formula or a
VMD model. In an isobar model of subsequent two-body decays, w — 37 is typically
understood in terms of processes w — pm, followed by p — 7w decays, cf. fig. and
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e.g. refs. [313-315]. Reducing the dispersive representation eq. to such a simpli-
fied picture, we find the subtraction constant « in one-to-one correspondence with the
product of coupling constants g,,= X gprx. We therefore conjecture that, by analogy, it
is reasonable to assume g, and hence o, to be also pion-mass independent, and we fix
the subtraction constant to the decay width I'y, at the physical point.

7.3.3 Isospin-breaking effects

Up to now all calculations have been carried out under the assumption of isospin symmetry
(M, = M+ = M,0). We now want to briefly discuss the influence of isospin breaking
effects in w — 3m; a more detailed discussion can be found in ref. [316]. It is well known
that in the context of precision analyses of  — 3, in particular comparing n — 7+ 7~ 7°
and 1 — 37, taking into account the pion-mass difference for the available phase space
at least is mandatory [152201}/202,233]. In this section, we therefore only investigate
isospin breaking in the kinematical contribution, ignoring all dynamical effects (i.e. using
M(s,t,u) = const.), expecting this to be the dominant change.
The pion-mass difference

Ay = (MZ — M2) = 1.26116(15) x 10~° GeV? (7.39)

originates from two sources: electromagnetic effects and the difference of the up- and
down-quark masses, cf. secs. [1.3.2/and |1.3.3] At leading-order in ChPT (for three flavors),
the latter can be evaluated to

- 2
AQCD Mz\ﬁ ~ 3 x 1077 GeV?, (7.40)

8m(mg — m)
hence this effect is very small: the pion-mass difference is dominantly caused by electro-
magnetism, and we neglect the effect of the difference of the light quark masses completely.
Consequently, as long as we neglect higher-order corrections of O(e*m,), the pion-mass
difference A, stays constant when varying M,. This allows us to relate the neutral pion
mass to the charged one according to

Mupo(M2) = /M2, — A, (7.41)

Obviously, below a minimal charged pion mass given by M.+ = /A, ~ 35.5M¢cV this
relation breaks down.

It turns out that isospin breaking in the kinematical dependence of I',, as given in
eq. ([7.33) when tuning the charged pion mass gives only a tiny correction to I, of less
than 2%. Due to the connection of the pion masses in eq. it is easy to see that
the effect of isospin breaking becomes smaller when increasing the mass of the pions; on
the other hand, since the ratio of the w mass to the pion masses becomes larger when
approaching the chiral limit, the increasing isospin-breaking effects are lifted by the w
mass. Thus using the isospin limit is entirely justified for our purposes.
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7.4 Results

In this section we discuss the final results of our dispersive representation of w — 3.
First of all we want to compare the resulting pion-mass-dependent OMNES function or
two-body final-state interaction@ (two-body FSI) to the single-variable amplitude (three-
body FSI) to study the dynamical effects generated by the interaction with the third pion
as depicted in fig. [7.3

Besides pion masses close to the chiral limit, the three-body FSI leads to an enhance-
ment of the modulus of the single-variable amplitude compared to the OMNES function.
While the peak position in the absolute values (due to the p resonance) is essentially
identical for two- and three-body FSI at a given value of M, the phases behave rather
differently. The OMNES function fulfills WATSON’s theorem and thus its phase is identical
to the IAM 77 scattering phase shift. Due to the dynamical effects stemming from the
interaction with the third pion (and the generation of a three-pion cut), this does not hold
for the single-variable amplitude, cf. sec. [7.2l Thus the argument of the single-variable
function is shifted compared to the input IAM phase. The lower and upper phase-space
boundaries are marked by dashed vertical lines, and hence denote the kinematical range
directly accessible in the decay. Already here we want to point out that mainly the tails
of the p resonance will only contribute to the dynamics when increasing M., cf. fig.

