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Zusammenfassung/Abstract

Zusammenfassung

Diese Dissertation ist eine Sammlung von Studien, welche sich mit der Phänomenologie des 𝜃-Winkels
der Quantenchromodynamik (QCD) im Wertebereich 0 < 𝜃 < 𝜋, sowie des Axions in der Kern- und
Teilchenphysik befassen. Im ersten Teil werden die Auswirkungen eines von Null verschiedenen 𝜃-
Winkels auf die Nukleonmassen, die Bindungsenergien leichter Kerne und den Prozess der Nukleosynthese
erforscht. In den darauf folgenden Studien werden die Wechselwirkungen des Axions mit Photonen
und Baryonen mit den Mitteln der Chiralen Störungstheorie – der effektiven Feldtheorie der starken
Wechselwirkung im Niedrigenergiebereich – untersucht. Die Ergebnisse werden schließlich verwendet,
um den Wirkungsquerschnitt der Pionerzeugung durch Axion-Nukleon-Wechselwirkung mit Beiträgen der
𝛥-Resonanz zu bestimmen. All diese Studien stehen somit im Zusammenhang mit dem als “Strong CP
Problem” bekannten Makel des Standardmodells der Teilchenphysik, wobei insbesondere die letztgenannten
Studien auch Beiträge zur Axionsuche darstellen.

Abstract

This thesis is a collection of studies concerned with the phenomenology of the 𝜃-angle of quantum
chromodynamics (QCD) at values 0 < 𝜃 < 𝜋, and of the axion in nuclear and particle physics. In the first
part, the consequences of a non-vanishing 𝜃-angle for nuclear physics are determined with respect to the
nucleon masses, the binding energies of light nuclei, and the process of nucleosynthesis. In the second
part, the interaction of axions with photons and baryons is examined making use of chiral perturbation
theory, the low-energy effective field theory of the strong interaction part of the Standard Model. Finally,
these insights are used to determine the cross section of pion axioproduction with contributions from the
𝛥 resonance. All these studies hence are related to a flaw of the Standard Model of Particle Physics known
in the literature as the “strong CP problem”. In particular, the latter studies are contributions to the search
of axions.
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CHAPTER 1

Introduction

1.1 You got a problem?

The Standard Model (SM) of particle physics is the outcome of decades of tremendous research efforts
comprising milestone events on both experimental and theoretical side. The last century has seen the
prediction and discovery of numerous elementary particles that like pieces of a puzzle led to the emergence
of a coherent picture. On the experimental side this includes the discovery of antiparticles such as the
positron [1], the discovery of heavy partners of the electron, i.e. the muon [2] and the tau [3], the discovery
of parity violation in the weak interaction [4], the discovery of new generations of neutrinos [5], and the
detection of the Z and W vector gauge bosons [6–10]. Starting with the quark hypothesis (see below)
and deep inelastic scattering experiments [11, 12] accessing the substructure of nucleons, quarks finally
have been identified as the elementary constituents of hadrons systematizing the ever-growing number of
experimentally produced mesons and baryons, which culminated in the discovery of the top quark at the
end of the last century [13, 14].

These great moments of experimental physics were accompanied and in fact most often preceded by
equally great hours of theoretical physics which includes the derivation of a relativistic field equation
for spin-1

2 particles including the prediction of antimatter by Dirac [15], the development of quantum
electrodynamics [16–22] (QED), the extension of gauge theories to non-Abelian groups [23–25] now
being called Yang–Mills theory, the electroweak unification [26–28], the Higgs mechanism [29–31]
(Englert–Brout–Higgs–Guralnik–Hagen–Kibble mechanism to be precise), the development of quantum
chromodynamics [32–38] (QCD), and the verification of the renormalizability of such gauge theories [39,
40].1

The last great highlight of this unprecedented human endeavor was the discovery of the Higgs boson
[41, 42], the period of the last sentence of a book with a large number of instructive chapters. This model
with its story of success has proven to be both highly explanatory and predictive, and in terms of its
mathematical formulation, its realized exact and approximate symmetries, it can be considered an elegant
building of modern architecture.

And it has proven to be, say, unpleasant.
One of the most unpleasant things about the SM is the large number of input parameters, which is

1 The list of “milestones” is of course incomplete and rather a personal collection of works the author considers fundamental. In
reality, the Standard Model is not the completed picture of a puzzle consisting of, say, fifty pieces, but rather consisting of a
puzzle of hundreds or even thousands of pieces.
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Chapter 1 Introduction

surprising considering the fact that the fermionic matter fields clearly show a pattern in terms of their
charges and their masses (generations). Currently, no mechanism neither within nor beyond the SM is
known to explain this pattern. In fact, the SM with massless neutrinos requires the manual input of 19
parameters.2 Further phenomena that currently cannot be explained within the SM are, for instance,
neutrino oscillations implying massive (though very light) neutrinos [44–50],3 the possible existence of
particle dark matter (see, e.g., the reviews [55–58]), or possibly the recently measured anomalous magnetic
dipole moment of the muon [59] (however, with 4.2 standard deviations this finding currently does not
meet the 5𝜎 criterion).

Another example of an unpleasant feature in the SM is the appearance of a CP non-conserving term in
the strong interaction part of the SM Lagrangian, the 𝜃-term. As will be explained in more detail in the
next section, this term arises as a consequence of the instanton solution [60–62], but as opposed to this, no
such CP violation has ever been observed within the strong interaction.4 The associated QCD 𝜃-angle,
which determines the strength of this strong CP violation, turns out to be 𝜃 ≲ 10−11 permitting that 𝜃 = 0.5
So on the one hand, there is the theoretical existence of the 𝜃-term without any restriction to the value of 𝜃
(which means that given the periodicity of this angle, it might take on any value between −𝜋 and +𝜋), but
on the other hand, in our real world, 𝜃 ≈ 0 of all things. This goes by the name of “strong CP problem”.

In order to ponder the meaning of this problem, one might take a look at how this problem might be
solved (or not solved), as it is related to the question of why certain aspects of the SM are considered
“unsatisfying”. Basically, there are four possibilities:

1. There might be some mechanism within the SM yet to be unraveled that shows that 𝜃 actually is
restricted to a value of exactly or approximately zero.

2. It might be that the SM is incomplete and that an extended SM provides an explanation of the
observed value of 𝜃 (this might include that 𝜃 ≠ 0 at earlier stages of the universe, but is then relaxed
to its present value).

3. It might turn out that a new theory beyond the SM explains why 𝜃 is restricted to a value of exactly
or approximately zero (including the possibility that 𝜃 ≠ 0 at earlier stages of the universe).

4. It might be the case that the observed value of 𝜃 is just accidental meaning there is no problem in
the strict sense.

This list shows that a problem such as the “strong CP problem” (and the several other outstanding challenges
of the SM mentioned above) is in any case the point of departure to fresh research leading to a deeper
understanding of the physical world and the theories describing it. This even applies for the latter point:
Taking the “accidental universe” as a starting point might stimulate the questions “What if 𝜃 had another
value than the one we measure? Would a world with, for example, 𝜃 = 𝜋

2 look different from ours?” The
answers to such questions undoubtedly would deepen the understanding of the connection between the SM

2 9 fermion masses, 3 mixing angles and one CP-violating phase of the Cabibbo–Kobayashi–Maskawa matrix, the mass and
vacuum expectation value of the Higgs, 3 gauge coupling constants, and 𝜃 (after Ref. [43]). If one includes neutrino masses
and oscillations, 7 additional parameters appear: the 3 neutrino masses, and 3 mixing angles and one CP-violating phase of the
Pontecorvo–Maki–Nakagawa–Sakata matrix.

3 A possible extension of the SM explaining the origin of such tiny neutrino masses is the seesaw mechanism [51–54].
4 In contrast to that, CP violation indeed is a feature of the weak interaction part of the SM [63, 64].
5 This will be elaborated in more detail below. The actual observable parameter is usually denoted �̄�, but in this introduction, I

simply write 𝜃 and refer to the next section for the details.

2



1.2 Short theoretical overview

parameter 𝜃 and the observables of our world. Additionally, such considerations might give insights in
terms of another, related question, that is: Is it necessary from an anthropic viewpoint that the quantity 𝜃
has exactly the observed value (or at least lies within a certain range), because otherwise there would be
no human posing this question, e.g. if 𝜃 alters nuclear physics in such a way that element formation is
seriously impaired.

As stated already, this also applies to all challenges of the SM, meaning that in principle any of the
issues might be solved (or not solved) by one of the four points listed above (and possibly a single solution
might solve more than one SM problem). But what would all that mean for the SM, this great model with
its overwhelming success and its predictive and explanatory power? Without doubt, the SM as it stands
will certainly never be entirely replaced by a theory beyond it. This is comparable to the case of Newtonian
gravity and its successor general relativity: the new theory then simply shows the limits of validity of the
old one.

Turning now to the topic of the present thesis, it is the above-mentioned “strong CP problem” that
constitutes the starting point for the six studies presented in the main chapters of this thesis. In particular,
we followed two paths, one of which has already been indicated above, namely the question of how 𝜃 ≠ 0
affects nuclear physics (ch. 2 and 3). The second of these two paths is related to the second possibility in the
list above and is based on a solution to the “strong CP problem” that possibly can at the same time provide
a solution to the question of the nature of dark matter (ch. 4–7). This solution is the famous Peccei–Quinn
mechanism [65, 66], which naturally leads to a vanishing 𝜃-angle, but also to a light boson called the axion.

This thesis is thus concerned with the phenomenology of the QCD 𝜃-angle at values ≠ 0, in particular its
consequences for nuclear physics, and of the axion in nuclear and particle physics. The latter is performed
in the context of chiral perturbation theory [67–73], the low-energy effective field theory of the strong
interaction part of the SM. In particular, we studied its interaction with photons (ch. 4) and with baryonic
matter (ch. 5 and ch. 6), where we used the insights from the latter to finally study pion axioproduction6.
The results of these studies hence can be regarded as contributions to the search of axions and – in a greater
context – to the question of how to solve (or not solve) one (or two) open problems of the SM, that is the
unpleasant “strong CP problem”.

1.2 Short theoretical overview

The following theoretical overview focuses on the origin of the QCD 𝜃-vacuum and gives an introduction
to the “strong CP problem” and possible solutions including the Peccei–Quinn mechanism and the axion.
Other aspects such as the models and methods used in the several studies, are not presented here, but are
each part of the respective papers, where in any case appropriate theoretical information is given.

1.2.1 Instantons and QCD vacuum structure

The QCD 𝜃-vacuum is a consequence of the famous instanton solution in classical, non-linear gauge
field theories [60].7 Consider a non-Abelian pure Yang–Mills gauge theory with gauge group 𝒢 [23] in

6 The term axioproduction has been proposed by Ulf-G. Meißner in analogy to terms like electroproduction or photoproduction.
Pion axioproduction hence means pion production induced by axions.

7 This chapter is freely based on Refs. [74–76].
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Chapter 1 Introduction

four-dimensional Euclidean space 𝐸4 with action

𝒮 = ∫ d4𝑥 1
2 Tr [𝐺𝜇𝜈𝐺𝜇𝜈] , (1.1)

where
𝐺𝜇𝜈 = 1

2𝜏𝑎𝐺𝑎
𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 − 𝑖𝑔 [𝐴𝜇, 𝐴𝜈] (1.2)

is the field strength tensor in matrix notation, 𝜏𝑎 are the generators of the group 𝒢 with group index 𝑎,
𝐴𝜇 = 1

2𝜏𝑎𝐴𝑎
𝜇 are the gauge potentials, and 𝑔 is the coupling constant of the gauge field. The commutators

[ , ] are determined by the corresponding Lie algebra of the group 𝒢. The dual of 𝐺𝜇𝜈 is defined by

̃𝐺𝜇𝜈 = 1
2𝜖𝜇𝜈𝜌𝜎𝐺𝜌𝜎, (1.3)

where 𝜖𝜇𝜈𝜌𝜎 is the four-dimensional Levi-Civita symbol with 𝜖1234 = 1 for Euclidean space-time indexes
1 … 4. The involved objects transform under a gauge transformation 𝑈 ∈ 𝒢 as

𝐴𝜇 →𝑈𝐴𝜇𝑈−1 − 𝑖
𝑔(𝜕𝜇𝑈)𝑈−1,

𝐺𝜇𝜈 →𝑈𝐺𝜇𝜈𝑈−1,
̃𝐺𝜇𝜈 →𝑈 ̃𝐺𝜇𝜈𝑈−1.

(1.4)

Minimization of the action (1.1) leads to the classical field equations

𝐷𝜇𝐺𝜇𝜈 = 0 (1.5)

with the covariant derivative
𝐷𝜇𝐺𝜇𝜈 = 𝜕𝜇𝐺𝜇𝜈 − 𝑖𝑔 [𝐴𝜇, 𝐺𝜇𝜈] . (1.6)

A solution to the field equation is found when 𝐺𝜇𝜈 is self-dual or anti-self-dual, i.e.

𝐺𝜇𝜈 = ± ̃𝐺𝜇𝜈 (1.7)

with the boundary condition
lim𝑥→∞ 𝐺𝜇𝜈(𝑥) = 0. (1.8)

Of course, the field equation (1.5) is trivially satisfied if 𝐴𝜇(𝑥) = 0 ∀ 𝑥 ∈ 𝐸4, which one would identify
with the vacuum of the theory. However, as it turns out there is another class of solutions that drastically
changes the notion of the vacuum. These solutions arise when the mapping from an element of the boundary
of Euclidean space 𝐸4 into the group space 𝒢 fall into distinct homotopy classes, that is if the homotopy
group 𝜋𝑛(𝒢) is non-trivial. As the boundary of 𝐸4 is clearly isomorphic to the three-sphere 𝑆3, this is
indeed the case for gauge groups such as SU(2) or SU(3),8 for which

𝜋3(𝒢) = ℤ. (1.9)

8 But not for U(1) in four-dimensional space, in which case the third homotopy group is trivial. Things are, however, different in
two dimensions [62].
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1.2 Short theoretical overview

The consequence is thus that the solution 𝐴𝜇(𝑥) = 0 at the boundary is just one solution among an infinite
number of topologically distinct solutions that are characterized by an integer 𝜈 ∈ ℤ. As these fall into
different homotopy classes, these solutions are non-deformable into each other. In order to determine the
consequences, note that the boundary condition (1.8) actually does not imply 𝐴𝜇(𝑥) = 0 at the boundary,
but rather

lim𝑥→∞ 𝐴𝜇(𝑥) = − 𝑖
𝑔(𝜕𝜇𝑈)𝑈−1, 𝑈 ∈ 𝒢. (1.10)

Noting furthermore that the action is minimized by self-dual and anti-self-dual field configuration 𝐺𝜇𝜈 =
± ̃𝐺𝜇𝜈 and using Eq. (1.10) as the boundary condition, the classical action Eq. (1.1) can then be calculated
explicitly. The result is [61, 62]

𝒮 = 8𝜋2

𝑔2 |𝜈|, (1.11)

where the Pontryagin index 𝜈 is just given by

𝜈 = 𝑔2

16𝜋2 ∫ d4𝑥 Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] . (1.12)

However, things become even more interesting when proceeding to the quantum theory. To that end,
it is instructive to use the gauge freedom to set 𝐴0 = 0 and concentrate on the time boundary of four
dimensional space-time, i.e. 𝑡 → ±∞, and see what happens in between. Imagine that the fields at these
boundaries belong to different homotopy classes with index 𝑛, 𝑚 ∈ ℤ, that is

lim
𝑡→−∞

𝐴𝑖(𝑥) = − 𝑖
𝑔(𝜕𝑖𝑈𝑛)𝑈−1

𝑛 ,

lim
𝑡→+∞

𝐴𝑖(𝑥) = − 𝑖
𝑔(𝜕𝑖𝑈𝑚)𝑈−1

𝑚 ,
(1.13)

In the quantum theory, a field configuration corresponds to an eigenstate of the field operator, which in the
case of the two boundary states Eq. (1.13) might be labeled |𝑛⟩ and |𝑚⟩. Then the functional integral

⟨𝑚| exp(−𝑖ℋ𝑡)|𝑛⟩ = ∫[𝒟𝐴𝜇](𝑚−𝑛)𝑒−𝒮 (1.14)

describes the transition amplitude from vacuum |𝑛⟩ to |𝑚⟩, which is thus of order exp(−𝒮) with 𝒮 given
by Eq. (1.11) and 𝜈 = 𝑚 − 𝑛. This means that the instanton with winding number 𝜈 describes a transition
from vacuum |𝑛⟩ to vacuum |𝑚⟩ = |𝑛 + 𝜈⟩. If such instantaneous transitions between different vacuum
states of different homotopy class are hence allowed in the quantum theory, the true vacuum cannot be |0⟩
or any other vacuum |𝑛⟩, but must be a superposition of all these states up to a phase 𝜃

|𝜃⟩ = ∑
𝑛

𝑒𝑖𝑛𝜃|𝑛⟩, (1.15)

which is the 𝜃 vacuum (this particular form ensures invariance under gauge transformations). Asking now
for the vacuum-to-vacuum transition amplitude, one gets [61, 62]

⟨𝜃′| exp(−𝑖ℋ𝑡)|𝜃⟩ = 𝛿(𝜃′ − 𝜃) ∑
𝜈

∫[𝒟𝐴𝜇]𝜈𝑒−𝑖𝜈𝜃−𝒮 (1.16)
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Chapter 1 Introduction

where the expression in the exponential function corresponds to an integral over the Lagrange density

ℒ = −1
2 Tr [𝐺𝜇𝜈𝐺𝜇𝜈] − 𝜃 𝑔2

16𝜋2 Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] (1.17)

which finally shows the notorious 𝜃-term (note that this expression now is rotated back to Minkowski
space).9 As QCD as part of the SM is a gauge theory with gauge group SU(3), this 𝜃-term also shows up
in the full QCD Lagrangian causing the “strong CP problem”. As the object Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] is not invariant
under P (parity) and T (time reversal) transformations and given the CPT theorem [81–83], the 𝜃-term
implies that QCD violates CP symmetry unless 𝜃 = 0.10 It is clear from the derivation that 𝜃 is a 2𝜋
periodic angle [61, 87], but also that it otherwise is not determined from the theory, meaning that it has
to be measured for our world (note that the 𝛿-distribution in Eq. (1.16) means that 𝜃 does not transit to
another vacuum with 𝜃′ ≠ 𝜃).

Now it is of course interesting to see what happens when matter fields are present. It is known that
QCD with 𝑁𝑓 light quark flavors (realistic choices are of course only 𝑁𝑓 = 2 and 𝑁𝑓 = 3) is approximately
invariant under global U(𝑁𝑓)𝑅 × U(𝑁𝑓)𝐿 ≃ SU(𝑁𝑓)𝑅 × SU(𝑁𝑓)𝐿 × U(1)𝑉 × U(1)𝐴. While the spontaneous
breakdown of the subgroup SU(𝑁𝑓)𝑅 × SU(𝑁𝑓)𝐿 to SU(𝑁𝑓)𝑉 leads to the observed pattern of 𝑁2

𝑓 − 1 light
mesons, the pseudo-Nambu–Goldstone bosons of the spontaneous symmetry breaking, the U(1)𝐴 part
of the symmetry group does not persist in the quantum theory as a consequence of the invariance of the
functional integral measure [88, 89], which is known as Adler–Bell–Jackiw anomaly [90, 91]. In the
presence of a mass term, which explicitly breaks chiral symmetry, a U(1)𝐴 transformation on a quark field
𝑞𝑓 with flavor 𝑓

𝑞𝑓 → 𝑞′
𝑓 = 𝑒𝑖

𝜙𝑓
2 𝛾5𝑞𝑓 (1.18)

has two effects: it shifts the 𝜃-angle by 𝜙 = ∑𝑓 𝜙𝑓 (as a consequence of the anomaly) and it adds a complex
phase to the quark mass matrix

𝜃 𝑔2

16𝜋2 Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] → (𝜃 − 𝜙) 𝑔2

16𝜋2 Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] (1.19)

̄𝑞ℳ𝑞 → ̄𝑞𝑈ℳ𝑞𝑈𝑞, 𝑈𝑖𝑗 = 𝛿𝑖𝑗𝑒
𝑖 𝜙𝑖

2 𝛾5 (1.20)

where 𝑞 is the quark vector in flavor space and ℳ𝑞 = diag{𝑚𝑓} is the quark mass matrix. This means that
there exists a rather straightforward solution to the “strong CP problem”, that is if one quark were massless,
say the up quark, one might simply choose 𝜙𝑢 = 𝜃 and 𝜙𝑓 = 0 otherwise, then the 𝜃-term cancels and CP
symmetry is restored.11 However, it appears that the massless up quark solution is ruled out [92], which is
implied by the current determinations of the quark mass ratios [93, 94] and is also suggested by Lattice
QCD calculations [95–97]. Consequently, any transformation (1.18) eliminating the 𝜃-term, effectively
just shifts the problem to the mass term, which then acquires a CP-violating phase.

9 It can be shown that Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] can be written as a total derivative thus one may think that such a surface term stemming
from the anomaly can be dropped from the Lagrangian, but the instanton solution clearly proved that this is not the case in the
presence of instantons [77–79]. This provided a solution to the U(1)𝐴 problem [80].

10 Or 𝜃 = 𝜋, for 𝜃 = 𝜋 CP−−→ −𝜋. However, it turns out that as a consequence of Dashen’s mechanism [84] CP is then
spontaneously broken due to the appearance of two vacuum states. The interesting physics when 𝜃 approaches 𝜋 is investigated
in [85, 86].

11 To be more precise, the shift symmetry of Eq. (1.19) becomes an exact symmetry if one quark is massless, which renders 𝜃 an
unphysical quantity.
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1.2 Short theoretical overview

The extent of this CP-violation is measurable, because the 𝜃-term causes an electric dipole moment of
the neutron ∝ ̄𝜃 [98, 99], where ̄𝜃 is the effective 𝜃-angle to be introduced below. Theoretical estimations
of this quantity roughly vary between |𝑑𝑛| ≈ 10−16 ̄𝜃 𝑒 cm and |𝑑𝑛| ≈ 10−15 ̄𝜃 𝑒 cm, see e.g. Refs. [92,
100–102], while the upper limit for its physical value determined in experiments is |𝑑𝑛| < 1.8 × 10−26 𝑒 cm
(90 % C.L.) [103], which taken together implies

̄𝜃 ≲ 10−11 , (1.21)

which is the estimation mentioned already in the introduction.
To sum up, it can be said that there is a deep connection between the 𝜃 vacuum and the quark masses

– a connection that persists when turning to hadron physics. In fact, the masses of the pseudo-Nambu–
Goldstone bosons of chiral perturbation theory are 𝜃-dependent quantities. In particular, the leading order
𝜃-dependent pion mass in SU(2) chiral perturbation theory is known analytically (see ch. 2 and 3), which
in turn causes higher order effects on quantities such as the nucleon masses (including the proton-neutron
mass difference) or the pion-nucleon coupling constant. Note that the leading order effects are CP-even,
while CP-odd effects are subleading.

Before proceeding to the Peccei–Quinn solution of the “strong CP problem”, there is one subtlety
regarding the observable 𝜃-angle that should be mentioned. Above, the quark mass matrix ℳ𝑞 has been
assumed real, positive, and 𝛾5-free. However, the most general form of the quark mass matrix is not as a
consequence of electroweak CP-violating phases [76, 104]. For the case of such a general mass matrix, it
is convenient to decompose the quark fields into left- and right-handed parts,

𝑞𝑅/𝐿 = 1
2 (𝟙 ± 𝛾5) . (1.22)

Then the mass term can be rewritten into the form

ℒℳ = ̄𝑞𝐿ℳ𝑞𝑅 + ̄𝑞𝑅ℳ†𝑞𝐿 (1.23)

where the mass matrix now is ℳ = diag{𝑚𝑓 exp(𝑖𝜙𝑓)}. This implies that the actual observable is not the
bare 𝜃-angle, but [76]

̄𝜃 = 𝜃 + Arg det ℳ = 𝜃 + 𝜃weak. (1.24)

This is the effective angle ̄𝜃 mentioned above. In what follows, 𝜃 has to be understood as the effective,
physical ̄𝜃.

1.2.2 Peccei–Quinn solution of the “strong CP problem” and axions

In the previous section, the 𝛿-distribution in Eq. (1.16) has been interpreted as a superselection rule
following Refs. [61, 62], as there is no transition from one 𝜃-vacuum to another, meaning that if 𝜃 has
its value once, it has its value forever, and different worlds with different 𝜃 clearly have different physical
properties [105].

To be more precise, all that only applies if the theory has no classically exact global U(1)𝐴 symmetry.
So the shrewd solution to the “strong CP problem” proposed by Peccei and Quinn [65, 66] is based on the
introduction of another global chiral U(1)𝐴 symmetry, which ever since Weinberg’s follow-up article [106]
has been labeled U(1)PQ. As in the case of the chiral U(1)𝐴 symmetry of QCD with at least one massless
quark described above, the quantum anomaly associated with such symmetries can be used to eliminate
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Chapter 1 Introduction

the 𝜃-term via a shift symmetry similar to the one in Eq. (1.19).
However, as QCD as it stands in the SM does not possess such a symmetry, it must be hidden, meaning

that the symmetry must be realized in the Nambu–Goldstone mode in contrast to the chiral U(1)𝐴 symmetry
of massless QCD which is realized in Wigner–Weyl mode. The spontaneous breakdown of U(1)PQ
symmetry is therefore associated with the appearance of a massless Nambu–Goldstone boson, which
received the name axion.12 This offers another view on the mechanism that eliminates 𝜃: Let 𝑎(𝑥) denote
the axion field, then due to the anomaly one gets

ℒ𝑎𝜃 = − (𝜃 + 𝑎(𝑥)
𝑓𝑎

) 𝑔2

16𝜋2 Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] (1.25)

where 𝑓𝑎 is a parameter to be introduced below. Setting 𝜃eff(𝑥) = 𝜃+𝑎(𝑥)/𝑓𝑎, this means that one effectively
has made the substitution from the fixed parameter 𝜃 of the original model to the dynamical field 𝜃(𝑥) in
the new model. Now consider the path integral formula for the ground state energy 𝐸(𝜃eff) in a Euclidean
volume 𝑉

𝑒−𝑉𝐸(𝜃eff) = ∫[𝒟𝐴𝜇] det( /𝐷 + ℳ)

× exp (−1
2 ∫ d4𝑥 Tr [𝐺𝜇𝜈𝐺𝜇𝜈] + 𝑖𝜃eff(𝑥) 𝑔2

16𝜋2 ∫ d4𝑥 Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈]) .
(1.26)

As has been shown by Vafa and Witten [108], if 𝜃eff is a dynamical variable, then the QCD vacuum energy
is minimized at 𝜃eff = 0 thus eliminating any CP-violation from the QCD Lagrangian.

Though being formally a massless Nambu–Goldstone boson, the axion’s intimate linking to the QCD
vacuum and the quark masses leads to a small, but non-vanishing mass [106, 109, 110]. A current estimate
of this mass is given by (see the study of ch. 4 for a derivation)

𝑚𝑎 ≈ 5.7 (1012 GeV
𝑓𝑎

) × 10−6 eV (1.27)

which shows a dependence on the parameter 𝑓𝑎, the axion decay constant, which is related to the vaccum
expectation value of the scalar field/fields that enter typical axion models as discussed below. This quantity
also sets the scale for the spontaneous breakdown of the PQ symmetry and presumably is at least of
𝒪(109 GeV) (see below).

Now that it is clear that the U(1)PQ symmetry dynamically leads to CP-conservation, one has to extend
the SM in such a way that this symmetry is manifest above a certain scale but spontaneously broken below
it. The arguably simplest model is the Kim–Shifman–Vainshtein–Zakharov axion model (KSVZ) [111,
112]. In this model, one simply introduces an entire new sector that almost completely decouples from
the SM – except for the axion. Consider a hypothetical, exotic quark 𝑄 and a complex scalar particle
𝜎, the former being a singlet with respect to the weak interaction but might be a color triplet and carry
hypercharge, the latter being a singlet with respect to the full SM gauge group SU(3)𝑐× SU(2)𝐼ew

× U(1)𝑌.
A possible Lagrangian of this sector then is

ℒKSVZ = �̄�𝑖 /𝐷𝑄 + 𝜕𝜇𝜎𝜕𝜇𝜎∗ − 𝑌 (𝜎�̄�𝐿𝑄𝑅 + 𝜎∗�̄�𝑅𝑄𝐿) − 𝑉(𝜎), (1.28)

12 At first sight, this name is just natural as the axion is the Nambu–Goldstone boson associated with the spontaneous symmetry
breaking of the axial U(1) symmetry. However, as “Axion” is also the brand name of a laundry detergent, it also fits in the
sense that the axion cleans up QCD from the obstinate stain the 𝜃-term represents. In fact, Wilczek, who coined this name, saw
this product a few years before in a supermarket noting that this might be a good name for a particle [107].
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1.2 Short theoretical overview

where the third term represents a Yukawa interaction with coupling constant 𝑌 and the potential is given by

𝑉(𝜎) = 𝜇2𝜎∗𝜎 + 𝜆 (𝜎∗𝜎)2 . (1.29)

This Lagrangian is indeed classically invariant under the chiral U(1) transformation

𝑄𝐿/𝑅 → 𝑒±𝑖 1
2 𝛼𝑄𝐿/𝑅, 𝜎 → 𝑒𝑖𝛼𝜎. (1.30)

Here the PQ charges ±1
2 and +1 have been assigned to the left- and right-handed quark and 𝜎, respectively.

The potential 𝑉(𝜎) is minimized by

𝜎 = √−𝜇2

2𝜆 ≡ 𝑣𝜎

√2
(1.31)

if 𝜇2 < 0. Expanding 𝜎 as usual around its vacuum expectation value

𝜎 = 1
√2

(𝑣𝜎 + 𝜌) 𝑒𝑖 𝑎
𝑣𝜎 (1.32)

indeed leads to a pseudoscalar massless Nambu–Goldstone boson 𝑎, present in the complex phase of 𝜎.
The real scalar 𝜌 as well as 𝑄 achieve masses ∝ 𝑣𝜎 and there appear interactions among the involved
particles. The point is, if 𝑣𝜎 ∝ 𝑓𝑎 is very large, 𝜌 and 𝑄 are extraordinarily heavy particles and can thus be
integrated out from the theory. They are just phantoms [112] to fit the needs of the model.13

However, it can be argued that the introduction of an entire new sector into the model just to ensure
CP-invariance is somehow artificial, if not as unpleasant as the original 𝜃-term itself. Therefore, the
original approach by Weinberg [106] and Wilczek [110] after the proposal of the Peccei–Quinn mechanism
was to directly integrate this solution of the “strong CP problem” into the already existing Glashow–
Salam–Weinberg model [26–28] of the electroweak interaction, which is known by the name PQWW
axion model. The inclusion of the U(1)PQ symmetry, however, required the addition of at least one
additional Higgs doublet. Let 𝜙𝑢, 𝜙𝑑 be two Higgs doublets, 𝑞𝐿 a left-handed quark doublet, and 𝑢𝑅, 𝑑𝑅
the corresponding right-handed up-type and down-type singlets, and let furthermore 𝑖, 𝑗 be quark generation
indexes, then a possible Lagrangian of this sector is (omitting kinetic terms) (see also [76, 113])

ℒPQWW = 𝑌𝑢
𝑖𝑗 ̄𝑞𝐿𝑖𝜙𝑢𝑢𝑅𝑗 + 𝑌𝑑

𝑖𝑗 ̄𝑞𝐿𝑖𝜙𝑑𝑑𝑅𝑗 + h.c. − 𝑉(𝜙𝑢, 𝜙𝑑), (1.33)

where the coefficients 𝑌𝑢/𝑑
𝑖𝑗 are the Yukawa coupling constants and h.c. denotes the Hermitian conjugate.

As can be seen in this Lagrangian, the two Higgs doublets restrictively couple either to right-handed
up-type quarks or to right-handed down-type quarks. The inclusion of leptons can in principle be achieved
by introducing Yukawa couplings between leptons and either 𝜙𝑢, 𝜙𝑑, or another Higgs doublet 𝜙𝑙, lead-
ing to slightly different phenomenology (see [76]). Depending on the assignment of PQ charges, the
Lagrangian (1.33) can be made invariant under U(1)PQ, which ensures the desired shift symmetry. In its
simplest form, the potential 𝑉(𝜙𝑢, 𝜙𝑑) is just given by two distinct potentials of the same form as Eq. (1.29),
one for each Higgs doublet, where now one has 𝜙𝑢/𝑑 and 𝜙†

𝑢/𝑑 instead of 𝜎 and 𝜎∗ (in more sophisticated
models, also couplings among the Higgs doublets might appear). Let the vacuum expectation values be

13 The quark 𝑄 thus has an expected mass of 𝒪 (1010 GeV) based on usual estimations of 𝑓𝑎. The need for such large values of
𝑓𝑎 is discussed below.
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⟨𝜙𝑢⟩ = 𝑣1/√2 and ⟨𝜙𝑑⟩ = 𝑣2/√2, and 𝑣 = √𝑣2
1 + 𝑣2

2, then one can expand the scalar fields according to

𝜙0
𝑢 = 1

√2
(𝑣1 + 𝜌1) 𝑒𝑖 𝑎1

𝑣1

𝜙0
𝑑 = 1

√2
(𝑣2 + 𝜌2) 𝑒𝑖 𝑎2

𝑣2

(1.34)

where 𝜌1 and 𝜌2 are two real Higgs fields. One of the two possible orthogonal linear combinations of 𝑎1
and 𝑎2 is absorbed by the 𝑍 boson via the Higgs mechanism, whereas

𝑎 = 𝑣2𝑎1 + 𝑣1𝑎2
𝑣 (1.35)

is the massless Nambu–Goldstone boson, the axion field. If 𝑥 = 𝑣1/𝑣2 denotes the ratio of the vacuum
expectation values, then this produces tree-level couplings of the axion to SM quarks ∝ 1/(𝑥𝑣) in the case
of up-type quarks, and ∝ 𝑥/𝑣 in the case of down-type quarks (couplings to leptons depend on the type of
lepton-Higgs Yukawa couplings). Finally, the decay constant 𝑓𝑎 is also of the order 𝑣. The quantity 𝑣 itself
is determined by the electroweak scale,

𝑣 = (√2𝐺𝐹)− 1
2 ≈ 246 GeV, (1.36)

where 𝐺𝐹 is the Fermi constant. According to Eq. (1.27), this would correspond to an axion with a
mass of 𝒪(102) keV. However, already shortly after its proposal, the PQWW axion could be ruled out
experimentally [92, 114–116].

Such axions that were readily accessible to experiments already at the time of their proposal are labeled
“visible” axions, and the fact that they could be ruled out then led to the idea of the “invisible” axion
and the KSVZ axion above is such a model by simply requiring that 𝑣𝜎 is “large”. Another approach of
constructing an invisible axion that does not require the inclusion of exotic heavy quarks, is the Dine–
Fischler–Srednicki–Zhitnitsky (DFSZ) axion model [117, 118] that can be regarded as an extension of the
PQWW axion. Just as the latter, the DFSZ model comes with two Higgs doublets 𝜙𝑢 and 𝜙𝑑, where the
former restrictively couples to right-handed up-type quarks and the latter only to right-handed down-type
quarks and right-handed leptons. The key innovation is the inclusion of a complex scalar 𝜎 coupling to
these Higgses, which allows one to separate the PQ scale from the electroweak scale. As in the KSVZ, 𝜎 is
a singlet under the full SM gauge group. The main mechanisms are basically the same as the ones discussed
above for the KSVZ and the PQWW models. After the fields 𝜙𝑢, 𝜙𝑑, and 𝜎 acquire non-trivial vacuum
expectation values, where again ⟨𝜎⟩ = 𝑣𝜎/√2, ⟨𝜙𝑢⟩ = 𝑣1/√2 and ⟨𝜙𝑑⟩ = 𝑣2/√2, and 𝑣 = √𝑣2

1 + 𝑣2
2,

the quarks and vector bosons achieve their masses by the Higgs mechanism leaving a massless Nambu–
Goldstone boson appearing as a linear combination of the complex components of the Higgs doublets and
the 𝜎. If 𝑣𝜎 ≫ 𝑣, which is of course needed for this axion being “invisible”, then it can be shown that the
axion is dominantly composed of the 𝜎. As in the PQWW model, the DFSZ model leads to tree-level
couplings of axions with quarks and leptons of 𝒪(𝑓𝑎), where in the case of the DFSZ model [117]

𝑓𝑎 ∝
√4𝑣2

1𝑣2
2 + 𝑣2𝑣2

𝜎
𝑣 (1.37)

thus roughly 𝑓𝑎 ∝ 𝑣𝜎 for 𝑣𝜎 ≫ 𝑣.
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The models presented so far, the PQWW, KSVZ, and DFSZ models, are often considered the prototypical
axion models. In fact, each of these models leave considerable freedom of how certain aspects are finally
realized. Besides these variant models, there is a large number of different axions and axion-like particles
on the market, see, e.g., Refs. [92, 119–124].

So far, the relation between 𝑓𝑎 and the involved vacuum expectation values always was shown as a
proportionality relation. The reason is that there is indeed a model dependent proportionality constant that
has been omitted up to now. As has been shown by Sikivie [125], in many models, a discrete subgroup 𝑍𝑁
of U(1)PQ is left unbroken resulting in a degeneracy of the vacuum in the range of [0, 2𝜋𝑓𝑎] and domain
walls.14 The degeneracy is characterized by the domain wall number 𝑁𝐷𝑊, which is also known as color
anomaly coefficient 𝒞. If one hence considers

ℒ𝑎 = −𝑎(𝑥)
𝑓𝑎

𝑔2

16𝜋2 Tr [𝐺𝜇𝜈 ̃𝐺𝜇𝜈] (1.38)

as the definition of 𝑓𝑎 such that
𝑎 → 𝑎 + 2𝜋𝑓𝑎 (1.39)

leaves Eq. (1.38) invariant, then 1/𝑁DW must be added as a proportionality constant when relating 𝑓𝑎 to
the vacuum expectation values of the model. Formally, 𝑁DW can be calculated via

𝑁DW = ∑
𝑖

𝑄PQ(𝑞𝑖)𝑇2, (1.40)

where the sum runs over all fermions 𝑞𝑖 carrying (normalized) PQ charge 𝑄PQ(𝑞𝑖), and 𝑇2 is related to the
generators of SU(3)𝑐 in a given representation via Tr [𝑇𝑎𝑇𝑏] = 𝑇2/2𝛿𝑎𝑏 [76, 128].

After rotating away the 𝑎 Tr [ ̃𝐺𝜇𝜈𝐺𝜇𝜈] term, the QCD axion effectively couples to quarks and –
depending on the axion model – might have tree-level couplings to quarks and leptons (if there is no
tree-level coupling to leptons, it is called “hadronic”). Additionally, it couples to photons through the
electromagnetic axial anomaly, analogously to pions (the determination of the coupling strength is part of
the study in ch. 4). Thus the axion might decay into two photons, but the lifetime is extremely large [124]

𝜏𝑎 ≈ ( 𝑓𝑎
1012 GeV

)
5

× 1050 s , (1.41)

thus (almost stable) axions might populate the universe making it a dark matter candidate [57, 130–135].
Cosmological considerations lead to the traditional axion window [92, 104, 130–132]

109 GeV ≲ 𝑓𝑎 ≲ 1012 GeV , (1.42)

corresponding to a mass of a few 𝜇eV and 10−1 eV. As all couplings to SM particles and hadronic matter
are of 𝒪(1/𝑓𝑎), the axion would indeed be “dark” matter, and consequently it has not been detected hitherto
(a summary of the recent experimental status can be found in Ref. [124]; main experimental approaches
are described, e.g., in [76, 92, 136]).

14 The appearance of domain walls in the early universe is problematic, which is known as the domain wall problem [104,
125–129].
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1.3 Overview over the studies performed

The six studies presented in the next chapters can be classified as follows: The first two studies, ch. 2 and
ch. 3, are devoted to the question of how a non-vanishing 𝜃-angle would alter nuclear physics with respect
to nucleon masses, binding energies of light nuclei, and nucleosynthesis. The third study, ch. 4, is related
to the structure of the QCD 𝜃-vacuum and its relation to the axion mass and includes a determination of the
axion-photon coupling. The last three studies, ch. 5–7, deal with the interaction of axions with baryonic
matter. In this section, a brief summery of these studies is given.

The first study, “𝜃-dependence of light nuclei and nucleosynthesis” [137], grew out of an unpublished
part of the Master’s thesis [138], where it has been shown that the only previous study devoted to that topic
[139] improperly focused on subleading CP-odd effects and that a more thorough study must consider
first and foremost the leading order effects stemming from the 𝜃-dependence of the pion mass. The topic
therefore was revived by Ulf-G. Meißner, Mikhail Shifman, and Dean Lee, who invited me to pursue
this question anew. The central idea was to implement a one-boson exchange model for the two-nucleon
potential and collect the knowledge of the 𝜃-dependence of the involved quantities. The 𝜃-dependence
of the 𝜎, 𝜔, and 𝜌, have been adopted from [140]. As an additional effect of varying 𝜃, the strong part
of the proton-neutron mass difference has been considered. According to our model, the diproton and
dineutron become bound states and in general the binding energies of the few-nucleon system increases
as 𝜃 is varied from 0 to 𝜋. At the same time the proton-neutron mass difference becomes larger. This
has considerable consequences for Big Bang nucleosyntheses (as seen, for instance, in a drop-off of the
Helium mass fraction) and stellar evolution (suppression of 16O production in stars). This last part of the
study, has been worked out in collaboration with Keith Olive.

The second study, “Alpha-alpha scattering in the Multiverse” [141], updates two previous studies,
Ref. [142, 143], in which the the ground state energies of 4He , 8Be and 12C, as well as the ground state
energy of the Hoyle state are determined in dependence of the light quark masses and the electromagnetic
fine-structure constant 𝛼𝑒𝑚 including an estimation of the sensitivity of the triple-alpha process in terms of
a variation of these quantities. Besides being an update of this work, the new study additionally is extended
to also include the 𝜃-dependence of these objects. The main work has been performed by Serdar Elhatisari
as part of the Nuclear Lattice Effective Field Theory (NLEFT) Collaboration using the computational
method of the same name NLEFT. My contribution was to show that the results for the light quark mass
dependence at the same time can be used to estimate the 𝜃-dependence. To that end, it is demonstrated
that to first order any 𝜃-dependence is primarily driven by the varying pion mass. The results are then
valid for a variation of 0 < 𝜃 ≲ 0.9.

The third study, “QCD 𝜃-vacuum energy and axion properties” [144], started as a project of Zhen-Yan
Lu, Meng-Lin Du, and Feng-Kun Guo, who invited me to contribute and to cross-check the calculations
performed. As the QCD 𝜃-vacuum energy and the axion mass are intimately linked, a more precise
knowledge of the vacuum energy density automatically leads to a more precise determination of the
axion mass. In this study, the topological susceptibility and the fourth cumulant of the QCD topological
charge distribution of the 𝜃-vacuum, which can directly be mapped to the axion mass and the axion
quartic self-coupling, are determined using chiral perturbation theory up to 𝒪(𝑝4) in the chiral power
counting. The main derivation of the vacuum energy density is performed for the general SU(𝑁𝑓) case with
non-degenerate quark masses, while the final results of the quantities mentioned above are calculated for
the case of 𝑁𝑓 = 3. As an addition, the axion-photon coupling is determined in SU(3) chiral perturbation
theory up to 𝒪(𝑝6). The latter is relevant as many axion searches are based on this axion-photon coupling,
for example, cavity haloscopes [145–151], axion helioscopes [145, 146, 152–156], or light shining through
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a wall experiments [157–159].
In the fourth study, “Precision calculation of the axion-nucleon coupling in chiral perturbation theory”

[86], we study the coupling of axions to the proton and neutron. While the leading order coupling has
been calculated numerous times since the development of the first axion models [114, 160–164], it is
the first study in which it is determined up to 𝒪(𝑝3) in SU(2) baryon chiral perturbation theory. As in
the case of the axion-photon coupling, the relevance of the axion-nucleon coupling is related to axion
searches. In particular, the axion-nucleon bremsstrahlung process 𝑁𝑁 → 𝑁𝑁𝑎 might contribute to the
cooling of proto-neutron stars. Determining the axion production rate in such stellar objects and relating it
to the cooling rate due to neutrinos and the observed cooling rate results in constraints for the axion decay
constant 𝑓𝑎 [165–178] (see also the overviews [136, 179]).

