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Abstract

In this thesis, we study automorphic forms on the rank 2 symplectic group Sp(4), in the context
of analytic number theory. While much of the abstract theory is described in Langlands’ theory,
one needs more explicit formulae for applications in analytic number theory. The thesis consists
of three parts.

In the first part of the thesis, we first give explicit formulations for Sp(4) Eisenstein series. Then
we compute explicit formulae for constant terms and Fourier coefficients of Sp(4) Eisenstein
series, in terms of Whittaker functions.

In the second part of the thesis, we study Sp(4) Kloosterman sums, and evaluate non-trivial
bounds for these sums, using a stratification argument, and p-adic stationary phase method.
We also compute explicitly the Fourier coefficients of Sp(4) Poincaré series, using Kloosterman
sums.

In the third part of the thesis, we construct an Sp(4) analogue of the Kuznetsov trace formulae.
We also obtain explicit relations between Fourier coefficients of Sp(4) automorphic forms and
Hecke eigenvalues. Using these results, and estimates of Sp(4) Kloosterman sums, we establish
strong bounds for the number of automorphic forms of level q violating the Ramanujan conjecture
at any given unramified place, which go beyond Sarnak’s density hypothesis.
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Chapter 1

Introduction

The theory of automorphic forms has its origin in the study of modular forms. In the classical
sense, a modular form for the group Γ = SL(2,Z) is a holomorphic function f defined on the
complex upper half plane H := {z ∈ C | Im(z) > 0} satisfying the transformation property

f(γz) := f

(
az + b

cz + d

)
= (cz + d)kf(z), γ =

(
a b
c d

)
∈ Γ

where k is called the weight of f . We also require that f is “holomorphic at the cusp”, that is,
f satisfies the growth condition f(x+ iy)� yN for some fixed N .

An important example of modular forms is the holomorphic Eisenstein series E2k of weight 2k
for 2 ≤ k ∈ Z, given by

E2k(z) =
1

2ζ(2k)

∑
c,d∈Z

(c,d)6=(0,0)

1

(cz + d)2k
.

Maaß [Maa49] extended the study to functions that are not holomorphic, but only real-analytic,
and introduced the notion of Maaß forms. A Maaß form for Γ is a smooth function f : H→ C
satisfying the following properties:

(i) f(γz) = f(z) for all γ ∈ Γ;

(ii) f is an eigenfunction for the hyperbolic Laplacian ∆ = −y2
(
∂2

∂x2
+ ∂2

∂y2

)
;

(iii) f has moderate growth at the cusp, that is, f(x+ iy)� yN for some fixed N .

Furthermore, if f satisfies
∫ 1

0 f(x+ iy)dx = 0, then f is called a Maaß cusp form.

An important example of Maaß form is the non-holomorphic Eisenstein series

E(z, s) =
1

2

∑
c,d∈Z

(c,d) 6=(0,0)

Im(z)s+
1
2

|cz + d|2s+1 , Re(s) >
1

2
.

This function is real-analytic in z, and holomorphic in s. Since

E(z + 1, s) = E(z),

the Eisenstein series has a Fourier expansion

E(z, s) =
∑
n∈Z

an(y)e(nx),
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where z = x+ iy, and e(x) := e2πix. One may compute that the Fourier expansion of E(z, s) is
given by

E(z, s) = ys+
1
2 +

Λ(2s)

Λ(2s+ 1)
y−s+

1
2 +

2
√
y

Λ(2s+ 1)

∑
0 6=n∈Z

σ−2s(n) |n|sKs(2π |n| y)e(nx),

where Λ(s) = π−s/2Γ(s/2)ζ(s) is the completed zeta function, σs(n) =
∑
d|n
ds is the divisor

function, and

Ks(y) =
1

2

∫ ∞
0

e−
1
2
y(u+u−1)us

du

u

is the K-Bessel function. It follows from the Fourier expansion that E(z, s) can be continued
into a meromorphic function on C as a function in s.

The Eisenstein series is also of great importance in the spectral decomposition of automorphic
functions. Precisely, we have the Selberg spectral decomposition [Sel56]

L2(Γ\H) = C⊕ L2
cusp(Γ\H)⊕ L2

cont(Γ\H),

where L2
cusp(Γ\H) denotes the cuspidal spectrum, spanned by Maaß cusp forms, and L2

cont(Γ\H)
denotes the continuous spectrum, spanned by Eisenstein series.

In the monumental theory of Langlands [Lan76], we have a description of Eisenstein series on
adelic quotients G(F )\G(A), where G is a suitable reductive Lie group, F is a number field,
and A is the ring of adeles of F . This then gives a spectral decomposition of the L2-space of
the locally symmetric space Γ\G(R)/K for a congruence subgroup Γ and a maximal compact
subgroup K of the real group G(R). The Selberg spectral decomposition then corresponds
to the case where Γ = SL(2,Z), G(R) = SL(2,R), and K = SO(2,R). While the spectral
decomposition is known in general, its application in analytic number theory remains limited
in other cases, because the constant terms and Fourier coefficients of Eisenstein series are only
known explicitly for few cases, such as GL(2,R) and GL(3,R).

1.1 Symplectic Eisenstein series

While much of the theory was already worked out implicitly in the work of Langlands [Lan76,
Art79], relatively little is known about the explicit formulations for Eisenstein series for G =
Sp(4). For applications in analytic number theory, we often require explicit formulae. This
applies in particular to trace formulae and relative trace formulae (à la Kuznetsov) whose use in
analytic number theory is based on its explicit shape [Blo19b]. Such formulae are only worked
out for few groups. Besides the classical case GL(2), such explicit computations have only been
done for GL(3) by Bump, Goldfeld and others [Bum84, BFG88, Thi04, Gol06, Bal15], with hints
on how to generalise to GL(n), and are not known for other classical groups. The group Sp(4)
is a natural candidate as the first step for the generalisation of these computations to a group
besides GL(n). It is worth noting that some work has been done on the exceptional group G2

[Xio17].

Eisenstein series find many applications in number theory. Langlands [Lan76] introduced in
his spectral theory the notion of constant terms along a parabolic subgroup. This generalises
the notion of constant Fourier coefficient in the classical theory, and is essential to the spectral
decomposition of automorphic forms. The Fourier coefficients of Eisenstein series are featured in
the construction of automorphic L-functions by Langlands-Shahidi method [Sha10]. Eisenstein
series are also connected to algebraic objects, such as quadratic forms [Blo20] and algebraic
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varieties [FMT89]. Through the construction of the Eisenstein series, we see that their Fourier
coefficients feature a generalised version of exponential sums and divisor-type functions, which
are worthy of investigating by their own.

For G = Sp(4), there are three types of Eisenstein series, corresponding to the three parabolic
subgroups of Sp(4): those associated to the Siegel maximal parabolic subgroup, those associated
to the non-Siegel maximal parabolic subgroup, and those associated to the Borel subgroup. Since
the Levi factor for the maximal parabolic subgroups is GL(2), it is also possible to twist the
corresponding Eisenstein series by classical Maaß cusp forms. However, we shall only focus on
Eisenstein series with trivial twist. Such Eisenstein series correspond to the residual spectrum.
The residual Eisenstein series are special in the sense that their properties can be inferred from
those of the minimal Eisenstein series with relative ease.

It follows from the general theory [Lan76, MW95] that the Eisenstein series, while originally
defined on an open subset of the complex space where the series converges absolutely, can be
extended meromorphically to functions defined on the whole complex space.

The objective of Chapter 2 is to compute the constant terms and the Fourier coefficients of
the minimal Eisenstein series E0(g, ν), and the residual Eisenstein series Eα(g, ν, 1), Eβ(g, ν, 1).
The precise notations for the Eisenstein series are given in Section 2.1. We outline our approach
here.

We recall the definition of Eisenstein series in general. Let G be a reductive group, Γ a discrete
subgroup, and P = NM be a standard parabolic subgroup of G, with Levi subgroup M . Let
A be the maximal torus of the identity component of its centre, which we assume to be split.
Let M ′ = A\M . Then we have decompositions M = AM ′ and P = NAM ′. Let K be a
fixed maximal compact subgroup of G. By Iwasawa decomposition, we have P = NMK =
NAM ′K.

Let aP be the real Lie algebra of A, and a∗P its dual. Let aPC = aP ⊗R C and a∗PC = a∗P ⊗R C
be the complexifications of aP and a∗P respectively. This gives a natural pairing 〈−,−〉 : a∗PC ×
aPC → C. There is a homomorphism HP : G → aP , which takes g ∈ G to HP (g), for g ∈
N exp(HP (g))MK. It is easily checked that this is well-defined.

Let f be an automorphic form on M . The Eisenstein series associated to the parabolic P and
twist f is

EP (g, ν, f) =
∑

γ∈P∩Γ\Γ

f(mP (γg)) exp 〈λ+ ρP , HP (γg)〉 , (1.1)

where g ∈ G, ν ∈ a∗PC, ρP the half-sum of positive roots of n, the Lie algebra of N , and
mP : G→M/(K ∩M) the projection map with respect to the decomposition G = NMK. We
see that EP (g, ν, f) defines a function on Γ\G/K, whenever the sum converges.

To obtain explicit formulations for the Eisenstein series, it is necessary to obtain a system of
representatives for the quotient P∩Γ\Γ. This is done forG = Sp(4) in Section 2.2, by introducing
parameters known as Plücker coordinates, cf. [BFH90] and [Gol06, Ch. 11]. We also give a
partition of the coset representatives with respect to Bruhat decomposition G = BWB, where B
is a standard Borel subgroup of G, andW is the Weyl group of G, with each piece corresponding
to a Weyl element w ∈ W . This is useful for the computation of the constant terms and the
Fourier coefficients.

In Section 2.3 we compute the constant terms of the Eisenstein series. While we have explicit
systems of coset representatives, and hence explicit expressions for the constant term integrals,
these integrals are complicated, and it is difficult to evaluate them using elementary methods.
To evaluate the integrals, we switch to the adelic side, and make use of the intertwining operators
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for automorphic forms [Lan76, MW95]. Through a functional equation of Langlands, we can
relate the constant term integrals for different Bruhat pieces. In this way, we can express the
constant terms for all Bruhat pieces using the constant terms for pieces corresponding to simple
reflections in the Weyl group, which are easy to compute. In this way we obtain the constant
term of the minimal Eisenstein series E0(g, ν) along the minimal parabolic P0. The constant
term consists of 8 terms, the size of the Weyl group W of Sp(4). Deferring the notations to
Chapter 2, the constant term is given as follows.

Theorem 1.1. The constant term of the minimal Eisenstein series E0(g, ν) along the minimal
parabolic subgroup P0 is given by∫

N0(Z)\N0(R)
E0(ug, ν)du =

∑
w∈W

C0,w(g, ν),

where

C0,id(g, ν) = yν1+2
1 y2ν2−ν1+1

2 ,

C0,sα(g, ν) =
Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y2ν2−ν1+2

1 yν1+1
2 ,

C0,sβ (g, ν) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1+2

1 yν1−2ν2+1
2 ,

C0,sαsβ (g, ν) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y2ν2−ν1+2

1 y−ν1+1
2 ,

C0,sβsα(g, ν) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 yν1+1
2 ,

C0,sαsβsα(g, ν) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y−ν1+2

1 y2ν2−ν1+1
2 ,

C0,sβsαsβ (g, ν) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 y−ν1+1
2 ,

C0,sαsβsαsβ (g, ν) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y−ν1+2

1 yν1−2ν2+1
2 .

A more precise version of the theorem, as well as the constant terms of the minimal Eisenstein
series E0(g, ν) along other parabolic subgroups are given in Section 2.3, in Theorems 2.21, 2.23
and 2.24.

Since the residual Eisenstein series Eα(g, ν, 1) and Eβ(g, ν, 1) are residues of the minimal Eisen-
stein series E0(g, ν), one can obtain their constant terms simply by taking the residues of the
constant term of E0(g, ν). These constant terms are given in Corollaries 2.25 to 2.30.

In Section 2.5 we compute the Fourier coefficients of the Eisenstein series, in terms of Whittaker
functions. To state the result, we need to evaluate the Dirichlet series for a Sp(4) Ramanujan
sum. This is treated separately in Section 2.4. The Fourier coefficients of E0(g, ν) is given in
Theorem 2.36. By taking residues, we obtain the Fourier coefficients of Eα(g, ν, 1) and Eβ(g, ν, 1),
in Corollaries 2.37 and 2.38.

1.2 Symplectic Kloosterman sums and Poincaré series

We first give a brief review of classical Kloosterman sums. A Kloosterman sum is given by

S(m,n, q) :=
∑

x,y∈Z/qZ
xy≡1(mod q)

e

(
mx+ ny

q

)
.

4



Such sums naturally appear in the Fourier expansion of GL(2) Poincaré series

Pm(z; ν) =
∑

γ∈P 2∩Γ\Γ

Im(γz)νe (m(γz)) , (1.2)

where Γ = SL(2,Z), P 2 =

{(
∗ ∗
∗

)
∈ SL(2,R)

}
⊆ SL(2,R), z ∈ H, m > 0, Re(ν) > 1.

To look for generalisations of Kloosterman sums, it is helpful to reformulate the definition of
Kloosterman sums in the context of automorphic forms. We start by noting that Kloosterman
sums satisfies a multiplicativity relation. Let q = q1q2, with (q1, q2) = 1. Choose r1, r2 such that
r1q1 ≡ 1 (mod q2), and r2q2 ≡ 1 (mod q1). Then

S(m,n; q) = S(r2m, r2n; q1)S(r1m, r1n; q2).

So it is sufficient to consider the case where q = pk is a prime power.

Let

T : =

{(
a

a−1

)
∈ SL(2,Q)

}
, U : =

{(
1 ∗

1

)
∈ SL(2,Q)

}
be the standard torus and the standard unipotent subgroup of SL(2,Z) respectively. We denote
by N the normaliser of T in SL(2,Q). Then the Weyl group of SL(2,Q) is given by W := N/T .
The Weyl group W = {id, w0} consists of two elements, where the non-identity element w0 is
represented by the matrix

w0 =

(
−1

1

)
.

Let γ ∈ SL(2,Z). We consider a Bruhat decomposition γ = uwtu′ of γ, where u, u′ ∈ U(Q),
w ∈ W , and t ∈ T . Let C(pk) denote the set of γ ∈ SL(2,Z) with Bruhat decomposition
γ = uw0tpku

′, where

tpk =

(
pk

p−k

)
∈ T,

and let X(pk) = U(Z)\C(pk)/U(Z). Now we give an explicit characterisation of X(pk). An
element γ ∈ X(pk) has the form

γ =

(
1 x

1

)(
−1

1

)(
pk

p−k

)(
1 y

1

)
=

(
xpk xypk − p−k
pk ypk

)
∈ SL(2,Z).

The resultant matrix having integral entries implies x, y ∈ p−kZ/Z, and xypk − p−k ∈ Z.

For m ∈ Z, let χm : Q/Z → C× be the character defined by x 7→ e (mx). We define projection
maps

u :X(pk)→ U(Z)\U(Q),

u′ :X(pk)→ U(Q)/U(Z)

by the relation γ = u(γ)w0tpku
′(γ) for γ ∈ X(pk). We consider for m,n ∈ Z the character

sum
Kl(pk, χm, χn) :=

∑
γ∈X(pk)

χm(u(γ))χn(u′(γ)).

Using the characterisation above, we see that

Kl(pk, χm, χn) =
∑

x,y∈p−kZ/Z
xypk−p−k∈Z

χm(x)χn(y) =
∑

x,y∈Z/pkZ
xy≡1(mod pk)

e

(
mx+ ny

pk

)
= S(m,n; pk)

5



returns a Kloosterman sum.

It is apparent from this formulation that one can construct generalised Kloosterman sums over
arbitrary reductive groups; in particular, we can define Kloosterman sums for every element in
the Weyl group. However, in the classical SL(2,Z) case, the Kloosterman sums for w = id is
trivial, so we only see one kind of Kloosterman sums, corresponding to w = w0 the non-trivial
Weyl element, in the classical theory.

In [BFG88], Bump, Friedberg and Goldfeld introduced GL(r) Poincaré series for r ≥ 2, and
gave a generalisation of Kloosterman sums to GL(3). The notion of Kloosterman sums was then
generalised to GL(r) for r ≥ 2 by Friedberg [Fri87], and then to arbitrary simply connected
Chevalley groups by Dąbrowski [Dąb93].

By methods in algebraic geometry, Weil [Wei48] obtained a bound for GL(2) Kloosterman
sums

|S (m,n; q)| � τ (q) (m,n, q)1/2 q1/2, (1.3)

where τ denotes the divisor function. However, it remains a major open problem to give non-
trivial bounds for Kloosterman sums in general, and currently only a small set of examples
can be treated. Bounds for GL(3) Kloosterman sums were first obtained by Larsen [BFG88,
Appendix] and Stevens [Ste87], and were improved by Dąbrowski and Fisher [DF97]. Bounds
for some GL(4) Kloosterman sums were given by Huang [GSW19, Appendix]. Friedberg [Fri87]
generalised the results to GL(r) Kloosterman sums attached to certain Weyl elements. On
reductive groups, Dąbrowski and Reeder [DR98] gave the size of Kloosterman sets, establishing
a trivial bound for Kloosterman sums on reductive groups.

Poincaré series can be considered as a generalisation of Eisenstein series, by introducing an
extra twist by a character; this is apparent from the definition (1.2) of the classical Poincaré
series. And as in the classical case, the Fourier coefficients of symplectic Poincaré series features
symplectic Kloosterman sums. Therefore, having a good bound for the Kloosterman sums leads
to information on the Poincaré series.

Poincaré series play an important role in number theory. Beside being examples of automorphic
functions, they are also involved in various trace formulae, the most prominent of which being
the Petersson/Kuznetsov trace formulae, which have great importance in the context of analytic
number theory [Blo19b]. Indeed, in Chapter 4 we obtain a density theorem for symplectic
automorphic forms using a Kuznetsov-type trace formula.

The main objective of Chapter 3 is to prove non-trivial bounds for Sp(4) Kloosterman sums.
Let N(Q) be the set of rational matrices which normalise the diagonal torus T of the symplectic
group G = Sp(4) (see Section 3.1 for details). For w ∈W , and c1, c2 ∈ N, we set

nw(c1, c2) :=


1/c1

c1/c2

c1

c2/c1

w ∈ N(Q).

Then we have the following theorem.

6



Theorem 1.2. Let c1, c2 ∈ N. Then we have

Kl
(
nid(c1, c2), ψ, ψ′

)
= 1 if c1 = c2 = 1,∣∣Kl

(
nsα(c1, c2), ψ, ψ′

)∣∣�ψ,ψ′,ε c
1/2+ε
1 if c2 = 1,∣∣Kl

(
nsβ (c1, c2), ψ, ψ′

)∣∣�ψ,ψ′,ε c
1/2+ε
2 if c1 = 1,∣∣Kl

(
nsαsβ (c1, c2), ψ, ψ′

)∣∣�ψ,ψ′,ε (c2
2, c1)(c1c2)ε if c2 | c1,∣∣Kl

(
nsβsα(c1, c2), ψ, ψ′

)∣∣�ψ,ψ′,ε (c3
1, c2)(c1c2)ε if c2

1 | c2,∣∣Kl
(
nsαsβsα(c1, c2), ψ, ψ′

)∣∣�ψ,ψ′,ε (c1, c2)(c1c2)1/3+ε if c2 | c2
1,∣∣Kl

(
nsβsαsβ (c1, c2), ψ, ψ′

)∣∣�ψ,ψ′,ε (c2
1, c2)c

−1/2
1 c

1/2
2 (c1c2)ε if c1 | c2,∣∣Kl

(
nw0(c1, c2), ψ, ψ′

)∣∣�ψ,ψ′,ε (c1, c2)1/2c
1/2
1 c

3/4
2 (c1c2)ε,

and the Kloosterman sum Kl (nw(c1, c2), ψ, ψ′) vanishes if the condition on the right is not
satisfied.

For comparison, the trivial bound of Dąbrowski and Reeder [DR98] says∣∣Kl
(
nw(c1, c2), ψ, ψ′

)∣∣ ≤ c1c2,

and we can check explicitly that the bounds given above are always non-trivial.

We outline the content of Chapter 3 below. In Section 3.1, we follow the notations of Stevens
[Ste87] and Dąbrowski [Dąb93], and define Kloosterman sums for Sp(2n) in general. While the
classical Kloosterman sums are defined globally (over Q), and multiplicativity is proven as a the-
orem, we define the Kloosterman sums locally (over Qp), and define global Kloosterman sums
as the product of local Kloosterman sums for all primes p. So, under this construction, multi-
plicativity holds by definition. We also make explicit formulations for local Sp(4) Kloosterman
sums Klp(n, ψ, ψ

′), using the coset representatives obtained in Section 2.2.

In Section 3.2, we introduce a decomposition for Sp(2n) Kloosterman sums. This generalises
the treatment in [Ste87] for GL(n) Kloosterman sums. Each piece in the decomposition is an
exponential sum of classical Kloosterman sums, or a product of classical Kloosterman sums.
Then we can bound each piece individually.

However, in general it is not sufficient to just use the classical bound (1.3) to obtain non-trivial
bounds for Sp(2n) Kloosterman sums. Briefly, a local Kloosterman sum is an exponential sum
of the form ∑

x∈S
e

(
f(x)

pk

)
.

for some k ∈ N. To obtain non-trivial bounds for Sp(4) Kloosterman sums, we adopt two
different approaches, depending on the size of k:

(i) when k ≥ 2, we use the p-adic stationary phase method [DF97];

(ii) when k = 1, the stationary phase method fails, and one has to resort to algebro-geometric
arguments. Known results of Deligne [Del77], and Adolphson and Sperber [AS89] are
manipulated to give the bounds we need.

In Section 3.3, using these two approaches, we obtain power-saving bounds for local Kloosterman
sums for all Weyl elements, given in Theorems 3.9 to 3.13. The bounds for global Kloosterman
sums are then obtained by combining the local Kloosterman sums. The end results are given
in Theorems 3.14 to 3.18, in Section 3.4. These theorems entail Theorem 1.2, and also describe
the behaviour of the Kloosterman sums in relation to the characters ψ,ψ′.
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Finally, in Section 3.5, we give an introduction to symplectic Poincaré series, and relate the
symplectic Kloosterman sums to the Fourier coefficients of the Poincaré series. We also give
explicit expressions for the Fourier coefficients of Sp(4) Poincaré series.

1.3 Kuznetsov trace formula and density theorems

We introduce the problem of density estimates in the context of automorphic forms. We first
recall the Ramanujan conjecture. In the context of automorphic forms, the conjecture says that
cuspidal automorphic representations of the group GL(n) over a number field F are tempered.
However, this conjecture in its full generality is far out of reach, even for GL(2), the simplest
case. Instead, we can consider approximations to the conjecture as a substitute, and try to
bound the number of members in a given family of automorphic representations violating the
conjecture relative to the amount by which they violate the conjecture. Such results are known
collectively as density theorems. Clearly, these density results do not prove the conjecture, but
they are often sufficient in applications.

On the other hand, it is natural to consider the generalisation of the Ramanujan conjecture to
reductive groups other than GL(n). It is however well-known that the naive generalisation of
the Ramanujan conjecture is false for Sp(4), because of the presence of Saito-Kurokawa lifts,
which are not tempered. This is not the end of the investigation, however. It is also known that
Saito-Kurokawa lifts are not generic, i.e. do not have a Whittaker model. So it is natural to
rephrase the question, and ask whether generic cuspidal automorphic representations of Sp(4)
are tempered. This problem is also open, and currently far out of reach. Density theorems in
this context have numerous applications as well.

Because of the importance of density theorems, they have attracted much attention in history,
and many strong density results are known for various automorphic families on GL(2) with
different settings [Hux86, Sar87, Iwa90, BM98, BM03, BBR14]. Via Kuznetsov-type trace for-
mulae on GL(3), strong density results on GL(3) were obtained in [Blo13, BBR14, BBM17].
Blomer [Blo19a] further generalised the technique to obtain results on GL(n) beyond Sarnak’s
density hypothesis. However, relatively little is known for general reductive groups. Finis and
Matz [FM19] give as by-products some density results for the family of Maaß forms of Laplace
eigenvalue up to a height T and fixed level. However, these bounds are weak, and even the
“convexity bound” cannot be obtained.

We describe the problem of density estimates in detail, for G = Sp(4). Fix a place v of Q. For
an automorphic representation π =

⊗
v
πv of Sp(4), we denote by µπ(v) = (µπ(v, 1), µπ(v, 2)) its

local Langlands spectral parameter, which we define precisely in Section 4.1. We write

σπ(v) = max {|Reµπ(v, 1)| , |Reµπ(v, 2)|} . (1.4)

The representation π is tempered at v if σπ(v) = 0, and the size of σπ(v) gives a measure on
how far π is from being tempered at v. An example of a non-tempered representation is the
trivial representation, which satisfies σtriv(v) = 3/2 for all places v.

For a finite family F of automorphic representations of Sp(4) and σ ≥ 0 we define

Nv(σ,F) = |{π ∈ F | σπ(v) ≥ σ}| .

Trivially, we have Nv(0,F) = |F|, and if F contains the trivial representation, then we have
Nv(3/2,F) ≥ 1. One may hope to interpolate linearly between the two extreme cases, and
obtain a bound of the form

Nv(σ,F)�v,ε |F|1−
σ
a

+ε (1.5)
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with a = 3/2. In the context of groups G of real rank 1, for the principal congruence subgroup
Γ(q) = {γ ∈ G(Z) | γ = id (mod q)} and v = ∞, this is known as Sarnak’s density hypothesis
[Sar90].

In this chapter, we consider the family FI(q) of generic cuspidal automorphic representations
for the group Γ0(q) ⊆ Sp(4,Z) for a large prime q, and Laplace eigenvalue λ in a fixed interval
I. A simple application of Weyl’s law shows that |FI(q)| �I q3 when the size of I is sufficiently
large, noting that the contribution from the continuous spectrum has size O(q). The main result
of the chapter is that for the family FI(q) and any place v 6= q of Q, we go beyond the density
hypothesis and obtain obtain a density estimate with a = 3/4, which is halfway between the
density hypothesis and the Ramanujan conjecture.

Theorem 1.3. Let q be a prime, and v a place of Q different from q, I ⊆ [0,∞) a fixed interval,
ε > 0, and σ ≥ 0. Then

Nv(σ,FI(q))�I,v,n,ε q
3−4σ+ε.

The proof is based on a careful analysis on the arithmetic side of the Kuznetsov formula, and
on the spectral side through a relation of Fourier coefficients between automorphic forms and
Hecke eigenvalues. Let λ(m,π) be the Hecke eigenvalue of π ∈ FI(q) for them-th standard Hecke
operator T (m). It is convenient to adopt the normalisation λ′(m,π) := m−3/2λ(m,π).

Theorem 1.4. Keep the notations above. Let m ∈ N be coprime to q and Z ≥ 1. Then∑
π∈FI(q)

∣∣λ′(m,π)
∣∣2 Z2σπ(∞) �I,ε q

3+ε

uniformly in mZ � q2 for a sufficiently small implied constant depending on I.

Let us roughly sketch the proof of Theorem 1.4. We denote by {$} an orthonormal basis of right
K-invariant automorphic forms for Γ0(q), cuspidal or Eisenstein series, where K is a maximal
compact subgroup of Sp(4,R). We denote by

∫
(q) d$ the integral over the complete spectrum

of L2(Γ0(q)\ Sp(4,R)/K). Very roughly, the Kuznetsov formula takes the form∫
(q)
|A$(M)|2 Z2σπ(∞)δλ$∈Id$ “ ≈ ” 1 +

∑
id 6=w∈W

∑
c1,c2

Klq,w(c,M,M)

c1c2
, (1.6)

where M = (1,m) ∈ Z2, A$(M) is the M -th Fourier coefficient of $, defined in (4.8), W is the
Weyl group of Sp(4), and Klq,w(c,M,M) is a generalised Kloosterman sum of level q, defined in
(4.22), associated with the Weyl element w, and moduli c = (c1, c2). Note that the Kuznetsov
formula only extracts the generic spectrum.

However, the situation here is very different from GL(n) case found in [Blo19a]. In the symplectic
case, there are no simple relations between the Fourier coefficients A$(M) of a cuspidal newform
$ and Hecke eigenvalues λ′(m,π) of the corresponding automorphic representation (i.e. $ ∈ Vπ).
This is in stark contrast with the GL(n) case, where the Fourier coefficients and Hecke eigenvalues
are proportional [Gol06, Theorem 9.3.11]. It is because of this obstacle that the Kuznetsov
formula is not yet a standard tool for the group GSp(4), and the present paper seems to be
the first application of the Kuznetsov formula that is seen in action for a group other than
GL(n).

While the Fourier coefficients in principle contain the information on Hecke eigenvalues, it is
not obvious how to extract it. A detailed analysis of the relations between them is found in
Section 4.4. In Theorem 4.10 we establish a recursive formula of λ(pr, π) in terms of Fourier
coefficients.
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Using Theorem 4.10, we deduce from Lemma 4.12 that for a prime p - q and r ∈ N, the size
of Fourier coefficients A$(1, pr) of an L2-normalised generic cuspidal form $ is often as big
as q−3/2−εprσπ(p). Through this relation, we are able to use the Kuznetsov formula to derive
information on σπ(p) from an analysis of the Kloosterman sums. Meanwhile, the factor Z2σπ(∞)

deals with the infinite place, so the test function |A$(M)|2 Z2σπ(∞) treats the finite places and
the infinite place essentially on the same footing.

When mZ � q, the Kloosterman sums associated to non-trivial Weyl elements are empty, hence
the off-diagonal terms vanish completely. We will use this observation to prove Theorem 1.5
below. To obtain stronger density results, we have to deal with the Kloosterman sums appearing
in the off-diagonal terms, and improve the trivial bound |Sq,w(c,M,N)| ≤ c1c2. In our scenario,
the Kloosterman sums we need can be evaluated explicitly, and there is no need to rely on the
general bounds in Chapter 3.

Now we give applications of Theorem 1.4, for a large sieve inequality analogous to the GL(n)
case [Blo19a].

Theorem 1.5. Let q be prime and {α(m)}m∈N any sequence of complex numbers. Then∑
π∈FI(q)

∣∣∣ ∑
m≤x

α(m)λ′(m,π)
∣∣∣2 �I,ε q

3+ε
∑
m≤x
|α(m)|2

uniformly in x� q for a sufficiently small implied constant depending on I.

As a corollary, we establish a bound for the second moment of spinor L-functions on the critical
line. Precisely, let L(s, π) be the spinor L-function associated to π, normalised such that its
critical strip is 0 < Re s < 1.

Corollary 1.6. For q prime and t ∈ R, we have∑
π∈FI(q)

|L(1/2 + it, π)|2 �I,t,ε q
3+ε.

Finally, in the appendix (Section 4.8), we outline an algorithm for computing arbitrary Fourier
coefficients of a cuspidal form in terms of its Hecke eigenvalues. While this is not needed for the
proof of the theorems, such results serve an independent interest in number theory, in laying
the groundwork for further applications of the Kuznetsov formula on Sp(4), as well as Fourier
analysis of automorphic forms on Sp(4) in general.
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Chapter 2

Symplectic Eisenstein series

2.1 The setup

Let G = Sp(4,R) be the real symplectic group of degree 2, namely

G = Sp(4,R) =

{
g ∈ GL(4,R)

∣∣∣∣ gT ( 0 I2

−I2 0

)
g =

(
0 I2

−I2 0

)}
, I2 =

(
1 0
0 1

)
,

where gT denotes the matrix transpose of g as usual. Let T and U be a maximal split torus and
a maximal unipotent subgroup of G respectively, defined as follows:

T =
{

diag
(
y1, y2, y

−1
1 , y−1

2

)
∈ G

}
,

U =




1 n1 n2 n3

1 n4 n5

1
−n1 1

 ∈ G
∣∣∣∣∣∣∣∣ n3 = n1n5 + n4

 .

Then B = UT is a Borel subgroup of G. We also define

T+ =
{

diag
(
y1, y2, y

−1
1 , y−1

2

)
∈ G

∣∣ y1, y2 > 0
}
⊆ T,

V =
{

diag
(
ε1, ε2, ε

−1
1 , ε−1

2

) ∣∣ ε1, ε2 = ±1
}
⊆ G.

Let X(T ) and X∗(T ) be the character group and the cocharacter group of T respectively, with a
natural pairing 〈−,−〉 : X(T )×X∗(T ) 7→ Z. Let α, β ∈ X(T ) such that α

(
diag

(
y1, y2, y

−1
1 , y−1

2

))
=

y1y
−1
2 and β

(
diag

(
y1, y2, y

−1
1 , y−1

2

))
= y2

2. Then ∆ = ∆(T,G) = {α, β} is a set of simple roots,
and R+ = {α, β, α+ β, 2α+ β} is a set of positive roots with respect to (B, T ). We denote by
sα and sβ the simple reflections in the hyperplane orthogonal to α and β respectively. Then the
Weyl group W = W (T,G) is given by

W = {1, sα, sβ, sαsβ, sβsα, sαsβsα, sβsαsβ, sαsβsαsβ} .

We often write w0 := sαsβsαsβ for the long Weyl element. The generators sα and sβ can be
represented by matrices

sα =


1

1
1

1

 , sβ =


1

1
1

−1

 . (2.1)
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Definition 2.1. A parabolic subgroup of G is a closed subgroup P such that G/P is a projective
variety. It is known that a parabolic subgroup contains a Borel subgroup [Bor97, Corollary 11.2].
We say P is stardard if P ⊇ B = UT .

Let P be a standard parabolic subgroup, and N the unipotent radical of P . The projection
P → N\P splits, giving a reductive subgroup M of P such that P = NM . A splitting M is
called a Levi subgroup of P , and the decomposition P = NM is called a Levi decomposition.
If we fix a maximal torus T ⊆ P , then the condition M ⊇ T determines M uniquely. There is
a bijective correspondence between standard parabolic subgroups of G and subsets of ∆(T,G),
the simple roots of G [Sha10, Chapter 1.2]. Let P = MN be a standard parabolic subgroup
of G. Then P corresponds to ∆M = ∆(T,M), the set of simple roots of M with respect to T ,
which is a subset of ∆(T,G).

For G = Sp(4,R), we have standard parabolic subgroups P0, Pα, Pβ , corresponding to the
subsets ∅, {α}, {β} of ∆ respectively. Explicitly, the standard parabolic subgroups of G are
given by

B = P0 =



∗ ∗ ∗ ∗
∗ ∗ ∗
∗
∗ ∗


 ∩G, (minimal parabolic subgroup)

Pα =



∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗
∗ ∗


 ∩G, (Siegel parabolic subgroup)

Pβ =



∗ ∗ ∗ ∗
∗ ∗ ∗
∗

∗ ∗ ∗


 ∩G. (non-Siegel maximal parabolic subgroup)

The Levi decompositions Pj = NjMj , j ∈ {0, α, β} are given by

N0=




1 n1 n2 n1n5 + n4

1 n4 n5

1
−n1 1


 , M0

{
diag

(
y1, y2, y

−1
1 , y−1

2

)
∈ G

∣∣ y1, y2 ∈ R×
}
,

Nα=

{(
I2 S

I2

) ∣∣∣∣ ST = S

}
, Mα=

{(
A (

A−1
)T)

∣∣∣∣∣ A ∈ GL2(R)

}
,

Nβ=




1 n1 n2 n3

1 n3

1
−n1 1


 , Mβ=



y1

a b

y−1
1

c d


∣∣∣∣∣∣∣∣ y1 ∈ R×,

(
a b
c d

)
∈ SL2(R)

 .

Let K be the maximal compact subgroup of G given by

K =

{(
A B
−B A

) ∣∣∣∣ A+Bi ∈ U(2)

}
.

By Iwasawa decomposition, elements in G/K can be represented by matrices of the form

g =


1 n1 n2 n3

1 n4 n5

1
−n1 1



y1

y2

y−1
1

y−1
2

 ∈ UT+, (2.2)

12



with n3 = n1n5 + n4. So we may assume that y1, y2 are positive.

We now give explicit characterisations for Eisenstein series for parabolic subgroups of G, using
the general definition in (1.1).

Notation. For symbols indexed with a parabolic subgroup P , we often replace the parabolic
subgroup with the index of the parabolic subgroup. So we write E0 for EP0 , ρα for ρPα , and so
on.

For the minimal parabolic subgroup P0, the automorphic form f is a constant function. Parametris-
ing a∗0C by ν1α + ν2β for ν1, ν2 ∈ C, we have ρ0 = (2, 3/2). So the minimal Eisenstein series is
given by

E0(g, ν) =
∑

γ∈P0∩Γ\Γ

I0(γg, ν),

where ν = (ν1, ν2) ∈ C2, and I0(g, ν) = yν1+2
1 y2ν2−ν1+1

2 .

For the Siegel parabolic subgroup Pα, an automorphic form f on Mα is simply an automorphic
function on GL(2,R). Parametrising a∗αC by ν(α + β) for ν ∈ C, we have ρα = 3/2. So the
Siegel Eisenstein series is given by

Eα(g, ν, f) =
∑

γ∈Pα∩Γ\Γ

f(mα(γg))Iα(γg, ν),

where ν ∈ C, and Iα(g, ν) = (y1y2)ν+3/2.

For the non-Siegel maximal parabolic subgroup Pβ , an automorphic form f on Mβ is also an
automorphic function on GL(2,R). Parametrising a∗βC by ν(α+β/2) for ν ∈ C, we have ρβ = 2.
So the non-Siegel Eisenstein series is given by

Eβ(g, ν, f) =
∑

γ∈Pβ∩Γ\Γ

f(mβ(γg))Iβ(γg, ν),

where ν ∈ C, and Iβ(g, ν) = yν+2
1 .

2.2 Coset representatives

The Eisenstein series EP is defined as a sum over P ∩ Γ\Γ. Hence, for explicit computations,
we need explicit characterisations of the coset representatives for P ∩ Γ\Γ.

2.2.1 Minimal parabolic

Let P0 be the standard minimal parabolic subgroup of G. We denote by U = U0 ⊆ P0 the
subgroup of unipotent matrices, and Γ0 = U ∩Γ. We compute the coset representatives of U\G
and Γ0\Γ. Note that we have P0 ∩ Γ\Γ = (V · Γ0)\Γ.

Let

a =


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 ∈ G.
We define the following quantities, known as Plücker coordinates, associated to a:

v1 = a31, v2 = a32, v3 = a33, v4 = a34,
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v12 = a31a42 − a32a41, v13 = a31a43 − a33a41, v14 = a31a44 − a34a41,

v23 = a32a43 − a33a42, v24 = a32a44 − a34a42, v34 = a33a44 − a34a43.

It is well-known that these quantities are invariant under left action by U . The following relations
come immediately from the definition:

v1v23 − v2v13 + v3v12 = 0, v1v24 − v2v14 + v4v12 = 0,
v1v34 − v3v14 + v4v13 = 0, v2v34 − v3v24 + v4v23 = 0.

(2.3)

And symplecticity implies

v13 + v24 = 0. (2.4)

Define

V0 =
{
v = (v1, · · · , v4, v12, · · · , v34) ∈ R10

∣∣ v satisfies (2.3) and (2.4)
}
. (2.5)

Proposition 2.2. Via the Plücker coordinates, there is a bijection between U\G and V0\ {0}.

Proof. As the coordinates are invariant under left action by U , the map U\G → V0\ {0} is
well-defined.

Now we show injectivity. Suppose a = (aij), b = (bij) ∈ G have the same Plücker coordinates.
We want to show that there exists γ ∈ U such that γa = b. Fix the following parameterisation
of γ:

γ =


1 n1 n2 n3

1 n4 n5

1
−n1 1

 ∈ U,
subject to the condition n3 = n1n5 + n4.

Firstly, we show that there exists n1 ∈ R such that(
1
−n1 1

)(
a31 a32 a33 a34

a41 a42 a43 a44

)
=

(
b31 b32 b33 b34

b41 b42 b43 b44

)
. (2.6)

Clearly, we have
a3j = vj = b3j , j ∈ {1, 2, 3, 4} .

By permuting the columns, we may assume without loss of generality that a31 6= 0. By comparing
secondary Plücker coordinates we obtain

a31(a4j − b4j) = a3j(a41 − b41), j ∈ {2, 3, 4} . (2.7)

Then we solve n1 = (a41 − b41)/a31. The relations (2.7) then imply (2.6).

Again by permuting columns, we may assume v12 6= 0. So the vectors (a31, a32) and (a41, a42)
are linearly independent, and we can find n4, n5 such that

(
1 n4 n5

)a21 a22

a31 a32

a41 a42

 =
(
b21 b22

)
.

By symplecticity of b we have

b21b33 + b22b34 = b23b31 + b24b32, b21b43 + b22b44 = b23b41 + b24b42 + 1,
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from which we solve

b23 =
b21b33b42 + b22b34b42 − b21b32b43 − b22b32b44 + b32

b31b42 − b41b32
,

=
−(a21 + n4a31 + n5a41)v23 − (a22 + n4a32 + n5a42)v24 + a32

v12

=
−a21v23 − a22v24 + a32

v12
+
−(n4a31 + n5a41)v23 + (n4a32 + n5a42)v13

v12

= a23 + n4a33 + n5a43.

Analogously we solve b24 = a24 + n4a34 + n5a44.

Noting that n3 = n4 + n1n5, it remains to show that there exists n2 such that

(
1 n1 n2 n3

)
a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 =
(
b11 b12 b13 b14

)
.

Again, we may assume v1 6= 0. Then we solve n2 = (b11 − a11 − n1a21 − n3a41)/a31. By
symplecticity of b we have

b12b31 + b22b41 = b11b32 + b21b42,

b12b33 + b22b43 = b32b13 + b42b23,

b14b33 + b24b43 = b13b34 + b23b44,

from which we solve
b12 = a12 + n1a22 + n2a32 + n3a42,

b13 = a13 + n1a23 + n2a33 + n3a43,

b14 = a14 + n1a24 + n2a34 + n3a44.

So we have injectivity.

Now we show surjectivity. Let v ∈ V0\ {0}. Put

a31 = v1, a32 = v2, a33 = v3, v34 = v4.

Again, we may assume v1 6= 0. Then there exists ξ1, ξ2, ξ3 ∈ R such that

ξ1v1 + ξ2v2 + ξ3v3 = 1.

Now put
a41 = −ξ3v13 − ξ2v12, a42 = ξ1v12 − ξ3v23,

a43 = ξ2v23 + ξ1v13, a44 = (v14 − v4(ξ3v13 + ξ2v12)) /v1.

We check that the bottom two rows (
a31 a32 a33 a34

a41 a42 a43 a44

)
have the correct Plücker coordinates. By completing remaining rows, we obtain surjectivity.

Proposition 2.3. A coset of U\G contains an element of Γ if and only if its corresponding
Plücker coordinates are such that (v1, · · · , v4) are coprime integers, and (v12, · · · , v34) are co-
prime integers.
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Proof. (⇒) Trivial.

(⇐) The case v1 = v2 = v3 = 0 is trivial. Now suppose (v1, v2, v3) = d > 0. Then there exist
ξ1, ξ2, ξ3 ∈ d−1Z such that

ξ1v1 + ξ2v2 + ξ3v3 = 1.

By the relation
v1v24 − v2v14 + v4v12 = 0,

we deduce that d | v4v12. But (d, v4) = 1, so d | v12. Similarly, we have d | v13, v23. Construct
a41, a42, a43, a44 as in the proof of surjectivity in Proposition 2.2. Note that a41, a42, a43 are
constructed as integers. For a44, observe that

a44 = v−1
1 (v14 − v4(ξ3v13 + ξ2v12))

= v−1
1 (v14 + ξ3v1v34 − ξ3v3v14 + ξ2v1v24 − ξ2v2v14)

= v−1
1 (ξ1v1v14 + ξ3v1v34 + ξ2v1v24)

= ξ1v14 + ξ2v24 + ξ3v34.

So a44 ∈ d−1Z. As (d, v4) = 1, there exists n ∈ Z such that d | da44 + nv4. Then(
1
n
d 1

)(
v1 v2 v3 v4

a41 a42 a43 a44

)
=

(
v1 v2 v3 v4

a41 + nv1
d a42 + nv2

d a43 + nv3
d a44 + nv4

d

)
is integral and has the correct Plücker coordinates. It is then straightforward to show that this
can be completed to a symplectic matrix with integral entries.

2.2.2 Siegel parabolic

Let Pα be the Siegel parabolic subgroup. Let Uα ⊆ G be the subgroup of matrices of the
form

g =

(
X Y(

X−1
)T) ∈ G, X ∈ SL2(R),

and Γα = Uα ∩ Γ. We compute the coset representatives of Uα\G and Γα\Γ. Note that
Pα ∩ Γ\Γ = (V ′ · Γα)\Γ, where

V ′ = {diag (ε, 1, ε, 1) | ε = ±1} ⊆ V. (2.8)

It is clear that the Plücker coordinates vij are invariant under left action of Uα. We know that
[Gol06, Ch. 11.3]

v12v34 − v24v13 + v14v23 = 0. (2.9)

Again, by symplecticity we have

v13 + v24 = 0 (2.10)

We define

Vα =
{
v = (v12, · · · , v34) ∈ R6

∣∣ v satisfies (2.9) and (2.10)
}
. (2.11)

Proposition 2.4. Via the Plücker coordinates, there is a bijection between Uα\G and Vα\ {0}.
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Proof. As the coordinates are invariant under left action by Uα, the map Uα\G → Vα\ {0} is
well-defined.