In order to study the dynamical effects on the decay width we consider three different
scenarios: first we consider only kinematic contributions to the decay width (all pion—pion
dynamics are disregarded, i.e., §1(s) = 0, and thus M(s, t,u) = const.), secondly we allow
for two-body rescattering effects (meaning M (s, t,u) oc Qi(s) + Q1 (¢) + Qi (u)), and third
the full three-body dynamics are taken into account. A comparison of the different cases
is displayed in fig. [7.4]

First of all we notice that the w — 37 width decreases with increasing pion mass. This
is not surprising since the mass of the three pions is increasing faster than the mass of the
w . Hence the phase space shrinks for larger pion masses as depicted in fig. 7.5 For
M, > %Mw ~ 1.96 M, the masses of the three pions exceed the w mass, thus the reaction
w — 37 is no longer allowed and the w becomes stable with respect to the considered
decay channel (i.e., in QCD in the isospin limit).

We now study the effects of the two- and three-body dynamics. First of all we notice
that the kinematical prefactor given in eq. vanishes at the phase space boundaries
in all directions. This leads to a stronger weighting of the inner region compared to
the outskirts of the phase space when evaluating the integral eq. . Secondly, the
dynamics are mainly governed by the p resonance in the respective two-body channels,
leading to a three-band structure (one for each channel) in the amplitude M(s,t,u). The
peak position and width of these bands will be determined by the respective two- and
three-body FSI effects and the information of the scattering phase input from the IAM.
We conclude that strong imprints of the p as a dynamical effect will only affect the decay
width close to the chiral limit, since the p is only allowed to go on-shell within the phase
space boundaries for M, < 0.15M,.. This effect is even reinforced by the increasing mass

#5Here the third pion will act as spectator, meaning F 1(s) = 0, thus the single-variable amplitude
equals the OMNES function in this case, cf. eq. (7.32).
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Fig. 7.3: Comparison of the absolute value (left column) and phase motion (right column)
of O} (red) and F} with o = 1 (blue) for various pion masses: first row M, = 0, second row
My = My, third row M, = $M;,, and last row M, = 1.96M, ~ £M,,(M2). The dashed
black lines mark the pion-mass-dependent lower and upper phase-space boundaries for the
w — 3w decay given by 4M? and (M, — M, )?, respectively. The error bands are generated
by taking the uncertainties of the TAM phase shift 6] and M,,(M?) into account, cf. fig.
and eq. (7.38). The latter only affects F1.
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Fig. 7.4: Pion-mass-dependent decay width for w — 37 (left) and ¢ — 37 (right) shown
for three different cases: kinematic contribution only (black), considering two-body FSI
(red), and full three-body FSI (blue). The physical point is marked by the black diamond.
The error bands are generated by taking the uncertainties of the TAM phase shift §1(s)
and M, (M?2) into account (M, is considered to be pion-mass independent), cf. fig.

and eq. ([7.38)).

of the p and its decreasing width with growing pion mass, as investigated in sec. [7.1]. Thus
the main contributions to the w width will come from the tail of the p resonances at low
pion masses, cf. fig. [7.5]

This is consistent with the result given in fig. [7.4. We observe that the impact of the
two- and three-body dynamics on the decay width is very strong close to the chiral limit,
where it leads to a reduction of the decay width compared to the one of pure kinematics.
The damping due to the three-body dynamics is four times stronger than the influence
of the two-body effects and results in a width smaller by about one third than the purely
kinematic effects. In the chiral limit we find

I,(0) = 4.02(1) T, = 30.4(1) MeV , (7.42)

for the decay width when allowing for kinematic effects only,

I,(0) = 3.72(2) T, = 28.1(1) MeV (7.43)

when considering two-body dynamics, and

I,(0) = 2.81(2) T, = 21.3(2) MeV, (7.44)

when accounting for three-body dynamics. Here we used I',, = I'(w — 37) = 7.57(9) MeV
for the decay width at the physical point [117]. Since the subtraction constant of all
three curves is fixed at the physical point, the difference between them shrinks when
approaching this point. Above the behavior is opposite, here the two- and three-body
dynamics generate a decay width that is larger than the one obtained from pure kinematic
effects. Since the phase space at the physical point and above does not allow for on-shell
p mesons in the respective two-body systems, the influence of the dynamical effects above
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Fig. 7.5: Left: trajectory of the pion-mass-dependent w mass and width in the complex-
energy plane of 3m — 37 scattering for the three investigated scenarios: pure kinematics
(black), two-body FSI (red), and full three-body FSI (blue). This plot can be compared
with the one for the p resonance, cf. fig. [7.I The physical point is marked by the black
diamond. The error bands are generated by taking the uncertainties of the IAM phase
shift 6(s), M, (M2), and T,, into account, cf. fig. eq. (7.38), and ref. [117]. Right:
pion-mass-dependent phase space boundaries of w — 37 (solid lines) and position of the
“on-shell” p in the respective s-, t-, and u-channels (dashed lines). The color coding is kept
identical to fig. with the following pion masses: 0 (blue), 3 M, (cyan), M, (green),
3M, (yellow), 2M, (orange), and 2M, (red). For the last two the phase space already
vanishes, and thus the w becomes stable with respect to the investigated decay mode.