The fifth study, “The axion-baryon coupling in SU(3) heavy baryon chiral perturbation theory” [180],
extends to previous study to the case of three light flavors. It is shown that the axion not only couples to
protons and neutrons, but to any baryon of the the full ground state baryon octet with a similar strength.
This has further phenomenological implications, because it has been suggested that hyperons might exist
in the cores of neutron stars [181–199]. As the above-mentioned constraints for the axion decay constant
from the cooling of neutron stars are based on the coupling to nucleons alone, this new finding might lead
to considerable corrections to these constraints.

The idea to the sixth study, “Pion axioproduction: The Delta resonance contribution” [200], was brought
to us by Alessandro Mirizzi, Pierluca Carenza, and Maurizio Giannotti. They proposed that there might
be an enhancement of axion emission in neutron stars by the process 𝜋𝑁 → 𝑎𝑁 due to the appearance of
resonances, in particular the 𝛥 resonance [201, 202]. The reverse process, pion axioproduction 𝑎𝑁 → 𝜋𝑁
might then be a candidate for a new experimental search of axions, in particular using underground water
Cherenkov detectors. It is exactly this process that we have investigated in this last study demonstrating
that there is indeed a region of enhancement. However, due to the fact that the process is a isospin
violating process, this enhancement is suppressed by a factor of 𝒪(10−1) up to 𝒪(10−5), depending on
the underlying axion model.
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We investigate the impact of the QCD vacuum at nonzero θ on the properties of light nuclei, Big Bang
nucleosynthesis, and stellar nucleosynthesis. Our analysis starts with a calculation of the θ -dependence of
the neutron-proton mass difference and neutron decay using chiral perturbation theory. We then discuss the
θ -dependence of the nucleon-nucleon interaction using a one-boson-exchange model and compute the properties
of the two-nucleon system. Using the universal properties of four-component fermions at large scattering
length, we then deduce the binding energies of the three-nucleon and four-nucleon systems. Based on these
results, we discuss the implications for primordial abundances of light nuclei, the production of nuclei in stellar
environments, and implications for an anthropic view of the universe.
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I. INTRODUCTION

One of the most outstanding questions in physics pertains
to the values of the fundamental parameters in the Standard
model. These include the gauge and Yukawa couplings, the
latter being responsible for fermion masses and mixings. In
the case of the gauge couplings, some hint is available from
grand unified theories where a single unified coupling is
run down from a very high energy scale to the weak scale
leading to predictions for the weak scale gauge couplings in
reasonable agreement with experiment. The Yukawa coupling
matrices are, however, a bigger mystery which includes the
generation structure of fermion masses. The answer may lie
in an as yet undefined future theory (e.g., a complete string
theory) in which case there is hope of a deeper understanding.
It is also possible that our Universe with its observed funda-
mental parameters is part of a larger structure or a Multiverse,
but we have no means to know. In this case, the observed
values, may be somewhat random with no deep explanation.
However, even in that case, our specific measurements of
these parameters can not be completely random, as not all
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values will permit a Universe which supports our form of life,
which can carry out such measurements. This is often referred
to as the anthropic principle. The anthropic principle absolves
us, the Earth dwellers, from the duty of explaining the values
of the governing constants, at least for the time being, until
data at higher scales become available.

The term anthropic principle was coined in 1974 by Bran-
don Carter [1]. In the 1980s a few influential “anthropic
papers” were published by Steven Weinberg, see, e.g., Ref. [2]
(see also Refs. [3,4]). The anthropic principle is not a predic-
tive theory, rather it is a philosophical idea that the governing
parameters in our world should fit the intervals compati-
ble with the existence of conscious life. The recent LHC
data show no signs to support an opposite philosophical
principle—that of naturalness.

The most remarkable and still incomprehensible example
of anti-naturalness is the cosmological constant (for a differ-
ent view, see e.g. [5]). Its observed value is suppressed by
124 orders of magnitude compared to the Planck scale M4

P
(believed to be the only fundamental scale). The suppres-
sion of the electroweak scale compared to MP is 17 orders
of magnitude. The vacuum angle θ , whose natural order of
magnitude ∼1 is less than 10−10 in experiment [6].

It is obvious that the suppression of the cosmological
constant is vital for the existence of our world. Even if it
were a few orders of magnitude larger, the Universe would
have entered an inflationary stage before the onset of galaxy
formation. The smallness of the u, d quark masses compared
to �QCD and the fact that mu < md are crucial for the genesis
of heavier elements in stars. However, it is widely believed
that there are no anthropic limitations on θ and its suppression
must be solved through a natural mechanism such as a symme-
try including axions [7,8]. A dedicated study of this issue [9]
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revealed some θ -dependence on nuclear physics but the author
concludes with the statement that “these effects are not too
dramatic.” The authors of [7] note with regards to the vacuum
angle θ that it “is hard to see an anthropic argument that θ

[...] is bounded by 10−10. Moreover, in the flux vacua, there
is typically no light axion.” For further discussions related to
this issue, see Refs. [10–12]. In the present paper we revisit
this issue.

While it is certainly true (and will be made clear below)
that θ ∼ 10−9 or even θ ∼ 10−5 will not change life in our
world, it seems reasonable to reconsider constraints imposed
on θ from observations other than the neutron electric dipole
moment (nEDM) as well as the anthropic perspective. We will
see that the impact of θ on delicate aspects of nuclear physics
is similar to that of the parameters |mu| or |md |. Quark mass
variation of nuclear properties and reactions are considered,
e.g., in Refs. [13–26]. Furthermore, if the variation of quark
masses is due to an overall variation in the Yukawa couplings,
it will feed into variations of a host of fundamental observ-
ables including the gauge couplings, and affect Big Bang
Nucleosynthesis (BBN) [27–31], the lifetime of long-lived
nuclei [32], and atomic clocks [33]. Strictly speaking, it would
be more appropriate to combine the absolute values of the
quark masses with their phases and analyze the limitations in
the complex plane. Here, we will fix |mu| and |md | and let
θ vary. Unlike Ubaldi [9] who focused on CP-odd vertices
and arrived at rather weak constrains, we will consider the
θ -dependence due to CP-even vertices. For reviews on this
and related issues, see, e.g., Refs. [34–38].

Our approach is limited in the sense that we do not vary
all governing parameters simultaneously in a concerted way.
We do not explore how variations of some of them could be
masked by variation of others, for instance whether the change
of θ could be compensated by that of |mu,d | or the impact of
θ on, say, the vacuum energy density. Such a global task is a
problem for the future. We will only vary θ fixing all other
parameters to their observed values.

At this point, it is worth noting that the most often dis-
cussed physical effect of θ on an observable, the nEDM
arising from strong CP-violation, does not impose strong an-
thropic constraints on θ . The nEDM stemming from the QCD
θ -term is [39,40]

dn(θ̄ ) = O(10−16 θ̄ e cm), (1.1)

where θ̄ = θ + Arg det M and M the quark mass matrix.
Even if θ = O(1), this is still a very small number and the
physical effects of an nEDM of O(10−16 e cm) on the evolu-
tion of the universe would still be negligible.

Note also that θ = π is a special point in which QCD has
two degenerate vacua, and physics changes drastically, see,
e.g., the lucid discussion in Ref. [41] (and references therein).
However, here we are not interested in this special point but
rather in a generic situation with 0 < θ < π .

As we discuss below, the value of θ does affect a host of
hadronic properties which trigger changes in nuclear prop-
erties such as the binding energies of nuclei. Changes in θ

affect the pion mass which in turn alters the neutron-proton
mass difference, �mN which further affects the neutron decay
width. We also consider the effect of θ on multi-nucleon
systems and compute changes to nuclear binding energies.

The neutron-proton mass difference and the binding energy
of deuteron, Bd , play a sensitive role in BBN (see Ref. [42]
for the current status). As a result, changes in θ can substan-
tially alter the abundances of the light elements produced in
BBN. Thus we can set limits on θ (though they are weak)
entirely independent of the nEDM. However, even with large
changes in θ and large changes in the light element abun-
dances, it is not clear that this would cause an impediment
on the formation of life in the Universe. Indeed, in a related
study, Steigman and Scherrer [43] addressed the question of
fine-tuning in the matter-antimatter asymmetry, as measured
in terms of the baryon-to-photon asymmetry ηB. While the
baryon asymmetry is reliant on the existence of CP violation
[44], there is no reason to suspect that the baryon asymmetry
is itself related to θ . The authors of Ref. [45] found that even
for θ ∼ 1 the observed baryon asymmetry of the universe
would not be altered. Nevertheless, changes in ηB strongly
affect the light element abundances, though it was concluded
by Steigman and Scherrer that these could not be excluded
by anthropic arguments. A similar conclusion was reached in
[46] considering the effects of altered weak interactions on
BBN. Here, we fix ηB and consider the changes in abundances
due changes in �mN and Bd .

The θ induced changes will also affect stellar evolution
and can lead to very different patterns of chemical evolution.
In particular the changes in the nucleon-nucleon interaction,
can lead to stars which yield little or no carbon or oxygen,
thus potentially greatly affecting the existence of life in the
Universe.

The manuscript is organized as follows: In Sec. II, we
discuss the properties of various mesons and the nucleons
at nonzero θ . First, we collect the knowledge about the θ -
dependence of the corresponding hadron masses and coupling
constants. Next, we focus on the modification of the neutron-
proton mass difference and the neutron decay width. Then, we
turn to the two-nucleon system in Sec. III. We first construct
a simple one-boson-exchange (OBE) model to describe the
two-nucleon system and then display results for the deuteron,
the dineutron and the diproton with varying θ . In Sec. IV A,
we combine Wigner’s SU(4) symmetry with results from the
literature to get a handle on the θ -dependence of the three- and
four-nucleon systems. Larger nuclei are briefly discussed in
Sec. IV B. Implications of these results on the nucleosynthesis
in the Big Bang and in stars are discussed in Secs. V and
VI, respectively. We end with a summary and a discussion of
our anthropic view of the universe in Sec. VII. The Appendix
contains a derivation of the neutron-proton mass difference
with varying θ .

II. ONE NUCLEON

In this section, we first collect the θ -dependence of the
various hadrons entering our study, i.e., of the pion, the σ ,
ρ and ω mesons as well as the nucleon mass. Our framework
is chiral perturbation theory, in which the θ -dependence of
the nucleon (and also of the light nuclei) is driven by the
θ -dependence of the pion properties as well as the heavier
mesons, which model the intermediate and short-range part of
the nucleon-nucleon interaction. Of particular interest are the
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FIG. 1. The θ -dependence of the various meson masses Mα for α = {π, σ, ρ, ω}. (a) The θ -dependence of the pion in the case of two
degenerate flavors (blue solid line), and in the case with mu �= md (red dashed line). (b) The σ meson (blue solid line), ρ meson (green dotted
line), and ω meson (orange dashed line) masses as a function of θ .

neutron-proton mass difference and the neutron decay width,
which play an important role in BBN.

A. θ-dependence of hadron properties

Consider first the pion mass. We use the leading order (LO)
θ -dependence for two flavors [47,48] 1,

M2
π (θ ) = M2

π cos
θ

2

√
1 + ε2 tan 2

θ

2
, (2.1)

with Mπ = 139.57 MeV, the charged pion mass, and ε =
(md − mu)/(md + mu) measures the departure from the
isospin limit. For two degenerate flavors, this reduces to

M2
π (θ ) = M2

π cos
θ

2
. (2.2)

A plot of both Eqs. (2.1) and (2.2) is shown in Fig. 1(a). Since
the LO contribution gives about 95% [50] of the pion mass
at θ = 0, we do not need to consider higher order terms, as
done e.g. in Ref. [51]. The impact of the isospin breaking
term shows up mostly as θ → π . Note that while ε ∼ 1/3,
isospin symmetry is only broken by a few percent in nature
as (md − mu)/�QCD � 1. Here, we take mu = 2.27 MeV and
md = 4.67 MeV (this refers to the conventional MS scheme
taken at the scale μ = 2 GeV).

The mass of the σ as well as the masses of the ρ and
ω mesons when θ is varied are needed for the OBE model
and are taken from Ref. [51], assuming Mω(θ )/Mω(0) =
Mρ (θ )/Mρ (0) [Fig. 1(b)].

We consider the nucleon mass in the θ vacuum to leading
one-loop order (third order in the chiral expansion), which is
given by [48]2

mN (θ ) = m0 − 4c1M2
π (θ ) − 3g2

AM3
π (θ )

32πF 2
π

, (2.3)

1An equivalent expression for the θ -dependence of the pion mass
was also derived in a model of gluon dynamics in Ref. [49].

2Higher orders could be included, but that would go beyond the
accuracy of our calculation.

where m0 � 865 MeV [52] is the nucleon mass in the chi-
ral limit, gA = 1.27 the axial-vector coupling constant, Fπ =
92.2 MeV the pion decay constant, and c1 = −1.1 GeV−1

[53] is a low-energy constant (LEC) from the second order
chiral pion-nucleon Lagrangian, L(2)

πN , see, e.g., the review
[54]. The θ -dependence of the nucleon mass is thus entirely
given in terms of the pion mass, and one finds mN (0) =
938.92 MeV. We show the θ dependence of the nucleon mass
in Fig. 2(a).

Next, we discuss the θ -dependence of the coupling con-
stants. The θ -dependence of the pion-nucleon coupling is
related to the Goldberger-Treiman discrepancy [55]

gπNN (θ ) = gA mN (θ )

Fπ

(
1 − 2M2

π (θ )d̄18

gA

)
, (2.4)

where d̄18 = −0.47 GeV−2 so that g2
πNN (0)/(4π ) = 13.7,

which is in accordance with the most recent and precise value
from Ref. [56].

As gρππ shows very little variation with θ [51], we can use
universality relation gρππ = gρNN [57] and keep gρNN as well
as gωNN fixed at their values at θ = 0 in what follows. Matters
are different for the σ . Similar to Ubaldi [9], we employ the
parametrization of Refs. [58,59]. Writing the scalar attractive
piece of the nucleon-nucleon interaction as

Hcontact = GS (N̄N )(N̄N ), (2.5)

it is evident that

GS = −g2
σNN

M2
σ

, (2.6)

when translated to an OBE model (this corresponds to reso-
nance saturation of the corresponding LECs, see Ref. [60]).
The following dependence of GS (θ ) emerges [9]:

Gs(θ ) = GS (0)

(
1.4 − 0.4

M2
π (θ )

M2
π

)
, (2.7)

where we have normalized again to the value at θ = 0. Using
Eq. (2.6) together with the known θ -dependence of Mσ , we
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FIG. 2. The θ -dependence of the nucleon masses mN : (a) proton (blue solid line) and neutron (orange dashed line) and (b) neutron-proton
mass difference.

can extract the variation of gσNN with θ . We note that the cou-
pling gσππ extracted from the work of Ref. [51] also decreases
with θ . We now have all of the pieces of the puzzle needed to
calculate the binding energies of the various light nuclei. First,
however, let us take a closer look at the neutron-proton mass
difference and the neutron decay width, which also play an
important role in BBN.

B. Neutron-proton mass difference

Consider the neutron-proton mass difference

�mN = (mn − mp)QED + (mn − mp)QCD � 1.29 MeV.

(2.8)
The leading contribution to the strong part to the neutron-
proton mass difference arises from the second order effective
pion-nucleon Lagrangian and is given by [61]

(mn − mp)QCD = 4 c5 B0 (mu − md ) + O
(
M4

π

)
= −4 c5 M2

π ε + O
(
M4

π

)
, (2.9)

where c5 is a LEC. Using the most recent determina-
tion of the electromagnetic part of this mass difference,
(mn − mp)QED = −(0.58 ± 0.16) MeV [62], this amounts
to (mn − mp)QCD = 1.87 ∓ 0.16 MeV and correspondingly,
c5 = (−0.074 ± 0.006) GeV−1. In the θ -vacuum, this term
turns into [63] (for a derivation, see Appendix)

(mn − mp)QCD(θ ) � 4 c5 B0
M2

π

M2
π (θ )

(mu − md ), (2.10)

i.e the strong part of the neutron-proton mass increases (in
magnitude) with θ , see Fig. 2(b). At θ � 0.25, �mN (θ ) devi-
ates already by about 1 % from its real world value, and for
the range of θ = 1–2, we find �mN (θ ) = 1.51 − 2.47 MeV,
using Eq. (2.1) for Mπ (θ ).

C. Neutron decay width

As we increase θ , the neutron-proton mass difference,
�mN (θ ), becomes larger and results in a larger three-body
phase space for neutron beta decay. This increase in the phase

space integral scales roughly as the neutron-proton mass dif-
ference to the fifth power and is dominant over any expected
θ -dependence in the axial vector coupling, gA. The neutron
beta decay width can be written as (for the moment, we ex-
plicitly display factors of Planck’s constant h̄ and the speed of
light c, otherwise we work in natural units, kB = h̄ = c = 1)

�n = m5
ec4

2π3h̄6 |M|2 f , (2.11)

where me is the electron mass, M is the weak matrix element,
and f is the Fermi integral,

f =
∫ mn−mp−me

0
F (Z, Te)peTe(mn − mp − me − Te)2dTe,

(2.12)
where Z = 1 is the proton charge, Te is the electron kinetic
energy, pe is the electron momentum, and F (Z, Te) is the
Fermi function that takes into account Coulomb scattering
[64]. In Fig. 3, we plot [�n(θ )/�n(0)]1/5 versus �mN (θ ) − me

showing the linear behavior as expected. In Fig. 4, the neutron
mean life is shown as a function of θ . We see that the lifetime
drops off very quickly when θ starts to deviate from the

FIG. 3. Neutron decay width �n(θ ) as a function of the
neutron-proton mass difference. We plot the dimensionless quantity
[�n(θ )/�n(0)]1/5 vs �mN (θ ) − me.
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FIG. 4. Neutron life time τn(θ ) as a function of θ .

Standard model value θ ≈ 0. As we will see this dependence
plays a big role at the start of BBN.

III. TWO NUCLEONS

Here, we outline the formalism underlying our study of the
two-nucleon system. First, we construct a simple OBE model,
that allows us to describe the binding energies of the deuteron
and the unbound dineutron and diproton at θ = 0. Then, we
discuss how these two-nucleon systems change when θ varies
from 0 to π .

A. OBE model

Consider first the case θ = 0. We set up an OBE model
inspired by Ref. [65] and work with the Schrödinger equation,
as the nucleons in the deuteron move with velocities v � c.
The corresponding OBE potential is given by

VOBE(q) =
∑

α={π,σ,ω,ρ}
Vα (q) (3.1)

where q denotes the momentum transfer. The static limit
is applied, i.e. the four-momentum transfer squared q2 =
(p′ − p)2 = −(p′ − p)2 = −q2. Setting furthermore L = 0,
i.e. focusing on the dominant S-wave and neglecting the small
D-wave contribution, the respective potentials can be reduced
to

Vπ (q) = −(τ1 · τ2)(σ1 · σ2)
g2

πNN

q2 + M2
π

q2

12m2
N

, (3.2)

Vσ (q, P) = − g2
σNN

q2 + M2
σ

(
1 + q2

8m2
N

− P2

2m2
N

)
, (3.3)

Vω(q, P) = g2
ωNN

q2 + M2
ω

(
1 − q2

2m2
N

[
1

4
+ 1

3
(σ1 · σ2)

]
+ 3P2

2m2
N

)
,

(3.4)

Vρ (q, P) = (τ1 · τ2)
g2

ρNN

q2 + M2
ρ

(
1 − q2

2m2
N

[
1

4
+ gρ

T

gρNN

+ 1

3

(
1 + gρ

T

gρNN

)2

(σ1 · σ2)

]
+ 3P2

2m2
N

)
, (3.5)

where P = (p′ + p)/2. Terms ∝ (q × P), which in coordinate
space correspond to terms ∝ L, the angular momentum op-
erator, and terms ∝ S12(q) = 3(σ1 · q)(σ2 · q) − (σ1 · σ2)|q|2,
have been omitted. The potentials depend on the total spin
S of the two-nucleon system through the factor (σ1 · σ2) =
2S(S + 1) − 3 and on the total isospin I through the factor
(τ1 · τ2) = 2I (I + 1) − 3. Note also that we omit from the
start the ωNN tensor coupling as the corresponding coupling
constant gT

ω is approximately zero, which is a good approxi-
mation, see, e.g., Refs. [65,66].

The corresponding potentials in coordinate space are of
Yukawa-type and given by

Vπ (r) = (τ1 · τ2)(σ1 · σ2)
g2

πNN

4π

1

12

(
Mπ

mN

)2 e−Mπ r

r
, (3.6)

Vσ (r) = −g2
σNN

4π

(
1 − 1

4

(
Mσ

mN

)2)e−Mσ r

r
, (3.7)

Vω(r) = g2
ωNN

4π

(
1 + 1

2

(
Mω

mN

)2[
1 + 1

3
(σ1 · σ2)

])
e−Mωr

r
,

(3.8)

Vρ (r) = (τ1 · τ2)
g2

ρNN

4π

(
1 + 1

2

(
Mρ

mN

)2[
1 + gρ

T

gρNN

+ 1

3

(
1 + gρ

T

gρNN

)2

(σ1 · σ2)

])
e−Mρr

r
. (3.9)

The OBE potential requires regularization since it is
ultraviolet-divergent. This can be most easily seen from
the momentum-space representation, Eqs. (3.2)–(3.5), as
these potentials grow quadratically with increasing momen-
tum transfer. A standard regularization procedure in nuclear
physics is to apply either a single vertex form factor controlled
by the cutoff mass � for the total potential, or four individual
form factors controlled by the cutoff masses �α for each
meson exchange potential. Here, we are only interested in the
binding energies of the nucleon-nucleon systems, therefore a
single form factor is sufficient. The total OBE potential in the
coordinate-space representation is then:

VOBE(r) =
∑

α={π,σ,ω,ρ}
Vα (r) + �

4π

e−�r

r
. (3.10)

At θ = 0, the meson masses we use are

Mπ = 139.57 MeV, Mσ = 550 MeV,

Mω = 783 MeV, Mρ = 769 MeV. (3.11)

In order to assess the parameter dependence, we take two sets
of parameters, cf. Ref. [65]:

g2
σNN

4π
= 14.17,

g2
ρNN

4π
= 0.80,

g2
ωNN

4π
= 20.0,

� = 1.364 GeV, (3.12)

which we call parameter set I, and

g2
σNN

4π
= 8.06,

g2
ρNN

4π
= 0.43,

g2
ωNN

4π
= 10.6,

� = 2.039 GeV, (3.13)

033392-5

31



DEAN LEE et al. PHYSICAL REVIEW RESEARCH 2, 033392 (2020)

FIG. 5. The binding energy of the deuteron for a θ -dependent
OPE with all other meson couplings and masses are kept fixed, for
parameter set I, Eq. (3.12) (solid line) and parameter set II, Eq. (3.13)
(dashed line), respectively.

which we call parameter set II. For both sets, we take
gρ

T/gρNN = 6.1 [65,66]. After solving the radial Schrödinger
equation for the two nucleon system, one finds for both param-
eter sets a bound deuteron with binding energy Ed = −Bd =
−2.224 MeV, and an unbound dineutron with Enn = −Bnn =
0.072 MeV.

We now have all of the parts needed to investigate the
θ -dependence of the binding energies of the various two-
nucleon systems.

B. Spin-triplet channel

The bound state in the spin-triplet channel is the deuteron.
Here, we work out the θ -dependence of its binding energy.

Consider first the case of a θ -dependent one-pion-exchange
(OPE) potential, whereas all other potentials remain constant.
The resulting θ -dependent deuteron binding energy is shown
in Fig. 5. If all OBE exchange potentials were independent of
θ except for the OPE potential, the deuteron’s binding energy
would slowly decrease until the deuteron would no longer be
bound for θ � 2.8 for parameter set II, Eq. (3.13). This is the
expected behavior of the OPE potential that led to the idea
that the deuteron for θ �= 0 might not be bound anymore. This
brief estimate demonstrates that the next-to-leading order con-
tributions calculated by Ubaldi [9], which were reevaluated
in Ref. [63], are (a) negligible (because they are CP-odd and
only account for a shift of a few percent), but also that (b) the
approach of applying first order perturbation theory is invalid,
because the effects of θ on the leading order OPE potential are
not small.

However, the actual contribution of the OPE potential
to the total OBE potential is very small, which can be
seen, e.g., by considering the individual potentials V (r) of
Eqs. (3.6)–(3.9). Clearly, the smallness of the OPE contri-
bution compared to the strong repulsion of the ω exchange
potential and the large attraction of the ρ and σ exchange
suggests that, even if the effects of θ on the scalar and vector
meson masses are not as pronounced as that for the pion, these
contributions finally determine the actual θ -dependence of Bd .

FIG. 6. The binding energy of the deuteron for the full θ -
dependent OBE model in the isospin symmetric case (blue upper
band) and in the case of broken isospin symmetry (red lower band)
for parameter set I, Eq. (3.12) (solid lines) and parameter set II,
Eq. (3.13) (dashed lines), respectively.

Consider now the case of a full θ -dependent OBE poten-
tial. We study two cases: first, the isospin symmetric case
with mu = md = (2.27 + 4.67)/2 = 3.47 MeV, and second,
the case of broken isospin symmetry with mu = 2.27 MeV
and md = 4.67 MeV. This gives the result shown in Fig. 6.
In the isospin symmetric case, we find that after increasing
and reaching a maximum at θ � 3.0 (parameter set I, corre-
sponding to Bd � 42.5 MeV) and θ � 2.9 (parameter set II,
corresponding to Bd � 22.8 MeV), respectively, the binding
energy decreases and seems to approach to Bd in the chiral
limit, Bc.l.

d � F 2
π /m � 10 MeV [15], at least in the case of

parameter set II. This behavior is expected: As we have set
mu = md , θ → π effectively corresponds to mu = md → 0,
since the charged and the neutral pion masses vanish in both
cases. Because of that, all other phenomenological quantities
such as the nucleon mass and the pion-nucleon coupling ap-
proach their respective values in the chiral limit.

In the case of broken isospin symmetry, the curve flattens
and reaches its maximum as θ → π , which is given by Bd �
28.3 MeV (parameter set I) and Bd � 17.8 MeV (parameter
set II). A useful analytic approximation for Bd (θ ) is given by

Bd (θ ) = 2.22 + c1(1 − cos θ ) + c2(1 − cos θ )2

+ c3(1 − cos θ )3 (3.14)

with

unbroken isospin symmetry:{
c1 = 9.14 c2 = −7.19 c3 = 6.30 set I
c1 = 3.25 c2 = 2.55 c3 = 0.47 set II ,

(3.15)

broken isospin symmetry:{
c1 = 5.68 c2 = −1.02 c3 = 2.36 set I
c1 = 3.77 c2 = 0.45 c3 = 0.80 set II .

(3.16)
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FIG. 7. The binding energies of the dineutron ([(a) and (b)] zoom into the region θ � 0.4) and of the diproton ([(c) and (d)] zoom into the
region θ � 1) for the full θ -dependent OBE model. In each figure, the blue (upper) band represents the isospin symmetric case and the red
(lower) band the case of broken isospin symmetry. A band is spanned by a solid line based on parameter set I, Eq. (3.12), and a dashed line
based on parameter set II, Eq. (3.13).

C. Spin-singlet channel

The same analysis can be repeated for the dineutron with
results shown in Figs. 7(a) and 7(b). Using Eqs. (3.6)–
(3.9), one sees that the OPE and the σ exchange potentials
are exactly the same for both deuteron and dineutron, i.e.,
with S = 1 and I = 0 (deuteron), and with S = 0 and I =
1 (dineutron). The vector exchange potentials on the other
hand change in terms of the strength, but not regarding
the overall sign: the ρ exchange potential is still attractive,
but weakened by about 50%, whereas the ω exchange po-
tential is still repulsive, but weakened by about 1/3. The
dineutron OBE potential is thus slightly less attractive in
comparison with the deuteron OBE potential, so the dineutron
fails to be bound, as in the real world. However, anything
that happened to the deuteron OBE potential when sending
θ → π , this also happens to the dineutron potential, i.e.,
the most decisive effects come from the σ exchange poten-
tial, which is getting stronger (while the increase of the ρ

exchange attraction and the increase of the ω exchange re-
pulsion roughly neutralize), so the dineutron becomes bound.
From Fig. 7(b) one sees that this happens already for θ �
0.18–0.24.

The overall θ -dependence of the dineutron’s binding en-
ergy is the same as for the deuteron. Note that while the
binding energy of the dineutron steadily increases, it remains
smaller than the binding energy of the deuteron.

We note that a bound dineutron is also found in lattice QCD
calculations with pion masses larger than the physical one, see
Refs. [67–70], which span pion masses from 300 to 510 MeV.
The central binding energies in these works span the range
from 7 to 13 MeV, similar to what we find at θ = 1 − 2.

We end with a short discussion of the diproton with S = 0
and I = 1. Referring to isospin symmetry, the only difference
between the nn and the pp systems is the repulsive Coulomb
interaction in the latter case:

VC (r) = e2

r
, (3.17)

with e the elementary charge. Adding this to our OBE po-
tential Eq. (3.10), we find a constant shift of −0.67 and
−0.72 MeV for sets I and II, respectively, compared to the
dineutron case as shown in Figs. 7(c) and 7(d). The only visi-
ble effect of this is that the crossover point from the unbound
to the bound case now happens at θ � 0.6 − 0.8 [Fig. 7(d)].
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FIG. 8. (a) The SU(4)-averaged binding energy of the three- and four-nucleon systems B̄n(θ ) versus the SU(4)-averaged binding energy
of the two-nucleon system, B̄2(θ ). Blue (lower) line: n = 3. Red (upper) line: n = 4. (b) B̄n(θ ) versus θ , taking isospin breaking effects into
account, for parameter set I (solid lines), and parameter set II (dashed lines). Blue (lower) band: n = 3. Red (upper) band: n = 4.

IV. MORE THAN TWO NUCLEONS

A. Three and four nucleons

We have seen that the nucleon-nucleon interaction be-
comes more attractive as θ increases. This is predominantly
due to the decrease in the σ meson mass. Since the σ meson
is a scalar particle with zero isospin, the increased attraction
is approximately the same in the spin-singlet and spin-triplet
channels. This is a realization of Wigner’s SU(4) symmetry
[71]. Wigner’s SU(4) symmetry is an approximate symmetry
of low-energy nuclear physics where the four spin and isospin
degrees of freedom are four components of an SU(4) multi-
plet.

In the SU(4) limit where the spin-singlet and spin-triplet
scattering lengths are large and equal, the properties of light
nuclei with up to four nucleons follow the same universal
behavior that describes attractive bosons at large scattering
length [72–76]. We can use this information to determine
the θ -dependent binding energies of 3H, 3He, and 4He. In
order to perform this analysis, we first average over nuclear
states which become degenerate in the SU(4) limit. For the
A = 2 system, we average over the physical deuteron and
spin-singlet channel to arrive at an average binding energy
of B̄2 � 1 MeV. For the A = 3 system, we average over the
physical 3H and 3He systems for an average binding energy
of B̄3 = 8.1 MeV. For the A = 4 system, we take the physical
4He binding energy, B̄4 = 28.3 MeV.

In order to extend these binding energies to nonzero θ , we
use the numerical results from a study of bosonic clusters at
large scattering length [77]. In particular, we use an empirical
observation from Fig. 7 of Ref. [77] that

[B̄n/B]1/4 − [B̄2/B]1/4 (4.1)

remains approximate constant for positive scattering length
a > 0, where B is a binding energy scale set by a combination
of the range of the interaction and particle mass. Conveniently,
the value of B is approximately equal to the value of B̄4 at
infinite scattering length. We use these empirical observations
to determine B̄3(θ ) and B̄4(θ ) in terms of B̄2(θ ) using the

approximate relation

[B̄n(θ )/B̄4(0)]1/4 − [B̄2(θ )/B̄4(0)]1/4

= [B̄n(0)/B̄4(0)]1/4 − [B̄2(0)/B̄4(0)]1/4. (4.2)

In Fig. 8(a), we show the SU(4)-averaged binding energy
of the three- and four-nucleon systems, B̄3(θ ) and B̄4(θ ),
versus the SU(4)-averaged binding energy of the two-nucleon
system, B̄2(θ ), and in Fig. 8(b) directly as a function of θ .
Our results are similar to those obtained in Ref. [78], which
were computed using hyperspherical harmonics and auxiliary-
field diffusion Monte Carlo. We should also mention that we
find no evidence that varying theta will produce more exotic
states of three or four nucleons such as a bound trineutron or
tetraneutron.

B. More than four nucleons

In Ref. [79], the authors noted that the strength of the
4He - 4He interaction is controlled by the strength and range
of the SU(4)-invariant local nucleon-nucleon interaction. By
local we mean an interaction that is velocity independent. We
have noted that as θ increases, the range and strength of the
SU(4)-invariant local nucleon-nucleon interaction increases
due to the σ exchange contribution. We have already observed
the increase in the binding energies of the two-, three-, and
four-nucleon systems. As discussed in Ref. [79], the increase
in the range of the local interaction will also cause alpha-like
nuclei to become more bound. This is discussed further in
Secs. V and VI B.

Across the nuclear chart, the binding energy per nucleon
will increase with θ , and the relative importance of the
Coulomb interaction will decrease. As a result, the density
of nucleons at nuclear saturation will also rise. Given the
increase in the neutron-proton mass difference and decreased
importance of the Coulomb interaction, the line of nuclear sta-
bility will shift towards nuclei with equal numbers of neutrons
and protons and extend to larger nuclei.
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V. BIG BANG NUCLEOSYNTHESIS

In the early universe the temperature, T , is high enough to
keep neutrons and protons in thermal equilibrium through the
weak interactions

n + e+ ↔ p + ν̄e,

n + νe ↔ p + e−,

n ↔ p + e− + ν̄e. (5.1)

The weak interaction rates scale as T 5 and can be compared
with the expansion rate of the Universe, given by the Hubble
parameter, H ∝ T 2 in a radiation dominated Universe. As the
temperature drops, the weak rates freeze-out, i.e., they fall
out of equilibrium when they drop below the Hubble rate. In
standard BBN, this occurs at a temperature, Tf � 0.84 MeV.
In equilibrium, the ratio of the number densities of neutrons
to protons follow the Boltzmann distribution

n

p
≡ nn

np
� exp

[
−�mN

T

]
. (5.2)

At freeze-out, this ratio is about 1/4.7. The neutron-to-proton
ratio is particularly important, as it is the primary factor deter-
mining the 4He abundance. The 4He mass fraction, Y , can be
written as

Y = 2Xn ≡ 2(n/p)

1 + (n/p)
, (5.3)

and its observed value is Y = 0.2449 ± 0.0040 [80]. Further,
Xn is the neutron fraction. A change in θ , will therefore invari-
able affect the 4He abundance, primarily through the change
in �mN . While the change in θ and �mN does induce a change
in Tf , this is minor (<10% in Tf ) and we neglect it here.

The helium abundance, however, is not determined by
(n/p) at freeze-out, but rather by the ratio at the time BBN
begins. At the onset of BBN, deuterons are produced in the
forward reaction

n + p ↔ d + γ . (5.4)

However, initially (even though T < Bd ), deuteron is photo-
disintegrated by the backward reaction at temperatures Td �
0.1 MeV. This delay, often called the deuteron bottleneck,
is caused by the large excess of photons-to-baryons (or the
smallness of ηB), and allows time for some fraction of the
free neutrons to decay. A rough estimate of the temperature
at which deuteron starts to form is

Td ∼ −Bd (θ )

ln ηB
(5.5)

which for θ = 0 yields Td ∼ 0.1 MeV. A more accurate eval-
uation would find Td ≈ 0.064 MeV. Below this temperature,
the photo-disintegration processes become negligible and nu-
cleosynthesis begins.

A change in the starting time of BBN changes the (n/p)
at freeze-out or more accurately the neutron fraction, Xn, at
freeze-out by

Xn(Td ) = Xn(Tf )e−td /τn , (5.6)

where td is the age of the Universe corresponding to the
temperature, Td . As noted earlier, �n ∝ (�mN )5, and in a

FIG. 9. The Helium mass fraction, Y , as a function of θ in the
isospin symmetric case (blue upper band) and in the case of broken
isospin symmetry (red lower band) for parameter set I, Eq. (3.12)
(solid lines) and parameter set II, Eq. (3.13) (dashed lines).

radiation dominated Universe, t ∝ T −2, so that from (5.5),
td ∝ B−2

d . Thus using the dependencies of �mN , τn, and Bd

on θ , we can calculate Y (θ ) as shown in Fig. 9. Note that to
produce Fig. 9 we have used the numerical values of �n and
Bd as in Figs. 4 and 6, rather than the analytic approximations.

As one can see in the figure, the Helium mass fraction is
relatively flat for θ � 1. This is due to competing effects in
determining Y . As we saw in Fig. 2(b), the neutron-proton
mass difference increases with θ . This strongly suppresses the
neutron-to-proton ratio, as seen in Eq. (5.2). Furthermore, be-
cause �n ∝ (�mN )5, an even stronger suppression in Y occurs
due to the increased neutron decay rate as seen in Eq. (5.6).
However these decreases are largely canceled at low θ by the
increase in Bd , which causes BBN to begin earlier, leaving less
time for neutron decay. In fact, for set I parameters, at low θ

this is the dominant change in Y and causes an increase in the
Helium abundance. The maxima occur at θ = 0.42(0.54) and
Y = 0.248(0.252) for broken (unbroken) isospin symmetry.
Requiring Y > 0.24, sets upper limits on θ of roughly 0.77
(0.50) for broken isospin, and 0.89 (0.61) for unbroken isospin
for parameter sets I (II), respectively. For larger values of θ ,
the Helium abundance will drop below the observationally
inferred limit,3 however, as we note earlier, it is not clear
that a Universe with primordial Helium and Y < 0.05 would
prevent the formation of life and therefore can not be excluded
anthropically. We also note that an increase in θ and an in-
creased Bd will lead to an increase in the BBN value for D/H
[31] which is now very tightly constrained by observation
D/H = 2.53 ± 0.03 [81].

An interesting subtlety occurs in the case of unbroken
isospin symmetry for parameter set I. As one can see in Fig. 6,
the deuteron binding energy increases above ∼30 MeV, when
θ � 2.4. In this case, there is effectively no deuteron bot-
tleneck, as the backward reaction in (5.5) shuts off before

3While we have not run a nucleosynthetic chain in a numerical
BBN analysis, the analytic approximation for Y is quite good. For
θ = 0, we have Y = 0.2467, while the current result from a full BBN
analysis is Y = 0.24696 [42].
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weak decoupling. The Helium abundance, however, is highly
suppressed due to the large value of �mN � 3.5 MeV and
Y � 0.05.

As described above, the other two potentially bound
dimers, the dineutron and the diproton, become bound at
θ � 0.2 and θ � 0.7, respectively. Variations in the binding
energy of the dineutron is expected to have little effect on
the primordial abundances provided its absolute value remains
smaller than the deuteron’s binding energy [29,82,83]. Con-
sidering that, in this work the variations on the binding energy
of the deuteron are only of a few percent, we do not expect any
important role played by the binding energy of the dineutron
in the calculations. For large θ , although diprotons are bound,
their binding energy remains below that of deuteron and it
was argued that diproton production freezes-out before the
diproton bottleneck is broken [83,84].

Before concluding this section, we consider the possible
impact of changes in the binding energy of unstable nuclei. In
Ref. [30], changes in the nuclear part of the nucleon-nucleon
potential were parameterized as

VN (ri j ) = (1 + δNN )V 0
N (ri j ), (5.7)

where V 0
N (ri j ) is the nucleon-nucleon potential based on the

Minnesota force adapted to low mass systems [85]. The bind-
ing energy of 8Be, was found to be [30]

B8 = (−0.09184 + 12.208δNN ) MeV (5.8)

indicating that 8Be becomes bound when δNN � 0.00752.4

The binding energy of deuteron is also affected by a change
in the nucleon-nucleon potential

Bd (θ ) = (1 + 5.716 δNN (θ ))Bd (0), (5.9)

where we have implicitly here made θ the origin of this
change. From these expressions, we estimate that 8Be be-
comes bound when Bd (θ ) = 2.32 MeV or when θ is 0.21
(0.23) for broken isospin, and 0.19 (0.22) for unbroken isospin
for parameter sets I (II), respectively.

For stable 8Be, it may be possible in principle that BBN
produce elements beyond 7Li. As we discuss further in the
next section, changes in the nuclear potential strongly af-
fects the triple α process and the production of carbon and
oxygen in stars [30]. In the context of BBN, stable 8Be in-
creases the importance of two reactions 4He(α, γ ) 8Be and
8Be(α, γ ) 12C. Nevertheless, the detailed study in [31], found
that while some 8Be is produced in BBN (with a mass fraction
of 10−16 for δNN = 0.0116), no enhancement of carbon occurs
as the temperature and density in the BBN environment is
substantially below that in stars and the production rates are
inefficient.

4 5He and 5Li are unbound by 0.798 and 1.69 MeV, respectively,
i.e., roughly an order of magnitude more than 5Be requiring a very
substantial change in δNN and we do not consider this possibility here.

VI. STELLAR NUCLEOSYNTHESIS

A. Hydrogen burning

The effects of nonzero θ will also be manifest in stellar
nucleosynthesis. We first consider main sequence stars under-
going hydrogen burning. The first step of hydrogen burning is
proton-proton fusion,

p + p → d + e+ + νe. (6.1)

For θ � 0.5, proton-proton fusion is not significantly altered
from how it occurs in the physical Universe. However for
θ � 0.7, the diproton becomes bound and the first step in hy-
drogen burning can proceed many orders of magnitude faster
via radiative capture,

p + p → pp + γ . (6.2)

The diproton can then subsequently decay via the weak inter-
actions to a deuteron,

pp → d + e+ + νe. (6.3)

We note that while the neutron-proton mass difference grows
with θ , the diproton still has a higher mass than the deuteron
due to the larger binding energy of the deuteron.

Initially it was thought the rapid processing of protons to
diprotons would lead to stars with extremely short lifetimes,
so short so as to prevent the evolution of life on planets.
However, stellar structure compensates, and burning occurs at
lower temperatures and densities [84,96] and though the stars
would be different, it is not clear that there is an anthropic
argument against such stars.

B. Constraints on θ from the anthropic principle

The anthropic principle can constrain θ if changes in θ

result in a departure of normal stellar evolution so great that
planetary life would not occur. Therefore we could at min-
imum require that (a) enough metals (in the astronomical
sense) are available, and that (b) the lifetime of stars with
higher metallicity (thus allowing for rocky planets with po-
tentially living beings) is long enough that intelligent life can
evolve. Perhaps two of the most important elements for the
production of life as we know it are carbon and oxygen.

There have been many studies relating the sensitivity of
carbon production to fundamental physics in relation to the
anthropic principle [23,24,26,86–92]. The production of 12C
in stars requires a triple fine tuning: (i) the decay lifetime of
8Be, is relatively long, and is of order 10−16 s, which is four
orders of magnitude longer than the scattering time for two α

particles, (ii) there must exist an excited state of carbon which
lies just above the energy of 8Be + α and (iii) the energy level
of 16O which sits at 7.1197 MeV must be nonresonant and
below the energy of 12C +α, at 7.1616 MeV, so that most
of the produced carbon is not destroyed by further stellar
processing. It is well known of course, that the existence of
the excited state of 12C was predicted by Hoyle [93]. Any
change in fundamental physics which affects the position of
the Hoyle resonance, could severely affect the production of
carbon and oxygen and ultimately the existence of life.

We saw that it is perhaps not possible to place anthropic
bounds on θ from BBN, as it is hard to see why a universe with
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a paucity of Helium would prevent star formation or stellar
processing. It is however possible to set some constraints on
θ based on its effect on the triple α process leading to carbon
production in stars. In addition to the change in the 8Be bind-
ing energy given in Eq. (5.8), changes in θ and thus changes
in the nucleon-nucleon potential, δNN , shift the energy level of
the Hoyle resonance [30],

ER = (0.2876 − 20.412δNN ) MeV, (6.4)

where the resonant energy is given with respect to the 8Be
+α threshold of 7.367 MeV. In standard stellar evolutionary
models for massive stars, most 12C is produced during the He
burning phase. When the temperature becomes high enough,
the 12C(α, γ ) 16O reaction begins and 12C is processed to 16O.
Massive stars end their He burning phases with a mixture of C
and O. When δNN > 0, as would be expected for θ �= 0, ER is
reduced, and the production of carbon becomes more efficient
at a lower temperature. The burning of carbon to oxygen does
not occur and stars end their Helium burning phases with a
core of almost pure carbon.