Now suppose a = (aij), b = (bij) ∈ G have the same Plücker coordinates. We want to show that
there exists γ ∈ Uα such that γa = b. Firstly, we show that there exists h ∈ SL2(R) such that

h

(
a31 a32 a33 a34

a41 a42 a43 a44

)
=

(
b31 b32 b33 b34

b41 b42 b43 b44

)
.

Assume v12 6= 0. Then there is a unique h ∈ SL2(R) such that

h

(
a31 a32

a41 a42

)
=

(
b31 b32

b41 b42

)
.

Now note that(
a33

a43

)
=
v13

v12

(
a32

a42

)
− v23

v12

(
a31

a41

)
,

(
b33

b43

)
=
v13

v12

(
b32

b42

)
− v23

v12

(
b31

b41

)
.

Hence

h

(
a33

a43

)
=
v13

v12
h

(
a32

a42

)
− v23

v12
h

(
a31

a41

)
=
v13

v12

(
b32

b42

)
− v23

v12

(
b31

b41

)
=

(
b33

b43

)
.

The same argument gives

h

(
a34

a44

)
=

(
b34

b44

)
.

By the same argument, for any X ∈ SL2(R), we can find a 2× 2 matrix Y such that

X

(
a11 a12

a21 a22

)
+ Y

(
a31 a32

a41 a42

)
=

(
b11 b12

b21 b22

)
.

So we obtain a matrix X ∈ SL2(R) and a 2× 2 matrix Y such that

(
X Y(

X−1
)T)


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 =


b11 b12 ∗ ∗
b21 b22 ∗ ∗
b31 b32 b33 b34

b41 b42 b43 b44

 .

Denote

γ =

(
X Y(

X−1
)T) .

Symplecticity of b says

b23 =
b21b33b42 + b22b34b42 − b21b32b43 − b22b32b44 + b32

b31b42 − b41b32

=
−(x21a11 + x22a21 + y21a31 + y22a41)v23 − (x21a12 + x22a22 + y21a32 + y22a42)v24

v12

+
x22a32 − x21a42

v12

=
x21(−a11v23 − a12v24 − a42)

v12
+
x22(−a21v23 − a22v24 + a32)

v12
+
y21(a32v13 − a31v23)

v12

+
y22(a42v13 − a41v23)

v12

= x21a13 + x22a23 + y21a33 + y22a43.
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Analogous results hold for b13, b14 and b24. Thus we have γa = b. Finally, note that γ = ba−1 is
necessarily symplectic. So γ ∈ Uα.

Surjectivity follows immediately from Proposition 2.2.

Proposition 2.5. A coset of Uα\G contains an element of Γ if and only if its corresponding
Plücker coordinates (v12, · · · , v34) are coprime integers.

Proof. The statement follows immediately from Proposition 2.3.

2.2.3 Non-Siegel parabolic

Let Pβ be the non-Siegel parabolic subgroup. Let Uβ ⊆ G be the group of matrices of the
form

g =


1 ∗ ∗ ∗
∗ ∗ ∗

1
∗ ∗ ∗

 ∈ G,
and Γβ = Uβ∩Γ. We compute the coset representatives of Uβ\G and Γβ\Γ. We have Pβ∩Γ\Γ =
(V ′ · Γβ)\Γ, with V ′ as in (2.8).

We define

Vβ =
{
v = (v1, v2, v3, v4) ∈ R4

}
. (2.12)

Proposition 2.6. Via the Plücker coordinates, there is a bijection between Uβ\G and Vβ\ {0}.

Proof. As the coordinates are invariant under left action by Uβ , the map Uβ\G → Vβ\ {0} is
well-defined.

Suppose a = (aij), b = (bij) ∈ G have the same Plücker coordinates (i.e. the same third row).
We want to show that there exists γ ∈ Uβ such that γa = b. Consider the columnsa21

a31

a41

 ,

a22

a32

a42

 ,

a23

a33

a43

 ,

a24

a34

a44

 .

As a is symplectic, it has nonzero determinant. By permuting columns, we may assume that

det

a21 a22 a23

a31 a32 a33

a41 a42 a43

 6= 0,

and a32 6= 0. Then we can find λ1, λ2, λ3, µ1, µ2, µ3, η1, η2, η3 such that

(
λ1 λ2 λ3

)a21 a22 a23

a31 a32 a33

a41 a42 a43

 =
(
b21 b22 b23

)
,

(
µ1 µ2 µ3

)a21 a22 a23

a31 a32 a33

a41 a42 a43

 =
(
b41 b42 b43

)
,

(
1 η1 η2 η3

)
a11 a12 a13

a21 a22 a23

a31 a32 a33

a41 a42 a43

 =
(
b11 b12 b13

)
.
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Symplecticity of b says

b24 =
b21b33 + b22b34 − b23b31

b32

=
(λ1a21 + λ2a31 + λ3a41)a33 + (λ1a22 + λ2a32 + λ3a42)a34 − (λ1a23 + λ2a33 + λ3a43)a31

a32

= λ1a24 + λ2a34 + λ3a44.

Analogously, we have

b44 = µ1a24 + µ2a34 + µ3a44, b14 = a14 + η1a24 + η2a34 + η3a44.

Thus, denote by γ the matrix

γ =


1 η1 η2 η3

λ1 λ2 λ3

1
µ1 µ2 µ3

 ,

we have γa = b. Again, as γ = ba−1 is necessarily symplectic, we have γ ∈ Uβ .

Surjectivity follows immediately from Proposition 2.2.

Proposition 2.7. A coset of Uβ\G contains an element of Γ if and only if its corresponding
Plücker coordinates (v1, · · · , v4) are coprime integers.

Proof. The statement follows immediately from Proposition 2.3.

2.2.4 Bruhat decomposition

By Proposition 2.2, we can enumerate the cosets U\G using Plücker coordinates. Now it remains
to find representatives with given coordinates.

Bruhat decomposition says
G =

∐
w∈W

Gw :=
∐
w∈W

UwTU.

Hence a coset γ ∈ U\G can be represented by a matrix in wTU = wP0 for some w ∈ W ; such
Weyl element is unique, and depends on the corresponding Plücker coordinates of the coset. For
example, let γ ∈ U\G correspond to Plücker coordinates vγ , and suppose γ lies in Gsα , then γ
has a representative of the form

γ ∼


∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗
∗

 ∈ G.
This says vγ satisfies v4, v34 6= 0, and v1, v2, v12, v13, v14, v23, v24 = 0.

We define an equivalence of Plücker coordinates (v1, v2, v3, v4; v12, v13, v14, v23, v24, v34) by

(v1, · · · , v4; v12, · · · , v34) ∼ (k1v1, · · · , k1v4; k2v12, · · · , k2v34) for k1, k2 ∈ R×.

Then we have vγ ∼ (0, 0, ∗, 1; 0, 0, 0, 0, 0, 1), where the entries marked by ∗ are arbitrary.

Now we give representatives of γ ∈ U\G with corresponding Plücker coordinates vγ , classified
by the Weyl element w ∈W :
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(i) w = id: This says vγ ∼ (0, 0, 1, 0; 0, 0, 0, 0, 0, 1). In this case, the matrix
1/v3

v3/v34

v3

v34/v3

 =


1

1
1

1




1/v3

v3/v34

v3

v34/v3


has the given coordinates.

(ii) w = sα: This says vγ ∼ (0, 0, ∗, 1; 0, 0, 0, 0, 0, 1). In this case, the matrix
1/v4

−v4/v34 v3/v34

v3 v4

−v34/v4

 =


1

1
1

1



−v4/v34 v3/v34

1/v4

−v34/v4

v3 v4


has the given coordinates.

(iii) w = sβ : This says vγ ∼ (0, 0, 1, 0; 0, 0, 0, 1, 0, ∗). In this case, the matrix
1/v3

v3/v23

v3

−v23/v3 v34/v3

 =


1

1
1

−1




1/v3

v23/v3 −v34/v3

v3

v3/v23


has the given coordinates.

(iv) w = sαsβ : This says vγ ∼ (0, 1, ∗, ∗; 0, 0, 0, 1, 0, ∗). In this case, the matrix
−1/v2

v2/v23 v3/v23

v2 v3 v4

v23/v2

 =


1

1
−1

1



v2/v23 v3/v23

−v2 −v3 −v4

v23/v2

−1/v2


has the given coordinates.

(v) w = sβsα: This says vγ ∼ (0, 0, ∗, 1; 0, ∗, 1, ∗, ∗, ∗). In this case, the matrix
1/v4

v4/v14

v3 v4

−v14/v4 −v24/v4 −v34/v4

 =


1

1
1

−1



v14/v4 v24/v4 v34/v4

1/v4

v4/v14

v3 v4


has the given coordinates.

(vi) w = sαsβsα: This says vγ ∼ (1, ∗, ∗, ∗; 0, ∗, 1, ∗, ∗, ∗). In this case, the matrix
−1/v1

v1/v14 v4/v14

v1 v2 v3 v4

v13/v1 v14/v1

 =


1

1
−1

1



−v1 −v2 −v3 −v4

v1/v14 v4/v14

−1/v1

v13/v1 v14/v1


has the given coordinates.

(vii) w = sβsαsβ : This says vγ ∼ (0, 1, ∗, ∗; 1, ∗, ∗, ∗, ∗, ∗). In this case, the matrix
−1/v2

v2/v12

v2 v3 v4

−v12/v2 v23/v2 v24/v2

 =


1

1
−1

−1



v12/v2 −v23/v2 −v24/v2

−v2 −v3 −v4

v2/v12

−1/v2


has the given coordinates.
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(viii) w = w0: This says vγ ∼ (1, ∗, ∗, ∗; 1, ∗, ∗, ∗, ∗, ∗). In this case, the matrix
−1/v1

v2/v12 −v1/v12

v1 v2 v3 v4

v12/v1 v13/v1 v14/v1

 =


1

1
−1

−1



−v1 −v2 −v3 −v4

−v12/v1 −v13/v1 −v14/v1

−1/v1

v2/v12 −v1/v12


has the given coordinates.

Now we find coset representatives for P0 ∩ Γ\Γ. For w ∈ W , let Γw = Γ0 ∩ w−1ΓT0 w. We also
let Uw = U ∩ w−1UTw, and Uw = U ∩ w−1Uw. Clearly we have U = UwUw = UwUw.

Lemma 2.8. Γw acts freely on P0 ∩ Γ\Γ ∩Gw on the right.

Proof. This is [Fri87, Lemma 1.2] when stated for GL(n), but the proof works in our settings
as well. For convenience we repeat the short argument. Suppose γ ∈ Γw fixes the left coset
(P0 ∩ Γ)δ. By Bruhat decomposition, we can write δ = b1wtb2, with b1, b2 ∈ U , t ∈ T . By
choosing different Bruhat decompositions, we may assume b2 ∈ Uw. It is then obvious that
b2γb

−1
2 ∈ Uw. On the other hand, we have

(P0 ∩ Γ)b1wtb2γ = (P0 ∩ Γ)b1wtb2.

So we have
(P0 ∩ Γ)b1wtb2γb

−1
2 t−1w−1 = (P0 ∩ Γ)b1,

which implies wtb2γb−1
2 t−1w−1 ∈ Γw ⊆ Uw. This says b2γb−1

2 ∈ Uw. So b2γb−1
2 ∈ Uw∩Uw = {I},

and γ = I.

By Lemma 2.8, it suffices to give a complete set of coset representatives for the quotient P0 ∩
Γ\Γ ∩Gw/Γw, which we denote by Rw.

Note. For a coset in P0 ∩ Γ\Γ ∩Gw, the matrix representative given above does not necessarily
have integral entries, but it can always be converted to one under left action by U .

Now we compute Rw in terms of the corresponding coordinates v, using the coprimality condition
given in Proposition 2.3.

(i) w = id: We have v ∼ (0, 0, 1, 0; 0, 0, 0, 0, 0, 1). Coprimality condition gives v3 = v34 = 1.
Hence

Rid = {(0, 0, 1, 0; 0, 0, 0, 0, 0, 1)} .

(ii) w = sα: We have v ∼ (0, 0, ∗, 1; 0, 0, 0, 0, 0, 1). Right action by Γw says that v3 is defined
modulo v4. Coprimality condition gives v34 = 1, and (v3, v4) = 1. Hence

Rsα = {(0, 0, v3, v4; 0, 0, 0, 0, 0, 1)} ,

where v4 ≥ 1, and v3 (mod v4) such that (v3, v4) = 1.

(iii) w = sβ : We have v ∼ (0, 0, 1, 0; 0, 0, 0, 1, 0, ∗). Right action by Γw says that v34 is defined
modulo v23. Coprimality condition gives v3 = 1, and (v23, v34) = 1. Hence

Rsβ = {(0, 0, 1, 0; 0, 0, 0, v23, 0, v34)} ,

where v23 ≥ 1, and v34 (mod v23) such that (v23, v34) = 1.
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(iv) w = sαsβ : We have v ∼ (0, 1, ∗, ∗; 0, 0, 0, 1, 0, ∗). From the matrix representative, we
deduce v34

v23
= −v4

v2
. Coprimality condition gives (v2, v3, v4) = 1 and (v23, v34) = 1. Then

we solve v23 = v2
(v2,v4) . Finally, right action by Γw says v3, v4 are defined modulo v2. Hence

Rsαsβ =
{(

0, v2, v3, v4; 0, 0, 0,
v2

d
, 0,−v4

d

)}
,

where v2 ≥ 1, v3, v4 (mod v2) such that (v2, v3, v4) = 1, and d = (v2, v4).

(v) w = sβsα: We have v ∼ (0, 0, ∗, 1; 0, ∗, 1, ∗, ∗, ∗). Recall the symplectic relation v13 +
v24 = 0. From the matrix representative, we deduce v24

v14
= −v3

v4
. Coprimality condition

gives (v3, v4) = 1 and (v14, v23, v24, v34) = 1. Fix v14, v24. Let d = (v14, v24), and write
v14 = dv′14, v24 = dv′24. Then we have v3 = −v′24, v4 = v′14. From the matrix representative,

we deduce v23 = −v′24
2d

v′14
. Since v23 is an integer, and (v′14, v

′
24) = 1, this implies v′14 | d.

Write d = v′14d
′. Then the coprimality condition becomes(

d′v′14
2
,−d′v′24

2
, d′v′14v

′
24, v34

)
= 1.

Since (v′14, v
′
24) = 1, the coprimality condition simplifies to (d′, v34) = 1. Finally, right

action by Γw says v24, v34 are defined modulo v14. Hence

Rsβsα =

{(
0, 0,−v24

d
,
v14

d
; 0,−v24, v14,−

v2
24

v14
, v24, v34

)}
,

where v14 ≥ 1, v24, v34 (mod v14), d = (v14, v24), such that v14 | d2 and
(
d2

v14
, v34

)
= 1.

(vi) w = sαsβsα: We have v ∼ (1, ∗, ∗, ∗; 0, ∗, 1, ∗, ∗, ∗). Again, the symplectic relation says
v13 + v24 = 0. From the matrix representative, we deduce v13

v14
= −v2

v1
. Coprimality

condition gives (v1, v2, v3, v4) = 1 and (v13, v14, v23, v34) = 1. So we can write v14 = rv2
1,

v13 = −rv1v2 for some r ∈ Q\ {0}. Then the coprimality condition can be rewritten as

1 = (v13, v14, v23, v34) =
(
− rv1v2, rv

2
1,−rv2

2, r(v1v3 + v2v4)
)
.

Writing d = (v1, v2), the condition simplifies to
(
rd2, r(v1v3 + v2v4)

)
= 1, so we solve

r = (d2, v1v3 + v2v4)−1. Finally, right action by Γw says v2, v3, v4 are defined modulo v1.
Hence

Rsαsβsα =

{(
v1, v2, v3, v4; 0,−v1v2

δ
,
v2

1

δ
,−v

2
2

δ
,
v1v2

δ
,
v1v3 + v2v4

δ

)}
,

where v1 ≥ 1, v2, v3, v4 (mod v1), such that (v1, v2, v3, v4) = 1, and d = (v1, v2), δ =
(d2, v1v3 + v2v4).

(vii) w = sβsαsβ : We have v ∼ (0, 1, ∗, ∗; 1, ∗, ∗, ∗, ∗, ∗). Symplectic relation says v13 + v24 = 0.
From the matrix representative, we deduce v3

v2
= v13

v12
, v4
v2

= v14
v12

. Let d0 = (v12, v13, v14).
Coprimality condition says (v2, v3, v4) = 1 and (v12, v13, v14, v23, v34) = 1. This implies

v2 =
v12

d0
, v3 =

v13

d0
, v4 =

v14

d0
.

Let d1 = (v12, v14). The relations

v13 + v24 = 0, v12v34 − v13v24 + v14v23 = 0

imply d1 | v2
13. Write v2

13 = d1k, v12 = d1v
′
12, v14 = d1v

′
14. Then we require that

v34 = −v
2
13 + v14v23

v12
= −k + v′14v23

v′12
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is an integer, and satisfies the coprimality condition. Since (v12, v13, v14) = d1, the copri-
mality condition simplifies to

(d, v23, v34) = 1.

Since v34 is an integer, we have v′14v23 ≡ −k (mod v′12). Since (v′12, v
′
14) = 1, we can write

v23 = a+ rv′12, where a is a particular solution for the congruence equation

av′14 ≡ −k (mod v′12), (2.13)

and r ∈ Z. Let t = (k, d1). We claim that a can be chosen such that a and av′14+k
v′12

are
both divisible by t. Let a be an arbitrary solution to the congruence (2.13). Then

a ≡ −kv′14 (mod v′12) ⇐⇒ a+ kv′14 = uv′12 for some u ∈ Z.

Then a− uv′12 is a solution to the congruence, which is divisible by t. So we may assume
a is divisible by t. Again we write a+ kv′14 = uv′12. Let f = (t, v′12). Then uv′12 is divisible
by t, so u is divisible by t/f . Now consider the equation(

a+
nt

f
v′12

)
+ kv′14 =

(
u+

nt

f

)
v′12.

Pick n ∈ Z such that u + nt
f is divisible by t. Then a′ := a + nt

f v
′
12 is a solution to the

congruence (2.13) divisible by t, and a′+kv′14
−1

v′12
is also divisible by t. Multiplying by v′14, we

see that a′v′14+k
v′12

is divisible by t. This finishes the proof of the claim. Now the coprimality
condition becomes (

d1, a+ rv′12,−
av′14 + k

v′12

− rv′14

)
= 1,

which holds if and only if (r, t) = 1.

Now we give an alternative expression for t. Let d′ = d1/d0. Then the conditions d1 | v2
13

and (v12, v13, v14) = d0 imply d′ | d0. Write v13 = d0v
′
13. Then we see that(v12

d0
, v′13,

v14

d0

)
= 1,

which implies (d′, v′13) = 1. Now define t := d0/d
′. Then

t = t
(
v′13

2
, d′

2)
=
(
v′13

2
t, d′

2
t
)

=
(v13

2

d1
, d1

)
= (k, d1)

returns the original definition.

Finally, right action by Γw says v13, v14, v23 are defined modulo v12. Hence

Rsβsαsβ =

{(
0,
v12

d0
,
v13

d0
,
v14

d0
; v12, v13, v14, v23,−v13,−

v2
13 + v14v23

v12

)}
.

where v12 ≥ 1, v13, v14, v23 (mod v12), with the following conditions. Let d1 = (v12, v14),
and d0 = (v12, v13, v14). Then we require d1 | d2

0. Write v12 = d1v
′
12, v14 = d1v

′
14, v13 = d1k,

and d′ = d1/d0, t = d0/d
′. Let a be a solution to av′14 ≡ −k (mod v′12), such that a and

av′14+k
v′12

are divisible by t. Then we require v23 to be of the form v23 = a + rv′12 with
(r, t) = 1.
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(viii) w = w0: We have v ∼ (1, ∗, ∗, ∗; 1, ∗, ∗, ∗, ∗, ∗). Recall the relation v1v24−v2v14+v4v12 = 0.
By the symplectic relation v13 +v24 = 0, this translates to v1v13 +v2v14−v4v12 = 0. From
the matrix representative, we compute

v23 =
v2v13 − v3v12

v1
, v34 =

v3v14 − v4v13

v1
.

Coprimality condition says (v1, v2, v3, v4) = 1, and (v12, v13, v14, v23, v34) = 1. However,
no good simplification to these conditions is found. Right action by Γw says v2, v3, v4 are
defined modulo v1, and v13, v14 are defined modulo v12. Hence

Rw0 =

{(
v1, v2, v3, v4; v12, v13, v14,

v2v13 − v3v12

v1
,−v13,

v3v14 − v4v13

v1

)}
,

where v1, v12 ≥ 1, and v2, v3, v4 (mod v1), v13, v14 (mod v12), such that v1v13 + v2v14 −
v4v12 = 0, (v1, v2, v3, v4) = 1, and

(
v12, v13, v14,

v2v13−v3v12
v1

, v3v14−v4v13v1

)
= 1.

2.2.5 Residual Eisenstein series

Recall the definition of GL(2) Eisenstein series

E(z, s) =
∑

δ∈P 2∩Γ2\Γ2

I(δz, s),

where Γ2 = SL(2,Z), P 2 =

{(
∗ ∗
∗

)
∈ SL(2,R)

}
⊆ SL(2,R) the standard parabolic subgroup

of SL(2,R), and I(z, s) = Im(z)s+1/2.

Recall the maximal parabolic Eisenstein series Eα(g, ν, f) and Eβ(g, ν, f). We show that if f is a
GL(2) Eisenstein series, then Eα(g, ν, f) and Eβ(g, ν, f) become minimal Eisenstein series.

Proposition 2.9. We have

Eα(g, ν, E(∗, s)) = E0 (g, (ν + s, ν)) ,

Eβ(g, ν, E(∗, s)) = E0 (g, (ν, ν/2 + s)) .

Proof. First we assume Re ν � 0, and Re s > 1
2 . For the Siegel Eisenstein series, we have

Eα (g, ν, E(∗, s)) =
∑

γ∈Pα∩Γ\Γ

∑
δ∈P 2∩Γ2\Γ2

I(δmα(γg), s)Iα(γg, ν).

Recall the formula

Im(δz) =
Im(z)

|cz + d|
for δ =

(
a b
c d

)
∈ SL(2,Z).

Assume g has the form as in (2.2). Then we set

mα(g) =

(
1 n1

1

)(
y1

y2

)
∼ n1 +

y1

y2
i =: z0.

Evaluate the inner sum:∑
δ∈P 2∩Γ2\Γ2

I(δmα(g), s)Iα(g, ν) =
1

2

∑
c,d∈Z

(c,d)=1

(
y1

|cz0 + d|

)ν+s+2

(y2 |cz0 + d|)ν−s+1

=
∑

δ∈P 2∩Γ2\Γ2

I0

((
δ

(δ−1)T

)
g, (ν + s, ν)

)
.
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We observe that there is an isomorphism P 2 ∩ Γ2\Γ2 ' (P0 ∩ Γ)\(Pα ∩ Γ) via the map δ 7→(
δ

(δ−1)T

)
. Hence

Eα (g, ν, E(∗, s)) =
∑

γ∈Pα∩Γ\Γ

∑
δ∈(P0∩Γ)\(Pα∩Γ)

I0(δγg, (ν + s, ν))

=
∑

γ∈P0∩Γ\Γ

I0(γg, (ν + s, ν))

= E0 (g, (ν + s, ν))

is a minimal Eisenstein series.

For the non-Siegel Eisenstein series, we have

Eβ (g, ν, E(∗, s)) =
∑

γ∈Pβ∩Γ\Γ

∑
δ∈P 2∩Γ2\Γ2

I(δmβ(γg), s)Iβ(γg, ν).

Then we set

mβ(g) =

(
1 n5

1

)(
y2

y−1
2

)
∼ n5 + y2

2i =: z0.

Evaluate the inner sum:∑
δ∈P 2∩Γ2\Γ2

I(δmβ(γg), s)Iβ(γg, ν) =
1

2

∑
c,d∈Z

(c,d)=1

(
y2

2

|cz0 + d|2

)s+1/2

yν+2
1

=
∑

δ=
(
a b
c d

)
∈P 2∩Γ2\Γ2

I0




1
a b

1
c d

 g, (ν, ν/2 + s)

 .

Again, we have P 2 ∩ Γ2\Γ2 ' (P0 ∩ Γ)\(Pβ ∩ Γ) via the map
(
a b
c d

)
7→


1

a b
1

c d

. Hence

Eβ (g, ν, E(∗, s)) =
∑

γ∈Pβ∩Γ\Γ

∑
δ∈(P0∩Γ)\(Pβ∩Γ)

I0(δγg, (ν, ν/2 + s))

=
∑

γ∈P0∩Γ\Γ

I0(γg, (ν, ν/2 + s))

= E0 (g, (ν, ν/2 + s))

is a minimal Eisenstein series.

It is well-known from the general theory [Lan76] that these Eisenstein series can be continued
into meromorphic functions in ν and s respectively. So we deduce that the equalities hold for
all ν and s.

Recall that the GL(2) Eisenstein series E(z, s) has a pole at s = 1/2 with residue 3/π. Taking
the residue of Eα (g, ν, E(∗, s)) and Eβ (g, ν, E(∗, s)) at s = 1/2 gives the following:

Proposition 2.10. We have

Ress=1/2E0 (g, (ν + s, ν)) =
3

π
Eα(g, ν, 1),

Ress=1/2E0 (g, (ν, ν/2 + s)) =
3

π
Eβ(g, ν, 1).
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2.2.6 Alternative expressions for Eisenstein series

We end the section by giving alternative expressions for Eisenstein series, directly in terms of
Plücker coordinates. Recall the definition of the minimal Eisenstein series

E0(g, ν) =
∑

γ∈P0∩Γ\Γ

I0(γg, ν),

where I0(g, ν) = yν1+2
1 y2ν2−ν1+1

2 . Let γ ∈ Γ be fixed. Let γg = nak be the Iwasawa decomposi-
tion of γg, with n ∈ U , a ∈ T+, and k ∈ K. If we write

a = diag
(
a1, a2, a

−1
1 , a−1

2

)
∈ T+,

then I0(γg, ν) = aν1+2
1 a2ν2−ν1+1

2 . So it suffices to find expressions for a1 and a2 in terms of
Plücker coordinates of γ.

Suppose γ has Plücker coordinates v = (v1, · · · , v4; v12, · · · , v34). Define

vα = (v12, v13, v14, v23, v24, v34)T , vβ = (v1, v2, v3, v4)T .

Suppose γg has the form

γg =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
b31 b32 b33 b34

b41 b42 b43 b44

 = nak.

Then γg(γg)T = nak(nak)T = na2nT . Since n ∈ U has the form

n =


1 u ∗ ∗

1 ∗ ∗
1
−u 1

 ∈ N,
we compute

na2nT =


∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ a−2

1 −ua−2
1

∗ ∗ −ua−2
1 u2a−2

1 + a−2
2

 .

Evaluating γg(γg)T = γggTγT yields

a−2
1 = b231 + b232 + b233 + b234,

−ua−2
1 = b31b41 + b32b42 + b33b43 + b34b44,

u2a−2
1 + a−2

2 = b241 + b242 + b243 + b244,

from which we solve

a−2
2 = b241 + b242 + b243 + b244 −

(b31b41 + b32b42 + b33b43 + b34b44)2

b231 + b232 + b233 + b234

.

In particular, we have

a−2
1 a−2

2 =
(
b231 + b232 + b233 + b234

) (
b241 + b242 + b243 + b244

)
− (b31b41 + b32b42 + b33b43 + b34b44)2

=
∑

1≤i<j≤4

(b3ib4j − b3jb4i)2 .
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Meanwhile, expanding γg, we see that(
b1 b2 b3 b4

)
= vTβ g.

Let g∧g be the exterior square of g, that is, g∧g =
(
gij,kl

)
1≤i<j≤4
1≤k<l≤4

, where gij,kl = gikgjl−gilgjk.

Then we have (
b3ib4j − b3jb4i

)
1≤i<j≤4

= vTα (g ∧ g) ,

where we consider
(
b3ib4j − b3jb4i

)
1≤i<j≤4

as a row vector. So we can write

a−2
1 = vTβ gg

T vβ, (2.14)

a−2
1 a−2

2 = vTα (g ∧ g)(g ∧ g)T vα. (2.15)

Hence we have

I0(γg, ν) = aν1+2
1 a2ν2−ν1+1

2 =
(
vTα (g ∧ g)(g ∧ g)T vα

)ν1/2−ν2−1/2
(vTβ gg

T vβ)ν2−ν1−1/2.

To conclude, we see that E0(g, ν) can be expressed as a height zeta function associated with a
bi-projective quadratic variety.

Proposition 2.11. Let V0 be defined as in (2.5). Then we have

E0(g, ν) =
1

4

∑
v∈V0(Z) primitive

(
vTα (g ∧ g)(g ∧ g)T vα

)ν1/2−ν2−1/2
(vTβ gg

T vβ)ν2−ν1−1/2,

where vα := (v12, · · · , v34)T and vβ := (v1, · · · , v4)T for v = (v1, · · · , v4; v12, · · · , v34) ∈ V0(Z).

By the same argument, we can show that Eα(g, ν, 1) and Eβ(g, ν, 1) can be expressed as Epstein
zeta functions.

Proposition 2.12. Let Vα, Vβ be defined as in (2.11) and (2.12) respectively. Then we have

Eα(g, ν, 1) =
1

2

∑
vα∈Vα(Z) primitive

(
vTα (g ∧ g)(g ∧ g)T vα

)−ν/2−3/4
,

Eβ(g, ν, 1) =
1

2

∑
vβ∈Vβ(Z) primitive

(vTβ gg
T vβ)−ν/2−1.

Proof. By definition, we have

Eα(g, ν, 1) =
∑

γ∈Pα∩Γ\Γ

Iα(γg, ν), Eβ(g, ν, 1) =
∑

γ∈Pβ∩Γ\Γ

Iβ(γg, ν),

where Iα(g, ν) = (y1y2)ν+3/2, and Iβ(g, ν) = yν+2
1 . Then the statement follows from expressions

(2.14) and (2.15).

2.3 Constant terms

Definition 2.13. Let EP (g, ν, f) be an Eisenstein series for a standard parabolic subgroup
P = MN ⊆ G. Let P ′ = M ′N ′ be another standard parabolic subgroup. The constant term of
EP (g, ν, f) along the parabolic P ′ is defined as

CP
′

P (g, ν, f) :=

∫
N ′(Z)\N ′(R)

EP (ηg, ν, f)dη,

where N ′(Z) = Γ ∩N ′(R).
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Notation. When P = P ′, the superscript P ′ is omitted from the notation.

For the computation of constant terms, we make use of intertwining operators, introduced by
Langlands [Lan76], in the theory of automorphic forms. The intertwining operators are usually
defined in adelic settings. Instead of translating the notion into classical settings, we simply
establish a relation between classical and adelic objects, and use the adelic theory.

To state the functional equation of Langlands, we follow the setup in [MW95]. Let A be the
ring of adeles of Q. Let G be a reductive group, and P = NM a standard parabolic subgroup
of G, with respect to a fixed Borel subgroup B ⊆ G.

Definition 2.14. Let π be an irreducible automorphic representation of M(A), and φπ an
element in A(N(A)M(Q)\G(A))π, the π-isotypic part of the space of automorphic forms on
N(A)M(Q)\G(A). The Eisenstein series associated to φπ is a function on G(Q)\G(A), given by

E(φπ, π)(g) :=
∑

γ∈P (Q)\G(Q)

φπ(γg)

whenever it converges. The constant term of E(φπ, π) along another standard parabolic subgroup
P ′ = N ′M ′ is given by

EP ′(φπ, π)(g) :=

∫
N ′(Q)\N ′(A)

E(φπ, π)(ηg)dη.

Definition 2.15. Let P ′ = N ′M ′ be another standard parabolic subgroup of G, π an irreducible
automorphic representation of M(A), and φπ ∈ A(N(A)M(Q)\G(A))π. Let w ∈ G(Q) be such
that wMw−1 = M ′. For g ∈ G(A), we set

M(w, π)φπ(g) =

∫
(N ′(Q)∩wN(Q)w−1)\N ′(A)

φπ(w−1ηg)dη

whenever the integral is convergent. This defines an intertwining operator

M(w, π) : A(N(A)M(Q)\G(A))π → A(N ′(A)M ′(Q)\G(A))wπ.

Now we are able to state the functional equation of Langlands.

Theorem 2.16. (Langlands [Lan76]) Assume the settings above. Then we have

M(w′, wπ) ◦M(w, π) = M(w′w, π).

Let G = Sp(4). By strong approximation, for g ∈ G(A), we can decompose g = δg∞k0, with
δ ∈ G(Q), g∞ ∈ G(R), and k0 ∈ K, the maximal compact subgroup of G(A). Let P0 = N0M0

be the minimal parabolic subgroup of Sp(4), with Levi component M0 = T . For ν ∈ C2, let πν
be the character on M0(A) defined by

πν(diag(y1, y2, y
−1
1 , y−1

2 )) = |y1|ν1+2 |y2|2ν2−ν1+1 .

By parabolic induction, we see that φν(g) := |y1|ν1+2 |y2|2ν2−ν1+1 lies inA(N0(A)M0(Q)\G(A))πν .

Proposition 2.17. Assume the setup above. Then E(φν , πν)(g) = E0(g∞, ν).

Proof. Write Γ = Sp(4,Z) as usual. Unfolding the definitions, the equation says∑
γ∈P0(Q)\G(Q)

φν(γg) =
∑

γ∈P0(R)∩Γ\Γ

I0(γg∞, ν).
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First we observe a bijection between P0(Q)\G(Q) and P0(R)∩Γ\Γ. Let γ ∈ G(Q). Via left action
by T (Q) ⊆ P0(Q), we may assume that γ has Plücker coordinates v = (v1, · · · , v4; v12, · · · , v34)
such that (v1, · · · , v4) are coprime integers, and (v12, · · · , v34) are coprime integers. By Propo-
sition 2.2, we see that γ is equivalent to a matrix in Γ under left action by N0(Q) ⊆ N0(R). So
γ ∈ P0(Q)\G(Q) corresponds to a unique element in P0(R) ∩ Γ\Γ.

As E(φν , ν) is left G(Q) and right K-invariant, we may assume g = (g∞, 1, 1, · · · ). Let γ ∈
P0(Q)\G(Q). From the bijection above, we may assume that γ ∈ Γ has integral entries. Then
γ is integrally invertible, that is, γ ∈ Kfin, the maximal compact subgroup of the finite adele
G(Afin). This implies the P0(Q)\G(Q)-action at finite places is trivial. Hence∑

γ∈P0(Q)\G(Q)

φν(γg) =
∑

γ∈P0(R)∩Γ\Γ

φν,∞(γg∞) =
∑

γ∈P0(R)∩Γ\Γ

I0(γg∞, ν).

We also have a correspondence between constant terms.

Proposition 2.18. Let g = (g∞, 1, 1, · · · ) ∈ G(A). Then EP ′(φν , πν)(g) = CP
′

0 (g∞, ν).

Proof. We expand

EP ′(φν , πν)(g) =

∫
N ′(Q)\N ′(A)

∑
γ∈P0(Q)\G(Q)

φν(γηg)dη =

∫
N ′(Q)\N ′(A)

∑
γ∈P0(R)∩Γ\Γ

φν(γηg)dη.

At finite places, since both Γ and N ′(Zp) lie in Kp := G(Zp) the maximal compact subgroup at
p, it follows that the integral at finite places is trivial. So only the archimedean place remains,
and hence

EP ′(φν , πν)(g) =

∫
N ′(Z)\N ′(R)

∑
γ∈P0(R)∩Γ\Γ

φν,∞(γηg∞)dη = CP
′

0 (g∞, ν).

2.3.1 Minimal Eisenstein series

We consider the minimal Eisenstein series

E0(g, ν) =
∑

γ∈P0∩Γ\Γ

I0(γg, ν),

where I0(g, ν) = yν1+2
1 y2ν2−ν1+1

2 . The constant term of E0(g, ν) along P0 is

C0(g, ν) :=

∫
U(Z)\U(R)

∑
γ∈P0∩Γ\Γ

I0(γηg, ν)dη.

It is clear from the definition of the constant term that C0(g, ν) is invariant under left action by
N0(R). So we may assume that g = diag(y1, y2, y

−1
1 , y−1

2 ) is diagonal. Write

η =


1 n1 n2 n3

1 n4 n5

1
−n1 1

 ∈ N0(R),

with the relation n3 = n4 + n1n5. So the constant term can be rewritten as

C0(g, ν) =

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∑
γ∈P0∩Γ\Γ

I0(γηg, ν)dn1dn2dn4dn5.
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We break down the summation over P0 ∩ Γ\Γ via Bruhat decomposition

E0(g, ν) =
∑
w∈W

E0,w(g, ν), where E0,w(g, ν) :=
∑

γ∈P0∩Γ\(Γ∩Gw)

I0(γg, ν).

This gives a decomposition of the constant term

C0(g, ν) =
∑
w∈W

C0,w(g, ν), where C0,w(g, ν) :=

∫
U(Z)\U(R)

E0,w(ηg, ν)dη.

Proposition 2.19. For g = (g∞, 1, 1, · · · ) ∈ G(A), we have M(w, ν)φν(g) = C0,w−1(g∞, ν).

Proof. We expand

M(w, πν)φν(g) =

∫
(N0(Q)∩wN0(Q)w−1)\N0(A)

φν(w−1ηg)dη

=

∫
N0(Q)\N0(A)

∑
u∈(N0(Q)∩wN0(Q)w−1)\N0(Q)

φν(w−1uηg)dη.

As φπ(w−1ηg) is trivial at finite places, we only have to consider the archimedean place:

M(w, πν)φν(g) =

∫
N0(Z)\N0(R)

∑
u∈(N0(Q)∩wN0(Q)w−1)\N0(Q)

φν,∞(w−1uηg)dη

=

∫
U(Z)\U(R)

∑
γ∈P0(R)∩Γ\(Γ∩Gw−1 )

I0(γg∞, ν) = C0,w−1(g∞, ν).

For g ∈ G(R), we abuse notation and also write g to denote the corresponding element (g, 1, 1, · · · ) ∈
G(A). Via the functional equation, it suffices to just compute C0,w(g, ν) for w = id, sα, sβ .

Lemma 2.20. For w ∈W , we have

C0,w(g, ν) =
∑
γ∈Rw

∫
Uw(R)

I0(γηg, ν)dη.

Proof. By Lemma 2.8, we expand

C0,w(g, ν) =

∫
U(Z)\U(R)

∑
γ∈P0∩Γ\(Γ∩Gw)

I0(γηg, ν)dη

=
∑
γ∈Rw

∑
δ∈Γw

∫
U(Z)\U(R)

I0(γδηg, ν)dη.

Recall that Γw = Γ0 ∩w−1ΓT0 w = Uw(Z). Through the decomposition U = UwUw, the constant
term can be rewritten as

C0,w(g, ν) =
∑
γ∈Rw

∫
Uw(Z)\Uw(R)

∫
Uw(R)

I0(γη′ηg, ν)dηdη′.

Now we show that the integral is independent of η′. Consider a Bruhat decomposition γ =
b1wtb2, with b1, b2 ∈ U(R), and t ∈ T . Without loss of generality, we may assume b2 ∈ Uw(R).
Then

γ = (b1wtη
′t−1w−1)wt(η′

−1
b2)
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is another Bruhat decomposition of γ. Hence∫
Uw(R)

I0(γη′ηg, ν)dη =

∫
Uw(R)

I0

(
(b1wtη

′t−1w−1)wt(η′
−1
b2)η′ηg, ν

)
.

Noting that η′−1b2η
′ ∈ Uw(R), the change of variables η′−1b2η

′η 7→ η gives∫
Uw(R)

I0(γη′ηg, ν)dη =

∫
Uw(R)

I0

(
(b1wtη

′t−1w−1)wtηg, ν
)

=

∫
Uw(R)

I0(wtηg, ν),

which is independent of η′. The lemma then follows from that Uw(Z)\Uw(R) has unit measure.

We also need the following integration formula [GR07, 3.251.2]:∫
R
|x|µ (a2 + x2)νdx = aµ+2ν+1B

(
µ+ 1

2
,−ν − µ+ 1

2

)
(2.16)

for Reµ > −1, Re
(
ν + µ

2

)
< 1

2 , where

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)

stands for the beta function.

Now we compute the constant terms C0,w(g, ν). Let γ ∈ P0 ∩ Γ\Γ. Consider the Iwasawa
decomposition of γηg:

γηg ≡


1 n′1 n′2 n′3

1 n′4 n′5
1
−n′1 1



y′1

y′2
y′1
−1

y′2
−2

 (mod K).

Since I0 is leftN0(R)-invariant, we may assume that γ takes the form given in Section 2.2.4.

(i) w = id: In this case, Rid = {I} is a singleton. So the constant term is simply

C0,id(g, ν) = I0(g, ν) = yν1+2
1 y2ν2−ν1+1

2 .

(ii) w = sα: The constant term is given by

C0,sα(g, ν) =
∑
γ∈Rsα

∫
Usα (R)

I0(γηg)dη.

By linear algebra, we solve

y′1 =
y1y2

v4

√
s2

1y
2
2 + y2

1

, y′2 = v4

√
s2

1y
2
2 + y2

1, (2.17)

where s1 = n1 − v3
v4
. So

C0,sα(g, ν) =
∑
v4≥1

∑
v3(mod v4)
(v3,v4)=1

∫
R
yν1+2

1 yν1+2
2 v2ν2−2ν1−1

4

(
s2

1y
2
2 + y2

1

)ν2−ν1−1/2
dn1.
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By (2.16), we evaluate the integral and obtain for Re(ν1 − ν2) > 1

C0,sα(g, ν) = y2ν2−ν1+2
1 yν1+1

2

∑
v4≥1

∑
v3(mod v4)
(v3,v4)=1

v2ν2−2ν1−1
4 B

(
1

2
, ν1 − ν2

)

= y2ν2−ν1+2
1 yν1+1

2

ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)
B

(
1

2
, ν1 − ν2

)
= y2ν2−ν1+2

1 yν1+1
2

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
,

where Λ(s) = π−s/2Γ
(
s
2

)
ζ(s) is the completed zeta function as usual.

(iii) w = sβ : The constant term is given by

C0,sβ (g, ν) =
∑
γ∈Rsβ

∫
Usβ (R)

I0(γηg)dη.

By linear algebra, we solve

y′1 = y1, y′2 =
y2

v23

√
y4

2 + s2
5

, (2.18)

where s5 = n5 − v34
v23

. So

C0,sβ (g, ν) =
∑
v23≥1

∑
v34(mod v23)
(v23,v34)=1

∫
R
yν1+2

1 y2ν2−2ν1−1
2 vν1−2ν2−1

23 (y4
2 + s2

5)ν1/2−ν2−1/2dn5.

By (2.16), we evaluate the integral and obtain for Re(2ν2 − ν1) > 1

C0,sβ (g, ν) = yν1+2
1 yν1−2ν2+1

2

∑
v23≥1

∑
v34(mod v23)
(v23,v34)=1

vν1−2ν2−1
23 B

(
1

2
, ν2 −

ν1

2

)

= yν1+2
1 yν1−2ν2+1

2

ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)
B

(
1

2
, ν2 −

ν1

2

)
= yν1+2

1 yν1−2ν2+1
2

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
.

Remark. The constant terms C0,sα(g, ν) and C0,sβ (g, ν) are originally defined on an open subset
of a∗0C, but it follows readily from the expressions that they can be continued into meromorphic
functions on a∗0C.

By Proposition 2.19, we obtain the expressions for the intertwining operators:

C0,sα(g, ν) = M(sα, π(ν1,ν2))φ(ν1,ν2) =
Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
φ(2ν2−ν1,ν2), (2.19)

C0,sβ (g, ν) = M(sβ, π(ν1,ν2))φ(ν1,ν2) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
φ(ν1,ν1−ν2). (2.20)

By the functional equation of Langlands, we compute the constant terms for other Weyl ele-
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ments:

C0,sαsβ (g, ν) = M(sβsα, πν)φν(g) = M(sβ, πsαν)M(sα, φν)φν(g)

=
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y2ν2−ν1+2

1 y−ν1+1
2 , (2.21)

C0,sβsα(g, ν) = M(sαsβ, πν)φν(g) = M(sα, πsβν)M(sβ, φν)φν(g)

=
Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 yν1+1
2 , (2.22)

C0,sαsβsα(g, ν) = M(sαsβsα, πν)φν(g) = M(sα, πsβsαν)M(sβsα, πν)φν(g)

=
Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y−ν1+2

1 y2ν2−ν1+1
2 , (2.23)

C0,sβsαsβ (g, ν) = M(sβsαsβ, πν)φν(g) = M(sβ, πsαsβν)M(sαsβ, πν)φν(g)

=
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 y−ν1+1
2 , (2.24)

C0,w0(g, ν) = M(sβsαsβsα, πν)φν(g) = M(sβ, πsαsβsα)M(sαsβsα, πν)φν(g)

=
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y−ν1+2

1 yν1−2ν2+1
2 .

