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REPRESENTATIONS OF THE KOTTWITZ GERBES

SERGEI IAKOVENKO

ABSTRACT. Let F' be a local or global field and let G be a linear algebraic group over F'. We
study Tannakian categories of representations of the Kottwitz gerbes Rep(Ktr) and the functor
G — B(F,G) defined by Kottwitz in [28]. In particular, we show that if F' is the function field
of a curve over Fg, then Rep(Ktr) is equivalent to the category of Drinfeld isoshtukas. In the
case of number fields, we establish the existence of various fibre functors on Rep(Ktg) and its
subcategories and show that Scholze’s conjecture |41, Conjecture 9.5] follows from the full Tate
conjecture over finite fields [47].

Date: March 10, 2022.
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INTRODUCTION

0.1. Context. Let F' be alocal or global field and let G be a linear algebraic group over F. In [2§],
Kottwitz introduced a functor B(F,G) from linear algebraic groups over F' to pointed sets. We
geometrize a purely cohomological construction of Kottwitz and study categories Rep(Ktr) that
are Tannakian categories over F' attached to Kottwitz gerbes Ktg, which are the main ingredients
of the construction of B(F,G).

In order to sketch the definition of Kty and B(F,G), we first recall Tate-Nakayama isomor-
phisms for local and global fields. Let K/F be a finite Galois extension. If F' is a local field, we
set Xg/p =Z and Dg/p = Gpp.

If I is a global field, then a Gal(K/F)-module X/, is defined as the kernel of the following
homomorphism of Gal(K/F')-modules

@ Z~vie§>Z, ZHUUP—}ZHU

UEVK/F

where Vi is the set of all places of K over F. Then we define Dy as the pro-torus over F'
whose group of characters is Xg/p.

There are canonical classes ag,p € H?(Gal(K/F),Dg,p(K)), such that the cup product

HY(Gal(K/F), Xk/r) o, H*(Gal(K/F),G,(K)) = Br(K/F) (0.1)

is an isomorphism of Tate cohomology groups. Note that the existence of ag/p in the global cases
was shown by Tate in [46], where he also established Tate-Nakayama isomorphisms for cohomology
of algebraic tori over global fields.

Kottwitz used the canonical classes afp, or rather the extensions

corresponding to these classes, to construct the functor G — B(F,G). More precisely, for any
finite Galois extension K/F, Kottwitz [28, Section 2| defined the set of equivalence classes of
algebraic 1-cocycles of Kt with values in G(K) that is denoted Hallg(KtK/F, GK)). If L >
K D F is a tower of finite Galois extensions, then there is a naturally defined map of pointed
sets Haldg(KtK/F, G(K)) — H;lg(KtL/F, G(L)) arising from a compatibility between the canonical
classes oy p and ag/p. Subsequently, in [28, Section 10] the pointed set B(F,G) is defined as

follows:

B(F, G) - th;lg(KtK/F, G(K)),
K

where the colimit is taken over the set of finite Galois extensions K/F contained in a fixed
separable closure F' of F. Moreover, the compatibility mentioned above gives rise to the canonical
class af given by the limit of the ax/p (see Section .

Kottwitz’ construction of B(F, G) works uniformly over local and global fields of any character-
istic and has other pleasant properties. For instance, B(F,G) behaves nicely under localization,
meaning that if F' is a global field, there are naturally defined maps B(F,G) — B(F,,G), where
F, is the completion of F' with respect to a chosen valuation. In particular, one gets such a
localization in the case where F' is Q and v is archimedean, that is F;, = R. In [16, Section
5| Fargues introduced a twistor projective line ﬁ)%& and proved that B(R,G) = H, élt(ﬁ’ﬁ{, G). The
relation between B(R, G)) and Shimura data was investigated by Jaburi in his Master’s thesis [21].

On the other hand, the local B(F,,G)’s for non-archimedean places have long been known for
their relation to the theory of isocrystals, that are the objects of semi-linear algebra playing an
important role in studying p-divisible groups, special fibres of Shimura varieties, and the geometry
of the Fargues-Fontaine curve.
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The category of isocrystals is defined as follows. For simplicity, let F' = Q, with the residue
field F,, also denote by [F the algebraic closure of F,. Let F denote the field of fractions of the
ring of Witt vectors of F. Note that F' is the completion of the maximal unramified extension of
Qp. Additionally, F' is endowed with the action of the topological generator of the Galois group
of F over F,, (inducing  + 2 on the residue field), which we denote by o.

An F-isocrystal over F is a finite-dimensional vector space V' over F with a o-linear isomorphism
a:V 5 V. F-isocrystals over an algebraically closed field were classified by Dieudonné and
Manin (see [14] and [31]).

In [26] and [27], Kottwitz introduced F-isocrystals with G-structure while studying o-conjugacy
classes of linear algebraic groups over non-archimedean local fields. In particular, he proved the
following:

Theorem 0.1 (Kottwitz [27]). Let F' be a non-archimedean local field of characteristic 0. Then
B(F,G) is isomorphic to the set of ®-isomorphism classes of exact ®@-functors from the category
of representations of G to the category of F-isocrystals. In particular, B(F,GLy,) is identified
with the set of isomorphism classes of F-isocrystals of dimension n.

Note that in [28], Kottwitz does not provide a similar interpretation of B(F,G) for global fields
even in the case G = GL,,. Using the foundational work of Giraud on non-abelian cohomology [18]
and the paper of Breen [5], both a /r and the extensions Ktg/r can be interpreted in terms of
gerbes. Recall that gerbes can be viewed as stacks that are locally equivalent to stacks of torsors
for some sheaf of groups.

Scholze suggested to apply general Tannakian duality to the Kottwitz gerbes Ktr. The duality
was introduced by Saavedra Rivano [40] and completed by Deligne [9], it produces Tannakian
categories Rep(Ktp) that play the key role in this work.

The significance of Rep(Ktg) was emphasized in the ICM report of Scholze (see Section 9 in
[41]), where he highlighted the analogy between Rep(Ktg) and the category of isoshtukas over
curves over finite fields. The latter was introduced by Drinfeld in his work on the Langlands
correspondence in the function field case [15]. Scholze also stated the following conjecture:

Conjecture 1 (Scholze [41]). There is a Weil cohomology theory qu@(X) for varieties X over
[ taking values in Rep(Ktg). Under the functor Rep(Ktg) — Rep(Ktq, ), it maps to crystalline
cohomology, and under the functor Rep(Ktq) — Rep(Ktq,) forl # p, it maps to étale cohomology.
Under the restriction Rep(Ktg) — Rep(Ktr), it gives a Weil cohomology theory HﬁtR(X) with
values in Ktg.

0.2. Summary of contents and main results. This work is organized as follows. In the first
sections, we recall main definitions related to gerbes and present several approaches to gerbes
and their categories of representations. We also prove a general result on gerbes with a smooth
band that extends several well-known comparison isomorphisms into the setting of non-abelian
H?, namely we show that H2 (F,G) = HfQI)pf(F ,G), where G is a smooth algebraic group over a
field F' (see Theorem [3.1)).

In Section [6] we study categories of representations of Kottwitz gerbes with G-structure, namely
the categories of ®-functors Rep(G) — Rep(Ktp). It is shown in Proposition that the set of
®-isomorphism classes of such functors is identified with B(F, Q).

In Section |7, we describe Rep(Ktp) in the non-archimedean local cases, re-establishing the
equivalence between Rep(Ktg) and the category of isocrystals in a very explicit fashion in contrast
to a somewhat more abstract comparison that existed in the literature (see [26]). Namely, using
the explicit definition of the category of representations of Kty given in Section [5.3] and main
results of local class field theory, we prove the following:
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Theorem 0.2 (Theorem [7.1). Let F' be a non-archimedean local field. Then the category of
representations of the Kottwitz gerbe Rep(Ktr) is equivalent to the category of pairs (V, p), where
V is a finite-dimensional vector spaces over F, and p:V =V is a o-linear automorphism.

The case of archimedean local fields is treated in Section [§] where we prove the following:

Theorem 0.3 (Theorem 8.1)). The category of representations of the real Kottwitz gerbe Rep(Ktg)
is equivalent to the category of finite dimensional Z-graded complex vector spaces with semi-linear
automorphism o, such that o® acts on V™ by (—1)™.

In Section |§| we get the case of global fields off the ground by showing that Rep(Ktp) has a
fibre functor in any extension F'/F of cohomological dimension < 1. In particular, we obtain the
following result.

Theorem 0.4 (Theorem [9.1)). e Rep(Ktg) has a fibre functor in finite-dimensional vector
spaces over Q¥ where Q! is the extension of Q obtained by adjoining all roots of unity.
o [f F is the function field of an algebraic curve over Fy, then Rep(Ktr) has a fibre functor

in finite-dimensional vector spaces over F' @, FF.

Roughly speaking, the first statement says that Rep(Ktg) can be described as the category of
representations of the protorus Dg over Q% with extra data corresponding to descent from Q¢!
to Q. Unfortunately, the descent cannot be made sufficiently explicit at the moment, due to its
highly abstract nature.

The second part of Theorem leads us to the work of Drinfeld on shtukas and the Langlands
correspondence for curves over a finite field. Namely, in [I5] Drinfeld introduced the category of
isoshtukas that is defined as the category of pairs (V, ), where V' is a finite-dimensional vector
space over F' ®@p, F, and ¢ is a Frob-linear automorphism of V', where Frob is the toplogical
generator of the Galois group of IF over F, sending = to z9.

In Section we obtain one of the main technical ingredients needed for the comparison of
Rep(Ktp) and the category of isoshtukas. Namely, in Theorem we establish a local-global
principle for Tannakian categories over F' banded by Dg, where Dg is the pro-torus with the
module of characters Xp = lim Xg /p.

The classification of isoshtukas obtained by Drinfeld combined with local Tate duality and the
local-global principle give us the following result:

Theorem 0.5 (Theorem |[12.1). Let F' be a function field of a smooth algebraic curve over a finite
field. Then the category of representations of the Kottwitz gerbe Rep(Ktr) is equivalent to the
category of Drinfeld isoshutkas.

As a consequence, we obtain the following description of B(F,G) for global function fields:

Theorem 0.6 (Theorem (12.2)). Let F' be a global function field and let G be a linear algebraic
group over F, then B(F,QG) is isomorphic to the set of isomorphism classes of isoshtukas with
G-structure.

Note that G-isoshtukas for connected reductive groups G were recently studied by Hamacher
and Kim [20] from a somewhat different perspective. Namely, they defined isoshtukas as G-torsors
V over F®p,IF together with an isomorphism Frob™ V' ~ V" and classified them very explicitly [20,
Theorem 1.3]. Since G is connected reductive, then H'(F ®p,F,G) = 0 by Steinberg theorem (sece
[45]). Consequently, any two fibre functors on Rep(G) in Vect e, r are isomorphic and the set of
isomorphism classes in Hom®(Rep(G), Rep(Ktr)) can be computed after fixing fibre functors. A

standard Tannakian argument (see [8, Chapter IX]) shows that the set of isomorphism classes of
G-isoshtukas of Hamacher and Kim is given by B(F,G).
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As is often the case for seemingly analogous results for function fields and number fields, the
study of the Kottwitz gerbes and their representations over number fields is admittedly more com-
plicated. One can study Rep(Ktg) via its subcategories given by the categories of representations
of algebraic quotients of the Kottwitz gerbe Ktgp. Recall that a gerbe is called algebraic if it is
locally equivalent to a stack of torsors for an algebraic group.

In Section [I3] we prove the following refinement of the results on the existence of fibre functors.
Let Kt(’@ be an algebraic quotient Ktg g of Ktg, where K/Q is a finite Galois extension and S is
a finite set of places of K satisfying Kaletha-Kottwitz-Tate conditions (see Section .

Theorem 0.7 (Theorem . For any algebraic quotient th@ of Ktg as above, there exists
infinitely many rational primes q, such that Rep(Kt{@) has a fibre functor in finite-dimensional
vector spaces over the qth cyclotomic field Q((y).

The main advantage here is that we are reduced to finite cyclic Galois extensions that are ramified

at a unique finite prime, namely at g. This makes the descent data on Rep(Kt(’@) more concrete

and easier to handle, as compared to the situation of Theorem [9.1] However, it raises several

tricky questions about explicit computation of cohomology of certain non-split tori over Q((y).
Finally, in Section we show the following:

Theorem 0.8 (Corollary(14.1]). Scholze’s Conjecture follows from the Tate conjecture over finite
felds.

The key ingredient in proving this result is the explicit description of the category of numerical
motives Mot(F)yum obtained by Langlands and Rapoport in [29] under the assumption of the
Tate conjecture (see Conjecture [2)), that was refined in subsequent works of Milne [35] [34].
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1. GERBES: FROM ABSTRACT DEFINITIONS TO GROUP EXTENSIONS

A gerbe & over a site S is defined as a stack fibred in groupoids that satisfies the following
extra conditions:
e There exists a cover U € Ob(S) such that the fibre groupoid &y is not empty.
e For all U € Ob(S), any two objects x,y € &y are locally isomorphic, i.e. there exists a
cover U’ % U such that p*z ~ p*y.
In this work we consider fppf, fpqc and smooth sites over a field F. Gerbes form a 2-subcategory

of the 2-category of stacks.
We refer the reader to [I8] for generalities on non-abelian cohomology and gerbes.
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1.1. Local description of gerbes. We recall several results on local description of gerbes (see
Section 4 in [5]). Firstly, we sketch the main steps in describing a gerbe via local data consisting
of a concrete bitorsor satisfying several compatibility conditions, we proceed further by describing
1- and 2-morphisms of gerbes via local data.

Let £ be a gerbe over S. Choosing a cartesian section z of £ over some U € Ob(S), we obtain
an equivalence

®: & x U — TORS(U,G) (1.1)

that sends an object y of the fibre groupoid &, over V 2 U to the torsor Isom(p*z,y). In this
situation, we say that G = Aut(x) is the band of &, or that £ is banded by G. When G is a
smooth algebraic group scheme, £ is called a smooth algebraic gerbe.

Throughout the rest of the section, we assume that all gerbes are banded by smooth bands,
since it is always the case in our applications.

After pulling back the equivalence to U x U, we get an equivalence of stacks over U?

@ pi®o (ps®)~' : TORS(U?, piG) — TORS(U?, p3G), (1.2)

which restricts to the identity on the diagonal.

Using the definition of ® and the fact that the category of equivalences between TORS(U x
U, piG) and TORS(U x U, p5G) is equivalent to the category of (p5G, pj G)-bitorsors (see Chap. IV,
Prop.5.2.5 in [18]), we may pass to the (p5G, pjG)-bitorsor

E = Isom(pjz, p5x) (1.3)
over U?, whose set of sections over V M U? is given by the set Isom(f*x, g*z) of arrows in the
groupoid €y, moreover, E restricts to G = Aut(z) on the diagonal A : U — U?.

Note that the assumption that G is smooth implies that E is representable by a smooth scheme
over U%. Additionally, since E is a gerbe, the projection map E — U? is an epimorphism.
Combining the latter with the monomorphism A*(E) — E we obtain the following sequence of
morphisms

G = Aut(z) — E = Isom(p}(z), ps(x)) — U= (1.4)

In order to define the descent data on TORS(U, G), the equivalence and therefore the
bitorsor E must satisfy several compatibility conditions after pulling back to U? and U*%; namely,
the condition over U3 translates into an isomorphism of (piG, p5G)-bitorsors

Y : p1oE A pssE =5 pi3E (1.5)

that is given by associating an element of Isom(p5(x), pi(z)) to the composition of f € Isom(p3z, pix)
and g € Isom(pix, pix). The condition over U* boils down to the equality of the two possible
induced maps

PioE A ps3 Ap3y B — piuE. (1.6)

1.2. Local description of morphisms between gerbes. Given a gerbe £ with a section
y € & such that Aut(y) = H, where H is a smooth algebraic group over U, we let ¢’ and
1)’ denote the equivalence analogous to and the cocycle isomorphism attached to &’
and y, respectively. One describe a morphism £ — &’ locally as follows. Note that giving a
morphism f : £ — £’ is equivalent to giving a morphism fiy : TORS(U, G) — TORS(U, H) and
an isomorphism
a:pyfuop = ¢ opifu (1.7)
that is compatible with the cocycle isomorphisms 1 and 1) over U?.
Let E' = Isom(p;(y), p5(y)) be the (piH, p5H)-bitorsor attached to £ and a trivializing object
y € &[. Assuming for simplicity that fy(r) ~ y in &, we obtain a morphism of bitorsors



REPRESENTATIONS OF THE KOTTWITZ GERBES 7

aopsfu: E — E' over U? compatible with the cocycle isomorphisms and whose restriction to
the diagonal defines a morphism v : G — H of smooth algebraic groups over U.