If oxygen is not present after He burning, there is little
chance to subsequently produce it. Though some oxygen is
produced during carbon burning, the oxygen abundance in
this phase of stellar evolution is reduced as oxygen is pro-
cessed to Ne through α capture. The analysis of Ref. [30] was
based on stellar evolution models [94] of 15 and 60 M�, zero
metallicity stars and found that for δNN � 0.3 %, negligible
amounts of oxygen survive the Helium burning phase. Thus
an upper limit of δNN < 0.002 was set which corresponds to
Bd < 2.25 MeV. This is a rather tight bound and corresponds
to upper limits on θ of 0.11 (0.11) for broken isospin, and
0.11 (0.12) for unbroken isospin for parameter sets I (II),
respectively. As shown above, the dineutron and the diproton
remain unbound for such values of θ , so that a universe with
0 < θ � 0.1 will most probably look (almost) the same as a
universe with θ = 0.

VII. SUMMARY AND CONCLUSIONS

Let us summarize the pertinent results of our investigation
for 0 < θ < π .

(1) As θ is increased, the deuteron is more strongly bound
than in our world. This means that for θ of the order one,
there is much less fine-tuning than for θ = 0. Also, in the case
of isospin symmetry, the values for the binding energy as θ

approaches π are compatible with calculations for the chiral
limit.

(2) The dineutron as well as the diproton are bound for
θ � 0.2 and θ � 0.7, respectively. A bound diproton has often
been considered a disaster for the nucleosynthesis as we know
it [95], but recent stellar calculations show that this might not
be the case, see Refs. [83,84,96].

(3) Using Wigner’s SU(4) symmetry and earlier results
on systems with large scattering length, we have estimated
the SU(4)-averaged binding energies of the three- and four-
nucleon systems and found that these increase with increasing
θ or with the deuteron binding energy.

(4) In general, we have found that nuclear binding energies
are quite significantly altered when θ = O(1). While BBN
would proceed, perhaps producing far less helium and more

deuterium, changes in the deuteron binding energy would
not prevent the formation of stars and eventually life. Even
a stable diproton can not be excluded on this basis as stars
would continue to burn Hydrogen at lower temperatures. On
the other hand, changes in the binding energy of 8Be and the
resonant energy of the Hoyle state, would affect the triple α

reaction rate and lead to a world lacking in 16O.
(5) Applying the even stronger constraint not to upset the

world as we enjoy it, we derived that θ must be �0.1 in order
to approximately recover the real nuclear reaction rates. In this
case, the deviation of the neutron-proton mass difference to
the real world value is less than 1% and both the diproton and
the dineutron still fail to be bound.
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APPENDIX: θ-DEPENDENCE OF THE NEUTRON-PROTON
MASS DIFFERENCE

The strong contribution to the proton-neutron mass differ-
ence can be derived from the NLO πN Lagrangian [54]

L�mN
πN = N̄c5

(
χ+ − 1

2
〈χ+〉

)
N, (A.1)

where c5 is a LEC, N = (p, n)T contains the nucleon fields,
〈. . .〉 denotes the trace in flavor space, and

χ+ = u†χθu† + uχ
†
θ u. (A.2)

For the determination of the mass difference, U = u2, which
contains the pseudo-Nambu-Goldstone bosons of SU(2) chi-
ral perturbation theory, only needs to be expanded up
to its leading order constant term. In particular, in a θ -
vacuum U is given by the vacuum alignment U0. For χθ =
2BM exp (iθ/2), with M = diag{mu, md} the quark mass
matrix, we use the following parametrization of the vacuum
alignment:

U0 = diag{eiϕ, e−iϕ}. (A.3)

Minimizing the vacuum energy density in SU(2) chiral pertur-
bation theory (or equivalently removing the tree-level tadpole
term of the neutral pion), one finds [48]

tan ϕ = −ε tan
θ

2
, (A.4)
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or

sin ϕ = −ε tan θ
2√

1 + ε2 tan2 θ
2

= −εM2
π sin θ

2

M2
π (θ )

, (A.5)

cos ϕ = 1√
1 + ε2 tan2 θ

2

= M2
π cos θ

2

M2
π (θ )

, (A.6)

where we have used Eq. (2.1). With that, Eq. (A.1) becomes

L�mN
πN = N̄4c5B0

mu cos
(

θ
2 − ϕ

) − md cos
(

θ
2 + ϕ

)
2

τ3N

= N̄4c5B0
M2

π

M2
π (θ )

mu − md

2
τ3N, (A.7)

which results in the strong contribution to the proton-neutron
mass difference given in Eq. (2.10).
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1 Introduction

Alpha-alpha (α-α) scattering is one of the most fundamental reactions in nuclear (as-
tro)physics. It is the basic component of the triple-alpha (3α) reaction prevalent in hot old
stars, that leads to the generation of 12C and successively 16O, where the 12C production is en-
hanced through a JP = 0+ resonance at 7.65MeV excitation energy close to the 3α-threshold,
the famous Hoyle state [1]. α-α scattering itself features some fine-tuning, as the large
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near-threshold S-wave results from a state with (JP , I) = (0+, 0) at an energy ER ' 0.1MeV
above the threshold, see e.g. the review [2], with a tiny width of ΓR ' 6 eV. It is precisely
this small width (long lifetime) of the unstable 8Be nucleus that allows for the reaction
with the third α particle in the 3α reaction at sufficiently high temperatures and densities.

The fine-tunings in these (and other) fundamental nuclear reactions together with other
fine-tunings in particle physics and cosmology have led to the concept of the Multiverse, where
our Universe with its observed values is part of a larger structure of universes featuring dif-
ferent sets of the fundamental constants. Related to this are anthropic considerations, which
is the philosophical idea that the parameters governing our world should fit the intervals
compatible with the existence of life on Earth. More details can be found in the reviews [3–7].

Coming back to nuclear physics, the closeness of the Hoyle state energy to the 3α
threshold invites investigations about the stability of this resonance condition under changes
of the fundamental parameters of the strong and the electromagnetic (EM) interactions,
whose interplay guarantees the stability of atomic nuclei. While earlier investigations, see
e.g. ref. [8], suffered from some model-dependence in the description of the nuclear forces,
using the ab initio method of Nuclear Lattice Effective Field Theory (NLEFT) this topic
was re-investigated in refs. [9–11]. More specifically, the quark mass dependence as well as
the dependence on the electromagnetic fine-structure constant of the nuclear Hamiltonian
was worked out, using and combining results from chiral perturbation theory (CHPT) and
lattice QCD simulations for the pion decay constant, the nucleon mass and so on. Here,
we will use the same chiral EFT at next-to-next-to-leading order combined with the so-
called Adiabatic Projection Method (APM), that allows for ab initio calculations of nuclear
reactions, as developed in refs. [12–14]. Using the APM, the scattering of two alpha clusters
has been achieved on the lattice [15], enabled by the fact that the computational effort is
approximately quadratic in the number of nucleons in the scattering clusters. The method
was further refined in ref. [16]. Combining these different works, we are thus in the position
to investigate the sensitivity of the low-energy α-α phase shifts on variations in the light
quark mass m̂ and the EM fine-structure constant αEM. We note that α-α scattering has
also recently been studied using the no-core shell model within a continuum approach [17].

While the investigation of the resonance enhancement in the 3α process due to the
Hoyle state already sets rather stringent limits on the possible variations of the light quark
mass and the fine-structure constant, one has to be aware that these results are afflicted with
some inherent uncertainties, as in the corresponding stellar simulations only the distance of
the Hoyle state to the 3α-threshold is varied. Translating this into a dependence on, say, the
light quark mass assumes that only the nuclei directly involved in the 3α process are subject
to these changes, but of course one should perform the complete stellar simulations (reaction
networks) with appropriately modified masses and reaction rates. At present, this is only
possible for Big Bang Nucleosynthesis, see e.g. refs. [18, 19], but not for the whole nuclear
reaction networks in stars. Therefore, the ab initio computation of the dependence of α-α
scattering on the fundamental parameters of the Standard Model is not subject to such
uncertainties and paves the way for more elaborate network calculations in the Multiverse.

A parameter that has obtained less attention in such anthropic considerations is the
QCD θ-term, as the bounds from the neutron electric dipole moment require θ . 10−10,
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see e.g. ref. [20] for a recent lattice QCD study. Still, it is worth to reconsider bounds
on the θ-angle from observations other than the neutron EDM as well as from anthropic
considerations, as done e.g. in refs. [21, 22]. In particular, it was shown in [22] that nuclear
binding increases with θ and that θ . 0.1 would not upset the world as we know it. It is
thus also of interest to study the reaction rate of the fundamental α-α scattering process as
a function of θ, as will be done here.

In ref. [23], it was shown that symmetric nuclear matter without Coulomb interactions
lies close to a quantum phase transition between a Bose gas of alpha clusters and a nuclear
liquid. Whether one is in the Bose gas phase or the nuclear liquid phase is determined by the
sign of the α-α S-wave scattering length. In turn, the α-α scattering phase shifts depend on
the strength, range, and locality of the nucleon-nucleon interactions. The nucleon-nucleon
interactions need enough attractive strength, range, and locality to overcome the Pauli
repulsion between nucleons with the same spin and isospin [24, 25]. Locality here refers
to interactions that are diagonal when written in position space. The variation of the
light quark masses, electromagnetic fine-structure constant, and θ parameter will produce
changes to the leading-order interactions, and we take these changes to the nucleon-nucleon
interactions to be local. This choice is motivated by studies of Quantum Chromodynamics
in the limit of a large number of colors showing that the nucleon-nucleon interactions reduce
to local interactions with an underlying spin-isospin exchange symmetry [26–28].

The paper is organized as follows. In section 2, we introduce the dependence of the
two-alpha cluster energy on the fundamental parameters of the Standard Model, the basic
framework of NLEFT and give a first glimpse on some of the relevant quark (pion) mass
dependences. The pion mass dependence of the nuclear Hamiltonian used here is presented
in detail in section 3. Then, in section 4 we discuss the inclusion of the electromagnetic
interaction and the dependence of the nuclear Hamiltonian on the fine-structure constant.
Section 5 shows how the θ-dependence of α-α scattering can be inferred from the θ-
dependence of the pion mass. In section 6 we collect the computational tools needed for this
investigations. We give the basic APM formalism needed for our investigation and show
how various quantities are obtained from Auxiliary Field Quantum Monte Carlo simulations.
In section 7, we show how to extract the scattering phase shifts from the adiabatic transfer
matrices. Our results are presented and discussed in section 8. We end with a summary
and conclusions. Some further details of the computations are relegated to the appendices.

2 Basic concepts

We aim to compute the variation of the α-α scattering phase shifts as a function of the
fundamental constants of nature following refs. [10, 11]. Since we compute the scattering
phase shifts from the spectrum, we consider a linear variation in the light quark mass and
the electromagnetic fine-structure constant αEM of the two-alpha cluster energy,

δEαα '
∂Eαα
∂Mπ

∣∣∣∣
Mph
π

δMπ + ∂Eαα
∂αEM

∣∣∣∣
αph

EM

δαEM , (2.1)
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where we have used the Gell-Mann-Oakes-Renner relation, M2
π = 2B0m̂, with m̂ = (mu +

md)/2 the light quark mass and B0 is related to the scalar quark condensate.1 Throughout,
we work in the isospin limit as strong isospin breaking effects are expected to be very
small. Further, the superscript “ph” denotes the pertinent values in Nature (the physical
world). We note that this formula is applicable for changes in the modulus of the pion mass
|δMπ/Mπ| and the electromagnetic fine-structure constant by |δαEM/αEM| . 10%. The
variation with respect to the QCD θ angle will be discussed later in a separate section.

Our computational framework is NLEFT, see refs. [29, 30] for details. In what follows,
we employ a periodic cubic lattice with a spatial lattice spacing of a = 1.97 fm and a
temporal lattice spacing at = 1.32 fm. For free nucleons we use the O(a4)-improved lattice
Hamiltonian,

Hfree = 49
12mN

∑
~n

∑
i,j=0,1

a†i,j(~n)ai,j(~n)

− 3
4mN

∑
~n

∑
i,j=0,1

∑
l=1,2,3

[
a†i,j(~n)ai,j(~n+ l̂) + a†i,j(~n)ai,j(~nl̂)

]
− 3

40mN

∑
~n

∑
i,j=0,1

∑
l=1,2,3

[
a†i,j(~n)ai,j(~n+ 2l̂) + a†i,j(~n)ai,j(~n− 2l̂)

]
− 1

180mN

∑
~n

∑
i,j=0,1

∑
l=1,2,3

[
a†i,j(~n)ai,j(~n+ 3l̂) + a†i,j(~n)ai,j(~n− 3l̂)

]
, (2.2)

where ~n represents the integer-valued lattice sites, mN is the nucleon mass, l̂ = 1̂, 2̂, 3̂ are
unit lattice vectors in the spatial directions, i(j) is a spin (isospin) index, and ai,j and a

†
i,j

denote nucleon annihilation and creation operators.
For the leading-order (LO) nuclear interaction we use an improved action which is

based on the following nucleon-nucleon (NN) scattering amplitude,

ALO = CS=0,I=1 f(~q)
(1

4 −
1
4~σi · ~σj

)(3
4 + 1

4~τi · ~τj
)

+ CS=1,I=0 f(~q)
(3

4 + 1
4~σi · ~σj

)(1
4 −

1
4~τi · ~τj

)
+ g̃2

πN~τi · ~τj
(~σi · ~q)(~σj · ~q)
~q2 +M2

π

, (2.3)

where ~σ and ~τ denote the Pauli spin and isospin matrices, g̃πN is the strength of the
one-pion-exchange (OPE) potential defined as g̃πN = gA/(2Fπ) in terms of the nucleon
axial-vector coupling gA = 1.273(19) and the pion decay constant Fπ = 92.1MeV. CS=0,I=1
and CS=1,I=0 are the coupling constants of the short-range part of the nuclear force which
are adjusted to reproduce the scattering phase shifts for the two S-wave channels, and f(~q)
is a smearing function which is defined to reproduce the effective ranges for the two S-wave
channels. We redefine the low-energy constants (LECs) of the short-range interactions in

1Because of this relation, we can equivalently use the wordings “quark mass dependence” and “pion mass
dependence”.
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terms of linear combinations of C0 and CI ,

C0 = 3
4CS=0,I=1 + 1

4CS=1,I=0 , (2.4)

CI = 1
4CS=0,I=1 −

3
4CS=1,I=0 . (2.5)

From eqs. (2.2) and (2.3) it is obvious that the sources of implicit Mπ-dependence are
the nucleon mass mN , the coupling constant of the OPE potential g̃πN , and the LECs of
the short-range interactions C0 and CI , besides the explicit pion mass dependence in the
OPE. Before discussing these in detail in section 3, let us consider the quark (pion) mass
dependence of the nucleon mass and the pion decay constant to get an idea about the
changes we can expect. At the leading one-loop order O(p3), where p is a generic small
parameter, the chiral expansion of the nucleon mass can be written as

mN (Mπ) = m0 − 4c1M
2
π −

3g2
A(Mπ)M3

π

32πF 2
π (Mπ) +O(M4

π) , (2.6)

where m0 ' 865MeV [31] is the nucleon mass in the (two-flavor) chiral limit and c1 =
−1.1GeV−1 is a LEC from the chiral pion-nucleon Lagrangian at next-to-leading order
(NLO) [32]. Note that the leading correction of order M2

π is intimately linked to the
pion-nucleon σ-term discussed below. At third order, the pion mass dependence of the pion
decay constant and the axial-vector coupling constant is made explicit. For the pion decay
constant we use the expression from the chiral expansion at NLO,

Fπ(Mπ) = F + M2
π

16π2F
l̄4 +O(M4

π) , (2.7)

where F = 86.2MeV is the pion decay constant in the (two-flavor) chiral limit,2 and l̄4 = 4.3
is a LEC, where we use the value from ref. [33] (which is consistent with more modern
determinations). We postpone the discussion of the nucleon axial-vector coupling gA and of
the LECs C0, CI to the next section.

3 Pion mass dependence of the nuclear Hamiltonian

First, let us collect the knowledge about the pion mass dependence of the nuclear Hamilto-
nian. Specifically, the dependence of the energy Eαα on the pion massMπ can be expressed as

Eαα = Eαα(M̃π,mN (Mπ), g̃πN (Mπ), C0(Mπ), CI(Mπ)), (3.1)

where M̃π denotes the explicit Mπ-dependence from the pion propagator in the OPE po-
tential. Without going into the details of the individual terms given here, we write the
variation of the two-alpha cluster energy around the physical point as

∂Eαα
∂Mπ

∣∣∣∣
Mph
π

= ∂Eαα

∂M̃π

∣∣∣∣
Mph
π

+ x1
∂Eαα
∂mN

∣∣∣∣
mph
N

+ x2
∂Eαα
∂g̃πN

∣∣∣∣
g̃ph
πN

+ x3
∂Eαα
∂C0

∣∣∣∣
Cph

0

+ x4
∂Eαα
∂CI

∣∣∣∣
Cph
I

, (3.2)

2Note that throughout we do not consider variations of the strange quark mass ms, as these are expected
to be very small. Hence ms is simply kept at its physical value.
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where

x1 = ∂mN

∂Mπ

∣∣∣∣
Mph
π

, x2 = ∂g̃πN
∂Mπ

∣∣∣∣
Mph
π

, x3 = ∂C0
∂Mπ

∣∣∣∣
Mph
π

, x4 = ∂CI
∂Mπ

∣∣∣∣
Mph
π

. (3.3)

The partial derivatives in eq. (3.2) are computed using the auxiliary field quantum
Monte Carlo (AFQMC) method [29], see section 6. To obtain an accurate and model-
independent description of the Mπ-dependence of the LO nuclear interaction, we will use
the most recent knowledge from chiral perturbation theory and lattice QCD simulations to
determine the quantities in eq. (3.3).

The partial derivative ∂Eαα/∂M̃π in eq. (3.2) is computed by introducing a small
change in the pion mass in the OPE of the nuclear Hamiltonian, H(M̃π)→ H(M̃π + ∆M̃π),
which corresponds to a perturbative shift in the energy, ∆Eαα(M̃π). In our calculations, the
pion masses are shifted by ∆M̃π = 4.59MeV, which equals to the empirical mass difference
between the neutral and charged pions. Therefore, the partial derivative ∂Eαα/∂M̃π is
defined as

∂Eαα

∂M̃π

∣∣∣∣
Mph
π

= ∆Eαα(M̃π)
∆M̃π

. (3.4)

In what follows, we will also use the so-called K-factors. These are defined via

Ki
X = y

X

∂X

∂y

∣∣∣∣
yph

, (3.5)

where X is an observable and the superscript i = {q, π, α} denotes the quantity
y = {mq,Mπ, αEM}, such that, e.g., Kq

X measures the sensitivity of X to changes in the
light quark mass mq. For more detailed discussion on these quantities, see, e.g., ref. [19].

The parameter x1 can be determined from the pion-nucleon sigma term,

σπN = 〈N |m̂(ūu+ d̄d|N〉 = M2
π

∂mN

∂M2
π

, (3.6)

i.e. the quark mass dependence of the nucleon mass, via

x1 = ∂mN

∂Mπ

∣∣∣∣
Mph
π

= 2
Mπ

σπN . (3.7)

The most recent and precise values for σπN are from the Roy-Steiner-equation analyses of
pion-nucleon scattering [32, 34]. In the calculation with the inclusion of pionic hydrogen
and deuterium data, the reported value is σπN = (59.1± 3.5)MeV, and in the calculation
using only the pion-nucleon scattering data the value is σπN = (58.1 ± 5)MeV. In this
study we use the value of ref. [32] and the uncertainty of ref. [34], which gives

x1 = 0.84(7) . (3.8)

The parameter x2 in eq. (3.3) represents the dependence of the strength of the OPE potential
and is given as,

x2 = 1
2Fπ

∂gA
∂Mπ

∣∣∣∣
Mph
π

− gA
2F 2

π

∂Fπ
∂Mπ

∣∣∣∣
Mph
π

. (3.9)
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For the dependence of Fπ on Mπ we use the results reported in ref. [19]

∂Fπ
∂Mπ

∣∣∣∣
Mph
π

= Fπ
Mπ

Kq
Fπ

Kq
Mπ

= 0.066(16) . (3.10)

The Mπ-dependence of the nucleon axial-vector coupling gA is obtained from the analysis
of the high-precision lattice QCD calculations [35]. We define

∂gA
∂Mπ

= ∂gA
∂M∗

∂M∗

∂Mπ
, (3.11)

where
∂M∗

∂Mπ
= ∂

∂Mπ

(
Mπ

4πFπ

)
= 1

4πFπ

(
1− Mπ

Fπ

∂Fπ
∂Mπ

)
= 0.078(2) l.u. , (3.12)

where l.u. stands for lattice units and ∂gA/∂M
∗|
Mph
π

= −0.08(24). In eq. (3.12) we use the
isospin-averaged pion mass Mπ = 138.03MeV. Putting pieces together, we have

∂gA
∂Mπ

= −0.006(19) l.u. , (3.13)

which gives

x2 = −0.053(16) l.u. . (3.14)

So far we have discussed the quantities x1 and x2 which control the Mπ-dependence
of the pion and nucleon properties as well as their interactions. As has been shown, we
obtained a model-independent description of these quantities utilizing the results from
CHPT calculations and the data from high-precision lattice QCD. Now we turn to the
discussion of the quantities x3 and x4 which are controlling the implicit Mπ-dependence
of the LECs of the short-range NN interactions, C0(Mπ) and CI(Mπ). Since the coupling
constants C0 and CI are adjusted to reproduce the NN scattering phase shifts in the 1S0
and 3S1 partial waves, it is much more convenient to express the x3 and x4 quantities in
terms of the inverse singlet (s) and triplet (t) NN scattering lengths,

Ās = ∂a−1
s

∂Mπ

∣∣∣∣∣
Mph
π

, Āt = ∂a−1
t

∂Mπ

∣∣∣∣∣
Mph
π

. (3.15)

To obtain the desired expressions, we adopt the analysis of ref. [10], which employs the
Lüscher finite volume formula to relate the spectrum of the NN system in a cubic periodic
box to the NN scattering parameters,

x3 = 0.04847 + 0.06713x1 − 0.25101x2 − 0.37652Ās − 0.20467Āt , (3.16)
x4 = 0.04990− 0.00190x1 − 0.01253x2 − 0.12551Ās + 0.20467Āt . (3.17)

We further use the analysis of ref. [11], which determines Ās and Āt from the most recent
available lattice QCD data, see appendix A for details:

Ās = 0.54(24) , Āt = 0.33(16) . (3.18)
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Finally, using the results given in eq. (3.18) with eq. (3.17), we get,

x3 = −0.153(96) , x4 = 0.049(46) . (3.19)

In what follows, we will use the values for Ās,t collected in eq. (3.18), noting that these are
still affected by sizeable uncertainties (for a more detailed discussion, see ref. [11]). This can
only be sharpened by more precise lattice QCD calculation at lower pion (quark) masses.

4 Dependence of the nuclear Hamiltonian on the fine-structure constant

First, we must briefly discuss how the electromagnetic interaction is included in our scheme.
This requires a multi-step procedure. In a first step, we consider 8 nucleons (4 protons and
4 neutrons) in a box of V ' (16 fm)3, from which two α clusters are formed. Here, the EM
interaction is included using the standard power counting, see e.g. [36]. In this counting, the
EM interactions start to contribute at NLO. To account for the infinitely-ranged Coulomb
interaction between these two clusters with charge Z = 2 each, we employ a second box of
about V ' (100 fm)3, which is far beyond the range of the strong interactions. Within this
box, a spherical wall with a radius of about 35 fm is placed subject to Coulomb boundary
conditions. This allows for an exact treatment of the long-range Coulomb forces with the
two α particles. For details on this procedure, we refer to refs. [15, 16].

Now, we are in the position to consider the second term on the right-hand side of
eq. (2.1), which is the αEM-dependence of α-α scattering. To study the αEM-dependence
of α-α scattering we compute the shifts ∆Eαα(αEM) and ∆Eαα(cpp). The former is the
variation of two-alpha cluster energy due to the long-range Coulomb interaction, and the
latter is the variation of two-alpha cluster energy due to a derivative-less proton-proton
contact operator. This operator arises from the fact that the Coulomb interaction on the
lattice becomes singular when two protons are on the same lattice site which requires a
special treatment. Thus, a regularized version of the Coulomb interaction on the lattice
is employed, and the coefficient of the proton-proton contact operator, cpp, is determined
from the proton-proton phase shifts on the lattice. The energy shift becomes,

QEM(Eαα) = ∆Eαα(αEM) + xpp ∆Eαα(cpp) , (4.1)

where xpp is the relative strength of the proton-proton contact term caused by the reg-
ularization of the Coulomb force. The coefficient xpp is computed using the data for
4He [10],

xpp = 0.39(5) . (4.2)

Finally, the partial derivative in eq. (2.1) can be written as

∂Eαα
∂αEM

∣∣∣∣
αph

EM

' ∂QEM(Eαα)
∂αph

EM
. (4.3)
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5 Theta-dependence of alpha-alpha scattering

We also strive to assess the θ-dependence of α-α scattering. To that end, one might be
tempted to again employ a linear variation ∝ δθ around the physical value of θph, similar to
what we do in the case of the Mπ-variation and the αEM-dependence of Eαα, see eq. (2.1).
However, it is well known that “small” variations of θ do not lead to drastic changes of
nuclear physics [21, 22] and after all it is interesting in its own right to assess what is
happening when θ approaches a value of, say, O(1). In this regime, a simple linear variation
clearly would not be applicable any longer.

There is, however, a way to circumvent such a direct calculation of the θ-dependence,
which is based on the observation that in a first approximation any source of θ-dependence
of Eαα can be traced back to the θ-dependence of Mπ, which in the isospin limit is given
by [37]3

M2
π(θ) = 2B0m̂ cos θ2 , |θ| < π . (5.1)

Assuming this approximation is valid, the present calculation of the Mπ-dependence of Eαα
within a range of |δMπ| . 0.1Mph

π can directly be translated into an assessment of the
θ-dependence in a corresponding range of |δθ| . 1.

It is not obvious that this approximation is legitimate, as Mπ and θ in CHPT are in
principle independent parameters, but it can be justified as follows: removing the QCD
θ-term by a suitable choice of an axial U(1) transformation adds a complex phase

M→ ei θ2M =:Mθ, (5.2)

to the quark mass matrix. This θ-dependent matrix enters chiral perturbation theory via
the matrix χθ = 2B0Mθ, which in the isospin symmetric case is simply given by

χθ =
(
M2
π(θ) + i 2B0m̂ sin θ2

)
1 . (5.3)

Hence, inserting this expression into a given chiral Lagrangian of any order will produce
terms that are either proportional to (some power of) Mπ(θ), or proportional to (some
power of) sin θ/2 (or both). While the latter are naturally absent in chiral perturbation
theory at θ = 0, the former simply leads to the known Mπ-dependence of quantities such as
mN , g̃πN , or couplings of nucleons to two or more pions.

As it turns out, at NLO, which is the maximal order we are considering here, the only
term ∝ sin θ/2 that might alter any of the involved quantities, in particular mN or g̃πN ,
comes from the NLO pion-nucleon Lagrangian [40]

L(2)
πN = c5N̄

(
χ+ −

1
2 Trχ+

)
N + . . . , (5.4)

where c5 is another LEC, the ellipses represent other NLO terms that are of no interest
here, and

χ+ = u†χu† + uχ†u , (5.5)
3The physics at θ = π is a bit more involved, see, e.g., [38, 39].
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with u carrying the pion fields. This term adds a contribution to the pion-nucleon coupling
that is explicitly θ-dependent, but it can be shown that its actual numerical impact is
so small (. 1–2%) [21, 41] that it can safely be neglected. The smallness of these effects
can directly be traced back to the suppression of the LEC c5 = (−0.09± 0.01)GeV−1 as
it parameterizes the leading isospin-breaking effects in the pion-nucleon sector [40]. This
means that as long as we stick to a calculation that is of NLO at most, any non-negligible
θ-dependence indeed only appears implicitly in form of Mπ(θ) as a consequence of the first
term of eq. (5.3).

Thus, our approach here is to not perform a separate calculation for assessing the
θ-dependence of α-α scattering, but to simply use the results of the Mπ-dependence analysis
and map them onto the θ-dependence using eq. (5.1).

6 Adiabatic projection method and auxiliary field quantum Monte Carlo
simulations

The adiabatic projection method is a general framework to construct a low-energy effective
theory for clusters. The adiabatic projection in Euclidean time gives a systematically
improvable description of the low-lying scattering cluster states and in the limit of large
Euclidean projection time the description becomes exact. The details of the method can be
found in refs. [12, 16]. The method starts with defining Slater-determinant of two-alpha
initial cluster states |~R〉 parameterized by the relative spatial separation between the clusters
on a periodic cubic lattice with a box size L,

|~R〉 =
∑
~r

|~r + ~R〉1 ⊗ |~r〉2 . (6.1)

To perform the calculations efficiently, we project the initial states onto spherical harmonics
with angular momentum quantum numbers ` and `z. To that end, we bin the cubic lattice
points 〈nx, ny, nz〉 with the same distance |~R| =

√
n2
x + n2

y + n2
z by weighting with spherical

harmonics Y`,`z(R̂),

|R〉`,`z =
∑
~r

Y`,`z(R̂′)δ~R,|~R′| |~R〉 . (6.2)

Here, ` and `z are not exactly good quantum numbers, see the discussion in ref. [43]. Since
the initial cluster states are not necessarily orthonormal, we define the orthonormal initial
cluster states

|R〉`,`z =
∑
R′

|R′〉`,`z [N−1/2
0 ]`,`zR′,R , (6.3)

where [N−1
0 ]`,`zR′,R is the norm matrix defined as

[N−1
0 ]`,`zR′,R = `,`z 〈R′|R〉

`,`z

. (6.4)
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In the next step, the initial cluster states are evolved in Euclidean time by means of
multiplying by powers of the leading order (LO) transfer matrix to form dressed cluster
states,

|R〉`,`znt
= Mnt

LO |R〉
`,`z . (6.5)

This procedure, by design, incorporates all the induced deformations and polarizations of
the alpha clusters due to the microscopic interaction and it gives the true low-lying cluster
states of the transfer matrix MLO. In general the dressed cluster states are not orthonormal,
thus for further calculations we use the following form of the dressed cluster states,

|R〉`,`znt
=
∑
R′

|R′〉`,`znt
[N−1/2

Lt
]`,`zR′,R , (6.6)

where [N−1/2
Lt

]`,`zR,R′ is the norm matrix at Euclidean time Lt = 2× nt. Finally, we define the
radial adiabatic transfer matrix at LO as,

[Ma
LO,Lt ]

`,`z
R,R′ = `,`z

nt 〈R|MLO |R′〉
`,`z
nt

. (6.7)

In our calculation the higher-order (HO) interactions are treated using first-order
perturbation theory, thus we include the perturbative contributions from NLO, next-to-
next-to-leading order (NNLO), isospin-breaking (IB), and Coulomb interactions (EM) to
the leading-order radial adiabatic transfer matrix order-by-order in perturbation theory.
Therefore, we define the radial adiabatic transfer matrix at a given higher order in a closed
form as

[Ma
HO,Lt ]

`,`z
R,R′ = `,`z

nt 〈R|MLO |R′〉
`,`z
nt
− αt `,`znt 〈R| : VHOMLO : |R′〉`,`znt

, (6.8)

where αt = at/a is the ratio of the temporal and the spatial lattice spacings, and VHO is the
higher-potential at the order of interest. The colons : . . . : denote normal ordering, which
means that we reorder the creation and annihilation operators inside the colons and we
move the creation operators to the left of the all annihilation operators with the appropriate
number of anti-commutation minus signs.

So far we have discussed the adiabatic projection method for the chiral EFT Hamiltonian.
Now we turn to the main interest of this paper, which is to construct the two-cluster matrix
elements of the partial derivatives given in eq. (2.1). Due to the fact that we study the effects
of small variations in the fundamental constants of nature on α-α scattering, the partial
derivatives in eq. (2.1) are treated in a similar manner as the higher-order corrections,

[Ma,y
HO,Lt ]

`,`z
R,R′ = `,`z

nt 〈R|MLO |R′〉
`,`z
nt

− αt `,`znt 〈R| : VHOMLO : |R′〉`,`znt

− αt `,`znt 〈R| :
∂Eαα
∂y

∣∣∣∣
yph

MLO : |R′〉`,`znt
δy , (6.9)

we use the superscript y for the observables Mπ, αEM and, in principle, θ. However, as
discussed in section 5, we will not perform explicit differentiations with respect to θ.
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The two-cluster matrix elements of the LO transfer matrix, the higher order corrections,
and the partial derivatives are computed by means of the auxiliary field quantum Monte
Carlo (AFQMC) method. The non-perturbative quantum Monte Carlo simulations are
performed using the neutral pion mass Mπ and the isospin symmetry breaking effects
are incorporated perturbatively. The calculation of the radial adiabatic transfer matrices
in eqs. (6.7), (6.8) and (6.9) is divided into two separate parts. In the first part of the
calculation, we perform the AFQMC simulation for the system of A = 8 nucleons (4 protons
and 4 neutrons) to construct the radial adiabatic transfer matrices for two interacting α
clusters. Due to the computational cost associated with such simulations, this is done on a
periodic cubic lattice of length L which is not too large to prevent us from computing the
matrices accurately but is not too small so that the length L/2 is much larger than the range
of the interaction, R ∼ 1/Mπ ' 1.4 fm. In the second part of the calculation, the AFQMC
simulations are performed for the system with A = 4 nucleons, and these simulations are
done on a periodic cubic lattice of larger length due to the less computational demand. This
single α cluster adiabatic matrix is used to construct the radial adiabatic transfer matrices
for non-interacting two α clusters. Finally, we connect the radial adiabatic transfer matrices
of interacting α clusters with the radial adiabatic transfer matrices of non-interacting α
clusters in the asymptotic region to extend the radial transfer matrix of interacting α

clusters to a larger volume. The aforementioned two-part approach was studied extensively
for nucleon-deuteron systems in ref. [16], and it was found that the systematic errors due to
extension of the radial transfer matrix are negligible.

The first ab initio calculation of α-α scattering was performed in ref. [15] using the
same chiral Hamiltonian as adopted in this paper. However, in this paper we employ
developments in the adiabatic projection method from refs. [16, 23, 42]. As discussed above,
the first step of the adiabatic projection method is to define the initial cluster states, and on
a periodic cubic lattice of length L the total number of initial cluster states parameterized
by the relative spatial separation is N~R = 3L2/4. In ref. [12] it was shown that it is not
required to use every possible cluster state when we are interested in only a few low-lying
energies of the system of interest. Therefore, for simulating computationally demanding
systems it is advantageous to construct a radial adiabatic transfer matrix defined in the
subspace that is spanned by N~R < 3L2/4 cluster separation states. Following these findings,
in ref. [15] the radial adiabatic transfer matrix for non-interacting two-alpha clusters was
constructed in a smaller subspace of the two-cluster state space. In this paper, taking
advantage of powerful computational resources we perform our simulations using every
possible cluster state and construct the radial adiabatic transfer matrices in full space of
the two-cluster state space.

7 Extracting scattering phase shifts from the adiabatic matrices

What was discussed in the previous section was the first part of the adiabatic projection
method, which is constructing the adiabatic transfer matrix for the two clusters. The second
part of the method is to extract the scattering or reaction parameters for the two clusters.
In the previous section, by projecting the initial cluster states onto spherical harmonics
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with angular momentum quantum numbers ` and `z, we constructed the adiabatic transfer
matrix in radial coordinates, which provides a significant improvement in the computational
scaling [16]. Since our adiabatic transfer matrices are defined in radial coordinates, the best
approach to be used to calculate the scattering parameters is the so-called spherical wall
method [43–45].

In the spherical wall method we employ a hard boundary wall condition at r = Rwall,
which is the relative separation distance between two clusters in the asymptotic region.
In general, the spherical wall method is used to remove the periodic boundary effects
inherited from the cubic lattice and the artifacts due to the periodic boundary condition.
However, in our calculations these effects are already eliminated since we construct the
adiabatic transfer matrices in radial coordinates as explained in section 6. After imposing
the spherical hard wall to the radial adiabatic transfer matrices, we solve the Schrödinger
equation of the system and obtain the spherical scattering wave functions as well as the
spectrum. In principle, due to the imposed spherical hard wall one expects that the spherical
wave functions die out at Rwall, however, as a result of non-zero spatial lattice spacing the
spherical wave functions vanish at R′wall = Rwall + εR, where εR is the correction on the
precise radius of the spherical wall and is defined as |εR| < a/2.

The total wave function of a two-cluster system is decomposed into the radial part
R

(p)
` (r) and the spherical harmonics Y`,`z(r̂),

Ψ(~r) = R
(p)
` (r)Y`,`z(r̂) , (7.1)

where r is the relative spatial separation of the clusters and p is the relative momentum.
The radial wave function in the asymptotic region is given by

R
(p)
` (r) = N`(p) [cos δ`(p)F`(p r) + sin δ`(p)G`(p r)] , (7.2)

where N`(p) is an overall normalization coefficient, and F` (G`) is the regular (irregular)
Coulomb wave function.

The relative momentum p is calculated from the spectrum of the radial adiabatic
transfer matrices and the dispersion relation of the two-cluster system given by,

E = c0
p2

2µ + c1 p
4 + c2 p

6 + . . . , (7.3)

where µ = mα/2 is the reduced mass of the two-cluster system, mα the mass of the α-
particle, and the coefficients ci are determined by fitting eq. (7.3) to the lattice dispersion
relation. We determine the correction εR from the roots of the regular Coulomb wave
function with the relative momentum of the non-interacting two-cluster system, p0, around
Rwall. Finally, we use the corrected radius of the spherical hard wall, R′wall, and the relative
momentum of the interacting two-cluster system, p, and solve eq. (7.2) for the scattering
phase shifts,

δ`(p) = tan−1
[
−F`(pR

′
wall)

G`(pR′wall)

]
. (7.4)
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Figure 1. Left panel: S-wave α-α scattering phase shift δ0 versus the energy in the laboratory
system, Elab. Right panel: D-wave α-α scattering phase shift δ2 versus the energy in the laboratory
system, Elab. The blue circles and red squares represent our predictions at NLO and NNLO,
respectively, while the data are given by the black crosses.

We extract the scattering phase shifts from the radial adiabatic transfer matrices with Lt
time steps and perform Euclidean time extrapolating to the limit Lt →∞. Details of the
extrapolation fit and all associated error estimates are discussed in appendix B.

8 Results

8.1 Our universe

Here, we discuss the results for the S- and D-wave phase shifts and the effective range
parameters in the S-wave as well as the resonance parameters in the D-wave for the physical
values of Mπ and αEM and θ = 0. In figure 1, we show the S-wave phase shift δ0 (left panel)
and the D-wave phase shift δ2 (right panel) at NLO and NNLO in comparison to the data [2].
Note that we do not show the LO result here, as the electromagnetic interaction is not yet
included and therefore the predicted curve is far off the data (as discussed in more detail in
ref. [15]). We find a marked improvement, both for the S-wave and the D-wave, as compared
to the pioneering work in ref. [15], which is due to the improvements in the APM discussed
in the earlier sections. We note that these are parameter-free predictions. Furthermore, the
uncertainties are mostly stemming from the large Euclidean time extrapolation and these
decrease when going from NLO to NNLO, as expected in a well-behaved expansion. Up to
ELab ' 3.5MeV, our description of the S-wave phase shift is as good as the one obtained
using halo EFT in ref. [46]. We note that the uncertainties have somewhat increased as
compared to ref. [15] because, as discussed in the previous section, we use a much larger
subspace of the two-cluster state space, which reduces the number of configurations used
for the matrix entries, resulting in a larger statistical uncertainty. This could eventually be
overcome by utilizing much more HPC resources.
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S-wave D-wave
a0 [103 fm] r0 [fm] P0 [fm3] ER [MeV] ΓR [MeV]

NLO −1.80(93) 1.045(15) −2.297(156) 3.05(4) 2.68(23)
NNLO −1.55(63) 1.061(14) −2.277(158) 2.93(5) 2.00(16)
empirical −1.65(17) 1.084(11) −1.76(22) 2.92(18) 1.35(50)

Table 1. S-wave: the ERE parameters a0, r0 and P0 at NLO and NNLO. D-wave: the resonance
parameters ER and ΓR at NLO and NNLO. The empirical values from ref. [47] are also given.

Next, we discuss the S-wave ERE parameters a0, r0 and P0 (see appendix C for
definitions), collected in table 1. The fit range to determine these is from ELab = 1.0 to
7.7MeV. We see that these parameters are consistent with the empirical determinations,
but they are also afflicted with sizeable uncertainties. Note that there is sensitivity to the
fit range as well as to the position of the 0+ resonance, the 8Be ground state, as discussed in
ref. [46]. In our calculation, 8Be is very weakly bound. This appears to be in contradiction
to the scattering lengths given in table 1, but these values are very sensitive to the fitting
range employed to extract them, see also ref. [46].

The D-wave phase shift shows a clear resonance-behaviour. Due to the large width of
the resonance, the extraction of the resonance parameters (energy and width) is affected
with some model-dependence. As in our earlier work, we fix the resonance energy ER by
the maximum of dδ/dE and its width ΓR from the value of 2(dδ/dE)−1 at ER, see e.g.
ref. [48]. The resonance parameters at NLO and NNLO are also given in table 1. We find
that the resonance parameters at NNLO are much closer to the empirical ones as compared
to our earlier work.

8.2 The Multiverse

8.2.1 Variations of the bound state energies

Before considering the effect of the variations of the fundamental parameters on the α-α
scattering phase shifts, we discuss briefly the variation of the various bound state energies
relevant to the 3α process. This provides some additional information to ref. [11] that
was not explicitly displayed there. Consider first pion mass variations, keeping αEM and
θ at their physical values. In the left panel of figure 2, we display the variation of the
energies of 4He, 4Be, 12C and the Hoyle state 12C? as a function of the varying pion mass
for positive changes in Mπ. These energies are denoted as E4, E8, E12 and E?12, in order,
see the explicit expressions in appendix D. For negative energy changes in Mπ these curves
only differ in the sign, that is the contribution is repulsive rather than attractive as for
positive shifts in the pion mass. These different energies are obviously correlated, as shown
more clearly in the right panel of figure 2, where the various K-factors for the pertinent
eight and twelve particle systems are displayed as a function of the corresponding 4He
K-factor, Kπ

E4
, for independent variations of Ās and Āt over the range {−1, . . . ,+1} are

shown. Of course, the actual range of these parameters as given in eq. (3.18) is smaller, but
these parameters might change when better results from lattice QCD will become available.
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Figure 2. Left panel: variation of the ground state energy of the nuclei 4He, 4Be, 12C and the
Hoyle state 12C?, respectively, under variation of the pion mass (in percent). Right panel: sensitivity
of the ground state energy of the nuclei 8Be, 12C and the Hoyle state 12C?, respectively, to changes
in Mπ as a function of Kπ

E4
under independent variations of Ās and Āt over the range {−1, . . . ,+1}.

 0

 50

 100

 150

 200

 250

 300

 350

 0  0.01  0.02  0.03  0.04  0.05

δ
E

A
(K

e
V

)

δαEM ⁄ αEM

δE4

δE8

δE12

δE
*
12

 0

 50

 100

 150

 200

 250

 300

 350

 0  0.01  0.02  0.03  0.04  0.05

Figure 3. Variation of the ground state energy of the nuclei 4He, 4Be, 12C and the Hoyle state
12C?, respectively, under variation of the fine-structure constant (in percent).

Note that such correlations related to the production of carbon have indeed been speculated
upon earlier [49, 50].

Next, we consider variations of the fine-structure constant for physical pion masses and
vanishing θ angle. The variations of the energies E4, E8, E12 and E?12 with varying αEM
are displayed in figure 3 (for positive shifts in αEM). Naively, one would expect the slopes
of the different nuclei to scale as Z2, that is in the ratio 1 : 4 : 9 for 4He, 8Be and 12C, in
order. The observed difference from this scaling is coming from the proton-proton derivative-
less contact interaction. In fact, removing the contribution from this term, one finds for
δαEM/αEM = 5% the following energy shifts: δE4 = 30.65(10) keV, δE8 = 117.5(10) keV
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and δE12 = 283.5(10) keV, perfectly consistent with the Z2 scaling. We note here that the
results for negative shifts in αEM are of opposite sign, that is pertinent energy shifts δEA
are negative.