(2.25)

Again, these constant terms are originally defined on an open subset of a∗0C, but they can be
continued into meromorphic functions on a∗0C.

The computations above thus summarise into the following theorem:

Theorem 2.21. The constant term of the minimal Eisenstein series E0(g, ν) along the minimal
parabolic subgroup P0 is given by

C0(g, ν) =
∑
w∈W

C0,w(g, ν),

where

C0,id(g, ν) = yν1+2
1 y2ν2−ν1+1

2 ,

C0,sα(g, ν) =
Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y2ν2−ν1+2

1 yν1+1
2 ,

C0,sβ (g, ν) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1+2

1 yν1−2ν2+1
2 ,

C0,sαsβ (g, ν) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y2ν2−ν1+2

1 y−ν1+1
2 ,

C0,sβsα(g, ν) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 yν1+1
2 ,

C0,sαsβsα(g, ν) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y−ν1+2

1 y2ν2−ν1+1
2 ,

C0,sβsαsβ (g, ν) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 y−ν1+1
2 ,

C0,sαsβsαsβ (g, ν) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y−ν1+2

1 yν1−2ν2+1
2 .

The constant term C0(g, ν) is originally defined on an open subset of a∗0C, but it can be continued
into a meromorphic function on a∗0C.
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For the computation of the constant term of E0(g, ν) along other parabolic subgroups, we need
some more adelic theory. Let W = W (T,G) be the Weyl group of G. For a standard parabolic
subgroup P = NM of G, we denote by WM := W (T,M) the Weyl group of M . We write

W •M :=
{
w ∈W

∣∣ w−1(α) > 0 ∀α ∈ R+(T,M)
}

where R+(T,M) is the set of positive roots of M with respect to torus T .

Proposition 2.22. Let π be an irreducible automorphic representation of M0(A), and φπ an
element in A(N0(A)M0(Q)\G(A))π. Then the constant term of E(φπ, π) along P is

EP (φπ, π)(g) =
∑

w∈W •M

∑
m∈M(Q)∩wP0(Q)w−1\M(Q)

M(w, π)φπ(mg).

Proof. First we consider a Bruhat decomposition

G(Q) =
∐
w∈W

P0(Q)w−1P0(Q) =
∐

w∈WM\W

P0(Q)w−1P (Q).

Now observe that W •M is a system of representatives for WM\W . It then follows from the
definition that

EP (φπ, π)(g) =

∫
N(Q)\N(A)

∑
γ∈P0(Q)\G(Q)

φπ(γηg)dη.

Since the Eisenstein series E(φπ, π) is absolutely convergent, and the constant term integral is
over a compact set, we may exchange the order of sums and integrals, and deduce that

EP (φπ, π)(g) =
∑

w∈W •M

∑
m∈(M(Q)∩wP0(Q)w−1)\M(Q)

∫
N(Q)\N(A)∑

η′∈(N(Q)∩m−1wP0(Q)w−1m)\N(Q)

φπ(w−1mη′ηg)dη

=
∑

w∈W •M

∑
m∈(M(Q)∩wP0(Q)w−1)\M(Q)

∫
N(Q)∩wP0(Q)w−1\N(A)

φπ(w−1ηmg)dη.

Observe that N(Q) ∩ wP0(Q)w−1 = N(Q) ∩ wN0(Q)w−1. So

EP (φπ, π)(g) =
∑

w∈W •M

∑
m∈(M(Q)∩wP0(Q)w−1)\M(Q)

M(w, π)φπ(mg).

We compute the constant term of E0(g, ν) along the Siegel parabolic subgroup Pα = NαMα.
From Proposition 2.18, we have

Cα0 (g, ν) = EPα(φν , πν)(g) =
∑

w∈W •Mα

∑
m∈Mα(Q)∩wP0(Q)w−1\Mα(Q)

M(w, πν)φν(mg).

Since R+(T,Mα) = {α}, we compute that W •Mα
= {id, sβ, sβsα, sβsαsβ}. Recall (2.20), (2.21),

(2.24):

φν(g) = yν1+2
1 y2ν2−ν1+1

2 ,

M(sβ, ν)φν(g) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1+2

1 yν1−2ν2+1
2 ,

M(sβsα, ν)φν(g) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y2ν2−ν1+2

1 y−ν1+1
2 ,

M(sβsαsβ, ν)φν(g) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 y−ν1+1
2 .
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Now we compute M(w, ν)(mg) for w ∈ W •Mα
and m ∈ Mα(Q) ∩ wP0(Q)w−1\Mα(Q). For

w ∈W •Mα
, a set of coset representatives of Mα(Q) ∩ wP0(Q)w−1\Mα(Q) is given by


1

1
1

1

 ∪
mα

κ1,κ2 :=


κ−1

2

κ2 −κ1

κ1 κ2

κ−1
2


∣∣∣∣∣∣∣∣ κ2 ∈ N, (κ1, κ2) = 1

 ,

which is independent of the choice of w ∈W •Mα
. Note that mα

κ1,κ2 are simply matrix representa-
tives given in Section 2.2.4 with Plücker coordinates v = (0, 0, κ1, κ2; 0, 0, 0, 0, 0, 1), which lies in
the class w = sα in Bruhat decomposition. As the Plücker coordinates of these representatives
satisfy the conditions in Proposition 2.3, they are equivalent to integral matrices with unit de-
terminant under left action by P0(Q). So the contribution from the finite places is trivial, and
we only have to consider the archimedean place.

By (2.17), we see that

φν(mα
κ1,κ2g) = yν1+2

1 y2ν2−ν1+1
2 Qα,g(κ1, κ2)ν2−ν1−1/2,

where Qα,g(κ1, κ2) is the quadratic form defined by

Qα,g(κ1, κ2) := κ2
1 − 2n1κ1κ2 +

(
n2

1 +
y2

1

y2
2

)
κ2

2 = |κ2zα + κ1|2 ,

where zα := −n1 + y1
y2
i. Then, summing φν(mg) gives a GL(2) Eisenstein series:

φν(g) +
∑
κ2∈N

(κ1,κ2)=1

φν(mα
κ1,κ2g) =

1

2
yν1+2

1 y2ν2−ν1+1
2

∑
κ1,κ2∈Z

(κ1,κ2)=1

|κ2zα + κ1|2ν2−2ν1−1

= E (zα, ν1 − ν2) y
ν2+3/2
1 y

ν2+3/2
2 .

Finally, through the intertwining operators (2.19), (2.20), we compute

∑
m

M(sβ, ν)φν(mg) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
E (zα, ν2) y

ν1−ν2+3/2
1 y

ν1−ν2+3/2
2 ,

∑
m

M(sβsα, ν)φν(mg) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
E (zα, ν2) y

ν2−ν1+3/2
1 y

ν2−ν1+3/2
2 ,

∑
m

M(sβsαsβ, ν)φν(mg) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
E (zα, ν1 − ν2) y

−ν2+3/2
1 y

−ν2+3/2
2 .

Since the GL(2) Eisenstein series E(z, s) can be continued into a meromorphic function on C as
a function in s, all the sums above can be continued into meromorphic functions on a∗0C. So we
conclude:

Theorem 2.23. The constant term of the minimal Eisenstein series E0(g, ν) along the Siegel
parabolic subgroup Pα is given by

Cα0 (g, ν) =
∑

w∈W •Mα

Cα0,w(g, ν),
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where W •Mα
= {id, sβ, sβsα, sβsαsβ}, and

Cα0,id(g, ν) = E (zα, ν1 − ν2) y
ν2+3/2
1 y

ν2+3/2
2 ,

Cα0,sβ (g, ν) =
Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
E (zα, ν2) y

ν1−ν2+3/2
1 y

ν1−ν2+3/2
2 ,

Cα0,sβsα(g, ν) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
E (zα, ν2) y

ν2−ν1+3/2
1 y

ν2−ν1+3/2
2 ,

Cα0,sβsαsβ (g, ν) =
Λ(ν1)

Λ(ν1 + 1)

Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
E (zα, ν1 − ν2) y

−ν2+3/2
1 y

−ν2+3/2
2 ,

with zα := −n1+ y1
y2
i. Moreover, the constant term Cα0 (g, ν) can be continued into a meromorphic

function on a∗0C.

We compute the constant term of E0(g, ν) along the non-Siegel maximal parabolic subgroup
Pβ = NβMβ . From Proposition 2.18, we have

Cβ0 (g, ν) = EPβ (φν , πν)(g) =
∑

w∈W •Mβ

∑
m∈Mβ(Q)∩wP0(Q)w−1\Mβ(Q)

M(w, πν)φν(mg).

Since R+(T,Mβ) = {β}, we compute that W •Mβ
= {id, sα, sαsβ, sαsβsα}. Recall (2.19), (2.22),

(2.23):

φν(g) = yν1+2
1 y2ν2−ν1+1

2 ,

M(sα, ν)φν(g) =
Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y2ν2−ν1+2

1 yν1+1
2 ,

M(sαsβ, ν)φν(g) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
yν1−2ν2+2

1 yν1+1
2 ,

M(sαsβsα, ν)φν(g) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
y−ν1+2

1 y2ν2−ν1+1
2 .

Now we compute M(w, ν)(mg) for w ∈ W •Mβ
and m ∈ Mβ(Q) ∩ wP0(Q)w−1\Mβ(Q). For

w ∈W •Mβ
, a set of coset representatives of Mβ(Q) ∩ wP0(Q)w−1\Mα(Q) is given by

1
1

1
1

 ∪
mβ

κ1,κ2 :=


1

κ−1
1

1
−κ1 κ2


∣∣∣∣∣∣∣∣ κ1 ∈ N, (κ1, κ2) = 1

 ,

which is independent of the choice of w ∈W •Mβ
. Note that mβ

κ1,κ2 are simply matrix representa-
tives given in Section 2.2.4 with Plücker coordinates v = (0, 0, 1, 0; 0, 0, 0, κ1, 0, κ2), which lies in
the class w = sβ in Bruhat decomposition. As the Plücker coordinates of these representatives
satisfy the conditions in Proposition 2.3, they are equivalent to integral matrices with unit de-
terminant under left action by P0(Q). So the contribution from the finite places is trivial, and
we only have to consider the archimedean place.

By (2.18), we see that

φν(mβ
κ1,κ2g) = yν1+2

1 y2ν2−ν1+1
2 Qβ,g(κ1, κ2)ν1/2−ν2−1/2,

where Qβ,g(κ1, κ2) is the quadratic form defined by

Qβ,g(κ1, κ2) := (n2
5 + y4

2)κ2
1 − 2n5κ1κ2 + κ2

2 = |κ1zβ + κ2|2 ,
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where zβ := −n5 + y2
2i. Then, summing φν(mg) gives a GL(2) Eisenstein series:

φν(g) +
∑
κ1∈N

(κ1,κ2)=1

φν(mβ
κ1,κ2g) =

1

2
yν1+2

1 y2ν2−ν1+1
2

∑
κ1,κ2∈Z

(κ1,κ2)=1

|κ1zβ + κ2|ν1−2ν2−1

= E(zβ, ν2 − ν1/2)yν1+2
1 .

Finally, through the intertwining operators (2.19), (2.20), we compute

∑
m

M(sα, ν)φν(mg) =
Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
E(zβ, ν1/2)y2ν2−ν1+2

1 ,

∑
m

M(sαsβ, ν)φν(mg) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
E(zβ, ν1/2)yν1−2ν2+2

1 ,

∑
m

M(sαsβsα, ν)φν(mg) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
E(zβ, ν2 − ν1/2)y−ν1+2

1 .

Again, the sums above can be continued into meromorphic functions on a∗0C. So we con-
clude:

Theorem 2.24. The constant term of the minimal Eisenstein series E0(g, ν) along the non-
Siegel maximal parabolic subgroup Pβ is given by

Cβ0 (g, ν) =
∑

w∈W •Mβ

Cβ0,w(g, ν),

where

Cβ0,id(g, ν) = E(zβ, ν2 − ν1/2)yν1+2
1 ,

Cβ0,sα(g, ν) =
Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
E(zβ, ν1/2)y2ν2−ν1+2

1 ,

Cβ0,sαsβ (g, ν) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(2ν2 − ν1)

Λ(2ν2 − ν1 + 1)
E(zβ, ν1/2)yν1−2ν2+2

1 ,

Cβ0,sαsβsα(g, ν) =
Λ(2ν2)

Λ(2ν2 + 1)

Λ(ν1)

Λ(ν1 + 1)

Λ(2ν1 − 2ν2)

Λ(2ν1 − 2ν2 + 1)
E(zβ, ν2 − ν1/2)y−ν1+2

1 ,

with zβ := −n5+y2
2i. Moreover, the constant term Cβ0 (g, ν) can be continued into a meromorphic

function on a∗0C.

2.3.2 Maximal Eisenstein series Eα(g, ν, 1) and Eβ(g, ν, 1)

Now we compute the constant terms of the maximal Eisenstein series Eα(g, ν, 1) and Eβ(g, ν, 1).
In Proposition 2.10 we showed that they can be expressed as residues of the minimal Eisenstein
series E0(g, ν). Since the constant terms are an integral over a compact set, we may find the
constant terms of Eα(g, ν, 1) and Eβ(g, ν, 1) by taking the residues of the constant terms of the
minimal Eisenstein series. It is hence straightforward to obtain the following statements.

Corollary 2.25. The constant term of Eα(g, ν, 1) along the minimal parabolic is given by

C0
α (g, ν, 1) = C0

α,id(g, ν, 1) + C0
α,sβ

(g, ν, 1) + C0
α,sβsα

(g, ν, 1) + C0
α,sβsαsβ

(g, ν, 1),
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where
C0
α,id(g, ν, 1) = y

ν+3/2
1 y

ν+3/2
2 ,

C0
α,sβ

(g, ν, 1) =
Λ(ν + 1

2)

Λ(ν + 3
2)
y
ν+3/2
1 y

−ν+1/2
2 ,

C0
α,sβsα

(g, ν, 1) =
Λ(2ν)

Λ(2ν + 1)

Λ(ν + 1
2)

Λ(ν + 3
2)
y
−ν+3/2
1 y

ν+1/2
2 ,

C0
α,sβsαsβ

(g, ν, 1) =
Λ(ν − 1

2)

Λ(ν + 1
2)

Λ(2ν)

Λ(2ν + 1)

Λ(ν + 1
2)

Λ(ν + 3
2)
y
−ν+3/2
1 y

−ν+3/2
2 .

Corollary 2.26. The constant term of Eα(g, ν, 1) along the Siegel parabolic is given by

Cα (g, ν, 1) = Cα,id(g, ν, 1) + Cα,sβsα(g, ν, 1) + Cα,sβsαsβ (g, ν, 1),

where
Cα,id(g, ν, 1) = y

ν+3/2
1 y

ν+3/2
2 ,

Cα,sβsα(g, ν, 1) =
Λ(ν + 1

2)

Λ(ν + 3
2)
E(zα, ν)y1y2,

Cα,sβsαsβ (g, ν, 1) =
Λ(ν − 1

2)

Λ(ν + 1
2)

Λ(2ν)

Λ(2ν + 1)

Λ(ν + 1
2)

Λ(ν + 3
2)
y
−ν+3/2
1 y

−ν+3/2
2 ,

with zα := −n1 + y1
y2
i.

Corollary 2.27. The constant term of Eα(g, ν, 1) along the non-Siegel parabolic is given by

Cβα (g, ν, 1) = Cβα,sα(g, ν, 1) + Cβα,sαsβsα(g, ν, 1),

where
Cβα,sα(g, ν, 1) = E (zβ, ν/2 + 1/4) y

ν+3/2
1 ,

Cβα,sαsβsα(g, ν, 1) =
Λ(2ν)

Λ(2ν + 1)

Λ(ν + 1
2)

Λ(ν + 3
2)
E (zβ, ν/2− 1/4) y

−ν+3/2
1 ,

with zβ := −n5 + y2
2i.

Corollary 2.28. The constant term of Eβ(g, ν, 1) along the minimal parabolic is given by

C0
β (g, ν, 1) = C0

β,id(g, ν, 1) + C0
β,sα(g, ν, 1) + C0

β,sαsβ
(g, ν, 1) + C0

β,sαsβsα
(g, ν, 1),

where
C0
β,id(g, ν, 1) = yν+2

1 ,

C0
β,sα(g, ν, 1) =

Λ(ν + 1)

Λ(ν + 2)
y1y

ν+1
2 ,

C0
β,sαsβ

(g, ν, 1) =
Λ(ν)

Λ(ν + 1)

Λ(ν + 1)

Λ(ν + 2)
y1y
−ν+1
2 ,

C0
β,sαsβsα

(g, ν, 1) =
Λ(ν − 1)

Λ(ν)

Λ(ν)

Λ(ν + 1)

Λ(ν + 1)

Λ(ν + 2)
y−ν+2

1 .

Corollary 2.29. The constant term of Eβ (g, ν, 1) along the Siegel parabolic is given by

Cαβ (g, ν, 1) = Cαβ,sβ (g, ν, 1) + Cαβ,sβsαsβ (g, ν, 1),

where
Cαβ,sβ (g, ν, 1) = E (zα, (ν + 1)/2) y

ν/2+1
1 y

ν/2+1
2 ,

Cαβ,sβsαsβ (g, ν, 1) =
Λ(ν)

Λ(ν + 1)

Λ(ν + 1)

Λ(ν + 2)
E (zα, (ν − 1)/2) y

−ν/2+1
1 y

−ν/2+1
2 ,

with zα := −n1 + y1
y2
i.
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Corollary 2.30. The constant term of Eβ(g, ν, 1) along the non-Siegel parabolic is given by

Cβ (g, ν, 1) = Cβ,id(g, ν, 1) + Cβ,sαsβ (g, ν, 1) + Cβ,sαsβsα(g, ν, 1),

where
Cβ,id(g, ν, 1) = yν+2

1 ,

Cβ,sαsβ (g, ν, 1) =
Λ(ν + 1)

Λ(ν + 2)
E (zβ, ν/2) y1,

Cβ,sαsβsα(g, ν, 1) =
Λ(ν − 1)

Λ(ν)

Λ(ν)

Λ(ν + 1)

Λ(ν + 1)

Λ(ν + 2)
y−ν+2

1 ,

with zβ := −n5 + y2
2i.

2.4 Sp(4) Ramanujan sums

The aim of this section is to give an explicit characterisation for Sp(4) Ramanujan sums. Ra-
manujan sums naturally arises in the theory of Eisenstein series. We start with a brief re-
view for classical Ramanujan sums on GL(2). A detailed exposition can be found in [Gol06,
Bum84].

A Ramanujan sum is an exponential sum of the following form:

cq(n) =

q∑
a=1

(a,q)=1

e

(
an

q

)
,

where e(x) := e2πix as usual. To find the Fourier expansion of the GL(2) Eisenstein series
E(z, s), we need the following identity:

ζ(s)
∞∑
q=1

cq(n)q−s = σ1−s(n),

where σν(n) :=
∑
d|n
dν is the divisor function. This is not difficult to prove. First observe

that ∑
d|q

cd(n) =

q∑
a=1

e

(
an

q

)
=

{
q if q | n,
0 otherwise.

Hence

ζ(s)
∞∑
q=1

cq(n)q−s =
∞∑
q=1

(∑
d|q

cd(n)
)
q−s =

∑
q|n

q1−s = σ1−s(n).

So Ramanujan sums and divisor sums are related by an identity of the form above. This actually
holds for more general cases, with appropriately defined Ramanujan sums and divisor sums. For
example, an explicit characterisation for GL(3) Ramanujan sums is found in [Bum84].

We start by defining Sp(4) Ramanujan sums. Recall from Section 2.2.4 the set of representatives
Rw0 for P0 ∩Γ\Γ∩Gw0/Γw0 . For fixed v1, v12 ∈ N, we denote by Rw0(v1, v12) the subset of Rw0

with Plücker coordinates v1, v12 as given. Now we define the Sp(4) Ramanujan sum:

Rv1,v12(n1, n2) =
∑

v∈Rw0 (v1,v12)

e

(
n1v2

v1
+
n2v14

v12

)
. (2.26)
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We define an appropriate analogue of the divisor function on Sp(4). We start with the symplectic
Schur function for Sp(4,C):

Spλ1,λ2 (x1, x2) =

∣∣∣∣∣xλ1+2
1 − x−(λ1+2)

1 xλ1+2
2 − x−(λ1+2)

2

xλ2+1
1 − x−(λ2+1)

1 xλ2+1
2 − x−(λ2+1)

2

∣∣∣∣∣∣∣∣∣x2
1 − x

−2
1 x2

2 − x
−2
2

x1 − x−1
1 x2 − x−1

2

∣∣∣∣ (λ1 ≥ λ2 ≥ 0) .

Remark. Terms in Spe1+e2,e2 (x1, x2) correspond to the dimensions of weight spaces of the ir-
reducible representation V ((e1ω1 + e2ω2)) of sp(4,C), and is a special instance of the Weyl
character formula (see [FH04, Ch. 24]).

Now we define a multiplicative function σν1,ν2 by setting for p prime

σν1,ν2 (pe1 , pe2) = p(e1+e2)ν1+e1ν2 Spe1+e2,e1 (pν1 , pν2) .

We state the main result of the section. Let

Rν1,ν2(n1, n2) =
∑

v1,v12≥1

Rv1,v12(n1, n2)v−ν11 v−ν212 .

Proposition 2.31. For Re ν1,Re ν2 > 2, the sum Rν1,ν2 (n1, n2) evaluates as

Rν1,ν2 (n1, n2) =



σ 3
2
− ν1

2
−ν2, 12−

ν1
2

(n1, n2)

ζ(ν1)ζ(ν2)ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
if n1, n2 6= 0,

σ1−ν1(n1)ζ(ν2 − 1)ζ(ν1 + ν2 − 2)ζ(ν1 + 2ν2 − 3)

ζ(ν1)ζ(ν2)ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
if n1 6= 0, n2 = 0,

σ1−ν2(n2)ζ(ν1 − 1)ζ(ν1 + ν2 − 2)ζ(ν1 + 2ν2 − 3)

ζ(ν1)ζ(ν2)ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
if n1 = 0, n2 6= 0,

ζ(ν1 − 1)ζ(ν2 − 1)ζ(ν1 + ν2 − 2)ζ(ν1 + 2ν2 − 3)

ζ(ν1)ζ(ν2)ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
if n1 = n2 = 0.

For a proof of the proposition, we need to study an auxiliary sum. We define

rv1,v12(n1, n2) :=
∑
u1|v1
u12|v12

Ru1,u12(n1, n2).

Expanding the definition, we see that

rv1,v12(n1, n2)
∑

u2(mod u1)
u14(mod u12)

∑
u1|v1
u12|v12

∑
u3,u4(mod u1)
u13(mod u2)

u1u13+u2u14−u4u12=0
(u1,u2,u3,u4)=1

(u12,u13,u14,u23,u34)=1

e

(
n1u2

u1
+
n2u14

u12

)
.

Let d1, d2 be such that v1 = u1d1, and v12 = u12d2. We also write vi := uid1, vij := uijd2 for
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1 ≤ i < j ≤ 4. Then the sum becomes

rv1,v12 (n1, n2) =
∑
d1|v1
d2|v12

∑
v2(mod v1)
v14(mod v12)

∑
v3,v4(mod v1)
v13(mod v12)

v1v13+v2v14−v4v12=0
(v1,v2,v3,v4)=d1

(v12,v13,v14,v23,v34)=d2

e

(
n1v2

v1
+
n2v14

v12

)

=
∑

v2(mod v1)
v14(mod v12)

∑
v3,v4(mod v1)
v13(mod v12)

v1v13+v2v14−v4v12=0
v23,v34∈Z

e

(
n1v2

v1
+
n2v14

v12

)
. (2.27)

So we get rid of the coprimality conditions appearing in the definition of Rv1,v12(n1, n2). Evi-
dently, the following equality of Dirichlet series holds:∑

v1,v12≥1

rv1,v12(n1, n2)v−ν11 v−ν212 = ζ(ν1)ζ(ν2)Rν1,ν2(n1, n2). (2.28)

Now we determine the sum rv1,v12 (n1, n2). For fixed v1, v12, v2, v14, we define

S(v1, v12, v2, v14) = #

 v3, v4 (mod v1)
v13 (mod v12)

∣∣∣∣∣∣
v1v13 + v2v14 − v4v12 = 0
v1 | v2v13 − v3v12

v1 | v3v14 − v4v13

 .

Note that the conditions v1 | v2v13−v3v12 and v1 | v3v14−v4v13 are equivalent to that v23, v34 ∈ Z.
Then we may rewrite (2.27) as

rv1,v12 (n1, n2) =
∑

v2(mod v1)
v14(mod v12)

S(v1, v12, v2, v14)e

(
n1v2

v1
+
n2v14

v12

)
.

From the definition, we see that S(v1, v12, v2, v14) is multiplicative. Precisely, let u1, u12, v1, v12

be such that (u1u12, v1v12) = 1, and let t2 (mod u1v1), t14 (mod u12v12). Let u2, u14, v2, v14 be
such that

t2 ≡ u1v2 + v1u2 (mod u1v1), t14 ≡ u12v14 + v12u14 (mod u12v12).

Then we have

S(u1v1, u12v12, t2, t14) = S(u1, u12, v1u2, v12u14)S(v1, v12, u1v2, u12v14).

Hence, we can reduce the task of finding S(v1, v12, v2, v14) to a local problem, and it suffices to
determine the quantities

Sp(w1, w12, w2, w14) := S(pw1 , pw12 , pw2 , pw14).

The evaluation of quantities Sp(w1, w12, w2, w14) is straightforward. We simply state the re-
sults.

Proposition 2.32. Let p be a prime, and let 0 ≤ w2 ≤ w1, 0 ≤ w14 ≤ w12 be integers. Let
d = min {w1, w14}. Then Sp(w1, w12, w2, w14) is given as follows:

Case 1. If w1 ≤ w12,

Case 1.1. if 2w2 + w14 < 2w1,

Case 1.1.1. if w2 + w14 < w12, then Sp(w1, w12, w2, w14) = 0;
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Case 1.1.2. if w2 + w14 ≥ w12, then Sp(w1, w12, w2, w14) = pw2+w14 ;

Case 1.2. if 2w2 + w14 ≥ 2w1 and w2 ≤ 2w1 − w12,

Case 1.2.1. if w1 + w12 − 2w2 − 2w14 + d ≥ 1, then Sp(w1, w12, w2, w14) = 2pw2+w14 ;

Case 1.2.2. if w1+w12−2w2−2w14+d = 0 or−1, then Sp(w1, w12, w2, w14) = pw1+w12−w2−w14+d;

Case 1.2.3. if w1 + w12 − 2w2 − 2w14 + d ≤ −2, then Sp(w1, w12, w2, w14) = pb
w1+w12+d

2
c;

Case 1.3. if 2w2 + w14 ≥ 2w1 and w2 > 2w1 − w12,

Case 1.3.1. if w1 + w12 − 2w2 − 2w14 + d ≥ 1,

Case 1.3.1.1. if w2 + w14 < w12, then Sp(w1, w12, w2, w14) = min
{
pw2+w14 , pw1+d

}
;

Case 1.3.1.2. if w2 + w14 ≥ w12, then Sp(w1, w12, w2, w14) = 2pw2+w14 ;

Case 1.3.2. if w1 + w12 − 2w2 − 2w14 + d = 0 or −1,

Case 1.3.2.1. if w2 + w14 < w12, then Sp(w1, w12, w2, w14) = pw1+d;

Case 1.3.2.2. if w2 + w14 ≥ w12, then Sp(w1, w12, w2, w14) = pw1+w12−w2−w14+d;

Case 1.3.3. if w1 + w12 − 2w2 − 2w14 + d ≤ −2,

Case 1.3.3.1. if w2 + w14 < w12, then Sp(w1, w12, w2, w14) = pw1+d;

Case 1.3.3.2. if w2 + w14 = w12, then Sp(w1, w12, w2, w14) = pw1+w12−w2−w14+d;

Case 1.3.3.3. if w2 + w14 > w12, then Sp(w1, w12, w2, w14) = min
{
pb

w1+w12+d
2

c, pw1+d
}
;

Case 2. if w1 > w12,

Case 2.1. if w2 + w14 < w12, then Sp(w1, w12, w2, w14) = 0;

Case 2.2. if w2 + w14 ≥ w12,

Case 2.2.1. if w2 ≤ w12 and 2w2 + w14 ≤ 2w12, then Sp(w1, w12, w2, w14) = pw2+w14 ;

Case 2.2.2. otherwise, Sp(w1, w12, w2, w14) = pw12+bw14
2
c.

Multiplicativity of S(v1, v12, v2, v14) also implies the multiplicativity of rv1,v12(n1, n2), that is, if
(u1u12m1m2, v1v12n1n2) = 1, then

ru1v1,u12v12(m1n1,m2n2) = ru1,u12(m1,m2)rv1,v12(n1, n2).

Indeed, we see that

ru1v1,u12v12(m1n1,m2n2)

=
∑

t2(mod u1v1)
t14(mod u12v12)

S(u1v1, u12v12, t2, t14)e

(
m1n1t2
u1v1

+
m2n2t14

u12v12

)

=
∑

u2(mod u1)
u14(mod u12)

∑
v2(mod v1)
v14(mod v12)

S(u1v1, u12v12, u1v2 + v1u2, u12v14 + v12u14)e

(
m1u2

u1
+
n1v2

v1
+
m2u14

u12
+
n2v14

v12

)

=
∑

u2(mod u1)
u14(mod u12)

S(u1, u12, v1u2, v12u14)e

(
m1u2

u1
+
m2u14

u12

) ∑
v2(mod v1)
v14(mod v12)

S(v1, v12, u1v2, u12v14)e

(
n1v2

v1
+
n2v14

v12

)

= ru1,u12(m1,m2)rv1,v12(n1, n2).
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Hence, it suffices to consider local sums rpw1 ,pw12 (pe1 , pe2). We have

rpw1 ,pw12 (pe1 , pe2) =
∑

v2(mod pw1 )
v14(mod pw12 )

Sp (w1, w12, vp(v2), vp(v14)) e
(
v2p

e1−w1 + v14p
e2−w12

)

=

w1∑
w2=0

w12∑
w14=0

Sp(w1, w12, w2, w14)
∑

v2(mod pw1 )
vp(v2)=w2

∑
v14(mod pw12 )
vp(v14)=w14

e
(
v2p

e1−w1 + v14p
e2−w12

)
.

(2.29)

Note that this also covers the degenerate cases where n1 = 0 or n2 = 0. Indeed, it is clear from
definition that we have

rpw1 ,pw12 (pe1 , 0) = rpw1 ,pw12 (pe1 , pw12),

rpw1 ,pw12 (0, pe2) = rpw1 ,pw12 (pw1 , pe2),

rpw1 ,pw12 (0, 0) = rpw1 ,pw12 (pw1 , pw12).

The inner sums of (2.29) can be evaluated as follows:

∑
v(mod pw)
vp(v)=w′

e
(
vpe−w

)
=


1 if w′ = w,

pw−w
′−1(p− 1) if w > w′ ≥ w − e,

−pw−w′−1 if w′ = w − e− 1,

0 if w′ ≤ w − e− 2.

(2.30)

Using (2.30) and Proposition 2.32, we can compute rpw1 ,pw12 (pe1 , pe2) explicitly. By comparing
the coefficients of the power series, we obtain the following identities:∑
w1≥0

∑
w12≥0

rpw1 ,pw12 (pe1 , pe2)p−w1ν1−w12ν2 = σ 3
2
− ν1

2
−ν2, 12−

ν1
2

(pe1 , pe2)(1− p1−ν1−ν2)(1− p2−ν1−2ν2),

(2.31)∑
w1≥0

∑
w12≥0

rpw1 ,pw12 (pe1 , 0)p−w1ν1−w12ν2 =
σ1−ν1(pe1)(1− p1−ν1−ν2)(1− p2−ν1−2ν2)

(1− p1−ν2)(1− p2−ν1−ν2)(1− p3−ν1−2ν2)
, (2.32)

∑
w1≥0

∑
w12≥0

rpw1 ,pw12 (0, pe2)p−w1ν1−w12ν2 =
σ1−ν2(pe2)(1− p1−ν1−ν2)(1− p2−ν1−2ν2)

(1− p1−ν1)(1− p2−ν1−ν2)(1− p3−ν1−2ν2)
, (2.33)

∑
w1≥0

∑
w12≥0

rpw1 ,pw12 (0, 0)p−w1ν1−w12ν2 =
(1− p1−ν1−ν2)(1− p2−ν1−2ν2)

(1− p1−ν1)(1− p1−ν2)(1− p2−ν1−ν2)(1− p3−ν1−2ν2)
.

(2.34)

Combining the Euler factors in (2.31) - (2.34) yields for n1, n2 6= 0 the following identities:∑
v1,v12≥1

rv1,v12(n1, n2)v−ν11 v−ν212 =
σ 3

2
− ν1

2
−ν2, 12−

ν1
2

(n1, n2)

ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
, (2.35)

∑
v1,v12≥1

rv1,v12(n1, 0)v−ν11 v−ν212 =
σ1−ν1(n1)ζ(ν2 − 1)ζ(ν1 + ν2 − 2)ζ(ν1 + 2ν2 − 3)

ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
, (2.36)

∑
v1,v12≥1

rv1,v12(0, n2)v−ν11 v−ν212 =
σ1−ν2(n2)ζ(ν1 − 1)ζ(ν1 + ν2 − 2)ζ(ν1 + 2ν2 − 3)

ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
, (2.37)

∑
v1,v12≥1

rv1,v12(0, 0)v−ν11 v−ν212 =
ζ(ν1 − 1)ζ(ν2 − 1)ζ(ν1 + ν2 − 2)ζ(ν1 + 2ν2 − 3)

ζ(ν1 + ν2 − 1)ζ(ν1 + 2ν2 − 2)
. (2.38)

Finally, applying (2.28) yields the expressions in Proposition 2.31, and finishes the proof.
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2.5 Fourier coefficients of Eisenstein series

2.5.1 Invariant differential operators

We consider the Siegel upper half space

H2 =
{
Z = X + iY ∈M2(C)

∣∣ Zt = Z, Y positive definite
}
.

An element of H2 is denoted by a matrix
(
Z1 Z2

Z2 Z3

)
, with Zj = Xj + iYj , j = 1, 2, 3. It is

well-known that G = Sp(4,R) acts on H2 as a group of biholomorphic automorphisms by

Sp(4,R)×H2 → H2,

(
M =

(
A B
C D

)
, Z

)
7→M 〈Z〉 := (AZ +B)(CZ +D)−1 ∈ H2. (2.39)

There is a canonical bijection between G/K and H2, given by the map

gK 7→ g

〈(
i
i

)〉
(2.40)

for g ∈ G. Let D be the algebra of differential operators on H2 that is invariant under the
Sp(4,R)-action given in (2.39). The algebra D is generated by ∆1, ∆2 [Niw91], where

∆1 =
∑
i,j=1

YiYj∂i∂j −D
(
∂1∂3 + ∂1∂3 −

1

2
∂2∂2

)
,

∆2 = D2

(
∂1∂3 −

1

4
∂2

2

)(
∂1∂3 −

1

4
∂

2
2

)
+
i

4
D
( 3∑
i=1

Yi∂i

)(
∂1∂3 −

1

4
∂

2
2

)

+
i

4
D
( 3∑
i=1

Yi∂i

)(
∂1∂3 −

1

4
∂2

2

)
+

1

16
D

(
∂1∂3 + ∂1∂3 −

1

2
∂2∂2

)
.

Here, we write D = Y1Y3 − Y 2
2 , and for 1 ≤ i ≤ 3, differential operators

∂i =
∂

∂Zi
=

1

2

(
∂

∂Xi
− i ∂

∂Yi

)
, ∂i =

∂

∂Zi
=

1

2

(
∂

∂Xi
+ i

∂

∂Yi

)
.

Through the isomorphism (2.40), we can also view D as the algebra of invariant differential
operators on G/K, with the same generators. It is straightforward to verify that for ν =
(ν1, ν2) ∈ C2, the function

I0(g, ν) = yν1+2
1 y2ν2−ν1+1

2

is an eigenfunction for ∆1 and ∆2, with eigenvalues given by

λ1 =
1

16

(
2ν2

1 − 4ν1ν2 + 4ν2
2 − 5

)
,

λ2 =
1

256

(
ν2

1 − 2ν1 − 2
)

(ν1 − 2ν2 − 2) (ν1 + 2) .

This says I0(g, ν) is an eigenfunction for all differential operators in D .
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2.5.2 Jacquet’s Whittaker functions

For m1,m2 ∈ Z, let ψ = ψm1,m2 be the character on U(Z)\U(R) given by

ψm1,m2


1 n1 n2 n3

1 n4 n5

1
−n1 1

 = e (m1n1 +m2n5) .

Definition 2.33. A Whittaker function on G = Sp(4,R) of type ν associated to a character ψ
of U(Z)\U(R) is a smooth function f : G/K → C such that

(i) f is an eigenfunction for differential operators ∆1 and ∆2, with same eigenvalues as I0(g, ν);
and

(ii) f(ηg) = ψ(η)f(g) for all η ∈ U(R).

The space of Whittaker functions of type ν associated to ψ is denoted by W(ν, ψ). We also
denote by W(ν, ψ)mod the space of Whittaker functions of moderate growth. It is well-known
that W(ν, ψ) is finite dimensional. More precisely, we have the following “multiplicity-one”
theorem.

Theorem 2.34. (Shalika [Sha74], Wallach [Wal83]) The dimension of the spaceW(ν, ψ) is equal
to 8, the order of the Weyl group W = W (T,G) of G. Furthermore, we have

dimW(ν, ψ)mod ≤ 1.

Recall from (2.1) that elements in the Weyl groupW can be identified with matrices in Sp(4,Z).
As ∆1, ∆2 are Sp(4,R)-invariant differential operators, it follows that for w ∈ W , I0(wg, ν) is
also an eigenfunction for ∆1 and ∆2, with the same eigenvalues as I0(g, ν). For a fixed Weyl
element w ∈W , let ψ be a character of U(Z)\U(R) which is trivial on Uw(R). Then

Ww(g, ν, ψ) :=

∫
Uw(R)

I0(wηg, ν)ψ(η)dη ∈ W(ν, ψ)

is a Whittaker function. If ψ is not trivial on Uw(R), we define Ww(g, ν, ψ) to be zero.

Using Ww(g, ν, ψ), we construct eight functions in W(ν, ψ), one for each w ∈W .

(i) w = id: We have
Wid(g, ν, ψ0,0) = yν1+2

1 y2ν2−ν1+1
2 ,

and Wid(g, ν, ψm1,m2) = 0 if (m1,m2) 6= (0, 0).

(ii) w = sα: We have

Wsα(g, ν, ψm1,0) = yν1+2
1 yν1+2

2

∫
R

(
n2

1y
2
2 + y2

1

)ν2−ν1−1/2
e (−m1n1) dn1,

and Wsα(g, ν, ψm1,m2) = 0 if m2 6= 0.

(iii) w = sβ : We have

Wsβ (g, ν, ψ0,m2) = yν1+2
1 y2ν2−ν1+1

2

∫
R

(
y4

2 + n2
5

)ν1/2−ν2−1/2
e (−m2n5) dn5,

and Wsβ (g, ν, ψm1,m2) = 0 if m1 6= 0.
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(iv) w = sαsβ : We have

Wsαsβ (g, ν, ψ0,m2) = yν1+2
1 yν1+2

2

∫
R

∫
R

(
y4

2 + n2
5

)ν1/2−ν2−1/2 ((
y4

2 + n2
5

)
y2

1 + y2
2n

2
4

)ν2−ν1−1/2

e (−m2n5) dn4dn5,

and Wsαsβ (g, ν, ψm1,m2) = 0 if m1 6= 0.

(v) w = sβsα: We have

Wsβsα(g, ν, ψm1,0) = yν1+2
1 yν1+2

2

∫
R

∫
R

(
n2

1y
2
2 + y2

1

)ν2−ν1−1/2
(
n2

2 +
(
n2

1y
2
2 + y2

1

)2)ν1/2−ν2−1/2

e (−m1n1) dn1dn2,

and Wsβsα(g, ν, ψm1,m2) = 0 if m2 6= 0.

(vi) w = sαsβsα: We have

Wsαsβsα(g, ν, ψm1,0) = yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

((
y2

1 + n2
1y

2
2

)2
+ (n2 + n1n4)2

)ν1/2−ν2−1/2

(
y4

1y
2
2 + n2

2y
2
2 + n2

1y
2
1y

4
2 + n2

4y
2
1

)ν2−ν1−1/2
e (−m1n1) dn1dn2dn4,

and Wsαsβsα(g, ν, ψm1,m2) = 0 if m2 6= 0.

(vii) w = sβsαsβ : We have

Wsβsαsβ (g, ν, ψ0,m2) = yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

(
y2

1y
4
2 + n2

5y
2
1 + n2

4y
2
2

)ν2−ν1−1/2

(
y4

1y
4
2 + n2

5y
4
1 + 2n2

4y
2
1y

2
2 + (n1n4 − n2)2 y4

2 +
(
n2n5 − n2

4 − n1n4n5

)2 )ν1/2−ν2−1/2

e (−m2n5) dn2dn4dn5,

and Wsβsαsβ (g, ν, ψm1,m2) = 0 if m1 6= 0.

(viii) w = sαsβsαsβ : We have

Wsαsβsαsβ (g, ν, ψm1,m2) = yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

∫
R

(
n2

1n
2
4y

4
2 + y4

1y
4
2 − 2n1n5n4y

2
1y

2
2 − 2n1n2n4y

4
2

+n2
5y

4
1 + 2n3n4y

2
1y

2
2 + n2

2y
4
2 + n2

2n
2
5 − 2n3n2n5n4 + n2

3n
2
4

)ν1/2−ν2−1/2

(
n2

1y
2
1y

4
2 + y4

1y
2
2 + n2

3y
2
1 + n2

2y
2
2

)ν2−ν1−1/2
e (−m1n1 −m2n5) dn1dn2dn4dn5.

With the exception of the long Weyl element w = w0, the functions Ww can be expressed in
terms of classical Whittaker function

W (y, ν, χ) =

∫
R

(
y

y2 + u2

)ν+1/2

χ(u)du,

where χ = χt is the additive character of R given by χt(u) = e(tu), for t ∈ R.
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Proposition 2.35. We have

Wid (g, ν, ψ0,0) = yν1+2
1 y2ν2−ν1+1

2 ,

Wsα (g, ν, ψm1,0) = y
ν2+3/2
1 yν1+1

2 W
(
y1, ν1 − ν2, χm1/y2

)
,

Wsβ (g, ν, ψ0,m2) = yν1+2
1 W

(
y2

2, ν2 −
ν1

2
, χm2

)
,

Wsαsβ (g, ν, ψ0,m2) = y2ν2−ν1+2
1 B

(
1

2
, ν1 − ν2

)
W
(
y2

2,
ν1

2
, χm2

)
,

Wsβsα (g, ν, ψm1,0) = y
ν1−ν2+3/2
1 yν1+1

2 B

(
1

2
, ν2 −

ν1

2

)
W
(
y1, ν2, χm1/y2

)
,

Wsαsβsα (g, ν, ψm1,0) = y
ν2−ν1+3/2
1 y2ν2−ν1+1

2 B

(
1

2
,
ν1

2

)
B

(
1

2
, ν1 − ν2

)
W
(
y1, ν2, χm1/y2

)
,

Wsβsαsβ (g, ν, ψ0,m2) = yν1−2ν2+2
1 B

(
1

2
, ν2 −

ν1

2

)
B

(
1

2
, ν2

)
W
(
y2

2,
ν1

2
, χm2

)
.

Proof. (i) The statement for w = id is obvious.

(ii) For Wsα , we have

Wsα (g, ν, ψm1,0) = yν1+2
1 yν1+2

2

∫
R

(
n2

1y
2
2 + y2

1

)ν2−ν1−1/2
e (−m1n1) dn1.

Change of variables n1y2 7→ n′1 gives

yν1+2
1 yν1+1

2

∫
R

(
n′1

2
+ y2

1

)ν2−ν1−1/2
e

(
−m1

y2
n′1

)
dn′1

= y
ν2+3/2
1 yν1+1

2

∫
R

(
y1

n′1
2 + y2

1

)ν2−ν1−1/2

e

(
−m1

y2
n′1

)
dn′1

= y
ν2+3/2
1 yν1+1

2 W
(
y1, ν1 − ν2, χm1/y2

)
.