1.3. Specializing to the case of Galois covers. Let U = Spec(K), where K/F is a Galois ex-
tension. In this case, we have the isomorphism Spec(K) Xgpec(r) Spec(K) = Gal(K/F) x Spec(K)
dual to the isomorphism K Qp K — HGal(K/F) K given by sending a ®b to (ao(b))seqal x/r- Us-
ing this isomorphism and taking U-points of schemes in , we obtain the short exact sequence
of groups
1—-G(K)— E(K)— Gal(K/F) — 1. (1.8)

For brevity, extensions of the form together with a sheaf of groups G over Spec(U) are called
K /F-Galois gerbes.

The group structure on F(K) is given by the isomorphism % in . More explicitly, we
identify U3 with U x Gal(K/F) x Gal(K/F), so that pi(z) = z, p3(z) = o*z, and p}(z) = (o7)*z,
where o, 7 € Gal(K/F)?. We can rewrite the isomorphism ¢ as the family of isomorphisms

Yo r 0" Isom(7"z, z) Alsom(c*z, z) — Isom((o7)"z, ) (1.9)

given by assigning to a pair of sections (v, u) € Isom(c*z,x)(U) x Isom(7*x,z)(U) their compo-
sition uo*(v) € Isom((o7)*(z),z)(U). The collection of isomorphisms (vs,r) (o, r)cGal(x/F) defines
the multiplication on E(K), its associativity is the consequence of the equality of two induced
maps in (L.6). We also see that G(K) is identified with the fibre of E(K) — Gal(K/F) over the
identity.

Similarly, under the assumptions of Section a morphism of gerbes f : & — &' induces a
homomorphism of the corresponding K/F-Galois gerbes

11— G(K) —— E(K) —— Gal(K/F) —— 1
b—; H (1.10)

l1—— H(K) —— F'(K) —— Gal(K/F) —— 1

where fand v denote the restrictions to U-points of morphisms « o p3 fy and v, respectively. We
will see further that in some cases f can be recovered up to isomorphism from such data.

2. BANDS

In this section we recollect briefly the main definitions and constructions leading to the definition
of a banded gerbe.

2.1. Stack of bands. Let S be a site. We let ShGroups(S) denote the cloven category of sheaves
of groups over S and let ShGroups(S) denote the category of cartesian sections of ShGroups(.S).
For any two sheaves of groups X,Y we define the sheaf of external morphisms

Hex(X,Y) = HomghGroups(X,Y)/ Int(Y") (2.1)

and the sheaf of external isomorphisms Isex(X,Y’) as the image of Isom(X,Y’) in Hex(X,Y).
Firstly, we define a prestack of bands over S. For any U € Ob(S) we define preBand(S)y as
follows:

Ob(preBand(S)y) = Ob(ShGroups(S)y) (2.2)

and for any two objects in preBand(S)y we set

Homprepand (X, Y) = H(S)pr, Hex(X,Y)) (2.3)
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moreover, the invertible morphisms Isompepand (X, Y’) are given by the sections of Isex(X,Y") over
Sy Since Hex(X,Y') commutes with restriction morphisms V' — U we have a cloven category
preBand(S), and a functor between cloven categories

ShGroups(S) — preBand(.5). (2.4)
The latter category is a prestack that admits a natural functor
preBand(S) — Band(S5) (2.5)
where Band () is obtained as an associated stack and is called the stack of bands over S. Moreover,
we define a functor
band(S) : ShGroups(S) — Band(S) (2.6)
by composing (2.4)) and (2.5]).
A cartesian section of Band(\S) is called a band over S. The category of bands over S is defined

by taking cartesian sections of Band(S) and is denoted by Band(S). By band(S) we denote the
functor induced by band(S) on the categories of cartesian sections

band(S) : ShGroups(S) — Band(S). (2.7)

2.2. Band acting on a stack. Let £ be a stack over S, recall that £ denotes a stack in
groupoids associated to £. There is a cartesian functor

aut(E) : £ — ShGroups(S) (2.8)

defined by taking sheaves of automorphisms of x € &y, where U € Ob(S). Therefore, there is a
natural morphism of stacks

bandAut : £ — Band(9) (2.9)

given by the composition of aut(S) and band(S). Note that the stack Band(S) is defined in such
a way that bandAut(S) sends any two isomorphisms m,n : x = y between elements of Ey into
the same morphism.

Furthermore, any morphism of stacks induces a morphism of bands by passing to the associated
stacks.

Let L be a band over S. An action of L on E is a morphism of morphisms of stacks a : Lo f —
bandAut(S)(FE) given below

bandAut(S)

Eeart Band(S)
\ /
S
In other words a is a family of morphisms
a(U) : L(U) — band(Auty(z)), U € Ob(S),z € Ob(Ey). (2.10)

The triple (L, a, E) is called a stack with an action of a band.
Given two stacks with actions of bands (L, a, E) and (M, b, G), there is an obvious notion of
compatibility for a morphism of stacks m : E — G and a morphism of bands v : L — M.
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2.3. Band of a gerbe. Let E be an S-gerbe, and let (L, a) be a band acting on E. The following
conditions are equivalent:

e ¢ is an isomorphism
e for any lien L’ over S and any action b’ of L' on E, there exists a unique morphism
w: L' — L making V' an induced action via u and a. That is b=ao (u- f)
Moreover, there exists a band (L, a) satisfying the conditions above. For the proof see IV.Proposition
2.2.1 in [I8).
A morphism of gerbes f : £ — H is banded by a morphism of bands v : L. — M if the following
diagram commutes

band(Aut(w)‘U) AN band(Aut(f(x))‘(ﬂ

T T

L(U) - M(U)

where the vertical arrows are the isomorphisms from (2.10]). Furthermore, any morphism of gerbes
is banded by a unique morphism of bands.

Definition 1. Let L be a band over S and let £ and H be gerbes banded by L. A morphism
f & — H is called an L-morphism or L-equivalence, if f is banded by idy. The second non-

abelian cohomology set of Giraud H?(S, L) is defined as the set of L-equivalence classes of L-gerbes
(see IV.3.1 in [I8]). If G is a sheaf of groups over S, we set H2(S,G) = H?(S, band(Q)).

Note that the substack of abelian bands is equivalent to the stack of abelian groups over S (see
Proposition IV.1.2.3 in [I8]). Moreover, if L is an abelian band, H?(S, L) is endowed with a group
structure and coincides with the usual derived functor definition of H? (see Theorem IV.3.4.2 in

[18])

3. GERBES WITH A SMOOTH BAND AND A COMPARISON ISOMORPHISM FOR H?

In this section, we establish a comparison isomorphism for non-abelian H? that would be
applied in Section [ Namely, we prove the following

Theorem 3.1. Let F' be a field, and let G be a smooth group scheme over F'. Then the following
pointed sets classifying G-gerbes over the corresponding sites are isomorphic

H2(Fsm7 G) = HQ(Ffppﬁ G) = H2(Fqum G). (3.1)

The proof of this theorem will be given in Section [3.5] after we develop main technical tools in

Sections B.11H3.41

3.1. Inverse and direct images of stacks. Let us first recall the definitions of the direct and
inverse image 2-functors defined for stacks.
Let S and S’ be two sites. Let f~!: S — S’ be an adjoint functor to a morphism of sites

f:8 8. (32)

Note that we are primarily interested in the case where S = Spec(F)gpt and S’ = Spec(K)gppf,
and K/F is a finite field extension.

Definition 2. For any stack E’ over S’ its direct image f.(E’) is given by the stack E’ xg S
obtained from E’ via base change along f~!. Namely, the fibre of f.(E’) over U € Ob(S) is given

by E'(fH(U)).
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Definition 3. A pair (E’,¢) where E’ is a stack over S’ and ¢ : E — f.(E’) a morphism of
stacks over S is called an inverse image of F if for any stack G’ over S’ the functor

Cartg/ (E',G") — Cartg(E, f«(G")) (3.3)
is an equivalence of categories.

In particular, the sites S and S’ can be considered as stacks in groupoids over themselves, in
this case the couple (5’,idg) is an inverse image of S.

Given a stack E over S and a morphism of sites S’ — S one can construct a pair (f*(F), p)
passing to the underlying fibred category and then stackifying the inverse image of F as a fibred
category, note that ¢ : F' — f,f*F is a natural functor defined by 2-adjunction of direct image
and inverse image functors of underlying fibred categories and the stackifickation.

3.2. Inverse and direct images of gerbes. If F is a gerbe over S then its inverse image f*F is
a gerbe over S’ (see III. Corollaire 2.1.5.6 in [18]), thus gerbes are well-behaved under f*, however,
given a gerbe E’ over S’, its direct image f.(E’) is not a gerbe in general.

From now on, we assume that F is a gerbe over S banded by a sheaf of groups G, such that its
inverse image (E',p : E — f.E")) along f : S’ — S, has a section, that is there exists a cartesian
functor S — E’. Thus E’ is equivalent to a neutral gerbe TORS(S’,G'), where G' = f*(G) is
the inverse image of the sheaf of groups associated to G.

We would like to deduce a sufficient criterion for f,(TORS(S’,G")) to be a gerbe. In order to
achieve this, we apply theory developed by Giraud in [I8, V.3]. For a sheaf of groups G’ over S’
he defines a sheaf R!f,(G’) on S that is associated to a presheaf

V € Ob(S) ~ HY(f1(V),a". (3.4)

There is a canonical isomorphism of sheaves between R!f.(G’) and the sheaf of maximal sub-
gerbes of f.(E’) that is denoted by Ger(E’) (see [18, V. Lemme 3.1.5]). This implies that f,E’
admits a fully faithful functor H — f.(E’) where H is a gerbe over S, if and only if R! f,(G’) has
a section.

Moreover, there is an exact sequence of pointed sets (see [I8, V. Prop. 3.1.3])

0 —— HY(S, f.(G")) —— HY(S',G') —— HO(S, R f.(G")) (3.5)

where the first arrow is induced by an equivalence of stacks
TORS(S’,G')° ~ TORS(S, f.(G")) (3.6)

where TORS(S’,G')¥ denotes a full subcategory of TORS(S’, G’) whose objects are G’-torsors
P over S’, such that there exists a refinement R in S satisfying the following condition: for any
Y € R, the restriction of P to f~1(Y) is trivial (see [I8, V. Prop. 3.1.1]).

Clearly, the vanishing of R!f,(G’) implies several particularly nice properties that can be
summarized as follows:

Proposition 3.1. If R'f.(G') = {x}, then the following is satisfied:
e TORS(S,G") ~ TORS(S, f+(G")).
e f.(TORS(S",G")) ~ TORS(S, f.(G")).

Proof. Let P be a G'-torsor. Then f.(P) is an f.(G’)-torsor, if and only if the class of P in
H'(S",G") maps to the marked point in HY(S, R'f.(G)) (see [18, V. 3.1.3.1]); therefore, the
natural functor TORS(S’,G')® — TORS(S’,G") is an equivalence. Then the first claim follows
by combining this with .

In order to prove the second claim, we first notice that f.(TORS(S’,G")) is a gerbe, since it
is locally non-empty by definition and it follows from the vanishing of R!f,(G’) that any local



REPRESENTATIONS OF THE KOTTWITZ GERBES 11

section of f,(TORS(S’,G")) is S-locally isomorphic to the trivial f,(G’)-torsor. The rest follows
from the fact that TORS(S, f+(G’)) is a unique maximal subgerbe of f,(TORS(S’,G")) (see [18,
V. Prop. 3.1.6]). O

3.3. Vanishing of R!f,(G’) for smooth G’ and finite f. Although we are going to apply
Proposition [3.1] in a very particular case, it can be useful to have a general statement.

Proposition 3.2. Let f : S — S be a morphism of fppf-sites of schemes induced by a finite
morphism of the corresponding schemes and let G' be a sheaf of smooth groups over S'. Then

RUf(G') = {=}.

Proof. We remark that the proof follows [13, Exp. VIII, par. 5| where the derived direct images
of abelian sheaves in étale topology are treated.

We claim that R!f,(G’) = {*} as an fppf-sheaf. Recall that the fppf-site over a scheme has
enough points (see [44, Tag 06VW]), that is there exists a conservative family of points {p;}icr
such that a morphism of sheaves is an isomorphism whenever it holds fiberwise for every p;. In
our case the family of Spype-local S-schemes defines such a conservative family of fibre functors
(see Theorem 2.3 in [I7]). Since fppf topology is finer than étale topology we see that any Sgype-
local scheme Spec(R) — S is in particular strictly henselian; moreover, all its residue fields are
algebraically closed.

Thus we are reduced to the computation of fibres of R!f,(G’) at points given by fppf-local
schemes S. We let S” denote the fibre product S’ x5 S and let G’ denote the pullback of G’ to
S’. Then we have an isomorphism of sheaves of pointed sets

R fu(G')g =~ Hypp (57, G7) = Hgy (5, G) (3.7)

where the second isomorphism follows from the smoothness of G’ over S’. Applying the finiteness
of 8" — S we see that S’ — S is finite, thus S’ is a finite product of strictly henselian schemes,
and over such schemes any torsor under a smooth group is trivial. Therefore

R'f(G")g = {*} for any S fppf-local, (3.8)
which proves the claim. O

3.4. The case of finite field extensions. Let K/F be a finite extension of fields and let G’
be a smooth algebraic group scheme over K. Setting S’ = Spec(K)gppr and S = Spec(F)gppf,
we see that the assumptions of Proposition are satisfied and moreover f,(G’) is representable
by a smooth algebraic group Resg,p(G’) over F' (see [T, A. Prop. 5.2]). Therefore, we have an
equivalence
f* (TORS(Kfppf, Gl)) — TORS(Ffppf, ResK/F(G’)) (3.9)
and a natural functor
0 : E — TORS(Fipps, Resg/r(G')) (3.10)
between Fi,,¢-gerbes that is given by sending an object P € Ob(Ey) to f. f*P which is an object
Of TORS(Ffppf, RGSK/F(G/))U.
Note that Propositions and combined with Grothendieck comparison isomorphism |19,
Th. 11.7] give us an alternative proof of Shapiro-Oesterlé lemma (see [38, IV. 2.3]):

Corollary 3.1. Let K/F be a finite field extension and let G’ be a smooth group scheme over K.
Then the natural functor TORS(Fippt, Resg/p(G')) — TORS(Kiypt, G') defined wvia [18, V. Cor.

3.1.2] is an equivalence of gerbes that induces an isomorphism
Hl(KétaG/) = Hl(Fét>ReSK/F(G/)) (311)

of pointed sets, which reduces to the usual isomorphism of abelian cohomology, if G' is abelian.
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3.5. Comparison isomorphism. Any gerbe over Ff,. banded by an algebraic group G' can be
neutralized by a finite extension K/F, here we assume for simplicity that L is a band that is
globally representable by a sheaf of groups. It is a consequence of the comparison isomorphism
for H?(Fipqe, G) and H?(Fyppr, G) proved by Saavedra Rivano [40, III. Cor. 3.1.6] and the fact
that H?(Fppt, G) is a pseudotorsor under H?(Fipps, C(G)) (see [I8, IV. Th. 3.3.3]), where C(G)
is the centre of G, and the latter is the usual fppf-cohomology of C(G).

We claim that any algebraic gerbe over a field with a smooth algebraic band can be neutralized
by a finite Galois extension of F.

Note that the discussion above reduces this statement to the case char(F') > 0. Moreover, we
may assume that K/F' is purely inseparable.

Let E be a gerbe banded by G, and let f : S = Kppf — S = Fippe be the corresponding
morphism of sites. Assume that £’ = f*(E) is a neutral gerbe TORS(S’, f*(G)). Consider the
fibre product

EXE*S S

| |

E—"— B, = TORS(S, Resg,r(G"))

We note that the vertical arrow provides us with a morphism F x g, F' — E and we claim that
E xp, F is representable by a smooth scheme over F'. To show this we observe that the bottom
arrow 0 is representable by a smooth scheme.