8.2.2 Pion mass variations of alpha-alpha scattering

We now consider pion mass variations keeping αEM ' 1/137 and θ ' 0 fixed. In figure 4,
we display the NLO results with variations of the pion mass up to ±3% (inner red bands),
together with the 1σ uncertainty of the 3% variation (outer orange bands) as well as the
variations up to 5% (inner dark green bands) and the 1σ uncertainty of the 5% variation
(outer light green bands). As before, the left panel gives the S-wave δ0 and the right
panel the D-wave δ2 phase shift. The pertinent 1σ uncertainties include all statistical and
systematic errors properly propagated at this order. Consider now in more detail the S-wave.
For positive pion mass shifts, there is very little effect on δ0, however, this is different for
negative pion mass shifts. At around δMπ/Mπ ' −5%, the additional repulsion unbinds
the two-alpha system as seen by the phase shift starting at zero.

In the D-wave, the effects of the pion mass variation are somewhat more pronounced,
as seen in the right panel of figure 4. Here, the upper (lower) part of the band refers to
positive (negative) shifts in the pion mass. The pion mass variation is also reflected in the
parameters of the D-wave resonance, which for a pion mass variation of ±5% are given by

ER = 2.57(6) MeV , ΓR = 1.22(21) MeV δMπ/Mπ = +5% ,

ER = 3.60(13) MeV , ΓR = 3.56(89) MeV δMπ/Mπ = −5% . (8.1)

We now turn to the results at NNLO, showing the pertinent results for the S-wave in the
left panel of figure 5 and for the D-wave in the right panel of that figure. Consider first the S-
wave, where we display results for pion mass variations in the range −7% ≤ δMπ/Mπ ≤ 10%.
The critical value for δMπ/Mπ, where the two-alpha system becomes unbound, is moved to
−7%, where as positive changes of up to 10% do not lead to significant changes in the phase
shift δ0. For the D-wave, we again find a larger sensitivity (see right panel of figure 5). This
is again reflected in the resonance parameters,

ER = 2.52(15) MeV , ΓR = 0.92(33) MeV δMπ/Mπ = +5% ,

ER = 3.22(5) MeV , ΓR = 2.69(26) MeV δMπ/Mπ = −5% . (8.2)

We note that both at NLO and NNLO, the variations of ER and ΓR are almost linear in
the pion mass shift.

As noted, in our calculation at NNLO, the 8Be nucleus is slightly bound, which generates
some of the behaviour of the phase shifts close to zero energy. To overcome this, we also
consider the pion mass dependence of the S-wave effective range function K0(ELab) as well
as the one of the D-wave effective range function K2(ELab), as defined in appendix C.

Let us start with the S-wave. In figure 6, we show the pion mass variation of the S-wave
effective range function with respect to the results for our Universe at NLO (left panel)
and NNLO (right panel). There appears to be little effect on K0(ELab) at NLO, with a
somewhat increased repulsion for negative pion mass shifts. More precisely, there is some
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Figure 4. Pion mass dependence of the α-α phase shifts at NLO. Left panel: S-wave phase shift
δ0 versus the energy in the laboratory system, Elab. Right panel: D-wave phase shift δ0 versus the
energy in the laboratory system, Elab. The black crosses refer to the experimental data, the blue
circles are the NLO results in the limit Lt →∞ at δMπ = 0. The red band corresponds the S-wave
phase shifts with a variation in Mπ within |δMπ/Mπ| ≤ 3%, and the golden band refers to the errors
for |δMπ/Mπ| = 3%. The dark green band corresponds to a variation in Mπ within |δMπ/Mπ| ≤ 5%,
and the light green band refers to the errors for |δMπ/Mπ| = 5%. In the case of variation in Mπ

by −5% in the S-wave, due to difficulty in performing Euclidean time extrapolation at low-energies
we estimate the error band from the spread in phase shifts versus the number of time steps.
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Figure 5. Pion mass dependence of the α-α phase shifts at NNLO. Left panel: S-wave phase shift
δ0 versus the energy in the laboratory system, Elab. Right panel: D-wave phase shift δ0 versus the
energy in the laboratory system, Elab. The black crosses refer to the experimental data, the red
squares are the NNLO results in the limit Lt →∞ at δMπ = 0. The dark gold band corresponds
to the S-wave phase shifts with a variation in Mπ within |δMπ/Mπ| ≤ 5%, and the light golden
band refers to the errors for |δMπ/Mπ| = 5%. The dark blue band corresponds to a variation in Mπ

within −7% ≤ δMπ/Mπ ≤ 10%, and the light blue band refers to the corresponding errors. In the
case of variation in Mπ by −7% in the S-wave, due to the difficulty in performing a Euclidean time
extrapolation at low energies, we estimate the error band from the spread in phase shifts versus the
number of time steps.
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added repulsion for negative mass shifts. This trend is also found at NNLO, with some
increase in strength. We can quantify this by calculating the shift in the first parameter of
the ERE, namely the inverse S-wave scattering length at NLO

1
a0

=



− 0.0017(12) for δMπ/Mπ = −5% ,

− 0.0025(3) for δMπ/Mπ = −3% ,

− 0.0019(1) for δMπ/Mπ = 0 ,
− 0.0016(1) for δMπ/Mπ = +3% ,

− 0.0019(1) for δMπ/Mπ = +5% ,

(8.3)

and at NNLO

1
a0

=



+ 0.0011(6) for δMπ/Mπ = −10% ,

− 0.0016(1) for δMπ/Mπ = −5% ,

− 0.0014(1) for δMπ/Mπ = 0 ,
− 0.0013(1) for δMπ/Mπ = +5% ,

− 0.0021(1) for δMπ/Mπ = +10% ,

(8.4)

all in units of MeV. We note that the shifts at NNLO are a bit larger than the ones at NLO,
which can be traced back to the fact that there is more short-range repulsion in the NNLO
interaction and thus it is less sensitive to the pion mass dependent corrections. Clearly, the
NNLO calculation should be considered more reliable.

Consider now the D-wave. In figure 7, we show the pion mass variation of the D-wave
effective range function with respect to the results for our Universe at NLO (left panel) and
NNLO (right panel). The effect on K2(ELab) is quite pronounced, it is smallest where the
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phase shift passes through the resonance. We can quantify this by calculating the shifts
in the inverse D-wave scattering length, at NLO first parameter of the ERE, namely the
inverse D-wave scattering length at NLO

1
a2

=



9.30(2) for δMπ/Mπ = −5% ,

6.19(5) for δMπ/Mπ = −3% ,

5.27(5) for δMπ/Mπ = 0 ,
3.79(6) for δMπ/Mπ = +3% ,

2.42(12) for δMπ/Mπ = +5% ,

(8.5)

and at NNLO

1
a2

=



5.49(6) for δMπ/Mπ = −5% ,

4.95(8) for δMπ/Mπ = −3% ,

4.35(10) for δMπ/Mπ = 0 ,
3.02(4) for δMπ/Mπ = +3% ,

1.54(4) for δMπ/Mπ = +5% ,

(8.6)

all in units of 10−5 MeV3. Again, we find somewhat reduced changes at NNLO compared
to NLO.

8.2.3 Alpha-alpha scattering with varying αEM

Here, we consider the influence of variations in the fine-structure constant on the α-α phase
shifts. Despite the various sources contributing to this type of modifications as discussed in
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Figure 8. Dependence of the α-α phase shifts on the fine-structure constant at NNLO. Left panel:
S-wave phase shift δ0 versus the energy in the laboratory system, Elab. Right panel: D-wave phase
shift δ0 versus the energy in the laboratory system, Elab. The black crosses refer to the experimental
data, the red squares are the results for δαEM = 0, the dark blue band corresponds to variations
in αEM/αEM ≤ 7%(5%), for the S-(D-)wave and the light blue band represents the corresponding
1σ error.

section 4, we find that the phase shifts are little affected by variations in αEM, as shown in
figure 8 for the NNLO results. Here, variations of αEM up to ±7% are displayed, where
the upper (lower) part of the band refers to positive (negative) shifts in the fine-structure
constant. We see that the variation in αEM has essentially no effect on the phase shifts.
This can be explained as follows: by far the largest EM effect is the long-range Coulomb
interaction between the two clusters. Now we are measuring the phase shifts with respect to
the Coulomb-modified effective range expansion (see appendix C), and thus this dominant
effect is already taken care of. In contrast to the bound state energies (see section 8.2.1),
the effect of the variation of the remaining, shorter-ranged EM corrections appears to be
insignificant.

8.2.4 Remarks on the θ-dependence of alpha-alpha scattering

In section 5, we had shown that up to NLO, we can get the θ-dependence of the α-α
scattering phase shifts directly from the θ-dependence of the pion mass. Therefore, we can
directly translate the pion mass dependence of δ0,2 into a θ-dependence. The depicted bands
of the S-wave phase shifts for δMπ/Mπ = −3% and −5% in figure 4 correspond to a variation
of θ = 0.7 and 0.9, respectively. At such values of θ, the di-proton and the di-neutron are
bound and element generation would proceed differently, for details see ref. [22].

We also note that a simultaneous variation of the light quark masses and θ can lead to
a mutual (partial) compensation of effects, or to a mutual amplification. The latter case
appears when 0 < |θ| < π and at the same time δm̂/m̂ < 0 as both result in a decrease of
the pion mass. If one the other hand has 0 < δm̂/m̂ ≤ 10% one can always find a value for
θ such that Mπ(m̂, θ) = Mπ,phys and nuclear physics would not be altered drastically (at
least up to the order we are considering here).
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9 Summary and outlook

In this work, we have considered the fundamental process of α-α scattering based on ab
initio calculations in the framework of Nuclear Lattice Effective Field Theory, both for
the physical values of the light quark mass, the fine-structure constant, and the QCD
θ-angle, as well as for variations in these parameters. The main findings of this work can
be summarized as follows:

• Due to improvements in the Adiabatic Projection Method compared to the pioneering
study of α-α scattering in ref. [15], we obtain a very good description of the S- and
D-wave phase shifts up to energies Elab ' 10MeV at NNLO in the chiral expansion.

• For the study of the variations under changes of the pion mass with |δMπ/Mπ| ≤ 10%,
we rely on the pion mass dependent nuclear Hamiltonian worked out in ref. [11]. To
this order, the 8Be nucleus is slightly bound. In the S-wave phase shift, we find a
dramatic effect (unbinding of the two-alpha system) for changes of −5% and −7% at
NLO and NNLO, respectively. We have also considered the pion mass variation of
the S-wave effective range function, which is less sensitive to the binding issue and
shows an added repulsion for negative pion mass shifts. This additional repulsion will
certainly impact the position and the lifetime of 8Be. The pion mass variation on the
D-wave is somewhat more pronounced, as seen by the effect on the corresponding
resonance parameters and also by the D-wave effective range function.

• The dominant electromagnetic effect on the α-α scattering phase shifts is the long-
ranged Coulomb potential that is included exactly by using a spherical wall with
Coulomb boundary conditions. Taking this effect into account via the Coulomb-
modified ERE, we find very small effects of variations of αEM on the S- and D-wave
phase shifts.

• We have shown that up-to-and-including NLO in the chiral expansion, the dependence
of the α-α scattering phase shifts on the QCD θ-angle is entirely given by the θ-
dependence of the pion mass.

In summary, we find that α-α scattering (not unexpectedly) sets weaker constraints on the
variation of the light quark masses and the fine-structure constant than that given by the
closeness of the 3α threshold to the Hoyle state. However, as discussed in detail e.g. in
refs. [8, 11], this requires stellar modelling which introduces some model-dependence. In
contrast to that, the investigation of α-α scattering discussed here is truly ab initio and not
affected by such effects. Still, to further improve these calculations, a better determination
of the pion mass dependence of the singlet and triplet NN scattering lengths from lattice
QCD is mandatory.
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A Details on the NN scattering parameters at varying pion mass

Here, we give some details on how we extract the values of Ās,t from lattice data combined
with EFT methods, closely following ref. [11]. In the earlier work [10] a combination of
EFT and some modelling based on resonance saturation was used to pin down the pion
mass dependence of the singlet and triplet inverse scattering lengths, which unavoidably
induced some uncertainty that is difficult to control. However, ref. [51] proposed to use
low-energy theorems to reconstruct the energy dependence of the NN scattering amplitude in
a large kinematical domain from a single observable (such as the binding energy, scattering
length, effective range) at a given fixed value of the pion mass [51]. Based on this, the
lattice QCD data for the deuteron, the dineutron binding energy and the ERE parameters
from refs. [52–56] are used to extract the quantities Ās and Āt, as these appear to be
mutually consistent. To perform interpolation between these five lattice-QCD points and
the experimental values of the inverse scattering lengths, a simple quadratic ansatz is used:

a−1
s,t (Mπ) = (aph

s,t)−1 + a(Mπ −Mph
π ) + b(Mπ −Mph

π )2 . (A.1)

The coefficients a, b are then determined from a least square fit to the available values of
a−1
s,t at heavier-than-physical pion masses. This leads to the values Ās = 0.54 and Āt = 0.33.

A cubic extrapolation yields Ās = 0.78 and Āt = 0.49, and we take the difference as an
estimation of the uncertainty in Ās,t. In that way, we arrive at the values given in eq. (3.18).
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Figure 9. NLO (left panel) and NNLO (right panel) results for the S-wave phase shift δ0 versus Lt
for the lab energies Elab = 1.0MeV, 2.0MeV, 3.0MeV, 4.5MeV, 6.5MeV, 8.5MeV and 10.0MeV,
respectively. The theoretical errors indicate the 1σ uncertainty due to the MC errors. The dotted
lines are fits to the data and used to extrapolate to the Lt →∞ limit. The hatched areas represent
the 1σ error of the extrapolation.
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Figure 10. NLO (left panel) and NNLO (right panel) results for the D-wave phase shift δ2 versus
Lt for the lab energies Elab = 1.0MeV, 2.0MeV, 3.0MeV, 4.5MeV, 6.5MeV, 8.5MeV and 10.0MeV,
respectively. The theoretical errors indicate the 1σ uncertainty due to the MC errors. The dotted
lines are fits to the data and used to extrapolate to the Lt →∞ limit. The hatched areas represent
the 1σ error of the extrapolation.

B Euclidean time extrapolation

We perform the AFQMC simulations and construct the radial adiabatic transfer matrices
for the S-wave and D-wave channels from Lt = 4 to Lt = 10. Based on that, we compute
the pertinent phase shifts with errors calculated using a jackknife analysis of the MC data.
In figures 9 and 10 we show the NLO and NNLO results for the S- and D-wave phase shifts,
respectively.

The dashed lines in these figures are the exponential curves used in the extrapolation to
the limit Lt →∞. This is achieved by including some residual dependence from an excited
state at an energy ∆E above the ground state, utilizing the ansatz:

δ`(Lt, E) = δ`(E) + c`(E) exp[−∆E` Lt at] , ` = 0, 2 , (B.1)
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where the c`(E) and ∆E` are fit parameters. As the gap between the α-α threshold and
these excited states is rather large, one finds a fast convergence as exhibited in these figures.
There, the hatched areas represent the 1σ deviation errors of the extrapolations, including
the propagated MC errors of the data points.

C The Coulomb modified ERE

Here, we collect the formulas for the Coulomb-modified ERE that was used above at NLO
and NNLO. The Coulomb modified ERE takes the form [57–60]

K`(p) = C2
η,`p

2`+1 cot[δ`(p)] + γh`(p) = − 1
a`

+ 1
2r`p

2 − 1
4P`p

4 +O(p6) , (C.1)

for a partial wave with angular momentum ` and p is the relative momentum of the two
scattering clusters. K`(p) is also called the effective-range function for angular momentum
`. The factor C2

η,` is defined as

C2
η,` = 22`

[(2`+ 1)!]2C
2
η,0
∏̀
s=1

(s2 + η2) , (C.2)

where C2
η,0 is the conventional Sommerfeld factor,

C2
η,0 = 2πη

e2πη − 1 , (C.3)

with η = γ/(2p). Here, γ is the Coulomb parameter given by

γ = 2µαEM Z1Z2 , (C.4)

where µ is the reduced mass of the two-alpha system and Z1 = Z2 = 2 are the charges of
the two α-particles. Finally, the factor h`(p) in (C.1) is given by

h`(p) = p2`C
2
η,`

C2
η,0

(Re[ψ(iη)]− log |η|) , (C.5)

where ψ(z) = Γ′(z)/Γ(z), in which the prime denotes differentiation.

D Bound state energies for varying pion masses

Here, we collect the derivatives of the various ground state energies and the energy of the
Hoyle state with respect to the pion mass as a function of the parameters Ās and Āt, using
the updated values for x1 and x2 collected in section 3 (for details, see ref. [10]),

∂E4
∂Mπ

∣∣∣∣
Mph
π

= −0.339(5) Ās − 0.698(4) Āt + 0.042(10) , (D.1)

∂E8
∂Mπ

∣∣∣∣
Mph
π

= −0.796(31) Ās − 1.584(22) Āt + 0.098(25) , (D.2)

∂E12
∂Mπ

∣∣∣∣
Mph
π

= −1.519(27) Ās − 2.884(19) Āt + 0.174(46) , (D.3)

∂E?12
∂Mπ

∣∣∣∣
Mph
π

= −1.589(12) Ās − 3.025(9) Āt + 0.194(47) , (D.4)

where the error in the parenthesis is the combined statistical one from the AFQMC
calculation and the systematic one due the uncertainties in x1 and x2.
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1 Introduction

A CP-violating topological term, i.e., the θ-term, is allowed in the Quantum Chromody-

namics (QCD) Lagrangian. It can be written as

Lθ = θ0
αs
8π
Gµν,cG̃cµν , (1.1)

where αs is the QCD coupling constant, Gµν,c is the gluon field strength tensor, with c

a color index, and G̃cµν = εµνρσG
ρσ,c/2 its dual. Because none of the quarks is massless,

physical observables only depend on a combination of the θ0 parameter and the phases

present in the quark mass matrix Mq, i.e., θ = θ0 + arg detMq. Being a dimensionless

parameter, the natural value of θ is expected to be O(1), which would significantly affect

physical systems such as atomic nuclei, and lead to measurable effects, as nucleons, for

instance, would possess a nonvanishing electric dipole moment [1]. However, the so-far

negative results of experimental searches for the nucleon electric dipole moment lead to a

tiny upper limit: |θ| . 10−10 [2–7]. To understand why the value of θ is so small is the so-

called strong CP problem. One elegant possible solution of this problem is the Peccei-Quinn

(PQ) mechanism [8, 9], which introduces a global U(1) symmetry, called PQ symmetry.

This symmetry is spontaneously broken at energies much higher than the typical QCD scale

of order O(1 GeV) and is also broken by an anomalous coupling to gluon fields. The axion

appears as the corresponding Goldstone boson [10, 11] which has an anomalous coupling

to GG̃. The parameter θ is then dynamically driven to zero at the minimum of the axion

potential, giving rise to a possible solution to the strong CP problem.

In the past few decades, there have been tremendous efforts searching for the axion, de-

noted by a, as well as constraining to its mass ma and decay constant fa, see, e.g., [12–24].
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Some important quantities in axion physics, such as the axion mass and self-coupling, are

dictated by the axion potential. The visible axion models [10, 11] with the axion decay

constant at the electroweak scale or even smaller are believed to have been ruled out by ex-

periments. For the invisible axion [25–28], its mass window is usually assumed in the range

from about 10−6 eV to 10−2 eV. According to constraints from astrophysical observations,

the present bounds on the axion decay constant is 109 GeV . fa . 1012 GeV [29, 30] (we

refer to refs. [24, 31–34] for several recent reviews).1 Within the above available parameter

space, the axion may be the main source of cold dark matter in the universe [36–41]. In

addition, it may form a Bose-Einstein condensate [42] or even compact boson stars [43–49].

The axion can couple to the Standard Model (SM) particles like electrons, nucleons, pho-

tons and so on. However, all these couplings are suppressed by the axion decay constant

fa, which is remarkably large, resulting in the invisible axion which has very weak cou-

plings to the SM particles [36]. Since the axion-photon coupling vertex, see eq. (4.1) below,

allows for the production of an axion from the interaction of a photon with a background

magnetic field, the axion-photon coupling gaγγ plays a central role in axion searches in

both laboratory experiments and stellar objects [24]. In this case it is very useful to study

the axion properties, especially the axion-photon coupling, at a high precision from the

theoretical point of view.

At low energies in QCD, all hadronic degrees of freedom are frozen and thus can

be neglected except for the pseudo-Goldstone bosons of the spontaneous chiral symmetry

breaking. Chiral perturbation theory (CHPT) [50–52], as the low-energy effective theory

of QCD, can be used to describe the vacuum properties as well as the dynamics of QCD in

the non-perturbative regime reliably. In this paper, we will calculate the θ-vacuum energy

density, or equivalently the QCD axion potential, up-to-and-including next-to-leading order

(NLO) in SU(N) CHPT. Setting N = 3, the mass and self-couplings of the axion can then

be extracted from a Taylor expansion of the axion potential. In addition, we also compute

the NLO corrections to the axion-photon coupling.

Before continuing, we would like to stress that a similar study was performed in ref. [53],

where the QCD axion potential derived in two-flavor CHPT up to NLO (the QCD θ-

vacuum energy density up to NLO was first derived in ref. [54]) is used, and a matching

between two-flavor and three-flavor CHPT is performed to determine the axion-photon

coupling. Here, the calculations are explicitly done in SU(N) CHPT for the θ-vacuum

energy density and with N = 3 for the other quantities. In SU(3) CHPT, the topological

susceptibility as well as the fourth cumulant of the topological distribution up to NLO have

been calculated before using the Goldstone boson masses at θ = 0 [55–57]. Very recently,

the topological susceptibility and axion mass are calculated up to next-to-next-to-leading

order and including electromagnetic corrections up to O (αem) in SU(2) CHPT [58]. The

axion-nucleon coupling is also calculated up to the leading one-loop order in ref. [59]. Here,

we derive the one-loop contribution to the SU(N) θ-vacuum energy density by a direct

calculation of the logarithm of the functional determinant for the Goldstone bosons in a

1It was recently argued that there is still a possibility for a viable QCD axion model with a mass in the

MeV range [35].
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θ-vacuum, extending the two-flavor treatment in ref. [54] to the case of N non-degenerate

flavors.2 This study is useful when the up and down quark masses take values close to the

strange quark one. This could happen in lattice QCD calculations where the quark masses

are parameters that can be chosen freely.

The outline of the paper is as follows. In section 2, we generalize the calculation of the

θ-vacuum energy density in the framework of SU(2) CHPT [54] to the SU(N) case with

N non-degenerate quark masses. In section 3, we derive the axion properties, including

the mass and self-coupling, in detail for N = 3. In section 4, the model-independent part

of the axion-photon coupling is determined from the chiral Lagrangian supplemented with

the odd-intrinsic-parity sector of the chiral effective Lagrangian. Section 5 contains a brief

summary and discussion. The appendix provides a relatively detailed derivation of the

recursion relation giving rise to the general solution of the vacuum angles φf .

2 θ-vacuum energy density up to NLO

The QCD axion potential as a function of a/fa has the same form as the QCD θ-vacuum en-

ergy density as a function of θ. In this section, we compute the θ-vacuum energy density in

SU(N) CHPT with N non-degenerate quark masses, which is an extension of ref. [54], where

the θ-vacuum energy is computed up to NLO in the SU(2) and SU(N)-symmetric cases.

2.1 Leading order

The discovery of instantons not only solved the U(1)A problem, but also implied that there

is a θ-term in the QCD Lagrangian. In order to study the physics with a θ parameter, it

is common to rotate away the θ-term by performing a chiral rotation on the quark fields.

At low energies, we can then match the resulting Lagrangian to the chiral Lagrangian

since now the relevant degrees of freedom are the pseudo-Goldstone bosons [51, 52]. The

Lagrangian density of the SU(N) CHPT at leading order (LO) in a θ-vacuum is

L(2) =
F 2

0

4

[
〈DµUD

µU †〉+ 〈χθU † + Uχ†θ〉
]
, (2.1)

where χθ = 2B0Mq exp[iXaθ] contains the θ angle and the diagonal and real quark mass

matrix is Mq = diag{m1,m2, . . . ,mN}, and 〈. . .〉 denotes the trace in the flavor space.

The matrix Xa takes the following general form:

Xa = diag{X1,X2, . . . ,XN}, 〈Xa〉 = 1, (2.2)

which arises from a U(1)A chiral rotation on the quark fields eliminating the θ-term in the

QCD Lagrangian. In this case, the θ-dependence is completely captured by the quark mass

term. The U(1)A chiral rotation can be distributed to different quark flavors, leading to

different choices of Xa. F0 is the pion decay constant in the three-flavor chiral limit, and

B0 = −〈q̄q〉/F 2
0 is related to the scalar quark condensate. U(x) is the field configuration

for the vacuum and the Goldstone bosons of the spontaneous breaking of chiral symmetry.

2For an investigation of the axion interactions with mesons and photons using a 3-flavor chiral Lagrangian

including the U(1)A anomaly, see ref. [60].
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It can be written as U(x) = U0Ũ(x), where Ũ(x) collects the Goldstone bosons, and U0

describes the vacuum, parameterized as

U0 = diag{eiϕ1 , eiϕ2 , . . . , eiϕN } (2.3)

subject to the constraint
∑N

i=1 ϕi = 0 [55, 61]. For the SU(3) case, Ũ = eiΦ/F0 , with Φ

given by

Φ =

 π3 + 1√
3
η8

√
2π+

√
2K+

√
2π− −π3 + 1√

3
η8

√
2K0

√
2K−

√
2K̄0 − 2√

3
η8

 . (2.4)

Note that the neutral flavor eigenstates in the octet of the pseudoscalar mesons as shown

above, i.e. π3 and η8, are not mass eigenstates. Diagonalizing the mass matrix of the meson

fields, one gets the physical mass eigenstates π0 and η, which are mixtures of π3 and η8.

By expanding the LO Lagrangian in terms of the meson fields to quadratic order, the LO

θ-dependent meson masses including isospin breaking effects are obtained as

M̊2
π± = B0(m1 cosφ1 +m2 cosφ2),

M̊2
K± = B0(m1 cosφ1 +m3 cosφ3),

M̊2
K0 = M̊2

K̄0 = B0(m2 cosφ2 +m3 cosφ3),

M̊2
π0 = B0(m1 cosφ1 +m2 cosφ2)− ξ,

M̊2
η =

1

3
B0 (m1 cosφ1 +m2 cosφ2 + 4m3 cosφ3) + ξ , (2.5)

where for convenience we have defined (m1,m2,m3) ≡ (mu,md,ms) and

φf ≡ Xfθ − ϕf . (2.6)

The parameter ξ is given by

ξ =
4

3
B0

(
m3 cosφ3 −

1

2
(m1 cosφ1 +m2 cosφ2)

)
sin2 εθ

cos(2εθ)
= O

(
ε2θ
)
, (2.7)

with εθ the π0-η mixing angle in the θ-vacuum, which arises due to strong isospin breaking.

Diagonalization of the mass matrix requires

tan 2εθ =

√
3(m2 cosφ2 −m1 cosφ1)

2m3 cosφ3 −m1 cosφ1 −m2 cosφ2
. (2.8)

Obviously, the above θ-dependent Goldstone boson masses reduce to the standard SU(3)

relations [52] by taking the limit θ = 0 and setting φf = 0. The dependence of φf on the

θ angle needs to be determined by minimizing the vacuum energy to be discussed below.

To determine the ground state, i.e. the vacuum, we set Ũ = 1. Performing the trace

in eq. (2.1), one obtains the LO potential energy density

e(2)
vac = −F 2

0B0

∑
f

mf cosφf . (2.9)
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Moreover, minimizing eq. (2.9) with respect to the parameters φf with the constraint∑
f φf = θ gives the following equations3{

m1 sinφ1 = m2 sinφ2 = m3 sinφ3,∑
f φf = θ,

(2.10)

for SU(3), and similar equations for SU(N), i.e., mf sinφf is the same for all flavors. The

above equations depend only on the linear combination φf given in eq. (2.6), instead of on

Xf and ϕf separately. This implies that φf is physical while Xf and ϕf are not. One can

use this freedom to choose the “gauge” most convenient for the question of interest. One

possible choice is to choose Xa = 1/N , which is commonly used in the literature (see, e.g.,

refs. [54, 55, 61–63]). Noticing that the only constraint on Xa is 〈Xa〉 = 1, one may also

choose the U(1)A rotations to be

Xf =
φf
θ
, and ϕf = 0 (2.11)

to simultaneously shift the θ angle to the quark mass matrix phase and align the vacuum

properly. This is a convenient choice for the aγγ coupling (with θ changed to the dynamical

axion field a/fa) to be discussed in section 4 since this removes the leading order a-π0 and

a-η mixing.

The equations (2.10) do not admit an analytical solution in terms of elementary func-

tions in a compact form.4 In the isospin symmetric case, the up and down quark masses

are degenerate m1 = m2 ≡ m but m 6= m3, we have φ1 = φ2 ≡ φ, and then eq. (2.10)

becomes [64]

m sinφ = m3 sin(θ − 2φ), (2.12)

which allows for analytic solutions, though complicated ones.

If one focuses on the cumulants of the QCD topological distribution, which are deriva-

tives of the vacuum energy density, evac(θ), with respect to θ,

c2n =
d2nevac(θ)

dθ2n

∣∣∣∣
θ=0

, n ∈ N, (2.13)

one may solve eqs. (2.10) by expanding in powers of θ. Specifically, c2 corresponds to the

topological susceptibility. Up to O
(
θ3
)
, one gets [55]

φf =
m̄

mf
θ +

[(
m̄

mf

)3

− m̄4

mfm̄[3]

]
θ3

6
+O(θ5), (2.14)

where we have introduced

1

m̄
=
∑
i

1

mi
,

1

m̄[3]
=
∑
i

1

m3
i

(2.15)

3For the vacuum alignment in SU(2) CHPT up to NLO, we refer to the appendix of ref. [62], which also

shows that it is sufficient to consider the LO vacuum alignment for the computation of the cumulants up

to O
(
p4
)
.

4In the SU(2) case, there is an analytic solution [61], which then allows to derive a closed form of the

vacuum energy density up to NLO in the chiral expansion [54].
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with i running over all the flavor indices considered in the theory. The solutions in eq. (2.14)

are not restricted to the three-flavor case but also valid for N > 3. Consequently, the

θ-dependence of the vacuum energy density at LO can be obtained by substituting the

solution in eq. (2.14) into eq. (2.9), which gives [55]

e(2)
vac(θ) = F 2

0B0

(
1

2
m̄θ2 − m̄4

24m̄[3]
θ4

)
+O(θ6). (2.16)

In appendix A, we work out a recursion relation for φf up to an arbitrary power of θ,

φf =
∞∑
n=0

Cf,2n+1θ
2n+1, (2.17)

with Cf,1 = m̄/mf and

Cf,2n+1 =
n∑
t=1

∑
(k1,...,kt)

sKt

(
Kt

k1, . . . , kt

)[
m̄

mf

N∑
i=1

t∏
j=1

C
kj
i,2j−1 −

t∏
j=1

C
kj
f,2j−1

]
, (2.18)

where kj are non-negative integers, Kt ≡
∑t

j=1 kj ,
∑

(k1,...,kt)
means that the sum runs over

all possibilities of kj satisfying k1 + · · · + (2t − 1)kt = 2n + 1, sKt = (−1)(Kt−1)/2/(Kt!),

and
(

Kt
k1,...,kt

)
= Kt!/(k1! · · · kt!) are the multinomial coefficients.

In the next subsection, we will compute the one-loop contribution of the Goldstone

bosons to the energy density.

2.2 Next-to-leading order

To study the θ-vacuum energy up to the NLO, O(p4), one has to include both the tree-

level diagrams from L(4) and the one-loop diagrams with innsertions from L(2). The SU(N)

chiral Lagrangian at NLO is given by

L(4) = L6〈χθU †+Uχ†θ〉
2+L7〈χθU †−Uχ

†
θ〉

2+L8〈χ†θUχ
†
θU+U †χθU

†χθ〉+H2〈χ†θχθ〉, (2.19)

where we only display the terms relevant for the vacuum energy. The Li and H2 are the

so-called low-energy constants (LECs) and the high-energy constant (HEC), respectively.

The latter is only required for renormalization and does not appear in observables. After

setting U = U0 and evaluating the traces, one gets the tree-level contribution to the NLO

vacuum energy density

e(4,tree)
vac = −16B2

0

[
L6

(∑
i

mi cosφi

)2

− L7

(∑
i

mi sinφi

)2

+
L8

2

∑
i

m2
i cos(2φi) +

H2

4

∑
i

m2
i

]
.

(2.20)

The LECs and HEC contain both ultraviolet (UV) finite and divergent parts. They are

related to the renormalized ones, denoted by an upper index r, by [52, 65]

L6 = Lr6 +
N2 + 2

16N2
λ, L8 = Lr8 +

N2 − 4

16N
λ, L7 = Lr7, H2 = Hr

2 +
N2 − 4

8N
λ, (2.21)
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with

λ =
µd−4

16π2

{
1

d− 4
− 1

2

[
ln(4π) + Γ′(1) + 1

]}
(2.22)

the UV divergence at the space-time dimension d = 4, where µ is the scale of dimensional

regularization. The UV divergence in the NLO tree-level contribution exactly cancels the

one arising in the one-loop contribution, as will be seen below.

Now let us calculate the one-loop contribution to the θ-vacuum energy density. In the

classical CHPT papers [51, 52], the one-loop effective generating functional is expanded

around the free-field configuration at θ = 0. This treatment is then applied to derive the

topological susceptibility and the fourth cumulant in SU(N) CHPT in refs. [55, 56, 63].

The expression for the vacuum energy density at NLO in SU(2) with non-degenerate quark

masses, as well as that in SU(N) with degenerate quark masses, is derived in ref. [54],

where the generating functional is expanded around the free-field configuration in the θ-

vacuum. The result allows for an evaluation of any cumulant of the QCD topological charge

distribution, and is the QCD axion potential at NLO [53]. Here, we generalize the result

in ref. [54] to SU(N), with N non-degenerate quark masses. The effective action for the

free-field configuration in the θ-vacuum is

Z0(θ) =
i

2
ln detD0(θ) =

i

2
Tr lnD0(θ), (2.23)

where “Tr” denotes traces over both the flavor (in the adjoint representation) and the

coordinate spaces, and the differential operator D0(θ) takes the following form

D0,PY (θ) = δPY

[
∂µ∂µ + M̊2

P (θ)
]
, (2.24)

where P, Y = 1, . . . , N2 − 1 are the flavor indices of the Goldstone bosons, and M̊P (θ) are

θ-dependent meson masses at LO given in eq. (2.5). Within dimensional regularization,

one gets the one-loop contribution to the vacuum energy density as [54]

e(4,loop)
vac = −Z0(θ)

V

= − i
2

∑
P

∫
ddp

(2π)d
ln
[
−p2 + M̊2

P (θ)
]

=
∑
P

M̊4
P (θ)

{
λ

2
− 1

128π2

[
1− 2 ln

M̊2
P (θ)

µ2

]}
, (2.25)

where V is the space-time volume, the P runs over the Goldstone boson mass eigenstates

(for the SU(3) case, they are given in eq. (2.5)), and the term proportional to λ collects all

the UV divergences in the one-loop contribution.

Noticing that the matrix elements of the diagonalized mass-squared matrix of the

Goldstone bosons are given by

δPY M̊
2
P (θ) =

1

8

〈{
λP , λ

†
Y

}(
χ†θU0 + U †0χθ

)〉
≡ σPY , (2.26)
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we obtain ∑
P

M̊2
P (θ) =

∑
P

σPP =
2(N2 − 1)

N

∑
i

mi cosφi. (2.27)

Similarly, we have∑
P

M̊4
P (θ) =

∑
P,Y

σPY σY P

= 2B2
0

[
N2 + 2

N2

(∑
i

mi cosφi

)2

+
N2 − 4

N

∑
i

(mi cosφi)
2

]
. (2.28)

With eqs. (2.20), (2.21), (2.25) and (2.28), it is straightforward to check that the UV

divergence in the one-loop contribution exactly cancels that in the tree-level contribution.

Finally, we obtain the θ-vacuum energy density up to NLO as

evac = −F 2
0B0

∑
i

mi cosφi −
∑
P

M̊4
P (θ)

128π2

[
1− 2 ln

M̊2
P (θ)

µ2

]

− 16B2
0

[
Lr6

(∑
i

mi cosφi

)2

+N (NLr7 + Lr8)m2
1 cos2 φ1

]
, (2.29)

where we have used the SU(N) version of eq. (2.10) to replace all mi sinφi by m1 sinφ1,

and have neglected the θ-independent terms.

From the above θ-vacuum energy density, the lowest two cumulants of the topological

charge distribution up to NLO can then be easily extracted. It can be checked from

eq. (2.29) that we can reproduce the expression of topological susceptibility at NLO keeping

all orders in strong isospin breaking exactly given in ref. [66]. We are more interested

in the axion mass and its self-coupling, and thus we will extract them from the axion

potential based on the relation between the θ-vacuum energy and axion potential in the

following section. Numerical values of the topological susceptibility and the normalized

fourth cumulant will also be given for reference.

3 Axion mass and self-coupling

Both the axion mass and self-coupling are important quantities, since they directly affect

experimental searches for the axion. For example, one tries to detect the axion in microwave

cavities by stimulating their conversion to photons via the Primakoff effect within an ex-

ternal magnetic field [24]. The axion self-coupling plays an important role in the formation

of an axion Bose-Einstein condensation [42] as well as possible boson stars [43–45, 47, 67].

This motivates the study of these two quantities in this section to high precision. Before

we proceed to derive the axion mass and self-coupling up to NLO, let us discuss a little bit

about the axion solution to the strong CP problem, and start with the effective Lagrangian,

LGG̃ =

(
θ +

a

fa

)
g2
s

32π2
GcµνG̃

c,µν , (3.1)
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where in addition to the θ-term, a pseudoscalar axion field is introduced which couples to

gluons. As shown by Peccei and Quinn [8, 9], the periodicity of the vacuum expectation

value (VEV) 〈GG̃〉 in θ+a/fa forces the minimum of the axion VEV to be at θ+〈a〉/fa = 0,

and thus the θ-dependence is eliminated. Expanding the axion field around its VEV, one

sees that the θ-vacuum energy density derived in the previous section, with θ being replaced

by aphys/fa, gives the axion potential, where aphys = a− 〈a〉 is the physical axion field. In

the following we will denote aphys as a for simplicity, and then the axion potential is given

by V (a) = evac(a/fa).

Expanding V (a) in powers of the axion field around the vacuum, we obtain

V (a) =
1

2
m2
aa

2 +
∞∑
n=2

1

(2n)!
λ2na

2n . (3.2)

Comparing the above equation with the definition of cumulants of the QCD topological

distribution in eq. (2.13), one finds the following relations for the axion mass and axion

self couplings:

m2
a =

c2

f2
a

, λ2n =
c2n

f2n
a

, (3.3)

where c2n are the cumulants defined in eq. (2.13) with n ≥ 2. Thus, the axion mass and

four-axion self-coupling at LO are given by

m2
a,LO =

F 2
πM

2
π+m̄

2f2
am̂

, λ4,LO = −
F 2
πM

2
π+m̄

4

2f4
am̄

[3]m̂
, (3.4)

respectively, where m̂ = (mu +md)/2, and we have replaced B0 and F0 by M2
π+/(2m̂) and

Fπ, the physical pion mass squared and decay constant, respectively, which is legitimate at

LO. One sees that at LO, the difference between the SU(3) and SU(2) expressions resides

merely in the definitions of m̄ and m̄[3] in eq. (2.15).

In the same way we have calculated the axion mass and self-couplings at LO. Their

expressions at NLO, including the higher order corrections, can be extracted from eq. (2.29).

The former reads

m2
a =

F 2
πM

2
π+m̄

2f2
am̂

{
1+

16M2
π+

F 2
π

[
3m̄

m̂
(3Lr7+Lr8)−Lr8

]

+
m̄

ms

(
µπ0 +2µπ+−µη

)
+

(
2
m̄

md
−1

)
µK+ +

(
2
m̄

mu
−1

)
µK0 +O

(
δ2

m2
s

)}
, (3.5)

with µP =
M2
P

32π2F 2
π

ln
M2
P

µ2
and δ = md −mu, where we have used the NLO expressions for

the pion mass and decay constant [52]:

M2
π+ = B0(mu +md)

{
1 + µπ0 −

1

3
µη +

16B0

F 2
0

[m̂ (2Lr8 − Lr5) + (2m̂+ms) (2Lr6 − Lr4)]

}
,

Fπ = F0

{
1− µπ+ − µπ0 −

µK+

2
−
µK0

2
+

8B0

F 2
0

[m̂Lr5 + (2m̂+ms)L
r
4]

}
. (3.6)
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Similarly the self-coupling up to NLO can be easily obtained as

λ4 = −
F 2
πM

2
π+m̄

4

2f4
am̂m̄

[3]

{
1 +

16M2
π+

F 2
π

[
3m̄[3]

m̂m̄2
Lr6 + 36

m̄

m̂
Lr7 +

(
12
m̄

m̂
− 1
)
Lr8

]

+

[
3m̄[3]

m3
u

(
1− mu

md

)2(
1 +

mu

md

)
+

4m̄

ms
− 3

] (
µπ0 + 2µπ+

)
+

[
6m̄[3]

m3
s

(
1− ms

md

)2(
1 +

ms

md

)
+

8m̄

mu
− 7

]
µK0

+

[
6m̄[3]

m3
s

(
1− ms

mu

)2(
1 +

ms

mu

)
+

8m̄

md
− 7

]
µK+

+

[
3m̄[3]

m3
s

− 4m̄

ms
− m̄[3](ms + 3m̄)2

m2
sm̄

2(mu +md + 4ms)

]
µη +O

(
δ2

m2
s

)}

+
3m̄4

32π2f4
a

[
3M4

π+

m2
um

2
d

+
2M4

K+

m2
um

2
s

+
2M4

K0

m2
dm

2
s

+

(
2muM

2
K0 + 2mdM

2
K+ −msM

2
π+

)2
9m2

um
2
dm

2
s

]
. (3.7)

The numerical evaluation requires the values of the quark mass ratios and of the LECs,

which have been determined by the lattice QCD calculations and experimental data. A

review of the present knowledge of the LECs appearing in the chiral Lagrangian for the

meson sector can be found in ref. [68]. Using the input values listed in table 1, we find the

axion mass and the quartic axion self-coupling at NLO to be

ma = 5.89(10)µeV · 1012 GeV

fa
, (3.8)

λ4 = −
(

5.86(19) · 10−2 GeV

fa

)4

, (3.9)

respectively. Here we have used the charged pion mass in eq. (3.6) for eliminating the overall

B0(mu+md) factor in m2
a and λ4. Although the difference between the charged and neutral

pions from QCD is of O
(
δ2
)
, the charged pion receives an electromagnetic contribution at

LO. Such an effect to the quantities of interest here can be eliminated if using the neutral

pion mass instead, which amounts to replacing M2
π+ by M2

π0 in eqs. (3.5) and (3.7) and

adding the following terms inside the curly brackets of these two expressions [52]:(
M2
K+ −M2

K0

)2
QCD

3M2
π0

(
M2
η −M2

π0

) [1 +
8

3
∆GMO +

M2
K0

8π2F 2
π

(
1 + 6 ln

M2
K0

M2
η

)
+O (m̂,ms)

]
, (3.10)

with (
M2
K+ −M2

K0

)
QCD

= M2
K0 −M2

K+ −M2
π0 +M2

π+ ,

∆GMO =
2M2

K0 + 2M2
K+ − 2M2

π+ +M2
π0 − 3M2

η

M2
η −M2

π0

, (3.11)
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z r Mπ+ Mπ0 MK+ MK0 Mη

0.485(19) 27.42(12) 139.57 134.98 493.68(2) 497.61(1) 547.86(2)

Fπ Lr6 Lr7 Lr8 CW7 CW8

92.28(9) 0.0(4) −0.3(2) 0.5(2) ≈ 0 0.60± 0.20

Table 1. Numerical inputs used in this paper. The pion decay constant Fπ, and experimental

meson masses MP are in units of MeV, and are taken from ref. [33]. The renormalized LECs Lri are

in units of 10−3; they correspond to values at scale µ = 770 MeV and are taken from ref. [68]. The

NNLO anomalous LECs CW7 and CW8 are given in units of 10−3 GeV−2; for their determinations,

see the text. For the quark mass ratios defined as z = mu/md and r = ms/m̂, we take the FLAG

average of the Nf = 2 + 1 lattice results [70].

where the electromagnetic effects have been taken into account. As a result, the values in

eqs. (3.8) and (3.9) become

ma = 5.71(9)µeV · 1012 GeV

fa
, (3.12)

λ4 = −
(

5.77(18) · 10−2 GeV

fa

)4

, (3.13)

which are regarded as our results for these quantities and will be used in the following.