(iii) For Wsβ , we have

Wsβ (g, ν, ψ0,m2) = yν1+2
1 y2ν2−ν1+1

2

∫
R

(
y4

2 + n2
5

)ν1/2−ν2−1/2
e (−m2n5) dn5

= yν1+2
1

∫
R

(
y2

2

y4
2 + n2

5

)ν2−ν1/2+1/2

e (−m2n5) dn5

= yν1+2
1 W

(
y2

2, ν2 −
ν1

2
, χm2

)
.

(iv) For Wsαsβ , we have

Wsαsβ (g, ν, ψ0,m2) = yν1+2
1 yν1+2

2

∫
R

∫
R

(
y4

2 + n2
5

)ν1/2−ν2−1/2 ((
y4

2 + n2
5

)
y2

1 + y2
2n

2
4

)ν2−ν1−1/2

e (−m2n5) dn4dn5.
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Change of variables n4y2 7→ n′4 gives

yν1+2
1 yν1+1

2

∫
R

∫
R

(
y4

2 + n2
5

)ν1/2−ν2−1/2
((
y4

2 + n2
5

)
y2

1 + n′4
2
)ν2−ν1−1/2

e (−m2n5) dn′4dn5

= y2ν2−ν1+2
1 yν1+1

2 B

(
1

2
, ν1 − ν2

)∫
R

(
y4

2 + n2
5

)−ν1/2−1/2
e (−m2n5) dn5

= y2ν2−ν1+2
1 B

(
1

2
, ν1 − ν2

)∫
R

(
y2

2

y4
2 + n2

5

)ν1/2+1/2

e (−m2n5) dn5

= y2ν2−ν1+2
1 B

(
1

2
, ν1 − ν2

)
W
(
y2

2,
ν1

2
, χm2

)
.

(v) For Wsβsα , we have

Wsβsα (g, ν, ψm1,0) = yν1+2
1 yν1+2

2

∫
R

∫
R

(
n2

1y
2
2 + y2

1

)ν2−ν1−1/2
(
n2

2 +
(
n2

1y
2
2 + y2

1

)2)ν1/2−ν2−1/2

e (−m1n1) dn1dn2

= yν1+2
1 yν1+2

2 B

(
1

2
, ν2 −

ν1

2

)∫
R

(
n2

1y
2
2 + y2

1

)−ν2−1/2
e (−m1n1) dn1.

Change of variables n1y2 7→ n′1 gives

yν1+2
1 yν1+1

2 B

(
1

2
, ν2 −

ν1

2

)∫
R

(
n′1

2
+ y2

1

)−ν2−1/2
e

(
−m1

y2
n′1

)
dn′1

= y
ν1−ν2+3/2
1 yν1+1

2 B

(
1

2
, ν2 −

ν1

2

)∫
R

(
y1

n′1
2 + y2

1

)ν2+1/2

e

(
−m1

y2
n′1

)
dn′1

= y
ν1−ν2+3/2
1 yν1+1

2 B

(
1

2
, ν2 −

ν1

2

)
W
(
y1, ν2, χm1/y2

)
.

(vi) For Wsαsβsα , we have

Wsαsβsα (g, ν, ψm1,0) = yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

((
y2

1 + n2
1y

2
2

)2
+ (n2 + n1n4)2

)ν1/2−ν2−1/2

(
y4

1y
2
2 + n2

2y
2
2 + n2

1y
2
1y

4
2 + n2

4y
2
1

)ν2−ν1−1/2
e (−m1n1) dn1dn2dn4.

Change of variables n2 + n1n4 7→ n′2 gives

yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

((
y2

1 + n2
1y

2
2

)2
+ n′2

2
)ν1/2−ν2−1/2

(
y4

1y
2
2 + n′2

2
y2

2 − 2n1n
′
2n4y

2
2 + n2

1n
2
4y

2
2 + n2

1y
2
1y

4
2 + n2

4y
2
1

)ν2−ν1−1/2
e (−m1n1) dn1dn

′
2dn4.

Completing square with respect to n4 followed by change of variables n4−
n1n′2y

2
2

(n2
1y

2
2+y21)

7→ n′4

gives

yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

((
y2

1 + n2
1y

2
2

)2
+ n′2

2
)ν1/2−ν2−1/2

(
n2

1y
2
2 + y2

1

)ν2−ν1−1/2

n′42
+
y2

1y
2
2

((
n2

1y
2
2 + y2

1

)2
+ n′2

2
)

(
n2

1y
2
2 + y2

1

)2
ν2−ν1−1/2

e (−m1n1) dn1dn
′
2dn

′
4

= y2ν2−ν1+2
1 y2ν2−ν1+2

2 B

(
1

2
, ν1 − ν2

)∫
R

∫
R

((
y2

1 + n2
1y

2
2

)2
+ n′2

2
)−ν1/2−1/2 (

n2
1y

2
2 + y2

1

)ν1−ν2−1/2

e (−m1n1) dn1dn
′
2

= y2ν2−ν1+2
1 y2ν2−ν1+2

2 B

(
1

2
,
ν1

2

)
B

(
1

2
, ν1 − ν2

)∫
R

(
n2

1y
2
2 + y2

1

)−ν2−1/2
e (−m1n1) dn1.
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Change of variables n1y2 7→ n′1 gives

y2ν2−ν1+2
1 y2ν2−ν1+1

2 B

(
1

2
,
ν1

2

)
B

(
1

2
, ν1 − ν2

)∫
R

(
n′1

2
+ y2

1

)−ν2−1/2
e

(
−m1

y2
n′1

)
dn′1

= y
ν2−ν1+3/2
1 y2ν2−ν1+1

2 B

(
1

2
,
ν1

2

)
B

(
1

2
, ν1 − ν2

)∫
R

(
y1

n′1
2 + y2

1

)ν2+1/2

e

(
−m1

y2
n′1

)
dn′1

= y
ν2−ν1+3/2
1 y2ν2−ν1+1

2 B

(
1

2
,
ν1

2

)
B

(
1

2
, ν1 − ν2

)
W
(
y1, ν2, χm1/y2

)
.

(vii) For Wsβsαsβ we have

Wsβsαsβ (g, ν, ψ0,m2) = yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

(
y2

1y
4
2 + n2

5y
2
1 + n2

4y
2
2

)ν2−ν1−1/2

(
y4

1y
4
2 + n2

5y
4
1 + 2n2

4y
2
1y

2
2 + (n1n4 − n2)2 y4

2 +
(
n2n5 − n2

4 − n1n4n5

)2)ν1/2−ν2−1/2

e (−m2n5) dn2dn4dn5.

We first simplify the expression by setting n′2 = n2 − n1n4:

yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

(
y4

1y
4
2 + n2

5y
4
1 + 2n2

4y
2
1y

2
2 + n′2

2
y4

2 +
(
n′2n5 − n2

4

)2 )ν1/2−ν2−1/2

(
y2

1y
4
2 + n2

5y
2
1 + n2

4y
2
2

)ν2−ν1−1/2
e (−m2n5) dn′2dn4dn5.

Completing square with respect to n′2 followed by change of variable n′2 −
n2
4n5

y42+n2
5
7→ n′′2

gives

yν1+2
1 yν1+2

2

∫
R

∫
R

∫
R

(
y4

2 + n2
5

)ν1/2−ν2−1/2

(
n′′2

2
+

(
y2

1y
4
2 + n2

5y
2
1 + n2

4y
2
2

y4
2 + n2

5

)2
)ν1/2−ν2−1/2

(
y2

1y
4
2 + n2

5y
2
1 + n2

4y
2
2

)ν2−ν1−1/2
e (−m2n5) dn′′2dn4dn5

= yν1+2
1 yν1+2

2 B

(
1

2
, ν2 −

ν1

2

)∫
R

∫
R

(
y4

2 + n2
5

)ν2−ν1/2−1/2 (
y2

1y
4
2 + n2

5y
2
1 + n2

4y
2
2

)−ν2−1/2

e (−m2n5) dn4dn5.

Change of variables n4y2 7→ n′4 gives

yν1+2
1 yν1+1

2 B

(
1

2
, ν2 −

ν1

2

)∫
R

∫
R

(
y4

2 + n2
5

)ν2−ν1/2−1/2
(
y2

1

(
y4

2 + n2
5

)
+ n′4

2
)−ν2−1/2

e (−m2n5) dn4dn5

= yν1−2ν2+2
1 yν1+1

2 B

(
1

2
, ν2 −

ν1

2

)
B

(
1

2
, ν2

)∫
R

(
y4

2 + n2
5

)−ν1/2−1/2
e (−m2n5) dn5

= yν1−2ν2+2
1 B

(
1

2
, ν2 −

ν1

2

)
B

(
1

2
, ν2

)∫
R

(
y2

2

y4
2 + n2

5

)ν1/2+1/2

e (−m2n5) dn5

= yν1−2ν2+2
1 B

(
1

2
, ν2 −

ν1

2

)
B

(
1

2
, ν2

)
W
(
y2

2,
ν1

2
, χm2

)
.

Remark. If ψ is a non-degenerate character of U(Z)\U(R), that is, ψ = ψm1,m2 with m1,m2 6= 0,
it is shown in [Ish05] that Ww0(g, ν, ψ) has moderate growth, i.e. Ww0(g, ν, ψ) ∈ W(ν, ψ)mod.
Hence, by Theorem 2.34, Ww0(g, ν, ψ) is the unique function (up to a constant multiple) in
W(ν, ψ)mod. This function is studied extensively by Ishii [Ish05].
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2.5.3 Minimal Eisenstein series

Let ψ = ψm1,m2 be a character of U(Z)\U(R). The ψ-th Fourier coefficient of the minimal
Eisenstein series E0(g, ν) is given by

E0,ψ(g, ν) :=

∫
U(Z)\U(R)

E0(ηg, ν)ψ(η)dη.

Remark. In principle, one may consider the Fourier coefficients along other subgroups. For
example, for Siegel modular forms, one usually considers the Fourier coefficients along the upper
right block, which forms an abelian group. Here, we consider the Fourier coefficients along the
unipotent part U of G. As U is not abelian, we are not guaranteed a Fourier expansion from
these Fourier coefficients. Indeed, on Sp(4), there exist automorphic forms that do not admit
a Whittaker model, and all the Fourier coefficients along U vanish. Nevertheless, these Fourier
coefficients find applications for instance in the constructions of L-functions via Langlands-
Shahidi method [Sha10].

To compute the Fourier coefficients E0,ψ(g, ν), we break down the expression via Bruhat decom-
position, and express them in terms of Whittaker functions. We have

E0,ψ(g, ν) =
∑
w∈W

∫
U(Z)\U(R)

E0,w(ηg, ν)ψ(η)dη

=
∑
w∈W

∑
γ∈Rw

∑
δ∈Γw

∫
U(Z)\U(R)

I0(γδηg, ν)ψ(η)dη

=
∑
w∈W

∑
γ∈Rw

∫
Uw(Z)\Uw(R)

∫
Uw(R)

I0(γηη′g, ν)ψ(ηη′)dηdη′.

Let γ = b1wtb2 be a Bruhat decomposition, with b1, b2 ∈ U , t ∈ T . Again we may assume that
b2 ∈ Uw. Then we have

E0,ψ(g, ν) =
∑
w∈W

∑
γ∈Rw

γ=b1wtb2

∫
Uw(Z)\Uw(R)

∫
Uw(R)

I0(b1wtb2ηη
′g, ν)ψ(ηη′)dηdη′.

Then change of variables b2η 7→ η gives

E0,ψ(g, ν) =
∑
w∈W

∑
γ∈Rw

γ=b1wtb2

ψ(b2)

∫
Uw(Z)\Uw(R)

∫
Uw(R)

I0(wtηη′g, ν)ψ(ηη′)dηdη′.

Now observe that

I0(wtg, ν) = I0

(
(wtw−1)wg, ν

)
= I0(wtw−1, ν)I0(wg, ν).

So the Fourier coefficient becomes

E0,ψ(g, ν) =
∑
w∈W

∑
γ∈Rw

γ=b1wtb2

ψ(b2)I0(wtw−1, ν)

∫
Uw(Z)\Uw(R)

∫
Uw(R)

I0(wηη′g, ν)ψ(ηη′)dηdη′

=
∑
w∈W

∑
γ∈Rw

γ=b1wtb2

ψ(b2)I0(wtw−1, ν)

∫
Uw(Z)\Uw(R)

Ww(η′g, ν, ψ)ψ(η′)dη′.
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Recall thatWw(g, ν, ψ) = 0 unless ψ is trivial on Uw(R). If ψ is trivial on Uw(R), then it follows
from the definition of a Whittaker function that Ww(η′g, ν, ψ) = Ww(g, ν, ψ) for η′ ∈ Uw(R).
So the Fourier coefficient becomes∑

w∈W

∑
γ∈Rw

γ=b1wtb2

ψ(b2)I0(wtw−1, ν)

∫
Uw(Z)\Uw(R)

Ww(g, ν, ψ).

Hence, to obtain the Fourier coefficients of E0(g, ν), it suffices to evaluate for w ∈ W the
sum

E0,ψ,w(g, ν) :=
∑
γ∈Rw

γ=b1wtb2

ψ(b2)I0(wtw−1, ν)Ww(g, ν, ψ).

(i) For w = id, we have Rid = {I4}. So we immediately obtain

E0,ψ,id(g, ν) = Wid(g, ν, ψ).

(ii) For w = sα, from Bruhat decomposition in Section 2.2.4, we deduce that if γ ∈ Rsα has
Plücker coordinates v = (0, 0, v3, v4; 0, 0, 0, 0, 0, 1), then we have

I0(wtw−1, ν) = v2ν2−2ν1−1
4 ,

and ψm1,m2(b2) = e
(
−m1v3

v4

)
. Hence

E0,ψ,sα(g, ν) =
∑
v4≥1

∑
v3(mod v4)
(v3,v4)=1

v2ν2−2ν1−1
4 e

(
−m1v3

v4

)
Wsα(g, ν, ψ)

=
∑
v4≥1

v2ν2−2ν1−1
4 cv4(m1)Wsα(g, ν, ψ).

So the inner sum is actually a classical Ramanujan sum. Using the well-known identity

∑
n≥1

cn(m)n−k−1 =


σ−k(m)

ζ(k + 1)
if m 6= 0,

ζ(k)

ζ(k + 1)
if m = 0,

(2.41)

we see that

E0,ψ,sα(g, ν) =


σ2ν2−2ν1(m1)

ζ(2ν1 − 2ν2 + 1)
Wsα(g, ν, ψ) if m1 6= 0,

ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)
Wsα(g, ν, ψ) if m1 = 0.

(iii) For w = sβ , if γ ∈ Rsβ has Plücker coordinates v, then we have

I0(wtw−1, ν) = vν1−2ν2−1
23 ,

and ψm1,m2(b2) = e
(
−m2v34

v23

)
. Hence

E0,ψ,sβ (g, ν) =
∑
v23≥1

∑
v34(mod v23)
(v23,v34)=1

vν1−2ν2−1
23 e

(
−m2v34

v23

)
Wsβ (g, ν, ψ)

=
∑
v23≥1

vν1−2ν2−1
23 cv23(m2)Wsβ (g, ν, ψ).
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By (2.41), we obtain that

E0,ψ,sβ (g, ν) =


σν1−2ν2(m2)

ζ(2ν2 − ν1 + 1)
Wsβ (g, ν, ψ) if m2 6= 0,

ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)
Wsβ (g, ν, ψ) if m2 = 0.

(iv) For w = sαsβ , recall that

Rsαsβ =
{(

0, v2, v3, v4; 0, 0, 0,
v2

d
, 0,−v4

d

)}
,

where v2 ≥ 1, v3, v4 (mod v2), such that (v2, v3, v4) = 1, and d = (v2, v4). If γ ∈ Rsαsβ
has Plücker coordinates v, then we have

I0(wtw−1, ν) = v2ν2−2ν1−1
2 vν1−2ν2−1

23 = v−ν1−2
2 d2ν2−ν1+1,

and ψm1,m2(b2) = e
(
m2v4
v2

)
. Hence

E0,ψ,sαsβ (g, ν) =
∑
v2≥1

∑
v3,v4(mod v2)
(v2,v3,v4)=1

v−ν1−2
2 d2ν2−ν1+1e

(
m2v4

v2

)
Wsαsβ (g, ν, ψ).

Write v2 = dv′2, v4 = dv′4. Then the sum can be rewritten as

E0,ψ,sαsβ (g, ν) =
∑
d≥1

d2ν2−2ν1−1
∑
v′2≥1

v′2
−ν1−2

∑
v′4(mod v′2)
(v′2,v

′
4)=1

e

(
m2v

′
4

v′2

) ∑
v3(mod dv′2)

(d,v3)=1

Wsαsβ (g, ν, ψ)

=
∑
d≥1

ϕ(d)d2ν2−2ν1−1
∑
v′2≥1

v′2
−ν1−1

cv′2(m2)Wsαsβ (g, ν, ψ),

where ϕ stands for the Euler totient function. By (2.41), we obtain that

E0,ψ,sαsβ (g, ν) =


ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)

σ−ν1(m2)

ζ(ν1 + 1)
Wsαsβ (g, ν, ψ) if m2 6= 0,

ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)

ζ(ν1)

ζ(ν1 + 1)
Wsαsβ (g, ν, ψ) if m2 = 0.

(v) For w = sβsα, recall that

Rsβsα =

{(
0, 0,−v24

d
,
v14

d
; 0,−v24, v14,−

v2
24

v14
, v24, v34

)}
,

where v14 ≥ 1, v24, v34 (mod v14), d = (v14, v24), such that v14 | d2 and
(
d2

v14
, v34

)
= 1. If

γ ∈ Rsβsα has Plücker coordinates v, then we have

I0(wtw−1, ν) = v2ν2−2ν1−1
4 vν1−2ν2−1

14 = v−ν1−2
14 d2ν1−2ν2+1,

and ψm1,m2(b2) = e
(
m1v24
v14

)
. Hence

E0,ψ,sβsα(g, ν) =
∑
v14≥1

∑
v24(mod v14)

v14|d2

∑
v34(mod v14)(
d2

v14
,v34

)
=1

v−ν1−2
14 d2ν1−2ν2+1e

(
m1v24

v14

)
Wsβsα(g, ν, ψ).
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Write v14 = dv′14, v24 = dv′24, and d′ = d2/v14. Recall that we have d = v′14d
′. Then we

have v14 = d′v′14
2, and the sum can be rewritten as

E0,ψ,sβsα(g, ν) =
∑
d′≥1

d′
ν1−2ν2−1

∑
v′14≥1

v′14
−2ν2−3

∑
v′24(mod v′14)
(v′14,v

′
24)=1

e

(
m1v

′
24

v′14

) ∑
v34(mod d′v′14

2)
(d′,v34)=1

Wsβsα(g, ν, ψ)

=
∑
d′≥1

ϕ(d′)d′
ν1−2ν2−1

∑
v′14≥1

v′14
−2ν2−1

cv′14(m1)Wsβsα(g, ν, ψ).

By (2.41), we obtain that

E0,ψ,sβsα(g, ν) =


ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)

σ−2ν2(m1)

ζ(2ν2 + 1)
Wsβsα(g, ν, ψ) if m1 6= 0,

ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)

ζ(2ν2)

ζ(2ν2 + 1)
Wsβsα(g, ν, ψ) if m1 = 0.

(vi) For w = sαsβsα, recall that

Rsαsβsα =

{(
v1, v2, v3, v4; 0,−v1v2

δ
,
v2

1

δ
,−v

2
2

δ
,
v1v2

δ
,
v1v3 + v2v4

δ

)}
,

where v1 ≥ 1, v2, v3, v4 (mod v1), such that (v1, v2, v3, v4) = 1, and d = (v1, v2), δ =
(d2, v1v3 + v2v4). If γ ∈ Rsαsβsα has Plücker coordinates v, then we have

I0(wtw−1, ν) = v2ν2−2ν1−1
1 vν1−2ν2−1

14 = v−2ν2−3
1 δ2ν2−ν1+1,

and ψm1,m2(b2) = e
(
m1v2
v1

)
. Hence

E0,ψ,sαsβsα(g, ν) =
∑
v1≥1

∑
v2,v3,v4(mod v1)
(v1,v2,v3,v4)=1

v−2ν2−3
1 δ2ν2−ν1+1e

(
m1v2

v1

)
Wsαsβsα(g, ν, ψ).

Write v1 = dv′1, v2 = dv′2. Since d | δ, so we may also write δ = dδ′. Note that
δ′ = (d, v′1v3 + v′2v4) divides d. Then the sum can be rewritten as

E0,ψ,sαsβsα(g, ν) =
∑
d≥1

d−ν1−2
∑
v′1≥1

v′1
−2ν2−3

∑
v′2(mod v′1)
(v′1,v

′
2)=1

e

(
m1v

′
2

v′1

) ∑
v3,v4(mod dv′1)

(d,v3,v4)=1

δ′
2ν2−ν1+1

Wsαsβsα(g, ν, ψ).

For fixed l | d, we find the number of pairs (v3, v4) modulo d satisfying (d, v3, v4) = 1, and
(d, v′1v3 + v′2v4) = l. We first observe that for every residue class (v3, v4) modulo d, we can
find representatives such that 0 ≤ v′1v3 + v′2v4 < d. As (v′1, v

′
2) = 1, we can find u3, u4 ∈ Z

such that v′1u3 + v′2u4 = 1. Then for 0 ≤ n < d, the equation

v′1v3 + v′2v4 ≡ n (mod d) (2.42)

has d distinct solutions, given by (v3, v4) = (nu3 +kv′2, nu4−kv′1) for 0 ≤ k < d. A residue
class (v3, v4) modulo d satisfies (d, v′1v3 + v′2v4) = l if and only if l = (n, d). Let 0 ≤ n < d
be such that (n, d) = l. Then the number of solutions to (2.42) satisfying (d, v3, v4) = 1 is
given by dϕ(l)/l. Meanwhile, the number of integers 0 ≤ n < d with (n, d) = l is given by
ϕ(d/l). Hence, there are in total dϕ(d/l)ϕ(l)/l solutions for (v3, v4) modulo d such that
(d, v′1v3 + v′2v4) = l. Hence the sum becomes

E0,ψ,sαsβsα(g, ν) =
∑
d≥1

d−ν1−1
∑
v′1≥1

v′1
−2ν2−3

cv′1(m1)
∑
l|d

ϕ

(
d

l

)
ϕ(l)l2ν2−ν1Wsαsβsα(g, ν, ψ).
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Writing d = d′l gives

E0,ψ,sαsβsα(g, ν) =
∑
d≥1

ϕ(d′)d′
−ν1−1

∑
l≥1

ϕ(l)l2ν2−2ν1−1
∑
v′1≥1

v′1
−2ν2−3

cv′1(m1)Wsαsβsα(g, ν, ψ).

By (2.41), we obtain that

E0,ψ,sαsβsα(g, ν) =


ζ(ν1)

ζ(ν1 + 1)

ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)

σ−2ν2(m1)

ζ(2ν2 + 1)
Wsαsβsα(g, ν, ψ) if m1 6= 0,

ζ(ν1)

ζ(ν1 + 1)

ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)

ζ(2ν2)

ζ(2ν2 + 1)
Wsαsβsα(g, ν, ψ) if m1 = 0.

(vii) For w = sβsαsβ , recall that

Rsβsαsβ =

{(
0,
v12

d0
,
v13

d0
,
v14

d0
; v12, v13, v14, v23,−v13,−

v2
13 + v14v23

v12

)}
.

where v12 ≥ 1, v13, v14, v23 (mod v12), with the following conditions. Let d1 = (v12, v14),
and d0 = (v12, v13, v14). Then we require d1 | d2

0. Write v12 = d1v
′
12, v14 = d1v

′
14, v13 = d1k,

and d′ = d1/d0, t = d0/d
′. Let a be a solution to av′14 ≡ −k (mod v′12), such that a and

av′14+k
v′12

are divisible by t. Then we require v23 to be of the form v23 = a + rv′12 with
(r, t) = 1.

If γ ∈ Rsβsαsβ has Plücker coordinates v, then we have

I0(wtw−1, ν) = v2ν2−2ν1−1
2 vν1−2ν2−1

12 = v−ν1−2
12 d2ν1−2ν2+1

0 ,

and ψm1,m2(b2) = e
(
m2v14
v12

)
. Hence

E0,ψ,sβsαsβ (g, ν) =
∑
v12≥1

∑
v13,v14,v23(mod v12)

conditions

v−ν1−2
12 d2ν1−2ν2+1

0 e

(
m2v14

v12

)
Wsβsαsβ (g, ν, ψ).

Expanding the conditions above, we rewrite the sum in terms of d′, t and v′12:

E0,ψ,sβsαsβ (g, ν) =
∑
d′≥1

d′
−2ν2−3

∑
t≥1

tν1−2ν2−1
∑
v′12≥1

v′12
−ν1−2

∑
v′14(mod v′12)
(v′12,v

′
14)=1

e

(
m2v

′
14

v′12

)
∑

v′13(mod d′v′12)
(d′,v′13)=1

∑
v23(mod d′2tv′12)
v23=a+rv′12

(r,t)=1

Wsβsαsβ (g, ν, ψ)

=
∑
d′≥1

ϕ(d′)d′
−2ν2−1

∑
t≥1

ϕ(t)tν1−2ν2−1
∑
v′12≥1

v′12
−ν1−1

cv′12(m2)Wsβsαsβ (g, ν, ψ).

By (2.41), we obtain that

E0,ψ,sβsαsβ (g, ν) =


ζ(2ν2)

ζ(2ν2 + 1)

ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)

σ−ν1(m2)

ζ(ν1 + 1)
Wsβsαsβ (g, ν, ψ) if m2 6= 0,

ζ(2ν2)

ζ(2ν2 + 1)

ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)

ζ(ν1)

ζ(ν1 + 1)
Wsβsαsβ (g, ν, ψ) if m2 = 0.
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(viii) For w = w0, if γ ∈ Rw0 has Plücker coordinates v, then

I0(wtw−1, ν) = v2ν2−2ν1−1
1 vν1−2ν2−1

12 ,

and ψm1,m2(b2) = e
(
m1v2
v1

+ m2v14
v12

)
. Hence

E0,ψ,w0(g, ν) =
∑

γ∈Rw0

v2ν2−2ν1−1
1 vν1−2ν2−1

12 e

(
m1v2

v1
+
m2v14

v12

)
Ww0(g, ν, ψ).

Note that this is actually a Dirichlet series of Sp(4) Ramanujan sums. Indeed, we have

E0,ψ,w0(g, ν) =
∑

v1,v12≥1

Rv1,v12(m1,m2)v2ν2−2ν1−1
1 vν1−2ν2−1

12 Ww0(g, ν, ψ),

where Rv1,v12(m1,m2) is an Sp(4) Ramanujan sum, defined in (2.26). By Proposition 2.31,
we obtain

E0,ψ,w0(g, ν)

=



σ−ν2,ν2−ν1(m1,m2)

ζ(2ν1 − 2ν2 + 1)ζ(2ν2 − ν1 + 1)ζ(ν1 + 1)ζ(2ν2 + 1)
Ww0(g, ν, ψ) if m1,m2 6= 0,

σ2ν2−2ν1(m1)ζ(2ν2 − ν1)ζ(ν1)ζ(2ν2)

ζ(2ν1 − 2ν2 + 1)ζ(2ν2 − ν1 + 1)ζ(ν1 + 1)ζ(2ν2 + 1)
Ww0(g, ν, ψ) if m1 6= 0,m2 = 0,

σν1−2ν2(m2)ζ(2ν1 − 2ν2)ζ(ν1)ζ(2ν2)

ζ(2ν1 − 2ν2 + 1)ζ(2ν2 − ν1 + 1)ζ(ν1 + 1)ζ(2ν2 + 1)
Ww0(g, ν, ψ) if m1 = 0,m2 6= 0,

ζ(2ν1 − 2ν2)ζ(2ν2 − ν1)ζ(ν1)ζ(2ν2)

ζ(2ν1 − 2ν2 + 1)ζ(2ν2 − ν1 + 1)ζ(ν1 + 1)ζ(2ν2 + 1)
Ww0(g, ν, ψ) if m1 = m2 = 0.

Remark. The Fourier coefficients E0,ψ,w(g, ν) are originally defined on an open subset of a∗0C, but
it follows readily from the expressions that they can be continued into meromorphic functions
on a∗0C.

Recalling thatWw(g, ν, ψ) is nonzero only if ψ is trivial on Uw(R), we conclude the computations
with the following theorem.

Theorem 2.36. For ψ = ψm1,m2 , the ψ-th Fourier coefficient of the minimal Eisenstein series
E0(g, ν) is given as follows:

(i) If m1,m2 6= 0, then

E0,ψ(g, ν) =
σ−ν2,ν2−ν1(m1,m2)

ζ(2ν1 − 2ν2 + 1)ζ(2ν2 − ν1 + 1)ζ(ν1 + 1)ζ(2ν2 + 1)
Ww0(g, ν, ψ);

(ii) if m1 6= 0, m2 = 0, then

E0,ψ(g, ν) =
σ2ν2−2ν1(m1)

ζ(2ν1 − 2ν2 + 1)
Wsα(g, ν, ψ) +

ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)

σ−2ν2(m1)

ζ(2ν2 + 1)
Wsβsα(g, ν, ψ)

+
ζ(ν1)

ζ(ν1 + 1)

ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)

σ−2ν2(m1)

ζ(2ν2 + 1)
Wsαsβsα(g, ν, ψ)

+
ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)

ζ(ν1)

ζ(ν1 + 1)

ζ(2ν2)

ζ(2ν2 + 1)

σ2ν2−2ν1(m1)

ζ(2ν1 − 2ν2 + 1)
Ww0(g, ν, ψ);
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(iii) if m1 = 0, m2 6= 0, then

E0,ψ(g, ν) =
σν1−2ν2(m2)

ζ(2ν2 − ν1 + 1)
Wsβ (g, ν, ψ) +

ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)

σ−ν1(m2)

ζ(ν1 + 1)
Wsαsβ (g, ν, ψ)

+
ζ(2ν2)

ζ(2ν2 + 1)

ζ(2ν2 − ν1)

ζ(2ν2 − ν1 + 1)

σ−ν1(m2)

ζ(ν1 + 1)
Wsβsαsβ (g, ν, ψ)

+
ζ(2ν1 − 2ν2)

ζ(2ν1 − 2ν2 + 1)

ζ(ν1)

ζ(ν1 + 1)

ζ(2ν2)

ζ(2ν2 + 1)

σν1−2ν2(m2)

ζ(2ν2 − ν1 + 1)
Ww0(g, ν, ψ);

(iv) if m1 = m2 = 0, then the Fourier coefficient E0,ψ0,0(g, ν) is precisely the constant term
C0(g, ν) of the minimal Eisenstein series along the minimal parabolic, and the expression
is given in Theorem 2.21.

The Fourier coefficients E0,ψ(g, ν) are originally defined on an open subset of a∗0C, but they can
be continued into meromorphic functions on a∗0C.

2.5.4 Maximal Eisenstein series Eα(g, ν, 1) and Eβ(g, ν, 1)

In Proposition 2.10 we showed that the maximal Eisenstein series Eα(g, ν, 1) and Eβ(g, ν, 1) are
actually residues of the minimal Eisenstein series E0(g, ν). Since the Fourier coefficients are
integrals over a compact set, we obtain the Fourier coefficients of Eα(g, ν, 1) and Eβ(g, ν, 1) by
taking the residues of the Fourier coefficients of the minimal Eisenstein series. Let

Eα,ψ(g, ν, 1) :=

∫
U(Z)\U(R)

Eα(ηg, ν, 1)ψ(η)dη,Eβ,ψ(g, ν, 1) :=

∫
U(Z)\U(R)

Eβ(ηg, ν, 1)ψ(η)dη

denote the ψ-th Fourier coefficients of Eα(g, ν, 1) and Eβ(g, ν, 1) respectively. Then we have the
following corollaries.

Corollary 2.37. For ψ = ψm1,m2 , the ψ-th Fourier coefficient of Eα(g, ν, 1) is given as follows:

(i) If m1,m2 6= 0, then Eα,ψ(g, ν, 1) = 0;

(ii) if m1 6= 0, m2 = 0, then

Eα,ψ(g, ν, 1) =
1

π

ζ(ν + 1/2)

ζ(ν + 3/2)

σ−2ν(m1)

ζ(2ν + 1)
Wsαsβsα(g, (ν + 1/2, ν), ψ);

(iii) if m1 = 0, m2 6= 0, then

Eα,ψ(g, ν, 1) =
1

π

σ−ν−1/2(m2)

ζ(ν + 3/2)
Wsαsβ (g, (ν + 1/2, ν), ψ)

+
1

π

ζ(ν + 1/2)

ζ(ν + 3/2)

ζ(2ν)

ζ(2ν + 1)

σ−ν+1/2(m2)

ζ(ν + 1/2)
Ww0(g, (ν + 1/2, ν), ψ);

(iv) if m1 = m2 = 0, then the Fourier coefficient Eα,ψ0,0(g, ν, 1) is precisely the constant
term C0

α(g, ν, 1) of Eα(g, ν, 1) along the minimal parabolic, and the expression is given in
Corollary 2.25.

Corollary 2.38. For ψ = ψm1,m2 , the ψ-th Fourier coefficient of Eβ(g, ν, 1) is given as follows:

(i) If m1,m2 6= 0, then Eβ,ψ(g, ν, 1) = 0;
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(ii) if m1 6= 0, m2 = 0, then

Eβ,ψ(g, ν, 1) =
1

π

σ−ν−1(m1)

ζ(ν + 2)
Wsβsα(g, (ν, (ν + 1)/2), ψ)

+
1

π

ζ(ν)

ζ(ν + 1)

ζ(ν + 1)

ζ(ν + 2)

σ−ν+1(m1)

ζ(ν)
Ww0(g, (ν, (ν + 1)/2), ψ);

(iii) if m1 = 0, m2 6= 0, then

Eβ,ψ(g, ν, 1) =
1

π

ζ(ν + 1)

ζ(ν + 2)

σ−ν(m2)

ζ(ν + 1)
Wsβsαsβ (g, (ν, (ν + 1)/2), ψ);

(iv) if m1 = m2 = 0, then the Fourier coefficient Eβ,ψ0,0(g, ν, 1) is precisely the constant
term C0

β(g, ν, 1) of Eβ(g, ν, 1) along the minimal parabolic, and the expression is given in
Corollary 2.28.
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Chapter 3

Symplectic Kloosterman sums

3.1 Construction of symplectic Kloosterman sums

Let

G = Sp(2r) =
{
M ∈ GL(2r)

∣∣MTJM = J
}
, J =

(
Ir

−Ir

)
be the standard symplectic group, with the standard torus and the standard unipotent subgroup
given by

T =





∗
∗
∗

. . .
∗
∗




⊆ G, U =





1 · · · ∗ ∗ · · · ∗
. . .

...
...

. . .
...

1 ∗ · · · ∗
1
...

. . .
∗ · · · 1




⊆ G

respectively. Let N = NG(T ) be the normaliser of T in G. The Weyl group is given by
W := NG(T )/T . Let w : N → W be the canonical quotient map. For w ∈ W , we define
Uw := U ∩ w−1UTw, and Uw := U ∩ w−1Uw.

Let p be a rational prime. We have a Bruhat decomposition

G(Qp) = U(Qp)N(Qp)U(Qp).

For n ∈ N(Qp), we define
C(n) := U(Qp)nU(Qp) ∩G(Zp),
X(n) := U(Zp)\C(n)/Uw(n)(Zp),

and projection maps
u : X(n)→ U(Zp)\U(Qp),

u′ : X(n)→ U(Qp)/Uw(n)(Zp)

by the relation x = u(x)nu′(x) for x ∈ X(n).

For n ∈ N(Qp), let ψp be a character of U(Qp) which is trivial on U(Zp), and ψ′p a character of
Uw(n)(Qp) trivial on Uw(n)(Zp), such that ψ′p is the restriction of some character of U(Qp) trivial
on U(Zp). The local Kloosterman sum is then given by

Klp(n, ψp, ψ
′
p) =

∑
x∈X(n)

ψp (u(x))ψ′p
(
u′(x)

)
.
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Usually, ψ′p is given as a character of U(Qp) trivial on U(Zp), and we write Klp(n, ψp, ψ
′
p) to

mean Klp(n, ψp, ψ
′
p|Uw(n)(Qp)).

Now we give a global construction of Kloosterman sums. Let A be the ring of adeles of Q. Let
n ∈ N(Q), ψ =

∏
p
ψp a character of U(A) trivial on

∏
p
U(Zp), and ψ′ =

∏
p
ψ′p a character of

Uw(n)(A) trivial on
∏
p
Uw(n)(Zp), such that ψ′ is the restriction of some character of U(A) trivial

on
∏
p
U(Zp). The global Kloosterman sum is then given by

Kl(n, ψ, ψ′) =
∏
p

Klp(n, ψp, ψ
′
p).

Remark. For characters ψ,ψ′ of U(Q)/U(Z), we can also define Kl(n, ψ, ψ′) by considering ψ,ψ′

as characters of U(A)/
∏
p
U(Zp). In fact, this is how global Kloosterman sums are usually defined

in practice, for instance in Sections 3.4 and 3.5.

Remark. This definition of Kloosterman sums is different from the symplectic Kloosterman sums
introduced by Kitaoka [Kit84], which are more relevant for classical Sp(4) Fourier expansions
with respect to the upper right 2-by-2 block. Tóth [Tót13] proved some properties and estimates
of such Kloosterman sums. The Kloosterman sums introduced here fit into the general framework
of Kloosterman sums defined on reductive groups, see e.g. Dąbrowski [Dąb93].

Proposition 3.1 ([Ste87, Theorem 3.2]). Let n ∈ N(Qp), and ψ, ψ′ characters of U(Qp) trivial
on U(Zp). If t ∈ T (Z×p ), then

Klp(tn, ψ, ψ
′) = Klp(n, ψt, ψ

′),

Klp(nt
−1, ψ, ψ′) = Klp(n, ψ, ψ

′
t),

where ψt(x) = ψ(txt−1).

Proof. If x ∈ C(n) has decomposition x = u(x)nu′(x), then tx has decomposition tu(x)t−1nu′(x).
As t is invertible, this shows that C(tn) = t · C(n). Hence

Klp(n, ψt, ψ
′) =

∑
x∈C(n)

ψ
(
tu(x)t−1

)
ψ′
(
u′(x)

)
=

∑
x∈C(tn)

ψ (u(x))ψ′
(
u′(x)

)
= Klp(tn, ψ, ψ

′).

The second statement is proved analogously, using C(nt−1) = C(n) · t−1.

By Proposition 3.1, we can reduce a local Kloosterman sum into a Kloosterman sum Klp(n, ψ, ψ
′)

where the entries of n ∈ N(Qp) are powers of p.

3.1.1 Sp(4) Kloosterman sums

For the rest of the section, we restrict our attention to the case G = Sp(4). A description of
the Weyl group W of G is given in Section 2.1. For m1,m2 ∈ Z, let ψm1,m2 be the character of
U(Qp) given by

ψm1,m2


1 x1 ∗ ∗

1 ∗ x2

1
−x1 1

 = e (m1x1 +m2x2) . (3.1)
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Then ψm1,m2 is trivial on U(Zp), and it is easy to verify that every character of U(Qp) trivial
on U(Zp) is of this form.

Fix ψ = ψm1,m2 , and ψ′ = ψn1,n2 . We give an explicit characterisation of local Kloosterman sums
for G = Sp(4). By Proposition 3.1, it suffices to consider the Kloosterman sums Klp(n, ψ, ψ

′) for
which the entries of n are powers of p. It is also natural to just consider n ∈ N(Qp) such that
X(n) is nonempty. The Kloosterman sums are classified by the Weyl element w(n), and the
elements in X(n) are identified by their Plücker coordinates, introduced in Section 2.2.

(i) If w(n) = id, then X(n) is nonempty when n = nid := I4. In this case, the Kloosterman
sum is trivial:

Klp(nid, ψ, ψ
′) = 1.

(ii) If w(n) = sα, then X(n) is nonempty when

n = nsα,r :=


p−r

−pr
pr

−p−r


for r ≥ 0. We identify X(nsα,r) by the Plücker coordinates

X(nsα,r) = {(0, 0, v3, p
r; 0, 0, 0, 0, 0, 1)} ,

where v3 (mod pr), such that (v3, p
r) = 1. Bruhat decomposition gives

x =


1 β1 β2 β3

1 β4 β5

1
−β1 1




p−r

−pr
pr

−p−r




1 −v3p
−r

1
1

v3p
−r 1



=


−β1p

r β1v3 + p−r β2v3 − β3p
−r β2p

r

−pr v3 β4v3 − β5p
−r β4p

r

0 0 v3 pr

0 0 −β1v3 − p−r −β1p
r

 .

The entry β1v3 +p−r being an integer says β1 ≡ −v3p
−r (mod 1). The entry β4p

r being an
integer says β4 ∈ p−rZ. So, the entry β4v3 − β5p

−r being an integer says β5 ≡ 0 (mod 1).
So the Kloosterman sum is given by

Klp(nsα,r, ψ, ψ
′) =

∑
v3(mod pr)
(v3,pr)=1

e

(
−m1v3 − n1v3

pr

)
= S(m1, n1; pr).

So this is actually a classical Kloosterman sum.

(iii) If w(n) = sβ , then X(n) is nonempty when

n = nsβ ,s :=


1

p−s

1
−ps


for s ≥ 0. We identify X(nsβ ,s) by the Plücker coordinates

X(nsβ ,s) = {(0, 0, 1, 0; 0, 0, 0, ps, 0, v34)} ,
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where v34 (mod ps), such that (v34, p
s) = 1. Bruhat decomposition gives

x =


1 β1 β2 β3

1 β4 β5

1
−β1 1




1
p−s

1
−p−s




1
1 −v34p

−s

1
1



=


1 −β3p

s β2 β3v34 + β1p
−s

0 −β5p
s β4 β5v34 + p−s

0 0 1 0
0 −p−s −β1 v34

 .

The entry β5v34 + p−s being an integer says β5 ≡ −v34p
−s (mod 1). The entry −β1 being

an integer says β1 ≡ 0 (mod 1). So the Kloosterman sum is given by

Klp(nsβ ,s, ψ, ψ
′) =

∑
v34(mod ps)
(v34,ps)=1

e

(
−m2v34 − n2v34

ps

)
= S(m2, n2; ps).

So this is actually a classical Kloosterman sum.

(iv) If w(n) = sαsβ , then X(n) is nonempty when

n = nsαsβ ,r,s :=


−p−r

pr−s

pr

ps−r


for r ≥ s ≥ 0. We identify X(nsαsβ ,r,s) by the Plücker coordinates

X(nsαsβ ,r,s) =
{(

0, pr, v3, v4; 0, 0, 0, ps, 0,−v4p
s−r)} ,

where v3, v4 (mod pr), such that (v4, p
r) = pr−s, and (v3, p

r−s) = 1. Write v4 = v′4p
r−s,

so (v′4, p
s) = 1. Bruhat decomposition gives

x =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−p−r
pr−s

pr

ps−r




1 v3p
−r

1 v3p
−r v′4p

−s

1
1



=


β1p

r−s β2p
r β2v3 + β3p

s−r β2v
′
4p
r−s + β1v3p

−s − p−r
pr−s β4p

r β4v3 + β5p
s−r β4v

′
4p
r−s + v3p

−s

0 pr v3 v′4p
r−s

0 −β1p
r −β1v3 + ps−r −β1v

′
4p
r−s

 .

The entry −β1v3 +ps−r being an integer says β1 ≡ v3p
s−r (mod 1). The entry β4v

′
4p
r−s+

v3p
−s being an integer says β4 ≡ −v′4v3p

−r (mod ps−r). Write β4 = −v′4v3p
−r + γ4p

s−r

for some γ4 ∈ Z. The entry β4v3 + β5p
s−r being an integer says γ4v3 + β5 ≡ v′4v

2
3p
−s

(mod pr−s), hence β5 ≡ v′4v2
3p
−s (mod 1). So the Kloosterman sum is given by

Klp
(
nsαsβ ,r,s, ψ, ψ

′) =
∑

v4(mod ps)
(v4,ps)=1

∑
v3(mod pr)
(v3,pr−s)=1

e

(
m1v3p

s

pr

)
e

(
m2v4v

2
3 + n2v4

ps

)
.

62



(v) If w(n) = sβsα, then X(n) is nonempty when

n = nsβsα,r,s :=


p−r

pr−s

pr

−ps−r


for s ≥ 2r ≥ 0. We identify X(nsβsα,r,s) by the Plücker coordinates

X(nsβsα,r,s) =
{(

0, 0,−v24p
r−s, pr; 0,−v24, p

s,−v24p
−s, v24, v34

)}
,

where v24, v34 (mod ps), such that (v24, p
s) = ps−r, and (v34, p

s−2r) = 1. Write v24 =
v′24p

s−r, so (v′24, p
r) = 1. Bruhat decomposition gives

x =


1 β1 β2 β3

1 β4 β5

1
−β1 1




p−r

pr−s

pr

−ps−r




1 v′24p
−r v34p

−s

1
1

−v′24p
−r 1



=


−β3p

s−r −β3v
′
24p

s−2r + p−r −β2v
′
24 − β3v34p

−r + β1p
r−s β2p

r

−β5p
s−r −β5v

′
24p

s−2r −β4v
′
24 − β5v34p

−r + pr−s β4p
r

0 0 −v′24 pr

−ps−r −v′24p
s−2r β1v

′
24 − v34p

−r −β1p
r

 .