this point is very small. Thus the two- and three-body FSI curves do not differ strongly
from the curve of pure kinematics.

Considering eq. we are in the position to predict a pion-mass-dependent trajec-
tory of the w pole position in the complex-energy plane of 37 — 37 scattering similar
to the p resonance in fig. [7.I] A plot of this pole trajectory is given in fig. Note
that, strictly speaking, our formalism does not determine such a complex pole position:
rather, we have discussed mass (via effective LAGRANGIANS) and width (via the KHURI-
TREIMAN formalism) individually. Given the smallness of the width of the w, we regard
the error committed thereby as negligible, although this may not obviously be so in the
general case of an arbitrary 37 resonance.

Since dynamical effects in the investigated process are limited due to the small phase
space, we want to emphasize that the dispersive representation derived in sec. is valid
for general V' — 37 decays, with V' denoting an arbitrary isoscalar vector meson, at least
to the extent that the elastic approximation in the pion—pion rescattering is justifiable.
Thus we are able to describe ¢ — 37 by just replacing the decay mass according to
M,, — M, within the same formalism [120,/121]. With a mass of 1019 MeV [117] its decay
allows for much richer dynamics due to the larger phase space, in particular the three p
bands are visible inside the DALITZ plot [317,318]. In the quark-model picture, the ¢
can be understood as a pure ss state, thus its mass does not depend on the pion mass
at leading order. This follows from eq. when using the GMOR relation to relate
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MZ% = B(m+my) + O(mg). The results for the pion-mass-dependent partial decay width
I'y = I'(¢p — 3m) are displayed in fig. . Since the p is allowed to go on-shell up to a
maximal pion mass of M, ~ 1.7M,, the dynamical imprints are much stronger compared
to the case of the w — 37 even above the physical point.

Overall, given how subtle rescattering effects beyond two-body rescattering are usually
thought to be (and more often than not neglected altogether in experimental DALITZ plot
analyses), it is remarkable to see that in both cases studied here, w — 37 and ¢ — 37, the
three-body FSI effects tend to affect the quark-mass dependence of the (partial) widths
about as strongly as the two-body FSI.

We wish to add a few caveats concerning the precision of the predictions shown in this
section. Error bands are estimated solely based on the uncertainty within the one-loop
TAM phase shift input, as well as the one in M, (M?), which is nonetheless based on the
large- N¢ expansion and leading-order symmetry breaking in the quark masses. We do not
attempt to quantify corrections due to higher orders in either case, and refer to ref. [286|
for future work concerning an improved pion-mass-dependent phase shift. Furthermore, a
high-precision measurement of the ¢ — 37 DALITZ plot [317] revealed the need to include
a second subtraction in the dispersive representation of the decay amplitude [120], which
has also not been considered here; experimental data on the w — 37 DALITZ plot is not
conclusive in this respect yet [319).

7.5 Summary

We have investigated the pion-mass (and hence the quark-mass) dependence of the w — 37
decay width, generalizing previous studies of two-pion resonances based on the inverse
amplitude method. To this end, we have employed a dispersive formalism, based on
KHURI-TREIMAN equations, that uses inverse-amplitude-method phase shifts as input.
The pion-mass dependence of the w mass is estimated using a symmetry relation based
on chiral perturbation theory for vector mesons. Deviations from phase space behavior
alone, induced by the pion-mass-dependent decay amplitude, are clearly visible, although
suppressed for larger-than-physical pion masses due to the smallness of phase space. We
have demonstrated for the decay of the heavier ¢ into three pions that this need not be
the case in general. Remarkably, a simple description of the decays in terms of two-body
rescattering alone does not yield a good approximation to the full pion-mass dependence
seen.