As we mentioned earlier, both the axion mass and its self-coupling are tightly re-

lated to the cumulants of the QCD topological charge distribution through the θ-vacuum

energy density, see eq. (3.3). Thus, from eq. (2.13) or (3.3) we can further extract the

numerical values of the topological susceptibility χt and the normalized fourth cumulant

b2 = c4/(12χt) [56] with the inclusion of isospin breaking effects at zero temperature, i.e.,

χ
1/4
t =

√
mafa = 75.6(6) MeV , (3.14)

b2 =
λ4f

2
a

12m2
a

= −0.028(3) . (3.15)

Since the masses of the octet of pseudoscalar mesons are well-known from experiments, the

uncertainties are in fact dominated by the renormalized LEC Lr7, while the subdominant

uncertainties are from the quark mass ratio z = mu/md and the LECs Lr6 and Lr8. In com-

parison, the values of these quantities obtained here remain almost the same as the one in

SU(2) case numerically, which are χ
1/4
t = 75.5(5) MeV and b2 = −0.029(2) [53]. And the

result for the topological susceptibility is in perfect agreement with recent Nf = 2 + 1 + 1

lattice QCD simulation at the physical point giving χ
1/4
t = 75.6(1.8)(0.9) MeV [69]. This

indicates that the explicit inclusion of the strange quark degree of freedom does not induce

large differences on the axion properties. There are at least two compelling reasons ac-

counting for this feature. First, the effects from the heavier quark flavors have been largely

included in the corresponding SU(2) LECs. Second, in ref. [53] the authors performed their

numerical calculations with a matching between two-flavor and three-flavor CHPT LECs.

Thus, the inclusion of the strange-quark degree of freedom does not change the results
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sizeably. Yet, the expressions given here should be useful for chiral extrapolation of lattice

results performed at unphysical quark masses, in particular when the up and down quark

masses are close to the strange quark one.

4 Axion-photon coupling

The axion-photon coupling is defined by the following Lagrangian (see, e.g., refs. [53,71,72]),

Laγγ =
1

4
gaγγaF

µνF̃µν , (4.1)

where F̃µν = 1
2εµνρσF

ρσ, with Fµν the electromagnetic field tensor with the sign convention

ε0123 = +1. Specifically, the axion-photon coupling is given by

gaγγ =
αem

2πfa

E
C

+ gQCD
aγγ ,

gQCD
aγγ = − αem

2πfa
6〈XaQ2〉+ gmix

aγγ = − αem

2πfa

(
2

3
+ 2Xu

)
+ gmix

aγγ , (4.2)

where E/C is the ratio of the electromagnetic and color anomaly coefficients, which is given

by
∑

n(QPQQ
2)/
∑

n(QPQT
2), with the sums running over all fermions with PQ charges

QPQ, and T a the QCD color generators satisfying 〈T aT b〉 = T 2δab/2. The value of E/C
depends on the specific axion models. The first term in gQCD

aγγ is the contribution from the

axial rotation of the quark fields, q → exp
(
i a

2fa
Xaγ5

)
q with 〈Xa〉 = 1 (here we use the

convention γ5 = iγ0γ1γ2γ3), which was introduced to eliminate the term a
fa
αs
8πG

c
µνG̃

c,µν

from the axion Lagrangian. The second term in gQCD
aγγ , gmix

aγγ , is the contribution from the

a-π0 and a-η mixings, with the π0 and η coupled to two photons.

As discussed below eq. (2.10), there is a freedom of choosing the diagonal matrix Xa
satisfying 〈Xa〉 = 1. If it is chosen as Xa = diag {m̄/mu, m̄/md, m̄/ms} = m̄M−1

q as in

refs. [29, 73], then U = Ũ = eiΦ/F0 , see eq. (2.11), and there is no a-π0 or a-η mixing term in

the LO chiral Lagrangian. One obtains the O
(
p4
)

contribution to the model-independent

aγγ coupling to be

gQCD,(4)
aγγ = − αem

2πfa

2 (mu + 3m̄)

3mu
. (4.3)

This result recovers the one derived in SU(2) CHPT [53] at O(p4) in the limit of ms →∞.

The same result can also be obtained by using other choices of Xa. In that case, one

needs to consider a-meson mixing. The Wess-Zumino-Witten (WZW) Lagrangian [74, 75]

with an external photon field can be used to get the mixing contribution. The Lagrangian

is given by [76–78]

Lem
WZW =− eNc

48π2
εµνρσAµ

〈
Q∂νUU

†∂ρUU
†∂σUU

†+QU †∂νUU
†∂ρUU

†∂σU
〉

+i
e2Nc

48π2
εµνρσ∂νAρAσ

〈
2Q2(U∂µU

†−U †∂µU)−QU †Q∂µU+QUQ∂µU
†
〉
, (4.4)

where e > 0 is the electric charge unit, Q and Nc denote the usual diagonal quark charge

matrix, Q = diag{2/3,−1/3,−1/3} for the three-flavor case, and the number of quark
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colors, respectively. Here the convention is such that U transforms under SU(3)L×SU(3)R
as U → gRUg

†
L with gL and gR elements in SU(3)L and SU(3)R, respectively. According

to Weinberg’s power counting scheme, the above WZW Lagrangian starts to contribute

from O(p4). The axion-meson mixing contribution can be obtained by substituting U in

the above Lagrangian by exp
(
−iYa afa

)
with Ya = Xa − m̄M−1

q . One finds

gmix
aγγ =

αem

2πfa

(
2Xu − 2

m̄

mu

)
. (4.5)

Using eq. (4.2), one again gets the expression given in eq. (4.3).

Our goal in this section is to compute the axion-photon coupling to O(p6). The chiral

Lagrangian with a minimal set of terms in the anomalous-parity strong sector at O(p6)

has been given in ref. [79], not only for SU(2) but also for SU(N) with N ≥ 3. Based

on the anomalous Lagrangians, several works have been done in the anomalous-parity

sector [80, 81]. In this work, only the terms proportional to CW7 and CW8 are relevant to

the axion-photon coupling, which read

L(6)
ano = iCW7 εµνρσ 〈χ−f+µνf+ρσ〉+ iCW8 εµνρσ 〈χ−〉 〈f+µνf+ρσ〉 , (4.6)

where CW7 and CW8 are two LECs. We have taken the same notation as in ref. [79].

In the following, we choose Xf = m̄/mf and U = Ũ for the computation of the aγγ

coupling. With this convention the diagrams relevant for the computation of the O(p6)

corrections to gaγγ are depicted in figure 1: (a) the axion-pion and axion-eta mass mixing

from the NLO tree-level Lagrangian; (b) the tree-level diagram from L(6)
ano; (c) one-loop

diagrams with one vertex taken from LWZW and the other one taken from the LO chiral

Lagrangian; the contributions from diagrams (d) and (e) exactly cancel with each other

with the upper photon line in diagram (d) being on shell. It is interesting to note that for

the anomalous processes such as π0, η and η′ decaying into two photons, the one-loop con-

tributions vanish when the up-down quark mass difference is neglected [82, 83]. Likewise,

in the SU(2) case the sum of all one loop corrections vanishes when both photons in the

final state are on-shell [53]. However, in the SU(3) case, diagram (c) does contribute to the

axion-photon coupling at O(p6) when taking isospin breaking effects into account. Note

that the pion-eta mixing needs to be considered in order to keep gaγγ scale-independent

and UV finite.

Putting together all the pieces, we obtain the axion-photon coupling keeping all orders

in strong isospin breaking up to O(p6) as

gaγγ =
αem

2πfa

{
E
C
− 2

3

mu + 3m̄

mu

− 1024π2

3m̂
m̄M2

π0

(
CW7 + 3CW8

)
+

2m̄M2
π0

3m̂

[
f+(cos, sin)√

3M2
η

+
f−(sin, cos)

M2
π0

]}
, (4.7)
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Figure 1. Feynman diagrams for the computation of the axion-photon coupling up to O
(
p6
)
. Here

the dashed lines denote Goldstone bosons and wavy lines photons. Only pseudoscalar mesons are

running in the loops.

where

f±(cos, sin) =
√

3
(
µπ0 − µη

)
cos(3ε)± 3

(
µK0 − µK+

)
sin ε−

√
3
(
µK0 + µK+ − 2µπ+

)
cos ε

−
8M2

π0

F 2
πm̂

(3Lr7 + Lr8)
[
2
√

3(m̂−ms) cos ε± 3δ sin ε
]
. (4.8)

The functions f±(sin, cos) are equivalent to f±(cos, sin) with the sine and the cosine in-

terchanged, i.e., f±(sin, cos) = f±(cos → sin, sin → cos), and ε is the LO pion-eta mixing

angle in the vacuum as can be obtained by setting θ = 0 in the expression of εθ in eq. (2.8).

For the parameters CW7 and CW8 , it was argued in ref. [80] that CW7 is largely suppressed

compared to CW8 as the latter receives a strong contribution from the η′ while the former

does not. The authors also suggested |CW7 | < 0.1|CW8 |. We use Γ(η → γγ) =
M3
η

64π |Tη|
2 with

the η → γγ amplitude given by [80]

Tη =
e2

√
3Fπ

[
Fπ

4π2Fη
(1 + xη)−

64

3
M3
πC

W
7 +

256

3
(r− 1)M2

π

(
1

6
CW7 + CW8

)
+O(m2

s)

]
(4.9)

to extract the value of CW8 from the measured value of the η → γγ width: (0.516 ±
0.020) keV [33]. Following ref. [80], we take Fη = (118.4 ± 8.0) MeV and assign a 30%

uncertainty for the O
(
m2
s

)
contribution compared to that of O (ms), we get CW8 = (0.60±

0.20)×10−3 GeV−2, as listed in table 1. We have set CW7 to 0 as its effect can be absorbed

into the uncertainty of CW8 .

With the input parameters presented in table 1, one gets

gaγγ =
αem

2πfa

(
E
C
− 2.05(3)

)
=

[
0.197(3)

E
C
− 0.404(12)

]
ma

GeV2 . (4.10)

The error for the axion-photon coupling is also dominated by the uncertainties of CW8 , r

and Lr7, which are of similar size. From eq. (4.10), we obtain gaγγ ' 1.2 × 10−16 . . . 1.2 ×
10−13 GeV−1 for the axion mass in the range 1 . . . 1000 µeV with E/C = 8/3. Especially for

ma = 6.7 µeV, this equation predicts gaγγ ' 8.1×10−16 GeV−1 for models with E/C = 8/3

like the Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) model [28], which is still in the allowed

region by the recent axion dark matter search, with ma around 6.7 µeV [84].

The Primakoff effect plays a key role in axion searches. For example, the working prin-

ciple for an axion helioscope [85, 86] is that axions produced in the core of the Sun are con-

verted back into photons in a strong magnetic field. Clearly, if the ratio E/C = 2, which is
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N ma

[
µeV·1012 GeV

fa

]
(−λ4)1/4 [10−2GeV/fa] gQCD

aγγ

[
αem
2πfa

]
χ

1/4
t [MeV] b2

2 [53] 5.70(7) 5.79(10) −1.92(4) 75.5(5) −0.029(2)

3 5.71(9) 5.77(18) −2.05(3) 75.6(6) −0.028(3)

Table 2. Summary of the main numerical results of the present work shown in the third line. For

comparison we also show the results in the second line obtained in the framework of the SU(2)

CHPT [53]. For the axion-photon coupling gaγγ , only the model-independent part, denoted by

gQCD
aγγ , is shown.

quite a possibility as shown by Kaplan in ref. [71], then the gaγγ would be highly suppressed.

The axion detection using the Primakoff effect, such as microwave cavity experiments, or

light shining through wall experiments (for a recent review, see ref. [87]) would thus be

extremely difficult. Here, we present the reference values of gaγγ for E/C = 2 and 8/3:

gaγγ =

{
−0.06(4)× 10−3/fa, E/C = 2,

+0.71(4)× 10−3/fa, E/C = 8/3.
(4.11)

With the expressions of the axion mass and the axion-photon coupling, it is straight-

forward to estimate the axion lifetime, namely,

τa→γγ =
64π

g2
aγγm

3
a

=
3.4× 1054 s[
E/C − 2.05(3)

]2(µeV

ma

)5
. (4.12)

As the axion lifetime is inversely proportional to m5
a, the axion is more stable when its

mass is smaller. The axion lifetime is estimated as τa→γγ & 1033 s if the lower limit

fa & 0.5× 109 GeV is employed. Such a cosmologically stable particle is a well-motivated

cold dark matter candidate [32, 88].

5 Summary

In this paper, we have calculated the QCD θ-vacuum energy and in turn the axion potential

up-to-and-including NLO corrections in SU(N) CHPT. Unlike the SU(2) case, no analytic

solutions exist for SU(N) with N ≥ 3. We work out for the first time a recursion relation for

φf , up to an arbitrary order in θ. Then, as an extension of ref. [54], by expanding the one-

loop effective generating functional around the free-field configuration in a θ-vacuum, we

have calculated the θ-vacuum energy density up NLO, including the one-loop contribution,

in SU(N) CHPT with N non-degenerate quark flavors. With the recursion relation for the

φf angles, one can compute any-order cumulants of the QCD topological charge distribution

as well as the axion mass and self-couplings.

Since the QCD axion potential as a function of a/fa takes the same form as the QCD

θ-vacuum energy as a function of θ, we have also calculated the axion mass and self-

coupling to NLO from the SU(3) θ-vacuum energy density taking into account the strong

isospin breaking effects. With the determination of the LECs from experimental data and
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lattice simulations, we have further evaluated the numerical values for axion mass and

self-coupling up to NLO, which are similar to those obtained in the SU(2) case in ref. [53].

We also computed the axion-photon coupling up to O(p6). Numerically, it is given

by gaγγ = αem
2πfa

[E/C − 2.05(3)], which implies that if E/C = 2, the axion-photon coupling

would be extremely small. In this case the axion searches using gaγγ , such as light shining

through a wall or microwave cavity experiments, would be very difficult. This might also

have an important impact on the axion electrodynamics as well as the possible existence

of boson stars, in which the axion-photon coupling plays a crucial role.
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A Full solution of the vacuum angles for the SU(N) case

Let us derive the expressions of the vacuum angles φf , and thus the LO vacuum energy, to

all orders of θ for SU(N) here. The starting equations are the SU(N) version of eqs. (2.10)
mf sinφf = constant,
N∑
f=1

φf = θ.
(A.1)

We use the following expansions,

sinφf =
∞∑
n=0

s2n+1φ
2n+1
f , with s2n+1 ≡

(−1)n

(2n+ 1)!
,

φf =

∞∑
m=0

Cf,2m+1θ
2m+1. (A.2)

Once we solve all the coefficients Cf,2m+1, we then get the general solution of φf . Let

mf sinφf =
∞∑
n=0

α2n+1θ
2n+1, (A.3)

then eqs. (A.1) are decomposed into equations for each odd order of θ.
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At O (θ), one has

mfCf,1 = α1, and

N∑
f=1

Cf,1 = 1. (A.4)

Thus, one gets

Cf,1 =
m̄

mf
(A.5)

with m̄ defined in eq. (2.15).

At O
(
θ3
)
, one has

Cf,3 + s3C
3
f,1 =

α3

mf
, and

N∑
f=1

Cf,3 = 0, (A.6)

the solution of which is

Cf,3 = s3

(
m̄

mf

N∑
i=1

C3
i,1 − C3

f,1

)
. (A.7)

Combining eqs. (A.5) and (A.7), one gets the known result in eq. (2.14).

At O
(
θ5
)
, one has

Cf,5 + 3s3C
2
f,1Cf,3 + s5C

5
f,1 =

α5

mf
, and

N∑
f=1

Cf,5 = 0, (A.8)

the solution of which is

Cf,5 = 3s3

(
m̄

mf

N∑
i=1

C2
i,1Ci,3 − C2

f,1Cf,3

)
+ s5

(
m̄

mf

N∑
i=1

C5
i,1 − C5

f,1

)
. (A.9)

Notice that for the expansion of sin φf in powers of θ in eq. (A.3), the terms at O
(
θ2n+1

)
are closely related to the partition of 2n + 1 into odd parts (e.g., the partitions of 5 into

odd parts include 5, 3 + 1 + 1 and 1 + 1 + 1 + 1 + 1, see the left side of eq. (A.8)) studied

in number theory.

One can go to higher orders and solve for Cf,2n+1 in the same way. Finally, one gets

the recursion relation for all the coefficients as

Cf,2n+1 =

n∑
t=1

∑
(k1,...,kt)

sKt

(
Kt

k1, . . . , kt

)[
m̄

mf

N∑
i=1

t∏
j=1

C
kj
i,2j−1 −

t∏
j=1

C
kj
f,2j−1

]
, (A.10)

where kj are nonnegative integers, Kt ≡
∑t

j=1 kj ,
∑

(k1,...,kt)
means that the sum runs over

all possibilities of kj satisfying k1 + · · ·+(2t−1)kt = 2n+1, and
(

Kt
k1,...,kt

)
= Kt!/(k1! · · · kt!)

are the multinomial coefficients.
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1 Introduction

More than forty years after the proposal to add another symmetry in QCD, viz. the Peccei-

Quinn (PQ) symmetry U(1)PQ [1, 2], the pseudo-Nambu-Goldstone boson resulting from

the spontaneous breakdown of this symmetry, the QCD axion, remains one of the most

favored candidates for a Beyond the Standard Model (BSM) particle. The reasons are

manifold: originally introduced as a resolution of the so-called strong-CP problem, i.e.

the question why the observable QCD vacuum angle θ̄ = θQCD + arg detMq (with Mq

the quark mass matrix) is such a small quantity (current measurements of the neutron

electric dipole moment imply |θ̄| . 10−11 [3–5]), its experimental detection would not only

unequivocally solve the strong-CP problem, but potentially also provide an answer (or

complement the answer) on the question of the nature of the cosmological dark matter,

another pressing issue in contemporary physics research. At the same time a model with

PQ symmetry breaking can lead to massive Majorana or Dirac neutrinos depending on the

choice of assigning PQ charges to the SM particles and Higgses [6–15]. Moreover, the fact

that axions and PQ symmetries arise quite naturally in superstring theory [16] increases

their popularity further.

If the QCD axion indeed exists, its couplings to Standard Model particles, i.e. matter

particles and gauge bosons, and hence to composite particles as nucleons, must be very

weak, because these are controlled by the very large axion decay constant fa. Currently only

lower and upper bounds on these couplings can be given. If these bounds are determined

from nuclear processes, the exactness of the determination of fa then strongly depends on

the accuracy of our knowledge on the effective axion-nucleon coupling strength.
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The leading order axion-nucleon coupling has been derived long ago in ref. [17] for

the Peccei-Quinn-Weinberg-Wilczek (PQWW) axion [1, 2, 18, 19] based on current alge-

bra techniques, and — building upon the same work — in refs. [20–23] in a more general

manner. Here, we strive for deriving the axion-nucleon interaction in heavy baryon chiral

perturbation theory (HBCHPT) for an arbitrary axion model coupling to hadrons as well

as, in particular, for the Kim-Shifman-Vainstein-Zakharov (KSVZ) axion [24, 25] and the

Dine-Fischler-Srednicki-Zhitnitskii (DFSZ) axion [26, 27]. To leading order, this has been

done in ref. [28], so we extend their analysis to sub-leading orders, because more precise

estimations of the axion-nucleon coupling allow for improved determinations of astrophys-

ical constraints on the axion mass, or, equivalently, the axion decay constant, e.g. from the

axion bremsstrahlung processes [29–36]. Of course, for improved calculations of such type

of processes one also has to analyze corrections to multi-nucleon axion couplings, which

goes beyond the scope of this work.

Our work is organized as follows: in section 2, we recapitulate the interaction La-

grangian between quarks and the axion. Then, in section 3, we derive the axion-nucleon

interaction to the third order, that is including all terms up to next-to-next-to-leading or-

der and pion loop contributions. We also give the numerical values of the axion coupling

to neutrons and protons. We end with a short summary in section 4.

2 Axion-quark interaction Lagrangian

Consider the QCD Lagrangian including the axion field a(x) at energies below the PQ

scale [1, 2] with q = (u, d, s, c, b, t)T,

LQCD = LQCD,0 − q̄Mqq +
a

fa

g2

16π2
Tr
[
GµνG̃

µν
]

+
∂µa

2fa
JPQ
µ , (2.1)

where LQCD,0 contains all terms that are not of interest in what follows, including the axion-

photon interaction term [28, 37, 38]. Furthermore, Mq = diag (mu,md,ms,mc,mb,mt) is

the quark mass matrix, fa is the axion decay constant, g the strong interaction coupling

constant, Gµν = Gaµνλ
a/2 is the conventional gluon field strength tensor with λa the Gell-

Mann matrices, and G̃µν = 1
2εµναβG

αβ its dual, where the trace hence acts in the color

space. The PQ current is given by

JPQ
µ = fa∂µa+ q̄γµγ5Xqq , (2.2)

from which the first term gives rise to the kinetic term of the axion, whereas the second

term describes the axion-quark interactions proportional to the model-dependent coupling

constants combined in the matrix Xq = diag(Xq) acting in the flavor space. These are

given by

XKSVZ
q = 0 ,

XDFSZ
u,c,t =

1

3

x−1

x+ x−1
=

1

3
sin2 β ,

XDFSZ
d,s,b =

1

3

x

x+ x−1
=

1

3
cos2 β =

1

3
−XDFSZ

u,c,t ,

(2.3)
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for the KSVZ axion and the DFSZ axion, respectively, and x = cotβ is the ratio of the

vacuum expectation values (VEVs) of the two Higgs doublets. We exclude the PQWW

axion from the analysis since it has been ruled out experimentally [17, 38].

Note that we do not integrate out the heavy quarks from the beginning. As, depending

on the model, the axion couplings to heavy quarks are quite a possibility, they might

contribute to the axion-nucleon interactions due to sea quark effects. Additionally, as

the couplings Xq are scale-dependent quantities [28], running effects enter the couplings

to nucleons, which can only be recovered if the axion interactions with heavy quarks are

taken along within the calculations, to wit in the form of isoscalar currents.

It is advisable to perform an axial rotation on the quark fields in order to remove the

term ∝ aTr
[
GµνG̃

µν
]

in eq. (2.1) by transforming

q → exp

(
iγ5

a

2fa
Qa
)
q (2.4)

with

Qa =
M−1q

TrM−1q
≈ 1

1 + z + w
diag (1, z, w, 0, 0, 0) , (2.5)

where z = mu/md and w = mu/ms. The particular form of Qa has been chosen in order to

avoid the leading order π0–a mass mixing [22]. This is equivalent to the vacuum alignment

for the θ-vacuum case.

With that transformation, the Lagrangian can be written as

L′QCD = L′QCD,0 − (q̄LMaqR + h.c.) +
∂µa

2fa
Jaµ , (2.6)

where now the non-derivative axion-quark interactions are entirely shifted into the phase

of the mass matrix,

Ma = exp

(
i
a

fa
Qa
)
Mq , (2.7)

whereas the derivative axion-quark interactions are present in the coupling to the axion

current

Jaµ = JPQ
µ − q̄γµγ5Qaq , (2.8)

which is now anomaly-free [17, 39]. The terms in Jaµ must be split into isoscalar and

isovector pieces in order to translate it later into an effective field theory (EFT) language.

Consider the two-dimensional subspace of eq. (2.8) with q = (u, d)T:

Ja,udµ = fa∂µa+ q̄γµγ5 (Xq −Qa) q
= fa∂µa+ cu−dq̄γµγ5τ3q + cu+dq̄γµγ5q , (2.9)

where τ3 is the conventional third Pauli matrix and we have introduced the abbreviations

cu−d =
1

2

(
Xu −Xd −

1− z
1 + z + w

)
,

cu+d =
1

2

(
Xu +Xd −

1 + z

1 + z + w

)
.

(2.10)
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Setting furthermore

cs = Xs −
w

1 + z + w
, cc,b,t = Xc,b,t (2.11)

and inserting eq. (2.9) into eq. (2.6), one finds the general axion-quark interaction La-

grangian

La–q =− q̄LMaqR + h.c.

+

(
q̄γµ

∂µa

2fa
(cu−dτ3 + cu+d1) γ5q

)
q=(u,d)T

+

(
cq q̄γ

µ∂µa

2fa
γ5q

)
q=(s,c,b,t)T

, (2.12)

which is now expressed in a suitable basis so that the isovector and isoscalar parts of the

axion-nucleon interaction can easily be extracted.

3 Axion-nucleon interaction in heavy baryon chiral perturbation theory

3.1 The Lagrangian

We construct the HBCHPT Lagrangian with the additional axion field and its interactions

by adapting the one developed in ref. [40] (including the notation) and adding additional

terms allowed from symmetries containing the isoscalar axial currents. Usually, the axial

currents entering the HBCHPT Lagrangian as external sources are taken to be traceless

in order to avoid subtleties arising from the U(1)A anomaly. However, here our model is

anomaly-free by construction and we now have to add the isoscalar axial currents appearing

separately in the Lagrangian in eq. (2.12) that are not traceless. This is done in complete

analogy to the traceless axial currents.

We introduce

u =
√
U = exp

(
i
πaτa
2Fπ

)
(3.1)

which contains the three pseudo-Nambu-Goldstone bosons of the spontaneously broken

chiral symmetry, with the index a = 1, 2, 3 and summation implied. Furthermore, Fπ is the

pion decay constant in the chiral limit, for which we will take the physical value 92.1 MeV

for the difference to the chiral limit value only amounts to effects of higher orders than

those considered here. The isovector axial current aµ enters the theory by means of the

chiral connection Γµ of the covariant derivative,

Dµ = ∂µ + Γµ = ∂µ +
1

2

[
u†∂µu+ u∂µu

† − iu†aµu+ iuaµu
†
]
, (3.2)

the so-called vielbein,

uµ = i
[
u†∂µu− u∂µu† − iu†aµu− iuaµu†

]
, (3.3)

and the field-strength tensor,

FL,R
µν = ∓∂µaν ± ∂νaµ − i [aµ, aν ] , (3.4)

where we have set vµ = 0 for the external vector field. Note that the field-strength

tensor vanishes in the present model because aµ ∝ ∂µa τ3 as can be read off from the

– 4 –

105



J
H
E
P
0
3
(
2
0
2
0
)
1
3
8

Lagrangian (2.12). Introducing thus the isoscalar axial current asµ,i ∝ ci∂µa1, we can

construct similar objects: a connection

Γ̃µ =
1

2

[
−iu†asµ,iu+ iuasµ,iu

†
]

= 0, (3.5)

which vanishes due to asµ,iu = uasµ,i, and a vielbein equivalent

ũµ,i = i
[
−iu†asµ,iu− iuasµ,iu†

]
= 2asµ,i . (3.6)

The corresponding field strength tensors, of course, vanish as in the case of the isovector

axial current. The index i = (u+ d, s, c, b, t) runs over all isoscalar quark combinations, cf.

eq. (2.12). Furthermore, we need as the last building block,

χ± = u†χu† ± uχ†u , (3.7)

where χ = 2B(s − ip) includes the external scalar and pseudoscalar fields s(x) and p(x),

and B is a constant related to quark condensate Σ = −〈ūu〉 via B = limmu,md→0(Σ/F
2).

Collecting the proton and neutron fields in the isodoublet N(x) = (p, n)T, the most general

HBCHPT Lagrangian up to order O
(
p3
)

in the low-energy expansion,

LπN = L(1)πN + L(2)πN + L(3)πN + . . . , (3.8)

reads

LπN = N̄

{
iv ·D + gAS · u+ gi0S · ũi −

igA
2m
{S ·D, v · u} − igi0

2m
{S ·D, v · ũi}

+
gA

8m2
[Dµ, [Dµ, S · u]] +

gi0
8m2

[Dµ, [Dµ, S · ũi]]

− gA
4m2

v ·
←
DS · u v ·D − gi0

4m2
v ·
←
DS · ũi v ·D

− gA
4m2

({S ·D, v · u} v ·D + h.c.)− gi0
4m2

({S ·D, v · ũi} v ·D + h.c.)

− gA
8m2

(
S · uD2 + h.c.

)
− gi0

8m2

(
S · ũiD2 + h.c.

)
(3.9)

− gA
4m2

(
S ·
←
Du ·D + h.c.

)
− gi0

4m2

(
S ·
←
D ũi ·D + h.c.

)
+ d16(λ)S · uTr [χ+] + di16(λ)S · ũi Tr [χ+] + d17S

µ Tr [uµχ+]

+ id18S
µ [Dµ, χ−] + id19S

µ [Dµ,Tr[χ−]]

+ d̃25(λ)v ·
←
DS · u v ·D + d̃i25(λ)v ·

←
DS · ũi v ·D

+ d̃29(λ) (Sµ [v ·D,uµ] v ·D + h.c.) + d̃i29(λ) (Sµ [v ·D, ũµ,i] v ·D + h.c.)

}
N ,
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where we only show terms that are relevant for the subsequent calculations, i.e. we consider

only terms that produce either anNN tree-level interactions with n = 1 up to next-to-

next-to-leading order (terms with n > 1 are suppressed by factors f−na ), or leading order

interactions involving pions that contribute to the leading one-loop order. For instance,

because Qa commutes with the quark mass matrix, the c5 term containing χ+ in the next-

to-leading order pion-nucleon Lagrangian, which contributes to the CP -odd πNN coupling

in the θ-vacuum, does not lead to a tree-level aNN vertex, and is only relevant to the aNN

coupling for O(p4) calculations. Note that there is no isoscalar counterpart to the d17 term

proportional to a low-energy constant (LEC) di17, since such a term would have the same

structure as the di16 term, because ũi ∝ 1, and thus not independent. The terms in the

first line are the leading order and next-to-leading order terms, while all the other terms

are the next-to-next-to-leading order terms.

In the Lagrangian (3.9), vµ is the nucleon four-velocity and N = Nv are velocity-

dependent nucleon fields with mass m. Strictly speaking, m is the nucleon mass in the

two-flavor chiral limit, often denoted as m̊N . We will suppress the index v in what follows.

The axial couplings gA and gi0 should also be taken in the chiral limit, but we will later

match them with the nucleon matrix elements ∆q, which refer to the physical values of the

quark masses, see below. Sµ is the covariant spin-operator,

Sµ =
i

2
γ5σµνv

ν , (3.10)

which has the following properties in d dimensions needed later, employing dimensional

regularization to deal with the appearing divergences:

S · v = 0 , S2 =
1− d

4
, {Sµ, Sν} =

1

2
(vµvν − gµν) . (3.11)

Besides the parameters already mentioned, a number of new LECs d
(i)
n and d̃

(i)
n appear,

of which some depend on the scale λ and are divergent in order to absorb the one-loop

ultraviolet divergences in dimensional regularization. Of these, only the LECs d16 and di16
have finite pieces,

d
(i)
16 (λ) = d

(i),r
16 (λ) +

β
(i)
16

F 2
π

L(λ) = d̄
(i)
16 +

β
(i)
16

F 2
π

(
L(λ) +

1

(4π)2
ln
Mπ

λ

)
, (3.12)

where d
(i),r
16 (λ) denote the renormalized, scale-dependent LECs, whereas d̄

(i)
16 denote the

scale-independent counterparts. The terms ∝ d̃
(i)
25,29 are only needed for the absorption of

divergences of the one-loop functional, so the corresponding LECs have no finite part,

d̃
(i)
25,29(λ) =

β
(i)
25,29

F 2
π

(
L(λ) +

1

(4π)2
ln
Mπ

λ

)
. (3.13)

In these equations, L(λ) contains the divergence at space-time dimension d = 4,

L(λ) =
λd−4

(4π)2

(
1

d− 4
− 1

2

[
ln(4π) + Γ′(1) + 1

])
, (3.14)
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and the β-functions are set to cancel the divergences of the one-loop functional, as discussed

below.

In order to derive the full axion-nucleon coupling at O(p3), the Lagrangian (3.9) has

to be expressed in terms of the axion field a and the matrix-valued field u has to be

expanded to the required order. For the O(p3) tree-level contribution, we hence can set

u = 1, whereas for the O(p3) pion-loop contributions, we have to expand u to O(π2). Both

calculations are done in the subsequent sections.

3.2 Tree-level contributions at O(p3)

All interaction terms of the Lagrangian (3.9) contribute. The expressions for the external

sources can be read off from the axion-quark interaction Lagrangian (2.12):

s =Ma ,

p = vµ = 0 , (3.15)

aµ = cu−d
∂µa

2fa
τ3 ,

asµ,i = ci
∂µa

2fa
1 .

Setting hence u = 1 and expanding the exponential in Ma, cf. eq. (2.7), up to O(a1),

we find

Dµ = ∂µ ,

uµ = cu−d
∂µa

fa
τ3 ,

ũµ,i = ci
∂µa

fa
τ3 , (3.16)

χ+ = 4BMq ,

χ− =
4iM2

π

fa

mumd

(mu +md)2
a ,

where we have inserted the leading order pion mass M2
π = B(mu + md). Introducing the

abbreviation

ga = gAcu−dτ3 + gi0ci1, (3.17)

the single axion-nucleon interaction Lagrangian reads

Lint.aN =
1

fa
N̄

{
gaS · (∂a)− iga

2m
{S · ∂, v · (∂a)}

+
ga

4m2

(
←
∂ µ S · (∂a) ∂µ − v ·

←
∂ S · (∂a) v · ∂

− ({S · ∂, v · (∂a)} v · ∂ + h.c.)−
(
S ·
←
∂ (∂a) · ∂ + h.c.

))
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+4M2
π

([
d16(λ)τ3 + d17

mu −md

mu +md

]
cu−d + di16(λ)ci

− [d18 + 2d19]
mumd

(mu +md)2

)
S · (∂a)

+
(
d̃25(λ)cu−dτ3 + d̃i25(λ)ci

)
v ·
←
∂ S · (∂a) v · ∂

+
(
d̃29(λ)cu−dτ3 + d̃i29(λ)ci

)
(Sµ [v · ∂, (∂a)] v · ∂ + h.c.)

}
N . (3.18)

From that, we can derive the corresponding tree-level NNa-vertex Feynman rule,

=− 1

fa

(
ga

[
1 +

1

2m

(
ω − ω′

)
− 1

4m2

(
ω2 + ω′

(
ω − ω′

)
− p2

)]

+ 4M2
π

[(
d16(λ)τ3 + d17

mu −md

mu +md

)
cu−d + di16(λ)ci − (d18 + 2d19)

mumd

(mu +md)2

]

+
[
d̃25(λ)cu−dτ3 + d̃i25(λ)ci

]
ωω′ +

[
d̃29(λ)cu−dτ3 + d̃i29(λ)ci

] (
ω − ω′

)2)
S · q

+
ga
mfa

[
(ω − ω′)− 1

2m
(ω2 − ω′2) +

1

4m
(p2 − p′2)

]
S · p , (3.19)

where q is the momentum of the outgoing axion, p the momentum of the incoming nucleon,

and p′ = p − q the momentum of the outgoing nucleon. Furthermore, we have set ω(′) =

v · p(′). Note that this expression (3.19) contains divergences due to the terms ∝ d
(i)
16 (λ)

and ∝ d̃(i)25,29(λ).

3.3 Pion-loop contributions

According to the usual power counting scheme, see, e.g., ref. [41], one-loop diagrams start

contributing at O(p3). The relevant diagrams are shown in figure 1. Note that axion loop

contributions are negligibly small due to the 1/fa suppressions. We thus have to determine

the NNπ-, NNπa-, and NNππa-vertex Feynman rules from the leading order terms of

the Lagrangian (3.9). Expanding hence

u = exp

(
i
πaτa
2Fπ

)
= 1 + i

πaτa
2Fπ

− πaτaπ
bτb

8F 2
π

+O(π3) , (3.20)

we find

Dµ = ∂µ + i
cu−d

2faFπ
∂µa ε3abπ

aτ b ,

uµ = −∂µπ
a

Fπ
τa + cu−d

∂µa

fa
τ3 + cu−d

∂µa π
aπb

2faF 2
π

(τaδ3b − τ3δab) , (3.21)

ũµ,i = ci
∂µa

fa
τ3 ,
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and thus

Lint.Nπ = N̄

{
− 1

Fπ
S · (∂πa)τa +

1

fa
(gAcu−dτ3 + gi0ci)S · (∂a)− cu−d

2faFπ
v · (∂a)ε3abπ

aτ b

+
gAcu−d
2faF 2

π

S · (∂a)πaπb (τaδ3b − τ3δab)

}
N . (3.22)

This yields the following Feynman rules with k the outgoing pion momentum, and q the

outgoing axion momentum:

pion propagator:
iδab

k2 −M2
π + iη

,

nucleon propagator:
i

v · p+ iη
,

NNπ-vertex:
gA
Fπ
S · k τa ,

NNa-vertex: − 1

fa
(gAcu−dτ3 + gi0ci)S · q ,

NNπa-vertex:
cu−d

2faFπ
v · q ε3abτb ,

NNππa-vertex: − gAcu−d
2faF 2

π

S · q (τaδ3b − τ3δab) .

In what follows, we will make use of the loop functions given in the appendix of ref. [41]:

∆π = −1

i

∫
ddk

(2π)d
1

k2 −M2
π + iη

= 2M2
π

(
L(λ) +

1

(4π)2
ln
Mπ

λ

)
+O(d− 4) ,

(3.23)

1

i

∫
ddk

(2π)d
{1, kµ, kµkν}

(k2 −M2
π + iη)(ω − v · k + iη)

= {J0(ω), vµJ1(ω), gµνJ2(ω) + vµvνJ3(ω)} ,

(3.24)

where L(λ) is given in eq. (3.14), and

J0(ω) = −4ωL+
2ω

(4π)2

(
1− 2 ln

Mπ

λ

)
− 1

4π2

√
M2
π − ω2 arccos

−ω
Mπ

+O(d− 4) , (3.25)

J1(ω) = wJ0(ω) + ∆π , (3.26)

J2(ω) =
1

d− 1

[
(M2

π − ω2)J0(ω)− ω∆π

]
, (3.27)

J3(ω) = wJ1(ω)− J2(ω) , (3.28)

where in particular the expression of J0(ω) is valid for ω < Mπ, which is the region we are

interested in.
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Figure 1. Pion loop contributions to N → N + a.

3.3.1 Diagram (a)

Using the Feynman rules given above, the first loop diagram is calculated as

(a) =
ĝag

2
A

faF 2
π

Sµ S · q Sν 1

i

∫
ddk

(2π)d
kµkν

(k2 −M2
π + iη)

1

(ω′ − v · k + iη)(ω − v · k + iη)
, (3.29)

where we have set (summation over i, j implied)

ĝa = τigaτjδij = −gAcu−dτ3 + 3gi0ci1 . (3.30)

Using the identity

1

(ω′ − v · k + iη)(ω − v · k + iη)
=

1

ω′ − ω

[
1

ω − v · k + iη
− 1

ω′ − v · k + iη

]
, (3.31)

the equation (3.29) can be written as

(a) =
ĝag

2
A

faF 2
π

Sµ S · q Sν 1

ω′ − ω

(
1

i

∫
ddk

(2π)d
kµkν

(k2 −M2
π + iη)(ω − v · k + iη)

− ω → ω′
)

=
ĝag

2
A

faF 2
π

Sµ S · q Sν 1

ω′ − ω
(
gµν

[
J2(ω)− J2(ω′)

]
+ vµvν

[
J3(ω)− J3(ω′)

])
. (3.32)

The terms ∝ J3(ω
(′)) vanish because of eq. (3.11). The final result is found using the

anticommutator (3.11) and inserting the loop function (3.27),

(a) =
ĝa
6fa

(
gA

4πFπ

)2
{
−M2

π +
1

ω − ω′

(
ω3 − ω′3

+ 2

[(
M2
π − ω2

) 3
2 arccos

−ω
Mπ
−
(
M2
π − ω′

2
) 3

2
arccos

−ω′

Mπ

])}
S · q

+
ĝag

2
A

6faF 2
π

(
3M2

π − 2
(
ω − ω′

)2 − 6ωω′
)(

L(λ) +
1

(4π)2
ln
Mπ

λ

)
S · q , (3.33)

where we have separated the finite, scale-independent terms (the first and second lines)

from the divergent or scale-dependent ones (the third line).
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3.3.2 Diagrams (b1) and (b2)

Diagrams (b1) and (b2) have the same structure:

(b1) ∝ Sµ
1

i

∫
ddk

(2π)d
kµ

(M2
π − k2 + iη)(ω − v · k + iη)

= S · v J1(ω) = 0 , (3.34)

where we once again made use of S · v = 0, see (3.11). For diagram (b2) one just needs to

replace ω → ω′.

3.3.3 Diagram (c)

The last diagram is divergent:

(c) = −gAcu−d
faF 2

π

S · q 1

i

∫
ddk

(2π)d
1

k2 −M2
π + iη

=
2gAcu−dM

2
π

faF 2
π

(
L(λ) +

1

(4π)2
ln
Mπ

λ

)
.

(3.35)

3.4 Axion-nucleon coupling at O(p3)

In order to remove the divergences appearing in the coupling (3.19) and diagrams (a) and

(c), we utilize the following set of β-functions:

β16 =
gA
8

(4− g2A) , β25 = g3A , β29 =
g3A
3
,

βi16 =
3

8
g2Ag

i
0 , βi25 = −3g2Ag

i
0 , βi29 = −g2Agi0 ,

(3.36)

where β16, β25, and β29 have been calculated already before within the theory without

axions [42]. The remaining β-functions βi16, β
i
25, and βi29 are new in the theory with axions

and have been worked out here for the first time. We thus have a finite NNa-vertex with

the Feynman rule:

= − 1

fa

(
ga

[
1+

1

2m

(
ω−ω′

)
− 1

4m2

(
ω2+ω′

(
ω−ω′

)
−p2

)]
− ĝa

6

(
gA

4πFπ

)2

×
[
M2
π−

1

ω−ω′

(
ω3−ω′3+2

[(
M2
π−ω2

) 3
2 arccos

−ω
Mπ
−
(
M2
π−ω′

2
) 3

2
arccos

−ω′

Mπ

])]

+4M2
π

[(
d̄16τ3+d17

mu−md

mu+md

)
cu−d+d̄

i
16ci−(d18+2d19)

mumd

(mu+md)2

])
S·q

+
ga
mfa

[
(ω−ω′)− 1

2m
(ω2−ω′2)+ 1

4m
(p2−p′2)

]
S·p , (3.37)

For the following estimation of the coupling strengths of the axion-proton and the axion-

neutron vertex, we assume the rest frame of the incoming nucleon, i.e. v = (1, 0, 0, 0)T, so
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that ω = p = 0 and ω′ = −v · q � m. In the rest frame, eq. (3.37) becomes

= − 1

fa

(
ga

[
1− ω′

2m
+

(
ω′

2m

)2
]

+
ĝa
6

(
gAMπ

4πFπ

)2
[
−1+

(
ω′

Mπ

)2

− 2

ω′M2
π

(
πM3

π

2
−
(
M2
π−ω′

2
) 3

2
arccos

−ω′

Mπ

)]

+4M2
π

[(
d̄16τ3+d17

mu−md

mu+md

)
cu−d+d̄

i
16ci−(d18+2d19)

mumd

(mu+md)2

])
S·q

= − 1

fa

(
gaf1(w

′)+
ĝa
6

(
gAMπ

4πFπ

)2

f2(w
′)+gN

2LO
a

)
S·q , (3.38)

where

f1(ω
′) = 1− ω′

2m
+

(
ω′

2m

)2

, (3.39)

f2(ω
′) = −1 +

(
ω′

Mπ

)2

− 2

ω′M2
π

(
πM3

π

2
−
(
M2
π − ω′

2
) 3

2
arccos

−ω′

Mπ

)
, (3.40)

gN
2LO

a = 4M2
π

[(
d̄16τ3 + d17

mu −md

mu +md

)
cu−d + d̄i16ci − (d18 + 2d19)

mumd

(mu +md)2

]
. (3.41)

Since we are working in the very-low-energy regime, the function f2(w
′) may be approxi-

mated for ω′ �Mπ. A series expansion around ω′ = 0 yields

f2(ω
′) = 1− 3π

2

ω′

Mπ
− 5

3

(
ω′

Mπ

)2

+O

((
ω′

Mπ

)3
)
, (3.42)

so that we find the axion-nucleon coupling at zero momentum transfer

GaNN = − 1

fa
gaNN = − 1

fa

(
ga + gloopa + gN

2LO
a

)
, (3.43)

with

gloopa =
ĝa
6

(
gAMπ

4πFπ

)2

. (3.44)

The respective axion-proton and axion-neutron vertices can be determined by inserting the

expressions for cu−d and the ci’s from eq. (2.10) and eq. (2.11) and by matching gA and

the gi0’s to the nucleon matrix elements, i.e.

gA = ∆u−∆d ,

gu+d0 = ∆u+ ∆d , (3.45)

gq0 = ∆q , for q = s, c, b, t ,
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where sµ∆q = 〈p|q̄γµγ5q|p〉, with sµ the spin of the proton. The proton and neutron matrix

elements are related by isospin symmetry, i.e. 〈p|ūγµγ5u|p〉 = 〈n|d̄γµγ5d|n〉, 〈p|d̄γµγ5d|p〉 =

〈n|ūγµγ5u|n〉, and 〈p|q̄γµγ5q|p〉 = 〈n|q̄γµγ5q|n〉 for q = s, c, b, t. In particular we find

gpa = −∆u+ z∆d+ w∆s

1 + z + w
+ ∆uXu + ∆dXd +

∑
q={s,c,b,t}

∆qXq , (3.46)

ĝpa = −(1 + 2z)∆u+ (2 + z)∆d+ 3w∆s

1 + z + w

+ (∆u+ 2∆d)Xu + (2∆u+ ∆d)Xd + 3
∑

q={s,c,b,t}

∆qXq , (3.47)

for the case of axion-proton interaction, and

gna = −z∆u+ ∆d+ w∆s

1 + z + w
+ ∆dXu + ∆uXd +

∑
q={s,c,b,t}

∆qXq , (3.48)

ĝna = −(2 + z)∆u+ (1 + 2z)∆d+ 3w∆s

1 + z + w

+ (2∆u+ ∆d)Xu + (∆u+ 2∆d)Xd + 3
∑

q={s,c,b,t}

∆qXq , (3.49)

for the case of axion-neutron coupling.