Indeed, one can check this after pulling back both gerbes to K, and thus reducing to the case
of a morphism between neutral gerbes

0k : TORS(S',G’) — TORS(S’, Resg,/p(G')). (3.12)
By definition of representability, we need to check that for any point
u:U — TORS(S", Resg/r(G')),
where U is a scheme over Spec(K), the fibre product

EXE*U U

J lu (3.13)

TORS(S', G') —2%— TORS(S, f* Resy/p(G))

is representable by a smooth scheme.

The fibre is given by an f* ReSK/F(G’)—torsor Q@ over U that lies in the image of . Since
J* Resgy r(G’) is a smooth group scheme, @) becomes trivial over an étale cover of K, therefore,
we may assume that @) is a trivial torsor f* Resg/ r(G"). We can describe the functor 0 using
the following remark.

Remark 1. If u : A — B is a monomorphism of groups, then there is a natural functor
TORS(S, A) — TORS(S, B) given by P+ “P = P A4 B. There is a natural morphism from P
to “P that can be composed with with the quotient by A, i.e. we have a morphism

P—-"'P—"P/A (3.14)

which gives us a section ¢ : e — “P/A since the morphism above factors through P/A (locally
isomorphic to e, the final object of the site we are working on). Moreover, Tors(.S, A) is equivalent
to the category of pairs (@, q) where @Q is a B-torsor, and ¢ € Hom(e, Q/A).
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Note that 0 is defined by adjunction
f*Pw— f*f.f*P (3.15)
where P is an object of a fibre of E, and f*P is the associated G’-torsor. On the other hand, we
also have a natural monomorphism of sheaves of sets
f*P— f*f.f*P (3.16)
that is compatible with the monomorphism of sheaves of groups G’ — f* Res K/ 7(G"). In this
case we have an isomorphism of f* Resg/p(G’)-torsors (see [I8] Prop. III1.1.4.6(iii))

F I P~ f*P A f*Resg p(G), (3.17)

which allows us to apply the remark above. It follows that the fibre product is given by
the quotient of a smooth group scheme f* Resg/, r(G") by G, and therefore, is representable by a
smooth scheme.

We obtain a cartesian functor from the fppf-site over the smooth scheme Resg (G") /G’ to the
gerbe E, furthermore, Resg/, 7(G")/G' has sections étale-locally, that gives us an étale section of
E.

The previous argument shows that any G-gerbe E over Fy,,¢ trivializes over an étale extension
K/F. Taking the inverse image of E along F' — K we get the category of G xp K-torsors over
Fypt, which is equivalent to the category of G x p K-torsors over Fg;. Therefore, any two local
sections of E are étale-locally isomorphic.

Remark 2. A remark of Conrad in [6, App. B.3| says that any gerbe E banded by an abelian
fppf S-group scheme G is actually an Artin stack, thus it would imply that E can be neutralized
by an étale extension by noticing that Hf2ppf(5, G) is a pseudo-torsor under prpf(S, C(G)).

4. DEFINITION OF KOTTWITZ GERBES

4.1. Local fields. Let F' be a local field and let K/F be a finite Galois extension with the Galois
group Gal(K/F). Then there is an isomorphism between Tate cohomology groups
H°(Gal(K/F),Z) = H*(Gal(K/F), K*) (4.1)

given by the cup product with the canonical class of local class field theory

ag/r € H*(Gal(K/F), Hom(Z, K*)).
Using the fact that the latter cohomology group also classifies the extensions of Gal(K/F') by
K>, we define Kt/ as an extension

1 = K* = Ktg/p — Gal(K/F) — 1 (4.2)

corresponding to the class ay p. Hilbert’s Theorem 90 ensures that Kty is essentially well-
defined, namely, it is defined up to the conjugation by an element of K *.

In order to define Ktp, Kottwitz considered the limit of Ktx/r over finite Galois extensions
K/F, more accurately, consider F' C K C L such that L is finite Galois over F', then the canonical
class ag/p can be considered as an element of H?(Gal(L/F), L*) via inflation, to which one

associates a gerbe Kt‘[‘;f/ 7 (see Section 2.10 in [28]). Moreover, there is a relation

inf(ag,rp) = [L: Klagp, (4.3)

which implies the existence of a homomorphism Kty ,p — Kti;(lﬁF that is given by the map

PL/K T #! LK) when restricted to L*.
Therefore, Ktz corresponds to the element ap € lim JF fin. Galois H?(Gal(K/F), K*) defined

by the limit of canonical classes ag/p.
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Applying Hilbert’s Theorem 90, we see that inflation H?(Gal(K/F), K*) — H?*(Fg,G,,) is
injective, this way ap defines a unique class in lim H?(F,G,,), where the transition maps on
cohomology are induced by the maps pr, k. Finally, applying Hilbert’s Theorem 90 we obtain

that o can be considered as an element of H? (FquC,Gm), where Gm is the pro-torus over F
whose module of characters is given by Q.
Consequently, the construction of Kottwitz defines an equivalence class of gerbes over Fiyqc

banded by G,

Remark 3. Note that Hl(Fquc, @;) # 0, despite the fact that H* (Fpqes Gm) = 0, namely this
cohomology group is given by @1 F* with the transition maps given by raising to n-th powers
for any natural n. As a rule, such transition maps are not surjective and the corresponding inverse
system would fail Mittag-Leffler condition.

4.2. Global fields. Let F' be a global field and let K/F be a finite Galois extension. Here we
define the global Kottwitz classes and explain that the construction of Kottwitz gives us a well-
defined class in H 2(Fquc,ﬂ])p), that is an equivalence class of gerbes banded by a pro-torus Dp
introduced below (see Section . Although the situation is quite similar to the local case, there
are several differences, for instance, one is forced to prove several vanishing theorems for the first
cohomology of various (pro-)tori, that are in general no longer split over F'.

Let us first recall Tate’s construction from [46]. Let K/F be a finite Galois extension. Let
S C Vr be a finite subset of the set of places of F', we define Sk as the set of places in K lying
over S, and SK C Sk denotes a set of lifts for the places in S (that is, over each v € S there is a
unique w € S k). We assume that the pair (S, S k) satisfies the following list of conditions

(T1) S contains all archimedean places and all places that ramify in K.

(T2) Every ideal class of K has an ideal with support in Sk.

(K1) For every w € Vi there exists w' € S such that Stab(w, ' p) = Stab(w', Tk p).

(

K2) For every o € Ik there exists v € Sk such that oo = ov.

The conditions (T1) and (T2) were introduced by Tate in [46] and are sufficient for the construc-
tion of Tate-Nakayama classes, the conditions (K1) and (K2) appeared in a paper by Kaletha (see
Conditions 3.3.1 in [23]) and are sufficient for proving that H* (I‘ Dg s(F)) = 0 and an injectivity
statement, consequences of which we will recall in Lemma

4.3. Tate’s construction of the canonical classes. Here, K/F is a finite Galois extension of
global fields. Let (A) be the following exact sequence of T'j sr-modules

0= Oks S Ak Crs— 1, (A)
where
e O) ¢ C K* is the group of S-units.
o Aj g C Al is the group of S-ideles of K.
° CK,S is the group of S-idele classes of K.
The second short exact sequence considered by Tate is

0 = Z[Sk]o 2 Z[Sk] % Z — 0, (B)
where
e Zis a trivial I'gep-module.
Z[Sk] is the free abelian group on the finite set of places Sk, the I'k/p-action being
induced by the natural I'g/p-action on V.

b: Z’UESK NV > ZUESK Ty.
Z[SK]o is the kernel of b, and b the canonical inclusion.
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Tate also considers the group Hom(B, A) consisting of all triples (f3, f2, f1) € Hom(Z[Sk]o, O ) x

Hom(Z[Sk], Al ) x Hom(Z, Ck s) such that

b

0—— Z[Sklo —L= Z[Sk] z 0

o

commutes. In order to prove the existence of cohomology classes o (K, S) (we will usually omit
the pair (K, S) from the notation throughout this section), i = 1,2, 3, giving rise to the following
commutative diagram

.. —= H"(Ug/r, Z[Sk]o) U H" (L /r, Z[Sk]) H"(Ugyp,2) —— ...

T T r
/

T HT+2(FK/F, O;(,S) L> HT+2(FK/F,A}<(7S) *a> HT+2(FK/F, CK7S) —_— ...

where all the vertical arrows are isomorphisms, one must construct single canonical class in
H?(G,Hom(B, A)), satisfying several compatibility conditions under maps u; sending a class
0 € H?(G,Hom(A, B)) to its ith component for i = 1,2, 3.

Moreover, everything boils down to finding o and o4, since we have the following short exact
sequence

0 — Hom(B, 4) 2, Hom(Z, Cx 5) x Hom(Z[Sk], Af.s) 220 Hom(Z[Sk], Ci.5) — 0
(4.4)

and corresponding long exact sequence

(u1,u2)
—

0 — H?*(Hom(B, A)) H?(Ck,s)xH*(Hom(Z[Sk], Af ) — H*(Hom(Z[Sk], Ck.s)) — - ..
(4.5)

Note that we used the fact that H'(Hom(Z[Sk]|,Ck.s)) vanishes, which follows from Shapiro’s
lemma and global class field theory; moreover this establishes the uniqueness of canonical class in
H?(T g p,Hom(B, A)). Tate defines a in several steps.

Firstly, aq (K, S) € HQ(FK/F, Hom(Z,Ck,s)) ~ HZ(FK/F, Ck,s) is given by the canonical class
of global class field theory.

The construction of as = ay(K, S) is a little bit more delicate. It requires a local description
of the group H? (I'k/r, Hom(Z[Sk], A*KS)), namely, there is an isomorphism

jpores: H* (T p, Hom(Z[Sk], Ak ) ~ @ H*(Ti/xcw: Afcs)- (4.6)

wESK

Thus, e can be defined by its local components, more precisely, Tate takes as(w) to be the image
under i, : K}, < A% ¢ of the local fundamental class (K, /F,) € H*(T g/ xw, KJy), and checks

w

that thus defined pair (a1, as) maps to 0 in H2(Hom(Z[Sk], Ck s)), that is that (a1, az) lies in
the image of inclusion in (4.4)), and its projection to H"(I'k/p, Hom(Z[Sk]o, Ok s)) defines the
canonical class of = of(K, S).

Definition 4. The canonical class axs = o3(K,S) € H*(Gal(K/F),Dk s(K)) is called the
Kottwitz class corresponding to the triple (F, K, S) where F', K, and S are as above. If S = Vi
we denote the corresponding class by ag/p.
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4.4. Global pro-torus Dg. Let L D K D F be a tower of finite Galois extensions. We define a
map of Gal(L/F)-modules py/x : Z[Vi]o — Z[VL]o by restricting the map

ZIVk] = Z[Vi] v € Vig s Y [Ly : Kylw, (4.7)

wlv

to the kernels of the corresponding degree maps (see Section . Analogously, one defines
Gal(L/F)-homomorphisms py/k s : Z[Sk]o — Z[S}]o, where S C " are sets of places in F' (see
notation in Section .

Using pr,i as the transition maps, we define Xp = hA’lK
taken over the directed set of finite Galois extensions K /F' contained in a fixed separable closure

F®°P of F'. Then the pro-torus over F' having X as the module of characters is denoted by Dp.

Z[Vk]o, where the colimit is being

4.5. Vanishing theorems. The following lemma is a consequence of Lemmata 3.1.9 and 3.1.10
in [23].
Lemma 4.1. Assume (T1-2) and (K1-2), then we have the following vanishing results:

e The inflation map

H' (T, Hom(Z[Sk]o, Ok g)) = H'(T,Hom(Z[Sklo, F*)) = H'(F, Dk s) (4.8)

1s injective for i =1, 2.
e Moreover, H(F, ]D)KS) =0 and H?(Fipqe, DF) = =lim, H 2(F,Dkg).

In order to prove the latter statement, one uses Grothendieck spectral sequence for the com-
position of derived limit and derived functor of global sections (see more in Section [9.2)).

4.6. Kottwitz gerbes on finite levels. Let us consider the canonical class ag/p. Then ag,/p
belongs to H*(Gal(K/F), Dk p(K)), where Dy p is the pro-torus over F' with characters Z[Vi]o,
note that Dg/p is split over K. The Kottwitz gerbe for K /F' is defined as an extension

corresponding to the class of ag/p. It follows from Lemmathat the extension Kty is defined
up to conjugation by an element of Dy p(K).

4.7. An Fy,q.-gerbe attached to the Kottwitz class. Using the equality of cohomology classes
p*L/K o glaps) = a}‘éfs € H?*(Gal(L/F),Dg (L)) proved by Kottwitz [28, Lemma 8.3] and
passing to the limit in Lemma we obtain an injective map

lim H*(T g/, Hom(Z[Sklo, O% 5)) — H*(F,Dr), (4.10)

which shows that the Kottwitz class defined as a projective limit of the Tate-Nakayama classes
ak,s gives rise to a well-defined class in H?(Fypqc, DF), thus can be represented by an fpqc-gerbe
which we denote by Ktr. Note that the gerbe Kty itself is well-defined only up to non-unique
isomorphism, since H I(FquC,DF) # 0. However, equivalent gerbes in the class of Ktr give rise
to equivalent Tannakian categories Rep(Ktr).

5. THE CATEGORY OF REPRESENTATIONS OF THE KOTTWITZ GERBES

5.1. Abstract definition. Let S = Spec(F'), where F is a field, and let LOCLIB(S) denote
the stack of locally free sheaves of finite rank over Sgqe, i.e. LOCLIB(S)y = LocLibg for
R =T(U,0Oy), if U is affine. If € is an affine gerbe over Sg,qc, we define REP(E) as a stack of
cartesian functors

& — LOCLIB(S), (5.1)
we define Repg(€) or simply Rep(€) as a groupoid REP(&)s.
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If € is a neutral gerbe TORS(G) where G is an affine group, we have an equivalence of categories
Rep(€) ~ Rep(G) (5.2)

which is given by sending every cartesian functor ® : &y — LOCLIB(S)y to ®(Gy), where G4 is
a trivial G-torsor. Since Aut(G4) ~ G, we see that G acts on the locally free sheaf of finite rank
®(Gy4) by functoriality of .

5.2. Representations of a bitorsor attached to a gerbe. Here we recall some results of
Deligne contained in [9]. As described in Section any affine gerbe &£ over Spyqc with a carte-
sian section x € &y, where U is an affine scheme over S, gives rise to a bitorsor (s,t) : E =
Isom(p} (), p3(x)) — U? endowed with a cocycle isomorphism ) (see (1.5)), such that 1 satisfies
the coherence condition over U%. Moreover, the pullback of E along the diagonal A : U — U? is
given by the sheaf of groups G = Auty(z). In terminology of [5] and [48], the triple (G, E, ) is
called a bitorsor cocycle.

Let V' be a locally free sheaf of finite rank over U. We define the bitorsor Gy as a scheme
over U? representing the functor that sends any affine scheme (fi, f2) : T — U? to the set
Isomr(f{V, f5V). Since V is a sheaf over U, its natural descent data defines a cocycle isomorphism
1y of the form satisfying the coherence condition over U*. Note that A*Gy = GLy.

Definition 5. A representation of (G, E,1) is a pair (V,p), where V is a locally free sheaf of
finite rank on U and p is a U2-morphism of bitorsors

p: E— Gy (5.3)

such that the restriction of p to the diagonal induces a morphism of group schemes p : G — GL(V)
over U and p is compatible with the cocycle isomorphisms 1) and 1y over U? and corresponding
coherence conditions over U#4. A morphism between representations (V, p) and (V’, ') is a mor-
phism of sheaves f : V — V' such that for any affine U’ % U and any section g € E(U’) the
following diagram

010"V " (p2g)V
(mq)*fl (p20)* f (5.4)
P10V L (pag)*V
is commutative.

We let Rep(U : E) denote the category of representations of a bitorsor cocycle (G, E, ).
Its tensor structure is given by (V,p) @ (V',p) = (V@ V', p ® p'), where p ® p/ denotes the
morphism F — Gygy induced by p and p'. The internal hom-functor Hom((V, p), (V', p)) is
given by the sheaf Hom(V, V') with an action of F defined for any U’ % U and any g € E(U’) by
sending (p1¢)*f € (p1g)* Hom(V, V') to p'(g) o (p1g)*f o p'(9)~" € (p2q)* Hom(V, V’). The tensor
structure and internal hom-functor that we described turn Rep(U : E) into a Tannakian category.
The following result gives a more explicit description of the tannakian category Rep(&).