The three-pion decays of the lightest isoscalar vector mesons only serve as a paradigm
case for the investigation of three-body resonances; extensions to other, similar decays
within the same formalism ought to be tested in the future.
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In this thesis we studied the phenomenology of strong interactions in hadronic three-
body decays at low energies exemplary in the analyses of the charged and neutral mode
n' — mrn DALITZ-plot distributions, C- and CP-violating patterns in  — 7F 7 70,
and the quark-mass dependence of w — 37w. With the presented KHURI-TREIMAN type
dispersive framework based on the fundamental principles of analyticity and unitarity,
we were able to perform a resummation of the leading n7 and 7n final-state rescattering
effects. In this way we consistently accounted for the rescattering effects among all three
decay products, which have been proven to be vital in hadronic final-state interactions at
low energies. The dispersive integral equations have been solved numerically by iteration
until sufficient convergence was reached. As a result, the dispersive framework allowed us
to describe the considered hadronic three-body decay processes in terms of holomorphic
functions, which are also valid outside of the experimentally accessible physical decay
region.

To conclude this thesis, we want to address the question where to go next. Considering
strong three-body decay processes in the n and 7’ sector, only three decay modes are
kinematically allowed: one isospin conserving 1’ — w7 as well as two isospin breaking
n/n" — 3w modes. Under the assumption of elastic final-state rescattering, the analytic
structure of the respective amplitudes will be fixed by two-body unitarity for 77 and
71 intermediate states uniquely. However, a ' — 7wmn decay followed by nmn — 7w
rescattering yields an inelastic contribution to the unitarity relation of ' — 3w within
the physical boundaries of the DALITZ plot. In order to take this effect properly into
account, the dispersion relations of all three amplitudes have to consistently fulfill the
constraints of unitarity for 77 and 77 intermediate states. The work on this extension is
currently in progress [199], including an update of the ' — 7wz analysis based on the
latest version of the 77 scattering phase shift from the Orsay group [136] and the high-
statistics DALITZ-plot distributions from the A2 and BESIII collaborations [220}221].

In analogy to the analysis of C- and C P-violating transitions in n — 777~ 7% presented
in this thesis, we are currently extending the dispersive framework to study these kind
of transitions in 7’ — 777y as well [258]. Due to the different isospin structure of the
three-body final state, this decay is sensitive to a different BSM operator with isovector
quantum numbers. An essential future extension of the analysis, which still has to be
completed for both n — 7t7 7% and ¥ — w771, is the construction of operators
mediating such C- and C' P-violating transitions in ChPT that can be matched with our
dispersion relations. Furthermore, to predict a scale for BSM physics an identification of
these effective operators with fundamental quark-level operators is needed [252].
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Finally, we want to mention further possible applications of KHURI-TREIMAN tech-
niques in the analysis of three-body rescattering effects of pions at low and intermediate
energies. The diffractive 77p — 7 7 7 p reaction studied at the COMPASS experi-
ment offers a nice testing ground to study final-state interactions of the three-pion system
with isovector quantum numbers [320,321]. As a first step we propose an analysis of
the spin-exotic I¢(JFY) = 17(17F) three-pion mode associated with the m(1600) reso-
nance, since this mode shows rather simple decay dynamics consisting of two interfering
P-waves in the two-body w7 subsystems [322|. Similarly to the I¢(JF¢) = 0=(177)
three-pion mode in w — 37 decays, elastic two-body unitarity demands the dynam-
ics of m(1600) — 37 decays to be dominated by p(770) contributions at low energies.
In order to gain a better understanding of three-body unitarity effects induced by the
crossed-channel p(770) interference in the KHURI-TREIMAN formalism, a comparison of
the resulting single-variable amplitudes for the isoscalar and isovector three-pion modes
at different invariant energies seems promising. For the future, extensions to other iso-
vector three-pion modes investigated by the COMPASS collaboration are planned. In this
way, the KHURI-TREIMAN formalism has the potential to systematically improve on new
amplitude analyses of hadronic three-body decays.
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Appendix A

Mathematical formulae

A.1 Properties of the Gell-Mann matrices

In the lowest-dimensional representation of SU(3) the eight generators are given in terms
of 3 x 3 complex matrices \*. These HERMITIAN and traceless GELL-MANN matrices [3§|
are given by