We extract the respective quantities from the recent FLAG review [43], which are here

given in the MS scheme at the scale µ = 2 GeV (we utilize the nucleon matrix elements

calculated on the lattice with Nf = 2 + 1 excluding isospin breaking effects). The LEC

d18 is taken from ref. [44] (fixed by the Goldberger-Treiman discrepancy), whereas d̄16 has

been adopted from ref. [45]:

∆u = 0.847(50), ∆d = −0.407(34), ∆s = −0.035(13),

mu = 2.27(9) MeV, md = 4.67(9) MeV, Mπ = 136.10(1.82) MeV,

z = 0.485(19), w = 0.025(1), m̊N = 0.8726(31) GeV,

d̄16 = 0.4(1.3) GeV−2, d18 = −0.44(24) GeV−2 ,

(3.50)

where the nucleon mass in the chiral limit m = m̊N has been estimated via the third order

relation (which is the accuracy to which we are working)

mN,phys = m̊N − 4c1M
2
π −

3g2AM
3
π

32πF 2
π

+O(M4
π) , (3.51)

with c1 = −1.07(2) GeV−1 at O(p3) from ref. [44]. Note that the pion mass is taken to

be the leading order pion mass Mπ =
√
B(mu +md). The d̄i16’s are of course hitherto

undetermined since they are new LECs in the theory with axions.

Inserting these values, one finds

gpa = −0.430(36) + 0.847(50)Xu − 0.407(34)Xd − 0.035(13)Xs , (3.52)

ĝpa = −0.433(36) + 0.033(84)Xu + 1.287(106)Xd − 0.105(39)Xs , (3.53)

gp,loopa = −0.002(1) + 0.0001(3)Xu + 0.005(2)Xd − 0.0004(2)Xs , (3.54)
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for the case of axion-proton interaction, and

gna = −0.002(30)− 0.407(34)Xu + 0.847(50)Xd − 0.035(13)Xs , (3.55)

ĝna = −0.861(30) + 1.287(106)Xu + 0.033(84)Xd − 0.105(39)Xs , (3.56)

gn,loopa = −0.003(1) + 0.005(2)Xu + 0.0001(3)Xd − 0.0004(2)Xs , (3.57)

for the interaction of axions with neutrons. Note that gpa and gna are nothing but the pure

leading order coupling strengths, which were reported already in ref. [28] (eq. (2.49) in

their paper). Here we have used the most recent values for the involved quantities and

neglected terms ∝ ∆c,∆b,∆t, because these contributions are well beyond the accuracy of

the present N2LO estimations of the coupling strengths.

The corrections to the leading order couplings (3.52) and (3.55) stemming from the

chiral expansion to N2LO is given by

gp,N
2LO

a = 0.002(7)

+
(
−0.036(1)d̄u+d16 − 0.001(0)d̄s16 + 0.004(0)d17 + 0.033(1)d19

)
GeV2

+
(

0.015(48) +
[
0.037(1)d̄u+d16 − 0.013(1)d17

]
GeV2

)
Xu

+
(
−0.015(48) +

[
0.037(1)d̄u+d16 + 0.013(1)d17

]
GeV2

)
Xd

+ 0.074(2) GeV2d̄s16Xs , (3.58)

gn,N
2LO

a = 0.012(7)

+
(
−0.036(1)d̄u+d16 − 0.001(0)d̄s16 + 0.004(0)d17 + 0.033(1)d19

)
GeV2

+
(
−0.015(48) +

[
0.037(1)d̄u+d16 − 0.013(1)d17

]
GeV2

)
Xu

+
(

0.015(48) +
[
0.037(1)d̄u+d16 + 0.013(1)d17

]
GeV2

)
Xd

+ 0.074(2) GeV2d̄s16Xs . (3.59)

Since the values of the remaining LECs appearing in this expression are unknown, we

estimate the strength of the contribution of gN
2LO

a by assuming that the undetermined

LECs are of O(GeV−2) following the conventional naturalness arguments, see e.g. [45, 46].

We expect the values of these LECs to be comparable to the ones known from d̄16 and

d18, so we make the ansatz |d̄i16| = 0.5(5) GeV−2 and likewise |d17,19| = 0.5(5) GeV−2, and

perform a Monte Carlo simulation assuming a normal distribution for each undetermined

LEC. This yields

gp,N
2LO

a = 0.002(35) + 0.015(56)Xu − 0.015(56)Xd + 0.000(52)Xs , (3.60)

gn,N
2LO

a = 0.012(35)− 0.015(56)Xu + 0.015(56)Xd + 0.000(52)Xs , (3.61)

so that our final result for the axion-nucleon coupling (3.43) reads

gapp = −0.430(50) + 0.862(75)Xu − 0.417(66)Xd − 0.035(54)Xs , (3.62)

gann = 0.007(46)− 0.417(66)Xu + 0.862(75)Xd − 0.035(54)Xs . (3.63)

Note that we are still working at the matching scale µ = 2 GeV (in contrast to [28]).
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Collecting all contributions, one gets for the KSVZ model with Xq = 0,

gKSVZ
app = −0.430(50) , (3.64)

gKSVZ
ann = 0.007(46) , (3.65)

while for the DFSZ axion,

gDFSZ
app = −0.581(58) + 0.438(38) sin2 β , (3.66)

gDFSZ
ann = 0.283(55)− 0.415(38) sin2 β . (3.67)

The coupling of axions to nucleons hence is always non-zero in both models, even though

gKSVZ
ann = 0 is possibile within the error range. In the DFSZ model, the strength of

the coupling to protons gapp can range from −0.581(58) at sin2 β = 0 to −0.143(69) at

sin2 β = 1. The coupling to neutrons may take on values from +0.283(55) at sin2 β = 0

to −0.132(67) at sin2 β = 1, which means that in the DSFZ model gann might still vanish

depending on the value of β.

4 Summary

In this work, we have calculated the axion-nucleon couplings at the next-to-next-to-leading

order in two-flavor non-relativistic baryon chiral perturbation theory. Including all phe-

nomenological knowledge from a variety of sources, we find the N2LO corrections of a few

percent only. These couplings are therefore pinned down to a high precision.

Although we have reached a higher accuracy in the framework of chiral perturbation

theory, the errors are still relatively large for two reasons. Firstly, there are still sizeable

uncertainties stemming from the LO nucleon matrix elements calculated on the lattice,

and secondly there are considerable uncertainties from the undetermined LECs. In fact, a

possible future detection of the axion could be used to determine these LECs by applying

the method of Bayesian inference. This is, however, not expected to be the case in the

near future, because one would need more precise determinations of all other involved

quantities such as the nucleon matrix elements ∆q or the quark masses (which might be

achieved in a few years in lattice QCD), and at the same time very precise measurements of

the axion-nucleon coupling would be necessary. The formula in eq. (3.37) is hence primarily

of relevance particularly for any future study on the axion-nucleon interaction, since the

numerical values for the respective couplings can always be brought up to date by using the

presented formulas and inserting the most recent estimations for the involved quantities.

In the future, it would be interesting to work out explicitly the chiral corrections to

the axion-photon interaction and the influence of the strange quark.
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1 Introduction

Soon after the discovery of the instanton solution of euclidean Yang-Mills gauge field the-
ories [1], it has been realized that the vacuum structure of theories such as quantum
chromodynamics (QCD) is highly non-trivial and that a so-called θ-term appears [2]

LQCD = LQCD,0 + θ

(
g

4π

)2
Tr
[
GµνG̃

µν
]
, (1.1)

which is CP non-invariant as long as no quark is massless and as long as the effective angle
θ̄ = θ + Arg detM is non-zero, where M refers to the quark mass matrix. In eq. (1.1),
LQCD,0 denotes the usual QCD Lagrangian without the θ-term, g is the QCD coupling
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constant, Gµν the gluon field strength tensor, G̃µν = εµναβGαβ/2 its dual, and Tr denotes
the trace in color space. As a consequence, the neutron acquires an electric dipole moment
∝ θ̄ [3]. Theoretical estimations of the θ̄-induced neutron electric dipole moment (nEDM)
roughly vary between |dn| ≈ 10−16θ̄ e cm and |dn| ≈ 10−15θ̄ e cm; see refs. [4–7]. The
extreme small upper limit for the physical value of the nEDM determined in experiments
(the most recent result is |dn| < 1.8× 10−26 e cm (90% C.L.) [8]) implies

θ̄ . 10−11 , (1.2)

which is a rather unnatural value for a quantity that in principle might take on values
between 0 and 2π (where θ = π is a special point [9]). Even though θ̄ of O(1) would alter
nuclear physics and big bang and stellar nucleosynthesis considerably [10], such anthropic
considerations do not constrain θ̄ to such a tiny value. One possible way to explain why
θ̄ ≈ 0 (in other words, to resolve the so-called “strong CP -problem”) is the Peccei-Quinn
mechanism [11, 12], which features a new global chiral symmetry, now usually labeled
U(1)PQ, and which automatically leads to θ̄ = 0. The physical relic of this mechanism
is not only a CP -conserving QCD Lagrangian, but also a new, very light pseudoscalar
pseudo-Nambu-Goldstone boson with zero bare mass called axion [13, 14], which soon after
its theoretical description also became a serious dark matter candidate [15–21], possibly
forming Bose-Einstein condensates [22]. Both, the fact that the Peccei-Quinn mechanism
provides an elegant solution to the strong CP -problem, and that it at the same time
might provide a solution to the missing matter problem of the universe, accounts for the
unwavering interest in the axion, even though it has not been detected yet and its existence
hence remains hypothetical.

The original (“visible”) Peccei-Quinn-Weinberg-Wilczek (PQWW) axion with a decay
constant at the electroweak scale and a mass in the keV/MeV region seems to be ruled out
experimentally [4, 23–25], although there are still attempts to make the experimental data
compatible with the original model [26, 27]. However, these models require a lot of addi-
tional assumptions including that these axions restrictively couple to the first generation
fermions (up and down quark, electron) and are accidentally pion-phobic. The clearly pre-
ferred models are the so-called “invisible” axion models such as the Kim-Shifman-Vainstein-
Zakharov (KSVZ) axion model [28, 29] (which sometimes is called “hadronic” as it does not
couple to leptons) or the Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) axion model [30, 31].
Phenomenologically, the physical properties of such an (almost) invisible axion such as
its mass and the couplings to standard model particles (quarks, leptons, gauge bosons)
are governed by its expectedly large decay constant, which is traditionally estimated as
being [4, 15, 16, 32]

109 GeV . fa . 1012 GeV , (1.3)

such that the axion mass [33, 34]

ma ≈ 5.7
(

1012 GeV
fa

)
× 10−6 eV (1.4)

– 2 –

125



J
H
E
P
0
8
(
2
0
2
1
)
0
2
4

presumably would be somewhere between a few µeV and 0.1 eV. The lifetime of the QCD
axion, which may decay into two photons, is incredibly large [33]

τa ≈
(1 eV
ma

)5
× 1024 s . (1.5)

Note that the traditional axion window, eq. (1.3), is set in order to match cold dark
matter requirements of the canonical invisible axion models that solve the strong CP -
problem. However, axions and axion-like particles have been considered also in the context
of several other models with decay constants considerably smaller or larger than the window
of eq. (1.3). For example, in the case of hadronic axions a decay constant as small as
fa ≈ 106 GeV has been proposed [35], while in string theories axions and axion-like particles
might appear at the GUT or even the Planck scale, i.e. 1015 GeV . fa . 1018 GeV [36].

As a consequence of its (model-dependent) coupling to standard model particles, the
axion of course also couples to composite particles such as mesons or baryons. One possible
method of estimating constraints on the axion decay constant (or equivalently its mass)
rests upon this coupling to baryons, in particular to nucleons, namely through nuclear
bremsstrahlung processes in stellar objects [37–51] (see also the overviews [4, 33, 52, 53]).
The leading order aN coupling has been derived several times since the early days [23,
35, 54–56]. More recently, this leading order coupling has been reexamined in ref. [57].
Moreover, such an analysis has been carried out up-to-and-including O(p3) in SU(2) heavy
baryon chiral perturbation theory (HBCHPT) in our previous work [58], where p denotes
a small parameter (see below in section 2.2).

In this paper, we extend these previous studies using SU(3) HBCHPT in two regards:
(i) we extend the calculations of the axion-nucleon couplings to the SU(3) case, up-to-and-
including O(p3), and (ii) we derive the couplings of the axion to the full ground state baryon
octet (section 4). At this point one might wonder whether this extension is indeed useful
given the fact that the most relevant coupling of the axion to baryons, i.e. the coupling
to nucleons, is already known to good precision in the literature cited above, certainly
precise enough for any phenomenological purpose. In this sense, the present study on
the one hand is of rather theoretical interest, unraveling the explicit NNLO structure
of the axion-nucleon coupling explicitly respecting the strange quark mass dependence.
On the other hand, however, extending the analysis to the SU(3) case, we show that
the traditional “invisible” axion also significantly couples to hyperons which has further
phenomenological implications, since it has been suggested that hyperons might exist in
the cores of neutron stars [59–86]. While it is a matter of ongoing research whether the
seemingly energetically inevitable existence of hyperons in dense cores are compatible with
the observed maximum masses of neutron stars (this question is related to the expected
softening of the equation of state and known in the literature as “hyperon puzzle”), it is
clear that approaches to constrain axion properties from cooling of neutron stars based
on axion-nucleon bremsstrahlung alone might turn out to be insufficient. Depending on
the underlying model and parameter sets, particularly the Λ and the Σ− might appear in
significant fractions of the total baryon number. As will be shown in this study, the axion
coupling to these particular hyperons is of a similar order as that to the nucleons (in fact,
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it could even be much larger than that to the neutron depending on the axion models),
suggesting a revision of axion parameter constraints from stellar cooling.

Before performing the calculations of the axion-baryon couplings, we start with the
explicit implementation of our framework and work out its ingredients and building blocks,
which are the main topics of the following section 2. This section ends with some remarks
of the general form of the axion-baryon coupling (section 2.3). The actual calculations of
the axion-baryon couplings up to the leading one-loop level are performed in section 3, and
the results are discussed in section 4.

2 SU(3) chiral perturbation theory with axions: general remarks

2.1 Ingredients from the axion-quark interaction Lagrangian

Consider the general QCD Lagrangian with axions below the electroweak symmetry break-
ing scale [32]

LQCD = LQCD,0 + a

fa

(
g

4π

)2
Tr
[
GµνG̃

µν
]

+ q̄γµγ5
∂µa

2fa
Xqq , (2.1)

where q = (u, d, s, c, b, t)T collects the quark fields and a refers to the axion field with decay
constant fa. The second term is a remnant of the θ-term of eq. (1.1) after the spontaneous
breakdown of the Peccei-Quinn symmetry. Depending on the underlying axion model,
axions might additionally couple directly to the quark fields, which is here present in the
form of the last term. Here, we assume the canonical scenario that the couplings are flavor
conserving at tree-level, i.e. Xq = diag {Xq} is a diagonal 6 × 6 matrix acting in flavor
space, where the Xq’s, q = {u, d, s, c, b, t}, are the coupling constants of the respective
axion-quark interactions. These are given, for instance, by

XKSVZ
q = 0 ,

XDFSZ
u,c,t = 1

3
x−1

x+ x−1 = 1
3 sin2 β ,

XDFSZ
d,s,b = 1

3
x

x+ x−1 = 1
3 cos2 β = 1

3 −X
DFSZ
u,c,t ,

(2.2)

for the KSVZ-type axions and DFSZ-type axions, respectively, where x = cotβ is the
ratio of the vacuum expectation values (VEVs) of the two Higgs doublets within the latter
models. Note that LQCD,0 in eq. (2.1) also contains a quark mass term q̄Mqq, withMq =
diag {mq} being the real, diagonal and γ5-free quark mass matrix.

As usual, it is advisable to perform a transformation on the quark fields,

q → exp
(
iγ5

a

2fa
Qa
)
q , (2.3)

in order to remove the second term of eq. (2.1). Choosing

Qa =
M−1

q〈
M−1

q

〉 ≈ 1
1 + z + w

diag (1, z, w, 0, 0, 0) , (2.4)
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which corresponds to vacuum alignment in the θ-vacuum case, we can avoid the leading
order mass mixing between the axion and the neutral pseudo-Nambu-Goldstone bosons of
the spontaneous breaking of SU(3) chiral symmetry, the π0 and the η, from the beginning.
Here, 〈. . .〉 denotes the trace in flavor space, z = mu/md and w = mu/ms. Now the
axion-quark interaction Lagrangian is given by

La–q = − (q̄LMaqR + h.c.) + q̄γµγ5
∂µa

2fa
(Xq −Qa) q , (2.5)

where qL and qR are the left- and right-handed projections of the quark fields, and

Ma = exp
(
i
a

fa
Qa
)
Mq . (2.6)

Considering only the three-dimensional subspace of flavor space, i.e. q = (u, d, s)T, and
introducing

c(1) = 1
3 (Xu +Xd +Xs − 1) ,

c(3) = 1
2

(
Xu −Xd −

1− z
1 + z + w

)
, (2.7)

c(8) = 1
2
√

3

(
Xu +Xd − 2Xs −

1 + z − 2w
1 + z + w

)
,

we can decompose the matrix Xq − Qa into traceless parts and parts with non-vanishing
trace, so that

La–q =− (q̄LMaqR + h.c.)

+
(
q̄γµγ5

∂µa

2fa

(
c(1)1 + c(3)λ3 + c(8)λ8

)
q

)
q=(u,d,s)T

+
∑

q={c,b,t}

(
q̄γµγ5

∂µa

2fa
Xqq

)
,

(2.8)

where λ3 and λ8 refer to the third and eighth Gell-Mann matrices, respectively. From
this form of the axion-quark interaction Lagrangian, we can directly read off the required
ingredients for the axionic SU(3) heavy baryon chiral Lagrangian, i.e. the external currents

s =Ma ,

aµ = ∂µa

2fa

(
c(3)λ3 + c(8)λ8

)
,

a
(s)
µ,i = ci

∂µa

2fa
1 , i = 1, . . . , 4 .

(2.9)

Here we have set

c1 = c(1) , c2 = Xc , c3 = Xb , c4 = Xt . (2.10)
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Note that in contrast to usual chiral perturbation theory, it is also necessary to add isos-
inglet axial-vector currents a(s)

µ,i in order to preserve the full QCD axion interaction. This
is possible here, as the subtleties that usually arise due to the U(1)A anomaly are absent,
because the model is now anomaly-free.

If one considers also flavor-changing axion-quark couplings at tree-level, Xq would be
non-diagonal. In this case, it is likewise appropriate to decompose Xq −Qa into traceless
parts and parts with non-vanishing trace, such that

aµ = ∂µa

2fa

8∑
i=1

C(i)λi , (2.11)

with C(i) depending on the allowed flavor-changing processes and λi the eight Gell-Mann
matrices. This then would cause baryon conversion processes. At this point we note
that depending on the underlying model Higgs loops may induce off-diagonal couplings,
which would be loop-suppressed but might be relevant due to unsuppressed top Yukawa
couplings [87]. As stated above, we here stick to the most prevalent models excluding such
flavor-changing axion-quark couplings at tree-level.

2.2 Building blocks of the chiral Lagrangian

The framework we use in this paper is chiral perturbation theory (CHPT) including
baryons, meaning the effective field theory of QCD in the low-energy sector. CHPT is
used to explore meson-baryon systems based on a systematic expansion in small mo-
menta and quark masses below the scale of the spontaneous breakdown of chiral symmetry,
Λχ ∼ 1GeV, as first developed by Gasser, Sainio, and Švarc for the two-flavor case [88] and
by Krause for the three-flavor case [89]. However, while baryons can easily be incorporated
into CHPT in a consistent manner respecting all symmetries, the power-counting scheme
engineered to systematically arrange the infinitely many terms allowed by the fundamental
symmetries is spoiled by the fact that the baryon masses mB, which do not vanish in the
chiral limit, are roughly of the same order as Λχ. One way to overcome this problem is
to realize that all mass scales need to be assigned to a scaling in the power counting and
thus to treat the baryons as extremely heavy, static fermions, which is the idea behind
HBCHPT [90–93]. In this scheme, the four momentum of a baryon field is decomposed as

kµ = mBvµ + pµ (2.12)

with the four-velocity vµ subject to the constraint v2 = 1, and pµ a small residual mo-
mentum satisfying (v · p) � mB. After integrating out the heavy degrees of freedom,
the resulting Lagrangian is expressed in terms of the heavy baryon field B, which is now
characterized by a fixed velocity vµ (for convenience, we refrain from writing Bv to explic-
itly mark the v dependence). Additionally, it is possible to simplify the Dirac algebra by
expressing any Dirac bilinear by means of vµ and the Pauli-Lubanski spin operator

Sµ = i

2γ5σµνv
ν , (2.13)
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which satisfies the relations

{Sµ, Sν} = 1
2(vµvν − gµν) , [Sµ, Sν ] = iεµνρσv

ρSσ , (v · S) = 0 , S2 = 1− d
4 , (2.14)

where the last one is valid in d spacetime dimensions. In eq. (2.14) and in what follows,
[ , ] refers to the commutator and { , } to the anticommutator.

Any term in the effective Lagrangian consists of a number of elements from a small
set of basic building blocks, from which we will present those that are relevant for axionic
SU(3) HBCHPT. In this three-flavor case, the ground state baryon octet consisting of the
nucleons p and n and the hyperons Σ, Λ, and Ξ are collected in a single 3× 3 matrix

B =


1√
2Σ3 + 1√

6Λ8 Σ+ p

Σ− − 1√
2Σ3 + 1√

6Λ8 n

Ξ− Ξ0 − 2√
6Λ8

 , (2.15)

where

Σ3 = cos ε Σ0 − sin ε Λ ,
Λ8 = sin ε Σ0 + cos ε Λ .

(2.16)

Equation (2.15) corresponds to the adjoint representation of SU(3). Due to isospin break-
ing, the physical Σ0 and Λ are mixed states made of the Σ3 and Λ8. This mixing is usually
parameterized by the mixing angle ε and one has

tan 2ε = 〈λ3Mq〉
〈λ8Mq〉

. (2.17)

The pseudoscalar mesons, the pseudo-Nambu-Goldstone bosons of the spontaneous break-
down of chiral symmetry, appear in the Lagrangian in form of a unitary matrix

u =
√
U = exp

(
i

Φ
2Fp

)
, (2.18)

where Fp is the pseudoscalar decay constant in the chiral limit and Φ is a Hermitian 3× 3
matrix given by

Φ =
√

2


1√
2π3 + 1√

6η8 π+ K+

π− − 1√
2π3 + 1√

6η8 K0

K− K̄0 − 2√
6η8

 . (2.19)

Again, the physical mass eigenstates of the neutral particles of the diagonal are mixed
states as a consequence of isospin breaking effects and one has

π3 = cos ε π0 − sin ε η ,
η8 = sin ε π0 + cos ε η .

(2.20)
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Using the leading order meson masses,

M2
π± = B0(mu +md) ,

M2
π0 = B0(mu +md) + 2

3B0(mu +md − 2ms)
sin2 ε

cos 2ε ,

M2
K± = B0(mu +ms) ,

M2
K0 = B0(md +ms) ,

M2
η = 1

3B0(mu +md + 4ms)−
2
3B0(mu +md − 2ms)

sin2 ε

cos 2ε ,

(2.21)

where B0 is a parameter from the O(p2) meson Lagrangian related to the scalar quark
condensate. One can further derive

sin 2ε = 2√
3
M2
K± −M2

K0

M2
π0 −M2

η

,

cos 2ε = 2
3

2M2
π± −M2

K± −M2
K0

M2
π0 −M2

η

,

(2.22)

using eq. (2.17), which is valid at leading order.
Any other particle such as the axion enters the theory in form of an external current. In

the present case, we need five axial-vector currents aµ and a(s)
µ,i, i = 1, . . . , 4, corresponding

to the isovector and isoscalar parts of the axion-matter interaction; compare eq. (2.9).
Furthermore, a scalar external field s is needed to account for the explicit chiral symmetry
breaking due to the light quark masses. Setting χ = 2B0s, it is then convenient to define

uµ = i
[
u†∂µu− u∂µu† − iu†aµu− iuaµu†

]
,

uµ,i = i
[
−iu†a(s)

µ,iu− iua
(s)
µ,iu

†
]

= 2a(s)
µ,i ,

χ± = u†χu† ± uχ†u ,

(2.23)

which all transform in the same way under chiral transformations. Additionally, one defines
the chiral covariant derivative

[Dµ, B] = ∂µB + [Γµ, B] , (2.24)

where
Γµ = 1

2
[
u†∂µu+ u∂µu

† − iu†aµu+ iuaµu
†
]

(2.25)

is the chiral connection. Assigning systematically a chiral dimension p to these building
blocks in order to establish the power-counting method mentioned above, the effective
Lagrangian is constructed by considering all combinations allowed by the underlying sym-
metries. The terms of the meson-baryon Lagrangian then can be arranged according to
the chiral dimension,

LΦB = L(1)
ΦB + L(2)

ΦB + L(3)
ΦB + · · ·+ L(2)

Φ + L(4)
Φ + . . . , (2.26)
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where the superscript “(i)” denotes the Lagrangian containing all terms of O(pi). In the
case of the purely mesonic Lagrangians L(i)

Φ , i is restricted to even numbers. Chiral loops
start contributing at O(p3) (see section 3.6), which means that L(3)

ΦB contains a number of
low-energy constants and counter-terms needed for the renormalization (ch. 3.4 and 3.5).
Note that in non-relativistic HBCHPT the Lagrangian (2.26) contains an inverse power
series in mB, the average octet mass in the chiral limit, which starts contributing at O(p2)
(see section 3.2). The leading order meson-baryon Lagrangian is given by

L(1)
ΦB =

〈
iB̄vµ [Dµ, B]

〉
+D

〈
B̄Sµ {uµ, B}

〉
+ F

〈
B̄Sµ [uµ, B]

〉
+Di

〈
B̄Sµuµ,iB

〉
, (2.27)

which in contrast to the two-flavor case contains two isovector axial-vector coupling con-
stants D and F , and in the present case of axionic HBCHPT the coupling constants Di to
account for the isoscalar interactions.

2.3 General form of the axion-baryon coupling

For any process BB → BA+a, where BA and BB denote arbitrary baryons and a an axion,
the general Feynman rule for the vertex in the baryon rest frame has the form

= GaAB (S · q) , (2.28)

where qµ is the four-momentum of the outgoing axion. The coupling constant GaAB consists
of a power series in 1/fa

GaAB = − 1
fa
gaAB +O

( 1
f2
a

)
. (2.29)

Due to the expected huge value of fa, it is sufficient to determine the leading order term
∝ gaAB/fa, where

gaAB = g
(1)
aAB + g

(2)
aAB + g

(3)
aAB + . . . (2.30)

can be expanded according to the power counting rules of HBCHPT. Here in particular

g
(1)
aAB = gLO, tree

aAB ,

g
(2)
aAB = g

1/mB
aAB ,

g
(3)
aAB = gN

2LO, tree
aAB + g

1/m2
B

aAB + gLO, loop
aAB ,

(2.31)

where gLOaAB and gN
2LO

aAB refer to the contributions from the leading and next-to-next-to-
leading order chiral Lagrangian, i.e. from L(1)

ΦB and L(3)
ΦB of eq. (2.26), respectively. Further-

more, g1/mB
aAB and g1/m2

B
aAB refer to the O(m−1

B ) and O(m−2
B ) contributions from the expansion

in the average baryon mass in the chiral limit mB, which additionally appear in HBCHPT
(see section 3.2). In this paper, we will determine each of these contributions to gaAB up
to O

(
p3).

As we work in the physical basis, A and B in GaAB and gaAB can be understood as
SU(3) indices running from 1 to 8 that directly relate to the physical baryon fields. Ga44, for
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instance, thus gives the axion-proton coupling Gapp, whereas Ga66 gives the axion-neutron
coupling Gann (see appendix A). In this basis, the matrix of GaAB is mostly diagonal as
we exclude flavor-changing axion-quark couplings, i.e. GaAB = 0 for A 6= B, with the only
exception of Ga38 = Ga83, i.e. GaΣ0Λ, which is related to the Σ0–Λ mixing.

3 Determining the axion-baryon coupling

3.1 Leading order: tree level contributions

From the Lagrangian eq. (2.27), we can determine the leading order axion-baryon coupling
by inserting1

Γµ = 0 ,

uµ = ∂µa

fa

(
c(3)λ3 + c(8)λ8

)
,

uµ,i = ci
∂µa

fa
1 ,

(3.1)

which gives
L(1),int

ΦB = gAB
fa

B̄A (S · ∂a)BB , (3.2)

where A and B are SU(3) indices in the physical basis (see appendix A). Here we have
defined

gAB = 1
2

{
D
(
c(3)

〈
λ̃†A

{
λ3, λ̃B

}〉
+ c(8)

〈
λ̃†A

{
λ8, λ̃B

}〉)
+ F

(
c(3)

〈
λ̃†A

[
λ3, λ̃B

]〉
+ c(8)

〈
λ̃†A

[
λ8, λ̃B

]〉)
+ 2ciDiδAB

}
.

(3.3)

The matrix elements of gAB are given in table 4 in appendix B. As we are working in the
physical basis including the Σ0–Λ mixing, gAB actually includes effects of O(p2). The pure
leading order axion-baryon coupling is found by setting ε = 0, i.e. by replacing λ̃A/B →
λ̂A/B, see eq. (A.14) of appendix A. In this case, λ3 and λ8 can be replaced by λ̂3 and λ̂8 so
that the coupling can be expressed by means of the structure constants f̂ABC and d̂ABC :

g0
AB = gAB|ε=0 = c(3)

(
Dd̂AB3 − F f̂AB3

)
+ c(8)

(
Dd̂AB8 − F f̂AB8

)
+ ciD

iδAB . (3.4)

It is hence clear that g(1)
aAB in eq. (2.30) is simply given by

g
(1)
aAB = g0

AB. (3.5)
1Note that in our previous work [58], there is a typo in the corresponding SU(2) equations, i.e. eqs. (3.16)

and (3.21): ũµ,i is not given by ũµ,i = ci
∂µa

fa
τ3. The correct expression is ũµ,i = ci

∂µa

fa
1.
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3.2 Expansion in the baryon mass

The Lagrangian containing the corrections due to the finite baryon masses mB in the
heavy-baryon expansion up to O

(
p3) corresponding to terms proportional to 1/mB and

1/m2
B is given by [93]

L1/mB = B̄A

{
1

2mB
γ0
[
BAC(1)

]†
γ0BCB(1) −

1
4m2

B

γ0
[
BAC(1)

]†
γ0ACD(1) B

DB
(1)

}
BB . (3.6)

Here

AAB(1) = 1
2

(〈
λ̃†A

[
i (v · D) , λ̃B

]〉
+D

〈
λ̃†A

{
(S · u) , λ̃B

}〉
+ F

〈
λ̃†A

[
(S · u) , λ̃B

]〉
+Di

〈
λ̃†A (S · ui) λ̃B

〉)
, (3.7)

and

BAB(1) = 1
2

(〈
λ̃†A

[
iγµD⊥µ , λ̃B

]〉
− D

2
〈
λ̃†A

{
(v · u) γ5, λ̃B

}〉

−F2
〈
λ̃†A

[
(v · u) γ5, λ̃B

]〉
− Di

2
〈
λ̃†A (v · ui) γ5λ̃B

〉)
, (3.8)

where for any four-vector xµ
x⊥µ = vµ (v · x)− xµ . (3.9)

In the present case of axionic HBCHPT, we find

AAB(1) = i (v · ∂) δAB + 1
fa
gAB (S · ∂a) , (3.10)

BAB(1) = iγµ∂⊥µ δAB −
1

2fa
gAB (v · ∂a) γ5 , (3.11)

with gAB as defined in eq. (3.3), so that

L1/mB = 1
fa
B̄A

{
igAB
2mB

{(S · ∂) , (v · ∂a)}+ gAB
4m2

B

[
− ∂µ (S · ∂a) ∂µ + (v · ∂) (S · ∂a) (v · ∂)

− ({(S · ∂) , (v · ∂a)} (v · ∂) + h.c.)

+ ((S · ∂) (∂a · ∂) + h.c.)
]}
BB . (3.12)

Let p be the momentum of the incoming baryon, p′ the momentum of the outgoing baryon,
and ω(′) =

(
v · p(′)

)
, then the resulting vertex Feynman rule reads

=− gAB
fa

{
1

2mB

(
ω − ω′

)
− 1

4m2
B

(
ω2 − ω′2 + ωω′ − p2

)}
(S · q)

+ gAB
fa

{
1
mB

(
ω − ω′

)
− 1

2m2
B

(
ω2 − ω′2 − 1

2
(
p2 − p′2

))}
(S · p) , (3.13)
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which is in complete analogy to the SU(2) case [58]. In the baryon rest frame with p = 0,
ω = 0, v = (1, 0, 0, 0)T, and ω′ = (v · p′) = − (v · q) = −q0 � mB, where q0 is the
relativistic energy of the outgoing axion, we finally find (see eqs. (2.30) and (2.31))

gLO, tree
aAB + g

1/mB
aAB + g

1/m2
B

aAB = gAB

{
1 + q0

2mB
+ q2

0
4m2

B

}
. (3.14)

3.3 Next-to-next-to-leading order: contributions from χ−

At next-to-next-to-leading order, there are several contributions that have to be considered.
We can differentiate terms with finite low-energy constants (LECs) that are ∝ χ−, terms
with LECs having finite and ultraviolet (UV) divergent pieces ∝ χ+, and terms proportional
some LECs that have no finite pieces serving as counter-terms to cancel UV divergences
from the loop contributions. We start with the former.

Up to O (1/fa), χ−, see eqs. (2.6) and (2.23), can be written as

χ− =
4iM2

π±

fa

z

(1 + z)2

(
1 + w

1 + z

)−1
a1 , (3.15)

where M2
π± is the leading order mass of the charged pions given in eq. (2.21). The con-

tributing terms of L(3)
ΦB are (here and in the following section, we enumerate the LECs

according to the list of terms in ref. [95])

Lχ− =− id2
(〈(

∂B̄ · S
)
χ−B

〉
+
〈
B̄χ−(S · ∂B)

〉)
− id3

(〈(
∂B̄ · S

)
〈χ−〉B

〉
+
〈
B̄ 〈χ−〉 (S · ∂B)

〉)
. (3.16)

Inserting eq. (3.15) yields

=
4M2

π±

fa

z

(1 + z)2

(
1 + w

1 + z

)−1
(d2 + 3d3) δAB (S · q) . (3.17)

The reason for writing the coupling in this way is to match it to the corresponding terms
in the SU(2) case, which are given by [58]

=
4M2

π±

fa

z

(1 + z)2 (d18 + 2d19) (S · q) , (3.18)

where N is the nucleon field, and d18 and d19 are LECs from the next-to-next-to-leading
order SU(2) πN Lagrangian [96]. Apart from a substitution of the LECs, the main dif-
ference between the SU(3) case, eq. (3.17), and the SU(2) case, eq. (3.18), is the explicit
effect of the strange quark mass ms in the factor (1 +w/(1 + z))−1, which reduces to unity
at ms →∞, i.e. w → 0. In the SU(3) case, the finite value of w accounts for a correction
of about two percent.
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3.4 Next-to-next-to-leading order: contributions from χ+

From eqs. (2.6) and (2.23), one can readily determine that

χ+ = 4B0Mq +O
(
f−2
a

)
. (3.19)

The relevant terms from L(3)
ΦB are [95]

Lχ+ = d41(λ)
(〈
B̄Sµ [uµ, [χ+, B]]

〉
+
〈
B̄Sµ [χ+, [uµ, B]]

〉)
+ d42(λ)

(〈
B̄Sµ [uµ, {χ+, B}]

〉
+
〈
B̄Sµ {χ+, [uµ, B]}

〉)
+ d43(λ)

(〈
B̄Sµ {uµ, [χ+, B]}

〉
+
〈
B̄Sµ [χ+, {uµ, B}]

〉)
+ d44(λ)

(〈
B̄Sµ {uµ, {χ+, B}}

〉
+
〈
B̄Sµ {χ+, {uµ, B}}

〉)
+ d45(λ)

〈
B̄Sµ [uµ, B]

〉
〈χ+〉+ d46(λ)

〈
B̄Sµ {uµ, B}

〉
〈χ+〉

+ d47(λ)
〈
B̄SµB

〉
〈uµχ+〉+ di43(λ)

〈
B̄ (S · ui) [χ+, B]

〉
+ di44(λ)

〈
B̄ (S · ui) {χ+, B}

〉
+ di46(λ)

〈
B̄ (S · ui)B

〉
〈χ+〉 .

(3.20)

The LECs depend on the scale λ and are given by

d
(i)
k (λ) = d

(i),r
k (λ) + β

(i)
k

F 2
p

L(λ) , k = {41, . . . , 47} . (3.21)

In this equation, d(i),r
k (λ) refer to the renormalized LECs, and L(λ) contains the pole for

spacetime dimension d = 4,

L(λ) = λd−4

(4π)2

( 1
d− 4 −

1
2 [ln(4π)− γ + 1]

)
, (3.22)

where γ is the Euler-Mascheroni constant. The β-functions are set to cancel the divergences
of the one-loop functional, as discussed below. We write the resulting tree-level vertex as

= −
4M2

π±

fa

z

1 + z
d̂AB(λ) (S · q) , (3.23)

where we have set

d̂AB(λ) = 1
2mu

(
c(3)

{
d41(λ)

(〈
λ̂†A

[
λ3,

[
Mq, λ̂B

]]〉
+
〈
λ̂†A

[
Mq,

[
λ3, λ̂B

]]〉)
+ d42(λ)

(〈
λ̂†A

[
λ3,

{
Mq, λ̂B

}]〉
+
〈
λ̂†A

{
Mq,

[
λ3, λ̂B

]}〉)
+ d43(λ)

(〈
λ̂†A

{
λ3,

[
Mq, λ̂B

]}〉
+
〈
λ̂†A

[
Mq,

{
λ3, λ̂B

}]〉)
+ d44(λ)

(〈
λ̂†A

{
λ3,

{
Mq, λ̂B

}}〉
+
〈
λ̂†A

{
Mq,

{
λ3, λ̂B

}}〉)
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+ d45(λ)
〈
λ̂†A

[
λ3, λ̂B

]〉
〈Mq〉+ d46(λ)

〈
λ̂†A

{
λ3, λ̂B

}〉
〈Mq〉

+ 2d47(λ)δAB 〈λ3Mq〉
}

+ c(8)
{
d41(λ)

(〈
λ̂†A

[
λ8,

[
Mq, λ̂B

]]〉
+
〈
λ̂†A

[
Mq,

[
λ8, λ̂B

]]〉)
+ d42(λ)

(〈
λ̂†A

[
λ8,

{
Mq, λ̂B

}]〉
+
〈
λ̂†A

{
Mq,

[
λ8, λ̂B

]}〉)
+ d43(λ)

(〈
λ̂†A

{
λ8,

[
Mq, λ̂B

]}〉
+
〈
λ̂†A

[
Mq,

{
λ8, λ̂B

}]〉)
+ d44(λ)

(〈
λ̂†A

{
λ8,

{
Mq, λ̂B

}}〉
+
〈
λ̂†A

{
Mq,

{
λ8, λ̂B

}}〉)
+ d45(λ)

〈
λ̂†A

[
λ8, λ̂B

]〉
〈Mq〉+ d46(λ)

〈
λ̂†A

{
λ8, λ̂B

}〉
〈Mq〉

+ 2d47(λ)δAB 〈λ8Mq〉
}

+ ci

{
di43(λ)

〈
λ̂A
[
Mq, λ̂B

]〉
+ di44(λ)

〈
λ̂A
{
Mq, λ̂B

}〉

+ 2di46(λ)δAB 〈Mq〉
})

. (3.24)

The matrix elements of d̂AB are given in eqs. (B.1)–(B.9) of appendix B.

3.5 Next-to-next-to-leading order: counter-terms

The counter-terms needed for the renormalization have been worked out in ref. [93]. For
the present case, we need the terms i = {36, 37, 38, 39} from this paper, which are given by

Lc.t. = d36(λ)
〈(
v · ∂B̄

)
{(S · u) , (v · ∂B)}

〉
+ d37(λ)

〈(
v · ∂B̄

)
[(S · u) , (v · ∂B)]

〉
+ d38(λ)

〈
B̄ {[(v · ∂) , [(v · ∂) , (S · u)]] , B}

〉
+ d39(λ)

〈
B̄ [[(v · ∂) , [(v · ∂) , (S · u)]] , B]

〉
+ di36(λ)

〈(
v · ∂B̄

)
(S · ui) (v · ∂B)

〉
+ di38(λ)

〈
B̄ [(v · ∂) , [(v · ∂) , (S · ui)]]B

〉
,

(3.25)

where we have added two terms in order to account for the isoscalar interactions. The
LECs have no finite part, i.e.

d
(i)
k (λ) = β

(i)
k

F 2
p

L(λ) , k = {36, . . . , 39} . (3.26)

Their contribution to the tree-level vertex is given by

= − 1
fa
d̂c.t.AB(λ) (S · q) , (3.27)
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Figure 1. Non-vanishing meson loop contributions to BB → BA + a.

with

d̂c.t.AB(λ) =
(
d36(λ)ωω′ − d38(λ)

(
ω − ω′

)2) (
c(3)d̂AB3 + c(8)d̂AB8

)
−
(
d37(λ)ωω′ − d39(λ)

(
ω − ω′

)2) (
c(3)f̂AB3 + c(8)f̂AB8

)
+
(
di36(λ)ωω′ − di38(λ)

(
ω − ω′

)2)
ciδAB .

(3.28)

3.6 Loops

There are only two non-vanishing single meson loops that contribute to the O(p3) axion-
baryon vertex at O(1/fa), which are shown in figure 1. In this figure, mesons are identi-
fied by means of the SU(3) index C in the physical basis including the π0–η mixing, cf.
eqs. (2.19) and (A.3). Note that the potential diagrams with a aΦBB vertex and a meson
line connected to one baryon leg vanish because (v · S) = 0, see eq. (2.14), as has been
shown in ref. [58] for the corresponding diagrams in the SU(2) case, which have the same
topology.