Proposition 5.1 (Deligne,[9]). Let £ be an affine gerbe over Spec(F)pqe, where F' is field. Let
E be the bitorsor attached to € and its local section over an affine scheme U. Then the category
Rep(U : E) defined above is equivalent to Rep(E).

Applying this proposition to the case when £ is a smooth algebraic gerbe and consequently
has a section over a finite Galois extension K/F', we get a morphism between the corresponding
extensions of Gal(K/F) by the K-points of sheaves that locally represent the respective bands
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(see Section [1.3). Namely, a representation (V,p), where V is a finite-dimensional vector space
over K and p is a morphism E — Gy as in (5.3]) gives rise to the following diagram

]l — GK) —— E(K) —— Gal(K/F) —— 1
R
1 — GLy(K) —— Gy (K) —— Gal(K/F) —— 1

where p(K) is a homomorphism and v is induced by an algebraic morphism v : G — GLy over

K.

5.3. Explicit definition. Let K/F be a finite Galois extension. We define the category of
representations of a finite level Kottwitz gerbe Kty /p (see Section as the category of pairs
(V,p), where V is a finite-dimensional vector space over K and p is a homomorphism Ktz /p —
Gy (K) = GLy(K) x Gal(K/F), such that

e p induces the identity on Gal(K/F).

e the restriction of p to the kernels is induced by an algebraic morphism of K-group schemes

|2 DK/F — GLV

A morphism between two representations (V, p) and (V’, p’) is defined as a morphism of K-vector
spaces V' — V' such that for any g € Kty /r the following diagram

« p(9) "
piV —— s

pif L’D;f (5.6)
prv 29, ' (9) A%

is commutative. We denote this category Repp (Kt /) in order to distinguish it from the category
Rep(Ktg, ) defined in Section Endowing Repr (Kt /) with the tensor structure and internal
hom-functor defined as in Section [5.2] we see that it is a Tannakian category over F neutralized
by a finite Galois extension K/F.

Remark that if F' is a global field, then we could analogously define Repr (Kt g) for any finite
set of places S satisfying the conditions of Section @ It follows from the definitions of o g and
ag/r that Repp(Ktg p) ~ ligls Repr(Ktg,s).

Let FF C K C L, where L and K are finite Galois extensions. Following Kottwitz one can
also define L/F-Galois gerbes Kt‘;; IF that correspond to inflated canonical classes inf(ag/p) €

H?*(Gal(L/F),Dg/p(L)). It follows by descent that Repp(Kty/p) ~ RepF(Kt‘;}f/F) It is shown
in Section 8 in [28] that there exists a homomorphism Kty JF = Kt‘n K/F that gives rise to the

functor Repp(K t}?? ) — Repp(Kty/r). Consequently, we obtain a functor
Repr (Kt r) — Repr(Ktr,r). (5.7)
It follows formally that ([5.7) is fully faithful, hence we define
Repp(Ktp) = lim  Repr(Ktg,p). (5.8)

K/F fin. Galois
Proposition 5.2. There is an equivalence of Tannakian categories Repr(Ktr) ~ Rep(Ktp).

Proof. Note that any representation of Kt g in the stack of locally free sheaves of finite rank factors
through a representation of an algebraic gerbe Ktx g for sufficiently large K and S satisfying the
conditions of Section Therefore, we can rewrite Rep(Ktr) as lim o Rep(Ktg s).
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Note that the class of Ktg g lies in H?(Gal(K/F), Dk, s) and therefore it is neutralized by the
finite Galois extension K/F. As explained in Section we have a functor 5 : Rep(Ktx ) —
Repr(Ktg,s) that sends a representation (V, p) of the bitorsor cocycle attached to Ktg g to the
pair (V, p(K)) (see diagram . We claim that 6% is an equivalence of Tannakian categories.
Indeed, 8% induces a morphism between corresponding bands oK 5D k,s — Dg g such that, for
any finite Galois extension L/F containing K, the homomorphism Gf’S(L) :Dg s(L) — Dg (L)
is the identity homomorphism of groups of points. Passing to the limit of 055 and noticing that
the transition functors defining Rep(Ktr) and Repp(Ktr) are compatible, we obtain the desired
equivalence. O

5.4. Algebraic 1-cocycles and morphisms of gerbes. Let K be a finite Galois extension of
F, let G be a linear algebraic group over F, and let Dg,p be the band of the gerbe Ktg/p. In
section 2.3 of [28] Kottwitz defined the set Z'(Kty/p, G(K)) as a set of pairs (z,v), where z is
an abstract 1-cocycle of Kt p with values in G(K), i.e. x is a map w — x,, satisfying

Twiwg = L W1 (mwg); (59)

where Kty /p acts on G(K) via projection to Gal(K/F), and v : Dg/p(K) — G(K) is induced
by an algebraic morphism Dy — G over K such that x4 = v(d) for any d € Dy /p.

Note that Gal(K/F) acts on the set of homomorphisms Dy, p(K) — G(K) via the formula
o(v)(d) = o(v(c71(d))). By Int(x) for z € G(K) we denote the inner automorphism defined by
g xga:_l

The cocycle condition then implies that Int(z,) o 0(v) = v whenever w maps to o.

There is an obvious action of G(K) on the set of algebraic 1-cocycles: g € G(K) transforms
(z,v) into (w +— gr,w(g)~!, Int(g) ov). Then a pointed set H lg(KtK/F, G(K)) is defined as the
quotient of Z!(Kty,/p, G(K)) by the action of G(K).

We define G as a neutral gerbe TORS(S, G). In this case, the category of representations of G
is equivalent to Repp(G).

Moreover, for any finite Galois extension K/F the gerbe G can be represented by a K/F-Galois
gerbe given by a split extension

1—— G(K) G /1 Gal(K/F) —— 1 (5.10)

that is Gg/p ~ G(K) x Gal(K/F') with the natural action of Gal(K/F') on the set of K-points
of G.
Recall the product formula for G(K) x Gal(K/F)

(g,0) @ (h,7) = (go(h),oT), (5.11)
which also gives the formula for the action of G(K) by conjugation, namely
Int(g,1) o (h,7) = (ght(g)~ !, 7). (5.12)

We deduce from (5.9) and the definition of Kty r that an algebraic 1-cocycle (z,v) defines a
homomorphism of extensions

O

l —— G(K) ——— Ggyp — Gal(K/F) —— 1

that agrees with the situation described in Section [1.3]
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6. REPRESENTATIONS OF THE KOTTWITZ GERBES WITH (G-STRUCTURE

Here we compare B(G) and the set of isomorphism classes of tensor functors Rep(G) —
Rep(Ktr). Namely, we prove the following

Proposition 6.1. For any linear algebraic group G over F, the set of isomorphism classes of
tensor functors Rep(G) — Rep(Ktr) can be identified with the pointed set B(F,G) defined by
Kottwitz.

We use Tannakian duality to express everything in terms of gerbes. Namely, let G be a neutral
gerbe attached to G, then the category Hom% (Rep(G), Rep(Ktr)) is equivalent to the category
Homp, (Ktr,G) consisting of cartesian functors between the corresponding gerbes over Fipqc.
The heart of the comparison lies in the analysis of the gerbes HOM, (Ktp, G) introduced in the
following section.

6.1. Definition and main properties of the gerbe HOM, (£, ). Here we work in a more
abstract setting, and assume that £ and H be algebraic gerbes over S having L and M as their
bands respectively. Here S is the site of affine schemes over F', where F' is field, endowed with
the fppf topology.

Let v : L — M be a morphism of bands. The category Hom,(E,H) is defined as a full
subcategory of Hom(&,H) whose objects are v-morphisms of corresponding gerbes. It is also
useful to define a fibred category HOM,, (€, H) whose objects over U are the morphisms of gerbes

Ely = My, (6.1)

that are banded by I/‘U.

Let us recall the main properties of HOM,, (€, H):
e HOM, (€, H) is a gerbe over S.
e The band of HOM, (€, H) is identified with C,,, the centralizer of v.
o If L =M and u = idy, then HOM, (€, H) is banded by the centre of L.
e There exists a morphism & — H banded by v if and only if HOM, (E,H) is a neutral

gerbe.
Note that Hom,, (£, H) is given by the groupoid HOM, (£, H) .
For more details see IV.2 in [1§].

6.2. Basic example. Consider the gerbe HOM; (Ktr, G) that is fibred in groupoids of the mor-
phisms between Kty xU and G x U banded by the trivial morphism of bands over U, in this
situation we have an equivalence of gerbes

HOM, (Ktz,G) ~ G, (6.2)

and the latter is equivalent to the stack TORS(S, G). Passing to the fibre over F', we obtain the
groupoid Tors(S, G) of G-torsors over S. Noticing that under the equivalence 2-morphisms
between Kty and G banded by the trivial morphism correspond to morphisms between G-torsors,
we obtain an isomorphism of pointed sets

Hom,; (Ktp,G)/~ ~ H'(F,G). (6.3)

6.3. Reduction steps. Recall that every morphism of gerbes is banded by a unique morphism
of bands, and that every morphism of bands is fpqc-locally representable by a morphism of
sheaves, thus we can rewrite Homp, (Ktr,G) as a disjoint union of Hom, (Ktg,G) over the set

of representatives of the morphisms of bands over F#8

Hom(Ktp,G) = | | Hom, (Ktz, G) (6.4)

v: Dp—G over Falg
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However, any v : D — G factors through an algebraic quotient of the protorus Dg, that is
through some Dy g where K = K (v) is finite Galois, and S = S(v) is a finite set of places that can
be taken sufficiently large (so that H!(F,Dg g) = 0). Using “surjective functoriality” of morphisms
of bands (see [I8] Proposition I1V.2.3.18), we obtain Hom, (Ktr,G) ~ Hom, (Ktx g,G). Thus, we
reduced the computation of Hom(Ktp,G) to the question about morphisms between algebraic
gerbes Kt g and G, although we note that we are still working over Fypqc.

Consider the gerbe £ = HOM, (Ktg s,G). As mentioned in Section this gerbe is banded by
the centralizer of v in GG, which we denote by C),. It is representable by an algebraic group scheme
over a finite extension of F', because v : Di ¢ — G is a morphism between algebraic groups over
Falg Since Kt K,s is banded by the torus Dg ¢ and G is a smooth group, we see that C,, is smooth
(see Corollaire 2.4 Exp.XI in [I2]). Thus we are in the situation of the comparison isomorphism
of Proposition [3.1] which shows that £ is a gerbe over Fyn,. Using this we see that there exists
a finite separable extension of F' over which £ has a section and any two étale-local sections are
étale locally isomorphic.

Let f : Ktg,s — G be a v-morphism, then as described in Section for a sufficiently large
finite Galois extension L/F, we obtain an algebraic 1-cocycle in Z}(Ktx s(L),G(L)).

Proposition 6.2. The map from Hom, (Ktk s,G) to %L/F ZY(Ktg s(L),G(L)) described above

induces a bijection on the corresponding pointed sets of isomorphism classes. Moreover, any
element in hﬂL/F ZY(Ktg s(L),G(L)) defines a v-morphism of gerbes Ktgcg — G.

Proof. As follows from Section the sheaf J, = Aut(f) over Fy,, is an F-form of C, and the
groupoid Hom, (Ktg g, G) is then identified with the groupoid of .J,-torsors over Fyy,. Therefore,
the pointed set of isomorphism classes of v-morphisms between the corresponding gerbes is given
by the pointed set H'(Fyy, J,).

On the other hand, the image of f in ligL/F ZL(Ktk s(L),G(L)) and the compatibility of
descent data on C,, defined by f and its image in the Kottwtiz set, allow us to identify B, (F,G)
with the pointed set H!(Gal(F°?/F), J,) (see Section 3.5 in [27]). Since J, is smooth, the latter
is isomorphic to H'(Fyy, J,).

In order to show that both sets of isomorphism classes of objects in Hom, (Ktg g,G) and
B, (F,G) are simultaneously non-empty, we use Tannakian duality. Namely, it follows from Sec-
tion that any element in Z}(Ktx s(L),G(L)) induces a functor between the categories of
representations of L/F-Galois gerbes G(L) and Ktg s(L) defined in Section By Proposition
the latter categories are equivalent to Rep(G) and Rep(Ktg s), respectively. Finally, we apply
Tannakian duality to obtain a functor Ktg g — G. O

Consequently, B, (F,G) is identified with Hom, (Ktx g,G)/~. Combining this fact with the
decomposition (6.4)), we see that Hom(Ktg g,G)/~ is identified with B(F,G), which finishes the
proof of Proposition [6.1]

7. REPRESENTATIONS OVER NON-ARCHIMEDEAN LOCAL FIELDS

We write Rep(Ktp) to denote the Tannakian category defined in Section In this section
we prove the following theorem. We let F denote the maximal unramified extension of F ,if F
is of characteristic 0, and F' = F @p , Fq, if char(F) is a local field of characteristic p > 0 with
the residue field F,. Note that in both cases Gal(F /F) is a pro-cyclic group generated by the
Frobenius automorphism Frobg .

Theorem 7.1. Let F' be a non-archimedean local field. Then the category of representations of
the Kottwitz gerbe Rep(Ktr) is equivalent to the category of pairs (V,p), where V is a finite-
dimensional vector spaces over F', and p:V =V is a Froqu -linear automorphism.
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7.1. Reduction to the unramified case. Let K and L be two finite extensions of F' such that
[K:F|=|[L:F]=n,Lis Galois and K is unramified. Then we have two functors

. Ok K.L
Rep(Kt) ) —— Rep(Ktx 1) ,
O K.L T
Rep(Kti]{‘/fF)

and it follows from local class field theory (cf. [36], Theorem (5.2)) that the cohomology groups
H?(Gal(L/F),L*) and H?*(Gal(K/F), K*) coincide when considered as subgroups of the group
H?(Gal(K.L/F),(K.L)*). More accurately, the inclusions

H*(Gal(L/F), LX), H*(Gal(K/F),K*) — H*(Gal(K.L/F), (K.L)*)) (7.1)

are defined via inflations of the extensions classified by these cohomology groups. Moreover,
inflated extensions corresponding to fundamental classes of K and L are equivalent. It follows that
in the limit Rep(Kt ) every representation p : Kty — Gy becomes equivalent to a representation
of the Kottwitz gerbe of an unramified extension.

Thus it remains to describe Rep(Ktg/p) where K is an unramified extension.

7.2. Unramified case. Let K/F be a finite unramified extension of degree n. Consider a rep-
resentation of the Kottwitz gerbe of K/F, i.e. p: Ktg/r — Gv, where V' is a finite dimensional
vector space over K, and Gy is a K/F-Galois gerbe defined in Section

The Galois group of K is naturally isomorphic to the Galois group of corresponding residue field
extension, which is cyclic and generated by the Frobenius element o . Consider any set-theoretic
section d¥ (of) € Ktg/r, after composing p and the projection Gy — Gal(K/F), we see that
® := p(d¥ (o)) defines a ox-linear automorphism of V.

Note that the following diagram commutes

1—>Gm(K)*>KtK/F*p><UK/F —1

|,

1 ——>GL(V) Gy — > (ox/p) —1,

and the morphism v gives us a slope decomposition V= @ V"™, where V™ corresponds to the
subspace on which G,,(K) acts through the character A — A™.
Since o = id, we see that
®"(v) = p(z)(v), (7.2)
where © = d%(a;{)” c K*.
It follows from the proposition below that ®"(v)|,,,, = 7.

Proposition 7.1. Let K/F be a finite unramified extension of local fields of degree n, and o €
Gal(K/F) be a Frobenius automorphism. Then, for any set-theoretic section d* : Gal(K/F) —
Kty p, the element v = d¥ (o)™ lies in F* and its image in F*[Ng/p(K*) can be identified
with 7p, a uniformizer of F.

Proof. To simplify notation, we let o denote og throughout this proof; we also set d(o) = d* (o).
We see that

d(o)d(o)" =d(o)xr = d(0)"d(c) = zd(0), (7.3)
that is z € F*.
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Let d'(0) = zd(o) with z € K* be another section, then
7 =d(0)" = (2d(0))" = z0(2)d(0)d(0)zd(0) ... =

20(2)0%(2)...0" N (2)d(o)" =z [ o'(2) =aNgp(z) (74)
0<i<n—1

from this we see that z is defined modulo N p(K™).
It follows from the class field theory that the group F* /Ny p(K™) is isomorphic to the group

L /WEVK:F}Z; namely, it follows from the fact that H9(Gal(K/F),Uk) = 1 for every unramified
extension K/F and for every g, if ¢ = 0 then we obtain an isomorphism Ur ~ Ny, p(Uk ), where
Ur and Uy denote the groups of units in F* and K™ resp.