010 0 —i 0 1 0 0
M=110 0], N=[|:i 0 0], N=[0o -1 0],
000 0 0 0 0 0 0
00 1 00 —i
M=1(0o0 0], N=[0oo0 0], (A.1)
1 00 0 0
000 00 0 L (100
=00 1], N=|00 —if, N=—J|01 0],
010 0 i 0 V3o 0 —2

and obey, in analogy to the 2 x 2 PAULI matrices of SU(2), the commutation, anticom-
mutation and orthogonality relations

A% N] = 20 fope A, {AY N} = 26, + 2dgpe A tr(A°A%) = 26, . (A.2)

— 3
The completely antisymmetric real structure constants f,,. can be expressed as
fave = =i tr (A% X]X°) (A.3)

leading to
f123 =1 9

J1ar = —f156 = fose = fos7 = faa5 = —faer = %> (A4)
Jass = fors = \/73,
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where other combinations not listed above are zero. A similar identity is found for the
completely symmetric real constants d,;. given by

dape = 1 tr({A%, A"}XY) (A.5)
fixes
d118 = d228 = d338 = _d888 = \/Lg 3
d448 = d558 = d668 = d778 = _#g ) (A6)
diss = dis7 = —dosy = dosg = dzas = dass = —daes = dazr = & .

Again, all combinations not listed above are zero.
One may define a ninth 3 x 3 matrix [3§]

5 (100
A0=§010, (A7)
001

which extends SU(3) to U(3) symmetry. The new matrix is chosen in such a way that the
relations

AN = 20 fope A€, (AN} =2dgpe X6, tr(AUAY) = 26,4, (A.8)

hold for all nine A*. Hence, fu. is defined as before with the exception that it vanishes
if one index is zero. Similarly, d.,. will be given as before except for additional nonzero
elements whenever one index is zero and the two other indices will be identical

dOOO = dOll = d022 = d033 = d044 = d055 = d066 = d077 = d088 = \/g (A9)

Supplemented by this unit matrix, an arbitrary 3 x 3 matrix M can be constructed
according to
M= M, \*, (A.10)

where summation index a now runs from 0 to 8 and the complex coefficients M, may be
given by
M, =3 tr(MX?). (A.11)

A.2 Properties of the Legendre polynomials

The LEGENDRE polynomials Py(z) with ¢ € Ny and z € [—1,1], used in the partial-wave
expansion of 2 — 2 scattering processes involving only particles of spin zero, are a set of
linearly independent functions. Hence, these polynomials fulfil the orthogonality relation

1
2
dz Py(2) Pr(z) = —— b A12
/1 1(2) Pu(2) 01 (A.12)
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which allows for a projection of an amplitude onto distinct partial waves. Under sign flip
of the argument z — —2z the LEGRENDRE polynomials obey

Pi(~2) = (-)' Pu(2). (A.13)

Furthermore, if the angles z = cos ¢ fulfil

cos 0" = cosf cos ' + sinf sin 6 cos(¢p — ¢'), (A.14)
the identity
47T (5@/[//
/dQ/ Pg/(z’) Pg//(zll) = 20 I 1 Pg/(z) y (A15)

holds, which can be proven by using the addition theorem for the spherical harmonics

1

S Yin(0,6) V(0,0 (A.16)

m=—

47

The first three LEGENDRE polynomials are given by
1
Py(z) =1, Pi(z) =z, Py(z) = 5(322 —1). (A.17)

When dealing with derivatives of the LEGRENDRE polynomials P, the following orthogo-
nality relation will hold:

/_1 dz [Pg_l(z) — Pg.,.l(z)} Pg/(z) = 2(5@/ . (A18)

1

A.3 Identities for complex numbers

Any given arbitrary complex number z € C can be given in two different ways: a CARTE-
SIAN representation

z=Rez+ilmz, (A.19)

and a polar representation
z = |z]exp(iarg z) = |z| cos(arg z) + i |z| sin(arg z) , (A.20)

where the second equivalence is known as EULER’s formula. Comparing egs. (A.19) and

(A.20) yields the identities

Re z = z cos(arg z) exp(—iarg z) , Im z = zsin(arg z) exp(—iarg z) . (A.21)
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A.4 Identities for polynomials