The entry β1v
′
24 − v34p

−r being an integer says β1 ≡ v′24v34p
−r (mod 1). The entry β4p

r

being an integer says β4 = β′4p
−r for some β′4 ∈ Z. The entry −β4v

′
24 − β5v34p

−r + pr−s

being an integer says β′4v′24 + β5v34 ≡ p2r−s (mod pr), hence β5 ≡ v34p
2r−s (mod 1). So

the Kloosterman sum is given by

Klp
(
nsβsα,r,s, ψ, ψ

′) =
∑

v24(mod pr)
(v24,pr)=1

∑
v34(mod ps)

(v34,ps−2r)=1

e

(
m1v24v34 + n1v24

pr

)
e

(
m2v34p

2r

ps

)
.

(vi) If w(n) = sαsβsα, then X(n) is nonempty when

n = nsαsβsα,r,s :=


−p−r

pr−s

pr

ps−r

 ,

for 2r ≥ s ≥ 0. We identify X(nsαsβsα,r,s) by the Plücker coordinates

X(nsαsβsα,r,s) =
{(
pr, v2, v3, v4; 0,−v2p

s−r, ps,−v2
2p
s−2r, v2p

s−r, (prv3 + v2v4)ps−2r
)}
,

where v2, v3, v4 (mod pr), such that (v2, v3, v4, p
r) = 1, and d = (v2, p

r), (d2, prv3+v2v4) =
p2r−s. Let d = pr−a. Then a satisfies s− r ≤ a ≤ s/2. Write v2 = v′2p

r−a, so (v′2, p
a) = 1.

Bruhat decomposition gives

x =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−p−r
pr−s

pr

ps−r




1 v′2p
−a v3p

−r v4p
−r

1 v4p
−r

1
−v′2p−a 1



=


β2p

r β2v
′
2p
r−a + β1p

r−s β2v3 − β3v
′
2p
s−a−r + β1v4p

−s − p−r β2v4 + β3p
s−r

β4p
r β4v

′
2p
r−a + pr−s β4v3 − β5v

′
2p
s−a−r + v4p

−s β4v4 + β5p
s−r

pr v′2p
r−a v3 v4

−β1p
r −β1v

′
2p
r−a −β1v3 − v′2ps−a−r −β1v4 + ps−r

 .
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The entry −β1v
′
2p
r−a being an integer says β1 = β′1p

a−r for some β′1 ∈ Z. Entries −β1v3−
v′2p

s−a−r and −β1v4 + ps−r being integers says

β′1v3 ≡ −v′2ps−2a (mod pr−a), β′1v4 ≡ ps−a (mod pr−a). (3.2)

As (v3, v4, p
r−a) = 1, these equations determine β1 uniquely modulo 1.

The entry β4v
′
2p
r−a + pr−s being an integer says β4 ≡ −v′2pa−s (mod pa−r). Write β4 =

−v′2pa−s + γ4p
a−r for some γ4 ∈ Z. Then β4v3− β5v

′
2p
s−a−r + v4p

−s being an integer says

−v′2v3p
a + γ4v3p

s+a−r − β5v
′
2p

2s−a−r + v4 ≡ 0 (mod ps). (3.3)

Write β5 = β′5p
a+r−2s for some β′5 ∈ Z. Then we solve

β′5 ≡ −v′2
2
v3p

a + γ4v′2v3p
s+a−r + v′2v4 (mod ps). (3.4)

Then β4v4 + β5p
s−r being an integer says

γ4

(
pav3 + v′2v4

)
ps+a−r ≡ v3p

2a (mod ps). (3.5)

Recall that (pr−a, pav3 + v′2v4) = pr+a−s. Hence, unless a = s
2 , we can write pav3 + v′2v4 =

V ′pr+a−s, with (V ′, p) = 1. Then we solve (3.5):

γ4 ≡ V ′v3 (mod ps−2a).

Putting back to (3.4) gives

β′5 ≡ −v′2
2
v3p

a + V ′v′2v
2
3p
s+a−r + v′2v4 (mod p2s−a−r),

hence β5 is uniquely determined modulo 1.

When a = s
2 , γ4 can be arbitrary, and we have

β′5 ≡ −v′2
2
v3p

a + v′2v4 (mod p2s−a−r),

hence β5 is also uniquely determined modulo 1 in this case.

So the Kloosterman sum is given by

Klp
(
nsαsβsα,r,s, ψ, ψ

′) =
∑

s−r≤a≤s/2

∑
v2,v3,v4(mod pr)

v2=v′2p
r−a, (v′2,p

a)=1

(v3,v4,pr−a)=1

(pr−a,pav3+v′2v4)=pr+a−s

e

(
m1v̂2 + n1v2

pr

)
e

(
m2u

ps

)
,

where v̂2 is chosen modulo pr such that

v̂2v3 ≡ −v′2ps−a (mod pr), v̂2v4 ≡ ps (mod pr), (3.6)

and

u ≡

{
−v′2

2
v3p

2a+r−s + V ′v′2v
2
3p

2a + v′2v4p
a+r−s (mod ps) if a < s

2 ,

−v′2
2
v3p

2a+r−s + v′2v4p
a+r−s (mod ps) if a = s

2 ,
(3.7)

where V ′ = ps−r−a (pav3 + v′2v4).
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(vii) If w(n) = sβsαsβ , then X(n) is nonempty when

n = nsβsαsβ ,r,s :=


−p−r

pr−s

pr

−ps−r


for s ≥ r ≥ 0. We identify X(nsβsαsβ ,r,s) by the Plücker coordinates

X(nsβsαsβ ,r,s) =
{(

0, pr, v13p
r−s, v14p

r−s; ps, v13, v14, v23,−v13,−(v2
13 + v14v23)p−s

)}
,

where v13, v14, v23 (mod ps), such that (v13, v14, p
s) = ps−r, (v14, p

s) | v2
13, and (ps−r, v23, v34) =

1. Recall that v34 = −(v2
13 + v14v23)p−s. Write v13 = v′13p

s−r, v14 = v′14p
s−r, so

(v′13, v
′
14, p

r) = 1. Bruhat decomposition gives

x =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−p−r
pr−s

pr

−ps−r




1 −v23p
−s v′13p

−r

1 v′13p
−r v′14p

−r

1
1



=


−β3p

s−r β2p
r β2v

′
13 + β1p

r−s + β3v23p
−r β2v

′
14 − β3v

′
13p

s−2r − p−r
−β5p

s−r β4p
r β4v

′
13 + β5v23p

−r + pr−s β4v
′
14 − β5v

′
13p

s−2r

0 pr v′13 v′14

−ps−r −β1p
r −β1v

′
13 + v23p

−r −β1v
′
14 − v′13p

s−2r

 .

The entry −β1p
r being an integer says β1 = β′1p

−r for β′1 ∈ Z. Entries −β1v
′
13 + v23p

−r

and −β1v
′
14 − v′13p

s−2r being integers says

β′1v
′
13 ≡ v23 (mod pr), β′1v

′
14 ≡ −v′13p

s−r (mod pr). (3.8)

As (v′13, v
′
14, p

r) = 1, this determines β1 uniquely modulo 1.

Entries β4p
r and −β5p

s−r being integers says β4 = β′4p
−r and β5 = β′5p

r−s for some
β′4, β

′
5 ∈ Z. The entry β4v

′
13 + β5v23p

−r + pr−s being an integer says

β′4v
′
13p

s−r + β′5v23 + pr ≡ 0 (mod ps), (3.9)

which implies

β′5v23 ≡ −pr (mod ps−r). (3.10)

The entry β4v
′
14 − β5v

′
13p

s−2r being an integer says

β′4v
′
14p

s−r − β′5v′13p
s−r ≡ 0 (mod ps). (3.11)

Then, v′13 times (3.11) minus v′14 times (3.9) gives

β′5(−v′13
2
ps−r − v′14v23) ≡ prv′14 (mod ps)

β′5p
rv34 ≡ prv′14 (mod ps)

β′5v34 ≡ v′14 (mod ps−r). (3.12)

As (ps−r, v23, v34) = 1, (3.10) and (3.12) determine β5 uniquely modulo 1.

So the Kloosterman sum is given by

Klp
(
nsβsαsβ ,r,s, ψ, ψ

′) =
∑

v13,v14,v23(mod ps)
(ps,v13,v14)=ps−r

(ps,v14)|v213
(ps−r,v23,v34)=1

e

(
m1u

pr

)
e

(
m2v̂14 + n2v14

ps

)
,
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where u is chosen modulo pr such that

uv13p
r−s ≡ v23 (mod pr), uv14p

r−s ≡ −v13 (mod pr), (3.13)

and v̂14 is chosen modulo ps such that

v̂14v23 ≡ −p2r (mod ps), v̂14v34 ≡ v14p
2r−s (mod ps). (3.14)

(viii) If w(n) = w0, then X(n) is nonempty when

n = nw0,r,s :=


−p−r

−pr−s
pr

ps−r


for r, s ≥ 0. We identify X(nw0,r,s) by the Plücker coordinates

X(nw0,r,s) =
{(
pr, v2, v3, v4; ps, v13, v14, (v2v13 − v3p

s)p−r,−v13, (v3v14 − v4v13)p−r
)}
,

where v2, v3, v4 (mod pr), v13, v14 (mod ps), such that v13p
r+v2v14−v4p

s = 0, (v2, v3, v4, p
r) =

1, and (v13, v14, v23, v34, p
s) = 1. Recall that

v23 = (v2v13 − v3p
s)p−r, v34 = (v3v14 − v4v13)p−r.

Bruhat decomposition gives

x =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−p−r
−pr−s

pr

ps−r




1 v2p
−r v3p

−r v4p
−r

1 v13p
−s v14p

−s

1
−v2p

−r 1



=


β2p

r β2v2 + β3p
s−r β2v3 + β3v13p

−r + β1v2p
−s − p−r β2v4 − β1p

r−s + β3v14p
−r

β4p
r β4v2 + β5p

s−r β4v3 + β5v13p
−r + v2p

−s β4v4 + β5v14p
−r − pr−s

pr v2 v3 v4

−β1p
r −β1v2 + ps−r −β1v3 + v13p

−r −β1v4 + v14p
−r

 .

The entry −β1p
r being an integer says β1 = β′1p

−r for some β′1 ∈ Z. The last row of γ
being integral gives

β′1v2 ≡ ps (mod pr), β′1v3 ≡ v13 (mod pr), β′1v4 ≡ v14 (mod pr). (3.15)

As (pr, v2, v3, v4) = 1, these equations determine β1 uniquely modulo 1.

The entry β4p
r being an integer says β4 = β′4p

−r for some β′4 ∈ Z. Then β4v2 + β5p
s−r

being an integer says

β′4v2 + β5p
s ≡ 0 (mod pr). (3.16)

In particular, this means β5 = β′5p
−s for some β′5 ∈ Z. The entries β4v3 +β5v13p

−r+v2p
−s

and β4v4 + β5v14p
−r − pr−s being integers says

β′4v3p
s + β′5v13 + v2p

r ≡ 0 (mod pr+s), (3.17)

β′4v4p
s + β′5v14 − p2r ≡ 0 (mod pr+s). (3.18)

In particular we deduce

β′5v13 + v2p
r ≡ 0 (mod ps), (3.19)

β′5v14 − p2r ≡ 0 (mod ps). (3.20)
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Then, v2 times (3.17) minus v3p
s times (3.16) gives

β′5 (v2v13 − v3p
s) + v2

2p
r ≡ 0 (mod pr+s) =⇒ β′5v23 + v2

2 ≡ 0 (mod ps). (3.21)

Similarly, v3 times (3.17) minus v4 times (3.18) gives

β′5 (v3v14 − v4v13)− pr (v3p
r + v2v4) ≡ 0 (mod pr+s)

=⇒ β′5v34 ≡ (v3p
r + v2v4) (mod ps). (3.22)

In summary, β′5 satisfies the following equations:

β′5v13 ≡ −v2p
r (mod ps), β′5v14 ≡ p2r (mod ps),

β′5v23 ≡ −v2
2 (mod ps), β′5v34 ≡ v3p

r + v2v4 (mod ps).

As (ps, v13, v14, v23, v34) = 1, these equations determine β5 uniquely modulo 1.

So the Kloosterman sum is given by

Klp
(
nw0,r,s, ψ, ψ

′) =
∑

v2,v3,v4(mod pr)
v13,v14(mod ps)

v13pr+v2v14−v4ps=0
(pr,v2,v3,v4)=1

(ps,v13,v14,v23,v34)=1

e

(
m1v̂2 + n1v2

pr

)
e

(
m2v̂14 + n2v14

ps

)
,

where v̂2 is chosen modulo pr such that

v̂2v2 ≡ ps (mod pr), v̂2v3 ≡ v13 (mod pr), v̂2v4 ≡ v14 (mod pr); (3.23)

and v̂14 chosen modulo ps such that

v̂14v13 ≡ −v2p
r (mod ps), v̂14v14 ≡ p2r (mod ps),

v̂14v23 ≡ −v2
2 (mod ps), v̂14v34 ≡ v3p

r + v2v4 (mod ps).
(3.24)

3.1.2 Properties of Sp(4) Kloosterman sums

Proposition 3.2. Let n ∈ N (Qp), such that w(n) = w0 is the long Weyl element. Let ψ,ψ′ be
characters of U(Qp) trivial on U(Zp). Then

Klp
(
n, ψ, ψ′

)
= Klp

(
n, ψ′, ψ

)
.

Proof. By Proposition 3.1, it suffices to consider the case where

n = nw0 =


−p−r

−pr−s
pr

ps−r

 .

Let x = unu′ ∈ X(n). Write

u =


1 α1 α2 α3

1 α4 α5

1
−α1 1

 ∈ U (Zp) \U (Qp) , u′ =


1 β1 β2 β3

1 β4 β5

1
−β1 1

 ∈ U (Qp) /U (Zp) .
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Then

x =


α2p

r α2β1p
r + α3p

s−r α1β1p
r−s + α2β2p

r + α3β4p
s−r − p−r α2β3p

r + α3β5p
s−r − α1p

r−s

α4p
r α4β1p

r + α5p
s−r α4β2p

r + α5β4p
s−r + β1p

r−s α4β3p
r + α5β5p

s−r − pr−s
pr β1p

r β2p
r β3p

r

−α1p
r −α1β1p

r + ps−r −α1β2p
r + β4p

s−r −α1β3p
r + β5p

s−r

 ∈ G (Zp) .

Now let

ũ =


1 β1 β2 −β4

1 −β3 β5

1
−β1 1

 , ũ′ =


1 α1 α2 −α4

1 −α3 α5

1
−α1 1

 .

Then we see that

x̃ = ũnũ′

=


β2p

r α1β2p
r − β4p

s−r α1β1p
r−s + α2β2p

r + α3β4p
s−r − p−r −α4β2p

r − α5β4p
s−r − β1p

r−s

−β3p
r −α1β3p

r + β5p
s−r −α2β3p

r − α3β5p
s−r + α1p

r−s α4β3p
r + α5β5p

s−r − pr−s
pr α1p

r α2p
r −α4p

r

−β1p
r −α1β1p

r + ps−r −α2β1p
r − α3p

s−r α4β1p
r + α5p

s−r

 ∈ G (Zp).

Therefore

Klp
(
n, ψ, ψ′

)
=

∑
x∈X(n)

ψ (u(x))ψ′
(
u′(x)

)
=

∑
x∈X(n)

ψ
(
u′(x̃)

)
ψ′ (u(x̃))

=
∑

x∈X(n)

ψ′ (u(x))ψ
(
u′(x)

)
= Klp

(
n, ψ′, ψ

)
.

We give a few reduction formulae for Kloosterman sums Klp(nw,r,s, ψ, ψ
′), when one of r, s equals

zero.

Proposition 3.3. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 . Then

Klp
(
nw0,r,0, ψ, ψ

′) = S (m1, n1; pr) , Klp
(
nw0,0,s, ψ, ψ

′) = S (m2, n2; ps) .

Proof. For the first statement, we have by explicit construction

Klp
(
nw0,r,0, ψ, ψ

′) =
∑

v2,v3,v4(mod pr)
v13,v14(mod 1)

v13pr+v2v14−v4=0
(pr,v2,v3,v4)=1

e

(
m1v̂2 + n1v2

pr

)
.

The condition v13p
r + v2v14 − v4 = 0 reduces to v4 = 0, and v23 = −v3p

−r being an integer
implies v3 ≡ 0 (mod pr). Finally we solve v̂2 ≡ v2 (mod pr). Hence the sum reduces to

Klp
(
nw0,r,0, ψ, ψ

′) =
∑

v2(mod pr)
(v2,pr)=1

e

(
m1v2 + n1v2

pr

)
= S (m1, n1; pr) .

For the second statement, we have

Klp
(
nw0,0,s, ψ, ψ

′) =
∑

v2,v3,v4(mod 1)
v13,v14(mod ps)

v13+v2v14−v4ps=0
(ps,v13,v14,v23,v34)=1

e

(
m2v̂14 + n2v14

ps

)
.
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The condition v13 + v2v14 − v4p
s = 0 reduces to v13 = 0. We also have v23 = v34 = 0. Finally

we solve v̂14 ≡ v14 (mod ps). Hence the sum reduces to

Klp
(
nw0,0,s, ψ, ψ

′) =
∑

v14(mod ps)
(v14,ps)=1

e

(
m2v14 + n2v14

ps

)
= S (m2, n2; ps) .

Proposition 3.4. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 . Then

Klp
(
nsαsβsα,r,0, ψ, ψ

′) = cpr (m1) , Klp
(
nsβsαsβ ,0,s, ψ, ψ

′) = cps (m2) .

Proof. For the first statement, we have by explicit construction

Klp

(
nsαsβsα,r,0, ψ, ψ

′|Usαsβsα
)

=
∑

v2,v3,v4(mod pr)
v2=v′2p

r

(v3,v4,pr)=1

(pr,v3+v′2v4)=pr

e

(
m1v̂2 + n1v2

pr

)
.

We may set v2 = 0. The condition (pr, v3 + v′2v4) = pr implies pr | v3, so we may also let v3 = 0.
Then we solve v̂2 ≡ v4 (mod pr). Hence the sum reduces to

Klp

(
nsαsβsα,r,0, ψ, ψ

′|Usαsβsα
)

=
∑

v4(mod pr)
(v4,p)=1

e

(
m1v4

pr

)
= cpr (m1) .

For the second statement, we have

Klp

(
nsβsαsβ ,0,s, ψ, ψ

′|Usβsαsβ
)

=
∑

v13,v14,v23(mod ps)
(ps,v13,v14)=ps

(ps,v14)|v213
(ps,v23,−p−s(v213+v14v23))=1

e

(
m2v̂14 + n2v14

ps

)
.

We may set v13 = v14 = 0. Then we solve v̂14 ≡ −v23 (mod ps). Hence the sum reduces to

Klp

(
nsβsαsβ ,0,s, ψ, ψ

′|Usβsαsβ
)

=
∑

v23(mod ps)
(v23,p)=1

e

(
−m2v23

ps

)
= cps (m2) .

Proposition 3.5. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 . Then

Klp

(
nsαsβ ,r,0, ψ, ψ

′|Usαsβ
)

= cpr (m1) , Klp

(
nsβsα,0,s, ψ, ψ

′|Usβsα
)

= cps (m2) .

Proof. Trivial.

3.2 Stratification of symplectic Kloosterman sums

In this section, we again consider symplectic Kloosterman sums on G = Sp(2r) in general, and
develop a stratification of Sp(2r) Kloosterman sums Klp(n, ψ, ψ

′).

We first recall some facts about the Lie algebra of G = Sp(2r). Let T be the standard maximal
torus of G, and let

t = (a1, · · · , ar, a−1
1 , · · · , a−1

r ) ∈ T.
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A set of simple roots ∆ = ∆(T,G) of G is given by {α1, · · · , αr}, where αit = ata
−1
t+1 for

1 ≤ i ≤ r− 1, and αrt = a2
r . The Weyl group W = W (T,G) of G is generated by reflections sαi

for 1 ≤ i ≤ r, which are represented by matrices

sαi =

(
Ai

Ai

)
, Ai =


Ii−1

1
1

Ir−i−1

 , 1 ≤ i ≤ r − 1,

and

sαr =


Ir−1

1
Ir−1

−1

 .

Consider the set of diagonal matrices

T :=

{(
A

cA−1

)
∈ GL(2r,Zp)

∣∣∣∣ A = diag(a1, · · · , ar), a1, · · · , ar, c ∈ Z×p
}
.

Note that elements of T are in general not symplectic. We have the following simple lemma.

Lemma 3.6. Let n ∈ N (Qp), and t ∈ T . Then n−1tn ∈ T .

Proof. We show that w−1tw ∈ T for w ∈ W . It suffices to just check the generators sαi of the
Weyl group. Suppose t = diag

(
a1, · · · , ar, ca−1

1 , · · · , ca−1
r

)
. Then we check

s−1
αi tsαi = diag

(
a1, · · · , ai+1, ai, · · · , ar, ca−1

1 , · · · , ca−1
i+1, ca

−1
i , · · · , ca−1

r

)
∈ T , 1 ≤ i ≤ r − 1,

and
s−1
αr tsαr = diag

(
a1, · · · , ar−1, ca

−1
r , ca−1

1 , · · · , ca−1
r−1, ar

)
∈ T .

Finally, for n = wa ∈ N(Qp), with w ∈W , a ∈ T (Qp), we have

n−1tn = a−1w−1twa = w−1tw ∈ T .

Let x = unu′ ∈ C(n), and t ∈ T . By Lemma 3.6, s := n−1tn ∈ T . Hence

txs−1 =
(
tut−1

)
n
(
su′s−1

)
∈ U (Qp)nU (Qp) ∩G (Zp) = C(n).

As conjugation by t and s preserves U (Zp) and Un (Zp), this induces an action on X(n):

T ×X(n)→ X(n), (t, x) 7→ t ∗ x := txs−1.

Let n ∈ N(Qp), and ψ,ψ′ characters of U(Qp) trivial on U(Zp). Partition of X(n) into T -orbits
gives a decomposition of Kloosterman sums

Klp(n, ψ, ψ
′) =

∑
x∈T \X(n)

∑
y∈T ∗x

ψ (u(y))ψ′
(
u′(y)

)
.

Characters of U(Qp) trivial on U(Zp) are of the form ψn1,··· ,nr with ni ∈ Z, 1 ≤ i ≤ r,
where

ψn1,··· ,nr



1 x1 · · · ∗ ∗ · · · · · · ∗

1
. . .

...
...

...
. . . xr−1

... ∗
1 ∗ · · · ∗ xr

1
−x1 1
...

. . . . . .
∗ · · · −xr−1 1


=

r∏
i=1

e (nixi) .
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For w ∈W , let ∆w := {α ∈ ∆ | w(α) < 0}. For x ∈ X, suppose

u(x) =



1 x1 · · · ∗ ∗ · · · · · · ∗

1
. . .

...
...

...
. . . xr−1

... ∗
1 ∗ · · · ∗ xr

1
−x1 1
...

. . . . . .
∗ · · · −xr−1 1


, u′(x) =



1 x′1 · · · ∗ ∗ · · · · · · ∗

1
. . .

...
...

...
. . . x′r1

... ∗
1 ∗ · · · ∗ x′r

1
−x′1 1
...

. . . . . .
∗ · · · −x′r−1 1


.

Note that x′i = 0 unless αi ∈ ∆w. For x = u(x)nu′(x), we define projections

κi(x) = xi, κ′i(x) = x′i, 1 ≤ i ≤ r.

Let t = diag
(
a1, · · · , ar, ca−1

1 , · · · , ca−1
r

)
∈ T , and s := n−1tn = diag(a′1, · · · , a′r, ca′1

−1, · · · , ca′r
1) ∈

T . Note from the proof of Lemma 3.6 that we have the same c. Then

tu(x)t−1 =



1 a1a
−1
2 x1 · · · ∗ ∗ · · · · · · ∗

1
. . .

...
...

...
. . . ar−1a

−1
r xr1

... ∗
1 ∗ · · · ∗ c−1a2

rxr
1

−a1a
−1
2 x1 1
...

. . . . . .
∗ · · · −ar−1a

−1
r xr−1 1


,

and hence
κi (t ∗ x) = aia

−1
i+1κi(x), 1 ≤ i ≤ r − 1,

κr (t ∗ x) = c−1a2
rκr(x).

Similarly, we have
κ′i (t ∗ x) = a′ia

′
i+1
−1
κ′i(x), 1 ≤ i ≤ r − 1,

κ′r (t ∗ x) = c−1a′r
2
κ′r(x).

For ` ∈ N, we define

Aw(`) :=
(
Z/p`Z

)∆
×
(
Z/p`Z

)∆w

,

Vw(`) :=

λ× λ′ ∈ Aw(`)

∣∣∣∣∣∣
λi, λ

′
j ∈

(
Z/p`Z

)× , such that ∃t ∈ T with
κi(t ∗ x) = λiκi(x), κ′j(t ∗ x) = λ′jκ

′
j(x)

for x ∈ X(n), 1 ≤ i, j ≤ r, αj ∈ ∆w

 .

Note that |Vw(`)| =
(
p`
(
1− p−1

))r. For a character θ : Aw(`)→ C×, we define

Sw (θ; `) :=
∑

v∈Vw(`)

θ(v).

Now we state the main result of this section.

Theorem 3.7. Let n ∈ N (Qp), and suppose ` is large enough such that the matrix entries
of u(x), u′(x) lie in p−`Zp/Zp for every x ∈ X(n). Let ψ = ψn1,··· ,nr and ψ′ = ψn′1,··· ,n′r be
characters of U(Qp) trivial on U(Zp). Define a character θx : Aw(`)→ C× by

θx
(
λ× λ′

)
=

r∏
i=1

e (λiniκi(x))
r∏
i=1

w(αi)<0

e
(
λ′in
′
iκ
′
i(x)

)
.
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Then
Klp

(
n, ψ, ψ′

)
=
(
p`
(
1− p−1

))−r ∑
x∈T \X(n)

N(x)Sw (θx; `) ,

where N(x) := |T ∗ x| is the size of T -orbit of x ∈ X(n).

Proof. Rewrite the Kloosterman sum

Klp
(
n, ψ, ψ′

)
=

∑
x∈T \X(n)

∑
y∈T ∗x

ψ (u(y))ψ′
(
u′(y)

)
=

∑
x∈T \X(n)

∑
y∈T ∗x

r∏
i=1

e (niκi(y))
r∏
i=1

w(αi)<0

e
(
n′iκ
′
i(y)

)

= |Vw(`)|−1
∑

x∈T \X(n)

∑
y∈T ∗x

∑
λ×λ′∈Vw(`)

r∏
i=1

e (λiniκi(y))
r∏
i=1

w(αi)<0

e
(
λ′in
′
iκ
′
i(y)

)

= |Vw(`)|−1
∑

x∈T \X(n)

N(x)
∑

λ×λ′∈Vw(`)

r∏
i=1

e (λiniκi(y))
r∏
i=1

w(αi)<0

e
(
λ′in
′
iκ
′
i(y)

)
=
(
p`
(
1− p−1

))−r ∑
x∈T \X(n)

N(x)Sw (θx; `) .

3.3 Bounds for local Kloosterman sums

A trivial bound for Kloosterman sums is given by Dąbrowski and Reeder [DR98, Theorem 0.3],
by counting the number of terms. In our context, the trivial bound says∣∣Klp(nw,r,s, ψ, ψ

′)
∣∣ ≤ pr+s.

In this section, we establish non-trivial bounds for the Kloosterman sums Klp(nw,r,s, ψ, ψ
′), for

fixed characters ψ = ψm1,m2 , ψ′ = ψn1,n2 of U(Qp)/U(Zp).

We first recall from Section 3.1.1 that Klp(nid, ψ, ψ
′) = 1 is trivial, and

Klp(nsα,r, ψ, ψ
′) = S(m1, n1; pr),

Klp(nsβ ,s, ψ, ψ
′) = S(m2, n2; ps)

are just classical Kloosterman sums. It is well-known that the classical Kloosterman sums are
bounded by [Wei48, Smi80]∣∣∣S(m,n; pk)

∣∣∣ ≤ 2pk/2(|m|−1
p , |n|−1

p , pk)1/2, (3.25)

where |m|p stands for the p-adic norm of m. We immediately obtain the bounds∣∣Klp
(
nsα,r, ψ, ψ

′)∣∣� pr/2(|m1|−1
p , |n1|−1

p , pr)1/2,∣∣Klp
(
nsβ ,s, ψ, ψ

′)∣∣� ps/2(|m2|−1
p , |n2|−1

p , ps)1/2.

For Kloosterman sums Klp(nw,r,s, ψ, ψ
′) attached to other Weyl elements, we apply Theorem 3.7,

and decompose the Kloosterman sum into sums of classical Kloosterman sums. Then one may
apply the bound (3.25) for classical Kloosterman sums. However, applying the classical bound
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alone is in general insufficient to give a non-trivial bound for Klp(nw,r,s, ψ, ψ
′). To obtain non-

trivial bounds, we use two different approaches. Note that Klp(nw,r,s, ψ, ψ
′) is in general an

exponential sum of the form ∑
x∈S

e

(
f(x)

pk

)
for some k ∈ N. The approach we use then depends on the value of k:

(i) when k ≥ 2, we use the p-adic stationary phase method [DF97];

(ii) when k = 1, the stationary phase method fails, and we instead apply known results for
exponential sums, which are derived using algebro-geometric arguments.

We now give an overview of the p-adic stationary phase method, following [DF97]. Let us first
consider a simple case. Let f be a polynomial with coefficients in Z. For m ∈ N we consider the
exponential sum

Sm(f) :=
∑

x∈Z/pmZ

e

(
f(x)

pm

)
.

Consider the Taylor expansion of f

f(x+ pm−jy) = f(x) + pm−jf ′(x)y +
1

2
p2(m−j)f ′′(x)y2 + · · · .

If 2(m− j) ≥ m (or 2(m− j)− 1 ≥ m if p = 2), then we see that

Sm(f) = p−j
∑

x∈Z/pmZ

∑
y∈Z/pjZ

e

(
f(x+ pm−jy)

pm

)

=
∑

x∈Z/pmZ

e

(
f(x)

pm

)
· p−j

∑
y∈Z/pjZ

e

(
f ′(x)y

pj

)
.

The inner sum vanishes unless f ′(x) ≡ 0 (mod pj), hence the sum becomes

Sm(f) =
∑

x∈Z/pmZ
f ′(x)≡0 (mod pj)

e

(
f(x)

pm

)
.

This generalises easily to higher-dimensional cases. Let V be a smooth scheme of dimension n,
and f : V → A1 = A1

Zp a Zp-morphism. We consider the exponential sum

S = Sm(f) :=
∑

x∈V (Z/pmZ)

e

(
f(x)

pm

)
. (3.26)

Let j ≤ m be a positive integer. We write

D(Z/pjZ) :=
{
x ∈ V (Z/pjZ)

∣∣ ∇f(x) ≡ 0 (mod pj)
}

(3.27)

to denote the “approximate critical points” of f . For x ∈ (Z/pjZ)n, we define

Sx =
∑

x∈V (Z/pmZ)
x≡x(mod pj)

e

(
f(x)

pm

)
.

Clearly we have
S =

∑
x∈(Z/pjZ)n

Sx.
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Theorem 3.8. [DF97, Theorem 1.8(a)] If 2j ≤ m, then Sx = 0 unless x ∈ D(Z/pjZ). Now
suppose m = 2j or 2j + 1, and let x ∈ (Z/pmZ)n map to x ∈ D(Z/pjZ). If m = 2j, then we
have

Sx = pmn/2e

(
f(x)

pm

)
.

If m = 2j + 1, then we have

Sx = p(m−1)n/2e

(
f(x)

pm

) ∑
y∈(Z/pZ)n

e

(
1
2y

THxy + p−j∇f(x) · y
p

)
,

where Hx is the Hessian matrix of f at x. In particular, if we let t denote the maximum value
of n− rankFp Hx for x ∈ D(Z/pjZ), then |S| ≤

∣∣D(Z/pjZ)
∣∣ p(mn+t)/2.

Proof. We give a proof to the special case where V = An is the affine space. Then f is a
polynomial with coefficients in Zp. The general case follows from a reduction lemma [DF97,
Lemma 1.18], which reduces the general case into this special case.

Consider the Taylor expansion of f

f(x+ pm−jy) = f(x) + pm−j∇f(x) · y +
1

2
p2(m−j)yTHxy + · · ·

Since 2j ≤ m, we have

f(x+ pm−jy) = f(x) + pm−j∇f(x) · y ∈ Z/pmZ.

This is obvious when p is odd, and when p = 2, the diagonal entries of the Hessian Hx are even,
so the second-order term vanishes as well. Hence

Sx = p−nj
∑

x∈(Z/pmZ)n

x≡x(mod pj)

∑
y∈(Z/pjZ)n

e

(
f(x+ p(m−j)y)

pm

)

=
∑

x∈(Z/pmZ)n

x≡x(mod pj)

e

(
f(x)

pm

)
· p−nj

∑
y∈(Z/pjZ)n

e

(
∇f(x) · y

pj

)
.

The inner sum vanishes unless ∇f(x) ≡ 0 (mod p)j , that is, x ∈ D(Z/pjZ). Assuming this is
the case, we continue

Sx =
∑

y∈(Z/pm−jZ)n

e

(
f(x+ pjy)

pm

)
.

If m = 2j, then f(x+ pjy) = f(x) + pj∇f(x) · y = f(x) ∈ Z/pmZ, so

Sx = pmn/2e

(
f(x)

pm

)
.

If m = 2j + 1, then we have

f(x+ pjy) = f(x) + pj∇f(x) · y +
1

2
p2jyTHxy ∈ Z/pmZ.

Hence

Sx = e

(
f(x)

pm

) ∑
y∈(Z/pm−jZ)n

e

(
1
2p

2jyTHxy + pj∇f(x) · y
pm

)

= p(m−1)n/2e

(
f(x)

pm

) ∑
y∈(Z/pZ)n

e

(
1
2y

THxy + p−j∇f(x) · y
p

)
.
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Finally, we observe that the inner sum is an n-dimensional Gauß sum, and it follows from
straightforward computations that the Gauß sum is bounded by pn−rankFp Hx/2. The bound for
S then follows.

Theorem 3.9. Let 0 ≤ s ≤ r be integers, and ψ = ψm1,m2 , ψ′ = ψn1,n2 characters of
U(Qp)/U(Zp). Then∣∣Klp

(
nsαsβ ,r,s, ψ, ψ

′)∣∣� min

{
p2s
(
|m1|−1

p , pr−s
)
, pr
(
|m2|−1

p , ps
)1/2 (

|n2|−1
p , ps

)1/2
}
.

Proof. We may assume vp(m1) ≤ r − s, and vp(m2), vp(n2) ≤ s. Observe that

Klp
(
nsαsβ ,r,s, ψm1,m2 , ψn1,n2

)
= pk+2l Klp

(
nsαsβ ,r−k−l,s−lψm1p−k,m2p−l , ψn1,n2p−l

)
whenever pk | (m1, p

r−s) and pl | (m2, n2, p
s). So we may assume s = 0, r = s, or p - m1 (m2, n2).

If s = 0, then ∣∣Klp
(
nsαsβ ,r,0, ψ, ψ

′)∣∣ =

∣∣∣∣∣ ∑
v3(mod pr)
(v3,pr)=1

e

(
m1v3

pr

) ∣∣∣∣∣ ≤ pvp(m1).

If r = s, then

∣∣Klp
(
nsαsβ ,r,r, ψ, ψ

′)∣∣ =

∣∣∣∣∣ ∑
v4(mod pr)
(v4,pr)=1

∑
v3(mod pr)

e

(
m2v4v

2
3 + n2v4

pr

) ∣∣∣∣∣ ≤ pr+ vp(m2)

2
+
vp(n2)

2

is just a summation of quadratic Gauss sums, and is easily evaluated.

Now suppose p - m1 (m2, n2). If p | m2 and s > 1, then

Klp
(
nsαsβ ,r,s, ψ, ψ

′) =
∑

v′4(mod ps−1)
(v′4,p)=1

∑
v3(mod pr)
(v3,pr−s)=1

p−1∑
k=0

e

(
m1v3

pr−s

)
e

(
m2v′4v

2
3 + n2

(
v′4 + kps−1

)
ps

)

= p

p−1∑
k=0

e

(
n2k

p

)
Klp

(
nsαsβ ,r−1,s−1, ψm1,m2/p, ψ

′) = 0.

If p | m2 and s = 1, the same argument shows that the sum is either 0 or p. Similarly, if p | n2,
the sum is also either 0 or p. So we may assume p - m1m2n2.

If r > 2s, we write r = 2s+ l, for l > 0. Then

Klp
(
nsαsβ ,2s+l,s, ψ, ψ

′)
=

∑
v4(mod ps)

(v4,p)=1

ps+l−1−1∑
v′3=0

(v′3,p)=1

p−1∑
k=0

e

(
m1(v′3 + kps+l−1) + plm2v4(v′3 + kps+l−1)2 + pln2v4

ps+l

)
,

where k (mod p) is chosen such that (v′3 + kps+l−1)(v′3 + kps+l−1) ≡ 1 (mod ps+l). Then the
sum becomes

Klp
(
nsαsβ ,2s+l,s, ψ, ψ

′) =
∑

v4(mod ps)
(v4,p)=1

ps+l−1−1∑
v′3=0

(v′3,p)=1

e

(
m1v′3 + plm2v4v

′
3

2 + pln2v4

ps+l

)
p−1∑
k=0

e

(
m1k

p

)
= 0.
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If r < 2s, we write r = 2s− l, for 0 < l < s. Then

Klp
(
nsαsβ ,2s−l,s, ψ, ψ

′) =
∑

v4(mod ps)
(v4,p)=1

∑
v3(mod p2s−l)

(v3,p)=1

e

(
plm1v3 +m2v4v

2
3 + n2v4

ps

)

= ps−l
∑

v4(mod ps)
(v4,p)=1

∑
v3(mod ps)

(v3,p)=1

e

(
plm1v3 +m2v4v

2
3 + n2v4

ps

)
.

When p is odd, we apply the same argument and see that

Klp
(
nsαsβ ,2s−l,s, ψ, ψ

′) = ps−l
∑

v4(mod ps)
(v4,p)=1

ps−1−1∑
v′3=0

(v′3,p)=1

p−1∑
k=0

e

(
plm1(v′3 + kps−1) +m2v4(v′3 + kps−1)2 + n2v4

ps

)

= ps−l
∑

v4(mod ps)
(v4,p)=1

ps−1−1∑
v′3=0

(v′3,p)=1

e

(
plm1v′3 +m2v4v

′
3

2 + n2v4

ps

)
p−1∑
k=0

e

(
2m2v4v

′
3k

p

)
= 0.

When p = 2, if we further assume l ≥ 2, then we have

Klp
(
nsαsβ ,2s−l,s, ψ, ψ

′) = ps−l
∑

v4(mod ps)
(v4,p)=1

ps−2−1∑
v′3=0

(v′3,p)=1

p2−1∑
k=0

e

(
plm1(v′3 + kps−2) +m2v4(v′3 + kps−2)2 + n2v4

ps

)
,

where now k (mod p2) is chosen such that (v′3 + kps+l−2)(v′3 + kps+l−2) ≡ 1 (mod ps+l). Then
the sum becomes

Klp
(
nsαsβ ,2s−l,s, ψ, ψ

′) = ps−l
∑

v4(mod ps)
(v4,p)=1

ps−2−1∑
v′3=0

(v′3,p)=1

e

(
plm1v′3 +m2v4v

′
3

2 + n2v4

ps

)
p2−1∑
k=0

e

(
2m2v4v

′
3k

p2

)
= 0.

Therefore, it remains to consider the case r = 2s, and, if p = 2, the case r = 2s− 1.

Now suppose r = 2s. When s = 1, we have

Klp
(
nsαsβ ,2,1, ψ, ψ

′) = p
∑

v4(mod p)
(v4,p)=1

∑
v3(mod p)
(v3,p)=1

e

(
m1v3 +m2v4v

2
3 + n2v4

p

)
.

When p = 2, there is nothing to prove. When p is odd, this exponential sum is estimated by
Adolphson and Sperber [AS89, Corollary 4.3] to be of O(p2) as well. So we conclude that∣∣Klp

(
nsαsβ ,2,1, ψ, ψ

′)∣∣� p2.

So the theorem holds for this case.

If s > 1, we apply the stationary phase method. Let f(x, y) = m1
x + m2x2

y + n2y. Consider the
sum

S =
∑

x,y∈(Z/psZ)×

e

(
f(x, y)

ps

)
= p−s Klp

(
nsαsβ ,2s,s, ψ, ψ

′) .
Let j ≥ 1 be such that 2j ≤ s. Define as in (3.27)

D
(
Z/pjZ

)
=
{

(x, y) ∈
(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣ ∇f(x, y) ≡ 0 (mod pj)
}

=

{
(x, y) ∈

(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣∣ 2m2x
3 ≡ m1y (mod pj),

m2x
2 ≡ n2y

2 (mod pj)

}
.
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It is straightforward to check that
∣∣D (Z/pjZ)∣∣ ≤ 4, and Hx,y is invertible over Fp for all

(x, y) ∈ D
(
Z/pjZ

)
, so rankFp Hx,y = 2. So we deduce from Theorem 3.8 that∣∣Klp

(
nsαsβ ,r,s, ψ, ψ

′)∣∣ ≤ 4p2s.

Now suppose p = 2, and r = 2s− 1. It suffices to prove the bound for sufficiently large s, so we
can always use stationary phase method. Let f(x, y) = 2m1

x + m2x2

y + n2y. Consider the sum

S =
∑

x,y∈(Z/psZ)×

e

(
f(x, y)

ps

)
= p−s+1 Klp(nsαsβ ,2s−1,s, ψ, ψ

′).

Let j ≥ 1 be such that 2j ≤ s. Define as in (3.27)

D
(
Z/pjZ

)
=
{

(x, y) ∈
(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣ ∇f(x, y) ≡ 0 (mod pj)
}

=

{
(x, y) ∈

(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣∣ 2m2x
3 ≡ 2m1y (mod pj),

m2x
2 ≡ n2y

2 (mod pj)

}
.

Then we have
∣∣D (Z/pjZ)∣∣ ≤ 16. The Hessian Hx,y is not invertible, but nevertheless we have

from Theorem 3.8 that ∣∣Klp
(
nsαsβ ,2s−1,s, ψ, ψ

′)∣∣ ≤ 64p2s−1.

This finishes the proof of the theorem.

Theorem 3.10. Let 0 ≤ 2r ≤ s be integers, and ψ = ψm1,m2 , ψ′ = ψn1,n2 characters of
U(Qp)/U(Zp). Then∣∣Klp

(
nsβsα,r,s, ψ, ψ

′)∣∣� min
{
p3r
(
|m2|−1

p , ps−2r
)
, ps
(
|m1|−1

p , |n1|−1
p , pr

)}
.

Remark. Up to multiplication by a constant, this Kloosterman sum can also be considered as a
GL(3) Kloosterman sum. Precisely, following the notation in [BFG88, (4.3)], we have

Klp
(
nsβsα,r,s, ψ, ψ

′) = prS
(
n1,m1,m2; pr, ps−r

)
.

A non-trivial bound for Klp
(
nsβsα,r,s, ψ, ψ

′) then follows from Larsen [BFG88, Appendix]. For
sake of completeness, we still give a proof below.

Proof. We may assume that vp(m2) ≤ s− 2r, and vp(m1), vp(n1) ≤ r. Observe that

Klp
(
nsβsα,r,s, ψm1,m2 , ψn1,n2

)
= p3k+l Klp

(
nsβsα,r−k,s−2k−l, ψm1p−k,m2p−l , ψn1p−k,n2

)
whenever pk | (m1, n1, p

r) and pl | (m2, p
s−2r). So we may assume r = 0, s = 2r, or p -

m2(m1, n1).

If r = 0, then ∣∣Klp
(
nsβsα,0,s, ψ, ψ

′)∣∣ =

∣∣∣∣∣ ∑
v34(mod ps)
(v34,ps)=1

e

(
m2v34

ps

) ∣∣∣∣∣ ≤ pvp(m2).

If s = 2r, then

∣∣Klp
(
nsβsα,r,2r, ψ, ψ

′)∣∣ =

∣∣∣∣∣ ∑
v24(mod pr)
(v24,pr)=1

∑
v34(mod p2r)

e

(
m1v24v34 + n1v24

pr

) ∣∣∣∣∣ ≤ p2r+min{vp(m1),vp(n1)}.
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Now suppose p - m2(m1, n1). If p | m1 and r > 1, then

Klp(nsβsα,r,s, ψ, ψ
′) =

∑
v′24(mod pr−1)

(v′24,p)=1

∑
v34(mod ps)

(v34,ps−2r)=1

p−1∑
k=0

e

(
m1v′24v34 + n1(v′24 + kpr−1)

pr

)
e

(
m2v34

ps−2r

)

= p2
p−1∑
k=0

e

(
n1k

p

)
Klp

(
nsβsα,r−1,s−2, ψm1/p,m2

, ψ′
)

= 0.