On the other hand, Kty corresponds to the fundamental class of local class field theory,

namely, to a generator of H2(Gal(K/F), K*); thus = can be identified with 7z, the uniformizer
of F. 0

7.3. Functor from Rep(Kty,/r) to Isoc(Fp). Let F' denote the fraction field of the ring of Witt

vectors over [F p» and let o denote the induced Frobenius automorphism of F. Then after the base
change every representation (V, ®) defines an isocrystal over F,, namely we have a functor

EE : Rep(Kty/p) — Tsoc(F,), (V,®)— (V@ F,@@0). (7.5)

We claim that 8;; is fully faithful; its faithfulness follows immediately, and we need only to
show that the functor is full.

General theory of isocrystals reduces the question to studying spaces of morphisms between
isoclinic isocrystals of the same slope. By Dieudonné-Manin classification, every isoclinic isocrystal
over IF'p of slope s/r decomposes as a direct sum of simple objects £ /,, moreover, given a module
defined by relation ®™ — 7™, it is of dimension n as a vector space and it is isomorphic to the
sum of d = (m, n) copies of E®0/70 where rod = n and sod = m. Our goal is to show that similar
fact holds true for representations of the Kottwitz gerbe for K/F.

Consider a representation p : Kty p — Gy, where V' is a finite-dimensional vector space over
K. Let V™ and ® be as defined above, and let v be a non-zero vector in V™. Then ®"(v) = n™"v,
by Vinn we denote a submodule V;,, generated by ®(v), where i =0,...,n — 1.

Note that we have the following decomposition

af3

P = (®d —qd ) (@i 4T @D | 4T @Dy — (@770 )W, d = (m,n). (7.6)
Proposition 7.2. Let V,,, be a module defined as above, then it decomposes as a direct sum

of d invariant subspaces of the operator @"/d/ﬁm/d

isocrystals of slope m/n.

, such that their images under EIF; are simple

Proof. 1t is well known that if d = 1, then V;, ,, is a simple object.
Suppose d > 1. Then it follows from (7.6) that ¥(av) is invariant under the action of ®"/¢ /z™/d
for any a € K. On the other hand, commuting ® with coefficients, we get the following vector

a(d=1) 1(d=2)

U(av) = o}t (a)®d Dy 4 W%U;( ()@ T2y 4. 4 7d @D, (7.7)

We set r = n/d € Z. Since K is an unramified extension of F' of degree n and n = dr, K
contains a subfield K’ which is an unramified extension of F of degree r, and [K : K'| = d. Let
a; with ¢ =1,...,d be a basis of K over K.
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Consider the vectors ¥(a;v), ¢ = 1,...,d. It remains to prove that these vectors are linearly
independent over K. This is equivalent to showing that the determinant

aj as . aq
oK/ (al) oK/ (ag) . Ok (ad) ,
: . . ,  where ok generates Gal(K'/F), (7.8)
J(Ii(_’(lal) U‘Ii(_,l(ad) .. U;l(_,l(ad)

is non-zero, which is indeed the case since it is non-zero modulo maximal ideal (its power factors
as a product of all linear combinations of @; with coefficients in the residue field of K’, see [11],
Example 2.4).

This shows that V;,, ,, is isomorphic to direct sum of subspaces V,f%n defined as follows:

Vi = (U(aw), @(¥(av)), ..., 2" (T(aw))), i=1,....d (7.9)

and every Vniz,n is isomorphic (after base change) to simple isocrystal F /r With s = m/d, r =

n/d. O

Since every representation of Kty p is a direct sum of Vyﬁl o it is enough to show that natural
injective morphism

Endgep(kty,m) (Vs @) = Endigoe i) (Vi ® F, @ © 0) (7.10)

is an isomorphism. Note that both sides of define central division algebras over F and after
choosing cyclic bases can be easily identified with a subalgebra of r x r matrices with coefficients
in an unramified extension of F' of degree r, where r = n/(m,n). This follows immediately from
the proof of Proposition for the LHS, and it is done, for instance, in [40], Lemme 3.3.2.2 for
the RHS. Thus is an isomorphism.

7.4. Equivalence. Combining the reduction argument of subsection and the description of
Rep(Ktg,r), where K/F is a finite unramified extension, in , we obtain a fully faithful functor
from the category of representations of the Kottwitz gerbe Kt to the category of isocrystals over
Fp. Moreover, this functor is essentially surjective, since for every simple object £/, in Isoc(I_Fp)
there exists a representation of Kottwitz gerbe for K/F with K an unramified extension of degree
r over F.

8. ARCHIMEDEAN CASES
8.1. Representations over C. Consider the exact sequence of groups

1 — G;(C) — Ktc — Gal(C/C) — 1, (8.1)

since the Galois group of C is trivial, we see that Kt¢c = G,,,(C), thus its category of representations
Rep(Ktc) is equivalent to the category ¢ of Z-graded complex vector spaces (see [10] Example
2.30, [7] A.8.8 for the proof of general statement).

Note that the grading on V =@ V"™ € Ob(%) is defined as follows:

Vm ={v eV |plg)v=m(g)v for every g € G,,}, (8.2)

where m(g) € Hom(G,, G,,) = Z is the character A — \™.
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8.2. The case of the Kottwitz gerbe over R. In this case, we are given the exact sequence
15 Gpm(C) 5 Ktg & Gal(C/R) — 1 (8.3)
representing the non-trivial class in H?(Gal(C/R),C*).

Theorem 8.1. The category of representations of real Kottwitz gerbe Rep(Ktr) is equivalent to the
category & of finite dimensional Z-graded complex vector spaces with semi-linear automorphism
«, such that o? acts on V™ by (—1)™.

Proof. Firstly, we describe Ktr explicitly.

Let I' = Gal(C/R) = (1, o), where o is the complex conjugation. Since the kernel G, of this
extension is abelian, there is a well-defined action of I on G,,,, namely for any set-theoretic section
w : I' = Ktg, we have the action i(g) — w(o)i(g)w(o)~! = o(i(g)) = i(g).

Since p(w(o)) = p(w(c?)), there exists an element 2 € C* such that w(c)? = z, but x is known
to be 2-cocycle of ' in G,,, i.e. satisfies the equation w(c)?w(o) = w(o)(w(o))?, from which we
deduce that x =z, i.e. x € R.

We have computed Z2(I',C*), in order to compute coboundary we substitute w(co) with w’ =
zw(o).

On the one hand (w')? = 2/, where ' € R. On the other hand, we have (w')? = |z|?z. Thus z
and 2’ differ by the positive real number, and we have B?(I',C*) = Ry C R = Z2(I',C*). The
corresponding second cohomology group can be identified with the group R/Rsg = {£1}, where
—1 corresponds to the class of the nontrivial extension of Gal(C/R) by C*.

Our goal is to describe the category of representations of Ktgr in linear algebraic terms.

Given a representation p : Ktg — Gy (see Section , it defines a grading on V' by restricting
p to G;,,(C) and noticing that the morphism on kernels is by definition induced by an algebraic
morphism G,, — GL(V).

We let « denote the element of Gy defined by p(w(o)). Applying the definition to g =
—1 = w(0)? we obtain that o : V™ — V™ acts by m(—1) = (=1)™.

By definition we have p’ o p = p, thus « defines a o-linear automorphism of V.

Thus we defined a functor Rep(Ktgr) — %, that is actually an equivalence, since we can recover
a representation of G, from the knowledge of grading and define the image of w(o) to be a given
semi-linear map. ]

9. FIBRE FUNCTORS

In this section we show that Rep(Ktr) have fibre functors over any extension of F' of cohomo-
logical dimension < 1 (see [42 Chap.II1.2]). More precisely, an extension F /F is of cohomological
dimension < 1, if and only if Br(L) = 0 for every algebraic extension L of F. It is, in particular,
equivalent to the assertion that, for every finite algebraic Galois extension L/F, the Gal(L/F)-
module L* is cohomologically trivial (for Tate cohomology).

Recall that If F'is a function field of a curve over Fy, then by Tsen’s theorem F' ®p, F, is
of dimension < 1. If F' = Q, then any totally imaginary field such that for every ultrametric
place the corresponding local degree is co (as a supernatural number) is of dimension < 1 (see
Proposition 9 and Corollary, Chap. II, §3 in [42]). In particular, the extension of Q%! /Q obtained
by adjoining all roots of unity satisfies this condition. The main result of this section is stated as
follows.

Theorem 9.1. e Rep(Ktg) has a fibre functor in finite-dimensional vector spaces over

Qcycl.
o [f F is the function field of an algebraic curve over Fy, then Rep(Ktr) has a fibre functor
in finite-dimensional vector spaces over F' ®p, F,.
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9.1. Rephrasing the existence of a fibre functor in cohomological terms. Gerbes over
Fipqe banded by B (which we assume to be an abelian affine group scheme) are classified by
H?(Fipqe, B). Thus the existence of a fibre functor of Rep(G), where G is such a gerbe, over
F D F is equivalent to the vanishing of the class of G in H 2(ﬁquc, B x Spec(F)). In particular,
the vanishing of the latter cohomology group implies the existence of a fibre functor.

The problem we face in the case of Kottwitz gerbes for global fields is that the bands are pro-
algebraic groups and we must be careful working with the cohomology groups mentioned above,
since projective limits do not commute with fpqc cohomology.

In the following sections, we establish exact sequences that relate fpqc cohomology groups of a
projective limit with the projective limit of fpgc-cohomology groups of its algebraic quotients; we
also compare cohomology of Dr with that of a simpler pro-torus Tg, and deduce the vanishing of

Hg(ﬁquc, Dr x Spec F) from these two results.

9.2. Cohomological generalities. In Section 3 of [3] Bhatt and Scholze studied replete topoi,
and established several properties for limits in such topoi. We only need some of those results in
a special case of the topos of fpqc sheaves on the category of schemes, that is shown to be replete
in Example 3.1.7. of [3]. We let X denote the mentioned topos.

Proposition 9.1. If X' is a replete topos and F : N°? — Ab(X) is a diagram with F,41 — F,
surjective, then lim Fj, ~ Rlim F,.

Also, derived limit commutes with derived functor of global sections, namely
RlImRI'(X, F,) ~ R['(X,Rlim F,). (9.1
Suppose that the conditions of Proposition [9.1] are satisfied, then we obtain
RF(X,yLnFn) ~ RI'&nRF(X, E,). (9.2)
In order to compute the right-hand side one applies Grothendieck spectral sequence:
RPlim o RIT (X, F,) :>:RP+q(gg}oIv()(,ﬁg), (9.3)
that in its turn combined with (9.1]) produces short exact sequences
0 — R'Im R I(X, F,) — RY(T(X, im F)) = Im R* (X, F) = 0, i > 1. (9.4)

In the following we will apply the results of this section in the case X = Xp,qc, where X is a
spectrum of a field and {F,} is a pro-system of abelian sheaves on Xg,qc, then the middle term
in 1} for ¢ = 2 is the desired fpqc cohomology group classifying gerbes banded by l&nn F,.

Ve will be using freely several comparison isomorphisms due to Grothendieck and Saavedra.

Theorem 9.2 (Grothendieck, Saavedra Rivano). Let X be a scheme and p : Xgpe — Xe be
the canonical morphism of sites. Let G be a smooth algebraic group on X. Then the canonical
morphisms

H'(Xe1, p(G)) = H'(Xgpps, G) (9.5)

are isomorphisms fori = 0,1 (for alli > 0 if G is abelian, respectively). If, moreover, X = Speck
where k is a field, then the canonical morphisms

H'(Xtppt, G) = H' (Xgpge; G)  fori=1,2 (9.6)
are isomorphims.

The following statement generalizes Shapiro’s lemma and will be useful when we deal with
cohomology of Resy /i Gy, for finite separable field extension L/K.
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Theorem 9.3. Let X' — X be a finite étale map of schemes, and let G’ be a commutative finitely
presented and relatively affine X'-group scheme. Then the finitely presented and relatively affine
X-group scheme G = ResX//X(G’) defines a sheaf for the étale topology on X, and there is a
natural isomorphism

H{(X,G)~ H(X' G". (9.7)

9.3. Reduction to a simpler band. In the case of Kottwitz gerbes for global fields, Dg is
defined to be the projective limit of protori

Dp = lim Dy (9.8)
K/F

taken over the directed set of finite Galois extensions of F. In a similar fashion we let Tr denote

by p Ty
Using duality for groups of multiplicative type, we obtain a short exact sequence of pro-tori

K K K

note that @%{ Gy, vanishes since the transition maps are surjective. Then we extend scalars to

F and consider the long exact sequence of fpgc-cohomology

.= H'(F,ImG,,) — H'(F,lim Ty p) = H'(F,limDg/p) = H (P, ImGp) = ..., (9.9)
K K K K

where we omitted the base change for corresponding sheaves of abelian groups.

We apply short exact sequence 1) to H'(F, @1 e Gpn) with ¢ = 1,2,3. It follows immediately
that H'(F, m Gm) = @1 HO(F,G,,) since @Hl(ﬁ, Gy, ) vanishes by Hilbert’s Theorem 90;
H Q(ﬁ,@ﬂ Gpm) = 0 since lim  H 2(F,Gp) Vanis~hes by assumption on F and we also have
@1 HY(F,G,,) = 0 by Hilbert’s 90; similarly, H3(F, @1 " Gy,) vanishes purely by cohomological
dimension reasons.

It follows from the vanishing results above that long exact sequence induces an isomor-
phism

H?(F,Tp x Spec F) ~ H*(F,Dp x Spec F). (9.10)
9.4. The pro-torus Tp. Recall that we denoted by Tr the inverse limit of the protori Tx,p

defined by their character modules Z[Vk] with transition maps given as dual maps to the following
homomorphisms of character modules

ZIVi] = Z[Vi] i v € Vg 5 Y [Ly: Kylw, FCK CL. (9.11)
wlv

Then X*(Tp) = ling Z[Vk], the limit is being taken over the set of finite Galois extensions of

F contained in the fixed separable closure F. We can rewrite Z[Vk] as a direct sum of finite
dimensional Gal(K/F')-modules X, x; namely

Xy i = @ Zw. (9.12)
we Vg ,wlv
Let us denote by T /F 8roups of multiplicative type dual to X, , thus
Tsr = | Tkyr (9.13)

veVER
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and the pro-torus Tr can be written as a projective limit of finite products of algebraic groups of
the form T7. K/F indexed by a countable directed set I, then one applies the short exact sequence

. to this limit

H?(F, T xSpec(F)) = 0 (9.14)

0 — R'lim H'(F, T' x Spec(F)) — H*(F, Tp x Spec(F)) — lim
1€l el

Using the fact that cohomology commutes with finite products, we pass to cohomology of T7, Take
Spec F.

9.5. Vanishing of H'! and H? of algebraic quotients. Let w be a place of K lying over
v € Vg, and let K% denote the decomposition field of w € Vi, that is the field of invariants
for the decomposition group Gy, at the place w, which is the subgroup of G = Gal(K/F') acting
trivially on w.

Consider the group of characters of Tj. /P given by G-module X, i in . The set of

places w|v is in bijection with a system of representatives of the cosets in G/G,,, and there is an
isomorphism of G-modules

X*(T/r) ~ P Zo(w (9.15)
0€G/Gw

where the latter is endowed with the natural G-structure.
It is clear then that T /P is isomorphic to Resgw,p G, the Weil restriction for Gy, over K

(see Lemma 12.61 in [32]). Using the compatibility of Weil restriction with base change (see
Section 7.6 in [4]), we obtain

Resgw/p(Gm X Spec(K™)) x Spec(F F) ~ Respeug . F/F(Gm x Spec K" x Spec(F)) (9.16)

with all the fibre products taken over Spec(F'). Note that Spec(K ™)X gpec(rySpec(F F) ~ ] Spec(K i),
where the fields K j are extensions of F defined by the following decomposition

KY ®Fﬁ’znkj.

It follows then from the universal property defining Weil restriction applied to the right-hand side
of (9.16]) that the latter is isomorphic to

HResf{j/ﬁ(G X Spec(F )Spec( ) (9.17)

Consequently, in order to prove vanishing of H ’(F T% / p) for i = 1,2 it is enough to show this

for every individual factor in (9.17)).
By Theorem we have

H'(Fg, Res 7%,/ (Cm Xgpee(F) Spec(K;))) =~ H (Kje, Gm). (9.18)

We conclude by noticing that Hl(kj,(@m) = 0 by Hilbert’s 90, and HQ(I?j,Gm) = 0 since
K;/F is a finite algebraic extension of a field of cohomological dimension < 1.