For z,s € C and n € Ny the following identity will hold

n—1

" —s" = (x —s) Zs"‘k_l zk

k=0

If a polynomial P, of degree n is given by

P,(z) = Z cr
k=0

with ¢; € C, eq. (A.22)) allows us to rewrite

3
T
o

k=

,_.
<.
I
o

Let @, denote another polynomial of degree n given by

Quls) = [[(s — ).

k=1

with s € C, then
Qua—5) _ Qu(s)
Qn(a - 33) Qn($)

+(r—5) g a(s),

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

holds for @ € C and ¢_; denotes another polynomial in s of degree n—1 whose coefficients

are of order O(z™"!'). A formal proof of this relation can be found in [144].
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Dalitz-plot expansion of 1 — 3 decay
amplitudes

First invented to study the decay region of K — 37 [122-124], it has become common
to present the DALITZ-plot expansion of the T-matrix element in terms of dimensionless
kinematical variables when analysing three-body decays, cf. chs.[5]and [0} These so-called
DALITZ-plot variables, describing the kinematics in the decay region of the analysed
process, can be related to the MANDELSTAM variables discussed in sec. [2.2.1]

The construction of the DALITZ-plot variables can be realized in the following way:
we begin by choosing the rest frame of the decaying particle defined in eq. (2.41)), i.e.,
p) = M, and |pi| = 0. The total kinetic energy available for the decay is given by

Qi =Ty + T+ Ty =M — My— My — My, (B.1)

where T; = p — M, define the kinetic energies carried by the three decay products.
Similarly to the sum of the MANDELSTAM variables , eq. tells us directly that
the sum of the three kinetic energies T; for a given decay is fixed. In analogy to the
construction of the MANDELSTAM diagram, we construct an equilateral triangle in the
plane of rescaled kinetic energies ¢; = 3T;/Q); rendering them dimensionless. Since the
perpendicular distances from each side will be identified with the respective energies ¢;,
eq. directly fixes the height of the triangle to a value three. Any given kinematical
configuration of the considered three-body decay process can be identified uniquely
as a point in the g;-plane bounded by the triangle. The constructed triangle encloses a
unit circle whose center is located at the point of equal ;. Now we introduce a set of two
linear-independent DALITZ-plot variables [122-124]

Ty —T; 20 — T3 — Ty
=13 , T3 — Ty
Qi Y 0,

which are defined such that the origi of the new coordinate system x = y = 0 coincides
with the center of the unit circle and the additional condition z? +4? = 1 on its perimeter

, (B.2)

#11t follows directly that the center of the MANDELSTAM diagram at s = t = u = 7 will coincide with
the DALIZ-plot center only in the special case of equal mass decay products.
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Y

~ ™~

Fig. B.1: Geometry of the DALITZ-plot plane spanned by the perpendicular DALITZ-
plot variables x and y, defined in terms of the rescaled dimensionless kinetic energies ¢;
of the three decay products . The outer equilateral triangle defines the universal
bounds on x and y for a general three-body decay process. The restrictions for the non-
and ultra-relativistic limits are depicted by the dotted unit circle and the dashed inner
triangle, respectively.

will hold. From eqs. (2.23]) and (22.24)) follows that the energies of the three decay products
in terms of the MANDELSTAM variables are given by

M} + M3 —s
2M,

M?+ Mz —t

M+ M;—u
2M, ’

E (B.3)

Py = R . py=

which allows us to rewrite the DALITZ-plot variables in eq. (B.2)) according to

V3
a’,’ o
2M, Q4

B 3
2M; O

(t—u—|—2M1(M3—M4)—A34) s Yy ((Ml—M2)2—S)—]_. (B4)

The DALITZ-plot variables of any given three-body decay process will at least be
bounded by the outer triangle In the special case of decay products of equal mass, the
limits are further restricted to the inner of the unit circle. Since a decay with identical

#2Dealing with three-body decays involving the decay products with different masses, it might be
convenient to rescale the DALITZ-plot variables by some fraction of these masses, cf. ch. However,
it needs to be mentioned that such a rescaling directly contradicts the underlying symmetry of these
variables.