If p | m1 and r = 1, the same argument shows that the sum is either 0 or p. Similarly, if p | n1,
the sum is also either 0 or p. So we may assume p - m1m2n1.

If s > 3r, we write s = 3r + l, for l > 0. Then

Klp
(
nsβsα,r,3r+l, ψ, ψ

′)
= p2r

∑
v24(mod pr)

(v24,p)=1

pr+l−1−1∑
v′34=0

(v′34,p)=1

p−1∑
k=0

e

(
plm1v24(v′34 + kpr+l−1) + pln1v24 +m2(v′34 + kpr+l−1)

pr+l

)
,

where k (mod p) is chosen such that (v′34 + kpr+l−1)(v′34 + kpr+l−1) ≡ 1 (mod pr+l). Then the
sum becomes

Klp
(
nsβsα,r,3r+l, ψ, ψ

′) = p2r
∑

v24(mod pr)
(v24,p)=1

pr+l−1−1∑
v′34=0

(v′34,p)=1

e

(
plm1v24v

′
34 + pln1v24 +m2v′34

pr+l

)
p−1∑
k=0

p−1∑
k=0

e

(
m2k

p

)
= 0.

If s < 3r, we write s = 3r − l, for 0 < l < r. We apply the same argument, and obtain

Klp
(
nsβsα,r,3r−l, ψ, ψ

′) = p2r−l
∑

v24(mod pr)
(v24,p)=1

pr−1−1∑
v′34=0

(v′34,p)=1

p−1∑
k=0

e

(
m1v24(v′34 + kpr−1) + n1v24 + plm2(v′34 + kpr−1)

pr

)

= p2r−l
∑

v24(mod pr)
(v24,p)=1

pr−1−1∑
v′34=0

(v′34,p)=1

e

(
m1v24v

′
34 + n1v24 + plm2v′34

pr

)
p−1∑
k=0

e

(
m1v24k

p

)
= 0.

So it remains to consider the case s = 3r. When r = 1, we have

Klp
(
nsβsα,1,3, ψ, ψ

′) = p2
∑

v24(mod p)
(v24,p)=1

∑
v34(mod p)
(v34,p)=1

e

(
m1v24v34 + n1v24 +m2v34

p

)
.

Let x = m1v24v34, y = n1v24, and z = m2v34. After this change of variables, the sum becomes

p2
∑

x,y,z∈Fp
xyz=m2m1n1

e

(
x+ y + z

p

)
,

which is known as a generalised Kloosterman sum in the sense of Deligne [Del77]. By a theorem
of Deligne [Del77, Sommes. trig., 7.1.3], this sum is bounded by 3p3. So the theorem holds for
this case.

For r > 1, we apply the stationary phase method. Let f(x, y) = m1y
x + n1x+ m2

y . Consider the
sum

S =
∑

x,y∈(Z/prZ)×

e

(
f(x, y)

pr

)
= p−2r Klp

(
nsβsα,r,3r, ψ, ψ

′) .
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Let j ≥ 1 be such that 2j ≤ r. Define as in (3.27)

D
(
Z/pjZ

)
=
{

(x, y) ∈
(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣ ∇f(x, y) ≡ 0 (mod pj)
}

=

{
(x, y) ∈

(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣∣ m1y ≡ n1x
2 (mod pj),

m1y
2 ≡ m2x (mod pj)

}
.

We have
∣∣D(Z/pjZ)

∣∣ ≤ 3. The Hessian Hx,y is invertible unless p = 3. So we conclude from
Theorem 3.8 that ∣∣Klp(nsβsα,r,3r, ψ, ψ

′)
∣∣� p3r.

This finishes the proof of the theorem.

Theorem 3.11. Let 0 ≤ s ≤ 2r be integers, and ψ = ψm1,m2 , ψ′ = ψn1,n2 characters of
U(Qp)/U(Zp). Then

∣∣Klp
(
nsαsβsα,r,s, ψ, ψ

′)∣∣�

p
r
3

+ 2s
3

+ 2
3

min{vp(m1)+s,vp(n1)+r}+ 1
3
vp(m2) if s ≤ r,

pr+min{vp(m2),r+vp(n1)} + pr+min{ s2+vp(m1),r− s
2

+vp(n1)} if r < s < 2r,

pr+min{vp(m2),r+vp(n1)} if s = 2r.

Proof. We make use of the stratification of Kloosterman sums in Section 3.2. For w = sαsβsα,
we have ∆w = {α}. Hence, for ` ∈ N, we have

Aw(`) = (Z/p`Z)2 × (Z/p`Z).

Let t = diag
(
a1, a2, ca

−1
1 , ca−1

2

)
∈ T . Then s := n−1tn = diag

(
ca−1

1 , a2, a1, ca
−1
2

)
. We compute

κ′1(t ∗ x) = ca−1
1 a−1

2 κ′1(x).

So

Vw(`) =

{
λ× λ′ ∈ Aw(`)

∣∣∣∣ λ1, λ2, λ
′
1 ∈ (Z/p`Z)×,

λ1λ2λ
′
1 = 1

}
.

Let θ : Aw(`)→ C× be a character given by

θ(λ× λ′) = e

(
n1λ1 + n2λ2

p`

)
e

(
n′1λ

′
1

p`

)
for n1, n2, n

′
1 ∈ Z, then

Sw(θ, `) =
∑

λ2∈(Z/p`Z)×

e

(
n2λ2

p`

)
S(n1λ2, n

′
1; p`). (3.28)

Let n = nsαsβsα,r,s. In terms of Plücker coordinates (see Section 2.2.4), this says v1 = pr and
v14 = ps. Suppose xv3a,b ∈ X(n) has coordinates

(v1, v2, v3, v4; v14) = (pr, pr−a, v3, p
r−b; ps).

Let δ′ = (pr−a, pav3 + pr−b). Then v14 = pr+a/δ′. This says s − r ≤ a ≤ s/2, b ≤ r, and
δ′ = pr+a−s. From Bruhat decomposition, we have

u′
(
xv3a,b

)
=


1 p−a v3p

−r p−b

1 p−b

1
−p−a 1

 (mod U(Zp)).
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Let Xv3
a,b(n) = T ∗ xv3a,b, and define

Sv3a,b
(
n, ψ, ψ′

)
=

∑
x∈Xv3

a,b(n)

ψ (u(x))ψ′
(
u′(x)

)
.

We also set
Xa,b(n) =

⋃
v3 (mod pr)

(pr−a,pav3+pr−b)=pr+a−s

Xv3
a,b(n),

and
Sa,b

(
n, ψ, ψ′

)
=

∑
x∈Xa,b(n)

ψ (u(x))ψ′
(
u′(x)

)
.

It is easy to see that
X (n) =

∐
s−r≤a≤s/2

0≤b≤r

Xa,b(n).

As r ≥ s/2 ≥ a, r ≥ b, we see that u(x), u′(x) have entries in p−2rZp/Zp for all x ∈ X(n). Let
Sa,b be a finite subset of Zp such that

Xa,b(n) =
∐

v3∈Sa,b

Xv3
a,b(n).

By Theorem 3.7, we have

Sa,b
(
n, ψ, ψ′

)
= p−4r

(
1− p−1

)−2 ∑
v3∈Sa,b

∣∣∣Xv3
a,b(n)

∣∣∣Sw (θv3a,b; 2r
)
,

where
θv3a,b

(
λ× λ′

)
= e

(
m2uλ2

ps

)
e

(
m1v̂2λ1 + n1p

r−aλ′1
pr

)
,

with v̂2 and u given as in (3.6) and (3.7). By (3.28), we have

Sw

(
θv3a,b; 2r

)
=

∑
x,y∈(Z/p2rZ)×

e

(
m2ux

ps

)
e

(
m1v̂2xy + n1p

r−ay

pr

)
, (3.29)

and we easily deduce that ∑
v3∈Sa,b

∣∣∣Xv3
a,b(n)

∣∣∣ ≤ |Sa,b| pa+b ≤ pr+a+b. (3.30)

We estimate the size of Sw
(
θv3a,b; 2r

)
below. We start by computing vp(v̂2) and vp(u). From

(3.6), it is clear that vp(v̂2) = s − a. Now we consider vp(u). If a 6= s/2, then we have (after
putting v′2 = v′2 = 1)

u = pa+r−s (−pav3 + v4) + V ′v2
3p

2a

= pa+r−s (pav3 + v4)− 2v3p
2a+r−s + V ′v2

3p
2a

= p2a+2r−2sV ′ − 2v3p
2a+r−s + V ′v2

3p
2a

= p2aV ′
(
p2r−2sV ′2 − 2pr−sv3V

′ + v2
3

)
= p2aV ′

(
pr−sV ′ − v3

)2
= p2aV ′

(
p−av4

)2
= v2

4V
′.
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So vp(u) = 2 (r − b). If a = s/2, then (again we set v′2 = v′2 = 1)

u =− v3p
2a+r−s + v4p

a+r−s = pa+r−s (2v4 − (pav3 + v4)) . (3.31)

These expressions will be useful in computing vp(u), when more conditions are given.

Case I: Suppose s < r. We deduce from (3.6) that vp(v3) = 0, vp(v4) = a, so only terms with
r = a + b contribute. When a 6= s/2, we have vp(u) = 2 (r − b) = 2a. When a = s/2, we can
still take vp(u) = s = 2a. So vp(u) = 2a always holds.

(i) Suppose a ≤ 2s−r
3 . Write u = p2au′. Let

t = min {vp(m2), vp(m1) + 2s− r − 3a, vp(n1) + s− 3a} ,

and

f(x, y) = p−t
(
m2u

′y +
m1v̂2p

s−r−2ax

y
+
n1p

s−3a

x

)
= m′2y +

m′1x

y
+
n′1
x
,

where m′1 = m1v̂2p
s−r−2a−t, m′2 = m2u

′p−t, n′1 = n1p
s−3a−t. Consider the sum

S =
∑

x,y∈(Z/ps−2a−tZ)×

e

(
f(x, y)

ps−2a−t

)
= p2s−4a−4r−2tSw

(
θv3a,b; 2r

)
.

When s− 2a− t > 1, let j ≥ 1 be such that 2j ≤ s− 2a− t. Define as in (3.27)

D
(
Z/pjZ

)
=
{

(x, y) ∈
(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣ ∇f(x, y) ≡ 0 (mod pj)
}

=

{
(x, y) ∈

(
Z/pjZ

)× × (Z/pjZ)× ∣∣∣∣ m′1x
2 ≡ n′1y (mod pj),

m′2y
2 ≡ m′1x (mod pj)

}
.

Note that at least one ofm′1,m′2 and n′1 is not divisible by p. It then follows thatD
(
Z/pjZ

)
is empty unless vp(m2) = vp(m1) + 2s − r − 3a = vp(n1) + s − 3a. Then this reduces to
the situation seen in the proof of Theorem 3.10, and we obtain a bound∣∣∣Sw (θv3a,b; 2r

)∣∣∣� p4r+2a−s+t. (3.32)

Now suppose s−2a− t = 1. If p - m′1m′2n′1, then it again follows by the theorem of Deligne
[Del77, Sommes. trig., 7.1.3] that S � p. When p divides some (but not all) of m′1, m′2,
n′1, then the sum reduces to a Ramanujan sum, and is easily evaluated that S � p as well.
So the bound (3.32) also holds for this case.

The bounds for Sw
(
θv3a,b; 2r

)
in other cases are obtained analogously, and we shall omit

the repetitive computations thereafter.

(ii) Suppose a > 2s−r
3 . Write v̂2 = ps−av̂′2. Let

t = min {vp(m2) + r + 3a− 2s, vp(m1), vp(n1) + r − s} ,

and
f(x, y) = p−t

(
m2up

r+a−2sy +
m1v̂

′
2x

y
+
n1p

r−s

x

)
= m′2y +

m′1x

y
+
n′1
x
,

where m′1v̂′2p−t, m′2 = m2up
r+a−2s−t, n′1 = n1p

r−s−t. Then we have

S =
∑

x,y∈(Z/pr+a−s−tZ)×

e

(
f(x, y)

pr+a−s−t

)
= p2a−2r−2s−2tSw

(
θv3a,b; 2r

)
.

Then we obtain analogously ∣∣∣Sw (θv3a,b; 2r
)∣∣∣� p3r−a+s+t.
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Recall that we have δ′ = (pr−a, pa (v3 + 1)) = pr+a−s. A necessary condition for this to hold is
that pr−s | v3 + 1. So |Sa,b| ≤ ps. So, from (3.30) we actually have∑

v3∈Sa,b

∣∣∣Xv3
a,b(n)

∣∣∣ ≤ ps+a+b.

Hence ∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
0≤a≤s/2
b=r−a

∣∣Sa,b (n, ψ, ψ′)∣∣
�

∑
0≤a≤s/2
b=r−a

p−4rps+a+bSw

(
θv3a,b; 2r

)

�
∑

0≤a≤s/2

min
{
pr+2a+vp(m2), ps−a+min{s+vp(m1),r+vp(n1)}

}
� p

r
3

+ 2s
3

+ 2
3

min{vp(m1)+s,vp(n1)+r}+ 1
3
vp(m2).

Case II: Suppose s = r. We deduce from (3.6) that when a 6= 0, then vp(v3) = 0, vp(v4) ≥ a. So,
only terms with r ≥ a+ b contribute. When a 6= s/2, we have vp(u) = 2 (r − b). When a = s/2,
we can still take vp(u) = s = 2 (r − b). So vp(u) = 2 (r − b) always holds. We compute∣∣∣Sw (θv3a,b; 2r

)∣∣∣� p2r min
{
p3r−2b+vp(m2), p2r−a+min{vp(m1),vp(n1)}

}
.

Hence∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
0≤a≤r/2
b≤r−a

∣∣Sa,b (n, ψ, ψ′)∣∣
�

∑
0≤a≤s/2
b≤r−a

p−4rpr+a+b
(
p2r min

{
p3r−2b+vp(m2), p2r−a+min{vp(m1),vp(n1)}

})

�
∑

0≤a≤s/2
b≤r−a

p−r+a+b min
{
p3r−2b+vp(m2), p2r−a+min{vp(m1),vp(n1)}

}

� p
5r
3

+ 2
3

min{vp(m1),vp(n1)}+ 1
3
vp(m2).

Case III: 2r > s > r. We consider the following subcases:

(a) Suppose a = s−r. Then the condition
(
pr−a, pav3 + pr−b

)
= 1 implies b = r. So vp(u) = 0.

We deduce from (3.6) that v̂2 = 0. So∣∣∣Sw (θv3a,b; 2r
)∣∣∣� p3r−s min

{
pr+vp(m2), p2r+vp(n1)

}
.

(b) Suppose s − r < a < s/2. Then we deduce from (3.6) that vp(v3) = 0, vp(v4) ≥ a. So
a + b ≤ r. Meanwhile, as r + a − s < a, the condition

(
pr−a, pav3 + pr−b

)
= pr+a−s says

r− b = r+ a− s, which implies a+ b = s > r, a contradiction. So there is no contribution
from this case.

(c) Suppose a = s/2. Again, we deduce from (3.6) that vp(v3) = 0, vp(v4) ≥ a. So, only terms
with r ≥ a+ b contribute. In this case, we do not have a good bound for vp(u). So∣∣∣Sw (θv3a,b; 2r

)∣∣∣� p3r+min{ s2+vp(m1),r− s
2

+vp(n1)}.
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Hence ∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
s−r≤a≤s/2
b≤r−a

∣∣Sa,b (n, ψ, ψ′)∣∣
�

∑
a=s−r
b=r

p−4rpr+a+b
(
p3r−s min

{
pr+vp(m2), p2r+vp(n1)

})
+

∑
a=s/2
b≤r−s/2

p−4rpr+a+b
(
p3r+min{ s2+vp(m1),r− s

2
+vp(n1)}

)

� pr+min{vp(m2),r+vp(n1)} + pr+min{ s2+vp(m1),r− s
2

+vp(n1)}.

Case IV: s = 2r. In this case, we have a = r, and v3, v4 = pr−b is arbitrary. We deduce from
(3.6) that v̂2 = 0. We consider the following subcases:

(a) Suppose b = 0. We may assume v4 = 0. Then vp(u) = r + vp(v3). We compute∣∣∣Sw (θv3a,b; 2r
)∣∣∣� pr min

{
p2r+vp(v3)+vp(m2), p2r+vp(n1)

}
.

Fix c ≤ r. Then
|{v3 ∈ Sa,b | vp(v3) = c}| ≤ pr−c.

(b) Suppose b > 0. Then vp(u) = r − b. We compute∣∣∣Sw (θv3a,b; 2r
)∣∣∣� pr min

{
p2r−b+vp(m2), p2r+vp(n1)

}
.

Hence ∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
a=r/2
b≤r

∣∣Sa,b (n, ψ, ψ′)∣∣
�

∑
a=r/2
b=0
c≤r

p−4rpr−c+a+b
(
pr min

{
p2r+c+vp(m2), p2r+vp(n1)

})

+
∑
a=r/2
b>0

p−4rpr+a+b
(
pr min

{
p2r−b+vp(m2), p2r+vp(n1)

})
� pr+min{vp(m2),r+vp(n1)}.

This finishes the proof of the theorem.

Theorem 3.12. Let 0 ≤ r ≤ s be integers, and ψ = ψm1,m2 , ψ′ = ψn1,n2 characters of
U(Qp)/U(Zp). Then

∣∣Klp
(
nsβsαsβ ,r,s, ψ, ψ

′)∣∣�

p
s
2

+ r
2

+ 1
2
vp(m1)+ 1

2
min{2r+vp(m2),s+vp(n2)} if r ≤ s/2,

ps−
r
2

+ 1
2
vp(m1)+ 1

2
min{2r+vp(m2),s+vp(n2)} if s/2 < r < s,

ps+min{vp(m1),vp(n2)}. if r = s.

Proof. We make use of the stratification of Kloosterman sums in Section 3.2. For w = sβsαsβ ,
we have ∆w = {β}. Hence, for ` ∈ N, we have

Aw (`) =
(
Z/p`Z

)2
×
(
Z/p`Z

)
.
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Let t = diag
(
a1, a2, ca

−1
1 , ca−1

2

)
∈ T . Then s = n−1tn = diag

(
ca−1

2 , ca−1
1 , a2, a1

)
. We compute

κ′2(t ∗ x) = ca−2
1 κ′2(x).

So

Vw(`) =

{
λ× λ′ ∈ Aw(`)

∣∣∣∣ λ1, λ2, λ
′
2 ∈

(
Z/p`Z

)×
,

λ2
1λ2λ

′
2 = 1

}
.

Let θ : Aw(`)→ C× be a character given by

θ
(
λ× λ′

)
= e

(
n1λ1 + n2λ2

p`

)
e

(
n′2λ

′
2

p`

)
for n1, n2, n

′
2 ∈ Z, then

Sw (θ, `) =
∑

λ1∈(Z/p`Z)
×

e

(
n1λ1

p`

)
S
(
n2λ

−2
1 , n′2; p`

)
. (3.33)

Let n = nsβsαsβ ,r,s. In terms of Plücker coordinates (see Section 2.2.4), this says v2 = pr, and
v12 = ps. Suppose xv23a,b ∈ X(n) has coordinates

(v12, v13, v14, v23) =
(
ps, ps−a, ps−b, v23

)
.

The condition (v12, v14) | v2
13 says s−b ≤ 2 (s− a), that is, 2a−b ≤ s. We also have max {a, b} =

r. From Bruhat decomposition, we have

u′
(
xv23a,b

)
=


1 −v23p

−s p−a

1 p−a p−b

1
1

 (mod U (Zp)).

Let Xv23
a,b (n) = T ∗ xv23a,b , and define

Sv23a,b

(
n, ψ, ψ′

)
=

∑
x∈Xv23

a,b (n)

ψ (u(x))ψ′
(
u′(x)

)
.

We also set
Xa,b(n) =

∐
v23 (mod ps)

(ps−r,v23,p−bv23−ps−2a)=1

Xv23
a,b (n),

and
Sa,b

(
n, ψ, ψ′

)
=

∑
x∈Xa,b(n)

ψ (u(x))ψ′
(
u′(x)

)
.

It is easy to see that
X(n) =

∐
0≤a,b≤r

max{a,b}=r
2a−b≤s

Xa,b(n).

It is clear that u(x), u′(x) have entries in p−sZp/Zp for all x ∈ X(n). Let Sa,b be a finite subset
of Zp such that

Xa,b(n) =
∐

v23∈Sa,b

Xv23
a,b (n).
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By Theorem 3.7, we have

Sa,b
(
n, ψ, ψ′

)
= p−2s

(
1− p−1

)−2 ∑
v23∈Sa,b

∣∣∣Xv23
a,b (n)

∣∣∣Sw (θv23a,b ; s
)
,

where

θv23a,b

(
λ× λ′

)
= e

(
m1uλ1

pr

)
e

(
m2v̂14λ2 + n2p

s−bλ′2
ps

)
.

with v̂14 and u given as in (3.13) and (3.14). By (3.33), we have

Sw

(
θv23a,b ; s

)
=

∑
x,y∈(Z/psZ)×

e

(
m1ux

pr

)
e

(
m2v̂14x

2y + n2p
s−by

ps

)
, (3.34)

and we easily deduce that ∑
v23∈Sa,b

∣∣∣Xv23
a,b (n)

∣∣∣ ≤ |Sa,b| pa+b ≤ ps+a. (3.35)

We estimate the size of Sw
(
θv23a,b ; s

)
. We start by computing vp(v̂14) and vp(u) in (3.34). From

(3.13), we see that

upr−a ≡ v23 (mod pr), upr−b ≡ −ps−a (mod pr). (3.36)

So, if a = r, then u ≡ v23 (mod pr), and if b = r, then u ≡ −ps−a (mod pr). (Recall that
max {a, b} = r.) Also, we know that

v23 = −ps−2a+b + βpb (3.37)

for some β ∈ Z such that
(
β, ps−2r+b

)
= 1 (see Section 2.2.4). Meanwhile, from (3.14), we see

that unless r = s, we have vp (v̂14) = 2r − b.

Case I: Suppose r < s/2. We deduce from (3.37) that vp(v23) = b. From (3.36), we deduce
a ≥ b. So we actually have a = r, and then vp(u) = b.

(i) Suppose b ≤ 3r−s
2 . Write u = pbu′. Let

t = min {vp(m1), vp(m2) + 3r − 2b− s, vp(n2) + r − 2b}

and

f(x, y) = p−t
(
m1u

′

x
+
m2v̂14p

r−b−sx2

y
+ n2p

r−2by

)
=
m′1
x

+
m′2x

2

y
+ n′2y,

where m′1 = m1u
′p−t, m′2 = m2v̂14p

r−b−s−t, n′2 = n2p
r−2b−t. Consider the sum

S =
∑

x,y∈(Z/pr−b−tZ)×

e

(
f(x, y)

pr−b−t

)
= p2r−2s−2b−2tSw

(
θv23a,b ; s

)
.

When r − b− t > 1, let j ≥ 1 be such that 2j ≤ r − b− t. Define as in (3.27)

D(Z/pjZ) =
{

(x, y) ∈ (Z/pjZ)× × (Z/pjZ)×
∣∣ ∇f(x, y) ≡ 0 (mod pj)

}
=

{
(x, y) ∈ (Z/pjZ)× × (Z/pjZ)×

∣∣∣∣ 2m′2x
3 ≡ m′1y (mod pj)

m′2x
2 ≡ n′2y2 (mod pj)

}
.
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Note that at least one of m′1, m′2 and n′2 is not divisible by p. It then follows that when p
is odd, D(Z/pjZ) is empty unless vp(m1) = vp(m2) + 3r− 2b− s = vp(n2) + r− 2b. Then
this reduces to the situation seen in the proof of Theorem 3.9 (see the case r = 2s). When
p = 2, D(Z/pjZ) is empty unless vp(m1) − 1 = vp(m2) + 3r − 2b − s = vp(n2) + r − 2b.
This is also dealt with in the proof of Theorem 3.9 (see the case r = 2s − 1). In either
case, we obtain a bound ∣∣∣Sw (θv23a,b ; s

)∣∣∣� p2s−r+b+t. (3.38)

Now suppose r− b− t = 1. If p - m′1m′2n′2, then it again follows from the argument in the
proof of Theorem 3.9 that |S| � p. When p divides some (but not all) of m′1,m′2, n′2, then
the sum reduces to Gauß sums or Ramanujan sums, and is easily evaluated that |S| � p
as well. So the bound (3.38) also holds for this case.

The bounds for Sw
(
θv23a,b ; s

)
in other cases are obtained analogously, and we shall omit the

repetitive computations thereafter.

(ii) Suppose b > 3r−s
2 . Write v̂14 = p2r−bv̂′14. Let

t = min {vp(m1) + s+ 2b− 3r, vp(m2), vp(n2) + s− 2r} ,

and

f(x, y) = p−t
(
m1up

s+b−3r

x
+
m2v̂

′
14x

2

y
+ n2p

s−2ry

)
=
m′1
x

+
m′2x

2

y
+ n′2y,

where m′1 = m1up
s+b−3r−t, m′2 = m2v̂

′
14p
−t, n′2 = n2p

s−2r−t. Then we have

S =
∑

x,y∈(Z/ps+b−2r−tZ)×

e

(
f(x, y)

ps+b−2r−t

)
= p2b−4r−2tSw

(
θv23a,b ; s

)
.

Then we obtain analogously ∣∣∣Sw (θv23a,b ; s
)∣∣∣� ps+2r−b+t.

Hence∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
a=r

0≤b≤r

∣∣Sa,b (n, ψ, ψ′)∣∣
�

∑
a=r

0≤b≤r

p−2sps+a
∣∣∣Sw (θv23a,b ; s

)∣∣∣
�

∑
a=r

0≤b≤r

p−2sps+a
(
ps−r min

{
ps+b+vp(m1), pr−b+min{2r+vp(m2),s+vp(n2)}

})
� p

s
2

+ r
2

+ 1
2

min{2r+vp(m2),s+vp(n2)}+ 1
2
vp(m1).

Case II: Suppose r = s/2. We consider the following subcases:

(a) Suppose b = r. From (3.36), we may assume u = 0. We compute∣∣∣Sw (θv23a,b ; s
)∣∣∣� p

3s
2

+min{vp(m2),vp(n2)}.
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(b) Suppose b < r. Then a = r. From (3.37), we see that v23 = (β − 1) pb for some β ∈ Z
such that

(
β, pb

)
= 1. So vp(v23) ≥ b. And from (3.36), we deduce that vp(u) = vp(v23).

We compute∣∣∣Sw (θv23a,b ; s
)∣∣∣� ps/2 min

{
ps+vp(v23)+vp(m1), p

3s
2
−b+min{vp(m2),vp(n2)}

}
.

Fix c ≥ b. Then
|{v23 ∈ Sa,b | vp(v23) = c}| ≤ ps−c.

Hence∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
a,b≤r

max{a,b}=r

∣∣Sa,b (n, ψ, ψ′)∣∣
�
∑
b=r
a≤r

p−2sps+a
(
p

3s
2

+min{vp(m2),vp(n2)}
)

+
∑
a=r
b<r
b≤c≤r

p−2sps−c+a+b
(
ps/2 min

{
ps+vp(v23)+vp(m1), p

3s
2
−b+min{vp(m2),vp(n2)}

})

� p
5s
4

+ 1
2
vp(m1)+ 1

2
min{vp(m2),vp(n2)}.

Case III: Suppose s > r > s/2. We consider the following subcases:

(a) Suppose b = r. Then vp(u) = s− a, and vp(v̂14) = r. We compute∣∣∣Sw (θv23a,b ; s
)∣∣∣� ps−r min

{
p2s−a+vp(m1), pr+min{r+vp(m2)},s−r+vp(n2)

}
.

(b) Suppose b < r. Then a = r. Then from (3.37) we deduce that vp(v23) = ps−2r+b, and
hence vp(u) = ps−2r+b. We compute∣∣∣Sw (θv23a,b ; s

)∣∣∣� ps−r min
{
p2s−2r+b+vp(m1), pr−b+min{2r+vp(m2),s+vp(n2)}

}
.

Hence∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
a,b≤r

max{a,b}=r
2a−b≤s

∣∣Sa,b (n, ψ, ψ′)∣∣

�
∑
b=r
a≤r

p−2sps+a
(
ps−r min

{
p2s−a+vp(m1), pr+min{r+vp(m2)},s−r+vp(n2)

})

+
∑
a=r

2r−s≤b<r

p−2sps+a
(
ps−r min

{
p2s−2r+b+vp(m1), pr−b+min{2r+vp(m2),s+vp(n2)}

})
� ps−

r
2

+ 1
2
vp(m1)+ 1

2
min{2r+vp(m2),s+vp(n2)}.

Case IV: r = s. In this case we only have to consider terms with b = r. Indeed, if b < r, then
a = r, and then by (3.36), we see that upr−b ≡ −1 (mod pr), which says b = r, a contradiction.
When b = r, we have vp(u) = s− a, and from (3.14) we may assume v̂14 = 0. We compute

Sw

(
θv23a,b ; s

)
� min

{
p2s−a+vp(m1), ps+vp(n2)

}
.
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Hence ∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤ ∑
b=s
a≤s

∣∣Sa,b (n, ψ, ψ′)∣∣
�
∑
b=s
a≤s

p−2sps+a
(

min
{
p2s−a+vp(m1), ps+vp(n2)

})
� ps+min{vp(m1),vp(n2)}.

This finishes the proof of the theorem.

Theorem 3.13. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 be characters of U(Qp)/U(Zp). Then∣∣Klp
(
nw0,r,s, ψ, ψ

′)∣∣� (
|m1m2|−1

p , |n1n2|−1
p

)1/2
(s+ 1) p

r
2

+ 3s
4

+ 1
2

min{r,s}.

Proof. We make use of the stratification of Kloosterman sums in Section 3.2. For w = w0, we
have ∆w0 = ∆. Hence, for ` ∈ N, we have

Aw0(`) =
(
Z/p`Z

)2
×
(
Z/p`Z

)2
.

Let t = diag
(
a1, a2, ca

−1
1 , ca−1

2

)
∈ T . Then s = n−1tn = diag

(
ca−1

1 , ca−1
2 , a1, a2

)
. We compute

κ′1(t ∗ x) = a2a
−1
1 κ′1(x), κ′2(t ∗ x) = ca−2

2 κ′2(x).

So
Vw0(`) =

{
λ× λ′ ∈ Aw0(`)

∣∣ λ1λ
′
1 = 1, λ2λ

′
2 = 1

}
.

Let θ : Aw0(`)→ C× be a character given by

θ
(
λ× λ′

)
=

2∏
i=1

e

(
niλi
p`

) 2∏
i=1

e

(
n′iλ
′
i

p`

)
for n1, n2, n

′
1, n
′
2 ∈ Z, then

Sw0 (θ; `) = S
(
n1, n

′
1; p`

)
S
(
n2, n

′
2; p`

)
. (3.39)

Let n = nw0,r,s. In terms of Plücker coordinates (see Section 2.2.4), this says v1 = pr, and
v12 = ps. Suppose xv3,v4,v13a,b ∈ X(n) has coordinates

(v1, v2, v3, v4; v12, v13, v14) =
(
pr, pr−a, v3, v4; ps, v13, p

s−b
)
.

Note that this also says r ≥ a, s ≥ b. From Bruhat decomposition, we have

u′
(
xv3,v4,v13a,b

)
=


1 p−a v3p

−r v4p
−r

1 v13p
−s p−b

1
−p−a 1

 (mod U (Zp)).

Let Xv3,v4,v13
a,b (n) = T ∗ xv3,v4,v13a,b , and define

Sv3,v4,v13a,b

(
n, ψ, ψ′

)
=

∑
x∈Xv3,v4,v13

a,b (n)

ψ (u(x))ψ′
(
u′(x)

)
.
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We also set
Xa,b(n) =

⋃
v3,v4(mod pr)
v13(mod ps)
conditions

Xv3,v4,v13
a,b (n),

and
Sa,b

(
n, ψ, ψ′

)
=

∑
x∈Xa,b(n)

ψ (u(x))ψ′
(
u′(x)

)
.

It is easy to see that
X(n) =

∐
0≤a≤r
0≤b≤s

Xa,b(n).

Now we consider cases r ≥ s and r < s separately.

(i) Suppose r > s. As r ≥ a, r ≥ s ≥ b, we see that u(x), u′(x) have entries in p−rZp/Zp for
all x ∈ X(n). Let Sa,b be a finite subset of Z3

p such that

Xa,b(n) =
∐

(v3,v4,v13)∈Sa,b

Xv3,v4,v13
a,b (n).

By Theorem 3.7, we have

Sa,b
(
n, ψ, ψ′

)
= p−2r

(
1− p−1

)−2 ∑
(v3,v4,v13)∈Sa,b

∣∣∣Xv3,v4,v13
a,b (n)

∣∣∣Sw0

(
θv3,v4,v13a,b ; r

)
,

where

θv3,v4,v13a,b

(
λ× λ′

)
= e

(
m1v̂2λ1 + n1p

r−aλ′1
pr

)
e

(
m2v̂14 + n2p

s−b

ps

)
.

By (3.39), we have

Sw0

(
θv3,v4,v13a,b ; r

)
= S

(
m1v̂2, n1p̂

r−a; pr
)
S
(
m2v̂14p

r−s, n2p
r−b; pr

)
.

And we obtain a bound by applying (3.25):∣∣∣Sw0

(
θv3,v4,v13a,b ; r

)∣∣∣ ≤ 4pr
(

gcd
(
m1v̂2, n1p

r−a, pr
)

gcd
(
m2v̂14p

r−s, n2p
r−b, pr

))1/2
.

(ii) Suppose s ≥ r. Then u(x), u′(x) has entries in p−sZp/Zp for all x ∈ X(n). Again, by
Theorem 3.7 we have

Sa,b
(
n, ψ, ψ′

)
= p−2s

(
1− p−1

)−2 ∑
(v3,v4,v13)∈Sa,b

∣∣∣Xv3,v4,v13
a,b (n)

∣∣∣Sw0

(
θv3,v4,v13a,b ; s

)
,

where

θv3,v4,v13a,b

(
λ× λ′

)
= e

(
(m1v̂2p

s−r)λ1 + (m2v̂14)λ2 + (n1p
s−a)λ′1 +

(
n2p

s−b)λ′2
ps

)
.

By (3.39), we have

Sw0

(
θv3,v4,v13a,b ; s

)
= S

(
m1v̂2p

s−r, n1p
s−a; ps

)
S
(
m2v̂14, n2p

s−b; ps
)
.

Applying (3.25) gives∣∣∣Sw0

(
θv3,v4,v13a,b ; s

)∣∣∣ ≤ 4ps
(

gcd
(
m1v̂2p

s−r, n1p
s−a, ps

)
, gcd

(
m2v̂14, n2p

s−b, ps
))1/2

.
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Now we give a bound to the size of Klp (n, ψ, ψ′). To ease computations, we consider a relaxed
bound by ignoring v̂2 and v̂14.

Suppose r > s. Then the bound says∣∣∣Sw0

(
θv3,v4,v13a,b ; r

)∣∣∣ ≤ 4pr
(

gcd
(
m1v̂2, n1p

r−a, pr
)

gcd
(
m2v̂14p

r−s, n2p
r−b, pr

))1/2

≤ 4pr
(
|n1n2|−1

p p2r−a−b
)1/2

= 4p2r−a+b
2 |n1n2|−1/2

p .

Note that ∑
(v3,v4,v13)∈Sa,b

∣∣∣Xv3,v4,v13
a,b (n)

∣∣∣ ≤ |Sa,b| pa+b.

Hence ∣∣Klp
(
n, ψ, ψ′

)∣∣ ≤∑
a≤r
b≤s

∣∣Sa,b (n, ψ, ψ′)∣∣
≤
∑
a≤r
b≤s

p−2r
(
1− p−1

)−2
4 |n1n2|−1/2

p |Sa,b| p2r+a+b
2

� |n1n2|−1/2
p

∑
a≤r
b≤s

|Sa,b| p
a+b
2 .

So it suffices to give an upper bound to |Sa,b|. Such bounds were computed in Section 2.4. Note
that we require r ≥ a+ b in order to have Sa,b nonempty.

Case I: Suppose s− r + a ≥ 0.

(a) If s− 2r + 2a+ b ≥ 0, then |Sa,b| ≤ pr+s−a−b.

(b) If s− 2r + 2a+ b < 0, then |Sa,b| ≤ p2s−b−d s−b
2
e ≤ p3s/2−b/2.

Case II: Suppose s− r + a < 0. Then |Sa,b| ≤ p2s−b−d s−b
2
e ≤ p3s/2−b/2.

Combining the cases, we obtain∑
a≤r
b≤s

|Sa,b| p
a+b
2 ≤

∑
r−s≤a≤r

2r−2a−s≤b≤r−a

pr+s−
a
2
− b

2 +
∑

r−s≤a≤r
b<2r−2a−s

p
3s
2

+a
2 +

∑
a<r−s
b≤s

p
3s
2

+a
2

� (s+ 1) p
r
2

+ 5s
4 .

Hence, we have for r > s ∣∣Klp
(
n, ψ, ψ′

)∣∣� |n1n2|−1/2
p (s+ 1) p

r
2

+ 5s
4 . (3.40)

For r ≤ s, applying the same argument gives∣∣Klp
(
n, ψ, ψ′

)∣∣� |n1n2|−1/2
p (s− r + 1) pr+

3s
4 . (3.41)

Combining (3.40) and (3.41), we get∣∣Klp
(
n, ψ, ψ′

)∣∣� |n1n2|−1/2
p (s+ 1) p

r
2

+ 3s
4

+ 1
2

min{r,s}. (3.42)

By Proposition 3.2, we can swap the characters, so∣∣Klp
(
n, ψ, ψ′

)∣∣� |m1m2|−1/2
p (s+ 1) p

r
2

+ 3s
4

+ 1
2

min{r,s} (3.43)

as well. Combining (3.42) and (3.43) yields the theorem.
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3.4 Bounds for global Kloosterman sums

By combining the bounds for local Kloosterman sums Klp(nw,r,s, ψ, ψ
′), we obtain bounds for

global Kloosterman sums. For w ∈W , let

nw(c1, c2) =


1/c1

c1/c2

c1

c2/c1

w ∈ N(Q).

For c1 = pr, c2 = ps, then we have nw(c1, c2) = nw,r,s. Again we fix ψ = ψm1,m2 , ψ′ = ψn1,n2 , as
characters of U(Q)/U(Z).

We recall that Klp(nid, ψ, ψ) = 1 is trivial, so Kl(nid(1, 1), ψ, ψ′) = 1. Meanwhile,

Klp(nsα,r, ψ, ψ
′) = S(m1, n1; pr),

Klp(nsβ ,s, ψ, ψ
′) = S(m2, n2; ps)

are just classical Kloosterman sums. So it follows from the global bounds for classical Klooster-
man sums that ∣∣Klp

(
nsα(c1, 1), ψ, ψ′

)∣∣�ε (m1, n1, c1)1/2c
1/2+ε
1 ,∣∣Klp

(
nsβ (1, c2), ψ, ψ′

)∣∣�ε (m2, n2, c2)1/2c
1/2+ε
2 .

For w = sαsβ and sβsα, the global bounds are easily derived from the local bounds, given in
Theorems 3.9 and 3.10.

Theorem 3.14. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 be characters of U(Q)/U(Z). The Kloosterman
sum Kl

(
nsαsβ (c1, c2), ψ, ψ′

)
vanishes unless c2 | c1. When c2 | c1, we have∣∣Kl

(
nsαsβ (c1, c2), ψ, ψ′

)∣∣�ε

(
c2

2(m1, c1/c2), c1(m2, c2)1/2(n2, c2)1/2
)

(c1c2)ε

for every ε > 0.

Theorem 3.15. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 be characters of U(Q)/U(Z). The Kloosterman
sum Kl

(
nsβsα(c1, c2), ψ, ψ′

)
vanishes unless c2

1 | c2. When c2
1 | c2, we have∣∣Kl

(
nsβsα(c1, c2), ψ, ψ′

)∣∣�ε

(
c3

1(m2, c2/c
2
1), c2(m1, n1, c1)

)
(c1c2)ε

for every ε > 0.

For w = sαsβsα and sβsαsβ , the situation is more complicated, since the shapes of the local
bounds depend on the relative size of r, s. Therefore, in order to obtain a global bound, we have
to find an expression for the local bound that works for all values of r, s.

Theorem 3.16. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 be characters of U(Q)/U(Z). The Kloosterman
sum Kl

(
nsαsβsα(c1, c2), ψ, ψ′

)
vanishes unless c2 | c2

1. When c2 | c2
1, we have∣∣Kl

(
nsαsβsα(c1, c2), ψ, ψ′

)∣∣�ε (m1, n1, c1)(m2, c2)(c1, c2)(c1c2)1/3+ε

for every ε > 0.

Proof. For s ≤ r, we have∣∣Klp
(
nsαsβsα,r,s, ψ, ψ

′)∣∣� p
r
3

+ 4s
3

+ 2
3

min{vp(m1),vp(n1)}+ 1
3
vp(m2) ≤ p

4r
3

+ s
3

+ 2
3

min{vp(m1),vp(n1)}+ 1
3
vp(m2).
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For r < s < 2r, we have∣∣Klp
(
nsαsβsα,r,s, ψ, ψ

′)∣∣� pr+vp(m2) + pr+
s
2

+min{vp(m1),vp(n1)},

and we have inequalities

pr+vp(m2) + pr+
s
2

+min{vp(m1),vp(n1)} ≤ pr+vp(m2) + p
4r
3

+ s
3

+min{vp(m1),vp(n1)},

pr+vp(m2) + pr+
s
2

+min{vp(m1),vp(n1)} ≤ ps+vp(m2) + p
r
6

+ 4s
3

+min{vp(m1),vp(n1)}.

For s = 2r, we have

Klp
(
nsαsβsα,r,s, ψ, ψ

′)� pr+vp(m2) = p
s
2

+vp(m2).

So we can conclude for 0 ≤ s ≤ 2r that∣∣Klp
(
nsαsβsα,r,s, ψ, ψ

′)∣∣� pmin{ 4r
3

+ s
3
, r
3

+ 4s
3 }+vp(m2)+min{vp(m1),vp(n1)}.

Since we may assume from (3.29) that vp(m1), vp(n1) ≤ r, and vp(m2) ≤ s, we have∣∣Kl
(
nsαsβsα(c1, c2), ψ, ψ′

)∣∣�ε (m1, n1, c1)(m2, c2)(c1, c2)(c1c2)1/3+ε

for every ε > 0.

Theorem 3.17. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 be characters of U(Q)/U(Z). The Kloosterman
sum Kl

(
nsβsαsβ (c1, c2), ψ, ψ′

)
vanishes unless c1 | c2. When c1 | c2, we have∣∣Kl

(
nsβsαsβ (c1, c2), ψ, ψ′

)∣∣�ε (m1, c1)(m2, n2, c2)(c2
1, c2)c

−1/2
1 c

1/2
2 (c1c2)ε

for every ε > 0.

Proof. For r ≤ s/2, we have∣∣Klp
(
nsβsαsβ ,r,s, ψ, ψ

′)∣∣� p
3r
2

+ s
2

+ 1
2
vp(m1)+ 1

2
min{vp(m2),vp(n2)} ≤ p−

r
2

+ 3s
2

+ 1
2
vp(m1)+ 1

2
min{vp(m2),vp(n2)}.

For s/2 < r < s, we have∣∣Klp
(
nsβsαsβ ,r,s, ψ, ψ

′)∣∣� p−
r
2

+ 3s
2

+ 1
2
vp(m1)+ 1

2
min{vp(m2),vp(n2)} ≤ p

3r
2

+ s
2

+ 1
2
vp(m1)+ 1

2
min{vp(m2),vp(n2)}.

For s = r, we have∣∣Klp
(
nsβsαsβ ,r,s, ψ, ψ

′)∣∣� ps+min{vp(m1),vp(n2)} = pr+min{vp(m1),vp(n2)}.

So we can conclude for 0 ≤ r ≤ s that∣∣Klp
(
nsβsαsβ ,r,s, ψ, ψ

′)∣∣� pmin{ 3r
2

+ s
2
,− r

2
+ 3s

2 }+vp(m1)+ 1
2

min{vp(m2),vp(n2)}.

Since we may assume from (3.34) that vp(m1) ≤ r, and vp(m2), vp(n2) ≤ s, we have∣∣Kl
(
nsβsαsβ (c1, c2), ψ, ψ′

)∣∣�ε (m1, c1)(m2, n2, c2)(c2
1, c2)c

−1/2
1 c

1/2
2 (c1c2)ε

for every ε > 0.