3.6.1 Diagram (a)

Using the leading order meson-baryon vertex rule, one finds

(a) = 1
faF 2

p

∑
C

g
(a)
ABCS

µ (S · q)Sν 1
i

∫ ddk
(2π)d

kµkν
(k2−M2

ΦC + iη)(ω′− v · k+ iη)(ω− v · k+ iη)

= 1
6fa

1
(4πFp)2

∑
C

g
(a)
ABC

{
−M2

ΦC

+ 1
ω−ω′

(
ω3−ω′3 + 2

[(
M2

ΦC −ω
2
) 3

2 arccos −ω
MΦC

−
(
M2

ΦC −ω
′2
) 3

2 arccos −ω
′

MΦC

])

+
(
3M2

ΦC − 2
(
ω−ω′

)2− 6ωω′
)(

(4π)2L(λ) + ln MΦC
λ

)}
(S · q) ,

(3.29)
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where we have applied dimensional regularization and used the properties in eq. (2.14).
Moreover, we have defined

g
(a)
ABC = 1

4
∑
D,E

(
D
〈
λ̂†A

{
λ̃C , λ̂E

}〉
+ F

〈
λ̂†A

[
λ̃C , λ̂E

]〉)
g0
ED

×
(
D
〈
λ̂†D

{
λ̃†C , λ̂B

}〉
+ F

〈
λ̂†D

[
λ̃†C , λ̂B

]〉)
,

(3.30)

in order to handle all meson loops for all baryons BA and BB at the same time. Here g0
ED

refers to eq. (3.4), the leading order axion-baryon coupling. Equation (3.29) contains UV
divergences, which will be treated below in section 3.6.3. The expression for diagram (a)
can be simplified by considering the baryon rest frame and expanding around q0 � MΦC
for all mesons ΦC , which yields

(a) = 1
6fa

∑
C

g
(a)
ABC

(
MΦC
4πFp

)2
1 + 3π

2
q0
MΦC

− 5
3

(
q0
MΦC

)2

+

3− 2
(

q0
MΦC

)2
((4π)2L(λ) + ln MΦC

λ

) (S · q) .

(3.31)

3.6.2 Diagram (b)

Expanding u up to order Φ2 yields

uµ = − ∂µa

8faF 2
p

(
c(3) [Φ, [Φ, λ3]] + c(8) [Φ, [Φ, λ8]]

)
, (3.32)

so the vertex rule for the aBABBΦCΦC-vertex in the physical basis derived from L(1)
ΦB can

be written as
1

faF 2
p

g
(b)
ABC (S · q) , (3.33)

where we have defined the coupling constant

g
(b)
ABC = 1

8
{
c(3)

(
D
〈
λ̂†A

{[
λ̃C ,

[
λ̃†C , λ3

]]
, λ̂B

}〉
+ F

〈
λ̂†A

[[
λ̃C ,

[
λ̃†C , λ3

]]
, λ̂B

]〉)
+c(8)

(
D
〈
λ̂†A

{[
λ̃C ,

[
λ̃†C , λ8

]]
, λ̂B

}〉
+ F

〈
λ̂†A

[[
λ̃C ,

[
λ̃†C , λ8

]]
, λ̂B

]〉)}
.

(3.34)

In fact, this vertex and thus diagram (b) is independent of the mixing angle ε so one might
as well substitute λ̃C → λ̂C in eq. (3.34). Therefore, one can also express the coupling
constant by means of the structure constants defined in eqs. (A.9) and (A.14),

g
(b)
ABC = 1

4
∑
D,E

f̂ECD
(
c(3)f̂3CD

[
Dd̂AEB + F f̂AEB

]
+ c(8)f̂8CD

[
Dd̂AEB + F f̂AEB

])
.

(3.35)
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The loops of diagram (b) for all mesons ΦC can then be calculated as

(b) = 1
2faF 2

p

(S · q)
∑
C

g
(b)
ABC

1
i

∫ ddk
(2π)d

1
k2 −M2

ΦC + iη

= − 1
faF 2

p

(S · q)
∑
C

g
(b)
ABCM

2
ΦC

(
L(λ) + 1

(4π)2 ln MΦc
λ

)
.

(3.36)

3.6.3 Renormalization

The divergences appearing in the meson loop calculations in dimensional regularization are
canceled by setting appropriate β functions for the LECs appearing in d̂AB(λ), eq. (3.24),
and d̂c.t.AB(λ), eq. (3.27),

β36 = 2D
(
D2 + 3F 2

)
, βi36 = −4

3D
i
(
13D2 + 9F 2

)
,

β37 = 2
3F

(
5D2 − 9F 2

)
, β38 = −2

3D
(
D2 + 3F 2

)
,

βi38 = 4
9D

i
(
13D2 + 9F 2

)
, β39 = −2

9F
(
5D2 − 9F 2

)
,

β41 = − 1
48D

(
9D2 + 7F 2 − 9

)
, β42 = − 3

16F
(
D2 − F 2 − 1

)
,

β43 = − 1
48F

(
7D2 + 9F 2 − 9

)
, βi43 = −5

6DFD
i ,

β44 = − 1
48D

(
23D2 + 9F 2 − 9

)
, βi44 = −1

4D
i
(
D2 − 3F 2

)
,

β45 = − 1
36F

(
D2 − 9F 2 − 9

)
, β46 = 1

36D
(
17D2 − 9F 2 + 9

)
,

βi46 = 1
18D

i
(
13D2 + 9F 2

)
β47 = 1

2D
(
D2 + 3F 2 − 1

)
, (3.37)

of which the βk’s are in accordance with the ones given in ref. [93], and the βik’s have been
worked out here for the first time. With that, the full renormalized O(p3) contribution
reads

gN
2LO, tree

aAB +gLO, loop
aAB =

4M2
π±z

1 + z

(
d̂rAB(λ)− d2 + 3d3

1 + z + w
δAB

)
− 1

27g
loop,r
AB +gloop,scAB (λ) , (3.38)

where we have neglected terms of O (q0/MΦC ). Moreover, d̂rAB refers to eq. (3.24) with
renormalized LECs, and

gloop,rAB = 9
2
∑
C

g
(a)
ABC

(
MΦC
4πFp

)2

, (3.39)

gloop,scAB (λ) =
∑
C

(
−1

2g
(a)
ABC + g

(b)
ABC

)(
MΦC
4πFp

)2

ln MΦC
λ

. (3.40)

The matrix elements of gloop,rAB are given in eqs. (B.10)–(B.18) of appendix B.
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4 Results

4.1 Leading order axion-baryon coupling

Using the nucleon matrix elements ∆q defined by sµ∆q = 〈p|q̄γµγ5q|p〉, sµ being the spin
of the proton, we set

(D + F ) = gA = ∆u−∆d , −(D − 3F ) = ∆u+ ∆d− 2∆s , (4.1)
D1 = ∆u+ ∆d+ ∆s , Di = ∆qi , for i = {2, 3, 4}, ∆qi = {∆c,∆b,∆t} ,

where the respective baryon matrix elements are related to the ones from the nucleons by
flavor symmetry. From now on, we neglect terms ∝ {∆c,∆b,∆t}, which basically represent
sea quark effects beyond the numerical uncertainties of the dominant contributions of the
up, down, and strange quarks (at least in the standard DFSZ scenario, where the couplings
to heavy quarks are of the same order as the couplings to the light quarks; if alternatively
the couplings Xc, Xb, and Xt or only one or two of them were much stronger than Xu, Xd,
and Xs, these sea quark terms could not be ignored any longer). Inserting this into the
result for the leading order axion-baryon coupling constant g(1)

aAB, eq. (3.4) (see also table 4
in appendix B), we find

g
(1)
aΣ+Σ+ = −∆u+ z∆s+ w∆d

1 + z + w
+ ∆uXu + ∆sXd + ∆dXs ,

g
(1)
aΣ−Σ− = −∆s+ z∆u+ w∆d

1 + z + w
+ ∆sXu + ∆uXd + ∆dXs ,

g
(1)
aΣ0Σ0 = −

∆u+∆s
2 (1 + z) + w∆d

1 + z + w
+ ∆u+ ∆s

2 (Xu +Xd) + ∆dXs ,

g(1)
app = −∆u+ z∆d+ w∆s

1 + z + w
+ ∆uXu + ∆dXd + ∆sXs ,

g
(1)
aΞ−Ξ− = −∆s+ z∆d+ w∆u

1 + z + w
+ ∆sXu + ∆dXd + ∆uXs ,

g(1)
ann = −∆d+ z∆u+ w∆s

1 + z + w
+ ∆dXu + ∆uXd + ∆sXs ,

g
(1)
aΞ0Ξ0 = −∆d+ z∆s+ w∆u

1 + z + w
+ ∆dXu + ∆sXd + ∆uXs ,

g
(1)
aΛΛ = −

∆u+4∆d+∆s
6 (1 + z) + 2∆u−∆d+2∆s

3 w

1 + z + w

+ ∆u+ 4∆d+ ∆s
6 (Xu +Xd) + 2∆u−∆d+ 2∆s

3 Xs ,

g
(1)
aΣ0Λ = −

∆u−2∆d+∆s
2
√

3 (1− z)
1 + z + w

+ ∆u− 2∆d+ ∆s
2
√

3
(Xu −Xd) .

(4.2)

In particular, g(1)
app and g(1)

ann are exactly the same as in the SU(2) case. Using [97]

∆u = 0.847(50) , ∆d = −0.407(34) , ∆s = −0.035(13) , (4.3)
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which correspond to

D = 1
2∆u−∆d+ 1

2∆s = 0.813(43) ,

F = 1
2∆u− 1

2∆s = 0.441(26) ,

D1 = 0.405(62) ,

(4.4)

and [97]
z = 0.485(19) , w = 0.025(1) , (4.5)

we obtain

g
(1)
aΣ+Σ+ = −0.543(34) + 0.847(50)Xu − 0.035(13)Xd − 0.407(34)Xs ,

g
(1)
aΣ−Σ− = −0.242(21)− 0.035(13)Xu + 0.847(50)Xd − 0.407(34)Xs ,

g
(1)
aΣ0Σ0 = −0.396(25) + 0.417(25)Xu + 0.395(25)Xd − 0.407(35)Xs ,

g(1)
app = −0.430(36) + 0.847(50)Xu − 0.407(34)Xd − 0.035(13)Xs ,

g
(1)
aΞ−Ξ− = 0.140(15)− 0.035(13)Xu − 0.407(34)Xd + 0.847(50)Xs ,

g(1)
ann = −0.002(30)− 0.407(34)Xu + 0.847(50)Xd − 0.035(13)Xs ,

g
(1)
aΞ0Ξ0 = 0.267(23)− 0.407(34)Xu − 0.035(13)Xd + 0.847(50)Xs ,

g
(1)
aΛΛ = 0.126(25)− 0.147(25)Xu − 0.125(25)Xd + 0.677(35)Xs ,

g
(1)
aΣ0Λ = −0.153(10) + 0.463(25)Xu − 0.476(25)Xd + 0.013(1)Xs ,

(4.6)

where we also considered corrections from the non-vanishing mixing angle ε related to
isospin breaking in the cases of the Σ0 and the Λ (which is why there also appears a term
∝ Xs in g

(1)
aΣ0Λ). In table 1, we list the results for the KSVZ axion, where Xq = 0, and

the DFSZ axion, where the axion-quark couplings Xq depend on the angle β related to
the VEVs of the involved Higgs doublets (see above, eq. (2.2)). In the KSVZ model, the
strongest couplings are hence to be expected for the Σ+ and the proton, which is also true
for the DFSZ model at small values of sin2 β (in this region, also the Ξ0 shows a considerably
large coupling with an opposite sign). As noted already in many previous works, the axion-
neutron coupling in some scenarios is strongly suppressed and might even vanish in the
KSVZ model and the DFSZ model at sin2 β ≈ 2/3 (corresponding to x = 1/

√
2, where x is

the ratio of the VEVs of the two Higgs doublets). The axion-neutron coupling is also the
only baryon conserving coupling that might vanish in the DFSZ model, as it is the only
one that changes its sign when varying sin2 β from zero to unity. At sin2 β = 1, also the
Σ0–Λ mixing vertex disappears. At the same value of sin2 β, the couplings are somehow
“harmonized”, i.e. the couplings of the axion to particles of the same strangeness S are
approximately the same, which is due to flavor symmetry. In case of the neutron and
the proton with S = 0 one then has g(1),sin2 β=1

aAB ≈ −0.14, in case of the Σ particles with
S = 1, one has g(1),sin2 β=1

aAB ≈ −0.26, and in case of the two Ξ baryons with S = 2, one has
g

(1),sin2 β=1
aAB ≈ 0.13. The difference among the particles with the same S can be determined
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Process
g

(1)
aAB

KSVZ DFSZ
general sin2 β = 0 sin2 β = 2

3 sin2 β = 1
Σ+ → Σ+ + a −0.543(34) −0.690(36) + 0.430(21) sin2 β −0.690(36) −0.404(36) −0.261(38)
Σ− → Σ− + a −0.242(21) −0.095(29)− 0.158(21) sin2 β −0.095(29) −0.201(23) −0.254(22)
Σ0 → Σ0 + a −0.396(25) −0.400(29) + 0.143(12) sin2 β −0.400(29) −0.305(27) −0.257(27)
p→ p+ a −0.430(36) −0.577(38) + 0.430(21) sin2 β −0.577(38) −0.291(38) −0.147(39)

Ξ− → Ξ− + a 0.140(15) 0.287(25)− 0.158(21) sin2 β 0.287(25) 0.181(17) 0.128(16)
n→ n+ a −0.002(30) 0.269(34)− 0.406(21) sin2 β 0.269(34) −0.002(31) −0.138(22)

Ξ0 → Ξ0 + a 0.267(23) 0.531(29)− 0.406(21) sin2 β 0.531(29) 0.267(25) 0.131(26)
Λ→ Λ + a 0.126(25) 0.310(29)− 0.233(12) sin2 β 0.310(29) 0.155(27) 0.077(26)
Σ0 → Λ + a

−0.153(10) −0.308(13) + 0.309(16) sin2 β −0.308(13) −0.102(11) 0.000(13)
Λ→ Σ0 + a

Table 1. Leading order axion-baryon couplings g(1)
aAB for the KSVZ axion and the DFSZ axion.

as being always

∆g(1),sin2 β=1
aAB = 2− 4z − w

3(1 + z + w) (∆q1 −∆q2) ≈ 0.008 (∆q1 −∆q2) , (4.7)

where AB here denotes particles of the same strangeness, and ∆q1 and ∆q2 depends on the
quark content of these particles, i.e. (∆q1 −∆q2) = (∆s−∆u) in the case of the Σ baryons,
(∆q1 −∆q2) = (∆d−∆u) in the case of the nucleons, and (∆q1 −∆q2) = (∆d−∆s) in the
case of the Ξ particles (note that in cases with Σ0 an additional factor 1/2 and corrections
from ε 6= 0 appear in eq. (4.7)).

4.2 Loop corrections and estimation of the NNLO LECs

As stated already, the results for the leading order axion-nucleon coupling in the Nf = 3
case are entirely in line with the results of the Nf = 2 case, which is also true for the
O
(
p2) and O

(
p3) corrections stemming from the expansion in 1/mB that appear in the

non-relativistic heavy baryon limit, with the only exception that the nucleon mass in the
chiral limit m0 appearing in the SU(2) case is substituted by the average baryon mass in
the chiral limit mB. In the limit of soft axions, i.e. q0 → 0, these terms, see eq. (3.14),
rapidly vanish.

The more significant corrections stem from the one-meson loop contributions, eq. (3.38).
For the calculation of the corresponding matrix elements, we use the physical meson masses
and decay constants [98, 99], Mπ± = 139.57MeV, Mπ0 = 134.98MeV,MK± = 493.68MeV,
MK0 = 497.61MeV,Mη = 547.86MeV, Fπ = 92.1(6)MeV, FK = 110.3(5)MeV, and Fη =
118(9)MeV. Inserting this numerical input, yields

gloopaΣ+Σ+ = 0.096(7)− 0.148(10)Xu − 0.003(5)Xd + 0.202(16)Xs ,

gloopaΣ−Σ− = 0.046(6)− 0.003(5)Xu − 0.148(10)Xd + 0.202(16)Xs ,

gloopaΣ0Σ0 = 0.072(7)− 0.076(8)Xu − 0.076(8)Xd + 0.202(16)Xs ,
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Process
gloopAB

KSVZ DFSZ
general sin2 β = 0 sin2 β = 2

3 sin2 β = 1
Σ+ → Σ+ + a 0.096(7) 0.162(9)− 0.116(7) sin2 β 0.162(9) 0.085(8) 0.046(8)
Σ− → Σ− + a 0.046(6) 0.064(9)− 0.019(7) sin2 β 0.064(9) 0.051(6) 0.045(8)
Σ0 → Σ0 + a 0.072(7) 0.114(9)− 0.068(7) sin2 β 0.114(9) 0.069(8) 0.046(8)
p→ p+ a 0.046(5) 0.100(6)− 0.094(5) sin2 β 0.100(6) 0.038(6) 0.007(6)

Ξ− → Ξ− + a −0.112(8) −0.122(11) + 0.038(8) sin2 β −0.122(11) −0.096(8) −0.083(8)
n→ n+ a −0.028(5) −0.046(7) + 0.051(5) sin2 β −0.046(7) −0.012(6) 0.05(6)

Ξ0 → Ξ0 + a −0.145(11) −0.186(13) + 0.102(8) sin2 β −0.186(13) −0.118(12) −0.084(12)
Λ→ Λ + a −0.095(7) −0.112(8) + 0.050(5) sin2 β −0.112(8) −0.079(7) −0.062(8)
Σ0 → Λ + a 0.030(3) 0.060(4)− 0.059(3) sin2 β 0.060(4) 0.020(3) 0.001(4)
Λ→ Σ0 + a

Table 2. One-meson loop contributions to the axion-baryon couplings gloop
AB , eq. (3.38), for the

KSVZ axion and the DFSZ axion calculated at the scale λ = 1 GeV.

gloopapp = 0.046(5)− 0.119(11)Xu + 0.098(7)Xd + 0.064(8)Xs ,

gloopaΞ−Ξ− = −0.112(8) + 0.086(8)Xu + 0.182(16)Xd − 0.211(16)Xs ,

gloopann = −0.028(5) + 0.098(7)Xu − 0.119(11)Xd + 0.064(8)Xs ,

gloopaΞ0Ξ0 = −0.145(11) + 0.182(16)Xu + 0.086(8)Xd − 0.211(16)Xs ,

gloopaΛΛ = −0.095(7) + 0.099(9)Xu + 0.099(9)Xd − 0.149(9)Xs ,

gloopaΣ0Λ = 0.030(3)− 0.089(7)Xu + 0.089(7)Xd + 0.000(1)Xs , (4.8)

where we have set the scale at λ = 1 GeV. The corresponding results for the KSVZ and
DFSZ models are displayed in table 2. As expected, the loop contributions are indeed
subleading, where the orders of magnitude of the individual terms range between low
O
(
10−1) and O (10−2). Note that just using Fπ or Fp for all the decay constants does not

lead to any notable change in these results since the formal difference is of higher order,
O(p5), in the chiral expansion.

It is remarkable that the loop corrections to the axion-proton vertex are about one
tenth of the full SU(2) result [58], which shows that in this particular case the three-flavor
expansion works similar to the case of the magnetic moments [100], but different to the
baryon masses [101] or weak hyperon decays [102]. Consequently, the largest uncertainty
in these calculations is related to the values of the LECs, as discussed next.

As for the tree-level contributions from the NNLO Lagrangian (see section 3.4), we
stated already that the values of the involved LECs are undetermined hitherto. The scale-
dependent parts ∝ drk(λ) are expected to compensate the scale-dependence of the loop
contributions, such that the actual observable, gaAB, remains scale-independent at O

(
p3).

For the following estimation of these hitherto unknown LECs, we therefore only consider the
scale-independent part such that we can leave aside the scale-dependent loop contributions
in our final estimation of the axion-baryon coupling at O

(
p3). Our understanding of the

problem is a Bayesian one: while formally each LEC may take on any arbitrary value, we
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nevertheless expect that with sufficient probability the LECs are restricted to values that
lead to NNLO contributions to gaAB of roughly the same order as the loop contributions
discussed above. In other words: we assume that these contributions are indeed sub-
leading in comparison to the leading order contributions, which is basically a naturalness
argument [103, 104]. That this assumption is justified in the present case directly follows
from the numerical results of the loop corrections discussed before. This argument is of
course not universally valid, but it is nevertheless appropriate in a Bayesian sense, meaning
that our results from this ansatz can be used as priors in future determinations of the LECs
once suitable experimental or lattice QCD data is available for fitting procedures. Although
it is not expected that the axion-nucleon coupling will be measured experimentally with
sufficient accuracy in the near future, one may use lattice QCD to compute the relevant
couplings by introducing an external isoscalar axial source into the QCD action to mimic
the axion, and compute the corresponding form factors.

In practice, we performed a Monte Carlo sampling of the ten involved LECs dr41, . . . ,
dr47 and di43, di44, and di46 within a reasonable range of O

(
1 GeV−2

)
and extracted those sets

of LECs that lead to NNLO corrections to gaAB of low O
(
10−1). In particular, we set 0.15

as a numerical constraint, which is rather conservative (in view of the loop contributions
given above). The allowed regions for the values of the respective LECs are then given by
probability distributions of Gaußian type centered around zero (as the overall sign of the
NNLO corrections is in principle undetermined from this method). With this approach,
one obtains

dr41 = 0.00(4)GeV−2, dr42 = 0.00(4)GeV−2,

dr43 = 0.00(4)GeV−2, di,r43 = 0.00(11)GeV−2,

dr44 = 0.00(6)GeV−2, di,r44 = 0.00(17)GeV−2, (4.9)
dr45 = 0.00(6)GeV−2, dr46 = 0.00(11)GeV−2,

di,r46 = 0.00(14)GeV−2, dr47 = 0.00(14)GeV−2.

Moreover, one finds that some of the extrapolated probability distributions of the LECs
are correlated. The most important correlation coefficients are given by

corr(dr41, d
r
44) = 0.72 , corr(dr41, d

r
46) = −0.59 ,

corr(dr41, d
r
47) = −0.84 , corr(dr44, d

r
46) = −0.89 ,

corr(dr44, d
r
47) = −0.85 , corr(dr46, d

r
47) = 0.70 ,

corr(dr42, d
r
45) = −0.85 , corr(di,r44 , d

i,r
46 ) = −0.84 ,

while all other correlation coefficients are negligibly small.
If one additionally considers the large-Nc approach, where Nc is the number of colors,

it is to be expected that the LECs for the terms with two flavor traces (dr45,46,47 and
di,r46 ) are suppressed relative to those with only one flavor trace (dr41,42,43,44 and di,r43,44) by
O (1/Nc); see, e.g., refs. [105, 106]. Therefore, we performed another Monte Carlo sampling
for the LECs, where this expectation is taken into account, namely by assigning a larger
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probability to such sets obeying this expected rule in comparison to sets of LECs deviating
from it, which are considered less probable. The result is

dr41 = 0.00(3)GeV−2, dr42 = 0.00(2)GeV−2,

dr43 = 0.00(4)GeV−2, di,r43 = 0.00(10)GeV−2,

dr44 = 0.00(3)GeV−2, di,r44 = 0.00(13)GeV−2,

dr45 = 0.00(1)GeV−2, dr46 = 0.00(1)GeV−2,

di,r46 = 0.00(7)GeV−2, dr47 = 0.00(1)GeV−2.

As expected, the probability distributions of the rather suppressed LECs become consider-
ably thinner, even though it is not excluded that they in reality may achieve higher values.
For the following estimation of the axion-baryon coupling at NNLO, however, we stick to
the less rigid estimation of the LECs given in eq. (4.9).

The last contribution to the O
(
q3) axion-baryon coupling stem from terms ∝ χ−

discussed in section 3.3. From the matching with SU(2), eq. (3.18), we deduce that

(d18 + 2d19)SU(2) = (d2 + 3d3)
(

1 + w

1 + z

)−1
, (4.10)

where neither the value of the LEC d19 from the SU(2) case, nor the values of d2 and d3 from
the SU(3) case are known. The LEC d18 is fixed by the Goldberger-Treiman discrepancy
and given by [107]

d18 = −0.44(24)GeV−2 . (4.11)
Using this matching with SU(2) and applying the same Bayesian approach as described
above, we extrapolate

d2 = −0.45(24)GeV−2 , d3 = 0.15(92)GeV−2 . (4.12)

Finally, we can collect all contributions to estimate the full O
(
p3) axion-baryon couplings

given by

gaAB = gAB +
4M2

π±z

1 + z

(
d̂rAB −

d2 + 3d3
1 + z + w

δAB

)
− 1

27g
loop,r
AB , (4.13)

which results in
gaΣ+Σ+ = −0.547(84) + 0.850(98)Xu − 0.032(88)Xd − 0.455(93)Xs ,

gaΣ−Σ− = −0.245(80)− 0.030(88)Xu + 0.852(99)Xd − 0.456(93)Xs ,

gaΣ0Σ0 = −0.399(78) + 0.420(63)Xu + 0.397(63)Xd − 0.456(93)Xs ,

gapp = −0.432(86) + 0.836(99)Xu − 0.418(91)Xd − 0.053(84)Xs ,

gaΞ−Ξ− = 0.166(79)− 0.083(84)Xu − 0.455(91)Xd + 0.854(97)Xs ,

gann = 0.003(83)− 0.398(90)Xu + 0.856(99)Xd − 0.053(84)Xs ,

gaΞ0Ξ0 = 0.303(81)− 0.424(91)Xu − 0.052(84)Xd + 0.854(96)Xs ,

gaΛΛ = 0.138(87)− 0.159(74)Xu − 0.137(74)Xd + 0.663(92)Xs ,

gaΣ0Λ = −0.161(24) + 0.441(68)Xu − 0.497(68)Xd + 0.012(24)Xs .

(4.14)

The corresponding results for the KSVZ and the DFSZ axion are collected in table 3.
Note that while in the leading order case the uncertainties arise from the errors of the
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Process
gaAB

KSVZ DFSZ
general sin2 β = 0 sin2 β = 2

3 sin2 β = 1
Σ+ → Σ+ + a −0.547(84) −0.709(94) + 0.446(54) sin2 β −0.709(94) −0.412(88) −0.263(91)
Σ− → Σ− + a −0.245(80) −0.113(92)− 0.142(54) sin2 β −0.113(92) −0.208(84) −0.255(85)
Σ0 → Σ0 + a −0.399(78) −0.417(87) + 0.158(43) sin2 β −0.417(87) −0.311(80) −0.259(81)
p→ p+ a −0.432(86) −0.589(96) + 0.436(53) sin2 β −0.589(96) −0.298(90) −0.153(92)

Ξ− → Ξ− + a 0.166(79) 0.299(91)− 0.161(52) sin2 β 0.299(91) 0.192(83) 0.138(84)
n→ n+ a 0.003(83) 0.271(94)− 0.400(53) sin2 β 0.271(94) 0.004(87) −0.130(88)

Ξ0 → Ξ0 + a 0.303(81) 0.570(92)− 0.409(52) sin2 β 0.570(92) 0.298(85) 0.162(87)
Λ→ Λ + a 0.138(87) 0.314(96)− 0.228(47) sin2 β 0.314(96) 0.161(90) 0.085(90)
Σ0 → Λ + a

−0.161(24) −0.323(33) + 0.309(32) sin2 β −0.323(33) −0.117(30) −0.014(33)
Λ→ Σ0 + a

Table 3. Axion-baryon couplings gaAB , eq. (4.13), for the KSVZ axion and the DFSZ axion
at O

(
p3).

quark ratios z and w, and the nucleon matrix elements ∆u, ∆d, and ∆s, the uncertainties
in the next-to-next-to-leading order case are dominated by the lack of knowledge of the
involved LECs.

5 Summary

In this paper, we have worked out the axion-baryon coupling in SU(3) HBCHPT up to
O
(
q3) in the chiral power counting and found — in the case of the axion-nucleon coupling

constants — good agreement with the already known results obtained in the SU(2) chiral
approach. One of the most important outcomes of this study is that the axion-baryon
coupling strengths are all of roughly the same order for all members of the baryon octet with
only a few exceptions. The most prominent and well-known example is the axion-neutron
coupling that might vanish in the KSVZ and the DSFZ model for particular values of sin2 β.
Given the fact that the axion couples to hyperons with similar strength as it couples to
nucleons (or even stronger, especially if the coupling to neutrons is suppressed), our results
suggest a revision of axion emissivity of dense stellar objects such as neutron stars, where
the cores might contain strange matter in large amounts, as have been proposed in the
literature (see the References given in the introduction).

In this study, we considered rather “traditional” models. Tree-level axion-quark in-
teractions, if any, are of the same order for all flavors, and there are no flavor-changing
processes. Our calculations, however, can in principle be extended to flavor non-conserving
processes by adjusting the matrix Xq accordingly and follow the strategy described in
eq. (2.11). This then would lead to new terms in the axion-baryon interaction Lagrangian
including baryon-changing processes.

The other modification of our calculations would be to consider models in which the
couplings of the axion to the charm, bottom, and top quark are much stronger than the
couplings to the up, down, and strange quarks. Such a model can easily lead to very strong
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axion-nucleon couplings driven by sea-quark effects (thus avoiding the problem of vanishing
axion-neutron coupling), which in the end are balanced by correspondingly larger values
of fa, as has bee shown recently in ref. [108]. Such ideas are entirely compatible with
our calculations: while the formulae derived in section 3 would be unaffected, the only
difference would be that the numerical calculations of section 4 have to be adjusted as the
terms ∝ ∆qi of (4.1) can not be neglected any more.

Our studies using both SU(2) and SU(3) symmetry have shown that the axion-baryon
couplings for rather standard axion models are now known to good precision, but also that
in the next-to-next-to-leading order case a higher precision is currently unattainable due to
the lack of knowledge of some LECs. In this study, we used a Monte Carlo sampling pro-
cedure to extrapolate the most probable values of these unknown LECs, where “probable”
here has to be understood in a Bayesian sense. It should thus be clear that our numerical
leading order results, eq. (4.6), are more solid than the numerical estimations of the NNLO
results.

Once the knowledge of the parameters in questions is enhanced, the numerical results
of this work can easily be updated. However, the current uncertainties of gaAB are not the
major concern considering the fact that the axion window in terms of fa is still very large.
The largest uncertainties regarding the existence of axions is hence strongly linked to the
uncertainty of fa and in the end it is not gaAB that counts, but GaAB = −gaAB/fa, see
eqs. (2.28) and (2.29). At last, we suggest that GaAB may be computed using lattice QCD
by introducing an external isoscalar axial source to mimic the axion.
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A SU(3) generators in the physical basis and structure constants

In the present work, we mainly make use of the physical basis [89], based on a set of
traceless, non-Hermitian matrices λ̃A, A = {1, . . . , 8}, such that the baryon octet matrix
B, eq. (2.15), and the pseudoscalar meson octet matrix Φ, eq. (2.19), can be decomposed as

B = 1√
2
∑
A

λ̃ABA ,

B̄ = 1√
2
∑
A

B̄Aλ̃
†
A ,

Φ =
∑
A

λ̃AΦA ,

(A.1)
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where the baryon fields BA and the meson fields ΦA can directly be equated with the
physical particles, i.e.

B1 = Σ+ , B2 = Σ− , B3 = Σ0 , B4 = p ,

B5 = Ξ− , B6 = n , B7 = Ξ0 , B8 = Λ , (A.2)

and

Φ1 = π+ , Φ2 = π− , Φ3 = π0 , Φ4 = K+ ,

Φ5 = K− , Φ6 = K0 , Φ7 = K̄0 , Φ8 = η . (A.3)

The explicit form of the generators λ̃A is

λ̃1 = λ̃†2 =

0
√

2 0
0 0 0
0 0 0

 , λ̃4 = λ̃†5 =

0 0
√

2
0 0 0
0 0 0

 , λ̃6 = λ̃†7 =

0 0 0
0 0
√

2
0 0 0

 ,

λ̃3 =


cos ε+ 1√

3 sin ε 0 0

0 − cos ε+ 1√
3 sin ε 0

0 0 − 2√
3 sin ε

 ,

λ̃8 =


− sin ε+ 1√

3 cos ε 0 0

0 sin ε+ 1√
3 cos ε 0

0 0 − 2√
3 cos ε

 ,

(A.4)

where ε is the mixing angle given in eq. (2.17). These matrices are related to the common
Gell-Mann matrices λa by a unitary 8× 8 transformation matrix N via

λ̃a =
∑
a

NAaλa , λa =
∑
A

N∗Aaλ̃A =
∑
A

NAaλ̃
†
A . (A.5)

The non-zero matrix elements of N are (note the sign convention that deviates from the
one in [89])

N11 = N44 = N66 = 1√
2
, N21 = N54 = N76 = 1√

2
,

N22 = N55 = N77 = − i√
2
, N12 = N45 = N67 = i√

2
, (A.6)

N33 = N88 = cos ε , N38 = −N83 = sin ε

and obey ∑
a

N∗AaNBa = δAB,
∑
A

N∗AaNAb = δab . (A.7)

As the Gell-Mann matrices, the λ̃A’s are ortho-normalized to a value of 2,〈
λ̃†Aλ̃B

〉
= 2δAB . (A.8)
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Moreover, they satisfy the commutator and anticommutator relations[
λ̃†A, λ̃B

]
=
∑
C

f̃ABC λ̃
†
C =

∑
C

f̃BAC λ̃C ,

[
λ̃A, λ̃B

]
=
∑
C

f̃CABλ̃C ,

[
λ̃†A, λ̃

†
B

]
=
∑
C

f̃CBAλ̃
†
C ,

{
λ̃†A, λ̃B

}
= 4

3δAB1 +
∑
C

d̃ABC λ̃
†
C = 4

3δAB1 +
∑
C

d̃BAC λ̃C ,

(A.9)

which gives the product rule

λ̃†Aλ̃B = 2
3δAB1 + 1

2
∑
C

(
d̃ABC + f̃ABC

)
λ̃†C

= 2
3δAB1 + 1

2
∑
C

(
d̃BAC + f̃BAC

)
λ̃C .

(A.10)

The structure constants defined in eq. (A.9) can be evaluated using

f̃ABC = 1
2
〈
λ̃†A

[
λ̃B, λ̃C

]〉
,

d̃ABC = 1
2
〈
λ̃†A

{
λ̃B, λ̃C

}〉
,

(A.11)

and are related to the corresponding structure constants of the Gell-Mann representa-
tion via

f̃ABC = 2i
∑
a,b,c

N∗AaNBbNCcf
abc ,

d̃ABC = 2
∑
a,b,c

N∗AaNBbNCcd
abc .

(A.12)

In contrast to the structure constants fabc (dabc) of the Gell-Mann representation, which are
totally anti-symmetric (symmetric), the structure constants f̃ABC (d̃ABC) of the physical
basis are anti-symmetric (symmetric) in the last two indices only. Finally, there are sum
rules for the structure constants:∑

C,D

f̃ACDf̃BCD =
∑
C,D

f̃CADf̃CBD = 12δAB ,

∑
C,D

d̃ACDd̃BCD =
∑
C,D

d̃CADd̃CBD = 20
3 δAB .

(A.13)

Often, we also need the generators at ε = 0, and therefore it is convenient to set

λ̂A = λ̃A
∣∣∣
ε=0

,

f̂ABC = f̃ABC
∣∣∣
ε=0

,

d̂ABC = d̃ABC
∣∣∣
ε=0

.

(A.14)

– 27 –

150



J
H
E
P
0
8
(
2
0
2
1
)
0
2
4

The properties eqs. (A.8)–(A.13) are then of course also valid for the λ̂A’s with f̃ABC and
d̃ABC replaced by f̂ABC and d̂ABC , respectively. Note that now one has

λ̂3 = λ3 , λ̂8 = λ8 . (A.15)

The non-zero elements of the structure constants in this representation are
f̂147 = −f̂256 = f̂416 = −f̂527 = f̂624 = −f̂715 =

√
2 ,

f̂443 = −f̂553 = −f̂663 = f̂773 = −f̂345 = f̂367 = −1 ,
f̂448 = −f̂558 = f̂668 = −f̂778 = −f̂845 = −f̂867 = −

√
3 ,

f̂113 = −f̂223 = −f̂312 = −2 .

(A.16)

Similarly,
d̂147 = d̂256 = d̂416 = d̂527 = d̂624 = d̂715 =

√
2 ,

d̂443 = d̂553 = −d̂663 = −d̂773 = d̂345 = −d̂367 = 1 ,

d̂118 = d̂228 = d̂338 = d̂812 = d̂833 = −d̂888 = 2√
3
,

d̂448 = d̂558 = d̂668 = d̂778 = d̂845 = d̂867 = − 1√
3
.

(A.17)

B Matrix elements of gAB, d̂AB, and gloop
AB

Here we collect the matrix elements of the several contributions to the axion-baryon cou-
pling. Table 4 shows the matrix elements of gAB as defined in eq. (3.3) in the physical
basis at ε 6= 0, see eq. (2.17).

In eqs. (B.1)–(B.9), we list the non-zero matrix elements of the next-to-next-to-leading
order contributions to the axion-baryon coupling as defined in eqs. (3.23) and (3.24). Here
we refrain from explicitly marking the scale dependence of the LECs d(i)

k (λ).

d̂11 = c(3)
{

(4d41 + d47)
(

1− 1
z

)
+ 4d42

(
1 + 1

z

)
+ 2d45

(
1 + 1

z
+ 1
w

)}

+ c(8)
√

3

{
4d43

(
1− 1

z

)
+ 4d44

(
1 + 1

z

)
+ 2d46

(
1 + 1

z
+ 1
w

)

+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{
di43

(
1− 1

z

)
+ di44

(
1 + 1

z

)
+ di46

(
1 + 1

z
+ 1
w

)}
,

(B.1)
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d̂22 = c(3)
{

(4d41 + d47)
(

1− 1
z

)
− 4d42

(
1 + 1

z

)
− 2d45

(
1 + 1

z
+ 1
w

)}

+ c(8)
√

3

{
−4d43

(
1− 1

z

)
+ 4d44

(
1 + 1

z

)
+ 2d46

(
1 + 1

z
+ 1
w

)

+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{
−di43

(
1− 1

z

)
+ di44

(
1 + 1

z

)
+ di46

(
1 + 1

z
+ 1
w

)}
,

(B.2)

d̂33 = c(3) (4d44 + d47)
(

1− 1
z

)

+ c(8)
√

3

{
4d44

(
1 + 1

z

)
+ 2d46

(
1 + 1

z
+ 1
w

)
+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{
di44

(
1 + 1

z

)
+ di46

(
1 + 1

z
+ 1
w

)}
,

(B.3)

d̂44 = c(3)
{

2 (d41 + d43)
(

1− 1
w

)
+ 2 (d42 + d44)

(
1 + 1

w

)

+ (d45 + d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1− 1

z

)}

+ c(8)
√

3

{
2 (3d41 − d43)

(
1− 1

w

)
+ 2 (3d42 − d44)

(
1 + 1

w

)

+ (3d45 − d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{
di43

(
1− 1

w

)
+ di44

(
1 + 1

w

)
+ di46

(
1 + 1

z
+ 1
w

)}
,

(B.4)

d̂55 = c(3)
{

2 (d41 − d43)
(

1− 1
w

)
− 2 (d42 − d44)

(
1 + 1

w

)

− (d45 − d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1− 1

z

)}

+ c(8)
√

3

{
2 (3d41 + d43)

(
1− 1

w

)
− 2 (3d42 + d44)

(
1 + 1

w

)

− (3d45 + d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{
−di43

(
1− 1

w

)
+ di44

(
1 + 1

w

)
+ di46

(
1 + 1

z
+ 1
w

)}
,

(B.5)
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Process A = B gAB

Σ+ → Σ+ + a 1 2
(
c(8)
√

3D + c(3)F
)

+ ciD
i

Σ− → Σ− + a 2 2
(
c(8)
√

3D − c
(3)F

)
+ ciD

i

Σ0 → Σ0 + a 3 2√
3

(
c(3) sin 2ε+ c(8) cos 2ε

)
D + ciD

i

p→ p+ a 4 c(3)(D + F )− c(8)
√

3 (D − 3F ) + ciD
i

Ξ− → Ξ− + a 5 c(3)(D − F )− c(8)
√

3 (D + 3F ) + ciD
i

n→ n+ a 6 −c(3)(D + F )− c(8)
√

3 (D − 3F ) + ciD
i

Ξ0 → Ξ0 + a 7 −c(3)(D − F )− c(8)
√

3 (D + 3F ) + ciD
i

Λ→ Λ + a 8 − 2√
3

(
c(3) sin 2ε+ c(8) cos 2ε

)
D + ciD

i

Process A 6= B gAB

Σ0 → Λ + a A = 8, B = 3 2√
3

(
c(3) cos 2ε+ c(8) sin 2ε

)
D

Λ→ Σ0 + a A = 3, B = 8

Table 4. Non-zero matrix elements of gAB , eq. (3.3).

d̂66 = c(3)
{
−2 (d41 + d43)

(1
z
− 1
w

)
− 2 (d42 + d44)

(1
z

+ 1
w

)

− (d45 + d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1− 1

z

)}

+ c(8)
√

3

{
2 (3d41 − d43)

(1
z
− 1
w

)
+ 2 (3d42 − d44)

(1
z

+ 1
w

)

+ (3d45 − d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{
di43

(1
z
− 1
w

)
+ di44

(1
z

+ 1
w

)
+ di46

(
1 + 1

z
+ 1
w

)}
,

(B.6)

d̂77 = c(3)
{
−2 (d41 − d43)

(1
z
− 1
w

)
+ 2 (d42 − d44)

(1
z

+ 1
w

)

+ (d45 − d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1− 1

z

)}

+ c(8)
√

3

{
−2 (3d41 + d43)

(1
z
− 1
w

)
− 2 (3d42 + d44)

(1
z

+ 1
w

)

− (3d45 + d46)
(

1 + 1
z

+ 1
w

)
+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{
−di43

(1
z
− 1
w

)
+ di44

(1
z

+ 1
w

)
+ di46

(
1 + 1

z
+ 1
w

)}
,

(B.7)
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d̂88 = c(3)
(4

3d44 + d47

)(
1− 1

z

)

+ c(8)
√

3

{4
3d44

(
1 + 1

z
− 8
w

)
− 2d46

(
1 + 1

z
+ 1
w

)
+ d47

(
1 + 1

z
− 2
w

)}

+ ci

{1
3d

i
44

(
1 + 1

z
+ 4
w

)
+ di46

(
1 + 1

z
+ 1
w

)}
.