Appendix B - Dalitz-plot expansion of 1 — 3 decay amplitudes 173

reaction products will be symmetric under exchange of the kinetic energies, the three
perpendicular g;-axes reveal the sixfold symmetry of such a process. Therefore the infor-
mation on the T-matrix element in one of the six sub-triangles generates the complete
DALITZ plot by mirroring along the symmetry axes. Additionally, we want to mention
the constraints on = and y in the non- and ultra-relativistic limit: the former limit will
result in a unit circle, while latter limit leads to an equilateral triangle whose tips will
touch the unit circle. A sketch of the geometric considerations made so far is depicted in
fig. B}

In case of three-body decay process that is free of any dominant resonance structures
in the DALITZ-plot distribution, it is convenient to expand the modulus square of the
T-matrix element in terms of the DALITZ-plot variables x and y. At the DALITZ-plot
center the most general expansion is given by

}ﬁi(x,y)‘Qz\N\2(1+ay+by2+cm+dx2+ea:y (B.5)
+fyt gty +hay? Flad ). .

where the real coefficients a, b, ¢, d, e, f, g, h, and [ are the so-called DALITZ-plot
parameters and A defines the normalization of the matrix element. Considering the
case of two identical particles in the final state, the squared modulus of the amplitude is
symmetric under exchange of the corresponding momenta, cf. sec. [2.2.1 Conventionally
the kinematic variables will be defined such that the expansion in eq. has to be even
under reflection of x+ — —xz, hence all DALITZ-plot parameters of odd powers of x have
to vanish and eq. simplifies to

Tri(e, )| = NP+ ay +by? +da® + fyP + g2y +..). (B.6)

Finally, we want to mention that for three-body decay processes with three identical
decay products commonly two additional polar variables are defined at the DALITZ-plot
center

2 =22+ 92, ¢ = arg(z + 1y) , (B.7)

which account for the underlying symmetry of this configuration. Thus, the new DALITZ-
plot variable z can only depend on the squares of the MANDELSTAM variables given by

2 (8 + 12 +u? —3r?). (B.8)

T 2MP QR
Accordingly the DALITZ-plot expansion of the squared absolute value of the T-matrix
element

}7}1'(27‘?))‘2 = INP(1+ 2002+ 28 232 sin 3¢ + 27 22 5o
B.9
+26 272 sin 3¢ + 2¢ 2 + 2¢ 2* cos 66 + ...) ,

defines the DALITZ-plot parameters «, (3, 7, 9, €, and (.
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Appendix C

Supplementary notes on ' — wnn
decays

C.1 Construction of w%7% and n°n phase shifts

The scalar form factors of neutral and charged pions including isospin-breaking effects
have been calculated in the framework of a nonrelativistic effective field theory (NREFT)
in ref. [323] (cf. also refs. [324]325] for details on the NREFT formalism). We use a
simplified version of this result: we only retain the correct thresholds of the two channels
(7%7% and 77 ~), but disregard isospin-violating corrections in the polynomials that
describe the effective-range expansion of the scattering partial wave and the low-energy
form factor expansion. In this way, we retain all the nonanalytic effects due to the pion
mass difference that scale like /M2 — Mgo near the two-pion thresholds, but neglect
regular isospin violation in the form factor of order M2 — M?2,, which can be calculated in
chiral perturbation theory [326}327]. In this approximation, the phase of FQ is given by

2 — _
arg Fg<8) = arg {1 —iogvy — —i (vg — va)(0 — 09)

, (C.1)

3 1 — 1009

where o = 0,(s) as defined in sec. and 0¢ = /1 —4M?,/s. The polynomials v; for
isospin I = 0,2 are related to the S-wave effective-range expansions,

vi(s) = ap + O(s — 4M?), (C.2)

where q; are the S-wave w7 scattering lengths. They can be expressed in terms of the
phase shifts of corresponding isospin according to

vr(s) = o7 (s) tan 64 (s) . (C.3)
In order to continue egs. (C.1)) and (C.3)) to the region 4M?, < s < 4M2, we employ an

effective-range expansion adapted to the phase shifts used for the v;, and the analytic
continuation o — —+iy/ —o?2.