Theorem 3.18. Let ψ = ψm1,m2 , ψ′ = ψn1,n2 be characters of U(Q)/U(Z). Then we have∣∣Kl
(
nw0(c1, c2), ψ, ψ′

)∣∣�ε (m1m2, n1n2, c1c2)1/2(c1, c2)1/2c
1/2
1 c

3/4
2 (c1c2)ε

for every ε > 0.

Proof. This follows immediately from the local bound given in Theorem 3.13, noting that s+1�
(ps)ε.
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3.5 Symplectic Poincaré series

We start by defining Poincaré series on Sp(2r). Let G = Sp(2r,R). Again, we denote by K the
standard maximal compact subgroup of G. Let F : T (R+)→ C be a smooth function with rapid
decay. Let ψ,ψ′ be characters of U(R) trivial on U(Z). For g = uy ∈ G/K, where u ∈ U(R),
y ∈ T (R+), we define Fψ(g) := ψ(u)F (y). The symplectic Poincaré series associated to F is
given by

Pψ(g) :=
∑

γ∈P0∩Γ\Γ

Fψ(γg),

where Γ = Sp(2r,Z), and P0 is the standard minimal parabolic subgroup of G. The ψ′-th Fourier
coefficient of Pψ(g) is given by

Pψ,ψ′(g) :=

∫
U(Z)\U(R)

Pψ(ug)ψ′(u)du.

The aim of this section is to compute the Fourier coefficients of symplectic Poincaré series, using
Kloosterman sums. However, for this purpose, it is more convenient to use a slightly different
definition for Kloosterman sums, denoted by Kl(n, ψ, ψ′). To motivate the alternative definition,
we start with the following proposition.

Proposition 3.19. [Fri87, Proposition 1.3] Let G = Sp (2r,Qp), n ∈ N (Qp), and x ∈ X(n),
with Bruhat decomposition x = b1nb2, with b1, b2 ∈ U (Qp). Let ψ,ψ′ be characters of U (Qp)
which are trivial on U (Zp). Then the quantity ψ (b1)ψ′ (b2) is well-defined as a function on
X(n) if ψ

(
nun−1

)
= ψ′ (u) for u ∈ Un (Qp).

Proof. Suppose ψ
(
nun−1

)
= ψ′ (u) for all u ∈ Un (Qp). Let x = b1nb2 = b′1nb

′
2 be two Bruhat

decompositions. This says b′1 = γb1 for some γ ∈ U(Zp), and b′2 = b2δ for some δ ∈ Un (Zp).
Then we have

U (Zp) b1nb2δ−1 = U (Zp) b1nb2,

which implies b2b′2
−1 = b2δ

−1b−1
2 ∈ Un (Qp). Now, from the equivalence of Bruhat decomposi-

tions, we deduce that

U (Zp)nb2b′2
−1
n−1Un (Zp) = U (Zp) b−1

1 b′1Un (Zp) ,

which implies ψ′
(
b2b
′
2
−1
)

= ψ
(
nb2b

′
2
−1n−1

)
= ψ

(
b−1
1 b′1

)
.

Now we give the definition for Kl(n, ψ, ψ′). Let n ∈ N (Qp), and ψp, ψ′p be characters of U (Qp)
which are trivial on U (Zp). We consider the sum∑

x∈X(n)
x=b1nb2

ψp (b1)ψ′p (b2) .

By Proposition 3.19, this sum is well-defined as a function in n ∈ N(Qp) if if ψp
(
nun−1

)
= ψ′p (u)

for u ∈ Un (Qp). Now we define

Klp(n, ψp, ψ
′
p) :=

∑
x∈X(n)
x=b1nb2

ψp (b1)ψ′p (b2) .

if this condition is satisfied, and we say the sum is well-defined. When this is not the case, we
set Klp(n, ψp, ψ

′
p) to be zero.
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For the global version, let n ∈ N (Q), and ψ =
∏
p
ψp, ψ′ =

∏
p
ψ′p be characters of U (A) which

are trivial on
∏
p
U (Zp). Then we define

Kl
(
n, ψ, ψ′

)
=
∏
p

Klp
(
n, ψp, ψ

′
p

)
.

Now we give a relation between Klp
(
n, ψp, ψ

′
p

)
, and the Kloosterman sum Klp

(
n, ψp, ψ

′
p

)
intro-

duced in Section 3.1.

Proposition 3.20. If Klp
(
n, ψp, ψ

′
p

)
is well-defined, then Klp

(
n, ψp, ψ

′
p

)
= Klp

(
n, ψp, ψ

′
p

)
.

Proof. Trivial.

Let G = Sp (4,Qp), and ψ = ψm1,m2 , ψ′ = ψn1,n2 . We make Proposition 3.19 explicit, and list
the conditions for Sp(4) Kloosterman sums Klp (nw,r,s, ψ, ψ

′) to be well-defined.

(i) If w = id, then Klp (nw,0,0, ψ, ψ
′) is well-defined if m1 = n1, m2 = n2;

(ii) if w = sα, then Klp (nw,r,0, ψ, ψ
′) is well-defined if m2 = n2 = 0;

(iii) if w = sβ , then Klp (nw,0,s, ψ, ψ
′) is well-defined if m1 = n1 = 0;

(iv) if w = sαsβ , then Klp (nw,r,s, ψ, ψ
′) is well-defined if m2 = n1 = 0;

(v) if w = sβsα, then Klp (nw,r,s, ψ, ψ
′) is well-defined if m1 = n2 = 0;

(vi) if w = sαsβsα, then Klp (nw,r,s, ψ, ψ
′) is well-defined if n2 = m2p

2r−2s;

(vii) if w = sβsαsβ , then Klp (nw,r,s, ψ, ψ
′) is well-defined if n1 = m1p

s−2r;

(viii) if w = w0, then Klp (nw,r,s, ψ, ψ
′) is always well-defined.

Remark. From the list above, we see that not all Kloosterman sums Klp (n, ψ, ψ′) correspond to
a well-defined sum Klp (n, ψ, ψ′).

The Fourier coefficients Pψ,ψ′(g) can be evaluated using the following theorem of Friedberg:

Theorem 3.21. [Fri87, Theorem A] The Fourier coefficient Pψ,ψ′(g) of Sp(2r) Poincaré series
is given by

Pψ,ψ′(g) =
∑

n∈N(Q)
w(n)=w

Kl
(
n, ψ, ψ′

) ∫
Uw(R)

Fψ (nu1y)ψ′ (u1) du1.

Remark. In [Fri87], the statement concerns GL(r) Poincaré series, but the proof also works for
Sp(2r) Poincaré series.

Proof. We start with

Pψ
′

ψ (g) =

∫
U(Z)\U(R)

Pψ (ug)ψ′(u)du =
∑

γ∈P0∩Γ\Γ

∫
U(Z)\U(R)

Fψ (γug)ψ′(u)du

=
∑
w∈W

∑
γ∈Rw

∑
`∈Γw

∫
U(Z)\U(R)

Fψ (γ`ug)ψ′(u)du.
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For γ ∈ Rw, write γ = b1dwb2, with b1, b2 ∈ U , d ∈ D. Write u = u1u2, with u1 ∈ Uw, and
u2 ∈ Uw. Let F be a fundamental domain of Uw(Z)\Uw(R). We then have

Pψ
′

ψ (g) =
∑
w∈W

∑
γ∈Rw

γ=b1dwb2

∑
`∈Γw

∫
U(Z)\U(R)

Fψ (b1dwb2`u1u2y)ψ′(u1u2)du1du2

=
∑
w∈W

∑
γ∈Rw

γ=b1dwb2

ψ (b1)

∫
Uw(R)

∫
F
Fψ (dwb2u1u2y)ψ′ (u1u2) du1du2.

Write b2 = b′2b
′′
2, with b′2 ∈ Uw, b′′2 ∈ Uw. After change of variables b′′2u1 7→ u1, u2 7→ u−1

1 u2u1,
b′2u2 7→ u2, we have

Pψ
′

ψ (g) =
∑
w∈W

∑
γ∈Rw

γ=b1dwb2

ψ (b1)ψ′ (b2)

∫
Uw(R)

∫
b′2F
Fψ (dwu2u1y)ψ′ (u2u1) du1du2.

Since Fψ (dug) = ψ
(
dud−1

)
Fψ (dg), and wu2u1y =

(
wu2w

−1
)

(wu1y),

Pψ
′

ψ (g) =
∑
w∈W

∑
γ∈Rw

γ=b1dwb2

ψ (b1)ψ′ (b2)

∫
Uw(R)

Fψ (dwu1y)ψ′ (u1) du1

∫
b′2F

ψ
(
dwu2w

−1d−1
)
ψ′ (u2) du2.

Observe that∫
b′2F

ψ
(
dwu2w

−1d−1
)
ψ′ (u2) du2 =

{
1 if ψ′ (u2) = ψ

(
dwu2w

−1d−1
)
∀u2 ∈ Uw,

0 otherwise.

The condition for this integral to be nonzero is exactly the same as the condition for the Kloost-
erman sum to be well-defined. Hence

Pψ
′

ψ (g) =
∑
w∈W

∑
n∈Nw

Kl
(
n, ψ, ψ′

) ∫
Uw(R)

Fψ (nu1y)ψ′ (u1) du1.

3.5.1 Sp(4) Poincaré series

Let P0 be the standard minimal parabolic subgroup of G = Sp(4). For w ∈W , let Gw = UwDU ,
Γw = U(Z)∩w−1U(Z)Tw, andRw be a complete set of coset representatives for P0∩Γ\Γ∩Gw/Γw,
as in Section 2.2.4. Define

Nw = {n ∈ N(R) | ∃γ ∈ Rw such that γ = b1nb2 for b1, b2 ∈ U(R)} .

For ψ = ψm1,m2 , and u1, u2 ∈ R, we denote the exponential e (m1u1 +m2u2) by ψ (u1, u2).

Now we compute the Fourier coefficients Pψ,ψ′(g) for Pψ(g), making use of Theorem 3.21. Since
for g = uy ∈ G/K we have Fψ(g) = ψ(u)F (y), it suffices to just compute Pψ,ψ′(y), for y =
diag

(
y1, y2, y

−1
1 , y−1

2

)
∈ T (R+).

(i) For w = id, we have n = I, and the integral just gives F (y1, y2). Hence

idPψ,ψ′ = Kl
(
I, ψ, ψ′

)
F (y1, y2) .

(ii) For w = sα, we have

Nsα =




1/v4

−v4

v4

−1/v4


∣∣∣∣∣∣∣∣ v4 ≥ 1

 , Usα(R) =




1 u1

1
1
−u1 1


∣∣∣∣∣∣∣∣ u1 ∈ R

 .

95



Meanwhile, through Iwasawa decomposition, we obtain that∫
Usα (R)

Fψ (nu1y)ψ′ (u1) du1

=

∫
R
ψ

(
− u1y

2
2

v2
4

(
u2

1y
2
2 + y2

1

) , 0)F ( y1y2

v4

√
u2

1y
2
2 + y2

1

, v4

√
u2

1y
2
2 + y2

1

)
ψ′ (u1, 0) du1.

Hence,

sαPψ,ψ′(g) =
∑
v4≥1

Kl




1/v4

−v4

v4

−1/v4

, ψ, ψ′
∫

R
ψ

(
− u1y

2
2

v2
4

(
u2

1y
2
2 + y2

1

) , 0)

F

(
y1y2

v4

√
u2

1y
2
2 + y2

1

, v4

√
u2

1y
2
2 + y2

1

)
ψ′ (u1, 0) du1.

(iii) For w = sβ , we have

Nsβ =




1
1/v23

1
−v23


∣∣∣∣∣∣∣∣ v23 ≥ 1

 , Usβ (R) =




1
1 u5

1
1


∣∣∣∣∣∣∣∣ u1 ∈ R

 .

Hence,

sβPψ,ψ′(g) =
∑
v23≥1

Kl




1
1/v23

1
−v23

, ψ, ψ′
∫

R
ψ

(
0,− u5

v2
23(y4

2 + u2
5)

)

F

(
y1,

y2

v23

√
y4

2 + u2
5

)
ψ′ (0, u5) du5.

(iv) For w = sαsβ , we have

Nsαsβ =




−1/v2

v2/v23

v2

v23/v2


∣∣∣∣∣∣∣∣
v2, v23 ≥ 1
v23 | v2

 , Usαsβ (R) =




1 u4

1 u4 u5

1
1


∣∣∣∣∣∣∣∣ u4, u5 ∈ R

 .

Hence,

sαsβPψ,ψ′(g) =
∑
v2≥1

∑
v23|v2

Kl




−1/v2

v2/v23

v2

v23/v2

, ψ, ψ′


∫
R

∫
R
ψ

(
−u4v23y

2
2

v2
2η

,− u2
4u5v

2
2

v2
23

(
y4

2 + u2
5

))F ( y1y2

v2
√
η
,
v2

v23

√
η

y4
2 + u2

5

)
ψ′ (0, u5) du4du5,

where η = y2
1y

4
2 + u2

5y
2
1 + u2

4y
2
2.

(v) For w = sβsα, we have

Nsβsα =




1/v4

v4/v14

v4

−v14/v4


∣∣∣∣∣∣∣∣
v4, v14 ≥ 1
v2

4 | v14

 , Usβsα(R) =




1 u1 u2

1
1
−u1 1


∣∣∣∣∣∣∣∣ u1, u2 ∈ R

 .
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Hence,

sβsαPψ,ψ′(g) =
∑
v14≥1

∑
v24 |v14

Kl




1/v4

v4/v14

v4

−v14/v4

, ψ, ψ′


∫
R

∫
R
ψ

(
− u1u2v14y

2
2

v2
4

(
u2

1y
2
2 + y2

1

) ,−u2v
2
4

v2
14η

)
F

 y1y2

v4

√
u2

1y
2
2 + y2

1

,
v4

v14

√
u2

1y
2
2 + y2

1

η

ψ′ (u1, 0) du1du2,

where η =
(
u2

1y
2
2 + y2

1

)2
+ u2

2.

(vi) For w = sαsβsα, we have

Nsαsβsα =




−1/v1

v1/v14

v1

v14/v1


∣∣∣∣∣∣∣∣
v1, v14 ≥ 1
v14 | v2

1

 , Usαsβsα(R) =




1 u1 u2 u4

1 u4

1
−u1 1


∣∣∣∣∣∣∣∣ ui ∈ R

 .

Hence,

sαsβsαPψ,ψ′(g) =
∑
v1≥1

∑
v14|v21

Kl




−1/v1

v1/v14

v1

v14/v1

, ψ, ψ′


∫
R

∫
R

∫
R
ψ

(
v14(u1u2y

2
2 − u4y

2
1)

v2
1η2

,
v2

1η3

v2
14η1

)
F

(
y1y2

v1
√
η2
,
v1

v14

√
η2

η1

)
ψ′ (u1, 0) du1du2du4,

where
η1 =

(
u2

1y
2
2 + y2

1

)2
+ (u1u4 + u2)2 ,

η2 = u2
1y

2
1y

4
2 + y4

1y
2
2 + u2

4y
2
1 + u2

2y
2
2,

η3 = u2
1u2y

4
2 − u3

1u4y
4
2 − 2u1u4y

2
1y

2
2 − u1u

3
4 − u2u

2
4.

(vii) For w = sβsαsβ , we have

Nsβsαsβ =




−1/v2

v2/v12

v2

−v12/v2


∣∣∣∣∣∣∣∣
v12, v2 ≥ 1
v2 | v12

 , Usβsαsβ (R) =




1 u2 u4

1 u4 u5

1
1


∣∣∣∣∣∣∣∣ ui ∈ R

 .

Hence,

sβsαsβPψ,ψ′(g) =
∑
v12≥1

∑
v2|v12

Kl




−1/v2

v2/v12

v2

−v12/v2

, ψ, ψ′


∫
R

∫
R

∫
R
ψ

(
v12η3

v2
2η1

,
v2

2η4

v2
12η2

)
F

(
y1y2

v2
√
η1
,
v2

v12

√
η1

η2

)
ψ′ (0, u5) du2du4du5,

where
η1 = y2

1y
4
2 + u2

5y
2
1 + u2

4y
2
2,

η2 = y4
1y

4
2 + u2

5y
4
1 + 2u2

4y
2
1y

2
2 + u2

2y
4
2 + u4

4 − 2u2u
2
4u5 + u2

2u
2
5,

η3 = u4u5y
2
1 + u2u4y

2
2,

η4 = u2
4u5 − u2y

4
2 − u2u

2
5.
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(viii) For w = sαsβsαsβ , we have

Nsαsβsαsβ =




−1/v1

−v1/v12

v1

v12/v1


∣∣∣∣∣∣∣ v1, v12 ≥ 1

 , Usαsβsαsβ (R) = U(R).

Hence,

sαsβsαsβPψ,ψ′(g) =
∑
v1≥1

∑
v12≥1

Kl




−1/v1

−v1/v12

v1

v12/v1

, ψ, ψ′


∫
R

∫
R

∫
R

∫
R
ψ

(
−v12η3

v2
1η2

,
v2

1η4

v2
12η1

)
F

(
y1y2

v1
√
η2
,
v1

v12

√
η2

η1

)
ψ′ (u1, u5) du1du2du4du5,

where

η1 = u2
1u

2
4y

4
2 + y4

1y
4
2 − 2u1u2u4y

4
2 + u2

1u
2
4u

2
5 + u2

5y
4
1 + 2u2

4y
2
1y

2
2 + u2

2y
4
2 + 2u1u

3
4u5 − 2u1u2u4u

2
5

+u4
4 − 2u2u

2
4u5 + u2

2u
2
5

η2 = u2
1y

2
1y

4
2 + u2

1u
2
5y

2
1 + y4

1y
2
2 + 2u1u4u5y

2
1 + u2

4y
2
1 + u2

2y
2
2,

η3 = u1y
2
1y

4
2 + u1u

2
5y

2
1 + u4u5y

2
1 + u2u4y

2
2,

η4 = u3
1u4y

4
2 − u2

1u2y
4
2 + u3

1u4u
2
5 + 2u1u4y

2
1y

2
2 + 2u2

1u
2
4u5 − u2

1u2u
2
5 − u5y

4
1 + u1u

3
4 + u2u

2
4 − u2

2u5.
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Chapter 4

Density theorem for Sp(4)

4.1 Preliminaries

Let U(R) ⊆ Sp(4,R) be the standard unipotent subgroup

U(R) =




1 x12 x13 x14

1 x23 x24

1
x43 1


∣∣∣∣∣∣∣∣
xij ∈ R,
x12 = −x43,
x14 = x23 + x12x24

 .

Remark. In order to better express the arguments in this chapter, the variables are named
differently than in Section 2.1.

For N = (N1, N2) ∈ R2 we define a character ψN : U(R)→ C× by

ψN (x) = e (N1x12 +N2x24) . (4.1)

Note that if N ∈ Z2, this defines a character of U(Z)\U(R).

Let T ⊆ Sp(4,R) be the diagonal torus. The standard minimal parabolic subgroup is given by
P0 = TU . We embed y = (y1, y2) ∈ R2

+ into T (R) via the map

ι(y) = (y1y
1/2
2 , y

1/2
2 , 1/y1y

1/2
2 , 1/y

1/2
2 ).

We denote the image of R2
+ in T (R) by T (R+). An element g ∈ Sp(4,R) admits Iwasawa

decomposition g = xyk, with x = U(R), y ∈ T (R+) and k ∈ K, where K = SO(4,R) ∩ Sp(4,R)
is the maximal compact subgroup of Sp(4,R). We denote by y(g) = ι−1(y) the Iwasawa y-
coordinates of g. For w ∈W , y ∈ R2

+ we write yw = y(wι(y)−1w−1).

For α ∈ C2, y ∈ R2
+, we write yα = yα1

1 yα2
2 . Let η = (2, 3/2). We define measures

dx = dx12dx13dx23dx24, d∗y = y−2η dy1

y1

dy2

y2

on U(R) and R2
+ respectively. We denote the pushforward of d∗y to T (R+) by ι also by

d∗y. Then dx is the Haar measure on U(R), and dxd∗y is a left Sp(4,R)-invariant measure
on Sp(4,R)/K.

We define another embedding of R2
+ into T (R+) by

c = (c1, c2) 7→ c∗ = diag(1/c1, c1/c2, c1, c2/c1).
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A simple calculation shows that y(c∗)η = (c1c2)−1.

Let π =
⊗
πv be a globally generic irreducible spherical representation of GSp(4) with trivial

central character. Using notations in [RS07], πv is induced from the character χ1×χ2oσ, given
by

diag
(
t1, t2, t

−1
1 v, t−1

2 v
)
7→ χ1(t1)χ2(t2)σ(v).

As πv is rightKv-invariant, we may assume that χ1, χ2, σ are unramified, and we may write χ1 =
| · |α1 , χ2 = | · |α2 and σ = | · |β . As πv has trivial central character, we have α1 + α2 + 2β = 0.
So the L-parameter is given by

(χ1χ2σ, χ1σ, χ2σ, σ) =

(
α1 + α2

2
,
α1 − α2

2
,
−α1 + α2

2
,
−α1 − α2

2

)
.

We then take

µπ(v) =

(
α1 + α2

2
,
α1 − α2

2

)
, (4.2)

so the L-parameter becomes (µπ(v, 1), µπ(v, 2),−µπ(v, 1),−µπ(v, 2)). When πv is lifted to a
self-dual representation of GL(4), this is precisely the natural Langlands parameter of the lift.
In terms of simple roots coordinates (ν1, ν2) ∈ a∗C, introduced in Section 2.1, we have α1 = ν1,
α2 = 2ν2 − ν1.

4.2 Auxiliary results

In this section, we prove several technical results about Sp(4), which will be used in the proofs
in later sections.

Since the Iwasawa decomposition Sp(4,R) = U(R)T (R+)K is actually the Gram-Schmidt or-
thogonalisation of rows, we can compute y(g) explicitly. Let ∆1 be the norm of the third row
of g, and ∆2 be the area of the parallelogram spanned by the bottom two rows of g. Then we
have

g ≡


1/∆1 ∗ ∗ ∗

∆1/∆2 ∗ ∗
∆1

∗ ∆2/∆1

 (mod K).

In particular, we have y(g) = (∆2/∆
2
1,∆

2
1/∆

2
2). Conversely, if y(g) = (Y1, Y2), then ∆1(g) =

Y −1
1 Y

−1/2
2 and ∆2(g) = Y −1

1 Y −1
2 .

Lemma 4.1. Let w ∈W , x ∈ Uw(R), and y, c, B ∈ R2
+. Write y(ι(B)c∗wxι(y)) = Y ∈ R2

+ and
A = ι(B)c∗. Then we have

c1 �y,Y B1B
1/2
2 , c2 �y,Y B1B2,

and
1 ≤ ∆1(wx)�y,Y y(A)1 y(A)

1/2
2 , 1 ≤ ∆2(wx)�y,Y y(A)1 y(A)2.

Proof. Note that ∆i(wx) ≥ 1 as one of its minors is always 1. For the first statement, we
compute

∆1(ι(B)c∗wxι(y)) =
c1

B1B
1/2
2

∆1(wxι(y)), ∆2(ι(B)c∗wxι(y)) =
c2

B1B2
∆2(wxι(y)).
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Then we obtain

c1 ≤ c1∆1(wx)�y c1∆1(wxι(y)) = ∆1(ι(B)c∗wxι(y))B1B
1/2
2 �Y B1B

1/2
2 ,

c2 ≤ c2∆2(wx)�y c2∆2(wxι(y)) = ∆2(ι(B)c∗wxι(y))B1B2 �Y B1B2.

For the second statement, we observe that

c−1
1 = y(c∗)1 y(c∗)

1/2
2 , c−1

2 = y(c∗)1 y(c∗)2.

Hence

∆1(wx)�y,Y B1B
1/2
2 c−1

1 = (B1 y(c∗)1)(B2 y(c∗)2)1/2 = y(A)1 y(A)
1/2
2 ,

∆2(wx)�y,Y B1B2c
−1
2 = (B1 y(c∗)1)(B2 y(c∗)2) = y(A)1 y(A)2.

Lemma 4.2. Let N ∈ N2 and w ∈W . For x ∈ Uw(R), define x′ = ι(N)xι(N)−1. Then

dx′ = ( Nw )ηNηdx.

Proof. This is direct computation. For w = w0, we have

x =


1 x12 x13 x14

1 x23 x24

1
−x12 1

 x′ =


1 N1x12 N2

1N2x13 N1N2x14

1 N1N2x23 N2x24

1
−N1x12 1

 .

It follows that dx′ = N4
1N

3
2dx = ( Nw0 )ηNηdx. The proof is similar for other Weyl elements.

Lemma 4.3. Let B ∈ R2
+, and w = sβsαsβ . Then

vol {x ∈ Uw(R) | ∆j(wx) ≤ Bj , j = 1, 2} � (B1B2)1+ε

for any ε > 0.

Proof. We can assume without loss of generality that Bj ≥ 1, otherwise we deduce from
Lemma 4.1 that the volume is 0. We have

x =


1 x13 x23

1 x23 x24

1
1

 ∈ Uw(R) wx =


−1

1
1 x23 x24

−1 −x13 −x23

 .

Then we obtain bounds
|x23| ≤ B1,

∣∣x13x24 − x2
23

∣∣ ≤ B2.

We also have |x13| , |x24| ≤ b := 1 + max {B1, B2}. If I ⊆ R is any interval of length |I| ≥ 1,
then

vol
{

(x, y) ∈ [−b, b]2
∣∣ xy ∈ I} ≤ ∫

|y|≤b
min

{
|I|
|y|
, 2b

}
dy ≤ 4 |I| (1 + log b).

Hence, if |x23| ≤ B1 is fixed, the volume of (x13, x24) is O(B2 log b). This establishes the
bound.
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4.3 Whittaker functions and automorphic forms

In this section, we prove some relations for Jacquet’s Whittaker function on Sp(2n). Let G =
Sp(2n,R), and

T =





∗
∗
∗

. . .
∗
∗




⊆ G, U =





1 · · · ∗ ∗ · · · ∗
. . .

...
...

. . .
...

1 ∗ · · · ∗
1
...

. . .
∗ · · · 1




⊆ G,

the standard torus and the standard unipotent subgroup respectively. For m = (m1, · · · ,mn) ∈
Zn, we define a character ψm : U(Z)\U(R)→ C× by

ψm



1 x1 · · · ∗ ∗ · · · · · · ∗

1
. . .

...
...

...
. . . xn−1

... ∗
1 ∗ · · · ∗ xn

1
−x1 1
...

. . . . . .
∗ · · · −xn−1 1


=

n∏
i=1

e (mixi) . (4.3)

It is easy to see that all characters of U(Z)\U(R) are of this form. The character ψm is called
non-degenerate if m1 · · ·mn 6= 0.

Let K be the maximal compact subgroup of G, and a the real Lie algebra of T (R). Define a
homomorphism H0 : G → a, which takes g ∈ G to H0(g), for g ∈ U exp(H0(g))K. Let aC be
the complexification of a, and a∗C the dual of aC. Let ν ∈ a∗C, and ψ : U(Z)\U(R)→ C× a non-
degenerate character. Then the Jacquet-Whittaker function associated to ψ is given by

W (g, ν, ψ) =

∫
U(R)

Iν(w0ug)ψ(u)du,

where Iν(g) = exp 〈ν + ρ,H0(g)〉, ρ is the half-sum of positive roots, and w0 ∈W = W (T,G) is
the long element of the Weyl group.

We rephrase more explicitly. Let g ∈ G/K. By Iwasawa decomposition, we may assume g = uy,
with u ∈ U(R), and t ∈ T (R+). Let

y = diag
(
y1, · · · , yn, y−1

1 , · · · , y−1
n

)
∈ T (R+).

A set of simple roots of W = W (T,G) is given by ∆ = {α1, · · · , αn}, where αiy = yiy
−1
i+1 for

1 ≤ i ≤ n− 1, and αny = y2
n. Then ρ is given by

ρ =
n∑
i=1

riαi, where ri =

{
(2n−i+1)i

2 for 1 ≤ i ≤ n− 1,
n(n+1)

4 for i = n.

For ν = (ν1, · · · , νn) ∈ a∗C, we have

Iν(g) = yν1+n
1 yν2−ν1+n−1

2 · · · yνn−1−νn−2+2
n−1 y2νn−νn−1+1

n .

102



Recall from Section 3.2 that the Weyl group W can be realised as matrices in Sp(2n), and W is
generated by reflections sαi for 1 ≤ i ≤ n, represented by the matrices

sαi =

(
Ai

Ai

)
, Ai =


Ii−1

1
1

In−i−1

 , 1 ≤ i ≤ n− 1,

and

sαn =


In−1

1
In−1

−1

 .

Lemma 4.4. We have

W (g, ν, ψm) = cν,mW
(
Mg, ν, ψ1,··· ,1, mn|mn|

)
,

where cν,m =
n∏
i=1
|mi|νi−ri , and

M =

(
M0

M−1
0

)
, M0 = |mn|1/2


m1 · · ·mn−1

. . .
mn−2mn−1

mn−1

1

.

Proof. We expand

W
(
Mg, ν, ψ1,··· ,1, mn|mn|

)
=

∫
U(R)

Iν (w0ηMg) e

(
−x1 − · · · − xn−1 −

mn

|mn|
xn

)
dη,

where xi is as in (4.3). After the change of variables

x1 7→ m1x1, · · · , xn−1 7→ mn−1xn−1, xn 7→ |mn|xn,

we obtain
n∏
i=1

|mi|2ri
∫
U(R)

Iν (w0Mηg) e (−m1x1 − · · · −mnxn) dη

=

n∏
i=1

|mi|2ri
∫
U(R)

Iν (w0Mw0 · w0ηg) e (−m1x1 − · · · −mnxn) dη

=

n∏
i=1

|mi|−νi+ri
∫
U(R)

Iν (w0ηg) e (−m1x1 − · · · −mnxn) dη

=

n∏
i=1

|mi|−νi+riW (g, ν, ψm) .

It is well-known thatW (g, ν, ψ) satisfies a functional equation. To state the functional equation,
we introduce some notations. Let τ = (τ1, · · · , τn) be given by

τi =

{
i(i−1)

2 − in if i 6= n,

−n(n+1)
4 if i = n.
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Then for ν = (ν1, · · · , νn) ∈ Cn, we have

Iν+τ (y) = yν11 y
ν2−ν1
2 · · · yνn−1−νn2

n−1 y2νn−νn
n .

For w ∈W , we define wν = (ν ′1, · · · , ν ′n) ∈ Cn by

Iν+τ (y) = Iwν+τ (wy).

It is more convenient to consider a renormalisation of W (g, ν, ψ). For ν = (ν1, · · · , νn) ∈ a∗C, we

write ν̂ =
n∑
i=1

νi. Let

W ∗(g, ν, ψ) = W (g, ν, ψ)π−ν̂−n
n∏
i=1

Γ

(
1 + ei

2

) ∏
i<j≤n

Γ

(
1 + ei − ej

2

)
Γ

(
1 + ei + ej

2

)
,

where

ei =


ν1 if i = 1,

νi − νi−1 if 2 ≤ i ≤ n− 1,

2νn − νn−1 if i = n.

Then we have the following functional equation (cf. [Gol06, Theorem 5.9.8], where an analogous
statement for GL(n) Whittaker functions is given).

Theorem 4.5. The equation

W ∗(g, ν, ψ) = W ∗(g, wν, ψ)

holds for all w ∈W .

Proof. It suffices to prove the statement for w = sαi for 1 ≤ i ≤ n.

(i) Let 1 ≤ i ≤ n− 1. Let

Ni :=


(
Ni,0

(N−1
i,0 )T

)
∈ U(R)

∣∣∣∣∣∣∣∣ Ni,0 =


Ii−1

1 ∗
1

In−i−1


 ⊆ U(R),

and N ′i := U(R)/Ni. We may rewrite

W (g, ν, ψ) =

∫
N ′i

∫
Ni

Iν(sαiniwin
′
ig)ψ(ni)dniψ(n′i)dn

′
i, (4.4)

where wi := s−1
αi w0. Consider the Iwasawa decomposition win′ig = hk, with k ∈ K, and

h ∈ U(R)T (R+). We further decompose h = h0h
′, with

h0 =

(
H0

(H−1
0 )T

)
, H0 =


Ii−1

yi/yi+1 x
1

In−i−1

 ,

h′ =



. . . ∗ ∗ ∗ · · · ∗

yi+1I2 ∗
...

. . .
...

. . . ∗ · · · ∗
. . .
∗ y−1

i+1I2

∗ ∗ . . .


∈ U(R)T (R+).
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Now consider the Iwasawa decomposition sαinih0 = n′′a′′k′′, with n′′ ∈ U(R), a′′ ∈ T (R+)
and k′′ ∈ K. Then we have

Iν(sαiniwin
′
ig) = Iν(n′′a′′k′′h′) = Iν(n′′a′′h′k′′) = Iν(a′′)Iν(h′).

We compute

a′′ =

(
a′′0

(a′′0
−1)T

)
, a′′0 =


Ii−1

yi

yi+1

√
(yi/yi+1)2+(x+ni)2 √

(yi/yi+1)2 + (x+ ni)2

In−i−1

.

Hence

Iν(a′′) =


(

yi
yi+1

)νi−νi−1+n+1−i
((

yi
yi+1

)2
+ (x+ ni)

2

) 1
2

(νi−1−2νi+νi+1−1)

if i 6= n− 1,(
yn−1

yn

)νn−1−νn−2+2
((

yn−1

yn

)2
+ (x+ ni)

2

) 1
2

(νn−2−2νn−1+2νn−1)

if i = n− 1.

Write

ν0 :=

{
1
2(−νi−1 + 2νi − νi+1) if i 6= n− 1,
1
2(−νn−2 + 2νn−1 − 2νn) if i = n− 1.

Then∫
Ni

Iν(sαiniwin
′
ig)ψ(ni)dni = Iν(h′)

∫
Ni

Iν(a′′)ψ(ni)dni

= Iν(h′)

(
yi
yi+1

)νi−νi+1+n+1−i−ν0
W2

(
x+

yi
yi+1

i, ν0, ψ|Ni
)
,

where

W2(z, ν, ψ) =

∫
R

(
y

(u+ x)2 + y2

)ν+ 1
2

ψ(−u)du,

denotes the classical GL(2) Whittaker function. Through the functional equation for GL(2)
Whittaker function

W2(z,−ν, ψ) = π−2ν Γ
(
ν + 1

2

)
Γ
(
−ν + 1

2

)W2(z, ν, ψ), (4.5)

We deduce∫
Ni

Iν(sαiniwin
′
ig)ψ(ni)dni = π2ν0

Γ
(
−ν0 + 1

2

)
Γ
(
ν0 + 1

2

) ∫
Ni

Isαiν(sαiniwin
′
ig)ψ(ni)dni.

Putting back into (4.4) gives

W (g, ν, ψ) = π2ν0
Γ
(
−ν0 + 1

2

)
Γ
(
ν0 + 1

2

) W (g, sαiν, ψ)

and
W ∗(g, ν, ψ) = W ∗(g, sαiν, ψ).
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(ii) Let i = n. The argument is similar. Let

Nn :=



In−1

1 ∗
In−1

1


 ⊆ U(R),

and N ′n := U(R)/Nn. We write

W (g, ν, ψ) =

∫
N ′n

∫
Nn

Iν(sαnnnwin
′
ng)ψ(ni)dnnψ(n′i)dn

′
n, (4.6)

where wn := s−1
αnw0. Consider the Iwasawa decomposition wnn′ng = hk, with k ∈ K, and

h ∈ U(R)T (R+). We write h = h0h
′, with

h0 =


In−1

yn xy−1
n

In−1

y−1
n

 , h′ =



∗ · · · ∗ ∗ · · · ∗
. . .

...
...

. . .
...

1 ∗ · · · 0
∗
...

. . .
∗ · · · 1


∈ U(R)T (R+).

Let sαnnnh0 = n′′a′′k′′. Then Iν(sαnnnwnn
′
ng) = Iν(a′′)Iν(h′). We compute

Iν(a′′) = y2νn−νn−1+1
n

(
y4
n + (x+ nn)2

)− 1
2

(2νn−νn−1+1)
.

Writing ν0 := 1
2(2νn − νn−1), we have∫
Nn

Iν(sαnnnwnn
′
ng)ψ(nn)dnn = Iν(h′)W2

(
x+ y2

ni, ν0, ψ|Nn
)
.

From the functional equation (4.5), again we have

W (g, ν, ψ) = π2ν0
Γ
(
−ν0 + 1

2

)
Γ
(
ν0 + 1

2

) W (g, sαnν, ψ)

and
W ∗(g, ν, ψ) = W ∗(g, sαnν, ψ).

Example 4.6. For Sp(4), the explicit normalisation is given by

W ∗(g, ν, ψ) = W (g, ν, ψ)π−(ν1+ν2+2)Γ

(
1 + ν1

2

)
Γ

(
1 + 2ν2

2

)
Γ

(
1 + 2ν1 − 2ν2

2

)
Γ

(
1− ν1 + 2ν2

2

)
.

The functional equation says that W ∗(g, ν, ψ) is invariant under transformations

(ν1, ν2) (2ν2 − ν1, ν2) (2ν2 − ν1, ν2 − ν1) (−ν1, ν2 − ν1)

(ν1, ν1 − ν2) (ν1 − 2ν2, ν1 − ν2) (ν1 − 2ν2,−ν2) (−ν1,−ν2).

sα

sβ

sβ sα

sβ

sα sβ sα

A Whittaker function is determined by its value on T (R+), and the character ψ. If we de-
fine

W (−, ν) = W (−, ν, ψ)|T (R+) : T (R+)→ C, (4.7)
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then for g = xyk ∈ G with x ∈ U(R), y ∈ T (R+) and k ∈ K, we have W (g, ν, ψ) =
ψ(x)W (y, ν).

Now let q be a prime, and

Γ0(q) :=

{(
A B
C D

)
∈ Sp(4,Z)

∣∣∣∣ C ≡ 0 (mod q)

}
⊆ Sp(4,Z)

be the Siegel congruence subgroup of level q. We denote by {$} an orthonormal basis of
right K-invariant automorphic forms for Γ0(q), cuspidal or Eisenstein series. Then we equip
L2(Γ0(q)\Sp(4,R)/K) with the standard inner product

〈f, g〉 =

∫
Γ0(q)\ Sp(4,R)/K

f(xy)g(xy)dxd∗y.

An integral over the complete spectrum of L2(Γ0(q)\ Sp(4,R)/K) is denoted by
∫

(q) d$. All
the automorphic forms $ belong to representations π of level q′ | q, and we assume that {$}
contains all cuspidal newvectors of level q′ | q. For simplicity in notations, we denote the local
archimedean spectral parameter µπ(∞) by µ = (µ1, µ2).

Let $ be an automorphic form for Γ0(q), with spectral parameter µ. We suppose $ is generic
throughout the section. For M = (M1,M2) ∈ Z2, the M -th Fourier coefficient of $ is given
by

$M (g) =

∫
U(Z)\U(R)

$(xg)ψM (x)dx.

The Fourier coefficients $M (g) are actually Whittaker functions. For g = xyk ∈ Sp(4,R), we
have

$M (g) =
A$(M)

Mη
ψM (x) ·Wµ(ι(M)y), (4.8)

where A$(M) ∈ C is a constant, also called the M -th Fourier coefficient of $, and

Wµ(y) := W (y, (µ1 + µ2, µ2)) .

Note the change of coordinates between parameters µ and ν. As in the GL(n) case, the size
of σπ(∞) captures the growth of Wµ near the origin. Precisely, for a function E on R2

+ and
X ∈ R2

+, we define

E(X)(y1, y2) = E(X1y1, X2y2). (4.9)

For β ∈ C, let Dβ = −y∂y + β. This is a commutative family of differential operators, which
correspond to multiplication by s + β under Mellin transform. In the proof of Lemma 4.8, we
need the following technical lemma, found in [Blo19a].

Lemma 4.7. Let α ≥ 0, and β ∈ C such that Reβ ≤ α. Let I = [a, b] ⊂ (0, 1) be an interval
with a < b ≤ 2a, and w : I → C a smooth function satisfying

|Dβw(y)| ≥ c1y
−α, |∂y(Dβw)(y)| ≤ c2 ||Dβw|| y−1 (4.10)

for y ∈ I and some c1, c2 > 0, where ||w|| denotes the sup-norm of w. Then there exists constants
a′, b′, c′1, c

′
2 > 0, depending only on c1, c2, α, β (not on a, b) such that a ≤ a′ < b ≤ b, and

|w(y)| ≥ c′1y−α,
∣∣w′(y)

∣∣ ≤ c′2 ||w|| y−1 (4.11)

for y ∈ [a′, b′].
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Proof. Let w̃(y) = w(y)y−β . Then w̃′ = −y−β−1Dβw. We deduce that (4.10) implies∣∣yw̃′(y)
∣∣ ≥ c1y

−α̃,
∣∣∣∣w̃′′∣∣∣∣ ≤ c̃2

∣∣∣∣w̃′∣∣∣∣ y−1

for some constant c̃2 ≥ c2, and α̃ = α+ Reβ. Let y0 = maxy∈I |w̃′(y)|. Changing w̃ by a fourth
root of unity if necessary, we may assume that

Re w̃′(y0) ≥ 1√
2

max
{
c1y
−α−1
0 ,

∣∣∣∣w̃′∣∣∣∣} .
Meanwhile, the condition |w̃′′(y)| ≤ c2 ||w̃′|| y−1 implies that the following inequality

Re w̃′(y) ≥ 1

2
√

2
max

{
c1y
−α̃−1
0 ,

∣∣∣∣w̃′∣∣∣∣} � Re w̃′(y0)

holds for y ∈ I0 = [a′, b′], for some a′ < b′ such that y0 ∈ I0. Now we show that y |w̃′(y)| �
||w̃||[a′,b′] for y ∈ [a′, b′]. Let c3 > 0 be a sufficiently small constant. We distinguish two cases:

(i) Suppose Re w̃(a′) ≤ −c3y0 Re w̃′(y0). Then ||w||[a′,b′] ≥ c3y0 Re w̃′(y0) � y |w̃′(y)| for
y ∈ [a′, b′].

(ii) Suppose Re w̃(a′) > −c3y0 Re w̃′(y0). When c3 > 0 is sufficiently small, we have Re w̃(b′)�
y0 Re w̃′(y0), and hence ||w||[a′,b′] � yRe w̃′(y0)� y |w̃′(y)| for y ∈ [a′, b′].

From the bound y |w̃′(y)| � ||w̃||, it follows immediately that |w̃(y)| � y−α̃ on [a′, b′]. Reverting
back to w yields (4.11).

Lemma 4.8. Assume that µ = (µ1, µ2) varies in some compact set Ω, and let Z ≥ 1. There
exists r ∈ N and a compact set S ⊆ R2

+ depending only on Ω (independent of Z), and a finite
collection of functions E1, · · · , Er : R2

+ → R depending on Ω and Z that are uniformly bounded
and supported in a compact subset of S such that

r∑
j=1

∣∣∣〈E(1,Z)
j ,Wµ

〉∣∣∣2 �Ω Z2η2+2σπ(∞) = Z3+2σπ(∞).

Proof. The case Z � 1 is proved in [BBM17, Blo19a]. For each µ ∈ Ω, choose an open set
Sµ ⊆ R2

+ such that ReWµ(y) 6= 0 for all y ∈ Sµ or ImWµ(y) 6= 0 for all y ∈ Sµ. Now choose
open neighbourhoods Uµ about µ such that ReWµ∗(y) 6= 0 for all y ∈ Sµ and µ∗ ∈ Uµ, or
ImWµ∗(y) 6= 0 for all y ∈ Sµ and µ∗ ∈ Uµ. By compactness, Ω is covered by a finite collection
of neighbourhoods Uµ1 , · · · , Uµr , and we may pick corresponding Ej to be real-valued functions
with supports on Sµj and non-vanishing on the interior S◦µj .

Now suppose Z � 1 is sufficiently large. Consider the following renormalisation of the Whittaker
function:

W ∗µ(y) := y−ηWµ(y). (4.12)

The Mellin transform M∗µ(s) =
∫
R2
+
W ∗µ(y)ys dy1y1

dy2
y2

is given in [Ish05] (where ν1, ν2 in [Ish05] are
µ1 + µ2 and −µ1 + µ2 in our notation)

M∗µ(s) =2−4Γ

(
s1 + µ1 + µ2

2

)
Γ

(
s1 + µ1 − µ2

2

)
Γ

(
s1 − µ1 + µ2

2

)
Γ

(
s1 − µ1 − µ2

2

)
Γ

(
s2 + µ1

2

)
Γ

(
s2 − µ1

2

)
Γ

(
s2 + µ2

2

)
Γ

(
s2 − µ2

2

)
{

Γ

(
s1 + s2 + µ2

2

)
Γ

(
s1 + s2 − µ2

2

)}−1

F3 2

(
s1
2 ,

s2+µ1
2 , s2−µ12

s1+s2+µ2
2 , s1+s2−µ2

2

∣∣∣∣1) .
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By Weyl group symmetry, we may assume without loss of generality that σπ(∞) = Reµ2. For
Re(s1) sufficiently large, M∗µ(s) is holomorphic for Re(s2) > σπ(∞), as poles can only occur at
s2 = ±µ1 − k, ±µ2 − k for k ∈ N0. Hence, for Re(s1) sufficiently large, the function

M †µ(s) := M∗µ(s)(s2 + µ1)(s2 − µ1)(s2 + µ2)(s2 − µ2)

is holomorphic for Re(s2) > σπ(∞)− 1. Now let

M̂µ(s) :=
M †µ(s)

s2 − µ2
= M∗µ(s)(s2 + µ1)(s2 − µ1)(s2 + µ2).