10. LOCAL-GLOBAL PRINCIPLE

In this section F is a global field, F' denotes its separable closure, and I'r = Gal(F/F). We
usually omit F' from notation, when the base field is clear. For any Galois extension K/F we

denote Gal(K/F) by I'g/p.



REPRESENTATIONS OF THE KOTTWITZ GERBES 29

10.1. Adelic cohomology. For a finite set of primes S in F, A® is the restricted product of F,
for v ¢ S, and for a finite extension K/F, A% = A® ®p K. When S is empty, we omit it from
the notation.

For a torus T over F' define

HT(AS,T) = hﬂHT(FK/Fa T(Af())v
K

where the limit is taken over the finite Galois extensions L/F contained in fixed separable closure
of F.
For the proof of the next result we refer to [34].

Proposition 10.1. Let T be a torus over F. For all v > 1, there is a natural isomorphism
H™(AS,T) ~ P H"(F,,T). (10.1)
v¢sS
Moreover, a short exact sequence of tori gives rise to a long exact sequence of adeélic cohomology.
10.2. The principle. Let K/F be a finite Galois extension of global fields, and let S C Vr be
a finite subset of the set of places of F'. We define Sk as the set of all places of K lying over S,

and let Sk denote a set of lifts of elements of S to places of K.
As usual, there is an exact sequence of Galois modules

0= Z[Sklo & Z[Sk] & Z — 0, (10.2)

and an exact sequence of algebraic tori dual to it, namely,

0= Gm 2 Trs 5 Dy — 0. (10.3)
Moreover, by Dp we denote the inverse limit of Dx . Applying exact sequence (9.4]), we obtain
0 — R'lim H'(F,Dg,s) = H*(F,Dp) — lim H(F,Dk,s) — 0. (10.4)

Since D g is a smooth affine algebraic group, we have a comparison isomorphism H Y(F,Dk.s) ~
HI(T, Dic 5(F)). | )

It was shown in [24], section 3.8, that R’@Hl(F,DK,S(F)) = 0 for ¢ = 0,1. Therefore the
sequence of cohomology groups above is reduced to the isomorphism

H*(F,Dp) = lim H?(F, Dg,s). (10.5)

Next we wish to deal with individual terms H?(F, Dk s). First, note that (10.3) induces the
long exact sequence of cohomology

.= HY(F,Tgs) = HY(F,Dgs) — H*(F,Gy,) = H*(F, Tk s) = H*(F,Dg.g) = H*(F,Gy) — ....
(10.6)
We can simplify this sequence using the following lemma.

Lemma 10.1. e HY(F,Tks)=0.
o H(F,Tks) = D.cs Br(K?), where © € Sk is an arbitrary lift of v € S, and K° is the
decomposition field of v.
o H3(F,G,,) =0.
e The map H*(F,G,,) — H?(F, Tk ) in the sequence above coincides with the product of
restrictions res, : Br(F) — Br(K?).

Proof. The first two statements follow from the étale variant of Shapiro’s lemma (see Theorem
9.3) combined with Hilbert’s Theorem 90.
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The vanishing of H3(F,G,,) follows from comparison of étale and Galois cohomology and
Theorem 14 in [1], in which it was shown that

lig H*(Gal(K/F), K*) =0,
K

where the limit is being taken over the set of finite Galois extensions F ¢ K C F.

The last statement follows from Proposition 1.6.5 in [36]. O
It follows from the lemma above that
H?(F,Dgs) = Coker(EPres, : Br(F) - @) Br(K?)). (10.7)
ves veS

On the other hand, applying Albert—Brauer—Hasse-Noether theorem, we obtain the following
commutative diagram

00— Br(F) —— @y, Br(Fy) ————— Q/Z ——— 0

J@ves l l@ deg(K®:F) (10.8)

0 ’ ®U€SK (KU) } ®®GSK @weVK@ Br(KfL) — @ves Q/Z ——0

We let Bx 5 denote ker(Q/Z — @, 5 Q/Z). It is a finite subgroup of Q/Z of order gcd{deg (K"
F)|lve S}

Remark 4. Note that if K is a cyclic extension of F' = Q and S contains an inert prime v (that
exists in this case), then By g vanishes, since deg(K" : Q) = 1.

Remark 5. The middle column in the diagram (10.8)) can be reinterpreted in terms of adelic
cohomology. Namely H2(A,G,,) = ®yev, Br(F,) and analogously

H*(ATks)= @ € Br(x)).
UESK wGVKU
Moreover, since H3(A,G,,) = 0, we have an isomorphism
H?*(A,Dg 5) ~ Coker (H*(A,G,,) — H*(A, Tk .5)). (10.9)

Let us assume for a moment that the inverse system By g satisfies the Mittag-Leffler condition
and @B ks = 0. We will specify the transition maps below. Snake lemma applied to the
diagram above gives us an obvious exact sequence, part of which looks as follows:

0K,S

..—>Bks H2(F,Dg.s) —=+ H2(A, Dg.g)

that leads us two the short exact sequence
0 — Coker dx s — H2(F, Dg.s) = Imng g — 0, (10.10)

to which we apply the inverse limit functor and obtain l&lH (F,Dgg) ~ le nK,s- On the

other hand, l&nlm nk.s — lim H*(A, Dk g), from which we deduce a local-global principle for
%
Tannakian categories banded by Dpg, that is stated as follows.

Theorem 10.1. Let F be a global field and let Dr be the Kottwitz pro-torus. Then the natural
map
H*(F,Dp) — lim H*(A, Dk s). (10.11)

18 1njective.
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The lemma below shows that that the inverse system of abelian groups B g satisfies the desired
properties. Let us specify the transition maps. If S’ is a finite set of places of F' containing S, the
Bk s — Bg,s is induced by the following diagram

D, g deg(K:F)

Q/Z @UES’ @/Z
id T
Q/Z Dyes deg(K:F) D5 Q/Z

where 7 is an obvious projection. It is clear that By g = B g if S is large enough, namely, if
S contains all the places w corresponding to all possible degrees of decomposition fields K% /F.
Note that it is a finite condition, since the latter correspond to decomposition subgroups in I'g /.
Therefore, it is harmless to assume that S satisfies this condition.

Let E be a finite Galois extension of K, in this situation we have the set Sg and a map
Z|Sk] — Z[Sg] defined on the basis as follows: v € Sk +— |, deg(Ew : Ky)w, composing this
map with the corresponding degree maps we see that it induces the multiplication by deg(E : K)
on Z. Note that after passing to the tori dual to these Galois modules and computing their
cohomology, this map corresponds to multiplication by deg(E : K) on Br(F'), that induces the

map Q/Z M Q/Z, and we have the following commutative diagram

Bg s —— Q/Z

l l deg(E:K)

BK,S —> Q/Z

that shows that the transition map Bg g — Bk, s factors through the multiplication by deg(E :

Lemma 10.2. Let {Bg, s} be the inverse system defined above. Then B s satisfies the Mittag-
Leffler condition and its inverse limit vanishes.

Proof. From the discussion above it follows that it is sufficient to show that for any pair (K, Sk)
there exists a finite Galois extension E/K/F such that deg(E : K) is divisible by |Bg g|. Suppose
that [ = |Bg,g| is co-prime to the characteristic of F. We can always assume that K contains
enough roots of unity and can also replace K with its Hilbert class field, then we can set F =
K ({/y) where y is the product of divisors in Sk, then every prime from Sk remains non-split in
E and deg(E : K) = |Bg,s| = |Bk,s

In the case |Bg,g| is divisible by p"™ where p is the characteristic of F', we may take sufficiently
large unramified extension of K and consider an extension £ = K(y), where y is a root of the
additive polynomial 27 — 2 = a, where ¢ = p”, and a is the inverted product of divisors in Sxk-.
Then deg(E : F) = p" and |Bg,s| = |Bk,s| since every local degree at w € Sk is equal to p”
(see Theorem 4.1 in [2]). Now the argument of the previous part can be applied to deal with the
co-prime to p part of By g. O

11. -SPACES

11.1. Drinfeld’s classification of ¢-spaces. We are going to introduce the category of ¢-spaces
(or isoshtukas), let F' be a function field with the field of constants F,,.
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Definition 6. Let B be an algebraic extension of F,. A (-space over B is a finite dimensional
vector space V over F @ B with an id ® Frobp-linear map ¢ : V=5 V. A morphism between two
p-spaces (V1,¢1) and (Va, @) is an F' ® B-linear map « : Vi — V3 such that cvo @1 = g0 a.

The ¢-spaces over B form an F-linear Tannakian ®-category ¢-Vect(B). In order to prove
that this category is semi-simple, when B = FF, and to describe the set of simple objects, Drinfeld
introduces the notion of a -pair.

Definition 7. A p-pair is a pair (L,a), where L is a commutative finite-dimensional F-algebra,
and where a € L* ® Q satisfies the following property: for any proper F-subalgebra L’ of L,

ad (L) ®Q.

Notice that the latter condition in the definition of a ¢-pair ensures that the group of automor-
phisms of a given pair is trivial, it also implies that L is separable, and the set of isomorphisms
of ¢-pairs is identified with the set of orbits of (F*P)* ® Q under the action of Gal(F*?/F'). On
the other hand, it follows from global class field theory that

(F*P)* ® Q ~ lim Div°(E) ® Q. (11.1)
E/F

To every p-space (V) Drinfeld associates a @-pair (L), a(v,,)), and notices that if (V;¢)
is a simple object in the category of y-spaces, then Ly, is a field; in particular a(y,,) is just an
element in L(XM 0 @ Q.

Let us briefly recall the construction of a ¢-pair associated to a (simple) @-space (V, ). Firstly,
we find a pair (V',¢'), where V' is a finite-dimensional vector space defined over F ®p, F4n for
some natural n, and ¢ is a 1 ® FI'Oqun -linear endomorphism of V'’ such that

(Vi) = (V',¢) ®r,. Fy. (11.2)

Then since " is a linear automorphism of V| it extends to a linear automorphism of V', namely
(¢")"®1, we denote it by II. At the same time, IT is an endomorphism of (V, ¢) as a p-space, since
it obviously commutes with . Thus IIV for N > 1 generates a commutative finite-dimensional
algebra Ly = F[IIV] C End(V, ).

Our next step is to consider an algebra

L= () L, (11.3)
N>1

which does not depend on the choice of ¢'.

Remark 6. Since all Ly are finite-dimensional, there exists an index N such that L = Ly,
moreover, since for any [,m > 1 such that I/m we have an inclusion L,, C L;, we see that
Ly = Ly for any N’ > 1 divisible by V.

To proceed, observe that IIV € L* is not a zero divisor, and denote by wy its image in L* ® Q.
Finally, we set
1
a = v,y = (wN) n'N (11.4)
and note that a does not depend on the choices of ¢’ and N. The pair (L, a) is a p-pair associated
to (V).
The following theorem is proved in [I5]. Note that deg,(a) for a € Div®(L) ® Q denotes the
product of the degree of the residue field of the place x and the multiplicity of x in the rational
divisor a.

Theorem 11.1. (1) The category of @-spaces over Fy is abelian and semi-simple.
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(2) The map (V,p) = (Lv,), av,)) induces a bijection between the set of isomorphism
classes of irreducible p-spaces and the set of isomorphism classes of @-pairs (L, a), where
L is a field.

(3) Let (V,p) be an irreducible @-space corresponding to a pair (L,a), then

dim g, =, (V) = L2 F) - d(a), (11.5)

where d(a) denotes the common denominator of degz(a) € Q. Moreover, End(V, p)
is a central division algebra over L of dimension d(a)? with local invariants — degz(a)

(mod Z).

We wish to reinterpret this theorem as a description of a Tannakian category ¢-Vect(F,). As
a preparatory step we should prove the following statement

Proposition 11.1. Let (Vi,p1) and (Va,p2) be two isotypic o-spaces over Fy of types ay,as €
(F*P) @ Q respectively, then their tensor product (V1 @ Va, p1 @ p2) is an isotypic p-space of type
a1ay.

Proof. Since the category of @-spaces is semi-simple, we may assume that (V;, ;) are simple
objects.

Let (V, @) denote the tensor product (Vi @ Va, 1 ® 2).
Following the construction, we define (V/, ¢}), i = 1,2, to be p-spaces over Fyn; such that

(‘/;790Z) = (‘/;/7%0;) ®]Fqni qui = 17 2.

Note that ¢;" is a linear bijective map V; — V;. We can find an integer n’ such that both
spaces (V/, ¢))(i = 1,2) are defined over F g - We denote by (L;, a;) corresponding ¢-pairs, where

L,=F [va '] is a separable extension of F' for i = 1,2, and II; = (¢} " id), we have also

1
a; = (wn;)""Ni € L7 @ Q. (11.6)
Notice that B
(Vi ® Va, 01 @ pa) = (V{ @ Vo, 01 @ ) @, Ty, (11.7)

and that IT = (¢} ® ¢5)" ® 1 is a linear bijective endomorphism of (V, ), let L = Ly denote the
intersection of finite-dimensional commutative algebras F[IIV] with N > 1.

Then using Remark @ we deduce that N1, Na, and N can be chosen to be equal, and v =
Y @ 1YY as an element in End(V, ) ~ End(Vi, p1) ®r End(V4, ¢1); furthermore, a€L*®Q
can be identified with its image in (L;L2)* ® Q, which is the same as ajas. Thus (V,9) is an
isotypic p-space of type ajas. O

11.2. The band of the category of p-spaces. In this section we show that the band of the
category of (p-spaces can be identified with the global Kottwitz protorus Dp.

Notice that in order to compute the band of a semisimple Tannakian category C over F' it is
enough to do so for the category C ® F for any ﬁ’/F such that C has a fibre functor in Vectz, in

which case C ® F becomes a neutral Tannakian category over F , and therefore is identified with
the category of representations of its band Repz(B), where we assume B to be represented by an

affine scheme over F. Moreover, if any simple object of C ® F is of rank 1, then B is identified
with D(X), the diagonalizable group dual to the abelian group of isomorphism classes of simple
objects with the group structure given by tensor product (see Proposition 2.22 in [35]).

In the case when C is the category of p-spaces, we may take F = F5p, Clearly, -spaces
has a fibre functor over F®°P  and therefore ¢-spaces becomes a neutral Tannakian category after
tensoring with F*P. We claim that every simple object in C ® F®°P is of rank 1, and the set of
isomorphism classes of simple objects is given by the abelian group (F*P)* ® Q.
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Let (V,¢) be a simple object in C, and let (L, a) be its ¢-pair. Since End(V, ) is a central
division algebra over L, we see that End(V @p F*P ¢ ® id) is a central division algebra over

Lep =[] F (11.8)
j:L—K

and therefore (V ®p F5P, ¢ ® id) splits into the sum of subobjects given by (V;, ;) = (V ®r ;
F5P o ® (idoj)). Moreover, End(V}, ;) is a central simple algebra over F*°P, hence it is iso-
morphic to M) (F°P), where d(a) = degy(End(V,¢)) is as in Theorem On the other
hand

dimz, (V) = dimpser (V) = d(a),
and therefore the centre of End(V}, ;) provides us with idempotents ey, . . ., €4(a) SPlitting Vi, ¢5)

into the sum of d(a) simple isotypic objects (e;V},e;;), for i = 1,...,d(a), of rank 1 and slope
a € (F*P)* @Q.

11.3. Drinfeld spaces and Dieudonné modules. Let u be a place of F', and let F,, denote
the completion of F' at wu.
We have an exact and F-linear functor

Locy : (V) = (Vu, pu) = (VOFFu, 00 p Fy). (11.9)
The following theorem is due to Drinfeld (see also Proposition (B.4) in [30]).

Theorem 11.2. Fiz a place u € Vp. Let (V,p) be an irreducible p-space and let (L, a) be the
corresponding p-pair. For every place w € L dividing u we let

(Va, pw) = Luw @1 (V; ). (11.10)

The canonical splitting Fy, @ p L ~ [].,1,, Lw induces a splitting

wlu
(Vas Pu) = @ufu(Vaw, ) (11.11)

of (Vu, ou) as a Dieudonné F,-module. Then for each w|u, (Vi, pw) is non-canonically isomorphic
to

(N s Ym0 ) ™ (11.12)

where the integers dy, T4, and sy are uniquely defined from the following relations

dw, 5w > 1

(dyy ) =1

Tw/dyw = deg,(a)/ deg(Ly : Fy)
dysw = d(a)deg(Ly, : F,)

(11.13)

12. COMPARISON OVER FUNCTION FIELDS

In this section we prove the following theorem.