The resulting phase is shown in fig. and compared to 49, the phase shift in the
isospin limit. We see that arg F§ starts at s = 4M?,, and has a sharp cusp at s = 4M?2, as
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Fig. C.1: Left panel: Comparison of arg F0 (solid line), the phase of the neutral-pion
scalar form factor including the effects of different 797" and 7" 7~ thresholds, to the
isospin-symmetric phase shift 63 (dashed line). Right panel: the difference of arg F and
89 over a larger range in s.

anticipated. The difference of arg F and §) quickly becomes tiny away from the threshold
region, and in fact crosses 0 around s = 0.4 GeV2. We neglect the isospin-violating phase
difference above this point, and use the isospin-symmetric phase shift at higher energies.

We adapt the 7 phase from ref. [135] for 77 scattering in a simpler manner. In
this case, there are no different channels coupling/no additional cusps introduced, hence
we just need to account for the slightly lower threshold. We achieve this by a linear
mapping of the elastic regions [(Mro + M,)?, 4My] — [(M; + M,)? 4Mj], such that the
797 scattering phase shift 51 is defined as

AME — (M, + M,)?
AMZ — (Mo + M,)?

But) = a(i()) . () =403 — (4ME—1).  (C4)

Above the KK threshold, we set 5(1) equal to &}. As the 7n phase shift rises only slowly
before the onset of the ag(980) resonance, the isospin-breaking shift is small compared to
the uncertainty in the phase shift itself already rather close to threshold.

C.2 Matching equations

In the case of RChT, the matching procedure to the dispersive representation is straight-
forward: an obvious decomposition of the amplitude ([5.65|) is

M3 M £ (0 A A s
FO’RChT(s) Coy ——2— [ S( + — +C>+p—d——P— )
° MME—s | F2A\MS T ME F2MZ2 " M3

M2 M? & WY
1,RChT s S 2
0 (t) = Coq 32 3 M2 t P2 (W + 75 M2 + Cd) )

(C.5)
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which is compatible with the required asymptotic behavior. In order also to match the
TAYLOR expansion in ([5.26]), we have to apply a transformation (5.23)) with ¢, = 0 and

§

C1 = 24 =5

Matching the TAYLOR coefficients to the dispersive representation leads to the subtraction
constants

M2/ CQA 3M2/M2 CQA

RChT __ n d 0 n 7S d 2

O = {ﬁ( ~5) (T (a-ig) om)] e
M2/

,YRChT:quF_ZA

The RChT amplitude can also be matched to the representation ([5.24) with four
subtraction constants. In this case, eq. has to be transformed according to ((5.23))
with
M3 +r My,

I3 A, o= cqu A. (C.8)

€1 = 2¢Cqq

The matching equations for this case are given by

3 A A
aRCT — [p+ 2 ((Mg—i—r)A— 3‘;\4§>] ,

™

2 A M? 3]\42 A
(P){ChT:_qu{ dFQMI +wp F2 (<M§+T)A_3M2)+M2,wop}
S
3M4 A
ot = qu[ &0 5o 2F2 ((MS r)A- 3?\43) (C.9)
M, AA(MZw)—1) M,
7 A d S®0 _ n ~0
RChT _ M4
M = Cq a2 F2 M2

In the case of NLO large- Nz ChPT, an obvious decomposition of the amplitude ([5.62))
is
F0.ChPT 5° 1,ChPT t?
oxtLo (8) =B+ C—r, Gonro () =C— (C.10)

4
M, 0



178 Appendix C - Supplementary notes on 7 — ©rn decays

where we defined

M? 2(3Ly+ L
B = _W_—(?’ 2+ Ly)

4 4 4
= o | 3 (M, + M, + 2M})
2L5 , ) o o 24Lg 2 ) V2 )
_fﬁM@+M+MMMﬁ—WA@+#M@+%§ﬂﬂk
2(3Ly + L3)
C=cy——mg— My,

(C.11)
In this case, it is not possible to match to the representation ([5.26]), because NLO large-
N¢ ChPT is not compatible with the assumed asymptotic behavior. However, it can be

matched directly to the representation (5.24)), as both the asymptotics and the TAYLOR
expansion agree, leading to

C:)O
WPt =Cc-22BM

ChPT __ ChPT __ 2,0 4
ao —B, 0 —_BMn/wO, 2 n/,

ChPT __
CRPT _ (.

(C.12)
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