The inverse Mellin transform of M̂µ(s) is then given by

Ŵµ(y) = Dµ1D−µ1Dµ2W ∗µ(y),

where the differential operators are applied to y2. On the other hand, we compute the inverse
Mellin transform directly, and by shifting the contour to Re(s2) = σπ(∞) − 1

2 , we obtain the
estimate

Ŵµ(y) = y−µ22 W ∗∗µ (y1) +Oy1,µ(y
−σπ(∞)+ 1

2
2 )

for y2 → 0, where

W ∗∗µ (y1) = Γ (µ2 + 1) Γ

(
µ1 + µ2

2
+ 1

)
Γ

(
−µ1 + µ2

2
+ 1

)
W ∗µ1(y1)y−µ21 ,

where W ∗µ1(y1) = y
−1/2
1 Wµ1(y1) is a normalised GL(2)-Whittaker function.

The rest of the proof follows the argument in [Blo19a]. Applying Lemma 4.7 repeatedly, we
obtain constants 1

2 < γ1 < γ2 < 1 such that the bound∣∣W ∗µ(y)
∣∣� y

−σπ(∞)
2

∣∣W ∗∗µ (y1)
∣∣

holds for y2 ∈ [γ1/Z, γ2/Z], when y1 and µ vary in some fixed compact domain. Now choose

functions E∗∗j : R+ → C, depending on Ω but not Z, such that
∑

j

∣∣∣∣〈E∗∗j ,W ∗∗µ 〉R+

∣∣∣∣2 � 1 for

µ ∈ Ω, where 〈−,−〉R+
denotes the inner product with respect to the Haar measure on R+.

Now define E∗j (y1, y2) = δγ1≤y2≤γ2E
∗∗
j (y1). This choice depends on Z, but the support of E∗j

varies inside some interval depending only on Ω. Using the relation (4.12), and upon setting
Ej(y) = yηE∗j (y), we obtain

∑
j

∣∣∣〈E(1,Z)
j ,Wµ

〉∣∣∣2 � Z2η2+2σπ(∞)

as desired.

4.4 Hecke eigenvalues and Fourier coefficients

Let M be a set of matrices in GSp(4,Q)+ that is left- and right-invariant under Γ = Sp(4,Z)
and is a finite union

⋃
j

ΓMj of left cosets. ThenM defines a Hecke operator TM on the space

of cuspidal automorphic forms by

TM$(g) =
∑
j

$(Mjg).
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For a matrix g ∈ GSp(4,Q)+, we denote by Tg the Hecke operator TΓgΓ. For m ∈ N, let

S(m) : =
{
M ∈ GSp(4,Z)+

∣∣∣M>JM = mJ
}
, J =

(
I2

−I2

)
.

The m-th standard Hecke operator is then given by T (m) = TS(m). The set of matrices

H(m) =


(
A m−1BD

D

)
∈ S(m)

∣∣∣∣∣∣ A =

(
a1 a

a2

)
, B =

(
b1 b2
b2 b3

)
,
a1, a2 > 0, 0 ≤ a < a2,
0 ≤ bi < m,AD> = mI2,
BD ≡ 0 (mod m)

 .

(4.13)

gives a complete system of left coset representatives for Γ\S(m) [Spe72]. For r ∈ N0, 0 ≤ a ≤
b ≤ r/2 and any prime p, define

T
(r)
a,b (p) := Tdiag(pa,pb,pr−a,pr−b).

When the context is clear, we suppress p from the notation, and write T ra,b instead. Then T (pr)
admits a decomposition

T (pr) =
∑

0≤a≤b≤r/2

T
(r)
a,b (p).

It is well-known that the Hecke algebra H of Sp(4,R) is generated by T (p) = T
(1)
0,0 (p) and

T
(2)
0,1 (p) for primes p, along with the identity.

We also define involutions Tε1 , Tε2 on the space of cuspidal automorphic forms by

Tε1$(g) = $(ε1g), Tε2$

((
Y X

(Y −1)>

))
= $

((
Y −X

(Y −1)>

))
,

where ε1 = diag(−1, 1,−1, 1). It is clear that

(Tε1$)(M1,M2)(g) = $(−M1,M2)(g), (Tε2$)(M1,M2)(g) = $(M1,−M2)(g). (4.14)

It is also straightforward to check that Tε1 , Tε2 commute with the Hecke operators and the
invariant differential operators. So we may assume a cuspidal automorphic form $ is also an
eigenfunction of Tε1 , Tε2 .

Let π be the irreducible automorphic representation corresponding to $. We write λ(m,π) and
λ

(r)
a,b(p, π) to denote the eigenvalue of $ with respect to T (m) and T (r)

a,b respectively, and write
λ′(m,π) := m−3/2λ(m,π). Again, we omit π from the notation when the context is clear.

It is known that if $ is generic and L2-normalised, then by [CI19, Theorem 1.1] and [Li10,
Theorem 3], we have

|A$(1, 1)|2 �µ
1

[Sp(4,Z) : Γ0(q)]L(1, π,Ad)
�µ q

−3−ε. (4.15)

In particular, A$(1, 1) 6= 0.

Notation. Let $ be an L2-normalised generic cuspidal newform. For the rest of the section,
it is however instructive to have an alternative normalisation, such that the (1, 1)-st Fourier
coefficient is 1. To avoid confusion, we always denote by $ an L2-normalised form, and by $1

a scalar multiple of $ such that A$1(1, 1) = 1. From (4.15), we see that $1 = k$ for some
|k| � q3/2+ε.
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Now fix a prime p - q. Let M = (M1,M2), and 0 ≤ c, d ≤ r such that pd−c |M1 and pr−2d |M2.
Write

Γ diag(pa, pb, pr−a, pr−b)Γ =
⋃
i

Γhi

as a finite union of left cosets. We can assume that hi ∈ U(Q)T (Q+). Consider the decomposi-
tion hi = ŷix̂i, with ŷi ∈ T (Q+), x̂i ∈ U(Q+). We define exponential sums

S
(r)
a,b,M (c, d) :=

∑
Γhi⊆Γ diag(pa,pb,pr−a,pr−b)Γ
ŷi=diag(pc,pd,pr−c,pr−d)

ψM (x̂i),

and
S(r)(c, d) :=

∑
0≤a,b≤r/2

S
(r)
a,b,(1,1)(c, d) =

∑
Γhi⊆S(pr)

ŷi=diag(pc,pd,pr−c,pr−d)

ψ(x̂i).

Proposition 4.9. We have

λ
(r)
a,b(p)A$(M) =

∑
0≤c,d≤r

pc−d|M1,p2d−r|M2

S
(r)
a,b,M (c, d)p2c+d− 3r

2 A$(M1p
d−c,M2p

r−2d).

Proof. We compute the Fourier coefficient of T (r)
a,b$ in two ways. On one hand, we have∫

U(Z)\U(R)
Th$(xy)ψM (x)dx = λ

(r)
a,b(p)

A$(M)

Mη
Wµ(ι(M)y). (4.16)

On the other hand, we expand the Hecke operator∫
U(Z)\U(R)

Th$(xy)ψM (x)dx =
∑
Γhi

∫
U(Z)\U(R)

$(hixy)ψM (x)dx

=p−4r
∑
Γhi

∫
U(prZ)\U(R)

$(hixy)ψM (x)dx.

Write hix = x′ŷi, with x′ ∈ U(R), and ŷi = diag(c1, · · · , c4). A simple calculation shows that

x′kl = cl
∑
j

(hi)kjxjl.

In particular, we have

x12 =
c2

c1
x′12 −

(hi)12

c1
=
c2

c1
x′12 − (x̂i)12, x24 =

c4

c2
x′24 −

(hi)24

c2
=
c4

c2
x′24 − (x̂i)24.

Making this substitution, the expression becomes

p−4r
∑
Γhi

∏
k,l

∫ ck
cl
pr+

∑
j

(hi)kjxjl∑
j

(hi)kjxjl

$(x′ŷiy)e (M1(x̂i)12 +M2(x̂i)24) e

(
−c2

c1
M1x

′
12 −

c4

c2
M2x

′
24

)
cl
ck
dx′k,l,

where (k, l) runs through the indices (1, 2), (1, 3), (2, 3), (2, 4). By periodicity, we shift the inte-
gral and get

p−4r
∑
Γhi

∏
k,l

∫ ck
cl
pr

0
$(x′ŷiy)e (M1(x̂i)12 +M2(x̂i)24) e

(
−c2

c1
M1x

′
12 −

c4

c2
M2x

′
24

)
cl
ck
dx′k,l,
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Since $(x′ŷiy) is 1-periodic with respect to x′kl, this integral vanishes unless c1 | c2M1 and
c2 | c4M2. We sum over the terms with the same ŷi = diag(pc, pd, pr−c, pr−d) and get∑

0≤c,d≤r
pc−d|M1,p2d−r|M2

S
(r)
a,b,M (c, d)

∫
U(Z)\U(R)

$(x′ŷiy)e
(
−pd−cM1x

′
12 − pr−2dM2x

′
24

)
dx′.

Evaluating the integral gives∑
0≤c,d≤r

pc−d|M1,p2d−r|M2

S
(r)
a,b,M (c, d)p2c+d− 3r

2
A$(pd−cM1, p

r−2dM2)

Mη
Wµ(ι(M)y). (4.17)

Comparing (4.16) and (4.17) gives the result.

Theorem 4.10. Let $1 ∈ Vπ be a cuspidal newform such that A$1(1, 1) = 1, and p - q a prime.
The Hecke eigenvalues λ(pr, π) of π with respect to T (pr) are given by

λ(p, π) = p3/2A$1(1, p),

λ(pr, π) = p3r/2
(
A$1(1, pr)− p−1A$1(1, pr−2)

)
, r ≥ 2.

Proof. Plugging in M = (1, 1) to Proposition 4.9 gives

λ(pr)A$1(1, 1) =
∑

0≤a,b≤r/2

λ
(r)
a,b(p)A$1(1, 1) =

∑
0≤c≤d≤r/2

S(r)(c, d)p2c+d− 3r
2 A$1(pd−c, pr−2d).

(4.18)

We evaluate S(r)(c, d) explicitly. We set Aa :=

(
pc a

pd

)
, and partition the sum

S(r)(c, d) =
∑

0≤a<pd
S(r)(c, d; a), where S(r)(c, d; a) :=

∑
Γhi⊆S(pr)
A(hi)=Aa

ψ(x̂i),

and A(hi) denotes the top left 2× 2 block of hi. Using representatives in (4.13), we rewrite

S(r)(c, d; a) =
∑

Γhi⊆S(pr)
A(hi)=Aa

ψ(x̂i) =
∑

Γhi⊆S(pr)
A(hi)=Aa

e

(
a

pc
+

b3
p2d

)
= e

(
a

pc

) ∑
Γhi⊆S(pr)
A(hi)=Aa

e

(
b3
p2d

)
.

The condition BD ≡ 0 (mod pr) in (4.13) says

p−rBD =

(
b1p
−c − ab2p−d−c b2p

−d

b2p
−c − ab3p−d−c b3p

−d

)
∈M2(Z). (4.19)

Note that the summation over B depends only on vp(a). We partition the sum with respect to
vp(a). For vp(a) ≤ c− 2, we have∑

0≤a<pd
vp(a)≤c−2

S(r)(c, d; a) =
∑

0≤v≤c−2

∑
0<a′<pd−v

(a′,p)=1

e

(
a′

pc−v

) ∑
Γhi⊆S(pr)
A(hi)=Apv

e

(
b3
p2d

)
= 0.

For vp(a) = c− 1, we have d ≥ c ≥ 1, and∑
0≤a<pd
vp(a)≤c−1

S(r)(c, d; a) =
∑

0<a′<pd−c+1

(a′,p)=1

e

(
a′

p

) ∑
Γhi⊆S(pr)
A(hi)=Apc−1

e

(
b3
p2d

)
= −pd−c

∑
Γhi⊆S(pr)
A(hi)=Apc−1

e

(
b3
p2d

)
.
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The integrality conditions in (4.19) forces pd+1 | b3, pd | b2, and pd+1 | b1pd−c+1 + b2. Hence

∑
0≤a<pd
vp(a)≤c−1

S(r)(c, d; a) = −pd−c
∑

0≤b1,b2,b3<pr
pd+1|b3, pd|b2

pd+1|b1pd−c+1+b2

e

(
b3
p2d

)
=

{
−p3r−c−2d−1 if d = 1,

0 otherwise.

For vp(a) ≥ c, the integrality condition in (4.19) forces pd | b2, b3, and pc | b1. Hence

∑
0≤a<pd
vp(a)≥c

S(r)(c, d; a) = pd−c
∑

0≤b1,b2,b3<pr
pd|b2,b3
pc|b1

e

(
b3
p2d

)
=

{
p3r−c−2d if d = 0,

0 otherwise.

Hence we conclude

S(r)(c, d) =


p3r if (c, d) = (0, 0),

−p3r−4 if (c, d) = (1, 1),

0 otherwise.

Putting this back into (4.18) gives the statement.

Hecke eigenvalues can also be expressed in terms of local Satake parameters αp, βp associated
to π. Without loss of generality, assume |αp| ≥ |βp| ≥ 1. Then up to some ordering we have
pµπ(p,1) = αp, pµπ(p,2) = βp, and σπ(p) = µπ(p, 1). By an identity of Shimura [Shi63, Theorem
2], we have

∞∑
r=0

λ(pr)xr = (1− p2x2)(1− p3/2αpx)−1(1− p3/2α−1
p x)−1(1− p3/2βpx)−1(1− p3/2β−1

p x)−1. (4.20)

For convenience, we define σ+
π (p) = 3

2 + σπ(p).

Lemma 4.11. For a prime p - q and r ≥ 3, the following inequality

∣∣λ(pr−j)
∣∣ ≥ p(r−j)σ+

π (p)

16

holds for some j ∈ {0, 1, 2, 3}.

Proof. We derive from (4.20) that

(1− p3/2α−1
p x)(1− p3/2βpx)(1− p3/2β−1

p x)
∞∑
r=0

λ(pr)xr = (1− p2x2)
∞∑
r=0

(
p3/2αp

)r
xr.

Comparing coefficients gives

λ(pr)− λ(pr−1)p3/2
(
α−1
p + βp + β−1

p

)
+ λ(pr−2)p3(α−1

p βp + α−1
p β−1

p + 1) + λ(pr−3)p9/2α−1
p

=p3r/2(αrp − p−1αr−2
p ).

Assume the contrary. Then the left hand side is bounded by

prσ
+
π (p)

2
≤ prσ

+
π (p) − p2+(r−2)σ+

π (p) ≤ p3r/2
∣∣αrp − p−1αr−2

p

∣∣ ,
a contradiction.

113



Lemma 4.12. Let $1 ∈ Vπ be a cuspidal newform such that A$1(1, 1) = 1, p - q a prime, and
r0 ∈ N0. Then the inequality

|A$1(1, pr)| ≥ prσπ(p)

32

holds for some r0 ≤ r ≤ r0 + 5.

Proof. By Lemma 4.11, we have

|λ(pr)| ≥ prσ
+
π (p)

16

for some r0 + 2 ≤ r ≤ r0 + 5. By Theorem 4.10, we have

p3r/2
(
|A$1(1, pr)|+ p−1

∣∣A$1(1, pr−2)
∣∣) ≥ prσ

+
π (p)

16
,

and the statement follows.

4.5 Sp(4) Kloosterman sums

Kloosterman sums for Sp(4) are defined in Section 3.1. They generalise in a natural way to the
congruence subgroup Γ0(q). We consider the Bruhat decomposition

Sp(4) =
∐
w∈W

Gw, Gw = UwTUw.

Let M,N, c ∈ N2, and w ∈W . Then, if

ψM (wc∗x(c∗)−1w−1) = ψN (x) (4.21)

for all x ∈ Uw(R), then the Kloosterman sum

Klq,w(c,M,N) :=
∑

xwc∗x∈U(Z))\Gw(Q)∩Γ0(q)/U(Z)

ψM (x)ψN (x′) (4.22)

is well-defined by an analogue of Proposition 3.19. If (4.21) does not hold, we set Klq,w(c,M,N) =
0. From Section 3.5, the Kloosterman sum Klq,w(c,M,N) is nonzero only if w = id, sαsβsα,
sβsαsβ, w0.

Now suppose the entries of M = (M1,M2) and N = (N1, N2) are coprime to q. Considering
the Bruhat decomposition of Γ0(q), we deduce that the Kloosterman sum Klq,w(c,M,N) is
nonempty only if

q | c1 for w = sαsβsα, q | c1 and q2 | c2 for w = sβsαsβ, w0. (4.23)

Meanwhile, the well-definedness condition (4.21) says that the Kloosterman sums are well-defined
precisely if

N2 = M2
c2

1

c2
2

if w = sαsβsα, N1 = M1
c2

c2
1

if w = sβsαsβ.

Hence the Kloosterman sums are well-defined only if

vq(c1) = vq(c2) if w = sαsβsα, vq(c2) = 2vq(c1) if w = sβsαsβ. (4.24)
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From the abstract definition in Section 3.1, the Kloosterman sums Klq,w(c,M,N) also enjoy
certain multiplicativity in the moduli. We state one particular case. Let q be prime. For
c = (c1, c2) ∈ N2, let c′j = q−vq(cj)cj , j = 1, 2, and c′ = (c′1, c

′
2). Then we have

Klq,w(c,M,N) = Klq,w

(
(qvq(c1), qvq(c2)),M ′, N ′

)
Kl1,w(c′,M ′′, N ′′) (4.25)

for some M ′, N ′,M ′′, N ′′ ∈ N2. Moreover, if the entries of M , N are coprime to q, then so are
M ′, N ′. From [DR98], we have a trivial bound

Kl1,w(c′,M ′′, N ′′) ≤ |U(Z)\Gw(Q) ∩ Sp(4,Z)/Uw(Z)| ≤ c′1c′2. (4.26)

4.5.1 Evaluation of Kloosterman sums

For the proof of the theorems in Section 1.3 , we compute the following Kloosterman sums:

Klq,sαsβsα ((q, q),M,N) , Klq,sβsαsβ
(
(q, q2),M,N

)
,

Klq,w0

(
(q, q2),M,N

)
, Klq,w0

(
(q, q3),M,N

)
.

We refer to Section 2.2.4 for the Bruhat decomposition.

(i) Consider the Bruhat decomposition for summands in Klq,sαsβsα ((q, q),M,N):

γ =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−q−1

1
q

1




1 v2/q v3/q v4/q
1 v4/q

1
−v2/q 1



=


β2q β2v2 + β1 β2v3 − β3v2/q + β1v4/q − 1/q β2v4 + β3

β4q β4v2 + 1 β4v3 − β5v2/q + v4/q β4v4 + β5

q v2 v3 v4

−β1q −β1v2 −β1v3 − v2/q −β1v4 + 1

 ∈ Γ0(q),

with v2, v3, v4 (mod q) chosen such that (v3, v4, (q, v2)) = 1, and
(
(q, v2)2, qv3 + v2v4

)
= q.

As γ ∈ Γ0(q), by considering the lower left block, we deduce that v2 = 0, and solve β1 ≡ 0
(mod 1). The conditions on v3, v4 then simplify as (q, v3) = 1. Considering the second
row, we solve

β4 ≡ −
v3v4

q
(mod 1), β5 ≡

v3v
2
4

q
(mod 1).

So the Kloosterman sum is given by

Klq,sαsβsα ((q, q),M,N) =
∑

v3(mod q)
(v3,q)=1

∑
v4(mod q)

e

(
M2v3v

2
4

q

)
= 0.

(ii) Consider the Bruhat decomposition for summands in Klq,sβsαsβ
(
(q, q2),M,N

)
:

γ =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−q−1

q−1

q
−q




1 −v23/q
2 v13/q

2

1 v13/q
2 v14/q

2

1
1



=


−β3q β2q β2v13/q + β1/q + β3v23/q β2v14/q − β3v13/q − 1/q
−β5q β4q β4v13/q + β5v23/q + 1/q β4v14/q − β5v13/q

0 q v13/q v14/q
−q −β1q −β1v13/q + v23/q −β1v14/q − v13/q

 ∈ Γ0(q),
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with v13, v14, v23 (mod q2) chosen such that (q2, v13, v14) = q, and (q, v23, v34) = 1, where
v34 = −v213+v14v23

q2
. As γ ∈ Γ0(q), by considering the lower left block, we solve β1 ≡ 0

(mod 1). Then, −β1v13/q + v23/q being an integer implies q | v23, so (q, v34) = 1. Write
v13 = qv′13, v14 = qv′14, and β4 = β′4/q, β5 = β′5/q for some β′4, β′5 ∈ Z. By considering the
second row, we deduce that

β′4v
′
13 + β′5v23/q + 1, β′4v

′
14 − β′5v′13 ∈ qZ,

from which we deduce β′5 ≡ v′14v34 (mod q), and β5 ≡
v′14v34
q (mod 1). Writing v23 = qv′23,

the Kloosterman sum is given by

Klq,sβsαsβ
(
(q, q2),M,N

)
=

∑
v′13,v

′
14,v
′
23(mod q)

(q,v′13,v
′
14)=1

(q,v34)=1

e

(
M2v

′
14v34 +N2v

′
14

q

)
,

where v34 = −(v′13
2 + v′14v

′
23). We evaluate

∑
v′13,v

′
23(mod q)

(q,v′13)=1

1 +
∑

v′13,v
′
14,v
′
23(mod q)

(q,v′14)=1, (q,v34)=1

e

(
M2v

′
14v34 +N2v

′
14

q

)
= q(q − 1)−

∑
v′13,v

′
14(mod q)

(q,v′14)=1

e

(
N2v

′
14

q

)
= q2.

(iii) Consider the Bruhat decomposition for summands in Klq,w0

(
(q, q2),M,N

)
:

γ =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−q−1

−q−1

q
q




1 v2/q v3/q v4/q
1 v13/q

2 v14/q
2

1
−v2/q 1



=


β2q β2v2 + β3q β2v3 + β3v13/q + β1v2/q

2 − 1/q β2v4 − β1/q + β3v14/q
β4q β4v2 + β5q β4v3 + β5v13/q + v2/q

2 β4v4 + β5v14/q − 1/q
q v2 v3 v4

−β1q −β1v2 + q −β1v3 + v13/q −β1v4 + v14/q

 ∈ Γ0(q),

with v2, v3, v4 (mod q) and v13, v14 (mod q2) chosen such that v13q + v2v14 − v4q
2 = 0,

(q, v2, v3, v4) = 1, and (q2, v13, v14, v23, v34) = 1, where v23 = v2v13−v3q2
q and v34 =

v3v14−v4v13
q . As γ ∈ Γ0(q), by considering the lower left block, we deduce that v2 = 0,

and solve β1 ≡ 0 (mod 1). The last row being integers implies that q | v13, v14. Write
v13 = qv′13, v14 = qv′14. The relation v13q + v2v14 − v4q

2 = 0 says v′13 = v4. We check
that q | v23 as well, so (q, v34) = 1. Write β4 = β′4/q, β5 = β′5/q for some β′4, β′5 ∈ Z. By
considering the second row, we deduce that

β′4v3 + β′5v
′
13, β

′
4v4 + β′5v

′
14 − 1 ∈ qZ,

from which we deduce β′5 ≡ v3v34 (mod q), and β5 = v3v34
q (mod 1). The Kloosterman

sum is given by

Klq,w0

(
(q, q2),M,N

)
=

∑
v3,v4,v′14(mod q)

(q,v3,v4)=1
(q,v34)=1

e

(
M2v3v34 +N2v

′
14

q

)
,

where v34 = v3v
′
14 − v2

4.
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Fix v4, v
′
14 6= 0. As v3 6= 0 varies, v3v34 ≡ v′14− v2

4v3 runs through nonzero residues except
v′14 modulo q; hence, as v3 varies, v3v34 runs through all residues except v′14 modulo q.
Hence

∑
v3,v4,v′14(mod q)

(q,v4)=1, (q,v′14)=1
(q,v34)=1

e

(
M2v3v34 +N2v

′
14

q

)
= −

∑
v4,v′14(mod q)

(q,v4)=1
(q,v′14)=1

e

(
M2v′14 +N2v

′
14

q

)
= −(q − 1)S(M2, N2; q).

If v4 6= 0 and v′14 = 0, then v34 = −v2
4. The corresponding part of the sum becomes

∑
v3,v4(mod q)

(q,v4)=1

e

(
−M2v3v4

2

q

)
= 0.

Meanwhile, for v4 = 0, we have v′14 6= 0, and v34 = v3v
′
14, so v3v34 = v′14. Hence this part

of the sum is

∑
v3,v′14(mod q)

(q,v3)=1
(q,v′14)=1

e

(
M2v′14 +N2v

′
14

q

)
= (q − 1)S(M2, N2; q).

Combining the parts above, we conclude that Klq,w0

(
(q, q2),M,N

)
= 0.

(iv) Consider the Bruhat decomposition for summands in Klq,w0

(
(q, q3),M,N

)
:

γ =


1 β1 β2 β3

1 β4 β5

1
−β1 1




−q−1

−q−2

q
q2




1 v2/q v3/q v4/q
1 v13/q

3 v14/q
3

1
−v2/q 1



=


β2q β2v2 + β3q

2 β2v3 + β3v13/q + β1v2/q
3 − 1/q β2v4 − β1/q

2 + β3v14/q
β4q β4v2 + β5q

2 β4v3 + β5v13/q + v2/q
3 β4v4 + β5v14/q − 1/q2

q v2 v3 v4

−β1q −β1v2 + q2 −β1v3 + v13/q −β1v4 + v14/q

 ∈ Γ0(q),

with v2, v3, v4 (mod q) and v13, v14 (mod q2) chosen such that v13q + v2v14 − v4q
3 = 0,

(q, v2, v3, v4) = 1, and (q2, v13, v14, v23, v34) = 1, where v23 = v2v13−v3q3
q and v34 =

v3v14−v4v13
q . As γ ∈ Γ0(q), by considering the lower left block, we deduce that v2 = 0,

and solve β1 ≡ 0 (mod 1). The last row being integers implies that q | v13, v14. Write
v13 = qv′13, v14 = qv′14. The relation v13q + v2v14 − v4q

3 = 0 says v′13 = v4q. We check
that q | v23 as well, so (q, v34) = 1. Write β4 = β′4/q, β5 = β′5/q

2 for some β′4, β′5 ∈ Z. By
considering the second row, we deduce that

β′4v3q + β′5v
′
13, β

′
4v4q + β′5v

′
14 − 1 ∈ q2Z,

from which we deduce β′5 ≡ v3v34 (mod q2), and β5 = v3v34
q2

(mod 1). The Kloosterman
sum is given by

Klq,w0

(
(q, q3),M,N

)
=

∑
v3,v4(mod q), v′14(mod q2)

(q,v3,v4)=1, (q,v34)=1

e

(
M2v3v34 +N2v

′
14

q2

)
,

where v34 = v3v
′
14 − v2

4q.
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Fix v4 6= 0. Then from (q, v34) = 1 we have (q, v′14) = 1, and v3 6= 0. For a fixed v′14, we
see that as v3 varies, v3v34 ≡ v′14−v2

4v3q runs through nonzero residues modulo q2 that are
congruent to v′14 (mod q), except v′14; hence, as v3 varies, v3v34 runs through all residues
modulo q2 that are congruent to v′14 (mod q), except v′14. Hence∑
v3,v4(mod q)
v′14(mod q2)

(q,v3)=1, (q,v4)=1
(q,v′14)=1, (q,v34)=1

e

(
M2v3v34 +N2v

′
14

q2

)
= −

∑
v4(mod q)
v′14(mod q2)

(q,v4)=1, (q,v′14)=1

e

(
M2v′14 +N2v

′
14

q2

)
= −(q − 1)S(M2, N2; q2).

Meanwhile, for v4 = 0, we have (q, v′14) = 1, and v34 = v3v
′
14, so v3v34 = v′14. Hence this

part of the sum is ∑
v3(mod q)
v′14(mod q2)

(q,v3)=1, (q,v′14)=1

e

(
M2v′14 +N2v

′
14

q2

)
= (q − 1)S(M2, N2; q).

Combining the parts above, we conclude that Klq,w0

(
(q, q3),M,N

)
= 0.

4.6 Poincaré series and the Kuznetsov formula

Let E : R2
+ → C be a fixed function with compact support, and X ∈ R2

+ a “parameter”. We
define

E(X)(y1, y2) = E(X1y1, X2y2),

and a right K-invariant function F (X) : Sp(4,R)→ C by

F (X)(xy) = ψ(x)E(X)(y(y)) (4.27)

for x ∈ U(R) and y ∈ T (R+), where ψ = ψ1,1 is as in (4.1). For N ∈ N2, we define the Poincaré
series of level q to be

P
(X)
N (xy) =

∑
γ∈P0∩Γ0(q)\Γ0(q)

F (X)(ι(N)γxy).

Note that F (X)(ι(N)xy) = ψN (x)E(X)(N y(y)) = ψN (x)E(XN y(y)). For w ∈ W , let Gw =
UwTU , and Γw := U(Z)∩w−1U(Z)>w. Let Rw(q) be a complete system of coset representatives
for P0 ∩ Γ0(q)\Γ0(q) ∩Gw/Γw.

We compute the Fourier coefficients of the Poincaré series:∫
U(Z)\U(R)

P
(X)
M (xy)ψN (x)dx

=
∑

γ∈P0∩Γ0(q)\Γ0(q)

∫
U(Z)\U(R)

F (X)(ι(M)γxy)ψN (x)dx

=
∑
w∈W

∑
γ∈Rw(q)

∑
`∈Γw

∫
U(Z)\U(R)

F (X)(ι(M)γ`xy)ψN (x)dx

=
∑
w∈W

∑
c∈N2

Klq,w(c,M,N)

∫
Uw(R)

F (X)(ι(M)c∗wxy)ψN (x)dx.

For fixed y, it follows from Lemma 4.1 and E having compact support that the c-sum runs
over a finite set, and Uw(R) runs over a compact domain. In particular, the right hand side is
absolutely convergent.
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Now let $ be an automorphic form in the spectrum of L2(Γ0(q)\ Sp(4,R)/K), not necessarily
cuspidal. By unfolding, (4.8) and a change of variables ι(N)y 7→ y, we obtain〈
$,P

(X)
N

〉
=

∫
T (R+)

∫
U(Z)\U(R)

$(xy)ψN (−x)E(X)(N · y(y))dxd∗y = NηA$(N)
〈
Wµ, E

(X)
〉
.

By Parseval, we obtain〈
P

(X)
M , P

(X)
N

〉
= MηNη

∫
(q)
A$(M)A$(N)

∣∣∣〈Wµ, E
(X)
〉∣∣∣2 d$.

Meanwhile, unfolding the inner product directly gives〈
P

(X)
M , P

(X)
N

〉
=

∫
T (R+)

∫
U(Z)\U(R)

P
(X)
M (xy)ψN (−x)E(X)(N · y(y))dxd∗y

=
∑
w∈W

∑
c∈N2

Klq,w(c,M,N)

∫
T (R+)

∫
Uw(R)

F (X)(ι(M)c∗wxy)ψN (−x)E(XN · y(y))dxd∗y.

Now define

A := ι(XM)c∗wι(XN)−1w−1 = ι((XM) · (XN)w )c∗ ∈ T (R+). (4.28)

Then y(A)ηc1c2 = ((XM) · (XN)w )η. By change of variables ι(XN)y 7→ y, ι(XN)xι(XN)−1 7→
x, we can express

〈
P

(X)
M , P

(X)
N

〉
as

∑
w∈W

∑
c∈N2

Klq,w(c,M,N)
(XM)η(XN)η

c1c2 y(A)η

∫
T (R+)

∫
Uw(R)

F (X)(ι(X)−1Awxy)ψX−1(−x)E(y(y))dxd∗y.

We then conclude a Kuznetsov-type trace formula.

Lemma 4.13. Let M,N ∈ N2, X ∈ R2
+, E a function on R2

+ with compact support, and define
F (X) as in (4.27). Then∫

(q)
A$(M)A$(N)

∣∣∣〈Wµ, E
(X)
〉∣∣∣2 d$ (4.29)

=
∑
w∈W

∑
c∈N2

Klq,w(c,M,N)
X2η

c1c2 y(A)η

∫
T (R+)

∫
Uw(R)

F (X)(ι(X)−1Awxy)ψX−1(−x)E(y(y))dxd∗y,

with A as in (4.28).

4.7 Proof of theorems

We establish the following proposition, from which the other theorems are proved.

Proposition 4.14. Keep the notations above. Let m ∈ N be coprime to q and Z ≥ 1. Then∫
(q)
|A$(1,m)|2 Z2σπ(∞)δλ$∈Id$ �I,ε q

ε

uniformly in mZ � q2 for a sufficiently small implied constant depending on I.
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Proof. We take X = (1, Z), M = N = (1,m), and apply Lemma 4.13. By Lemma 4.8, there is
a finite set of compactly supported functions Ej such that

Z2η2+2σπ(∞)δλ$∈I �I

∑
j

∣∣∣〈Wµ, E
(X)
j

〉∣∣∣2 . (4.30)

Now we consider the arithmetic side of the Kuznetsov formula for a fixed E(X) = E
(X)
j . It

suffices to consider the Weyl elements w ∈ W for which the Kloosterman sum Klq,w(c,M,N)
does not vanish, namely, w = id, sαsβsα, sβsαsβ, w0.

For w = id, we have c1 = c2 = 1, and hence the contribution is O(Z2η2) = O(Z3).

Now let w ∈ {sαsβsα, sβsαsβ, w0}. Apply Lemma 4.1 with B = (XM) · (XN)w . Concretely, we
set

(B1, B2) =

{
(mZ, 1) if w = sαsβsα,

(1, (mZ)2) if w = sβsαsβ, w0.

Then we obtain

c1 � B1B
1/2
2 = mZ, c2 � B1B2 =

{
mZ if w = sαsβsα,

(mZ)2 if w = sβsαsβ, w0.

We assume mZ � q2 with a sufficiently small implied constant, such that

c1, c2 < q2 for w = sαsβsα, and c1 < q2, c2 < q4 for w = sβsαsβ, w0 (4.31)

always hold. Now we consider the Kloosterman sums

Klq,w(c,M,N) =
∑

xc∗wx′∈U(Z)\Gw(Q)∩Γ0(q)/Uw(Z)

ψM (x)ψN (x′),

where the entries of M = (M1,M2) and N = (N1, N2) are coprime to q. The Kloosterman sums
are nonzero only when (4.23) and (4.24) are satisfied. By (4.25), (4.26) and (4.31), the problem
reduces to computing the Kloosterman sums

Klq,sαsβsα ((q, q),M,N) , Klq,sβsαsβ
(
(q, q2),M,N

)
,

Klq,w0

(
(q, q2),M,N

)
, Klq,w0

(
(q, q3),M,N

)
.

From Section 4.5.1, we see that only Klq,sβsαsβ
(
(q, q2),M,N

)
does not vanish. So only w =

sβsαsβ contributes.

The next step is to estimate for w = sβsαsβ the integral∣∣∣∣∣
∫
T (R+)

∫
Uw(R)

F (X)(ι(X)−1Awxy)ψX−1(−x)E(y(y))dxd∗y

∣∣∣∣∣
≤
∫
T (R+)

∫
Uw(R)

|E(y(Awxy))E(y(y))| .

This integral is bounded by the size of the set of x ∈ Uw(R) such that y(Awxy) lies in the
support of E. Using Lemma 4.1 and Lemma 4.3, we deduce that∣∣∣∣∣

∫
T (R+)

∫
Uw(R)

F (X)(ι(X)−1Awxy)ψX−1(−x)E(y(y))dxd∗y

∣∣∣∣∣
�E vol

{
x ∈ Uw(R)

∣∣∣ ∆1(wx)�E y(A)1 y(A)
1/2
2 , ∆2(wx)�E y(A)1 y(A)2

}
�E y(A)η(1+ε).
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So the contribution from w = sβsαsβ is given by

∑
c∈N2

Klq,w(c,M,N)
X2η

c1c2 y(A)η

∫
T (R+)

∫
Uw(R)

F (X)(ι(X)−1Awxy)ψX−1(−x)E(y(y))dxd∗y

�E

∑
c′1�mZ/q

Z2η2 y(A)ε

q
� Z3qε.

Combining the estimates with (4.30), we obtain∫
(q)
|A$(1,m)|2 Z3+2σπ(∞)δλ$∈Id$ �I

∫
(q)
|A$(1,m)|2

∣∣∣〈Wµ, E
(X)
〉∣∣∣2 d$ �ε Z

3qε.

Dividing both sides by Z3 yields the theorem.

Proof of Theorem 1.4. It follows easily from Proposition 4.14, Theorem 4.10 and the estimate
(4.15) that

∑
π∈FI(q)

∣∣λ′(m,π)
∣∣2 Z2σπ(∞) �ε q

3+ε

∫
(q)
|A$(1,m)|2 Z2σπ(∞)δλ$∈I �I,ε q

3+ε.

Proof of Theorem 1.5. This is just a simple variation of the proofs above. Again we have

∑
π∈FI(q)

∣∣∣ ∑
m≤x

(m,q)=1

α(m)λ′(m,π)
∣∣∣2 �ε q

3+ε

∫
(q)

∣∣∣ ∑
m≤x

(m,q)=1

α(m)A$(M)
∣∣∣2δλ$∈Id$

= q3+ε
∑

m1,m2≤x
(m1m2,q)=1

α(m1)α(m2)

∫
(q)
A$(M1)A$(M2)δλ$∈Id$,

where M = (1,m), M1 = (1,m1), M2 = (1,m2). Now we apply Lemma 4.13 and evaluate the
Kloosterman sums on the arithmetic side. For w 6= id, apply Lemma 4.1 with B = M1 · Mw 2 .
We get

c1 � (m1m2)1/2 ≤ x, c2 � m1 ≤ x for w = sαsβsα,

c1 � (m1m2)1/2 ≤ x, c2 � m1m2 ≤ x2 for w = sβsαsβ, w0.

Note that when x � q with a sufficiently small implied constant, the condition (m, q) = 1
is void, and we deduce from (4.23) that the Kloosterman sums Klq,w(c,M,N) are empty for
w 6= id. Hence only the trivial Weyl element contributes, and we obtain the desired bound.

Proof of Corollary 1.6. Note that the renormalisation λ′(m,π) := m−3/2λ(m,π) moves the crit-
ical strip to 0 < Re s < 1. Observe that for π ∈ FI(q) an approximate functional equation has
length q1/2 (see [IK04, Section 5]). So, for all but O(1) cuspidal representations π ∈ FI(q) (and
ε < 1/2) we have

|L(1/2 + it, π)|2 �I,t,ε q
ε

∑
2j=M≤q1/2+ε

1

M

∣∣∣ ∑
M≤m≤2M

λ′π(m)
∣∣∣2.

The statement then follows from Theorem 1.5.
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Proof of Theorem 1.3. We first assume v = p 6= q is a finite place. We choose ν0 maximal
such that pν0 � q2 with an implied constant that is admissible to Proposition 4.14. Then by
Lemma 4.12 and the estimate (4.15), there exists ν0 − 5 ≤ νπ ≤ ν0 such that

|A$(1, pνπ)|2 � q−3−εp2νπσπ(p).

Note that pνπ � q2. We apply Proposition 4.14 with m = pνπ , Z = 1, and conclude that

Np(σ,FI(q)) ≤
∑

π∈FI(q)

p2νπσπ(p)

p2νπσ
� q3−4σ+ε

∫
(q)

∑
ν0−5≤ν≤ν0

|A$(1, pν)|2 δλ$∈I �I,ε q
3−4σ+ε.

For v = ∞, we use the estimate (4.15), apply Proposition 4.14 with m = 1, Z � q2, and
conclude that

N∞(σ,FI(q)) ≤
∑

π∈FI(q)

Z2σπ(∞)−2σ � q3−4σ+ε

∫
(q)
|A$(1, 1)|2 Z2σπ(∞) �I,ε q

3−4σ+ε.

4.8 Appendix: Computation of Fourier coefficients

In this appendix, we outline an algorithm for computing arbitrary Fourier coefficients of a cus-
pidal newform $1 ∈ Vπ with A$1(1, 1) = 1. For this purpose, it suffices to compute the actions
of T (p) and T (2)

0,1 (p), which generate the Hecke algebra. By Proposition 4.9, we compute

λ(p, π)A$1(M1,M2) = p3/2
(
A$1(M1, pM2) +A$1(p−1M1, pM2)︸ ︷︷ ︸

if p|M1

+A$1(pM1, p
−1M2) +A$1(M1, p

−1M2)︸ ︷︷ ︸
if p|M2

)
,

(4.32)

and if p -M2,(
λ

(2)
0,1(p, π) + 1

)
A$1(M1,M2) = p2

(
A$1(pM1,M2) +A$1(p−1M1, p

2M2) +A$1(p−1M1,M2)︸ ︷︷ ︸
if p|M1

)
. (4.33)

We proceed to show how the Fourier coefficients A$1(pk1 , pk2) are obtained. Starting from
A$1(1, 1) = 1, we apply (4.32) and (4.33) with M = (1, 1) and solve the coefficients

A$1(p, 1) = p−2
(
λ

(2)
0,1(p) + 1

)
, A$1(1, p) = p−3/2λ(p).

Inductively, suppose the Fourier coefficients A$1(pk1 , pk2) are known for all k1 + k2 ≤ r.
For 0 ≤ k ≤ r, applying (4.32) with M = (pk, pr−k) yields the coefficient A$1(pk, pr−k+1).
Then, applying (4.33) with M = (pr, 1) yields the coefficient A$1(pk+1, 1), since the coef-
ficient A$1(pk−1, p2) has already been determined. This shows that the Fourier coefficients
A$1(pk1 , pk2) with k1 + k2 ≤ r + 1 can be expressed in terms of λ(p) and λ(2)

0,1(p), finishing the
induction.

Writing X := p−3/2λ(p, π) and Y := p−2
(
λ

(2)
0,1(p, π) + 1

)
, the Fourier coefficients A$1(pk1 , pk2)

for small ki are computed in the following table:
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(k1, k2) A$i(p
k1 , pk2)

(0, 0) 1
(0, 1) X
(1, 0) Y
(0, 2) X2 − Y − 1
(1, 1) XY −X
(2, 0) −X2 + Y 2 + Y
(0, 3) X3 − 2XY −X
(1, 2) X2Y −X2 − Y 2 − Y + 1
(2, 1) −X3 +XY 2 +X
(3, 0) −2X2Y + Y 3 +X2 + 2Y 2 − 1
(0, 4) X4 − 3X2Y −X2 + Y 2 + 2Y
(1, 3) X3Y −X3 − 2XY 2 + 2X
(2, 2) −X4 +X2Y 2 +X2Y − Y 3 + 2X2 − 2Y 2

(3, 1) −2X3Y +XY 3 + 2X3 +XY 2 − 2X
(4, 0) X4 − 3X2Y 2 + Y 4 + 3Y 3 −X2 + Y 2 − 2Y
(0, 5) X5 − 4X3Y −X3 + 3XY 2 + 4XY −X
(1, 4) X4Y −X4 − 3X2Y 2 +X2Y + Y 3 + 2X2 + 2Y 2 − Y − 1
(2, 3) −X5 +X3Y 2 + 2X3Y − 2XY 3 + 2X3 − 2XY 2 −X
(3, 2) −2X4Y +X2Y 3 + 2X4 + 3X2Y 2 − Y 4 +X2Y − 3Y 3 − 4X2 − Y 2 + 2Y + 1
(4, 1) X5 − 3X3Y 2 +XY 4 + 2X3Y + 2XY 3 − 3X3 − 2XY + 2X
(5, 0) 3X4Y − 4X2Y 3 + Y 5 − 2X4 − 3X2Y 2 + 4Y 4 + 3Y 3 + 3X2 − 3Y 2 − 2Y

From Theorem 4.10, we obtain λ(p2, π) = p3(X2 − Y − 1) − p2. Hence the Fourier coefficients
can also be expressed in terms of eigenvalues λ(pr, π) of standard Hecke operators.

It is evident from the Proposition 4.9 that Fourier coefficients are multiplicative, that is,

A$1(M1N1,M2N2) = A$1(M1,M2)A$1(N1, N2) if (M1M2, N1N2) = 1. (4.34)

Using (4.34), and (4.14) for negative coefficients, we are able to compute A$1(M) for every
M ∈ Z2.
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