Theorem 12.1. Let F' be a function field of a smooth algebraic curve over a finite field. Then
the category of representations of the Kottwitz gerbe Rep(Ktr) is equivalent to the category of
Drinfeld isoshutkas (see Section[11.1]).
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12.1. Adelic Kottwitz class. The definition of the Kottwitz class as an element of H?(F,Df)
is quite inexplicit, but we are able to compute its local components in lng 2(A, Dk s).
It follows from the isomorphism and Remark [5 I that the natural map

H'(T' g/, Hom(Z[Sk], )) — H'(T,Hom(Z[Sk],A%)) — H (A, Tk.s) (12.1)

is injective. Therefore, the limit of semi-local classes as(K,S) € Hi(FK/F,Hom(Z[SK],ARS)),
defines a unique element in | % m H2(A, T K, 5 . Furthermore, on every finite level we have an equality
e’

of Tate-Nakayama classes (K, S = d'a3(K, S) coming from natural maps

H*(T g/ p, Hom(Z[Sk], A 5))
Jb’ (12.2)
H(T g/, Hom(Z[Sk o, O ) —%— H*(T/p, Hom(Z[Sk]o, A% 5))
12.2. Inflations of classes defined for finite extensions. The following diagrams

H(T g/, Hom(Z[Sko, O ) —%— H*(L g, Hom(Z[Sk]o, A s))

| |

HQ(FvDK,S) HQ(AvDK,S)

and

H(T e/, Hom(Z[Sk], A ) —%— H*(T g, Hom(Z[Sk]o, A g))

| |

H2(A, Tk.s) v H%(A, Dk g)

commute. This basically follows from the same computation as Proposition [10.1

12.3. Local components of the Kottwitz class. We note that the maps H*(A, Txg) —
H Q(A,ID)KS) are surjective, and give rise to the surjective map between corresponding derived
limits, since the kernel of every such projection is a quotient of H?(A,G,,), that is a direct sum
of Q/Z and %Z and has vanishing R! lim, and therefore the cokernel of

@HQ(AaTK,S) %@H2(A7DK,S) (123)

is zero.

We have a diagram analogous to (12.2]), namely
: 2
@H (Aa TK,S)
lb/ (12.4)
H(F,Dp) —*— lim H*(A, Dk s)

and two uniquely defined classes lim may (K, S) and Jim m ag(K, S), such that their images coincide
in @H (A, Dk s).

The images of as(K,S) in H*(A, Tk s) can be described fairly easily via isomorphism ,
more precisely, as (K, S) corresponds to the element (ai /p)ves where each ays/p is the image of
the local fundamental class in HQ(FK/K@,Ki)X) ~ n%Z where n, = deg(K : K°) = deg(Ky : F,).
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We can say a bit more about the limit of as(K,.S), since

H?(A, T g) ~ @ @ Br(K?), (12.5)
UESK ’U)EVKU

and we notice that Br(K?) = Br(F,) for any place w lying over v. Moreover, the transition maps
Tg,s — Tk,s are defined locally and for any place w’ € Sg dividing w induce the map

-deg(Ey : Ky) : Br(E?,)) = Br(F,) — Br(K") = Br(F,) (12.6)
and the v-component of the inverse limit of local canonical classes with so defined transition maps
coincides with the cohomology class o, € H?(F,, G,,) corresponding to the category of isocrystals.

Here G,, denotes the inverse limit of G,, with X *(@) = Q. This implies that Jim a (K, S) equals
to the image of the product of a,, under the inclusion

[[ H*(Fo.Gy) = lim H?(A, Tx. ). (12.7)
veVp

12.4. Div?(K) and Z[Vk]o. Note that the degree map defined on the abelian group Div(K) is
the following
deg : Div(K) — Z, Z npP — Z deg(P)np, (12.8)
PeVk PeVi
where deg(P) is the residue degree at the place P. Thus one has an isomorphism between
Div(K) ® Q and Z[Vk] ® Q preserving kernels of the corresponding degree maps, which is given
by
Div(K) ® Q — Z[Vk] ® Q,deg(P) ™' P — w, (12.9)

where w and P are the same places of K, and under such an identification n,, = np deg(P).

12.5. Local cohomology classes via duality. There is a sequence of natural maps on coho-
mology

H*(F,Dr) = lim H*(F,Dg s) < lim @ H*(F,,Dis) = [] lm H*(Fu,Dis),  (12.10)

ueVr ueVp

where we omitted for brevity the obvious base change maps. Notice that the inclusion in the

middle is given by the local-global principle ((10.11])).
It follows from Lemma 14.4 in [28] and the fact that Dg g x Spec(F,) is split over K, for

w € Vi lying above u, that 1'&11 HY(F,,Dk.s x Spec(F,)) = 0, and therefore

H?(Fy, D x Spec(Fy)) ~ lim H*(F,, Dk,s x Spec(F,)). (12.11)
K,S

Taking a product of the localization functors Loc, over the set of places of F' defines a unique
class in [[,cy, H?(F,,Dp).

Note that Tate-Nakayama duality over the local field F}, can be rephrased as a classification of
Tannakian categories banded by tori. The following proposition generalizes a result of Saavedra
Rivano (see VI.Proposition 3.5.3) to the case of Tannakian categories over local fields that are
banded by tori that are not necessarily split over the base field.

Proposition 12.1. Let F,, be a local field, and let C be a Tannakian category over F, banded by
an algebraic torus T. Then the class of C in prpf(Fu,T) is given by an element of

Hom (X*(T)', Br(F))

defined by sending every simple object E,, for x € X*(T)"«, to the class of End(Ey) in the Brauer
group of F.



REPRESENTATIONS OF THE KOTTWITZ GERBES 37

Proof. Recall that H? of tori over local fields can be described fairly easily. Namely, given an
algebraic torus T' with the character group X*(7'), the cup-product gives bilinear maps

0; : H(F,,X*(T)) x H* %(F,,T) —» H*(F,,G,,) (i=0,1,2) (12.12)

such that #y defines a duality between the compact group H°(F,, X*(T))" (the completion of the
abelian group H°(F,, X*(T)) for the topology given by subgroups of finite index) and the discrete
group H?(F,,T), in particular, fy induces an isomorphism H?(F,,T) ~ Homz(X*(T)"', Br(F,))
(see I1.§5 Theorem 6 in [42]). Namely, any character x € H°(F,, X*(T)) = X*(T)'* defines an
Fy-epimorphism from 7T to G,,, which in its turn induces the morphism on cohomology

X" H*(E,,T) — H*(F,,G,,), (12.13)
such that for any o € H?(F,,T), we have
0o(x,a) = x*(a) € H*(F,,G,,). (12.14)

Let & and &, «(4) be the gerbes associated to a and x*(«), respectively. It follows that we have
a morphism of gerbes
8a — gX*(Oé) (1215)
that is banded by the epimorphism of bands given by x. Applying Tannakian duality to (12.15]),
we obtain a fully faithful functor

Rep(€y+(a)) — Rep(&a) (12.16)

that can be viewed as an embedding of the Tannakian category spanned by the simple object E\
of Rep(&,) corresponding to the character x. To finish the proof, we notice that the class of such
subcategory is defined by an element in Hom(Z, Br(F,)) obtained naturally by computing the
endomorphisms of E,, and in our case is given by x*(«) (see more on Brauer groups and gerbes

in Ch.V, 4.2 in [18]). O
We apply Proposition to the isomorphism ([12.11)) to obtain
H?(Fy,Dp) =~ lim Hom(X* (D 5)"*, Br(F,)) = Hom(X*(Dp)" ™, Br(F,)). (12.17)

Consequently, the equality of classes in H2(F,,Df) follows from the equality of homomorphisms
X*(Dp) — Br(Fy).

12.6. Localization of the Kottwitz category. This section is based on Section 7 of [28], where
Kottwitz defined localization maps for finite layers of B(F,G).

The localization of the Kottwitz category is defined via the sequence of maps of character
modules

X*(]D)F) —>X*(TF) —)Q, (12.18)
that arises as a direct limit of
* b/ * w *
iy X* (D s) — X*(Tr5) 2% Z = X*(G), (12.19)
where the first map is an inclusion and the second is given by i, (> nyv) = ny, where w is a
chosen place in Sk lying above u. Recall that H?(Gal(Ky/F,), G (Ky)) = mZ/Z — Q/Z =
H?(F,,G,,), consequently the canonical class (K, /F,) corresponds to the homomorphism
T
Ny — ———— (mod Z).
Y Ky Y ( )

Thus the homomorphism X*(Dg s) — Br(F,) is given by the composition a(K,,/F,) o . If
a=> ny € X*"(Dgg) then

n

a(Ku/Fy) o py(a) = =

Ko ] (mod Z). (12.20)
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12.7. The local class corresponding to p-spaces. Let Divo(K ,5) ® Q denote a subgroup

of degree 0 rational divisors with supports in Sk, and let Dg g be the dual protorus. Assume
that S satisfies the condition (K1) (see section . Then local duality applies, since such a
module of characters can be represented as a direct limit of Div'(kK,S) with transition maps
being multiplication by natural numbers. Then the same argument as we used to prove the
isomorphism shows that H2(F,, Dx.g) = Hom(Div?(K, S)™ ® Q, Br(F,)).

Consequently, Theorem m provides us with an element in H?(F,,Df), since the rational
number 7, /d,, from its statement is a slope of the corresponding isocrystal over F,, the endo-
morphism algebra of which has the invariant r,,/d,, (mod Z) in Br(F,). Strictly speaking, such
maps were only defined for the subset of rational divisors of degree 0 in K that satisfy the primi-
tivity condition imposed on @-pairs, but they extend to the whole group of rational divisors via
transition maps.

12.8. Conclusion. Recall that section reduces the comparison of the category of Drinfeld
p-spaces over Fy and the category of representations of the Kottwitz gerbe Rep(Ktr) for a global
function field F' to the comparison of their localizations for every place u in F'. The latter is
reduced to establishing the equality of maps on characters of bands.

Taking into account that the formula (12.20)) and the expression for ry,/d,, in Theorem m
are the same modulo the isomorphism described in section [12.4] we conclude that the categories
in question are equivalent.

12.9. Isoshtukas with G-structure. Let G be a linear algebraic group over F. One defines an
isoshtuka with G-structure as an exact tensor functor from Rep(G) to the category of isoshtukas.
Since the latter is equivalent to Rep(Ktr) we can apply the results of Section |§| to obtain the
following.

Theorem 12.2. Let F be a global function field, then B(F,G) is isomorphic to the set of iso-
morphism classes of isoshtukas with G-structure.

13. MORE ON FIBRE FUNCTORS

In this section, we prove the following result.

Theorem 13.1. For any finite Galois extension K/Q and any finite set of places of Q satisfying
the conditions the class ak s of the Kottwitz gerbe is split by a cyclotomic extension of the
form Q(¢,), where q is a prime number.

This is done in two steps: in Section [13.1] we reduce the question about the vanishing of
restrictions of the class ai g to a question about the vanishing of the corresponding class in adelic
cohomology, which in its turn provides us with a criterion of splitting formulated purely in terms
of the local behaviour of the Galois extension to which ag g is restricted. The second step is
performed in Section [13.3] where we show that there exist infinitely many integer primes ¢, such
that Q((,) has the desired local behaviour.

13.1. Reduction to an existence theorem. Let K/F be a finite Galois extension of number
fields and let S be a finite set of places in F, satisfying the usual conditions (see . We
consider the Tate-Nakayama class ax g € H 2(F,D K.s), where D g is the algebraic torus over F
introduced in Definition @l

For any finite Galois extension L/F we can consider the natural restriction map

resy,

HQ(F, DK,S) — HQ(L,DK’S XSpec(F) Spec(L)) (13.1)
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and ask whether resy (ak g) = 0. Since we do not have an explicit description of ag g, but know
the images of this class under localization maps, we may consider the following commutative
diagram

resy,

H?(F,Dg,5) —— H*(L, Dk, 5 Xspec(r) Spec(L))

fw f (13.2)

Resy,

H2(AF,DK75‘) — HQ(ALaDIQS X Spec(F) SpeC(L))

where locy and locy, are the natural maps to adelic cohomology (see Section , and Res is the
restriction map induced on adelic cohomology.

In order to show that resy(ag,g) = 0, it is enough to show that Resy(locp(ak s)) = 0 and
that resr,(a) lies in the kernel of locy, if and only if it is 0. We know that the localization map is
not injective in general, however we showed in Section that the projective limit of the kernels
vanishes.

Assume that L N K = F, in this case we are basically mimicking the argument from Section
namely we have an isomorphism

Dx.s Xspec(r) SPec L = ([ Reseor /1 G gcor.) /Grm, L1 (13.3)
veS
moreover, it follows from the vanishing of H!(L,Df s) (see Lemma and from the vanishing
of H*(L,Gp,) (see Corollary 1.4.21 in [33]) that H?*(L,Dg,s) = (B¢ Br(K°L))/Br(L). Again,
applying the snake lemma to the diagram similar to , we obtain that the kernel of the
localization map locy, is a finite subgroup of Q/Z of order ged, ¢ deg(K?L/L). By disjointness
of L and K over F, the latter is equal to ged, ¢ deg(K?/F).

Assume that £ N L = F. Note that by the local-global principle, there exists a finite Galois
extension E/K/F and a finite set of places S’ in F lying above S, such that if resy(ag g)
is in the kernel of the localization map H*(L,Dg g) — H?(Ar,Ds g), then resp(axs) =
mg p(resy(as g)) = 0.

Consequently, after replacing (K, S) with (E,S’) in the diagram , we see that it is enough
to find a finite Galois extension L linearly disjoint from E and K that satisfies the following
condition:

(] RGSL(OJS/7E) =0e€e H2<AL,DS/,E).
By construction of agr g, the class locp(ag i) is the image of the semi-local canonical class
as(S’, E) under the map H*(Ap,Tg p) — H*(Ap,Dg ) (see Section [12.3). Therefore, we are
reduced to proving that Resp(az(S’,E)) = 0. Using the fact that as(S’, E) is defined very

explicitly (see Section in particular, the isomorphism (4.6))), we obtain that Resy (az(S’, F))
vanishes if a(E;/F,) € Br(Ey/F,) is killed by the map

resr,,

H*((E®)y, Gm) = Br(F,) — @gev,,, afwH (B°L)a,Gn) = Gapw Br(EB°L)g)  (134)

where w is a place in L, such that w | v. On the left-hand side we used that E? is the decomposition
field of a place lying over v. Consider an induced map Br(F,) — Br((E?L)z), where 1 is as above.
Since it comes from the restriction map resy,, it follows from local class field theory that this
map can be identified with the multiplication by deg((E°L)4/F,) on Q/Z.

In order to compute the degree of the extension of local fields (E?L)g/F,, we notice that
LopE'Qp ®F, = (Hw|v,weVL L,,)9, where g is the number of places of E lying over v, therefore
the desired degree is given by deg(L,,/Fy).

Combining all the reduction steps, we see that any extension L/F such that
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(1) LhE=F,
(2) for any w € V, lying above v € S, the local degree deg(L,,/F,) is divisible by deg(E,//F,),
where v’ € Sg is any lift of v,
splits the canonical class o s.

In the following sections, we show that infinitely many extensions Q((,), where ¢ is a prime,
satisfy the second condition, therefore, the first condition poses no problem. We also notice that
Q(¢y) is a purely imaginary extension of Q, thus the local degrees of Q((,;)/Q at the infinite primes
are all equal to 2. This way we may restrict ourselves to finite primes of S.