(B.8)

For the only non-diagonal matrix elements, one has d̂38 = d̂83, which is given by

d̂38 = c(3)
√

3

{
4d44

(
1 + 1

z

)
+ d46

(
1 + 1

z
+ 1
w

)}
+
(

4c(8)

3 d44 + ci√
3
di44

)(
1− 1

z

)
. (B.9)

Eqs. (B.10)–(B.18) show the matrix elements of the finite one meson loop contributions
gloop,rAB , cf. eq. (3.39), of diagram (a) (figure 1). The expressions have been simplified using
the leading order relations (2.21) and (2.22). Moreover, we have set µΦC = MΦC/(4πFp)
for any meson ΦC .

gloop,r11 = c(3)
{
−3D

(
3D2 − 11F 2

) (
µ2
K± − µ2

K0

)
− F

(
D2 − 9F 2

) (
4µ2

π± + µ2
K± + µ2

K0

)
− 24D2Fµ2

π±

}

+ c(8)
√

3

{
−D

(
D2 + 9F 2

) (
16µ2

π± + µ2
K± + µ2

K0

)
+ 54DF 2

(
4µ2

π± − µ2
K± − µ2

K0

)
− 3F

(
7D2 + 9F 2

) (
µ2
K± − µ2

K0

)}

+ ciD
i
{

30DF
(
µ2
K± − µ2

K0

)
+
(
D2 + 9F 2

) (
4µ2

π± + µ2
K± + µ2

K0

)
+ 12D2

(
µ2
K± + µ2

K0

)}
,

(B.10)

gloop,r22 = c(3)
{
−3D

(
3D2 − 11F 2

) (
µ2
K± − µ2

K0

)
+ F

(
D2 − 9F 2

) (
4µ2

π± + µ2
K± + µ2

K0

)
+ 24D2Fµ2

π±

}

+ c(8)
√

3

{
−D

(
D2 + 9F 2

) (
16µ2

π± + µ2
K± + µ2

K0

)
+ 54DF 2

(
4µ2

π± − µ2
K± − µ2

K0

)
+ 3F

(
7D2 + 9F 2

) (
µ2
K± − µ2

K0

)}

+ ciD
i
{
−30DF

(
µ2
K± − µ2

K0

)
+
(
D2 + 9F 2

) (
4µ2

π± + µ2
K± + µ2

K0

)
+ 12D2

(
µ2
K± + µ2

K0

)}
,

(B.11)

– 31 –

154



J
H
E
P
0
8
(
2
0
2
1
)
0
2
4

gloop,r33 = c(3)D
(
17D2 − 9F 2

) (
µ2
K± − µ2

K0

)
+ c(8)
√

3

{
−D

(
D2 + 9F 2

) (
16µ2

π± + µ2
K± + µ2

K0

)
+ 54DF 2

(
4µ2

π± − µ2
K± − µ2

K0

)}

+ ciD
i
{(
D2 + 9F 2

) (
4µ2

π± + µ2
K± + µ2

K0

)
+ 12D2

(
µ2
K± + µ2

K0

)}
,

(B.12)

gloop,r44 = c(3)
{
−D

(
D2 + 3F 2

) (
5µ2

π± + 8µ2
K± − 4µ2

K0

)
+ 60DF 2

(
µ2
K± − µ2

K0

)
−D2F

(
11µ2

π± + 14µ2
K± − 10µ2

K0

)
− 9F 3

(
µ2
π± − 2µ2

K± − 2µ2
K0

)}

+ c(8)
√

3

{
−D3

(
13µ2

π± − 8µ2
K± − 14µ2

K0

)
+ 9DF 2

(
9µ2

π± − 4µ2
K± − 2µ2

K0

)
+ 3D2F

(
3µ2

π± − 14µ2
K± − 4µ2

K0

)
+ 27F 3

(
µ2
π± + 2µ2

K±

)}

+ ciD
i
{

30DF
(
µ2
π± − µ2

K0

)
+
(
D2 + 9F 2

) (
µ2
π± + 4µ2

K± + µ2
K0

)
+ 12D2

(
µ2
π± + µ2

K0

)}
,

(B.13)

gloop,r55 = c(3)
{
−D

(
D2 + 3F 2

) (
5µ2

π± + 8µ2
K± − 4µ2

K0

)
+ 60DF 2

(
µ2
K± − µ2

K0

)
+D2F

(
11µ2

π± + 14µ2
K± − 10µ2

K0

)
+ 9F 3

(
µ2
π± − 2µ2

K± − 2µ2
K0

)}

+ c(8)
√

3

{
−D3

(
13µ2

π± − 8µ2
K± − 14µ2

K0

)
+ 9DF 2

(
9µ2

π± − 4µ2
K± − 2µ2

K0

)
− 3D2F

(
3µ2

π± − 14µ2
K± − 4µ2

K0

)
− 27F 3

(
µ2
π± + 2µ2

K±

)}

+ ciD
i
{
−30DF

(
µ2
π± − µ2

K0

)
+
(
D2 + 9F 2

) (
µ2
π± + 4µ2

K± + µ2
K0

)
+ 12D2

(
µ2
π± + µ2

K0

)}
,

(B.14)
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gloop,r66 = c(3)
{
D
(
D2 + 3F 2

) (
5µ2

π± − 4µ2
K± + 8µ2

K0

)
+ 60DF 2

(
µ2
K± − µ2

K0

)
+D2F

(
11µ2

π± − 10µ2
K± + 14µ2

K0

)
+ 9F 3

(
µ2
π± − 2µ2

K± − 2µ2
K0

)}

+ c(8)
√

3

{
−D3

(
13µ2

π± − 14µ2
K± − 8µ2

K0

)
+ 9DF 2

(
9µ2

π± − 2µ2
K± − 4µ2

K0

)
+ 3D2F

(
3µ2

π± − 4µ2
K± − 14µ2

K0

)
+ 27F 3

(
µ2
π± + 2µ2

K0

)}

+ ciD
i
{

30DF
(
µ2
π± − µ2

K±

)
+
(
D2 + 9F 2

) (
µ2
π± + µ2

K± + 4µ2
K0

)
+ 12D2

(
µ2
π± + µ2

K±

)}
,

(B.15)

gloop,r77 = c(3)
{
D
(
D2 + 3F 2

) (
5µ2

π± − 4µ2
K± + 8µ2

K0

)
+ 60DF 2

(
µ2
K± − µ2

K0

)
−D2F

(
11µ2

π± − 10µ2
K± + 14µ2

K0

)
− 9F 3

(
µ2
π± − 2µ2

K± − 2µ2
K0

)}

+ c(8)
√

3

{
−D3

(
13µ2

π± − 14µ2
K± − 8µ2

K0

)
+ 9DF 2

(
9µ2

π± − 2µ2
K± − 4µ2

K0

)
− 3D2F

(
3µ2

π± − 4µ2
K± − 14µ2

K0

)
− 27F 3

(
µ2
π± + 2µ2

K0

)}

+ ciD
i
{
−30DF

(
µ2
π± − µ2

K±

)
+
(
D2 + 9F 2

) (
µ2
π± + µ2

K± + 4µ2
K0

)
+ 12D2

(
µ2
π± + µ2

K±

)}
,

(B.16)

gloop,r88 = − 5c(3)D
(
D2 − 9F 2

) (
µ2
K± − µ2

K0

)
+ c(8)
√

3

{
D
(
D2 + 27F 2

) (
µ2
K± + µ2

K0

)
+ 4D3

(
10µ2

π± − 3µ2
K± − 3µ2

K0

)}

+ ciD
i
{

3
(
D2 + 9F 2

) (
µ2
K± + µ2

K0

)
− 4D2

(
4µ2

π± + µ2
K± + µ2

K0

)}
.

(B.17)

The only non-diagonal matrix elements are given by

gloop,r38 = c(3)
√

3
D

{(
D2 − 9F 2

) (
8µ2

π± − µ2
K± − µ2

K0

)
+ 8D2

(
µ2
π± − 2µ2

K± − 2µ2
K0

)}
+
{
c(8)D

(
11D2 − 27F 2

)
− 3
√

3ciDi
(
D2 − 3F 2

)}(
µ2
K± − µ2

K0

)
(B.18)

and gloop,r83 = gloop,r38 .
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The process of pion axioproduction, aN → πN, with an intermediate Δ resonance is analyzed
using baryon chiral parturbation theory. The Δ resonance is included in two ways: First, deriving the
aΔN-vertices, the axion is brought into contact with the resonance, and, second, taking the results of πN
elastic scattering including the Δ, it is implicitly included in the form of a pion rescattering diagram. As a
result, the partial wave cross section of axion-nucleon scattering shows an enhancement in the energy
region around the Δ resonance. Because of the isospin breaking, the enhancement is not as pronounced as
previously anticipated. However, since the isospin breaking here is much milder than that for usual
hadronic processes, novel axion-search experiments might still exploit this effect.

DOI: 10.1103/PhysRevD.105.054029

I. INTRODUCTION

A model that might resolve two of the known problems
of two different (but related) physical fields—in the present
case the strong-CP problem of quantum chromodynamics
(QCD) and the dark matter issue of astrophysics and
cosmology [1–7]—is clearly worth investigating. Such a
model is the Peccei-Quinn model [8,9] and the theory of the
axion [10,11], especially the “invisble” axion models such
as the Kim-Shifman-Vainstein-Zakharov (KSVZ) axion
model [12,13] and the Dine-Fischler-Srednicki-Zhitnitsky
(DFSZ) axion model [14,15]. However, the time theorists
and experimentalists effortfully spent on the search for
signals that might verify this model now comprises more
than four decades, and still there is no axion in sight.

Because of that it is important to study all kinds of related
processes hoping to figure out some underlying pheno-
menon that might enhance the chance of its detection, if
only for a few percent.
Recently, Carenza et al. [16] have proposed that the pion

axioproduction [17] aN → πN is such a process, because
at certain axion energies, around 200 MeV–300 MeV, an
enhanced axion-nucleon cross section due to the Δ reso-
nance can be expected. This in turn would possibly make
axion detections accessible for underground water
Cherenkov detectors. Such axions might be produced in
protosupernova cores in the presence of pions, where
besides the axion production via axion-nucleon brems-
strahlung NN → aNN, the pion-induced process πN →
aN might play a more important role than previously
thought [16,18], leading to a possible enhancement of the
number spectrum of axions with energies around
200 MeV–300 MeV.
In this study, we take a closer look at exactly this process,

namely aN → πN with theΔ resonance, showing that there
is indeed a region of enhancement. This enhancement is,
however, at least an order of magnitude less pronounced
than that anticipated by Carenza et al. [16], which we will
discuss in more detail below in Sec. IV.
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Having said that, it is important to remind the reader that
the traditional window for the QCD axion as a dark matter
candidate dictates [1,2,19,20]

109 GeV≲ fa ≲ 1012 GeV; ð1Þ

where fa is the axion decay constant which eventually
controls and suppresses the axion mass [21,22]

ma ≈ 5.7

�
1012 GeV

fa

�
× 10−6 eV; ð2Þ

and the axion-nucleon coupling GaN ∝ 1=fa. This means
that despite the possible enhancement due to the presence
of baryon resonances, the reaction cross section still
remains tiny.
A very suitable framework for studying the process at

hand is chiral perturbation theory (CHPT), which has been
successfully extended to the meson-nucleon and Δ-meson-
nucleon sectors, and which in the past also has been applied
to the study of the axion-nucleon interaction [23,24], after
the leading order axion-nucleon interaction had been
studied for years in the context of current algebra, which
is equivalent to a leading-order calculation in CHPT [25–
29]. In this paper we use these results including the thereby
accrued knowledge of the underlying structure of the axion-
nucleon coupling. Moreover, we show how to include the
Δ baryon into the model.
In Sec. II we first give a short discussion of

the kinematics and the general isospin structure of the
aN → πN scattering amplitude, as well as a brief presen-
tation of baryon CHPT with axions and the Δ resonance.
Then we work out the amplitudes of the individual
Feynman diagrams contributing to the pion axioproduction
in Sec. III. Putting the pieces together, we finally discuss
the results in Sec. IV.

II. THEORETICAL FOUNDATION

A. Kinematics

The process under consideration is

aðqÞ þ NðpÞ → πbðq0Þ þ Nðp0Þ; ð3Þ

where a denotes the axion,N is a nucleon (either the proton
or the neutron), and πb is a pion with the isospin index b. As
usual,we define theLorentz-invariantMandelstamvariables

s¼ðpþqÞ2; t¼ðp−p0Þ2; u¼ðp−q0Þ2; ð4Þ

for the four-momenta q, p of the incoming particles and
q0; p0 of the outgoing particles. The invariants of Eq. (4)
fulfill the on shell relation

sþ tþ u ¼ 2m2
N þm2

a þM2
π; ð5Þ

which can be used to eliminate one of the three variables,
which we choose to be u. Throughout this paper we use the
center-of-mass system (c.m.), where for the three-momenta
pþ q ¼ p0 þ q0 ¼ 0. Using thewell-knownKällén function

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ab − 2ac − 2bc; ð6Þ
the c.m. energies of the incoming and outgoing nucleons can
be written as

Ep ¼
sþm2

N −m2
a

2
ffiffiffi
s

p ; Ep0 ¼ sþm2
N −M2

π

2
ffiffiffi
s

p ; ð7Þ

and one has

jpj ¼ jqj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

N;m
2
aÞ

p
2
ffiffiffi
s

p ;

jp0j ¼ jq0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

N;M
2
πÞ

p
2
ffiffiffi
s

p : ð8Þ

Moreover, setting z ¼ cos θ, where θ is the c.m. scattering
angle, we have

ðp · p0Þ ¼ jpjjp0jz; ð9Þ
so we can reexpress the second Mandelstam t variable as

t ¼ 2ðm2
N − EpEp0 þ jpjjp0jzÞ: ð10Þ

Before discussing how these kinematic quantities enter the
scattering amplitudes, we briefly take a look at the isospin
structure of the process.

B. Isospin structure

For the πN elastic scattering, it is common to decompose
the scattering amplitude Tab

πN→πN , where a is the isospin
index of the incoming pion and b for the outgoing one,
according to the isospin structure. In the isospin limit, the
decomposition reads

Tab
πN→πN ¼ Tþδab þ T− 1

2
½τa; τb�; ð11Þ

where τa and τb are the Pauli matrices and ½; � denotes the
commutator. However, for the present process aN → πbN
we are particularly interested in transitions including the Δ
resonance, as suggested in Ref. [16], which is an isospin-3

2

particle. As the axion is an isoscalar, no isospin symmetric
aN interaction can lead to the appearance of the Δ
resonance, so we are especially interested in isospin-
breaking interactions. Indeed, the isovector axial-vector
current aμ (see below) introduces such isospin breaking
pieces into the axion-baryon interaction, which can be seen,
for instance, below in Eqs. (27) and (33).
As it turns out, it is possible to decompose the scattering

amplitude Tb
aN→πN into
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Tb
aN→πN ¼ Tþδ3b þ T3þτ3 þ T− 1

2
½τb; τ3�; ð12Þ

which is comparable to the case of πN scattering with
isospin violation, see, e.g., Refs. [30,31]. Any of the four
possible amplitudes can be expressed by means of the three
objects Tþ; T3þ, and T−,

Tap→π0p ¼ Tþ þ T3þ;

Tan→π0n ¼ Tþ − T3þ;

Tap→πþn ¼
ffiffiffi
2

p
ðT3þ þ T−Þ;

Tan→π−p ¼
ffiffiffi
2

p
ðT3þ − T−Þ: ð13Þ

The part of the amplitude that leads to isospin violation and
thus to possible enhancement due to the Δ resonances,
which we denote by T3=2, is found by taking the difference

T3=2 ¼ Tþ − T−; ð14Þ

or alternatively,

T3=2 ¼ Tap→π0p −
1ffiffiffi
2

p Tap→πþn

¼ Tan→π0n þ
1ffiffiffi
2

p Tan→π−p; ð15Þ

where the latter expressions have the advantage that one
can also easily account for differences in the charged and
neutral pion masses, which improves the accuracy of the
calculation.

C. Partial wave decomposition

It is known from πN scattering that the Δ resonance
chiefly affects the P33 partial wave (where we, as usual,
make use of the spectroscopic notation l2I;2j, l ¼
S; P;D;… being the orbital angular momentum, I being
the isospin, and j ¼ lþ s the total angular momentum).
Therefore, it is expedient to also focus on the P33 partial
wave in the present study of the aN → πN reaction.
To this end, we decompose any of the amplitudes given

above as

T ¼ ūðp0Þ
�
Aðs; tÞ þ Bðs; tÞ 1

2
ð=qþ =q0Þ

�
uðpÞ; ð16Þ

where we make use of the well-known notation, q ¼ γμqμ.
One then can project out any partial wave of definite total
angular momentum j ¼ l� 1=2, abbreviated as l�, by

Tl�ðsÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EpþmN

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep0 þmN

p
2

fAlðsÞþð ffiffiffi
s

p
−mNÞBlðsÞgþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep−mN

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep0 −mN

p
2

f−Al�1ðsÞþð ffiffiffi
s

p þmNÞBl�1ðsÞg;
ð17Þ

where

AlðsÞ ¼
Z þ1

−1
Aðs; tðs; zÞÞPlðzÞdz;

BlðsÞ ¼
Z þ1

−1
Bðs; tðs; zÞÞPlðzÞdz; ð18Þ

using the well-known Legendre polynomials PlðzÞ.

D. Partial wave cross section

For experiments, the most useful quantity is the cross
section

dσ ¼ 1

F
jMj2dΠ2; ð19Þ

with the flux factor

F ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp · qÞ −mNma

p
¼ 4jpj ffiffiffisp

; ð20Þ

and the two-body phase space

Z
dΠ2 ¼

Z
d3p0

ð2πÞ3
d3q0

ð2πÞ3
1

2Ep02Eq0
ð2πÞ4δ4ðpþq−p0−q0Þ

¼
Z

dΩ
1

16π2
jp0jffiffiffi
s

p ; ð21Þ

where in both cases the right-most expressions are valid in
the c.m. frame. The total cross section is hence given by

σ ¼ 1

64π2s
jp0j
jpj
Z

dΩjMj2; ð22Þ

which can be expanded in terms of partial wave cross
sections as
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σ ¼
X
l

σl�: ð23Þ

The inverse of Eq. (17) is given by

T ¼ 2mNχ
†
f

X
l

�
½ðlþ 1ÞTlþ þ lTl−�PlðzÞ

− iσ · ðq̂0 × q̂ÞðTlþ − Tl−Þ
dPl

dz

�
χi; ð24Þ

where χi and χf are the Pauli spinors of the incoming and
outgoing nucleons, respectively, and q̂ð0Þ ¼ qð0Þ=jqð0Þj. For
the j ¼ 3

2
case, one finds

σ1þ ¼ 1

8πs
jp0j
jpj jT1þj2: ð25Þ

The bottom line of the previous elaborations then is that
we will derive the amplitudes A�;3þðs; tÞ and B�;3þðs; tÞ
for any Feynman diagram of interest and use Eqs. (12) and
(17) in order to determine the P33 partial wave amplitude
T33
aN→πN for the pertinent processes. This amplitude in turn

is used to ascertain the corresponding cross section via
Eq. (25). The theoretical framework of determining
A�;3þðs; tÞ and B�;3þðs; tÞ is CHPT.

E. Baryon chiral perturbation theory with axions

The way of incorporating the axion into CHPT is
discussed in detail in Ref. [24]. Here, we will only outline
the major steps. First, recall that in the standard QCD axion
models, the KSVZ and DFSZ ones, the axion-quark
couplings Xq appearing in the QCD Lagrangian after the
spontaneous breakdown of Peccei-Quinn symmetry are
flavor diagonal and given by

XKSVZ
q ¼ 0;

XDFSZ
u;c;t ¼ 1

3

x−1

xþ x−1
¼ 1

3
sin2β;

XDFSZ
d;s;b ¼ 1

3

x
xþ x−1

¼ 1

3
cos2β ¼ 1

3
− XDFSZ

u;c;t ; ð26Þ

where x ¼ cot β is the ratio of the vacuum expectation
values of the two Higgs doublets in the DFSZ model. After
a chiral rotation removing the axion-gluon coupling terms
in the Lagrangian, the whole axion-quark interaction can be
decomposed into isovector and isoscalar parts with the
couplings

cu−d ¼
1

2

�
Xu − Xd −

1 − z
1þ zþ w

�
;

cuþd ¼
1

2

�
Xu þ Xd −

1þ z
1þ zþ w

�
;

cs ¼ Xs −
w

1þ zþ w
;

cc;b;t ¼ Xc;b;t; ð27Þ

where z ¼ mu=md and w ¼ mu=ms are the quark mass
ratios of the three light quarks. In what follows, the ci,
ði ¼ f1;…; 5g), refer to the isoscalar couplings fuþ d; s;
c; b; tg and in any equation a summation over repeated i is
implied. It is these couplings that enter the Lagrangian of
CHPT in the form of external currents [32]

aμ ¼ cu−d
∂μa

2fa
τ3; aðsÞμ;i ¼ ci

∂μa

2fa
1: ð28Þ

The transition to CHPT is phenomenologically related to
the confinement of quarks and gluons into mesons and
baryons at low energies and the observation that the QCD
Lagrangian is approximately invariant under the chiral
symmetry SUðNfÞL × SUðNfÞR, with Nf the number of
light quark flavors, which is spontaneously broken into the
vector subgroup. Hence, in SU(2) baryon CHPT nucleons
and pions are the relevant degrees of freedom rather than
the more fundamental quarks and gluons. The application
of power counting rules then leads to a systematic pertur-
bative description of any low-energy strong interaction
process, as long as the applied Lagrangian respects all
pertinent symmetries, as first worked out by Weinberg [33].
For the meson-nucleon sector that we are interested in,

we follow the description of baryon CHPT given in
Ref. [34]. The pions enter the theory in the form of a
unitary 2 × 2 matrix

u ¼
ffiffiffiffi
U

p
¼ exp

�
i
πaτa
2Fπ

�
; ð29Þ

where Fπ is the pion decay constant. Strictly speaking, this
should be the pion decay constant in the chiral limit, F, but
to the order we are working on we can use the physical
value. With this unitary matrix and the external currents aμ
and aðsÞμ , see Eq. (28), one forms the following basic
building blocks

uμ ¼ i½u†∂μu − u∂μu† − iu†aμu − iuaμu†�;
uμ;i ¼ i½−iu†aðsÞμ;iu − iuaðsÞμ;i u

†� ¼ 2aðsÞμ;i ;

Dμ ¼ ∂μ þ Γμ

¼ ∂μ þ
1

2
½u†∂μuþ u∂μu† − iu†aμuþ iuaμu†�: ð30Þ
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Note that we only introduce and show the axial-vector

currents aμ (isovector) and aðsÞμ (isoscalar) (and not the
corresponding vector currents) as these are the only
external currents that are of interest in what follows. The
last object in Eq. (30), Dμ, is the so-called chiral covariant
derivative. At leading order, the axion only enters the model
via these building blocks. At higher order, it also enters in
the form of nonderivative interactions by means of terms
involving the complex phase of the quark mass matrix.
In what follows, we only need the leading order pion-

nucleon Lagrangian, which is given by

LπN ¼ N̄

�
i=D −mN þ gA

2
=uγ5 þ

gi0
2
=uiγ5

�
N; ð31Þ

where N ¼ ðp; nÞT is an isodoublet containing the proton
and the neutron spinors, mN is the nucleon mass in the
chiral limit, and gA and the gi0’s are the axial-vector and
corresponding isoscalar coupling constants, all also in the
chiral limit. Again, to the order we are working, we can
identify these parameters with their physical values.
In Ref. [24], we already worked out and used the relevant

vertices that can be derived from this Lagrangian and which
are also needed for the present study. Denoting the
momentum of an incoming axion with qμ and setting b
as the pion isospin index, one finds for the relevant vertices,

aNN∶
gaN
2fa

=qγ5;

aπbNN∶i
cu−d
4faFπ

=q½τ3; τb�: ð32Þ

The latter contact interaction is often ignored in studies of
the aN reaction, which are mainly based on the former
vertex, but has recently been included in the study of axion
production in supernovae [35].
The axion-nucleon coupling appearing in Eq. (32) is a

2 × 2 matrix in isospin space defined as

gaN ¼ cu−dgAτ3 þ cigi01; ð33Þ

from which one can directly read off the couplings of the
axion to the proton, gap, and the neutron, gan, respectively.

F. The Δ resonance in chiral perturbation theory

The free-field Lagrangian of the four Δ baryons is given
by [36–41]

LΔ ¼ Δ̄μΛμνðAÞΔν; ð34Þ

where

Δμ ¼

0
BBBBB@

Δþþ
μ

Δþ
μ

Δ0
μ

Δ−
μ

1
CCCCCA ð35Þ

is the spin-3
2
and isospin-3

2
vector-spinor field, and

ΛμνðA ¼ −1Þ ¼ −ði=∂ −mΔÞ þ iðγμ∂ν þ γν∂μ − γμ=∂γνÞ
−mΔγ

μγν: ð36Þ

Here, mΔ denotes the mass of the Δ and A is a nonphysical
parameter that for convenience has been set to −1. The
propagator for theΔwith four-momentumpμ is then given by

−i
=pþmΔ

p2−m2
Δ

�
gμν−

1

3
γμγνþ 1

3mΔ
ðpμγν−γμpνÞ− 2

3m2
Δ
pμpν

�
:

ð37Þ

The πNΔ and the aNΔ interactions are derived from the
general leading-order interaction Lagrangian given by
[37,42]

Lint: ¼
g
2
Δ̄μ;iðgμν þ z0γμγνÞhτiuνiN þ H:c:; ð38Þ

where H:c: stands for the Hermitian conjugate and hi denotes
the trace in flavor space. Furthermore, we make use of the
isospurion representation Δμ;i ¼ T iΔμ with the 2 × 4 iso-
spin-1

2
-to-isospin-3

2
transition matrices [37,43]

T 1 ¼
1ffiffiffi
6

p
�
−
ffiffiffi
3

p
0 1 0

0 −1 0
ffiffiffi
3

p
�
;

T 2 ¼
−iffiffiffi
6

p
� ffiffiffi

3
p

0 1 0

0 1 0
ffiffiffi
3

p
�
;

T 3 ¼
ffiffiffi
2

3

r �
0 1 0 0

0 0 1 0

�
; ð39Þ

such that

Δμ;1 ¼
1ffiffiffi
2

p
 1ffiffi

3
p Δ0

μ − Δþþ
μ

Δ−
μ − 1ffiffi

3
p Δþ

μ

!
;

Δμ;2 ¼ −
iffiffiffi
2

p
 1ffiffi

3
p Δ0

μ þ Δþþ
μ

Δ−
μ þ 1ffiffi

3
p Δþ

μ

!
;

Δμ;3 ¼
ffiffiffi
2

3

r �Δþ
μ

Δ0
μ

�
: ð40Þ
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The interaction Lagrangian Eq. (38) contains two coupling
constants g and z0, the latter being an off shell parameter. N
again denotes the nucleon doublet and uμ has been given
already above in Eq. (30). Note that this interaction
Lagrangian only allows for isovector interactions with
external axial currents aμ, whereas isoscalar interactions with

aðsÞμ;i vanish as a consequence of the trace operation. This
reflects what has been said already above; any aNΔ inter-
actionmust comewith isospinviolation,which is only present

in aμ, not in aðsÞμ;i .

III. RELEVANT DIAGRAMS AND THEIR
CONTRIBUTIONS

A. Contact contribution and intermediate nucleon

Having set up the kinematic environment and the
theoretical framework, we can now explore several con-
tributions to the aN → πN scattering amplitude. We start
with the tree-level contact and Born graphs shown in Fig. 1.
The results can be obtained in a rather straightforward
fashion by using the vertices of Eq. (32) and the πN vertex
of the Lagrangian Eq. (31).
The contact interaction, Fig. 1(a), only gives a contri-

bution to B− and is free of any kinematic variable,

B−
1a ¼

cu−d
2faFπ

: ð41Þ

This means that the contact interaction is solely present in
the ap → πþn and an → π−p processes, but absent in any
process involving the neutral pion. For the diagrams of
Figs. 1(b) and 1(c), one gets

Aþ
1b;1c¼

g2Acu−dmN

faFπ
;

Bþ
1b;1cðs;tÞ¼−

g2Acu−dm
2
N

faFπ

�
1

s−m2
N
−

1

u−m2
N

�
;

A3þ
1b;1c¼

gAgi0cimN

faFπ
;

B3þ
1b;1cðs;tÞ¼−

gAgi0cim
2
N

faFπ

�
1

s−m2
N
−

1

u−m2
N

�
;

A−
1b;1c¼0;

B−
1b;1cðs;tÞ¼−

g2Acu−dmN

2faFπ

�
1þ2mN

�
1

s−m2
N
þ 1

u−m2
N

��
;

ð42Þ

where u needs to be understood as uðs; tÞ via Eq. (5). In the
Appendix, we give a different expression of these con-
tributions in terms of the axion-nucleon coupling constants
gan and gap for each of the four possible aN → πN
channels. However, for the study of the P33 partial wave,
it is not expedient to rewrite them in terms of gan and gap,
because after forming the difference Eq. (14), one can

nicely see that the isoscalar terms ∝ ci stemming from aðsÞμ;i

drop out, leaving only the isospin violating portion ∝ cu−d
that originates from aμ. This fact makes it easy to show (as
will be done below) that in the case of the P33 partial wave
the KSVZ axion can be treated as a special case of the
DSFZ axion.

B. Intermediate Δ resonance

Including theΔ leads to the diagrams shown in Fig. 2. As
the two diagrams are related by crossing, it is convenient to
define

AΔðs; tÞ ¼
2g2cu−d
3faFπ

�
2z0
3m2

Δ
½mΔ þ ðmN þ 2mΔÞz0�ðs −m2

NÞ þ
1

s − μ2Δ

�
ðmN þmΔÞ

�
1

2
½m2

a þM2
π − t� − 1

3
½s −m2

N �
�

−
1

6m2
Δ

�
ðmN þmΔÞð½m2

a þM2
π�½s −m2

N � þm2
aM2

πÞ þm2
aM2

πmΔ þmNðs −m2
NÞ2
���

; ð43Þ

and

FIG. 1. Tree-level contributions to aN → πN without the Δ intermediate state. (a) contact interaction, (b) s channel, and (c) crossed
channel.
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BΔðs; tÞ ¼
2g2cu−d
3faFπ

�
−

z0
3m2

Δ

�
m2

a þM2
π þ 2ðs −m2

NÞð1þ z0Þ þ 4mNmΔð1þ z0Þ þ 4mNðmN þmΔÞz0
�

þ 1

s − μ2Δ

�
1

2
½m2

a þM2
π − t� − 1

6
m2

a þ
1

6mΔ
ðmN þmΔÞð4mNmΔ −M2

πÞ

−
1

6m2
Δ
½ðm2

a þM2
π þ 2mNmΔÞðs −m2

NÞ þm2
aðmNmΔ þM2

πÞ þ ðs −m2
NÞ2�

��
: ð44Þ

Here the axion mass terms are kept explicitly though
they, being tiny for the standard QCD axion models, can be
safely neglected.
Then one can combine both diagrams and obtains the

following expressions

Aþ
Δðs; tÞ ¼ AΔðs; tÞ þ AΔðu; tÞ;

Bþ
Δðs; tÞ ¼ BΔðs; tÞ − BΔðu; tÞ;

A−
Δðs; tÞ ¼ −

1

2
½AΔðs; tÞ − AΔðu; tÞ�;

B−
Δðs; tÞ ¼ −

1

2
½BΔðs; tÞ þ BΔðu; tÞ�; ð45Þ

where again u ¼ uðs; tÞ. Note that there is no contribution
to T3þ. Equations (43) and (44) have a pole appearing at
c.m. energies around the Δ mass squared. In order to
circumvent any unnecessary subtleties related to this, we
use a Breit-Wigner propagator with a complex mass
squared

μ2Δ ¼ m2
Δ − imΔΓΔ ð46Þ

with mΔ ≈ 1232 MeV and ΓΔ ≈ 117 MeV the Breit-
Wigner mass and width of the Δ resonance. A more
refined treatment could e.g., be given by including the Δ
self-energy in the complex mass scheme, but that is not
required here.

C. Pion rescattering

Another sort of diagram that contributes is shown in
Fig. 3. As in the previous diagrams, the left (smaller) vertex
leads to an axion-pion conversion (so this vertex basically
comprises the contributions of Fig. 1). This pion conse-
quently gets rescattered in the ordinary πN scattering. The

latter (larger) vertex treated in a proper way also includes
contributions from the Δ baryon. As this is an often studied
process, we can base the treatment of this diagram on
previous results. In particular, wewill adopt the method and
results of Refs. [44,45].
The diagrams that contribute to the πN scattering at this

order are basically the same as the ones discussed in the
previous subsections, but with the axion replaced by
another pion. Using Eqs. (11) and (17) leads to a projection
to the P33 partial wave. We do not repeat the results for the
diagrams here, they can be found in Ref. [44], Eqs. (3.4)
and (3.9) [46]. Moreover, we also adopt the results for the
renormalized chiral pion loops obtained in heavy baryon
CHPT (HBCHPT) from [47] (which are needed for the
unitarization, see below).
As the πN scattering above threshold and below the

appearance of inelastic reactions fulfills the unitarity
relation (here W ¼ ffiffiffi

s
p

, the c.m. energy)

ImTI
l�ðWÞ ¼ jqj

8πW
jTI

l�ðWÞj2; ð47Þ

the pole in the Δ propagator can be treated in a more
systematic way than the one we used in Sec. III B for the
aN → πN reaction. In particular, a suitable unitarization
technique can be used to restore unitarity which is other-
wise only fulfilled perturbatively in CHPT. The method
used in Ref. [44] is the N=D method [48,49]. In a nutshell,

FIG. 2. Tree-level contributions to aN → πN with an intermediate Δ state. (a) s channel and (b) crossed channel.

FIG. 3. The pion-rescattering diagram for aN → πN.
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it is based on the observation that the unitarity relation leads
to a right-hand cut in the partial wave T-matrix such that
one can write down a dispersion relation for the inverse
amplitude with some extra terms which are free of any
right-hand cuts. These can be matched to the amplitudes
obtained from CHPT. This effectively corresponds to a
resummation of the relevant diagrams. Possible double
counting can be avoided by the matching procedure
discussed in Ref. [45]. The integral of the dispersion
relation can be performed analytically and is basically
given by the known two-point loop function involving one
pion and one nucleon,

gðsÞ ¼ 1

16π2

�
a0ðμÞ þ

�
1 −

w
mN

�
log

�
M2

π

μ2

�

−xþ log

�
xþ − 1

xþ

�
− x− log

�
x− − 1

x−

��
; ð48Þ

at a renormalization scale μ. We take μ as the nucleon mass,
and any change in μ can be reabsorbed by the subtraction
constant a0ðμÞ. Furthermore, w is the c.m. pion energy and

x� ¼ sþm2
N −M2

π

2s
� 1

2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

N;M
2
πÞ

q
: ð49Þ

The matching procedure for unitarizing the leading one-
loop Oðp3Þ amplitude with the Δ resonance leads to

TI;l�
πN

¼ 1�
TI;l�
tree þTI;l�

loopþTI;l�
Δ þ 2

ffiffi
s

p
EpþmN

ðTI;l�
LO Þ2gðsÞ

�
−1
þgðsÞ

;

ð50Þ

which indeed fulfills Eq. (47). Note that the tree contribu-
tions TI;l�

tree and TI;l�
Δ for the resonance are taken as being the

full relativistic ones, whereas TI;l�
LO is only the very leading-

order HBCHPT amplitude.
Returning to pion axioproduction, we performed a full

reanalysis of the phase shift δIl� defined by

TI
l�ðWÞ ¼ 8πW

jqj expðiδIl�Þ sinðδIl�Þ ð51Þ

in order to use these results for the rescattering diagram and
in order to determine accurate values for the coupling
constants g and z0 of Eq. (38) and a0 of Eq. (48). The latter
goal is achieved by fitting the resultingP33 phase shift to the
results of the Roy-Steiner analysis of the πN scattering [50].
As input values we used the isospin-averaged nucleon mass
mN ¼ ðmn þmpÞ=2 ¼ 938.92 MeV, the isospin-averaged
pion mass Mπ ¼ 138.03 MeV, Fπ ¼ 92.4 MeV, and
mΔ ¼ 1232 MeV. The value of gA is given below in

Sec. IV where we discuss the determination of the axion-
baryon couplings, see Eq. (55). The fit to the phase shift
values at W ≲ 1.3 GeV yields

g¼1.249ð16Þ; z0¼−0.21ð56Þ; a0¼−0.959ð12Þ; ð52Þ

and is shown in Fig. 4.
Finally, the rescattering diagram is evaluated by

T33
rescatt:ðsÞ ¼

�
T33;tree
ap→π0p

ðsÞgðs;Mπ0Þ

−
1ffiffiffi
2

p T33;tree
ap→πþnðsÞgðs;MπþÞ

�
T33
πNðsÞ; ð53Þ

where gðs;Mπþ;0Þ is the pion-nucleon loop function
Eq. (48) with the meson (nucleon) mass being the charged
and neutral pion (neutron and proton) mass, respectively.
T33;tree
aN→πN denotes the partial wave projected amplitudes of

Sec. III A and T33
πN the unitarized P33 partial wave

amplitude just discussed. We consider the usage of the
latter appropriate even though it is derived using on
shell kinematics, as the off shell effects are certainly
subleading [51].
The expression in the parentheses is the proper way of

getting the isospin violating part of the amplitude, as
discussed in Sec. II B, see Eq. (15), i.e., by taking the
difference of the amplitudes and the difference in the
charged and neutral pion/nucleon masses. If one neglects
this mass difference, one might as well use Eq. (14) instead
yielding

T33
rescatt:ðsÞ ¼ T33;tree

aN→πNðsÞgðs;MπÞT33
πNðsÞ; ð54Þ

where T33;tree
aN→πN now is the j ¼ 3

2
projection of TI¼3=2,

Eq. (14), and Mπ is the isospin-averaged pion mass. In
fact, this latter approximation gives an average deviation of
only ≲2% in comparison to Eq. (53), which is valid for the
KSVZ axion and the DFSZ axion at sin2 β ≲ 0.95. Only for

FIG. 4. The πN phase shift δ in the P33 channel (solid line)
fitted to the results of the Roy-Steiner analysis (dots) from [50].

VONK, GUO, and MEIßNER PHYS. REV. D 105, 054029 (2022)

054029-8

172



values sin2 β → 1 the deviation becomes more pronounced
at c.m. energies W ≳ 1.15 GeV reaching a maximum of
about 15%. This means that Eq. (54) is a very good
approximation for the vast majority of cases.

IV. RESULTS

Let us take the last result of theprevious section as a starting
point for the discussion of the overall results of this study. If
one indeed takes the approximation of equal pion/nucleon
masses, then Eq. (12) causes that any dependence on the
isoscalar couplings gi0ci is canceled and any dependence on
the axion-nucleon coupling gaN in this process reduces to a
dependence on gAcu−d only, which reflects that this part of the
coupling enforces the isospinviolation needed to enable theΔ
resonance appearance. For the same reason, the diagrams of
Fig. 2with the explicitΔ solely dependon cu−d and not on the
ci’s. This has two consequences: First, the total amplitude for
the DFSZ axion with sin2 β in the interval [0, 1] and that for
the KSVZ model will be∝ cu−d; they have entirely the same
shape, and only the magnitude changes as sin2 β is varied.
Second, as cu−d only depends on the differenceXu − Xd, one
can easily determine a value for sin2 β such that
cDFSZu−d ðsin2 βÞ ¼ cKSVZu−d , which is accomplished when
sin2 β ¼ 1

2
[see Eq. (26)]. The aN → πN scattering amplitude

in the P33 channel for the KSVZ axion is hence exactly the
same as that for the DFSZ axion at sin2 β ¼ 1

2
. As the

deviation from this approximation is only≲2%, this remains
basically true even if one considers Eq. (53) instead
of Eq. (54).
For the calculation of the final scattering amplitude, we

make use of the nucleon matrix elements in order to
determine the isovector and isoscalar axial-vector couplings

gA ¼ Δu − Δd;

guþd
0 ¼ Δuþ Δd;

gq0 ¼ Δq; for q ¼ s; c; b; t; ð55Þ

where sμΔq ¼ hpjq̄γμγ5qjpi, with sμ the spin of the proton.
Of course, for the approximation discussed in the previous
paragraph, only thevalue of gA is of interest. For thesematrix
elements and z and w appearing in Eq. (26), we take the
recent values from Ref. [52],

Δu ¼ 0.847ð50Þ;
Δd ¼ −0.407ð34Þ;
Δs ¼ −0.035ð13Þ;
z ¼ 0.485ð19Þ;
w ¼ 0.025ð1Þ; ð56Þ

and ignore Δq for q ¼ c; b; t.

In Fig. 5, we show the partial wave cross sections
σ33aN→πN consisting of all the contributions discussed in
Sec. III, for both with the approximation Eq. (54) and
without it. Actually, the cross sections are multiplied by the
factor f2a in order to get rid of the unknown prefactor 1=f2a.
This unknown quantity also appears implicitly in the terms
containing the axion mass in Eqs. (43) and (44), but has
practically no effect as the axion mass ∝ 1=fa can safely be
neglected for the typical QCD axion window [Eq. (1)].
However, this prefactor has to be kept in mind when
considering the strength of the amplitudes in Fig. 5.
As anticipated, the curves for different values of sin2 β are

identical up to the order of magnitude. As the absolute value
of cu−d is a linearly-decreasing function of sin2 β, the
magnitude steadily decreases, which makes a DFSZ axion
with sin2 β → 1 the most unfavorable candidate for detec-
tion. As expected from the description at the end of the
previous section, there is almost no visual deviation of the
curves with approximation Eq. (54) and without it. Only for
sin2 β ¼ 1 this deviation becomes recognizable but is still a
minor effect. Note that the figures for the limit values of
sin2 β ¼ f0; 1g are given rather for illustrative purposes, as
in realistic DFSZ models perturbative constraints from the
heavy quark Yukawa couplings yield an allowed range
[0.25, 170] for cot β [22] corresponding to approximately
sin2 β ∈ ½0.00; 0.94�.
As a result, there is indeed a considerable enhancement of

the P33 partial wave cross section in the region of the Δ
resonance, but this enhancement is considerably weaker than
previously assumed by Carenza et al. [16], who estimated
the cross section via f2aσaN→πN ≈ F2

πσπN→πN taking a value
of 100 mb for σπN→πN [53]. This estimation suggests a peak
value f2aσaN→πN ≈ 1 mbGeV2. The discrepancy between
the results of Fig. 5 and such estimation can be explained by
the fact that aN → πN in theΔ sector is primarily an isospin
breaking process, which always comes with an extra
suppression. It is worthwhile to notice that the suppression
of the isospin breaking here, characterized by the factor
ð1 − zÞ=ð1þ zÞ ¼ ðmd −muÞ=ðmd þmuÞ ≈ 0.34 for the
model-independent part of cu−d [see Eq. (27)], is much
milder than that for usual isospin breaking in hadronic
processes, characterized by ðmd −muÞ=ms or ðmd −muÞ=
ΛQCD. Thus, the results given in Ref. [16] are to be
multiplied by a factor 10−1 to 10−5, depending on the value
of the model-dependent factor sin2 β, that is a suppression by
at least one order of magnitude. Then the number of pions
produced via aN → πN through the Δ resonance in a
megaton water Cherenkov detector will be at most
Oð100Þ using the axion luminosity estimated in Ref. [16]
for axions emitted from a supernova at 1 kiloparsec.

V. SUMMARY

In this study we presented an analysis of the pion
axioproduction aN → πN with an intermediate Δ
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resonance. We included the Δ resonance in two different
ways: First, we used the chiral interaction Lagrangian for
the Δ to bring the axion explicitly into contact with the
resonance, and, second, we used the well-known results of
πN elastic scattering with Δ to include it implicitly in the
form of the rescattering diagram in Fig. 3.
As theΔ is a spin-3

2
and isospin-3

2
particle, it shows its full

leverage effect in the P33 partial wave, which is why we
concentrated on a study of this particular partial wave. For
the same reason, this interaction is essentially an isospin
violating process, as the axion is an isosinglet. We have
shown that an approximation that concentrates on this
isospin violation and that neglects any isoscalar coupling,
while at the same time ignoring the pion and nucleon
isospin mass splittings, is still very accurate unless sin2 β
approaches 1 in the DFSZ axion model (where it still gives
quite good results). In this way, it is shown that the partial
wave amplitude for the KSVZ axion equals that for the
DFSZ axion at sin2 β ¼ 1

2
.

Finally, the enhancement of the amplitude anticipated by
Carenza et al. [16] is indeed present in the region of the Δ
resonance, although it is considerably weaker than their
naive estimation by at least an order of magnitude. This is
basically a consequence of the isospin breaking suppres-
sion which is much milder than that for usual isospin
breaking hadronic processes. Therefore, it might be

interesting to check whether other isospin-1=2 resonances
such as the N�ð1440Þ Roper resonance would provide an
additional enhancement of the aN → πN cross section, as it
is accessible without isospin breaking. The next step would
hence be to investigate the impact of such resonances on the
aN → πN reaction and consequently on the axion produc-
tion in stellar objects, and whether this might be exploited
to give fresh perspectives on experimental axion searches.
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APPENDIX: AMPLITUDES OF THE
LEADING-ORDER TREE GRAPHS

In this appendix we give the full expression of the
leading-order tree graph amplitudes of the four aN → πN
channels. Using the abbreviation

Rμ ¼
1

2
ðqμ þ q0μÞ; ðA1Þ

the contact contribution reads

T1a
aN→π0N ¼ 0; ðA2Þ

T1a
ap→πþn ¼

cu−dffiffiffi
2

p
faFπ

ūðp0Þ=RuðpÞ; ðA3Þ

T1a
an→π−p ¼ −

cu−dffiffiffi
2

p
faFπ

ūðp0Þ=RuðpÞ; ðA4Þ

where the superscript refers to Fig. 1. For the other two
diagrams Figs. 1(b) and 1(c) one gets

T1b;1c
ap→π0p

¼ gAmNgap
faFπ

ūðp0Þ
�
1 −mN

�
1

s −m2
N
−

1

u −m2
N

�
=R

�
uðpÞ; ðA5Þ

T1b;1c
an→π0n

¼ −
gAmNgan
faFπ

ūðp0Þ
�
1 −mN

�
1

s −m2
N
−

1

u −m2
N

�
=R

�
uðpÞ; ðA6Þ

T1b;1c
ap→πþn ¼

gAffiffiffi
2

p
faFπ

ūðp0Þ
�
2mNgi0ci −

�
gAcu−d þ 2m2

N

�
gap

s −m2
N
−

gan
u −m2

N

��
=R

�
uðpÞ; ðA7Þ

T1b;1c
an→π−p ¼ gAffiffiffi

2
p

faFπ

ūðp0Þ
�
2mNgi0ci þ

�
gAcu−d − 2m2

N

�
gan

s −m2
N
−

gap
u −m2

N

��
=R

�
uðpÞ: ðA8Þ

Here, gan and gap are the usual axion-nucleon couplings given in Eq. (33).
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