13.2. Auxiliary result: Kummer extensions of cyclotomic fields. First, we recall a result
from theory of Kummer extensions of cyclotomic number fields that will be crucial in Section

I35

Theorem 13.2 (Theorem 1 in [39]). Let K be a number field and let G be a finitely generated
subgroup of K*. Consider a Kummer extension Ky, , = K((p, {L/é) of the nth cyclotomic exten-
sion K, = K((,). If G is of strictly positive rank s, then there is an integer ¢ > 1 (depending
only on K and G) such that for all integers n > 1 we have

nS

Gal(Ky p : Ky)

ns . iy .
where Gal(KpmiKn) 5@ positive integer.

| c (13.5)

13.3. Existence theorem. The proof of the following theorem will occupy the rest of this section.

Theorem 13.3. Let S = {p1,...,ps} be a fized finite set of primes in Q. Then there exists a
constant ¢ € Z that depends only on S such that for any integer r satisfying c | r, there exists
infinitely many prime numbers q ¢ S with the following properties:
(*) ¢=1 (mod r), gcd(q%l,r) =c.
(xx) let L denote Q((y), then for every p; € S, and for any prime ideal P; in Op, lying above
pi the degree of the local extension Lp,/Qp, is divisible by .

To simplify notation we denote 7. = %, where c is an integral divisor of r. We will specify this
constant below.

We rephrase the condition (%) as follows. Note that since g ¢ S, every extension Lp, /Qp, as
above is unramified of degree f;, which is computed as the order of p; in (Z/4z)*, more concretely,
fi is the smallest natural number such that pzfi =1 (mod ¢q) (see Theorem 2.13 in [49]). Thus,
the degree of Lp, /Qy, is divisible by r, if and only if f; is divisible by 7.

Focusing on the prime p = p;, we see that its order in (%/4z)* can be computed by analysing
the extension Q(¢,,p"/")/Q(¢), in which ¢ is unramified. Since | ¢ — 1, the degree of the local
extension over ¢ is equal to the degree of the extension F, (p'/™)/ F,. Using Kummer theory (see
Chapter TV, Theorem 3.3 in [37]), we obtain that Frob, € Gal(F,(p'/")/F,) has order equal to

(¢—1) . . . .. .
the order of p i . More precisely, in this case Fy/(F; )" >~ Z/(r) is isomorphic to the group

of characters Hom(Gal(F,/F,), ur) via the map
Frob, (p'/" g—1
qlsr : :pqr < Hr-
p
Thus, the order of p in F* /(F;)™ is equal to the order of x;,(Frob,), and the latter is equal to the

order of Frob, € Gal(F,(p'/")/F,). In particular, the order of Frob, € Gal(F,(p*/")/F,) divides
the order of p in F'.

In order to combine the local conditions for different p;’s, we consider the following tower of
extensions

p — xp(Froby) =
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Quay 1= Qe Y1, - 53)
/

@T,T = Q(Cﬁ \T/ilv s \T/ZTS) Qr2 = Q(Cﬂ)
|
Qr = Q(Cr)
|
Q

where E denotes the intersection of Q,, and Q,=.
We claim that there are infinitely many rational primes g, such that Frob, € Gal(Q,2,/Q)
satisfies the following conditions:

(1) Frob, =1 € Gal(Q,/Q).

(2) Frob, generates the subgroup <Z/rz C Gal(Q,2/Q,).

(3) for any 1 <4 < s and for every projection Gal(Qy,,/Q;,) — Gal(Q.(y/p;)/Qr) the image
of Froby in the latter Galois group is at least of order .

Note that it follows from the discussion above that the third condition implies that the orders of
pi’s in F are divisible by ©.

First, we show that H = Gal(Q,,,/E) contains a subgroup (<Z/rz)®. Notice that by definition
of E, the group H is isomorphic to Gal(Q,2,/Q,2). Letting n = r2 in Theorem we obtain

,r.25 rs r

deg(@r‘?,r‘? /@73) B deg(@ﬂ,r/(@r?) . deg(@rz,rz /Qrz,r)

Since both factors in ((13.6)) are integers due to the fact that the corresponding extensions are

. rs . . c e .
Kummer extensions, we see that 320,5,/0,5) is an integer dividing cg. On the other hand, H is

a subgroup of (%/(r))®, thus any generator of the preimage of any factor Z/(r) is at least of order
r/cs, hence (¢sZ/rz)®* C H. Finally, we set

s

| cs (13.6)

c=cg.

Note that since Q2 ,, Q;, and Q,2 are abelian extensions over Q,, the Galois group of Q,2 ,
over Q, is a fibre product of Gal(Q,,/Q,) and of Gal(Q,2/Q,) over Gal(E/Q,). Next, we consider
the diagram

1 H Gal(Q,2,/Q,) —— Gal(Q,2/Q,) = Z/(r) — 1
™ |
1 H Gal(Q,,/Q,) —— Gal(E/Q,) ———— 1

Let o denote a generator of <Z/rz C Gal(Q,2/E), and let x = (c,...,c) € (¢/rz)® C H, then
both ¢ and z project to 1 in Gal(E/Q,), since Gal(E/Q,) is a quotient of Z/(r) and its order
divides c. It follows that (x,0) € Gal(Q,2,/Q,). Applying the Chebotarev density theorem to
the conjugacy class of (x,0), we see that there are infinitely many primes ¢ € Q, such that Frob,
lies in the chosen conjugacy class. Notice that by construction Frob, =1 in Gal(Q,/Q).

In order to check the third condition, we need to show that for every ¢ = 1,... s, the Frobenius
element Frob ; in Gal(Q,(y/pi)/Q;) has the correct order. Since ¢ is unramified in Q,2 ., we see
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that Froby; = m;(Frob,), where 7; is defined as the sequence of natural projections

7 : Gal(Qy2,/Qp) — Gal(Qrr/Qyr) — Gal(Qr(/p:)/Qr). (13.8)
By construction, m;(Frob,) belongs to the conjugacy class of the element
¢ € Gal(Q, (YF7)/Q) C 2oz, (13.9)

therefore, the order of Frob,; is divisible by %, which completes the proof of the theorem.

13.4. End of the proof of Theorem We apply Theorem to the conditions obtained
in the end of Section [I3.I] Namely, we let r be divisible by the least common multiple of local
degrees | = lemyeg(deg(E, /Qy)), where v € S and v' € Sg is any lift of v. It follows that there
exists infinitely many primes ¢ ¢ S, such that local degrees of Q((,) are divisible by an integer
r/c, where ¢ does not depend on r. Therefore, we can achieve that r/c is divisible by I by simply
enlarging r multiplicatively.

14. MoTIVES OVER F AND Rep(Ktq)

Let F be the algebraic closure of the finite field [F,,. In this section we show that Rep(Ktg)
has a full subcategory that under the assumption of the Tate conjecture over F can be identified
with Mot(F) the category of motives over F. The idea of describing motives in terms of gerbes
and non-abelian cohomology goes back to Grothendieck and was pushed further in the case of
Mot(FF) in the work of Langlands and Rapoport (|29]), where an explicit description of the class
of Mot(F) appeared. It was however corrected and simplified significantly in the following works
of Milne (see [35], [34]).

14.1. Weil numbers and their germs. Let ¢ = p™. Recall that an algebraic number = € Q¥
is said to be a Weil g-number of weight m if

m

e for every embedding p : Q[r] — C, p(7) - p(7) = ¢"™.
e for some [, ¢'7 is an algebraic integer.
The set of all Weil g-numbers in Q' is an abelian group denoted by W (q). If ¢/ = p" and n | n/,
we have a group homomorphism W (q) — W(¢'): © — 7/™. Define the group of germs of Weil
numbers
W = h%rnW(q) (14.1)
There is an action of the absolute Galois group of Q on W, and P is defined as a protorus over
Q such that
X*(P)=W. (14.2)
In order to represent P as a projective limit of algebraic tori, we rewrite W as a colimit of finitely
generated Galois modules. Namely, for any CM-field K/Q, we define W as a subset of 7 € W
having a representative in K and such that for any place v | p in K:

ord, ()

ord,(p")

Define PX as a group of multiplicative type defined by Gal(Q*/Q)-module WX . Then W =

ligrl X WX and P = @K PE where the limit is being taken over the directed set of finite CM-
extensions of Q.

Let KT denote the maximal totally real subfield of K, and let V,, i and Vp, i+ denote the set
of p-adic primes in K and K™ respectively. Then there is an exact sequence of Galois modules

0-WES D z.v@z% P Z-w—o, (14.4)

veVp Kk wevp,K+

Ky : Q) € Z. (14.3)
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where « is the map

T (S Ord”(”n) (K 1 Q) wt(r)), (14.5)

ord
’IJEVP,K vp

and S is given by the formula

( Z Ny, M) — Z Ny |VPYKJr —[Ky - Qp]me €V, k+ (14.6)
’UEVEK UEVp,K
Let K’ be a CM-field containing K. Then WX ¢ WX’ and the transition map can be described
naturally using the exact sequence ((14.4). Namely, the transition map is induced by the map

v Y K K0 (14.7)
v
when v | p, and the identity map on Z.
The short exact sequence of Galois modules induces the short exact sequence of the
corresponding tori and provides a very useful tool for analysis of the cohomology of PX. The
following results are due to Milne.

Proposition 14.1. Let K be a CM-field, and let PX be a torus attached to the Galois module
WK then

. nmi Hl(@,PK) =0, fori=0,1.

. H2 @, =lim, H*(Q, P¥).

o H*(Q, PK) — H?(A, PK) is injective.

o H?(Q,P) — H?*(A, P) is injective.

14.2. WX and the characters of the Kottwitz protorus. One can also realize WX as a
submodule of the character module of the Kottwitz pro-torus Dy /q.

Proposition 14.2. Let K be a finite CM-extension of Q. Then there is an injective homomor-
phism of Gal(K/Q) modules
wi : WK = X*(Dg,p). (14.8)

Proof. Let m € WK be a representative of a Weil p®-Number of weight m. We may apply the
product formula to 7, namely
IT =1, =1 (14.9)

veEVK
Moreover, for any non-archimedean v ¢ V), i, we have ||7||, = 1. Notice that for any v | p, we
have ||7||, = p~f*o'4 (™) where f, is the degree of the extension of the residue field of K, over
Qp. The latter can be expressed as [K, : Qp]/e,, where e, is the ramification index of v in K that
can be computed as ord,(p). Since K is a CM-field, every archimedean place oo’ | 0o is in fact
complex, and by definition of Weil p™-number of weight m, we have ||7||,, = (p™)™. Combining
these observations, we deduce

d

Y T K, Q- Y mm=0. (14.10)

ord,(p)

UGVP’K OO/EVoo,K
Notice that by deﬁnition of WX and from the fact that 7 € W the equality (14.10) is integrally
divisible by n (see (14.3)). Define
d,
ik WE S5 2[Vk], 7 Z 2K, 1 Qp) v — Z m - o0 = 0. (14.11)

ord
veVy K 00’ €Vo, i
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Since WX is torsion-free, this map is injective. Moreover, it follows from (14.10]) that g induces
an injective map W — X*(Dg/q)- O

In order to construct the morphism lin WH — X*(Dg), we need to check that the morphisms

wg are compatible with the transition maps W& — WX and X*(Dg/q) = X*(Dgr/q), where
K'/Q is a CM-extension containing K. Recall, that he transition maps for the character modules
of Kottwitz protori are induced by the maps , that is by the same formulae as . We
denote by w the injective homomorphism of Gal(Q*/Q)-modules W — X*(Dg) induced by wg
for varying CM-fields K.

14.3. Image of the Kottwitz class under w. Let w : W — X*(IDg) be the homomorphism
defined above. By abuse of notation, we also denote by w the epimorphism of protori Dg — P.
Because H2(Q,Dg) = l'LmH2(Q,DK73) and H?(Q,P) = @HQ(Q, PX), there is a well-defined
morphism

w*: H*(Q,Dg) — H*(Q, P). (14.12)

We are interested in computing the class w*(aq), where ag denotes the class of the Kottwitz
gerbe in H%(Q,Dg). By Proposition , H?(Q, P) — H?(A, P), therefore it suffices to describe
the image of the given class locally.

Proposition 14.3. The image of w*(aq) in H2(A, P) is given by the class (0 (p.oo}, Cp, OR).
Where oy, and ar are the canonical local classes.

Proof. Let T; denote the absolute Galois group of Q;. Recall that since lim! A! (Q, P) =0, we
may apply arguments of Section [12.5] to describe local cohomology groups of the Weil protorus,
namely

H*(Qq, P) ~ Homz(W',Q/7Z), (14.13)

where [ any non-archimedean prime.
Recall also that the map w : W — X*(Dg) induces the map of I';-modules

loc; : W 2 X*(Dg) — X*(Tg) 24 Q, (14.14)

where g is defined in Section[I2.6] Namely, 1 sends a sum of valuations with rational coefficients
to the coefficient corresponding to the fixed l-adic prime of Q2.

Therefore, for any | # p, we have that the image of W in Q the composition loc; in (14.14]) is
0. Therefore, the corresponding class in H?(Qy, P) is trivial.

locy, [Ky:Qp] ™t

If | = p, we see that the composition W'» — W Q » Q is surjective. It follows

from the fact that for any CM-field K and 7 € WX we have loc,(r) = ;ﬁ”((pﬁ)) Kyt Q) € Z,

where v is the p-adic place of K induced by the fixed p-adic place of Q¥. If 7 is moreover
I',-invariant, where I', = Gal(K,/Q)) is the decomposition group of v, then we deduce from the
product formula and equality that ord,(m)/ ord,(p") takes value %, where m is the weight
of m. We obtain that the colimit of the cokernels of the maps

[Ko:Qp) ! 1 ord, ()
7, e —2
2. [Ky Q) ord, (p™)

vanishes, since their orders are bounded by [K, : Qp], and the transition maps for K C K’, where
K’ is a finite CM-field over Q, are given by multiplication by the local degrees [K], : K,], hence
kill the cokernels eventually.

Consequently, the map Hom(Q, Q/Z) — Hom(W?'»,Q/Z) is injective and maps the class of the
natural projection Q — Q/Z, that is the class a;, to the image of w*(ag) in H(Qp, P).

(WK)F.U locy 7,

(14.15)
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To complete the proof, we notice that when [ = oo is the arhimedean place, then locs(7) = —m.
Hence the image of w*(ag) in H?(R, P) coincides with the image of the projection Z — Z/27Z
under the map Hom(Z, Br(R)) — Hom(W'>= Br(R)), where I's, ~ Gal(C/R). O

14.4. Conjectural relation to Mot(F). Let ((V, s) denote the zeta function of a variety V' over
F,. Let A"(V') denote the quotient of the space of algebraic cycles of codimension r on V' by the
subspace of cycles numerically equivalent to 0. In this section we assume the Tate conjecture.

Conjecture 2 (Tate conjecture). For all smooth projective varieties over F, and r > 0, the
dimension of A"(V') is equal to the order of the pole of ((V,s) at s = 1.

Under this assumption the category of motives over I can be described fairly explicitly. Namely,
it follows from theorem of Jannsen [22], that Mot (F) is a semi-simple Tannakian category over Q.
Moreover, the classes of simple objects correspond to the orbits of the action Gal(Q*/Q) on W,
the abelian group of germs of Weil numbers defined in Section [I4.1] Applying Tannakian duality,
we see that Mot(IF) can be recovered up to equivalence from the class it defines in H2(Q, P) (fpqc-
cohomology). Using the fact that H?(Q, P) < H?(A, P), we deduce that it suffices to describe
the images of the class of Mot(FF) in cohomology groups of completions of Q at all places. One
can apply Proposition to compute the local classes via isocrystals. Namely, it turns out that
the localization functor (see Theorem 1.18 in [35] for the definition)

Mot(F) ® Q, — Isoc(F)

corresponds to the morphism of gerbes induced by the map of characters W — Q given by the

formula

P Ordz(ﬂ) (14.16)

where ord,, is the extension of the p-adic valuation on Q corresponding to the chosen embedding
QY — le. The latter can be deduced from the section “The isocrystal of a motive” in [35].
Finally, one obtains the following description of Mot (F).

Theorem 14.1 (Langlands-Rapoport, Milne (Th.3.29 in [35])). Assume the Tate conjecture.
Then the category of motives over F is a semi-simple Tannakian category over Q. Its band is
given by the protorus P corresponding to the Gal(Q™/Q)-module W. The equivalence class of
Mot(F) in H?*(Q, P) is identified with the class (0p(p.ooy,p, ar) € H2(A, P) via the inclusion
H?(Q,P) — H%*(A,P).

The naturality of such a description is treated in Theorem 6.3 in [34], which combined with
Proposition leads us to the following statement.

Corollary 14.1. Let w*(Rep(Ktg)) be the subcategory of Rep(Ktg), defined by the image of
the global Kottwitz class ag along the map w : W — X*(Dg). There exists an equivalence
w*(Rep(Ktg)) — Mot(F) compatible with the natural realization functors.
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